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OT PEAAKTOPOB CEPUU

B xauectBe TpeThero BLIIYCKa CepHM PelaKLMs HPUHANA Nepeusnanvie
(c HexoTopbiMy H3MeHeHHsMu) Kuur JI. . Dabcrobia nmo COOTBETCTRBY-

IOLLUM Dpa3leqaaM.

MMPEANUCJIOBHE

TpeTuft Bunyck «Kypca BhICIIEH MaTeMaTHKH W MaTeMaTHuecKOH Gu-
BUKM» A5 DH3HUECKUX H (PHU3HKO-MATEMATUYECKUX (AKY/ALTETOB CONEPKUT
Teopuio nuddepenunatbHEX ypasHeHuii M BapMAUMOHHOE WCUMCJEHUE.
B ocHOBY xHUrM TMOJOMEHBl JeKUHH, KOTOpbie aBTOp B TeueHHe psaa
JAeT vutaa Ha ¢usnueckoM daxkyabreTe Mockosckoro opfena Jlenuua
rocynapcTBeHHOro ynusepcutera uM. M. B. Jlomownocosa.

WanaraeMult Matepuan XOTH M OJM30K K COAEPXAHUIO KHUT aBTOpA
«Indpdepenuuanpsie ypasuenuss (M., Focrexmanar, 1957) u «Bapua-
unonHoe ucuncjiennes (M., Tocrexusmar, 1958), omuako no cosery
peraktopos Kypca 8 uero sHeceH.psa uaMeHeHMH. 3a STH COBETH aBTOP
BblpaXKaeT MM CBOI0 HCKPEHHIOI0 MPH3HATEALHOCTb.

A. 3. Savczosvy



YACTDH I
NN POPEPEHIIUAJIbHBIE YPABHEHUY

BBEJEHHE

[Tpn usyuenuy (usHUECKHX ABJAEHHH 4aCTO He YAaeTcd HEMOCpelcT-
BEHHO HAWTH 3aKOHH, CBA3LIBAIOLUIME BEJHYHHBI, XapaKTepH3yiollve uau-
ueckoe fBJNeHUE, HO B TO Ke BpeMd JerKO YCTaHaB/JIMBaeTCHd 3aBUCHMOCTDb
MeXJy TeMH ke BeqMYMHAMH M WX NPOUSBOLHBIMH MM Auddepeniuanamu.
ITpu sTOM MBI NOJYH4EM YPaBHEHHd, COJepKallue HEH3BECTHbIe (QYHKUMH
KHNE BeKTOP-(QYHKUMK NMOJ SHAKOM NPOM3BOAHOR MM Auddepenuuana.

YpaBHeHus,, B KOTODHX HeHsBecTHasd (QYHKUMS WM BEKTODP-yHKLUA
BXONUT TOA 3HAKOM NpPOUSBOAHOH KM AuddepeHUHana, HasbBAKTCA
oudbgpe penyguarsruvimu Yypaguedunamu. TipupeaeM HeCKO/JIbKO NPHMEpPOB
1ugpdepeHUHANbHEIX YPpaBHeHuMH:

X
1) —7 = — kx — ypaBHeHne paNuOaKTUBHOrO pacnasa (kK —mnocTosH-
HaA PACNafd, X — KOJMHYECTBO HEPA3JOXKHBILETOCH BELeCTBA B MOMEHT

dx
BpeMeHH £, CKOpOCTb pacnaza wa NPONOPLUHOHAJAbHA KOJHYECTBY pac-

Manaioulerocs BellecTBa).

d r dr
2) m—=F|{, r, ~7 | — YPaBHeHWe IBWXEHHS TOUKM MacCh m

noil BJIHSIHI/IEM cuianl F, 3aBucsauet ot BpeMeHM, IOJOXEHHUS TOYKH, OIpe-

AeN9EMOr0 paguyCoOM-BEKTOPOM 1, H €€ CKOPOCTH Cuna paBHa

dr
“‘d"t_'-
Npou3BeJeHHIO MAcChl ua _yckopenue.
2 2

3) gx‘; —{-—,g;; + 022 ==4np(x, y, 2) — ypasHeuue IlyaccoHa, ko-
TOPOMY, Hanpumep, YIOBJETBOpSeT TNOTeHUMan u#(x, y, 2Z) 3JeKTpPOCTa-
THYEeCKOro mnoJd, p(x, y, 2)—--IJIOTHOCTb 33apsAOB.

34BUCHMOCTb MeXJy HCKOMBIMH BeJuuyuHaMyu OyleT HafizeHa, ecJu
6ynyT yKka3aHnl MeTONbl HaXOMIEHHS HEH3BECTHHIX (yHKLu#, omnpele-
JAseMblX AuddepeHuMaTbHLIME  ypaBHeHUAMH. Haxox/JeHHe HeH3BECTHBIX
dyuxunit, onpenenseMblx andpdepeHUHaIbHEIMY YPaBHEHHAMM, U ABJSETCS
OCHOBHOH 3ajaueft TeOpMH AM(QepeHUNaNbHBX ypaBHEeHUH.

Ecan B auddepeHunassnoM ypaBHEHMHM HeM3BeCTHbE (QYHKLMH HJH
BEKTOP- hyHKUMY ABAMIOTCA GyHKUMAMH OAHON nepeMeHHo#, To auddepen-



10 BBEAFHUE

HHA/bHOE YPaBHEHHE HA3BIBACTCH OO bKHOBEHNBM (HATIPUMED, ypaBHe-
ana 1) n 2)). Eeam ke HemsBecTHas ¢yHKuUMA, sXxodswas 8 audpde-
peHUHaJbHOE ypaBHeHue, fBJAdeTcs (QyHKUHeR ABYX MM GOJbILETO
UNC/I2 HEBABHUCHMBIX MEPEMEHHBIX, TO IHHupdepeHlUHaIbLHOE YPABHEHHE Ha-
BLIBACTCH YPABHEHUEM 6 4ACMHBLX NPou3sOOHbX (HANpUMEp, ypas-
HeHHe 3)).

Iopadron puddepeHUATLHOIO YPABHEHUA HA3hIBAETCS MaKCUMaJbHbIH
NOpANOK BXOAfUleH B ypaBHeHHe NpPOM3BOAHOH (uanm IAuddepenunana)
HEU3BECTHOH (yHKUMH.

Pewenuen pndpdepeHunansbHOro ypaBHEHMs HaseiBaeTcss YHKuUNMA,
KOTOpass OpH MNOACTaHOBKe B auddepeHHuasbHOEe YpaBHeHue oOpauiaer
€ro B TOMMIECTBO.

Hanpumep, ypashense painoakT#BHOFO pachnaza

dx
nMeeT pelleHne .
x=C€_kt. (B‘Il)

rie ¢ — MNpOHN3BOJbHAA MOCTOSHHAS.

OuesBnpso, uro IuddepeHuuansHoe ypasHenue (B.1) ewe He noa-
HOCTbIO ONpelefsfeT 3aKOH pacnafa x = x(f). Ias ero momuoro onpe-
IleJIeHUs HAA0 3HATh KOJMYECTBO PACNalaloIIErocs BeuiecTBa X, B HEKO-
TOPH# Hauadbubil MOMeHT f; Ecam x, u3BeCTHO, TO, NPUHUMAR BO BHU-
Maunue ycaosue X (fy)==x, us (B.1;), HaxomumM BaKOH paaHMOaKTHUBHOI'O
pacnaza:

x = x,e~ k-1,

Tpouecc HaxoxAeHns peuleHuit nnddepeHuasLHONO yPABHEHNS HAa3bl-
BaeTCA uHmezpuposanuem duggepenyuasvriozo ypasuenus. B pac-
CMOTPEHHOM TpUMEPe MH JAETKO HallJX TOYHOE pelleHHe, OJHAKO B GoJee
CJAOXKHEIX CAydYasX OYeHb YacTO NPUXOIUTCE NPUMEHHTH NPUGIKeHHbIe
MeTOAbl HHTErpHpOBaHHS IM(pGhEepeHUHAIbHEIX YypaBHenud. OTu npubiu-
MeHHbe MEeTONH €Ille HeHJAaBHO NMPUBOANIM K YTOMHUTE/IbHBIM BBLIUMC/ISHHUSM,
HO Tenepb OBICTPOACHCTBYIOLIHE BBLIYUCAUTENbHEIE MAlMHB CMOCOOHM
BHIMOJHATH 3Ty pabOTy €O CKOPOCTbIO B HECKOJbKO JAECATKOB WJH Aaxe
COTeH THICSY ONepaluit B CeKyHIy.

PaccMOTpHM HeCKO/BKO mojpo0Hee YHIOMARYTYIO BhIle G0Jee CAOKHYIO
3a1ayy O HAXOXIEHHMM 3aKOHA INBMMEHHA r ==r (f) MarepHaibHOH TOUKH

Macch m TO0A AeficTeueM 3azanHoH cuam F (¢, r, f'). Mo sakony Hbiorona
mr=F(, r, r). (B.2)

CrenosatenbHo, 3anaua CBOAMTCS K HHTErPHPOBAHMIO 3TOTO Iuddepen-
UManbHOro ypasHeHus. OuUeBHAHO, 4TO 3aKOH ABIKEHHA €Ul HE BIOJHE
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onpeneasieTca 3alaHWeM MacChl /M U CHJbI F, Hano euie 3HaTh HayaJabHOE
MOoJOXKeHHe TOUYKH

r{ty) =r, B.2)
M HayaJbHYK CKOpPOCTb

YkaxeM BeCcbMa ecTecTBeHHBIH NpuUOAMKEHHHIH MeTOL pelileHUs ypas-
nennd (B.2) ¢ navambumMu ycaoBuamu (B.2)) u (B.2,), npuuem wuies
9TOrO METONa MONKeT CAYKUTb H 19 [OKa3aTeJbCTBA CYHECTBOBAHUA
pelueHusl pacCMaTpHBAEMOH 3azaum.

Paznenum otpesok Bpemenn £y < ¢ < T, nHa xoTopoM TpeGyerca omnpe-

neauTh pemenue ypasHenus (B.2), ynoenreTBopsiolliee HavalbHBIM yCJIO-
T —t
susm (B.2;) u (B.2,), na n paBubix uyacredl AMMHB h = —2:

n
(L7000 1 PN LPN 2 PP P P

to=t,+kh (k=12 ..., n—1).

rue

B mnpemenax KaxAOTroO M3 3THX MaabX (npu OOMblUMX 3HAUEHUAX 7)

oTpeaxoB Bpemenu cuiaa F(¢, r, 1:) Majo uamensercs (Bexrtop-dynxuna F
NPeAno/araeTcsd HenpepLBHOR), MO3ITOMY NMPHUOMMMKEHHO ¢e MOXHO CUHTATh
Ha KawIOM OTpeske [f,_,, f,] TOCTOAHHOM, Hanpumep, paBHOR ee 3Ha-
UeHHIO B JEBOH rpaHuuHOM TOUKe KaXAOoro orpes3xa. TouHee, Ha OTpe3ke
[£, ¢1) cuaa F (£, r, r) cuntaerca mocrosHHoft u pasHo#t F(f, ry o).
ITpu sToM nonywennu U3 ypasHeuust (B.2) u Havanbusix ycaosuil (B.2))
n (B.2,) serxo ompeienseTca 3akoH ABHeHus r,(f) Ha orpeake [f; f]
(aBwenue OyJeT PABHOMEPHO [epeMeHHbIM) H, CJAeNOBATENbHO, B 4acT-
HOCTH, W3BECTHBl 3HaueHua r,(¢,) u r, (). Tem xe Meromom npubau-
MEHHO ONpejenseM B3aKOH JBHMeHMa r,(f) va oTpeske [f;, £,], cunrad
cuty F na stom yuacTke nocrosnHoft u pasHo# F (£, r,(¢). 1:,, D).
[Tponomxkas sTOT npouecc, onpeleluM MNpuO/IMKEHHOe pelleHue r,(f)
NIOCTaBJEHHON 3ajaud C HAyaJbHBIMM 3HauyeHUsAMM I8 ypaBHenus (B.2)
Ha BceM oTpeske [f, T

VIHTyuTHBHO SICHO, YTO NpPH 1 —> OO npnénumeﬂﬂoe pewenne r,(f)
IOMKHO CTPEMHUTHCS K TOUHOMY peUIeHHIO.

3ameTuM, uTO BeKkTOpHoe ypasHeHue (B.2) Broporo mopsamka Moxer
ObITb 3aMEHEHO SKBMBAJEHTHOR CHCTeMOH IBYX BEKTOPHBIX YpaBHEeHRM
nepBoro MOpsiKa, eC/ad PaccMaTpuBaTbh CKOPOCTb V Kak BTOPYI0 HeEH3-
BECTHYIO BeKTOD-(yHKUMIO:

dr d
=V ~Z%=F(t, r, v). (B.3)

Kaxnoe BexTOpHOe YpaBHeHHe B TPEXMeDHOM HPOCTPAHCTBE MOMeET
ObiTb 3aMEHEHO I[yTeM MNPOeKTHPOBAHUA Ha OCH KOOPAMHAT TpeMd
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ckaaspHeIMH ypasHenusmu. CjenoBaTenbHo, ypaBHenye (B.2) sKBUBAEHTHO
CHCTeMe TpeX CKalfpHBLIX ypaBHeHHU#t BTOPOTo nopsuika, a cucteMa (B.3)
DKBHBAJICHTHA CHCTEMe IUeCTH CKAJMADHBIX YpaBHEHMH NepBOro MOPALKA.

Hakonen, MoxHO 0/HO BekTOpHOe ypaBHeHHe (B.2) Broporo mopsnka
B TpeXMepHOM NDOCTPAaHCTBE 3aMEeHWTb OLHUM BEKTODHHIM YpaBHEHUEM
NepBoOro NOpsiKa B INeCTUMEPHOM HPOCTPAHCTBE, KOOPAMHATAMH B KOTO-
POM CIyXaT KOOPAWHATH I, Iy, I, panuyca-Bektopa r(f) u Koopiu-
HATB U, Uy, U, BeKTOPa-CKOpOCTH V. Takoe HPOCTPAHCTBO (GUIHKH
HasHBAWOT Pa3osum. Pamnyc-BexTop R (f) B 3TOM NMpOCTpaHCTBe HMeeT
KOOPIHMHATH (74 Fys Iy Uy Uy, U,). B Takux oGosnauenuax cucrema (B.3)
HMeeT BHI:

L2 — Bt RO (B.4)

(npoexuusMu Bektopa @ B UIECTMMEPHOM MPOCTPAHCTBE CAYKAT COOTBET-
CTBYIOIHE TIPOEKLUUH npaBux uacte#t cuctemn (B.3) B TpexmepHom mpo-
CTpaHCcTRe).

[Ipun TakoH uHTepmperaunn HavaneHble ycaosus (B.2)) n (B.2,) same-
HAIOTCH yCAOBUEM

R({) =R, (B.4)

PemmenneM ypaBuenus (B.4) R==R(¥) Oyzer dasosas tpaekropus,
KauJo# Touke kOTOpO# OyneT COOTBETCTBOBATH HEKOTOPOE MTHOBEHHOE
COCTOfIHME ABHXKYLIEHCS TOUKM — ee MOJoKeHHe T (f) 1 ee CKOpPOCTb V (£).

Ecm x ypasnenmio (B.4) ¢ nauampupiM ycaosuem (B.4,) npumetuts
U3JIOMEHHLIH BhIlIe npnﬁnumeﬂnmﬁ MeTOld, TO Ha MepBOM OTpeske [£,, ;]
BexkTop-¢yHkumio @ (¢, R(f)) wamo cumrats TOCTOAHHOH W paBHol
® (t,, R(ty). Urax, nmpn £, <t b+ 1

B =@ty RtY).

OTKy.la, YMHOXaa Ha df ¥ MHTErpupys B npelenax ot f, A0 £, MOJYUYHMM
auHeiHyo BexTOp-yHKUMIO R (£):

R@®)=R )+ @, R(t))E—1y.
B uacrnoctn, npu £=¢; OyleM HMeTb
R(t) =R (t)) + h® (£, R(%)).
[loBTOpAs TO e paccyxmienwe Ha CJAedyIOUWMX YYacTKax, MOJYUHM

R(tz) —~R(f1)+h‘p ¢y R(tl))
R(fk)-—R(tk 1)+h‘p(tk T R(fk 1))

Npumenss sth Qopmyan n pas, poiaem g0 shavenna R (T).
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B aTOM -MeTome wuckoMmoe peienue R (f) npnbamkedHo 3ameHseTrcs
KYyCOuHO /uHeHHOR BekTOp-(pyHKUMEH, rpadUKOM KOTOPOH CIYKHUT HeKOo-
TOpasi JOMaHas, Ha3blBaeMas 40Maxofi Jisepa.

‘Oas ypaBHenus (B.2) HepelIKO B NPHJIOKEHHAX BCTPEYAETCS ¥ HHAA -
MOCTAHOBKA 3aJaud — JOMOJHHTE/NbHEE YC/IOBUA 3aNal0TCH He B OIHOM,
a B AByX Toukax. Taxasd 3alaua, B OT/AHuMe OT 3alauu ¢ ycaosuamu (B.2,)
n (B.2,), HasniBaeMoOH 3anauefl C HawaJbHBIMM YCJIOBHAMH MM 3anauel
Koy, HOCUT Ha3BaHue Kpaesod WM 2pAHUUHOL.

[ycte, HanpuMep, Tpebyercs, YTOOH MaTepHanbHas TOYKA MAaccH m,
IBwxyinasca noa Aelicreuem cuaw F (¢, r (f), l"(t) ), HAXOHMBILAACH
B HauaJbHHA MOMEHT f==f, B NOJIOXEHUU T ==T,, nomnana 6L B MOMEHT
t=—¢, B NMOJOXeHHe I =r;, T. €. HANO pelunTh ypasHedne (B.2) c¢ rpa-
HUYHBIMA YCJAOBHAMH f (f) =1, r(¢;))=r; K 5TO# rpaununo#i samaue
CBOJATCA MHOTrMe OalJUCTHYECKHe 3alaui, TPHYEM OUYEBMAHO, 4TO pelle-
. HMe 3JeCb YaCTO MOXeT ObTb HE eIUHCTBEHHBEIM, TaK KaKk U3 TOUYKH
r (fy) == ry MOXHO TONACTb B TOUKY r(f))==r; MO HACTHILHOK u moO
HaBeCHOH TpaeKTOpUAM.

TouHoe uanm NpuGMMKEHHOE pellleHHe 3a1ay C HAYAMLHBIMH YCJIOBUAMH
¥ TPaHWUHBIX 3a4au sBJASETCH OCHOBHOH 3anauelt reopun nuddepeH-
UMaJIbHBIX YypaBHeHU#l, OAHAKO HHOrAA TpeOyeTcd BHIACHUTH MJH TPH-
XOJNTCS OFPAaHHUMBATHCS BHIACHEHHEM JHIIL HEKOTOPBIX CBOHCTB pelleHHH.
Hanpuwmep, wacto Tpebyercs yCTaHOBHMTb, CYLIECTBYIOT JIH NepHOLUYECKHE
Wi KoseGaolrecs: pellieHHs, OHeHUTb OBICTPOTY BO3PAaCTaHHA HIH YOHI-
BAHMS pelIeHWH, BBISICHHTh, CHJbHO JIM MeHSIeTCH pelleHHe NPH MajoM
M3MEHEHHH HAYaJbHBIX 3HAUEHMH.

OCTaHOBHMCSH HeCKOJBbKO MOJApOOHee Ha MOCJAELHEM M3 STHX BONpPOCOB
NPUMEHUTENbHO K ypaBHeHuio aBmwenus (B.2). B npukaanmbix sagadax

Haya/ibHble 3HAUEHHS Ty Y 1:0 MOUTH BCEria SIBJAIOTCH Pe3yabTATOM H3Me-
PEHHSl U, CJCNOBATE/bHO, Heu3GeiKHO ONpeleleHBl ¢ HEKOTOPOH morperu-
HocThbIo. [lo3TOMy ecTecTBeHHO BO3HHKaeT BONPOC O BJAMSHHM Majoro
u3MeHeHHs HAaya/JbHBIX 3HaYeHMH Ha HCKOMOE pelleHHe.

