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Fig1. The dependence of real part of dielectric constant ( 𝜀) in 

frequency 1kHz on temperature. 1 is pure PP, 2 is 

PP+2%DK1,   3 is PP+10%DK1. 

 

From the dependence on addition volume content at 

frequency 1 kHz one can see the increase of electric 

conduction in PP+10%DK1 composition in comparison 

with pure PP. From the fig. 2 it is seen the difference of 

temperature dependences of dielectric losses of pure PP 

and nano-composites. For pure PP the changes aren’t 

observed and for nano-composites the character of 

dependence change 𝑡𝑔𝛿 = 𝑓 𝑇  differs, i.e. 𝑡𝑔𝛿 increases 

with temperature increasing. The dependence has the 

maximum value at temperature of matrix smoothing, 

further decreasing it passes through minimum near 

crystallite melting point and it increases again with 

temperature. In this case, the melting point moves to the 

side of low-temperature region on 10-15K. Such change 

of dielectric losses in nano-composites PP+ DK1 is totally 

correlated in the dependence on electric conduction on 

temperature in alternating field.    

 

 
 
Fig.2. Temperature dependence of tg𝛿 in obtained nano-

composites at frequency 1Hz. 1 is pure PP, 2 is 

PP+2%DK1, 3 is PP+10%DK1.  

  

The frequency dependences of 𝜀  and  tg𝛿 at 

temperature 20°С are obtained. From the figures 3 and 4 

it is seen that in pure PP and nano-composites at low 

volume content DK1 additions aren’t revealed with the 

frequency increase for 𝜀 change. 𝜀 decreases at big 

concentrations of addition in obtained nano-composites 

with frequency increasing. Such characteristic of 

dielectric loss at low frequencies one can explain by the 

kinetics of separate structural elements of nano-

composite. These structural elements take participation in 

relaxation processes with frequency increase. As it is 

mentioned in PP+DK1 composite the accumulation of DK1 

particles take place in matrix separate parts. These 

accumulated particles are clusters distribute 

spontaneously in PP matrix. The cluster number increases 

with the increase of DK1 volume content. The clusters 

closed with each other by sample thickness one can 

consider as active resistance. As DK1 has the high 

conduction with the comparison with PP one so one can 

consider that composite resistance mainly will be defined 

by contacts between nano-gel particles.      

   

  
 

Fig.3. The dependences of (ε) real part on (lgν) frequency at 

temperature  T=273 K,    1 is pure PP,   2 is PP+2%DK1,  
             3 is PP+10%DK1. 

  

 
 
Fig.4. The dependences of dielectric losses at temperature 

T=293 K on frequency (lgν) 1 is pure PP, 2 is 

PP+2%DK1, 3   is PP+10%DK1.  

    

The accumulation and redistribution of free electric 

charges (Maxwell-Wagner volume polarization) take 

place on boundaries of clusters in alternating field. By this 

fact one can explain the decrease of dielectric strength on 

DK1 volume content. Such volume polarization distorts 

the initial internal electric field at absence of external 

electric field. It is known that at low frequencies the 

internal electric field distributes to conduction 

correspondingly at low frequencies and to dielectric 

conductions at high frequencies correspondingly. 
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Consequently, 𝜀 decrease with frequency increase can be 

