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We study in this paper the direct interband transitions in   a quantum dot superlattice system. We obtain the analytical 

expressions for the light interband absorption coefficient and threshold frequency of absorption as the functions of 

geometrical size of quantum dot superlattice system. According to the results obtained from the present work, we find that 

the absorption threshold frequency decreases when the size of quantum dot superlattice increases.  
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Over the last decades, there has been 

considerable interest in low-dimensional 

semiconductor systems in which the electron motion 
is strongly confined such as quantum wires, quantum 

dots, etc. Low-dimensional semiconductor structures 

include quantum wells, quantum wires, quantum dots, 

superlattices, and so on.  Since in the systems one, two 

or three of the dimensions become of the order of the 

de Broglie wavelength for electrons, new quantum 

effects are expected [1]. 

Low-dimensional semiconductor structures, 

particularly quantum dots are attracting considerable 

attention recently, in part, because they exhibit novel 

physical properties and also with potential and real 

applications in many electronic and optoelectronic 

devices.  In the last decades, a modern technologies, in 

particular such as Stranski-Krastanov epitaxial method 

have been developed to grow a wide variety of 

quantum dots structures having different geometries 

(spherical, parabolic, cylindrical and rectangular) and 
potentials (parabolic potential model, the square well 

model) [2-4 ]. 

Recent interest to semiconductor quantum dots is 

conditioned by new physical properties of these zero 

dimensional objects, which are conditioned by size-

quantization effect of the charge carriers [5–7]. The 

presence of size quantization in all three directions 

makes the energy spectrum of charge carriers and 

strongly dependent on the geometry and linear 

dimensions of the sample [3]. It is clear that the more 

geometrical parameters characterize quantum dot, the 

more exibly one can control its energy spectrum. The 

subject of quantum dots as low- dimensional quantum 

systems has been the focus of extensive theoretical 

investigations. Much effort has recently been done in 

understanding their electronic, optical and magnetic 

properties. 

In the last few yeas there has been considerable 
theoretical and experimental study has been carried 

out on the electronic and optical properties of multiple 

quantum well heterostructures. The central motivation 

of such studies has been the possible applications of 

these systems in optoelectronic devices. Growth 

techniques, such as molecular-beam epitaxial and 

metal- organic chemical vapor deposition, have made 

possible the fabrication of highly pure structures with 
abrupt interfaces, allowing for the tailoring of the 

electronic structure to suit almost any need. An 

interesting example is the variably spaced 

semiconductor superlattice [8]. 

Quantum dot superlattices are hence expected to 

display radically different non-equilibrium transport 

properties than quantum well superlatices. Potential 

applications for high performance thermoelectric 

converters [9], photovoltaics[10], and quantum 

cascade lasers [11] further motivates the fundamental 

understanding of the nonequilibrium transport 

properties of superlattices with 3D quantum 

confinement. 

Quantum dot superlattice structures, which have 

a delta-function distribution of density of states and 

discrete energy levels due to three-dimensional 

quantum confinement, a potentially more favorable 
carrier scattering mechanism, and a much lower lattice 

thermal conductivity, provide the potential for better 

thermoelectric devices [12]. 

As we know, the study of the optical properties 

of low-dimensional semiconductor structures is 

important, not only to know, but also in the fabrication 

and subsequent working of electronic and optical 

devices based on such systems. There are many 

theoretical and experimental works on the optical 

properties of nanostructures such as quantum dots, 

quantum wires, and quantum wells [13-21]. The 

optical properties of low-dimensional semiconductor 

systems are especially useful in giving detailed 

information about their microscopic physics. One of 

the interesting optical properties is the light interband 

absorption coefficient. The spectroscopy of optical 

transitions across the band gap (interband transitions) 

is a powerful and versatile method to study the 
electronic structure of semiconductors. The optical 

properties of quantum dot for the first time were 

considered by Efros and Efros [4] at theoretical 

investigation of direct light absorption in spherical 

quantum dot with indefinitely high walls. Andreev and 
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Lipovskii [22] discussed the influence of anisotropy of 

band structure on optical transitions in spherical 

quantum dots.  

Even though   considerable attention has been 

given to the study of the light interband absorption of 

the semiconductor quantum dots superlattice 

structures.  

The light interband absorption of quantum dot 

superlattice structures has not been investigated so far. 

In the present work, we study the interband light 

absorption in a quantum dot superlattice structures. 

We obtain the light interband absorption coefficient 

and show dependencies of the absorption threshold 

frequency and on geometrical size of quantum dot 

superlattice structures. 

The interband absorption in a quantum dot 

superlattice with a periodic potential U (z) of period d 

along the z-direction of the harmonic oscillator form   

is considered: 

)(
2

),( 2222 yx
m

yxV yx  


,         (1)                                  

where 
m is the effective mass, x  and y  are the 

confinement frequencies in the x- and y-directions, 

respectively. Harmonic oscillator belongs to the most 

important and most commonly used physical models. 

Due to the formal simplicity, it is considered as one of 

the exactly solvable quantum mechanical problems. It 

is used to model a wide variety of phenomena ranging 

from molecular vibrations to the behaviour of 

quantized fields [23]. In the strong-coupling 
approximation, the Hamiltonian for charge carriers in 

a quantum dot superlattice can be written as [24, 25]:
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where   is the miniband width. The electron 

effective mass emm 
, when the conduction band 

is considered; and hmm 
 when the valence band 

is considered, where hm  is the effective mass of the 

hole. 

The normalized eigenwave functions of the electron 

)(,, r
zken  and the eigenvalues of the energy 

)(, zln kE  in the conduction band are set, respectively, 

in the form [26]:  
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where  ,...2,1,0n  and  ,...2,1,0l  are the level 

indices of the electronic subbands, zk is the 

component of the wave vector in the z -direction, 

n(x), )(yl   are the eigenwave functions of the 

harmonic oscillator,  xH n
,  yH l

is the Hermite 

polynomial,  xx ml   ,  yy ml   , 

 z
zk  is the Bloch function in the approximation of 

strong coupling in the z-direction, and zL is the 

normalized length in the direction. 

The eigenwave functions of the harmonic 

oscillator for the conduction band are set, 
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The eigenwave functions of the harmonic oscillator for the valence -band can be expressed as    
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Expressions Eqs (3) - (8) show the charge 

carriers energy spectrum and wave functions in 

quantum dot superlattice system. These relations 

allow to calculate the direct interband light absorption 

coefficient in quantum dot superlattice system.  

Since in the future we will consider transitions in 

the quantum dot superlattice, where instead of 

quasicontinuous bands of the energy spectrum we 

have a set of discrete energy values, it follows that 

after integration, we should proceed to summation 

over quantum numbers. As a result, the equation for 

the absorption coefficient of a quantum dot 

superlattice can be expressed by [4]: 
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where 0A  is the quantity proportional to the square of 

dipole moment matrix element modulus, taken on 

Bloch functions. 
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where 
he nnJ and 

he llJ are overlap integrals between 

the valence and conduction bands.  

From Eqs.(9)-(10) it follows that quantum 

numbers nne ,  can change arbitrarily. The argument 

of the Dirac δ-function allows to define the threshold 

frequency of absorption 00 . 

 

CONCLUSION 
 

In this work, we have studied the direct interband 

transitions quantum dot superlattice. We obtained the 

analytical expressions for the light interband 

absorption coefficient and threshold frequency of 

absorption geometrical size of quantum dot 

superlattice. We studied the dependence of absorption 

threshold frequency on quantum dot superlattice size. 

According to the results obtained from the present 

work, it is deduced that the quantum dot superlattice 

size play important roles in the absorption threshold 

frequency.  

_____________________________ 
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Semiconductor-metal İnSb-CrSb, İnSb-Sb, GaSb-CrSb eutectic composites are synthesized by the vertical Bridgman 
method. The  interphase zones around metallic inclusions in GaSb-CrSb, InSb-CrSb and InSb-Sb eutectic composites have 
been revealed by study of the structure and elemental composition. It has been found that the peaks detected in the Raman 
spectra correspond to the GaSb and InSb compounds and Sb-Sb bond.    
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PACS: 539.24/27     
 
1. INTRODUCTION 
 

One of the main features of eutectic composites 
obtained based on InSb, GaSb and 3d-transition 
elements is the anisotropy in kinetic coefficients 
depending on the direction of metal needles [1-5]. 
These composites, which combines both 
semiconductor and metallic properties, behave as 
nonhomogeneous semiconductors since metal needles 
are distributed parallel to the crystallization direction. 
The composites formed by the 3d-transition metals are 
considered to be diluted magnetic semiconductors. 
Recently, NiAs-type hexagonal structure CrSb has 
been widely studied as a suitable material for 
spintronics [6-10]. According to the results of these 
studies, the connection between the ferromagnetic 
constituents perpendicular to the crystallization axis in 
the CrSb junction is antiferromagnetic. Consequently 
consideration of   the InSb-CrSb, InSb-Sb and GaSb-
CrSb systems is of substantial interestl. The present 
paper is devoted to synthesis, structure and Raman 
scattering investigated of InSb-CrSb, InSb-Sb and 
GaSb-CrSb eutectic composites. 
 
2. EXPERIMENTAL DETAILS 

 
2.1 Synthesis 
 

In order to synthesize InSb-CrSb, InSb-Sb, and 
GaSb-CrSb eutectic composites, InSb and GaSb are 
first synthesized: the stoichiometric quantities of In and 
Sb, Ga and Sb are melted together and treated with 
horizontal zone alloy.The velocity along the melting 
zone crystallization was 12mm/h.; the concentration of 
carriers in InSb and GaSb compounds was n=2x1016 
and p=1.8x1017 at room temperature, respectively.  

Eutectics with the following mixtures: InSb and 
0.6% CrSb for InSb-CrSb, InSb and 37.3% Sb for InSb-
Sb, GaSb and 13.4%  CrSb for GaSb-CrSb systems 
were filled into quartz ampoules at a pressure of 10-2 
Pa.The ampoules were stored in an electric oven at 
1200K for 4 hours and cooled to room temperature. At 
the next stage, InSb-CrSb, InSb-Sb and GaSb-CrSb 
composite crystallization is carried out by the vertical 
Bridgman method with different crystallization rates: 

1.2mm/min.; 0.6mm/min. and 0.3mm/min. at 
temperature gradient 20-30K [5]. 

 
2.2 Caracterization 
 

The X-ray spectra of the InSb-CrSb, InSb-Sb and 
GaSb-CrSb composites were made by the Advance-D8 
diffractometer ("Bruker"). The source of radiation was 
the CuKα-anode, operating at a voltage of 40kV and a 
current of 40 mA. The wavelength of the radiation was 
λ=1.5406Å, and the angle between the falling X-rays 
and the sample was 2Ѳ=5÷80. Microstructure analysis 
was performed on surface of the samples parallel and 
perpendicular to crystallization directions by the Zeiss 
Sigma ™ Field Emission, SEM-Scanning Electron 
Microscope. 
 
3.   DISCUSSION  

 
Diffraction patterns of GaSb-CrSb eutectic 

composite are shown in Fig. 1. Analysis of XRD 
spectra confirmed that this system is diphasic: the most 
intense peaks corresponding to the (111), (200), (220), 
(311), (222), (400), (331), (420), and (422) Muller 
index are identical to the GaSb matrix, while the weak 
peaks found at 2θ=30º, 44.08º, 52.12º, and 54.13º 
coincide with the CrSb lines having a hexogonal 
structure with lattice parameters of a=4.121, c=5.467, 
c/a=1.327, and the P63/mmc space group. 

Fig. 2 shows the diffraction patterns of the InSb-
CrSb eutectic composite. The most intense peaks 
corresponding to the (111), (220), (311), (400), (311),  
(422) və (511)  Muller index are identical to the InSb 
matrix, while the weak peaks found at 2θ=30º, 44.08º, 
52.12º, and 54.13º coincide with the CrSb line. 

Fig. 3 shows the diffraction patterns of the InSb-
Sb eutectic composite. The most intense peaks 
corresponding to the (111), (220), (311), (400), (311),  
(422) və (511)  Muller index are identical to the InSb 
matrix, while the weak peaks found at 2θ=30º, 44.08º, 
52.12º, and 54.13º coincide with the CrSb line. 

Shown in Fig. 4 the structure of the films is  it can 
be seen structural formations of a round shape are 
evenly distributed on the surface of the film. 
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Fig. 1. X-ray spectrum of GaSb-CrSb eutectic composite. 

 

 

Fig. 2. X-ray spectrum of InSb-CrSb eutectic composite 
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Fig. 3. X-ray spectrum of InSb-Sb eutectic composite 
 

 

Fig. 4. X-ray spectra of GaSb–CrSb thin film obtained with SEM–EDX 
 

 
Fig. 5. Element map of the GaSb–CrSb composite 
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Fig. 6. Raman spectra of GaSb-CrSb eutectic composite. 
 

 
 

Fig. 7.  Raman spectra of CrSb  compound 
 

The length of the metal rods (1-1.6 µm in 
diameter) is 10-100µm in InSb-CrSb composite, 30-50 
µm in GaSb-CrSb, 40-100µm in InSb-CrSb. As it is 
seen from Fig. 4, the metal rods are evenly distributed 
in the matrix in the direction of crystallization. Fig.5 
shows an element map of the GaSb-CrSb eutectic alloy. 
In the specific map, the colours red, blue and green 
indicate Sb (L), Cr (K) and Ga (K), respectively and 
black colour indicates the absence of this element. 

Raman analysis is an important tool to study 
atomic interactions in semiconductors and the 
dynamics of the crystal lattice [12-15].Raman analysis 
were investigated to confirm the existence of two-phase 
and inter-phase zones in the GaSb-CrSb, InSb-CrSb, 
InSb-Sb eutectic composites at room temperature. Fig.7 
and Fig.8 shows the Raman lines at about 111cm-1, 
148cm-1, 230cm-1, 240cm-1 are the mode LO GaSb-
CrSb eutectic composite, and 114cm-1, 154cm-1, 
240cm-1 for CrSb compound. 

Some parameters of semiconductor-metal type 
InSb-CrSb, InSb-Sb, and GaSb-CrSb eutectic 
composites are shown in the table [1, 4, 5]. 

Fig.8 (a) and (b) are  shows the Raman lines about 
InSb-CrSb composite are 101cm-1, 145cm-1, 174cm-1 
and (b), respectively, at 101cm-1,150cm-1 and 240cm-1.   

Thus, X-phase analysis of InSb-CrSb, GaSb-CrSb 
and InSb-Sb alloys is a composite composite 
comprising matrix (InSb and GaSb) and porous metal 
coatings (CrSb and Sb) based on studies in optical and 
electron microscopes. The Raman spectra obtained in 
the InSb-CrSb and GaSb-CrSb compositions only 
characterize the Sb-Sb bond [13,15]. 

 
 

 

 
 
Fig. 8. Raman spectra of InSb-CrSb (a) and  InSb-Sb (b) eutectic composites 

________________________________ 

Eutectic 
composites 

Metal 
phase 

weight % 

Needles 
density, 

mm-2 

Needles 
diameter, 

µm 

Needles 
length, 

µm 

Crystallization 
speed, 

mm/min 

Concentration, 
cm-3 

InSb-CrSb 0,6 0,6x104 1 100-200 1,2 p=2x1017 
InSb-Sb 37,6 2,5x104 1,6 40-100 1,4 p= 1017 

GaSb-CrSb 13,4 5,2x104 1,4 30-50 0,3-0,6 p=8x1017 
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It is shown that the dimensions of the crystal play an essential role in the excitation of an unstable wave with a certain 
frequency and growth rate, and it is possible to regulate the appearance of current oscillations with a magnetic field. The values 
of the frequency of the current oscillation are found. The value of the external electric field and the frequency of current 
oscillation are determined at the initial point.  
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INTRODUCTION 

 
A simple way to convert electromagnetic energy 

using semiconductors that do not contain any electron-
hole junctions is the phenomenon of electrical 
instability. The current-voltage characteristic (CVC) of 
such a sample is linear. Generation and amplification of 
electromagnetic oscillations, current stabilization, 
"memory" effect, etc. are possible. Instability depends 
on the characteristics of the solid. For example, in a 
GaAs crystal, the I–V characteristics and the energy 
spectrum of charge carriers are described by the 
following graphs 

 

 
Fig. The dependence of the current density on the electric       
        field is an N-shaped volt-ampere characteristic. 

 
Field strength is a multivalued function of current 

density. The energy spectrum of electronic gallium 
arsenide is two-valley. With the help of an electric field, 
charge carriers are heated in the sub-zone with high 
mobility, as a result, having acquired a sufficiently high 
energy, they pass into the sub-zone with higher energy 
and low mobility.  

