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INFRARED RENORMALON EFFECTS ON LIGHT MESONS’ M DISTRIBUTION
AMPLITUDES AND Fy, (%) , Fr, (Q°) FORM FACTORS

S.S. AGAEV, A.I. MUKHTAROV, Y.V. MAMEDOVA
Baku State University
Z. Khalilov st.23, 370148, Baku, Azerbaijan

The light pseudoscalar (pion, kaon) and longitudinally polarized p-meson electromagnetic form factors Fy (Q?) and y"+y-»>7° transition
form factor are calculated using the frozen coupling constant approximation and mesons’ distribution amplitudes (DAs) found by taking into
account the infrared renormalon effects. In calculations the asymptotic and the model DA are used. Comparisons are made with results ob-
tained by means of the ordinary DAs.

1. INTRODUCTION the momentum flowing through the virtual gluon line. From
the physical point of view this method extends the domain of
One of the fundamental achievements of QCD is the pre-  applicability of pQCD towards lower values of O than in
diction of asymptotic scaling laws for large-angle exclusive traditional approaches, by taking into account the power-sup-
processes, hadronic electromagnetic and transition form fac-  pressed (higher twist) corrections.
tors (ffs) and their calculation in the context of the perturbat- In the work [9] authors have computed the ir renormalon
ive QCD (pQCD) [1-3]. In the framework of the factorized  corrections to the mesons’ DA. In our paper we consider the
pQCD the expression for the amplitude of an exclusive proc-  impact of these corrections on the mesons electromagnetic
ess can be written as integral over x, y of hadron DA  (elm) ffs F,,(0?) and the photon-meson transition y"+y—7n°

@i(x,yﬁ ) (an initial hadron), cD;( y,y; ) (a final hadron) form factor Fy, (Q°).

and a hard-scattering amplitude T, (x, ¥4z, #7) calcula- 2. THE INFRARED RENORMALON CORRECTED
ble by means of pQCD. This method allowed one to find a DISTRIBUTION AMPLITUDES

behavior of exclusive cross sections, ffs at large momentum

transfer 0°>>A%. But recently the new approach, the infrared The meson M distribution amplitude @y (x,4°) has two

(ir) renormalon calculus, has been invented, which is using important features, i.e. its dependence on x (or its shape) and
during last years for estimation of power-suppressed evolution depending on the factorization scale 4. The DA is
(AZ/QZ)P corrections to inclusive as well as exclusive proc- @ phenomenological model function, and information about
esses’ characteristics [4-6]. It is known that ir renormalons _its shape should be taken either from non-perturbative calcu-
are responsible for factorial growth of coefficients in pertur- lations (QCD sum rules, for example), or from experiments.
bative series for physical quantities [7). But these series can  But evolution of &, (x, 4?)as a function of 4 can be pre-
‘be resummed by means of the Borel transformation and thus, dicted using tools of pQCD.

a «resummed» expression for a physical quantity can be de- The evolution equation for @ (x,4°), that is took into
fined [8]. From the mathematical point of view, all order re-  account ir renormalon effects, is given by the formula [9]
summation of such (-B,as/4x)" corrections corresponds to  (see, also [10])

the calculation of the one-loop Feynman diagrams with the
running coupling constant as (-k?) at the vertices, where k is
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where b,=(11-2n3/3)/4n=8,/47,as is the one-loop I In Eq.(1) V(x,y as(i’) ] is the evolution kernel ob-
QCD coupling constant tained after resumming the (-fB.as/47x)” corrections [9]
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where I"(z) is the gamma function, C/=4/3 is the color factor. Here, the following notations are used:

VIx, y: ag(u’)] = Cp

E)

]+(x<—)l—x,y<—)l—y)
Yy - X

+



S.S. AGAEV, A.l. MUKHTAROV, Y.V. MAMEDOVA

. : » . 1
a = Boas / 4mAF(x, y) ], = F(x,y) - 8(x — y)[F(t, y)dt
0

The eigenfunctions of the kernel V[x, yoas(42) ] are
the Gegenbauer polynomials

@ (x, u’) = C/*%2x - 1),

(42)
J

(1 + a)’I'4 + 2a)

[ and the corresponding eigenvalues are the anomalous dimen-
sions ¥, (as) :

7n(aS) = C

+g—(—'?—+ﬂ[w(2+a+n)—y/(2+a)]}

1+«

F 32 + )l + a)lr(1 - a)

{1— (1+a)(2+a)

(l+a+n)(2+a+n) (4b)

where v (z) =(d/dz) 1nI"(z). Then the meson DA can be expanded over Gegenbauer polynomials {Cf, / 2+ (4 )}

D, (x, u?) = £,(x(1 — x) ] b(p’)A(a)c] (2% - 1)
n=0

In Eq.(5) the sum runs over even n for the pion and
pr - meson, and n takes all values in the case of the kaon,
because the kaon DA contains also antisymmetric part (under

replacement 2x-1¢»1-2x). Here, £, is the meson M decay |

A(a,) = '3+ 2a)

(%)

! constant, for the pion normalized to £,=0.093 GeV. In accor-

dance with this normalization, which differs from that of
Ref.[9], &, (as) is given by the expression

fn)! -.3+2a+2n

where (a) , is the Pochhammer symbol, (a) ,=I "(a+n) /I'(a).

