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SOLUTION OF THE PRINCIPAL CHIRAL FIELD PROBLEM
AS “MATHEMATICA” ALGORITHM

M.A. MUKHTAROV
Institute of Mathematics and Mechanics
370602, Baku, F.Agaev str. 9, Azerbaijan

Solutions of the principal chiral field problem are constructed by means of Mathematica software.

1. The problem of constructing of the solutions of self-dual Yang-Mills (SDYM) model and its dimensional reductions, the
principal chiral field problem in our case, in the explicit form for semisimple Lie algebra, rank of which is greater than two,
remains important for the present time. The interest arises from the fact that almost all integrable models in one, two and
(14+2)-dimensions are symmetry reductions of SDYM or they can be obtained from it by imposing the constraints on Yang-
Mills potentials [1-12].

This work is a direct continuation of [13-15], where the exact solutions of the principal chiral field problem have been de-
rived, and it shows how to obtain the further results using determined Mathematica algorithm. The discrete symmetry trans-
formation method [12] applied here allows to generate new solutions from the old ones in much more easier way than applying
methods from [11], and the case of SL(3,C) algebra gives us a key to construct solutions for an arbitrary semisimple algebra.

2. Equations of the principal chiral field problem are the systems of equations for the element f , taking values in the
semisimple algebra,

o f of of
0,-0,) == M
OX;OX; OX; OX;

In the case of two-dimensional space: €,=1, 6,=-1, X, =& ,X, =v.

Following [12], for the case of a semisimple Lie algebra and for an element F being a solution of (1), the following state-
ment takes place:
There exists such an element S taking values in a gauge group that

S 1 |éf o 1
S_l—=7 —,X+ -0 ——X,, 2
o f L}xi M} tox, £ @

Here X ,T,, is the element of the algebra corresponding to its maximal root divided by its norm, i.e.,
X, x7] = H, 1, x*] = 22x*

— F_ - s the coefficient function in the decomposition of T of the element corresponding to the minimal root of the algebra,
T = ofc " and where ois an automorfism of the algebra, changing the positive and negative roots.
In the case of algebra SL(3,C) we’ll consider the case of three dimensional representation of algebra and the following
0O 01
formofoc = | 0 1 O|.
-100

The discrete symmetry transformation, producing new solutions from the known ones, is as follows:

~

Ezsﬂs—w%ﬁs—l (3)
OX; OX; OX;

3. Let's represent the explicit formulae for transformation in the case of SL(3,C) algebra

T =X + X, + al’le*,z + h, + ,h, + aX; + aX, + a X, )
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In connection with the general scheme, first of all, it is necessary to find the solution of the equations (2) for the SL(3,C)
valued function S for given T, solution of equations (1).
From (2) it is clear that S is upper triangular matrix and can be represented in the following form:

S =exp ﬁle exp ﬂ1,2XI,2 exp ,32X2+ exp :BOH ’ ®)
where H=h,+h,.
After substitution of the last representation of S into (2) and taking into account (4), we have at every step of the recurrent
procedure the following relations

b = Inal,zs bh=a, B =
(181,2)><i :(al,Z)zx, - (9, +52)xi a, _(al)xi a, (6)

As the initial solution we'll take the explicit solution F belonging to the algebra of upper triangular matrixes:
T = aX + X5 + a X, + ,h, + 7,h, (7

The component form of self-duality equations for this case is following
o’r,
OX; X
o’a

—={0,,a,},  ,» =12, ®)

OX; OX P
o’a,,
OX; X
where 5, = 27, - 7, , 6, = 27, — 7, and figure brackets of two functions g; and g denotes :

a9, 09, 49, o9
{glng}xiJXj :Tl_z__z_l -

>

:{51 +523a1,2}x,,x]— )

The general solution of system (8) takes the form

=27 (%) @ = fa; (A)exp(=5, (A)dA,
N _ Tis (Xs)
=Tl
&y, = $a,, (A exp(=5,(4) - 5,(A)dA +
42, () exp(=5, (1) )
A=A

+ o, (A exp(=5, (1)dA§

Here the circle integration goes over the complex parameter A.