The effective mass of charge carriers in GaAs are 
important 𝑚𝑚𝑎𝑎 = 0,072𝑚𝑚0 b 0m 1,2m= , and the 

mobility of charge carriers in the valleys are a
a

e
m
τµ =

and b
b

e
m
τµ =   (𝜇𝜇𝑎𝑎 ≪ 𝜇𝜇𝑏𝑏 , µ  is the mobility of charge 

carriers). We will designate valleys 1-a, 2-b.  
The total current has the form  
 
  �⃗�𝑗 = 𝑒𝑒𝑛𝑛𝑎𝑎𝜇𝜇𝑎𝑎𝐸𝐸+ 𝑒𝑒𝑛𝑛𝑏𝑏𝜇𝜇𝑏𝑏𝐸𝐸 = 𝑒𝑒𝑛𝑛𝜇𝜇(𝐸𝐸)𝐸𝐸    (1) 

 

𝑛𝑛 = 𝑛𝑛𝑎𝑎 + 𝑛𝑛𝑏𝑏 = 𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐𝑐𝑐  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0       (2) 
 

Instability in GaAs in 1963 was discovered 
experimentally by the English physicist J. Gann [1]. In 
theoretical works [2-3], the Gunn effect is investigated 
in the presence of an external electric field. All 
theoretical studies are calculated without carrier 
diffusion. However, in the scientific literature there are 
no theoretical works devoted to theoretical studies of 
the Gunn effect taking into account intervalley 
scattering based on the solution of the Boltzmann 
kinetic equation. In this theoretical work, we will 
calculate the frequencies of current oscillations in the 
presence of a strong magnetic field by applying the 
Boltzmann equation, taking into account the intervalley 
scattering of charge carriers.  

 
𝜇𝜇𝐻𝐻0 >> 𝑐𝑐       (3) 

 
 ( 0H is intensity of a constant magnetic field, 

c  is speed of light) 
 
THEORY 

 
In a stationary state, the electric field is 

independent of time. Under the influence of an electric 
field for the current to be stationary, electrons must be 
scattered on any lattice inhomogeneities (vibrations of 
atoms or crystal defects). Under the action of external 
forces, the state of charge carriers cannot be described 
by the equilibrium distribution function 0f ( )ε , but it 
is necessary to introduce a nonequilibrium distribution 
function f ( k ,r )

  , which is the probability that an 
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electron with a wave vector (quasimomentum k


 ) is 
near a point. The distribution function f ( k ,r )

   is found 
from the kinetic Boltzmann equation. It is assumed that 
the distribution function can change under the influence 
of two reasons, either under the influence of external 
factors, or under the influence of collisions of electrons 
with lattice vibrations (phonons) and crystal defects. 

Then, in the considered stationary state, these 
factors compensate each other.  

 
�𝜕𝜕𝑓𝑓
𝜕𝜕𝑑𝑑
�
𝑒𝑒𝑒𝑒𝑑𝑑𝑒𝑒𝑒𝑒𝑑𝑑𝑎𝑎𝑒𝑒

+ �𝜕𝜕𝑓𝑓
𝜕𝜕𝑑𝑑
�
𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑑𝑑

= 0       (4) 
 
In the presence of external electric and magnetic 

fields, equation (4) has the form  
 
𝑉𝑉�⃗ 𝛻𝛻�⃗ 𝑓𝑓 + 𝑒𝑒

ℏ
�𝐸𝐸 + 1

𝑐𝑐
�𝑉𝑉�⃗ 𝐻𝐻��⃗ ��𝛻𝛻�⃗𝑘𝑘�⃗ 𝑓𝑓 = �𝜕𝜕𝑓𝑓

𝜕𝜕𝑑𝑑
�
𝑐𝑐𝑐𝑐𝑒𝑒𝑒𝑒𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑑𝑑

      (5) 
 

𝑉𝑉�⃗ =
1
ℏ 𝛻𝛻𝑘𝑘�⃗ 𝜀𝜀(𝑘𝑘�⃗ ) 

 
Neglecting the anisotropic one, we solve the 

equation. We assume that for valley “a” with 
intravalley, and for valley “b”, intravalley scattering 
prevails over intervalley one. Then the Boltzmann 
equations for the valley "a" and "b" can be written in 
the following form   

 
         �𝜕𝜕𝑓𝑓

𝑎𝑎

𝜕𝜕𝑑𝑑
�
𝑒𝑒𝑒𝑒𝑑𝑑𝑒𝑒𝑒𝑒𝑑𝑑𝑎𝑎𝑒𝑒

+ �𝜕𝜕𝑓𝑓
а

𝜕𝜕𝑑𝑑
�
𝑐𝑐𝑑𝑑𝑑𝑑 𝑒𝑒𝑎𝑎𝑎𝑎𝑎𝑎𝑒𝑒𝑒𝑒𝑒𝑒𝑎𝑎

= 0              (6) 

 
b b

внеш внутридол

f f 0
t t

   ∂ ∂
+ =      ∂ ∂   

                  (7) 

 
In [2] Davydov showed that in a strong electric 

field the distribution function can be represented in the 
form  

𝑓𝑓 = 𝑓𝑓0 + 𝑃𝑃�⃗

𝑝𝑝
𝑓𝑓1      (8) 

 
( P


-momentum) 
Then for the valleys “a” and “b” we write  
 

𝑓𝑓а = 𝑓𝑓0а + 𝑃𝑃�⃗

𝑝𝑝
𝑓𝑓1а,   𝑓𝑓𝑏𝑏 = 𝑓𝑓0𝑏𝑏 + 𝑃𝑃�⃗

𝑝𝑝
𝑓𝑓1𝑏𝑏         (9)  

 
In [3], from solution (9), the distribution function 

bf  was found in the presence of an electric field 
 

𝑓𝑓0𝑏𝑏 = 𝐵𝐵𝑒𝑒−𝛼𝛼𝑏𝑏(𝜀𝜀−𝛥𝛥)2          (10)  
  

𝑓𝑓1𝑏𝑏 = −𝑒𝑒𝑚𝑚𝑏𝑏𝑒𝑒𝑏𝑏
𝑝𝑝

𝐸𝐸�⃗ 𝜕𝜕𝑓𝑓0
𝑏𝑏

𝜕𝜕𝑝𝑝
       (11) 

Here 
 

𝑙𝑙𝑏𝑏 = 𝜋𝜋ℏ4𝜌𝜌𝑢𝑢02

𝐷𝐷2𝑚𝑚𝑏𝑏
2𝑘𝑘0𝑇𝑇

, 𝛼𝛼𝑏𝑏 = 3𝐷𝐷4𝑚𝑚𝑏𝑏
5𝑘𝑘0𝑇𝑇

𝑒𝑒2𝜋𝜋2ℏ8𝜌𝜌2𝑢𝑢02𝐸𝐸2
       (12) 

 
bl - the length of the free path in the valley «b», D - 

deformation potential, T- grate temperature, 
p -the density of the substance, 0u - sound speed. 

It was shown in [2] that in strong electric and 
magnetic fields in the case of intravalley scattering, the 
function b

1f  has the form: 

𝑓𝑓1𝑏𝑏 = −𝑒𝑒𝑒𝑒𝑏𝑏𝑚𝑚𝑏𝑏
𝑝𝑝

𝜕𝜕𝑓𝑓0𝑏𝑏

𝜕𝜕𝑝𝑝
⋅
𝐸𝐸�⃗ +𝑒𝑒𝑙𝑙𝑏𝑏𝑐𝑐𝑐𝑐 �𝐸𝐸�⃗ 𝐻𝐻��⃗ �+�

𝑒𝑒𝑙𝑙𝑏𝑏
𝑐𝑐𝑐𝑐 �

2
𝐻𝐻��⃗ �𝐸𝐸�⃗ 𝐻𝐻��⃗ �

1+�
𝑒𝑒𝑙𝑙𝑏𝑏𝐻𝐻
𝑐𝑐𝑐𝑐 �

2    (13) 

 
𝑓𝑓0𝑏𝑏 = 𝐵𝐵𝑒𝑒−𝛼𝛼𝑏𝑏(𝜀𝜀−𝛥𝛥)2        (14) 

 
( B -normalization constant) 
 

𝛼𝛼𝑏𝑏 =
3𝐷𝐷4𝑚𝑚𝑏𝑏

5𝑘𝑘0𝑇𝑇�1+�
𝑒𝑒𝑙𝑙𝑏𝑏𝐻𝐻
𝑐𝑐𝑐𝑐 �

2
�

𝑒𝑒2𝜋𝜋2ℏ8𝜌𝜌2𝑢𝑢02�𝐸𝐸2+�
𝑒𝑒𝑙𝑙𝑏𝑏
𝑐𝑐𝑐𝑐 �

2
�𝐸𝐸�⃗ 𝐻𝐻��⃗ �

2
�
          (15) 

 
𝑓𝑓0𝑎𝑎 = 𝐴𝐴𝑒𝑒−𝛼𝛼𝑎𝑎𝜀𝜀2                              (16) 

 
We calculate the total current density  
 

𝚥𝚥 = 𝚥𝚥𝑎𝑎 + 𝚥𝚥𝑏𝑏          (17) 
 

 

( )

4
a

2
a

4 4
a a

2 2
a a

p22
4ma 3 7a a

a 12 3 2 3 2
aa a0

p p2 22
4m 4m6 5a a

a a0 0

e l Ae cHj f p dp E p e dp
el3 m 3 m

el elcp cpHp e dp EH p e dpH EH
c el H c el

α

α α

α
π π

∞ −

∞ ∞− −


 = = +  
 


      + +            

∫

∫ ∫



 

    

        (18) 

 

It can be written in bj


a similar way, only it is 
necessary to replace the index "a" with "b" and A with 
B. The integrals in (18) are calculated by the following 
formula (gamma function). 

n xdx

0

x e ( n 1)Γ
∞

− = +∫       (19) 

Applying formulas (19), we obtain expressions 
for the total current density of the expression 

 

( )1 2j E Eh h EhΣ Σ Σ = + + 
    

          (20) 
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( )

3 1 22 1 2 1 4
a a b 0

2
a aa

8nc m m m1
m m3 2l 3 4 H

α
Σ

Γ

−    
= ⋅ ⋅   

   
 

 
( )
( )1
7 44enc

H 3 4
Γ

Σ
Γ

=               (21) 

 

( )
( )

1 22 1 4
a a b

2 1 2
0a

3 24e nl m
3 4 m3 2m

Γα
Σ

Γ
 

= ⋅ ⋅ 
 

 

 
After calculating ( 1 2, ,Σ Σ Σ ), the frequencies of 

the current oscillation can be calculated. In work [4-5], 
we calculate the frequency of the current oscillation in 
the presence of a weak magnetic field ( H cµ >> ) 

To calculate the oscillation frequency, we find 
from Maxwell's equation the current density  

 
c 1 Ej rotH

4 4 tπ π
′∂′ ′= +

∂




        (22) 

 

and we will equate the expressions of currents (19-22), 
as a result we will receive the following expressions  

( )1 2
с 1 ErotH E Eh h Eh

4 4 t
Σ Σ Σ

π π
′∂  ′ + = + + ∂

     
      

              (23) 
 

We have chosen the following coordinate system  
 

0 0 0 0H hH ,E hЕ= =
  

     (24) 
 

To determine the variable part of the magnetic 
field, we will use the Maxwell equations 

 
H ccrotE ,H kE
t ω
′∂  ′ ′ ′= − =  ∂


  

        (25) 

 
Considering 𝐻𝐻′ ∼ 𝑒𝑒𝑐𝑐�𝑘𝑘�⃗ 𝑒𝑒−𝜔𝜔𝑑𝑑� and 𝐸𝐸′ ∼ 𝑒𝑒𝑐𝑐�𝑘𝑘�⃗ 𝑒𝑒−𝜔𝜔𝑑𝑑� 

from (24), taking into account (25), we obtain the 
following dispersion equations for determining the 
frequency of current oscillations 

 
 

( )

( )

2 2
1 0 y 2 0 z 2 0 0

2

1 0 z

E i H E h H E 2 E H c kE

iccE E kE k 0
4

Ω Σ Σ ω Σ

Σ
π

 ′ ′ ′ ′+ − − + 

 
′ ′+ − = 

 

  

      (26) 

Writing down the components of the vector equation (26), we obtain the following three equations  
2 2 2
1 x 2 y 3 z

2 2 2
1 x 2 y 3 z

2 2 2
1 x 2 y 3 z

E E E 0

E E E 0

E E E 0

Ω Ω Ω

Ξ Ξ Ξ

Θ Θ Θ

 ′ ′ ′+ + =

 ′ ′ ′+ + =


′ ′ ′+ + =

          (27) 

Here: 
2 2

2 2 x
1

ic k
,

4
Ω Ω

π
= −  

2
x y2

2 1 0 2 0 0 z
ic k k

H 2 E H k c ,
4

Ω Σ ω Σ
π

= + −  
2

2 x z
3 1 0 x 2 0 0 y

ic k k
E ck 2 E H ck ,

4
Ω Σ Σ

π
= − −  

2
x y2

1 2 0 0 z
ic k k

2 E H ck ,
4

Ξ Σ
π

= − −  
2 2

y2 2
2

ic k
,

4
Ξ Ω

π
= −  

2
y z2

3 2 0 0 x 1 0 y
ic k k

2 E H ck E ck ,
4

Ξ Σ Σ
π

= + −            (28)         

2
2 x z
1 2 0 0 y

ic k k
2 E H ck ,

4
Θ Σ

π
= −  

2
y z2

2 2 0 0 x
ic k k

2 E H ck ,
4

Θ Σ
π

= − −  
2 2

2 2 2 z
3 2 0 1 0 z

ic kH E ck .
4

Θ Ω Σ ω Σ
π

= − + −  

 
We obtain the following dispersion equations for 

determining the frequency of the current oscillation 
from the solution of the system of equations (28)  

 
22

2 2 2 2z z
2 2

z x

2ck L16 i2
ck L
ΣΩ π Σ π

Σ

   = − +  
   

    (29) 

 
z xL ,L - corresponding sample lengths. 

Here 
2 2ic k i

4 4
ωΩ Σ

πω π
= + +         (30) 

 
When deriving the dispersion equation, we used 

the inequality for the electric field  

0 charE uE>> , 
2 2 2

20 y
2 2 2

x z

16 k
u

c k k

π σ
=

∆
    (31) 

2 2 1 2 2 x
2 20 20

0

E
E

Σ Σ α Σ= = ⋅
∆

 

1 24 3
0 a b 0

x 2 2 8 2 2
0

3D m m m k T
E

e uπ ρ

 
=   
 

 

x yL L=  
By supplying (30) to (31), we obtain the following 

equations for determining the frequency of the current 
oscillation  

2
2 2 22 z

x

4 L 14 i i 4 c k 0
L 2

π Σ
ω π Σ ω π

  − − + + =  
   

 (32) 

 



DETERMINATION OF FREQUENCY IN TWO VALLEY SEMICONDUCTORS SUCH AS GaAs 

15 

From solution (33), taking into account (32), we 
easily obtain:  

3
2 z

0
x

8 L ,
L

π Σ
ω =  1 2 ckω π=   (33) 

 
Formulas (33) for the frequency of the current 

oscillation and the growth rate of the oscillation are 
obtained at  

x

0

E
ck 2

E
π Σ>>        (34) 

e.g 

0 x
2E E

ck
π Σ

>>       (35) 

Comparison of (35) with (31) is in good 
agreement.  

 
DISCUSSION OF THE RESULTS 
 

The intervals of variation of the external constant 
electric field are determined by applying the kinetic 
equation in two-valley semiconductors of the GaAs 
type, at which radiation of electromagnetic energy 
occurs. Such an unstable state occurs in a sample, the 

dimensions of which are x yL L= , z x yL L ,L>> , the 

coordinate system 0 0zH hH=


, 0 0zE hE=


, 

0zH cµ >>  and, with a different coordinate system 

0 0 0 0 0 0 0 0 0 0E H ,E H E H cos , E H E H sinα α ⊥ = = 
   

, 
a different value of theoretical research is needed. It can 

be seen from the CVC graph that the point 
dj 0
dE

=  is 

the beginning of the oscillation, i.e. 1 0ω =  is 
increment. Considering 0ω ω= , 0 2ω πσ= .  

 
2 2

0 char 2
0

c kE E
uπ

= ⋅
∆

                   (36) 

 

( )

31 22 1 2
a 0 b

0 2
a

8nc m m m
u

m3 2 3 4 HΓ
 

= ⋅ 
 

    (37) 

 
With an increase in the magnetic field, the electric 

field increases in a square, and this can be used to 
regulate the instability. 

 
_______________________________________ 
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The electrographic amorphous Se layers are prepared by Se sublimation of OSCh trade mark 17-3 on cylindrical metal 
substrates with barrier oxide film. The influence of film thickness on layer photoelectric characteristics is investigated. It is 
shown that for achieving of optimal dark and light parameters it is necessary to form the oxide film by 3µm thickness on 
substrate.      
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1. INTRODUCTION

The development of science, technique and 
national economics, the increase of efficiency of 
control by this process is accompanied by intensive 
information volume. In this connection the non-
polygraphic methods of operating document copying 
and duplication on the base of industrial gage 
application such as diazoprocess, photography, 
electrography, thermography and electronography 
joined by general term which is the reprography. The 
principal difference of reprography from polygraphy is 
the fascimility, i.e. the supply of total identity of 
disposition order of image elements, their 
configuration, print type in original and copy.  

