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STUDY OF IMPURITIES-DEFECTIVE LUMINESCENCE IN ZnSe:Cr 
AND ZnSe:Fe IN THE RED AND NEAR INFRARED RANGE 

I.I. ABBASOV 
Azerbaijan State Oil and Industry University 

Azadlig ave., 34, Baku 

In this work, the impurity-defect luminescence in the red and near-infrared ranges has been studied for ZnSe:Cr+ and 
ZnSe:Fe+ crystals. Shown, that the mechanism of radiative recombination, which forms emission lines in the spectral range of 
0.7-1 μm, is associated with intracenter radiative transitions of the iron and chromium atom, included in the complex defect as 
Fe2+ and Cr2+. 

Key words: polycrystalline CVD (chemical vapor deposition) ZnSe, iron and chromium impurities, ZnSe:Cr and ZnSe:Fe 
crystals, high isostatic pressure(HIP). 
PACS: 535.37 

INTRODUCTİON 

Recently, interest has increased in the study of the 
effect of transition metals, including Cr2+ and Fe2+ ions, 
on the electronic structure of zinc chalcogenides [1-8]. 
Interest in these impurities was related mainly to the 
fact that they can be used to reduce the luminescence 
yield in the visible region of the spectrum and to 
improve the use of these materials as a working 
medium for IR lasers with a wide tuning band and the 
ability to operate at room temperature (at T=300K) due 
to the formation deep energy levels in the forbidden 
zone [1, 4,6,7]. Therefore, the study of the effect of iron 
and chromium ions on the optical properties of ZnSe in 
the red and near-infrared wavelength range is very 
relevant. 

EXPERIMENTAL AND RESULTS 

In this work, using a Cary Eclipse (Varian) 
spectrofluorimeter in the range of 0.7-1μm at room 
temperature, we studied the spectral composition of the 
luminescence of two CVD (chemical vapor deposition) 
ZnSe samples doped with a chromium impurity and 
two doped with an impurity of iron. 

On both sides of the CVD ZnSe samples, a film of 
Cr+ and Fe+ was deposited by electron beam 
evaporation, then diffusion doping was carried out in 
the HIP (hot isostatic pressure) treatment diffusion 
doping in the first ZnSe:Cr+ sample was carried out at 
1000 atm., 1423K for 72 hours, and in the second at 

1000 atm., 1423K for 76 hours. And diffusion doping 
in the first ZnSe:Fe+ sample was carried out at 1000 
atm., 1423K  for 66.5 hours, and in the second at 1000 
atm., 1523K for 26 hours. The maximum concentration 
of chromium and iron impurities, determined by the 
shift of the absorption edge in the ZnSe:Cr+ and 
ZnSe:Fe+ samples, is respectively 6.1∙1019cm-3 and 
4.65∙1019cm-3  in ZnSe:Cr+ samples, and in ZnSe:Fe+ it 
is equal to 7.27∙1018cm-3 and 9.83∙1018cm-3, 
respectively. The band gap is 2.34eV and 2.4eV for 
ZnSe:Cr+, and 2.6eV and 2.62eV for ZnSe:Fe+.        

1. ZnSe:Cr+

The excitation of the samples was initially carried 
out by light with a wavelength λex=620nm, and in the 
luminescence spectrum the maxima in both samples 
were observed at wavelengths 697nm and 824nm, and 
in the second sample its LO or 2LO phonon repetitions 
(713nm, 731nm) were added to the maximum at 697nm 
(Fiq.1,2,3). The excitation spectrum of maxima at a 
wavelength of  λ=824nm in both samples is similar, but 
they have a completely different structure: both 
samples contain maxima at a wavelength of 604nm, i.e. 
In both samples, the luminescence spectrum with a 
maximum of λ=824nm is more efficiently excited by 
light with λ=604 nm. According to the structure, the 
excitation spectrum of the first sample has only one 
maximum (λ=604nm), while the second one covers the 
wavelength range of 586-675nm from several maxima. 

Fig. 1. PL spectrum of polycrystalline CVD ZnSe: Cr+ (1-sample) upon excitation with a xenon 
lamp (λex = 620nm) - red line; blue - excitation spectrum of maximum 824nm. 
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Fig. 2. PL spectrum of polycrystalline CVD ZnSe: Cr+ (1-sample) upon excitation with a xenon lamp (λex=604nm) - 
violet line; red - excitation spectrum of maximum 824nm 

Fig. 3. PL spectrum of polycrystalline CVD ZnSe: Cr+ (2-sample) upon excitation with a xenon 
lamp (λex=604nm)-green line; red-excitation spectrum of maximum 824nm. 

2. ZnSe:Fe+

In this case, the excitation of the samples was also 
initially carried out by light with a wavelength of 
λex=620nm, and in the luminescence spectrum, the 
maxima in the first sample were observed at 
wavelengths of 697 and 824nm, and in the second 
sample only at 825nm and equidistant maxima with LO 
repetition (Fig.4,5,6). The excitation spectrum of the 
peaks in the samples at λ=824nm is completely 

different from each other, and for the first sample it 
covers the wavelength range of 530-780nm with a 
maximum at λ=604nm, and for the second sample only 
with a maximum at λ=604nm. The presence in both 
samples of the same maximum in the excitation 
spectrum at λ=604nm shows that the luminescence 
spectrum with a maximum at λ=824nm in both samples 
is more efficiently excited by light with a wavelength 
of λ=604nm. 

Fig. 4.  PL spectrum of polycrystalline CVD ZnSe: Fe+ (1-sample) upon excitation with a xenon lamp (λ ex=620nm)-red 
  line; violet - excitation spectrum of maximum 824nm. 

600 700 800 900 1000

0

200

400

600

Wavelength (nm)

In
te

n
s
ity

 (
a
.u

.)

6
0

3
.9

7

8
2

4
.0

5

600 700 800 900

0

200

400

600

800

1000

Wavelength (nm)

In
te

n
s
it
y
 (

a
.u

.)

6
9

8
.0

0

7
1

2
.9

5

7
3

0
.9

8

8
2

4
.0

5

9
7

6
.0

0

5
8

6
.0

2

6
0

3
.9

7

6
2

0
.0

0

6
5

1
.0

0

6
7

5
.0

0

600 700 800 900 1000

0

100

200

300

400

Wavelength (nm)

In
te

n
s
it
y
 (

a
.u

.)

6
0

3
.9

7

6
1

7
.9

7

6
7

3
.0

0

6
9

7
.0

0

8
2

4
.0

5



STUDY OF IMPURITIES-DEFECTIVE LUMINESCENCE IN ZnSe:Cr  AND ZnSe:Fe IN THE RED AND NEAR INFRARED …

5 

Fig. 5. PL spectrum of polycrystalline CVD ZnSe: Fe+ (1-sample) upon excitation with a xenon lamp 
  (λex=604nm)-green line; red-excitation spectrum of maximum 824nm. 

 Fig. 6.  PL spectrum of polycrystalline CVD ZnSe: Fe+ (2-sample) upon excitation with a xenon lamp, 
  (λex=604nm- red line); violet-excitation spectrum of maximum 824nm. 

DISCUSSION 

As can be seen from fig. 1–6, with a decrease in 
the concentration of chromium and iron in ZnSe, the 
structure and the number of maxima in the excitation 
spectrum change, and we believe that this change is a 
consequence of the nonelementarity of the observed 
long-wavelength photoluminescence bands in the 
samples under study. It is known [9] that in doped 
crystals, light from the fundamental absorption region 
weakly excites luminescence, and in our case, it is more 
efficiently excited by light with λ=604nm, where there 
corresponds a long-wavelength shift of hundreds of 
meV from the absorption edge for pure ZnSe. 

In [ 10] it was shown that the energy levels of Fe2+ 
in ZnSe are located at a distance of 1.1eV above the 
ceiling of the valence band, and in the case of Cr2+ -
1.9eV. In addition, it is known [11] that in ZnSe the 

total content of background impurities is within <1016-
1017cm-3 (Cu~1016cm-3). Cu+ interstitials participate in 
the formation of an acceptor complex located 0.8eV 
above the ceiling of the valence band, and emission in 
the red regions of the spectrum is due to the transition 
of free electrons to this acceptor level [12]. We believe 
that in our case, the maximum in the emission spectrum 
at λ=697nm is also associated with the transition of 
electrons from the conduction band to this acceptor 
level, and the maximum at λ= 826nm with the transition 
of electrons from shallow levels to the Fe2+ and Cr2+ 
levels. 

In conclusion, we can say that the mechanism of 
radiative recombination, which forms emission lines in 
the spectral range of 0.7–1μm, is associated with 
intracenter radiative transitions of iron and chromium 
atoms entering into a complex defect in the form of Fe2+ 
and Cr2+. 

_________________________________________ 
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VISCOSITY OF LIQUIDS IN A NONSTATIONARY TEMPERATURE FIELD 

M.A. MUSAYEV, N.N. HASHIMOVA 

Department of Physics, Azerbaijan State Oil and Industry University, Azerbaijan 

Azadlig ave., 34, Baku 

In this paper, we’ve got the law of variation of dynamic viscosity in the nonstationary regime, i.e. directly in 

the process of performing technological operations on the basis of input and output information. A formula that 

establishes a relationship between the viscosity in the nonstationary and stationary regime is also obtained. 

Keywords: viscosity; liquid; pressure. 

PACS: 05.70.−a 

INTRODUCTION 

A large number of theoretical and experimental 

studies have been devoted to the investigation of 

fundamental thermophysical parameters of liquids [1-

3]. Interest in researching the thermophysical 

properties of liquids is due to the fact that by controlling 

these properties with the help of various physical fields 

it is possible to increase the efficiency of technological 

processes. 

Taking into account that the thermophysical 

parameters of the liquids are very sensitive to the 

conditions for their determination, in order to increase 

the accuracy of the measurements, the laboratory 

experimental setups have become more and more 

complicated all the time and it was still impossible to 

completely simulate the real conditions. 

It should be noted that in nature all real processes 

are nonstationary and therefore methods for 

determining the thermophysical parameters of liquids 

based on stationarity of processes have limits of 

applicability. Thermophysical parameters of liquids, 

determined on the basis of stationarity of processes, are 

constant and do not change with time. And in the case 

of non-stationary processes, the thermophysical 

properties of liquids vary with time, i.e. the relaxation 

of the parameters takes place, and the relaxation time 

of these parameters is different. In this connection, in 

order to determine thermophysical parameters in the 

nonstationary regime, a method is proposed that would 

make it possible to establish a relationship between 

stationary and nonstationary properties of liquids. 

THEORETICAL STUDIES AND 

DISCUSSIONS 

One of the important thermophysical parameters 

of liquids, as is known, is the dynamic viscosity. In non-

stationary mode, the pressure drop, as well as the fluid 

flow rate varies with time. Then it is obvious that the 

formula for determining the viscosity coefficient 

derived for the case of constant pressure and flow of 

liquids will differ from the formula for the variable 

pressure and the flow rate of the liquid. 

The laminar stationary motion of a viscous liquid 

in a capillary tube is described by the equation: 

0)
1

(
2

2

=


++


p

dr

d

rdr

d 
  (1) 

The amount of fluid flowing through the cross 

section of the pipe per unit time, i.e. flow rate is 

determined by the formula: 

 ==
R

constdrrrQ
0

)(2   (2) 

From the solution of equation (1) under the conditions 

0)( =R , )0(   and using Eq. (2) to determine 

the viscosity coefficient, the formula 

   




=

Q
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Where the index « » corresponds to the stationary 

motion, i.e. →t . Formula (3) determines the 

viscosity in a stationary state. In the nonstationary 

regime, the viscosity )(t
 
as well as the stationary one 

is theoretically determined by solving the inverse 

problem for the Navier-Stokes equation. From the 

solution of this equation, one can find the relationship 

between viscosity in the nonstationary )(t  and 

stationary regime  . 

The nonstationary laminar motion of a viscous 

incompressible fluid in a capillary tube is described by 

a differential equation: 
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To solve the differential equation (4), the averaging 

method [4] is applied. Following [4], we introduce the 

function ( )t
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Taking into account (5), the differential equation (4) is 

written as follows 
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The solution of this equation under the conditions noted 

above has the form: 
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The flow rate through the pipe cross-section is 

determined by the formula 
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To determine )(t let’s put the value ),( tr  from (7) 

into (5), then we have 
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Performing differentiation in (9), we obtain the 

following equation for determining )(t   
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The solution of this equation is expressed by the 

formula
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 from joint solution 

(8) and (11) we get an equation for determining the 

viscosity coefficient for the nonstationary motion of a 

viscous liquid in a capillary tube:  
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Solving equation (12) we obtain the following formula 

for determining the non-stationary viscosity 

Q
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Obviously, if constp =  constQ = then formula 

(13) coincides with formula (3) for the stationary case. 

From a comparison of (3) and (13) we have 
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 (14)                  

Formula (14) establishes the relationship between 

stationary and non-stationary viscosities of liquids. 

CONCLUSION 

Application of formula (14) does not require the 

creation of a special laboratory installation. To use 

formula (14), it is sufficient to know the flow rate and 

the pressure drop over time in a certain section of a pipe 

of length l. The proposed formula (13) makes it 

possible to determine the law of viscosity change with 

time in the region of the nonstationary field and can be 

used as the basis for creating an automated system for 

continuous measurement of thermophysical parameters 

of liquids. 

____________________________________ 
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The aim of the paper is to describe the applications of AAO as a template in metal nanostructures formation and to 
present the experimental results obtained by us in this field. The basic mechanism of the processes of both anodic oxidation 
of aluminum as well as electrochemical metal (Ni) deposition in AAO were described. The influence of oxidation parameters 
on the AAO structure was discussed as well. 

Keywords: anodic oxidation of aluminum (AAO), metal nanostructures, Nikel. 
PACS: 81.15Cd, 61.05.fg 

INTRODUCTION 

Metals in a state of high dispersion currently play 
an important role in technology. Their chemical and 
physical macroscopic properties, such as the rate of 
their reaction with other substances, colours and 
mechanical properties are significantly different from 
the bulk metals. Fundamental research and technology 
development over the last decade have resulted in 
wider use and implementation of metal-containing 
materials in a state of high dispersion into the 
industrial practice. 

The fabrication of nanoscale structures has 
attracted much interest recently owing to their 
potential use in highdensity magnetic memories,[1,2] 
single-electron devices,[3] nanoelectrodes for the 
direct deposition of nanoparticles from the gas 
phase,[4] and optical media [5]. The production of 
nanostructures based on hexagonally arranged porous 
alumina as a mask or matrix structure is cheaper than 
that based on traditional methods like nanoscaling 
using electron beam lithography.[7] To use such an 
alumina template for new applications of 
nanostructures, the pores have to be filled with a 

conducting or semiconducting material, for example 
via electrochemical deposition. In contrast to other 
deposition methods like chemical vapor deposition 
(CVD), during electrochemical deposition the growth 
of nanowires starts at the pore tips and continues in 
the pore direction from the pore bottom to the pore 
opening. 

EXPERIMENTAL AND RESULTS 
1. Fabrication of aluminum oxide templates

The hexagonally ordered porous alumina
membranes have been prepared via a two-step 
anodization process, which is described in detail 
elsewhere [8,9]. 

The electrochemical anodization of the Al was 
conducted in a simple homemade two-electrode cell 
which was provided with electrical motor for intensive 
stirring of the solution. For fabrication of AAO 
templates we used 0.4 M oxalic acid solution. The 
process was conducted under constant cell potential of 
40 V at 3–5°C under intensive stirring of solution for 
30 min – 2 hour depending on thickness of Al layer. 

Fig. 1. Schematic diagram describing the fabrication of a highly ordered porous alumina matrix and the preparative steps 
necessary for the subsequent filling of the structure. a) The Al substrate was pre-structured by anodizing for a long 
period of time and removing the oxide. b) A highly ordered alumina pore structure was obtained in a second 
anodization step. c),d) pore widening and the barrierlayer etching process. e) Electrodeposition of nickel in the pores. 

mailto:ayselkerimova00@mail.ru
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A first longduration anodization causes the 
formation of channel-arrays with a high aspect ratio 
and a regular pore arrangements via self-organization 
[9]. After complete dissolution of the oxide structure 
(Fig. 1a), the surface of the aluminum substrate keeps 
the regular hexagonal texture of the self-organized 
pore tips, which act as a self-assembled mask for a 
second anodization process. After a second 
anodization for 2 h, an ordered nanopore array (Fig. 
1b) is obtained with straight pores from top to bottom 
and a thickness of typically 1 mm. The parameters are 
0.4 M oxalic acid, U = 40 V, and T = 2°C. During the 
course of anodization, the oxide dissolution and 
formation rate are in equilibrium at the barrier layer, 
thus the anode current and thickness of the barrier 
layer remains stable. The measured current is 
approximately proportional to the anodization voltage 
under these equilibrium conditions. The interpore 
distance (110nm) and the thickness of the barrier layer 
(1mm) are proportional to the applied cell potential. 

The barrier layer is thinned by chemical pore 
widening and by current limited anodization steps. 

The pore widening and the barrierlayer etching were 
performed in a 5% orthophosphoric acid solution at 
60C° (Fig. 1c,d). 

The composite systems AAO–metal can be 
formed by inexpensive and simple method of 
electrochemical metal deposition. The first attempts of 
metals electrodeposition inside the pores of the anodic 
oxide layer on aluminum AAO were associated with 
the development of electrochemical technology. Metal 
nanoparticles can be deposited into the pores of Al2O3 
layer by transferring a freshly prepared sample to the 
solution of the salt of easily reducible metal and then 
use of cathodic polarization. 

The electrodeposition of nickel was performed in 
temperature 25°C in the following solutions: 300 g/L 
NiSO4×6H2O, 45 g/L NiCl2×6H2O, 45 g/L H3BO3, 
pH 4.5 (Fig. 1e). 

SEM images of AAO (Fig.2) confirmed the  
creation of   an array of highly ordered hexagonal cell 
structures with pores about 40-60 nm in diameter. 

 

 
Fig.2. The SEM image of the AAO film (left) and its an enlarged fragment (right).  

 

 
 

Fig.3. EDX Image of Multi-layer and spectrum data of the AAO thin film. 
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Figure 3 displays a EDX spectrum (with a 5% 
accuracy of the entire structure) of Multi-layer and 
spectrum data of the AAO thin film. The values of the 
measured atom composition of Al, O, and certain 
impurities including Ni, P and Si are shown inset the 
table in the figure. As can be seen from both the EDX 
spectrum and the inset table, the atomic ratio of 
aluminium to oxigen in the film is typically 1:1 (Al = 
39.9%, O = 39.2 at%). 

2. Synthesis of Ni nanowires within pores

In figure 4 shown digital photographs of the 
electrochemical deposited Ni into AAO sample and 
experimental process of electrodeposition of Ni. The 
mixture is very similar to the less concentrated 
electrolytes that were used earlier for the metal 
electrodeposition into porous alumina at room 
temperature. 

Fig. 4. View of electrochemical cell taken during deposition of Ni (left ) and sample upon deposition (right). 

Fig. 5. Top view SEM micrographs of a nickel-filled alumina membrane. 
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The filled alumina samples were examined by 
scanning electron microscopy (SEM) to determine the 
degree of pore filling and the extension of the nickel 
nanowires. By thinning the filled porous alumina from 
the top, nanowires ending below the matrix surface 
became observable for SEM investigation. Thinning 
the sample by a focused ion beam yielded a 100 nm 
deep and funnel-shaped excavation in the structure. 
The depth of the hole is calculated from the thinning 
time. As micrographs of the filled pores are taken at 
different depths beneath the initial membrane surface, 
an overview was obtained about the extent of 
nanowires along the pore axis and the length 
distribution of the nanowires was evaluated. Before 
the SEM investigations, a thin silver film of a few 
nanometers thickness was sputtered onto the filled 
structure to enhance the surface conductivity for the 
SEM observations. Figure 5 shows top view SEM 
micrographs of a highly ordered alumina pore 
structure filled with nickel. For electrodeposition in 
the pores of this sample, a delay time toff = 60sec was 
chosen. The measured pore diameter is between 45 
and 55 nm and the pore distance is 110 nm. Figure 5a 
shows a region outside the thinned area and in some 
pores the nickel nanowires have grown up to the pore 
opening. Figure 5b shows a micrograph of an area 

about 50 nm below the initial surface. Finally, the 
lowest point of the excavation is shown (Fig. 5c), 
where a layer of 100 nm has been removed from the 1 
mm thick membrane. 
 
