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THERMAL PHOTONS PRODUCTION IN PROTON-PROTON COLLISIONS AT 
HIGH ENERGIES 

PART I. DIFFERENTIAL CROSS-SECTIONS OF PROCESSES, CALCULATED 
WITHOUT AND TAKING INTO ACCOUNT FORMFACTOR OF MESONS 

M.R. ALIZADA, A.I. AHMADOV 
Department of Theoretical Physics, Baku State University 

str. Z. Khalilov, 23, Az-1148 Baku, Azerbaijan 
E-mail: mohsunalizade@gmail.com 

Thermal photons produced in following processes: 0γρππ →−+ , 
±± →γπρπ 0

, −+→ πγπρ 0 ,

γηππ →−+
, ±± → γπηπ , γγππ →−+

 are considered  Feynman diagrams of processes and matrix elements
has been wrote. Differential cross-sections of processes has been calculated without and taking account formfactor of 
mesons. The dependencies of differential cross-sections of processes of production thermal photons on energy of colliding 
mesons ( s ), transverse momentum (pT) and on cosine of scattering angle of photons has been determined and has been

comparised. 

Keywords: proton-proton collision, mesons, thermal photons, Feynman diagram, differential cross-section. 
PACS: 13.75. Lb; 13.30.Eg; 13.20.Cz; 13.25.Cq 

I. INTRODUCTION 

Photons are one of the main products of proton-
proton collision at high energies. Photons interact only 
electromagnetically, and therefore their average free 
paths are usually much larger than the transverse size 
of the region of hot matter created in any nuclear 
collision. As a result, high energy photons formed in 
the interior of the plasma typically pass through the 
surrounding substance without interaction, carrying 
information directly from anywhere from where they 
were formed to the detector. Depending on the 
mechanism of their production, direct photons are 
usually divided into two main categories: prompt and 
thermal photons [1,2]. 

Photons producted in a proton-proton (prompt 
photons) collision with energy in the range from 1.5 to 
several GeV carry information about the formation of 
a quark gluon phase and information about 
distribution of partons in the nuclei. Prompt photons 
are formed by rigid scattering of incoming partons, 
such as Compton scattering of γqqg →  or 
annihilation of γgqq → , as well as the braking 
radiation of quarks that undergo severe scattering 
[3,4]. These processes are described by perturbative 
pQCD in the LO and NLO order that dominate LHC 
energies. One purpose of prompt photonic 
measurements is to improve the accuracy of such 
calculations in various collision systems. In RHIC at 
the center of mass at energy per nucleon-nucleon pair 

s =0.2 TeV and at LHC at s =2.76 TeV, it was
found that prompt photons with transverse momentum 
(pT) above about 3 and 15 GeV/c respectively 
dominate fast photons and follow the power law 
spectral form in small systems (pp, pA, dA) as well as 
in heavy ion collisions as described in pQCD. 

Secondary photons can be formed in reactions by 
mesons formed by hadrons in a proton-proton 
collision [6-8]. Photoproduction from light and heavy 
nuclei is a very effective tool for studying the 
interactions of mesons with nuclear substances and the 
properties of hadrons. The study of the 
electromagnetic transitions of the nucleus into 
unstable resonances of excitation gives a are 
representation of the structure of the nucleus. Excited 
hadrons from base quark and gluon block carry 
information about quark-gluon plasma. Measurement 
of meson production reactions from quasi-free 
nucleons was much more systematic, in particular by 
studying in detail the nuclear effect on quasi-free 
proton sections, which can be compared with their free 
counter-cell sections [5,6]. 

We considered thermal photons productions in 
the processes: 0γρππ →−+ , ±± →γπρπ 0 , −+→ πγπρ 0 , 

γηππ →−+ , ±± → γπηπ , and γγππ →−+ . We 
constructed Feynman diagrams of these processes and 
wrote matrix elements. Calculation of the square of 
matrix elements are performed using FeynCalc. The 
dependencies of differential cross-section of processes 
on energy of colliding meson, transverse momentum 
of pT and cosine of scattering angle of photons has 
been determined. The differential sections of the 
processes calculated without and taking into account 
the meson formfactor were compared. 

I. DIFFERENTIAL CROSS-SECTIONS OF 
THE PROCESSES  

0γρππ →−+ , ±± →γπρπ 0 , −+ ++← ππγρ 0 , 

γηππ →−+ , ±± → γπηπ , γγππ →−+ . 
WITHOUT AND TAKING INTO ACCOUNT 
FORMFACTOR OF MESONS 
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a. differential cross-section of processes without
and taking into account formfactor of mesons 
1. process 0γρππ →−+

The complete matrix element (M1) of process 
0γρππ →−+

consists of the sum of the
following matrix elements: 

( )( )
( )

( ) ( )22222
11

11111 212 kpk
mkp

kpkegM s νµ
π

νµ εε −
−−

−=

( )( )
( )

( ) ( )22122
21

21112 212 kkp
mkp

pkkegM s νν
π

µµ εε −
−−

−=

( ) ( )2113 2 kkgiegM s νµµν εε=

where k1, k2, p1 and p2 are momentums of photon, gluon, π+ and π- mesons correspondingly. 
Mandelstam invariants of this process are: ( ) ( )2

21
2

21 kkpps +=+= , ( ) ( )212
2

21 kpkpt −=−= , 

( ) ( )222
2

11 kpkpu −=−= . 
In the calculations, the product of polarization vectors was taken as follows: 

photon: ( ) ( ) '1
*

'1 µµµµ εε gkk −= 0ρ  meson: ( ) ( ) 2

'
22

'2
*

'2
ρ

νν

νννν εε
m

kkgkk ⋅
+−=

The square of the matrix element M1 was calculated by FeynCalc at photon mass mγ=0. The differential 
section of process was calculated by formula [7]: 

2
12

'
16

1 M
p
p

sdt
d

cm

cm

π
σ
=

where 
2

1M  - square of matrix elements of the process and 

( ) ( )( ) ( )( )2
21

2
21

2

4
1 mmsmms
s

pcm −−+−= , ( ) ( )( ) ( )( )2
43

2
43

2

4
1' mmsmms
s

p cm −−+−= . 

For process 0ργππ +→+ −+  masses are equal:  m1=m2=mπ; m4=mρ; m3=mγ. In estimating the 
differential section, Mandelstam invariants t and u were expressed through s and pT as follows: 

( )( ) 22cos1
2 πρϑ mmst ++−−= , ( )( ) 22cos1

2 πρϑ mmsu +++−= ,  y
T espt −−= , 

y
T espu −=

Matrix elements of the process, taking into account the meson formfactor, are: 

( )( ) ( )
( )

( ) ( )22222
11

11111 212 kpk
mkp

phkpkegM as νµ
π

νµ εε −
−−

−= +

( )( ) ( )
( )

( ) ( )22122
21

21112 212 kkp
mkp

phpkkegM bs νν
π

µµ εε −
−−

−= +

( ) ( )2113 2 kkagiegM s νµµν εε=

where ( ) 22

22

a
a pm

mm
ph

−
−

=+
ρ

πρ , ( ) 22

22

b
b pm

mm
ph

−
−

=+
ρ

πρ , ( ) ( )ba phpha ++ += , 2211 pkkppa −=−= , 

2121 pkkppb −=−=

2. process 
±± →γπρπ 0

The complete matrix element (M2) of process 
±± →γπρπ 0

 consists of the sum of the following
matrix elements: 

( )( )
( )

( ) ( )21222
21

21121 212 kpk
mkp

pkkegM s νν
π

µµ εε +
−+

+=
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( )( )
( )

( ) ( )22222
11

11122 212 kkp
mkp

kpkegM s νν
π

µµ εε −
−−

−=

( ) ( )2123 2 kkgiegM s νµµν εε=
where k1, k2, p1 and p2 are momentums of photon, gluon, initial π± and final π±- mesons correspondingly. 

Mandelstam invariants of this process are: ( ) ( )2
21

2
21 kkpps +=+= , ( ) ( )222

2
11 kpkpt −=−= , 

( ) ( )212
2

21 kpkpu −=−= . 
In the calculations, the product of the polarization vectors were taken as follows [13,14]. The square of the 

matrix element M2 was calculated by FeynCalc at photon mass mγ=0. Differential cross-section of process is 
calculated at: m1=m4=mπ, m2=mρ; m3=mγ. In estimating the differential section, Mandelstam invariants t and u 
were expressed through s and pT as follows: 

( )( ) 22cos1
2 πρϑ mmst ++−−= , ( )( ) 22cos1

2 ππϑ mmsu +++−= ,  y
T espt −−= ,  y

T espu −=

Matrix elements of the process, taking into account the meson formfactor, are: 

( )( ) ( )
( )

( ) ( )21222
21

21121 212 kpk
mkp

phpkkegM as νν
π

µµ εε +
−+

+= +

( )( ) ( )
( )

( ) ( )22222
11

11122 212 kkp
mkp

phkpkegM bs νν
π

µµ εε −
−−

−= +

( ) ( )2123 2 kkagiegM s νµµν εε=

where ( )aph+ ; ( )bph+  and a  have expression as (1), 1221 kpkppa +=+= ; 2211 kpkppb −=−= . 

3. process −+ ++→ ππγρ 0

The complete matrix element (M3) of process −+ ++→ ππγρ 0 consists of the sum of the following
matrix elements: 

( )( ) ( ) ( ) ( )1112
11

22231 212 kpk
mkp

pkkegM s µµ
π

νν εε +
−+

−=

( )( )
( )

( ) ( )12122
12

12232 212 kpk
mpk

pkkegM s µµ
π

νν εε +
−−

−=

( ) ( )2133 2 kkgiegM s νµµν εε=
where k1, k2, p1 and p2 are momentums of photon, gluon, π+ and π-- mesons correspondingly. 

Mandelstam invariants of this process are: ( )2
12 kps += , ( )2

11 pkt += , ( )2
21 ppu += . 

In the calculations, the product of the polarization vectors were taken as follows [16,17]. The square of the 
matrix element M1 was calculated by FeynCalc at photon mass mγ=0. The differential cross-section of each 
process was calculated by formula [7]: 

( )
2

33
21 232

MQ
dxdx

d
π

σ
=

where  ρmkQ == 2
2 , ( )3,2,12 == iQEx ii

In estimating the differential section, Mandelstam invariants t and u were expressed through s and pT as 
follows: 

( )( ) 22cos1
2 πρϑ mmst ++−−= , ( )( ) 22cos1

2 πρϑ mmsu +++−=  y
T espt −−= , y

T espu −=

Matrix elements of the process, taking into account the meson formfactor, are: 

( )( ) ( ) ( ) ( ) ( )1112
11

22231 212 kpk
mkp

phpkkegM as µµ
π

νν εε +
−+

−= +

( )( ) ( )
( )

( ) ( )12122
12

12232 212 kpk
mpk

phpkkegM as µµ
π

νν εε +
−−

−= +
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( ) ( )2133 2 kkagiegM s νµµν εε=  

where ( )aph+ ; ( )bph+  and a  have expression as (1), 2211 pkkppa −=+= ; 1212 kppkpb +=−= . 
 

4. process γηππ →−+  

The complete matrix element (M5) of process γηππ →−+
 consists of the sum of the following matrix 

elements: 

( )( )
( )

( ) ( ) Akipk
mkp

kpkegM s νµ
π

νµ γε 252222
11

11141 212 −
−−

−=  

( )( )
( )

( ) ( ) Akikp
mkp

pkkegM s νν
π

µµ γε 252122
21

21142 212 −
−−

−=  

( ) ( ) AkikgiegM s νµµν γε 25143 2=  
where k1, k2 and p1 and p2 are momentums of photon, η, π+ and π- mesons correspondingly, 

( ) ( )φλφλ π CosgSingA ssu += , 















=

000
010
001

uλ , 
















−
=

200
010
001

sλ , gs=6,14, 
π

π F
mg u= , Fπ=93 

МэВ, 54=φ . 

Mandelstam invariants of this process are: ( ) ( )2
21

2
21 kkpps +=+= , ( ) ( )212

2
21 kpkpt −=−= , 

( ) ( )222
2

11 kpkpu −=−=  
In the calculations, the product of the polarization vectors were taken as follows: photon: 

( ) ( ) '1
*

'1 µµµµ εε gkk −=  
The square of the matrix element M1 was calculated by FeynCalc at photon mass mγ=0. For process 

ηγππ +→+ −+
 masses equal: m1=m2=mπ; m4=mη; m3=mγ. In estimating the differential section, 

Mandelstam invariants t and u were expressed through s and from pT as follows: 

( )( ) 22cos1
2 πηϑ mmst ++−−= ,  ( )( ) 22cos1

2 πηϑ mmsu +++−= ,  y
T espt −−= ,   y

T espu −= . 

 

5. process 
±± → γπηπ  

The complete matrix element (M6) of process ±± → γπηπ  consists of the sum of the following matrix 
elements: 

( )( )
( )

( ) ( ) Akipk
mkp

pkkegM s νν
π

µµ γε 251222
21

21151 212 +
−+

+=  

( )( )
( )

( ) ( ) Akikp
mkp

kpkegM s νν
π

µµ γε 252222
11

11152 212 −
−−

−=  

( ) ( ) AkikgiegM s νµµν γε 25153 2=  
 

where k1, k2 and p1 and p2 are momentums of photon, η, initial π± and final π± mesons correspondingly, 

( ) ( )φλφλ π CosgSingA ssu += , 















=

000
010
001

uλ , 
















−
=

200
010
001

sλ ,  gs=6,14, 
π

π F
mg u= , Fπ=93 

МeВ, 54=φ . 

Mandelstam invariants of this process are: ( ) ( )2
21

2
21 kkpps +=+= , ( ) ( )222

2
11 kpkpt −=−=  

and  ( ) ( )212
2

21 kpkpu −=−= . 
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In the calculations, the product of polarization vectors was taken as follows: for photon: 
( ) ( ) '1

*
'1 µµµµ εε gkk −=

The square of the matrix element M5 was calculated by FeynCalc and at photon mass mγ=0 it is equal. The 
differential cross-section of the process was calculated by the formula [9]: 

2
52

'
16

1 M
p
p

sdt
d

cm

cm

π
σ
=

Here ( ) ( )( ) ( )( )2
21

2
21

2

4
1 mmsmms
s

pcm −−+−= и  ( ) ( )( ) ( )( )2
43

2
43

2

4
1' mmsmms
s

p cm −−+−=

For process 
±± +→+ πγηπ  masses equal: m1=m4=mπ; m2=mη; m3=mγ 

In estimating the differential section, Mandelstam invariants t and u were expressed through s and from pT as 
follows: 

( )( ) 22cos1
2 πηϑ mmst ++−−= , ( )( ) 22cos1

2 ππϑ mmsu +++−= , y
T espt −−= , y

T espu −= .

6. process γγππ →−+

The complete matrix element (M6) of process γγππ →−+
 consists of the sum of the following matrix

elements: 

( )( )
( )

( ) ( )22222
11

111
2

61 212 kpk
mkp

kpkeM νµ
π

νµ εε −
−−

−=

( )( )
( )

( ) ( )22122
21

211
2

62 212 kkp
mkp

pkkeM νν
π

µµ εε −
−−

−=

( ) ( )21
2

63 2 kkgeM νµµν εε−=
where k1, k2 and p1 and p2 are momentums of initial photon, final photon, initial π+ and final π- mesons, 
correspondingly,  

( ) ( )φλφλ π CosgSingA ssu += , 















=

000
010
001

uλ , 
















−
=

200
010
001

sλ , gs=6,14, 
π

π F
mg u= , Fπ=93

МэВ, 54=φ . 

Mandelstam invariants of this process are: ( ) ( )2
21

2
21 kkpps +=+= , ( ) ( )212

2
21 kpkpt −=−= , 

( ) ( )222
2

11 kpkpu −=−= . In the calculations, the product of polarization vectors was taken as follows for 

photon: ( ) ( ) '1
*

'1 µµµµ εε gkk −= . The square of the matrix element M6 was calculated by FeynCalc at photon 
mass mγ=0. The differential cross-section of the process was calculated by the formula [7]: 

2
62

'
16

1 M
p
p

sdt
d

cm

cm

π
σ
=

here ( ) ( )( ) ( )( )2
21

2
21

2

4
1 mmsmms
s

pcm −−+−= and  ( ) ( )( ) ( )( )2
43

2
43

2

4
1' mmsmms
s

p cm −−+−= . 

For process γγππ +→+ −+
 mass equal: m1=m2=mπ; m3= m4=mγ 

In estimating the differential section, Mandelstam invariants t and u were expressed through s and from pT 
as follows: 

( )( ) 2cos1
2 πϑ mst +−−= , ( )( ) 2cos1

2 πϑ msu ++−= ,  y
T espt −−= , y

T espu −= .

III. RESULTS  OF  NUMERICAL  CALCULATIONS  AND  THEIR DISCUSSION

a. the dependencies of differential cross-section of processes on energy colliding mesons, transverse
momentum pT, cosine of the scattering angle of photons and formfactor of mesons 
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1. process 0γρππ →−+  
In the fig.1(a,b,c) are represents the dependence of differential cross-section of photon production 

0γρππ →−+ process, calculated without and taking into account formfactor of mesons on energy colliding 

mesons s , on the transverse momentum pT and on cosine of scattering angle of photon. 
 

 
 

Fig. 1. (a,b,c) The dependence of differential cross-section of photon production 0γρππ →−+ process calculated without 

(curve 1) and taking into account  formfactor of mesons (curve 2) on energy of colliding mesons s  (a), on 
transverse momentum pT (b), on cosine of scattering angle of photon calculated (c) calculated without and taking into 
account formfactor of mesons curves 1 and 2, correspondingly.                                       

 
As see from fig.1(a) the differential cross-section 

of processes decrease with increasing of energy of 
colliding π mesons. Lorentz conversion of the size of 
colliding particles shows that at high energies 
colliding particles have the shape of a disk, this in turn 
reduces the likelihood of colliding of constituent 
particles. Particles pass through each other without 
interaction of components. Therefore, the differential 
collision section is small at high energies than at low 
collision energies. 

Differential cross-section of process increase 
with increasing transverse momentum pT and at values 
of pT >5 GeV/c dependence to reach plateau (fig.1(b)).  

As see from fig.1(c) the dependence differential 
cross-section of process on cosine of scattering angle 
of photon is symmetric relative to point Cos(θ)=0 and 
have big value at Cos(θ)=±1.  

The dependence differential cross-section on 
cosine of scattering angle of photon have minimum at 
Cos(θ)=0 and maximums at Cos(θ)=±1.  

Influence formfactor of meson to differential 
cross-section of process is significant at high values of 
energies of colliuding mesons and transverese 
momentum. 

The ratio of dependenicies of differentila cross-
sewction on enetrgy of colliding mesons, transverse 
momentum and cosine of scattering angle has been 
investigated. The ratio of dependencies of differential 
cross-sections on energy of colliding meson and ratio 
of dependencies of the differential cross-section on 
momentum pT calculated without and taking into 
account the formfactor the meson is significant at 
large energy values of colliding mesons and transverse 
momentum. As ratio of R1f>1 in all values of energy 
√s and transverse momentum pT means 
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dt
d )( 0

1 γρππσ →−+

>
dt

d f )( 0
1 γρππσ →−+

Ratio 

of dependencies of differential cross-sections of 
meson of process 0γρππ →−+

 on cosine of
scattering angle of photons calculated without and 
taking into account formfactor has symmetrical form 
relative to Cos(θ)=0. It has a maximum at Cos(θ)=0 
and with an increase in the absolute value of the 
cosine of the angle of scattering of photons decreases 
(fig.3(c)). Taking into account the formfactor of 
meson in the dependence of the differential cross-
section on the cosine of the scattering angle has a 

large effect at small values of the cosine of the angle 
and a small effect at the Cos(θ)= ±1. 

2. process ±± → γπρπ 0

In the fig.2(a,b,c) represent the dependence of 
the differential cross-section of 

±± → γπρπ 0
process on energy of colliding

mesons, the transverse momentum pT, and on the 
cosine of the angle of the scattering photon calculated 
(c) without and taking into account of formfactor of 
mesons. 

Fig.2. (a,b,c) dependence of the differential cross-section of 
±± → γπρπ 0

process on energy of colliding mesons (a)
and on the transverse momentum pT (b), on the cosine of the scattering angle of the photon (c) calculated without and 
taking into account formfactor of mesons curves 1 and 2, correspondingly.

As can be seen from fig.2(b), the dependence of 
the differential cross-section on pT is increased with 
increasing transverse momentum and at big values of 
pT reach saturation. The dependence of the differential 
cross-section on the cosine of the scattering angle of 
photon in the interval [-1, 0.4) is practically constant 
and in the interval (0.4, 1] decreases sharply fig.3(c). 
Differenial cross-section of process decrease with 
increasing transverse momentum pT .  

Differential cross-section of process decrease 
with increasing of energy of colliding mesons 
(fig.6(a)). Differential cross-section decrease with 
increasing tranverse momentum pT. Differential cross-
section of process increase with increasing with cosine 

of scattering angle of photon. Differential cross-
section of process have minimum at Cos(θ)=-1 and 
maximums at Cos(θ)=+1. The dependence of 
differential cross-section of process on cosine of 
scattering angle of photon dependet on energy of 
colliding mesons and decrease with increasing of 
energy of mesons.  

As ratio of R1f>1 in all values of energy √s and 
transverse momentum pT means 

dt
d )( 0

1
±± →γπρπσ >

dt
d f )( 0

1
±± →γπρπσ

Ratio of differential cross-section on energy of 
colliding mesons decrease with increasing of energy. 
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Differential cross-section decrease with increasing 
cosine of scattering angle of photon. 
 

3. process −+→ πγπρ 0  
 

Fig.3(a,b) represent the dependence of the 
differential cross-section −+→ πγπρ 0 process on the 

energy of colliding mesons, on transverse momentum 
pT, and the on the cosine of scattering angle of the 
photon calculated at the energies of colliding mesons 
5 and 10 GeV. 

 

 
Fig.3. (a,b,c) the dependence of the differential cross section of −+→ πγπρ 0 process on energy of colliding mesons (a), 

on the transverse momentum pT (b), and on the cosine of the scattering angle of photon calculated without and taking 
into account formfactor of mesons curves 1 and 2, correspondingly (c). 

 
As see from fig.3(b) the differential cross-section 

of process −+→ πγπρ 0
 is decreased with 

increasing of energy of colliding mesons. Differential 
cross-section of process −+→ πγπρ 0

 is decreased 
with increasing transverse momentum pT. Differential 
cross-section of process −+→ πγπρ 0  is decreased 
with increasing with increasing of the cosine of 
scattering angle of photon. 

 

4. process γηππ →−+  
 

Fig.4(a,b,c) reptesent the dependence of the 

differential cross-section of  process γηππ →−+
 

on energy colliding mesons, on transverse momentum, 
and cosine of angle of scattaering of photon calculated 
at the energies of colliding mesons 5 and 10 GeV. 

As see from fig.4(b) the differential cross-section 

of process γηππ →−+
 is decreased with 

increasing of energy of colliding mesons. Differential 

cross-section of process γηππ →−+
 is decreased 

with increasing transverse momentum pT. Differential 

cross-section of process γηππ →−+
 does not 

depend on the cosine of scattering angle of photon. 
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Fig.4. (a,b,c) The dependence of the differential cross-section of  process γηππ →−+
 on energy colliding mesons (a),

on transverse momentum pT (b), and cosine of angle of scattaering of photon (c) calculated at energies of colliding 
mesons 5 and 10 GeV curves 1 and 2, correspondingly (c). 