Nowadays, the electrophotography the principles 
of which are connected with achievements of 
semiconductor physics [1] is the one of the extended 
and intensively developed methods of reproduction. 

Electrophotography (EPh) is the set of methods 
and industrial gages of image obtaining on special 
surfaces, electric properties of which change in the 
correspondence with light radiation quantity accepted 
by these surfaces. The electrolyzed thin layer of 
photosemiconductor (for example, amorphous Se) 
marked on conducting substrate is the supersensitive 
one in EPh.  

EPh image obtaining process is caused by 
physical phenomena taking place in high-ohmic 
semiconductor layers at their electrization, exposure 
and also electric interactions between charged states at 
revealing and transfer of the image on paper or other 
base. In the difference from the ordinary photography 
in EPh scheme of image obtaining there are additional 
principally new two stages which are layer electrization 
(sensitization) before exposure and transfer of revealed 
image with layer on other material.  

The wide application of EPh causes the necessity 
in improvement of existing photoreceptors and in 
obtaining of new ones. The photosensitivity in visible 
and especially red spectrum region is the important 
criteria. Nowadays, the schemes of xerographic image 
reproduction based on use of amorphous Se, 
compounds by A2B6 type, organic semiconductors and 
etc. are realized. The fabrication technique of EPh 
layers of photosemiconductors of A2B3

2 C6
4 type 

having the high photosensitivity in visible spectrum 
region is developed. The investigation on 
photoreceptor creation on the base of amorphous 
silicon enriched by hydrogen [12] are carried out.     

2. EXPERIMENT AND RESULT DISCUSSION

Se which is elementary semiconductor attracts the 
attention of the investigators by their unique properties. 
It has the high photosensitivity, it can be obtained in 
amorphous and crystalline (trigonal and monoclinic) 
states. All this makes it unchangeable at creation of 
different transformers (first power rectifiers, 
photoreceptors, vidicons, photo-isolator and etc.). Se 
high technology (low melting point, the possibility of 
any form marking on the surface and etc.) is important. 
Wide-ranging use of Se in different technique region 
constantly stimulate the investigation of its properties 
all over the world.  

The photoreceptors on the base of amorphous Se 
have the high EPh parameters (they are well chargeable 
ones and have photosensitivity), but at the same time 
they have disadvantages. They are weakly sensitive to 
red light, the layers of amorphous Se crystallize under 
influence of many factors and break down in the result 
of explosure [3].      

Trigonal Se is known as photosemiconductor with 
spectral sensitivity in spectrum visible region. Usually, 
the layers from trigonal Se are prepared by dispersion 
of its particles in polymer bonder layer and marking of 
suspension on conducting substrate. They have well 
photosensitivity, but simultaneously have relatively 
low initial potential of charging and dark semi-drop that 
is the result of Se high conductivity [4].  

The elimination of above-mentioned 
disadvantages belonging to layers from amorphous Se 
prepared in complex vacuum equipment and search of 
the improving ways of their parameters and 
characteristics is the task of the given work. The search 
of relevant ways is carried out with this aim.  

Se electrographic layer (SEL) is the complex 
system which consists of the conducting substrate, 
barrier (shutoff) layer, multifunctional layer of 
photosemiconductor and often the external protective 
layer. The physical properties of such systems are 
studied all over the World, however, the many 

https://ufn.ru/ru/pacs/07.68.+m/
https://ufn.ru/ru/pacs/72.40.+w/
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questions stay unsolved ones up to now, in particular, 
the interconnection between system composite 
elements in formation of photoreceptor property 
complex isn’t established. So, by others opinion the 
oxide film on substrate carries out the several functions: 
it carries out the interface in boundary substrate – 
photosemiconductor, improves the 
photosemiconductor adhesion to substrate, makes 
barriers preventing the carrier injection from substrate 
into photosemiconductor and reactive diffusion 
between them. Thus, the oxide film should significantly 
influence on photoreceptor parameters. Concerning 
this, oxide film thickness and the time of substrate 
chemical oxidation time which changes in interval 
(0,1–15min) are chosen in the capacity of alternative 
parameters.  

The oxide films on metallic (duralumin) substrate 
can be obtained by thermal oxidation in oxygen 
atmosphere, ion-plasma spraying, spraying of 
aluminum in oxygen atmosphere, pyrolysis of hetero-
organic compounds, anode oxidation in electrolytes 
and by chemical oxidation [5].   

Se electrographic layers the oxide films of which 
on duralumin substrates are formed by chemical 
oxidation in solution containing the chrome anhydride 
(3-7g/l), sodium fluoride (3-4g/l) and orthophosphoric 
acid (40-50g/l), are investigated. The oxidation is 
carried out at 25°С and curing time in solution is (0,1-
15) min. This supplies the formation of oxide films with 
thickness from 40 Å up to 5µm. 

The film thickness is defined by capacity method 
with the help of bridge L2-7 at frequency 465kHz 
(dielectric constant of oxide film is equal to 8). The 
measurements show that film thickness d 
monotonously increases with tendency to saturation at 
txo

 ≥12 min with increase of oxidation duration txo. The 
solution aging time plays the significant role. The most 
thickness (d=5µm) forms at the use of fresh solution 
whereas   the films   of   less   thickness form in used  

solutions though the grow character d on txo is the same. 
The quality of oxide film begins to worsen with txo 
increase.   

After oxidation the cylindrical substrates are 
degassed at 140°С during 60 min and Se by trend mark 
OSCh 17-3 is marked by sublimation method during 25 
min at program change of temperature substrate from 
40 up to 82±0,5°С. The thickness of Se layer is 60-
85µm. The samples have the form of ring fragments by 
height 100mm. Their EPh parameters are investigated 
on test bed prepared on the base of apparatus EP-300К2 
(dynamic mode). The parameters are measured after 30 
minutes of the charge-exposure cycle. The dark drop 
time of the potential τ1/2 and the velocity of its dark 
relaxation υ15 (15sec after charging), integral 
photosensitivity Sint and spectral distribution of 
photosensitivity Sλ in the interval of wave length 300 – 
1000nm are defined. The light source is graduated by 
radiation compensated thermo-element РТН-30.       

The nature of interface photosemiconductor-
substrate is the determinative factor of potential dark 
drop. It is important that contact substrate-
semiconductor should be shutoff for the carriers even if 
for one sign. The contact region substrate-
semiconductor should be barrier for the electrons 
preventing their injection from the substrate to the layer 
at relatively high electric field strength at positive 
photoreceptor electrization for surface charge retention. 
The measurements show (Fig.1) that τ1/2 increases with 
increase of oxide film thickness d passing through at 
d≃2,5τm (txo≃5min.) and it strongly decreases with 
further thickness increase. The change υ15 also has the 
extreme character with minimum at d≃2,5µm (Fig.1). 
The coincidence of d dependences on txo, τ1/2 and υ15 on 
d allow us to suppose that the extremal change τ1/2 and 
υ15 is caused by the following reasons. The oxide film 
forms on the substrate at interaction with solution and 
its growth slows after achieving of the thickness 
d≃3µm. 

Fig.1. The dependence of dark drop time τ1/2 and relaxation rate of surface potential υ15 on d. 

The barrier layer efficiency increases with d increase 
and this leads to increase of τ1/2 and decrease of υ15. The 
further storage in the solution (txo>5min.) leads to 

undercutting of oxide film as a result of which the 
obtained films are porous ones with defect structure and 
dirty ones. As a result, the oxide film conditions worsen 
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and the efficiency of anti-injection barrier (τ1/2 
decreases, υ15 increases) increases. 

EL photosensitivity is defined by the quantity of 
incident quantums on layer unit of area per definite 
time, i.e. by exposition H=Lτ0  (L is illumination, τ0 is 
time of exposure). Note that near 20% light energy with 
λ=200-2500nm reflects from SEL [6]. The generally 
accepted technique of photosensitivity definition 
doesn’t exist. Sometimes it is estimated by contrast of 
electric latent image, residual potential, semi-drop time 
of initial potential at the given exposure. Last time the 
photosensitivity in foreign literature is defined by the 
value of exposure supplying the drop of initial potential 
from 1000 up to 50V. Sint of investigated SEL defined 
by potential semi-drop in the dependence on d oxide 
film thickness, is shown in Fig.2.  

The curve has the extremal character. 
Sint=0,66(Lx·sec)-1 and it is observed at d≃ 3 µm. The 
further increase leads to strong decrease Sint up to 0,42 
(Lx·sec)-1. 

Fig.2.  The dependence of Sint on d. 

Fig.3. The spectral distribution of SEL photosensitivity  
   at different thicknesses of oxide films. 

The necessity of definition of Sint and Sλ of SEL 
under conditions corresponding to their work in the 
different systems appears very often. As exposure time 
in such conditions is given by system kinematics then 
for Sλ definition by semi-drop criterion it is necessary 

to give the illumination Lλ supplying this criterion at 
different λ. However, these conditions aren’t 
correspond to exploitation ones that’s why it is 
necessary to define the spectral distribution of 
photosensitivity SEL as Sλ=Δu/Lλ·τ0 (Δu is contrast in 
V, Lλ in Vt/m2, τ0≃1c for apparatus EP_300К2 at the 
given sizes of monochromator slot).  

Sλ measurements of SEL with different oxide film 
thickness on substrate reveal the presence of two 
maximums: in blue (λ=410nm) and red (λ=710nm) 
spectrum regions (Fig.3). 

The photosensitivity in blue region weakly 
changes with d increase whereas the photosensitivity in 
the red region changes significantly (≥5 times). 

The exiton-like (bound) electron-hole couples in 
surficial photoreceptor region (in depth ≤1µm) are 
generated at SEL exposure by strongly absorbed light 
(λ≤410nm). The photosensitivity is defined by 
monopolar carrier drift and photoreceptor surficial 
region plays the dominating role, the nature of border 
region of photosemiconductor-substrate region isn’t 
significant.    

The electrons and holes excite from impurity 
layers in the thickness of amorphous selenium at 
illumination of SEL by weakly absorbed light 
(λ>650nm). The electrons drifting to layer surface (it is 
possible the electron attachment) neutralize the positive 
surface charge. The ionized donor centers and captured 
electrons create the volume charge leading the layer 
thickness efficiency corresponding to increase of 
capacity and finally to decrease of surface potential. 
The holes excited in amorphous selenium by weakly 
absorbed light drift to substrate and neutralize the 
negative compensating charge that also leads to 
decrease of surface potential in accompany of 
appearing volume charges taking under consideration 
the above-mentioned phenomena. Besides, the light 
with λ>650nm achieved the trigonal layer, excites the 
electron-hole couples. The holes drifting in the sublayer 
thickness (it is possible their attachment) neutralize the 
compensating charge. The electrons drifting in the 
amorphous selenium neutralize the surface charge. 
Also, it is possible the formation of volume charges, 
capacity change and etc. These phenomena cause SEL 
photosensitivity in red region. In order to avoid the 
volume charge accumulation in photoreceptor leading 
to fatigue effects it is charged in negative crown and 
lighted by white light before beginning of the following 
cycle charge-exposure. As SEL is complex multilayer 
system then for the explanation of extreme change of 
photosensitivity in red region on d it is necessary to take 
under consideration whole phenomenon diversity 
taking place in layer thickness and in border region to 
substrate.    

The dependence of curve maximum of 
photosensitivity spectral distribution Sm of SEL in red 
region on oxide film thickness d is constructed. Sm 
achieves maximum value at d≃ 3µm. Such dependence 
of Sm on d can be caused by the following facts. The 
dense and qualitative oxide film which causes to 
formation of trigonal selenium sublayer homogeneous 
by phase and uniform on thickness, forms and this layer 
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defines Sm in the beginning oxidation process up to 
d≃3µm. Simultaneously, the dense oxide film 
effectively prevents to carriers. The defects, labyrinths 
form in oxide film with further d increase. It enriches 
by impurities and it can inject carriers into layer. The 
sublayer of Se trigonal layer forming on such thin film 
also be heterogeneous, defect and dirty by different 
impurities. All this can lead to the decrease of 
photosensitivity, worsen the layer dark characteristics.  

The transient relaxation phenomena leading to the 
stabilization of structures and parameters take place 

after 20 hours after evaporation of SEL. After long-
term storage of SEL (6 months and more) in ordinary 
conditions and darkness the significant change of Sint 
and Sm aren’t observed. It evidences about the fact that 
the existing changes of structures and properties in 
investigated SEL don’t take place.  

Thus, it is necessary to form the oxide film of 3µm 
thickness on substrate for achieving of optimal dark and 
light parameters of SEL. 
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1. INTRODUCTION 

 
One-dimensional harmonic oscillator is one of the 

attracting problems of the quantum theory that has 
enormous applications in the different scientific 
branches of the modern physics and technologies [1]. 
Exact solubility of this problem within different 
approaches can be considered as its main attractive 
property. Explicit solution of its stationary Schrödinger 
equation within the canonical approach in the position 
or momentum representation is best known case with 
wide applications in physics and mathematics. Here, 
obtaining explicit expressions of the wavefunctions of 
the stationary states and discrete energy spectrum 
formally means exact solution of the problem under 
study. Stationary Schrödinger equation within the 
canonical approach in the position representation leads 
to the second order differential equation, whose 
eigenfunctions vanishing at infinity are wavefunctions 
of the one-dimensional quantum harmonic oscillator 
expressed in terms of the Hermite polynomials and 
eigenvalues are discrete energy spectrum with 
equidistant energy levels spacing [2]. This is not only 
the explicit quantum mechanical realization of the one-
dimensional harmonic oscillator problem with 
wavefunctions vanishing at infinity. Explicit solved 
model of the one-dimensional non-relativistic 
harmonic oscillator is realized within non-canonical 
approach, whose wavefunctions of the stationary states 
are expressed through the generalized Laguerre 
polynomials [3]. Explicit realizations of the quantum 
harmonic oscillator with wavefunctions vanishing at 
infinity within the different relativistic formalisms also 
exist [4-6]. Another approach for exact solution of the 
quantum harmonic oscillator problem with 
wavefunctions vanishing at infinity is study of the 
problem in the discrete position of momentum space. 
Usually, wavefunctions of such models are expressed 
in terms of the finite- or infinite-discrete orthogonal 
polynomials [7-14]. One need to note another 

interesting hybrid model that is realized as quantum 
harmonic oscillator with wavefunctions vanishing at 
infinity and its wavefunctions are expressed by 
Meixner and generalized Laguerre polynomials 
depending on the discreteness or continuous nature of 
the configuration representation [15]. However, 
quantum-mechanical explicit solution of the harmonic 
oscillator problem in the infinite-continuous 
configuration space is still open. It is obvious that the 
wavefunctions of the stationary states of the explicitly 
solved quantum harmonic oscillator should differ from 
above listed models with property of vanish at finite 
region. Some attempts have been done to solve this 
oscillator problem, but all these attempts lead to 
approximate expressions both wavefunctions and 
energy spectrum [16-23]. Taking into account the role 
that such a harmonic oscillator model can play in the 
development of different branches of physics, 
especially, nanotechnologies and low dimensional 
physics, we suppose explicit quantum mechanical 
solution of the harmonic oscillator confined in finite 
region within the framework of the position-dependent 
effective mass formalism. Significance of the position-
dependent effective mass formalism mainly is its 
appearance in quantum-mechanical solutions due to 
experimental data coming from solid state physics and 
necessity of its correct interpretation within quantum 
theory laws. For the first time, [24] used position-
dependent band structure formalism in order to explain 
seminal experiment on the tunneling into 
superconductors [25, 26]. Then, this formalism was 
developed into the assumption that position-dependent 
band structure formalism should be simulated by 
position-dependent effective mass  𝑀𝑀(𝑥𝑥)Based on this 
assumption, the non-relativistic Hermitian kinetic 
energy operator with effective mass varying with 
position was introduced in [27]. It is now known as 
BenDaniel-Duke kinetic energy operator: 

𝐻𝐻�𝑂𝑂𝐵𝐵𝐵𝐵 = 1
2
�̂�𝑝𝑥𝑥

1
𝑀𝑀(𝑥𝑥)

�̂�𝑝𝑥𝑥    (1) 
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Later, one-dimensional model of an abrupt 
heterojunction with the same lattice constant 
throughout the structure was considered theoretically 
with assumption that all primitive lattice cells on two 
opposite sides of the hetero-interface differ from each 
other and another kind of non-relativistic kinetic energy 
operator with position-dependent effective mass was 
introduced as a result of the study of the problem of the 
connection rules for effective-mass wave functions 
across an abrupt heterojunction between two different 
semiconductors [28]. It is known as Zhu-Kroemer 
kinetic energy operator:  