By the direct check one can be convinced that (9) are the solutions of equations (8). The formulae (9) can also be obtained
as a solution of homogeneous Riemann problem in the case of the solvable algebra [11].

Let’s represent two types of Backlund transformation by means of which one can construct new types of solutions of equa-
tions (8) from the known solution (9). For solutions of first two equations of (8) this two Backlund transformations are the
same:

k k k+1 :
O,(a ), —(9)), e =(a;" )y, s1=12 (10)
For solutions of the third equation of the system (8) they are different:

0.k 0.k K k 0,k+1
95(051,2 X — (0, +52)xS o, —(a )xS a, = (051,2+ ) (11)

S

and
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k.0 k.0 K/ ok K+1,0
0, (o)) X, - (4, +52)x5 o, 0 (sz)xs = (051,3 )x (12)

S

Note that starting, zero step of upper transformations procedure coincides with initial solutions (9).
Let’s return to the solution of the equation (7) at the first step of the recurrent procedure.

Comparing (6) and (12) we came to the conclusion that ,31’2 = 05(1),’21 .

Finally, knowing all components of matrix S and using (3) we can express the solution

F = F'X + BX; + FLX, + FPhy + Fh, + X, + B X, + FLX,

of self-duality equations at the first step of the recurrent procedure in terms of chains (10)-(12):

1,0 0,1
a,’ a;’
0 _ 1,2 0 _ 1,2
Fo=0+—=55.F =5 +—55
1,2 1,2
1 ad ad
- - _ & - _ 1
Fio 00 * F 0,0 ? F, 0,0
1,2 1,2 a5,
0 1 0
F* _ 1 al al F+ _ 1 a2 aZ (13)
1 0.0 | 0.0 100 » T2 T 0.0 | 0.0 0.1
Qs |0y Q5 Q5 |Gy Q5
0,0 0,1
Ero_ 1 o, o)
1,2 — 0,0 1,0 1,1

12 |F12

Using the equations of the principal chiral field problem for the group-valued element

6.(9), 97 =(f),

the relations (3) can be rewritten as

0(S,09,), (S,09,)" =(f,.1),,

So we see that the group valued elements gn+1 and g, are connected by the relation

gn+1 = Sno-gn (14)

Let's represent the explicit formulae of the recurrent procedure of obtaining the group-valued element solutions.
At every step, as it shown in [5], S is upper triangular matrix and can be represented in the following form:

S, = exp(B,),X; exp( 1,2)nX1+,2 exp(,),X; exp(f ) H . (15)

where H=h;+h, and for g, we use the following parameterization:

g, = expln; ),X; expln;,) X;, exp(n; ), X exp(t,),h, + (€,),h,) x

(16)
x expln; ), Xz expln, ) X1, explr ), X;

with
9o = expln hX; expln, ) X1, explr; X exp((t, h, + (€)h,)

as an initial solution.
Hereafter, X 1i , X; , X 1i,2 ,h1, hy are the generators of SL(3,C) algebra.
Following the general scheme from [5] we have at
(0)-step:
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-1 -1 = -1,0
&) =r=vi.Op) = a1 =12,(nL) = a;
The further calculation we deliver to Mathematica program:

(ty)y ==V, . (0 )y = a1 =12,(n,), = a3’

The further calculation we deliver to Mathematica program:

01 0y 00 0y (00 Iy
Xf=[00 OL: xf:[u 0 1&: xb:[o 0 0&:
000 000 000
(00 0y 00 0y 00 0y
)\T:[IOO[: 5:000&, .f,‘;:[uool;
000) 010 l1oo0
10 0y 00 0, 00 1y
hy= |0 -1 0f; hz=[“‘ ul:w_{o l(ll:
o 0 o) 00 -1 -100

G = MatrixExp|ny X{ | MatrixExp[ng 3 X{ 2] MatrixExp{np X3 | MatrixExp{ry hy .