5. process 
±± → γπηπ

Fig.5(a,b,c) represent the dependence of the differential cross  section of process 
±± → γπηπ  on the

energy of colliding mesons, on transverse momentum pT and cosine of scattering angle of photon, calculated at 
energies of colliding mesons 5 and 10 GeV curves 1 and 2, correspondingly. 

Fig. 5. (a,b,c) The dependence of the differential cross  setion 
±± → γπηπ  process on tenergy of colliding mesons (a),

on the transverse momentum pT (b) and cosine of scattering angle of γ photon (c) calculated at energies of colliding 
mesons 5 and 10 GeV curves 1 and 2, correspondingly. 
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As see from fig.5(b) the differential cross-section 

of process ±± → γπηπ  is decreased with 
increasing of energy of colliding mesons. Differential 

cross-section of process ±± → γπηπ  is decreased 
with increasing transverse momentum pT. Differential 
cross-section of process ±± → γπηπ  does not 
depend on the cosine of scattering angle of photon.  
 

6. process γγππ →−+  
Fig.6(a,b,c) reptesent the dependencies of the 

differential cross-section of γγππ →−+
 process on 

the energy of colliding mesons, transverse momentum 
pT, and on the cosine of scattering angle of photon, 
calculated at energies 5 and 10 GeV. 
 

The differential cross-section of processs 
decreased with increasing of energy of colliding 
mesons. The dependence of differential cross-section 

of  γγππ →−+  have minimum at pT 2.2 GeV/c 
and at taking into account formfactor of meson it shiftt 
to big values of pT. The dependence of differential 
cross-section on cosine of scattering angle of photon 
in the big interval practically is constant and sharply 
decreases at Cos(θ)= ±± 1.  

The dependence differential cross-section on 
transverse momentum and cosine of scattering angle 
of photon decreses with increasing of energy of 
colliding mesons. 

 
Fig.6. (a,b,c) the differential cross-section of γγππ →−+

 process on enerfy of colliding mesons (a), on the transverse 
momentum pT (b), and on the cosine of the scattering angle of photon (c), calculated calculated at energies 5 and 10 
GeV. 

 
CONCLUSIONS 

 
It is shown that the differential cross-section of 

all investigated processes decreased with increasing of 
energy of colliding protons. The dependencies of 
differential cross-sections of process on transverese 
momentum, cosine of scattering angle of photon 
depend on energy of colliding mesons. The 
dependencies of differential cross-sections of 
processes decreseaes with increasing of energy of 

colliding mesons. 
The dependence of differential cross-section on 

cosine of scattering angle of photons is different. 
The dependence of differential cross-section of 

processes 0γρππ →−+ , −+→ πγπρ 0
 and 

γηππ →−+ on cosine of the angle of scattering 
photons is symmetric relative to 0 and it increases 
with the cosine of the angle in the intervals [-1, 0) and 
(0, 1].  
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The differential cross-section of process 
±± →γπρπ 0  has a maximum at -1 cosine of the 

scattering angle of photons and decreases with 
increasing cosine of the angle scattering photons.  

The differential cross-section of process 
±± → γπηπ  does not depend on cosine of the angle 

scattering photons. It is shown that accounting of the 
formfactor of mesons reduces of differential cross-
section of processes. 

The dependence of differential cross-section on 
the energy of the colliding mesons calculated taking 
into account the formfactor of meson has lower values 
than without taking into account the formfactor. The 

meson formfactor has a small contribution to the 
differential cross-section at large energies of colliding 
mesons. Influence formfactor of meson to differential 
cross-section of process depend on energy of colliding 
mesons. Influence of formfactor of mesons to 
differential cross-section of process decreased with 
increasing energy of colliding mesons.  

All mathematical calculations were performed in 
Mathmatica 10 and FeynCalc. Feynman diagrams are 
constructed using JaxoDraw 2. The graphs are 
constructed using the Origin 9 program and edited 
using the Adobe Photoshop 8 graphics editor. 
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Within the framework of the Standard Model and taking into account arbitrary polarizations of the electron-positron 

pair, the differential cross section of the process ZHHee 
 is calculated taking into account all Feynman diagrams. The 

characteristic features in the behavior of the cross section and polarization characteristics (left -right spin asymmetry, trans-

verse spin asymmetry) depending on the angles of departure and the energies of the particles are investigated and revealed. 
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1. INTRODUCTION

The Standard Model (SM), based on local gauge 

symmetry )1()2()3( YLC USUSU  , satisfactorily 

describes the physics of strong and electroweak inter-

actions of quarks, leptons and gauge bosons [1-3]. A 

doublet of scalar fields 

















0


  is introduced into 

the theory, the neutral component of which has a vac-

uum value other than zero. As a result of spontaneous 

symmetry breaking due to quantum excitations of the 

scalar field, a Higgs boson H  appears, and due to 

interaction with this field, charged leptons, quarks and 

gauge bosons 
W  and 0Z  acquire mass. This mecha-

nism of particle mass generation is known as the 

mechanism of spontaneous violation of the Brauth-

Englert-Higgs symmetry. 

The discovery of the Higgs boson with character-

istics corresponding to SM predictions was carried out 

by ATLAS and CMS collations in 2012 at the Large 

Hadron Collider (LHC) at CERN [4, 5] (see also re-

views [6-8]). With the discovery of the Higgs boson 

H  with a mass of about 125 GeV, the missing parti-

cle in SM was found, and this began a new period in 

the study of the properties of fundamental interactions. 

In this regard, theoretical and experimental interest in 

various channels of the Higgs boson production and 

decay has greatly increased. 

Due to the rather strong connection of the Higgs 

boson with vector Z - and W -bosons, the main 

sources of the production of Higgs bosons are the ra-

diation of their Z - and W -bosons born in various 

experiments. A particularly intense source of Higgs 

bosons could be the processes occurring in electron-

positron collisions. Note that collisions of high-energy 

electrons and positrons are an effective method for 

studying the mechanisms of interaction of elementary 

particles. This is due to the following circumstances. 

Firstly, the interaction of an electron-positron pair is 

described in SM, so the results obtained are well in-

terpreted. Secondly, since the electron-positron pair 

does not participate in strong interactions, the back-

ground conditions of experiments are significantly 

improved compared to the studies conducted in the 

LHC with proton-proton beams. Note that high-energy 

electron-positron colliders have either been designed 

or are scheduled to be designed in various laboratories 

around the world [9, 10]. 

The process of the Higgs boson generation in 

electron-positron collisions ZHee 
 is considered 

in a number of papers [2, 11-14]. Here we consider the 

process of the generation of the Higgs boson of a pair 

in arbitrarily polarized electron-positron collisions 

HHZZee   *
,  (1) 

where *Z  is the virtual Z -boson. In the case of an 

unpolarized electron-positron pair, this process is con-

sidered in [2, 15, 16]. 

An analytical expression for the differential ef-

fective cross section of the reaction (1) is  obtained 

within the SM and taking into account arbitrary polar-

izations of the electron-positron pair. Left-right and 

transverse spin asymmetries due to the polarizations 

of the electron-positron pair are determined. The de-

pendence of the asymmetries and the effective cross-

section of the process on the departure angles and par-

ticle energies is studied in detail. 

2. CALCULATION OF DIAGRAMS c) AND d)

The process ZHHee 
is described by 

Feynman diagrams shown in Fig. 1 (4-particle mo-

mentums are written in parentheses). The calculation 

of diagrams a) and b) was carried out in the first part 

of this work [17]. Calculations of diagrams c) and d), 

as well as interference of all diagrams, are also carried 

out here. 

The amplitude corresponding to diagram b) can 

be written as: 

)()()( *2 kUqDpDggM ZZHZeec  , (2) 
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Fig. 1. Feynman diagrams of process ZHHee 

where 

),()]1()1([),( 115522 spuggsp RL     (3) 

– electron-positron weak neutral current; 1s  and 2s  4-polarization vectors of electron and positron; Lg  and Rg

– left and right electron Z -boson coupling constants.

WRWL xgxg  ,
2

1
; (4) 

WWx 2sin – Weinberg parameter ( W  – Weinberg angle); 

ZFZee MGg 2/1)2( , 22/1)2(2 ZFZZH MGg  (5) 

– constants of electron- Z -boson and Higgs boson- Z -boson interactions; )(pD  and )(qD  are vector Z -

boson propagators 

222

1
)(

ZZ MpM

pp
gipD



















 , 

ZM – the mass of the Z -boson; FG – the Fermi constant of weak interactions; 21 ppp   and 

21 kkkpq  – the total 4-momenta of the electron-positron pair and the Z -Higgs boson system; )(* kU  – 

the 4-polarization vector of the vector Z -boson. 

At high energies of the electron-positron pair ( ms  , s  – the total energy of the 
ee -pair in the 

center-of–mass system, m  – the mass of the electron), a weak electron current is preserved 

0)( 21    ppp , 

as a result, the amplitude (2) is greatly simplified: 

)(
)(

1

)1(

1 *

2
1

2 kU
M

qq
g

rrysrs
ggM

ZZHZ
ZZHZeec 


 



















  . (6) 

For the modulus of the square of the matrix element (6), the expression is obtained: 
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Here  L  is the electron-positron tensor 
 

  )])(()()[(2 211221
2

211221
22

 gssssssmgppppppggL RL   

  ])()([)(2 122121212121
22

 gsppspsgspspspmgg RL   

  ))(())()([(4 21211221212121  spspspgpspspsspgg RL   

 )])(())()(( 12212121122121  ppppssgsssssspp  . (8) 

 

In formula (7), the tensor  

  
pol.

2

* )()(
ZM
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it arose due to the summation of the vector Z -boson by polarization states. 

Due to the cumbersomeness of the expression, the product of the electron L  and Z -boson tensors 
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it is not given here, we have introduced the notation: 
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 , 

1E  the energy of the Higgs boson with 4-momentum 1k . 

The differential effective cross section of the reaction ZHHee 
 corresponding to diagram b) of Fig. 1 

is expressed by the formula (
ee -the pair is arbitrarily polarized): 
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 cos))(1())2cos((cossinsin 2

2
1 Zry , (11) 

1  and 2  ( 1  and 2 ) – the helicity (transverse components of spin vectors) of the electron and positron, 

 ddd sin  – the solid angle of departure of the Z -boson, )( 1  – the angle between the directions of the 

momentums of the electron 1p


 and the Z -boson k


 (Higgs boson 1k


), sm241  – the velocity of the 

electron in the center of mass system, 02121  kkkpp


 because of which the final particles lie in the 

same plane with the azimuthal angle  . 
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It should be noted that the electron momentum 1p


 is directed along the axis Z , and its spin vector 1


 is 

along the axis X , then the spin vector 2


 will lie in the plane XOY , the angle between the transverse compo-

nents of the spin vectors 1


 and 2


 is denoted by  . 

We now proceed to the calculation of the diagram d), the amplitude of which can be written as follows : 

)(
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ggM
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Zeed ZZH 


 












 



  , (12) 

where  )()( 12 kkkpq   is the total 4-momentum Z - and Higgs bosons. Based on this amplitude , the 

following expression is obtained for the differential effective cross section of the reaction ZHHee  : 
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where the functions 1F  and 2F  are obtained from the functions 1f  and 2f  (expressions (10) and (11)) using 

substitutions 

212121 ,, yyxx  .

The square of the amplitude corresponding to the interference of diagrams c) and d) 
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it has a bulky appearance, so it is not given here. 

Based on the matrix element (14) for the contribution to the cross -section of the interference process 

ZHHee 
 of diagrams c) and d), we obtain the expression (angle   accepted  ): 
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3. CALCULATION OF INTERFERENCE DIAGRAMS a), b) AND c), d)

During annihilation of an arbitrarily polarized electron-positron pair for interference diagram a), b) and c), 
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d), the following expressions are obtained: 
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Thus, we calculated the differential effective cross section of the reaction ZHHee   taking into ac-

count all Feynman diagrams (Fig. 1, a, b, c, d). This section contains the contributions of diagrams a), b) and 

their interferences (they are given in (I) work), the contributions of diagrams c), d) and their interferences (for-

mulas (9), (13) and (15)), as well as the interferences of diagrams a) and c), a) and d), b) and c), b) and d) (for-

mulas (16)-(19)). 

4. LEFT-RIGHT AND TRANSVERS E SPIN ASYMMETRIES

Consider left-right LRA  and transverse ),(  ZxA  spin asymmetries taking into account all Feynman dia-

grams. In all expressions of the differential effective cross sections given above, the helicity of the electron and 

positron are in the form 

)]1)(1()1)(1([ 21
2

21
2   RL gg , 

consequently, the left-right spin asymmetry due to the longitudinal polarization of the electron is expressed by 

the formula 

22

22
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RL
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 . (20) 

As can be seen, the left-right spin asymmetry LRA  depends only on the Weinberg parameter Wx  and with 

the value of this parameter Wx 0.2315 is %14LRA . 

As for the transverse spin asymmetry ),(  ZxA , we estimate it at the value of the Higgs boson energy 

1x 0.5 according to the formula 
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where the functions 1  and 2  are equal: 
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When obtaining these formulas, we took into account that at 1x 0.5 042
1  Hrx  and the angle 2  be-

tween the momentums of the electron and the second Higgs boson 2k


 is related to the angle   by the ratio 

  cos
4

4
cos

2
2

2

2

H

ZZ

rx

rx




 .  

Figure 2 shows the dependence of the transverse spin asymmetry ),(  ZxA  on the angle   at different en-

ergy values Zx : 1) Zx 0.55; 2) Zx 0.60; 3) Zx 0.65. As can be seen from the figure, the transverse spin 

asymmetry is positive and at Zx 0.55 and Zx 0.60 with increasing angle  , it decreases and reaches a mini-

mum at an angle of  90°, and with further increase in angle, the transverse spin asymmetry increases. At    

Zx =0.65, an increase in the angle   leads to an increase in the transverse spin asymmetry, it reaches a maxi-

mum at  90°, and then decreases. 
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Fig. 2. Angular dependence of transverse spin asymmetry at different Zx

Fig. 3. Energy dependence of transverse spin asymmetry at different angles   

Fig. 3 illustrates the dependence of the transverse 

spin asymmetry on the fraction of energy Zx  carried 

away by the 0Z -boson at different departure angles 

 : 1)  45°; 2)  60°; 3)  90°. It follows from 

the figure that with increasing Zx  the transverse spin 

asymmetry monotonically decreases. 

Averaging over the polarization states ee -

pairs for the differential effective cross section of the 

reaction 
0HHZee 

we have the formula (all 

Feynman diagrams are taken into account) 

12
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MG

ddxdx

d
,     (24)

where the function 1  is given by formula (22). 

Figure 4 shows the angular dependence of the 

differential effective cross section of the reaction 
0HHZee 

at s 500 GeV, 1x 0.5,         

Wx 0.2315 and various energy values Zx : 1) 

Zx 0.65; 2) Zx 0.70; 3) Zx 0.75. As can be seen 

from the figure, with an increase in the polar angle  , 

the differential effective cross-section increases and 

reaches a maximum at an angle of  90°, and with a 

further increase in the same angle, the effective cross -

section decreases. An increase in the energy Zx  car-

ried away by the 0Z -boson leads to an increase in the 

effective cross-section of the process under study.  

Fig. 5 illustrates the dependence of the cross sec-

tion of the process 
0HHZee 

 on the variable Zx

at s 500 GeV, 1x 0.5 and various values of the 

departure angle  : 1)  30°; 2)  60°; 3)  90°. 

It can be seen from the figure that with an increase in 

the energy Zx  carried away by the 0Z -boson, the 

effective cross-section increases, the increase in the 

departure angle   also leads to an increase in the ef-

fective cross-section of the process under considera-

tion. 
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Fig. 4. Angular dependence of the cross section the process 
0HHZee 

 at different energy values Zx

Fig. 5. Energy dependence of the cross section of process 
0HHZee 

 at different angles of   

By averaging over the polarization states of the electron-positron pair and integrating over the departure 

angles of the particles, for the energy distribution of the Higgs bosons we obtain the formula  
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Figure 6 shows the dependence of the differential 

effective cross section (25) on the scaling energy 1x  at 

s 500 GeV and various values of the variable 2x : 

1) 2x =0.65; 2) 2x =0.75; 3) 2x  =0.85. As can be seen 

from the figure, at 2x =0.85, the differential effective 

cross-section increases with the growth of the variable 

1x , and at 2x =0.75 ( 2x =0.65), the effective cross-

section first decreases and reaches a minimum at 

1x =0.67 ( 1x =0.73), and then with an increase of 1x  it 

begins to grow. In the case of 2x =0.85 and 1x =0.8, the 

cross-section of the process is 2.23 fbarn. 

5. CONCLUSION

In conclusion, we note that the experimental 

study of the reaction of the association production of a 

Higgs boson pair and a vector 0Z -boson in electron-

positron annihilation is of great interest, since it al-

lows measuring the interaction constants  of three 

Higgs bosons HHHg  and two 0Z - and two Higgs bos-

ons 
ZZHHg . 

Although the interaction constants of vector bos -

ons with the Higgs  boson 
ZZHg  and WWHg  are meas-

ured in the LHC in proton-proton collisions, however, 

direct measurement of the interaction constants HHHg

and 
ZZHHg is associated with certain difficulties. 

Therefore, the study of the process 0HHZee   is 

of particular interest. 

Fig. 6. Energy dependence of the reaction 
0HHZee 

cross section at different values 2x . 

We discussed the process of the production of a 

vector 0Z -boson and two Higgs boson pairs in polar-

ized electron-positron collisions 
0HHZee 

. Tak-

ing into account all possible Feynman diagrams a), b), 

c) and d) Fig. 1, analytical expressions for the ampli-

tudes and differential effective cross section of the 

process are obtained. Left-right LRA  and transverse 

spin asymmetries A  due to longitudinal and trans-

verse polarizations of the electron-positron pair are 

determined. The dependence of these characteristics 

and the differential effective cross -section on the de-

parture angles and particle energies is studied in detail. 

The calculation results are illustrated with graphs.
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CHANGE IN THE PROPERTIES OF POLYMER NANOCOMPOSITES (PP+ZrO2) 
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ELECTROTHERMOPOLARIZATION 

H.S. IBRAHIMOVA 

Institute of Physics, Ministry of Science and Education 

hicran90@rambler.ru 

The presented scientific article discusses the changes taking place in isotactic propylene and metal nanoadditive 
nanocomposite before and after exposure to ETP. Depending on the percentage of the metal nanoadditive in the PP+ZrO2 
nanocomposite, the permittivity (ε), dielectric loss angle (tgα), and logarithm of resistivity (lgρ) are observed. The obtained 
dependence is explained by the high permittivity of the nanoadditive incorporated into the polymer matrix. Also, the 
incorporation of the nanoadditive leads to the formation of structural defects and, as a consequence, an increase in electrical 
conductivity and a decrease in strength. The change in the dielectric properties of the PP+3% ZrO2 nanocomposite before 
and after electrothermopolarization was determined at a constant electric field strength. TSD curves have been plotted that 
characterize the electret state at various values of the electric field, and the parameters of the electret state have been 
calculated from these curves. 

Keywords: nanocomposites, polypropylene, electrothermal polarization, mechanical and electrical strength, thermally 
stimulated depolarization curren. 
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INTRODUCTION 

In recent years, in connection with the 

development of information technologies, 
biotechnology, medicine, etc. interest in nanoscale 

systems and, accordingly, in nanocomposites has 

sharply increased, since these objects have a number 

of specific features compared to ordinary bulk 

materials. 

Nanostructured metal-polymer materials are an 

interesting area of modern science and 

nanotechnology, since the use of metals, their oxides, 

or complexes leads to a change in the catalytic, 

optical, magnetic, and other properties of polymer 

materials. The study of nano- and microworld objects 

is a priority direction in the development of modern 
science and technology. In recent years, there has been 

increasing interest in research related to the production 

of metallic nanomaterials and the study of their 

structure and properties, which is currently one of the 

most urgent problems of metallurgy. However, the 

resulting nanocomposites are often under the influence 

of external factors, especially the electric field. Of 

particular interest are the changes that occur in these 

nanocomposites under the influence of the electric 

field. By adding additives of various nature to 

polyolefins, it is possible to increase or decrease the 
stability of their electret states. Based on a large 

number of experiments, it can be judged that the 

stability of the electret states of these substances can 

be controlled by introducing nanometal oxides into 

polymers [1-4]. One of the most important effects of 

the electric field is the change in charge state in these 

nanocomposites. And, of course, this change, like all 

other properties, also affects the dielectric properties. 

In nanocomposites under the influence of the electric 

field migratory polarization, a change in dielectric 

losses, and injection phenomena at the boundaries 

with electrodes can be observed. 

EXPERIMENTAL PART 

To obtain nanocomposites, the polymer is first 

dissolved in toluene at the melting point, and then 
ZrO2 nanoadditive stabilized with Y2O3 is poured into 

the mixture. Nanocomposite samples with a thickness 

of 50-100 µm are obtained after storing the resulting 

nanomaterial under the suction cabinet and holding it 

for 3 minutes at a pressure of 15 MPa by hot pressing. 

Thus, in the mode of fast cooling at a rate of 20-35 
0С/sec, the composites were immersed in the water-ice 

mixture together with the foil. Polymer 

nanocomposites were exposed to various electric field 

strengths for 1 hour at a temperature T=373K below 

the breakdown voltage of the electric field. The 

strength properties of the studied nanocomposites 
were determined at room temperature [5]. The 

permittivity (ε) and dielectric loss tangent (tgα) were 

measured with an E8-4 automatic device at a 

frequency of 100-10 6 Hz, and the resistivity with an 

E6-13A teraohmmeter. The electret state was studied 

starting from room temperature in the range of 20°C-

200°C for 4 min/cm. To obtain the electret state in the 

polyolefins under study, the samples are placed 

between two electrodes in the device used. It should 

be noted that the surface charge density, activation 

energy, and thickness of the polymer matrix inside the 
composite, which are the main characteristics of the 

electret state, are studied by the method of thermally 

stimulated depolarization, which is one of the most 

effective and widely used methods. The activation 

energy of the nanocomposites was calculated by the 

Garlick-Gibson method. This activation energy value 

indicates that the traps formed as a result of 

polarization are high-energy. The thickness of the 

interfacial layer is calculated by the formula 

𝛿 =
2𝑛𝑒2

1 2𝜅Т
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Here 1 and 2 – is the permittivity of the polymer and

nanoadditive, k – is the Boltzmann constant and T – is 

the absolute temperature. 

RESULTS AND THEIR DISCUSSION 

Figure 1 shows the dependence of the 

electrophysical parameters of PP+ZrO2 

nanocomposite samples on the percentage of 

nanoadditive. As is seen from the figure, with an 

increase in the percentage of nanoadditive, i.e. ZrO2 

nanometal oxide, the permittivity (ε) and dielectric 

loss angle (tgα) values in these samples increase, 

however, despite this, we observe a decrease in the 

resistivity lgρ. 

Fig. 1. Dependence of the permittivity (ε), dielectric loss angle (tgα) and logarithm of resistivity lgρ in PP+ZrO2 
 nanocomposite on the percentage of nanoadditive 

The dependence obtained can be explained by 

the high permittivity of the nanoadditive incorporated 

into the polymer matrix. Thus, if the permittivity of 

isotactic polypropylene, which we take as a matrix, is 

2.2, the permittivity of ZrO2 that we take as a 

nanoadditive is 25. In our opinion, the incorporation 

of metal oxide nanoadditives into the matrix leads to 

the formation of cracks, which reduces the resistivity 
of the nanocomposite. Naturally, a decrease in 

resistivity leads to an increase in the conductivity of 

the nanocomposite [6]. 