𝐻𝐻�𝑂𝑂𝑍𝑍𝑍𝑍 = − 1
�𝑀𝑀(𝑥𝑥)

�̂�𝑝𝑥𝑥2
1

𝑀𝑀(𝑥𝑥) (2) 

Further, Zhu-Kroemer kinetic energy operator 
formalism was supported as a model of an abrupt 
heterojunction between two different semiconductors 
via more general investigation in [29, 30]. It resulted 
introduction of the more generalized non-relativistic 
Hermitian operator with position-dependent effective 
mass that is known at present as Morrow-Brownstein 
kinetic energy operator: 

𝐻𝐻�𝑂𝑂𝑀𝑀𝐵𝐵 = 1
2
𝑀𝑀𝛼𝛼(𝑥𝑥)�̂�𝑝𝑥𝑥𝑀𝑀𝛽𝛽(𝑥𝑥)�̂�𝑝𝑥𝑥𝑀𝑀𝛼𝛼(𝑥𝑥),   2𝛼𝛼 + 𝛽𝛽 = −1 (3) 

It is obvious that BenDaniel-Duke and Zhu-
Kroemer kinetic energy operators with 𝛼𝛼 = 0 (𝛽𝛽 =
−1) and 𝛼𝛼 = −1

2
 (𝛽𝛽 = 0)are special cases of Morrow-

Brownstein kinetic energy operator. Schrödinger 
equation with position-dependent effective mass 
involving all three listed above kinetic energy operators 
is studied thoroughly in a lot of published works. For 
example, exact solutions of the BenDaniel-Duke 
Schrödinger equation with different potentials are 
obtained for position-dependent effective mass of 
exponential behavior by using coordinate 
transformation method in [31]. Also, [32] generalized 
harmonic oscillator model through explicit solution of 
the corresponding Morrow-Brownstein Schrödinger 
equation with position-dependent effective mass and 
obtains explicit expressions of the wavefunctions of the 
stationary states and energy spectrum. A one-
dimensional harmonic oscillator with position-
dependent effective mass is studied in [33] and 
corresponding BenDaniel-Duke Schrödinger equation 
is solved explicitly in terms of modified Hermite 
polynomials. Position-dependent effective mass 
formalism is not only powerful tool in the solution of 
the Schrödinger equation. For example, the Duffin–
Kemmer–Petiau equation with position-dependent 
mass for relativistic spin-1 particles under Coulomb 
interaction as well as in the presence of Kratzer-type 
potential is also studied analytically leading to 
obtaining asymptotical solutions in terms of the 
eigenvalues and eigenvectors [34, 35]. 

Present paper is structured as follows: in Section 
2, the basic known information about the one-
dimensional quantum harmonic oscillator is presented. 
This information covers explicit expressions of the 
wavefunctions of the stationary states and energy 
spectrum obtained via solution of the non-relativistic 
Schrödinger equation within canonical approach. 
Section 3 is devoted to the solution of the Morrow-
Brownstein Schrödinger equation with position-
dependent effective mass for the confined quantum 
harmonic oscillator model. Explicit expressions of the 
both wavefunctions of the stationary states in terms of 
the Gegenbauer polynomials and non-equidistant 
energy spectrum are presented in this section as well as 
it is shown that obtained wavefunctions possess correct 
orthogonality relations. Brief discussion of the obtained 
results is given in Section 4. It is shown that both 

wavefunctions and energy spectrum correctly recover 
their unconfined expressions under certain limit. 

2. NON-RELATIVISTIC QUANTUM
HARMONIC OSCILLATOR UNDER THE 
CANONICAL APPROACH:
WAVEFUNCTIONS IN TERMS OF 
HERMITE POLYNOMIALS AND 
EQUIDISTANT ENERGY SPECTRUM 

Solution of the non-relativistic quantum harmonic 
oscillator is well known and it is obtained from the 
following stationary Schrödinger equation in position 
representation  

� 𝑝𝑝�𝑥𝑥
2

2𝑚𝑚
+ 𝑉𝑉(𝑥𝑥)�𝜓𝜓(𝑥𝑥) = 𝐸𝐸𝜓𝜓(𝑥𝑥) (4) 

In order to solve this equation, first of all it is 
necessary to define non-relativistic harmonic oscillator 
potential that has the following form: 

𝑉𝑉(𝑥𝑥) = 𝑚𝑚𝜔𝜔2𝑥𝑥2

2
(5) 

Here 𝑚𝑚 and 𝜔𝜔 are position-independent mass and 
angular frequency of the non-relativistic quantum 
harmonic oscillator. Then, it is necessary to define if 
this equation is going to be solved under canonical or 
non-canonical approach. Taking into account that we 
are interested in the solution under the canonical 
approach, then definition of the one-dimensional 
momentum operator under this approach is as follows 

�̂�𝑝𝑥𝑥 = −𝑖𝑖ℏ 𝑑𝑑
𝑑𝑑𝑥𝑥

, (6) 

whose substitution to Schrödinger equation (4) means 
that it is written in the canonical approach. Finally, one 
needs to look for explicit non-relativistic harmonic 
oscillator solutions with vanishing wavefunctions at 
infinity. Then, taking into account this statement and 
both definitions (5) and (6) in eq. (4) one easily obtains 
the following well-known second order differential 
equation: 

𝑑𝑑2𝜓𝜓
𝑑𝑑2𝑥𝑥

+ 2𝑚𝑚
ℏ2
�𝐸𝐸 − 𝑚𝑚𝜔𝜔2𝑥𝑥2

2
�𝜓𝜓 = 0  (7) 
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Explicit solutions allow to obtain eigenfunctions of this equation, which are wavefunctions of the stationary 
states in the position representation 

𝜓𝜓 ≡ 𝜓𝜓𝑛𝑛(𝑥𝑥) = 1
√2𝑛𝑛𝑛𝑛!

�𝑚𝑚𝜔𝜔
𝜋𝜋ℏ
�
1
4 𝑒𝑒

𝑚𝑚𝑚𝑚𝑥𝑥2

2ℏ 𝐻𝐻𝑛𝑛 ��
𝑚𝑚𝜔𝜔
ℏ
𝑥𝑥�, (8) 

and eigenvalues of this equation in terms of discrete equidistant energy spectrum 

𝐸𝐸 ≡ 𝐸𝐸 = ℏ𝜔𝜔 �𝑛𝑛 + 1
2
� , 𝑛𝑛 = 0,1,2, …,  (9) 

where, 𝐻𝐻𝑛𝑛(𝑥𝑥) are Hermite polynomials defined through 𝐹𝐹02  hypergeometric functions as follows [36]: 

𝐻𝐻𝑛𝑛(𝑥𝑥) = (2𝑥𝑥)𝑛𝑛 𝐹𝐹02 �−
𝑛𝑛
2

.−(𝑛𝑛 − 1)/2
−

;− 1
𝑥𝑥2
�  (10) 

Hermite polynomials satisfy the following orthogonality relation: 

1
√𝜋𝜋
∫ 𝑒𝑒−𝑥𝑥2∞
−∞ 𝐻𝐻𝑚𝑚(𝑥𝑥)𝐻𝐻𝑛𝑛(𝑥𝑥)𝑑𝑑𝑥𝑥 = 2𝑛𝑛𝑛𝑛! 𝛿𝛿𝑚𝑚𝑛𝑛, (11) 

therefore, normalized wavefunctions (8) based on (11) also satisfy similar orthogonality relation: 

∫ 𝜓𝜓𝑚𝑚∗ (𝑥𝑥)∞
−∞ 𝜓𝜓𝑛𝑛(𝑥𝑥)𝑑𝑑𝑥𝑥 = 𝛿𝛿𝑚𝑚𝑛𝑛 (12) 

In next section, we are going to generalize these expressions to confined Morrow-Brownstein quantum 
oscillator case. 

3. CONFINED MORROW-BROWNSTEIN
QUANTUM HARMONIC OSCILLATOR:
WAVEFUNCTIONS IN TERMS OF
GEGENBAUER POLYNOMIALS AND
NON-EQUIDISTANT ENERGY
SPECTRUM

We start from the stationary Schrödinger equation
with position-dependent effective mass 𝑀𝑀(𝑥𝑥) and 
introduce confined harmonic oscillator potential as 
follows: 

𝑉𝑉(𝑥𝑥) = �
𝑀𝑀(𝑥𝑥)𝜔𝜔2𝑥𝑥2

2
, −𝑎𝑎 < 𝑥𝑥 < 𝑎𝑎

∞, 𝑥𝑥 = ±𝑎𝑎.
,   (13) 

Taking into account Morrow-Brownstein kinetic 
energy operator (13), it is clear that we need to solve 
the stationary Schrödinger equation with the following 
Hamiltonian: 

𝐻𝐻𝑀𝑀𝐵𝐵 = 1
2
𝑀𝑀𝛼𝛼(𝑥𝑥)�̂�𝑝𝑥𝑥𝑀𝑀𝛽𝛽(𝑥𝑥)�̂�𝑝𝑥𝑥𝑀𝑀𝛼𝛼(𝑥𝑥) + 𝑚𝑚𝜔𝜔2𝑥𝑥2

2
(14) 

We are going to solve the stationary Schrödinger 
equation within canonical approach, therefore, 
substitution of the momentum operator �̂�𝑝𝑥𝑥 (6) to (14) 
and simple straightforward computations lead to the 
following expression of Hamiltonian 𝐻𝐻𝑀𝑀𝐵𝐵: 

𝐻𝐻𝑀𝑀𝐵𝐵 = − ℏ2

2𝑀𝑀
� 𝑑𝑑

2

𝑑𝑑𝑥𝑥2
− 𝑀𝑀′

𝑀𝑀
𝑑𝑑
𝑑𝑑𝑥𝑥

+ 𝛼𝛼 𝑀𝑀′′

𝑀𝑀
− 𝛼𝛼(𝛼𝛼 + 2) �𝑀𝑀

′

𝑀𝑀
�
2
�+ 𝑀𝑀𝜔𝜔2𝑥𝑥2

2
, (15) 

with 𝑀𝑀 ≡ 𝑀𝑀(𝑥𝑥). 
It is clear that defining explicitly position-

dependent effective mass 𝑀𝑀 ≡ 𝑀𝑀(𝑥𝑥), one can try to 
solve explicitly the Schrödinger equation with 
Hamiltonian (15). We require that position-dependent 
effective mass 𝑀𝑀(𝑥𝑥) has to satisfy the following 
conditions: 

• 𝑀𝑀(𝑥𝑥) should recover correct constant mass
𝑚𝑚 at origin of position 𝑥𝑥 = 0 and then under 
the limit 𝑎𝑎 → ∞; 

• Confinement effect at values of position 𝑥𝑥 =
±𝑎𝑎 should be achieved via analytical 

definition of the position-dependent 
effective mass 𝑀𝑀(𝑥𝑥); 

• Stationary Schrödinger equation for the
Hamiltonian 𝐻𝐻𝑀𝑀𝐵𝐵 (15) should be explicitly 
solvable and then its solutions should 
recover non-relativistic Hermite oscillator 
solutions under the limit 𝑎𝑎 → ∞;. 

Based on listed above conditions, we define the 
following analytical expression for the position-
dependent effective mass 𝑀𝑀(𝑥𝑥): 
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𝑀𝑀 ≡ 𝑀𝑀(𝑥𝑥) = 𝑎𝑎2𝑚𝑚
𝑎𝑎2−𝑥𝑥2

(16) 

It is clear that first condition is satisfied easily, 
because, 𝑀𝑀(0) = 𝑚𝑚 as well as 

lim
𝑎𝑎→∞

𝑎𝑎2𝑚𝑚
𝑎𝑎2−𝑥𝑥2

= 𝑚𝑚 (17) 

Concerning second condition, one observes that 
harmonic oscillator potential (13) with position-
dependent effective mass 𝑀𝑀(𝑥𝑥)  (16) possesses the 
correct infinite high walls boundary conditions 

 𝑉𝑉(−𝑎𝑎) = 𝑉𝑉(𝑎𝑎) = ∞  (18) 

Then, we need only to prove the satisfaction of the 
third condition. Therefore, we have to solve explicitly 
stationary Schrödinger equation for the Hamiltonian 
𝐻𝐻𝑀𝑀𝐵𝐵 (15). Simple computations show that 

𝑀𝑀′

𝑀𝑀 =
2𝑥𝑥

𝑎𝑎2 − 𝑥𝑥2 , 
𝑀𝑀′′

𝑀𝑀 =
2𝑥𝑥

𝑎𝑎2 − 𝑥𝑥2 +
8𝑥𝑥2

(𝑎𝑎2 − 𝑥𝑥2)2 

Taking them into account in Hamiltonian 𝐻𝐻𝑀𝑀𝐵𝐵 
(15) we have  

𝐻𝐻𝑀𝑀𝐵𝐵 = − ℏ2

2𝑀𝑀
� 𝑑𝑑

2

𝑑𝑑𝑥𝑥2
− 2𝑥𝑥

𝑎𝑎2−𝑥𝑥2 
𝑑𝑑
𝑑𝑑𝑥𝑥

+ 2𝛼𝛼
𝑎𝑎2−𝑥𝑥2

− 4𝛼𝛼2𝑥𝑥2

(𝑎𝑎2−𝑥𝑥2)2 
�+ 𝑀𝑀𝜔𝜔2𝑥𝑥2

2
, (19) 

Corresponding Schrödinger equation becomes the following second order differential equation: 

� 𝑑𝑑
2

𝑑𝑑𝑥𝑥2
− 2𝑥𝑥

𝑎𝑎2−𝑥𝑥2 
𝑑𝑑
𝑑𝑑𝑥𝑥

+ 2𝛼𝛼
𝑎𝑎2−𝑥𝑥2

− 4𝛼𝛼2𝑥𝑥2

(𝑎𝑎2−𝑥𝑥2)2 
� 𝜓𝜓 + � 𝑐𝑐0

𝑎𝑎2−𝑥𝑥2
− 𝑐𝑐2

(𝑎𝑎2−𝑥𝑥2)2
�𝜓𝜓 = 0, (20) 

with 𝑐𝑐0 = 2𝑚𝑚𝑎𝑎2𝐸𝐸
ℏ2

and 𝑐𝑐2 = 𝑚𝑚2𝜔𝜔2𝑎𝑎4

ℏ2
. 

Now, introduction of the dimensionless variable 
𝜉𝜉 = 𝑥𝑥

𝑎𝑎
 with 𝑑𝑑

𝑑𝑑𝑥𝑥
= 1

𝑎𝑎
𝑑𝑑
𝑑𝑑𝜉𝜉

and 𝑑𝑑2

𝑑𝑑𝑥𝑥2
= 1

𝑎𝑎2
𝑑𝑑2

𝑑𝑑𝜉𝜉2
 leads to the 

following second order differential equation: 

𝜓𝜓′′ + 𝜏𝜏�
𝜎𝜎
𝜓𝜓′ + 𝜎𝜎�

𝜎𝜎2
𝜓𝜓 = 0 (21) 

Here 
�̃�𝜏 = −2𝜉𝜉, (22) 

𝜎𝜎 = 1 − 𝜉𝜉2, (23) 
and 

𝜎𝜎� = (2𝛼𝛼 + 𝑐𝑐0) − (4𝛼𝛼2 + 2𝛼𝛼 + 𝑐𝑐0 + 𝑐𝑐2)𝜉𝜉2
(24) 

We apply Nikiforov-Uvarov method for solution 
of eq.(21). This method is applicable to differential 
equations with 𝜎𝜎 and 𝜎𝜎� being polynomials at most of 
second degree and �̃�𝜏  being a polynomial at most of first 
degree [37]. We look for solution of eq.(21) as follows: 

𝜓𝜓 = 𝜑𝜑(𝜉𝜉)𝑦𝑦 (25) 

Here, 𝜑𝜑(𝜉𝜉) is defined by the following manner: 

𝜑𝜑(𝜉𝜉) = 𝑒𝑒∫
𝜋𝜋(𝜉𝜉)
𝜎𝜎(𝜉𝜉)𝑑𝑑𝜉𝜉, (26) 

with 𝜋𝜋(𝜉𝜉) also being a polynomial at most of first 
degree. 

