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Abstract

In this paper some properties of the superstring with noncommutative worldsheet
are studied. We study the noncommutativity of the spacetime, generalization of the
Poincaré symmetry of the superstring, the changes of the metric, antisymmetric tensor

and dilaton.



1 Introduction

The noncommutative geometry [1] has been considered for some time in connection with
various physics subjects. Recent motivation to study the noncommutative geometry mainly
comes from the string theory. String theories have been pointing towards a noncommuting
scenario already in the 80’s [2]. Recently Yang-Mills theories on noncommutative spaces
have emerged in the context of M-theory compactified on a torus in the presence of constant
background three-form field [3], or as low-energy limit of open strings in a background B-
field, describing the fluctuations of the D-brane worldvolume [4, 5, 6]. The worldvolume of
a D-brane with constant background B-field, is an example of a noncommutative spacetime,
in which gauge and matter fields live [3, 4, 5, 7]. In other side, fundamental strings in the
R®R background B-field become noncommutative. This was shown in the context of matrix
theory [8].

Field theory on a noncommutative space has been proved to be useful in understanding
various physical phenomena. Noncommutative field theory means that fields are thought of
as functions over noncommutative space. At the algebraic level, the fields become operators
acting on a Hilbert space as a representation space of the noncommutative space [9].

Previously we considered the superstring action as a two dimensional noncommutative
field theory [10]. Up to the first order of the noncommutativity parameter, and some ad-
ditional terms to the noncommutative superstring action, some physical quantities are ob-
tained. For example, we obtained new supersymmetric action for string, extended boundary
state of closed superstring, new boundary conditions for open string which lead to the gen-
eralization of the noncommutativity parameter of the spacetime.

In this paper, we do not consider the additional terms to the superstring action. Accord-
ing to this, now we study some other properties of the superstring with noncommutative
worldsheet, to all orders of the noncommutativity parameter. Noncommutative worldsheet
of string gives a noncommutative spacetime. If some directions of the spacetime are com-
pacted on tori, the vacuum expectation value of the spacetime noncommutativity parameter
can be non-zero. Noncommutative worldsheet also enables us to generalize the Poincaré
symmetry. That is, some additional terms can be added to the ordinary Poincaré transfor-
mations. Therefore, we obtain a generalized conserved current. Furthermore, the NSQNS
fields of superstring modify by a common phase. Making use of the Refs.[10, 11], one can
find descriptions of the noncommutativity parameter of the worldsheet. For # = 0, all these
results reduce to the known cases of the superstring theory with ordinary worldsheet, as

expected.



This paper is organized as follows. In section 2, we study the action of the superstring
with noncommutative worldsheet. In section 3, the noncommutativity of the spacetime,
extracted from the noncommutativity of the string worldsheet, is studied. In section 4, a
general form of the Poincaré symmetry is given. In section 5, the effects of the noncommu-

tativity of the worldsheet on the metric, Kalb-Ramond field and dilaton are extracted.

2 Noncommutative worldsheet

We look at the superstring action as a two dimensional noncommutative field theory. In
other words, assume that the superstring worldsheet i1s a two dimensional noncommutative

space. In this space superstring with worldsheet supersymmetry has the action

S, = —

4;@/ / d%(@axuaaxu —ii“*paaa%) , (1)
where the spacetime and the worldsheet metrics are 7, = diag(—1,1,...,1) and 5y =
diag(—1,1). We later discuss about the supersymmetry of this action. The star product
in this action is defined between any two functions of the worldsheet coordinates o* = (o, 7)
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) g’ ) . 2)

Ca:,r]a =g

The antisymmetric tensor % has only one independent component i.e., % = 8e® where
e’ = —€'® = 1. Definition (2) gives the noncommutativity between the worldsheet coordi-

nates as
ot % o’ — ¥ x 0% = iH . (3)
The equations of motion of the worldsheet fields are
(07— 2)X¥ = 0, 9" = 0.9 =0 ()

where 91 = 1(9r £ 9,). Therefore, 9" and ¢ are the right moving and the left moving
components of ¥*. These equations are the same that appear for the superstring with
ordinary worldsheet. For the next purposes we need the solutions of these equations. For
closed string there is
i 1 . .
X*(o,7) = 2" + 2d'p"'T + 20" 0 + 5@2 —<05Z6_2ln(7-_0) + &Z6_2’"(T+0)> , (5)
n
n#0

where L* is zero if the direction X* is non-compact, and is N*R* if this direction is compact

on a circle with radius R*. In this case the momentum of the closed string is quantized i.e.,



pt = %. The integers N* and M* are the winding and the momentum numbers of the

closed string respectively.