Eciu ckoab yroaHo Manbie H3MEHeHHsi HAYadbHBIX 3HAYeHHH CHO-
coOHBl BHI3BATL 3HAUMTE/IbHHE H3MEHeHWS pelleHus, TO pelleHue, onpe-

HeasieMO€ HETOUHBIMH Haya/IbHBLIMH 3HAUEHUSIMH ) U 1"0, OOBIYHO He MMeeT
HUKAKOr0 MPUKJAAHOTO 3HAYEHHS; TaK KaK OHO Jawe nPUOIMKEHHO
He OMUCBHIBAET ABHXKEHHMe paccMarpuBaeMoro Tesa. CienoBarenbHO, BO3-
HUKAEeT BaXHBLIA 148 npuaoxeHn#t BONPOC O HAXOKAEHHH YCJAOBUHM, npu

KOTODHIX MaJjoe M3MeHeHHe HauaJbHBIX 3HA4YeHHR r{ U i-o BHI3LIBAET JHILb
Ma/noe H3MEHeHHe OINpelessieMOro MMM pelieHHs r (f).

AHaJOTHYHBIA BONPOC BO3HMKAET M B 3a1auaX, B KOTOPHX Tpebyerca
BBEISICHHTb, C KaKOM TOYHOCTBIO HAA0 3alaBaTh HAYaJbHLIE 3HAYEHHA T,

U 1), 4TOOH IBMXYINAACA TOYKA C 3aJaHHOH TOUHOCTBIO BHILILIA HAa Tpe-
OyeMylo TPAaeKTOPHIO HJX Nomnajga Gul B JaHHylo 00JAaCThb.
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Croap ke GOMbIIOE 3HAYEHME UMEET BONPOC O BJMAHUM HA PeHieHne
Ma/JbIX cJaaraeMbix B npaBoff uactu ypasHeuus (B.2) -- maJgbix, -HO
TMOCTOAHHO AEACTBYIOLUMX CHJI.

B HekOTOpBIX ¢/yYasXx OSTH Majble CHJH, ACHCTBYIOLIME B TeyeHHe
60JIbIIOr0 MPOMEXYTKA BpPeMeHM, CHOCOOHB CUJbHO MHCKa3uTh pelleHHe
N MMM HeJb37 TpeHeOpeub. B Apyrux ciyuadx MaMeHeHHe pelUCHHS MOXA
HNeACTBMEM 3THX CHJ He3HAaunTe/JbHO, M €CJAH OHO He NPEeBOCXOIMT Tpe-
OyeMO#i TOYHOCTM BBIUKCJEHMS, TO MaJbiMH BOSMYIIAIOWIMMM  CHJAMH
MOXHO npeHebpeu.

Huxe nsnaraiorTcs MeTOAB HHTErpHpoBaHus AuddepeHUHaIbHHX ypaB«
HeHMH M mpocrefiiuge Cnocolbl HCC/eNOBAHMS HX pelICHHH.



FTABA 1
JIN®EPEHUUAJIBHLIE YPABHEHHUSA TIEPBOTO NMOPAAKA

§ 1. ¥YpaBHeHus nepBOro MOpsaKa, pa3peiieHHBIe OTHOCHTEJNbHO
NpOH3BOAHOM

OGuiknoBennoe nucddepeHunansioe ypaBHEHHE MEPBOTO  NOPAAKA
NepBOH CTEMeHH MOXKHO, PAaspellyB OTHOCHTENbHO NPOHSBOLHOH, mpel-

CTaBUTh B BHIE
d

71;{-=f(x, -

[Mpocreftiuuft mpuMep Takoro ypaBHeHHS
d
=f(x

paccMaTpuBaeTCd B KYPCe WHTErPa/ibHOrO HcyMcaeHua. B 9ToM mpoctefi-
weM CJay4ae peuleHne

y=[fydc+o

s
COJep:KUT NPOU3BOMBHYIO NOCTOSHHYIO, KOTOpAs MOXeT OuiTh OnpeleeHa,
€CJ U3BeCTHO 3HaueHue y(x,) ==y, TOrIa

X
y=w+ [ fx)adx.
Xo
B nanpuHeitmeM OyieT I0KA3aHO, YTO MPH HEKOTOPHIX OFPaHHYEHUAX,
HajlaraeMelX Ha ¢ynxumMio f(x, y), ypaBHeHMe
dy
2=/

TaKKe HMeeT e JMHCTBEHHOE DellleHne, YAOBIETBOPSAIONIEe YCAOBHIO Y (Xo) ==
=y, a ero obujee peutenue, T. e. MHOXKECTBO pelleHu#t, colepikauiee
Bce 0e3 HCK/IOYECHHS peUleHWsd, 3aBUCHT OT OAHOH# NpPOU3BOJLHOH MO-
CTOIHHOM. :
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Aunddepenunaiproe ypabnenune

== f(X, y) ycranaB;iuBaer 3aBu-

dx
CHMOCTb MeXIYy KOOPAMHATAMH TOYKH M YIJIOBHIM KO3(GHUMEHTOM Kaca- -
d ) ’
TebHOR EZ{ k rpaduxy peileHus B TOH Xe Touke. 3HAag X U Y, MONKHO
d -
BHIYUCIUTD 7%. CrenosatebHo, auddepeHuHanbHOe YpaBHeHHe paccMa-
p 1 TPUBAEMOTO BHMA ONpeledser HONE
A //4 , vanpasjenn#t (puc. 1.1) n 3zanaua
//// /// HHTErPUPOBAHUA  IHPDepeHIHaIbHOTO
/ /;, // //4 -yPaBHEHHS 3aKJIOYAeTCH B TOM, 4TOGH
/;, /;, // / HalTH KpHBHIE, HA3LIBAEMLIE WUHMeEZ-
((// /;, /;, /4/4 POAbHbIMIE KPUSHMUL, HATIPaBieHHE
/4 " /:, /:, KacaTeJbHbIX K KOTOPHIM B KauAoH
/// // /;( TOYKE COBNANaeT C HaNpaBJ/eHHEM
/4/] 7 noJs.
’ 4
g 7 —Z Mpumep L
Puc. 1L L _y
dx x

B kamao# Touke, oranunoit or touku (0, 0), yraoBol kosdduuuent kacareapnolt
K HCKOMOH HHTerpasbHOH KpuBOH paBeH OTHOLIEHHIO -37. T. €. COBNajaer ¢ yr-
AOBbiM KO3(ULUEEHTOM OpAMOH, HalpaBJIEHHOH 13 Hayaaa KOODAMHAT B Ty Ke

Y W
v by ~
NooX f r P /(T:\ \\s\
\\\\\f/'//// / /,/‘IT‘ \\ \
- :—\:‘ﬁ\*/ /_7»_’ — / : "‘ “f fJ T
NS o
-~ ///l\\\? ~n ’ l 1\ ] ‘QF" // / /lz.
Ve Y \‘ I R 4
s /NN N L~ S
/ ! \ N L
Puc. 1.2, Puc. 1.3

Touky (%, y). Ha puc. 1.2 crpenxamu usoGpaweHo UONe HANPaBJAEHUH, olpene-
AfeMOe PaccMaTpUBAaeMBIM ypaBHeHHeM. QOUeBHIHO, YTOHHTErPaJbHBIMH KDHBEBIMH
B JlaHHOM cayuae OyAyT NpaMBe Y = CA, TaK KaKk HampaBACHUS 9THX NpPAMBIX
3CIOAY COBMAJAIT ¢ HANMPABISHUEM NOAL

fMMpumep 2
&y _ X
dx  y°
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3ameuaeM, 4T0 yraoBOH KOI(PQOHUMEHT KACATEAbHOH K HCKOMBIM HHTErpPadbHBLIM
x .
KPUBBIM ~— — U YyTA0BOH koodduiueHT gacaredbHOH % K WHTErpPajbHBIM KpH-

BHM nNpHMepa | B Ka¥IOH TOUKe YAOBAETBOPAIOT YCAOBUIO OPTOTOHAABHOCTH:
X o

———-%—: — 1. Cnenopateanho, moJe HanpasJdeHuH, onperensieMoe paccMaTpH-

BaeMbiM JAiddepeHuraibHEIM  YDAaBHEHUEM, OPTOTOHAJIbLHO MO0 HAmpaBiaeHui,

usobpaxteHHoMy Ha puc. 1.2. OueBHAHO, YTO HHTErpajibHLIMH KPHBBLIMH YpaBHe-

a X :
Hua 71% =—7 ABNSIOTCA OKPYXHOCTH ¢ UEHTPOM B Hauane kOopAuHat x? -

+ y?==¢? (puc. 1.3) (rounee, noayoxpymuocty y=) c=—x2 u y = — J ¢—x3%).
Ilfpumep

Jas nocTpoeHds NoAs HaNpaBACHHH HAHIEM reOMETpPHYECKOE MECTO TOYEK, B KO-
TOPHIX KacaTelbHble K HCKOMBIM HHTErpajbHbIM KDHBBLIM COXPAHSIOT MOCTOSHHOE
HampasJeHde. Taxue JIMHHH HA3BIBAIOTCH UIOKAUHAMU. YDABHEHHE H3OKJIHH NO-

a =TT .
JIy4YdM, CUdTasn 7% =k, rle k—nocrosntas; V X2 y? =k uan x2 4 y? = k%
CrefioBaTe bHO, B AAHHOM Clyuae M3OKAHMHAMHU SBJAAIOTCA OKPYMHOCTH C LEHTPOM
B Hauaje KOOPAMHAT, NpHUEM YIJIOBOH KOS(DQHUIHMEHT KacaTeJsbHOH K HCKOMBIM

y

Puc. 1.4.

HHTErpaJbHbiM KPHUBBIM DaBeH PajHycy 3THX OkpyxHocrei. Jas nmocrpoenud moas

HanpaBJeHHH JafuM IOCTOAHHOH % HEKOTOpHIE ONpeledeHHble 3HaueHus (CM.

puc. 1.4 caesa). Tenmepb MOXHO yxe NPHOJHIKEHHO NPOBECTH HCKOMBIE HHTE-
rpaabHble kpuBsle (cM. puc. 1.4 copasa).

MMpumep 4

~ y =14 xy.

WMaoxauHaMu sBasioTCH runep6oanl k= xy 41 uan xy =k — 1, opuaueM npu
k=1 rumepboaa pacnafaetcs Ha napy upamMuX X==0 u y =0 (puc. 1.5). Mpu
k = 0 nonyuaeM u3oKkauHy |- xy=0; sra rumep6oja pa3GuBaeT IOCKOCTh Ha
YacTH, B KawJo# M3 KOTOpHX y’ COXpaHseT MOCTOAHHbIA 3Hak (puc. 1.6). Mure-
rpaibHble KpHBBIE ¥ =y (x), nepecekas runepboay 1 -4 xy =0, mepexomsar us
O6aactn Bo3pacTanus (QYHKUMM y (£) B 06JACTH ee yObIBaHHA HJH, Hao6OpOT,

2 Jl, 3. dabcroasy
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u3 ob6aacty yG6biBaHMA B O6JACTb BO3PACTAHMA. U CJEA0BATENLHO, HA .BETBAX
9TOH rHmepGOAB PACHONOKEHH TOYKH MaKcHMyMa U MHHHMYMa WHTErpajbHbIX
KPHBBIX.

Yy
¥ / ’
Y4 y<0 y'>0
7
L 5 >
A S S
J z
/ g'>0 y'<0
7
L
Pue. L5. Puc. 1.6.

OnpesenuM Teneph 3HaKW BTOPOH MpOuU3BOAHOH B pasanuHbIX ofnacTax
HNOCKOCTH:

Y=xy'+y um y'=x(l4x)+y=x+E+1Dy
KP“Baﬂ x4 (x4 1)y =0 nm

—
TAFA

(puc. 1.7) pas6uBaer mAOCKOCTb Ha ABE YaCTH, B ORHOH H3 KOTOPHIX Y
CJIE/I0BATENbHO, HHTErpAafbHbIE KPHBbHIE BHIYKJB BBEpX, a B Apyrof y
8HAYMT, HHTETPAJbHBIE KPIBHIE BOTHYTH BBEPX. y
IMpu nepexone wepes xpusylo (1.1). uHTer-
pajnbHBIE KDUBbIE NEPEXOLAT OT BHIIYKJOCTH
K BOTHYTOCTH, H CJENOBaTe€JbHO, Ha B8TOH
KpUBOHl pacrnojoxeHbl TOUku mneperuba wHTe-
TPAJAbHLIX KPHBBIX.
B pesyapraTe NpOBEREHHOTO HCCAERO-
BaHUA H3BECTHH 064acTH BO3PACTaHUS |

”

2
OO

y
yfl >0
g —_

y’<a

Puc. 1.7. » Puc. 1.8.

yObiBaHHA HHTErpajibHHX KPUBBIX, H3BECTHO pPAaCHOJOMEHHE TOUEK MAaKCHMyMa,
¥ MUHHMYMa, H3BECTHH OGJAaCTH BBIMYKJOCTH M BOTHYTOCTH H pacioNoXeHue
TO4eK mepers0a, H3BECTHAa M30KJAMHA R = 1. DTUX cBejeHnil BHOJHE JOCTAaTOYHO
Aas TOro, 49ro0m CAeAaTb HAGpOCOK PACTOAOKEHHUs HHTErPajbHBIX KPUBBIX
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(puc. 1.8), HO MOWHO GbIO 6bl BBLIYEPTHUTb €IIE HECKOALKO H3OKJAHH, 9TO N0O3BO-
A10 6Bl YTOYHHTH PACMOJOXEHHE WHTErPaJbHbIX KPHUBBIX.

Bo MHOrMX 3ajauax, B YaCTHOCTH MOYTH BO BCeX 3a1a4aX [EOMETPH-
YeCKOro XapakTepa, NepeMeHHBle X W Y COBEpIIEHHO PABHONPABHEL.
[TosroMy B Takux 3anauax, €CAM OHH CBOAATCS K pelleHHIo Iuddepen-
LMaNLHOTO YPaBHEHHs

y
E=f(x ) (1.2)
€CTeCTBEHHO Hapsdy ¢ ypasuenueM (1.2) paccMaTpuBaTh TaKKe ypaBHeHue
dx 1
T (13

!

Ecnu 0o6Ga 3TH ypaBHEHHS MMEIOT CMBICJA, TO OHH 3KBHBANEHTHbLI, TAK
Kak ecan ¢GyHkuus Yy ==y (x) asasercss pelienHeM ypasxeuus (1.2), To
ofparHas ¢yHkUMS X == x(y) fBaseTcA pelleHHeM ypasueuus (1.3), u
caenoBarenbHo, ypasHenus (1.2) m (1.3) umeT obuwue wuHTErpasbHBE
KPHBLIE.

Eciu ke B HEKOTOPHX TOYKaX onHo u3 ypassenuft (1.2) uam (1.3)
TepseT CMBICA, TO B TaKMX TOUYKAX €CTECTBEHHO €ro 3aMeHsiTh APYIUM
U3 9THX YpaBHeHHH.

X

dy
Hampumep, ypasuenne -—-==-- TepaeT CMbICA npw X ==0. 3aMenus

dx X
ero ypaBHeHHEM o=, npaBas 4YacTb KOTOPOTO YKe He TepseT
cmuicaa npu x =0, HaxoduM B [JONOJIHEHMe K paHee HaHAEeHHBIM pelue-
HasM Y =c¢x (cM. cTp. 16) ellie ONHYy UHTerpajbHyI0 KpUBYIO X ==0
9TOro ypaBHEHUS.

§ 2. Ypapuenus c pas3jensiOMUMHCS NMepeMeHHbIMH

Huddepentmanbibie ypaBHeHns Buja
fo(Wdy=/fi(x)dx (1.4)

HA3BIBAIOTCH YPABHEHUAMUE ¢ PA30CACHHBMU NepemeHHbMy. PYHKUNY
fi(x) n fo(y) OyneM CcuuTaTh HENMPEPHIBHBHIMH.

[pennonoxuM, uTo y(x) 4BJISETCA pelleHHeM 3TOro ypaBHeHus,
Toraa NpHW NOACTaHOBKe y (x) B ypaBueHme (1.4) moayunmm ToxuecTsoO,
HHTErpUpys KoTopoe, OyneM MMeEThb:

[fmay=[ fimydx e, (1.5)

rie ¢ -— OPOM3BOJbHAA MOCTOSHHAS.
Mbl noayuniu KoHeuHoe ypaBHeHne (1.5), KOTOPOMY yAOBJETBODAIOT
BCce peuleHns ypaBHenus (1.4), npuueM KaxJhoe peuledue ypasHenus (1.5)
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AB/IAETCA pemieHHeM ypasHenHa (l.4), Tak xak ecin HeKoTopas ¢QyHK-
uus v (X) npH mnoicTaHoBKe oOpautaet ypasHenue (1.5) B TOXIeCTBO,
T0, AuddepeHuupys 5TO TONKAECTBO, OOHapy#uM, uTo y(X) YIAOBJETBO-
pser u ypasHenuio (1.4).

Kouneunoe ypasuenne @ (x, y)==10, koTopoe ompereaser pelie-
HHe y(x) IuddepeHUManbHOr0 YpaBHEHMS KaK HeABHYIO QYHKIMIO X,
HasbIBaeTCd UHmMezZpaLoM PaccMaTpuBaeMoro AnddepeHUHasbHOTO ypaB-
HeHHus.

Ecav 3T0 KOHeyHOe YypaBHeHHe onpelenfeT Bce 0e3 HCKAOUEHUA
pelleHna JaHHOro audpdepeHUNaJbHOr0 ypaBHEHHS, TO OHO HA3bIBAETCS
o6uum unmezparom paccMmaTpubaeMoro aupdepeHunasbHOTO ypaBHe-
Hug. CrenoBatenbHo, ypaBHenue (1.5) spaserca OOWIMM HHTErpasoM
ypasHenust (1.4). Ilaa toro urobet ypasuenne (1.5) onpenensno y xak
HesBHYIO OYHKLMIO X, NOCTATOWHO NoOTpeGoBaTh, uToOH fo (V) <+ 0.

BrniosHe BO3MOXHO, 4TO B HEKOTOPHX 3ajayax HeoQINpele/eHHbIe

HHTErpabl ff1 (x)dx u fo (y)dy Heuib3s GyIeT BHIDA3UTb B 3JeMeH-

TapHEIX (QYHKLMAX, TeM He MEHee MBI W B 3TOM cjydae OyneM CUHTATh
3a1a4y HHTErpHpOBaHMA auddepeHUHaNbHOro ypasHenus (1.4) shinoJHeH-
HO#f B TOM CMBICJE, UTO MBI CBequ ee K OoOJee mMpoCcTOd M yxe H3y-
YeHHO# B KypcCeé HHTErpajibHOr0 WCUYUCJEHHS 33a]aue BHIUHCJEHUS Heonpe-
JeNeHHBIX HMHTErpajioB — KBaIpatyp *).

Ecan Hano BhiJequTb yacTHOe pelleHMe, YIOBJACTBOPAIOILEE YC/AOBHIO
Y (Xg) =¥y TO OHO, OYEBHIAHO, OMNpeleaHTCS U3 YyPaBHEHHA

fyfz(y)dy= ffl(x)dx.
» £

KOTOpOE MOJYUHM 13
y x
[remay= [ fias+e,
Vs Xo

BOCIOJ/Ib30BABIINCh HAYAJBHHIM YCJAOBHEM Y (X)) == V.
fIpumep L
xdx+ydy=0.

lNepeMenHble pasfgeneHsl, Tak Kak Ko3(dHIHEHT npu dx sBasercs QyHkuued
TOJAbKO X, a kKoabduunent npu dy asasercs ¢ynxuueii toabko y. Hurerpupys,
HOJY4HM ‘

fxdx—}-f ydy=c¢ nm x>} y?=2¢c?

