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The group theoretical approach has been developed for one-dimensional generalized non-abelian conformal affine Toda models.

1. The study of classical and quantum non-linear
integrable models is of great interest in Mathematics and
especially in High Energy Physics, where such models have
been used as laboratories to develop methods to explore the
non-linear perturbative aspects of gauge theories, gravity and
string theory. In particular, they could help in understanding
some stable classical solutions, like monopoles, which must
have an important role in the quantum theory, and which
cannot be understood by the existing methods.

Within the integrable models in 1+1 dimensions, the
investigation of the different Toda Field Theories has
recently received a lot of attention. According to their
underlying algebraic structure, they can be divided into three
categories; each one exhibiting nice characteristic properties.
First, associated to the finite simple Lie algebras, there are
the Conformal Toda models, which are conformally invariant
1+1 field theories. Even more, they permit the construction of
extensions of the Virasoro algebra including higher spin
generators, namely W-algebras. The second class of theories

At the same time the problem of constructing of the
solutions of self-dual Yang-Mills (SDYM) model and its
dimensional reductions, the one dimensional WZNW model in
our case, in the explicit form for arbitrary semisimple Lie
algebra, rank of which is greater than two, remains important
for the present time. The interest arises from the fact that
almost all integrable models in one, two and (1+2)-
dimensions are symmetry reductions of SDYM or they can
be obtained from it by imposing the constraints on Yang-
Mills potentials [10-27].

Two effective methods of generating of the exact
solutions, the Riemann Hilbert Problem formalism [20] and
the discrete symmetry transformation method [22], have been
applied to Toda like systems. This work is devoted to
construct a group theoretical background of earlier
considerations.

2. The two-loop WZNW model was introduced in [6] as
the generalization of the ordinary WZNW model to the affine
case. Its equations of motion are given by

0.(0.06)=0; o (0.997)=0, (1)
where 0, are derivatives with respect to the light-cone
variables X, =X+£t, and g is an element of the group G
formed by exponentiating an untwisted affine (real) Kac-
Moody (KM) algebra G. Its generators T,", D and C
satisfy the commutation relations |

g(x, % )—> g (x )alx, .x ), glx,,x )—>glx..x )ga(x,)

are the Affine Toda models, based on loop algebras, which
can be regarded as a perturbed Conformal Toda model where
the conformal symmetry is broken by the perturbation while
the integrability is preserved [1]. One of their main properties
is that they possess soliton solutions. These two classes of
models are called abelian or non-abelian referring to whether
their fields live on an abelian or non-abelian group [2, 3, 4,
5].Finally, the conformal symmetry can be restored in the
abelian Affine Toda models just by adding two extra fields
which do not modify the dynamics of the original model; one
of these fields is a connection whose only role is to
implement the conformal invariance. These are the so called
Conformal Affine Toda models [6, 7], and they are based on
a full Kac-Moody algebra; moreover, they are integrable [8],
and have soliton solutions [9]. In fact, many properties of the
Affine Toda models can be more easily understood by
considering them as the Conformal Affine Toda models with
the conformal symmetry spontaneously broken.

I:Tam ! Tbn ]: facb Tcm+n + ng ab5 (22)

m+n,0

o, T"]=mT™, [c.D]=|c.T"]=0 @3
where fg are the structure constants of a finite (real)
semisimple Lie algebra G, n and mare integers, and ¢, is
the Killing form of G, i.e., gy =Tr(T,Ty), T, being the

generators of G. The non-degenerate bilinear form of G is
defined as

Tr(T," 1) )= 0,00 Tr(T,.,T,). Tr(C,D)=1

Tr(C, T, )=Tr(D,T," )=0 (2.4)
and we will use the same notation, Tr, for both the Killing

form of G and the bilinear form of G .
The two-loop WZNW model is invariant under left and
right translations

@.5)

The corresponding Noether currents are the components of 0_gg ! and g 15 .0, and they generate two commuting copies

of the so called two-loop Kac-Moody algebra, defined by the relations
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c
9200, 35 (y)]= £ 97 (X = y)+ 9, k0, (x = y )+ ma © (x)a(x - ) 26)
[9°(0), 32 (y)]=ma7 (y)o(x-y) @)
c D
[3¢(x), 3°(y)|]=ka, 8(x~y) 2.8)
[1¢(x), 3 (y)|]=0 2.9)
The left and right currents satisfying the above relations are related to the group element § in eq.(2.1) by
~_1 ~ b D C
Fo(x,)=kg'0,q = Z ZgaJ S (x T+ JP(x, )+ IS(x,)D (2.10)
N=—o0
P | bq- D C
F.(x_)=-ko_dg z ZgaJ "(x T+ IP(x )IC+I5(x )D @.11)
N=-o0
where ¢ is the inverse of the Killing form g,, defined above. The different meaning of the two central extensions in
eqs.(2.6)-(2.9) algebra is clarified by expressing the algebra as
[Tr(UF(x) , Tr(V F(y)]=Tr([U V] F(x))8(x—y)+KkTr(UV )o, a(x-y) 2.12)
| R ~ R _
h U,V are two elements of the Kac-Moody algebra _ _
" ere' . o - . o Y a.g G. _S?OGS e _S@OGS (2.16)
G,F is either Fror F_, and Tr is the invariant bilinear
form of G. We now consider those group elements that can be
Consider now a gradation of the Kac-Moody algebra G written in a “Gauss decomposition” form
2 2 g=NBM G 2.17
G =®G, 2.13) 9 (2.17)
S
with where N,Band M are group elements formed by
[és ) ér ]C G sir (2.14) exponentiating elements of G 4 éo and G_ respectively.
Using eq.(2.17), we can write the equations of motion
The reduction presented in this section does not require (2.1)as
that this gradation is integer; it just needs that the grades s
take zero, positive and negative values, i.e., 0 Ky = [K g 0_MM - ] (2.18)
_ -1
G=G,®G,®G (215 0.K, =K. NN (2.19)
. where we have introduced
with |
K,=N"0_g§'N=N"0_N+0_BB™"+Bo_MM B (2.20)
Ke=Mg'o,gM *=B*N'0,NB+B0,B+5, MM (2.21)
Although the quantities K,z are not chiral, they have a [ the components of N and M associated to the generators
simpler structure than the currents and will be very useful in whose grade is <| and > respectively.
what follows. We will reduce the two-loop WZNW model by To obtain the equations of motion for such model one
imposing constraints not directly on the currents but on notices that the constraints (2.22) and (2.23) imply that
K| ,/r - We impose the constraints
N~70,NeG, (2.24)
ENINE! _ ~
B*(N"a,N)B=4, (222) @ MM™eG, (2.25)

