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THE DEPENDENCE OF THE LIGHT MESON’S ELECTROMAGNETIC FORM FACTORS ON
THE FACTORIZATION SCALE
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Baku State University
Z. Khaliiov, st. 23, Baku, 370148

The pseudoscalar (pion, kaon) and vector (p;-meson) mesons electromagnetic form factors Fy, (Q°) are calculated by means of the run-
ning coupling constant and infrared matching methods. The dependence of the mesons® distribution amplitudes (DAs) @, (x,0%) on the
factorization scale O° is taken into account. It is demonstrated that both of these methods allow one to evaluate power-suppressed corrections
to Fy (Q°). In calculations the mesons’ model DAs obtained in the context of QCD sum rules approach are used.

Exclusive electromagnetic (elm) form factors (ff) are a
source of the information about the structure of hadrons. The
coupling of an elementary particle to the photon is deter-
mined by a few parameters, like its total charge and magnetic
moment. For a composite particle these constant coefficients
are replaced by momentum dependent functions, which we
call form factors, reflecting the internal structure of the parti-
cle [1]. It is well known that elm f¥, at large momentum trans-
fer, can be calculated using methods |

F,0°) = i i dxdy®;(y, u2),(x, v 0%, pi, w2 )@, (x, u?)

of the perturbative QCD (pQCD) [1,2]. In our works [3,4] we
have calculated the pion, kaon and p; - meson elm ff using
the asymptotic and QCD sum rules DAs (only for p, -
meson). In recent paper we extend our investigation of
Fy(Q?) by including into consideration the pion, kaon sum
rules DAs and taking into account their dependence on the
factorization scale.

In the framework of pQCD a meson M elm form factor,
due to QCD factorization theorems, can be written as

M

InEq. (1) @, (x, ,ui) is the meson DA, that is the prob-
ability amplitude for finding the meson state with constitu-
ents carrying the longitudinal momenta xp and
(1-%)p, Ta(x,y: P, ui, ul)
qq’ +y*—»gq’ amplitude, calculable in the context of
pQCD, 0?=-¢” is the momentum transfer in the process, ux

is the renormalization scale and ; is the scale at which soft
and hard physics factorize, i.e. the factorization scale.

is the hard-scattering

At the leading order T, does not depend on pi and de-
pends on us through a; ( ,uj ). At the next-to-leading order
.of pQCD [5] Ty depends on pf, , p: explicitly due to terms

proportional to In (Qz/;tﬁ ), 1n (Q*’/,ui). One of the im-
portant problems in pQCD calculations is the proper choice
J

I of the factorization and renormalization scales — the choice

which minimizes higher-order corrections to F, (Q°).
For the factorization scale pf, , a natural choice is
2
Q ,

Hi = @

which eliminates the logarithms of o/ ,uf.' .

We choose the renormalization scale ,u:: to be equal to
the gluon virtuality

py = xyQ° , ui = (1-x)(1-y)Q® 3

depending on the Feynman diagram under consideration.
Then, at the leading order of pQCD for Ty we get [2]

TH(X’ y: Q7 as(ﬂﬁ» = 0?

167¢, [2 a1 - x) (1 - y)0?] . Lagyo)]
3 (1-x1-y 3 T

4
—. @
Xy 3 )

Here a; (1) is the one-loop QCD coupling constant !

4
as{ﬂ2)=ﬂln 2/ A s By =11 -
o

P, is the QCD beta-function’s first coefficient, n, is the num-
ber of quark flavors and A is the QCD dimensional parameter
A=0.2 GeV.