*) Tax kak TepMHMH «HHTErpa’;» B Teopud AuddepeHIHaAbHBIX YpaBHeHUi
YacTO NPHMEHSeTC B CMBICAE HHTerpana auddepeHIHalbHOTO YPaBHEHHS, TO BO

u36emanue HENOPAIYMEHuH AAS UHTErpaNoB GYHKIHI f f(x)dx o6uuno apu-
MEHSETC] TEPMHH «KBaJpATypas.
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— ceMeffCTBO OKpDYXHOCTEH ¢ LEHTPOM B Hauajde KOOPAMHAT (CPaBHUTE C MNpu-
mepoM 2, ctp. 16—17). .
pumep 2.
o dx = iy—
Iny
Wnrerpupys, noayuaem

dy
. 12
!/'e dx—e/' lny+c'

d
WnTerpaan /‘gx’dx " /'my7 ne GEPYTCR B SJEMEHTAPHBIX (PYHKUHAX, TeM He

MEHEe HCXOJHOE YypaBHEHHE CUHTAeTC [POMHTErPHPOBAHHKIM, TaK Kak 3ajada
NOBeJeHa IO KBaapaTyp.

YpasHeHus Buja
Pr (%) 1 (¥) dx = 9, () P, () A,

B KOTOPBIX KO3(QuunmeHTH npu auddepeHuuanax pacrnaialoTcs Ha MHO-
MHTEJH, 3aBUCALlMe TOJBKO OT X¥ M TOJbKO OT Yy, HasuBawtca Audde-
PEeHUHANLHHIMH Y DABHERUAMUL € PA30CAAIOUWUMUCS NePeMERLHUME, TAK
Kak nyteM gedeHus Ha P, (y) @y (x) OHH MPHUBONATCHE K YPABHEHHIO
C paaneJIeHHBIMM MepeMeHHBIMH:

P1 (%) Yo (¥)
dx == dy.
P2 () P () y
SameTuM, uTo JdedeHHe Ha Y, (¥) @5(X) MOMET HNpPHBECTH K MmoTepe
YaCTHBIX pelleHuf, o0pamaoux B HyJb ApousseleHue P, (V) - @y (X),
a ecan Qyukuun P, (¥) ¥ @y (x) MOryT GEITb Pa3pPBIBHLIMH, TO BO3MOXHO
NosiB/JeHUe JMUIIHUX pelleHu#t, OOpAEILAICIINX B HYJAb MHOKHTE/b
1
P (3 @2 (%) °

[Tpumep 3.
ay

=2
I = (cpaBHuTe c npumepowm 1, cTp. 16).

PaspeasieM nepemeHHble H MHTEIDHPYEM:

b_dn fdy [
y  x ' J oy —J x

Injy|=In|x|+lne, ¢>0.

[Motennupysa, noayuum |y[=c|x| Ecan pedb uileT TOAbKO O FJIAAKHX pemre-
HHAX, TO ypaBHeHHe |y |[=¢| x|, rie ¢ > 0, 3KBHBAJCHTHO YPABUCHUY) Y= £ (X
WM Y= (X, I8 ¢; MOXeT NPHHHMATb Kak NOJOMICAbHBIE, TAK H OTpHUA-
TelAbHble 3HaueHHd, HO ¢; %= 0. Ecan ke npunar, BO BHuMaHHWe, YTO Opm Aene-
HAM Ha y Mbl [OOTepsad pemeHue y =0, TO MOXHO CYHTATb, YTO B peUICHAN
Yy == ¢;x NOCTORHHAA ¢, MPHUHHMaeT H 3HauyeHue ¢; = 0, IpH KOTOPOM MbI NHOJY-
4aeM NOTepAHHOE paHee pelieHHe y = 0. -
3ameuanue. Ecan B npumepe 3 cunrarh nepeMeHHble X H y PaBHONpAaB-
HBIMH, TO yPaBHEHHe %:% Tepalollee CMbicA OpH X ==0, HafO AOMOJHHTH
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dx X
ypaBHEHHEM —dy =7 (cm. cTp. 19), koTOpoOe, OUEBHAHO. HMMEET elle pelicHHe
x =0, He cojepikaleecs B HaliAeHHOM Bbllle PEIIeHUU Yy == C X.

Mpumep 4 .

x4y dx—y (1 +x%)dy =0
PasneaseM nepeMeHHBIE M HHTErpupyeM:
ydy xdx | ydy xdx
T+y2 T 1—‘{—y2=,/.1+x2+0;
In(l+y)=In(d+ ) 4lne; 14 y?=c 1+ ).
Mpumep 5.

dx —
—d—t—' = 4th.

Hafitn pemenne x (¢), ynoBaetBopsioumee ycaoBuo x (1) = 1.
Pazjensem nepeMeHHble U MHTETPUPYEM:

X

t
'/ dx__ = / 2t dt, V} B fz, X == 14,
Vo2 Vi i '

Mpumep 6. Kax yie ymomunasocs BO BBeJeHMH, YCTAHOBJIEHO, 4TO CKO-
poOCTb DAjMOaKTMBHOIO paclafa [PONOPLUHOHAJbHA KOJMUECTBY X elile He pac-
nasiuerocs BemecTBa. HaWrtu 3aBHCHMOCTL X OT BpemeHH f, eCAM B HayanbHBIH
MoMeHT npu =1, 6yneT X = x,.

KosdduupedT NponopruoHalIbHOCTH £, HA3bIBaeMBIH [IOCTOSIHHOH pacnaja,
npejnojaraeTc u3BecTHbIM. uddepenunanbHoe ypasHeHHe mpolecca 6yaer
HMETb BHIL

(3HaK- — ykasHBaeT Ha YMeHbIIeHHe "X NpH Bospacranud ¢, & > 0). Paznensa
nepeMeHHble ¥ HHTErpHPYd, HOJayYaeM

d .

X =kt In| x| —Inlxol =k(E—1)

OTKYyAa

P )

OHpelleJIHM €ile nepuoa mnoaypacmaza T (T. €. BpEMid, B TEHYCHHE KOTODOTO

1 -kt
pacnajgaeTcs D) xy). [lonaras ¢—f;, =1, noayuum 7x° = X,¢ ,  OTCIOAa
In2
T = ———.
k

He To/bkO pajMOaKTHBHBIH pacmaj, HO ¥ Mo6as Xpyras MOHOMOJEKYJAApHas
peaklusd Ha OCHOBAHHH 3aKOHA JReHCTBYIOIIMX MAacC OIMCHIBAETCA ypaBHe-

dx
HHeM — = — kx, TAe X — KOJMYECTBO €Ie He NPOpearHpOBABIIErO BEIlECTBa.
YpaBHeHue
dx
=kx, k>0 1.7)

o at '
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OTJUYAKIIEECsH AMLIb 3HAKOM NPaBOH yacTu oT ypaBHeHus (1.6), omucniBaeT MmuoO-
[HE MpOLECCH «Pa3MHOXEHHS», HAMpUMEp <Pa3MHOXEHHE» uUCAa HEeHTpOHOB
B LENHHIX SAEPHBIX PEaKUMAX HJH PasMHOMEHHe UHCJA 6akTepHil B mpexnosoxe-
HHH, 9TO YCJOBHSAl CPeXH 1A HHUX NpefeibHO 6JaronpUATHB ¥ MOSTOMY CKOPOCTh
HX Pa3MHOXEHHA OPONOPLMOHAJLHA HANHUHOMY YHCAY Gaxtepuil.

Pemenne ypaBnenus (1.7), ynosierBopsioiee YCJAOBHIO X (fy) = X, HMeer
BHL X = %o¢"/~%) u, B oranune ot pemennii ypasneuns (1.6), x (£) He yOmiBaert,
a BO3pacTaeT IO IOKa3aTeJbHOMY 3aKOHY C BO3pacTaHueM L.

Mpumep 7.

dp
—— =0 (0—2)(p—4).
dg =00 ) (p—4)
HavepTuth nHTerpaibHble KpuBble, HE HHTEIPHPYH YPABHEHHUS; O U ( — NOASPHBIE
KOOPJHHATHL
YpaBueune umeeT oueBuAnbe pemedus p=0, p=2 1 p=4. [Ipn0<p < 2

a o, o dp
'E'(;>0,Hpﬂ2<9<4 dq}<0nnpup>4 .d_cp.>(),

CreoBaTeIbHO, HHTErPadbHLIME KPUBBIMHU ABJSIOTCA OKPYKHOCTH 0 == 2
H p==4 ¥ crupany, HAMATLIBAOIIMECA NPH BO3PACTAHMH ¢ HA OKPYKHOCTH p == 2
H pasMaTblBaleUlHecs ¢ BO3PACTaHHEM @ C OKDPYXKHOCTH 0 ==4. 3aMKHYTHE HHTe-
rpajbHble KPHBbLIE, B JOCTATOYHO MAJbIX OKPECTHOCTAX KOTOPBIX HHTErPAJbHBIMH
KDUBBIMH SIBASIOTCA CIMPAJH, HAa3LIBAOTCA npedesbHuiMu yukiamu. B naHHOM
NpHMepe OKPYXHOCTH p =2 1 p==4 ABJAAIOTCH NPeIeJbHBIMUE LUKJAMH.

Mpumep 8 Haiitu oproronansuble TpaeKTOPHH ceMeficTBa napaboa y = ax2

OpmozoranssHboiML mpaexmopusiMy 3aJaHHOrO CeMeHACTBA KPHBEIX Hasbi-
BaIOTCA JHHHM, IepeceKalollye MO NPAMBIM YTJIOM JMHHM JAQHHOrO CeMeHCTBa.

’ 14 o
YraoBee kosbduIHEHTH y; M y, KacaTeldbHbIX K KDHBBHIM JaHHOTC ceMeiicTBa
H K MCKOMBIM ODTOTOHAJbHBIM TPAEGKTODHUAM AOMKHB B KaXJOH TOUKE yNOBJE-

! o
TBOPSTb YCAGBHIO OPTOTOHAMALHOCTH ¥, = -— —~. [lns cemelicTBa mapabon y ==
N
, y P2y
== ax? HaxoouM y’ = 2ax, WU TaK Kak aw_-?, TO ¥y =— CrenoBaTenbHo,
IuddepeHIHaNbHOE YpaBHEHHE HCKOMBIX OpPTOTOHAJBHBIX TPaeKTOPHH HMeeT
X
'
BY, _-————
Ay 2}’

Paspenss nepemennnie, Haxomum 2y dy -+ x dx = 0 u, HHTerpupys, DOJAYIuM
ceMeHCTBO BJIHIICOB

2
362—-+y2=c2

(puc. 1.9).

Mpumep 9. IlycTs u = xy — NOTEHIHAN CKOPOCTEH MAOCKONAPANISABHOTO
TeueHus kupkocTu. Hafitm ypapHenue JunHu#l ToOKa.

JluHMK TOKa SBJSIOTCH OPTOrOHaJbHEIMH TPAEKTOPHAMR CeMeHCTBa SKBMIO-
TEHUMaAbHBIX JuHuE xy=¢ Haxonum yraoso#t kosdduument xacateapHoi

K 9KBUMOTEHLHMAJNbHBIM JuHHAM: Xy ¥y =0, y = — __y; CaenosateabHo, aud-

o : X
¢epeHnMaAbLHOE YPABHEHHE JMHMH TOKa WMeeT BHJ y’=—y— um ydy=xdx,

UHTETPUPYH, noaydaeM x? — y? = ¢ — ceMeiicTBO THNIEpPGO.
Mpumep 10. TIMoam#i oanopomubit MeTasnumueckudl map, #umeomui
BHYTPeHHHH pajguyc ry, a BHCHIHHUH r, HaXOJHMTCA B CTAallHOHAPHOM TEIIOBOM
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COCTOSIHHK, NpHUEM TeMIlepaTypa HAa ero BHYTPeHHeH NoBepXHOCTH paBHa T,
a Ha Hapywuo# 7T, Hafitu temnepartypy 7 Ha pacCTOSHUW r OT UeHTpa
mapa, r; <7< rsp
U3 coobpaxennit cuMMmeTpuu caeayer, 4to I aBaserca QyHknueH TOALKO 7.
Tax kax Mexay AByMS KOHUSHTPUYECKHMH cepaMu ¢ UEHTPAMH B LEHTpe
mapa (MX pPalHyChl MOTYT H3MEHATHCH OT r| JO0 Fp) KOAMYECTBO TelJa OCTaeTcH
HEeHMSMEHHBIM, TO 4epes kawiyl chepy
NPOTEKAaeT OJHO M TO KE KOJHYECTBO
trenna Q. CaegoBartenbho, AuddepeHuu-
aJbHOE YypaBHEHHE, ONHCBHIBaIOHICe pac-
CMaTprBaeMuH Iponecc, HMeeT BHl

, dT

rie R — koaddunuenT TenIONPOBOAHOCTH.
Pasjenas mepeMeHHBIE M HHTErpupYysl,
% [OJYYHM HCKOMYIO 3aBHCHMOCTD T OT r:

4nde=-Ql£r;
-
T 4
Aqik / dT=—Q/ ar
. J o’
1 I
4k (T—T)=Q 1L
Puc. 1.9, ak(T—1T)= (,. l‘x)'

[las onpefeaenns Q ucnoasayeM ycaosue: mpu r=ry, I =T
Qo dak(Tya—T) _ e (Ty—=Toriry
- 1 1 ry—ry

ry r

§ 3. ¥YpasHeniisn, npuBoasmHecs K ypaBHEHHAM
¢ pasgeJsIOWHMHCA NepeMeHHBIMH

Muorue puddepenuuanbHbie ypaBHedus MNyTeM 3aMEHHl MepeMeHHBIX
MOrYT ObITb NpUBeJeHbl K- YPaBHEHUAM C PAa3elAIOU[MMHUCS TIEPEMEHHBIMU.
K uycay Takmx ypaBHeHHH OTHOCATCS, HanpuMep, YPaBHEHHMA BHIA

ay
a5 =/ (ax -+ by).
Tl @ M b—nocTosHHEE BeJHYMHbl, KOTODHE 3aMEHOM NepeMeHHbiX

==ax-} by npeobpasyloTcs B ypaBHEHHA C Pa3jejqIOlMU TMepeMeH-
#bIMU. JeficTBUTEIbHO, MePeX0ad K HOBLIM NePeMeHHbIM X U 2, Oy1eM HMETb

d d dz
E%:a—f—bz%, Z=a+bf()
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naun
dz

aFof (2

W nepeMeHHble pasfeauauch. WHTerpupys, noayunm

_ dz
x—/a+bf(2) T

dy _.

dx,

Mpumep L

[Tonaras z=2x-4 y, Oynem uametsb
: dy dz dz

L~ dx " r o Ti=E
Paszneans nepeMeHHble u MHTEIPHPYS. OJAYYHM
dz
—_— = _— x
12 dx, Injz+2|=x-+1In¢, 2 2 - ce*,
2t y=—24ce*, y=ce* —2x~—-2
MMpumep 2
dy 1
Ix =% =y Tt
Monaraa x — y = 2, noayunm
dy dz dz 1
=TT =t
_d_z____L z2dz=—dx 22=—2x+4c¢ (x—y)2=—2x+}c¢
dx 2z’ ' v "

K ypasHeHusM C pasle siOUIMMHCS TMePEMEHHBIMH NPHBOIATCA U TAK
HasbiBaeMble O00HOPOOHBe Oullepenyuarvrbie ypABHEHUS NEPBO20

nopadka, MMeOLUe BHI
ay _. y
x =/ (7)

JeficTBUTEAbHO, MOCAe NOACTAHOBKH Z=% HAWn Yy == X2 NOAYYUM

dy —_— dz dz _ dz . ax
dx_xdx+z’ * ix tz=f(2) f@) —z  x°'
[ az gz
- =ln|x Ine, x==cel -z,
J T —z | -+

3ameTuM, uTO T1pasas dacTh ONHOPOAHOTO YpDaBHEHHA sABJASETCA
ORHOpOAHON (yHKUMEHA INepeMeHHHX X H y HYJeBOW CTeneHn OXHOPOL-
! HOCTH, MOSTOMY YpaBHEHHE BHIA

M(x, y)dx+ N (x, y)dy=0
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« Oyzer onHopoAunM, ecan M (x, y) u N(x, y) ABAAOTCA OLHOPOLHBIMU
dyHKUMAMI X ¥ Y OJUHAKOBOH CTereHu ONHOPOIHOCTH, TAK KaK B 3TOM

c/lyuae
4y Mxy) _f(l)
dx Nix y) x)°
[Tpumep 3.
a _ 3 PA
it
[Tonaras y = xz, Zf; X — +z U MOJCTABJAAS B HUCXONHOE YypaBHeHUE MO~

AYUHM
dz cos zdz ax
xTi;—}—z—z—l-tgz, sinz~ x '
Injsinz|=ln]x|+Inc, sinz=cx, sin—ﬁ——cx.
Mpumep 4

F+ydr—(y—x)dy=0.

[Toaaras y = x2, dy = x dz -+ 2 dx. noayuum

(x+x2)dx—(xz2—x)(xdz-+2dx)=0,
(1+22—2dx+ x(1 —2)dz =0,

— 1 ;
S8 o Lt e

= (1 inc, x2(1 22—zt =¢, £*F 24y —y? =¢.

2
YpasHenus BuIa
ay _ c(ax+ byt
&=/ GTnta) e

npeo6pasyioTca B ONHOPONHbIE ypaBHEHHA MyTeM NMEPeHOCa HAvajaa Koop-
IMHAT B TOUKY MnepeceyeHus (X, 'y;) NPAMBIX

ax+by+c=0 u ayx—+by+c,=0.

JleficTBuTebHO, CBOCOAHBIA UJeH B yDABHEHWAX STHX NPAMBIX B HO-

BHIX KoopauHaTax X =X — x;, Y =y —y, Oyler paBen Hy O, KO-
d dy
GuuMeHTH NP TeKYLUIMX KOOPAKHATAX OCTAIOTCA He3MEHHBIMH, a dy =%

u ypassenue (l1.8) mpeoOpasyercs Kk BHLY

Y _ (aX+bY
x =1 (ox )
niau
Y
ay a+b Y

Y
a2+b27

" ABJAETCA YK€ OANHODOXHLIM YypaBHEHHEM.
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IJTOT MeTO[ Heab3s IIPpUMEHUTE JIMIUL B CJdyuae napannenbﬂocm
npaMuix a;Xx + by 4+ ¢, =0 u ayx -+ b,y +¢,=0. Ho B srOomM ciyuae

a
KO3 @UUHEHTE IIpy TeKYyLIUX KOOPAMHATAX MNPONOPLHOHA/bHEI z"’—:
1

b
=b—’==k. 1 ypasueHue (1.8) MOxeT OuiTb 3aMHMCAaHO B BHAE
1

dy . ax+b y+¢ L
-‘E—f(k(tilx—{-l;ly)-}—l%)—F(alx—**bly)-

¥ CJefOBaTeTbHO, KaK yKd3aHO Ha CTp. 24, 3aMeHa NepeMeHHHX 2 ==
= a,x 4 b;y npeoOpasyeT paccMaTpUBAEMOE YPABHEHWE B ypaBHeHHE
¢ pasle sIOLIUMUCA TepeMeHHBIMH.

MNpumep 5.
4y _ x—y+1
dx — x-+y-—3°

Pemwas cucremy ypaBHeHHH x—y—41=0, x4+ y—3=0, noayuum x, =1,
y, =2 [losaras x=X-+1, y=Y -+ 2, Gysem umers

ay X—Y
dX — X+Y°
3aMeHa NEPEMEHHBIX Z == X vaH ¥ = 2X npuBOJUT K yPaBHEHHIO C Pa3ACAAIONIH-

X
MucCa NEPEMCHHBIMU

dz  1—= (14-2)dz _ aX
XX 1T T——a = X

1 1
—_ Oz 22 | = —_—
21n|1 2z — 22| =1n| X| anc,

- (1—22—2)X%2=¢, X?2—2XY—VY?=c¢,
X2 —2xy—y? 4+ 2x 4 6y=c,.

§ 4. Jlnneiiibie ypaBHEHHs NHepBOro mopsaxa

Juneiinon Ouge penyuasbnsl i ypasHenues nepsozo nopaixka
HA3LIBAETCS YPaBHEHME JMHeHHOe OTHOCHTE/IbHO HeM3BEeCTHOH (yHKuuMH
u ee mpousBolHOf. JluHefiHoe ypaBHeHHe HMeeT BUA

2t p@y=7 (1.9)

rae p(x) u f(x) B nanpHefiieM OyleM CYMTaTb HENpPEPLIBHBIMU (PYHK-
uMgMu X B To#i obOaactu, B KOTOpPO# TpeOyeTcd HDOUHTErpUPOBATH
ypasHenune (1.9).