RESULT AND CONCLUSION 

 
As a result, we obtained the best nickel filling in 

the AAO membranes for t of about 5 min. In 
summary, a highly efficient method for deposition of 
nickel into ordered nanochannels of porous alumina 
has been presented. By thinning the barrier layer 
homogeneously, the porous structure could be kept on 
the aluminum substrate for the whole process. Our 
approach to the fabrication of a highly ordered metal 
nanowire array is inexpensive and very flexible with 
respect to the size and thickness of the pore structure. 
In addition, the thickness of the barrier layer and the 
pore diameter could in principle be varied 
independently of each other. The use of 
electrodeposition is well-suited for a uniform 
deposition in the pores of porous alumina structures, 
as demonstrated for nickel electrodeposition. Nearly 
100% of the pores were filled with nanocrystalline 
nickel and only a very small fluctuation in growth rate 
of these nanowires was observed. 
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 Ways to improve the degree of ordering of self-organized nanoobjects in A2
VB3VI<impurity> systems are discussed. It is 

shown that, as a result of diffusion intercalation during crystal growth, it is possible to combine the methods of vertical 
directional crystallization with additional migration of atoms (Cu, Ni, Zn, In, Se,) into the interlayer space and defect cavities. 
Apparently, stress relaxation between quintets occurs through the mechanisms of elastic and plastic deformation with mass 
transfer and the appearance of screw dislocations, which affects the nature of folded-corrugated submicrostructures and the 
distribution density of nanoislands. Nanoislands and fold formations are evidenced by AFM images in 2D and 3D scales.        
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It is well known that the processes of elastic and 
plastic deformation of metal and semiconductor films 
on substrates during growth and mechanical loading 
are of interest in revealing the role of the periodic 
distribution of stresses and strains at the interface 
between two-layer systems. When such films are 
compressed on a pliable substrate, folds (corrugations) 
are formed on their surface and a coherent 
deformation of the substrate occurs. In the case of a 
rigid substrate, compressive stresses lead to elastic 
bending of the film with local or periodic 
delamination from the substrate. In this case, it is also 
necessary to take into account the movement of mass 
by plastic shear this process can determine the change 
in the shape of deformable bodies and their elements. 
The processes associated with the movement of atoms 
within the interlayer space of layered crystals can be 
called mass transfer. If there is a density gradient in 
the crystal or a mass gradient in it, excitations of 
cooperative displacements of atoms are possible. 
Shear displacements can develop along 
crystallographic planes, along grain boundaries, and 
also arise due to inhomogeneous slip along crack 
surfaces. 

The analysis carried out in [1] of various types of 
deformation developing under the action of 
compressive stresses in thin films, as well as some of 
the conclusions drawn, can be considered as a model 
for a van der Waals surface and in layered crystals. 
This is due to the formation of a periodic folded relief 
on the surface of the films, as well as between the 
layers in A2

VB3
VI, and as shown in [1], the wavelength 

and amplitude of the folds are determined by the 
competition between the energy and kinetics of the 
film and substrate deformation processes. The 
periodic nature of the deformation of a thin film leads 
to a periodic distribution of normal and shear stresses 
in the "film-substrate" system. Depending on the 
loading conditions and the ratio of the characteristics 
of the film and substrate, stress relaxation occurs 
through elastic and plastic deformation: local or 

periodic delamination of the film from the substrate, 
the formation of wrinkles, the disintegration of the 
film into separate islands, etc. Corrugation of 
structures occurs only when a certain critical 
compressive stress is exceeded [2–3]:       

𝜎𝜎𝑤𝑤  =  
𝐸𝐸𝑓𝑓
4

 �3𝐸𝐸𝑠𝑠
𝐸𝐸𝑓𝑓
�2/3   (1) 

where  𝐸𝐸f = Ef (1–V2
f) and  𝐸𝐸s = Es/(1–V2

s) are the 
modulus of longitudinal elasticity of the film and 
substrate, respectively. When the compressive stress 𝜎𝜎 
exceeds 𝜎𝜎𝑤𝑤, the film spontaneously bends, forming a 
periodic distribution of folds on the surface. Each 
wrinkle in a family with a fixed amplitude-to-
wavelength ratio attenuates stresses by the same 
amount. The wavelength and amplitude of the folds A 
are determined by the energy of the process, i.e. the 
ratio between the change in the energy of elastic 
compression of the film and the sum of the energies of 
elastic bending of the film and substrate [3–4].  

 𝜆𝜆 = 2𝜋𝜋ℎ �
𝐸𝐸𝑓𝑓
3𝐸𝐸𝑠𝑠
�
1
3

 (2) 

𝐴𝐴 = ℎ�
𝜎𝜎
𝜎𝜎𝑤𝑤

 (3) 

where h is the film thickness. The formation of 
wrinkles with a long wavelength is energetically 
unfavorable due to an increase in the strain energy of 
the substrate, and wrinkles with a short wavelength 
lead to a large bending energy of the film. Therefore, 
the need to minimize the total elastic energy leads to 
the formation of medium-sized folds. As can be seen 
from (2), in the case of an elastic substrate, the 
wrinkle wavelength is determined by the elastic 
characteristics of the film and substrate, as well as by 
the film thickness. Moreover, it does not depend on 
the magnitude of stresses, i.e. is a constant value for 
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the "film-substrate" system. On the contrary, the 
wrinkle amplitude does not depend on the elastic 
properties of the film and substrate, but increases with 
increasing compressive stresses. Here, it is also 
necessary to study the effect of growth conditions not 
only on the morphology of the interlayer space, but 
also on the thermoelectric parameters of A2

VB3
VI. 

Microinhomogeneities are formed during 
crystallization: as a result, an inhomogeneous 
columnar or layered structure is created, elongated 
along the axis of the ingot - a longitudinal 
inhomogeneity. Heterogeneities with scales of ~1μm 
level out immediately after crystallization [5]. In 
A2
VB3

VI crystals, point and line defects are formed, 
which create additional stresses in them. The 
homogenization of inhomogeneities such as growth 
bands occurs much faster after impurity intercalation 
along the (0001) A2

VB3
VI plane. This process can be 

carried out at lower temperatures and at high growth 
rates.        

As characteristics of contacting interlayer 
nanoobjects and quintets, one can primarily consider 
their elastic properties. The stresses between the 
quintets of the AV

2BVI
3 crystal lattice also develop 

during phase transformations, chemical reactions in 
the interfacial region during crystal growth [6]. The 
shift of quintets relative to each other occurs easily, as 
a result of which, under the influence of internal 
stresses between quintets and nanoobjects weakly 
coupled to each other, various internal stresses arise. 

The plastic deformation of quintets in a layered 
crystal manifests itself microscopically as a shear 
without noticeable rotation localized between the 
telluride planes Te(1)-Te(1) A2

VB3
VI <impurity>. In this 

case, steps appear on the (0001) surface during the 
relative slip of the telluride layers, such steps are 
called “slip lines”. In the electron microscopic images, 
we are considering, we see slip lines with a height that 
varies from point to point. 

The sliding of quintets does not occur 
simultaneously along the entire sliding plane. This 
process starts in a limited region of the (0001) plane 
and propagates through the layers with a finite 
velocity. 

Since we are studying the cleavage planes 
(simultaneously being the basal planes), it is necessary 
to take into account the dislocations observed during 
the growth of crystals of the Bi2Te3(Sb2Te3) type in 
the analysis. Dislocations in Bi2Te3(Sb2Te3) play a 
special role in the morphology of their cleavage 
surface. Ordinary dislocations lead to the formation of 
steps on the cleavage surface. Splitting, like sliding or 
twinning, cannot immediately cover a large surface. 
The cleavage should propagate from one point to 
another in the form of a crack starting its growth from 
the initial localized nucleus. The edge of the crack, 
which bounds the cleavage region, can be represented 
as a special kind of edge dislocation. Such splitting 
dislocations "creep" without diffusion in the cleavage 
plane perpendicular to their Burgers vectors, and a 
crack opens after the dislocations. Since the crack 
edges advance gradually, they must be described by a 

continuous distribution of cleaving dislocations with 
infinitesimal Burgers vectors. Only the directions of 
these dislocations and their density have physical 
meaning. Splitting occurs when a sufficiently large 
number of lattice dislocations can crawl without 
diffusion one after another along the same plane. 
Cleavage dislocations accumulate at the crack tip, just 
as gliding dislocations accumulate in slip lines. 

The cleavage surfaces are not ideally smooth, but 
usually represent a system of steps almost parallel to 
the cleavage direction. The steps often converge to 
form higher steps. 

Therefore, for a qualitative explanation of the 
mechanisms of deformations in A2

VB3
VI

 layers, arising 
under the action of compressive stresses, we took as a 
basis the provisions set forth in [1, 6–17]. 
Bi2Te3, with its layered structure, which allows the 
preparation of very thin plates of uniform thickness by 
simple successive chipping, was a suitable object of 
study. For Bi2Te3, the cleavage plane coincides with 
the basal plane of the crystal and is simultaneously the 
main slip plane, in which the Burgers vector of 
dislocations is located. This makes it possible to 
directly observe the dislocation pattern of this plane in 
the field of an electron microscope, but so far there are 
no clear images of such patterns on the (0001) surface 
of A2

VB3
VI

 crystals. 
To date, despite the large number of works 

devoted to the mechanisms of growth and composition 
of islands, as well as elastic stresses in them, many 
questions remain open. Great interest in the processes 
of self-organized growth on the surface in elastically 
stressed systems is associated with the movement of 
dislocations and their emergence to the surface and 
with the possibility of obtaining nanoobjects in 
interlayers. These features of sliding steps at the micro 
level must be taken into account. 

The interlayer space Te(1)-Te(1) A2
VB3

VI 
<impurity>, being a dislocation reactor, combines the 
features inherent in nanoreactors. 

The study of deformation and dislocation 
structures in plastically deformed crystals using 
electron microscopy methods revealed a close 
relationship between localization in the form of slip 
lines and bands [16] and a nonuniform distribution of 
dislocations in a crystal. Depending on the loading 
conditions and the structural state of the material, a 
wide variety of dislocation structures of various 
spatial scales and morphologies is observed, which 
indicates the processes of self-organization of 
dislocations [15–17]. 

The aim of the work is to reveal the 
morphological features of the self-organization of 
nanoobjects associated with their deformation during 
the growth of layered crystals A2

VB3
VI <impurity>. 

EXPERIMENT AND DISCUSSION 

The technique for obtaining samples with 
nanoobjects between blocks of quintets and studying 
their morphology using an atomic force microscope 
(AFM) is given in [6]. 
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The production of nanoobjects in the interlayer 
space is associated with defects, which here are 
subdivided into structural and impurity ones. 

During growth and intercalation, as well as 
during the self-organization of impurities between 
layers in layered crystals, stresses can develop due to 
the difference in the characteristics of nanoobjects and 
quintets (we mean quintets in the A2

VB3
VI crystal 

lattice). Figure 1 shows the crystal structure of Bi2Te3, 
which has a layered structure of the tetradymite type; 
layers of Bi and Te atoms alternating along the C axis 
of the rhombohedral lattice are combined into blocks 
(they are sometimes called sandwiches or quintets) 
containing five layers each. Inside the block, the 
atoms are bound by strong covalent interactions, while 
van der Waals forces act between the quintets, and 
thus conditions are created for deformation and easy 
intercalation in the Te(1)-Te(1) A2

VB3
VI interlayers by 

directed diffusion of impurities of different ionic radii 
[7]. We have obtained a lot of experimental data 
confirming this point of view. When the crack tip 
passes through the subboundary, numerous new steps 
automatically arise, and their number increases with 
an increase in the preliminary plastic deformation. 
Step submicrostructures, visible under a microscope, 
result from the joining of much smaller elementary 
steps. At the same time, when steps of the opposite 
sign meet, they can annihilate. 

In most materials, the steps have a curvilinear 
shape. They run approximately parallel to each other 
and perpendicular to the successive positions of the 
crack front. Such a pattern of steps should appear, 
apparently, with an almost complete isotropy of their 
surface tension, since the energy of the steps becomes 
minimal in this case. They rather resemble flat two-
dimensional defects, in which the disturbances are 
large in two directions.  

 a)  b) 

Fig.1. Bi2Te3 crystal structure [7]: places Bi,Te(I) and 
  Te(II) are highlighted -a); position of three block 
  quintets -b). 

Fig. 2. AFM image of a corrugated structure in the Bi2Te3 -Cd system: small vertical arrows show small-amplitude 
 corrugations, the black vertical arrow marks the longitudinal direction of the growth of corrugations; horizontal 
 lines on top indicate uneven distances between folds on the surface (0001) 

In some materials, steps have a zigzag shape and 
run along densely packed crystallographic directions 
[15–16]. 

Interlayer folds, given in fig. 2-3, can be called 
corrugated. The mechanism of bending of interlayer 
nanostructures between blocks can be associated with 
their elastic stability. In all likelihood, the 
compressive stress σ exceeds σwx according to 
formula (1), the interlayer object bends into folds of a 
certain size. Forming folds with any wavelength 
correspond to expression (2). 

In the process of formation of nano-objects 
between telluride quintets in A2

VB3
VI <impurity> when 

the equilibrium between them is disturbed, at a certain 

critical value of longitudinal compressive forces, 
small perturbations lead to the formation of 
dislocations.  

Dislocations in layered A2
VB3

VI crystals can be 
easily represented by displacing one part of the quintet 
relative to the other, but not along the entire part of the 
(0001) plane, but only along its part, as shown in 
Fig.4. The shear occurs along the helical surface (fig. 
4). The value of a single displacement between the 
Te(1)-Te(1) layers is the b-Burgers vector, which 
reflects both the absolute value of the shear and its 
direction along the (0001) plane. For layered crystals 
of the Sb2Te3(Bi2Te3) type, the vector b lies on the 
(0001) plane. 
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Fig. 3. 3D AFM image of the corrugated Bi2Te3-Cu    
        structure: individual corrugations are marked                
        with vertical arrows, the white long arrow shows          
        the direction of crystal growth, which coincides   
        with the longitudinal direction of structure     
        growth. Annealing temperature 700K for 5 hours. 

 
The interlayer space is a region of high 

dislocation density. Impurity atoms between the   
Te(1)-Te(1)  A2

VB3
VI layers are more inclined to form 

nanoobjects in defective areas. We consider those 
dislocations that arise during vertical directional 
crystallization. In the above diagram (fig. 4) in the 
studied crystals, internal forces P are indicated, 
leading to the formation of screw dislocations. These 
forces are applied to quintets. 

 
 

Fig.4. Scheme of a section of a crystal lattice with a   
            screw dislocation in crystals of the Bi2Te3 type  
            (b- Burgers vector). 

 
Numerous screw dislocations can emerge on the 

(0001) surface, which are formed under the influence 
of internal stresses, for example, during the capture of 
impurities [17]. Dislocation mounds are formed on the 
(0001) surface (fig. 5).  

 

  
 

Fig.5. 3D AFM image of locally grown dislocation   
    disordered islands (indicated by arrows)  

              Bi2Te3<Zn>. 

 

 
 

Fig.6. 2D AFM image of ordered Bi2Te3<Zn>   
                  nanoislands annealed at 500K. 

 

 
 

Fig.7. 3D AFM image of ordered nanoislands of 
(0001) surface in Bi2Te3<Zn> 

 
There is competition between dislocation growth 

mounds, which results in the appearance of a steeper 
mound. In AFM images, we notice the so-called 
nanoislands. 

Ordered nanoislands were formed on the 
interlayer surface (0001) by self-organization (see fig. 
6). The growth of these nanoobjects can be considered 
as a manifestation of the mechanism of many 
dislocation mounds-nanoislands. On the AFM images 
of the (0001) Bi2Te3<Zn> surface in 2D and 3D scales 
(fig. 6), small islands formed by competition near 
large islands are noticeable. This is the result of the 
exit of an additional screw dislocation not absorbed by 
the larger dislocation mound. Such mounds usually 
have a non-circular shape, they rather resemble 
elongated ellipses. 

The macroscopic bending of the system under 
consideration leads to an increase in the strain energy 
of the quintets. Here, stress relaxation mechanisms are 
possible, leading to the interaction of quintets. These 
deformations lead to the formation of interlayer folds, 
steps and mounds with their disintegration into 
separate nanoislands (fig.5-7).  
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Fig.8. Corrugated structures based on Bi2Te3-Se annealed at 700K. 

To compare the corrugated (figs. 2, 3, 8) and 
stepped structures (fig. 9) obtained by us in A2

VB3
VI 

with films [1], various schemes of corrugating films 
on substrates under the action of stresses are given 
(see fig. 10). Comparison of the morphology of 
interlayer nanoformations with the shape of the films 
from Fig. 10 revealed a certain similarity of 
corrugations, differing only in wavelength and 
amplitudes. They arise due to the possible coherent 
deformation of the structures of nanoobjects and the 
(0001) A2

VB3
VI<Se, Ni, In> surface. The scheme shown 

in Fig. 10a from [1] is very close to the real surface 

morphology (0001) of Bi2Te3<Cu, Cd, Se> and 
Sb2Te3<In> which are shown in figs. 2, 3 and 12 (a, c, 
e). 

One of the mechanisms for the formation of 
ordered nanostructures can be faceting, in which a flat 
crystalline surface is rearranged into a periodic 
structure of "hills and valleys" to reduce the free 
energy on the surface. Subsequent heteroepitaxial 
growth on faceted surfaces under optimized growth 
conditions leads to the formation of corrugated 
superlattices [14]. Corrugated structures shown in fig. 
2, 3 and 8. 

a)  b)  c)  d) 

Fig.9. Stepped structures in the Bi2Te3-Ni system: 2D- AFM scale - a); profilogram along the line shown in fig. a) - b); the 
  direction of crystal growth (large black arrow), the left vertical arrow is the direction of compression of steps - c); a 
  separate fragment of steps without nanoislands (height h=10nm) (– d). 
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 a)  b)  c) 

Fig. 10. Various schemes of corrugation of thin films on a substrate under the action of compressive stresses [1]: 
a)-stripe structure, b)-labyrinth structures, c)- fir-tree structures. 

It is also necessary to take into account the 
redistribution of mass by plastic shifts in the medium. 
Areas of increased and reduced mass density (M-
regions) are formed on inhomogeneities of the 
distribution function of shear displacements [13]. 
Displacement inhomogeneities also exist in the Bi2Te3 
atomic medium, albeit on a much smaller scale. If a 
significant part of the atoms is involved in the 
displacements, and these displacements obey certain 
laws, then we can speak of collective motions. The 
collective motion of atoms plays a significant role in 
the plastic deformation of a material. In addition, the 
collective motion leads to an uneven distribution of 

atoms in the crystal lattice and is weakened by point 
and line defects, which are present in abundance in 
A2
VB3

VI [5]. Around such defects, it is distorted. In this 
case, a vacancy can be considered as a compression 
center, and an interstitial atom as an expansion center 
in an elastic medium [13]. The wall of vacancies or 
interstitial atoms will already represent a region of 
dilatation of the atomic structure. When defects are 
annihilated, the redistribution of excess and missing 
mass occurs, and the ideality of the material is 
restored. 

a)  b)  c) 

Fig.11. 3D AFM image of stepped structures on the Bi2Te3-Cu surface - a), 2D AFM image of nanoislands on the lower 
  step of the (0001) surface - b), profilogram along the line in fig. b) is shown in fig. - c) 

If the substrate cannot accumulate elastic energy, 
then the nanoobject becomes unstable under any 
compressive stress, and the wrinkling process is 
completely determined by kinetics [8–9]. In this case, 
folds can be formed with any wavelength exceeding a 
certain critical value [10]:   

𝜆𝜆𝑐𝑐 =  𝜋𝜋ℎ �−
𝐸𝐸𝑓𝑓
3𝜎𝜎

 (4) 

The thickness (h) of the nanoobjects obtained by 
us does not exceed several nm.  