MatrixExp[ra ha];
S1 = MatrixExp[by X{ |.MatrixExp| by 3 X 2 | MatrixExp{ by X3 | VatrixExp[ by (hy + hy)l;

G =85pwGy:
MatrixForm[G ]
Nt
_e‘b{ﬁrl [bl I}2+ b]‘z) !,_,71‘1+F2 b] —¢17b07r|+r2 nj [bl b2+ bl_z} cbO"Q +e 12 b] ny - i‘_bo_ ] (bl b2+ bl.2}[n] ng + "1,2)]
e borT e TI#12 _ = bo=11412 py ™12 ny— =202 by () my 41 )
_(,~|J(;+r| -c—bu—flﬂz ny —p_bU_rZ{r” ny+nj o) )
G/ (by bp+bya)»ay2(1,01/ ngng+ny 3 —ay 210,11/ by - Loglay 210, 0]] /.
by - a7]0]

[ by = agl0] /. np = aq[-11/ m - ay[-1]
(e oMLy oy oy e yg0) - LORRL200] Ty gy

. Log[a] 210,0]] -Log[a| 210.07]

“2,m2 a0l m[-1]-¢ -2 ap 200, - ay L1 01,

{_E-Log[all[ﬁ,{)!]u[ 10, e~ rp+ry ‘,“Lo.%[al,Z[O«OI]“r] 419 ajl- 11 al0,
o1 wl-1] - f—lﬁg[alz[(u}}]— r 2210] a) 210, - ||:~
~l.og[a 0.0)]+r -Log|: 0] - - i )0l |-
[_r Og[alz[ i]+I L _, [ 05[;1]_2[0_0]] 1+ al-1-e Log[llz[(_Ol] ry a1 210, - I]H

Gy = FullSimplify{%]
el aj2(L0] e n+mn (ap[01a] 20, 0] —ay[- 1 aj 21, U]]

ap 210, 0] . 31,210- 0]

T2 [u|[()] az(-11a 210,01 +aj 210, 0]2- 21210.- 1 ap o[ 1. 0]] o'l (0]

a) 210, 0] a0
2 (Cay[- 12101 +21 2(0, 01) e~ "2 (- ap(0) a) 210, - 1] +ap[-11a) 2(0.0])
ay 7(0, a - o R a) 510, 0] ’
el S gq-1y e”ayal0,-1)
) a) 2(0,0 . ap 210, OJ_ T Ia]:.;_‘[(J-. I-_)[ -

G| = FullSimplify{% /. aj [0]a3[-1) —ajp a1, —1]-a1210,0]
fagl=1az10] » ag 210, 0] —ay 3 [-1, 1]]
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a0y e~ "172 (a)[012) 210, 0)—a [~ 1) a) 2 (1. 0))

a) 210, 0 ) a1 710, 0]

e~ "2 (ay 210, 0 a (1, - 11- a) 2(0, - 1 ag 5[ 1, 0))

aj 2(0.0]
a0 ¢ T 202011 &7 2 (—apf0] ) 5[0, - 1]+ ag(— 1] 2y 210, 0)) |
Caai0.0 aa0.00 a) 50,0} '
P T2 e 2apa00,-1)
i ay 2[0.0] B a1 2(0. 0] i a 200,01 _

Tyl11= Gyli3, 311
Ty[11= Minors|G (13, 31];
as[l1= Gyl(2, 3]1/ T (1];
M= Gl13, 2]/ Ta(1];
Ayl= Minors [G (I3, 2))/Ty (1)
ay|1]= Minors [GI[2, 311/ T [1];
rxl,zll]:—h'inors ]G]][[l.3j],1’T|[l]:
A1 2011= —Minors [G 1113, 11/ TyL1)
FullSimplify{T3[1])

e "2a1510,- 1]