Ecmn f(x)=0, 1o ypasuenye (1.9) HasbiBaeTcsi JUHEHHHIM OJHOPOJ-
HbiM. B JauMHEeAHOM ONHOPOJHOM ypaBHEHHHM NepeMeHHble PasleafaioTcs:

d d
7%+p(x)y=0’ OTKyAd -Ty———:—»p(x)dx'



28 OUOOEPEHLIIUANILHBIE YPABHEHUS TEPBOTO TIOPSIIIKA [Tt
M, MHTErpupys, HoJayvaeMm -
‘lnlyl=—fp(x)dx+lnc1. ¢ >0,

g rma (1.10)

y=c
[pu neneHunt Ha y Mbl noTepanu pettende y==0, 0OXHAKO OHO MOKET
6blTb BKJIIOYEHO B HajeHHOe cemeicTBO peweHuft (1.10), ecam cuurath
© 9TO ¢ MOXeT NMPHHHAMATb M 3HauyeHHe O.
JIlis vHTerpupoBaHHs HEOAHOPOJHOTO JIMHEHHOTO ypaBHeHMs

Lo p)y=f(® (1.9)

MoxeT ObIThb MpPHMeHEH TaK HASLIBAEMBIH Memo0 8apuayuu nocmosHHol.
[1pn npuMeneHuu 5TOro MeToja CHavyajia MHTETPUPYETCA COOTBETCTBYIOLIEe
(7. e. uMeiollee Ty Ae JEBYIO 4acTb) OAHOPOJHOe YpaBHEHHe

dy
e T Px)y=0
oflllee pellieHne KOTOPOTO, KaK yKas3aHo Bbillle, MMeeT BHI

y__ce-fp(x)dx

4

- fp(x) dx
IMpu mecroanHoM ¢ ¢dyHkuua ce - " SBJAAETCS pelleHMEM OIHOpOA-
HOTO ypabnenua. llonpoOyeM Tenepb yAOBJAETBOPHTb HEOJHOPOJHOMY
ypaBHeHH!0, cuuTas ¢ PyHKuUMeH X, T. e. IO CYUIeCTBY COBeplIas 3aMeHy
nepeMeHHBIX
- | p(x)dx
=c(x)e f s
rie ¢(x)— HoBas HeusdBeCTHas (yHKUUS X.
Brlunc/iasi npousBosHYIO

dy dc - px)dx - px)dx
=5 f —c(x)yp(x)e f
M MNOACTaB/AA B MCXOAHOE HEeOAHOpoAHOe ypasHenne (1.9), moayumm
de -[ pxyde —[ pxydx -~y pxdx
LI —e@p@e T p pwewe Y = f )
uau
de { pixrrdx
a—:f(x)e ’

OTKYHa, MHTErpHpYys, HAXOLHM

c(x)=ff(x)ef P dx+cy
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a CJACAO0BATEALHO,

- (x)d - (X} dx ~| pix)ydx N d.
T P R P L [rel 7% gy,

(L.11)

Hrak, ofiee pellleHHe HEONHOPOAHOTO AMHeHHOTO YpaBHEHHS PABHO
cymMe OOLIEr0 PeIleHHS COOTBETCTBYIOLIETO OMHOPOMHOrO ypaBHEHHS

[ pyde
cq€

KW 4YacTHOrO peuleHud HEOAHOPOIHOTO YpaBHEHHMS
—(pxydx px)dx
e | ff(x) ef dx,

noJyuatoerocs u3 (1.11) npu ¢;=0.

3aMeTHM, uTO B KOHKDETHHX MNpHMePaX Helenecoo6pa3Ho N0Jb30-
BaTbC TPOMO3JKOH M TPYyAHO 3anomuHaeMo#l c¢opmyaos (1.11), anauu-
TeAbHO Jerye KaxAH#{ pas NOBTOPATb BCe IpUBEJeHHbIE BhILIE BLIYM-
CleHHs.

Mpumep L

”HTerl/IpyeM COOTBETCTBYIOIleE OJHOPOJHOE YypaBHEHHE

@Yy, ﬂ:%’i, Injy|=In|x|+ine y=cx

dx  x y
. dy dc
Cuuraem ¢ dynkuue#t x, TOorga y = c(x)ux, T = dx X - ¢ (x) M, noacraBass
B HCXOJHOE ypaBHEHHE, MOCJE YNpOUEeHHS NOoJAydYaeM
—dix—xz HIH de=xdx, ¢(X)= x “+¢
dx 7 - ’ -2 k
CaenoBaTenbHo, ofliee pemIeHHe
x3
y=x + —2-. -
[Mpumep 2
ay ctg x = 2x si
T T Yelgx=2xsinx

HMuterpupyem cooTBeTcTByIOLIEe OXHOPOAHOE yPABHEHHE
dy _ cosx

4y yetgx =0, —=

dx y  sinx ax,

Infy]=In|sinx|4Inc. y=csinx
Bapbupyem nocrosmuyio

y=c¢(x)sinx, y =¢' (x)sinx-c(x)cosx.
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[loacraBasis B MCXOAHOE ypaBHEHHE, NOJAYUHM
¢’ (x)sinx + ¢ (x) cos x — ¢ (x) cos x == 2x sin x,
¢ (x)y=2x, c(x)=x2-+c¢y,
= x?sin x 4 ¢; sin x.

Mpumep 3. B anexTpuueckoft ueny ¢ caMOHHAYKIHEH MPOUCXOIUT MPONECC
ycTanoBJAeHHA nmepeMenHoro Toka. Hanpsaenue U aBasiercss 3azanHo# Oynkuued
BpeMeHd U = U(t), CONpOTHBJACHHE R M CaMOMHIYKUHMSA L NOCTOAHHBI, HayaJabHas

[

cuaa roka / (0) =/, sapana. Hafitu saBucuMocts cuasl Toka / = 7 (f) oT BpeMmeHu.
[Toabsysacs saxoHoM OMa s UenH € CaMOMHIYKIHMEH, MOJAyqAM

dl
U—L-—d—t-=Rl.

Pemenne 37TOro AMHeHHOro ypaBHEHMs, YAOBJETBOPSIOICE HAYaALHOMY YCAOBHIQ
1 (0) == /,, coraacho (1.11) umeer Bux

¢ R
- 1 !
I=c¢e Lt [ U®ye” dt|. (1.12)
0

ITpu noctosnsoM HanpsxkeHun U= U, noayuum

U, / U,\ —T¢
I=To—f—klo‘—'_Rg)e L .

MuTepeced cayuail CHHyCOHAAJbHOTO NepeMeHHoro Hanpskenua U = A sin wt.
[Ipu stom coraacuo (1.12) noayunm '
_R, . R,
I=e¢ * Io+%feL sin ot dt.
0
Crosmu#i B NpaBOH YACTH MHTErpaJ JErx0 BbIYHCAAETCH.

Muorue anddeperiinanbirie ypaBHEHHs NyTeM 3aMeHH HNepPeMEHHBIX
MoryT OniTb cBeleHbl K JauHelnbiM. Hanpumep, ypasunenue Bepryaau,
HMEUee BHA

da
Lt p@y=F@y n*l
uJin
a -
yr2E 4 p(x)y' = (x), (1.13)

1—-
3aMeHOft MepeMeHHBIX Y == 2 CBOAMTCA K JuHeAHOMY ypasHenuio. Lef-
d dz
cTBUTe/bHC, IuddepeHunpys yl—7 =z, Haxomum (! —n)y~" d—j; = x

u, noacrasasa B (1.13), moayumm amHeHHOe ypaBHeHue

T % L pw =]
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[ipaMep 4
4y _y 4 *
de 2x ' 2y’
4y _ Y | e yrm gy oy 2 _ 42
W= V= =g
dz F4 9
w=xT

u Ianee. xax B mpumepe 1 cTp. 29.
YpaBuenue
d .
24 p®)y+ @) y2=f(x)

vasbiBaeMoe ypasueruem Puxxamu, B oOlieM Buie He MHTErpUPYeTCs
B KBaIpaTypaX, HO MOxeT OblTb 3aMeHOH mepeMeHHHIX npPeobpazoBaHO
B ypaBHeHue DepHy/aau, ecad u3BECTHO OMHO UacTHOE pellleHne Yy (X)
9TOro ypasHenus. HeHcTsuTe/bHO, noJaaras y==y; - 2, nOIyuYnM

N+ pEWF )+ e+ 2P =7

WM, TaK KaK y;+p(x)y1+q(x) y%Ef(x), OyleM uMeTb ypasHeHue

BepHyamm
2 4 1p () +29(x) 1] 2 +q (x) 22 =0.
Mpumep 5.

dy _ ., 2
E=r T

: 1
B stom npuMepe HeTPYAHO NOAOOpaTb uYACTHOE peIleHHe Nn=- Monaras

1 !
y=z+—l£, MOy UHM y’=z’-——)—:7, z’——x—2—=(z+;)—x2, HiR

\ e g

& =242 % -— ypaBHenue Bepuyuau.

Inju]=—21In|x|+lne u=xi2, u= ,

’ 3
EP ot w=—F+e

(3 X 1 ¢ X 1 cy x

b= T3 T T3 T 1 @3

*



32 JAVNOGOGEPEHUHWANIBHBIE YPABHEHUS TEPBOIO MOPSOKA . 1
§ 6. YpaBHeHHs B MOJHbIX AuddepeHnHanax

Moxer cayuntbcf, 4TO JeBas HacTb AuddepeHUNaIbHOrO ypaBHEHHS
Mx, dx—+N(x, y)dy=0 (1.14)

ABJAseTCa MOJHBIM AuddepeHuransoM HexkoTopolt ¢ymkuan u(x, y)
du(x, y)=M(x, dx +N(x, ydy
M, CJelOBaTeNbHO, ypaBH‘eHne (1.14) npunumaer Bul
du(x, y)=0.
Ecin ¢yuxuus y (x) asasiercs pemenueM ypasHeHus (1.14), To
du(x, y(x))=0,

H, CJelOBaTEJbHO,
u(x, y(x))=c, (1.15)

rie ¢ — NOCTOAHHAA, U HaoOopor, ecan Hekoropas PyHKUHA y(x) obpa-
maetT B TOMIECTBO KOHeunoe ypapHenue (1.15), To, nuddepenunpys
noayuyeHHoe TOXAeCTBO, MoayuuMm du(x, y(x))=0, u ciaenoparebHo,
u(x, y)y==c, Ile ¢ NPOM3BOJbHAA MOCTOSIHHAA, #BJfeTcsd OOWMM MHTe-
rpajloM HCXOAHOTO YPaBHEHHS.

Ecan naHbl HadaibHble 3HAUeHus Y (Xo) == Y;, TO NOCTOAHHAA ¢ ompe-
neasercs u3 (1.15) c=u(x, y,) u

u(x, y)=u(xe ¥ (1.15y)

: du
fiBJISETCS WCKOMBIM d9acTHHIM gHTerpaaoM. Ecan W_N (x, y)%o
B TOuKe (X, Yg) TO ypaBHeHue (1.15,) ompepenser y Kax HeﬂBHYlO
¢yHKLHIO X,

Ina toro urobbl seBas uyacts ypasHenus (1.14)
M(x, y)dx + N(x, y)dy

B/R/1ACh MOJHBIM AH((epeHUranoM HeKOTOpOR dyHkuun #(X, y), xax
H3BECTHO, HeOOXONNMO M NOCTATOYHO, YTOOHI

OM(x, y) __ ON(x ¥)
dy - ox b

(1.16)

Ecnu 9TO ycaoBue, BHepBbie yKasaHHOe OHaepOM, BHINOAHEHO, TO
ypaeuenue (1.14) nerko unrerpupyerca. HeficTBurensHo,

du=Mdx + N dy.
C apyroit CTOPOHHI,

ou - ou
du-?-;dx +-0'yd
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CuenosatenbHo,

du s du
?=M(x. ) W—N(x, )

OTKyZa
u(;g_y):fM (x, y)dx 4+ c(y).

IMpn RuuMcAeHnyH UHTerpana fM(x, ¥y dx BeIRuUMHa y paccMarpusaercy
KaK [OCTOAHHAs, NOSTOMY ¢ (y) fABJAAeTCq NPOMSBObHOM dyHKuuel 3.

7\ (z.y) I\ imy) (zys

1Zp. 4] 1247 . (Zy. 4/

o

7 z

Puc. 1.10.

Ilns onpenenenus dyuxunu ¢ (y) anddepenunpyeM HahaeHHYI0 (YHKIHMIO
#{x, y) no y W, TaK KaK %%:N(x, ¥), TIONYUHM

’

o ([ e+ o= .

M3 storo ypasHeHHs onpefenseM ¢’ (Y) W, UHTErpHpYyd, HaxomuM ¢ (y).

Kak musBecTHO M3 Kypca MaTeMaTHYeCKOrO AaHa/aM3a, euwe [pouie
MOXHO onpenesuts QyHKUMIO #(X, y) N0 ee NOJHOMY AuddepeHUHANY
du=M(x, y)dx + N(x, y)dy, B398 KpuBOJIHHeHHHR HHTErpans oOT
M(x, y)dx—+4 N(x., y)dy Mexny HekOTOpO# ¢(uKCHpOBaHHOH TOUYKON
- (X5 Yo) M TOUKOH ¢ IIepeMEeHHLIMH KoopauHaTaMu (X, y) 1o JaoGoMy
OyTH:

(£, ¥)
4%, y) = f M(x. y)dx =+ N(x, y)dy.

(%3, ¥1)

Yame Bcero B KavyecTBe NYyTH MHTErpUpPOBaHMs yAoOHO Oparb JOMaHylo,
COCTAaBJEHHYIO U3 ABYX 3BeHbeB, Hapa/Jie/bHHX OCAM KoopauHar (puc. 1.10);
B 3TOM Cayd4ae

X, ¥) o, Yoy *x,

[ Max+Nay= f Mdx+ [ Nay

(X3, ¥+ E Ky ) (X, ¥o)
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Wiy
X W, Y X, ¥
fde+—Ndy= f Ndy + fde.
(X0, ¥o) (o, ¥) (X, ¥
MMpumep 1L

+y+Dde+(x—y +3)dy=0.

JleBas 4acTb ypaBHEHHA ABAAETCR NOJAHLIM Ax(pdepennnansoM HEKOTOPOR ¢ymk-
muu U (X, y), TaK Kak

o(x+y+1) __ 0(x—y*+3)

oy ox '
0 2
e =xty+l u=-)§—+xy+x+0(y),
%=x+0’(>’), L4 (y)=x—y' +3

3
¢(y)y=—y-+3 C(y)=—-—y3~+3y -+ ¢
X2 ¥y,
=g fxyfx—-g+3y+o

CnejoBatenpHo, O6Iui MHTETpad MMEET BHA

3x2 4 6xy -+ 6x — 2y + 18y = ¢,. 1.17)
Moxuo npumeHnTs M Apyrofl MeTon ompeienerus QyHkUuuH (X, y):
(£ ¥)
wr = [ eyt hdrtE—y+3ay
(X155 ¥o)

3a nmauanbHYw TOUKY (X, ¥o) BHIOMpaeM, HampuMep, Hadalo KOODAMHAT, B Ka-
uecTBe NYTH HHTErPHPOBaHUS — H306pawenHylo Ha puc. 1.11 nomanywo. Torma

(x,0) x, ¥
2 \e
u(x, y)= /(x+1)dx+ f (x—y2+3)d)’=x7+x+xy—)7—if3y
(0, 0) ) (x,0)

u OOWHH MHTErpan uMeeT BHA
, o y
Aty — 543y =c¢
" kak B (1. 17).
B HekOTOpLIX cAyyadX, KOrha Jesasd 4acTb YpaBHEHUs
M(x, )dx—+N(x., y)dy=0 (1.14)

He fBJSETCS MOJHBIM AHDQEepeHLHanoM, Nerko yaaercs noaobparb ¢yHk-
wiio W (X, y), MOCJe yMHOMXeHHd Ha KOTOPYIO JeBad 4acTb ypassenus (1,14)
npespaiiaercs B NOJHbA andbpepenunan

du=pMdx + pN dy.
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Takas ¢yHKIMa [ HA3LIBACTC UHMEPUPYOUUM MHONCUMesEM. 3a-
METHM, UYTO YMHOXEHHE Ha HHTeIPHUPYIOUIMH MHOXHUTEJb WU (X, y) MOKeT
HPUBECTH K TOSIBJEHUIO JMIIHUX YacTHHX pelleHuH, 00pamamomux srot
MHOXMUTEJMb B HYJb.

Mpumep 2.
xdxtydy-F (x4 y?)x2dx=0.
1
QOueBu/HO, YTO HOCJEe YMHOXCHHS HA MHOMHTENb U == Iy JeBas uacTh lipe-
Bpamaercs B NOAHBIA auddepennuan. [leHcTBHTENbHO, MOCAE YMHOXCHHS Ha

1
M—m noJy4unm , + ,
xdx4ydy s g
-—————x2+y2 + x2dx =0
WJH, HHTErpHpY, —1r1(x2+y2)+ =ln¢,. YMHOomaa Ha 2 m mOTeHUUpYH,

Oylem UMETh
2
— x
4y)ed =c
KoHeuno, najeko He BCeria WHTErpUPYIOLIMH MHOXKHUTENb NOLOM-
paerca CTOJMb 1erko. B ofuiem ciyuyae 444 HaXOXAEHUS HHTETPHUPYIOLLETO
MHOXHTe/S Haio mnorobpars xoTa OB OOHO

He paBHO€ TOXIEeCTBEHHO HYJ/II0 YacTHOe pe- ]

uleHWe  ypaBHEHMs B YacTHHIX  HPOU3BOA-

HBIX
OuM _ ouN (z.y/
oy = "ox °

WM B DasBEPHYTOM BHIeE

on oM () g (Z.0)
WM‘F b2y = —l— Ox u,
Puc. 1.11.
KOTOpOe MOCJe JejeHMs Ha | M TepeHoca
HEKOTODHIX U/JeHOB B JAPYryi0 4ACThb PABEHCTBA MPUBOAUTCA K  BHIY

Jlnu dinp ¢N oM
oy M- N=—r— oy

. (1.18)

B ofuweM ciayuae HHTErpHPOBAHME STOI'O YPaBHEHHS B YACTHHIX MpO-
H3BOAHBIX fBAfETCA 3alauell OTHIOAbL He OGoseec nNpPOCTOH, yeM uHTErpu-
poBaHHe MCXOILHOTO ypaBHEHHsS, OJHAKO B HEKOTOPHIX caydaax nouGop
yacTHOro pemieHuss ypasuennss (1.18) He npencraBaseT 3aTpyAHeHuH.

Kpome TOro, cymras, 4ro MHTErpUPYIOLIMHA MHOKHUTEIbL AB/METCa QYyHK-
ByeH TOJBKO OJHOTO apryMeHTa (HanpuMep, aBJfeTcs (QyHKUHEH TOJIbKO
x-+y nan ToMbKO X2y, wim QYHKUMER TOJLKO X, MM TOALKO y
H T. 1.), MOXHO yxe Oes TpPyZda IPOMHTErpHpoBaTh vpasHenne (1.18) u
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yKasarb YCJOBUA, PU KOTOPBIX WHTErPHPYIOILHA MHOXHTENb pacCMaTpH-
BaeMOro BHJA CywecTByeT. TeM caMbiM BBLIENAIOTCH K/AacChl ypaBHeHMH,
LA KOTOPHX MHTErpUpyroumiuft MHOXKHTEAb JCTKO MOXeT OiTh Hakneu.

Hanpumep, HaliaeM ycaoBus, npu KoTopbix ypashenne M dx—+-N dy==0
HMeeT MHTErPHPYIOHIMHA MHOXHTENb, 3aBUCAILMA TOMBKO OT X, W ==y (x).
ITpu stom ypasuenue (1.18) ynpowaercs B npuobperaer Bua

dinp ., N oM
T T dx N= dx dy °’
dM  aN '
oy ox
OTKYAd, CHMTa ———— HenpepbeHoH byHkune#t x, mnoayumm
. aW
Inu_/ dy d’c—{—lnc,
oM ON
oy “ax
w=ce N dx. (1.19)
MoxHO cunTaTh ¢==1, TaKk Kak AOCTATOYHO HMETb JHIUL OIMH HHTEr-
PUPYIOLLHHA - MHOXHTEIb.
oM _ N
oy  o0x
Ecsmm N ABJSETCH PYHKUHEH TOJBKO X, TO HHTErPHUPYIOLLuUi

MHOXHTENb, 3aBUCAMHA ML OT X, cymecTByeT u pased (1.19), B npo-
THBHOM C/yYde WHTETPUPYIOLIErO MHOXMHUTEIS BHAA L (X) He CyLIeCTBYeT.