Figures 2, 3, 8 and 12 (a) show the corrugated 
structures associated with the formed folds. Figure 11 
(a, c) shows the wavelengths of folds 20–30 nm in 
size. To compare the folds arising in the substrate-film 
system [1] with corrugations in the A2

VB3
VI<Se, Ni, Cd, 

Cu> systems, their figures 2, 3, 8 and 12 are shown. 
Interlayer steps with  nanoislands  in the  

Bi2Te3<Cu > system is shown in fig. 11(a). 
It should be noted that the growth of folds with 

different wavelengths, i.e., an increase in their 
amplitude, occurs at a crystal growth rate of 1 to 
2.5cm/h.These changes in amplitudes and wavelengths 
are reflected in the morphology of the structures 
shown in fig.12. At the initial stage of deformation, 
the amplitude growth rate is maximum for folds with a 
wavelength [11]:        

𝜆𝜆𝑚𝑚 =  𝜋𝜋ℎ �−
𝐸𝐸𝑓𝑓
𝜎𝜎

 (5) 

Therefore, based on kinetic considerations, at the stage 
of nucleation on a quintet substrate, rapidly growing 
folds with a wavelength according to (5) will prevail, 
which, in contrast to the case of an elastic substrate, is 
determined only by the characteristics of nanoobjects 
and the magnitude of compressive stresses.
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a)  b) 

c)  d) 

e)  f) 

Fig.12. Corrugated structures with nanosteps in the Sb2Te3-In system: 
separately selected lengths of “waves” (λ) of corrugations and directions of their deformations - a);  

  profilogram-b); corrugation fragment-c); profilogram-d); corrugation with a step on the left - e); profilogram–f. 

When the amplitude of the folds with the wavelength 
λm becomes comparable with the film thickness, the 
process of their growth slows down considerably. The 
stress value in the film at this stage is determined as 
[12]: 

𝜎𝜎 =  −𝜋𝜋2ℎ2  (6) 

i.e. the longer the wavelength of the folds, the stronger 
the relaxation of compressive stresses. Since the 

wavelength (see Fig. 12) is large (~20-30) nm, the 
compressive stresses are high. Therefore, further stress 
relaxation occurs due to an increase in the wavelength 
of the folds (coarsening), which is provided by plastic 
deformation of the quintets. The data from [1, 8, 12 
and 15] used to explain the possible deformations in 
the interlayers made it possible (in figs. 2, 3, 12a) to 
show the possible directions of deformation during the 
growth of Sb2Te3(Bi2Te3)<Cu, Ni, In>   crystals.
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Figures 2 and 3 show the directions of compressive 
stresses (they are indicated by arrows perpendicular to 
the direction of the (0001) plane) at the final stage of 
nanoobject growth during impurity mass transfer in 
the Te(1)-Te(1)  A2

VB3
VI zone. These figures also show 

the longitudinal directions of growth of corrugated 
structures. 

The coarsening is accompanied by an increase in 
the amplitude of the folds in accordance with the 
expression [12]:   

             𝐴𝐴 = ℎ �
1

3(𝜆𝜆
2

𝜆𝜆𝑐𝑐2 – 1)
                 (7) 

From the experimental data, the parameter A was 
found, which varies within 5 -10 nm depending on the 
growth rate (1.1 -2.4)cm/h and the crystallization 
temperature. The parameter A given in [1] differs 
from the data obtained by us. As shown by our 
studies, the local places of formation of nanoobjects 
can be inhomogeneities around screw dislocations and 
other defect structures such as Te vacancies on the 
(0001) A2

VB3
VI surface. Thus, these processes are of a 

local nature, as evidenced by the formed nanoislands 
on different parts of the (0001) surface (see figs. 5 and 
6). We have developed such technological conditions 
under which the distribution of internal stresses 
contributed both to the formation of corrugated 
structures and nanoislands (for example, figs. 5        
and 6).  

When discussing the results obtained, the process 
of plastic deformation of the (0001) surface of quintets 
should not be left aside. It is necessary to take into 
account the factor that plastic deformation in general 
is a process of local mass displacement. For any type 
of defect, plastic shear is a section of the shear plane, 
in which shear displacements are greater than in 
neighboring sections of the shear plane, where the 
deformation is considered elastic. The mass displaced 
by plastic shears is commensurate with the extraplane 
mass, and for a completed shear it is equal to it. The 
displaced mass is 3–4 orders of magnitude higher than 
that given by the calculation based on the elastic 
energy of dislocations [13]. Such a plastic shear 
occurs between Te(1)-Te(1)  A2

VB3
VI and creates 

additional (0001) planes of sheared steps, similar to 
the surfaces shown in Figs. 2 and 9. With shifts 
occurring only along one slip plane of a bismuth 
telluride crystal, as described in [5], the dislocations 
are arranged in the form of parallel lines. They are 
also responsible for the stresses created across the 
layers and causing folds (corrugations). The formation 
of corrugations and their movement are analogous to 
the movement of dislocations. 

The intensity of mass transfer, which leads to the 
formation of folded structures and three-dimensional 
nanoislands, increases with an increase in the growth 
rate during diffusion intercalation. In this case, the 
intercalated atoms can be fixed at the exit points of 
screw dislocations, forming nanoislands (these sliding 
points are marked in fig. 4).  

It is believed that the key factor in the transition 
to the three-dimensional island growth of nanoobjects 

is the energy gain due to the reduction of stresses in 
3D islands through their elastic relaxation. On a 
sufficiently clean surface, interlayer volumetric 
islands are not formed, and the growth of nanoobjects 
occurs due to the movement of steps (step-layer 
growth) (see fig. 9 c, d). The steps shown in Fig. 9(c, 
d) can arise both during the formation of two-
dimensional nuclei and when a screw dislocation in 
Bi2Te3 reaches the surface with accumulation of easily 
diffusible impurities (Cu, Ni, Zn, Se). It is possible 
that the structure of the stepped surface is related to 
the layer-by-layer mechanism of growth. Moreover, 
the steps are quite large: ~10nm, formed as a result of 
the merging of small steps. 

 The morphology of nanoobjects intercalated at 
temperatures (600 and 700K) and grown at growth 
rates (1.1 and 2.4cm/h) made it possible to draw the 
appropriate conclusions. Depending on the growth 
rate, interlayer folded-corrugated structures and 
ordered nanoislands were grown. The formation of 
interlayer microstructures is influenced by internal 
interlayer stresses, which lead to elastic interaction 
with the formation of various types of nanoobjects. 
AFM images in 2D and 3D scales indicate the 
formation of stable steps, folds (corrugated structures 
with a wavelength of 20-30nm) and three-dimensional 
ordered nanoislands ~ 5-8nm high. Internal stresses 
play a significant role in the development of 3D 
islands and their size distribution (see fig. 5-7). 
Stresses and mass transfer lead to a non-periodic 
distribution of corrugations on the surface (0001) 
A2
VB3

VI <impurity>. To control the periodicity of the 
formation of nano-objects, nanoislands, their adhesion 
with subsequent corrugation, it is necessary to carry 
out annealing. 
 
CONCLUSIONS   
               

The surface morphology of interlayer corrugated 
structures in AV

2BVI
3 <impurity> type crystals and 

corrugated thin films on substrates under compressive 
stresses is identical. Comparison of the calculated 
parameters of the wavelength and amplitude of the 
corrugations in this case was of a qualitative nature. 
Flaking due to elastic deformation in the interlayer 
space Te(1)-Te(1)  A2

VB3
VI should not be observed due to 

the closed space in which nanoobjects are located. 
AFM images of nanoformations of various shapes 
indicate the processes of compression and tension 
between quintets in layered structures. In all 
likelihood, helical dislocation mounds play a special 
role in the mechanism of self-organization of 
interlayer nanoobjects.  

The formed interlayer structures in AV
2BVI

3 
<impurity> have important technical applications in 
thermoelectricity. 
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1. INTRODUCTION 

 

Semiconducting compounds of the group 

AIIB2
IIIC4

VI (A-Zn, Cd; B-Ga; C-S, Se), are thiogalates 

and crystallize into a tetragonal structure with a space 

group  𝑆4
2  (I 4 ) [1]. This group of thiogalates is 

characterized by the presence of an ordered cation 

vacancy, which distinguishes them from crystal 

chemical and isoelectronic analogs with the structure 

of chalcopyrite and sphalerite, as a result of which the 

compounds of this group are also called defective 

chalcopyrite (DC). Compounds AIIB2
IIIC4

VI (A-Zn, Cd; 
B-In, Ga; C-S, Se, Te) are promising in connection 

with the possibility of their use in semiconductor 

instrumentation [2].  

 

2. RESULTS AND DISCUSSION  

 

As it is known, there are 7 atoms in the unit cell 

of defective chalcopyrites of the AIIB2
IIIC4

VI   group. 
Therefore, the vibrational spectrum consists of 21 

modes and is described at the center of the Brillouin 

zone (at q=0) by the following irreducible 

representations [3]: 

                                          

 Г = 3A + 6B + 6E   (1) 

 

All E symmetry modes are doubly degenerated, 

one B mode and one E mode are acoustic. All optical 

modes (3A, 5B and 5E) are active in Raman spectra 

(RS). In the infrared absorption (IR) spectra, 5B 
symmetry modes are active, allowed in polarization 

parallel to the tetragonal C axis, and 5 doubly 

degenerated E symmetry modes. B and E modes are 

polar, while A modes are non-polar. Type A fully 

symmetrical vibrations are associated with 

displacements of the anionic sublattice atoms along 

the x, y, and z crystallographic axes, while the cationic 

sublattice atoms do not participate in vibrations. B 

type vibrations are associated with displacements of 

atoms in the cationic sublattice relative to the anionic 

sublattice along the tetragonal c axis (along the z 
axis). The doubly degenerated Ex and Ey modes are 

associated with the displacements of the atoms of the 

cationic sublattice along the x and y crystallographic 

axes, respectively [4]. 

Since the vibrations of the three A (1) symmetry 

modes are associated only with the displacements of 

the anionic atoms S, Se, and Te, it should be expected 

that in compounds of defective chalcopyrites of the 

AIIB2
IIIC4

VI group containing the same anion atoms (for 
example, CdGa2S4, ZnGa2S4, HgGa2S4 or CdGa2Sе4, 

ZnGa2Sе4, HgGa2Sе4), the corresponding frequencies 

of the A1, A2, and A3 modes are differ little. Indeed, as 

can be seen from Table 1, the frequencies of the A1, 

A2, and A3 modes in CdGa2S4, ZnGa2S4, HgGa2S4 

compounds and in CdGa2Sе4, ZnGa2Sе4, and 

HgGa2Sе4 compounds are very close in magnitude. 

 
                                                            Table 1. 

Frequencies of the А1, А2 and А3 modes in the AIIB2
IIIC4

VI group compounds 

 
 
Modes 

CdGa2S4 

ref.[5] 
ZnGa2S4 

ref.[3] 
HgGa2S4 

ref.[6] 
CdGa2Se4 

ref.[7] 
ZnGa2Se4 

ref.[7] 
HgGa2Se4 

ref.[8] 

A1 219 230 220 140 143 139 

A2 310 320 300 185 180 183 

A3 359 367 358 207 209 206 

 

 

Already in early studies on the frequencies of Raman 

active modes in defective chalcopyrites [3, 9], it was 

noted that the frequencies of polar (E, B) and nonpolar 
(A) modes can be approximated by the following 

simple relationship: 

M

f
2                                        (2) 

here f - force constants of interatomic interaction, M-

masses of atoms. This relation has a greatly simplified 

form, but correctly reflects the characteristic 
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regularities of frequencies for isostructural crystals, 

for example, compounds of the A2
VB3

VI group [10]. If

we assume that the lowest-frequency mode A1 in 

defective chalcopyrites is due to in-phase 

displacements of anion atoms, then in relation (2) we 

can take the mass М=4m, where m is the mass of the 
anion. Figure 1 shows the dependence of the 

experimentally determined frequencies of the A1 mode 

of the AIIB2
IIIC4

VI compounds on the value of (4m)-1/2.

As it can be seen from the fig.1, a satisfactory linear 

dependence (2) of the frequencies of the A1 mode on 

the values of (M)-1/2 is observed. 

Similar conclusions can be drawn for the polar E 

and B modes. In the AIIB2
IIIC4

VI compounds, the lowest

frequency E modes are most likely due to in-phase 

displacements of atoms of A cations (Zn, Cd, Hg) and 

C anions (S, Se, Te). In this case, in (2) in the 

approximation of a linear chain, we can assume 

М=mA+mC, where mA is the mass of the cation, mС is 

the mass of the anion, as was done in [9]. 

Table 2 and figure 2 show the dependence of the 

experimentally determined frequencies of the lowest 

frequency transverse ETO modes of the AIIB2
IIIC4

VI

compounds on the value of (mA+mC)-1/2. As it can be 

seen from the figure, in this case, the linear 

dependence (2) of the frequencies υ of the lowest 

frequency transverse ETO modes on the values of 

(M)-1/2 is also well observed. 

Fig. 1. Dependence of the experimentally determined frequencies of the A1 mode of crystals ZnGa2S4 (а), HgGa2S4 (b), 
 CdGa2S4 (c), ZnGa2Se4 (d), CdGa2Se4 (e), HgGa2Se4 (f), ZnIn2Se4 (g), CdGa2Te4 (h), CdIn2Te4 (i) on the value 
 (4m)-1/2. 

Table 2. 

Frequencies (cm-1) of the lowest-frequency transverse ETO modes and (mA+mC)-1/2 (in amu-1/2) values of 

the  AIIB2
IIIC4

VI group compounds.

HgGa2Se4

ref.[8] 
HgGa2S4

ref.[6] 
CdGa2Se4 

ref.[3] 
ZnGa2Se4 

ref.[9] 
CdGa2S4 

ref.[3] 
ZnGa2S4 

ref.[3] 

Frequences 51 61 68 84 86 108 

(mA+mC)-1/2 0.060 0.066 0.072 0.085 0.083 0.104 

      Table 3. 
Frequencies (cm-1) of highest-frequency longitudinal BLO modes and µ-1/2 (in amu-1/2) 

values of the      AIIB2
IIIC4

VI compounds 

CdGa2Te4 

ref.[5] 

CdGa2Se4 

ref.[5] 

ZnGa2Se4 

ref.[7] 

CdGa2S4 

ref.[5] 

ZnGa2S4 

ref.[7] 

Freq. 234 275 285 389 396 

µ-1/2 0.126 0.144 0.157 0.198 0.207 
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Fig. 2. Dependence of experimentally determined frequencies of the lowest frequency transverse ETO modes of 
  HgGa2Se4 (а), HgGa2S4 (b), CdGa2Sе4 (c), ZnGa2Se4 (d), CdGa2S4 (e), ZnGa2S4 (f) crystals on the value 
 (mA+mC)-1/2. 

In the AIIB2
IIIC4

VI  compounds, the highest-

frequency longitudinal BLO modes are probably due to 

antiphase displacements of A cation atoms (Zn, Cd, 

Hg) and C anions (S, Se, Te). In this case, the reduced 

mass µ is used. In [3], for calculating the reduced 

mass µ of high-frequency E and B symmetry modes of 

defective chalcopyrites AIIB2
IIIC4

VI, it is proposed to use
the relation: 

4

𝜇
=

2

𝑚𝐴

+
1

𝑚𝐵

+
4

𝑚С

 (3)

Table 3 and figure 3 show the dependence of the 

experimentally determined frequencies of the highest-

frequency longitudinal BLO modes of the AIIB2
IIIC4

VI 

compounds on the value of the reduced mass µ 

calculated according to (3).  

CONCLUSION 

On the basis of our own data and data from the 

literature on the frequencies of optical phonons, linear  

dependences of the frequencies of Raman-active 

phonons on the masses of atoms of the AIIB2
IIIC4

VI

group compounds were established. 

Fig. 3. Dependence of the experimentally determined frequencies of the highest-frequency longitudinal BLO 
 modes of CdGa2Te4 (а), CdGa2Sе4 (b), ZnGa2Se4 (c), CdGa2S4 (d), ZnGa2S4 (e) crystals on the value 
 of µ-1/2. 

_______________________________________ 
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Errandonea,V.V. Ursaki, and I.M. Tiginyanu. 

Lattice Dynamics Study of HgGa2Se4 at High 

Pressures. J. Phys. Chem. C., 2013, 117, 15773. 

[9] P.P. Lottici and C.Razzetti. A comparison of the 

raman spectra of ZnGa2Se4 and other gallium 

defect chalcopyrites. Solid State 
Communications, 1983, 46(9), 681. 

[10] Z.I. Badalova, N.А. Abdullayev, G.Х. Ajdarov, 

Kh.V. Аliquliyeva, S.Sh. Кaxramanov,  

S.А. Nemov, N.T. Mamedov. Anharmonicity of 

Lattice Vibrations in Bi2Se3 Single Crystals FTP 

(Soviet journal of Semiconductors), 2019, 53 (3), 

309. 

Received: 02.11.2022 



AJP FIZIKA 2022                volume XXVIII № 4, section En 

26 131, H.Javid ave, AZ-1143, Baku 
ANAS, Institute of Physics 
E-mail: jophphysics@gmail.com 
 

SCATTERING OF LOW-ENERGY NEUTRINOS AT ACCELERATED ELECTRON 
BEAM PASSING THROUGH SINGLE CRYSTALS 

VALI A. HUSEYNOVa,b,c,d*, RASMIYYA E. GASIMOVAe , 
RANIA M. ROUGGANIb

a Laboratory for Physics of Cosmic Ray Sources, Institute of Physics, 
131, H. Javid Ave., AZ-1143, Baku, Azerbaijan, vgusseinov@yahoo.com 

b Department of Physics, Baku Engineering University, Khirdalan, Hasan Aliyev Street 120, 
AZ0101, Absheron, Baku, Azerbaijan, vehuseynov@beu.edu.az; 

rrougganimerzouki@std.beu.az 
c Department of Physics and its Teaching Methods, Sumgayit State University, 

 Baku Street 1, Sumgayit, Azerbaijan 
d Department of Engineering Physics and Electronics Azerbaijan Technical University,  

H. Javid Avenue 25, Baku, Azerbaijan 
e Department of Theoretical Astrophysics and Cosmology Shamakhy Astrophysical 

Observatory, Y. Mammadaliyev Settlement, AZ5626, Shamakhy District, Azerbaijan, 
gasimovar@yahoo.co.uk 
* Corresponding Author

We investigate the scattering of low-energy neutrinos at the accelerated electron beam passing through the single crystals 
possessing strong internal electrostatic field in the framework of the Weinberg-Salam electroweak interaction theory. We 
present the results of our calculations on the average value of the third component of the momentum of the scattered accelerated 
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crystals and in detection of low-energy neutrinos.    

Keywords: low-energy neutrinos, single crystals, transversely polarized electrons, effective magnetic field in single crystals 
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1. INTRODUCTION

In detection process we measure the observable 
physical quantities. One of these quantities is the third 
component of the momentum of the scattered electron 
when low-energy neutrinos (𝜔𝜔 ≪ 𝑚𝑚𝑒𝑒 where 𝜔𝜔 is the 
energy of the incident neutrino, 𝑚𝑚𝑒𝑒 is the electron 
mass) scatter at the accelerated electron beam passing 
through the single crystals possessing strong internal 
electrostatic field. The electrons passing through such 
crystals experience the action of an extended effective 
magnetic field according to the formula 

𝐻𝐻��⃗ 𝑒𝑒𝑒𝑒 =
�𝐸𝐸�⃗ 𝛽𝛽��⃗ �

�1−𝛽𝛽2
 (1) 

where  𝛽𝛽 = 𝛽𝛽𝑛𝑛�⃗  ,  𝛽𝛽 = 𝑣𝑣 𝑐𝑐⁄  [1-4]. In this case the third 
component of the electron situated in an effective 
magnetic field of the single crystal is conserved. It 
enables us to measure the third components of the 
scattered electrons, to register low-energy neutrinos 
and to obtain invaluable information on the internal 
electrostatic field of the considered single crystals like 
a tungsten (𝑊𝑊) or a diamond (𝐶𝐶). 

The main purpose of the presented work is to 
determine the average third component of the scattered 
electron when low-energy neutrinos scatter at the 
accelerated electron beam passing through the single 
crystals like a tungsten (𝑊𝑊) or a diamond (𝐶𝐶) that 
possess strong internal electrostatic field. 