explained by the appearance of comparably strong 

internal field in nano-gel –clusters. 𝑡𝑔𝛿 dependence on 

frequency shows that for pure PP and for PP+2%DK1 

nano-composite the maximums at ν=1.5· 104
 are 

observed, and also the positive dielectric effect at    

ν=102
-1.5· 104 

Hz frequency because of 𝑡𝑔𝛿 increase in 

nano-composites is revealed. The inertia of space charge 

formation in nano-composite structure is observed with 

frequency increase and it leads to tg𝛿 decrease. At low 

frequencies the surface charge follows the field and 

dielectric losses decrease. The polarization in the field of 

high frequencies doesn’t establish for field half-period 

and dielectric losses decrease. The maximum observable 

in average frequency region (ν=1.5· 104
 Hz) of full scale 

is defined by relaxation losses. The relaxation losses can 

take place because of low-molecular compounds which 

have the mobility different degrees. In this case it is 

carried out at appearance of CO polarization groups. PP 

partial oxidation takes place in preparation process. tg𝛿 

increase in the dependence on frequency depends on 

polarization process. It is established that the relaxation 

time in the investigated films at frequencies of less than 

ones of ω=2π/Т variable signal is bigger than Maxwell 

dielectric relaxation (𝜏м = 𝜀 𝜀о𝜌 where 𝜌 is sample 

specific resistance in Om·m) and at high frequencies is 

less than 𝜏м. The external action time is approximately 

100µsec for our films at frequency ν=1.5· 104
 Hz. The 

least Maxwell relaxation time is 200msec, i.e. satisfies the 

condition  𝜏 < 𝜏м . 𝑡𝑔𝛿 increasing in PP+10%DK1 nano-

composite in 𝜈 ≤ 2 ∙ 103
 Hz regions shows that dielectric 

loss in given composites takes place because of electric 

conduction.  

  

CONCLUSION 

 

Taking into consideration the above mentioned one 

can propose that polymer stabilizing in the volume, leads 

to appearance of polar groups on the matrix-nanoparticle 

boundary. The frequency and temperature dependences in 

PP polymer and PP+ DK1 and their dielectric properties 

show that relaxation losses take place because of 

composite structural elements with mobility different 

degree and appearance of low-molecular impurities, for 

example, with appearance of CO polar groups.  
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It was shown that like in orqanic and inorqanic photosensitive materials photoelectric properties (photoconductivity, 

photovoltaic, photogeneration and stabilization of electricity charge carries) of the polymer – CdS and polymer – ZnS composities 

are of great importance as the decisive factor in forming of photoelectret effect.  
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INTRODUCTION 

 

The mechanism of photoelectret state formation in 

the polymer composites with photosensitive phase was 

widely studied in the recent years [1, 3]. It is known, that 

it is necessary to have two types of relaxers (homo and 

hetero) for the formation of both electrets and 

photoelectret effects in any solid material. The electrons 

injected into composite during photopolarization process 

and electric charge carrier generated as a result of internal 

photoeffect belong to the first type of relaxers. There are 

different kinds of the second relaxer types, including:   

- low molecular positive and negative ions having 

electric load in the polymer matrix; 

- colloidal fractions having electric load in the 

polymer matrix; 

- compounds having certain dipole moment in 

inorganic (CdS, ZnS) and organic (polymer groups, 

domains, conjugant combination) phases. 

The formation of photoelectret effect is possible in 

the polymer CdS (ZnS) systems having this kind of 

structure. Certain requirements are set before 

photoelectrets to meet the growing demand of technique, 

including electronics. For example, the photoelectrets 

with different relaxation period are required for 

photolithography system development. In general, 

considering photoelectret, photoresistive and photovoltaic 

effects in materials, for the formation of the above 

mentioned effects the following common factor comes to 

the fore: 

- creation of charged particles in photopolyarization  

process and their isolation from one another. 

The main goal of our work is to study and define the 

mechanism of photoelectrete effect formation in polymer 

- CdS (ZnS) heterogeneous systems. Taking into 

consideration this goal, the parallel investigation of the 

mentioned three photoelectret effects in the studied 

composites is of great importance [1, 3-5]. 

 

MATERIALS AND METHODS 

 

The initial phase of the technology of composite 

obtaining includes: the obtaining of  press – crumbs of the 

components, separating of fractions according to their 

sizes, blow out from the magnetic separators, cleaning the 

surface of  particles and thermal treatment [6]. The 

constituents of  photocomposities are chosen according to 

the requirements for them. Thermoplastic polymers such 

as polyolefine and fluorine-containing polymers were 

used as polymer phase. CdS, ZnS were used as 

semiconductor light-sensitive phase. 

The working principle of the installations and the 

blocking scheme used to study photoresistive and 

photovoltaic effects in polymer-based composites is 

presented in the work [2]. Generally, photosensitivity is 

characterized by the ratio of photo current to the dark 

current. The device used in the study of  photoelectret, 

photovoltaic and photoresistive effects in the composites  

are extensively considered in the works [1-3, 5, 6] .  

The intensity of the light falling on the sample 

varied between 100 - 600 mWt/sm
2
 [2]. 

