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Four models of a g-harmonic oscillator with wave functions expressed in terms of g-orthogonal polynomials are constructed.

5. Models of g-harmonic oscillator

In the previous paper [1] we are developed the factoriza-
tion method to the case of the difference Schrodinger equa-
tion. The purpose of this paper is to construct the models of
g-harmonic oscillator. Models of g-harmonic oscillator are
being developed in connection with quantum groups (see, for
example [2-11]). By a g-harmonic oscillator we understand a
physical system described by an associative algebra with an

identity generated by three generating operators of g-crea-

[HI b+]q = qb+/

(b, H], = gb,

tion b, g-annihilation b and ”particle number” N. They sa-
tisfy to the g— Heisenberg algebra :

[b-/ b+]q = g, [N/ bi]q = ibt
or bbb - gq,b'b = 1,

é.1

where gy=g™?. The Hamiltonian for the g-oscillator can be
defined as H=b’b", then from the expression (5.1) we have:

The equation that describes the g-harmonic oscillator has the following form

1-g)
Hy, = ——Ly -y,
1-gqg,
where the energy spectrum is equal to
1-4qp
e, = — , n=01,2,... (5.4)
1-gq,

In order to realize explicitly the operators b* it is natural by
to consider the situation
[A™, A"]

-= const (5.5)

q(x)

by analogy with (3.5) [1] as the g-harmonic oscillator. |

[A~,A%], = gA"A" - q'A*A” =

[b,b"] =1—-(1-qyH = q. (5.2)
b—ayn = e:% Tn-l’ b+¥/n = e1%+1 yjn+1’ (53)

5.1. First we consider the case when h is the real quantity.
Considering (5.5) as the equation for po(x) we find that
p (x)=Ax?, which means that the ground state wave function
for the g-harmonic oscillator model coincides with the non-
relativistic one. In this case we have

= P, a(x) = Xi(chihx)™ (5.6)

qix) = e = e

i.e. g (x) is a constant. Using p (x) =Ax? and (5.6) we find:

xq - gq™) (5.7)
It is easy to see that the g-creation and g-annihilation operators b* are connected with A* as follows:
' £1/4 1 1
& _ 2o, -a,
b* = q|—5——A" = F o — | e¥*te?’ — e**te 2 , (5.8)
g’ -1 2,1 - g,chat

where x=ht.

It can be shown that the orthonormalized wave functions
of this g-oscillator model are expressed by means of
g™! - Hermite polynomials h, (x/q) :

v (%) = c,h,(shahxig,) e ©9)

8

=
b

e h_(shax|q) hm(shaXIQ) chaxdx

IThe condition (¥, Wn) 2=0nn gives us the orthogonality

condition on the complete real axis for g~! - Hermite poly-
nomials

-n{a+1) 1

=q 2 ¢ (q:q), 6 q = € .(510)
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Using the following limit relation to the wave functions of the nonrelativistic linear harmonic
S oscillator (3.8) [1].
H ( X) 5.2. We now consider the case when h is imaginary quan-

tity: h=i4. In this case the solutions of the equation (5.5)
which is readily proved by induction, we see that the wave  have the following form:
V4

functions (5.10) in the limit h—0 (i.e., as g,—1") transforml

lim a™” h (shax|q)

is? e

plx) = Ax* , qx) =g =e 2 =¢2 ,alx) = A7 (cos Adx)! (5.11)
The g- commutator of the operators A* is equal to ’ | For the g-creation and g-annihilation operators we have the
‘ following expressions:
[a=, a*] = =g - q) (.12),
% i 1
& . , =8, tet -9,
b* =g —— A" =11 d. ' e te?” _ g g2 , (5.13)
1-qg° 2Jq. -1 coseat | ~

where x=8t. . I
Wave functions of this g-oscillator model are expressed in
terms of the g-Hermite polynomials H, (x| g :

v, (x) = ann(sin ié’xlqgi) e (5.14)

| The g-Hermite polynomials are defined by the recurrence

relation

Hn+l(xlq) = 2X Hn(xlq) - (1 - qn) Hn—l(xlq) 4 0 < q < l
The orthogonality condition follows from (¥, , W) =6pm fdr thg g-Hermite polynomials:

1

7

. oo
e ™ H,(sinaxlg) H,(sinaxq) cos axdx = a®(g; q),6,, (5.15)

8"——;8

5.3. For the construction of the third model of the g-harmonic oscxllator one can con51der the following realization of the
operators b*:

B - 16
1 : i 16% -3, .
bt = e eux’ enws - Jq. e 2 ° eﬂx’ (5.16)
d l (s qc )
whereq, = ot “The operators (5.16) are Hermite conju- The Rogers-Szego polynomials are defined as follows:
gate in respect of the scalar product (y, ) ;(3.3) [1]. . a [n
The wave functions in this case are expressed by means H, (x ; q) = Z x* ,
of the Rogers-Szego polynomials H,(x/q) : : k=0 k P

-1
) ~2iAdx -ax?
v, (x) = C.H n[_ g? e ;g ) e™™ (5.17)1 where {Z] is the g-binomial coefficient [12]
. q

n (q;q) = ;
| = - , (arq), = || (1-aq’)
[k ]q (97 9), (97 q)ey | H

It follows from the condition (v, ¥) 2=8,x that the Rogers-Szego polynomials satisfy to the orthogonallty relation on the full
real line v

_‘_/__1__7[_ J‘e'aszn(__ g1/ 2etiex q) Hm(_ g1/ 2gm%ax q) dx = g~"(gs q),8.. . (.18
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-2a?
where g = e

We can also prove the following limit relation:

lim(-i )"Hn(— gl feTHH, q) = H (x). (5.19)

a0 l_q

5.4. The fourth model of g-oscillator can be constructed ! The operators (5.20) are Hermite conjugate in respect of the
if we take the following realization of q—creatlon and g-an-  scalar product (v, ¢);(3.3)[1].

nihilation operators The wave functions in this model have the form
1,1

. . 1 .
pt =+ = [e*‘*’x - g2 frettrg” ) (520)
|

J1-a,

1
v, (x) = cnbn[' g2 e q»] e, q, =e® (521)

where h, (x/q) are the Stieltjes-Vigert polynomials:

n [n ,
}]n(}(; QT) = :E: [1{] qu )(k/
q

k=0
We can prove also that

2 CoNnY/ 2
, q .. -1/2_-2ax
lim : “h (- e ; = H {x , .
| a,_m[l,_. q) n(-q q) = H,(x) (522)
where g = P ’
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SONLU-FBRQ HARMONIK OSSILYATORLAR. II.
Dalga funksiyalan g-ortogonal goxhedlilerle ifade olunan g-harmonik ossilyatorun dérd modeli qurulmusdur.
.M. Harues ‘
PA3ZHOCTHBIE TAPMOHUYECKHE OCHUJJIATOPBI. I1.

HOCTPQCHBIWCTHPC MOJENH q-TapMOHHYECKOTO OCUHIIIATOPA, BOJIHOBLIC @yHKUHM KOTOPLIX BbIPAXKAIOTCA YEPE3 g—OPTOrOHANbHbIC
NOJBHOMBIL.
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