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The energy spectrum of light carriers in narrow band gap semiconductor microcrystal are studied theoretically taking into account the 

nonparabolicity of the electrons, light holes and spin-orbit splitting holes dispersion laws. The confinement potential of microcrystal is 
approximated as λr2+λ1 r-2, and the dispersion laws are considered within the framework of three-band Kane model. Confinement potential 
introduced in the Kane equations by non-minimal substation. 

 
In recent years there has been a great interest to the 

nanostructures, which was developed from narrow-gap 
semiconductors. In these nanostructures much smaller 
effective mass of electrons resulting has higher size 
quantization energy. In order to investigate the optical and 
kinetic properties of nanostructures it will be possible to 
observe size quantization energy states. On the other hand in 
narrow-gap semiconductors the spin-orbit interaction and   
the non-parabolicity energy spectrum of carriers must be 
taken into account. It is impossible solve the equation 
analytically when the confinement potential is added to the 
Kane equations as scalar potential. Because of this in this 
study we have added the potential to the Kane equations by 
non-minimal interaction applied in the works of [1,2 ]. We 
refereed to the obtained equation as the singular Kane 
oscillator by analogy with the Dirac oscillator [2].   

Confinement potentials are of the form V(r)=λ⋅r2+λ1r-2 

describe a quantum dot, an antidot, or a quantum ring, 
depending on  the values of λ and λ1 [3]. 

In the three-band Kane's Hamiltonian the valence and 
conduction bands interaction is taken into account via the 
only matrix element P (so called Kane's parameter). The 
system of Kane equations including the nondispersional 
heavy hole bands as in the case of Dirac equation can be 
written in the following matrix form: 
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In equation (1) 8x8 matrix βα , and G have the 
following nonzero elements: 
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Here P is the Kane parameter, E.g. - the band gap energy, 

∆ - the value of spin-orbital splitting and 

∇−=±=±
rr

ikikkk yx , . The zero of energy is chosen at 

bottom of the conduction band. 

Let us carry out the non-minimal substitution 
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in Kane system of equations. Expressing all components of 
the wave function by the first two we obtain two coupled 
equations for the spin-up and the spin-down conduction band 
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where Lx, Ly, Lz  are angular momentum operator 
compenents. Sense the problem has a spherical symmetry, we 
seek a solution to the differential equation in the form 
F(r)Ylm(θϕ).. 

By acting upon the equation (11) through the operator L+ and 
using commutation relationships for the operators, we obtain 
L+ψ2. After substituting this quantity into expression (10), we 
derive two equations for F(r). 
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After substitution of the values of A and B from (15), (16) 
the equation (17) can be rewritten in the form: 
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The eigenvalues of equations (18) take the following 
form [5] 
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The eigenfunctions corresponding to the eigenvalues of 

equation (18) are 
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where is the confluent hypergeometric function, n must be 

non-negative integer, 
hh
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Equation (18) determines the energies of electrons, light 
holes, and the spin-orbit split-of band of holes. Equation (18) 
can be useful for analyzing the influence of nonparabolicity 
on the energy spectrum of electrons in a quantum dot.The 
singular oscillator equation is obtained from a system of the 
equations for multiband Hamiltonian describing spectrum of 
electrons, light and heavy holes in Kane's semiconductors by 
the method of a non-minimal interaction.  
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Ф.Ь. Ифифнум 

 
ЫШТПГДНФК ЩЫЫШДНФЕЩК ЗЩЕУТЫШФДШТФ ЬФДШЛ ЛУНТ ЕШЗДШ ЬШЛКЩЛКШЫЕФДДФКВФ 

НЪЛВФЖЭНЭСЭДФКЭТ УТУКОШ ЫЗУЛЕКДЦКШ 
 

Йфвфхфт щдгтьгж ящтфыэ вфк щдфт нфкэьлуюшкшсш ьшскщлкшыефддфквф нътпъд нълвфжэнэсэдфкэт утукоэ ызулекдцкш тцяцкш щдфкфй 
бнкцтшдьшжвшк. Ьшлкщлкшыефддфквф ыфчдфнэсэ зщеутышфд щдфкфй λr2+λ1 r-2  жцлдштвц пбеъкъдьъжвък. Зщеутышфд Лунт ецтдшлдцкштц йункш-
ьштшьфд йфкжэдэйдэ ецышк нщдг шдц вфчшд увшдьшжвшк. Нътпъд нълвфжэнэсэдфкэт утукош ызулекдцкштшт йункш зфкфищдшлдшнш тцяцкц фдэтьэжвэк. 
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ЭНЕРГЕТИЧЕСКИЙ СПЕКТР НОСИТЕЛЕЙ ЗАРЯДА В КЕЙНОВСКИХ МИКРОКРИСТАЛЛАХ 

С ПОТЕНЦИАЛОМ СИНГУЛЯРНОГО ОСЦИЛЛЯТОРА 
 
Найден энергетический спектр и волновые функции кейновского сингулярного осциллятора, описывающего спектр энергии 

электронов, легких дырок и спин-орбитально отщепленной зоны дырок в квантовой точке с удерживающим потенциалом типа 
λr2+λ1 r-2. 
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