£]|_2[0. 0]
FullSimplify(Ty[1]]
™M (~(ay =1 ag (01 +ag 21-1. 1) ay 210. - 1] +ay(- 1] agl- 1 ay 2[0, 0])

a| »[0. 0]2
Tyl = FullSimpIifyI"A; fapl=1azl0] = ay 310, 0] -aj 71-1,1]
,n’.a||—1];13[——]]—»auiﬁ.—ll—nu[—l.U]]
¢ apa1-10]

apo[0, 1)
FullSimplifyl g1(1)]
{'2 r-r2 p[-1] ;1|2[(],U[

—(aj-11a10]+ a2l- 1. 1) El],gJO. =1 +ajl- Nap[- 11aj 5[0, 0]
A1l = FullSimplify]% /. ay [-1]a210] - aj 2(0, 0] -aj 5(-1,1]

fagl-lagl-1]- ﬂl‘zl{}-— 1] —au[—l, 'l]j]

7 -
=2 as- 1y

- a) o[- 10
FullSimpIif_\IﬁIj”J
e"T712 (ag[- 1l +ay o[- 1, 1)

(agl=1agl® +ay 2= 1, M) ay 210, - 11-ay[-1] a[-11ay 210.01
Bialll= Fu'llSimpIil')[“/i.}.a] [-11az10] = aj 710, 0] - apal-11]

feagl=1agl=1]-a5210,-1]1-a1 2 [-1, 01]
fr|+r2
apol- 1.0y
FullSimplify{ g3]1]]
“— I'|+2 rg “I - ”
:l|._ﬂ_[U. -1]
FullSimplify{a[17)
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a|.2[0, 0 (- a][(}] 31_2[0, -1 +a] -1 211‘2[1,— 1)

(a1 = Nazl01+ay 2[-1. 1) ag 210, ~ 11 +aj [~ 1@~ 11 aj 2[0. )
aq[1]= FullSimplify|% /. a1 [-1]1a2[0] - aj 2[0, 0] - aj [~ 1,1]

joayl-1agl-11-ap210,-1] -aj 3]-1,0]]
ap[) :112[0,—]]—211 [-1ap (L -1

ajal- 1.0
FullSimplifyjas]1]1]

wm[- 11ap 270, 0}
w0 - = 12

31_2[0_.— 1]
FdlSiln|ﬂif)[a|l[lj]
a[;}_[ﬂ._ 01(ay (0] (a2(0] 312[0, -1-ap[-1] al_z[(),{)]} +ay o[- 1, 1 a|.2[l, —]]_]

+a1‘2[],(]]
—(aj =N azl0]+ay 2[- 1. 1]} ag 20, - 1] +aj(- 1 al- 1] a 210, 0]

apalll= FullSimplil'}i% /-ap[=112a2[01 » ay 5[0, 01-aj 5[-1,1]

j-aql=Tlagl=11-ag210,~ 11 -aj 31-1, 0]]
agl01 (- (01 ay 200, - 11 +ag[- 112 210, 00) - ay 2[-1. lTa; 21, -1

+ﬂ|‘2[].0]
312[—],0]
Expand[“o]
a1 [0 ap[0] 31210.— 11 ap[0)a-1] 312[0. 0] a 2l- 1,1 ai_‘z[l. -1
o + _

+ap2(1. 0]
ap20-1.0] apol-1.01 aj 2l-1,0]

ayalll= Full.Simplif)'i% fa1201,0]— ag(0] az[0]+ay 210, l!/
apall, 11— ag(0laz[-1]1+a12(0,01/.a5 2 (0,11 ay[-1) az[-1] +al’2|—l.0|]

1

——————(~ay [0l agl- 1] (ayl- 1 apl0] +a 51— 1. 1) +

ap2l=1.0]
(al01ay[-11-aj 21~ 1. 11) 2 210.01 +ay (- 1.01ap 2[0. 11)

ay 2(11 = FullSimplify| % /.ag =1 a2(0] - ag 210, 0) - ag 211, 1]
ap20-1, 11aj 210, 0]

+a1 200, ]
ajol- 1,0 '
The second step.
—ap[0lag2[l, 0] +ay[1]a 210, 0] B —a2[0]aq 700, 11 +a3[1]ay 210,0]
1= y b= i
al,zl{]. 0] 3].2,[0; 0]
—ap2[l11ay 210,01+ aq 2[1,01 a1 2 (0, 1]
By = Log| _ ;
al’zll),ﬂl
1
BI-.2= — = ﬂ]llﬂ,ﬂ] [312[1.2]312[0, Uj—al;_![l.l]am[[}. 11]313[0. 1]