2n,

» (5)

D (x) = 3E,x(1 -

asy

x) , @F (x)

asy

The DAs of the pion [6] and longitudinally polarized p;, -
meson [7] have the following form

@,(x, p2) = & (x)a + bezx - 1?] (@

M
where @, sy

(x) is the meson M asymptotic DA

= 2. Jgf:x(l - x). @)
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In Egs. (6), (7) the constants take values: £,=0.093 GeV,
a=0, b=5 (Chemyak—Zhitnitsky DA), 2 =-0.1821, b =591
(DA from Ref. [8]); £ ‘0 141 GeVanda =07, b =1.5

(Ball-Braun DA). The constants a, b in Eq.(6) were found by X

2 Yo/ Bo
@, (x, 0°) = q)a”sy(x)z r,c¥2x - 1)[“—5@—)—] ,

means of the QCD sum rules method at the normalization
points 4,=0.5 GeV (pion, kaon) [6] and u~1 GeV

(o - meson) [7].
The meson’s DAs evolve in accordance with the expres-

sion [2,6]

where { Cf,/ 2 (2x-1)} are the Gegenbauer polynomials, 7, is the anomalous dimension,

4
==|1-
Vn 3|:

(n +1)(n + 2)

®
as(:uoz)
n+1
N i} ©
j=2 7

In our calculations we need expressions only for the first four Gegenbauer polynomials, which are given by the formulae

[9]
ClNE) = 1, C}HE) = 3,

and the corresponding anomalous dimensions take the values

32

—_— Y2

Yo = 0,7, = 9

The DAs (6) can be rewritten in the form (8). But after

c; &) = %(562 -1,

CI/3(E) = % (76 - 3), (0
50 314
=, = == 11
9 77> 45 ah

levolution of &y (x,0?) on Q?, for our purposes, it is useful to

defining of the coefficients r, and taking into account the | give to the DAs their old form, namely

_Q)M

o, (lalo?

D, (x,

(07)ex - 27°].

(12)
Now new coefficients a (0?), B (0Q?) are functions of the factorization scale (7,
of0’) = a+ 2 [1- a07)], A7) = pa,0)
. ( 2) as Q2 YalbBo (13)
A = .
e [as H; ]
Using the same method for the kaon we find
o (x, 0 ) = @F (o + y(2x - 1) + Blex - 17 + 8(2x - 1)
') - Zlal) - al?) o) = cale?) 0
H , defined i . d 2
T e 1 PO e e aylae?) = ——— ] 09

D5y (x) has the same form as cDasy (x) in Eq.(7), but with

fL.replaced by £4x=0.112 GeV.
For calculation of Fy, (Q?) we have to express the running
coupling constant a5 (1Q?) in terms of a5 (Q?) [10]

1+ (aS(Qz)ﬂ0/4ﬂ) Ini’

Integration in Eq.(1) using Eqs.(4), (15) generates infra-
red divergences and as a result for Fy, (Q?) we get a pertur-
bative series with factorially growing coefficients [11]. This
series can be resummed by means of the Borel transformation
[12]



167f,) 4mu
o?F, 0% (1671, duexp[— }EQZF () , (16)
S0 Ry B R TN
[ . .
where B[Q2 F, ](u) is the Borel transform of the correspond- therefore, here we write down the final expressions,
ing perturbative series. The coefficient C is equal to 1 for the
pion, kaon and ¢ = 2 for the p, - meson. B[Q F ](u) N [ (Q2 )2 + n, (Q2 )] an
The technique for calculation of B[Q F ku) and k 1 (k ) k —u
[Q Fy (Q )]r has been described in details in Refs. [4,13], and
2 N 2 f 2k
e = o QL $ [ 20 o)+ o) 20 ) HEL o
0 k=1

Here 1i (A*) and /1 are defined as

A= QA 19

1i(#) = pv. j' ,
ln x

The values of mj (Q2) and n, (Q?) for the pion and p, -
meson can be obtained from corresponding formulae of
Ref.[4] by replacing a—a, b—»f3. For the kaon the func-
tions my (Q?) and n, (Q?) have rather lengthy expressions
therefore we omit them here.

The obtained formula (18) is the generalization of the
previous results for the pion, kaon and o, - meson elm ff.|

lo*r o) =

The expressions for 1, (Q?) are given in the Appendix. In
the case of the pion and p; -meson the sum in Eq.(20) runs up
to N=4 and the functions 1, (Q?) can be obtained from the
corresponding expressions in the Appendix by taking y=0,
6=0 (for thep, -meson the factor C=2 in Eq.(20) has to be
taken into account).