In this work we neglect the dependence of @y (x,4?) on
the factorization scale 4, therefore we do not write down the
expression for b, () .In our calculations we use the Gegen-
bauer polynomials up to n=4, the explicit expressions of
which one can find in Appendix A.

Grii+al(z+a) (2+2a), 2+2a+n

11
F(0%) = [ [dxdy®}(y, Q°)Ty(x, y; O°, ag(pf) )Py (x, O°)
00 ’

In Eq.(7) O° is the momentum transfer in the proceés
Q?=-¢*, where ¢ is the square of the virtual photon’s »"

: ©

The ir renormalon corrected formulae for @, (x,4?),
2/ (2x-1) 7. (as)and A, (as)

n
coincide with well known one-loop expressions [1-3].

in the limit a—0

3. ELECTROMAGNETIC FORM FACTOR F (Q?) .

In the perturbative QCD the meson M elm form factor
Fy (Q?) has the form [1,3],

)

quual to ¢°. The function Ty (x,y;QZ,as(yﬁ)) is the
hard-scattering amplitude of the subprocess g + y*+ - g’

N 2 . .
four-momentum. The factorization scale g in (7) is chosen | and at the leading order of pQCD it is as follows

167C a (ul)

Ty(X, y7 0%, as(/uﬁ)) = 0?

In the frozen coupling constant approximation the appro-
priate choice for the renormalization scale in Eq.(8) is
,u:=Q2 /4 which we further use. The hard-scattering ampli-
tude Ty in (8) is valid for both mesons with symmetric and
non-symmetric DA.

The DAs of the pion and longitudinally polarized
p-meson are symmetric and, therefore the sum in Eq.(5) con-

tains only even an/ 2+a (2x-1). In the literature the vari-

2 1 1 1
. 4+ = - (8)
[3 (l-x)(lL-y) 3 XY}

lous model DAs for these mesons have been proposed
[3,11,12]. In our work we consider the general case of DA
with n =0,2,4 in (5).
For our purposes it is convenient to expand the DA in
powers of x. After simple calculations, using expressions

. from Appendix A, we obtain

4
D,(x, y?) = £,[x(1 - Y B (ag)x". ©)

n=0
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The expressions for new coefficients B, (@s) are written Using the distribution amplitude from Eq.(9) and Egs.
down in Appendix B.

(7), (8) for the elm form factor F,(Q°) of the pion
| (o1 - meson) we get

lé6nf? a (Q? / 4)
2F 2 = C M S K L 2
0°F, (Q°) PR [K(as) + Liag)] , (10)

where the functions K (as) , L (as) have the forms

Kiay) = 3 + 2a + by7 + 2a) - b, (1+a)(5+ 2a) (7 + 2a) an
o - (2 +a)(3+ 2a) i

and

Ka,) = b4[§ 11 + 2a +_l_(3+ 2a) (7 + 2a) (11 + 2a)
‘ 4(2+a)(3+a) 4 (2 +a)(3+ a)
_4(7+2a)(11+2a)+6(4+a)(7+2a')(11+2a)

3+ 2a (2 +a) (3 + 2a) 1
_4(4+a)(7+2a)(9+2a)(11+2a) 12

(2 +a) (3.+ 2a) (5 + 2a)

L4+ a)(5+a)(7+ 2a) (9 + 2a)11 + 2a)
2.+ a) (3 +a)(3+ 2a)(5+ 2a)

For the pion the factor C in Eq.(10) is ¢ = 1, for the !

P -meson C = -2 (the origin of 2 and minus sign has been
explained in our work [13]).

The similar calculations can be done also for the kaon,
DA of which contains odd n (see, Eq.(5)). In our computa-

| tions of Q°Fy (Q°) in Eq.(5) we include terms up to n=3. We
find

16xfl aQ*/ 4) L 2
O°F (Q%) = 5 K (51 . K*(ag) + M(a,) + 3 K(as)M(as)] : (13)

Here M(as) is

Mlay) = -by(5'+ 2a) - by(9 + 2a) + 2b, 27 ;’) (“Z *20) 4 gp, 2 ¥ O+ 20)
+ 2¢ | 3 4+ 2a (14)
2b (3 +a)(4d+ea)(7+ 2a) (9 + 2a)
? (2+a) (3 + 2a)(5+ 2a)

—'3b3 (3 +’a) (7 + 2a) (9 + 2a) +
(2 +a)(3 + 2a)

The results (10), (13) will be used later for estimation of ir I
renormalon effects in Fy, (7).

where Pand g are the momenta of the meson and virtual pho-

ton, Q?=-g?>0.
: In the framework of pQCD this form factor can be calcu-
4. THE PHOTON-MESON TRANSITION FORM lated by means of the formula [1]
FACTOR F,, (Q?) .