We present the results of our calculations of the 
third component of the scattered electron for the 
scattering of low-energy neutrinos at transversely 
polarized accelerated electrons 

𝜈𝜈𝑖𝑖 + 𝑒𝑒− → 𝜈𝜈𝑖𝑖′ + 𝑒𝑒−′,  (2) 

passing through the single crystals possessing strong 
internal electrostatic field in the framework of the 
Weinberg-Salam electroweak interaction theory where 
𝜈𝜈𝑖𝑖 = 𝜈𝜈𝑒𝑒 ,  𝜈𝜈𝜇𝜇 ,  𝜈𝜈𝜏𝜏 are the three flavours of neutrinos in the 
initial state, 𝜈𝜈𝑖𝑖′ = 𝜈𝜈𝑒𝑒′ ,  𝜈𝜈𝜇𝜇′ ,  𝜈𝜈𝜏𝜏′  are the three flavours of 
neutrinos in the final state. As we indicated above the 
electrons passing through such crystals experience the 
action of an extended effective magnetic field. So, we 
investigate the process (2) in a constant homogenous 
magnetic field. We disregard non-homogeneity of the 
internal electrostatic field (effective magnetic field).   

2. METHODS

First of all, we calculate the differential 
probability of the processes (2) using the Feynman 
diagram technique [5] and the exact wave function 
method [6]. The related Feynman diagrams of the 
processes 𝜈𝜈𝑖𝑖𝑒𝑒− → 𝜈𝜈𝑖𝑖′𝑒𝑒−′ are given by the Fig.1. 

mailto:vgusseinov@yahoo.com
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a) 

b) 

0 
c) 

Fig 1. The Feynman diagrams describing the 
  processes 𝜈𝜈𝑖𝑖𝑒𝑒− → 𝜈𝜈𝑖𝑖′𝑒𝑒−′ 

Fig.1, a corresponds to the processes proceeding 
at the expense of a purely neutral weak current                                 
( 𝜈𝜈𝜇𝜇𝑒𝑒− → 𝜈𝜈𝜇𝜇′𝑒𝑒−′  or  𝜈𝜈𝜏𝜏𝑒𝑒− → 𝜈𝜈𝜏𝜏′𝑒𝑒−′  processes). Fig. 1, 
b and fig. 1, c correspond to the process proceeding at 
the expense of both a neutral weak current and charged 
weak current ( 𝜈𝜈𝑒𝑒𝑒𝑒− → 𝜈𝜈𝑒𝑒′𝑒𝑒−′ process), respectively. 

3. DIFFERENTIAL PROBABILITY OF THE
PROCESS AND THE AVERAGE THIRD
COMPONENT OF THE SCATTERED
ELECTRON

At first, we calculate the differential probability of
the elastic scattering process describing by the reaction 

𝜈𝜈𝜇𝜇𝑒𝑒− → 𝜈𝜈𝜇𝜇′𝑒𝑒−′  ( or  𝜈𝜈𝜏𝜏𝑒𝑒− → 𝜈𝜈𝜏𝜏′𝑒𝑒−′) when a 𝑍𝑍-boson 
propagator only contributes.  

We assume that electrons in the initial and final 
states are ultra-relativistic  

 𝜀𝜀2 ≫ 𝑚𝑚𝑒𝑒
2,  𝜀𝜀′2 ≫ 𝑚𝑚𝑒𝑒

2  (3) 

where 𝜀𝜀 = 𝛾𝛾𝑚𝑚𝑒𝑒 , 𝛾𝛾 = �1 + 2𝑓𝑓𝑛𝑛 + (𝑝𝑝𝑧𝑧 𝑚𝑚𝑒𝑒⁄ )2 , 𝑝𝑝𝑧𝑧 and 
𝑛𝑛 are the energy, relativistic factor, 𝑧𝑧-component of the 
momentum and the number of the Landau energy level 
belonging to the electron in the initial state, 
respectively. The  primed  quantities   𝜀𝜀′ = 𝛾𝛾′𝑚𝑚𝑒𝑒,     
 𝛾𝛾′ = �1 + 2𝑓𝑓𝑛𝑛′ + (𝑝𝑝𝑧𝑧′ 𝑚𝑚𝑒𝑒⁄ )2 , 𝑝𝑝𝑧𝑧′    and  𝑛𝑛′ belong to 
the electron in the final state. 𝑓𝑓 is the dimensionless 
field parameter characterizing the external magnetic 
field 𝑓𝑓 = 𝐵𝐵 𝐵𝐵0⁄  where 𝐵𝐵 is the magnitude of the 
magnetic field vector 𝐵𝐵�⃗  that is directed along the 𝑧𝑧 - 
axis and 𝐵𝐵0 = 𝑚𝑚𝑒𝑒

2 𝑒𝑒⁄ ≅ 4.414 × 1013𝐺𝐺 is the Schwinger 
field strength in the system of units  𝑐𝑐 = ℏ = 1. 𝐵𝐵 is 
assumed to be 𝐵𝐵 ≪ 𝐵𝐵0 ( or 𝑓𝑓 ≪ 1).  We also assume 
that electrons in the initial and final states possess large 
transverse momenta 

 𝑝𝑝⊥ = (2𝑒𝑒𝐵𝐵𝑛𝑛)1 2⁄ = 𝑚𝑚𝑒𝑒(2𝑓𝑓𝑛𝑛)1 2⁄ ≫ 𝑚𝑚𝑒𝑒 ,    (4) 

𝑝𝑝⊥′ = (2𝑒𝑒𝐵𝐵𝑛𝑛′)1 2⁄ = 𝑚𝑚𝑒𝑒(2𝑓𝑓𝑛𝑛′)1 2⁄ ≫ 𝑚𝑚𝑒𝑒.     (5) 

The assumptions  𝜀𝜀2 ≫ 𝑚𝑚𝑒𝑒
2,  𝜀𝜀′2 ≫ 𝑚𝑚𝑒𝑒

2 ,      𝑝𝑝⊥ ≫ 𝑚𝑚𝑒𝑒, 
𝑝𝑝⊥′ ≫ 𝑚𝑚𝑒𝑒  and  𝑓𝑓 ≪ 1  mean that the main contribution 
to the differential probability of the process comes from 
the electron states occupying high Landau levels 
(𝑛𝑛,  𝑛𝑛′ ≫ 1). In this case motion of the electrons in the 
initial and final states are semiclassical. 

We consider the case when the longitudinal 
momentum of the electrons in the initial state is zero: 
𝑝𝑝𝑧𝑧 = 0. 
Let the incident low-energy massless neutrino fly along 
the 𝑧𝑧-axis (along the magnetic field direction) and its 
energy is in the range  𝜔𝜔𝑚𝑚𝑖𝑖𝑚𝑚 ≪ 𝜔𝜔 ≪ 𝑚𝑚𝑒𝑒 ,   (or 
𝑓𝑓 �𝛾𝛾2 − 1 ≪ 𝜔𝜔 𝑚𝑚𝑒𝑒 ≪ 1⁄⁄ ) where 𝜔𝜔𝑚𝑚𝑖𝑖𝑚𝑚 = 𝑒𝑒𝐵𝐵 𝑝𝑝⊥⁄ . 

The above indicated conditions and restrictions 
mean that the differential probability of the process will 
depend on two parameters:  the field parameter 

𝜒𝜒 = 𝑒𝑒
𝑚𝑚𝑒𝑒
3 �−�𝐹𝐹𝜇𝜇𝜇𝜇𝑝𝑝𝜇𝜇�

2�
1 2⁄

= 𝐵𝐵
𝐵𝐵0

𝑝𝑝⊥
𝑚𝑚𝑒𝑒

= [𝑓𝑓2(𝛾𝛾2 − 1)]1 2⁄    (6) 
and the kinematical parameter 

 𝜅𝜅 = 2𝜔𝜔𝐸𝐸
𝑚𝑚𝑒𝑒
2 = 2𝑘𝑘𝑝𝑝

𝑚𝑚𝑒𝑒
2     (7) 

where 𝐹𝐹𝜇𝜇𝜇𝜇 = 𝜕𝜕𝜇𝜇𝐴𝐴𝜇𝜇 − 𝜕𝜕𝜇𝜇𝐴𝐴𝜇𝜇    is the tensor of the external field.   
We obtain the following general formula for the differential probability of the process  𝜈𝜈𝜇𝜇𝑒𝑒− → 𝜈𝜈𝜇𝜇′𝑒𝑒−′  (or 
 𝜈𝜈𝜏𝜏𝑒𝑒− → 𝜈𝜈𝜏𝜏′𝑒𝑒−′): 

𝑑𝑑𝑑𝑑 = 𝐺𝐺𝐹𝐹
2𝑚𝑚𝑒𝑒

2

4𝜋𝜋3 2⁄
1
𝑉𝑉
�𝐴𝐴Φ1(𝑧𝑧) − 𝐵𝐵 �𝜒𝜒

𝑢𝑢
�
2 3⁄

Φ′(𝑧𝑧) − 𝐶𝐶 �𝜒𝜒
𝑢𝑢
�
1 3⁄

Φ(𝑧𝑧)�𝑁𝑁(𝑢𝑢, 𝜅𝜅) 𝑢𝑢𝑑𝑑𝑢𝑢
(1+𝑢𝑢)4

 (8) 

where 
 𝐴𝐴 = 𝜅𝜅

2𝑢𝑢
[𝑔𝑔𝐿𝐿2(1 + 𝑢𝑢)2 + 𝑔𝑔𝑅𝑅2 + 2𝑔𝑔𝐿𝐿𝑔𝑔𝑅𝑅𝜁𝜁𝜁𝜁′(1 + 𝑢𝑢)] − 𝑔𝑔𝐿𝐿𝑔𝑔𝑅𝑅(1 + 𝜁𝜁𝜁𝜁′)(1 + 𝑢𝑢),  (9) 
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                                                 𝐵𝐵 = 𝑔𝑔𝐿𝐿2(1 + 𝑢𝑢)2 + 𝑔𝑔𝑅𝑅2 + 2𝑔𝑔𝐿𝐿𝑔𝑔𝑅𝑅𝜁𝜁𝜁𝜁′(1 + 𝑢𝑢),                                                         (10) 
 
 
                                            𝐶𝐶 = 𝑔𝑔𝐿𝐿2𝜁𝜁′(1 + 𝑢𝑢)2 − 𝑔𝑔𝑅𝑅2𝜁𝜁 + 𝑔𝑔𝐿𝐿𝑔𝑔𝑅𝑅(𝜁𝜁 − 𝜁𝜁′)(1 + 𝑢𝑢),                                                   (11) 

      𝑁𝑁(𝑢𝑢, 𝜅𝜅) = �𝜅𝜅 �𝑚𝑚𝑒𝑒
𝑚𝑚𝑍𝑍
�
2 𝑢𝑢
1+𝑢𝑢

+ 1�
−2

,          (12)                                                                             
 
𝑢𝑢 is the invariant spectral variable 
                     𝑢𝑢 = 𝜒𝜒

𝜒𝜒′
− 1 = 𝑝𝑝⊥

𝑝𝑝⊥
′ − 1 ≃ 𝜔𝜔′

𝐸𝐸−𝜔𝜔′,             (13)                                                            
 
the field parameter 𝜒𝜒′ belongs to the electrons in the 
final state,  
 

           Φ(𝑧𝑧) = 1
2√𝜋𝜋

∫ 𝑑𝑑𝑑𝑑𝑒𝑒𝑑𝑑𝑝𝑝 �𝑖𝑖 �𝑧𝑧𝑑𝑑 + 𝑡𝑡3

3
��+∞

−∞         (14)                                                     
 
is the Airy function depending on the argument 
 

𝑧𝑧 = �𝑢𝑢
𝜒𝜒
�
2 3⁄

�1 − 𝜅𝜅
𝑢𝑢
�,                 (15) 

 
Φ′(𝑧𝑧) = 𝑑𝑑Φ(𝑧𝑧) 𝑑𝑑𝑧𝑧⁄ , Φ1(𝑧𝑧) = ∫ Φ(𝑦𝑦)𝑑𝑑𝑦𝑦∞

𝑧𝑧 , 
 

𝑔𝑔𝐿𝐿 = −0.5 + sin2 𝜃𝜃𝑊𝑊, 𝑔𝑔𝑅𝑅 = sin2 𝜃𝜃𝑊𝑊. 
 

The analyses of the general formula obtained for 
the differential probability and the argument 𝑧𝑧 show 
that the influence of the external magnetic field on the 
low-energy neutrino-electron scattering is determined 
by the parameter 
                                𝜂𝜂 = 𝜒𝜒

𝜅𝜅
= 1

2
𝐵𝐵
𝐵𝐵0

𝑚𝑚𝑒𝑒
𝜔𝜔

 .                     (16)                                                                     
          
When the parameter  𝜂𝜂 ≳ 1, the field effects become 
essentially. To achieve a higher 𝜂𝜂 the energy of the 
incident neutrino 𝜔𝜔 is to be as low as possible and the 
magnitude of the magnetic field vector is to be as high 
as possible but much less than 𝐵𝐵0 . For this purpose, 
relic neutrinos are the most suitable neutrinos due to 
their extremely low energy. To achieve 𝜂𝜂 ≳ 1 for relic 
neutrinos 𝐵𝐵 is to satisfy the condition  
 

      2.897 × 104 𝐺𝐺 ≲ 𝐵𝐵 ≪ 4.414 × 1013𝐺𝐺.      (17)                                                 
 
Not exceeding the unitarity limit that is √𝑠𝑠 ≈ 600 𝐺𝐺𝑒𝑒𝐺𝐺 
[7] for the neutrino-electron scattering we obtain the 
following values for the kinematical parameter  𝜅𝜅  and 
for the multiplier 𝜅𝜅(𝑚𝑚𝑒𝑒 𝑚𝑚𝑍𝑍⁄ )2 participating in the 
formula for the differential probability, respectively:  

 

     𝜅𝜅 = 2𝜔𝜔𝜔𝜔
𝑚𝑚𝑒𝑒
2 ≲ 10−4,𝜅𝜅 �𝑚𝑚𝑒𝑒

𝑚𝑚𝑍𝑍
�
2
≲ 10−14.        (18)                         

 
In this case is the multiplier 𝑁𝑁(𝑢𝑢, 𝜅𝜅) is replaced with 
𝑁𝑁(𝑢𝑢, 𝜅𝜅) ≅ 1 and the corresponding formula will 
describe not only the 𝜈𝜈𝜇𝜇𝑒𝑒− → 𝜈𝜈𝜇𝜇′𝑒𝑒−′ and 𝜈𝜈𝜏𝜏𝑒𝑒− → 𝜈𝜈𝜏𝜏′𝑒𝑒−′ 
processes but also the 𝜈𝜈𝑒𝑒𝑒𝑒− → 𝜈𝜈𝑒𝑒′𝑒𝑒−′ process. However, 
it should be taken into account that  𝑔𝑔𝐿𝐿 = 0.5 + sin2 𝜃𝜃𝑊𝑊  
and   𝑔𝑔𝑅𝑅 = sin2 𝜃𝜃𝑊𝑊 for the 𝜈𝜈𝑒𝑒𝑒𝑒− → 𝜈𝜈𝑒𝑒′𝑒𝑒−′ process. 
 

4.    RESULTS  
 

Using the general formula (8) for the differential 
probability and the formula for the average third 
component of the scattered electron 

〈𝑝𝑝𝑧𝑧′ 〉 = ∫ 𝑝𝑝𝑧𝑧′𝑑𝑑𝑑𝑑
∞
0
∫ 𝑑𝑑𝑑𝑑∞
0

                 (19) 

 
we obtain the asymptotic formula for the average third 
component of the scattered electron in the limiting case  
𝜒𝜒 ≫ 1 > 𝜅𝜅  (𝜂𝜂 ≫ 1): 
 

                 < 𝑝𝑝𝑧𝑧′ >= 𝑚𝑚𝑒𝑒

4Γ�23�

𝑐𝑐1(3𝜒𝜒)1 3⁄ −23Γ�
2
3�𝑐𝑐2

𝑐𝑐3
            (20)                                                           

where  
            𝑐𝑐1 = 𝑔𝑔𝐿𝐿2 + 1

6
𝑔𝑔𝑅𝑅2 + 2

3
𝑔𝑔𝐿𝐿𝑔𝑔𝑅𝑅𝜁𝜁𝜁𝜁′,           (21)                                                    

 
          𝑐𝑐2 = 2𝑔𝑔𝐿𝐿2𝜁𝜁′ −

5
27
𝑔𝑔𝑅𝑅2𝜁𝜁 + 4

9
𝑔𝑔𝐿𝐿𝑔𝑔𝑅𝑅(𝜁𝜁−𝜁𝜁′),     (22)                                            

 
                        𝑐𝑐3 = 𝑔𝑔𝐿𝐿2 + 5

27
𝑔𝑔𝑅𝑅2 + 2

3
𝑔𝑔𝐿𝐿𝑔𝑔𝑅𝑅𝜁𝜁𝜁𝜁′.          (23)   

 
In particular case, when  𝜒𝜒 ≫ 102, we obtain from the 
formula (20) the following simple asymptotic formula 
for the average value of the third component of the 
scattered electron  
 

      < 𝑝𝑝𝑧𝑧′ >= 𝑚𝑚𝑒𝑒

4Γ�23�

𝑔𝑔𝐿𝐿
2+16𝑔𝑔𝑅𝑅

2+23𝑔𝑔𝐿𝐿𝑔𝑔𝑅𝑅𝜁𝜁𝜁𝜁
′

𝑔𝑔𝐿𝐿
2+ 5

27𝑔𝑔𝑅𝑅
2+23𝑔𝑔𝐿𝐿𝑔𝑔𝑅𝑅𝜁𝜁𝜁𝜁

′
(3𝜒𝜒)1 3⁄        (24) 

 
 which is known [8].  
 
5.      DISCUSSION  
 

The analysis of the formulae (20) and (24) shows 
that the average value of the third component of the 
scattered electron is determined by the field parameter, 
the spin quantum number 𝜁𝜁 (𝜁𝜁′) of the electron in the 
initial (final) state, the structural constants 𝑔𝑔𝐿𝐿 and 𝑔𝑔𝑅𝑅 of 
the electroweak interactions. The formula (20) shows 
that the average value of the third component of the 
scattered electron is the function depending on the field 
parameter 𝜒𝜒. Since the field parameter 𝜒𝜒 contains 𝐵𝐵 (the 
magnitude of the magnetic field vector 𝐵𝐵�⃗ ), 𝐵𝐵 is 
determined by 𝐻𝐻𝑒𝑒𝑒𝑒 and 𝐻𝐻𝑒𝑒𝑒𝑒 is determined by 𝐸𝐸 = �𝐸𝐸�⃗ �, 
we can come to the conclusion that the average value 
of the third component of the scattered electron 
contains the information on the magnitude of the 
electrostatic field existing inside the single crystals. 

The 𝑧𝑧-component (the third component) of the 
momentum in an external field is a conserved physical 
quantity. At the same time < 𝑝𝑝𝑧𝑧′ > is an observable 
physical quantity. It means that < 𝑝𝑝𝑧𝑧′ >  can be 
measured in the experiment.  
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The measurement of  < 𝑝𝑝𝑧𝑧′ >   has a great 
importance in detection of low-energy neutrinos. 

6. CONCLUSIONS

Thus, we have investigated the scattering of low-
energy neutrinos at the accelerated electron beam 
passing through the single crystals possessing strong 
internal electrostatic field in the framework of the 
Weinberg-Salam electroweak interaction theory. We 
have obtained the analytical formula for the average 
value of the third component of the momentum of the 
scattered accelerated electrons. 

Since the average value of the third component of 
the scattered electron contains the information on the 
magnitude of the electrostatic field existing inside the 
single crystals, this result enables the experimentalists 
to determine the magnitude of the indicated 
electrostatic field. 
Determination of the average value of the third 
component of the momentum of the scattered 
accelerated electrons has a great importance in 
detection of low-energy neutrinos. 
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The decisive factor in obtaining high-performance nanocomposites is to determine the technological conditions that 
ensure their optimal structural properties. It is possible to manipulate the functional properties of nanocomposite by 
maintaining its composition and only by modifying the technological parameters applied during production. In this study, the 
influence of the temperature-time mode of crystallization on the structure and properties of amorphous nano-silica and 
polypropylene-based nanocomposite were investigated. XRD (Rigaku Mini Flex 600 spowder diffractometer) analysis of the 
structure of polymer nanocomposite shows that with the decreasing of the cooling speed, a more regular structure is formed 
in the morphology of the polymer matrix. Furthermore, it was found that the intensity of the photoluminescence 
(spectrofluorometer Varian Cary Eclips) spectrum of the nanocomposite increases with the decreasing cooling speed. This is 

explained by the relatively big contact area of the phases due to the formation more regular structure when the cooling time is 
longer, which in turn, leads to a higher intensity of the luminescence spectrum of the nanocomposite. 

