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THE PROBLEM OF THE QUANTUM PARTICLE MOVEMENT IN BOUNDED SPACE IN
COORDINATE AND WIGNER REPRESENTATION
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The exact expressions for the density matrix and Wigner function for the one-dimensional free particle movement in the bounded region
0 < x < a are obtained including the consideration of it's limits, a— .

The exact expression for the density matrix and Wigner
functions of quantum systems are known only in special cases
and, practically, all of them and their references are described
in [1-3]. Corresponding Hamiltonians are quadratic forms of
the coordinates and momenta. In this paper we consider the

v, (x)= \/g sin(l—n x),
a a

Then the equilibrium density matrix can be calculated by
the formula

plx, %, B) = Dw (k) (@)

Introducing the expression (1) to (2) and making some
transformations we obtain two series, each of which is,I
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The substitution f=it/h reduces the expression (4) to
the propagator of Schrodinger equation for the particle in a
box obtained earlier by various methods in [3, 5, 6].

Evidently in the limit 8/a —» (i.e. low temperature and
the small size of the box) the density matrix can be
approximated rather well only by the first order term of the
expansion series (2). the question is in obtaining from the
exact (but not very obvious) formula (4) the asymptotics of
the density matrix in quasi-classical limit 8/a’—0 (high
temperature and the wide box). The qualitative behavior of
the probability density o (x,x,) in this case is clear from
physical considerations. It must be almost constant at all
points inside the box except the very small region where the
density matrix must be close to zero. However, it is
interesting to obtain this result from the formula (4). More
over we would like to know the character of the deflection
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problem of one-dimensional free particle movement in the
bounded region 0 < x < a (including the case a—x).

For this problem the solutions of Schrédinger equation are
well known \

E, = %n:zi,n =12,3... 6))
'practically, the definition of teta-function [4].
0(zr)=1+ 2i cos(2znz)e’™ 3)
n=l
As result we have the following expression:
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uniform distribution inside the box caused by quantum
corrections. This problem can be solved using the equality [4]

for teta-function
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Due to the fact, that in our case the parameter 7 is pure
complex one and restricting the expansion series (3) by the
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obtain the following formula, describing the quasi-classical
behavior of the density matrix
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This formula is correct in the region |x £x '| <a (i.e. at the left half-space of the box). For the points outside of this region one

have to use the properties following from (3) and (4)

p(x,x")=p(x',x),pla-x,a-x")=p(x,x") M

For the diagonal elements of probability density we have the following expression:
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x<af2,ma/ pr* >>1

The first two terms in figure brackets describe the probability
density of particle position in the infinite right half-space
from the wall (x=0.) The other terms give corrections caused
by the presence of the second wall.

Note, that these correction don’t oscillate as it can be seen
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and the half-space case on the same distance from the

coordinate center we have an analogous formula but without
the multiplier of the exponent expansion inside the brackets
The exact expression of statistical sum has the form

from formulas(3) and (4). In the center of the density is equal 1 i 2 8
to z(B)=—16,0 -1 9
V) > 3( e J ®
aa ) f e
P 2’2 ,B |=consf1-2e ) It’s quasi-classical expression is as follows:
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From (4) one can obtain Wigner function by the following Taking into consideration that the integration region is
formula: bounded by the interval under the condition 0 < g < a/2

W(p,a,p)= .fp(q+%,q_§/2)e—_if{d§ we have [7]

. 2
W(p’ g, ﬂ) = ICOS( 2py)03 ¥ }ﬂﬁ—zﬂ dy — n Sln( 2pq)03 g
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but when a/2 <g <a one has to use the equality W (p, g, B)=W(p,a,-q,B).
The Wigner function for free particle in a half-space was originally exactly expressed by the error - function in [8].
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KOORDINAT VO VIQNER TOSVIRLORINDD KVANT ZI\?IRRBCIYINiN MOHDUD FOZADA HOROKOTIL
PROBLE

Serbest Kvant zerreciyinin birolgiilii mehdud 0<x<a oblastinda hereket ligiin sixhiq matrisasinin ve Vigner funksiyasinin agkar ifa-
deleri almmigdir. Eloce de onlarin a—whalinda kvaziklassik diisturlari tapilmigdir.

3. A. Axynaosa, M.A. MyxTapoB

3AJJAYA IBMKEHHMSA KBAHTOBOW YACTHLBI B OTPAHHYEHHOM ITPOCTPAHCTBE
B KOOPAMHATHOM U BUTHEPOBCKOM ITPEACTABJIEHUHU

TTony4eHs! ABHBIC BRIPOKESHUS AL MATPULIGI IIOTHOCTH ¥ (yHkuun Burnepa [uisi KBAHTOBOM 4aCTHIIEL, ABHXKYILEHCS B OIpaHHYEHHOM 06-
nacti 0 < x < a, B OXHOMEPHOM ciyqac. Taxke MOTyMEeHBI KBa3UKIIacCHIeCKue GopMyIIbI IS cllyqast a— o,
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