YcnoBre cyimecTBOBaHUA HMHTErPUPYIOLIENO MHOXKHTE/A, 3aBHCHLLErO
TOJbKO OT X, BHIIOJHEHO Hanpumep, Lis JIHHEHHOrO ypasneHus

Lt px)y=1r(x) nm [p(x)y — f ()] dx+dy =0.

oM oN
0y ox

N
CoBepIlUeHHO aHA/JIOTHUHO MOTYT ObITb HaHAEHB YCJIOBHR CYULECTBOBAHUS
UHTErpupYIOLIUX MHOXHTeJdel Buaa

IleficTBUTR/IBHO, = p (x) H, CJeNOBATeJbHO, u=eI plxode

Ry, nxxy), nEty), pEx-y), M(l) uoT L

x
[Mpumep 3 Mmeer nu ypaBHeHue
xdx-t+ydy+t+xdy—ydx=0 (1.20)
WHTETPUPYIOUUH MHOXUTENb BuAa W= W (x2 - ¥y2)?
O6o3naunM x2? -} y? = 2z. YpapHenue (1.18) mpu p = p (x2 -} y*) = u (2) upu-
HUMAeT BHJ
‘ d ln u ON oM

2(My—Nx) ax W,
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oTKyAa

Inlp| =%/ p(2)dz-inc

Uau
-l—f(p(z)dz
n= 062 N
rae
ON oM
0x _ dy

&=y —Nx

37

(1.21)

Lag CYLIeCTBOBAHUA HHTEIPUPYIOIICIO MHOXHTENA 3a1aHHOIO BHIAA HeO6XOUMO

H B UPEANOJOXKEHHN HETMPEPHIBHOCTH ¢ (2) HOCTATOUHO, YTOOHI

6nina Gynxknuedl Toabxo x2 - y2. B pgannoM cayuae

N _om
o0x ay 2
My —Nx — — x2F %’

oM

0 dy
y—Nx

CAeIOBATENbHO, HHTETPUPYIOIIME MHOXUTEeAb U == u (x? 4 y?) cywecTByer # pa-

BeH (1.21). Mlpu ¢ =1 noayuum

fdz
- - 1

1
h=e AR
1
YMHowan ypasHenue (1.20) Ha u =m,
xdx-+ydy xdy—ydx__o
X2 y? + 2y -

uJau

sawtyy  df)

Ly T 1-{—\(;/)2

—dln(x‘+y2)+darctg—_0

=V,

DO =

Wnrerpupys, noayuuM
Y x2Fy? =— arctg— +Ine,

K N0CJe NOTEHUMPOBaHHS OyIeM HMETH

—arctg %

ViEFy? =ce ,

[pUBEJEM €ro K BULY
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HJ¥ B TIOASPHHIX KOOpAHHATax p == ce~ ¥ — cemelicTBO norapuMuueckux cnupa-
aefi.

Tpumep 4 HailTh dopmy 3epxaja, OTPAKAWUIEr0 NapaileibHO JAHHOMY
HanpaBJEHHI0 BCE JYYU, BHIXOIALIME H3 33AaHHOH TOUKH.

IMoMecTuM HayaJlo KOOPAMHAT B 3aAaHHYI0 TOYKY M HanpaBim OChb abenuce
napajiJeJbHO 3afaHHOMY B YCAOBUSIX 3ajaud HampasaeHuio. [Tycte ayu majaer
Ha 3epkajo B Touke M (x, y). Paccmorpum nzobpaxennoe na puc. 1.12 ceuenue
3epkaja mjockocTbio Oxy, npoxojasulee yepes ock abecuucc v Touky M. [Ipo-

BeneM Kacateabnyio MN Kk paccmarpuBaeMoMy

¥ CEYCHHIO NMOBEPXHOCTH 3epkana B touxke M (x, y).
Tak kaKk yroa najeHus JAyua paBed yray orpa-
#MeHud, 1o Tpeyroabhuk MNO paBHOGeapeH-
ublil. CaenoBarenbo,
tgo=1y = S S—
" \ : x x? 2
WF 02\ +V ety
2 [lonyueHHOE OJHOPOJHOE YpAaBHEHHE JETKO HH-
TErPUPYETCS 3aMEHOH NepeMeHHbBIX
Puc. 1.12. X

_—

y

HO elle npoiuie, OCBOGOANBIIUCE OT HPPanHOHAIBPHOCTH B 3HAMEHATEAL, NePenucaTh
ero B ByjaeC

xdx+ydy=Vx2Fy? dx.
VpaBHeHHe HMEET OUEBHAHBIH HHTErpHDYIOLIHH MHOMHTEND

= 1 xdx-+ydy —d
Vaty ' Vit

(cemeticTBo mapabonr). .
3amMeuaHue. Jra 3ajava ellle NPOIIE pEIIAETCH B KOOPAMHATAX X # P,

rae 0 =V X2+ yZ. Upu 3TOM ypaBHEHHE CeueHHA HCKOMBIX NOBEpXHOCTeH apu-
obpeTaer BHI '

x, VEFYE =x+4e¢ y2=2cxt ¢

dx=4dp, p=x-c

MoOKHO 10K23aTb CYUIECTBORAHME HHTETPUPYIOWEr0 MHOXUTENS, WA,
YTO TO ke Ccamoe, CYLULeCTBOBAHWE HEHYJ/eBOrO pelIeHHsl YpaBHEHHS B
yacTHbiX npoussosHuix (1.18) (cM. ctp. 35) B Hekotopok ofGaactH, ecau
¢yHkumy M u N uMeloT HenpephBHbIE NPOM3BOMHBIE H MO Kpalineli Mepe
OfiHa M3 STUX (PyHKUMH He oOpamaercs B HyJab. CJelOBATENbHO, METOR
HHTETPUPYIOLETr0 MHOXHUTEJNs] MOXHO paccMaTpuBaTh Kak OGIMH MeTold
HHTErPHPOBAHMS ypaBHeHUH Buia

M(x, )dx—+ N (x, y)dy=0,
OAdHaKO BBHlIy prIlHOCTIA HaXO0xXIeHHusd MHTerpnpy}omero MHOXHTEJNAqa 3TOT

METOA uyalle BCero NpuMeHsercs AVUL B Tex Caydadax, Korja HHTerpu-
pyoOIH MHOXUTEIb QYEBHAEH.
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§ 6. TeopeMnl cyuiecTBOBAHHA W €IHHCTBEHHOCTH pelIeHHs

d
ypaBHEHHUsI % =f(x, ¥)

Knacc uurterpupylolinxca B kBaipatypax AuddepeHuuanbHuX ypa-
BHEHU} BeCbMa Y30K, IOITOMY YKe CO BpeMeHM Ofilepa NpHOAHKEHHBIE
MeToAB B Teopuu InddepeHuHanbHBIX ypaBHeHu# npuobpean GoJbluoe
3HaueHHe.

B Hactosuiee BpeMa B CBS3H C OLICTPHIM pa3BUTHEM BLIYHCIHTE/NbHOH
TEXHUKH NPHOAMKEHHblE MeTOIbH NPUOGPETAIOT ellie HecpaBHEHHO O0Jb-
lllee 3HAYEHHE.

Tenepp uacTo neaecoo6pa3HO MPUMEHATL NPHOMMKEHHBIE METOABl Jake
B TeX CJjyyasX, KOTZa ypaBHeHHMe HHTerpupyercs B KBalparypax. DBouee
TOro, €CJW Jaxe peileHue MOXKeT OBITb HeCJOMHO BHIPAXKEHO B 3JeMeH-
TApPHBIX (QYHKUMAX, TO HepeIKo HC-
no/Jb30BaHne TabJHI ITHX (QyHKIMH
oxasviBaerca GoJjee TPYyLOEMKUM, 4YeM ‘9}
npubJauAKeHHOe HHTErpHPOBAHUE ypaB-
HeHns Ha OnlcTpodefcTBylowet Malm-
He. OnaHako, Aas TOro uTOGH mpuMe-
HATb TOT "WJAM HHOR MeTonX Ipub/an-
HEHHOTO MHTerpupoBanua InddepeH-
UMATbHOTO ypaBHEHHUs, HAA0 TpexIe
BCero ObiTb yBepeHHBIM B CyLIEeCTBOBA-
HAM HMCKOMOTO pellleHusi, @ TaKke U B
eAHHCTBEHHOCTA PEIIeHHUs, TaK KaK NpH
OTCYTCTBHH €IMHCTBEHHOCTH OCTaeTCs
HeACHBIM, KaKOe UMEHHO pellcHhe Tpe-
OyeTcd nNpuOMDKEHHO  ONpPede/iUTb.

Yaie Bcero A0Ka3aTeibCTBO TeOPeM CYLLECTBOBAHHS pPelleHHs OIHO-
BPEMEHHO [aeT W MeTOA TOYHOTO WJH NPHUOMMMKEHHOTO HAXOMAEHUA pe-
weHus, 4TO elne O6oJiee yBeJMYNBAeT 3HAYEHHE TEOPeM CYyIUECTBOBAHUSA.
Hanpumep, nokasviBaeMasi ke teopeMa 1.1 naer oGocuoBaune aemoda
Siiae pa npubIIKEHHOrO UHTETpHPOBaHUA AU QepeHunalbHLX ypaBHeHul,
KOTOpBHIH 3aKJjl0uaeTcs B TOM, 4TO HCKOMAa WHTerpa/ibHasd kpusas Iud-
(depeHunaIbHOr0 ypaBHeHus %:f(x, ¥), Tpoxolsuias 4epe3 TOUKY
(Xg, ¥o)» 3aMeHAeTCs JIOMaHO#f, cOCTOALIEH M3 TNPAMOJHHEHHBIX OTPE3KOB
(puc. 1.13), kaxiaoe 3BeHO KOTOpPOfl KacaeTCsd HMHTerpajgbHOH KpUBOH
B OAHOH M3 CBOMX TIpaHHUHLIX Todek. [Ipum TpPHMeHeHHn ITOTO MeToia
Aas npuOAMMEHHOTO BHIYMC/IEHHS 3HAYeHUR MCKOMOTO peweHus Yy {(x)
B TOYKe X ==h, oTpe3ok x5 x L (ecau b > xy) Aeqautcs Ha n pas-
HHIX 4YacTel TOUKAMH Xy Xiv Xgi ooy X,_pn X, TAe X, ==5b. [auua
KaOXAOH 4acT x,,, — X, ==/t HA3LIBACTCS wa20M Buducrenus. TIpubau-
MEeHHBle 3HaYeHHs MCKOMOrO pellenus B TOYKAX Xx; 0003HauaeM y,;.

7 Zy L Iy

Puc. 1.13.
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Ins Buuncaenus y, 3aMeHsem H3a OTpe3ke X, < X < X, HCKOMYIO
MHTErPa/bHYI0 KPUBYIO OTPe3KOM ee KacaTeJbHOR B TOUKe (Xg Yo).
CaenorarenbHO, yl;yo+hyo, rae yo=f(%, ¥y (em. pnc. 1.13).

AHaJAOrHYHO BHIUHCIAEM:
Y=y, + hy; rie y =7 (x. y,)
V=Y, + hy, rre y,=f(Xy Yo}

L S e« & &+ & e s

Y, =V, thy,_praey, ;=f(x,_. 9, )

Ecan & < x, TO cXeMa BBIYHCJAEHHH OCTaeTcs npexHed, HO war A
oTpuuaTeeH.

Ecrecrrenno OXwunath, 4TO Npu 2> 0 somanse Iidzepa npubiu-
KawTca Kk rpaguKy HCKOMOH HMHTerpaibHod KpuUBOH, M CJelOBaTe/bLHO,
C yMeHolleHHeM wara k4 Merod DHaepa naetT mce Gofee U Gonee TOUHOe
3HaueHHe HCKOMOTrO pelleHUst B Touke b. JLOKa3aTeqnCTBO 3ITOrO  yTBEp-
XIeHHd ONHOBPeMEHHO NpHUBeldeT HacC K CJeldyiolled GyHIaMeHTanbHONK Teo-

d
peMe O CyleCTBOBAHUM ¥ €INHCTBEHHOCTH PEIIEHHUA YPaBHEHH Ti = f(x,y)

€ HAYaJIBHBIM YCJIOBHEM y(X,)==y, NpH BecbMa OBWHX OOcmamounsLx
VCJIOBHAX, HAJOKeHHHX Ha dyHkumio f(x, V).

Teopema 1.1 (0 cyulecmeosarun u eOUHCMBEHHOCLU PelileHUs).
Ecau 8 ypasHexuu

D= fx P (1.22)

gyuryus f(x, y¥) Henpepusna 8 npamoyzossrure D:
p—a<x<x+a p—bLy<y+o
u yoosaemsopsem 8 D ycaosuw Jlunmuya:
If (e, y)—f(x. 9| <Ny — ¥l
20e N —nocmosnnan, mo cywecmsyem eJUHCMBEHHOe peutexie

y == y(x), xo—HLx L xy+ H, ypasnenusn (1.22), yoosaemsopaio-
wee ycaosuw y(xy) =y, 20e

H < min (a, —:T’ 1—1,-\),
M =—max f(x, y) 8 D.

Venosns TeopeMn HYXKHAIOTCA B HEKOTOPHX MNOACHeHmax. Hewss

yTBEpPXKHATh, 4TO MCKOMOe pelleHne y ==y (x) ypasuenns (1.22), yumo-
BJETBOpSIOLLEe YCAOBHIO Y (Xo) = Y, OyIeT CyuiecTBOBath NPH X, — a K
K ¥ K< X5+ @, Tak KaK HHTErpaibHas KpuBag y ==y (X) MOKET BHATH
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U3 NPAMOYroJpHuka [} uepes erc 8epxXHIOI0 MAM HMKHIOW CTOPOHEI
¥y =y, £ b (puc. 1.14) npy HeKOTOPOM SHAUECHUH X == Xy, X; — & < X <
< Xy @, ¥ TOrA3d, €CaH Xy > X OPU X 2> X pelleHyue yme MONer
6uTL He omnpeleneHo (ecau X, < X; TO pelieHHe MO¥eT OhTb He ofipe-
zeaeHo npu X < Xx;). MOXHO rapaHTHpOBaTh, 4TO MHTErpajbHas KpPHBas

y=y(x) He Bblfiaer sa npeaeas oOaactu D npu x, M3MEHTOILEMCH Ha

y
k¥ G
AE g
4 /
. % /
Valdm \ | %0 { Ny
) | ; f t9,3=-
| Lz R AT
O\ %a 2 Zy Z Zpra 0 zma gk oz zphzgea
Puc. 1.14. Puc. 1.15.

o;)rpeaxe xo— H L x < xy—+ H, rne H — nanMeHblee u3 AByX uucea &,
+f (puc. 1.15), Tak kak yraoBo#t ko3PQuUUeHT KacaTeibHOH K UCKOMOH

HHTErpajbHON KPMBOM 3aKJIOUEH MexAy yriaosbiMu Kosdduuuentamu M
1 — M npamux, usobpaxendnx na puc. 1.15. Ecan sTd npsmbie, Mexay
KOTOpHIMY . 3aKJII0YEHA HCKOMAS WHTErpanbHas KpUBas, BBHIXOAAT 34 npe-
HeJibl MPAMOYrObHHKA D 4epe3 ero roOpH3OHTANbHBE CTOPOHE Y == Y, T

b
TO aGCUMCCH TOYeK MepeceyeHHs STHX CTOPOH GyayT xg * Sf ¢neno-

BaTenbHO, aGCLMCCa TOYKM BBHIXOAA MHTErPajbHOM KpUBOH u3 mnpaMoO-
b
yroabuuka D MomeT Obith JWlb MEHbIUE MAM paBHA Xo- —7 4 Ooublue

b

WM paBHa xo——-ﬁ.

MokHO [OKa3aTb CyLIeCTBOBAHHE HCKOMOrO pelleHHsi Ha OTpeske

, b
xo—H < x < xy+H, rae H==min (a, ﬁ) , OJHAKO Mpolle BHayaJe
NOKa3aTh CyWeCTBOBaHHe pellenus Ha oTpeske x,—H L x L xy+H,
. b 1

rae H<min{a, 27, 5], a B fanbHeftimem OyAyT ykasaHbl yC/IOBHS,

p1 BHINOJHEHHH KOTOPLIX pelieHHe MOMeT OBITh MPOLOJKEHO.
Ycaosue Jlunuminna

If (2 v — f (%0 9| KNIy — il
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MOXeT OHThL 3aMEHEHO HECKOAbKO Gojgee rpyOHM, HO 3aTO OOBLIYHO AefKo
MPOBEPSIEMLIM YCJIOBHEM CYLLECTBOBAHUS OTPAHHYEHHOH MO MOLYJIO 4YacT-
Ho#t mpoussonHo# f (x, y) B obaactu D.

IleficTBUTEIbHO, €CaM B NMpPSMOYroabHuke D
TACEIES
TO, TOALIYACH TeopeMoﬁ O KOHEYHOM INpupamienny, noJaAydnM
|f (% y)—F (% 99)|=/F, (%, ]9, — ¥,

rle §— MpOMexyTouHoe Mexny y; H 3y B3Hauenne. CienosareibHo,
Toyka (X, &) aexur 8 [, nosrtomy

£y 6 O] <KN w | f(x 90— F & 3] <Ny — .

Herpynno npusectu npumepn d¢yuxuut  f (x, y) (Hanpumep,
f(x, y)==|y| B oxpectnoctn touek (x, 0)), 119 KOTOPBIX Yyc/loBHE

g
Junmuua BHUMOAHEHO, HO MPOH3BOAHAR 3{7 B HEKOTOPHIX TOUKAX He
of ‘ 6
CYILLeCTBYeT, CJAeJ0BATe/NbHO, YCJIOBHE ngN aBjiseTca GoJiee rpy-

ObIM, ueM ycjoBue Jlumuwuua.
JlokasateabcTBO TeOpeMbl CYILIeCTBOBAHMA U eLHH-
CTBeHHOCTHU. 3amennM auddepenunanpuoe ypasHeHue

dy .
B = y) (1.22)
C HAYaJbHBIM YC/IOBHEM
y(xg) =¥, (1.23)

BKBUBAJACHTHBIM HHTETPAAbHBIM YpaBHCHHUEM
X
y=yvo+ [ f(x. yax. (1.24)
X¢

HeficTBHTENIbHO, ecan HEKOTOpas QyHKUUA y=§(x) npu TOACTA-
HOBKe OO0pallaeT B TOXIECTBO ypauenue (1.22) w yiosieTBOpseT ycio-
Bui0 (1.23), To, uuterpupys towmnaectso (1.22) u npHHUMas BO BHUMaHuUe

ycaosue (1.23), nomyuum, uto y =y (x) ofpamaer B TOKAECTBO U ypa-

renme (1.24). Ecam xe HexoTOpas (PYHKuust y ==y (X) IPH MOJCTAHOBKE
obpamaer ypasnenue (1.24) B TOXIECTBO, TO OHA, OUEBHIHO, YIOBJe-
TBOpseT ¥ ycaosuio (1.23), a anddepenuupys toxaecrso (1.24), noay-
4UM, 4TO y———;(x) ofpalaer B TOXJeCcTBO M ypasnenue (1.22).
Crpoum Jomanyio Ditepa y =y, (x), HCXOIAWYIO M3 TOUKH (X, V)

C WAroM f,==—- na orpesre X, <X L Xo—+H, n —Ueioe Nnon0KuU-
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TeJIbHOe UMCJO (COBEPIIEHHO aHA/JOIMYHO HOKA3bIBAETCA CYLIeCTBOBAHHE
peweHus Ha oTpeske xy— H < x  x). JloManas dinepa, npoxoasuas
yepes TOUKy (X, ¥,), He MOxeT BHHTH u3 obmacth D mpu x; L x <
Lxp+H (wm x;— H L x < xy), TaK KaK yrioBble KOIPPUUMEHTH
K2KAOTO 3BEHA JOMaHOH no MOLy/a0 MeHblue M. '
HanbHefiinee 10Ka3aTeAbCTBO TeopeMbl paso0beM HA Tpu 3Tana
1) ITocredosamenshocms y==y,(X) pasLoMepro cxodumcs.