 

RESULTS AND THEIR DISCUSSION 

 

 In accordance with the main goal of this work, in 

order to reveal the formation mechanism of  photoelectret 

effect the main factor in our research was the use and 

compare of the dependence of composites photoelectrical 

properties on the share volume of photosensitive phase 

like all the available composites. Fig. 1, a presents the    

Iph/ Id =f(Ф)  dependence for F42 – ZnS and F42 – CdS 

composities. The experimental results show that the 

maximum photosensitive semiconductor observed in      

Iph/ Id=f(Ф) dependences are very dependent on phases: if 

the maximum share is 30% of phase volume for ZnS 

semiconductor phase composites, the same result for the 

CdS phase composite is equal to 40%. In the fist 

approach, this interesting effect should be explained by 

the interactions with different features occurring in 

interphase.  It should be noted that the maximum 

observed in Iph/ Id= f(Ф) dependence is defferent for      
F42 - CdS and F42 - ZnS  composites. In the first 

approach, it  can be assumed that in the F42 - ZnS 

compositie the value of the potential interphase barrier is 

small. This factor is also confirmend by the value of Iph/ Id 

ratio.  
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In fig. 1, b  the dependence of photo electromotive 

force of polar and non - polar polymers and CdS, ZnS 

composities on lightsensitive semiconductor phase is 

shown.  F42- ZnS is the best composite as photovoltaic 

element. This experimental result is an important factor 

for  clarifying the mechanism of photelectrete effect 

formation in our work.  

a) in the given composites photovoltaic effect 

depends on the light-sensitive semiconductor phase; 

b) photovoltaic effect depends on the polarity, 

dielectric permittivity and the specific volume resistance 

of the polymer matrix.  

The analysis of the result of studies on 

photoelectrete effect allows defining the following 

regularities:  

1) in photoelectrete composites consisting of 

polymer - lightsensitive (CdS, ZnS) semiconductors the 

photoelectret potential difference Uphe first increases 

according to the increase of the share volume of CdS and 

ZnS and then decreases after reaching a maximum, 

increases share volume increases, that is the dependence 

of  Uphe = f(Ф) is of extreme character. On the other hand, 
a definite relationship between fig.1,a and fig.2 is 

observed. So, Iph/Id=f(Ф) (photoresistive effect) and 
Uphe=f (Ф) (photoelectrete effect) is of extreme character.  

     2) there are some difference between various 

polymers and the composites having light - sensitive 

semiconductor phases in terms of maximal values of the 

dependence of photoelectret potential difference Uphe on 

the light - sensitive semiconductor phase share volume; 

maximum potential difference of polar polymer matrix 

photocomposities Uphe=f(Ф) dependences are greater than 
those of  non - polar matrix photocomposities (Fig. 2).  

 

 

 
 

Fig. 1,a. Dependence of F42 – ZnS and F42 – CdS composities 

on Iph /Id=f(Ф). U=100V,El=400 Wt/sm2.1. F42–CdS;      

2. F42–ZnS. 

3) the share volume of semiconductor phase 

corresponding to the maximal value of  Uphe is smaller for 

polar polymer matrix composites (Fig. 2). 

The extreme character of the obtained dependences 

caused by the following reasons. 

 
  

Fig. 1,b. Dependence of photoelectric move force  on on the   

share volume of light- sensitive  phase  for polar and 

non- polar polymers, CdS and  ZnS based composities. 

1.F42 – CdS;  2. F42 – ZnS. Diameter of particles of the 

semiconductor phase is 6 microns and the sample 

thickness is 15 microns. 

       

First, oxidation of the polymer matrix and creation 

of the polar groups forming photoelectrical charge during 

mechanical mixing of the components under combined 

effect of temperature and pressure (mechanical 

termodestruction and termooxidation). Second, change of 

quasineutral systems forming probability created by 

homocharges and heterocharges stabilized in interphase 

border during photoinjection and reduction of       

Qe=Qr-Qhet electrete charge or electrete potential 

difference defined as homo - and heterocharge 

superposition. Third, the rise of the composites specific 

photoconductivity according to the increase of light 

sensitive phase share volume and the increase of 

homoelectrical charge relaxation. Fourth, when the share 

volumes of CdS and ZnS in composite increases, the mass 

of the polymer phase playing a key role in the electrets 

formation. Indeed, as a result of the interaction (polymer - 

light-sensitive CdS and ZnS) between phases, both 

polymers crystalline structure and CdS and ZnS electronic 

structure change in the studied composites phase and 

these effects increase when the share volume of light-

sensitive phase rises.                                                               

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 Fig. 2. Dependence of the composites photoelectrete potential                 

             difference (Ue) on light-sensitive phase share volume.  