Figure 2 shows the dependence of the electric 

strength, permittivity (ε) and loss angle tangent (tgα) 

of PP+3% ZrO2 nanocomposites on various electric 

field strengths. It can be seen from the figure that there 

is a correlation between ε, tg α and electrical strength. 

For non-polar polymers, the permittivity ε is due to 

electron polarization, while dielectric loss is due to 

two reasons - dipole polarization and electrical 

conductivity. Changes in the molecular structure also 

affect these parameters [7,8]. It is noteworthy that, in 

our opinion, the main reason for the strength loss of 

the nanocomposite is an increase in conductivity. The 
observed decrease in strength is due to the formation 

of numerous structural defects, which is confirmed by 

the results of TSD. To study the stabilization 

properties of electric charges the process of 

depolarization of nanocomposite samples is 

considered [9]. 

Fig. 2. Dependence of the electric strength, permittivity, and dielectric loss angle of the PP+3% ZrO2 nanocomposite 
on the treatment intensity of electric field. 
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Figure 3 shows the TSD curves obtained after 

exposure to nanocomposites of various values of 

electric field strength. By calculating the area under 

the curves, the activation energy of the charges 

released from the traps, the thickness of the interfacial 

layer between the matrix and the nanoadditive, and the 

amount of charge per unit area can be calculated. 

These parameters calculated by us are given in Table 

1. The maxima formed by the curves are determined

by the amount of charge released from the traps. The 

activation energy of nanocomposites has a value of 

0,72 eV at the field value E=10·106V/m, keeping the 

temperature constant. This activation energy value 

indicates that the traps created by polarization have 

high energy [10, 11]. 

Fig. 3. TSD curves plotted after exposure of PP+3% ZrO2 nanocomposites to ETP at various electric field strengths 1- 
 E=5•106V/m, 2 Е=10•106V/m, 3 - Е=15•106V/m. 

If we compare the calculations obtained from the TSD curves, then it can be seen that at a field value of 
E=10·106 V/m, these parameters get the maximum value. 

Table 1. 

Surface charge density, activation energy, thickness of the interfacial layer inside the polymer matrix composite, 

calculated from TSD curves at different electric field strengths at a temperature of T=373 K. 

CONCLUSION 

Thus, after exposure of nanocomposites 

consisting of PP+ZrO2 to ETP, a significant change in 

charge state occurs, which affects their strength and 

dielectric properties. The regions between the 

amorphous and crystalline phases play the role of 

traps. In heterogeneous polymer compounds, there are 

boundaries that separate two phases, which in most 

cases act as energy traps. By varying the percentage of 

polymer and nanoadditive, it is possible to increase or 

decrease the thickness of the boundary layer, thereby 

controlling the electret states and dielectric properties. 
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Thermal photons produced in following processes: 
0 

, 
  0

, 
 0

, 

 
, 

  ,  
has been investigated. The dependencies of differential cross-

sections of processes of production thermal photons on energy of colliding mesons ( s ), transverse momentum (pT) and on

cosine of scattering angle of photons has been determined without and taking into account formfactor of meson and has been 

comparised. Dominant process has been determined. Energetic spectrums of thermal photons produced in these 

processes has been determined. A comparison of differential cross sections of thermal photon production 

processes and prompt photon production of processes of Compton scattering of quark-gluon and annihilation of 

a quark-antiquark pair has been carried out. 

Keywords: proton-proton collision, mesons, thermal photons, Feynman diagram, differential cross-section. 

PACS: 13.75.Lb; 13.30.Eg; 13.20.Cz; 13.25.Cq 

I.   INTRODUCTION 

At present meson photoproduction has become a 

major tool for studying the properties of strong 

interaction in a mode where this fundamental force 
cannot be considered through perturbation theory 

methods. This almost completely replaced meson-

induced reactions, such as the elastic scattering of the 

pion that previously dominated the area. 

The number of photons introduced by the decay 

scale of the meson with the total number of charged 

particles formed in the collision, while the number of 

photons produced by the quark and gluon reactions 

could be expected to scale with the square of the 

number of charged particles [1,2]. Another method is 

that the number of photons introduced by the quark-

gluon plasma is obtained by integrating the rate R (the 
number of reactions per unit time per unit volume that 

the photon produces) in the space-time history of the 

collision. Roughly speaking, the output is the speed x 

volume x time. More photons come out of the final 

state of the meson [3,4].  

However, decay reactions are used in the case of 

heavier nuclei, the study of the average properties of 

hadrons and the effects of FSI, for example, the study 

of scaling the behavior of reaction sections depending 

on the number of nuclear masses.  

We considered thermal photons productions in 

these processes: 
0 

, 
  0

, 

 0
,  

, 
  ,

and  
. The dependencies of differential 

cross-section of processes on energy of colliding 

meson, transverse momentum of pT and cosine of 

scattering angle of photons has been determined. The 

differential sections of the processes calculated 

without and taking into account the meson formfactor 
were compared. 

Matrix elements, Manfelstam invariants and 

accounting of formfactor of mesons of considered 

priocesses was been given in previously in [5]. 

Purpose of the presented article is to determine 

influence of formfactor of mesons to differential cross-

section of production of photons, to determine of doninant 

process of poroduction of thermal photons in mesons 

reactions. Energetic spectrums of thermal photons 

produced in these processes has been determined. A 

comparison of differential cross sections of thermal 

photon production processes and prompt photon 
production of processes of Compton scattering and 

annihilation of a quark-antiquark pair has been carried 

out [6]. 

II. DETERMINATION OF DOMINANT 

PROCESS OF 

III. PRODUCTION OF THERMAL PHOTONS

a. comparison differential cross-sections of

processes 

Comparison of differential cross-sections of 
processes, calculated without and taking into account 

formfactor of mesons was carried out using the 

following formulas: 
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where i, j =1,2,3….6  process number of production of 

thermal photons: 1.
0 

, 

2.
  0

, 3.
  0

, 

4.  
, 5.

  , 

6.  
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dt

sd i )(
, 

dt

pd Ti )(
and 

dt

Cosd i ))(( 
the differential cross-section of 

processes on dependence s , pT, Cos(θ), 

correspondingly, calculateed without taking into 

account formfactor of mesons, 
dt

sd if )(
, 

dt

pd Tif )(
and 

dt

Cosd if ))(( 
differential cross-

sections of processes on dependence s , pT, Cos(θ), 

correspondingly calculated taking into account 

formfactor of mesons. 

Determination of dominant process of 

producation of thermal photons was been carried out 

by formulas:  
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I.  NUMERICAL RESULTS AND THEIR     

 DISCUSSION 

a. Comparison of differential cross-sections of

processes, calculated without and taking into account 

formfactor of mesons 

1. process
0 

Fig.1(a,b,c) represent the ratio of the 

dependencies of differential cross-sections of the 
0 

 
processes on the energy of colliding

mesons, on trnansverese momentum, and on the 

cosine of the scattering angle of photon, calculated 
without and taking into account the formfactor of the 

mesons. 

Fig. 1. (a,b,c) the rate of the dependencies of differential cross-sections of the 
0 

processes on the 

energy of colliding mesons (a), on the transverse momentum pT (b), and on the cosine of scattering angle of 
photons (c), calculated without and taking into account the formfactor of the meson. 
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As can be seen from fig.1(a,b) the ratio of 

dependencies of differential cross-sections on energy 

of colliding meson, on momentum pT calculated 

without and taking into account the formfactor of 

meson is significant at large energy values of colliding 

mesons and transverse momentum. As ratio of R1f>1 

in all values of energy s  and transverse momentum 

pT means 

dt

d )( 0

1  

>
dt

d f )( 0

1  

.

Ratio of dependencies of differential cross-

sections of meson of process 
0 

on 

cosine of scattering angle of photons calculated 

without and taking into account formfactor of mesons 

has symmetrical form relative to Cos(θ)=0. It has a 

maximum at Cos(θ)=0 and with an increase in the 

absolute value of the cosine of the angle of scattering 

of photons decreases (fig.1(c)). Taking into account 

the formfactor of mesons in the dependence of the 

differential cross-section on the cosine of the 

scattering angle has a large effect at small values of 

the cosine of the angle and a small effect at the 

Cos(θ)= ±1. 

2. process
  0

In the fig.2 (a,b,c) is presented rate of 

dependencies of differential cross-sections of 

  0
on energy, on transverse 

momentum and on cosine of scattering angle of 

photon, calculated without and talking into account 

formfactor of mesons. 

Fig.2. (a,b,c) The ratio of dependencies of differential cross-sections of process 
  0

 on energy   

 colliding mesons (a), on transverese momentum (b), on cosine of scattering angle of photons (c), calculated 
 without and talking into account formfactor of mesons. 
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Ratio of dependencies of differential cross-

section on energy of colliding mesons and on 

transverse momentum decrease with increasing of 

energy of colliding mesons and transverese 

momentum. Ratio of dependencies of differential 

cross-section on cosine of scattering angle of photon 

decrease with increasing cosine of scattering angle. 

As ratio of R1f>1 in all values of energy √s and 

transverse momentum pT means 

dt

d )( 0

1

 
>

dt

d f )( 0

1

 
. 

Thus, taking into account the meson formfactor 

reduces the differential cross-section of process. 

 

3. process 
 0

 

Fig.3 (a,b,c) represent the dependence of rate of 

the differential cross-section of 
 0

process on energy of colliding mesons 

s , on the transverse momentum pT and on the 

cosine of the scattering angle of photons, calculated 

without and taking into account the formfactor of 

mesons. 

 

 
 

 

Fig.3. (a,b,c) the dependence of rate of the differential cross-section of 
 0

process on the energy of   

          collidimg mesons s  (a), on the transverse momentum pT (b) and on the cosine of the angle of the scattering  

          photon (c), calculated taking into account the formfactor of mesons. 

 

 

3. Determination of dominant process 

1. Comparison of processes 
0 

, 
  0

 
and  

 

1.1 Comparison of processes 
0 

, 
  0
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Fig.4(a,b,c) represent the ratio of dependencies differential cross-section of 
0 

 and

  0

 
on energy colliding mesons s , transverse momentum pT and cosine of scattering angle of 

photons. 

Fig.4. (а,b,c) the dependence ratio of differential cross-sections of the 
0 

and 

  0
 processes calculated without and taking into account the formfactor of mesons on 

 the energy of colliding mesons (a), on the transverse momentum of photons (b) and on the cosine of 
 the scattering angle of photons (c). 

As see from fig.4 (a) ratio of dependencies of 

differential cross-section of 
0 

and 

  0
on energy of colliding mesons is 

significant at low energies of colliding mesons. Also 

rate of dependencies of differential cross-sections of 

0 
 and 

  0
 on energy 

of colliding mesons large 1 for all values of energy 

and consequently 

   
dt

d

dt

d  


  00

1.2 Comparison of processes 
0 

and  

Fig.5 (a,b,c) represent the ratio of dependencies 

differential cross-section of processes 

0 
and  

on energy 

colliding mesons, transverse momentum pT and cosine 

of the scattering angle of photons.  

As see from fig.5(a) ratio of dependencies of 

differential cross-section of 
0 

and 

 
on energy of colliding mesons is 

significant at low values energies of colliding mesons. 

Moreover, ratio of dependencies of differential cross-

sections of 
0 

and  

on energy of colliding mesons for all values of energy 
large 1 and consequently 

   
dt

d

dt

d  


  0

.
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Fig. 5. (а,b,c) the dependence of the rate of differential cross-sections of the processes 
0 

 
and 

 
 on the energy of colliding mesons (a), on transverse momentum pT (b) and on cosine of 

the scattering angle of photons (c). 

 

As see from fig.5 (b) ratio of dependencies of 

differential cross-section of 
0 

 and 

 
 on pT is significant at big values of 

energies of colliding mesons. Also rate of 

dependencies of differential cross-sections of 

0 
 and  

 on pT large 

1 for all values of pT  and consequently 

 

   
dt

d

dt

d  


  0

.  

 

In the fig.6 shown the dependencies of ratio of 

differential cross-section of process 

0 
, 

  0

 
and 

 

 
to their sum.  

 

 
 

Fig. 6. Dependencies of ratio of differential cross-

section of process 
0 

, 

  0

 
and  

 
to their sum on energy of colliding mesons 

s , correspondingle curve 1,2, and 3. 
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As seen from fig.6 contribution of process 

0 
 to total differential cross-section

of production of tehermal photons is significant. 

Influence of contributions of all processes is 

significant at small value of energy of colliding 

mesons. Thus, the following ratio is satisfied:  

     
dt

d

dt

d

dt

d  





  00

1.3 Comparison of processes  
, 

 
Fig.7 (a,b,c) represent the ratio of dependencies 

of differential cross-section of processes 

 
 and 

  on energy 

colliding mesons s , transverse momentum pT and 

cosine of scattering angle of photons. 

As see from fig.7 (a,b,c) at all dependencies of 

differential cross-section on energy of colliding 

mesons, transverse momentum pT and cosine 

scattering angle of photons 

   
dt

d

dt

d  


 
. 

As see from fig.7 (c) ratio of dependencies of 

differential cross-sections of processes 

 
and 

  on cosine of 

scattering angle photon is large 1 and constant. It does 
not depend on the cosine of scattering angle of 

photons. 

Fig.7. (a,b,c) the dependencies of the ratio of the differential cross-sections of the processes  
and 

   on the energy of colliding mesons s  (a), on transverse momentum pT (b) and on cosine of

 the scattering angle of photons (c). 
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Fig.8. The dependencies of ratio of differential cross-section 

of process  
 
 
and 

 
 

to their sum on energy of colliding mesons, 
correspondingle curve 1 and 2. 

 

In the fig.8 shown the dependencies of ratio of 

differential cross-section of process  

 

and 
 

 
to their sum. 

As seen from fig.8 contribution of process 

 
 to total differential cross-section 

production of tehermal photons is significant. 

Influence of contributions of all processes is 

significant at small value of energy of colliding 
mesons. Thus, the following ratio is satisfied:  

 

   
dt

d

dt

d  


 
 

 

c. Energy spectrum of produced thermal photons in 

processes  

On fig.9 schematically has been shown thermal 

photon production processes with participoation of  

mesons: 
0 

, 
  0

, 

 
,

  ,  
. 

 

 
 

Fig. 9. Scheme of thermal photon production in processes 

0 
,

  0
, 

 
,

  , 

 

.
 

 

It has been introduced the following designations:  11^coscos' pkc   . 

We write the law of conservation of momentum: 

2121 kkpp  ,         1212 kppk   

and the law of energy conservation: 

0
2121  kk EEEE  

The law of conservation of energy in 4-dimensional coordinates will be: 

  02
2

112

2

1

0

2

0

1 2
 kmkppkpp  

Last equation has been squared  to determine the momentum of a thermal photons 

02 2

11

2

1

2

11

0

2

0

1 2
 kmckpkpkpp  

Let's take x=k1  and square the previous expression  

  xcpxppmm pp 1

20

1

0

2

22 22
21

  

  20

1

0

21

22 22
21

xppxcpmm pp   

Let's square the previous expression again 

      220

1

0

2

22
2

1

22

1

222 444
2121

xppcxpmmxcpmm pppp   

      0444
22222

1

220

1

0

2

2
2

1 2121









 pppp mmxmmcpxppcp  

We get a quadratic equation with respect to the momentum of the produced thermal photons x, with 

coefficients: 
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 20

1

0
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Considering the following expressions 
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2

0
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22

1

2

1 1pmEp  ; 

The solution to this quadratic equation will be as follows: 
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Fig. 10. The dependence of momentum of produced thermal 

photons in processes 
0 

, 

 
,  

 (curve 1), 

  0
(curve 2), 

 
(curve 3) on cosine of scattering angle of photons. 

We will consider those solutions of the equation 

that are not complex, i.e. the discriminant of the 

equation is greater than zero and is equal to zero, in 

this case the solution x2 satisfies this condition. Data 

to estimate the dependence of energy of produced of 

thermal photons on the energy of colliding protons 

were taken E1=10 GeV, 02 p . For processes 

0 
,  

, 

 

21
, pp mm - mass of π- mesons, for 

processes 
  0

, 
  ,

1pm - mass of π- meson, 
2pm  - mass of 0  or 

mesons. In the fig.10 the dependence of momentum 

on cosine of scattering angle of thermal photons is 
presented.  

As seen from fig.10 the dependence of 

momentum on cosine of scattering angle of photons is 

linear. Energy of produced photons also have linear 

dependence on cosine of scattering angle of photons. 

Energy of produced photons change in the interval of 

[0.177, 3.446] MeV, which corresponds to the 

temperature interval of [2.952, 3.995] 109 K. 

CONCLUSIONS 

The consideration of the formfactor of mesons in 
the calculations of the differential cross section of the 

processes of production of thermal photons showed 

that it reduces the differential cross section of the 

processes. Influence of formfactor of mesons to 

differential cross section of process decreases with 

increasing energy of colliding mesons. There is a 

significant influence of the form factor of meson on 

the differential cross section at small values of the 

energy of the colliding particles and the transverse 

momentum. 

Thus, it has been shown that for processes 
0 

, 
  0

and 

 
the following ratio is satisfied

     
dt

d

dt

d

dt

d  





  00

Thus, it has been shown that for processes 

 
,

   the following

ratio is satisfied

   
dt

d

dt

d  


  00

Energetic spectrum of produced photons indicate 

to temperature quark gluon plasma, formed at meson-

meson collision. Transverse momentum of photons 
linear depends on cosine of scattering angle of 

photons. It is more likely to detect photons with a 

large transverse momentum at large values of the 

cosine of the scattering angle. 
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A comparison of differential cross sections of 

thermal photon production processes and prompt 

photon production of processes of Compton scattering 

and annihilation of a quark-antiquark pair [6] showed 

that they are of the same order. Thermal photons 

contribute significantly to the spectrum of photons at 

PT < 3 GeV 

All mathematical calculations were performed in 

Mathmatica 10 and FeynCalc. Feynman diagrams are 

constructed using JaxoDraw 2. The graphs are 

constructed using the Origin 9 program and edited 

using the Adobe Photoshop 8. 
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It is shown that when choosing the crystal symmetry, if the wave vector of the wave and the temperature gradient are 

oriented arbitrarily, waves of a thermomagnetic nature of the same frequency and growth rate are possibly excited. 
 
Keywords: Gunn’s effect, thermomagnetic wave, conducting media, instability. 
PACS: 78,55, 73.22.CD, 73.22 

 
INTRODUCTION 
 

It was shown in [1] that hydrodynamic motions 
in a nonequilibrium plasma, in which there is a 
constant temperature gradient ( T const∇ = ), has 
oscillatory properties. This property of plasma is very 
different from ordinary plasma. Without an external 
magnetic field and hydrodynamic motions, transverse 
“thermomagnetic” waves are possible in it, in which 
only the magnetic field oscillates. In the presence of 
an external magnetic field, the wave vector of 
thermomagnetic waves is perpendicular to the 
magnetic field and lies in the plane (Н , T∇

 
). If a 

weak magnetic field appears in such a plasma, i.e. 
1Ωτ <<  (Ω -Larmar frequency of electrons, τ -time 

of collision of electrons) inside the plasma arises in 
addition to the external electric field, the electric is 
proportional to the temperature gradient, the electric 

field is proportional to the magnetic field. Due to this 
complex electric field, thermomagnetic waves of a 
transverse k T⊥ ∇

 
 ( k


-wave vector) and longitudinal 
character Tk ∇


||  are excited. A theoretical study of 

these thermomagnetic waves in isotropic conducting 
media of the electric type of charge carriers was 
carried out in [2-5]. However, in anisotropic 
conducting media, there is no theoretical study of 
thermomagnetic waves. In this theoretical work, we 
will investigate thermomagnetic waves in anisotropic 
conducting media with selected samples. 

 
BASIC EQUATIONS OF THE PROBLEM 
 

In the presence of an external magnetic field and 
a temperature gradient in an isotropic solid, the total 
electric field has the form 

 

[ ] ( ) [ ] [ ]( )HHTHT
x
THHjHjjE


∇Λ ′′+∇Λ′+

∂
∂

Λ+′′+′+= ζζζ
                              

(1) 

 
j


- current flux density 
In anisotropic conducting media, all coefficients in equation (1) are tensors.  
Then the equations for anisotropic conducting media will have the form: 
 

[ ] ( ) [ ] [ ]( ) kikkik
k

ikkikkikkiki HHTHT
x
THHjHjjE


∇Λ ′′+∇Λ′+

∂
∂

Λ+′′+′+= ζζζ            (2) 

Here ikζ  is the tensor of the reciprocal of the ohmic resistance, ikΛ is the differential thermoelectric 
power, and ikΛ′  is the Nernst-Ettinishausen coefficient. We will consider a solid external magnetic field 00 =H

 . 
Then, in the equations, the terms containing are equal to zero. Taking into account Maxwell's equation, we 
obtain the following system of equations  
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Assuming that all variable quantities are monochromatic in nature, i.e. 
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From (3) it turns out: 
[ ]kikikiki HTjE


∇Λ′+′=′ ζ                                                                   (5) 
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(ϖ -oscillation frequency). 
 
THEORY 
 

We (5) it turns out:   
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To obtain the dispersion equation from (6), you first need to choose a coordinate system. We will choose 

the following coordinate system 
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Taking into account (7), from (6) it turns out: 
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When obtaining (8) from (7), we assumed that k T⊥ ∇
 

 i.e. the resulting thermomagnetic waves are 
transverse. 
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From (8) we obtain the following dispersion equations in tensor form 
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Expanding by components (10) it turns out: 
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Putting (12) into (11), we obtain the following equation for the oscillation frequency inside an anisotropic 
body 
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Solution (13) in a general form is not possible and therefore we will not write out the expression
54321 ,,,,, ΨΨΨΨΨΨ .  

To solve the dispersion equation (11), we will choose crystals satisfying the following conditions. 
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It can be seen from (18) that at
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>kc , the exciting wave is of a purely electromagnetic nature.  
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Taking into account (19-20) from (11) we get: 
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From solution (22) we obtain 
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From (23) it can be seen that a wave with a frequency  
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For an arbitrary orientation of the wave vector relative to the temperature gradient, from tensor (10), we 
obtain 
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Choosing a crystal 
From (11), taking into account (24), we obtain the following dispersion equation for determining the 

frequency and growth rate of the excited waves inside an anisotropic crystal 
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At  221112 ϖϖϖ += and  221112 ζζζ += from (25) we get   
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Solution (26) gives 
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For any orientation of the wave vector with 

respect to the temperature gradient, the frequency and 
growth rate of the excited thermomagnetic are the 
same. 

 

DISCUSSION OF THE RESULTS 
 

In anisotropic conducting media of the electric 
type of charge carriers in an external electric field in 
the presence of a constant temperature gradient, 
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longitudinal Tk ∇


||  and transverse k T⊥ ∇
 

 waves of 
a thermomagnetic nature are excited. The frequency 
and growth rate of this wave depend on the 
conductivity of the medium. The conductivity of a 
medium is easily expressed in terms of the diagonal 
values of the conductivity. This creates a favorable 
condition for experimental verification of the exciting 
waves. If the wave vector of the excited waves has an 
arbitrary direction relative to a constant temperature 
gradient, then the frequency and growth rate have the 
same values. When calculating, we choose crystals of 
different symmetry. Of course, the conditions for the 

excitation and growth of the wave will be different if 
we choose different symmetries from the tensor (11). 