2) ©yurygusn }(x): lim y,(x) agasemcs peutenuen uumezpato-
n >
rozo ypasnenun (1.24).
3) Pewenue ;(x) vpasuenusn (1.24) eduncmsenno.
Hoxasateasctso 1). Ilo onpenenenuo jnomaHoi DHjepa

ypy=f(xp v,)mpn x, <x<Lx,,, k=01, ..., n—1

(B yriaoBo# TOuKe X, B3fTA TpaBas NPOU3BOAHAL), HJH
Vo) =[x, 2, )+ [f(%p Vo) — F(% ¥, ()] (1.25)

0603HaYuM
F(xp ¥ — (X% ¥, (X)) =1, (x).

B cuiy paBHOMepHON HenpepbiBHOCTH QyuxUud f(x, y) B D noayuuM
M [ =1 (%p o) — F (% ¥, ()] <&, (1.26)

npu n>N(g,), rae e,—>0 npu n—>oco, TaK KaK |X— X,| </,
a|ye— Yo ()| < Mh, n /1,,=-;1H———>0 npH 7 —> co.

Murerpupya (1.258) mo x B mpegenax 0T X; A0 X U YUHTHIBAs, 4TO
¥, (Xg) =Yg, TONYUHM

w@=w+ [t yoa+ [nea @20

31ech # MOXKeT HPHHKMATL J1000e LeJoe NOJOKUTEJbHOe 3HAYEHHe, Cle-
L0BATENbHO, NpH UeaoM m > 0

Yarn @ =0+ [ F& Yurn@ dt+ [y, ,0a  (1.28)
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Boiunran us (1.28) nounento (1.27) u B3B8 MOAY/b PAa3HOCTH, NOAYUMM

-

1psm @) =3 D= [/t 9am® ~fC yaeNat +
+ [ Mm@ at — [n, @ at|<

< J1FE Yum®) =t vy B0 ]dt +

Xo

+ fInea®la+ [1n,at

X

npn x, L ¥ < Xy~ H unyn, npunumas Bo sHumanue (1.26) m ycaosue
Jiunwwua:

|yn+m(x)-‘ )’n(JC){ <N f l yn+m(t)_yn (t) ldt,'{’—(an-}-m -+ €yl H,

Xy
CrenosarednbHo,

max H[ynm(x)——y,,(x)l <

X< XK X+

KN max [ 19,100 — v, (O] dt + (e +2,) H,

OTKYyIa

e ey) H
MaX |9 (0) — 9, ()| < Lozt T
n<x<+H
s moGoro £ >> 0 npu nocratounHo Gosbiwom n > Ny (g).
Hrak,
max iyn+m(x)—'yn(x)}<£
HL<x Lo+ H
npu n > N (), T. e. N0CJAeSOBATeNLHOCTL HENMPepPbIBHEIX GYHKUUA Yy, (X)
paBHOMEPHO CXOAMTCA Npn Xy, L x K xo+ H:

Yo%) =2 V(2

rie )_J(x) — HempepnBHan GyHKUMA.
HokasarteabcTso 2). IlepefineM B ypasnenun (1.27) k mpezeay
NpH n—> oo:

X X
limy, ()=y,+ lim [ /(x, y,())dx+ lim [0, (¥)dx
n-»oo n-—)ooxO A= %
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HJIn

YO =y+ lim [f(x yp(0)de+ lim [0, (0dx. (1.29)
n—)ooxo némx’

B cuay paBHOMEepHOR CXOAUMOCTH V,(X) K }(x) ¥ paBHOMEDHOR Henpe-
puBrocTH QyhKuMu  f(x, y) B D mocnenorateasHocts f (%, ¥, (%)) 3

S f(x 9(0).
JlelcTBUTEABHO,

1/ e Y)Y — F (2 v, ()] <,
rae € > 0, ecan |y (x) — y,(x)] < O(e), HO |y (x)— y, ()] < 8(e), ecnu
n> N,(0(e)) nna Bcex x u3 orpeska x, L x L x,-+ H.

Wrak, |f(x, y(x))— f(x, Yo () <empun>N () rie N;
He 8aBHCHUT OT X.
B cuny pasnoMepHOH CXOAMMOCTH MOC/ELOBaTEJLHOCTH [ (X, ¥, (x))

K f(x, y(x)) B (1.29) Bo3aMOXKeH mepexol K Npefeay HOIL 3HAKOM HHTE-
rpana. Ilpunnmas, kpome TOro, BO BHUMaHue, uto [n,(e)| <€, rae
e,—> 0 npu n-— oo, okoHuateasno B (1.29) noayuum

YO =yo+ [/ (x. 3 (0) dx.

Urak, y(x) yrosrersopser ypasuenuio (1.24). ‘
HoxasareabctTso 3). JlonycTuM CYLIECTBOBAHHE ABYX HeCOBMa-
dalomux peurendtl Y, (x) U vy (x) ypasuenus (24), caejnoBaTensHo,

max |91 (%) — 99 (x)| # 0.

Yo <X L Xt

Briuntad nouseHHO W3 TOXIECTBA

n@=yo+ [ f(x. 31(0)dx
TOXKIECTBO ®

B @=y+ [ fx 9, (0)dx,

NOIYUUM
X

@ =9, 0= [[f (5 91(0)) —f (%, 9,00 dx.

Xo
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CaeoBarebHO,

max |y (%) — yy(x)| =
Xo KX < Ko+ H
X

= max | [0y @)= ey )dx| <
Xy < x K Xo+ H Pt
< max flf(x, (X)) —f (£ yo(x))|dx].

0n <L x5+ H .

o

[Moabayacs ycnosuem Jlunuinua, Oyaem umeTs

max |y () =y (0| LN  max . f]y1 () =y () dx| L

X < X L X+ H Xy K X < X504

n LX<+ H<x Lo+ H

LN max [y, (%) — v,y (x)] max fdx ==
H o

= NH max [¥1(x) — y, (0)].
+H

PO S )
[losyuenHoe HepaBeHCTBO

max . |91 () — o ()] < NH max v () —yo ()] (1.30)

KXo <X Kot Xy K X L X+ H

NPOTHBOPEYHBO, eCaH max |1 (x) — y4(x)| # 0, Tak kak no yc.o-
N<r<n+H

BUK teopembr H < —]{7, a us (1.30) caemyer, uto NH =1.
IlpoTuBopeune cHuMaeTcs JUWb TPH

max 19, (x) — ¥y ()] =0,

Y <X o+ H

T. €. eClH Y (X)==yy(x) npu x, L x L x, + H.

3ameuanue 1. CymecrBoBanue pelueHus ypasHenus (1.22) moxno
Obi1o° Ot 10Ka3aTh MHBEIM METOLOM J/UUIb B MPEANOJOKEeHHH He[pepbiB-
noctd Oynxuun f(x, y) (6es ycaosus Jlnnmunua), oliHaKo oZHOHU Hempe-
PHIBHOCTH QYHKLMHM f (X, V) HENOCTATOYHO AJs [0KA3aTe/bCTBA eIHH-
CTBEHHOCTH pelleHHs.

Sameuvanne 2. CyijecTBOBaHNE ¥ eAVHCTBEHHOCTD Peluenus y==y (x)
AoKasaHbl Juiub HA oTpeske x, — M L x  x,-+ H, oanako, B3gB TOUKY
(xo—+ H, y(x,-+ H)) 32 HauaJbHYIO, MOWKHO, NMOBTOPUB PACCYHIAEHHUE,
NPONO/IKHTL DellleHMe ellle Ha OTPe3oK AauHBl ffy, eciu, KOHeuHo,
B OKPEeCTHOCTH HOBOH HAauanbHOM TOYKH BHINOJHEHB! YC/IOBHA TEOPEMbl
CYLLleCTBOBaHUS W eAUMHCTBEHHOCTH peilenust. [lposomkas sTOT npouecc
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B HEKOTOPbIX CJayyasX, MOXHO INPONOJIKWTL pellleHWe Ha BCIO NOJYOCh
X 2> X, UM Jake Ha BCIO 0Cb — CO < X < CO, €CJH NPOJOMKUTL peilre-
HHA W B CTOPOHY MeHbliMX 3HaveHu#t x. ONHAKO BOSMONHH M Jpyrue
caydan, Aake ecan ¢yskung f(x, y) onpenenena 1is JToOHX 3Haue-
HURL x o Y.

BosMowHO, uyTO uHTErpanbHasg KpPHBAAg CTAHOBUTCA HeNPO10/1KacMOHU
BBHIY NpubIKeHns K TOYKE, B KOTOPOH HapylueHbl YCAOBUS TEOPEMBI

y
y
——-—‘-ﬁ"‘_ .
-10) 0 10) 7 0 T
Puc. 1.16. Puc. 1.17.

CYUIECTBOBAHHS ¥ €IMHCTBEHHOCTH pelUCHUS HWJAN WHTerpanbHasg Kpusag
npuOAMKAETCS K ACHMITOTE, NMapaaiebHol ocn OY.

STH BO3MOKHOCTH HIIIOCTPUPYIOTCA CIACAYIOIUUMH IPUMEpaMHu:

d
1) Bt A y(0) =1. Pasfensin nmepemcHHble W MHTETPHPYSH, NOJAyUaeM

x2byte=ct y=x ) —x2 c=1 y=)T—2i2

PemeHne Hempojo/:kaeMo 3a npefeasl uHrepBata — 1 < x < L. B rpanuunsix
d X
toukax (—1, 0) u (1, 0) npamas wacTh ypaBHeHHS 7% = — = paapsiBHa. YCJI0-

BHSl TEODEMBI CYI{ECTBOBAHHA PEIISHHS HApyLIeHbl (puc. ‘1.16).
d
2) E%:y?, y (1) = 1. Pasnensg nepeMeHHble B HHTErpUpyd, HOAYUHM

1 1
Y=g TR Vs

U MHTErpajabpHas KpUBas NPOJOMKAEMa JUUIb B0 aCHMITOTH X =2 (—o0o < X < 2)
(puc. 1.17).

B Hacrogdillee BpeMs TeopeMbl CYILECTBOBAHUS W €IMHCTBEHHOCTH pelie-
HU# He ToJbko AuddepeHUUanbIEIX ypaBHeHUH, HO M ypasHeHWH HHBIX
THMIOB OYeHb YACTO  [OKA3bIBAIOT METOJAOM  HelOJABMMKHBIX TOUEK.
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IIpocrefimest TeopeMOit O HEMOABHMKHBIX TOUKAX ABJAACTCA MPHHIMN Cka=
THX OTOOpaxceHuH. P

Ipunyun cocamorx omobpaxcenuli. Ecau 8 mempuveckon *)
noanom **) npocmpaucmse M zadan onepamop A, ydossemso-
pPAOWLE Yycaro8uam:

1) onepamop A nepesodum mouxu npocmpascmsa M 8 moura
mozo ace npocmpancmsa: ecau yeM, mo AlyleM;

2) onepamop A cGauncaem mouiu, mounee,

(AL Alzl) Lap(y. 2),

20e y u z2— aobote mouxu npocmpancmea M, a <1 u ne aasucum
om gubopa y u z, p(Y, 2) — paccmonanue Mexcdy moukKamu y u z
8 npocmpancmse M, mo cyuecmsyem eOUHCMBEAHAST HENOOBUNC-
nas mourxa y npocmpancmea M, Alyl =Y. 4 sma mouwia moxcem
Oump nalidena memodom nocaedosamenviox npubauxcerus, m. e.

y=limy, 2de y,=Aly,_)] (n=1, 2, ...), npusen mouxa y,
n=>»us
subupaemcs 8 npocmpancmee M npou3sossuo.

HoxasaTeapcTso. [okameMm, 9TO NOCASNOBATENbHOCTD
Vor Y10 Y20 cevr Ypo vne

GdynzavMentanbHa. OUEHUM DpAcCTORHHE MeXAY COCEAHHMH uaeHaMy 3TOH
N0C/IEe10BATENEHOCTY:

P (e YD=0(Alyl. Alye]) < op (1 Yo
Pz Y =p(Aly]. Aly]) oo y) <y Vo) ‘
. R (1.31)

. . . L )

PWnsrr Y =p(Aly,) Aly,_ 1)K
LWy Yau1) L0V o)

¢ e ®» e a2 s s e s s s s s = » L T T S .

*) llpoctpancTBo M HA3HIBACTCH MempuyecKus, €CIH B HeM ompeieicHa
Gynxuusa p (y, 2) nap TOYEK STOro MPOCTPAHCTBA, YIOBJAETBOPALIIAA AAs JIOBBIX
TOYEK ¥ U Z PACCMATPHBAEMOrO NPOCTPAHCTBA YCAOBUAM:

1) p(y, 2) >0, npuuem p(y, y) =0 u u3 p(y, 2) =0 caeayer y=2;

2 p(y.2)=p(zy);

3) o(¥, @Y<L o (y. u)-+p(x 2) (NPaBUIO TPEYrOAbHHUKA).

YHKUHS @ HAa3HIBAeTCH pacCmMOsSHueM B MpocTpaHcTee M.

**) Metpuueckoe NpOCTPAHCTBO M HASLIBAETCH NOAHBLM, €CAM KaXAasa (ymn-
JaMeHTalbHAd MOCAEJOBATEALHOCTE TOUEK MpOCTpaucTsa M cxomuTcs B 3TOM
npoctpancTse. HaooMHuM, 49TO N0CAEZOBATEJbHOCTH ¥, Y2 ..., Y ... Ha3bl-
Baercs QyHAaMEHTAAbHOH, ecau Aas KaXA0ro & > 0 MoxHO nojobpath uuciao N (&)
_Takoe, 4To npu n > N () paccroanue p (¥Yp Ynp+m) < & Ipu mo6oM neaoMm m > 0.
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[TpuMensiss Temepb m — 1 pas OpaBUAO TPEYrOAbHMKA M HCIOJL3YH
nepasencrsa (1.31), noayunm

PO Yoim) SOWn Yar) TOWnsr Ynr2) + - .
O Waimer Ynam) <0 Fartl 4 0 artm=lp(y, y)=
ot — qtt+m

7l
=T oy Y < T P V) < E

npy agocraroyHo OoublioM r. CaeloBaTenbHO, MOCAEA0BATeNbHOCTL Vg,
Yo Yor «o s Ypo o .. (QyHlaMeHTAaNbHA M, B CHJAY HOJHOTH INPOCTPAH-
crBa M, CXOIMTCA K HEKOTODOMY 3JEMEHTY TOIO e HPOCTPAHCTBA:
limy,=y, ycM.
n-=»x _

,[[oxaxceM Tenepb, 4TO Yy dABJAeTCA HenoBwxHOH Touko#. IlycTb

Alyl =y. [lpuMensis 1Ba pasa NPaBUJIO TPEYTOJbHUKA, IMOJYYHM
P 9 Ko Y+ 0Wa Yusd) 0 Vasn V)
Has moboro e > O MOXCHO Bbl6paTb N (g) raxoe, 4to npu n > N (g)
DG v < g, Tk Kak y= lim y,;

=0
2) o (¥, yn+1)<§, TaK KaK I[10CAeL0BaTeNbHOCTb V, QyHIaAMEH-
TaJbHA;
3) 0 (Wnsre V=P (ALYl ADD <ap (v, W< 5. omeyaap(y, ) <e,
rle € MOXHO BBIOparh CKoJb yroiHo MaabiM. CieloBate/ibHO,

Py MN=0 n y=y, Aly]=y.

OcTaeTcs  10OKasaTh, YTO HemnoABUXKHAA TOHUKaA y CAUHCTBEHHA.
Ecan ()3 cyuiecrpoBasa  eule OaHa HENMOABHXKHAA TOYKA 2, TO

p(Aly], A[z])=p(y, 2), 4TO TUPOTUBOPEYHT YCAOBHIO 2) TEOPEMbI.
[TpumMeHuM NpUHUMI CKATHIX OTOOpaKeHMH K [OKa3aTeJdbCTBY Teo-
peMbl CyLIeCTBOBAHHA U eAUHCTBEHHOCTH pemenus Y (x) (x;— i, <<

Lx KL xy+ hy) auddepenunaibHOTO ypaBHEHUS _d% == f(x, ¥), yuno-
BJETBODPAIOLLErO YCJAOBHIO  (X;) == Vg, B NPEANONOKEHUH, uTO B obaactu D

Xp— @K ALK H+0 Yo—b<LY <Y t0

GyHKuMA f HenpephiBHa M, C/lel0BaTesbHO, orpanuyeHa |f| < M n yno-
BiaeTBOpseT ycJjosuio Jlunmuna

|f (e ) —F(x )] <N |y —2zl.

Wicno ki, < min (a, %) # Oynmer Ttounee BHOPAHO HuMKe.

‘4 J1. 3. dascroaby s
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PaccMOTpUM IMOJAHO® MeTpHueckoe MpocrpanctBo C, TOYKAMH KOTO-
poro sBASIOTCA BCEBO3MOMNKHBIE HENpPePLBHbe QYHKUHH ¥ (X), OMpene/eH-
Hble Ha oOTpe3ke Xo— gL X < XgF- 1y rpaduKku KOTOPHIX /exar
B obaactu D, a paccrosHue ONpele/sieTCd pPaBeHCTBOM

po(y, 2)=max |y — 2|,
rie MakcuMym GepeTcs NMpH X, U3MeHSIOUIEMCA HA OTpeske
Xo—hy << X < Xo+

310 NPpOCTPAHCTBO HaCTO PACCMATPMBAETCA B PA3IMUYHBIX BONPOCAX Mare-
MaTuyeCKOro aHaju3a W HOCUT HA3BAHUE APOCHIpAHCMBA paelw,uepﬂoﬁ
cxodu/uocmu, TaK KdaK CXOAHMOCTb B CMBICJE METPHUKH 3TOT'O NPOCTPaH-
CTBAa 0O3HA4aeT PABHOMEPHYIO CXOIANMOCTDH.

d
3amenuM InddepeHunalbHOe ypaBHeHue d—i’_:f(x, ¥} € HayajbHbIM

yCI0BHEM Y (X,) ==Y, SKBHUBAJEHTHLIM MHTETPa/bHbLIM ypPaBHEHHEM

X
y=y0+ff(x, vydz. (1.24)
X
Paccmorpum omneparop

A=y, + [ /(x v az,

cTaBaluit B COOTBETCTBME K&XAOH HenpephiBHOR (yHxuum y (x), 3anau-
HOMt Ha orpeske Xy— hy < X < Xg—+4#y n He BHXoasmwel wusz obaa-
ctu D, nempepmBuylo ¢ysxuuio A[y], onpeae’eHHyl0 Ha TOM ke OT-
peske, rpadux KoTOpoH Takie He BHIXOAWT u3 obaacth D), Tak Kax

X
ff(x, wdx | << Mhy < b. Oneparop A[yl], cren0BaTe bHO, YIOB/IETBO-
Xo

psieT ycJaoBHIO 1) MpUHIMIA CKATBIX OTOOpaxeHMH.

Ypasuenue (1.24) npu sTOM 3anumerca B Buie y=A[y], n creno-
BaTeJbHO, [IJs1 1OKA3aTeJbCTBA TEOPEMb! CYLIECTBOBAHHA M CAMHCTBEH-
HOCTH OCTaeTcd HOKa3aTh CYyWECTBOBaHHMe B mnpocrpancrse C exuncrse-
HOW HeNnoIBHKHOK TOuYKM y(x) oneparopa A, Tak Kak B 9TOM cJyuae
y=Al[y] n ypasuenue (1.24) ynos/ersopsercs.

Jns nokasare/nCTBA TeopeMbl OCTaeTCH MPOBEPUTb, YIOBJICTBOPSET JH
onmeparop A yc/a0BUIO 2) NPUHUMNA CXKATHX OTOOpaweHHH:

p(Afyl, Alz) <Cap(y, 2), a < 1,
rae

* . |
p(AlyL Alzl)=max| [[f(x, y)— f(x. 2)]dx|.