The photon-meson transition ff Fy, (0?) for the pseudo-

scalar meson M is defined in terms of the amplitude 7, for

1
Fy(Q7) = [dx®,(x, 0°)T,(x, 0%, a;(0%)). (16)
0
the process y"+y—»M

Here Ty (x,0%, as(Q°) ) is the hard-scattering amplitude
_ 2 2 a _f of the subprocess y"+y—qg. The amplitude T, has been
r“" & Fy (Q°)e,agP a” (15)| computed with the next-to-leading order accuracy [14],

2 2 ' - N 1 as(Qz)
’ ’ = e 1+cC 1

(1 -x)-1Inx - 9]} +x o a2-x].a7n
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In Eq. (17) N is the normalization constant, which for 7°  The factorization and renormalization scales pi,ul in

is

N = J12(e? - e2)

(18)]

Eq.(17) are taken equal to 7.
After some calculations we obtain

N _ |K(as) + Kay) ag(0°) ¢

F_(Q°) = = f 2 £+ ¢, === ) B (a)|f (a;) + g (a 19
Q%) = { NP F ZO (s)[,,(is g.(ag)] . (19

In Eq.(19) the functions £, (as) and g, (as) are
flas) = B(1+a,n+ 2+ a)_{[wl +a)-win+ 3+ 2a)f +vw'(l+a) o)

~y'(n+ 3+ 2a)-|pn+2+a)-yhn+ 3+ 2a)- 9
and : '

g.(a;) = B(2+a,n+ 1+ a){[!//(n +1+a)-yn+3+20)f +y'n+1+ a) an

—y'(n+3+2a)-[wz2+a)-wn+ 3+ 2a)]- 9

with B (x, y) being the Beta function B (x, y) =l "(x) I'(y) /T (x+y).

5. NUMERICAL RESULTS AND CONCLUDING
REMARKS

For estimation of the ir renormalon:effects and their phe-
nomenological consequerices it is instréictive to introduce the

ratio [ ]r
QZFM(W) (Q2 ) en.
R\F’ S
( M(nr)) [QZFM(W)(QZ)]O

where [Q?Fiyx, (QF) ]17°” is the meson M elm form factor or
photon-pion transition form factor found using DAs from
Eq.(5), [Q°Funy (Q°) ]° are the same quantities, but ob-
tained by means of the ordinary DAs .

, (22)
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Fig.l. The ratio R (F.) as a function of 0°. The curve 1 is calcu-
lated using the asymptotic DA, the curve 2 - model DA.

Results for the ratio R (Fy) calculated using the asymp-
totic DA (n=0 in Eq.(5)) coincide with each other, because.in

this case form factors F”(K, ) (Q?) differ only by factors C

|and fy, canceling in the ratio (22). The ratio R (F,) for

$:>Y(x) is shown in Fig.l (curve 1). As is seen, ir renor-
malon effects are approximately stable in the considered region
2GeVP<s(¥<20GeV”. Indeed, if R(Fy) =0.87 at Q°=2GeV?
then at 0?=20GeV? it takes the value R (Fy,) = 0.91, the dif-
ference being only 0.04. The same ratio caiculated for the
pion using model DA is depicted in Fig.1 (curve2). Itis
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: Solid-model DA
Dashed-asy. DA

L

&
A R R
E

0,8 C A b v ka0 g b0 b0 b0 a0 g
0 _ 5 10 15 20

Q' (GeV?)

Fig.2. The same, but for R (Fy,) . The curves 1 (solid and dashed)
are calculated using only the leading order expression for
Fyy, curves 2 - by means of the LO+NLO result.

worth noting that the coefficients b, (#?) in Bg.(5) are taken
at the normalization point ,uj =1GeV? and are equal to [9]

be=1 , bp=1.1 , by~=1,
for the ordinary DA and to
bo=1 , by=1.7 , by=1.6,



for the ir renormalon corrected DA. Now impact of the ir
renormalons on the form factor 7, (Q?) in various domains of
the region is different. Thus, for Q°<10GeV’ we have
R (F,) <1, whereas for 0°210GeV?- R (F,) 21, and the dif-
ference is L

"R(20GeV?) =R (2GeV?)=0.17 .