(al,g[U', 0]]"2
(ag 211, 1 ag 200,01 —aq 21, 0] aq 210, 1)) ;
]

Sy = MtrixExp|By X{ | MatrixExp| B 5 X{ 5 | MatrixExp[By X5 | MatrixExp{Bg (hy + hg)J;
Gz = 5.wGy; T2121 = Gal[3, 311; Ty [2]1 = Minors[G2 1113, 311

a212]1= G212, 311/ T 12); 52121 = G2 113, 2] / T2(2); B1[2) = Minors [G2II[3, 211/ Ty [21;
a12] = Minors |G2]1(2, 311/ Ty [2]; @y 2121 = —Minors [G2l([1, 311/ Ty [2);

B1.2121 = —Minors [G2I(3, 111/ T1(2] FullSimplify{T2[2]]

™2 (ay 200, 01 ay (1.~ 11— a1 210, - 11 ay 211, 0])

_31,2[0* 1] al,z[l, 0] +a]2[0, 0] ‘d];}_l[], 1]
FullSimplify{Ty[2]]
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(e” n {a1 210, 01 (a0} {ap (0] a|2i0, - -a[-1] 1112[0, an) +a]2[-l, 1] 111__21 l.-17)-
((ajl-1aa[( +a1 2[- 1, 1) H]QIU. -1-ajl-Na-1 ﬂ|.2[0,0]} a|2[l. ()]]}/
(a1 210, 01(-a1 210, 11a) 211, 01+a) 210,01 a) 711, 11))
Tql1]= FullSimplil'){%&-U.al,zll,— 11-a1210,0] +aj(0]ay[-1]
,-'.'.ll’z[{), -1] —>al,zl—l.Ul+a]l—l]azl—l]f.all—llazlﬂl—balzlﬂ, 0]—312[—1, I]I
(e "L (ag[= 1) ay (0) agl- 1) al0] +ay (0] (ap [0} a) o~ 1. 01+ (1] (a) al- 1. 1) ay 2(0.0))) +
apal-1, 11a) 210,01 - a[_gl—- 1.0) alz[l, O]]]/{-al_zﬂl. 1 a)orl. 0f + aj 20, O1a) o[, 1)
chl =(a[-11a([0] a3 [-1] a3[0] +ay[0] (a3[0] apa2[-1, 01 +az(-1] (31,21—1- 11-ap2l0, 01)) +
ap2l-1, a1 200,01 —ay 5[-1,0]aq 2[1, 01);
FullSimplify{chl /.a) 2[1,0] - ap 210, 1 +a(0]a2]0] /.a1l-1]1a3(0] - aj 210, 0] - ap 2I-1, 1]
apol-1. 12y 210,01 - aj 5= 1,0} a [0, 1]
Th12]1=
e "1 aga-1, 11ag 210,01 - ay 2[-1,0] a1 210, 1))/
(-a1210, 1]aj 211,01 +ay 210, 0] ag 5 [1,1])
¢~ Hag 2l- 1. 17 210, 01- aj 51~ 1. 0] a 210, 1))