For open string we have the solution

1 .
X*o,7) = 2" + 2a'p"'T + iV 2/ Z —ake™" " cosno . (6)
n#0 n

Note that this solution satisfies the boundary conditions of the variation of the action (1). In
this variation there are infinite number of boundary terms. These terms contain derivatives

that originate from the noncommutativity of the string worldsheet. The boundary condition
(0, X")gy =0, (7)

1s sufficient to drop all the boundary terms of the above variation. oy = 0,7 shows the
boundaries of the open string worldsheet.

Consider global worldsheet supersymmetry transformations

SXH = apt
St = —ip 9, X e . (8)

Invariance of the action (1) under these transformations leads to the worldsheet super-current

1
Ja = §pbpa¢“ * aqu . (9)

According to the equations of motion, this is a conserved current i.e., 9*J, = 0.

3 Spacetime noncommutativity

Noncommutativity of the string worldsheet directly leads to the noncommutativity of the

spacetime. Making use of the formula

eip(f—l—ko) % 6iq(ﬂ'—l—lo‘) — 6%qu(k—l)eip(ﬂ'—l—ka)eiq(T—I—lO') 7 (10)
we obtain the following noncommutativities for the spacetime
[(X*(a,7), X" (0,7)]. = 8(2a)>/? > (ptal — prat) e sinno
n#0
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mn

m#0 n#£0



from the open string point of view, and
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from the closed string point of view. The right hand sides of the relations (11) and (12) are
non-zero. This is because of the non-zero value of the parameter . Therefore, the noncom-
mutativity of the spacetime, resulted from the noncommutativity of the string worldsheet,
depends on the fact that the propagating string in the spacetime is open or is closed.

Now consider the following expectation values of the commutators (11) and (12)

0][X*(o, 1), X"(0,7)].]0) =0, for open string,
(v|[X"(o,7), X"(0,7)]|v) = 10", for closed string , (13)

where |v) = (0,0 ; {M*},{N"}) is a closed string state with the momentum numbers {M*}
and the winding numbers { N*#}, and

0" = 4d'6(p"L” — p” L")
v n
_ 4a’6<M“N”% _ M”N“%) , (14)

therefore, if some of the directions of the spacetime are compactified on tori with radii {R*},
a closed string with noncommutative worldsheet, momentum numbers {M*} and winding
numbers { N*}, probes the expectation value of the noncommutativity of the spacetime like
the relation (14). Open strings with noncommutative worldsheet do not probe the vacuum

expectation value of the spacetime noncommutativity.

4 Poincaré symmetry

Poincaré transformations 0. X* = a* X" 4 b* and d¢* = a*,3p”, are global symmetries of the
superstring theory with ordinary worldsheet, where a,, 1s a constant antisymmetric tensor
and b is a constant vector. Two conserved currents are associated to them. For the super-

string theory with noncommutative worldsheet, these transformations can be generalized.



Therefore, the effects of this generalization also appear in the currents. The generalized

transformations are
OXH = a“yX” + b,
dpt = at (P” + D" x p —7P) (15)

where ¢(o, ) is a scalar of the worldsheet. It will be determined in terms of the coordinates
o and 7.
Making use of the equations of motion, the variation of the action (1) under the trans-

formations (15), is

55, = #a,aw / dza@ﬂ « pH (" % Bup — ¢”aa¢)> . (16)

For vanishing of this variation, one possibility is that J,¢ be constant i.e., independent of

the coordinates ¢ and 7,
a0, 7) = ¢, . (17)
This equation has the solution
$(0,7) = cad® + o , (18)

where cg, ¢; and ¢y are constants.