             1.F42 – ZnS; 2.F42 – CdS. Ep=0,4∙104 V/m; tp=0,25  

             hour; El=400 mWt/cm2; Tp=393K.. 
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       Thus, in the first approach it can be considered that, 

the photoelectron prosseses occurring in the interphase 

boundary play more important role  in forming of an 

photoeletret effect in the composites consisting of 

polymer photosensitive inorqanic semiconductor 

materials. We think, that the formation of a new polymer 

on its nature phase under the influence of  polymer – 

A
II
B

VI
 photosensitive semiconductor phase are the 

photoelectret effects. Firs of all, this approach determines 

the connection between the electret effect and the effects 

of photoconductivity, photovoltaic and electrical 

photoquenching. It is known, that free charge carriers, 

which determine the conductivity owing to internal 

photoeffect, are forming under the light effect. At the 

same time, the holes are forming. Now, a possible 

mechanism of the formation of homo and hetero charges 

from the abovementioned charges should be clarified. A 

similar  approach should be used for photovoltaic effect. 

So, the formation of free electrons and holes under the 

light effect and their subsequent isolation from each other 

is an essential condition for photoelectret effect forming 

in the high heterogenic polymer – various inorganic 

photosensitive phase materials. Electrons are stabilized in 

traps as deep as possible and certain potential difference 

is formed during the isolation process.   It was determined 

experimentally that there is no direct connection among 

photorezistive, photovoltaic and photoelectret effects. So 

that, the maximums observed in the dependence of If /Iq, 

ε, Ue parameters on the volume share of the composite’s 
photosensitive phase don’t fall with each other.   
 

CONCLUSION  

 

The main reason of photoelectret effect formation 

under the action of light and electricity in the composites 

based on polymer and CdS, ZnS components is the 

establishment of homo and hetero charges, which 

determine the electrets potential difference in 

electrophotopolyarization proses interphase in the border 

of composites.   

Based on the results of the studies it is concluded,  

that the major reason  of polymer - CdS and polymer - 

ZnS composites extreme character of Iph/Id = f (Ф) and 
Uphe= f (Ф) dependence is explained with the change of 
the potential barrier formed in the switch polymer layer 

between the particles of  light-sensitive phase according 

to the increase of their share volume. 
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It was investigated the temperature dependence of specific resistivity of (AgSbSe2)0.9(PbTe)0.1  in 40-300K temperature region.  

A transition to a state with zero resistance similar to the superconducting transition was observed at 66K. The thermal power and 

Hall- effect were measured in 100-400K temperature interval. It was estimated the carrier concentration and its mobility.  

 

Keywords: thermoelectric material, specific resistivity, thermal power, superconductor phase transition, concentration, temperature    

                    dependence. 
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INTRODUCTION 

  

Thermoelectric materials have many applications in 

the conversion of thermal energy to electrical one. The 

energy conversion efficiency of a material is characterizes 

by the thermoelectric figure of merit, zT = α2σT/κ. Where 

α is the Seebeck coefficient (thermal power), σ -electrical 

conductivity, and κ- thermal conductivity of materials. 

For improve this efficiency parameter the material by 

high Seebeck coefficient, high electrical conductivity and 

low thermal conductivity is required [1-3]. 

 It is known, that the ternary compound AgSbSe2 

and PbTe are the thermoelectric material for midrange 

temperature (400–800 K) applications [1].  AgSbSe2 

crystallizes in the NaCl structure where the Ag and Sb 

atoms are randomly distributed in the Na sites [4]. On the 

other hand PbTe is also crystallized in the NaCl crystal 

structure with Pb atoms occupying the cation sites and Te 

forming the anionic lattice. AgSbSe2 as the other ternary 

compound of A
1
B

V
C2

VI
 system have low thermal 

conductivity [5]. But the value of electrical conductivity 

is low at room temperature. To increase the value of 

electrical conductivity and thermoelectric figure of merit 

of AgSbSe2 there was sintered the solid solution 

(AgSbTe2)0.9(PbTe)0.1. The results of experimental 

investigation of structural and transport properties of 

(AgSbSe2)0.9(PbTe)0.1 are presented in this work. 