Xo
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Toubayace #epapedcTsoM Jlunwuna, moayun

ALyl AlzD < Nmax| [{y—zjdx|<

Xy

X
<L N max |y — 2| max fdx = Nhymax |y — z| = Nh,o(y, 2).

Xo

Bri6upas 1, tax, uro6nl Nh, < o < 1, moayuum, uto omeparop A yzno-
BACTBOPAET YCAOBHIO

o(Alyl, Alz]) L ap(y, 2), a < 1.

Wrak, coraacho NpHHUMIY CXKATBIX OTOOpPAKEHHI CYLIECTBYET eluH-
CTBeiHas nenoasuxuas tTousa y (x) oneparopa A, MaH, 4TO TO Ke caMoe,
eANHCTBEHIOE [IeNpepLiBHOe peuleHye ypaBHennss (1.24), u OHO MOXer
OblTh HalgeHO METOLOM INOC/e10BaTeJbHBIX NPUOMMKEeHUN.

CoBeplUICHHO aHAJOTHYHO MOMHO [0Ka3aTb TEOPEMY CYILECTBOBAHMS

M eNUHCTBEHHOCTH pelteHus y,(x), Y9(x), ..., ¥,(X) M1 CcHCTEMH
ypaBHeHUH
ay, ,
T,v‘“:::fi(& Yis Yoo voes ¥ad Vi(Xg)=y;0 U=1,2,.... n) (1.32)
H.au
X
Vi=VYio+ 1 S ¥ Yo o w)dx (=1, 2, ..., n) (1.33)

X

B MPENIoJ/JOXKeHH, YTO B obaactu D, OHPEAGJIHCMO” HEpABEHCTBAMU

Xp—a LX< X8 Yo—b0, Ly Kyt =12 ..., n),
npaBble uyacty ypasHenu# (1.32) yAOBJAETBOPAIOT YCJIOBHSIM:
1) Bce dyuxumn f,(x, ¥, Yoo ..., V) (=1, 2, ..., n) uenpe-
DHIBHEL, 4 CJENOBATENbHO, U orpauuueHs, |f;| < M;
2) Bce d¢ynkunn  f; (=1, 2, ..., #) YIOBJICTBOPAIOT YCJOBHIO
Junuuua:
n
[fi(x, Yoo Yoo v s Yo — fi(%, 21 29 oons 2] <N§ [y — 2l
Touxofi mnpocrpaHctea C Gyler Temepb CHCTeMa@ 7 HelpepPHIBHBIX
oy (¥, Y9 --.. Y,), T. €. n-MepHasm BeKTOP-(yHKUuZ Y (x)
C KOoOopAuHATAMH Y, (X), ¥o(X), ..., ¥,(X), onpene/eHHaa HA OTpesKe

i br

Xo —hy L X X9+ Ay, Tie ky < min (a, ik ,ﬁ) u OyleT TouHee

4*
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Buibpano Hmke. Paccrosude B mnpoctpancrse € onpele/siercs paBed-

CTBOM
n

(Y (x). Z(x))::,}‘.a]\maxl,v,-—zil.

Tie 2y 29 ..., 2, — KOODIHHATH BeKTOp-GyHKUMH Z (X).

HerpyaHo npoBepuTh, YTO NPU TAKOM OTpee/eHHH PACCTOSHMA MHO-
wectBo C n-MepHBIX BeKTOp-QYHKUMH Y (x) npespaulaercs 8 MoJaHOe
MeTpuueckoe npocrpanctso. OnepaTop A onipenensiercs paBeHCTBOM

X
AlY]== ym+ff1(x, Vi Yoo oves Yo dx,

x X \
Yoo+ [ foleo yi o 9 s vt [ FaC v vo e v )
Xo

T. €. TNpH JAeHcTBUM oneparopa A Ha TOUKY (V1. Yoo .., V,) TOJyuaeM
TOYKy TOro ke npocrpanctBa C ¢ KOODIHHATAMY, DABHEIMM MPaBHIM
vacTaM cucrems (1.33).

Touxa A[Y] nprHannexur npocrpanctey C, TaK KaKk BCe ee KOOp-
IMHATH SBJASIOTCA HENMPEPLIBHHIMM (PYHKUMSIMH, He BBIXOJMUHUMU H3 06uaa-
cty D, ecay KOopIAuHATH BeKTOp-(yHKIMM ¥ He Beixoauan us3 obgactu D.

Heticrurensro,

X

X
ffi(x, V1o Yoo veen ¥)dx| LM fdx < Mhy L by,

X

M CJeNOBATEIbHO, |V; — V0l L b :
OcTaercst NPOBEPHTb BHIMOJHEHHe YCIOBUS 2) TNPHHIMNA  CKATHIX
OTOOpaKEHNH:

p(AlY], AlZD)=

f[fi(x’ Vo Yo oo Y)—Fi(X, 20 290 onns Z,Z)]dxl~<

= Xo

< Ymax lf|f,<x, Vi Yo eees WD —Fi(5 2 2 e 20)]d| <

NZmax’f Z[yt z, Idx'

¥, i=1

NEmax]yl—-z IZmax

i=1

o~
]
—

fdxl = Nnhp (Y. 2).
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~ o
CrnenoBareqabHO, ecin BHOpaTsh- ho<m' rie 0<a<l, wuau

Nnhy < a <1, To ycroBue 2) HmpUMHUMIA CXKATHX OTOGpaweHuit Gyner
YAOBJETBOPEHO M OyJeT CyWeCTBOBaTb ENHHCTBEHHAs HENMOABMMKHAS

Touka Y, npuyeM ee MOXHO HAWTH METOAOM IMOCJEAOBAaTeabHBIX l'IpPl6JIH-

wennf. Ho ycaosue YV =A(Y) no onpelnenennio onepatopa A sKkBu-
BAJEHTHO TOXIeCTBaM

X
)TiE)’zo‘*‘ffi(xv ;1- _)"2’ e j\;n)dx (=1 2,..., m,
Xy

rae y;({=1, 2, ..., n) —KOODANHATH BEKTOP-bYHKLUUH V, TO ecTh 1%
ABASETCA eNMMHCTBEeHHBIM pelleHxeM cHCTeMbl (1.33).

Opumep 1 Halitu Heckoabko nOCHENOBAaTEIbHMX Opubamkenufl y,. y,,
Y3 & PEIICHUNX YPABHEHUSA

Dexrpyn yO)=0 —l<r<l —l<y<l

X
y= / (x24-yH dx, hy= min (1, —é_) - %
0

Moaaraa y, (x) =90, noayuum

X X
X3 x5 X3
—_ 2 _ — 2 . —_
y= [ wax=%. yz—f (2 +5)ax =5+ 5,
4] 0 .
X

L PR T
ys_/ [x+(3+6—3”d"_3+6‘§ I+ 353 *945)'
0

Mpumep 2. Ipu kakux orpanuvenusx JuHefHOe ypaBHeHUe

o pmy=Fw

VAOBAETBOPACT YCJAOBHAM TEOpEMHbl CYIIECTBOBAHHSA M €AMHCTBEHHOCTH.

Ilns BHINOJHEHHS MEPBOrO YCJAOBHS TEOPEMbl AOCTATOWHO, 4TOGH Ha paccMma-
TPUBASMOM OTPE3KE H3MEHEHMS X, @) < X < @, QYHKuMH p(x) u f (x) 6Bl GBI
"enpepbiBHbL. [Ipn sToM OyJer BHINOJHEHO M BTOPOE YCJOBHE TEOPEMbI Cylle-
CTBOBAHMA W EJVHCTBEHHOCTH, TAK KaKk 4aCTHas HPOM3BOJHAs8 0O Y OT NPaBoOH

4acTH ypaBHEHHS %:-p(x) ¥+ f(x) paBHa — p(x) u BCASACTBHE Hempe-
PHIBHOCTH QYHKIKMH p (X) Ha oTpedke g, < X < @y OrPaHHYSHA MO MOLYMO (CM.
crp. 42). Wrak, ecam p(x) u f(Xx) HenpephlBHBI Ha OTpe3ke @, < X< dy TO
Yyepes KawAYI TOUKY (X Yo) rie a; < Xy < dy, a Y, 33jaercs INPOH3BOJBHO,
NPOXOAMT ©AMHCTBEHHA# WHTETPajbHas KpPWBas DACCMATPHBAGMOTO JAMHEHHOroO-
YpaBHEHHA.
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Teopema 1.2 (0 HenpepvlBHOIl 3a8UCUMOCIML PeWEHNS om na-
pamempa u om HauaAbHoLX 3iaueHul)., Ecau npasas uwacme
oughghe penyua L6020 YPaABHEHUS

' =f(x. ¥, \ (1.34)

HenpepolgHa no W apu Uy <L U< WU, & yoosaemsopsem VCAO0BUAM
meopems, CYULLCMBOBARUA 1L COUHCHLEBEHHOCMU, NPUYCM NOCHIOSAHHA S
Junwuwa N He 3asucum om W, mo peuenue y(x, L) paccmampu-
8aeMO20 YPABHEHUS, YO0BAEMBOpPsIOUee YCA08UI0 Y (X)) =Y, He-
npepuLierO 3a8ucum onm (.

Crpoum JoManble IHaepa y,=y,(x, W), ABJAWUIHECT HeNpephB-
HBIMH (DYHKLHAMU (4, H, TOBTOPAS Daccyxlenus Ha crp. 40-—45, nosayuuw,
YTO MOCJAEROBATENBHOCTD yn(x 1) CXONWTCS pAaBlOMEPHO HE TOJABKO
no x, Ho U 10 W npu X, < x L x,+H, uy LYy, rak kak N n H

HE 3aBHCAT oT W, ecau H < min|a, b ,rae M > X, v,
M N Y

C/le0BaTeNbHO, pelleHHe y =y (x, W) ypasHeHus

y=yo+ff(x, v, wdx, . (1.35)

X

sBAsOUleecs TpeleIOM MOCAeJOBATEAbHOCTH VY, (X, W), HENpephiBHO He
TOJILKO [0 X, HO M 1O U.

3ameuvanue., Ecin npumenuts K ypasuexuio (1.35) Meron nocse-
noBare/bHBIX NpubmikeHufl, TO MNOC/TelOBaTe/bHbe NPUOMMKEHUS Y =
= y,(X, W), SBISOLMECS HENPEPBIBHBIMY (YHKIUAMH X U [, PABHO-
MEepHO CXOAATCA K peuieduio y(x, u) ypasuenus (1.35) (rak xax o=
== Nh < | ue 3aBucnt or n). CaeloBareJbHO, W STUM METOLOM MOMKHO
JIOK43aTh HeNpepbBHYI0 3aBUCHMOCTh pelIeHus OT X U M.

OueBUAHO, UTO JOKa3aTeJLCTBO HHCKOJBKO He W3MEHHTCH, €cd
npaeas uacth ypasuenust (1.34) saApaseTcd HenpepniBHOH QyHKUUCR He-
CKOJBKMX [apaMeTpoB B MpPeANOJOXEHHH, KOHEYHO, YTO MOCTOAHHAA
Jlunmnna N oT HHX He 3aBUCHT.

TeM Ke METOZOM TIIPH dHAJOTHUHBIX YCJAOBUHAX MOXHO ObljIo OH
0Ka3aTb HENpepPEIBHYI0 B3aBHCHMOCTb pelieHHsd Y (X, Xy ¥,) YPaBHeHus

d \
—{% = f(x, y) OT HauaJAbHBLIX 3HAYEHUH X, U Y, NPH ITOM NPUILIOCHL Obl

JMLIb  HECKOJbKO YMEeHbLINTb M), TaK Kak B IPOTHUBHOM CJyd4ae pelue-
HUs, OMNpeleideMble HAYAJIbHBIMU  3HAYeHUsIMH, OAUBKHMH K Xo Yo,
moryn Ow Bhifitn n3 ofaactd D yxe Npu BHAYCHHAX X, JeKAUUX HA
unTepBane x, — hy < x < x, + .

Onnako ewe npouie 3aMeHOH NMEePEMEHHBHIX CBECTH BONPOC O 3aBH-
CHMOCTH PEIIEHHs OT Haua/bHbIX 3HAueHHH K yxke DPacCMOTPEHHOMY BLllie



§ 6] TEOPEMBI CYIMECTBOBAHUS W EJXUWHCTBEHHOCTH 55

CIyual0 3aBUCHMOCTH pelleHUs OT NapaMeTpoB, COAEPKALWINXCA B TPasoi
uactu ypasuenns (1.34). HeficTeurenbHO, notaras 2 ==y (X, Xy Yo) — Yo
d
{ == X — X, npeobpasyeM ypaBHeHHe %:f(x, V) € HaYaJIbLHEIM yCa0-
dz
BUEM Y (X)) ==Y, B —dt—=f(t—f—x0, 24y, 2(0)=0, x koTopoMy
yiIKe MONXHO TNPHMEHUTH TEOPEMY O HENpepLIBHOH 3aBHCUMOCTH pelueHus

OT [NapaMeTpoB X, H Yy,
ecad Qynxuus f HempephiBHA
U YIOBJETBOpSET  YCJIOBHIO
Jlunmmua.

Ananoruunsie TEOpEME
TEMH e MeTORaMH MOTyT
6LITb  10OKA3aHBI AJAS CHCTEM ! - »
ypashenui. 12y~ Zpr< DIE )

3aMeTHM, YTO HeNpepuiB- CRYNEL Y
Has 3aBHCHMOCTb  pellieHus
v (% X yO)’ x0<x\<b Puc. 1.18.

(i b < x < xp), OT HAYaA/Ib-
HBIX 3HAYEeHMH X, U Y, Q3Ha4aeT, yto AJd Jw0boro &> 0 MOKHO MOLO-
6parb O(e, b) > 0 takoe, 4TO M3 HEPABEHCTB

lxo-;0]<6(8: b) n |yo““)—’;)|<6(8’ b)

caeayer HepaBeHCTBO

A

l’AV/KZ:,;vj’b/_“‘~-»__/’

S|
o

ly (. x5 y)—y(x X0 ol <e (1.36)

npu xo<L x < b (puc. 1.18).

C Bospacranuem & uucio O(e, ), BOOGUIE T[OBODPA, YMEHLIIAETCR U
npu b—>00 MOMET CTPeMUThCA K Hymo. [1o9TOMy naneko He Bcerna
ylaaercs ofo6pats Takoe uucao 6 (g) > 0, mpu koTopoM HepaseHTBO (1.36)
yIOBJETBOPAIOCH OBl AJS BCEX X > X, T. €. He Bceria pelueHus, G.us-
KHe M0 Hauya/bHLIM 3HAUEHHAM, OCTaloTCA OJM3KUMH TPH CKOMb YrOAHO
GO0JbIINX 3HAYEHUSAX APTYMEHTA.

Peluenne, KOTOpOE MaJ0 H3MEHAeTCss NpU NMPOM3BOJLHOM, HO AOCTa-
TOYHO Ma/JIOM HM3MEHEHMH HAYaJbHBIX 3HAYeHHH IJ51 CKOJMb YroAHO GOJb-
X 3HauYeHHH aprymeHTa, HasbiBaerca ycToHuusbiM. [loapoGuee 06
YCTOWUMBHIX peuleHusX M. ri. 4.

Teopema 1.3 (006 arasumuuecKol 3a8ucumocmy peuleHuss om
napamempa, meopema Ilyarrape). Peuenue x({t, 1) ouipghepen-
QUAAbHOZ0 ypasHenus x==f(f{, x, W), y008.4emBOpsUee YCAOBUIO
X (fy) =X QHaaumudecku 3asucum om napamempa U 8 OKpect-
Hocmu 3Hatenus W={\, ecau PyHxkyusa f 8 3adannol ob6racmu
uUSMeHEHUR t U X U 8 HEKOMOPOU OKpecmuoCmU MmouKu |, Henpe-
PuiBHA no ¢ u aGHaAumMUECKU 308UCUM OM U U X.
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Ananoruutoe yTrBepXKAcHUEe CNPABeAAUBO 4 AAd CHCTEMb! ypaBHeHuﬂ
xi(t)zfl(t’ X1 Xgr voes Xp, W (=1, 2, ..., n),

npuyeM B STOM Ciyyae NpeAnoJaraercs, 4ro OYHKUMH f; HeNpPepHIBHH
N0 [epBOMy apryMeHTy d aHa/AUTHYECKH B3aBUCAT OT BCeX OCTaJbHbLIX
apryMeHTOB,

[Moapo6Hoe AOKA32TEABCTBO 9TOH TEOpeMul, KaK M IPYTrUX TeopeM,
TpeGyIOIHX NpPHMEHeHUs! TeOPHHd aHAIMTHYECKUX OYHKUUH, MLl He HpU-
BOAMM, OTChias uurateds x ctarbe A. H. Tuxonosa [4], rae xano
HauGonee OPOCTOE JAOKA3aTeIbCTBO TeopeMbl 00 aHAJUTHYECKON 3aBH-
CHMOCTH pellleHMsi OT Napamerpa.

Unen noxazareabctBa A. H. Tuxonoma csoaurcs k caesywowuemy: cuutas,

YTO W MOMET NPHHAMATH M KOMILIEKCHbIE 3HaueHUs, JOKA3bIBAETCH CYIIECTBOBA-
At ox

Hue mpexena lim L == . 4TO U O3HAUAET dHAMMTHYECKYIO 3aBHCU-
ap~>o  Ap u

MocTh pelienns or p. CyluecTBOBaHME 3TOTO Mpejeta CAeAyeT U3 TOro, 4TO

A,x
OTHOUEHHE _A‘L YIAOBAETBOpseT auHeHHOMY Au((epeHLHaIbHOMY YPaBHE HUIO
u

g

d Ax X pAAp), pHA— G X6, b4 Ax (W

df A Ax (& W) Ap
F@ x@ W) p+-0) —F (@& x (@ W), W Ax
+ AM T ’m‘ t=t;,= s

pelieHue KOTOPOro €IMHCTBEHHO U NPH CTPEMACHMW NPUPAMEHHS AP 1o Jiobomy
3aKOHY K HYJIO CTPEMHTICH K €AMHCTBEHHOMY DELUCHHIO YpaBHeHUs

dz _ of of _
W =ox it Fl=0

Teopema 1.4 (0o OJugfpfeperyupyemocmu pemenui)., Ecau
8 oxpecmuocmu moiku (xy Yo Pyaxyua f(x, y) umeem Henpe-
pbiBHble npou3sodrHbie 00 R-20 nopadKka 8KANYUMEAbHO, MO pelie-
Hue y(x) ypasrenus

= Fx ), (1.37)

YO084eME0 PAIOWELE HAUAABKOMY YCA0BUIO Y (Xo) ==Y, 8 HeEKOMO PO
OKpecmHOCmE MOUKU (X, Y,) dMeen Henpepusrsie Npou3sooHsie
do (R —4-1)-20 nopadra sxaiovamenvio,

Hokasareanbcrso. Iloacrasass y(x) B ypashenue (1.37), mo-
AydaeM TOXJIECTBO

L =f(x Y, (1.37,)

U CJeloBaTeJbHO, pelleHHe Yy (X) KMMeeT B HEKOTOPOH OKDeCTHOCTH
paccmarpuBaeMoff  TOuYKM  HeNpephiBHYy0 - npoussoauyio  f(x, y(x)).
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Toraa, B cHly CYyLeCTBOBAHHS HENPEPLIBHLIX MPOHU3BOAHHX (QYHKLMU f,
6yneT CYyUiecTBOBATb HeNPEPHIBHAA BTOPAas NPOU3BOAHAA pPELICHHS
d?y
dx?

of dy __ Oof , of
+ay ax = ox T oy (% Y
Ecam & >1, T0, B CHJIy CylecTBOBaHUS HENPEPHIBHLIX TMPOU3BOAHBIX
BTOpOro nopsaka ¢yuxuun f, MOXHO, AuddepeHuupys ellle pas TOXK-
zectso (1.37,), OOHapyXuTb CyuleCTBOBaHUE M HEIPEPBIBHOCTbL TPeTbek
IpouU3BOAHON pemeﬂml

Lo

dxs

b I+ S (L + 5L ).