As we have proved in our previous works [3,4] the run-
ning coupling constant method allows us to estimate power-
suppressed corrections to Fy (Q?). The infrared matching
scheme [15] also allows one to make such estimation. In the
framework of this method one explicitly divides power cor-
rections from the full expression by introducing moments of

as at low scales as new non-perturbative parameters. By |

(l6ﬂf )y Z E

|
Indeed, if we switch off the dependence of @y (x,0?) on 7

(that is, put A,=1), then Eq. (17) coincides for a=0, b=5 and
N=4 with result of Ref.[13] for thé pion, for a=0.4, b=3
c=1.25 and N=5 with kaon elm ff from Ref.[14] and for
a=0.7, b=1.5, N=4 with p, -meson ff from Ref.[4].

We can choose the renormalization scale also by freezing
one of variables x, y in Eq.(3) (for example, (y)=1/2), which
the pi =020 - x)2,

corresponds  to choice

,ué = 0? x/ 2. Then after some calculations for the kaon
we get
i lk ~ 2
) EE) e -

Ax 2A?

|
freezing one of variables ((y)=1/2 ) in Eq.(4) we can express
Q?Fy (%) in terms of moment integrals £, (Q) defined as

50 = & Jamka,) . an
0

After some calculations we get

0°F,(0?) = ¢ - 64ﬂfZZJJ ( ] @2)

where the functions £, (Q/ V2 ) have the form [15]

f(%) _ 2"(_".‘.)2kf2k(y) R as{l - r(zxs) + B 1 - r(z2e)] +

Q

. @23)

(ﬁ ‘; ) [2 - I(3,2xz)] + }

In Eq. (23) 4/2GeV is the infrared matching scale,
ln(Q/\/E,u), a; = aS(Qz/Z)and I'(n,x) is the
incomplete gamma function.

z =

[
The value of the non-perturbative parameter

£, (2GeV)=0.5 is obtainable from the experimental data [16].
For p = 4 we have to use the running coupling constant
method for their calculation. It is not difficult to find that
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£1(2GeV) = 0.347, £6(2GeV) ~ 0.329, £5(2GeV)~0.322, f;0(2GeV)~0.318

1.0 ¢

Q°Fx(Q%)

R T { J C
Q*(Gev®)
Fig.1. The K* meson elm form factor as a function of °. The
curve 2 is 0°Fy (0%) calculated using Eq. (20), the curve
1 is the same ff, but obtained by neglecting the dependen-
ce of @y (x,0%) on Q% The short-dashed curve in frozen

coupling pQCD result (07 dependence of &y (x, 0%} is
taken into account).

L @BB

—QF,(Q7)

Fig.2. The pz -meson ff as a function of ¢%. The curves 1 (solid

and dashed) are found using Eq.(20),the curves 2-Eq.(18).
The solid curves are obtained by taking into account the

dependence of the p; -meson DA on the factorization

scale 0%, the dashed ones —neglecting this dependence. The
short-dashed curve is ordinary pQCD result. |

@9

The some results of our numerical calculations are shown
in Figs.1, 2. As is seen, the dependence of the mesons’ DAs
on the factorization scale O changes the elm form factors
Q°Fy(Q?) considerably; in particular, this is true for the
kaon. Indeed, the form factors Q°Fy(0?) calculated in the
framework of the running coupling constant method by in-
cluding the dependence of @y (x,Q?) on (7, in the region of
small Q% are larger than the ones obtained neglecting this
dependence and become smaller in the region of large values
of Q. The size of these regions depends on the choosen re-
normalization scale (1 or 2 running variables x, y) and on the
meson under consideration. Thus, for the kaon in the region
0.7GeV?<0?<1.2GeV? the ff with 0? dependence is larger
than old one, whereas for the p; -meson (1 running variable
case) this region is 0.5GeV’<0?<0.7GeV?>. In the both cases
for 07 larger than upper bounds of these domains, the elm ff
with 07 dependence are smaller than the old ones. In the case
with two running variables (or ,u§=Q2 (1-x) (1-y)) the
situation is the same, but the regions under discussion are
shifted towards large values of Q7 for example, for the
p;, -meson now we have: 2GeV’<0?<4GeV>. The qualita-
tively same picture is valid also for the pion (does not de-
picted).