 

EXPERIMENTAL RESULTS AND DISCUSSION 

 

(AgSbSe2)X (PbTe)1-X solid solutions material was 

prepared by direct fusion of stoichiometric amounts of 

their consistent elements (Ag, Sb, Se, Pb and Te) of purity 

99.99%  in sealed, evacuated silica ampoule. The 

ampoule was heated at 1050K for 16 hours with 

vibrational shaking to ensure homogeneity of the sample. 

After the synthesis the ampoule was slowly cooled to 

room temperature.  

The phase purity of the obtained sample was 

investigated by X-ray diffraction and presented in fig.1. 

The XRD analysis was performed using a Brucker-D8 

advance diffractometer at room temperature with 

scanning mode with a step size Δ(2θ)=0.021
0
 and        

5
0≤2θ ≤800

. From the XRD data, various structural 

characteristics such as, lattice parameter:                    

(a=b=c=5.8322A, system-cubic, space group (Fm-3m), 

and grain sizes (813.6A) were deduced. 

The resistivity and thermal power were determined 

by the four-point probe technique. Measurements were 

taken from a sample in the form of a 8x3x1,2mm 

parallelepiped. The thermal power was measured by 

applying a longitudinal heat flux with a constant power 

released in the heater. A heater was fixed to the end face 

of the sample by indium. In the range 80-350K, the 

temperature was measured with copper-constantan 

thermo-couples. The thermocouples were fixed to the end 

face of the sample by indium at a distance of 5-6mm. To 

eliminate the background e.m.f, which is due to a 

temperature drop between the cold and hot junctions, 

copper-constantan wires were wound on a copper rod 

(being in contact with a coolant) immediately at the exit 

from a cell in which the sample was placed and fixed with 

BF-2 adhesive. The temperature gradient in the sample 

between probes varied from 0.5 to 3K. 

 At room temperature the (AgSbSe2)0.9(PbTe)0.1 

exhibit very high thermopower values of about 770 µV/K. 

The sign of Seebeck coefficient is positive which 

indicated to hole conductivity and its value decrease 

slightly with temperature increase.  

More interesting results was obtained on the 

temperature dependence of specific resistivity. The 

obtained results are presented on fiq.2 

The temperature dependence of specific resistivity 

was measured for two times. At first by the HL5500 PC 

Hall effect measurement system in the 100-400K 

temperature interval. The carrier concentration of sample 

according Hall measurement was 5.9.10
17

cm
-3

 at room 

temperature. It was estimated the mobility of carriers. The 

value of mobility was very little µ=0.3cm2
/V.s.  At 110K 

there was observed a maximum on the temperature 

dependence of electrical resistivity. In order to determine 

more accurately this situation the measurement was carry 

out in 40-280K interval of temperature. The value of 

resistivity at maximum (110K) and room temperature on 

the temperature dependence were 234kOhm and 97 Ohm 

respectively. It should be noted that below 110K the value 

of specific resistivity decrease up to zero at 66K.  There is 

a reasonable question: maybe this is the superconducting 

transition!? It is known that the superconducting 

transition Tc plays an important role. Usually the 

superconducting transition temperature is determined by 

mailto:sadiyar@mail.ru
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follow way [6]: a) Tc=Tc(0), when the resistivity equal 0; 

b) Tc equal midpoint of the transition; and c) Tc= T 

(temperature in the transition region where dρ/dT have a 

maximum value). The values of Tc estimated by the 

above-mentioned three methods were 66K, 88K and 

93.8K respectively. As seen the temperature range in 

which the resistivity decreases its zero rather wide 

(ΔT=44K). It should be noted that all Y-and Bi-based 

high-temperature superconductors are superconductors of 

the second kind. The transition temperature interval to the 

superconducting state is quite wide in these compounds. 

The temperature dependence of resistivity of high Tc 

superconductors is mainly metallic in the normal state. On 

the other hand, in some samples the temperature 

dependence of the resistivity has a semiconductor 

behavior in the normal state [7].   