Simple computations with substitution of (25) in 
eq.(21) lead to the following differential equation for 
𝑦𝑦: 

𝑦𝑦′′ + 𝜏𝜏�
𝜎𝜎
𝑦𝑦′ + 𝜎𝜎�

𝜎𝜎2
𝑦𝑦 = 0 (27) 

Here 

𝜏𝜏 = 2𝜋𝜋 + �̃�𝜏, (28) 

And 

𝜎𝜎� = 𝜎𝜎� + 𝜋𝜋2 + 𝜋𝜋(𝜎𝜎� − 𝜎𝜎′) + 𝜋𝜋′𝜎𝜎 (29) 

Already, the function 𝜋𝜋(𝜉𝜉) has been defined as a 
polynomial at most of first degree. We are going to 
choose the coefficients of 𝜋𝜋(𝜉𝜉)  in 𝜎𝜎� (29) will be 
divisible by 𝜎𝜎 as follows: 

𝜎𝜎� = 𝜆𝜆𝜎𝜎  (30) 

Then, we have to obtain explicit expression of 
𝜋𝜋(𝜉𝜉)  by solving the following quadratic equation: 

𝜋𝜋2 + 𝜋𝜋(𝜎𝜎� − 𝜎𝜎′) + 𝜎𝜎� − 𝜇𝜇𝜎𝜎 = 0, (31) 

with definition 𝜇𝜇 = 𝜆𝜆 − 𝜋𝜋′. Taking into account that 
�̃�𝜏 − 𝜎𝜎′ = 0, quadratic equation (31) will be simplified 
as follows:  

𝜋𝜋2 + 𝜎𝜎� − 𝜇𝜇𝜎𝜎 = 0    (32) 

Its solution in general can be written as 
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𝜋𝜋 = 𝜀𝜀�(𝜇𝜇 − 2𝛼𝛼 − 𝑐𝑐0) + (4𝛼𝛼2 + 2𝛼𝛼 + 𝑐𝑐0 + 𝑐𝑐2 − 𝜇𝜇)𝜉𝜉2, 𝜀𝜀 = ±1 

Two cases (four solutions) satisfy the condition 
for 𝜋𝜋(𝜉𝜉)  being a polynomial at most of first degree: 

𝜋𝜋(𝜉𝜉)  = �
𝜀𝜀𝜀𝜀𝜉𝜉,  𝜇𝜇 = 2𝛼𝛼 + 𝑐𝑐0
𝜀𝜀𝜀𝜀,  𝜇𝜇 = 4𝛼𝛼2 + 2𝛼𝛼 + 𝑐𝑐0 + 𝑐𝑐2

(33) 

where, 𝜀𝜀 = �(4𝛼𝛼2 + 𝑐𝑐2). Finding explicit expressions 
of functions 𝜋𝜋(𝜉𝜉)  and 𝜎𝜎(𝜉𝜉) now one can also obtain 
explicit expression of 𝜑𝜑(𝜉𝜉) from (26). Through simple 
computations we obtain that 𝜑𝜑(𝜉𝜉) = (1 − ξ2)−

1
2𝜀𝜀𝜀𝜀 for 

case 𝜇𝜇 = 2𝛼𝛼 + 𝑐𝑐0 and 𝜑𝜑(𝜉𝜉) = (1+𝜉𝜉
1−𝜉𝜉

)
1
2𝜀𝜀𝜀𝜀 for case 𝜇𝜇 =

4𝛼𝛼2 + 2𝛼𝛼 + 𝑐𝑐0 + 𝑐𝑐2. 
Finiteness property of the wavefunction at points 

𝜉𝜉 + ±1 (or 𝑥𝑥 = ±𝑎𝑎) (i.e., lim
𝜉𝜉→±1

𝜑𝜑(𝜉𝜉) = 0 should be 

satisfied at all) requires that the case 𝜇𝜇 = 2𝛼𝛼 + 𝑐𝑐0 
should be chosen and  the condition 𝜀𝜀 = −1 should be 
satisfied for 𝜑𝜑(𝜉𝜉). These consequences lead to the 
following final expressions of 𝜋𝜋(𝜉𝜉)   and 𝜑𝜑(𝜉𝜉): 

𝜋𝜋 = −𝜀𝜀𝜉𝜉 = −�4𝛼𝛼2 + 𝑐𝑐2 𝜉𝜉, 

𝜑𝜑(𝜉𝜉) = (1 − 𝜉𝜉2)
𝜀𝜀
2 

Now, one can easily compute multiplier 
𝜆𝜆 introduced in (30): 

𝜆𝜆 = 2𝛼𝛼 + 𝑐𝑐0 − 𝜀𝜀. 

Eq.(27) via substitution of (30) will have the 
following simpler form: 

𝜎𝜎𝑦𝑦′′ + 𝜏𝜏𝑦𝑦′ + 𝜆𝜆𝑦𝑦 = 0. 

Taking into account that 𝜏𝜏 also can be easily 
computed from (28) and it is equal to 

𝜏𝜏 = −2(𝜀𝜀 + 1)𝜉𝜉, 

then, we need to look for the polynomial solution of 
the equation 

(1 − 𝜉𝜉2)𝑦𝑦′′ − 2(𝜀𝜀 + 1)𝜉𝜉𝑦𝑦′ + (2𝛼𝛼 + 𝑐𝑐0 − 𝜀𝜀)𝑦𝑦 = 0  (34) 

Comparing eq.(34) with the following second order differential equation for the Gegenbauer polynomials 
[36] 

(1 − 𝑥𝑥2)𝑦𝑦′′���� − �2�̅�𝜆 + 1�𝑥𝑥𝑦𝑦′� + 𝑛𝑛�𝑛𝑛 + 2�̅�𝜆�𝑦𝑦� = 0,𝑦𝑦� = 𝐶𝐶𝑛𝑛𝜆𝜆
�(𝑥𝑥),

we obtain the following non-equidistant energy spectrum 

𝐸𝐸 ≡ 𝐸𝐸𝑛𝑛𝑀𝑀𝐵𝐵 = ℏ�𝜔𝜔2 + 4𝛼𝛼2ℏ2

𝑚𝑚2𝑎𝑎4
�𝑛𝑛 + 1

2
� + ℏ2

2𝑚𝑚𝑎𝑎2
(𝑛𝑛2 + 𝑛𝑛 − 2𝛼𝛼),  (35) 

and wavefunctions of the stationary states 

𝜓𝜓 ≡ 𝜓𝜓𝑛𝑛𝑀𝑀𝐵𝐵(𝑥𝑥) = 𝐶𝐶𝑛𝑛𝑀𝑀𝐵𝐵 �1 − 𝑥𝑥2

𝑎𝑎2
�
1
2
�𝑚𝑚

2𝑚𝑚2𝑎𝑎4

ℏ2
+4𝛼𝛼2

𝐶𝐶𝑛𝑛
�𝑚𝑚

2𝑚𝑚2𝑎𝑎4

ℏ2
+4𝛼𝛼2+12 �𝑥𝑥

𝑎𝑎
�,  (36) 

Where 𝐶𝐶𝑛𝑛𝜆𝜆
�(𝑥𝑥) are Gegenbauer polynomials defined in terms of the 𝐹𝐹12  hypergeometric functions as 

follows: 

𝐶𝐶𝑛𝑛𝜆𝜆
�(𝑥𝑥) =

�2𝜆𝜆��𝑛𝑛
𝑛𝑛!

𝐹𝐹12 �−𝑛𝑛,𝑛𝑛+2𝜆𝜆�
𝜆𝜆�+1/2 ; 1−𝑥𝑥

2
� , �̅�𝜆 ≠ 0   (37) 

and the normalization factor 𝐶𝐶𝑛𝑛𝑀𝑀𝐵𝐵 being equal to 

𝐶𝐶𝑛𝑛𝑀𝑀𝐵𝐵 = 2�
𝑚𝑚2𝑚𝑚2𝑎𝑎4

ℏ2
+4𝛼𝛼2Г ��𝑚𝑚2𝜔𝜔2𝑎𝑎4

ℏ2
+ 4𝛼𝛼2 + 1

2
��

�𝑛𝑛+�𝑚𝑚
2𝑚𝑚2𝑎𝑎4

ℏ2
+4𝛼𝛼2+12�𝑛𝑛!

𝜋𝜋𝑎𝑎Г(𝑛𝑛+2�𝑚𝑚
2𝑚𝑚2𝑎𝑎4

ℏ2
+4𝛼𝛼2+1)

(38) 

is defined from the orthogonality relation for Gegenbauer polynomials 𝐶𝐶𝑛𝑛𝜆𝜆
�(𝑥𝑥) of the following form 
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� (1 − 𝑥𝑥2)𝜆𝜆�−
1
2

1

−1
𝐶𝐶𝑚𝑚𝜆𝜆
� (𝑥𝑥)𝐶𝐶𝑛𝑛𝜆𝜆

�(𝑥𝑥)𝑑𝑑𝑥𝑥 =
𝜋𝜋Г(𝑛𝑛 + 2�̅�𝜆)21−2𝜆𝜆�

�Г��̅�𝜆��
2�𝑛𝑛 + �̅�𝜆�𝑛𝑛!

𝛿𝛿𝑛𝑛𝑚𝑚, 

that is valid within preliminary conditions �̅�𝜆 > −1
2
 and 

�̅�𝜆 = 0. Therefore, wavefunctions of the stationary 
states in the position representation (36) are also 
orthogonal in the finite range −𝑎𝑎 < 𝑥𝑥 < 𝑎𝑎: 

∫ [𝜓𝜓𝑚𝑚𝑀𝑀𝐵𝐵(𝑥𝑥)]∗𝑎𝑎
−𝑎𝑎 𝜓𝜓𝑛𝑛𝑀𝑀𝐵𝐵(𝑥𝑥) = 𝛿𝛿𝑛𝑛𝑚𝑚 (40) 

As well as explicit expressions of the energy 
spectrum (35) and the wavefunctions (36) are obtained, 
this proves exactly solubility of the quantum system 
under consideration within that we already defined 
position-dependent effective mass 𝑀𝑀(𝑥𝑥). We will 
discuss their behaviour as well as correct limit 
conditions under the limit 𝑎𝑎 → ∞ below. 

4. DISCUSSIONS AND CONCLUSIONS

Taking into account that both energy spectrum 
and wavefunctions of the stationary states of the 
confined oscillator problem under study are known 
explicitly, one can discuss their different properties and 
special case behaviour. First of all, First of all, obtained 
energy spectrum (35) is not equidistant. This property 
is its main difference from the energy spectrum of the 
Hermite oscillator. We note in introduction that 
Morrow-Brownstein kinetic energy operator depends 

from the parameter 𝛼𝛼 that is bounded with another 
parameter 𝛽𝛽 via the restriction 2𝛼𝛼 + 𝛽𝛽 = −1. This is 
only the restriction for 𝛼𝛼 parameter, therefore, its 
appearance under square root in first term of the 
expression of the energy spectrum (35) drastically 
changes its behaviour. We briefly note that for 

imaginary values of 𝛼𝛼 square root �𝜔𝜔2 + 4𝛼𝛼2ℏ2

𝑚𝑚2𝑎𝑎4
 can be 

also imaginary and this case with complex energy 
spectrum would have further attractive applications. 
Another important property of the non-equidistant 
energy spectrum of the Morrow-Brownstein model is 
that there is restriction on its positivity that 
mathematically can be written as 

2𝜀𝜀𝑒𝑒𝑛𝑛 > 𝑒𝑒𝑛𝑛2 − 2𝛼𝛼 −
1
4

, 

with 𝑒𝑒𝑛𝑛 = 𝐸𝐸𝑛𝑛 ℏ𝜔𝜔⁄ . 

Already (17) proves correct limit of position-
dependent mass to homogeneous one at 𝑎𝑎 → ∞. Similar 
limit relation exists for energy spectrum (35) that is the 
following: 

lim
𝑎𝑎→∞

𝐸𝐸𝑛𝑛𝑀𝑀𝐵𝐵 =  ℏ𝜔𝜔 �𝑛𝑛 + 1
2
� = 𝐸𝐸𝑛𝑛  (41) 

Fig. 1. Confined quantum harmonic oscillator potential  (13) and behaviour of the  corresponding non-equidistant energy levels 
  (35) at value of the confinement parameter 𝑎𝑎 = 2 and probability densities |𝜓𝜓𝑛𝑛𝑀𝑀𝐵𝐵(𝑥𝑥)|2 of the  ground and a) 3 excited 
  states for value of the parameter 𝛼𝛼 = −5; b) 6 excited states for value of the parameter 𝛼𝛼 = −0.5; c) 6 excited states   
  for value of the parameter 𝛼𝛼 = −0.5; d) 4 excited states for value of the parameter 𝛼𝛼 = 5 (𝑚𝑚 = 𝜔𝜔 = ℏ = 1). 

The limit between the confined and Hermite 
oscillators wavefunctions (36) and (8) is satisfied, too. 
Correctness of this limit is based on the existence of the 
following limit relation between Gegenbauer 
polynomials 𝐶𝐶𝑛𝑛𝜆𝜆

�(𝑥𝑥) and Hermite polynomials 𝐻𝐻𝑛𝑛(𝑥𝑥) 
[36]: 

lim
𝑎𝑎→∞

�̅�𝜆−
1
2𝑛𝑛𝐶𝐶𝑛𝑛

(𝜆𝜆�+12)
� 𝑥𝑥
�𝜆𝜆�
� = 𝐻𝐻𝑛𝑛(𝑥𝑥)

𝑛𝑛!
  (42) 

Thanks to this limit relation, wavefunctions of the 
stationary states of the Morrow-Brownstein confined 
quantum harmonic oscillator with a position-dependent 
effective mass 𝜓𝜓𝑛𝑛𝑀𝑀𝐵𝐵(𝑥𝑥) (36) reduce to wavefunctions of 
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the stationary states of the Hermite oscillator potential 
𝜓𝜓𝑛𝑛(𝑥𝑥) (8) under the following limit relation: 

 
lim
𝑎𝑎→∞

𝜓𝜓𝑛𝑛𝑀𝑀𝐵𝐵(𝑥𝑥) =𝜓𝜓𝑛𝑛(𝑥𝑥)    (43) 
 

Following asymptotics and limit relations can be 
useful during derivation of (43): 

 

Г
|𝑧𝑧|→∞

≃ �2𝜋𝜋
𝑧𝑧
𝑒𝑒𝑧𝑧𝑧𝑧𝑛𝑛𝑧𝑧−𝑧𝑧, 

 
 
 

 
Г��𝜆𝜆�2+4𝛼𝛼2+1 2⁄ �

𝜆𝜆�→∞
≃ √2𝜋𝜋𝑒𝑒𝜆𝜆�𝑧𝑧𝑛𝑛𝜆𝜆�−𝜆𝜆�, �̅�𝜆 = 𝑚𝑚𝜔𝜔𝑎𝑎2

ℏ
,    

    

Г �𝑛𝑛 + 2��̅�𝜆2 + 4𝛼𝛼2 + 1�

�̅�𝜆 → ∞
≃ 2𝑛𝑛�4𝜋𝜋�̅�𝜆𝑒𝑒�2𝜆𝜆�+𝑛𝑛�𝑧𝑧𝑛𝑛𝜆𝜆�−2𝜆𝜆�+2𝜆𝜆�𝑧𝑧𝑛𝑛2, 

 

lim
𝜆𝜆�→∞

�̅�𝜆
𝑛𝑛
2𝑐𝑐𝑛𝑛𝑀𝑀𝐵𝐵 = 𝑐𝑐0� �

𝑛𝑛!
2𝑛𝑛

, 𝑐𝑐0� = �
𝑚𝑚𝜔𝜔
𝜋𝜋ℏ

�
1
4, 

 

lim
𝜆𝜆�→∞

�1 −
𝑥𝑥2

𝑎𝑎2�

1
2
�𝜆𝜆�2+4𝛼𝛼2

= 𝑒𝑒−
𝑚𝑚𝜔𝜔𝑥𝑥2
2ℏ  

 

 
Fig. 2.  Dependence of the non-equidistant energy levels (35) from the confinement parameter 𝑎𝑎 for the ground  
           and 10 excited states (𝑚𝑚 = 𝜔𝜔 = ℏ = 1): a) 𝛼𝛼 = − 1

2
; b) 𝛼𝛼 = 0; c) 𝛼𝛼 = 1

2
; and d) dependence of ground state              

          energy level from the 𝛼𝛼 parameter for values of  𝑎𝑎 = 0.4 
 

In fig.1, we depicted confined quantum harmonic 
oscillator potential (13) and behaviour of the 
corresponding non-equidistant energy levels (35) at 
value of the confinement parameter 𝑎𝑎 = 2 and 
probability densities |𝜓𝜓𝑛𝑛𝑀𝑀𝐵𝐵(𝑥𝑥)|2 of the ground and a) 3 
excited states for value of the parameter 𝛼𝛼 = −5; b) 6 
excited states for value of the parameter 𝛼𝛼 = −0.5; c) 
6 excited states for value of the parameter 𝛼𝛼 = 0.5; d) 
4 excited states for value of the parameter 𝛼𝛼 = 5 (𝑚𝑚 =

𝜔𝜔 = ℏ = 1). Dependence of the non-equidistant 
energy levels (35) from the confinement parameter 𝑎𝑎 
for the ground and 10 excited states: a) 𝛼𝛼 = − 1

2
; b) 𝛼𝛼 =

0; c) 𝛼𝛼 = 1
2
; and d) dependence of ground state energy 

level from the 𝛼𝛼 parameter for values of 𝑎𝑎 = 0.4 are 
presented in fig.2 (all plots are depicted in 𝑚𝑚 = 𝜔𝜔 =
ℏ = 1 system). Depicting dependence of the non-
equidistant energy levels from the confinement 
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parameter 𝑎𝑎 we observed that behaviour of the ground 
state for different values of 𝛼𝛼 is completely different. 
Therefore, we decided to make a plot of the dependence 
of ground state energy level from parameter 𝛼𝛼 for 
different values of the confinement parameter 𝑎𝑎. We 
observe that for some positive values of parameter 𝛼𝛼, 
ground state energy can reduce to zero. This happens 
due to existence of parameter 𝛼𝛼 in both terms of the 
energy spectrum expression. In fig.1 we also observe 
how infinite high walls appear for harmonic oscillator 
depending on value of 𝑎𝑎 and of course, we provide 
probability densities |𝜓𝜓𝑛𝑛𝑀𝑀𝐵𝐵(𝑥𝑥)|2 corresponding energy 
levels aiming to exhibit their behaviour within 
confinement effect. Due to that, we fix confinement 

parameter 𝑎𝑎 in our plots at value 𝑎𝑎 = 2, infinite walls 
also appear at values of position 𝑥𝑥 = ±2. 