 
CONCLUSION 

 
It is proved that in anisotropic conducting media 

of electric type of charge carriers, different waves of a 
thermomagnetic nature are excited. With the 
longitudinal Tk ∇


||  and transverse k T⊥ ∇

 
 

orientation of the wave vector relative to the 
temperature gradient, waves of a thermomagnetic 
nature with different frequencies and increments are 
excited. 
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A study was made of the influence of substitution of up to 50% of yttrium for cadmium in YBa2Cu3O7-δ polycrystals 
on the mechanism of formation of excess conductivity. It has been established that such a substitution led to a significant 
increase in the resistivity of Y0,3Cd0,7Ba2Cu3O7-δ and the value of the critical transition temperature Tc to the superconducting 
state decreases. The mechanism of formation of fluctuation conductivity (T) near Tc is considered within the framework of 
the Aslamazov-Larkin theory. The Ginzburg temperature, the critical temperature in the mean field approximation, and the 
3D-2D crossover temperature were determined. In is shown that the doping of YBa2Cu3O7-δ with cadmium leads to the 
coherence length along the c axis by a factor of 1,96. An analysis of the excess conductivity of the Y0,3Cd0,7Ba2Cu3O7-δ 
sample within the framework of the local pair model made it possible to determine the temperature dependences of the 
pseudogap and its maximum value.  

Keywords: superconductivity, pseudogap, excess conductivity, coherence length, composition. 
PACS: 74.25. Fy, 74.20.Mn, 74.72. ± h, 74.25. ± q, 74.25.Jb 

In recent years, the group of works [1–5] devoted 
to the analysis of pseudogap effects in HTSC 
compounds has appeared. Pseudogap (PG) is a unique 
phenomenon characteristic of HTSC with an active 
CuO2 plane (cuprates) in the doping region less than 
optimal. It manifests itself in studies of the 
phenomena of tunneling, photoemission, heat capacity 
[2, 4] and other properties of HTSC. It is assumed that 
at a certain temperature T * >> Tc (Tc is the critical 
temperature of the superconducting transition) the 
density of states on the Fermi surface is redistributed: 
on a part of this surface the density of states decreases. 
Below the temperature T *, the compound is in a 
pseudogap state. In these works, possible conduction 
mechanisms in the modes of the normal, 
superconducting, and pseudogap states in HTSC are 
also discussed. 

Recently, the work [6], devoted to the study of 
the pseudogap state in   Pb0.55Bi1.5Sr1.6La0.4CuO6+δ 
(Pb-Bi2201) appeared. A series of Pb-Bi2201 single 
crystals was obtained, on which a wide range of 
investigations were conducted to identify the 
pseudogap state. The results of studies on three 
different experimental methods indicate that the 
appearance of a pseudogap at T≅132 K should be 
perceived only as a phase transition. Thus, the authors 
confirmed the assumption that at the temperature 
decreasing, the HESC material must undergo two 
phase transitions: first the appearance of a pseudogap, 
and then a transition to the superconducting state. 

 However, as noted by A.Abrikosov [7], the 
pseudogap state cannot really be considered as some 
kind of new phase state of matter, since the PG is not 
separated from the normal state by a phase transition. 
So the question of a possible phase transition at T = T 
* also remains open. At the same time, it can be said
that a crossover occurs at T = T * [1]. Below this 

temperature, due to reasons not yet established to date, 
the density of quasiparticle states at the Fermi level 
begins to decrease. Actually for this reason, this 
phenomenon is called "pseudogap". For the first time, 
this result was obtained in experiments on the study of 
NMR in a weakly doped Y123 system, in which an 
anomalous decrease of the Knight shift [2] during 
cooling, which is directly related to the density of 
states at the Fermi level in the Landau theory, was 
observed. Note that earlier in [8] we analyzed the 
fluctuation conductivity Y1-xCdxBa2Cu3O7-δ (x=0÷0,4). 

Thus, the aim of this work is to study the normal 
state of YBa2Cu3O7-δ (sampb. Y1) and 
Y0,3Cd0,7Ba2Cu3O7-δ (sampb. Y2) in the temperature 
range T *> T> Tc, to determine their physical 
characteristics, as well as to study the possibility of 
the occurrence of the PG states in these compounds. 
The analysis was carried out on the basis of the study 
of excess conductivity above Tc in the framework of 
the local pair (LP) model [3,4] taking into account the 
Aslamazov – Larkin fluctuation theory [8] near Tc. 

EXPERIMENTAL RESULTS AND THEIR 
PROCESSING 

The method for obtaining Y0,3Cd0,7Ba2Cu3O7-δ is 
described in [9]. 

The temperature dependences of the specific 
resistivity ρ of the samples  Y1 and Y2 are showed 
in Fig.1. The critical temperatures of the SC transition 
Tc were determined from the maximum obtained by 
differentiating the curve ρ(Τ).  Critical temperature of 
investigated samples is Tc1 = 92.63K (Y1) and Tc2 = 
89.23 (Y2), respectively (Fig.1). In this case, the 
resistivity of the sample Y0,3Cd0,7Ba2Cu3O7-δ 
Y0,3Cd0,7Ba2Cu3O7-δ in the normal phase at 300 K 
increases almost 15 times compared to YBa2Cu3O7-δ.   
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Fig. 1. Temperature dependences of the resistivity ρ of the samples: a- YBa2Cu3O7-δ (Y1) [8] and b- Y0,3Cd0,7Ba2Cu3O7-
δ (Y2). Direct represent dependences ρn(T) extrapolated to the region of low temperatures. 

FLUCTUATION CONDUCTIVITY 

The linear course of the temperature dependence 
of the specific resistance of samples Y1 and Y2 in the 
normal phase is well extrapolated by the expressions 
ρn(Т) = (D+ κΤ +ΒΤ2) and ρn(Т) = (ρ0+ κΤ +ΒΤ2) 
(here D, B and k are some constants). This linear 
relationship, extrapolated to the low temperature 
range, was used to determine excess conductivity 
∆σ(Τ) according to:  

∆σ(Τ) = ρ−1 (Τ) −   ρn
−1 (Τ).  (1) 

The analysis of the behavior of excess 
conductivities was carried out in the framework of the 
local pair model [4, 11]. 

Assuming the possibility of the formation of 
local pairs [3,4] in the Y2 sample at a temperature 
below T*=116,39K (Y2), the experimental results 
near Tc are obtained and analyzed taking into account 
the appearance of fluctuation Cooper pairs (FCP) 
above Tc in the framework of the Aslamazov-Larkin 
theory (AL) [9]. 

Fig.2. Dependences of the logarithm of excess conductivity on ln(T/Tcmf-1) of samples Y1[8] and Y2. Solid lines – 
  calculation within the framework of the Aslamazov-Larkin theory. 
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The Fig. 2 shows dependence of the logarithm of 
the excess conductivity of the samples Y1 (1) and Y2 
(2) on the logarithm of the reduced temperature ε = (T 
/ Tc-1). According to the theory of AL, as well as 
Hikami – Larkin (HL) developed for HTSC [10], in 
the region of Т>Тс (but near Тc), the fluctuation 
coupling of charge carriers occurs, leading to the 
appearance of fluctuation conductivity (FC). In this 
region, the temperature dependence of excess 
conductivity on temperature is described by the 
expressions: 

∆σАЛ3D = C3D {e2/[32ħξс(0)]}ε-1/2,  (2) 

 ∆σАЛ2D = C2D {e2/[16ħd]}ε-1,  (3) 

respectively for three-dimensional (3D) and two-
dimensional (2D) region. The scaling coefficients C 
are used to combine the theory with experiment [4]. 
        Thus, by the angle of inclination α of 
dependences ln (∆σ) as a function of ε = ln (T / Tc-1) 
(see Fig. 3), we can distinguish 2D (tgα = -1) and 3D 
(tgα = - 1/2) regions of phase transition. It can also 

determine the crossover temperature T0 (the transition 
temperature from ∆σ2D to σ3D) and the tangents of the 
slopes of the dependences ∆σ(Τ)  corresponding to the 
exponents ε in equations (2) and (3). The 
corresponding values of the parameters 2D and 3D 
regions determined from the experiment for sample 
Y1 are 2D (tgα = -1.04) and 3D (tgα = -0.44) and for 
Y2 2D (tgα = -1.1) and 3D (tgα = -0.49). 

On basis of value the temperature of the 
crossover T0, which corresponds to lnε0, according to 
Fig. 2, it can determine the coherence length of local 
pairs along the c axis [12,13]: 

ξс(0) = d√ε 0 ,  (4) 

here d ≈ 11.7Ǻ is the distance between the inner 
conducting planes in Y-Ba-Cu-O [13]. The values of 
ξc (0) = 1,1 Ǻ (lnε0 ≈ -1.149) for Y1 and ξc (0) = 2,16 
(lnε0 ≈ -3.368) for Y2 was obtained, accordingly. 
      The parameters of the Y0,3Cd0,7Ba2Cu3O7-δ and 
YBa2Cu3O7-δ samples obtained from fluctuation 
conductivity analysis are given in Table 1. 

Table 1. 
Parameters of Y0,3Cd0,7Ba2Cu3O7-δ and YBa2Cu3O7-δ samples obtained from fluctuation 

conductivity analysis 

ANALYSIS OF THE MAGNITUDE AND 
TEMPERATURE DEPENDENCE OF THE 
PSEUDOGAP 

As noted above, in the cuprates at Т<Т *, the 
density of electron states of quasiparticles on the 
Fermi level decreases [14] (the cause of this 
phenomenon is not yet fully elucidated), which creates 
conditions for the formation of a pseudogap in the 
excitation spectrum and it leads ultimately to the 
formation of an excess conductivity. The magnitude 
and temperature dependence of the pseudogap in the 
investigated samples was analyzed using the local pair 
model, taking into account the transition from Bose-
Einstein condensation (SCB) to the BCS mode 
predicted by the theory [10] for HTSC when the 
temperature decreases in the interval T * <T <Tc. Note 
that excess conductivity exists precisely in this 

temperature range, where fermions supposedly form 
pairs - the so-called strongly coupled bosons (PRS). 
The pseudogap is characterized by a certain value of 
the binding energy εb~1/ξ2(T), causing the creation of 
such pairs [10,13], which decreases with temperature, 
because the coherence length of the Cooper pairs 
ξ(T)=ξ(0)(Т/Тс-1)-1/2, on the contrary, increases with 
decreasing temperatures. Therefore, according to the 
LP model, the SCB are transformed into the FCP 
when the temperature approaches Tc (BEC-BCS 
transition), which becomes possible due to the 
extremely small coherence length ξ (T) in cuprates. 

From our studies, we can estimate the magnitude 
and temperature dependence of PG, based on the 
temperature dependence of excess conductivity in the 
entire temperature range from T * to Tc according to 
[3,13]: 
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where the (1-T / T *) determines the number of pairs formed at T ≤ T *: and the exp (-Δ */T) determines the 
number of pairs destroyed by thermal fluctuations below the BEC-BCS transition temperature. The coefficient A 
has the same meaning as the coefficients C3D and C2D in (2 ) and (3). 
The solution of equation (5) gives the value of Δ *: 

YBCO (Cd) ρ(300К), 
мкОм·см 

ρ(100К), 
мкОм·cм 

Tc, K Tc
mf, K TG, К T0, К ξc(0),Å Лит. 

Y1 (х=0) 60 24 90,2 91,99 92,1 92,8 1,1 [8] 
Y2(х=0,7) 923 1051 84,6 87,1 88 89,6 2,16 - 
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where Δσ (T) is the experimentally determined excess 
conductivity. 
       On fig. Figure 3 shows the dependences of the 
logarithm of the excess conductivity of the sample Y2 
on the reciprocal temperature. The choice of such 
coordinates is due to the strong sensitivity of the linear 
section ln∆σ(1/T) to the value ∆*(Тc) in equation (5), 

which allows you to estimate this parameter with high 
accuracy (this is necessary to find the coefficient A) 
[3,14,16]. Dependences ln∆σ(1/T) were calculated 
according to the method tested in [12]. As can be seen 
from fig. 3, the ln∆σ(1/T) values calculated for sample 
Y2 with parameters: 

Fig.3. Dependences of the logarithm of excess conductivity on the reciprocal temperature polycrystal  
        Y0,3Cd0,7Ba2Cu3O7-δ solid lines – approximation eq. 6 with parameters given in the text.  

A=1,847 ±0,1, T*=116,39K, ζc(0)=2,16 Ǻ are in 
good agreement with the experimental data. 

The temperature dependence and the value of the 
pseudogap parameter ∆*(Т) (Fig.4) were calculated 
based on equation (6) with the parameters given 
above. As 

Noted in [3,4,14], the value of the coefficient A 
is selected from the condition of the coincidence of the 
temperature dependence ∆σ (eq.(5), assuming 
∆∗ = ∆*(Τ)) with experimental data in the region of 
3D fluctuations near Tc. According to [14,16], the 
optimal approximation for an HTSC material is 
achieved at the values 2∆∗(Τc)/ΚBΤc = 5. As a result, 
from the LP analysis for Y2 ∆*(Тc

mf)= 89.23•2.5 = 
223.075K, which is consistent with the experimental 
data (Fig.4). 

From the presented data in Fig.4, it is also seen 
that as T decreases, the pseudogap value first 
increases, then, after passing through a maximum, 
decreases. 

This decrease is due to the transformation of the 
SCB in the PCF as a result of the BEC-BCS transition, 
which accompanied by an increase in excess 
conductivity at Т→Тс. Such a behavior of ∆ * with 
decreasing temperature was first found on YBCO 
films [3.14] with different oxygen contents, which 
seems to be typical of cuprate HTSC [14]. 

The pseudogap parameters of the 
Y0,3Cd0,7Ba2Cu3O7-δ sample obtained from fluctuation 
conductivity analysis are given in Table 2. 

Table 2. 
Parameter of pseudogap analysis of HTSC material Y0,3Cd0,7Ba2Cu3O7-δ 

YBCO T*, К Α* Tm, К D*, К Δ*(Tm), К Δ*(TG), К 

Y2(x=0,5) 142,6 16,6 122,6 2,5 660 385 
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Fig.4. Temperature dependences of the calculated value of the sample pseudogap Y2 with parameters given in the text. 
  The arrows show the maximum values of the pseudogap. 

CONCLUSION 

Thus,we can conclude that, in the 
Y0,3Cd0,7Ba2Cu3O7-δ studied by us, the formation of 
local pairs of charge carriers at  T>> Tc is possible, 
which creates conditions for the formation of a 
pseudogap [10-12] with the subsequent establishment 

of the phase coherence of fluctuation Cooper steam at 
T>Tc [14,17]. 

The study showed that near Tc the fluctuation 
conductivity is well described in terms of the 
Aslamazov-Larkin fluctuation theory: 3D-AL. Above 
the 3D-2D crossover temperature, the 2D-AL theory is 
applicable. 
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Composite films based on high-density polyethylene and barium titanate particles before and after treatment with a 
dielectric barrier gas discharge were studied by differential scanning calorimetry. The values of critical temperatures, changes 
in entropy, enthalpy, and degree of crystallinity before and after the action of the gas discharge are found. It is shown that the 
critical temperature after the action of a gas discharge decreases during heating, and increases during cooling, except for the 
concentration of barium titanate particles of 5 vol. %. In addition, the change in entropy and enthalpy during discharge 
processing increases as well as the degree of crystallinity. As the filler concentration increases, the change in enthalpy, 
entropy, and the degree of crystallinity decrease. 
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1. INTRODUCTION

Surface modification by electric discharge 

plasma is one of the most interesting applications 
compared with other techniques which require 

vacuum conditions. Under electric discharge plasma 

treatment, the polymeric surface undergoes a 

functionalization process which includes the 

formation of various polar groups containing oxygen 

[1-2]. Authors of the work [3] used the corona 

discharge plasma technique to modify the properties 

of low density polyethylene film. The results obtained 

show good treatment homogeneity and an 

improvement of adhesion properties by the 

functionalization and etching of the film surface. In 

the work [4], low pressure glow discharge O2 plasma 
has been used in order to improve adhesion properties 

and make it useful for technical applications of low-

density polyethylene (LDPE) film using differential 

scanning calorimetry. The results show that low 

pressure O2 plasma improves wettability in LDPE 

films and no significant changes can be observed at 

longer exposure times. The fluorine-containing 

polymer composite filled with piezo-ceramics were 

prepared by a hot pressing method in the work [5]. 

According to the obtained experimental results, the 

stability of the electret charge of a composite based on 
F42 + PZT-5A is better than a composite based on F3 

+ PZT-8. The polyethylene porous films were treated 

by dielectric surface barrier discharge plasma in the 

work [6]. The significant increase of the surface 

energy and its polar component of polyethylene 

porous films were observed. The LDPE films 

modified by barrier discharge plasma were 

investigated to improve surface properties and 

adhesion of LDPE in the work [7]. It was shown that 

the topography of modified LDPE was significantly 

changed and the surface of modified polymer 

exhibited higher roughness in comparison with 
unmodified polymer. In the paper [8] plasma 

processing of polymer films and particles is examined 

by coating and noncoating plasmas. The authors 

believe that the difference by a factor of three in the 

etching rate between films in ammonia plasma is the 

consequence of their quasi-crystalline arrangement, 

compared to the amorphous PE films. In the paper [9], 
modification of the surface properties of PE films is 

studied using air dielectric barrier discharge plasma at 

atmospheric pressure. It is shown that air plasma can 

dramatically improve the wettability of PE surfaces. 

High-density polymer composites with semiconductor 

or dielectric fillers were prepared by the hot pressing 

method [10]. The results of the study indicate that, 

with increasing filler volume fraction, the thermal 

conductivity of the samples also increased.  

Two possible mechanisms have been proposed in 

the article [11]: an increase in surface energy, and the 

anchor effects imparted by plasma etching. 
Independently from these mechanisms, reactions 

between free radicals, generated by plasma irradiation 

and adhesives are also likely to affect the adhesive 

properties of polymer materials. In the work [12], an 

atmospheric pressure glow-like dielectric barrier 

discharge in argon with small admixtures of 

hexamethyldisiloxane is employed for the deposition 

of thin polydimethylsiloxane films. This paper shows 

that the deposition rate and the chemical composition 

of the deposited films are strongly affected at which 

plasma-polymerization is performed. Two special 
groups of plasma polymers that have received 

increased attention are treated in detail in review [13].  

A technology for generating craze-formation 

centers in polymers under the action of the electric 

discharge plasma and consider questions associated 

with a method for varying the geometrical sizes of 

crazes in the work [14]. The paper [15] presents a 

brief description of the plasma chemical method for 

synthesizing semiconducting polymers.  

Low-pressure plasma co-polymerisation of 

binary gas mixtures of ethylene and ammonia was 

investigated in the work [16] in order to deposit N-
rich plasma polymer coatings for biomedical 

applications. Authors of the work [17] used an 

atmospheric pressure apparatus to deposit novel 

https://www.sciencedirect.com/topics/physics-and-astronomy/plasma-etching
https://www.sciencedirect.com/topics/materials-science/adhesive-property
https://www.sciencedirect.com/topics/materials-science/adhesive-property
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families plasma polymers using mixtures of three 

different hydrocarbon precursors in nitrogen at 

varying respective gas flow ratios. The crystallization 

of “polymer–ferroelectric/piezoelectric ceramic” 

composites under the action of an electric discharge 

plasma and temperature is investigated in the work 

[18]. It is shown that this process results in strong 

oxidation of polymer chains. 

The review article [19] presents various methods 
of plasma treatment of polymers. In particular, the 

dielectric barrier discharge method is described in 

detail. Plasma treatment serves mainly to modify the 

surface of polymers to increase adhesion.  

The work is devoted to studying the effect of a 

gas discharge on high density polyethylene doped 

with particles of barium titanate by differential 

scanning calorimetric method. 

 

2. MATERIALS AND METHODS 

 

We used high density polyethylene (HDPE) as a 
matrix. Melting and softening points of polymer are 

130-135˚C and 80-90˚C, correspondingly. The barium 

titanate particles with sizes of 600 nm (US, Research 

Nanomaterials, In.) were added into the fine powder 

of polyethylenewith different concentrations (5 vol. 

%, 10 vol. %, 20 vol.% and 30 vol.%). Then obtained 

mixture was shaken in a vortex mixer for 1 hour at 

room temperature, followed by sonication with 

dispergator Ultrasonic Cleaner NATO CD-4800 

(China) for 4 hours. Disc-shaped samples of 

composites were obtained by hot pressing at 
temperature of 165˚C and pressure of 15 MPa. 

Pressing time after reaching the selected temperature 

is 15-20 minutes. The diameter and thickness of the 

obtained films were 4 cm and 100 μm, respectively.  

The electric discharges were used as non-thermal 

non-equilibrium plasma, which is termed surface 

micro-discharges (SMD). The generation of SMDs at 

ambient pressure is obtained from the dielectric-

barrier discharge (DBD) technology which is related 

to the corona discharge family. The DBD treatment 

carried out on the set up described earlier in the work 
[18]. In this case, the voltage of electric charge in the 

cells equals 8 kV. 

The differential scanning calorimeter DSC 204 

F1 (firm Netzsch, Germany) with the CC200 F1 

cooling system regulating the flow of liquid nitrogen 

was used to determine thermophysical parameters. 

Argon was served to purge and to protect the cell at 

the pressure of 50 kPa. The DSC204F1 and Proteus 

Analysis software programmes were used to process 

the results. The rate of temperature change was 10 

K/min in the temperature range between 200C and 
1500С. Exposure time was 30 min. 

The critical temperature Tcr, at which the 

composite changes from one state to another, is 

determined by the local maximum of the heat flow 

while the change in enthalpy ∆H is determined by the 

expression 

 

∆H=k·∆A,                            (1)                                                           

 

where the k-coefficient characteristic of this device, А 

- the area under the corresponding peak. The entropy 

change ∆S during transition is defined as  
 

crT

H
S


 ,                            (2)                                                          

The degree of crystallinity K is found according to the 

expression: 

 

 
%100

%100 crystH

HH
K
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,               (3) 

                                            
where ∆Hh and ∆Hc are changes of enthalpy at heating 

and cooling processes, correspondingly;  

∆H (100 % cryst) is the change of enthalpy at 100% 

crystallites of matrix. For high-density polyethylene, 

the enthalpy change at 100% crystallization is taken to 

be equal to 293 J/g. 

 

3. RESULTS AND DISCUSSION 

 

Figure 1 shows DSC curves for both pure 

polymer and composites with different filler 

concentrations before and after discharge treatment.
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Fig. 1. Heat flow versus temperature for composites at various filler concentrations: (a) untreated sample at heating 

regime, (aʹ) plasma treated sample at heating regime, (b) untreated sample at cooling regime, (bʹ) plasma treated 
sample at cooling regime. 

 

As can be seen, the peaks of the curves 

corresponding to cooling regime, shifts to low 

temperatures. This indicates that the transition to the 
solid state of the composite occurs at lower 

temperatures. To more clearly determine the change 

for different filler concentrations, we plot the 

dependence of the critical temperature Tcr on the filler 

concentration and scanning regime. The 
corresponding graph is shown in Figure 2.   

 

 
 

Fig. 2. Dependence of critical temperature on filler concentration: (a) untreated sample at heating regime, (aʹ) plasma-
treated sample at heating regime, (b) untreated sample at cooling regime, (bʹ) plasma-treated sample at cooling 
regime. 

 

As can be seen, the critical transition temperature 

of pure polyethylene and composites decreases after 

gas discharge treatment at the heating regime, except 

for the composite with concentration of 5 vol. %. A 

similar result, namely, an increase in the critical 
temperature at low filler concentrations, was obtained 

in the processing of low density polyethylene film by 

low pressure O2 plasma treatment [4]. Probably, the 

increase in the critical temperature at concentration of 

5 vol. % is associated with a more uniform 

distribution of particles in the polymer matrix. At 

cooling regime, a higher concentration of filler 

induces the transition to solid state at higher 

temperatures. 