According to our knowledge, no studies have been 

published on the structure and thermoelectric properties 

of (AgSbSe2)X (PbTe)1-X solid solutions. Moreover there 

is very few studies have been devoted AgSbSe2 at low 

temperatures [8].   

Previously, the temperature dependence of the 

resistivity of other ternary compounds A
I
B

V
C2

VI
 not 

observed a similar dependence. It seems to us that in any 

case the observed experimental fact is of great interest. 

Transition into a state with zero resistance is difficult to 

explain in this case, excluding superconductivity.  

 

CONCLUSIONS 

 

On the temperature dependence of the specific 

resistivity of (AgSbSe2)X (PbTe)1-X was observed 

transition into a state with zero resistance at 66K-like 

superconducting transition. 

  

 

 

 
 

Fig.1.  The XRD analysis results of (AgSbSe2)0.9(PbTe)0.1 

 

 
 

Fiq.2. The temperature dependence of specific resistivity of (AgSbSe2)0.9(PbTe)0.1 
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1. INTRODUCTION 

 

It is well known that the time-dependent systems for 

which exact quantum mechanical solutions for the 

Schrödinger equation can be found are few in number. 

Both time-dependent harmonic oscillator [1-9] and the 

time-dependent linear potential [10-14] may be cited as 

examples. There have been different methods for finding 

the exact states of the time-dependent systems, such as 

Lewis-Riesenfeld (LR) invariant method [2], path integral 

method of Feynman [15], ordinary space-time 

transformations method [1,9,13] , evolution operator 

method [16] etc. 

The most widely studied time-dependent system is 

the one-dimensional harmonic oscillator with time-

dependent masses or both simultaneously. Besides the 

intrinsic mathematical interest, the time-dependent 

harmonic oscillator has many applications in various 

areas of physics, for example, in quantum optics, plasma 

physics, molecular physics and quantum chemistry. The 

harmonic oscillator undoubtedly plays a fundamental role 

in science.  

First the problem of a one-dimensional quantum 

oscillator with time- dependent frequency moving under 

the action of a time-dependent force was exactly solved 

by Husimi [1], who had constructed for this problem 

Gaussian-type wave packets. 

For the oscillator of constant mass and time-

dependent frequency LR have introduced [2] an important 

quantum mechanical invariant I(t) and found the exact 

quantum states in terms of the invariant eigenstates. 

Recall that for a system describing by a time-dependent 

Schrödinger equation  

 

      ܵ � � � = 0,         ܵ � = � ߲� −  (1.1)    (�)ܪ

 

a Hermitian  or non-Hermitian operator  tI  is called an 

invariant if it commutes with the Schrödinger operator  ܵ � , i.e.[  ܵ � , [(�)ܫ = 0, or, equivalently, satisfies the 

equation � + � ܫ�߲ , � ܫ  =  � ܪ 0 . Lewis and 

Riesenfeld showed [2] that a solution ��(�) of the time-

dependent Schrödinger equation (1.1) and an 

eigenfunction ��(�)  of  tI corresponding to an 

eigenvalue λ (ܫ � �� � = λ��(�) are connected by the 

relation  

                         �� � = ݁��� (�)��(�),                  (1.2) 

 

 where the time-dependent phase ��(�)  is determined 

from the Schrödinger equation for �� � .  

Later the LR invariant method has been generalized 

to include time-dependent mass and driving force. As a 

result, exact wave functions have been obtained for 

harmonic oscillators with time-dependent frequency       

[3, 4], time-dependent mass and frequency [5-7] and 

driving force [17]. Two unitary relations between the 

systems of time-dependent harmonic oscillators were 

considered in Ref. [8]. The first relation is between the 

systems of time-dependent mass and of unit mass. The 

second relation is between those of the driven oscillator 

and undriven (see, also, [1]). Ciftja [9] found a solution of 

the harmonic oscillator with time-dependent mass and 

frequency by employing some simple space-time 

transformations. 

The purpose of the present paper is to study the 

general problem of the harmonic oscillator with time-

dependent mass and frequency moving under the action of 

a time-dependent force by using an evolution operator 

method. As is well known this method has been long time 

used to solve the problems in quantum mechanics and 

quantum field theory. In our study we have found that the 

evolution operator method is much simpler for deriving 

the quantum-mechanical quantities than other methods. 