One can extend this discussion, however, 
important point here is demonstration of exactly 
solubility of the quantum harmonic oscillator with 
Morrow-Brownstein kinetic energy operator under the 
confinement effect and obtaining explicit expressions 
of the wavefunctions of stationary states and energy 
spectrum through solution of the corresponding 
Schrödinger equation. Method applied here can be 
generalized further for one-dimensional relativistic 
confined oscillator systems, which also can exhibit 
surprising results both for physics and mathematics 
applications. 
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The dynamic behaviors  are studied, within a mean-field approach,  in the kinetic mixed spin (1/2, 1) Ising nanowire 
system with core-shell structure under the presence of a time varying (cosinusoidal) magnetic field by using the Glauber-type 
stochastic dynamics. The time variations of the average shell and core magnetizations are investigated to obtain the phases in 
the system. In order to determine the behaviors of time variotions of the average magnetization, the stationary solutions of the 
dynamic effective filed coupled equations have been studied for various values of interaction parameters, temperature and 
external magnetic field.  It has been determined that the system contain paramagnetic (p), ferrimagnetic (i), nonmagnetic (nm) 
phases, and also coexistence  regions, which strongly depend on interaction parameters.  
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1. INTRODUCTION

Researchers have made great efforts analytically 
[1], experimentally [2] and computer simulations [3] to 
provide a better understanding of the magnetic 
behavior of nanowires. Theoretically, the Ising model 
with a core /shell structure has been accepted in the 
literature to explain many characteristic phenomena in 
magnetic nanomaterials, such as magnetic 
nanoparticles, nanotubes and nanowires, and has begun 
to be applied in many fields [4-9]. Moreover, the 
magnetic behaviors of various magnetic nanowires 
have been investigated in detail using mean field 
approach [10], correlated effective field theory [11], 
Green function formalism [12], Bethe Peierls approach 
[13], Monte Carlo simulation (MCS) [14] and  others 
statistical physics methods. More recently, Boughrara 
et al. [15] investigated the phase diagrams and magnetic 
behaviors of the mixed spin (1/2, 1) Ising nanowire and 
obtained phase diagrams that displayed very rich 
critical behaviors, such as first-, second-order phase 
transitions, compensation temperatures, depending on 
the interaction parameters. Albayrak [16] studied the 
Ising nanowire system with core-shell structure mixed 
spin (1/2, 1) in the Bethe weave, and the resulting phase 
diagrams showed first-, second-order phase transitions 
and triple critical point behavior. 

Although enough studies have been done to 
understand the balance properties of nanostructured 
systems using the Ising model, there have not been 
enough studies for its dynamic properties and 
especially in recent years, the dynamic properties of 
these nanostructured systems have been started to be 
studied. Dynamic phase transitions of cylindrical Ising 
nanowires under the oscillating outer magnetic field for 
the ferromagnetic and antiferromagnetic interaction 
parameters were investigated using Glauber-type 

stochastic dynamic based  effective field theory  [17-
19]. 

In this paper, the dynamic behavior of the mixed 
spin (1/2, 1) Ising nanowire system will be examined 
using the mean-area dynamic and Glauber-type 
stochastic dynamic. In order to find the phases, present 
in the system, time dependent behaviors of the average 
order parameters will be examined. Thus, it will be 
possible to interpret dynamic phase transitions and 
dynamic phase diagrams of the mixed spin (1/2, 1) 
Ising nanowire system, which is one of the main 
objectives of this paper.  

2. DESCRIPTION OF THE METHOD AND
MODEL

Glauber-type stochastic dynamic based mean 
field approach method is used to investigate the 
dynamic magnetic behavior of complex spin systems 
such as ferrimagnetic mixed spin (1/2, 1) Ising 
nanowire. The schematic representation with 
rectangular structure that will be used in this paper   is 
given in figure 1.   

The model of interest is alternatively composed of 
three repetitive substrates, A, 𝐵𝐵 and 𝐶𝐶. The first 
substrate A, belonging to the spin-1/2 magnetic atoms 
in the core, takes the values of ± 1/2. The other two 
substrates B and C, take the values of ± 1, 0, and the S 
spins in the shell take the values of spin-1. The core of 
the core is occupied by the σ spins, while the shell is 
surrounded by the S spins. Hamiltonian expression of 
the cylindrical mixed spin (1/2, 1) Ising nanowire 
system, which includes the closest neighbor 
interactions, the term crystalline or single ion 
anisotropy, and the term dependent outer magnetic field 
is defined as 

𝐻𝐻 = −𝐽𝐽 ∑
<𝑖𝑖𝑖𝑖>

𝜎𝜎𝑖𝑖𝜎𝜎𝑖𝑖 − 𝐽𝐽 ∑
<𝑖𝑖𝑖𝑖>

𝜎𝜎𝑖𝑖𝑆𝑆𝑖𝑖  -  𝐽𝐽𝑠𝑠 ∑
<𝑖𝑖𝑚𝑚>

𝑆𝑆𝑖𝑖𝑆𝑆𝑚𝑚- D ∑
<𝑖𝑖>

𝑆𝑆𝑖𝑖2  + h(t)� ∑
<𝑖𝑖>

𝜎𝜎𝑖𝑖 + ∑
<𝑖𝑖>

𝑆𝑆𝑖𝑖�   (1) 
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Fig. 1. Model of simple cubic rectangular nanowires. The nanowires are infinite in the direction to the axes z 

where 𝜎𝜎 = ± 1 2⁄ ,    𝑆𝑆 = ±1, 0.  The sum of  < 𝑖𝑖𝑖𝑖 > , 
< 𝑖𝑖𝑖𝑖 >  and < 𝑖𝑖𝑚𝑚 >  means that the adjacent spins 
between the core, core-shell, and at the shell surface.  𝐽𝐽 
is the exchange coupling between spins labeled 9 and 
its nearest neighbors, and 𝐽𝐽𝑠𝑠 is that between surface 
spins. 𝐷𝐷 denotes the crystal-field or single-ion 
anisotropy interaction term, and ℎ(𝑡𝑡) = ℎ0𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡  is the 
time-dependent oscillating external magnetic field.   
Since the atoms on the surface of the shell have a great 
influence on the physical properties of nanostructured 
materials, the term of the bi-linear interaction between 
magnetic atoms on the surface of the nanostructured 
materials is defined as follows    𝐽𝐽𝑠𝑠 = 𝐽𝐽(1 + ∆𝑠𝑠). 

In the presence of time-dependent oscillating 
external magnetic, we will use the Glauber dynamics 
and use the Master equation to obtain the mean-field 
dynamic equations describing the dynamic behavior of 
the system for the mixed spin (1/2, 1) Ising nanowire 

system. The mixed spin (1/2, 1) Ising nanowire system 
changes at a rate of 1 / τ per unit time according to the 
Glauber-type stochastic dynamic. When the spins in the 
substrates B and C remain constant, at time t, the 
probability function when the system has the spin 
configuration 𝜎𝜎1,𝜎𝜎2, … ,𝜎𝜎𝑖𝑖, . . ,𝜎𝜎𝑁𝑁  is defined by 
𝑃𝑃𝐴𝐴�𝜎𝜎1,𝜎𝜎2, … ,𝜎𝜎𝑖𝑖, . . ,𝜎𝜎𝑁𝑁, 𝑡𝑡�. When the spins on the A and 
C substrates remain constant, the probability function 
at  time t of the system when it has the spin 
configuration 𝑆𝑆1, 𝑆𝑆2, … , 𝑆𝑆𝑖𝑖, . . , 𝑆𝑆𝑁𝑁 is defined by 
𝑃𝑃𝐵𝐵�𝑆𝑆1, 𝑆𝑆2, … ,𝑆𝑆𝑖𝑖 , . . ,𝑆𝑆𝑁𝑁 , 𝑡𝑡�. Finally, when the spins on 
the substrates A and B remain constant, the probability 
function at time t of the system is defined by 
𝑃𝑃𝐶𝐶�𝑆𝑆1, 𝑆𝑆2, … ,𝑆𝑆𝑖𝑖 , . . ,𝑆𝑆𝑁𝑁 , 𝑡𝑡�.  

Considering that the spins in the B and C 
substrates  are fixed for a moment, the master equation 
for the substrates A is writen as 

𝑑𝑑
𝑑𝑑𝑑𝑑
𝑃𝑃𝐴𝐴�𝜎𝜎1,𝜎𝜎2, … ,𝜎𝜎𝑖𝑖 , . . ,𝜎𝜎𝑁𝑁, 𝑡𝑡� = −∑

𝑖𝑖
�𝑤𝑤𝑖𝑖�𝜎𝜎𝑖𝑖 → −𝜎𝜎𝑖𝑖��𝑃𝑃𝐴𝐴�𝜎𝜎1,𝜎𝜎2, … ,𝜎𝜎𝑖𝑖 , . . ,𝜎𝜎𝑁𝑁, 𝑡𝑡�+ 

+∑
𝑖𝑖
�𝑤𝑤𝑖𝑖�−𝜎𝜎𝑖𝑖 → 𝜎𝜎𝑖𝑖�𝑃𝑃𝐴𝐴�𝜎𝜎1,𝜎𝜎2, … ,−𝜎𝜎𝑖𝑖, . . ,𝜎𝜎𝑁𝑁, 𝑡𝑡��  (2) 

Here 𝑤𝑤𝑖𝑖�𝜎𝜎𝑖𝑖 → −𝜎𝜎𝑖𝑖� is the probability that the spin of 
𝑖𝑖th will change from  𝜎𝜎𝑖𝑖  state to −𝜎𝜎𝑖𝑖 state per unit time. 
Using the canonical set probability distribution 
expression probability 𝑤𝑤𝑖𝑖�𝜎𝜎𝑖𝑖 → −𝜎𝜎𝑖𝑖� can be written as  

𝑤𝑤𝑖𝑖�𝜎𝜎𝑖𝑖 → −𝜎𝜎𝑖𝑖� = 1
𝜏𝜏

exp [−𝛽𝛽∆𝐸𝐸(𝜎𝜎𝑗𝑗→−𝜎𝜎𝑗𝑗)]
exp�−𝛽𝛽∆𝐸𝐸�𝜎𝜎𝑗𝑗→−𝜎𝜎𝑗𝑗��+1

  (3) 

Here, 𝛽𝛽 = 1 𝑘𝑘𝐵𝐵𝑇𝑇⁄  , T is the absolute temperature 
and 𝑘𝑘𝐵𝐵 is the Boltzmann constant.  The change in 
energy corresponding to following situation 

∆𝐸𝐸�𝜎𝜎𝑖𝑖 → −𝜎𝜎𝑖𝑖� = 𝐸𝐸�−𝜎𝜎𝑖𝑖� − 𝐸𝐸�𝜎𝜎𝑖𝑖� = 2𝜎𝜎𝑖𝑖𝑥𝑥 

∆𝐸𝐸�−𝜎𝜎𝑖𝑖 → 𝜎𝜎𝑖𝑖� = 𝐸𝐸�𝜎𝜎𝑖𝑖� − 𝐸𝐸�−𝜎𝜎𝑖𝑖� = −2𝜎𝜎𝑖𝑖𝑥𝑥 

where 
 𝑥𝑥 = 2𝐽𝐽< 𝜎𝜎𝑖𝑖 > +4𝐽𝐽 ∑

<𝑖𝑖,𝑖𝑖>
𝑆𝑆𝑖𝑖 + ℎ(𝑡𝑡) 

If these energy change expressions found are 
substituted in the equation (3), 𝑤𝑤𝑖𝑖�𝜎𝜎𝑖𝑖 → −𝜎𝜎𝑖𝑖� 
probability densities 

𝑤𝑤𝑖𝑖 �
1
2
→ −1

2
� = 1

2𝜏𝜏
exp [−𝛽𝛽𝑥𝑥 2⁄ )]
cosh [𝛽𝛽𝑥𝑥 2⁄ )]

 (4a) 

𝑤𝑤𝑖𝑖 �−
1
2
→ 1

2
� = 1

2𝜏𝜏
exp [𝛽𝛽𝑥𝑥 2⁄ )]
cosh [𝛽𝛽𝑥𝑥 2⁄ )]

  (4b) 

Using the master equation, the general average-area 
dynamic equation for sub-A is obtained as follows: 

𝜏𝜏 𝑑𝑑
𝑑𝑑𝑑𝑑

< 𝜎𝜎𝑖𝑖 >= −< 𝜎𝜎𝑖𝑖 > + 1
2

tanh [𝛽𝛽 𝑥𝑥 2⁄ )] (5) 

If we make substitutions 𝑖𝑖𝑐𝑐 =< 𝜎𝜎𝑖𝑖 >𝐴𝐴,   𝑖𝑖𝑠𝑠1 =
< 𝑆𝑆𝑖𝑖 >𝐵𝐵 ,  𝛺𝛺 = 𝜏𝜏𝑐𝑐  and   𝜉𝜉 = 𝑐𝑐𝑡𝑡,  then we can write 
equation (5) as follows  
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𝛺𝛺 𝑑𝑑
𝑑𝑑𝑑𝑑
𝑖𝑖𝑐𝑐 = −𝑖𝑖𝑐𝑐 + 1

2
tanh�𝛽𝛽 �2𝐽𝐽𝑖𝑖𝑐𝑐 + 4𝐽𝐽𝑖𝑖𝑠𝑠1 + ℎ(𝜉𝜉)� 2⁄ � (6) 

In the mixed spin (1/2, 1) Ising nanowire system, considering the spin in the A and C substrates remains constant 
for one, we can also obtain the average area dynamic equations for the B substrate  using similar calculations as 
below. In this case, the master equation for B substrate 

𝑑𝑑
𝑑𝑑𝑑𝑑
𝑃𝑃𝐵𝐵�𝑆𝑆1, 𝑆𝑆2, … , 𝑆𝑆𝑖𝑖 , . . , 𝑆𝑆𝑁𝑁, 𝑡𝑡� = −∑

𝑖𝑖
∑

𝑆𝑆𝑗𝑗≠𝑆𝑆𝑗𝑗
′
𝑤𝑤𝑖𝑖𝐵𝐵�𝑆𝑆𝑖𝑖 → 𝑆𝑆𝑖𝑖′� 𝑃𝑃𝐵𝐵(𝑆𝑆1, 𝑆𝑆2, … , 𝑆𝑆𝑖𝑖 , . . , 𝑆𝑆𝑁𝑁, 𝑡𝑡)+ 

+∑
𝑖𝑖

∑
𝑆𝑆𝑗𝑗≠𝑆𝑆𝑗𝑗

′
𝑤𝑤𝑖𝑖𝐵𝐵�𝑆𝑆𝑖𝑖′ → 𝑆𝑆𝑖𝑖�  𝑃𝑃𝐵𝐵(𝑆𝑆1, 𝑆𝑆2, … , 𝑆𝑆𝑖𝑖′, . . , 𝑆𝑆𝑁𝑁, 𝑡𝑡)       (7) 

While the system is in balance, with the help of the master equation and general definition of the canonical 
distribution, the probability of each spin to pass from 𝑆𝑆𝑖𝑖 to  𝑆𝑆𝑖𝑖′  per unit time   

𝑤𝑤𝑖𝑖𝐵𝐵�𝑆𝑆𝑖𝑖 → 𝑆𝑆𝑖𝑖′� =
exp [−𝛽𝛽∆𝐸𝐸𝐵𝐵(𝑆𝑆𝑗𝑗→𝑆𝑆𝑗𝑗

′)]

𝜏𝜏∑
𝑆𝑆𝑗𝑗
′
exp [−𝛽𝛽∆𝐸𝐸𝐵𝐵(𝑆𝑆𝑗𝑗→𝑆𝑆𝑗𝑗

′)]
   (8) 

Then the expression of  ∆𝐸𝐸𝐵𝐵(𝑆𝑆𝑖𝑖 → 𝑆𝑆𝑖𝑖′) is found by using the Hamiltonian expression: 

∆𝐸𝐸𝐵𝐵�𝑆𝑆𝑖𝑖 → 𝑆𝑆𝑖𝑖′� = −�𝑆𝑆𝑖𝑖′ − 𝑆𝑆𝑖𝑖� �𝐽𝐽 ∑
<𝑖𝑖,𝑖𝑖>

𝜎𝜎𝑖𝑖 + 𝐽𝐽𝑠𝑠 ∑
<𝑖𝑖,𝑖𝑖>

𝑆𝑆𝑖𝑖 + ℎ(𝑡𝑡)� − 𝐷𝐷�𝑆𝑆𝑖𝑖′
2 − 𝑆𝑆𝑖𝑖2�     (9) 

If these energy change expressions found are substituted in the equation (8), probability densities for each Sj state 
are obtained as follows. 