Figure 3 shows the dependence of the change in 

enthalpy on the concentration of the filler during 
melting and solidification of the samples. 

As can be seen, the change in enthalpy during 

melting and solidification decreases with increasing 

filler concentration. At the same time, it is sharper at 

low concentrations while it is slower at high 

concentrations.
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Fig. 3. The dependence of the change in enthalpy on the volume concentration of the filler during melting and 
solidification of the samples: (a) untreated sample at heating regime, (aʹ) plasma-treated sample at heating 
regime, (b) untreated sample at cooling  regime, (bʹ) plasma-treated sample at cooling regime. 

   

The values of the enthalpy change during the 

solidification process at the same filler concentrations 

are less than during the melting process. In addition, 

gas discharge treatment of the samples increases the 

enthalpy change. 

It is known that the enthalpy of fusion 

(melting) of a substance is the energy that is absorbed 
as heat from the body when it changes from solid state 

to liquid state (an exothermic process) and it occurs 

without raising the temperature for crystalline 

substances. It serves to disorganize the intermolecular 

bonds that hold molecules together. During curing, the 

reverse process (endothermic) occurs in which heat is 

removed from the substance. In this case, 

intermolecular bonds are restored, and the temperature 

does not change. For crystalline substances, the 

change in enthalpy during melting and solidification 

has the same value. The degree of crystallinity of 
polymers is small, so the above regularities do not 

apply to them. Enthalpy is an extensive quantity, that 

is, for a composite system; it is equal to the sum of the 

enthalpies of its independent parts. Likewise, the 

enthalpy change of the composite is also the sum of 

the matrix and filler changes. The total change in the 

enthalpy of barium titanate particles is small, 

associated with a change in the symmetry group near 

the same temperature. But the volume fraction of the 

matrix, which has a sharp change in enthalpy, 

decreases. Therefore, the overall enthalpy change of 

the composite is reduced. These conclusions are in 
good agreement with the experimental curves of the 

change in enthalpy as a function of concentration. 

The used technique of the barrier discharge 

plasma modifies the composite not only on the 

surface, but also in the bulk. This type of discharge is 

accompanied by the formation of accelerated electrons 

and ions, recombination radiation, active gas products 

and the appearance of surface electron-ion effects. The 

process occurs as a consequence of some breaks on 

the polymer chain; this situation allows the occurrence 

of some phenomena such as cross-linking, free radical 
formation, etc., with dramatic effects on the final 

performance of polymeric materials. The surface of 

composites could be oxidized when it is exposed to 

oxygen environment.   

 

 
 

Fig. 4. Dependence of the degree of crystallinity on the volume concentration of the filler before (a) and after (aʹ)  
action of the gas discharge. 

https://en.wikipedia.org/wiki/Chemical_substance
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Fig. 5. The dependence of the change in entropy on the volume  concentration of the filler during melting and  
            solidification of the samples: (a) untreated sample at heating regime, (aʹ) plasma-treated sample at heating 

regime, (b) untreated sample at cooling  regime, (bʹ) plasma-treated sample at cooling regime. 

 

According to [4, 18, 19], additional oxidized 

species appear and oxygen atomic concentration 

increases. In particularly, ketone [−(C=O)−] and acetal 

[−(O−C−O)−] carbons are formed while the latter 

represents carboxyl [−(C−O)−O−] carbon. The 

formation of new connections contributes to the 

increase in the crystallinity of the composite. This 
corresponds to the experimental curves of crystallinity 

depending on the concentration (Fig. 4). At the same 

time, the decrease in the degree of crystallinity before 

and after processing is associated with a decrease in 

the volume fraction of polyethylene with an increase 

in the volume concentration of the filler. 

Figure 5 shows the dependences of the enthalpy 

change during the transition from one aggregate state 

to another before and after the action of the gas 

discharge. 

The entropy of melting and solidification is a 

measure of the disorder of the substance 
accompanying the melting or solidification, not only 

in the sense of changing the arrangement of atoms and 

their configuration, but also in the sense of changing 

the nature of the chemical bonds. The greater 

importance of the entropy of solidification compared 

to the entropy of melting is explained by the more 

ordered state of the composite in the solid phase 

during cooling. This is also consistent with the lower 

temperature transition. As it was said above, the total 

change in enthalpy, similar to the entropy of the filler, 

is small. But the volume fraction of the matrix, which 

has a sharp change in entropy, decreases with an 

increase in the concentration of the filler. Therefore, 

the overall change in entropy of the composite also 

decreases. Since the degree of crystallinity increases 

after exposure to a gas discharge, the degree of 
ordering or disordering increases accordingly, that is, 

the enthalpy of solidification and melting. 

 

4. CONCLUSIONS 

 

It is shown that the critical temperature after the 

action of a gas discharge decreases during the heating 

process and increases during the cooling one, except 

for the volume concentration of barium titanate 

particles of 5 vol. % which is associated with a more 

uniform distribution of particles in the polymer 

matrix. With an increase in the concentration of the 
filler, the volume fraction of the matrix decreases 

leading to a decrease in entropy and entropy, and 

degree of crystallinity. In addition, the change in 

entropy and enthalpy during discharge processing 

increases as well as the degree of crystallinity owing 

to the increase of oxygen atomic concentration and 

formation of novel bonds.  
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1. INTRODUCTION

As is known, one of the formulations of quantum
mechanics is its formulation in the phase space [1-5]. 
This formulation uses concepts that are common to 
both quantum and classical mechanics. It makes it 
possible to describe the picture of quantum 
phenomena using, as far as possible, the classical 
language. This formulation deals only with c-
numerical quantities and equations, and not with 
operators, which sometimes simplifies the 
mathematical description of a given quantum system. 
The main tools of the phase formulation of quantum 
mechanics are quantum distribution functions. To pass 
to this formulation from the Schrödinger operator 

formalism, it is necessary to replace the operators of 
physical quantities with their Weyl transformations 
[6], and the wave functions with quantum distribution 
functions. 

Among the various quantum distributions 
functions that exist, the Wigner quantum distribution 
function is well known. Wigner function 𝑊𝑊 depends 
on momentum 𝑝𝑝 and coordinates 𝑥𝑥 particles and in the 
general case on time 𝑡𝑡, those 𝑊𝑊 = 𝑊𝑊(𝑝𝑝, 𝑥𝑥, 𝑡𝑡). 
Introduced in 1932, the Wigner function is widely 
used to describe various physical quantum systems. 
The Wigner quantum distribution function is 
expressed in terms of the Schrödinger wave function 
𝜓𝜓(𝑥𝑥, 𝑡𝑡) using the formula: 

𝑊𝑊(𝑥𝑥,𝑝𝑝, 𝑡𝑡) = 1
2𝜋𝜋ℏ ∫𝜓𝜓

∗(𝑥𝑥 − 𝑥𝑥′

2 , 𝑡𝑡)𝜓𝜓(𝑥𝑥+ 𝑥𝑥′
2 , 𝑡𝑡)𝑒𝑒−𝑖𝑖𝑝𝑝𝑥𝑥′/ℏ 𝑑𝑑𝑥𝑥.      (1.1) 

At present there exist a lot of papers with 
computation of the Wigner function of the various 
constant [7-10] and position-dependent mass [11-17] 
quantum relativistic and nonrelativistic harmonic 
oscillator models. 
On the other hand, it is also well known that the 
construction and study of models of dynamic quantum 
physical systems with coordinate-dependent mass has 
long attracted the attention of scientists [18–37]. Such 
quantum systems play an important role in studying 
the physical and electronic properties of 
semiconductors [22], quantum wells and quantum dots 
[23], clusters 3He [24], quantum liquids [25], graded 
alloys, semiconductor heterostructures [26], etc.     

The aim of this work is to construct the Wigner 
quantum distribution function for a linear oscillator 
model with a position-dependent mass and frequency 
in an external homogeneous field [38]. 

2. WIGNER QUANTUM DISTRIBUTION
FUNCTION FOR A LINEAR HARMONIC 
OSCILLATOR WITH CONSTANT MASS IN A 
UNIFORM EXTERNAL FIELD 

Let us write the Schrödinger equation describing 
the motion of a linear harmonic oscillator with a 
constant mass in a uniform external field 

� 𝑝𝑝�2

2𝑚𝑚0
+ 𝑚𝑚0𝜔𝜔0

2𝑥𝑥2

2
+ 𝑔𝑔𝑥𝑥�𝜓𝜓𝐻𝐻𝐻𝐻(𝑥𝑥) = 𝐸𝐸HO𝜓𝜓HO(𝑥𝑥), (2.1) 

where �̂�𝑝 = −𝑖𝑖ℏ𝜕𝜕𝑥𝑥 is the momentum operator, 𝑚𝑚0 and 𝜔𝜔0 are constant mass and frequency of the oscillator, 
equation (2.1) is defined on the entire real axis−∞ < 𝑥𝑥 < ∞. 

It is well known that the exact solution of Eq. (2.1) is expressed in terms of the Hermite polynomials 

ψn
HO(𝑥𝑥) = 𝑐𝑐𝑛𝑛HO𝑒𝑒

−12(𝜉𝜉+𝜉𝜉0)2𝐻𝐻𝑛𝑛(𝜉𝜉 + 𝜉𝜉0),𝑛𝑛 = 0,1,2,3 …, (2.2) 

and the discrete energy spectrum corresponding to the wave functions is equidistant 



THE WIGNER DISTRIBUTION FUNCTION OF A SEMICONFINED HARMONIC OSCILLATOR MODEL WITH …. 

57 

𝐸𝐸𝑛𝑛HO = ℏ𝜔𝜔0 �𝑛𝑛 + 1
2
� + 𝑚𝑚0𝜔𝜔0

2𝑥𝑥2

2
, 𝑛𝑛 = 0,1,2,3 …                            (2.3) 

 
Here we use the following notation 

𝜉𝜉 = 𝜆𝜆0𝑥𝑥, 𝜉𝜉0 = 𝜆𝜆0𝑥𝑥0, 𝑥𝑥0 = 𝑔𝑔
𝑚𝑚0𝜔𝜔0

2 , 𝜆𝜆0 = �𝑚𝑚0𝜔𝜔0
ℏ

.                             (2.4) 
 

From the orthonormalization condition for wave functions (2.2) 
 

∫ 𝜓𝜓𝑛𝑛∗HO(𝑥𝑥)∞
−∞ 𝜓𝜓𝑚𝑚HO(𝑥𝑥)𝑑𝑑𝑥𝑥 = 𝛿𝛿𝑛𝑛𝑚𝑚                                            (2.5) 

 
we find the normalization constant as follows 
 

𝑐𝑐𝑛𝑛HO = �𝜆𝜆02

𝜋𝜋

4 1
√2𝑛𝑛𝑛𝑛!

.                                                           (2.6) 
 

Substituting (2.2) into (1.1) leads to the following expression for the Wigner function for a linear harmonic 
oscillator in an external uniform field 
 

𝑊𝑊𝑛𝑛
HO(𝑝𝑝, 𝑥𝑥) = (−1)𝑛𝑛

𝜋𝜋ℏ
𝑒𝑒−(𝜉𝜉+𝜉𝜉0)2−𝜂𝜂2𝐿𝐿𝑛𝑛(2𝜂𝜂2 + 2(𝜉𝜉 + 𝜉𝜉0)2),                    (2.7) 

  
where 𝐿𝐿𝑛𝑛(𝑥𝑥) are Laguerre polynomials, and 𝜂𝜂 = 𝑝𝑝 𝜆𝜆0ℏ.⁄  Formula (2.7) can also be written in operator form [11]. 
 

𝑊𝑊𝑛𝑛
HO(𝑝𝑝, 𝑥𝑥) = 1

𝜋𝜋ℏ
1

2𝑛𝑛𝑛𝑛!
𝐻𝐻𝑛𝑛 �𝜉𝜉 + 𝜉𝜉0 −

𝑖𝑖
2
𝜕𝜕𝜂𝜂�𝐻𝐻𝑛𝑛 �𝜉𝜉 + 𝜉𝜉0 + 𝑖𝑖

2
𝜕𝜕𝜂𝜂�   𝑒𝑒−(𝜉𝜉+𝜉𝜉0)2−𝜂𝜂2 .            (2.8)  

 
2. THE LINEAR HARMONIC OSCILLATOR WITH POSITION DEPENDENT MASS AND 

FREQUENCY IN THE EXTERNAL HOMOGENEOUS FIELD WITH A LIMITED PARABOLIC 
WELL 

 
Linear harmonic oscillator model with a position dependent mass 𝑀𝑀(𝑥𝑥) = 𝑎𝑎2𝑚𝑚0

(𝑎𝑎+𝑥𝑥)2
 and frequency 𝜔𝜔 =

𝜔𝜔0 �1 + 𝑥𝑥
𝑎𝑎
�,  (𝑎𝑎 + 𝑥𝑥 > 0)  in an external uniform field 𝑉𝑉𝑒𝑒𝑥𝑥𝑒𝑒(𝑥𝑥) = 𝑔𝑔(𝑥𝑥), considered in [38] is described by the 

Schrödinger equation 
 

           �𝐻𝐻0 + 𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒(𝑥𝑥)�𝜓𝜓(𝑥𝑥) = 𝐸𝐸𝜓𝜓(𝑥𝑥),        𝑎𝑎 + 𝑥𝑥 > 0.                                            (3.1) 
 

Here 𝐻𝐻0 is the free Hamiltonian with a position dependent mass  
                                        

               𝐻𝐻0 = 1
2
�̂�𝑝 1
𝑀𝑀(𝑥𝑥)

�̂�𝑝 + 𝑉𝑉𝑒𝑒𝑓𝑓𝑒𝑒𝑒𝑒(𝑥𝑥),                                                     (3.2) 
 

and 𝑉𝑉𝑒𝑒𝑓𝑓𝑒𝑒𝑒𝑒(𝑥𝑥) is the contribution from the free Hamiltonian to the potential energy, which depends on the mass 
function 𝑀𝑀(𝑥𝑥) and on the real parameters  𝐴𝐴𝑒𝑒, 𝐵𝐵𝑒𝑒 ∈ 𝑅𝑅(−∞,∞)(see [38,39,40]). It has a form 
 

𝑉𝑉𝑒𝑒𝑓𝑓𝑒𝑒𝑒𝑒(𝑥𝑥) = 𝐴𝐴𝑒𝑒
ℏ2𝑀𝑀′2

2𝑀𝑀3 − 𝐵𝐵𝑒𝑒
ℏ2𝑀𝑀′′

4𝑀𝑀2 .                                               (3.3) 
 

The effective potential is equal to the sum of the interaction potential 𝑉𝑉(𝑥𝑥) and free potential, i.e. 
 

                                                    𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒(𝑥𝑥) = 𝑉𝑉(𝑥𝑥) + 𝑉𝑉𝑒𝑒𝑓𝑓𝑒𝑒𝑒𝑒(𝑥𝑥).                                          (3.4) 
 

Interaction potential 𝑉𝑉(𝑥𝑥) we choose in the form 
 

𝑉𝑉(𝑥𝑥) = �
𝑀𝑀(𝑥𝑥)𝜔𝜔2𝑥𝑥2

2
+ 𝑔𝑔𝑥𝑥,     𝑥𝑥 + 𝑎𝑎 > 0,

∞,                          𝑥𝑥 + 𝑎𝑎 < 0,
                                                      (3.5) 

 
where 𝑔𝑔 is a force and 𝑀𝑀(𝑥𝑥)𝜔𝜔2(𝑥𝑥) = 𝑚𝑚0𝜔𝜔0

2. 
     In this case, when  𝑀𝑀(𝑥𝑥) = 𝑎𝑎2𝑚𝑚0

(𝑎𝑎+𝑥𝑥)2
  we have 𝑉𝑉𝑒𝑒𝑓𝑓𝑒𝑒𝑒𝑒(𝑥𝑥) = 𝑉𝑉0 = const. The solution of the equation (3.1) with 

the potential (3.4)  
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𝜓𝜓𝑛𝑛
𝑔𝑔(𝑥𝑥) = 𝑐𝑐𝑛𝑛

𝑔𝑔 �1 + 𝑥𝑥
𝑎𝑎�
𝐴𝐴𝑛𝑛
𝑒𝑒−𝑏𝑏

2�1+𝑥𝑥
𝑎𝑎�𝐿𝐿𝑛𝑛2𝐴𝐴𝑛𝑛+1 �2𝑏𝑏2 �1 + 𝑥𝑥

𝑎𝑎�� ,𝑛𝑛 = 0,1,2, …𝑁𝑁𝑔𝑔,         (3.6) 
 

is expressed in terms of the Laguerre polynomials [38] 
 

                      𝐿𝐿𝑛𝑛𝛼𝛼(𝑥𝑥) = (𝛼𝛼+1)𝑛𝑛
𝑛𝑛!

𝐹𝐹1(−𝑛𝑛,1 𝛼𝛼 + 1; 𝑥𝑥) ,                                   (3.7) 
         

in the following way, where 𝑏𝑏 = 𝜆𝜆0𝑎𝑎 , 𝐴𝐴𝑛𝑛 = 𝑏𝑏2 − 𝑛𝑛 − 1 − 𝑏𝑏𝜉𝜉0, 𝑁𝑁𝑔𝑔 = 𝑏𝑏2 − 1 − 𝑏𝑏𝜉𝜉0. The corresponding to the 
wave functions (3.7) discrete energy spectrum has the form  
 

𝐸𝐸𝑛𝑛
𝑔𝑔 = ℏΩ0 �𝑛𝑛 + 1

2
� − ℏ2

2𝑚𝑚0𝑎𝑎2
𝑛𝑛(𝑛𝑛 + 1) − 𝑚𝑚0𝜔𝜔0

2𝑥𝑥0
2

2
+ 𝑉𝑉0,                        (3.8) 

 

where  Ω0 = 𝜔𝜔0 �1 − 𝜉𝜉0
𝑏𝑏
� is a renormalized oscillator frequency. 

Let us now find the normalization constant 𝑐𝑐𝑛𝑛
𝑔𝑔 in (3.7) from the condition  

 

∫ �𝜓𝜓𝑛𝑛
𝑔𝑔(𝑥𝑥)�2∞

−𝑎𝑎 𝑑𝑑𝑥𝑥 = 1.                                            (3.9) 
 

To calculate this integral (3.9), we use the formula [41] 
 
∫ 𝑥𝑥𝛼𝛼−1𝑒𝑒−с𝑥𝑥𝐿𝐿𝑚𝑚

𝛾𝛾 (𝑐𝑐𝑥𝑥)𝐿𝐿𝑛𝑛𝜆𝜆 (𝑐𝑐𝑥𝑥)𝑑𝑑𝑥𝑥 = (𝛾𝛾+1)𝑛𝑛(𝜆𝜆−𝛼𝛼+1)𝑛𝑛
𝑚𝑚!𝑛𝑛!𝑐𝑐𝛼𝛼

Γ(𝛼𝛼) 𝐹𝐹23 (−𝑚𝑚,𝛼𝛼,𝛼𝛼 − 𝜆𝜆; 𝛾𝛾 + 1;𝛼𝛼 − 𝜆𝜆 − 𝑛𝑛; 1)∞
0 ,   (3.10)        

 
Re𝛼𝛼 > 0, Re𝑐𝑐 > 0. In our case we have 𝛼𝛼 = 𝛾𝛾 = 𝜆𝜆 = 2𝐴𝐴𝑛𝑛 + 1,  𝑚𝑚 = 𝑛𝑛, 𝑐𝑐 = 1. As a result, we find 
 

     𝐶𝐶𝑛𝑛
𝑔𝑔 = (2𝑏𝑏2)

𝐴𝐴𝑛𝑛+1
2� 𝜆𝜆0𝑛𝑛!(2𝐴𝐴𝑛𝑛+1)

𝑏𝑏Γ(2𝐴𝐴𝑛𝑛+𝑛𝑛+1)  .                                           (3.11) 
 

4. COMPUTATION OF THE WIGNER DISTRIBUTION FUNCTION OF A SEMICONFINED 
LINEAR HARMONIC OSCILLATOR MODEL WITH POSITION-DEPENDENT MASS AND 
FREQUENCY IN AN EXTERNAL HOMOGENEOUS FIELD 

 
For our calculations, we will substitute expression (3.7) for the wave function into the definition of the 

Wigner distribution function 
 

𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) =

�𝐶𝐶𝑛𝑛
𝑔𝑔�2

𝜋𝜋ℏ
𝑒𝑒−2𝑏𝑏

2�1+𝑥𝑥𝑎𝑎� � ��1 +
𝑥𝑥
𝑎𝑎
�
2
−
𝑦𝑦2

𝑎𝑎2�
𝐴𝐴𝑛𝑛𝑦𝑦2

𝑦𝑦1
𝐿𝐿𝑛𝑛
2𝐴𝐴𝑛𝑛+1 �2𝑏𝑏2 �1 +

𝑥𝑥 − 𝑦𝑦
𝑎𝑎

�� × 

× 𝐿𝐿𝑛𝑛
2𝐴𝐴𝑛𝑛+1 �2𝑏𝑏2 �1 + 𝑥𝑥+𝑦𝑦

𝑎𝑎
�� 𝑒𝑒−

2𝑖𝑖𝑖𝑖𝑖𝑖
ℏ 𝑑𝑑𝑦𝑦.                                 (4.1) 

 
Integration limits in (4.1) 𝑦𝑦1 and 𝑦𝑦2 we find from the condition that the argument of the wave function 

varies in the region 𝑥𝑥 > −𝑎𝑎, therefore, we have 𝑥𝑥 − 𝑦𝑦 > −𝑎𝑎  and 𝑥𝑥 + 𝑦𝑦 > −𝑎𝑎. Hence it follows that 𝑦𝑦1 =
−(𝑥𝑥 + 𝑎𝑎),𝑦𝑦2 = (𝑥𝑥 + 𝑎𝑎). Since the boundaries of integration in (4.1) are finite, this integral converges. 

We introduce a dimensionless variable 𝑡𝑡 = 𝑦𝑦 (𝑥𝑥 + 𝑎𝑎)⁄  and imagine 𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) as 

 

𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) = 𝜎𝜎𝑛𝑛 ∙ 𝛪𝛪𝑛𝑛,                                              (4.2) 

 

𝜎𝜎𝑛𝑛 =
|𝐶𝐶𝑛𝑛

𝑔𝑔|2

𝜋𝜋ℏ𝜆𝜆0
𝑒𝑒−𝜌𝜌𝑏𝑏−2𝐴𝐴𝑛𝑛(𝑏𝑏 + 𝜉𝜉)2𝐴𝐴𝑛𝑛+1 =

1
𝜋𝜋ℏ

𝑒𝑒−𝜌𝜌[2𝑏𝑏(𝑏𝑏 + 𝜉𝜉)]2𝐴𝐴𝑛𝑛+1 ∙
𝑛𝑛! (2𝐴𝐴𝑛𝑛 + 1)

Γ(2𝐴𝐴𝑛𝑛 + 𝑛𝑛 + 2). 
 