The currents associated to the transformations (15) are

1
' 19
a 27‘-0{/ ( )
1
= <(X“ K 0aX” — X7 % 0,XP 4 0,X" % X" — 0, X" % X")
T

i a5 = 9 8) — i % pula 5~ ) )
B g — B = pu). (20)

The constant ¢q has no effects on the transformations (15) and on the current (20). According
to the equations of motion, these currents are conserved i.e., 9°P* = 0 and 9*J* = 0. If the
noncommutative worldsheet changes to the ordinary worldsheet, the transformations (15)
and the current (20) reduce to the ordinary case, as expected.

more generalization



Transformations (15) can be generalized as

SXM = at XV 4 b
S = at, (9" + byl + bothl + oo+ by (21)

where N is an integer and {by, bs, ..., by} are arbitrary coeflicients, and

,l:b::: Z—l*gb_,lp::—lgb ) ]-SnSNv

o = P (22)
Again with the choice (18) for ¢, the variation of the action (1) under the transformations
(21) vanishes. Define differential operator D as

1 1
D= _57:(9‘11)@(161) = 5’1:(9(6167- — 0060') ) (23)

therefore, ¥* can be written as
Wi = Dy (24)

This simplifies the second transformation in (21) as the following
N
Syt =a", > b, D", by=1. (25)
n=0
For the special choices b, = % and N — oo this transformation becomes

St = a* exp <%i9(0167 — coa(,)>¢”(0,7')

0 0
= a,“y’lpy <0' — %CO , T —|— %Cl> 5 (26)

which follows by combination of the shifts on the worldsheet coordinates and a rotation in
the spacetime.

The currents associated to the transformations (21), are the current (19) and

1
Je = <(X“ * 0, X" — X" % 0, X" + 0, X" % X* — 0,X"  X")

4o
N
30 (5 pa D" = % pa D) ) (27)

which is conserved i.e., 9*J* = 0. This is more general than the current (20).
Note that the parameters {b,}, ¢o and ¢; in the transformation (25) and in the current

(27), remain arbitrary. For ¢y = £¢q, the operator D is proportional to 0. In this case,

7



according to the equation (10), the effects of the noncommutativity of the worldsheet on the
fermionic part of the current (27), for n > 1, are collected only in the derivative D. That is,
the star product appears as usual product. Also the transformation (25) for n > 1 only has

derivatives of the left moving or the right moving components of the worldsheet fermions

{9}

5 The fields g,,, B,, and ¢

We are interested in to know the effects of the noncommutativity of the string worldsheet on
the metric, antisymmetric tensor and dilaton. We discuss on these fields both in the bosonic
string and in the superstring theories. The states of these fields can be extracted from their
vertex operators.

For the bosonic string consider the operator
24 .
¥ (p) = ——Z, /d20 CO_XH % 0L XY xePX (28)
T

Making use of the solution (5), therefore from the state

Q(0)]0,0;p=0), (29)
we read the state
e 0" @210 ,0;p=0). (30)
According to this state we have
9" = e Mg,
Ly
By = e P . (31)

Therefore, these fields take only a phase. Modification of the dilaton changes the string
coupling constant.
For the superstring, g,,, B,, and ® are the NSQNS sector fields. The states of these

fields can be extracted from the following state
2 2 I3 v 0
——/da:¢_*¢+:|0,0;p:0>. (32)
7
From this state we read the state
e_wblil/z Zlil/2|0 0ip= 0) . (33)

8



According to this state, we obtain

g8 = e g,
B = e B"™
By =e D . (34)

Therefore, the corrections of the metric, antisymmetric tensor and dilaton in the superstring
theory are different from their corrections in the bosonic string theory. Since #-parameter is

real, the real parts of these fields can be interpreted as physical fields.

6 Conclusions

The noncommutativity of the string worldsheet leads to the noncommutativity of the space-
time. The latter depends on probing by open or closed string. If some of the spacetime
directions are compactified on tori, the noncommutativity of the spacetime depends on the
momentum numbers and the winding numbers of the probing closed string.

By adding some additional terms to the Poincaré transformations of the worldsheet
fermions, the Poincaré symmetry of the superstring was generalized. The noncommutativity
of the superstring worldsheet permits this generalization and consequently the generalized
form of the associated conserved current.

The NS®NS fields of the type II superstring (i.e., the metric, antisymmetric tensor and
dilaton) changed only by a phase. The changes of these fields in the bosonic string theory,

are different from their changes in the superstring theory.
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