𝑤𝑤𝑖𝑖𝐵𝐵(1 → 0) = 𝑤𝑤𝑖𝑖𝐵𝐵(−1 → 0) =
exp [−𝛽𝛽𝐷𝐷]

𝜏𝜏(exp[−𝛽𝛽𝐷𝐷] + 2cosh [𝛽𝛽𝛽𝛽]) 

𝑤𝑤𝑖𝑖𝐵𝐵(−1 → 1) = 𝑤𝑤𝑖𝑖𝐵𝐵(0 → 1) =
exp [𝛽𝛽𝛽𝛽]

𝜏𝜏(exp[−𝛽𝛽𝐷𝐷] + 2cosh [𝛽𝛽𝛽𝛽]) 

𝑤𝑤𝑖𝑖𝐵𝐵(0 → −1) = 𝑤𝑤𝑖𝑖𝐵𝐵(1 → −1) =
exp [−𝛽𝛽𝛽𝛽]

𝜏𝜏(exp[−𝛽𝛽𝐷𝐷] + 2cosh [𝛽𝛽𝛽𝛽]) 

where    𝛽𝛽 = 𝐽𝐽 ∑
<𝑖𝑖,𝑖𝑖>

𝜎𝜎𝑖𝑖 + 𝐽𝐽𝑠𝑠 ∑
<𝑖𝑖,𝑖𝑖>

𝑆𝑆𝑖𝑖 + ℎ(𝑡𝑡) 

If the mean-area approach is used, the mean-area dynamic equation for the B substrate, 

𝛺𝛺 𝑑𝑑
𝑑𝑑𝑑𝑑
𝑖𝑖𝑠𝑠1 = −𝑖𝑖𝑠𝑠1 + 2sinh�𝛽𝛽�𝐽𝐽𝑖𝑖𝑐𝑐+2𝐽𝐽𝑠𝑠𝑖𝑖𝑠𝑠1+2𝐽𝐽𝑠𝑠𝑖𝑖𝑠𝑠2+ℎ(𝑑𝑑)��

exp[−𝛽𝛽𝛽𝛽]+2cosh�𝛽𝛽�𝐽𝐽𝑖𝑖𝑐𝑐+2𝐽𝐽𝑠𝑠𝑖𝑖𝑠𝑠1+2𝐽𝐽𝑠𝑠𝑖𝑖𝑠𝑠2+ℎ(𝑑𝑑)��
 (10) 

Similar to the equation (10), the following equation can be obtained for the t C substrate 

𝛺𝛺 𝑑𝑑
𝑑𝑑𝑑𝑑
𝑖𝑖𝑠𝑠2 = −𝑖𝑖𝑠𝑠2 + 2sinh�𝛽𝛽�2𝐽𝐽𝑠𝑠𝑖𝑖𝑠𝑠1+2𝐽𝐽𝑠𝑠𝑖𝑖𝑠𝑠2+ℎ(𝑑𝑑)��

exp[−𝛽𝛽𝛽𝛽]+2cosh�𝛽𝛽�2𝐽𝐽𝑠𝑠𝑖𝑖𝑠𝑠1+2𝐽𝐽𝑠𝑠𝑖𝑖𝑠𝑠2+ℎ(𝑑𝑑)��
 (11) 

3. NUMERICAL RESULTS AND DISCUSSION

In order to find the phases, present in the system,
the stable solutions of the mean-field dynamical 
equations given by equation (6), (10) and (11) will be 
examined for different crystal field (d), magnetic field 
amplitude (h) and temperature (T) values.  The 
stationary solutions of equations (6), (10) and (11) are  

a periodic function of ξ for the period 2π of a periodic 
function, so it will be, so  𝑖𝑖𝑐𝑐(𝜉𝜉) = 𝑖𝑖𝑐𝑐(𝜉𝜉 + 2𝜋𝜋),  
𝑖𝑖𝑠𝑠1(𝜉𝜉) = 𝑖𝑖𝑠𝑠1(𝜉𝜉 + 2𝜋𝜋) and 𝑖𝑖𝑠𝑠2(𝜉𝜉) = 𝑖𝑖𝑠𝑠2(𝜉𝜉 + 2𝜋𝜋).  
Moreover, they can be one of the three types according 
to whether they have or not have the properties   

𝑖𝑖𝑐𝑐(𝜉𝜉 + 𝜋𝜋) = −𝑖𝑖𝑐𝑐(𝜉𝜉)  (11a) 

𝑖𝑖𝑠𝑠1(𝜉𝜉 + 𝜋𝜋) = −𝑖𝑖𝑠𝑠1(𝜉𝜉) (11b) 



DYNAMICS  OF  S = 𝟏𝟏
𝟐𝟐
  AND  S = 1 ISING SPIN SYSTEM  IN RESTANGULAR  NANOWIRE 

31 

and 

𝑖𝑖𝑠𝑠2(𝜉𝜉 + 𝜋𝜋) = −𝑖𝑖𝑠𝑠2(𝜉𝜉) (11c) 

The first type solution of equation (11a) here is 
called the symmetric solution, and this solution 
corresponds to the irregular or paramagnetic (p) 
solution. In this solution, the average order parameters, 
namely the average sublattice magnetizations  𝑖𝑖𝑐𝑐, 𝑖𝑖𝑠𝑠1 
and  𝑖𝑖𝑠𝑠2  are equal to each other and oscillate around 
the zero value, conforming to the external magnetic 
field.  The second type of solution does not fit the 
equation given by (11a), but obeys the equations given 
by (11b) and (11c). This solution corresponds to the 
non-magnetic (nm) solution and oscillates around 

𝑖𝑖𝑐𝑐 = ± 1 2⁄   values in this solution, while  𝑖𝑖𝑠𝑠1 and  
𝑖𝑖𝑠𝑠2 oscillates around zero. In the third type of solution, 
the solution we obtained does not obey equations (11) 
and this is the unsymmetrical solution, which 
corresponds to the ferrimagnetic (i) solution. In this 
solution, 𝑖𝑖𝑐𝑐, 𝑖𝑖𝑠𝑠1 and  𝑖𝑖𝑠𝑠2 are not equal and they 
oscillate around non-zero values, i.e. 𝑖𝑖𝑐𝑐 = ± 1 2⁄   and  
𝑖𝑖𝑠𝑠1(2) = ±1  and do not conform to the external 
magnetic field. These solutions are clearly seen by 
numerically solving the mean-area dynamic equations 
given by (6), (10) and (11). These equations are solved 
for the given parameters and initial values, besides 
paramagnetic (p), non-magnetic (nm) and ferrimagnetic 
(i) base phases in the system i+ nm, nm + p, i+nm +p 
and i+p mixed phases were found.  Some solutions 
corresponding to these phases are shown in figure 2. 

Fig. 2. Time variations of the core and shell magnetizations: 
a) paramagnetic phase kBT J⁄ = 5.8, h0 J⁄ = 1.6 , Js J⁄ = 1.8 , D J⁄ = −1;
b) nonmagnetic phase  kBT J⁄ = 5.2, h0 J⁄ = 1.6 , Js J⁄ = 2.4 , D J⁄ = −1;
c) ferrimagnetic phase kBT J⁄ = 2.4, h0 J⁄ = 1.6 , Js J⁄ = 1.8 , D J⁄ = −1;

__________________________________________ 
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1. INTRODUCTION

Quantum systems with position-dependent 

effective mass have been the subject of many 

attracting studies in recent years [1-4]. The 

Schrödinger equation corresponding to such systems 

with non-constant mass provides interesting and 

useful solutions for the description of them. At the 

same time, behavior of the quantum system influenced 

from attached external field is also within the 
attraction of the scientists working on this and related 

research topics [5,6]. Main reason is that external field 

attached to the quantum system under consideration 

can thoroughly change its main properties. Then, such 

an effect also can open for studying many of 

previously hidden aspects regarding them. 

In present paper, we study an oscillator model 

that is under the influence of the external 

homogeneous gravitational field. Already, same 

model exhibiting confinement effect was studied in 

detail and results have been published in [7]. Then, 

taking into account importance of the appearance of 

the external field, we decided to obtain more general 

solutions by extending free motion in the confined 

oscillator potential to the similar motion, but through 

taking into account external homogeneous 

gravitational field. We are able to obtain analytical 
expressions of the wavefunctions corresponding to our 

model under study as well as its energy spectrum. In 

our studies, we preserved general definition of the 

kinetic operator, which is still compatible with the 

Galilean invariance. Correctness of the obtained 

analytical expressions is proven via their correct 

reduce to the known non-relativistic results under the 

certain limit relations. 

We structured our paper as follows: in Section 2, 

basic known information is provided for the non-

relativistic quantum harmonic oscillator. Briefly, 

analytical solutions of the Schrödinger equation for it 

are presented within the canonical approach. 

Analytical solutions cover both wave functions of the 

stationary states of the quantum oscillator itself as 

well as same model but under the external 

homogeneous gravitational field. It is shown that both 

wave functions are expressed via the Hermite 

polynomials, but wave function for the model 

suppressed to the external homogeneous gravitational 

field differs from free harmonic oscillator with the 

shifted position 𝑥. Analytical expressions of the 

energy spectrum of both models also have similar 

behavior – both of them are equidistant. However, 

energy spectrum of the model under the external 

homogeneous gravitational field differs with some 

shifted constant parameter that appears as a result of 

the applied external field. It is shown that analytical 

expression of the wave functions and energy spectrum 

of the model with an applied external homogeneous 

gravitational field easily recovers the model of the 

non-relativistic oscillator within the canonical 

approach for case of the disappearance of the external 

field. Section 3 is devoted to the confined position-

dependent mass harmonic oscillator model under the 

homogeneous gravitational field. In order achieve the 
confinement effect, we replaced constant effective 

mass of the model under study with the effective mass 

that varies with position 𝑥. Then, aiming to preserve 

Hermiticity property of the Hamiltonian of the model, 

we also replaced its kinetic energy operator with the 

kinetic energy operator compatible with Galilean 

invariance. Both analytical expressions of the wave 

functions and energy spectrum of the confined 

position-dependent mass harmonic oscillator model 

with the kinetic energy operator compatible with 
Galilean invariance and same model but under the 

homogeneous gravitational field are presented here. 

Final section contains some brief discussions and 

possible limit relations between the models presented 

here. 

2. NON-RELATIVISTIC QUANTUM

HARMONIC OSCILLATOR WITHIN THE

CANONICAL APPROACH – EXACT

SOLUTIONS THE MODEL WITH BOTH

CASES OF ABSENCE AND EXISTENCE

mailto:a.mammadova@physics.science.az
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OF THE EXTERNAL GRAVITATIONAL 

FIELD 𝑽(𝒙) = 𝒎𝟎𝒈𝒙

Quantum-mechanical solution for the one-

dimentional harmonic oscillator with wavefunctions, 

which have to vanish at infinity can be obtained by 

solving exactly one-dimensional stationary 

Schrödinger equation in the position representation 

[
�̂�𝑥

2

2𝑚
+ 𝑉(𝑥)] 𝜓(𝑥) = 𝐸𝜓(𝑥),  (2.1) 

with non-relativistic harmonic oscillator potential 

𝑉(𝑥) =
𝑚0𝜔2𝑥2

2
. (2.2)

Here, 𝑚0 and 𝜔 are constant effective mass and

angular frequency of the non-relativistic quantum 
harmonic oscillator, and one-dimentional momentum 

operator �̂�𝑥 is defined in canonical approach as

�̂�𝑥 = −𝑖ℏ
𝑑

𝑑𝑥
. (2.3) 

Taking into account (2.2) and (2.3) in (2.1) we 

have 

𝑑2𝜓

𝑑𝑥2
+

2𝑚0

ℏ2
(𝐸 −

𝑚0𝜔2𝑥2

2
) 𝜓 = 0.    (2.4)

Solving this equation exactly, we obtain the 

following expression for the energy spectrum: 

𝐸 ≡ 𝐸𝑛 = ℏ𝜔 (𝑛 +
1

2
),    𝑛 = 0,1,2, …  (2.5).

It is possible also to show that wavefunctions of 

the stationary states the model under consideration in 

the position representation obtained from (2.4) are 

𝜓 ≡ 𝜓𝑛(𝑥) =
1

√2𝑛𝑛!
(

𝑚0𝜔

𝜋ℏ
)

1

4
𝑒−

𝑚𝜔𝑥2

2ℏ 𝐻𝑛 (√
𝑚0𝜔

ℏ
𝑥), (2.6) 

where 𝐻𝑛 (𝑥) are Hermite polynomials defined in terms of hypergeometric function as follows

𝐻𝑛(𝑥) = (2𝑥)𝑛
2𝐹0 (−

𝑛

2
,    −

𝑛−1

2
−

;  
1

𝑥2
). (2.7)

Let’s now consider the model of a linear harmonic oscillator (2.2) in external homogeneous gravitational 

field. Then, the potential of the harmonic oscillator is  

𝑉(𝑥) =  
𝑚0𝜔2𝑥2

2
+ 𝑚0𝑔𝑥. (2.8)

Now we need to solve the following Schrödinger equation: 

[
�̂�𝑥

2

2𝑚0
+

𝑚0𝜔2𝑥2

2
+ 𝑚0𝑔𝑥  ] 𝜓(𝑥) = 𝐸𝜓(𝑥). (2.9)

Note that all calculations  are still in a canonical approach. Therefore, one-dimensional momentum 

operator can be written as (2.3). We have 

𝑑2𝜓

𝑑𝑥2
+ [

2𝑚0𝐸

ℏ2
−

𝑚0
2𝜔2

ℏ2
(𝑥 + 𝑥0)2 +

𝑔2

𝜔4
] 𝜓 = 0, (2.10) 

where, 

𝑥0 =
𝑔

𝜔2
. (2.11)

We can rewrite (2.10) as 

𝑑2𝜓

𝑑𝑥2
+ [

2𝑚0𝐸

ℏ2
−

𝑚0
2𝜔2

ℏ2
(𝑥 + 𝑥0)2] 𝜓 = 0, (2.12) 

�̃� = 𝐸 +
ℏ2𝑔2

2𝑚0𝜔4
. (2.13)

Analytical solution of the equation (2.12) leads to explicit expression of the discrete equidistant energy 

spectrum: 

𝐸 ≡ 𝐸𝑛
𝑔

= ℏ𝜔 (𝑛 +
1

2
) −

ℏ2𝑔2

2𝑚0𝜔4
, 𝑛 = 0,1,2, …. (2.14)

The corresponding wavefunctions are 
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𝜓 ≡ 𝜓𝑛
𝑔(𝑥) =

1

√2𝑛𝑛!
(

𝑚0𝜔

𝜋ℏ
)

1

4
𝑒−

𝑚0𝜔(𝑥+
𝑔

𝜔2)
2

2ℏ 𝐻𝑛 (√
𝑚0𝜔

ℏ
(𝑥 +

𝑔

𝜔2
)). (2.15) 

One easily observes that 

𝜓𝑛
𝑔(𝑥) = 𝜓𝑛(𝑥 − 𝑥0).

Under the case 𝑔 = 0 both energy spectrum 𝐸𝑛
𝑔

 (2.14) and wavefunctions 𝜓𝑛
𝑔(𝑥) (2.15) correctly recover

energy spectrum 𝐸𝑛  (2.5) and wavefunctions 𝜓𝑛(𝑥) (2.6).