The evolution operator U(t) obeys Schrödinger 

equation (1.1)  ܵ � ܷ � = 0  with the obvious initial 

condition U(0)=1. According to the principles of quantum 

mechanics all the information on the dynamics of 

quantum system is contained in the matrix elements of the 

evolution operator. 

 

               ܷ � = ܶ exp (− �
ħ �(′�݀ ′� ܪ 

0
 .         (1.3) 

 

The evolution operator of the wave function � �  

(the solution of the Schrödinger equation (1.1)) is 

determined by the evolution operator, i.e. 

 

                         � � = ܷ(�)� 0 ,                       (1.4) 

 

 where � 0  is initial wave function. 

From the general representation (1.4) for the 

solutions of the Schrödinger equation (1.1) .It is evident 
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that this equation has infinitely many solutions. Using 

different initial wave functions � 0 , one can construct 

different wave functions � �  at any later time 0t  

An evolution operator allows us also to construct the 

LR invariants for a given quantum system. The point is 

that any invariant for a quantum system can be expressed 

in terms of (through) two linearly independent simple 

invariants, such as  tp0
ˆ  and  tx0

ˆ   which are the 

initial momentum and coordinate operators, respectevly: 

 

      tUptUtp 1

0
ˆˆ  ,         tUxtUtxo

1ˆˆ  . (1.5) 

  

Therefore, any invariant  tI can be represented in 

the form  ܫ � = = 0 ܫ where , � 1−ܷ 0 ܫ � ܷ  ( � , �)ܩ

is any function of �  and � . 

 

 

 

2. THE EVOLUTION OPERATOR 

 

The Schrödinger equation for the harmonic 

oscillator with time-dependent mass �(�) and frequency ߱(�)under the force ܨ(�) is  
 

                     �ħ߲�� � =  (2.1a)           � � � ܪ
 

with the time-dependent Hamiltonian  
 

= � ܪ   − ħ2

2� � ߲�2 +
1

2
� � ߱2 � �2 −  (2.1b) . � ܨ

 

It is convenient at first to reduce the problem (2.1) to 

the simpler case of vanishing ܨ(�) . For this aim we 

perform an unitary transformation (compare with [1]) 
 

                � �, � = 1ܷ � �1 �, �                      (2.2) 

 

with the unitary operator 

 

                                 1ܷ � = exp −� � ߲� exp⁡{�
ħ
 � � �  � � + � �  } ,                                           (2.3) 

 

where � �  satisfies the classical equation of motion  

 

                                        
݀݀�  � � �  �  + � � ߱2 � � � =  (2.4)                                                  (�)ܨ

 

and � �  is the classical action for the harmonic oscillator  

 

                                � � =  [
1

2

�
0

� �′ �2  �′ − 1

2
� �′ ߱2 �′ �2 �′ +  (2.5)                     . ′�݀ ′� �(′�)ܨ

 

Note that � �  may, without loss of generality, be assumed to be that solution of equation (2.4), which initially 

vanishes together with its derivative �  �  [1], i.e.   

 

                                                                      � 0 = 0, �  0 = 0.                                                                  (2.6) 

 

From this it is evident that, the initial condition 1ܷ 0 = 1  for 1ܷ �  is holds. Moreover, it is clear that if

  0tF , than   0t . 

        As result if this fact the eq. (2.1а) has the following form: 

 

 

                                                              �ħ߲��1 �, � = ,� 1� � 1ܪ � ,                                                      (2.7a) 

where 

= � 1ܪ                                                              − 
2

2� � ߲�2 +
1

2
� � ߱2 � �2.                                       (2.7b) 

 

The wave function satisfies the initial condition    �1 �, 0 = � �, 0 . 

In the next step we take the wave function �1 �, �  in the form  

 

                                                        �1 �, � = ܷ2 � �2 �, � ,  ܷ2 � = ݁��(�)�2
,                                  (2.8) 

 

where the time-dependent real function �(�) with the initial condition   00    is to be found later. 

         Substituting equation (2.8) into (2.7a) we obtain  

 

 �ħ߲��2 �, � = {− 2
2� � �߲2 + [  �  � +

2
2� � �2 � +

1

2
� � ߱2 � ]�2 − � 2� � � �  �߲� + � �߲ }�2 �, �        (2.9) 