𝛪𝛪𝑛𝑛 = � (1 − 𝑡𝑡2)𝐴𝐴𝑛𝑛  𝐿𝐿𝑛𝑛
2𝐴𝐴𝑛𝑛+1(𝜌𝜌 − 𝜌𝜌𝑡𝑡)𝐿𝐿𝑛𝑛

2𝐴𝐴𝑛𝑛+1(𝜌𝜌 + 𝜌𝜌𝑡𝑡)𝑒𝑒−2𝑖𝑖𝜂𝜂(𝑏𝑏+𝜉𝜉)𝑒𝑒𝑑𝑑𝑡𝑡,
1

−1
 

 
where 𝜌𝜌 = 2𝑏𝑏(𝑏𝑏 + 𝜉𝜉), η = 𝑝𝑝 𝜆𝜆0ℏ⁄ .  Using equality 
 

𝑡𝑡𝑒𝑒−2𝑖𝑖𝜂𝜂(𝑏𝑏+𝜉𝜉)𝑒𝑒 =
𝑖𝑖

2(𝑏𝑏 + 𝜉𝜉)𝜕𝜕𝜂𝜂𝑒𝑒
−2𝑖𝑖𝜂𝜂(𝑏𝑏+𝜉𝜉)𝑒𝑒 
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rewrite 𝛪𝛪𝑛𝑛 in operator form 
 

𝛪𝛪𝑛𝑛 = 𝐿𝐿𝑛𝑛
2𝐴𝐴𝑛𝑛+1�𝜌𝜌 − 𝑖𝑖𝑏𝑏𝜕𝜕𝜂𝜂�𝐿𝐿𝑛𝑛

2𝐴𝐴𝑛𝑛+1�𝜌𝜌 + 𝑖𝑖𝑏𝑏𝜕𝜕𝜂𝜂� ∫ (1 − 𝑡𝑡2)𝐴𝐴𝑛𝑛  𝑒𝑒−2𝑖𝑖𝜂𝜂(𝑏𝑏+𝜉𝜉)𝑒𝑒𝑑𝑑𝑡𝑡.1
−1      (4.3) 

 
Here integration can be carried out using the formulas [41] 
 

∫ (𝑎𝑎2 − 𝑥𝑥2)𝛽𝛽−1𝑒𝑒𝑖𝑖𝜆𝜆𝑥𝑥𝑑𝑑𝑥𝑥 = √𝜋𝜋Γ(𝛽𝛽)𝑎𝑎
−𝑎𝑎 �2𝑎𝑎

𝜆𝜆
�
𝛽𝛽−1 2⁄

𝐽𝐽𝛽𝛽−1 2⁄ (𝑎𝑎𝜆𝜆),𝑅𝑅𝑒𝑒𝛽𝛽 > 0,       (4.4) 
 

where 𝐽𝐽𝛽𝛽(𝑥𝑥) is the Bessel function. As a result, we obtain the following operator relation 
 
𝛪𝛪𝑛𝑛 = √𝜋𝜋Γ(𝐴𝐴𝑛𝑛 + 1)𝐿𝐿𝑛𝑛

2𝐴𝐴𝑛𝑛+1�𝜌𝜌 − 𝑖𝑖𝑏𝑏𝜕𝜕𝜂𝜂�𝐿𝐿𝑛𝑛
2𝐴𝐴𝑛𝑛+1�𝜌𝜌 + 𝑖𝑖𝑏𝑏𝜕𝜕𝜂𝜂�[𝜂𝜂(𝑏𝑏 + 𝜉𝜉)]−𝐴𝐴𝑛𝑛−1 2⁄ 𝐽𝐽𝐴𝐴𝑛𝑛+1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�.    (4.5) 

 
Taking into account (4.5), we can now write the Wigner function in operator form, i.e. 
 

𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) =

|𝐶𝐶𝑛𝑛
𝑔𝑔|2

ℏ√𝜋𝜋𝜆𝜆0
Γ(𝐴𝐴𝑛𝑛 + 1)𝑏𝑏−2𝐴𝐴𝑛𝑛𝑒𝑒−𝜌𝜌𝐿𝐿𝑛𝑛

2𝐴𝐴𝑛𝑛+1�𝜌𝜌 − 𝑖𝑖𝑏𝑏𝜕𝜕𝜂𝜂�𝐿𝐿𝑛𝑛
2𝐴𝐴𝑛𝑛+1�𝜌𝜌 + 𝑖𝑖𝑏𝑏𝜕𝜕𝜂𝜂� × 

                                    × �𝑏𝑏+𝜉𝜉
𝜂𝜂
�
𝐴𝐴𝑛𝑛+1 2⁄

𝐽𝐽𝐴𝐴𝑛𝑛+1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�.                                    (4.6) 
 

4.1. GROUND STATE WIGNER FUNCTION 
 

From (3.16) we extract the Wigner function of the ground state, which has the form 
 

𝑊𝑊0
𝑔𝑔(𝑝𝑝, 𝑥𝑥) = 1

ℏ√𝜋𝜋
(2𝐴𝐴0 + 1) Γ(2𝐴𝐴0+1)

Γ(2𝐴𝐴0+2)
�4𝑏𝑏

2(𝑏𝑏+𝜉𝜉)
𝜂𝜂

�
𝐴𝐴0+1 2⁄

𝑒𝑒−𝜌𝜌𝐽𝐽𝐴𝐴0+1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�.            (4.7) 
 

Now taking into account the following well-known relation for the Gamma functions [43] 
 

Γ(2𝑧𝑧) = 22𝑧𝑧−1

√𝜋𝜋
𝛤𝛤(𝑧𝑧)𝛤𝛤 �𝑧𝑧 + 1

2
�,                                   (4.8) 

 
we can simplify expression (4.7). As a result we obtain the following analytical expression for the ground state 
Wigner distribution function 
  

𝑊𝑊0
𝑔𝑔(𝑝𝑝, 𝑥𝑥) = 2

ℏ
1

Γ(2𝐴𝐴0+1 2⁄ )
�𝑏𝑏

2(𝑏𝑏+𝜉𝜉)
𝜂𝜂

�
𝐴𝐴0+1 2⁄

𝑒𝑒−𝜌𝜌𝐽𝐽𝐴𝐴0+1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�                      (4.9) 
 

or explicitly 

𝑊𝑊0
𝑔𝑔(𝑝𝑝, 𝑥𝑥) = 2

ℏ
1

Γ(𝑏𝑏2−𝑏𝑏𝜉𝜉0−1 2⁄ )
𝑒𝑒−𝑏𝑏2−𝑏𝑏𝜉𝜉0 �𝑏𝑏

2(𝑏𝑏+𝜉𝜉)
𝜂𝜂

�
𝑏𝑏2−𝑏𝑏𝜉𝜉0−1 2⁄

𝐽𝐽𝑏𝑏2−𝑏𝑏𝜉𝜉0−1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�,   (4.10) 
 

where 𝐴𝐴𝑛𝑛 = 𝐴𝐴0 − 𝑛𝑛, 𝐴𝐴0=𝑏𝑏2 − 𝑏𝑏𝜉𝜉0 − 1. 
    For the case of the absence of the external field 𝑔𝑔 = 0 and 𝜉𝜉0 = 0, and the Wigner function of the ground state 
(4.8) slightly simplifies as follows: 
 

𝑊𝑊0
0(𝑝𝑝, 𝑥𝑥) = 2

ℏ
1

Γ(𝑏𝑏2−1 2⁄ )
𝑒𝑒−𝑏𝑏2−𝑏𝑏𝜉𝜉0 �𝑏𝑏

2(𝑏𝑏+𝜉𝜉)
𝜂𝜂

�
𝑏𝑏2−1 2⁄

𝐽𝐽𝑏𝑏2−1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�.              (4.11) 
 

    Taking into account that the Wigner function of the ground state (4.2) is exactly  computed in terms of the 
Bessel functions, then one can try to compute its analytical expression for arbitrarily excited states  𝑛𝑛. For this, 
one needs to go to the expression (4.2). Its integrand mainly consists of the product of two Lagerre polynomials 
with different arguments. One applies there the following known finite sum for such kind of products [42] 
 

                        𝐿𝐿𝑛𝑛𝛼𝛼(𝑥𝑥)𝐿𝐿𝑛𝑛𝛼𝛼(𝑦𝑦) = Γ(𝛼𝛼+𝑛𝑛+1)
𝑛𝑛!

∑ (𝑥𝑥𝑦𝑦)𝑘𝑘

𝑘𝑘!Γ(𝛼𝛼+𝑘𝑘+1)
𝑛𝑛
𝑘𝑘=0 𝐿𝐿𝑛𝑛−𝑘𝑘

(𝛼𝛼+2𝑘𝑘)(𝑥𝑥 + 𝑦𝑦).                  (4.12) 

 
Its substitution at (4.2) yields 
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𝛪𝛪𝑛𝑛 = Γ(2𝐴𝐴𝑛𝑛+𝑛𝑛+2)

𝑛𝑛!
∑ 𝜌𝜌2𝑘𝑘

𝑘𝑘!Γ(2𝐴𝐴𝑛𝑛+𝑛𝑛+2)
𝑛𝑛
𝑘𝑘=0 𝐿𝐿𝑛𝑛−𝑘𝑘

(2𝐴𝐴𝑛𝑛+𝑛𝑛+2)(2𝜌𝜌)∫ (1 − 𝑡𝑡2)𝐴𝐴𝑛𝑛+𝑘𝑘 𝑒𝑒−2𝑖𝑖𝜂𝜂(𝑏𝑏+𝜉𝜉)𝑒𝑒𝑑𝑑𝑡𝑡.1
−1      (4.13) 

 
Applying again the integral formula (4.4), for 𝛪𝛪𝑛𝑛 we get 
 

𝛪𝛪𝑛𝑛 = √𝜋𝜋 Γ(2𝐴𝐴𝑛𝑛+𝑛𝑛+2)
𝑛𝑛!

[𝜂𝜂(𝑏𝑏 + 𝜉𝜉)]𝐴𝐴𝑛𝑛−1 2⁄ ∑ 𝑄𝑄𝑘𝑘,𝑛𝑛
𝑘𝑘=0                                    (4.14) 

 
where  

𝑄𝑄𝑘𝑘 = Γ(𝐴𝐴𝑛𝑛+𝑘𝑘+1)
𝑘𝑘!Γ(2𝐴𝐴𝑛𝑛+𝑘𝑘+2)

�4𝑏𝑏
2(𝑏𝑏+𝜉𝜉)
𝜂𝜂

�
𝑘𝑘
𝐿𝐿𝑛𝑛−𝑘𝑘

(2𝐴𝐴𝑛𝑛+2𝑘𝑘+1)(2𝜌𝜌)𝐽𝐽𝐴𝐴𝑛𝑛+𝑘𝑘+1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�.              (4.15) 
 

So the Wigner distribution function of the semiconfined quantum harmonic oscillator model with position 
dependent mass and frequency in the presence of the external homogeneous field takes a form 

𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) =

1
ℏ√𝜋𝜋

(𝐴𝐴𝑛𝑛 + 1)𝑒𝑒−𝜌𝜌 × 

 

× ∑ Γ(𝐴𝐴𝑛𝑛+𝑘𝑘+1)
𝑘𝑘!Γ(2𝐴𝐴𝑛𝑛+𝑘𝑘+2)

�2𝑏𝑏𝜌𝜌
𝜂𝜂
�
𝐴𝐴𝑛𝑛+𝑘𝑘+1 2⁄

𝐿𝐿𝑛𝑛−𝑘𝑘
(2𝐴𝐴𝑛𝑛+2𝑘𝑘+1)(2𝜌𝜌)𝐽𝐽𝐴𝐴𝑛𝑛+𝑘𝑘+1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�,𝑛𝑛

𝑘𝑘=0     (4.16) 
 
or explicitly 

𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) =

1
ℏ√𝜋𝜋

(2𝑏𝑏2 − 2𝑏𝑏𝜉𝜉0 − 2𝑛𝑛 − 1)𝑒𝑒−2𝑏𝑏(𝑏𝑏+𝜉𝜉) �
Γ(𝑏𝑏2 − 𝑏𝑏𝜉𝜉0 − 𝑛𝑛 + 𝑘𝑘)

𝑘𝑘! Γ(2𝑏𝑏2 − 2𝑏𝑏𝜉𝜉0 − 2𝑛𝑛 + 𝑘𝑘) ×
𝑛𝑛

𝑘𝑘=0

 

× �4𝑏𝑏
2(𝑏𝑏+𝜉𝜉)
𝜂𝜂

�
𝑏𝑏2−𝑏𝑏𝜉𝜉0−𝑛𝑛+𝑘𝑘−1 2⁄

𝐿𝐿𝑛𝑛−𝑘𝑘
2𝑏𝑏2−2𝑏𝑏𝜉𝜉0−2𝑛𝑛+2𝑘𝑘−1�2𝑏𝑏(𝑏𝑏 + 𝜉𝜉)�𝐽𝐽𝑏𝑏2−𝑏𝑏𝜉𝜉0−𝑛𝑛+𝑘𝑘−1 2⁄ �2𝜂𝜂(𝑏𝑏 +)�.   (4.17) 

 
Absence of the external field again slightly simplifies (4.17) due to that 𝑔𝑔 = 0 (𝜉𝜉0 = 0): 
 

𝑊𝑊𝑛𝑛
0(𝑝𝑝, 𝑥𝑥) =

1
ℏ√𝜋𝜋

(2𝑏𝑏2 − 2𝑛𝑛 − 1)𝑒𝑒−2𝑏𝑏(𝑏𝑏+𝜉𝜉) �
Γ(𝑏𝑏2 − 𝑛𝑛 + 𝑘𝑘)

𝑘𝑘! Γ(2𝑏𝑏2 − 2𝑛𝑛 + 𝑘𝑘) ×
𝑛𝑛

𝑘𝑘=0

 

× �4𝑏𝑏
2(𝑏𝑏+𝜉𝜉)
𝜂𝜂

�
𝑏𝑏2−𝑛𝑛+𝑘𝑘−1 2⁄

𝐿𝐿𝑛𝑛−𝑘𝑘2𝑏𝑏2−2𝑛𝑛+2𝑘𝑘−1�2𝑏𝑏(𝑏𝑏 + 𝜉𝜉)�𝐽𝐽𝑏𝑏2−𝑛𝑛+𝑘𝑘−1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�.  (4.18) 
 

We obtained an exact expression for the Wigner distribution function of our model of the linear harmonic 
oscillator with position dependent mass and frequency in the external homogeneous field. 

 
5. LIMIT CASE 𝒂𝒂 → ∞ (or 𝑏𝑏 → ∞) 

 
In this section, we will find the limit of the wave function (3.6) and the Wigner distribution function (4.6). 

In doing so, we will proceed from asymptotic formulas valid for |𝑥𝑥| ≪ 1 and |𝑧𝑧| → ∞: 
 

√1 + 𝑥𝑥 = 1 + 1
2
𝑥𝑥 − 1

8
𝑥𝑥2, ln (1 ± 𝑥𝑥) ≅ ±𝑥𝑥 − 1

2
𝑥𝑥2,                          

Γ(𝑧𝑧 + 1) ≅ √2𝜋𝜋𝑧𝑧 𝑒𝑒𝑧𝑧ln𝑧𝑧−𝑧𝑧 ,                                                                (5.1) 
 

as well as the limit formula for Laguerre polynomials [44] 
 

�𝛼𝛼
2
�
𝑛𝑛
2 𝐿𝐿𝑛𝑛𝛼𝛼�𝛼𝛼 + √2𝛼𝛼𝑥𝑥� = (−1)𝑛𝑛

𝑛𝑛!
𝐻𝐻𝑛𝑛(𝑥𝑥).                                                (5.2) 

 
5.1. Limit of wave functions. To calculate the limit of the wave function (3.6) at 𝑎𝑎 → ∞, first, we find the 
asymptotics of each of the factors separately in (3.6). 
а) In 𝑐𝑐𝑛𝑛

𝑔𝑔 for the Gamma function we have 
 



THE WIGNER DISTRIBUTION FUNCTION OF A SEMICONFINED HARMONIC OSCILLATOR MODEL WITH …. 

61 

Γ(2𝐴𝐴𝑛𝑛 + 𝑘𝑘 + 2) = Γ(2𝑏𝑏2 − 2𝑏𝑏𝜉𝜉0 − 𝑛𝑛) ≅
√𝜋𝜋
𝑏𝑏
𝑒𝑒𝜎𝜎1 ,  

𝜎𝜎1 ≅ (2𝑏𝑏2 − 2𝑏𝑏𝜉𝜉0 − 𝑛𝑛) ln 2𝑏𝑏2 + 𝜉𝜉02 − 2𝑏𝑏2. 
Hence, 

𝐶𝐶𝑛𝑛
𝑔𝑔 ≅

�λ02
4

𝜋𝜋 √𝑛𝑛! (2𝑏𝑏2)
−𝑛𝑛 2⁄

𝑒𝑒−𝑏𝑏
2−1

2𝜉𝜉0
2
.                                  (5.3) 

b)�1 + 𝜉𝜉
𝑏𝑏
�
𝐴𝐴𝑛𝑛

= 𝑒𝑒𝐴𝐴𝑛𝑛 ln�1+
𝜉𝜉
𝑏𝑏� ≅ 𝑒𝑒𝜎𝜎2 ,𝜎𝜎2 ≅ 𝑏𝑏𝜉𝜉 − 1

2
𝜉𝜉2 − 𝜉𝜉𝜉𝜉0.                                                        

(5.4) 
Substituting (5.3) and (5.4) into (3.6), we have for 𝑏𝑏 → ∞ 
 

𝜓𝜓𝑛𝑛
𝑔𝑔(𝑥𝑥) ≅

�λ0
24

𝜋𝜋 √𝑛𝑛! 𝑒𝑒−
1
2(𝜉𝜉+𝜉𝜉0)2(2𝑏𝑏2)−𝑛𝑛 2⁄ 𝐿𝐿𝑛𝑛

2𝑏𝑏2−2𝑏𝑏𝜉𝜉0−2𝑛𝑛−1(2𝑏𝑏2 + 2𝑏𝑏𝜉𝜉).                 (5.5) 
 
Now to calculate the limit  

𝑍𝑍𝑛𝑛 = lim
𝑏𝑏→∞

(2𝑏𝑏2)
−𝑛𝑛 2⁄

𝐿𝐿𝑛𝑛
2𝑏𝑏2−2𝑏𝑏𝜉𝜉0−2𝑛𝑛−1 �2𝑏𝑏2 + 2𝑏𝑏𝜉𝜉�,                           (5.6) 

 
we introduce the notation 𝑃𝑃𝑛𝑛 = 2𝑏𝑏2 − 2𝑏𝑏𝜉𝜉0 − 2𝑛𝑛 − 1,𝛼𝛼 = 2𝑏𝑏2, 𝑧𝑧 = 2𝑏𝑏2 + 2𝑏𝑏𝜉𝜉 and obtain the recurrent formula 
for the Laguerre polynomials 𝐿𝐿𝑛𝑛

𝑃𝑃𝑛𝑛(𝑧𝑧). 
Since for for the Laguerre polynomials 𝐿𝐿𝑛𝑛𝛼𝛼(𝑧𝑧) the recurrence relation is valid [42] 

 
(𝑛𝑛 + 1)𝐿𝐿𝑛𝑛+1𝛼𝛼 (𝑧𝑧) − (2𝑛𝑛 + 𝛼𝛼 + 1 − 𝑧𝑧)𝐿𝐿𝑛𝑛𝛼𝛼(𝑧𝑧) + (𝑛𝑛 + 𝛼𝛼)𝐿𝐿𝑛𝑛−1𝛼𝛼 (𝑧𝑧) = 0,                     (5.7) 

 
then, the recurrence relation for 𝐿𝐿𝑛𝑛

𝑃𝑃𝑛𝑛(𝑧𝑧) will have 
 

(𝑛𝑛 + 1)𝐿𝐿𝑛𝑛+1
𝑃𝑃𝑛𝑛+1(𝑧𝑧) − (2𝑛𝑛 + 𝑃𝑃𝑛𝑛 + 1 − 𝑧𝑧)𝐿𝐿𝑛𝑛

𝑃𝑃𝑛𝑛+1(𝑧𝑧) + (𝑛𝑛 + 𝑃𝑃𝑛𝑛+1)𝐿𝐿𝑛𝑛−1
𝑃𝑃𝑛𝑛+1(𝑧𝑧) = 0,                     (5.8) 

 
We now prove by mathematical induction the following limit relation 
 

𝑍𝑍𝑛𝑛 = lim
𝛼𝛼→∞

(𝛼𝛼)−𝑛𝑛 2⁄ 𝐿𝐿𝑛𝑛
𝛼𝛼−√2𝛼𝛼𝜉𝜉0−2𝑛𝑛−1�𝛼𝛼+ √2𝛼𝛼𝜉𝜉0� = (−1)𝑛𝑛

𝑛𝑛! 𝐻𝐻𝑛𝑛�𝜉𝜉+𝜉𝜉0�.                           (5.9) 
 

     Proof. First we write explicitly the Laguerre and Hermite polynomials for the first few values 𝑛𝑛 
 

𝐿𝐿0𝛼𝛼(𝑧𝑧) = 1, 𝐿𝐿1𝛼𝛼(𝑧𝑧) = 1 + 𝛼𝛼 − 𝑧𝑧, 𝐿𝐿2𝛼𝛼(𝑧𝑧) =
1
2

[(1 + 𝛼𝛼 − 𝑧𝑧)(3 + 𝛼𝛼 − 𝑧𝑧) − 1 − 𝛼𝛼], 
𝐻𝐻0(𝑧𝑧) = 1,𝐻𝐻1(𝑧𝑧) = 2z,𝐻𝐻2(𝑧𝑧) = 4𝑧𝑧2 − 2.                              (5.10) 

 
We will also need a recurrence relation for the Hermite polynomial 
 

𝐻𝐻𝑛𝑛+1(𝑧𝑧) = 2z𝐻𝐻𝑛𝑛(𝑧𝑧) − 2n𝐻𝐻𝑛𝑛−1(𝑧𝑧).                             (5.11) 
 

Using these expressions, we directly obtain that for 𝑛𝑛 = 1 and 𝑛𝑛 = 2 relation (5.9) is true: 
 

𝑍𝑍1 = lim
𝛼𝛼→∞

(𝛼𝛼)−1 2⁄ 𝐿𝐿1
𝛼𝛼−√2𝛼𝛼𝜉𝜉0−3 �𝛼𝛼+ �2𝛼𝛼𝜉𝜉0� = −�2�𝜉𝜉+𝜉𝜉0� = −

1
√2

𝐻𝐻1(𝜉𝜉+𝜉𝜉0) 

𝑍𝑍2 = lim
𝛼𝛼→∞

(𝛼𝛼)−1 𝐿𝐿2
𝛼𝛼−√2𝛼𝛼𝜉𝜉0−5�𝛼𝛼+ √2𝛼𝛼𝜉𝜉0� = �𝜉𝜉+𝜉𝜉0�

2 − 1
2 = 1

4𝐻𝐻2�𝜉𝜉+𝜉𝜉0�.                           (5.12) 
 

Let us now prove that relation (5.9), which is valid in the cases 𝑛𝑛 = 1 и 𝑛𝑛 = 2, also performed for an arbitrary 
𝑛𝑛 > 2. For this, we assume that relation (5.9) holds for the polynomials 𝐿𝐿𝑛𝑛+1

𝑃𝑃𝑛𝑛+1(𝑧𝑧) and 𝐿𝐿𝑛𝑛−1
𝑃𝑃𝑛𝑛+1(𝑧𝑧) at some 𝑛𝑛. Then it 

also holds for 𝐿𝐿𝑛𝑛+1
𝑃𝑃𝑛𝑛+1(𝑧𝑧). Indeed, we multiply by 𝛼𝛼−

𝑛𝑛+1
2  both sides of the recurrence relation for Laguerre 

polynomials 𝐿𝐿𝑛𝑛+1
𝑃𝑃𝑛𝑛+1(𝑧𝑧) (5.8) 

𝑍𝑍𝑛𝑛+1 = lim
𝛼𝛼→∞

𝛼𝛼−
𝑛𝑛+1
2 𝐿𝐿1

𝛼𝛼−√2𝛼𝛼𝜉𝜉0−2𝑛𝑛−3�𝛼𝛼 + √2𝛼𝛼𝜉𝜉0� =  
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= (−1)𝑛𝑛+1

(𝑛𝑛+1)!√2𝑛𝑛+1
[2(𝜉𝜉+𝜉𝜉0)𝐻𝐻𝑛𝑛(𝜉𝜉+𝜉𝜉0) − 2𝑛𝑛𝐻𝐻𝑛𝑛−1(𝜉𝜉+𝜉𝜉0)].                        (5.13) 

 
According to (5.11), the last expression is 
 

𝑍𝑍𝑛𝑛+1 = (−1)𝑛𝑛+1

(𝑛𝑛+1)!√2𝑛𝑛+1
𝐻𝐻𝑛𝑛+1(𝜉𝜉+𝜉𝜉0).                                        (5.14) 

This completes the proof. 
 