As we have demonstrated in our works [3,4] (see, also
[13,14]) both of the methods used in this paper allow us to
estimate power-suppressed corrections to Fy(Q?). These
corrections enhance the ordinary pQCD (i.e., frozen coupling
constant approximation) predictions approximately two
times. This conclusion is also reliable, when we take into
account Q? dependence of the mesons’ DAs.

The more detailed analysis of Fy, (Q°) requires consider-
ing the next-to-leading order correction to Ty [5], as well as
the next term in expansion of as (AQ?) in terms of as (Q%).
These problems will be studied in our forthcoming publica-
tions.

APPENDIX

The functions 1, (Q?) for kaon have the following ex-
pressions:

11(Q2)= [ﬁ+£)(d+ﬂ)+(§+%)(y+é‘)+%(a+§ﬁ)+%(2a+ﬁ),

2 6

{2 B
L,(0?) = 4ﬂ(a + g) . (g

L) = —Zﬁ(a + ﬂ) - 106(% + %) - .j_ By -
1,0%) = ———(a by éﬁ ¥ 3%5),

where a, y, 8,0 are given in Eqs.(13), (14).

N -1-5—0-)(3;/ +78) = L (0 + 4p) - 5(6?“ .

+g)(y+95)+6[3a+%ﬂ)+%(a+£ﬂ)r

g
9 4

3
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YUNGUL MEZONLARIN ELEKTROMAQNIT F ORMFAIéTORLARININ FAKTORIZASIYA MIQYASINDAN
ASILILIGI

Maogalade deyisen qarsiliglt te'sir sabiti ve infraqirmizi in‘ikas metodlar: vasitesile psevdoskalyar (pion, kaon) ve vektor (o, —
mezon) mezonlarin elektromaqnit formfaktorlar Fy, (0?) hesablanmigdir. Mezonlarin paylanma funksiyalarinin @, (x, %) faktori-

zasiya miqyast 0°~dan asililifi nezere alnmugdir. Her iki metod iistlii azalan diizeliglerin Fy,(0%)-o verdiyi diizelisleri giymetlendir-
maye imkan verdiyi gosterilmisdir, Hesablamalarda mezonlarin KXD cemloma gqaydalan gergivesinde alinmig paylanma funksiyala-
rindan istifade olunmugdur.

H1.C. Araes, A.l. MyxTapos, E.B. MamenoBa

3ABUCUMOCTD DJEKTPOMATHUTHBIX ®OPM-®PAKTOPOB JIET'KUX ME30OHOB OT MACIIITABA
PAKTOPHU3AIINHN

DNeKTPOMATHUTHBIE POPM-PAaKTOPHI Fis (Q°) TCEBROCKANADHBIX (ITHOH, KAOH) M BEKTODHBIX (07 —ME30H) ME3OHOB BBIYHCICHE! C
MOMOIIBIO METOOB Geryiied KOHCTAHTEI CBA3U ¥ uH(paKpacHOro oroGpakenus. YuTeHa 3aBUCHMOCTh ME3OHHBIX (ryHKLHIH pacnipeneneHuit
®p(x,0%) ot macmTaGa daxropusaumu O°. TIpoAeMOHCTPHPOBAHO, uTO 06a METONA TIO3BONAIOT OLEHHTh BKNaA B Fj (Q°) cremeHHo-
TMOAABIECHHBIX MOMPaBoK. [IpM BEIMWCICHUAX HCHONB30BaHEl ME30HHBIC (YHKHMM pacnpeneneHus, MONyYeHHEIE B PaMKaX MpaBMll CyMM
KX
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