BOMM™B™'=4, (2.23)

Therefore the only terms of zero grade on the right hand
side of (2.19) are coming from [A_, N1, NJ: [A_, ,BA, B’lJ.
So we get

where A, are constant elements of éﬂ . These constraints

reduce the two-loop WZNW model to a theory containing
only the fields corresponding to the components of B and to
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2, (6. BB )= [ A, ,BAB -1 ] (2.26) These are the equgtions of motion of what we call the
generalized non-abelian conformal affine Toda models.

which can also be written as 3. The one dimensional reduction of self duality

. o equations obtained in [20] are the equations for the
o_(B 8JrB):_[/h B /1,|B] (2-27)| element f | taking values in the semisimple algebra,
2
O 2T [HHL 120X X, 1= 20X T IX L £+
orr or

5 (3.1)
+2[[—-H,fL[X", f]]=0
or

|
Here H, X ™ are generators of A, (SL(2,C) algebra - M D
A where f =e2 fe 2

In terms of these notations we have from (3.3) the
following expression

X5 X |=H,[H,x*|=+2x*

embedded to gauge algebra in the half-integer way. =

, _ _ Eo— T tH Flex et =0
Let’s rewrite (3.1) in the equivalent form: ot
1 0 1 0 _ Let’s introduce the notation
—(=+H)-[X", f],-—[—-H, f]+ X ]-
[2(ar )l ] 2[6r ] ] -
~ f = _
L e X =0 Foe'F =T e [H, F1+ X =0
2°0r ot
This equation after changing the variable t = Inr has the Then (3.4) has a form
following form
ﬁ4—[A F1=0 (3.5)
et - S L e xop- a ’ |
o 2 o 2 N
o 1 (2)  where A=—e'[X",f].

——+—[H, f]+ X" =0
ot 2

The equation (5) is one-dimensional evolution equation
defined by Lax pair operators and it is one of the principal
Introducine the notati criteria of equations integrability.

Hroducing Hie notation From the presentation (3.5) it is followed that
1 1

~ oM of ] L o )

F=e (_E+E[H’f]+x ]e . (33) aspF =0, for vn

1

—Ht
multiplying (2) from the left side by €2 and from the right
1

and solution of the equations can be found in a form

—Ht F= -, 3.6
side by e 2, we obtain PFog (36)
_ | | | | where ¢(t) takes values in the corresponding Lie group and
oF SHt . —Ht HU —HE o FF
—oolle? Xe e e 2T Fl4F =0 Fo- o

From equation (5) and presentation (6) it is directly
) ] followed the expression for the operator A:
Due to the evident equality

1

- op
1 N ;I _op
eEHtX+e—EHt ex A=¢'¢p (¢ = p ) 3.7)

the last equation can be rewritten in a form

oF e E
E—et[[x+,f],F]+F=0, (3.4)

Let’s consider the commutator of F with X *:
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[x+,F]=[x+,x—]—et§[x+,f]+et[x+,[H,f]]:
=H —etg[xtF]—zet[xtf~]+et[x+,[H,f~]]=
—H —%(e‘[X*,fN])—et[X+,f~]+[H,et[X+,fN]].

Taking into account (3.6) and (3.7) the last expression can
rewritten in a form

X0 1=H - (@ o)/ =0 0 +[H,0' ¢7'].

Making the substitution ¢ = thq and introducing a new

variable 7 =e™", we have

]

71: F 7lx+
Grﬁrq )=[aRa ", X "]

(3.8)

Equation (3.8) is one-dimensional generalized non-
abelian conformal affine Toda model as it is obviously seen
from eq. (2.26). The group-theoretical approach derived for
this equation in paragraph 2 gives reasonable opportunities to
obtain the exact solutions for arbitrary semisimple algebra
and that will be the subject of the further publications.
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M.A. Muxtarov

TODANIN UMUMILOSDIRILMIiS MODELI

Todanin birélgiilii geyri-abel konform affin modeli {iglin qruplasmis nazari yanagma islonmisdir.

M.A. MyxTapoB

OBOBIIEHHBIE MOJEJIN TOJA

TeopeTHKo rpymnIoBoif Hoaxo pa3padoTaH I OJHOMEPHBIX HeabeneBbIX KOH(GOPMHBIX adGUHHBIX Mozeinel Toxa.
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