5.2. Limit of the Wigner distribution function for the ground state.  
 
To calculate this limit, we find the asymptotics of each of the factors in (4.10). We have 
 

а)  1
Γ�𝑏𝑏2−𝑏𝑏𝜉𝜉−1 2⁄ �

≅ 1
√2𝜋𝜋

�𝑏𝑏2�
−𝐴𝐴0

𝑒𝑒𝑏𝑏
2−1

2𝜉𝜉0
2
,                                                   (5.15a) 

 

b) �𝑏𝑏
2(𝑏𝑏+𝜉𝜉)
𝜂𝜂

�
𝑏𝑏2−𝑏𝑏𝜉𝜉02−1 2⁄

≅ �𝑏𝑏
3

𝜂𝜂
�
𝐴𝐴0+1 2⁄

𝑒𝑒𝑏𝑏𝜉𝜉−
1
2𝜉𝜉

2−𝜉𝜉𝜉𝜉0 ,                          (5.15b)   
                                       

c) 𝐽𝐽𝑏𝑏2−𝑏𝑏𝜉𝜉0−1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)� ≅ 1
𝑏𝑏√2𝜋𝜋

�𝜂𝜂
𝑏𝑏
�
𝐴𝐴0+1 2⁄

𝑒𝑒𝑏𝑏2+𝑏𝑏𝜉𝜉−𝜂𝜂2−𝜉𝜉02−𝜉𝜉𝜉𝜉0 .        (5.15c)                                        
 
Note that the asymptotic behavior of the Bessel function in (5.15c) was found using the asymptotic formula 
(7.13, 8(14)) for 𝐽𝐽𝑝𝑝(𝑥𝑥), given in [42] 
 

𝐽𝐽𝑝𝑝(𝑥𝑥) ≅ 1

√2𝜋𝜋�𝑝𝑝2−𝑥𝑥24 exp ��𝑝𝑝2 − 𝑥𝑥2 − 𝑝𝑝Arch 𝑝𝑝
𝑥𝑥
� , 𝑝𝑝 > 𝑥𝑥 > 0,𝑝𝑝 → ∞.               (5.16) 

 
We emphasize that there is a typo in the formula (7.13,8(14)) in [42]: instead of Arsh 𝑝𝑝

𝑥𝑥
 should stand Arch 𝑝𝑝

𝑥𝑥
. We 

took this correction into account in formula (4.16). To obtain (5.15c) we left in (5.16) the main terms in powers 
𝑏𝑏−1: 
 

�𝑝𝑝2 − 𝑥𝑥24 ≅ 𝑏𝑏,   �𝑝𝑝2 − 𝑥𝑥2 ≅ 𝐴𝐴0 + 1
2
−2𝜂𝜂2, 

Arch
𝑝𝑝
𝑥𝑥
≅ ln �

𝑏𝑏
𝜂𝜂�

−
𝜉𝜉+𝜉𝜉0
𝑏𝑏

+
𝜉𝜉2 − 1 − 2𝜂𝜂2 − 𝜉𝜉02

2𝑏𝑏2
. 

 
As a result of substituting asymptotics (5.15) into (3.21), we find that the limit of the Wigner distribution 
function of the ground state coincides with formula (2.7) for 𝑛𝑛 = 0, i.e. 
 

lim
𝑏𝑏→∞

𝑊𝑊0
𝑔𝑔(𝑝𝑝, 𝑥𝑥) = 1

𝜋𝜋ℏ
𝑒𝑒−𝜂𝜂2−(𝜉𝜉+𝜉𝜉0)2 = 𝑊𝑊0

HO(𝑝𝑝, 𝑥𝑥).                        (5.17) 
 

5.3. Limit of the Wigner distribution function for 𝑛𝑛  excited state. To calculate the limit of  𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) it is 

convenient to start from equality (4.6). Let's rewrite it in the form 
 

𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) = 𝐿𝐿𝑛𝑛

2𝐴𝐴𝑛𝑛+1�𝜌𝜌 − 𝑖𝑖𝑏𝑏𝜕𝜕𝜂𝜂�𝐿𝐿𝑛𝑛
2𝐴𝐴𝑛𝑛+1�𝜌𝜌 + 𝑖𝑖𝑏𝑏𝜕𝜕𝜂𝜂�Ω𝑛𝑛

𝑔𝑔(𝑝𝑝, 𝑥𝑥),                            (5.18) 
where 

Ω𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) = 1

ℏ√𝜋𝜋
𝑛𝑛!(2𝐴𝐴𝑛𝑛+1)Γ(𝐴𝐴𝑛𝑛+1)

Γ(2𝐴𝐴𝑛𝑛+𝑛𝑛+2)
𝑒𝑒−𝜌𝜌 �4𝑏𝑏

3

𝜂𝜂
�
𝐴𝐴𝑛𝑛+1 2⁄

�1 + 𝜉𝜉
𝑏𝑏
�
𝐴𝐴𝑛𝑛+1 2⁄

𝐽𝐽𝐴𝐴𝑛𝑛+1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)�.                  (5.19) 
 

As above, we find the asymptotics of each factor (5.19) as 𝑏𝑏 → ∞. We have 
 

a)Γ(𝐴𝐴𝑛𝑛 + 1) ≅ √2𝜋𝜋(𝑏𝑏2)𝐴𝐴𝑛𝑛+1 2⁄ 𝑒𝑒𝛾𝛾1 , 𝛾𝛾1 = −𝑏𝑏2 + 𝜉𝜉02

2
, 

 

b) (2𝐴𝐴𝑛𝑛+1)
Γ(2𝐴𝐴𝑛𝑛+𝑛𝑛+2)

≅ 1
Γ(2𝐴𝐴𝑛𝑛+𝑛𝑛+1)

≅ 1
2𝑏𝑏√𝜋𝜋

(2𝑏𝑏2)−2𝐴𝐴𝑛𝑛−𝑛𝑛𝑒𝑒𝛾𝛾2 , 𝛾𝛾2 = 2𝑏𝑏2 − 𝜉𝜉02,                         (5.20)                              

с) �1 + 𝜉𝜉
𝑏𝑏
�
𝐴𝐴𝑛𝑛+1 2⁄

≅ 𝑒𝑒𝛾𝛾3 , 𝛾𝛾3 = 𝑏𝑏𝜉𝜉 − 𝜉𝜉2

2
− 𝜉𝜉𝜉𝜉0, 
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d) 𝐽𝐽𝐴𝐴𝑛𝑛+1 2⁄ �2𝜂𝜂(𝑏𝑏 + 𝜉𝜉)� ≅ 1
𝑏𝑏√2𝜋𝜋

�𝜂𝜂
𝑏𝑏
�
𝐴𝐴0+1 2⁄

𝑒𝑒𝛾𝛾4 , 𝛾𝛾4 = 𝑏𝑏2 + 𝑏𝑏𝜉𝜉 − 𝜂𝜂2 − 1
2

(𝜉𝜉 + 𝜉𝜉0)2. 
 
So for Ω𝑛𝑛

𝑔𝑔(𝑝𝑝, 𝑥𝑥) we get the following asymptotics 
 

Ω𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) ≅ 1

𝜋𝜋ℏ
𝑛𝑛! (2𝑏𝑏2)−𝑛𝑛𝑒𝑒−𝜂𝜂

2−12(𝜉𝜉+𝜉𝜉0)2 = 𝑛𝑛! (2𝑏𝑏2)−𝑛𝑛𝑊𝑊0
HO(𝑝𝑝, 𝑥𝑥),              (5.21) 

 
whose substitution into (4.18) gives 
 

lim
𝑏𝑏→∞

𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) = 𝑛𝑛! lim

𝑏𝑏→∞
(2𝑏𝑏2)−𝑛𝑛𝐿𝐿𝑛𝑛

2𝐴𝐴𝑛𝑛+1�𝜌𝜌 − 𝑖𝑖𝑏𝑏𝜕𝜕𝜂𝜂�𝐿𝐿𝑛𝑛
2𝐴𝐴𝑛𝑛+1�𝜌𝜌 + 𝑖𝑖𝑏𝑏𝜕𝜕𝜂𝜂�𝑊𝑊0

HO(𝑝𝑝, 𝑥𝑥).            (5.22) 

 
So that 𝜌𝜌 ± 𝑖𝑖𝑏𝑏𝜕𝜕𝜂𝜂 = 𝛼𝛼 + √2𝛼𝛼 �𝜉𝜉 ± 𝑖𝑖

2
𝜕𝜕𝜂𝜂�, where 𝛼𝛼 = 2𝑏𝑏2,  according to (4.9) will have 

 

lim
𝑏𝑏→∞

(2𝑏𝑏2)−𝑛𝑛𝐿𝐿𝑛𝑛
2𝐴𝐴𝑛𝑛+1�𝜌𝜌 − 𝑖𝑖𝑏𝑏𝜕𝜕𝜂𝜂�𝐿𝐿𝑛𝑛

2𝐴𝐴𝑛𝑛+1�𝜌𝜌 + 𝑖𝑖𝑏𝑏𝜕𝜕𝜂𝜂� = 

= 1
2𝑛𝑛(𝑛𝑛!)2

𝐻𝐻𝑛𝑛 �𝜉𝜉+𝜉𝜉0 −
𝑖𝑖
2
𝜕𝜕𝜂𝜂�𝐻𝐻𝑛𝑛 �𝜉𝜉+𝜉𝜉0 + 𝑖𝑖

2
𝜕𝜕𝜂𝜂�.                                  (5.23) 

 
Taking into account (5.22) and (5.23) we find 
 

lim
𝑏𝑏→∞

𝑊𝑊𝑛𝑛
𝑔𝑔(𝑝𝑝, 𝑥𝑥) = 1

𝜋𝜋ℏ2𝑛𝑛𝑛𝑛!
𝐻𝐻𝑛𝑛 �𝜉𝜉+𝜉𝜉0 −

𝑖𝑖
2
𝜕𝜕𝜂𝜂�𝐻𝐻𝑛𝑛 �𝜉𝜉+𝜉𝜉0 + 𝑖𝑖

2
𝜕𝜕𝜂𝜂� 𝑒𝑒−𝜂𝜂

2−(𝜉𝜉+𝜉𝜉0)2 ,   (5.24) 
 

i.e. at 𝑏𝑏 → ∞ the Wigner function of the model of a linear harmonic oscillator with position dependent mass and 
frequency in an external uniform field transforms into the Wigner function for a linear harmonic oscillator with 
constant mass and frequency in an external uniform field. 

In this work, we have found an exact expression for the Wigner function of a quantum linear harmonic 
oscillator with position dependent mass and frequency in an external uniform field in the case of a semiconfined 
quantum parabolic well. Although the wave function of the considered system is defined on the half-
line(–𝑎𝑎;∞), integration in the definition of the Wigner function is carried out in the finite region (– (𝑥𝑥 + 𝑎𝑎); 𝑥𝑥 +
𝑎𝑎). 
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Carbon nanotubes are discussed in this review structure and synthesis methods. Carbon nanotubes  synthesis by variety 
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Introduction 

 

Nanoscience is the study, understanding and 

control of phenomena and manipulation of material 

at the nanoscale, so nanoscience is the world of 

atoms, molecules, macromolecules, quantum dots, 
and macromolecular assemblies. Research in 

nanoscience is an interdisciplinary knowledge 

which means that it is a whole knowledge on 

fundamental properties of nanosized objects but not 

limited to physics, chemistry, biology, medicine, 

engineering, and materials science. Nanotechnology 

describes many diverse technologies and tools, 

which do not always appear to have much in 

common! Therefore, it is better to talk about 

nanotechnologies, in the plural (2).  Carbon 

nanotubes (CNTs), composed of graphene/graphite 
sheets, have been used since the 1990s and become 

one of the most important materials owing to its 

massive applications in energy, environmental and life 

sciences. 

Carbon nanotube (CNT) is one form of carbon, 

with nanometersized diameter and micrometer-

sized length (where the length to diameter ratio 

exceeds 1000). The atoms are arranged in hexagons, 

the same arrangement as in graphite. The struc- ture 

of CNT consists of enrolled cylindrical graphitic 

sheet (called graphene) rolled up into a seamless 

cylinder with diam- eter of the order of a 
nanometer. It is understood that CNT is the 

material lying in between fullerenes and graphite as 

a quite new member of carbon allotropes (3). 

In the [1] article authors studied the structure of 

carbon nanotubes.    Carbon nanotubes are members 

of the fullerene structural family, which also 

includes buckyballs. Whereas buckyballs are 

spherical in shape, a CNT is cylindrical, the ends of 

some CNTs are open; the others are closed with full 

fullerene caps. CNTs name is derived from their 

size, since the diameter of a CNT is on the order of a 
few nanometers (approximately 50,000 times 

smaller than the width of a human hair), while they 

can be up to several micrometer in length. 

Commercial applications for CNT have been rather 

slow to develop, how- ever, primarily because of 

the high production costs of the best quality CNTs. 

The current huge interest in CNTs is a direct 

consequence of the synthesis of 

buckminsterfullerene C60, and other fullerenes, in 

1985. The discovery that carbon could form stable, 

or- dered structures other than graphite and diamond 

stimulated researchers worldwide to search for 
other new forms of carbon. The search was given 

new impetus when it was shown in 1990 that C60 

could be produced in a simple arc evaporation  

apparatus readily available in all laboratories. It was 

using such an evaporator that the Japanese scientist 

‘‘Sumio Iijima’’ discovered fullerene-related CNTs 

in 1991 (4). The tubes contained at least two layers 

(multi-walled carbon nano- tubes MWCNTs), often 

many more, and ranged in outer diameter from 

about 3 nm to 30 nm. They were invariably closed 

at both ends. 
A scanning of some MWCNT is shown in 

1993; a new class of CNT was       discovered, with 

just a single layer. These (single-walled carbon 

nanotubes SWCNTs) are generally nar-rower than 

the multi-walled tubes, with diameters typically in 

the range 1–2 nm, and tend to be curved rather 

than straight.  

It was soon established that these new fibers 

had a range of exceptional properties, and this lead 

to increase of research into CNTs. It is important to 

note, however, that nanoscale tubes of carbon, 

produced catalytically, had been known for many 
years before Iijima’s discovery. The main reason 

why these early tubes did not excite wide interest is 

that they were structurally rather imperfect, so 

did not have particu-larly interesting properties. 

Recent research has focused on improving the 

quality of produced CNTs (5). 

 

Structure of CNTs 

 

Carbon nanotubes are sheets of graphite that 

have been rolled into a tube. A graphene sheet can 
be in rolled more than one way, producing different 

types of CNTs, (graphene is an individual graphite 

layer). 

CNTs are considered as nearly one-

dimensional structures (1D buckytube shape) 

according to their high length to diameter ratio. 

https://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=&ved=2ahUKEwicio371MX9AhWqXvEDHagkDaAQFnoECBkQAQ&url=http%3A%2F%2Fwww.physics.gov.az%2Findex_az.html&usg=AOvVaw3jbtGgnm1NrhCgCkhZyIX6
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Most important structures are SWCNTs and 

MWCNTs. A SWCNT is considered as a cylinder 

with only one wrapped graphene sheet while 

MWCNTs are similar to a collection of concentric 

SWCNTs. The length and diameter of these 

structures differ a lot from those of SWCNTs 

and, of course, their properties are also very 

different. The bondings in CNTs is sp2 and consist 

of honeycomb lattices and are seamless structure, 
with each atom joined to three neighbors, as in 

graphite. The tubes can therefore be considered as 

rolled up graphene sheets. 

The type of CNT depends on how the 

graphene sheet is oriented on rolling. This can be 

specified by a vector (called chiral vector), which 

defines how the graphene sheet is rolled up. Fig. 

1 showing how a hexagonal sheet of graphite is 

rolled to form a CNT in a vector structure 

classification. 

The vector is determined by two integers 

(n,m). Two atoms in a planar graphene sheet are 

chosen and one is used as origin. The chiral vector C 

is pointed from the first atom toward the second one 

and is defined by the relation (6)  
C = na1 + ma2 

Where: n and m are integers. a1 and a2 are the 

unit cell vectors of the two-dimensional lattice 

formed by the graphene sheets. The direction of the 

CNT axis is perpendicular to this chiral vector. 

  

 
 
Fig. 1. The 2D graphene sheet diagram showing a vector structure classification used to define CNT structure.  

 

Carbon nanotubes are only described by the 

pair of integers (n,m) which is related to the chiral 

vector. It can be seen from Figs. 1–3 three types of 

CNTs are revealed with these values: 

m = 0 for all zig-zag tubes and (h = 30°); 

n = m for all armchair tubes and (h = 0°); 

Otherwise, when n „ m they are called chiral 

tube and (0° < h < 30°). 
The value of (n,m) determines the chirality of 

CNT and affects the optical, mechanical and 

electronic properties. CNTs with |n m |= 3i are 

metallic like as in (10,10) tube, and those with |n  

m |= 3i ± 1 are semiconducting like as in (10,0) 

tube, (i is an integer) 

The armchair and zig-zag tubes structures have a 

high degree of symmetry. These terms refer to the 

arrangement of hexagons around the 

circumference. While the chiral tube structure, 

which in practice is the most common, meaning that  
it can exist in two mirror-related forms. 

The three distinct ways in which a graphene 

sheet can be rolled into a tube are shown in Fig. 2. 

 

 
 

Fig. 2. Schematic diagram showing the way of formation different CNTs chirality structures. 
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For example; to produce a CNT with the indices, say, the sheet is rolled up so that the atom labelled 

(0,0) is superimposed on the one labelled. CNTs structural types are shown in Fig. 3 . 

 

 
 

Fig. 3. CNTs structure with different chiralities. The difference in structure is easily shown at the open end of the 
tubes. (A) armchair structure, (B) zig-zag structure, (C) chiral structure. 

   

The terminating cap of CNT is formed from 

pentagons and hexagons. The smallest cap that fits 

on to the cylinder of the carbon tube seems to be 

the well-known C60 hemisphere. The smallest 
experimental value of CNT diameter of 0.7 nm is 

in good agreement with this cap (6). However, 

some authors have recently studied CNTs at the 

the- oretical limit of 0.4 nm in diameter. These 

CNTs are sometimes capped with a C20 dodeca- 

hedron. 

Specific surface area gives good information 

of CNT characteristics and properties. Using some 

geometrical calcula- tions, the theoretical external 

specific surface area for CNTs have been 

determined. For one side of graphene sheet, the 
value obtained is 1315 m2g—1 but using different 

multi-walled geometries and nanotubes bundles the 

va- lue decreases to 50 m2g—1. 

The easiest way to visualise how CNTs are 

built up is to  

start with graphite, the most stable form of 

crystalline carbon. Graphite consists of layers of 

carbon atoms. Within the layers, the atoms are 

arranged at the corners of hexagons which fill 

the whole plane (in the idealized case without 

defects). The carbon atoms are strongly (covalently) 
bound to each other (carbon–carbon  distance   0.14 

nm). The layers themselves are rather weakly 

bound to each other (weak long-range van der 

Walls-type interaction, interlayer distance of 0.34 

nm). The weak interlayer coupling gives graphite 

the property of a seemingly very soft material, the 

property which allows using graphite in a pen to  

write with. 

The nature of the bonding of a CNT is 

described by applied quantum chemistry, 

specifically, orbital hybridisation. The chemical 

bonding of CNTs is composed entirely of sp2 
bonds, similar to those of graphite. This bonding 

structure, which is stronger than the sp3 bonds 

found in diamond, provides the molecules with 

their unique strength. CNTs naturally align 

themselves into ropes held together by van der 

Waals forces. Under high pressure, CNTs can 

merge together, trading some sp2 bonds for sp3 

bonds, giving great possibility for producing strong, 
unlimited length wires through high pressure CNT 

linking (7). 

       In their (8) paper  authors investigated the 

synthesis of carbon nanotubes. 

Chemical vapor deposition (CVD): CVD is a 

technique in which the vaporized reactants react 

chemically and forms a nanomaterial product that is 

deposited on the substrate Figure 4. 

Sources for carbon: The precursor for carbon 

nanotubes are hydrocarbon gases such as acetylene, 

ethylene, methane, etc. . 
Substrate used: Substrates are materials on 

which the CNTS are grown. The commonly used 

substrates in CVD method are zeolite, silica, silicon 

plate coated with iron particles, etc. 

Catalyst used: To produce single-walled carbon 

nanotubes metal catalyst nanoparticles such as iron, 

cobalt, nickel, molybdenum, iron-molybdenum 

alloys, etc. are used. 

Sources for CVD used: Based on the heating 

source, the CVD can be: 

• Thermal activated CVD which is heated by IR 
radiation, RF heater, etc. 

• Photo assisted CVD which is heated by Arc lamps, 

CO2 laser, Argon ion laser,      Nd:YAG laser, etc. 

• Plasma assisted CVD which is heated by microwave 

radiation, etc. 

Conditions maintained: The following 

conditions are maintained inside the furnace. 

• Temperature: 500–900°C. 

• Inert gas atmosphere: Argon gas. 

 

Procedure for synthesis of CNTs by thermal CVD 

method 
CNTs are synthesized by thermal CVD method 

by using hydrocarbon gas as car- bon source. In this 

method, a quartz tube is placed inside a furnace 
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maintained at high temperature (500–900°C) heated by 

RF heater. A crucible containing the substrate coated 

with catalyst nanoparticles is placed inside quartz tube 

filled with inert gas such as argon gas.  

The hydrocarbon gas (carbon source) is pumped 

into the quartz tube which undergoes pyrolysis reaction 

and forms vapor carbon atoms. These carbon atoms bind 

to the substrate and join to eachother by Vanderwaal 

force of attraction and grow as multi-walled carbon 

nanotubes (MWCNTs) on the substrate [23]. To 

synthesize single-walled carbon nanotubes catalyst 

nanoparticles of Fe, Co, Ni are used. The obtained 

CNTs are further purified to get the pure form of 

CNTs. 

 

                                                     
Fig.4. CVD method. 

         

Electric arc discharge method 

Carbon nanotubes are synthesized by electric arc 

discharge method which is also called Plasma Arcing 

method. 
Electrodes: Pure graphite rods (both positive and 

negative electrode). The positive electrode is 

adjustable from outside to maintain the gap between 

the two electrodes. 

Diameter of electrodes: 5–20 μm. Gap between 

electrodes: 1 mm. Current: 50–120 amperes. 

Voltage: 20–25 V. 

Inert gas pressure: 100–500 torr (No CNT 

formed below 100 torr). Inert gas is used for cooling 

and condensation of atoms to form the CNTs. Inert 

gas deter- mines the structure of carbons to be present 
in CNTS. Commonly used inert gas is helium gas. 