Keywords: amorphous nano-silica, quenching in liquid nitrogen, cooling rate, polymer nanocomposite, blue emission, X-ray 
microscopy. 
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I.  INTRODUCTION 

Modern material science requests a new class of 

materials with enhanced properties that are applicable 

in various fields of engineering, including electronics, 

aerospace, security, medicine, and others [1]. The 

most attractive feature of nanocomposites is the 

synergetic effect of properties. There are many 

synthetic polymers with high processability, elasticity, 
and other characteristics that make it possible to 

successfully use these polymers for the production of 

new materials [2]. Fillers for such polymers are 

typically nanoparticles with specific functional 

properties and desirably, easy- available [3-8]. 

However, the characteristics of the final product are 

directly related to the production method, condition, 

proportion of components, suitability, etc. The 

development of the effective producing technology, 

and investigation of the properties of the polymer 

nanocomposite, depending on the type and 
concentration of its component, plays a vital role in 

the prediction of the targeted properties of this new 

material.  

In this study, the properties of the nanocomposite 

based on the isotactic polypropylene and ultrafine 

amorphous silica nanoparticles were studied 

depending on their crystalline structure. To 

modification of the supramolecular structure of the 

nanocomposite, the temperature-time mode of 

crystallization was manipulated [9-14].  

The quenching technique was used for cooling 

samples at different speeds. Furthermore, various 
modern techniques were used for the characterization 

of polymer nanocomposites. It was becoming clear 

that all properties, including intense blue emission of 

the nanocomposite that was related to the defects of 

silica nanoparticles depend on the supramolecular 

structure of the polymer matrix [14-15]. 

II. EXPERIMENT

All chemicals were used without any additional 

purification. An isotactic polypropylene polymer with 

a density of 0.92g/cm3 at 25°C and molecular mass of 

250,000 was pursued from Moplen company (HF 500 

N, homopolymer). The melting temperature of the 
polymer is 162°C. Polymer powder was solved in 

Toluene. Amorphous silicon dioxide (SiO2) 

nanoparticles with 50nm size were added to the 

polymer solution. The hot pressing method was used 

for the preparation of the polymer nanocomposites 

[16-17]. To modification of the supramolecular 

structure of the nanocomposite temperature-time mode 

of crystallization was manipulated.  The quenching 

technique was used for cooling samples with different 

speeds. During slow cooling, the nanocomposite 

sample remained under the pressure(10MPa) while the 
temperature was dropped from the melting point of 

polymers to room temperature. The cooling speed was 

20°/min in this case. For producing nanocomposites 

through fast cooling nanocomposite samples was 

quenched into the liquid nitrogen and the cooling 

speed was 20000°/min. The samples that are quenched 

into the aqua medium possess a cooling speed of 

200°/min. Difference modern techniques were used 

for the characterization of the polymer nanocomposite. 

Rigaku Mini Flex 600 XRD diffractometer was used 

for phase identification of the polymer 

nanocomposite. Diffraction patterns were obtained in 

the range of Bragg’s angle 2=10–80. 
Photoluminescent properties of nanocomposite films 

were examined using a spectrofluorometer Varian 

Cary Eclipse at a wavelength range of 200–900nm. 
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III. RESULTS AND DISCUSSION

To study the effect of crystallization mode on the 

structure of PP+SiO2 nanocomposite samples, an X-

ray diffraction analysis was conducted. Figure 1 

shows the XRD pattern of nanocomposite samples 

depending on the crystallization mode. For all 

samples, the hkl indexes (110), (040), (130), of a 

phase of pure polypropylene are observed at 14,1°; 
16,9°; 18,5°, respectively [18]. The X-ray spectrum of 

a nanocomposite obtained through quenching into the 

liquid nitrogen differs from that of nanocomposites 

obtained in the other two modes. Thus, in the samples 

obtained through slow cooling mode and quenching in 

water, two sharp diffraction patterns are observed at 

the 2theta angle values of 21.2° (111) and 21.8° (041) 

[18]. It is known that these diffraction lines are also 

belonging to the alpha phase of polypropylene. 

Observation of this pattern for samples cooled with 

the speed of 20°/min and 200°/min is explained in 

terms of the crystalline morphology of the polymer 
matrix. By contrast to samples obtained through 

quenching into liquid nitrogen for these samples, a 

high degree of lamellae orientation is characteristic 

[19-20]. 

Only the intensity of the emission spectrum 

variated depending on cooling speed. It is known that 

the luminescence emission of silicon dioxide 

nanoparticles is related to oxygen deficit centers that 

are located on the surface of it. The luminescence 

properties of nanocomposites based on SiO2 depend 

on the features of the environment in which the 
particle is located and the degree of the interaction 

between the particle and surrounding media. Figure 2 

shows the luminescence spectrum of an aqueous 

solution of pure SiO2 nanoparticles. Figures 3 and 4 

show the luminescence spectra of PP+SiO2-based 

nanocomposite samples depending on temperature and 

time mode of crystallization. The excitation 

wavelength was 270nm. The emission spectrum of 

nanocomposites has been studied in the range of 300-

700nm. No new peaks or shifts in the luminescence 

spectrum of nanocomposites depending on cooling 

mode are recorded of PP+SiO2 nanocomposite 

samples depending on the temperature-time conditions 

of crystallization. SiO2 nanoparticles are known to 

have intense blue radiation in the range of 2.2–3.1eV, 
in other words, 400–550nm. Radiation in the 2.57eV 

(481nm) and 2.3eV (531nm) ranges are known to be 

due to defects on the surface of the silicon dioxide 

nanoparticle [21-24]. As the cooling speed increases, a 

decrease in the intensity of these radiation lines is 

observed in the luminescence spectrum of the 

nanocomposite. This fact is explained by changes in 

the supramolecular structure of the polymer with 

increasing cooling speed. Thus, silicon dioxide 

nanoparticles are uniformly distributed in the polymer 

alloy and play the role of structural centers for the 

formation of a thermodynamically regular structure. In 
the slow cooling mode, the spherulites formed in the 

amorphous phase of the polymer, and the lamellae that 

make them up possess enough time to form around the 

nanoparticles [25]. In other words, the nanoparticles 

take up space in the cavities of the supramolecular 

structure of the polymer matrix and are distributed 

throughout the composite. 

In contrast, when a nanocomposite is suddenly 

cooled in a liquid nitrogen medium, the amorphous 

polymer layer around the nanoparticles crystallizes 

instantly, making it impossible to form a regular 
structure. This idea is confirmed by the explanation of 

the XRD description. The formation of a regular 

structure and the relatively large contact area of the 

phases explain the higher intensity of the 

luminescence spectrum of the nanocomposites 

obtained via the slow cooling mode. 

Fig. 1. X-ray diffraction pattern of PP+SiO2 nanocomposites depending on temperature-time condition of crystallization 
(cooling speed) 

1. slow cooling (20°/min) 2. cooling in water medium (200°/min)
3. cooling in liquid nitrogen medium(20000°/min)
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Fig. 2. Pl spectrum of the water solution of the pure SiO2 nanoparticles. 

1. water without silica 2. water with silica

Fig. 3. PL spectrum of PP+SiO2 nanocomposites depending on temperature-time condition of crystallization (cooling speed). 

 Ex=270nm.  Em=531nm.

1) slow cooling (20°/min ), 2) cooling in water medium (200°/min),  3) cooling in liquid nitrogen medium(20000°/min)

Fig. 4. PL spectrum of PP+SiO2 nanocomposites depending on temperature-time condition of crystallization (cooling speed). 

  Ex=270nm.  Em=481nm. 1) slow cooling (20°/min); 2) cooling in water medium (200°/min); 3) cooling in liquid

nitrogen medium(20000°/min) 
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Fig. 5. Frequency dependence of the dielectric constant of PP+SiO2 nanocomposites depending on temperature-time 

condition of crystallization (cooling speed).  Ex=270nm.  Em=481nm. 
1) slow cooling (20°/min); 2) cooling in water medium (200°/min); 3) cooling in liquid nitrogen medium(20000°/min)

Fig. 6. Frequency dependence of the dielectric loss tangent of PP+SiO2 nanocomposites depending on temperature-time 

condition of crystallization (cooling speed).  Ex=270nm.  Em=481nm. 

1)slow cooling (20°/min);  2) cooling in water medium (200°/min); 3) cooling in liquid nitrogen medium(20000°/min)

The electrophysical properties of PP+SiO2 

nanocomposite samples depending on the 

temperature-time conditions of crystallization were 

considered. Figure 5 shows the frequency dependence 

curves of the dielectric constant of PP+SiO2 

nanocomposite samples. As can be seen from the 

figure, the value of the dielectric constant for samples 

obtained by the slow cooling (20°/min) is relatively 

lower than for samples produced through quenching 

into the liquid nitrogen (20000°/min) and aqueous 

media (200°/min). This is due to the supramolecular 

structure of the polymer nanocomposite [26-27]. A 

decrease in the proportion of the amorphous phase in 

the polymer matrix results leads to a reduction in the 

number of relaxing segments. The value of the 

dielectric constant is also low because the structural 

elements that can participate in the relaxation process 

in the samples obtained through slow cooling are less 

than those of samples obtained by the other two 

modes. The dielectric constant of a nanocomposite 
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sample obtained in an aqueous medium decreases with 

increasing frequency. The values of the dielectric 

constant for nanocomposites obtained via quenching 

into the liquid nitrogen and aqueous media in the 

high-frequency range (105-106Hz) overlap. The 

change in the value of the dielectric loss tangent in the 

high-frequency region depending on the cooling speed 

of the samples demonstrates good consistency with 

the frequency dependence of the dielectric constant of 

these samples (fig 6). Thus, most dielectric losses are 

observed for samples produced through slow cooling 

mode. 

It can be concluded that all properties including 

intense blue emission of the nanocomposite, that was 

related to the defects of silica nanoparticles depend on 

the supramolecular structure of the polymer matrix. 
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An exactly solvable model of a linear harmonic oscillator with position-dependent mass in the presence of an external 
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1. INTRODUCTION

 For several decades now, various quantum 

mechanical systems with a position-dependent mass 

M(x) have been intensively studied by many authors 

[1-25]. The great interest of physicists in such systems 

is explained by the fact that these systems play an 

important role in many physical problems. For 

example, they are widely used in condensed matter 

physics, in materials science, in nuclear physics, etc. 
They have found particular application in the study of 

the electronic properties of semiconductors [6], in the 

theories of quantum dots, quantum wells [7], [24] and 

quantum liquids [25], in the nuclear many-body 

problem [11], etc. 

Exactly solvable problems occupy a special place 

among the problems of quantum mechanics. The 

Schrödinger wave equation completely describes the 

dynamical behavior of nonrelativistic microscopic 

systems. However, there are only a very limited 

number of potentials important for physical 
applications that allow exact analytical solutions of 

the Schrödinger equation. It is well known that the 

exact analytical solution of the Schrödinger equation 

for a given quantum system provides the maximum 

possible information about this system. On the other 

hand, finding exact solutions of the Schrödinger 

equation with position-dependent mass turns out to be 

very useful for understanding some physical 

phenomena and testing some approximation methods. 

In this regard, we note that a number of researches 

[26–44] are devoted to the construction of exactly 

solvable potentials for the Schrödinger equation with 
the position-dependent mass. 

In a recent paper [45], we constructed a new 

exactly solvable model of a linear quantum harmonic 

oscillator with a position-dependent mass whose 

interaction potential behaves like a semi-restricted 

quantum well with a non-rectangular profile. The 

frequency of the constructed oscillator model is 

chosen as a constant value. 

The purpose of this paper is to construct, on the 

basis of the model in [45], a new model of an 

oscillator with position-dependent mass 𝑀(𝑥) and  

frequency 𝜔(𝑥) so that the stiffness coefficient of the 

oscillator remains constant: 𝑘 = 𝑀(𝑥)𝜔2(𝑥) = const.  
We emphasize that the construction of models of 

quantum physical systems with the position-dependent 

mass starts with choosing the form of the free 

Hamiltonian 𝐻0 and the subsequent selection of the

mass function 𝑀(𝑥). The point is that due to the non-

commutativity of the momentum operator 𝑝 = −𝑖ℏ𝜕𝑥

and the mass function 𝑀(𝑥), the question arises of 

their ordering in the expression for the free non 

Hermitian Hamiltonian. 

We structured our paper as follows. Section 2 

presents a brief review of the exact solution of the 

usual nonrelativistic quantum harmonic oscillator with 

the constant mass 𝑚0 approach. Section 3 consists of a

brief discussion of the property of the generalized 

Hamiltonian [33, 34]. Section 4 devoted to the 

construction of the exactly solvable model of the 
nonrelativistic harmonic oscillator model with a 

position-dependent effective mass and frequency, 

interaction potential of which behaves itself as a 

symmetric infinite parabolic quantum well. Section 4 

is devoted to building a model of a nonrelativistic 

harmonic oscillator with position-dependent mass and 

frequency, so that the interaction potential is a 

symmetric infinite parabolic quantum well. 

In final section 5, we discuss the limit cases, 

when the parameter a goes to infinity. As a 

consequence, the wave functions of the model under 

construction expressed by the Laguerre polynomials 
completely recover the wave functions of the non-

relativistic quantum harmonic oscillator with constant 

mass and frequency as well as energy spectrum of 

non-equidistant and finite form becomes equidistant 

and infinite. 

2. NONRELATIVISTIC LINEAR HARMONIC

OSCILLATOR WITH CONSTANT MASS

AND FREQUENCY

Let us write the one-dimensional Schrödinger 
equation describing the motion of a nonrelativistic 

quantum particle with constant mass 𝑚0 in the

external field 𝑉(𝑥). It has the form 
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[
𝑝2

2𝑚0
+ 𝑉(𝑥)] 𝜓(𝑥) = 𝐸𝜓(𝑥),  (2.1)                                                 

where 𝑝 = −𝑖ℏ𝜕𝑥 is the momentum operator. A linear

harmonic oscillator with frequency 𝜔0  corresponds to
the following potential energy 

𝑉HO(𝑥) =
𝑚0𝜔2𝑥2

2
,     −∞ < 𝑥 < ∞,     (2.2) 

           

Let us rewrite equation (2.1) with the potential (2.2) as 

𝑑2𝜓

𝑑𝑥2 +
2𝑚0

ℏ2
(𝐸 −

𝑚0𝜔2𝑥2

2
) 𝜓 = 0.    (2.3) 

The solution and energy spectrum of the equation 

(2.3) are well known [45] 

𝜓𝑛
HO(𝑥) = 𝑐𝑛

HO𝑒− 
1

2
𝜆0

2𝑥2
𝐻𝑛(𝜆0𝑥),  (2.4)                  

𝐸𝑛
HO = ℏ𝜔 (𝑛 +

1

2
) , 𝑛 = 0,1,2,3, …,    (2.5) 

Where  𝐻𝑛(𝑥) are Hermite polynomials and

𝜆0 = √𝑚0𝜔0 ℏ⁄  . Normalization constants are equal

to 

𝑐𝑛
HO = √

𝜆0

2𝑛𝑛!√𝜋
=

1

√2𝑛𝑛!
(

𝑚0𝜔0

𝜋ℏ
)

1 4⁄

.  (2.6)                                 

They are found from the orthogonality condition for 

the Hermite polynomials [46, 47] 

∫ 𝑒−𝑥2∞

−∞
𝐻𝑚(𝑥)𝐻𝑛(𝑥)𝑑𝑥 = √𝜋2𝑛𝑛! 𝛿𝑛𝑚.     (2.7)

3. ON THE GENERALIZED FREE

HAMILTONIAN WITH THE POSITION-

DEPENDENT MASS

We emphasize that the construction of models of 

quantum physical systems with the position-dependent 

mass starts with choosing the form of the free 

Hamiltonian 𝐻0 and the subsequent selection of the

mass function 𝑀(𝑥). A long-standing problem with 

the position-dependent mass model is how to order the 

ambiguities that appear due to the non-commutativity 

of the momentum operators 𝑝 = −𝑖ℏ𝜕𝑥and the mass

𝑀(𝑥) in the expression for the free Hamiltonian. In 
[33, 34], a Hamiltonian with a position-dependent 

mass was proposed, which can be represented as 

𝐻0 =
1

2
𝑝

1

𝑀(𝑥)
𝑝 + 𝑉free(𝑥),  (3.1) 

where 𝑉free(𝑥) is the contribution from the free

Hamiltonian to the potential energy, which depends on 

the mass function 𝑀(𝑥) and on the 3𝑁 ordering 

parameters 𝛼𝑖 , 𝛾𝑖 (𝑖 = 1,2, … , 𝑁), 𝑁 = 1, 2, 3, … It has
a form  

𝑉free(𝑥) = 𝐴𝑓
ℏ2𝑀′2

2𝑀3 − 𝐵𝑓
ℏ2𝑀′′

4𝑀2  .   (3.2) 

Here 𝐴𝑓 = 𝛼 + 𝛾 + 𝛼𝛾, 𝐵𝑓 = 𝛼 + 𝛾 and 𝛼, 𝛾 are the

mean values of the ordering parameters 

𝛼 =
1

𝑁
∑ 𝛼𝑖

𝑁
𝑖=1 , 𝛾 =

1

𝑁
∑ 𝛾𝑖 ,

𝑁
𝑖=1 𝛼𝛾 =

1

𝑁
∑ 𝛼𝑖𝛾𝑖 .

𝑁
𝑖=1    (3.3) 

We emphasize that the parameters 𝐴𝑓 and 𝐵𝑓 can take

any real values. Hamiltonian (3.1) can be written as 

the arithmetic mean of the von Roos Hamiltonian, i.e. 

𝐻0 =
1

𝑁
∑ 𝐻0𝑖

vR𝑁
𝑖=1 , 

𝐻0𝑖
vR =

1

4
(𝑀𝛼𝑖𝑝𝑀𝛽𝑖𝑝𝑀𝛾𝑖 + 𝑀𝛾𝑖 𝑝𝑀𝛽𝑖𝑝𝑀𝛼𝑖).   (3.4) 

The sum (3.4) contains all terms with equal weights 

(probabilities) 1 𝑁⁄ . If we assume that they enter the 

sum with different weights 𝜃𝑖 𝑁⁄ , then instead of (3.1)

we obtain the following Hamiltonian 

𝐻0
𝜃 =

1

𝑁
∑ 𝜃𝑖𝐻0𝑖

vR𝑁
𝑖=1 =

1

2
𝑝

1

𝑀(𝑥)
𝑝 + Vfree

𝜃 (𝑥),   (3.5) 

where 

1

𝑁
∑ 𝜃𝑖 = 1,𝑁

𝑖=1 Vfree
𝜃 (𝑥) = 𝐴𝑓

𝜃 ℏ2𝑀′2

2𝑀3 − 𝐵𝑓
𝜃 ℏ2𝑀′′

4𝑀2  . (3.6) 

For the coefficients  𝐴𝑓
𝜃 and  𝐵𝑓

𝜃we have the expressions

𝐴𝑓
𝜃 =

1

𝑁
∑ 𝜃𝑖(𝛼𝑖 + 𝛾𝑖 + 𝛼𝑖𝛾𝑖)

𝑁
𝑖=1 ,  𝐵𝑓

𝜃 =
1

𝑁
∑ 𝜃𝑖(𝛼𝑖 + 𝛾𝑖)

𝑁
𝑖=1 .  (3.7) 

A different choice of the values of the parameters 𝐴𝑓
𝜃

and 𝐵𝑓
𝜃 generates different Hamiltonians. On the other

hand, different choices of the values of the parameters 

𝑁, 𝜃𝑖 , 𝛼𝑖 , 𝛾𝑖 (𝑖 = 1,2, … , 𝑁) can correspond to the

same values of the parameters 𝐴𝑓
𝜃 and 𝐵𝑓

𝜃. Then all

these Hamiltonians will be physically equivalent to 

each other. Thus, the form of the Hamiltonian with a 

position-dependent mass is determined by only two 

parameters 𝐴𝑓
𝜃 and 𝐵𝑓

𝜃, i.e. it turns out that the

Hamiltonians (3.1) and (3.5) are physically equivalent 

and differ from each other only by renaming. 