The situation with the photon-pion transition form factor
Fr (Q?) is approximately the same. In Fig.2 one can observe
the results of our numerical computations for R (FyJ. For
asymptotic DA (with and without the next-to-leading order
correction) R<1 in the whole region 2GeV?<0°<20GeV’. For
model DA the ratio R>1 for 0°210GeV?, when we use only
the leading order expression and R<1, if we take into account

APPENDIX A.
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also NLO correction. In the both cases (model and asymptotic
DA) the ratio R (F,,) calculated using the LO result and NLO
correction is lower than one found by considering only LO
expression. In other words, NLO correction to F, (Q?) is
more sensitive to ir renormalon contributions than the LO.

In this work we have computed Fy (Q°) and Fy, (Q°) us-
ing the frozen coupling constant approximation and DAs,
where the ir renormalon effects have been taken into account.
Almost in the all cases the ir renormalon effects reduce the
hard contributions to Fy (Q°), Fy, (Q°) and numerical values
of these effects depend on a process and a distribution ampli-
tude under consideration. Our next step is calculation of these
form factors in the context of the running coupling constant
method and DAs from Eq.(5), and comparing the results with
our previous works [6,13] and with experimental data.

3 . . . .
The Gegenbauer polynomials C;~ e (£) which we use in our calculations, have the following form

£ + 20087 - 3],

(3% 20) 5+ 20) 17 | 20) (9 + 20)E° — 6(7 + 2a)E° + 3],

g = 1, CPE) = (3 + 2008,
o) = ij?zg (5 + 287 - 1],
6
c3/2+a(§) =
i 24
APPENDIX B.

The coefﬁcients B, (as) of the DA are given as

4 (3 + 2a) (5 + 2a)

By(a,) = Ay(@g) +ib,A () (3 + 2a) (2 + @) + iq—"—(ﬁ";l?—

X [1 + %(’7 + 2a) (3 + 20:)}
Bi(a,) = —2A,(a:)b,(3 + 2a) (5 + 2a) - —j—Aq(as)b,,G +a) (3 + 2a) (5 + 2a) (7 + 2a),
B,(a;) = 2A,(ag)b(3 + 2a) (5 + 2a) + 2A,(as)b,(4 + a) (3 + 2a) (5 + 2a) (7 +/2a) ,
By(ag) = - % A(ag)b(3 + 2a) (5 + 2a) (7 + 2a) (9 + 2a) ,
B;(as) = -§-A,,(as)b4(3 + 2a) (5 + 2a) (7 + 2a) (9 + 2a) .
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S.S. Agayev, A.I. Muxtarov, Y.V. Mommadova

YUNGUL M MEZONLARIN PAYLANMA FUNKSIYALARINDA INFRAQIRMIZI RANORMALON
- EFFEKTLORI V3 Fy, (Q?) , Fy, (0?) FORMFAKTORLARI .

. Yiingiil psevdoskalyar (pion, kaon) ve uzununa polyarize olunmug p-mezonun elektromagqnit formfaktorlarn Fy (Q%) vo y +y—7°
kegid formfaktoru "donmus” qargihgh te'sir sabiti yaxinlagmasinda, mezonlann infraqirmizi renormalon effektlarini nezere alan
paylanma funksiyalarinin (PF) kémeyile hesablanmigdir. Hesablamalarda asimptotik ve model PF-dan istifade olunmugdur. Adi PF
vasitesile alinmig naticelerle miiqayise apariimigdir.

HI.C. Araes, A.H. Myxrtapos, E.B. MamenoBa

IOPEKTHhI HTHOPAKPACHBIX PEHOPMAJIOHOB HA ®YHKIHUAX PACIIPEIIEJIEHI/ISI JIETKHX
ME30HOB MU ®OPM®PAKTOPLI F,, (Q?) , Fy, (Q°)

SnekTpoMarHuTHble GopMPaKTOPsl Fiy(Q°) NErKMX NCEBNONONAPHBIX (NHOH, KAOH) M TPOAONBLHO MONSPH3OBAHHOTO O-ME3OHA M
dopmdaktop nepexosa ¥ +y~7° BLIMMCAEHbI C NOMOLLBIO NPHEMMKEHUS «3aMOPOKEHHOH» KOHCTAHTSI CBA3M M GYHKLMH pacnipeaeneHus

(®P) Me30HOB, B KOTOPLIX yuTeHb! 3hdexThl HHppaKpacHbIX peHOpManoHOB. TIpH BLIYHCIEHHAX HCTONB3OBAHb! ACUMITTOTHYECKAS U MO-
JensHast OP. [1posencHo cpaBHEHHE € PE3YALTaTAMH, NONYYEHHBIMH € HCIONb30BaHHEM 06bIYHBIX OP.
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