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sraction of quantum mechancs (q, m) of ane free particke. The theory is prescnted m umitary mvanast form. From the classical plymcs the
cnly growp of symmmetry (Gahlesn group) is used essentially The well known reishons for the bamc cbservables are obtamed and thew

emqueness = the fame work of grven ooometics s proved
L Introduction

From the papers of methodology and logic of sciences
one well knows that the imitial system of axioms cannot be
estimated inside of axiomatized theory. lis justification is
realized with the help of reference 1o some methodologacal
premises as a generalization of papers an axomatization of
Physics and first of all papers on axiomatics approach to
(QFT) [1]. We assume that aciomatized Physical theory

1) system of axiom is implicit defimtion of theorstical
objects (TO);

2) the space of states of (TO) has to be presented.

3) the set of initial cheervable of (TO) has to be pointed
out, we denote it by O, .

4) the principle of invariance respectively group of
symmetry has 1o be formulated.

5) the axiom of completensss have © be formuisted
One needs 1o explicate the scose in what set of ob-
servables pomted in 2) s sufficient for the description
of resuits of possible measurements |

6) some more special axioms.

In the given paper the noarelativistic quantum mechanics
(g m) is comsidered that implies the application of Galilean
group G s group of symmetry. In (g m) the central exten-

sion of group G is used This extension corresponds 10 some

real parameter i In this paper the proper subgroup of this
group is used rather often. We denote it by G, .

G!cG,.g<Glg=g®xVar) .

where:

8 €R' is parameter of central extension. Denote by Af the
geaerator of corresponding onc-parameter sub-
Eroap

r € R’ is parameter of time transiation. Denote by /f corre-

- sponding generator.

V €R’ is parameters of proper Galilean transformation
(boost). Denote by EMM

G € R’ are parameter of space transiation. Desote by
P corresponding generators. -

r €(X3) - parameters of rotation. Denote by J corre-

sponding generators.
In order to facilitate the verification of following propo-
sitions we present here the law of group production and
commutation relation for algebra of growp G| 2]
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1. Quantum mechanics of one free particle.

In this paragraph we introduce the complete family of

1)

" Axiom | (s spece): The state space of (g, m) pasticie
is scparable Gilbert space (#).
Axiom 11 (sct of observables). The set of cbeervables is

axioms which are necessary for description of noarelativistic  some von-Neumann aigebra M M — $(%{) which contains ¢

quanium mechamcal partcle



seif-adjoint operstors (Jand I, satisfying the following
bilincar conditions

[e..0]=0z..0]-=0
[2..2,)= 22,5 =515 =0l +)

where o is half-intcger number.

Axiom II' (complctencss). " algebra gencrated by op-
mﬂﬂgh“m#ﬁnnﬂﬁ
the formulating of the axiom of invariance we noed one no-
tation. Consider the following subset of clements of group
G;

g, = [g EG:;g(G.O.ﬁ.E,r}E eR r EC(J)] @

Obwious £, is subgroup in G it is called Enclidean
gromp.

There cxists umitary rcproscntation of group £,
UQ) €Rp,(€,.9) suxch that under transformation from

one sysiem reference 0 another system connected with the
first one by transformation € €£,, cbscrvables are trans-

formed respestivels law
Ula a)
{’j% (&) -rgq.‘

-h::V(s'):ed

In the following theorem | the general form of these op-
crators is obtained

Theorem [ There exist two Hilbert spaces ¥ and £ such
that sate space F{, observables Q,ﬁ.i are unitary
equivakent to the following set of operators

(#.0.P.3)=(2©%5,©1,.3,©1,.1,85) ©

where (ﬂlﬁi'q')“ wuiary equivalent W Schrodinges
representation of CCR, and operators S realize in Hilbert
space ¥ irreducible representation of algebra of group
SU(2) .which corresponds 1o spin o .

The proof of theorem | is based on application of von-
Neumann's theorem about umiquencss of represeatation of
CCR with fimite degrees of freedom. [3]. One also needs 1o
use axiom [I" and the method of construction of representa-
tion of SU(2), proposed in [4].

Now we introduce some algebras and relations between
them which will be used in this paper and for considerstion

of many particie case Conmder the following von-Neumann
algebras

- W {V(b Vi
: '-ww{r(bg,)f m,] m
These algrbras satisfy some properties that will be ased

to prove the theorems of uniqueness. We present these prop-
ertics im the form of the theorem 11

Theorem [1. The algebras defined by formulas (6) sansfy
the following relations:

1) ¥ is moomal commutative algehra;

M -M,,

i) w (G @.E}, ) = B(H)

The proof of this theorem is based on general properties
of von-Neumann's algebras and the next result §, generate
in £ -maximal commutative algebra [5].
__'l'u prove the theorem of uniquencss for operators
P (theorem 1IT) we extend the group of symmetry with the
heip one new transformation 7, , which is transformanon of
tme reflection It is comnected with another clements of
group G by the following relations

F=leGigr=g=gl6+vV.a) o

EEG:,U(-)ER‘(G:,Q). I- is representation i, by
antiunitary in §i Assume, that for represeatation of G, and
for algebra of imtial cbservables the following relations tske
place.