—ap 210, 11y 211, 0 =ay 210, Oy ap o1, 1]
.F uﬂl]Simplif}[ A121
(= 172 2y 270.01 (;[01 2y 11, - 1 - apf- 12y 51, 0)) /
(ag 200, 01 {101 (- apl0 a) 210. - 1] +ap [~ 112 210.01) - ay o~ L. Lay ofl, ~11) +
((ajl-Maz10]+ay 21-1, W} ay 200, - ap - Hag[-11ay 200,01} aj 2(1.0])
Znl =(a) 210,0] (ay 10] (=22 (0] ay 210, =11+ ap[=1]ay 210, 0]) —ay 2 [-1, 1 ag 2 (1, - 1])+
{[nl[—I]u2|0]+212[—1. 11)alzlﬁ.-1|-a,[-l]azl—llaulo,m)auu.m);
I"ulISim]]Iif_\l
Znlfoapall,-1] —}aI,Z[IJ.[]]+a|[[}] az[-1]
fag2l0, =11 = a) 2[-1, 01+ ap =11 az[- 1]/ ayl-1] 22101 > a;210,0]-ay 2[-1, 1] /.
ap2(l 01=ay 200,17 +a)[0] az[(}]l
ap 210, 01 (-ay (0] apl- 1] (aq[- 1 a[0] +ay o[- L. 17} +
(a[0]ag[-1)-a) 2(-1. 1]] aj 2[0,0] +a) (- 1,0] al,z[(]. 1)
FullSimplify{% /. ap [-1] a2(0] - aj (0, 0] —ay 2(-1,11]
n;Qz[U. ] (—:1|‘2|— 1, 1] &11‘2[0. 0 +u1__2|— 1. O1aj 210, I|_']
Bli21= e2 1712 (ag101ay 201, =11 - azl-1] aj 211, 0])/
{—al’zl— I, 1]ap 210,01 +ay 21-1,0] a1210, I]);

FullSimplify{ 82[21]

- 2l
- Ip+<

2 (ay 101a) 10. 01 - ay- 112y 2[1, 03)

a1 210.01ay 211, -11-a1 210, 1121 2110
FullSimllIifﬂﬁLzHlI
(e"1772 (g (01 2101 a1 210,01 - (agl- 1 al01 +ay 2= 1. 11) a 211,01)) /
(@) 200, 01 (a) 101 (ag [0 &y (0. =17 - agl- 11 a) 20, 01) +a) 2[-1. I]n]__g[l.- 1)-
((2jl=1axl0r+ay o1=1, )2y 210.- D)-ayl-1] m[-1)ay 210,01} a7 211.01)
FullSimplify]|% /. ay 211, - 1] » aj 210,0] + a1 (0] az[-1]
fa1200, =11 = ag21-1, 01+ agl-1agl-1] fag2(1, 01— a1 210, 1]+ a4{0]az10]
fagl-11a30] - 312|U~ 0]—31’2[—1, ]]]
(€112 ) 910, 1)) / (~a) 10] apl- 1] (g - 1] apl0] + & o= 1, 1)) +
(@ O1az[-11-aj 2[-1. 1) a; 200,01 «ay o[- 1,02 210, 1)
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I"ullSimplif){“ u/oap(-11a210] » ag 210, 0] —ay 5[~ 1, 1]]
crl+r2 al‘zl(), 1]

—ap20-1, ap 210, 01 +a) o[- 1,01 a3 210.1]
erl+r2a12[0, 1]

Blal2l= —
—a121-1, 1)ay 210, 01 +ag 2(- 1,01 af 210, 1]
pr]+r2 EIIQEU, 11
—apa-L 1 ﬂ]jQIO. 0] +ap - 1,0} al__le, 1]

At that point we stop the procedure, but it is obvious that it can easily be continued for any step and the resulting formulas

correspond to those from [15].

As it is seen from formulas (11-12) for algebras of the rank higher than two, the number of corresponding Backlund trans-
formations of the initial problem solutions will be equal to the rank of the algebra. Thus, it is necessary only to overcome the

routine calculations using Mathematica 4-0 software.
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M.A. Muxtarov

OSAS KIRAL SAHO MOSOLOSININ «MATEMATIKA» ALQORITMi KiMi HOLLI

9sas kiral sahs tenliyinin halli «Matematika» programi algoritminin komayi ile qurulmusdur.

M.A. MyxTapoB

PEHIEHMUE 3AJAYU I'NTABHOT'O KUPAJIBHOT O ITOJIA KAK “MATEMATHKA” AJITOPUTM

Peurenus ypaBHeHm‘«i TJIAaBHOI'O KUPAJIBHOT'O I10JIsI IMOCTPOCHLI ITOCPEACTBOM aJI'OpHUTMaA Ha IporpaMmme Maremaruka.
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