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The classical factorization method is constructed for the non-stationary system with the use of  quantum integrals of motion. 
 
The classical factorization method (CFM) developed by 

Schrödinger [l] and extended by Infeld and his collaborators 
[2] allows the eigenfunctions (EF) and eigenvalues (EV) to 
be constructed for the stationary problems. 

Within the framework of CFM the Hamiltonian for the 
harmonic oscillator is known to be represented as 
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the Bose rising and lowering operators, respectively.  Then 
the EVs and the EFs of the Hamiltonian are defined by the 
algebraic way provided the energy EV have a lower limit. 

To solve the non-stationary problem means to determine 
the wavefunctlon ψ. satisfying the wave equation  
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h , where Ĥ   is the Hamiltonian of the problem 

under consideration. However, the wave function of the non-
stationary problem is not EF of Ĥ  and, there fore, it is 
impossible for the CFM to be extended to the non-stationary 
case directly. 

The wave function of the non-stationary system might be 
determined if this wave function obeys not only the wave 
equation but simultaneously is the EF of a certain operator  
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where 
±Â  are the Bose rising and lowering operators for the 

given non-stationary system and the EV of K̂  have the 
lower limit. Such a situation is realized provided  
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i.e. only on condition that K̂  is the quantum integral of 
motion.   

The aim of the present work is to show, with a harmonic 
oscillator with a time-dependent frequency being used as an 
example, that the CFM may be developed for the non-
stationary system provided the method of the quantum 
motion integrals is used. 

There is a further point to be made, in the case of the 
non-stationary problem one can solve the EV problem for the 
operator K̂  instead of the corresponding wave equation. In 
the stationary case this operator transform to the energy 
operator. 

Let us consider a non-stationary harmonic oscillator 
described by the Hamiltonian 
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where x is a usual canonical coordinate, p is its conjugate 
momentum, and m is a mass. 

It is known that lowering and rising operators for such 
system [3] are: 
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where the function ε(t) is a definite solution of the classical 
harmonic oscillator equation 
 
                       0ε)t(ε 2 =+ω&& .                            (5) 

 
The following commutation relationship holds  
 
            [ ] 1Â,Â =+−             (6) 
 
It is easy to check that  
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i.e. the operators (4) are invariants. 

Formulae (5) and (6) give the following equality, 
 
           2iεεεε ** =− &&                            (8) 
 

which is valid for any moment of the t .    
Let us introduce an operator K̂ according to (1) where 
±Â are given by the expressions (4). If Ĥ  has the form (3) 

it is easy in compliance with (2) to be convinced that K̂  is 
the motion integral. This means that K̂  commutes with the 

operator 







−
∂

∂
Ĥ
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ih . Hence, these operators have exactly 

the same set of EFs. Consequently, the wave function of non-



CLASSICAL  FACTORIZATION  METHOD  FOR  THE  NON-STATIONARY  SYSTEM 

 63 

stationary harmonic oscillator can if be found if the EV 
problem for operator K̂  is solved: 

 

    kψψK̂ =          (9)  
 
Construct the following motion integrals 
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and 
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They are referred to as the operator of the initial 
coordinate and the operator of initial impulse, respectively 
[4]. Let us express K̂  from (l) in terms of these operators: 
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0X̂ and 0P̂ are the Hermitian operators. Then these 
operators have the real EV that places the lower limit of EV 
of the expression (12): 0k ≥  This enables to apply CFM to 
solving the problem (9).             

Denote the quantities belonged to the ground state, i. e. to 

the lowest EV of the operator K̂  , by subscript "0".Then 
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Let us multiply the equation (13) on the left-hand side by 

and make use of the commutation relationship (6) taking into 
account (1). Finally, instead of equation (13) we 
obtain 000

- 1)-(kAK ψψ =
)) .  Since k0 is the lowest EV of the 

operator K̂  it follows that 
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whence       
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is calculated from the normalization for  0ψ  . By means of 

(14) we get from the expression (13) 2/1k0 = .       
Let us multiply the equality (13) on the left-hand side by 
+Â and make use of the expressions (6) and (1). We obtain    

( ) 000 ψÂ1kψÂK̂ ++ += , whence 011 ψÂCψ += , 

1kk 01 += . Using the mathematical induction method one 

can prove that 1n1n ψÂCψ −
+= ,
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nС  is given by the normalization conduction. On the whole 
we get the wave function of the non-stationary harmonic 
oscillator in the form 

 

                            ( ) ( ) ψÂn!ψ
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that exactly coincides with the well known result for the 
system under consideration [4]. 

The author  thanks Prof. Gashimzade F.M. for helpful 
discussions. 
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ГЕЙРИ СТАСИОНАР СИСТЕМЛЯР ЦЧЦН КЛАССИК ФАКТОРИЗАСИЙА МЕТОДУ 
 
Щярякятин квант интегралларынын кюмяйи иля гейри стасионар системляр цчцн классик факторизасийа методу ишляниб. 
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КЛАССИЧЕСКИЙ МЕТОД ФАКТОРИЗАЦИИ ДЛЯ НЕСТАЦИОНАРНЫХ СИСТЕМ 

 
С помощью квантовых интегралов движения  развит классический метод факторизации для нестационарных  систем. 
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