Sy o

or-rt-)

ITr'=-%

We note that (8) is representation of composition Law (7).
And relation (9 for spin is chosen amalogous o the same
relation for generators of anguiar momentum The next theo-
rem of umgueness is true.

Theomm 1. Let (U(e). ) and (U(e), 7) be two rep-
rescatations of group & © i, that provide the realization of
axiom [I; and [I; for the same st of imitial cbservabics



i’{i}-ﬂi__ﬂnﬁlhmm
are coanected by the next reiations

T=¢*l ack

D(F)~D( P)-core(?)

Then P=P ana Ula)=U(a).
For the proof of this theorsm is uwsed relation
IM'=T VT eM, and (i) of theorem I

It is clear that the same result is true for operators of ro-
tation. But in onder 10 avoid the second use of unsatisfactory
condition (10"). We present another formmlation of this
theorem.

Theosem IV: Let U(e) and ‘Ule) be two diffiesent rep-
resentation of group £, and for these represeatations axiom
I, is performed for the same cbscrvables dand 3. As-
sume aiso that the next relations between U(e) and U(g)

i V@)= U@
o) D7) =ee ()
Then i) Ulr)="Ulr)

i) and nqu:uln:: ut angular momentum have the

-;*Q’p +Z, =L, +L,
The proof of i) is based of verification of the following rela-
sen U()U() {p(B)V(@),.2} mt spplcaton o

this relation (ifi) of theorem [1

i) Asserts that this weil known expression for operator of
angular momentum is uniquely possibie in the frame work of

given axiomatics that is direct derivation of (1),
In order to compiete the presentation of family of axioms
mvanance We claim the axiom of invariance respectively
boost transformations. From classical mechanics one knows

(10°)

(10™)

that if R"{f,r) is space of cvents then the boost transior-
maton acts there as follows

(#)(2.0)=(2.0)

Axiom [I, s quantum mechamical generalization of this
relaion.
sxiom B Gewsi :

as follows.
vEV X ()-")
U(E)EU(E) =L

For the completeness of physical interpretation we nesd
now axom.

wﬁ-ﬂﬂ#ﬂﬁ-—
tion has the following form M =ml,, m>0.

Now we are able 10 prove Iitilnnlallllllpnu:lll form of
boost transformation.

Theorem VY. Let axioms (I-IV) be performed, then the
geaerator of boost transformation has the following form

K=mQ

Proof Comsider operator 1(¥) = V" (m¥)U((7)). Us-
ing composition low (1) and relations (5) one can venfy
[A7).U@)] =0 Relstions (12) also imply tha

[5).7(5)]=0. [x(5),E] =0. Then appticaions G
of theorem 11 and imvariance respectively jon give
g -y phennstes

gt (13)
Consider subset of Galilean group

(11

(12)

(13)

G: ={g <Gl g=£(6.07.3r).6 R 7 cR.G Ry cO0)}

Obvicus that this subset is subgroup in G we call this " commutation relation (2). This operator H is called admis-

et stationary subgroup.

Let us summarize our resuit. The theory designed by aa-
oms (I-IV) determines initial cbservables up 0 unmary
equivalence Generators of statiopary subgroup are also de-
termined aimost umquely We call this representation of G
admissibie one. For the description of complete symmetry we
have 10 determine the invarance respectively time transla-
tion [t means that we nesd 1o define scif-adjoint operator
H such, this operator and other operators which provide
admissible representation of Lic algebra of G . Satisfy

11

wible Hamihomian

Theorem VI Let all axioms (I-['V) be performed and ex-
iz linear dense st

D, cd@)ndﬁl@ﬁ D, D, and D, is st of
essential self-adjointencss of generator of group G . Then
every admussble Hamitoman bas form

(15)

s
H.-h+£‘l,, EeR



That the same idea is used for the proof, if // is admis- tional to identical operators. Namely these propertics arc
( sz _)._ . performed in our axiomatics So the next theorem is troe.
sible Hamiltonian, then | H - € RALI 9> Theorem VIL In the framework of proposed axiomatics
!U{EI}V( } the propertics of symmetry of coc quantum mechanicsl par-
then everything is obvious. ticle are described by umitary irreducible representation of
From the theory of unitary representation of Galilean ceotrally exiended Galilean group corresponding o any
group [6] onc knows, that representations are irreducible If  Positive mass 7, half-integer values of spin O, and con-
P stant internal energy E .
and only if operators H.{J—ﬁ}’.ﬂ—; are propor-
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