 As an example, we list various orderings that 

can be found in the literature and give the value of the 

coefficients for them 𝐴𝑓
𝜃 and 𝐵𝑓

𝜃.

1. Ben-Daniel–Duke ordering [1]: 𝛼 =  𝛾 =  0, 𝛽 =  −1, 𝐴𝑓 = 𝐵𝑓 = 0;

2. Gore–Williams ordering [3]: 𝛼 =  −1, 𝛽 =  𝛾 =  0,  𝐴𝑓 = 𝐵𝑓 = −1;
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3. Zu-Kremer ordering [4]: 𝛼 =  𝛾 = − 1 2⁄  , 𝛽 =  0, 𝐴𝑓 = − 3 4⁄ , 𝐵𝑓 = −1;

4. Li-Kun ordering [5]: α =0, 𝛽 = 𝛾 = − 1 2⁄  0,  𝐴𝑓 = 𝐵𝑓 = − 1 2⁄ ;

5. Mustafa–Mazharimusavi ordering [15]: 𝛼 =  𝛾 = −1/4, 𝛽 = −1/2. 𝐴𝑓 = − 7 16⁄ , 𝐵𝑓 = − 1 2⁄  .

4. A MODEL OF LINEAR HARMONIC

OSCILLATOR WITH THE POSITION-

DEPENDENT MASS AND FREQUENCY:

PARABOLIC WELL

In a recent paper [34], we constructed an exactly 

solvable model of a nonrelativistic linear quantum 

harmonic oscillator with a position-dependent mass. 

The dependence of the mass on the position is chosen 

in the form 

𝑀(𝑥) =
𝑎2𝑚0

𝑎2+𝑥2,    𝑥 + 𝑎 > 0,    𝑎 > 0.  (4.1)                                            

The potential energy of the oscillator in [34] has the 

form 

VHO(𝑥) = {
𝑀(𝑥)𝜔0

2𝑥2

2
,

∞,

x + a > 0,
x + a ≤ 0

 (4.2) 

and behaves like a semi-infinite quantum well. The 

oscillator frequency is constant, i.e. 𝜔0 = const. This

model is described by the free Hamiltonian Ben 

Daniel-Duke 

𝐻0
BD = −ℏ2 ∂x

1

2𝑀(𝑥)
∂x.  (4.3) 

The wave functions of the discrete spectrum in this 

case are expressed in terms of the Bessel 

polynomials𝑦𝑛(𝑥; 𝛼):

𝑛
𝑄𝑊(𝑥) = const (1 +

𝑥

𝛼
)

−𝜆0
2𝑎2

𝑒−
𝜆0

2𝑎2

𝑎+𝑥 𝑦𝑛 (
𝑥+𝑎

𝜆0
2𝑎3 ; −2𝜆0

2𝑎2).  (4.4) 

Discrete energy spectrum is not equidistant 

𝐸𝑛
𝑄𝑊 = ℏ𝜔0 (𝑛 +

1

2
) −

ℏ2

2𝑚0𝑎2 𝑛(𝑛 + 1), 𝑛 = 0,1,2, … , 𝑁.  (4.5) 

Since the quantum well (3.2) has a finite depth, the 

number of energy levels of the discrete spectrum is 

finite. 

The purpose of this section is to construct a new 
model of a linear harmonic oscillator with a mass 

function of the form (4.1) and with the following 

interaction potential 

V(𝑥) = {
𝑚0𝜔0

2𝑥2

2
+ 𝑔𝑥,  

∞,

x + a > 0,
x + a ≤ 0.

 (4.6) 

Thus, we assume that the frequency 𝜔(𝑥) of the 

considered model also depends in a certain way on the 

position 

𝜔(𝑥) = 𝜔0 (1 +
𝑥

𝑎
) .  (4.7)                                          

Potential (4.6) corresponds to an asymmetric infinite 

semi-parabolic well (Fig. 3). 

     To describe the oscillator model under 

consideration, we will use the generalized 

Hamiltonian (3.1). In the case of the mass function 

(4.1), the free potential 𝑉𝑓𝑟𝑒𝑒 (𝑥)) becomes constant,

i.e. 

𝑉𝑓𝑟𝑒𝑒(𝑥) =
ℏ2

2𝑎2𝑚0
(4𝐴𝑓 − 3𝐵𝑓) ≡ 𝑉0 = const.   (4.8)                      

For our oscillator model, the Schrödinger equation 

reads: 

𝜓′′ +
2

𝑎+𝑥
𝜓′ +

2𝑎2𝑚0

ℏ2(𝑎+𝑥)2
( −

𝑚0𝜔0
2𝑥2

2
− 𝑔𝑥) 𝜓 = 0,     (4.9) 

Where = 𝐸 − 𝑉0. By introducing a new variable

 𝜉 = 𝑥 𝑎⁄  (−1 < 𝜉 < ∞) we rewrite equation (4.9) in 
the following form 

𝑎2𝜓′′ + 𝑎1𝜓′ + 𝑎0𝜓 = 0.  (4.10) 

Here we introduced the notation 

𝑎2 = 1,  𝑎1 =
2

𝑎+𝑥
, 𝑎0 =

𝑐0−𝑐1𝜉− 𝑐2𝜉2

(1+𝜉)2 .   (4.11) 

For the coefficients 𝑐0,  𝑐1 and 𝑐2 we have the

following expressions 

𝑐0 =
2𝑎2𝑚0𝜀

ℏ2
, 𝑐2 =

𝑚0𝜔0
2𝑎4

ℏ2
= 𝜆0

4𝑎4 ,   𝑐1 =
2𝑚0𝑎3𝑔

ℏ2
 .  (4.12)

The solution of equation (4.10) will be sought in the 

form 

  𝜓 = 𝜑(𝜉)𝑦(𝜉),   𝜑(𝜉) = (1 + 𝜉)𝐴𝑒−𝐵(1+𝜉).  (4.13) 

The function 𝜑(𝜉)must be finite for all finite values of 

𝜉(−1 < 𝜉 < ∞). It follows from this requirement that 

there must be A ≥ 0, 𝐵 > 0. 
 If we substitute (4.13) into equation (4.10), then 

we obtain for the function 𝑦(𝜉) an equation of the 

form 

𝑏2𝑦′′ + 𝑏1𝑦′ + 𝑏0𝑦 = 0,  (4.14) 

where 

𝑏2 = 𝑎2, 𝑏1 =  𝑎1 + 2𝑎2
𝜑′

𝜑
, 𝑏0 = 𝑎0 +  𝑎1

𝜑′

𝜑
+ 𝑎2

𝜑′′

𝜑
.  (4.15) 
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After simple calculations, from here we find 

𝑏2 = 1, 𝑏1 =
2(1+𝐴−𝐵−𝐵𝜉)

1+𝜉
, 𝑏0 =

𝜎

(1+𝜉)2.   (4.16) 

Here 𝜎 is a square nominal 𝜎 = 𝛼2𝜉2 + 𝛼1𝜉 + 𝛼0 with coefficients

𝛼2 = 𝐵2 − 𝑐2, 𝛼1 = −𝑐1 − 2𝐵 − 2𝐴𝐵 + 2𝐵2 𝛼0 = 𝑐0 + 𝐴 − 2𝐵 + (𝐴 − 𝐵)2.  (4.17) 

We find the unknown parameters 𝐴 and 𝐵 in (4.13) 

from the condition that the square trinomial 𝜎 is 

divisible by 1 + 𝜉, т.е. 𝜎 = 𝜇(1 + 𝜉). This condition 

gives 

𝛼2 = 0,  𝛼1 =  𝛼0 = 𝜇.          (4.18)

From equations (4.18) we find the unknown 

parameters 𝐴, 𝐵 and 𝜇. They are equal 

𝐴 = −
1

2
+ √

1

4
+ 𝐵2 − 𝑐0 − 𝑐1  ,  𝐵 = 𝜆0

2𝑎2,

𝜇 = 2𝐵2 − 2𝐵 − 2𝐴𝐵 − 𝑐1.  (4.19) 

If we now take into account the conditions 𝐴 ≥ 0, then 

we get that the coefficient 𝑐0is bounded from above,
i.e.  

𝑐0 ≤ 𝜆0
4𝑎4 − 𝑐1.  (4.20) 

This results in an upper bound on the energy value: 

≤
𝑚0𝜔0

2𝑎2

2
− 𝑎𝑔 .  (4.21) 

Thus, despite the fact that the potential well of our 

oscillator model (4.6) has an infinite depth, the 

number of energy levels of the discrete spectrum will 

be finite. 

Taking into account (4.19), we rewrite equation (4.14) in the form 

(1 + 𝜉)𝑦′′ + (2 + 2𝐴 − 2𝐵 − 2𝐵𝜉)𝑦′ + 𝜇 𝑦 = 0.                                                  (4.22) 

By substituting 𝑧 = 2𝐵(1 + 𝜉) this equation is reduced to the equation for the degenerate hypergeometric 
function [45] 

𝑧𝑢′′ + (𝛾 − 𝑧)𝑢′ − 𝛼𝑢 = 0 ,  𝑢 = 𝐹1(𝛼; 𝛾, 𝑧)1 ,  (4.23) 

where 

𝛾 = 2(1 + 𝐴), 𝛼 = 𝐴 + 1 − 𝐵 +
𝑐1

2𝐵
 .  (4.24) 

The general solution of equation (4.22) has the form 

𝑦 = 𝐶1 𝐹1(𝛼; 𝛾, 𝑧) + 𝐶2𝑧1−𝛾 𝐹1(𝛼 − 𝛾 + 1; 2 − 𝛾, 𝑧)11 .  (4.25) 

Since 1 −  𝛾 = −1 − 𝐴 < 0, then the second term in (4.25) diverges at the point 𝜉 = −1. It follows that 𝐶2 = 0.

Then for the function (4.25) we will have the expression 

𝑦 = 𝐶1 𝐹1 (𝐴 + 1 − 𝐵 +
𝑐1

2𝐵
; 2 + 2𝐴; 2𝐵(1 + 𝜉)) .1   (4.26) 

The function 𝑦(𝜉) (4.26) must be finite for all finite 𝜉, 

and for 𝜉 = ∞ it can go to infinity no faster than a 

finite power of 𝜉 (so that the function 𝜓 (4.13) goes to 

zero). This implies that the function 𝑦 (4.26) can only 

be a polynomial in 𝜉. For this, the condition will have 

to be fulfilled (the condition for energy quantization) 

𝐴 + 1 − 𝐵 +
𝐶1

2𝐵
= −𝑛, 𝑛 = 0,1,2, …  (4.27) 

Substituting (4.27) into (4.26) and taking into 
account the definition of Laguerre polynomials 

[46,47] 

𝐿𝑛
𝛼 (𝑥) =

(𝛼+1)𝑛

𝑛!
𝐹1 1(−𝑛; 𝛼 + 1; 𝑥),  (4.28) 

we conclude that the function 𝑦(𝜉) is expressed in 

terms of the Laguerre polynomials 

𝑦(𝜉) = 𝐿𝑛
2𝐴𝑛+1(2𝐵(1 + 𝜉)).  (4.29) 

Then the complete wave function (4.13) will have the 

form 

𝜓𝑛(𝜉) = 𝐶𝑛(1 + 𝜉)𝐴𝑛𝑒−𝐵(1+𝜉)𝐿𝑛
2𝐴𝑛+1(2𝐵(1 + 𝜉)),  (4.30a) 

or 
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𝜓𝑛(𝑥) = 𝐶𝑛(𝑎 + 𝑥)
𝜆0

2𝑎2−𝑛−1−
𝑎𝑔

ℏ𝜔0  𝑒−𝜆0
2𝑎(𝑎+𝑥)𝐿𝑛

2𝜆0
2𝑎2−1−2𝑛 −

2𝑎𝑔

ℏ𝜔0(2𝜆0
2𝑎(𝑎 + 𝑥)).  (4.30b) 

Corresponding to the wave functions (4.30), the energy spectrum is discrete 

𝐸𝑛 = ℏΩ0 (𝑛 +
1

2
) −

ℏ2

2𝑚0𝑎2 𝑛(𝑛 + 1) −
𝑚0𝜔0

2𝑥0
2

2
+ 𝑉0,  (4.31) 

where  Ω0 = 𝜔0 (1 −
𝑥0

𝑎
) is a renormalized frequency 

o f  the  osc i l la to r  mode l  unde r  cons ide ra t ion  and  

𝑥0 = 𝑔 (𝑚0𝜔0
2⁄ . As follows from here that the

number of energy levels 𝑁𝑔 is finite and depends on

both the value and sign of the force, i.e.  

𝑛 = 0,1,2, … , 𝑁𝑔 , 𝑁𝑔 = 𝜆0
2𝑎2 − 1 −

𝑚0𝜔0𝑎𝑥0

ℏ
 . (4.32)              

Depending on the sign of the force 𝑔 (or 𝑥0), the

frequency of the oscillator or can increase or decrease. 

For 𝑔 > 0, with an increase in the force modulus, the 

number of levels increases, and for 𝑔 < 0 , on the 
contrary, it decreases. In the second case, even at a 

certain force value equal to 𝑔 = 𝑚0𝜔0
2𝑎 − ℏ𝜔0/𝑎, the

spectrum disappears altogether.    

In this paper, we have constructed an exactly 

solvable model of a linear quantum harmonic 

oscillator with a position-dependent mass. The model 

under consideration has only discrete energy 

spectrum, and despite the fact that the potential 

parabolic well has an infinite depth, the number of 

levels is finite. This can be explained by the influence 

of the mass function 𝑀(𝑥) on the potential. In other 
words, it is possible that the considered model with a 

position-dependent mass and with an infinite well is 

equivalent to a system with a constant mass and a well 

of finite depth. 
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The article deals with heat and power supply systems, which give maximum energy savings and bring profit, include 
municipal and industrial systems for the joint production of heat and electric energy using gas turbines which are gas turbine 
TPP (GTU-TPP). The effective fuel efficiency of such systems reaches 90% and is the highest one among other technologies. 
In addition to energy saving, the use of gas turbine technologies improves the environment, as emissions of pollutants NO, 
CO and CO2 into the atmosphere are significantly reduced due to the fact that the saved fuel isn’t burnt in the furnaces of the 
existing boilers.  
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The municipal and industrial systems of the joint 

production of the heat and the electric energy with the 

use of gas turbines which are gas-turbine TPP (GTU–

TPP) are related to systems of heat and power supply 

giving the maximum economy of energy resource and 

bringing the benefit (Fig.1). The effective fuel 
efficiency of such systems achieves 90% and is the 

most one among other technologies.  

The advantage of gas-turbine TPP in comparison 

with existing steam-turbine plants of electric energy 

and heat production is the fact that in them all energy 

losses in input and output, in redactor, generator, at 

costs on auxiliaries is 1% and electric energy costs on 

operation compressor drive is 5%. The fuel efficiency 

is 86,1% at joint production of electric energy and 

heat. The analysis of components in heat cost price 

from boiler rooms working on nature gas, shows that 

electric energy price in heat cost price achieves 10% 
and costs on fuel is within the limit 55%. The heat 

becomes more expensive at such structure of Russian 

heat power engineering even at low tariffs on nature 

gas and its payment is carried out from regional 

budget.   

Fig.1. The scheme of steam-gas TPP: 1 is gas-turbine plant; 2 is combustion chamber; 3 is boiler-utilizer; 4 is 

 steam turbine, part of high pressure; 5 is steam turbine, part of low pressure, 6 is means water heater 

  of low pressure, 7 is means water heater of high pressure, 8 is condenser.   

The fuel efficiency on electric energy production 

by steam-gas plant (SGP) in comparison with steam-
turbine energetic blocks of supercritical pressure is 

higher on 15-25% and achieves 51-54%. Besides, at 

its work the emissions into the atmosphere decreases 

in 3 times and the usage of cooling water decreases in 

2 times. The additional equipment of steam-turbine 

station by gas turbine having the best dynamic 

characteristics in comparison with steam turbines 

allows us to increase its maneuvering capabilities 

because of regulation besides the improvement of 

thermodynamic indexes of station (increase of power 

energy manufacture on the base of boiler thermal 
input).     

The analysis of the work supplied by heating 

boiler-room shows that in autumn-winter period the 

fuel efficiency is within the limits 81–86% and in non-

heating period is within the limits 60%. These are very 

high indexes of fuel efficiency as in world practices 

the binary steam-gas plants with fuel efficiency which 

is equal to 60% are still only in test development 

stage.  
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Fig. 2. The principal scheme of supply of heating-manufactural boiler rooms by electro generating plants: 1 is steam 
 boiler; 2 is steam turbine; 3 is reduction cooling plant; 4 is condenser; 5 is means water heat exchanger; 6 is 

steam on technological wastes; 7 is means water, 8 is process water; 9 is heated process water. 

The reconstruction of municipal and 

manufactural boiler rooms in GTU–TPP solves 4 main 

tasks of energy saving:  

 boiler rooms giving to population up to 62% of
heat energy transform from electro energy sink

into supplier of cheap electro energy in both peak

and base modes;

 the fuel specific consumptions on both the

electric energy manufacture and heat

manufacture decrease;

 heat energy cost price decreases that is very

important as the donations can be transformed

into investments;

 losses in electrical networks decrease as the local

electric energy sources appear in manythousand
distant micro-districts of Russian Federation.

The application of transonic device “Transsonic”

(TS) which is in the possibility use of decrease of 

velocity of sound in two-phase flows, for example, 

water–steam, can be the one of the variant of new 

resource and energy saving technologies on heat 

source.     

The dependence of velocity of sound in 

homogeneous two-phase mixture from volume phase 

relation is shown in fig.3: 

β= Vg / (Vg+ Vl) 

where Vg is gas volume of mixture; 

Vg+ Vl is mixture volume.  

The velocity of sound in liquid (for example, in 

water at usual conditions) achieves almost 1500m/sec, 

in pure gas at the same conditions it is 330m/sec. If 

they are mixed in ratio 1:1 then the velocity of sound 

in such mixture at the usual conditions will be near 

20m/sec and it is obvious that velocity of sound is less 

than the velocity of sound not only in liquid but in gas. 

Consequently, the homogeneous two-phase medium is 
more compressible one than the pure gas.   

The air-gas channel of TS is schematically shown 

in fig.4, the pressure distribution inside the apparatus 

is shown in fig.5.      

Fig.3. The curve of the dependence of velocity of sound 
 in homogenous two-phase mixture on volume 
 state of phases water–steam.  

 Water 

Fig.4. The scheme of air-gas channel of TS. 

The steam going into apparatus through nozzle 

mixes with water between cross-sections II and III, 

then this mixture goes into tubing-casing annulus. The 

homogeneous two-phase mixture the flow velocity of 

which is higher than local velocity of sound forms in 

input into cylindrical channel. The direct transition 

through velocity of sound in adiabatic channel of 
uniform cross section is impossible, that’s why the 

compaction jump causing the “collapse” of steam 

bubbles takes place. The hydrodynamic regime at 

which the liquid with higher temperature than in input 

appears in output from apparatus after compression 
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jump is established, if the superheated steam or 

saturated steam is used as a gas phase.  

When after steam mixture with the water, the 

homogeneous two-phase mixture the velocity of 

which in input to annual space is equal to 50m/sec 

appears, that is less in many times than velocity of 

sound in the steam (500m/sec) and in liquid 

(1500m/sec), then the velocity of sound in such 

mixture can decrease up to 5m/sec in vacuum band 
before pressure jump. In this case Mach number М = 

w'/a presenting itself the ratio of the flow velocity (w) 

to velocity of sound (a) achieves 10. The intensity of 

pressure jump (from р1 up to р2) is proportional to 

squared Mach number, i.e. in the given example the 

pressure after jump can be higher almost in 100 times 

than it was before and really this ratio can achieve 

1000. 