Temperature: 3000–3500°C. 

Reactor: It contains a quartz chamber which is 

connected to vacuum pump and a diffusion pump to 

inert gas supply. Initially the chamber is made 

vacuum by the vacuum pump and then the chamber is 

filled with helium gas by the diffusion pump [9]. 

 

Procedure for synthesis of CNTs by Electric arc 

discharge method 

In this method, a potential of 20–25 V is applied 

across the pure graphite elec- trodes separated by 1 

mm distance 4and maintained at 500 torr pressure of 

flowing helium gas filled inside the quartz chamber 
figure 5. When the electrodes are made to strike each 

other under these conditions it produces an electric 

arc. The energy produced in the arc is transferred to 

the anode which ionizes the carbon atoms of pure 

graphite anode and produces C+ ions and forms 

plasma (Plasma is atoms or molecules in vapor state at 

high temperature). These positively charged carbon 

ions moves towards cathode, gets reduced and 

deposited and grow as CNTs on the cathode. As the 

CNTs grow, the length of the anode decreases, but the 

electrodes are adjusted and always maintain a gap of 1 
mm between the two electrodes. If proper cooling of 

electrodes are achieved uniform deposition of CNTs 

are formed on the cathode which is achieved by inert 

gas maintained at proper pressure [10]. By this method 

multi-walled carbon nanotubes are synthesized and to 

synthesize single- walled carbon nanotubes catalyst 

nanoparticles of Fe, Co, and Ni are incorporated in 

the central portion of the positive electrode. The 

obtained CNTs are further purified to get the pure 

form of CNTs. 

 

 
Fig. 5. Electric arc method. 
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Laser ablation method 

 

Physical vapor deposition (PVD): PVD is a 

technique by which a material can be vaporized into 

gaseous form and then deposited on the surface of a 

substrate. 

Target source: The most common carbon source 

target used is solid graphite which is irradiated by laser 

source and vaporized into vapor carbon atoms. 
Laser source: Laser source used for 

vaporization of target material into target vapor atoms 

can be continuous laser source such as CO2 laser or 

pulsed laser source such as Nd:YAG laser 

(Neodymium doped Yttrium Aluminum Garnet, 

Nd:Y3Al5O12) . 

Substrate used: The substrate used in this 

method is the water cooled copper collector on which 

the vaporized carbon atoms deposit and grow as 

CNTs. 

Inert gas atmosphere: Argon gas is commonly 

used as inert gas which flows at a constant flow rate 
towards the water cooled copper collector. 

 

Procedure for synthesis of CNTs by Laser Ablation 

method 

Laser Ablation method is a Physical Vapor 

Deposition method in which graphite target is 

vaporized by laser source Figure 6. In this method the 

graphite target is placed at the center of quartz 

chamber filled with argon gas and maintained at 

1200°C.The graphite target is vaporized by either 

continuous laser source or pulsed laser source. The 

vaporized target atoms (carbon) are sweeped toward 

cooled cop- per collector by the flow of argon gas. 
The carbon atoms are deposited and grown as CNTs 

on cooled copper collector. In case of continuous laser 

beam, the carbon atoms are continuously vaporized 

whereas in case of pulsed laser beam the amount of 

CNTs produced can be monitored as each shot of 

pulsed laser beam is directly proportional to the 

amount of carbon atoms vaporized [11]. By this 

method multi- walled carbon nanotubes are 

synthesized and to synthesize single-walled carbon 

nanotubes catalyst nanoparticles of Fe, Co, Ni are 

used.  

The obtained CNTs are further purified to get 
the pure form of CNTs. 

 

                                           

 
Fig. 6. Laser ablation method—schematic representation. 

 

Procedure for pulsed laser deposition method 

 

Pulsed Laser deposition is a thin film 

deposition technique in which the target material is 

vaporized by pulsed laser beam and vaporized target 

atoms are made to deposit on substrates Figure 7. The 

furnace contains a target at bottom and substrate 
mounted on the top. A pulsed laser beam from 

Nd:YAG laser source  

is made to strike the target to produce vaporized 

target atoms called the plume (plume is vaporized 

atoms at high temperature) [12]. The plume moves 

towards the substrate and it is deposited and grown 

as CNTs. Each shot of laser is directly related to the 

amount of material ablated, thus deposition rate can be 
controlled and calibrated. 

 

 
Fig. 7. Pulsed laser ablation method—Schematic representation. 
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The synthesis methods were investigated by 

Seyed Oveis Mirabootalebi, Gholam-Hosein Akbari 

Fakhrabadi. Authors (13). 

First synthesis of cnt was done accidentally by 

arc discharge (1) and now synthesis methods of 

carbon nanotubes are different and various. Generally, 

produce type can specified properties of cnt (15); 

precursor (which can be solid, liquid, or gas), heat 
source, time, temperature, atmosphere of reactions and 

commonly; mechanism, determinate traits of cnt. Most 

common methods for synthesis of carbon nanotube 

are arc discharge, laser ablation and chemical vapor 

depositio n (15-19).    Some of other methods for 

synthesis of carbon nanotubes include: dipping 

graphite in cold water (21), mechano-thermal (20), 

synthesis with decomposition Sic, torsion of graphene 

layers, with solar energy, synthesis with heat treatment 

of polymer, pyrolysis, with liquid phase and 

electrolysis.  

 

Electrolysis method 

 

This method based on liquid phase which was 

invention in 1995. with electrowinning of alkali or 

alkaline-earth metals from their chloride salts, cnt 

deposited on substrate (22). 

By applying DC voltage between two electrodes 

in chamber of molten alkali-alkaline earth metals, 

could be produced multi walled carbon nanotubes. 

Relation (1) show formation lithium carbide    (23). 

 

2Li++2e++2C (graphite) =Li2C2              (1) 

 

By forming lithium carbide (Li2C2), synthesize 

of cnt can be started in liquid phase. Generally; 
diameter of cnt in this method was 2-10 nm and length 

of them is 0/5 micrometer or more was reported and 

amorphous carbon, carbon nanofibers, nanographites 

and encapsulate cnt are byproducts of this method 

(24). Obtained Cnt usually are multi walled, but also 

in some researches, produced single walled cnt (26) 

Different salts, applied for producing cnt such as 

NaCl, LiCl, KCl, and LiBr (25).Current density, 

electrolysis regimes, time, molten salt and temperature 

are the controller parameters of reaction. By 

optimizing condition of process, the reaction yields up 
to 20- 40% increase for producing multi walled carbon 

nanotubes]. 

Electrolysis can be done in low temperature, 

don't need to advanced equipment, possibility to 

controlling process of synthesize, have high quality, 

having low energy consumption and also don’t 

suitable for mass production. 

 

 CVD method 

 

Cvd method known as simple way with gas 

precursor that containing carbon such as CO2 or 

C2H2, C2H4 and other hydrocarbons and 

temperature of cvd changing amount 350-1000 ˚C.  
Different parameters influence on cnt growth; such as: 
time and temperature of reaction, diameter of catalyst, 

rate and type of reactant gas . 

Classification methods of cvd, based on energy 

source and categorization in various types; for 

example when heat source is thermal resistance, 

flame or infrared lamps, this cvd called thermal cvd 

and also mechanism and catalyst of process effective 

in nominated of cvd. 

Common methods for synthesis cnt are: plasma 
enhanced PE-CVD2, aerosol CVD AA-CVD3, with 

aerogel, with alcohol catalyst assisted AC-CVD4, with 

laser LCVD5, water assisted WA-CVD6, hot filament 

HF-CVD7, oxygen assisted, with plasma radio 

frequency RF-PE-CVD88, with plasma microwave 

MPE- CVD9 and catalytic CVD or CCVD10[23,40,41]. 

Figure (2) show variety methods of cvd for synthesis 

carbon nanotubes. 

Using plasma leading to increase velocity of 

reactions and Main properties of plasma enhanced is 

lower temperature than other methods, whilst 

minimum temperature of normal cvd 500˚C reported, 
synthesis temperature of carbon nanotubes and 

carbon nanofibers by plasma assisted even 120˚C 

reported and also this type with comparison other low 

temperature methods, have better vertically growth. 

In cvd with aerosol, aerosol using as catalyst 

which catalyst particles distribution on substrate and 

help to synthesis cnt on substrate (28) Many 

researchers reported this method synthesizing high 

quality single and multiwall carbon nanotubes (28-30). 

In aerogel type, sediments deposition on aerogel. 

Efficiency of Aerogel cvd is high (200% weight 
percentage for single-wall). The key point for high 

efficiency is high surface area of aerogel and so 

increase performance of alumina catalyst. 

In alcohol cvd, alcohols use as carbon source  

which Fe and Co catalyst put on zeolite and 

evaporated alcohol (often methanol and ethanol), 

splashing over catalyst particles. 

Temperature of process is rather low (about 

550˚C) that lower than other common cvd methods. 

Diameter of carbon nanotubes about 1 nm and 

efficiency of process is 40% . Due to the high purity, 
low production costs and high efficiency, this method 

can be used for mass production of carbon nanotubes. 

In L-cvd; focusing a laser beam on a small 

portion of the substrate, prevents damage of substrate. 

We have more control over synthesis parameters and 

on the other hand does not need to warm up all the 

substrate.  

In water assisted cvd, the amount of water 

entering the process can be controlled and with precise 

control of amount of water can be achieved over 7 mm 

length of cnt. 

In oxygen assisted-cvd, with a certain proportion 
adding oxygen to other gasses, single walled cnt with 

high efficiency could be synthesised. In fact; by 

adding oxygen to hydrogen, can be more control over 

the process and stop destruction sp2 bonds that led to 

the steady alignment growth of single-walled 

nanotubes. 
Added oxygen also leads to the loss of 

amorphous carbon and other carbon impurities and 
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remove the destructive precursor role during the 

growth and on the other hand, increasing the purity 

and efficiency; however, this method for some 

catalysts like separate iron nanoparticles due to 

carbothermal reaction, is not suitable . 

 

Mechano Thermal method 

 

Mechano thermal containing two main steps; 
first producing amorphous carbon and subsequently, 

annealing them in vacuum furnace. Carbon 

amorphisation done by high energy ball milling. 

Milling time for synthesis amorphous carbon up to 

180 h that change for different condition: difference in 

type of atmosphere (Ar or air), cup speed (300 rpm or 

more), ball to powder ratio, numbers of balls and 

purity of powders. With increasing milling time, 

crystallite size decreasing and finally forming 

amorphous structure. 

With attention to long time of milling, very small 

amount of metal powders due to Friction between the 
cup and balls, enter the graphite powder and 

possibility help to nucleation and growth of cnt in 

thermal step. 

Produced amorphous carbon putting in vacuum 

furnace. Temperature of furnace 1400˚ C for a few 

hours to connecting atoms of amorphous carbons 

together and forming carbon nanotubes. Structure of 

produced carbon nanotubes is usually springy multi 

walled nanotubes. 

Properties of Mechano-thermal includes: simple 

process, suitable for mass production, low cost, and 
don’t need to special equipments, butt the time of 

process is too long and mechanism of process is not 

continuous and inclusive two steps. 

 

 Laser Ablation method 

 

In Laser ablation/vaporization, by strike pulsed 

laser or continuous wave laser on graphite target; 

nucleation and growth of carbon nanotubes to be 

started (31,23). First formation a hot evaporation and 

subsequently quickly cooled. 
During cooling of the samples, small molecules 

and carbon atoms quickly condense and form larger 

clusters and synthesized carbon nanotubes by van der 

waals forces stay together. For producing multi wall 

carbon nanotubes use pure graphite rods and for single 

wall use composite block of graphite. For producing 

single walled, Graphite composited with metal 

catalyst, such as Fe, Ni and Co and He-H2 and Ar use 

as ambient gas. 
 In pulsed laser, needs more intensity laser's light 

than continuous laser. Nd:YAG and CO2 are most 

common lasers used for laser ablation (31). 

Diameters of cnt which produced by this method 

4-30 nm and length of them is about 1 micrometer. 

Byproducts and impurities are amorphous carbon, 

catalyst particles, fullerene etc. Catalyzers also help to 
growth of carbon nanotubes. Most of catalyst were 

used in laser ablation are: Co, Cu, Nb, Ni, Pt, Co/Ni, 

Co/Pt, Co/Cu, Ni/Pt. quality of production related to 

target composition , power of laser beam and laser 

properties, catalyst type, type of ambient gas , 

temperature of reactions and distance between 

substrate and target (31). Produced carbon nanotubes 

by this method have high purity, high yield and most 

produced single wall cnt; but not suitable for mass 

production and also need expensive and especial 

equipments . 

 

Flame Synthesis 

 

In this method, cnt synthesizing by direct 

combustion of carbon source in presence of an 

oxidizing gas (23). Generally; flame synthesis contain 

of three steps. First producing carbon source by 

hydrolysis of hydrocarbon. Second; diffusion of 

carbon's atoms to metallic catalyst and third; 

nucleation carbon nanotubes on surface of catalyst and 

it's gradual growth. 

Oxidation gas can be oxygen or nitrogen and 

carbon feedstock are acetylene, methane, ethanol and 

ethylene. Type of flame created, have essential role on 
quality of produced carbon nanotubes and determinate 

amount of amorphous carbon in final producing. For 

optimizing condition, must be control temperature, 

composition of fuel gas and catalyst of reactions. This 

way is economic, suitable for mass production and 

most synthesizing single walled cnt, but rate of growth 

is relatively low. 

 

 Arc discharge 

 

Arc discharge known as one of oldest method for 
producing carbon nanotubes (14). Two high purity 

graphite rods used as anode and cathode and by 

applied direct current (in some cases pulsed current), a 

stable arc is created. Due to the power of created arc, 

carbon separated from anode and condensed on 

cathode to forming of soot (23). 

Arc discharge done in various environment such 

as: liquid environment (liquid nitrogen, toluene, not 

ionized water), gas environment (Ar, Ar-H, He) or in 

plasma rotating arc discharge. Plasma rotating arc 

discharge is an economic method for large-scale 
synthesis of carbon nanotubes. Centrifugal force 

which created by rotation, accelerating the evaporation 

of anode and also cause uniform and stable dispersion 

of arc and so increases volume and temperature of 

discharge plasma. 

Most carbon nanotubes that synthesised by arc 

method are multi walled but by penetration graphite 

rods and filling them with graphite's powder and 

metal catalyst; can be achieve to single wall carbon 

nanotubes. 

Pressure of Steam chamber and flow rate; are 

two key parameters for controlling the process. In arc 
discharge; speed of process is high and synthesis 

condition is controllable, but both of quality of 

productions and efficiency of process is low. 

The synthesis methods were analyzed by Nur-

Azzah Afah Binti Taib , Sarawak Md. Rezaur 

Rahman, Mohammed Mahbubul Matin, Jamal Uddin, 

Muhammad Khusairy Bin Bakri, Afrasyab Khan  

Authors (30). 
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 Laser vaporization method 

 

The CNTs were first synthesized using a laser in 

1995, and the pulsed laser vaporization (PLV) 

technique is used to extract a large variety of carbon 

allotropes from graphite, one of which is CNTs. A 

laser beam (Yttrium Aluminum Garnet or CO2 laser) 

was used in this process, and it will be put within a 

reactor, where it will be focused on the graphite rods. 
Until beginning the process, argon buffer gas and a 

catalyst mixture of Co and Ni in a 50:50 ratio was 

passed through the rod at 1200°C. The metal was 

added to the process to help catalyze the creation of 

SWCNTs, but it also produced a slew of other 

byproducts. As a result of the high temperature of the 

argon buffer steam, the rod will vaporize. As the 

vaporization was cooled, it was deposited in the 

copper collector, and nanotubes were formed (33,34). 

The schematic diagrams for the laser ablation 
procedure are shown in Fig. 8.  

 

 
 

Fig. 8. Schematic diagram for laser ablation technique. 

    

One of the benefits of this method is that high-

quality SWCNTs with limited defects can be achieved 

in a reasonably high yield. Since the metallic atoms 

appear to vaporize when the tube's end is closed, this 

was possible. SWCNTs generated have excellent 

structural integrity as well. Furthermore, diameter 

modulation of the samples can be achieved easily by 

adjusting the method's parameters, i.e. catalytic metal, 

flow rate, and temperature. Apart from that, SWCNTs 

can be synthesized without requiring the production of 
MWCNTs .  

However, there are several drawbacks to this 

approach. The CNTs generated may have some 

branching and may not be perfectly straight. Despite 

using higher purity graphite rods and laser forces, the 

amount of CNTs generated is lower than when the arc 

discharge approach is used (35). Typically, a 

significant amount of SWCNTs can be generated with 

good crystallization using both arc discharge and laser 

ablation methods. However, owing to the unique basic 

equipment requirements and high energy demand, 

these two strategies are less advantageous than CVD. 
In terms of yield and purity, CVD are superior to arc 

and laser methods. This is because the size of the 

carbon source, i.e., anode for arc discharge and target 

for laser ablation, determines the amount of the 

sample formed in both arc and laser processes. There 

is also a need for intensive purification of CNTs 

developed using these two techniques, which led to 

the production of gas phase methods like CVD .  

 

Chemical vapor deposition (CVD) method 

 
CVD is showing high potential to be used further 

as a CNTs processing tool for future industrial 

applications due to advantages such as relatively low 

growth temperature, high yields, and high purities 

with many explicit properties that can be obtained 

during its manufacture While this process was first 

used in the 1960s and 1970s to produce carbon fibers 

and carbon nanofibers, it was not until 1996 that it was 

used on a wide scale for the production and synthesis 

of CNTs. Strong, liquid, and gaseous precursors were 

used to aid in the development of CNTs at relatively 

low temperatures, i.e., 500 to 1000°C, and at 

atmospheric pressure. Metal or metal oxide catalyst 

particles are used as "seeds" to aid in the development 
of certain precursors. In addition, the gaseous or 

volatile carbon compound can decompose with the aid 

of metallic nanoparticles as a catalyst in this step. The 

catalyst also serves as a nucleation site for the 

development of CNTs . The reaction chamber is filled 

with a combination of nitrogen, ethylene, and 

acetylene during the procedure. This approach allows 

CNTs to expand in a variety of macroscopic 

morphologies, including powders and films (i.e., thick 

or thin), as well as various microscopic architectures 

(i.e., aligned, coiled, intertwined, or straight). The 

simplicity of the process is due to the use of such 
precursors, as well as different substrates and catalysts 

. As a result, producers will get the desired type of 

CNT. The four key parameters that specify the form of 

CNTs formed (SWCNT or MWCNT) in this process 

are the reactor's atmosphere, the source of 

hydrocarbon, the catalyst, and the growth temperature. 

MWCNTs are typically formed at lower temperatures 

(i.e. 600 to 900°C), while SWCNT development 

occurs at temperatures greater than 900°C. Not just 

that, but the commodity obtained is purer and has a 

higher yield. Regardless, defects can be detected in the 
composition of the samples collected, and these 

defects are normally in significant numbers. The 

general and basic schematic diagrams for the CVD 

technique are shown in Fig.9.  
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Fig. 9. Schematic diagrams of CVD process. 

 

Thermal catalytic CVD 

 

Decomposition of hydrocarbons or other carbon 
feedstock will take place at elevated temperatures 

ranging from 500 to 1200°C in this process. Prior to 

use, the feed would be dissolved in a steady flow of 

noble gases in the furnace, which would pass through 

transition metal catalysts such as iron, nickel, and 

cobalt, among others. The decomposed carbon would 

dissolve such metal particles until it reached a point of 

super saturation. The hydrocarbon is then decomposed 

and deposited on a substrate, i.e., alumina, glass, or 

silicon substrate. The carbon precipitate would then 

form in the shape of fullerene dorms. Depending on 

the temperature range of the process, different forms 
of CNT may be produced by using various types of 

carbon feedstock. Chemical composition and textural 

properties of the catalyst material(s) used are two 

parameters that control the length, diameter, 

orientation, and consistency of produced CNTs. The 

amounts of defects and the existence of amorphous 

carbon was also used to test the above properties of 

the finished product.  

                                  

Plasma-enhanced CVD (PECVD)   

 
PECVD is a broad concept that encompasses a 

variety of synthesis methods which may be either 

direct or remote. Direct PECVD was used to make 

MWCNT field emitter towers and some SWCNTs, 

while remote PECVD can be used to develop all types 

of CNTs. Instead of using thermal energy, this method 

uses energy sources that can supply energy for both 

hydrocarbon decomposition and CNT processing at a 

low temperature. The plasma energy sources used on 

the CNT formation are hot filament PECVD, direct 

current PECVD, radio frequency PECVD, and 

microwave PECVD. Hydrocarbon gas is used over 
intermediate metals in an ionized state in this process. 

Furthermore, the reactive species in the plasma system 

influenced the development of microscopic diameter 

tubes, which had implications for both diameter 

regulation and selective etching of metallic SWCNTs. 

The PECVD process consists of three major stages: (i) 

primary reaction takes place between energetic 

particles and carbon precursor in nonequilibrium 

plasma which leads to the precursor to be decomposed 

into carbon atoms and other active radicals; (ii) 

diffusion of carbon atoms and radicals onto the 

catalyst surface, as well as secondary reactions 

between the reactants, and (iii) catalyst interacts with 
the reactants on its surface, allowing carbon atoms to 

infiltrate and precipitate, as well as the release of 

result gases (Ding et al., 2016). This kind of CVD 

process has the benefit of producing a high yield of 

matched CNTs at a lower substrate temperature. 

Furthermore, by adding a voltage to the substrate, the 

volume of supplied ionized carbon species onto the 

catalyst surface can be tuned. The chirality 

distribution and growth rate of SWCNTs can be 

regulated, for example, by adjusting catalyst size and 

H2 flow rate. This kind of CVD process has the benefit 

of producing a high yield of matched CNTs at a lower 
substrate temperature. Furthermore, by adding a 

voltage to the substrate, the volume of supplied 

ionized carbon species onto the catalyst surface can be 

tuned. The chirality distribution and growth rate of 

SWCNTs can be regulated, for example, by adjusting 

catalyst size and H2 flow rate. 

 

Alcohol CVD (ACCVD) 

 

Since the temperature of the process is relatively 

low as low as 550°C, the ACCVD system can produce 
SWCNTs in large quantities at a low cost. Evaporated 

methanol and ethanol are applied to zeolite-supported 

iron and cobalt catalytic metal particles in this process. 

Alcohol reacting with catalytic metal particles created 

hydroxyl radicals, which removed carbon atoms with 

hanging bonds, preventing the formation of high-

purity SWCNTs. 

               

CONCLUSION 

 

Nanomaterials provide an enriched knowledge 

on distinct probability and also definitely sound well 
in biomedical regenerative therapy for its uniqueness 

owing to its excellent physical as well as chemical 

properties. 

Among of the main methods for synthesising 

carbon nanotubes, chemical vapour deposition due to 

simplicity, controllable mechanism, high ability for 

synthesizing aligned cnt, variety modified types for 

producing different kind of cnt, high efficiency close 

to 100% and suitable for mass producing; is the most 

attractive way for synthesis of carbon nanotubes. 
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Flame synthesis have high potential for 

producing economical large scale of cnt that have a 

simple mechanism; but increasing impurities is a big 

problem in this mechanism. 

Laser ablation and Arc discharge are common 

method for synthesis cnt that both of them not suitable 

for mass production, besides that; quality of yields in 

arc discharge is low. The problem of mass production 

also exist for electrolysis, and this method used in 

laboratory scale. In mechano thermal despite 

simplicity and large scale of production, not 

continuous (consist of two steps) and process is very 

slow.

______________________________________ 
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