3. CONFINED POSITION-DEPENDENT MASS HARMONIC OSCILLATOR MODEL UNDER

THE HOMOGENEOUS GRAVITATIONAL FIELD

Recently, we considered the quantum harmonic oscillator problem confined in the finite region, which 

effective mass varied with position 𝑚0 → 𝑀(𝑥) and its kinetic energy operator was compatible with Galilean

invariance [8]: 

𝐻0
𝐺𝐼 = −

ℏ2

6
[

1

𝑀(𝑥)

𝑑2

𝑑𝑥2
+

𝑑

𝑑𝑥

1

𝑀(𝑥)

𝑑

𝑑𝑥
+

𝑑2

𝑑𝑥2

1

𝑀(𝑥)
] . (3.1) 

We introduced confined harmonic oscillator potential as 

 𝑉(𝑥) = {
𝑀(𝑥)𝜔2𝑥2

2
,                |𝑥| < 𝑎,

∞,                             |𝑥| ≥ 𝑎,
(3.2) 

and then solved exactly the Schrödinger equation corrsponding to the following Galilean invariant Hamiltonian: 

𝐻𝐺𝐼 = −
ℏ2

2𝑀
[

𝑑2

𝑑𝑥2
−

𝑀′

𝑀

𝑑

𝑑𝑥
−

1

3

𝑀′′

𝑀
+

2

3
(

𝑀′

𝑀
)

2

] +
𝑀(𝑥)𝜔2𝑥2

2
 . (3.3)

Here, we also defined position-dependent effective mass 𝑀(𝑥) via the following analytical expression: 

𝑀 ≡ 𝑀(𝑥) =
𝑎2𝑚0

𝑎2−𝑥2
. (3.4) 

We obtained that energy spectrum 𝐸𝑛
𝐺𝐼  is non-equidistant and has the following expression:

𝐸𝑛
𝐺𝐼 = ℏ𝜔 (𝑛 +

1

2
) +

ℏ2

2𝑚0𝑎2
𝑛(𝑛 + 1) +

ℏ2

3𝑚0𝑎2
,                      (3.5)

whereas the wavefunctions of the stationary states ψGI  are expressed through the Gegenbauer polynomials by 

the following manner: 

�̃�𝐺𝐼(𝑥) = 𝑐𝑛
𝐺𝐼 (1 −

𝑥2

𝑎2
)

𝑚0𝜔𝑎2

2ℏ
𝐶𝑛

(
𝑚0𝜔𝑎2

ℏ
+

1

2
)

(
𝑥

𝑎
).  (3.6)

Here, Gegenbauer polynomials 𝐶𝑛
�̅�(𝑥) are defined in terms of the 2𝐹1  hypergeometric functions as

follows: 

𝐶𝑛

(�̅�)
(𝑥) =

(2�̅�)𝑛

𝑛! 2𝐹1 (
−𝑛,𝑛+2�̅�

�̅�+
1

2

; 
1−𝑥

2
), �̅� ≠ 0. 

𝑁ormalization factor 𝑐𝑛
𝐺𝐼  is obtained from the orthogonality relation for the Gegenbauer polynomials and

its exact expression is the following: 

𝑐𝑛
𝐺𝐼 = 2

𝑚0𝜔𝑎2

ℏ Г (
𝑚0𝜔𝑎2

ℏ
+

1

2
) √

(𝑛+
𝑚0𝜔𝑎2

ℏ
+

1

2
)𝑛!

𝜋𝑎Г(𝑛+
2𝑚0𝜔𝑎2

ℏ
+1)

. 
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Now we can explore confined position-dependent mass harmonic oscillator model under the homogeneous 

gravitational field. First of all, we introduce external field to confined harmonic oscillator potential (3.2) as 

follows: 

𝑉(𝑥) = { 
𝑀(𝑥)𝜔2𝑥2

2
+ 𝑀(𝑥)𝑔𝑥,   |𝑥| ≤ 𝑎,

∞,        |𝑥| > 𝑎.
(3.7) 

Taking into account analytical definition of the position-dependent effective mass 𝑀(𝑥) (3.4) we need to 

solve the following Schrödinger equation: 

[
𝑑2

𝑑𝑥2
−

2𝑥

𝑎2−𝑥2

𝑑

𝑑𝑥
+

2

3

4𝑥2

(𝑎2−𝑥2)2
−

1

3

2

𝑎2−𝑥2
−

1

3

8𝑥2

(𝑎2−𝑥2)2
] 𝜓 +

2𝑀

ℏ2
[𝐸 −

𝑀𝜔2𝑥2

2
− 𝑀𝑔𝑥] 𝜓 = 0      (3.8)

Introduction of the new dimensionless variable 𝜉 as: 

𝜉 =
𝑥

𝑎
, 

𝑑

𝑑𝑥
=

1

𝑎

𝑑

𝑑𝜉
, 

𝑑2

𝑑𝑥2
=

1

𝑎2

𝑑2

𝑑𝜉2

and 

𝑐0 =
2𝑚0𝑎2𝐸

ℏ2
,   𝑐1 =

2𝑚0
2𝑔𝑎3

ℏ2
,     𝑐2 = 𝑐0 +  𝜆0

4𝑎4,

leads to: 

𝜓′′ −
2𝜉

1−𝜉2
𝜓′ + (

𝑐0

1−𝜉2
−

(𝑐2−𝑐0)𝜉2

(1−𝜉2)2
−

2

3

1

1−𝜉2
−

𝑐1𝜉

(1−𝜉2)2
) 𝜓 = 0. 

Taking into account 

𝑐0

1 − 𝜉2
−

(𝑐2 − 𝑐0)𝜉2

(1 − 𝜉2)2
−

2

3

1

1 − 𝜉2
−

𝑐1𝜉

(1 − 𝜉2)2
=

𝑐0 −
2
3 − 𝑐1𝜉 − (𝑐2 −

2
3) 𝜉2

(1 − 𝜉2)2
, 

We get 

𝜓′′ −
2𝜉

1−𝜉2
𝜓′ +

𝑐0−
2

3
−𝑐1𝜉−(𝑐2−

2

3
)𝜉2

1−𝜉2
𝜓 = 0. (3.9) 

To solve this equation exactly we can apply Nikiforov-Uvarov method [9], which can be applied to the 

following second order differential equations: 

𝜓′′ +
�̃�

𝜎
𝜓′ +

�̃�

𝜎2
𝜓 = 0.  (3.10) 

Here, it is assumed that σ and �̃� are arbitrary polynomials of at most second degree and �̃� is an arbitrary 
polynomial of at most first degree. The following comparison allows to say that Nikiforov-Uvarov method is 

applicable to exact solution of eq.(3.9): 

�̃� = −2ξ,   σ = 1 − ξ2,     σ̃  = 𝑐0 −
2

3
− 𝑐1𝜉 − (𝑐2 −

2

3
) 𝜉2   (3.11) 

We look for expression of 𝜓 as: 

      𝜓 = φ(ξ)y,     where φ = e
∫

π(ξ)

σ(ξ)
dξ

 . (3.12)

Via simple computations one finds that 

𝜓′ =
𝜋

𝜎
𝜑𝑦 + 𝜑𝑦′, 

𝜓′′ =
𝜋′𝜎−𝜋𝜎+𝜋2

𝜎2
𝜑𝑦 +

2𝜋

𝜎
𝜑𝑦′ + 𝜑𝑦′′.

Taking these computations into account in (3.9) leads to the equation for 𝑦(ξ): 

𝑦′′ +
2𝜋+�̃�

𝜎
𝑦′ +

�̃�+𝜋2+𝜋(�̃�−𝜎′)+𝜋′𝜎

𝜎2
𝑦 = 0,  (3.13) 

where 

 𝜏 = 2𝜋 + �̃�, �̅� = �̃� + 𝜋2 + 𝜋(�̃� − 𝜎′) + 𝜋′𝜎. (3.14)
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We can rewrite (3.13), as 

𝑦′′ +
𝜏

𝜎
𝑦′ +

�̅�

𝜎2
𝑦 = 0 (3.15) 

Assuming that 

 σ̅ = λσ, λ = const, μ = λ − π′, (3.16) 

we have 

λσ = σ̃ + π2 + π(τ̃ − σ′) + π′σ,

which requires to solve the following quadratic equation: 

π2 + (τ̃ − σ′)π + σ̃ − μσ = 0.

Taking into account: 

𝜎′ = −2ξ , �̃� − 𝜎′ = 0,

we find that 

𝜋 = 1√𝜇𝜎 − �̃� = 1√𝜇 +
2

3
− 𝑐0 + 𝑐1𝜉 + (𝑐2 − (𝜇 +

2

3
)) 𝜉2 , 1 = ±1. (3.17) 

After some computations: 

𝜇 =
𝑐2+𝑐0+𝜀2√(𝑐2−𝑐0)2−𝑐1

2

2
−

2

3
, 2 = ±1, (3.18)

𝑐2 − (𝜇 +
2

3
) =

𝑐2−𝑐0−𝜀2√(𝑐2−𝑐0)2−𝑐1
2

2
= 𝜅. (3.19)   

Substituting (3.18) & (3.19) at (3.17), we obtain the following expressions for 𝜋, 𝜏 and 𝜆: 

𝜋 = 1 (√𝜅𝜉 +
𝑐1

2√𝜅
), (3.20)

𝜏 = 2 1 (√𝜅𝜉 +
𝑐1

2√𝜅
) − 2𝜉 = 2( 1√𝜅 − 1)𝜉 + 1

𝑐1

√𝜅
. (3.21) 

𝜆 = 𝜇 + 𝜋′ =
𝑐2+𝑐0+𝜀2√(𝑐2−𝑐0)2−𝑐1

2

2
−

2

3
+  1√𝜅. (3.22)

Taking into account (3.20) at (3.12) we have to compute the following integral 

𝜑(ξ) = 𝒆
∫

𝝅(𝞷)

𝝈(𝞷)
𝒅𝞷

= 𝒆
𝜀1√𝜅 ∫

𝞷  

1−𝜉2𝒅𝞷
𝒆

𝜀1
𝑐1

2√𝜅
∫

𝟏  

1−𝜉2𝒅𝞷
, 

that gives for us 

𝜑(ξ) = (1 − ξ)−𝜅𝟏 (1 + ξ)−𝜅𝟐 ,

𝜅1,2 =
1

2 1 (√𝜅 ±
𝑐1

2√𝜅
).

Finiteness of the  𝜑(ξ) at singular points ξ = ±1, 

i. e. the condition   lim
ξ→±1

𝜑(ξ) = 𝑐𝑜𝑛𝑠𝑡 leads to  

1 = 2 = −1, 𝜅 > 0,    𝜅1,2 ≤ 0.

Therefore, we have 

𝜇 =
𝑐2+𝑐0−√(𝑐2−𝑐0)2−𝑐1

2

2
−

2

3
 , (3.23) 

𝜋 = −√𝜅𝜉 −
𝑐1

2√𝜅
, (3.24) 

𝜅 =
𝑐2−𝑐0+√(𝑐2−𝑐0)2−𝑐1

2

2
, (3.25) 

√𝜅 = −𝜅1 − 𝜅2, (3.26)

𝜅1,2 = −
1

2
(√𝜅 ±

𝑐1

2√𝜅
). (3.27) 

Then, expression of the wavefunction 𝜓 also 

will have the following exact expression: 

𝜓 = 𝜑(ξ)𝑦 = (1 − ξ)−𝜅𝟏(1 + ξ)−𝜅𝟐𝑦. (3.28)
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We also obtain the following expressions for π (ξ), 𝜏 

and 𝜆 in terms of 𝜅1 and 𝜅2:

𝜋 = (𝜅1 + 𝜅2)𝜉 +
𝑐1

2(𝜅1+𝜅2)
 , (3.29) 

𝜏 = 2(𝜅1 + 𝜅2 − 1)𝜉 +
𝑐1

𝜅1+𝜅2
 , (3.30) 

𝜆 =
𝑐2+𝑐0−√(𝑐2−𝑐0)2−𝑐1

2

2
−

2

3
+  𝜅1 + 𝜅2 .  (3.31)

Then, eq. (3.15) will have the form as follows: 

 𝜎𝑦′′ + 𝜏𝑦′ + 𝜆𝑦 = 0. (3.32) 

Function 𝑦(𝜉) should be finite at values 𝜉 = ±1. 
Therefore, we have to find its polynomial solutions. 

For this reason, we compare the following exact 

expression of eq. (3.32)  

(1 − 𝜉2)𝑦′′ + [2(𝜅1 + 𝜅2 − 1)𝜉 +
𝑐1

𝜅1 + 𝜅2
] 𝑦′ + 𝜆𝑦 = 0

with the following second order differential equation for the Jacobi polynomials 

(1 − 𝑥2)�̅�′′ + [𝛽 − 𝛼 − (𝛼 + 𝛽 + 2)𝑥]�̅�′ + 𝑛(𝑛 + 𝛼 + 𝛽 + 1)�̅� = 0, 

where, �̅� = 𝑃𝑛
(𝛼,𝛽)

(𝑥) are Jacobi polynomials defined in terms of the 𝐹2 1 hypergeometric functions as follows:

𝑃𝑛
(𝛼,𝛽)

(𝑥) =
(𝛼+1)𝑛 𝐹2 1

𝑛!
(−𝑛,𝑛+𝛼+𝛽+1

𝛼+1
;

1−𝑥

2
) ,    𝛼; 𝛽 ≠ −1/2, 

𝛼 + 𝛽 = −2(𝜅1 + 𝜅2),

𝛼 + 𝛽 =
𝑐1

𝜅1+𝜅2
. 

Some computations lead us to the following non-equidistant energy spectrum: 

𝐸 ≡ 𝐸𝑛
𝑔𝐺𝐼

= ℏ𝜔√
1

2
+ √

1

4
−

𝑔2

𝑎2𝜔4
(𝑛 +

1

2
) +

ℏ2

2𝑚0𝑎2
𝑛(𝑛 + 1) +

ℏ2

3𝑚0𝑎2
− 

− 𝑚0𝜔2𝑎2 (
1

2
− √

1

4
−

𝑔2

𝑎2𝜔4
). (3.33)

Wavefunctions of the stationary states have form: 

 𝜓 ≡ 𝜓𝑛
𝑔𝐺𝐼(𝑥) = 𝑐𝑛

𝑔𝐿
(1 −

𝑥

𝑎
)

−𝜅1

(1 +
𝑥

𝑎
)

−𝜅2

𝑃𝑛
(−2𝜅1 ,−2𝜅2)

(
𝑥

𝑎
) . (3.34)

The normalization factor 𝑐𝑛
𝑔𝐺𝐼

𝑐𝑛
𝑔𝐺𝐼

=
1

2√𝜅+
1
2

√
(2𝑛+2√𝜅+1)Г(𝑛+2√𝜅+1)𝑛!

𝑎Г(𝑛−2𝜅1+1)Г(𝑛−2𝜅2+1)
 (3.35) 

is defined from the orthogonality relation for Jacobi polynomials 𝑃𝑛
(𝛼,𝛽)(𝑥) of the following form

∫ (1 − 𝑥)𝛼1

−1
(1 + 𝑥)𝛽 𝑃𝑚

(𝛼,𝛽)
(𝑥) 𝑃𝑛

(𝛼,𝛽)
(𝑥)𝑑𝑥 =

2𝛼+𝛽+1

2𝑛+𝛼+𝛽+1

Г(𝑛+𝛼+1)Г(𝑛+𝛽+1)

Г(𝑛+𝛼+𝛽+1)𝑛!
𝛿𝑚𝑛,

within conditions 𝛼 > −1 and 𝛽 > −1. Therefore, 

wavefunctions of the stationary states in the position 

representation are also orthogonal in the finite region 

−𝛼 < 𝑥 < 𝑎: 
∫[𝜓𝑚

𝑔𝐺𝐼(𝑥)]
∗
𝜓𝑛

𝑔𝐺𝐼(𝑥)𝑑𝑥 =

𝑎

−𝑎

𝛿𝑚𝑛.
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Thanks to analytical expressions of energy 

spectrum (3.33) and wavefunctions (3.34) obtained 

via exact solution of the Schrödinger equation (3.9), 

we achieved our main goal. Now, we will discuss 

briefly some limit relations and special cases of these 

results in final section of the paper. 

4. DISCUSSIONS AND LIMIT RELATIONS

Let’s discuss obtained expressions for the energy 

spectrum (3.33) and wavefunctions of the stationary 

states (3.34) of a confined position-dependent mass 

harmonic oscillator. 

It is clear that both energy spectrum (3.33) and 

wavefunctions of the stationary states (3.34) easily 

recover energy spectrum (3.5) and wavefunctions of 

the stationary states (3.6) in case of 𝑔 = 0. They also 

recover energy spectrum (2.14) and wavefunctions of 

the stationary states (2.15) of the nonrelativistic 

quantum harmonic oscillator, if 𝑎 → ∞. It proves the 

correctness of our computations. Here, one needs to 

take into account two important results of the 

mathematics – first one is a Taylor expansion of the 

square root and second one special case relation 

between the Jacobi and Gegenbauer polynomials. 

Our conclusion is that the model considered here 

is interesting and its behavior cordially differs from 
behavior of the ordinary harmonic oscillator under the 

external gravitational field. Confinement effects and 

unique non-linear picture of the energy spectrum 

appeared here can extend its potential applications in 

future. 
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