Fig.5. The graphs of pressure distribution inside 
 apparatus. 

TS apparatus has the principally another process 

energetics. In analogous devices the transformation of 

heat energy into kinetic one and finally into work of 

supersonic flow (jet trust in flying vehicles, processes 

in steam and gas turbines, turbo-compressors) takes 

place in tradition way because of increase of flow 

velocity (Mach formula numerator) that is 

accompanied by the big energy losses. М>1 value in 

TS is achieved because of the decrease of velocity of 

sound (denominator in Mach formula) at very 

insignificant flow velocity, as the energy costs are 
comparably small ones.   The distinguishing character 

of TS in the field of hydrodynamics is the fact that the 

flow pressure in apparatus output can be higher in 

many times than the pressure of the water and steam 

in input into apparatus.  

Moreover, TS apparatus capacity working as 

pump doesn’t change at the change of the opposite 

pressure in the mains water in the difference from 

usual transfer pumps. Due to this fact, TS can be 

effectively used in the capacity of the pump, heater 

(cooler), dispenser, mixer, pasteurizer and 
homogenizer in most different fields: power 

engineering, chemistry, ecology, pharmaceutics and 

finally in milk and food industries.   

Nowadays, “Transsonic” usage is the more 

spread one in heating systems and hot water supply 

systems. For example, the block from four TS 

apparatuses the weight of each not more than 50kg 

exchanges the four boilers mass of each is more than 

1,5 tones and three mains pumps by the total weight 

more than 1 ton in the one of Moscow local boiler 
room. Moreover, one TS supply the capacity from 60 

up to 260m2/h, temperature in input is up to 70°С, in 

output up to 145°С, the pressure in return line is near 

0,4MPa and in straight line is up to 1MPa.   

100% electric energy economy (mains pumps 

work in emergency and start-up operations), up to 

30% of gas can be saved in regime of partial loads, as 

the TS work conditions are the such ones that they 

principally exclude the overflows in the boiler because 

of external load imbalance with the source heat power.  

In exploitation process the apparatuses are 

treated the constructive changes. As a result, the 
apparatuses of new generation presenting themselves 

the one T-branch and having the steam nozzle and 

confusor in air-gas channel, are proposed. These 

apparatuses are called “Fisonic”. These apparatuses 

are practically can be built into any existing heat-

technological system having the most different values 

of temperatures and pressure, as the calculation of its 

air-gas channel can be carried out by individual 

orders. The apparatuses are projected and prepared in 

such way that they can stably work in whole range of 

calculative parameters as heat exchanger and pumpers. 
“Fisonic” heat exchanger is the most effective 

one from the energy and resource saving point of view 

in comparison with other known heat exchanging 

apparatuses. Its dimensions and mass is on one order 

less than other heat exchangers. The length doesn’t 

exceed 400mm, the diameter is equal 10mm, mass is 

52kg.   

The economic effect of apparatus work is 

confirmed by the following factors: 

 decrease of capital costs in comparison with

existing schemes;

 significant decrease of specific costs of electric

energy on 1Gcal of heat as the necessity in the

use of powerful mains pumps is absent;

 decrease of fuel specific consumption on 1Gcal

of generated heat for heat supply systems

because of the higher heat exchange efficiency in

the comparison with the traditional heat

exchangers;

 decrease of exploitation consumptions as the

necessity if heat exchanger repair is absent.

The use of “Fisonic” apparatuses working in
“pump–boiler” regime allows us to economize the 

electric energy, as in this time the mains pumps not 

work. Their efficiency is 99,7% and real efficiency is 

< 90%, that’s why the steam consumption at “Fisonic” 

apparatus use decreases on 10% and consequently the 

fuel consumption decreases. Besides, the exploitation 

consumptions decrease.    

Taking under consideration the above mentioned 

one can conclude that the ecology improves at the use 

of gas-turbine technologies besides energy saving, as 

the emissions of N0, СО and СО2 pollutants into 
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atmosphere significantly decrease because of the fact 

that the saved fuel isn’t burnt in the furnaces of the 

existing boilers. The use of the “Fisonic” apparatus 

technologies in boiler room flow diagram instead of 

heat exchangers is the perspective energy saving 

direction. The payback period of consumptions on 

implementation of energy saving “Fisonic” 

technology is the one heating season in average in the 

dependence on system type, its heating capacity and 

other aspects.   

_______________________ 
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 Theory of  intracavity dispersion interferometerity  is presented in the constant intensity approximation  taking into 
accoun tthe reverse reaction of excited harmonic on the phase of fundamental wave. It was  shown that unlike the results of 
constant field approximation output intensity of second harminc is a function of  both  intensity of fundamental  and harmonic 
waves  as well as the shift  in phases of interacting  waves. It wasshown that , determination of  the dispersion of refractive 
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1. INTRODUCTION

Dispersion interferometry has been proposed as a 

method for measurement the electron density in 

tokamak fusion devices [1,2]. It is well known that   a 

conventional dispersion interferometer possesses two 

nonlinear crystals located before and after the plasma 

medium whose electron densities are subjected to 

measurement [3]. Dispersion interferometers are 
employed for determination the electron concentration 

of spark plasma produced by laser in the air [4] and 

diagnosis the micro relief of surfaces of optical 

elements [5] as well as electron concentration of argon 

laser discharge [6]. Unlike the classical interferometers 

the operational principle of those dispersion 

interferometers is based on the interference of waves 

with different frequencies after passage   identical 

geometrical paths. Laser beam path is along the plasma. 

However, since a beam travels a long path, to focus the 

laser beam on the second nonlinear crystal it meets 

several difficulties in the heterodyne dispersion 

interferometer. To avoid such a geometry a new version 

of heterodyne interferometer i.e.  a single crystal 

dispersion interferometer is developed with the laser 

wavelength of 1064 nm [7]. The power of second 

harmonic radiation at the end of second pass depends 

on the differential phase shift imposed on the two 

beams during their round trip through plasma. Because 
the two beams along a common path, the effect of 

vibrations is cancelled out, leaving the dispersion as 

only the source of differential phase. A network of laser 

cavity is shown in Fig.1. 

Fig.1.  Operational scheeme of inner cavity  dispersion  interferometer : 1 – laser , 2- optical  unit    3– crystal with quadratic 
nonlinearity ,   4– the tested medium,   5-  mirrors of  cavity. 

mailto:physmed@mail.ru
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2. THEORETICAL APPROACH

Earlier we have employed constant intensity 

approximation for investigation the dispersion 

inteferometer with two nonlinear crystals  [8-10]. 

 To study intracavity generation of second 

harmonic  we consider the problem in two stages.  The 

set of  truncated equations describing nonlinear 

interaction of both fundamental and harmonic waves 
propagating in positive and negative directions of z-

axis is presented  [11] 

𝑑𝐴1
±

𝑑𝑧
±𝛿1𝐴1

± = ∓𝑖𝛾1𝐴2
±(𝐴1

∗ )±𝑒±𝑖∆𝑧

𝑑𝐴2
±

𝑑𝑧
±𝛿2𝐴2

± = ∓𝑖𝛾2(𝐴1
±)

2
𝑒∓𝑖∆𝑧

(1) 

where  𝐴𝑗
±  (j=1, 2) – are complex amplitudes of

interacting waves at frequencies 𝜔𝑗  (j=1,2)   (“+”-

indicate  positive direction of Z-axis and “-“ refers to 

negative direction of  Z-axis),  𝛿𝑗 – are the absorption

coefficients at frequencies  𝜔𝑗  (j=1, 2) , ∆= 𝑘2 − 2𝑘1 –

is the difference in wave numbers for the pump and 

third harmonic waves, 𝛾1  and  𝛾2   nonlinear coupling
coefficients given by   

𝛾1 =
8𝜋𝑒𝑓𝑓

2 𝜔1
2| 1|

𝑘1𝑐2  , 𝛾2 =
8𝜋𝑒𝑓𝑓

2 𝜔2
2

2

𝑘2𝑐2

1  and  2  dielectric  permittivities of medium,  
𝑒𝑓𝑓
2  –

is the effective dielectric succeptibility of medium.  

Each of equation in the system (1) describes 

propagation of waves in both directions   along Z-axis. 

If this circumstance is taken into consideration, we get 

four equations. However, we do not take into account 

interaction of counter propagating waves. 

Differentiating the second equation of (1) yields to 

following second order differential equation for 

complex amplitude of second harmonic wave:   

𝑑2𝐴2

𝑑𝑧2 + (𝛿2 + 2𝛿1 + 𝑖∆)
𝑑𝐴2

𝑑𝑧
+ [𝛿2(2𝛿1 + 𝑖∆) + 21

 2]𝐴2 = 0  (2) 

When waves propagate in the positive direction of Z-axis solution of the equation (2) according to boundary 

conditions     𝐴1(𝑧 = 0) = 𝐴10,   𝐴2(𝑧 = 0) = 0   gives for complex amplitude of second harmonic.
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For the waves, reflected from the surface of 

second mirror and propagating in opposite direction 

toward the right-hand side of nonlinear crystal 

boundary conditions are alter and presented by  
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where где    dd 2,2 21   -  are phase shifts for the

pump  and harmonic waves in the air gap between 

nonlinear crystal and second mirror,  
1,ri   and 

2,ri

are the phase shifts  due to reflections of waves from 

second mirror,  )( 11 R   and   )( 22 R  are the 

coefficients of reflection  of pump wave and second 

harmonic wave respectively.  Here we assume, that z=0 
again corresponds to the input of second crystal from 

the right-hand side. Taking into account (3) in the (1) 

gives expression of the complex amplitude of pump 

wave:  
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Solving set of equations (1) with boundary conditions (4) results in the complex amplitude of second harmonic 

wave travelling in the negative direction of the chosen   axis: 

























 





22

212

12

122
1cot

2

1
2cot.,2















i
e

i
llMoutA  (6) 



Sh.Sh. AMIROV 

48 

where 

'
2

'
2

1

12 )2(
2

2

2sin







idil

i

elM





  , )(121
2
2  ,

2/1
]

4

2
)122(2

22[2 lIГ
i

Г 


 


 , 

here 
'

2

'

121 2)2()2(2   ddl , l - is the phase shift when waves travel through the first

nonlinear crystal. When waves travel from the right toward the left (in the negative direction of the z-axis) the 

difference in wave numbers equals   12
. 

From equation (6) for the output intensity of second harmonic wave we obtain 

𝐼2,𝑜𝑢𝑡 = 𝐼10

𝛾2

𝛾1𝜌1

Г1
2(𝑠𝑖𝑛2𝑥1 + 𝑠ℎ2𝑦1) ∙ 𝑒[−2(𝛿2+2𝛿1)𝑙] ×

× [𝐴2 + 𝐵2 + 𝑆2 + 𝐷2 + 2(𝐴𝑆 + 𝐵𝐷)𝑐𝑜𝑠 + 2(𝐴𝐷 − 𝐵𝑆)𝑠𝑖𝑛 ]   (7) 

where 

𝐴 = 𝑀𝑠𝑖𝑛𝑥2𝑐ℎ𝑦2 − 𝑁𝑐𝑜𝑠𝑥2𝑠ℎ𝑦2,

𝐵 = 𝐻𝑠𝑖𝑛𝑥2𝑐ℎ𝑦2 + 𝐹𝑐𝑜𝑠𝑥2𝑠ℎ𝑦2,

𝑆 = 𝑐𝑜𝑠𝑥2𝑠ℎ𝑦2 − (
∆
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2
−

212  

2√𝜌2

𝑐𝑜𝑠


2

2
) 𝑠ℎ𝑦2𝑐𝑜𝑠𝑥2

𝐹 = √
𝜌1

𝜌2

(𝐵1𝑐𝑜𝑠𝜃 − 𝐵2𝑠𝑖𝑛𝜃) −
∆

2√𝜌2

𝑠𝑖𝑛


2

2
−

212  

2√𝜌2

𝑐𝑜𝑠


2

2

𝐻 = √
𝜌1

𝜌2

(𝐵1𝑠𝑖𝑛𝜃 − 𝐵2𝑐𝑜𝑠𝜃) −
∆

2√𝜌2

𝑐𝑜𝑠


2

2
+

212  

2√𝜌2

𝑠𝑖𝑛


2

2

𝐵1 =
𝑡𝑔𝑥1/𝑐ℎ2𝑦1

𝑡𝑔2𝑥1+𝑡ℎ2𝑦1
,    𝐵2 =

𝑡ℎ𝑦1/𝑐𝑜𝑠2𝑥1

𝑡𝑔2𝑥1+𝑡ℎ2𝑦1

𝑥1,2 = √𝜌1,2𝑙𝑐𝑜𝑠
1,2

2
,    𝑦1,2 = √𝜌1,2𝑙𝑠𝑖𝑛

1,2

2
 , 

𝜌1,2
2 = [21,2

 2 +
∆1,2

2

4
−

(𝛿2−2𝛿1)2

4
]

2

+
∆1,2

2

4
(𝛿2 − 2𝛿1)2 ,  𝛹 = 2𝑛𝜋 ,


1,2

= 𝑎𝑟𝑐𝑡𝑔
∆1,2/2(𝛿2−2𝛿1)

21,2
 2 +∆1,2

2 /4−(𝛿2−2𝛿1)2/4
,     𝜃 =

1−2

2
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3. CONCLUSIONS

On the basis of studies above one can conclude , 

that  output intensity of second harmonic wave is a 

function of generelized phase  shift between interacting 

waves and oscillations  take place due to trigonometric 

functions. Since both fundamental and harmonic waves 

are two times  travelling through  investigated  medium 

a certain diplacement can be observed in the 

dependence  of output intensity versus phase shift. The 

dispersion of refractive index  can be determined  due 

to  shift in the positions of extrema  points  in the 

intensity-phase shift  dependence.

__________________________ 
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1.      INTRODUCTION 

 

An intense investigation of metamaterials is 
currently underway to compensate for losses in them. 

Since the localized plasmons in metamaterials 

accumulate enough electric fields around themselves 

the latest advances are observed in nanoplasmonics.  It 

allows to reduce losses in such structures [1,2]. The 

introduction of plasmon metals, for example, silver [4] 

or gold [5], near the resonances of which the 

nonlinearity increases sharply, into the dielectric 

structure, leads to a significant concentration of the 

electromagnetic field around the plasmon 

nanoparticles. So in the case of a gold nanoparticle, 
silicon is used as a dielectric structure, because of the 

small work function of an electron from gold to silicon. 

This fact is successfully used to increase the sensitivity 

of photodetectors, solar photoconverters. The ability of 

plasmon nanoparticles to accumulate large electric 

fields around themselves allowed the authors of Refs. 1 

and 2 to report on overcoming large losses in similar 

structures.  

When three light waves at frequencies  𝜔2  , 𝜔3    

and 𝜔4   are incident  onto cubic nonlinear medium the 
nonlinear polarization leads to  the generation of a new  

electromagnetic  with frequency  𝜔1 = 𝜔3  +  𝜔4 − 𝜔2 . 

In a photon language the FWM is that two photons with 

initial frequencies are subjected to elastic scattering to 

produce two new photons. Here the law of conservation 

of energy and momentum   have to be fulfilled in this 

process:   𝑘1 = 𝑘3 +  𝑘4 − 𝑘2  where  𝑘𝑗 − are the wave 

numbers at respective frequencies  𝜔𝑗(𝑗 = 1 − 4).  

Conservation of momentum leads to the phase 

matching conditions.    Boundary conditions  of the 

described interaction of waves  are given by    

𝐴2,3,4(𝑧 = 0) = 𝐴20,30,40 and  𝐴1(𝑧 = 𝑙) = 𝐴1𝑙 , where 

𝑧 = 0  corresponds to the left input of the metamaterial, 

𝐴20,30,40  are the initial amplitudes of the transmitted 

weak wave ( 20A ) at the frequency 2ω  and of the pump 

waves (
30,40A ) at the frequencies 𝜔2,3  and    𝐴1𝑙   is the 

initial amplitude of the transmitted signal wave at the 

right input of the nonlinear medium at     𝑧 = 𝑙. We 

consider a third-order nonlinear process connecting 

four waves at frequencies j  ( 41j ), of which two 

strong pump waves (at frequencies 3  and ). We 

assume that the medium is "left-handed" only at the 

frequency of the signal wave 1 , i.e. the medium takes 

negative values of the real parts of the dielectric 

permittivity and magnetic permeability at this 

frequency and the positive values of the dielectric 

permittivity and magnetic permeability at frequencies 

2 , 3  and . We assume that the energy fluxes of 

a wave at a frequency 2  and two pump waves, i.e. 

4,3,2S  fall normally on the left side surface of the 

metamaterial thickness l  and propagate along the 

positive z  axis direction. Hence the transfer of energy 

of the signal wave, for which the medium is "left-

handed", occurs in the opposite direction.  

Third-order nonlinear processes, resolved both in 

centrosymmetric and non-centrosymmetric media, are 

more often encountered, they are easier to implement. 

For their observation, apparently, there is no restriction 
on the symmetry of the medium. Therefore, in spite of 

the fact that cubic processes are an order of magnitude 

weaker than quadratic processes, they are widely used 

and have many applications [3]. 

The modulation instability that arises in most 

nonlinear wave systems has been extensively studied 

for metamaterials [4-8]. In the of the constant-field 

approximation, a theoretical study of nonlinear optical 

interaction in such artificial structures has been carried 

4
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out in a number of papers, of which we note [9-11]. The 

four-wave interaction in metamaterials is considered in 

[12-14]. In the constant-intensity approximation [15-

17], we investigated the second and third harmonic 

generation, self-action effects and parametric 

interaction in metamaterials [2,18-20] four-wave 

interaction in conventional materials [3] and 

metamaterials.  

Studies in work are conducted under conditions 

similar to those discussed in [12]: 1  is the highest

frequency; 1432   ; 2 756 nm, and

1 480 nm, i.e. we are within the visible part of the

optical range. Optical parametric amplification of an 

optical wave by means of four-wave mixing in a 
metamaterial doped with nonlinear optical centers is 

considered. As the authors of [12] note, the nonlinear 

optical response of a composite is mainly determined 

by embedded nonlinear optical centers and, as a 

consequence, can be independently controlled. 

We follow the method used in [9], assuming that 

the nonlinear response of the medium is mainly related 

to the magnetic component of the waves. In a similar 

way, from Maxwell's equations, the corresponding 

equations for the electrical component can be obtained 

in a similar form, replacing the dielectric constant of the 

medium j
 
by the magnetic permeability jμ  

and vice

versa [9]. For the considered case of four-wave 

interaction in the metamaterial, the truncated equations 
have the form [12], which differs from the case of 

similar interaction in a traditional medium [3].  

The purpose of this paper is to analytically 

determine the conditions under which it is possible to 

eliminate losses in the case of propagation of the 

backward-wave at a parametric four-wave interaction, 

i.e. propagation of a backward wave with a constant 

amplitude, and also with amplification and generation 

in a nonlinear medium.  

2. THEORETICAL APPOACH AND

DISCUSSIONS

For this consideration dielectric permittivity of 

the signal wave becomes negative that is reflected in 

the first equation of following set of reduced equations 

[ 20]:  

𝑑𝐴1

𝑑𝑧
+ 𝛿1𝐴1 = −𝑖𝛾1𝐴3𝐴4𝐴2

∗ 𝑒𝑖∆𝑧   ,

𝑑𝐴2

𝑑𝑧
+ 𝛿3𝐴3 = 𝑖𝛾2𝐴3𝐴4𝐴1

∗ 𝑒𝑖∆𝑧

(1) 
𝑑𝐴3

𝑑𝑧
+𝛿2𝐴2 = 𝑖𝛾3𝐴1𝐴2𝐴4

∗ 𝑒−𝑖∆𝑧  , 

𝑑𝐴4

𝑑𝑧
+ 𝛿4𝐴4 = 𝑖𝛾4𝐴1𝐴2𝐴3

∗ 𝑒−𝑖∆𝑧

where jA  -are the complex amplitudes of the magnetic 

fields of the transmitted quasi-monochromatic waves, 

𝛿𝑖 − dissipative  losses   in metamaterial medium ,
(3)

1 1 11γ 2π χ / εk and 

(3)
2,3,4 2,3,4 2,3,42,3,4γ 2π χ / εk  are the nonlinear wave 

coupling coefficients, 
(3)χ j  is the cubic susceptibility,

and 3 4 1 2Δ k k k k     is the phase detuning of the 

interacting waves. The corresponding equations for the 

electric components can be derived analogously with 

replacement of the dielectric permittivity of the 

medium j  by the magnetic permeability μ j  and vise

versa [4] . 

Differentiation of the first equation of system (1) 

yields to the following second order differential 

equatiuon  

𝑑2𝐴1

𝑑𝑧2 − 𝑖∆
𝑑𝐴1

𝑑𝑧
+ (𝛾1𝛾2𝐼30𝐼40 − 𝛾1𝛾3𝐼20𝐼40 − 𝛾1𝛾4𝐼20𝐼30 + (∑ 𝛿𝑗 − 𝑖∆4

1 )2/4)𝐴1 = 0    (2)

Solving equation (2) in the constant intensity approximation [10,11,14-17 ] of the fundamental radiation , 

𝐼1(𝑧) = 𝐼1(𝑧 = 0 = 𝐼10)  under  boundary conditions

𝐴1(𝑧 = 𝑙) = 𝐴1𝑙    and   𝐴2,3,4(𝑧 = 0) = 𝐴20,30,40  (3) 

we obtain  for the  complex amplitude of  the  signal wave propagating in opposite direction with respect to other 

three waves ( 𝛿𝑗 = 0) :

𝐴1(𝑧) = (𝑀1 + 𝑖𝑀2 )𝑒
∆𝑧

2  (4) 
here 

𝑀1 =
𝐴1𝑙𝑒−𝑖

∆𝑙
2 𝑐𝑜𝑠𝑧 + 𝑚(∆/2)

𝑠𝑖𝑛𝑙


𝑠𝑖𝑛𝑧


𝑐𝑜𝑠𝑙 − 𝑖
∆

2
𝑠𝑖𝑛𝑙

 𝑀2 =
 𝑚𝑠𝑖𝑛𝑙

𝑐𝑜𝑠𝑧


−  𝐴1𝑙𝑒−
∆𝑙
2 (∆ /2)

𝑠𝑖𝑛𝑧


𝑐𝑜𝑠𝑙 − 𝑖
∆

2
𝑠𝑖𝑛𝑙

− 𝑚
𝑠𝑖𝑛𝑧
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where   = (𝛾1𝛾2𝐼30𝐼40 − 𝛾1𝛾3𝐼20𝐼40 − 𝛾1𝛾4𝐼20𝐼30 + ∆2/4)1/2   ,     𝑚 = 𝛾1𝐴30𝐴40𝐴2
∗  

In the input  (𝑧 = 0)  to the medium amplitude of signal wave is simplified as  

 

𝐴1(𝑧) = (𝑀3 + 𝑖𝑀4 )                                                                            (5) 

where  

𝑀3 = 𝐴1𝑙𝑒
−𝑖

∆𝑙
2 /(𝑐𝑜𝑠𝑙 − 𝑖

∆

2
𝑠𝑖𝑛𝑙 ) 

𝑀4 =  𝑚
𝑠𝑖𝑛𝑙


/(𝑐𝑜𝑠𝑙 − 𝑖

∆

2
𝑠𝑖𝑛𝑙 ) 

 

Taking into account the dissipative losses for complex amplitude of signal wave in the constant intensity 

approximation yields: 
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From the condition of equality of the initial value of the complex amplitude of the signal wave at the 

entrance to the medium on the right, lAlzA 11 )(  , and the final value at the exit from the medium on the 

left, )0(1 zA , i.e. 

lAlzAzA 111 )()0(  ,                                                             (7) 

 

under phase-matching conditions, the following relationships are obtained (to simplify further calculations, we 

assume poIII  4030 ): 

 

1432   ,                                                                        (8) 

 

,...2,0  l                                                                        (9) 

 

From                           (9) we determine the threshold pump intensity 
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 III thresh

pump ,                            (10) 

 

As can be seen from expression (10), the threshold 

intensity of the pump increases with increasing 

dissipative losses j  ( 1432   ). 
 

After a single passage of a nonlinear medium as 

a result of parametric interaction of waves, it is possible 
to achieve the constancy of the amplitude of the signal 

wave when a certain threshold condition for the 

parameters of the problem is fulfilled.   

The inequality sign in (7) assumes that in the 

process of nonlinear interaction of waves, in addition to 

the constancy of the amplitude of the backward signal 

wave, its amplification is also possible. Condition (8) 

means that in the presence of a coupling between 

forward and backward waves, compensation of signal 

wave losses ( 1 ) by losses of direct waves                             

( 432 ,,  ) will allow the parametric amplification 

to be realized at the threshold pump intensity. İn 

agreement with the condition (9) we can determine 

threshold value of pump intensity. However even 

without writing the analytical expression for the 

threshold pump it can be noticed that this value is a 

function of nonlinear coupling coefficient dissipation 

losses as well as the intensity of idler wave. It was 
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calculated that  the threshold intensity of the pump 

increases with increasing dissipative losses                

j  ( 1432   ). The value  of threshold 

pump intensity  also increases with an increase in the 

input intensity of the idle wave 20I . In addition to

these two parameters, the threshold intensity of the 

pump is influenced by a factor that takes into account 
the inverse effect of the excited waves on the phase of 

the pump wave ( 04,3  ). The higher the nonlinear 

coupling coefficients, the higher this factor and the 
greater the threshold pump intensity. Also from 

expression for the threshold intensity of idler wave we 

obtain  the result of the constant-field approximation: 

21

1




CFA

pumpI . The same result is obtained when 

there is no idler wave at the entrance to the 

metamaterial, 0)0(2 zA . 

Below are the results of a numerical calculation 

of the analytical expression (6) obtained in the 

constant-intensity approximation. In Fig. 1, under 

phase-matching conditions, the dynamics of the 

parametric generation of a signal wave when at the 

input to the medium 0)(1  lzI and of the 

parametric amplification at 301 4.0)( IlzI   are

considered. With parametric generation, the signal 

wave is excited as three direct waves propagate in the 

medium as a result of transferring the energy of these 

waves to the energy of the signal wave generating in 

the opposite direction. Noticeable amplification of the 

signal wave is observed at considerable distances 

(curves 1-8). When condition (8) is satisfied, the losses 

of the interacting waves are compensated, while the 

intensity of the signal wave increases (compare solid 
curves 1 and 2-4). With an increase in the input value 

of the intensity of the idler wave , the intensity of the 

signal wave )(1 zI also increases (compare solid 

curves 3 and 4). Comparison of solid curves 2 and 3 

shows that an increase in losses of 7 times from 5000 

cm-1 (solid curve 3) to 35000 cm-1 (solid curve 2) 

leads to a decrease in the intensity of the signal wave, 

which leads to a settling of the dependence. In the 

process of parametric amplification, when the input 

value of the intensity of the signal wave 0)(1  lzI ,

with other equal parameters, the output intensity level 

)0(1 zI  is higher (compare the corresponding solid

and dashed curves). There is a nonlinear increase in the 

level of the signal wave with parametric amplification 
at a rate higher than in the case of generation. The 

steepness of dashed curves is higher than that of solid 

curves. These two groups of curves differ in the value 

of the input intensity )(1 lzI 

Fig. 1.  Relative intensity of the signal wave 301 /)( IzI
 
as a function of the length of the metamaterial z  at 20l

nm, 0 , 
13

4030 10848.8  II W / cm2, )(1 lzI  = 0 (solid curves 1-4), )(1 lzI  =

3004.0 I  (dashed curves 5-8), 3020 3.0 II   (curves 1-3 and 5-7), 3020 5.0 II   (curves 4 and 8), 

432   = 5000 cm-1 (curves 3-4 и 7-8), 35000 cm-1 (curves 1 and 2),
 

 4321   = 35000

cm-1 (curves 1 and 5), 1050000 cm-1 (curves 2 and 6), 15000 cm-1 (curves 3- 4 and 7-8). 
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Fig.2. The threshold pump intensity as a loss 1
 
function, obtained in the constant-intensity approximation, at          

20l  nm, 0 , 
13

4030 10848.8  II W/cm2, 3020 04.0 II  , 432   , 

4321   . 

 

 

Fig. 3. Intensity of the signal wave at the output of the metamaterial as a loss 1  function, obtained in the constant- 

          intensity approximation, at 20l  nm, 0 , 
13

4030 10848.8  II  W/cm2, 3020 05.0 II  , 

432   , 4321   .  

 

In Fig. 2 shows the dependence of the threshold 

pump intensity on the loss of interacting waves. The 
value of the threshold pump intensity increases, as 

expected, with increasing losses, which agrees with the 

analytical expression (10) obtained in the constant-

intensity approximation. Analysis (10) shows that as 

the intensity of the idler wave I20  increases, the 

threshold pump intensity 
thresh

pumpI  necessary to amplify 

and generate the signal wave also increases.  
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This is because simultaneously there is an 

increase in two counter signal and idle waves due to the 

energy of the pump intensity. 

In Fig. 3, under conditions of phase matching, the 

dependence of the intensity of the signal wave on the 

output from the metamaterial on the value of losses 1
is given. There is a near-linear decrease in intensity 

from losses in the case of interaction in the 
metamaterial, in contrast to the exponential decrease in 

ordinary materials. At compensation of losses, 

according to (8), in the expression (6), the intensity 

dependence on losses is determined by the term 

lA l 



sin1

1  , and also by terms with the parameter 

 . The analysis showed that the main contribution to

the practically linear dependence on losses, 

)( 1thresh

pumpI , is made by a term that is absent in the case 

of a conventional material.This term ( lA l 



sin1

1  )

characterizes the dependence on the total length of the 

metamaterial arising from specific boundary conditions 

in the metamaterial. 

Thus, in metamaterials, the possibility of 
propagating traveling waves in opposite directions 

makes it possible to realize a positive feedback between 

them through parametric interaction in the medium. 

This is provided by frequency dispersion in the "left-

handed" nonlinear medium for the emerging backward 

wave. The metamaterial plays the role of distributed 

feedback and can compensate for losses. In this case, 

the backward wave propagates in a metamaterial with a 

constant amplitude and perhaps even its amplification. 

By varying the losses of direct waves, the input 

intensity of the idler wave and the coefficients of the 
nonlinear coupling, it is possible to control the 

threshold pump intensity. From here it is possible to 

obtain significant amplification in the metamaterial, as 

well as parametric generation of the backward wave.  

3. CONCLUSIONS

In work in the constant-intensity approximation, 

the threshold generation regime is studied for 

parametric interaction in a cubic nonlinear medium, 
which is the "left-handed" one for the signal wave. It is 

shown that, on the one hand, in the presence of losses 

in the medium, the amplitude of propagating waves 

decreases in the direction of energy transfer. On the 

other hand, the metamaterial, providing a positive 

feedback, through the nonlinearity of the medium, can 

compensate for losses at the parametric interaction. In 

this case, the backward signal wave will propagate with 

a constant amplitude and possibly even amplification 

and generation of this wave. An analytical expression 

is obtained for the amplitude of the pump wave in the 

case of phase matching in dissipative media. 
Conditions are determined that allow, in the process of 

nonlinear interaction of waves, in addition to the 

constancy of the amplitude of the backward signal 

wave, to obtain its amplification. It is shown that the 

threshold pump intensity increases with grown of 

dissipative losses and of the input intensity of the idler 

wave. In addition, the threshold pump amplitude is 

influenced by a factor that takes into account the 

inverse effect of the excited waves on the phase of the 

pump wave ( 04,3  ). The higher the nonlinear

coupling coefficients for pump waves, the higher this 

factor and the greater the threshold pump intensity 
thresh

pumpI . The method developed may be necessary in the

development of frequency converters on the basis of 

nonlinear metamaterials. 
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The luminescence and kinetics of photocurrent relaxation in thin CdS films upon excitation by light from a Nd:YAG 
laser were studied experimentally. Comparison of the luminescence spectra under single-photon excitation with the spectra 
under two- and three-photon excitation showed that there is no free exciton line in the luminescence spectrum under bulk 

excitation. The effect of impurities on the luminescence spectra and photocurrent relaxation curves upon excitation by the 
1st-3rd laser harmonics is studied.      
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1. INTRODUCTION

The wide-gap semiconductor cadmium sulfide 
(CdS) has long been used in applications of 

optoelectronics, in particular, as the working medium 

of optoelectronic emitters, single-electron transistors, 

quantum dot displays, lasers, nanoelectronics, solar 

energy converters, etc. [1–8]. The evolution of 

photoinduced electrons and holes and, consequently, 

the luminescence and relaxation kinetics of 

nonequilibrium carriers strongly depend on the 

excitation parameters and characteristics of the 

sample. Thus, the concentration of carriers generated 

by laser radiation can vary over a wide range in the 
case of multiphoton excitation. In this work, we 

experimentally studied the luminescence and 

photoconductivity of thin CdS films under 

multiphoton excitation.   

2. EXPERIMENTAL METHODS

The studies were carried out at 300 K in thin CdS 

films obtained by chemical pulverization followed by 

pyrolysis [9]. Both high-resistance ~ 106 Ω·cm and 

low-resistance samples with an impurity concentration 

of ~ 1018 Ω·cm were studied. The thickness of the CdS 

films was measured using an MII-4 interference 

microscope and was ~10 microns. The area of the 

studied films was 0.5 cm2. For photoelectric 

measurements, indium contacts were used as ohmic 

contacts, which were deposited on the sample surface 
by vacuum deposition.   

The radiation source was a pulsed Nd:YAG laser 

with built-in generators of the 2-nd and 3-rd 

harmonics, designed to generate radiation with a 

wavelength of 1064, 532, and 335 nm. The laser pulse 

duration was 10 ns with a maximum power of ~12 

MW/cm2. The radiation intensity was varied using 

calibrated neutral light filters. Using a lens, the 

incident laser beam was focused onto the sample 

surface with a spot diameter of ~2.0 mm. The 

photoluminescence spectra of CdS were studied using 
an automatic double dispersion monochromator M833 

(spectral resolution ~0.024 nm at a wavelength of 600 

nm), with computer control and a detector that records 

radiation in the wavelength range of 350–2000 nm. 

Registration of photocurrent pulses was carried out 

according to a technique that allows one to record 

single nanosecond pulses on the screen of a storage 

oscilloscope ((Le Croy). 

3. EXPERIMENTAL RESULTS AND 

DISCUSSION

On fig. 1 shows the luminescence spectra of thin 

CdS films upon single-photon excitation by laser 

radiation with a wavelength of 355  nm. As can 

be seen from the figure, two narrow emission lines are 

observed in the luminescence spectrum, a short-

wavelength one with a maximum of 485  nm (a) 

and a long-wavelength one (b) with a maximum of 

853  nm. The half-widths of the emission lines 

are 50 A0 and 15 A0, respectively. 

Under two- and three-photon excitation by the 

2nd ( 532  nm) and 1st harmonic ( 1060  

nm) Nd:YAG laser, the luminescence spectrum of thin 

CdS films lacks a short-wavelength emission line with 

a maximum of 485  nm, but a long-wavelength 

emission line with a maximum of 853  nm is 

observed which takes place under single-photon 

excitation (Fig. 1b). 

In low-resistance samples with two-photon 

excitation, a wide band (half-width ~ 160 A0) of 

radiation at the same wavelength 853  nm is 

observed (Fig. 2). 

Simultaneously with the study of luminescence, 

the kinetics of photoconductivity was studied on these 
samples. On fig. 3 shows the relaxation kinetics of the 

photocurrent of the nonequilibrium photoconductivity 

of thin CdS films upon single-photon excitation by the 

3rd harmonic of a Nd:YAG laser ( 355  nm). 

As can be seen from the figure, the photocurrent 

kinetics consists of two components, a straight line 

and a relaxation curve with a half-width of ~12 μs (a). 

An analysis of the ultrashort component in the 

nanosecond interval showed that the straight line is an 

oscillogram with a relaxation time of ~25 nanoseconds 

(b). As shown by the experimental results for two and 

three-photon excitation, there is no ultrashort 

relaxation of the photocurrent.  
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Fig.1. Emission spectrum of thin CdS films upon single-photon excitation by the 3rd harmonic of a Nd:YAG laser 

( 355  nm). 
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Fig. 2. Emission spectrum of low-resistance thin CdS films upon single-photon excitation by the 3rd harmonic of a 

Nd:YAG laser ( 355  nm). 
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Fig. 3. Photocurrent kinetics upon excitation of thin CdS films under single-photon excitation by the 3rd harmonic 

of the Nd:YAG laser ( 355  nm). 
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In our opinion, the short-wavelength 485  

nm emission line observed upon single-photon 

excitation in thin CdS films is due to the emission of 

free excitons. 

The presence of a blue emission band associated 

with the luminescence of free excitons in CdS crystals 

under the action of ordinary light sources was 

previously indicated in numerous works [6, 10, and 

11]. This is also evidenced by the observation of an 

ultrashort component in the photocurrent relaxation 

curves. As a rule, the lifetime of excitons in 

semiconductors is several nanoseconds [12–15].  

The long-wavelength emission line 853  

nm is apparently due to the radiative recombination of 
free electrons with holes trapped in impurity levels. 

When comparing the luminescence spectra of 

CdS induced by two and three photon excitation with 

the spectra of single photon excitation, the absence of 

the free exciton line 485  nm in the luminescence 

spectra of two and three photon excitation attracts 
attention. Similar features are also observed in the 

kinetics of photoconductivity relaxation. In contrast to 

single-photon excitation, there is no ultrashort section 

associated with free excitons in the photocurrent 

relaxation curves for two- and three-photon excitation.  

In our opinion, the absence of a free exciton line 

under two and three-photon volume excitation may be 

due to the fact that the probability of multiphoton 

processes rapidly decreases as the multiplicity of the 

process increases (at a given radiation intensity). The 

ratio of the probability of an n-photon stimulated 
process to the probability (n-1) of a photon process is 

equal in order of magnitude to (E/Ea)2, where E is the 

field strength of the initial light wave, Ea is the 

strength of intraatomic fields. In semiconductors with 

single-photon absorption, the fundamental absorption 

coefficient at the edge of the absorption band is       

~ 
)1( 104-105 cm-1, while with two-photon 

absorption ~ 
)2(  10-2 cm-1, and with three-photon 

excitation ~ 10-8 cm-1, which makes it difficult to 

observe at room temperature, exciton luminescence 

and photoconductivity under two and three-photon 

excitation. In addition, it is known that the radiative 

decay of a free exciton is an unlikely process, since 

there are relatively few excitons with a wave vector 

equal to the wave vector of the emitted photon. 

Interaction with the surface and defects can facilitate 

the decay process. Thus, this line is generated 

predominantly in the surface region, which is small 

compared to the entire volume of the sample, from 

where the exciton radiation originates. In addition, the 

exciton line experiences strong reabsorption, and 

under such conditions, the observation of the exciton 
line becomes difficult. If in high-resistance samples 

with two and three-photon excitation there is no free 

exciton line, then in heavily doped samples (see Fig. 

2) no luminescence is observed at all in the blue

region, which indicates the absence of excitons. The 

latter is apparently due to the presence in these 

samples of the effect of screening of the Coulomb 

interaction of nonequilibrium electron-hole pairs by 

equilibrium current carriers.  

4. CONCLUSION

An experimental study was made of the 

luminescence of thin CdS films upon excitation by a 

Nd:YAG laser. It is shown that the short-wavelength 

emission line with a maximum of 485  nm, 

observed upon single-photon excitation, is due to the 

radiative recombination of free excitons. With two and 

three-photon excitation, this emission line is absent. 

Similar features are also observed in the kinetics of 

photoconductivity relaxation. In our opinion, the 

absence of a free exciton emission line during two and 

three-photon volume excitation can be associated with 

a decrease in the probability of multiphoton processes 

with an increase in the multiplicity of the process and 
reabsorption of the exciton line due to the generation 

of this line in the surface region of the sample. The 

absence of exciton absorption in heavily doped CdS 

samples is due to the screening effect in these samples 

of the Coulomb interaction of nonequilibrium 

electron-hole pairs by equilibrium current carriers. As 

experimental results show, in thin CdS films, the 

lifetime of excitons is three orders of magnitude 

shorter than the lifetime on impurity transitions and 

amounts to ~15 nanoseconds.  
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