[MosTOpsiA 2TO paccyxieHue R pas, AOKaXeM YTBEDKIEHHE TEOPEMHI,

PaccMoTpuM Ternepb TOUKH (X, ¥,)» B OKPECTHOCTH KOTOPHIX pelle-
HUS YDPAaBHEHHS %:f(x, ¥), YROBJETBODPAIOUIETO YCA0BUIO ¥ (X() == Yo
file CYUIeCTBYeT HJM pelleHHe CYLIeCTBYyeT, HO He eAMHCTBeHHO. Takue
TOYKH HA3bIBAIOTCS 0COOBIMU MOUKAMU.

Kpupad, cocroswad cunouib 43 0OCOGLIX TOYeK, HA3BIBAETCA 0CO000d.
Ecau rpadux HEKOTOPOTO pelleHUs CIJCUIb COCTOMT H3 OCOOHX TOueK,
TO peluerle HA3LIBAETCH 0COOLLM.

HOna wnaxomaenus 0coObLIX TOYEK WJAM OCOGHIX KPHBBIX HAAO IMpexie
BCEro HaliTM MHOXECTBO TOYEK, B KOTOPBIX HAPYLIEHH YCJAOBHS TEOPEMb
O CyUuleCTBOBAHHM U €IMHCTBEHHOCTH pelleHHA, TaK KaK TOJbKO Cpeiu
TaKHX TOUEK MOTYT ObiTb ocoOnle. KoHeuHO, He Kamaas TOuka, B KOTO-
poit HapyINeHH YCJIOBHS TeOPEeMBl O CYLIECTBOBAHMM H €IHHCTBEHHOCTH
pewenus, o06a3areqbHO sBAseTCd 0CO0OM, Tak Kak yCJOBHA 3T0H Teo-
peMbl 4OCTAaTOYHEI AJS CYILECTBOBAHHA M €AHHCTBEHHOCTH pelLieHHs, HO
OHU He ABAAIOTCH HeOOXOAMMBIMHU.

[lepsoe ycnoBue TeopeMsl CYLIECTBOBAHMA W €AMHCTBEHHOCTH pelle-
mua (cm. crp. 40) Hapymaercs B Touxax paspwiBa Qyukumm f(x. y),
npyueM ecau npu npub/mKeHHA MO Ni0OOMy MYTH K HeKOTOPOH U30JH-
pPOBaHHOM TOuKke paspuiBa (Xg Vo) (ysxuus f (X, y) HeOrpaHuueHHO
BO3pacTaeT 1MO MOAY/IO, TO B TeX 3a14uaX, B KOTODHX NePeMeHHbEe X U ¥

. d
PaBHOMPABHBI, KaK Mbl YCJAOBUJIUCH BHIINE, ypaBHEHHE E%:f(x_ y)

{

dy = f(x. 9’
npaBas 4acTb yme HeMpepeiBHA B TOuKe (X5 Vo) €CHM CYuTaTh

_"—‘—=0.
F (X5, ¥o)

CJIeIIOBaTe.'XbHO, B 3a3laudax, B KOTOPHX ﬂepeMeHHbIe X H y paBHO-
npaBHb! ﬁepBoe ycnoBue TGODEMH CylLleCTBOBAHUA U eﬂHHCTBeHHOCT“
1

f&y)

JOMKHO ObITb 3aMeHeHO yYpaBHeHHneM Aas  KOTOPOro

HApYIIdeTCcs B TeX TOqKax, B KOTOPHX H dyHkuua f(x, y) "
pasphLIBHBL.
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OcofeHno 4acTo MNPUXOINTCS PACCMATPUBATL YPABHEHUS BHUIA

dy _ My
dx— Ny’ (1.38)

rae ¢yuxuun M(x, y) u N(x, y) HenpepuBHbl. B 3TOM cayuae QyHK-
M(x, ¥) ' N(x. y)

HHH N9 1 MCrry) OyayT ONHOBPEMEHHO DAa3pBLIBHEI JUIIb B TeX
7
l
¢ |
\
Z = l l
|
J
Puc. 1.19. Puc. 1.20.

TOuKAX (Xg Vo), B KoTopmx M(x, v =N (x; =0 u se cyue-
CTBYeT INpele/ioB

lim M (5, y)

335 VY

lim N(x y)
535 M0y

PaccMoTpnM HeCKOMLKO THUIMHYHBIX OCOOBIX TOueK ypasHeHus (1.38).
flpumep 3

dx X
[lpaBole wacTH HAHHOTO YpABHEHMA M ypaBHEHHSA ~d—y-=2—y pa3pbIBHLI

B Touke x =10, y==0. ViHTerpupys ypaBHeHHE, MOJY4YUM y = CX? — CEeMEHCTBO

napagon (puc. 1.19) u x =0. B nauane xoopaunar — ocobas TOUKa, Ha3blBaeMas

y3a04M.
INpumep 4

4y _
dx

ulw
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dx X
[TpaBble wacTH JaHHOrO ypaBHEHHS M ypaBHeHus 7172—7 pa3pLIBHbB

c .
B Touke x ==0, y=0. HMurerpupys ypaBHenue, moayuaem y == + ~ cemeiicTeo

runepSon (puc. 1.20) u mpamylo x=0. B wavane koopauHaT — ocofas TOuKa,
HasplBaemas CedaoM.
Mpumep 5
dy x4y
dx  x—y’
dx X—y
[TpaBble HacTM J[AHHOIO ypaBHEHUS] W ypPaBHEHuUs Ty :m Pa3pLIBHEL
B Touke x==0, y=0. MdTerpupys paccMaTpHBacMoe OJIHOPOIHOE YPaBHEHUE
(cpaBHuTE ¢ mpHMepoM 3 Ha cTp. 36), MOJYUHM:

arctg %

Vi fyi=ce .

HIM B TOJAPHBIX KOOpAMHaTax p = ce® — norapudmuyeckne crupamu (puc. 1.21).
Oco6as TOYKa TakOro THNA HA3LIBAETCH HOKYCOM.
Mpumep 6

dx
[TpaBble wacTu JaHHOrO YpaBHeHUs H YpaBHEHUd W=_ paspbiBHB

v %<

B touke x =0, y=0. Wurerpupya ypaeHeHue, noayuae™m x2- y?= ¢? — ce-
MEHCTBO OKpYXHOCTeH ¢ UeHTPOM B Hauajde koopauHat (puc. 1.22). Ocobas Touka

g
4

g

&

z

Puc. 1.21. Puc. 122.

TAKOTO THNA, T. € 0co0as TOUKA, OKPECTHOCTb KOTOPOH 3amoJHeHa CeMeHCTBOM
3aMKHYTBIX MHTEIDAJDLHBIX KDHBBHIX, HasblBaeTCs yenmpos. B sToM npumepe e
CYINECTBYeT pellleHHud, yIOBIeTBOpAwILero ycaosuo y (0) =0.

K sompocy 06 0coOmx TOYKaX U WX KJIACCHPUKAUKH MBI C HECKONBLKO
MHOM TOUKM 3peHMs ellie BepHeMcs B TaaBe 4.

Bropoe ycaoBue Teopembl 1.1 cyliecTBOBaHMSL M eAMHCTBEHHOCTH
pelenust — ycaosue Jlumunua, wau Gojee rpyGoe ycioBue, Tpebyioiee

CYlIeCTBOBAHUA OTPAHUYEHHOH YacTHOW IPOU3BOAHOH oy 4ale BCero
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of

HapylaeTcs B TOuYKAX, INpu NPHOMMIKEHUH K KOTOPLIM 5y Heorpai-
1
YeHHHO BO3PACTAET, T. €. B TOYKAX, B KOTOPHIX _5)‘_=O' B
dy
1
YpaBHenue W=O’ B0OO1le roBopsi, ONpele/sseT HEKOTOPYIO KpH-

oy
BYIO, B TOYKAX KOTOPOH MOXKeT OBITb HApylIeHa eAMHCTBEHHOCTb., Ecan
B TOUKAX 9TOH KPHUBOH E€AMHCTBEHHOCTb HapylleHa, TO KpuBas OyleT 0CO-
GoH, eciit, KpOMe TOTO, 3Ta KPUBAs
OKAXETCA WHTErpa/ibHOH, TO moJay-
uuM 0CO0YI0 HHTErpabHYI0 KPUBYIO.
)\ Bosmosno, uto kpusast 1 __g

af
9y
HMeeT HecxOoJbKO BeTBed, TOrla
A9 KOKAOH BeTBU HaJO pPelIdTh
BONPOC O TOM, OyAeT Ju 9Ta BeTBb
ocobo#t KpuBoft u OyaeT M OHA UH-
TerpajbHON KpUBOM.

AN

4 | 2 MMpumep 7. Mveer xm ypasue-
i ¢
HYe %:yz—]—-x"’ ocoboe peleHue?
¥YcaoBua TeopeMbl CyliecTBOBAHHS
U eIUHCTBEHHOCTH BBIOJHEHH B OK-
PECTHOCTH J1060# TOUKH, Clel0BaTedb-
HO, 0CO6GOr0 pEelICHUS HET.
MTpuMmep 8 Wmeer au ypasHe-

Puc. 1.23. que % = ‘S/(y — x)?-+5 ocoboe pe-

pleHue?

1

of 2 3
[paBas uwacTh HempephBHA, HO YACTHA# NPOU3BOJHAH By = -3—(y-—-x)

HEOTpaHMYEHHO BO3DACTaeT NpH NMPUOAMKEHHH K HPAMOH Y = X, CAEJOBATENbHO,.
Ha TPSMOR ¥ = X MOXET HAPYIUTbCH efuHCTBEHHOCTs, Ho Qyuxuus y = x ue -
YAOBJACTBODAET PAacCMaTPHBAEMOMY YPaBHEHHMIO, CaeJOBaTeNbHO, 0COGOro peiue-
HUS HET.

Mpumep 9. UWmeer au ypasueHue % = ]7(y —x)2+1 ocoboe pe-
meHue?
Kak u B mpemsiayiieM npumepe, ypaBHEHHE Tlf_ =0 uMeeT BHA Yy = X, HO
ay

Ha 5701 pas QYHKOMA Yy ==X YAOBACTBOPSET 'JaHHOMY ypasHenuo. Ocraercsa
BBISICHATb, HAPYINEHA M ENUHCTBEHHOCTb B TOWKAaX 3Tof npamoil. 3amenoit ne-
PEMEHHBIX 2 == ¥ — X NPUBOJAMM HMCXOAHOE YDaBHEHHE K YPABHEHHIO C Pa3leasio-
IWHMHCA TepeMeHHBIMY, nocjae uero 6es Tpyla HAaXOAUM pELICHHE: Yy — X =
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(x—¢)
ooer ¢
Hua y = x (puc. 1.23). CrenoBateabHo, B KawaoH TOUKke OPAMOH y == X €NHHCT-
BEHHOCTbH HapylleHa H QYHKUMA Yy = X fBASETCH OCOGBIM pellieHHEM.

JT10T nmpuUMeD MOKa3blBaeT, YTO OJHOH HemnpepbiBHOCTH Npasoil 4acTu B ypas-
HEHHH

Kpusble atoro cemeficTBa NpoxoAAT depe3d Touku rpaduxa pelle-

ay
H=fEy )=y

HEAOCTATOUYHO And G.ZIHHCTBGHHOCTﬂ peunieHusa OCHOBHOH Ha4aJbHOHU 3a7auy, OAHAKO
MOXHO JA0K&3arthb, UTO CyuleCTBOBaHH¢ peHIeHdd IIPpH 3TOM yXe ofecneyuBaeTce.

§ 7. NpubanueHnble METOAbl HHTErPHPOBAHHSA ypaBHeHU
NepBOro nopsajaka

B npenpiaymiem naparpade Mbl yiKe [103HAKOMUJHCh C ABYMA IIPH-
OMMEeHHBIMH METOLAMM MHTerpupoBaHuf AnddepeHUraNbHbBIX YpaBHEHUH:
MeroaoM Ofjepa M MeTOLOM MNOC/JeAoBaTeNbHbLIX npubiamkenuft. Oavaxo
06a 3TH METOJA HMMEIOT CYUIECTBEHHbIE HEHLOCTATKH, B CHJIY KOTOPBIX HMH
CPaBHNTE/NbHO PEeAKO MOJb3YIOTCA B MPAKTHKe NPUOJIMKEHHLIX BLIYHCICHHH.

HocronHctBa npubaMKeHHBHIX METONOB OLEHUBAIOTCH MO TOYHOCTH
J1aBacMbIX WMH DE3YJLTATOB W MO NPOCTOoTe Bhlunc/lenuft. Henocratkamu
MEeTOAa MOCJAedOBATE/NbHbIX NpuOAmKeHul SABJATCH CPABHHTENLHO MeJ-
JEHHas CXOLUMOCTb NpPHO/IMKEHHR K PelleRMI0 N CJI0XKHOCTb BbIUMCAEHHH.
Henocratkom Meroza Dfinepa sB/aseTcs Majas TOYHOCTb, s MOBLILIEHUS
KOTOpOH NpuxoAuTcss OpaTh BeCcbMa Ma/blfi LIal A, 4TO NPUBOIMT K IJK-
Te/AbHbIM BBLIYUC/ICHUSAM.

Bnpoyem, ueGoublioe ycoseplueHCTBOBaHue memoda Iiaepa, Tax
HA3LIBAEMOE VpasHusarue (WIM HTEPALMs), NPHBOAUT YXKe K AOBOJABHO
yooOHo# BoluMcautesapHolt cxeMe. [lpu mnpumesenun Meroia OfJepa
C ypaBHMBaHUeM JeJAT OTPe3OK X;<{ X < b, Ha KOTOPOM Hal0 BLIYM-
CJAUTb pellleHHe YpaBHeHHS %:f(x, y), onpeneaseMoe ycC/J0BUeM
V(Xy)=1Yy, Ha paBHble dYacTH JJMHOH A =
Xo+kh=x, y(x,+Rh)=y,, v (Xg+kh)=1y,, BHUHCAAIOT Verr

ecau yxe HallleHO y,, B Hauvale mo ¢opmyre Iiiepa:

b—x
——=%,  Q603navas

Ve =Y, +hy, nm Ay,=y, —y,=hy, (1.39)

T. €. Ha orpe3ke Xx,+ RA L x K xg—+ (R 1)/ 3aMeHAIOT uHTErpaib-
HYI0 KDUBYIO, MpPOXOAfLLYIO Yepe3 TOUKY (X, V), OTPe3KOM ee Kaca-
TeJbHOH B TOH xe Touke (cM. puc. 1.13, crp. 39). 3artem yrouHsoT
BHIYHCJIEHHOE® 3HAYeHHe Y., A1 4Yero ONpeleffioT TNPOH3BOIHYIO
Vi1 = (¥pip ykﬂ) H CHOBA.npuMeHsIOT dopMyay Diiepa (1.39), Ho

BMECTO Y, OepyT cpelHee apudMETHYECKOE BHIUMCICHHBIX 3HAYEHUH
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ylla+ylle+1
HpOV[BBOﬂHbIX B TpaHPl‘-leIX TOYKAX -——T—, T. €. CYUTaT
- Yo+ Ve
Yer1 = Yp+ h . (1.40)

BHOBL BHIUKMC/JACHHOE 3HAUCHUE ¥y A2€T BO3MOXKHOCTL BBHIYUCAUTL HOBOC

’
sHaueHHe NpPOUBBOLHONM y, == f (X, ,, ¥,.,) nocae Hero cHoBA Bhi-
Yot Ve
GHCAAIOT CpesiHee apHMETHUECKOe 3HAYEHUH MNPOMBOABIX ——F——,

CHOBa TIpuMeHAT dopmyay (1.40)
! —
—)7/3+1=)’k+h&d_—22—ki

U NPOROMKAIOT 9TOT HPOLeCC A0 TeX NOop, NoKa B fpeienax 3alaHHOH
TOUHOCTH He COBMAAYT pe3yabTaThl ABYX NOCJAECIOBATedbHBIX BEUHCJE-
Huf 3naueHuft y,.,. Tlocae sToro Tem ke MeTOAOM BHIWHC/IAETCR Y, 4
H T g

Meton O#aepa ¢ ypaBHMBaHHEM JAeT Ha KaXJOM IlAre MOTPeLIHOCTb
nopsaika £3 M HepelKO TIPHMEHSIETCS B  BBIYHCJAMTENbHOH TpPaKTHKe.
OZIHAKO 3HAYNTE/LHO uaile NPHMEHAIOTCH $ojee TOYHBIE MeTOAbl (MeTOHb!
Hirepmepa, Pynre, Mu/abHa ¥ jap.), OCHOBaHHbIe Ha 3aMeHe WUCKOMOrO
pelleHHs HEeCKOJbKHUMH YJEHAMHM ero TeH/JOpOBCKOTO pas3/oKeHH:

4 hz ” hn
Ver1 TV T Y, + 57 9+ -0 +—n!—y§;1>, (1.4D)

T. e. 3aMeHe HMCKOMOH MHTerpanpHOH Kpuo#i mapabosofi n-ro mnopsika,
yMeloied xacaHue -0 NOPSAKA C WHTerpaibHON KpHUBOH B TOouKe
X=Xp Y==Yp

Henocpencrsennoe npumenenue ¢gopmyas Tefiopa (1.41) na kamxaom
mare TPUBOLMT K CJOMKHBIM M HEOLHOTUNHLIM BBIYHUCACHUAM, IOITOMY
a1a Gopmyaa OOBIYHO TNPUMEHAETCH JHllb AJA BHYUCACHUN HECKOJbLKUX
GIMBKMX K X ==X, 3HaueHuH, HeOOXOAMMBX 1/ mnpuMeHeHus Oounee
VIOOHBIX BHIYMCAHTEJbHBIX CXEM, CpPeld KOTOphX B MHepPBYI Ouepelb
caenyer uaspath MemoO Llmepmepa, B KOTOPOM BBIUWC/IEHHE MpPO-
BOAUTCA TO OIHOH u3 cleiyloliux ¢OpMyJa B 3aBHCHMMOCTH OT MOpSAKA
ANMpOKcUMUpYyowel mapabous:

1

Verr=Ye+ 9+ 54891 (1.42)
1 5

Yer1=Yi -+t 580+ 35 8%, (1.43)
1 5 3 .

)’k+1=)’k+‘lk+§ Aqk—1+’1—2'A2qk-2+'8—A3qk_3- (1.44)

1 5 3 251
Ver1 =Yttt 5071+ 15 8% 0o + 5 A%+ 755 A% (1.45)

® & & e o s & e s e 2 + s e & s s s e @ * & * s o o
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rae
G =Yl 80y | =qp — qu_p Ng,_y=027q, ,—A4q,_,

Adg,_a=A7q,_— Al g Mg, y=048%,_3— A%, _,.

dopMyan  lrtepmepa MOTyT ObITh [OAYYEHB OYTEM HHTETPUPOBAHHS
B Mpemenax OT X, A0 X,,,; Toxiectsa y = f(x, y(X)), B KOTOpOM
y(x) AB/IfETCA UCKOMBIM pelleHieM:

xk"-f—}
Yes1=Yp -+ / f(x, y(x))dx,
)
W TpUMEHeHHs H3BECTHOH M8 Kypca aHaJusa KBaipaTypHOH (opMy.si:
e

l X |
p(x)dx =~ h [(Pk + 5 APy + 1—02' Ny o+

]
3 A 251
+ 5 0ot 7oy Aty . ]. (146)

Hanomuum, 4To 3Ta KBanparypHaa QopMy/a 10JydaeTcs MyTeM 3aMeHbl
MOABIHTErPaMbHOR dyHKuUH @ (X) ANNPOKCHMUPYIOUIMM MHOTOYJIEHOM IO
MHTEPNIOASuUHOHHOH ¢opMyae HbOTOHA M BHYUCHEHMS MHTErDAJOB OT
OTAE/bHBIX CJ/IaraeMhiX.

OueHKka OcCTaTOYHOro uJjeHa ksaiapartypHo#l d¢opmyas (1.46) nokassl-
BaeT, 4TO MOrpellHocTe B (opmyse (1.42) npu onHOM Iuare MMeeT HO-
panok A3, 8 popmyae (1.43) #4, B popmyse (1.44) 45, B hopmyae (1.45) A6,
Ecau ke npuH®TE BO BHHMAHUE, YTO HPH HECKOJbKUX Ilarax MOrpel-
HOCTH MOTYT CYMMMPOBATLCH, TO A/l OLEHKH MOTPELIHOCTH NpU A 1Iarax
b— x,

h t

4TO MOXKET [IPHBECTH K H3MEHEHHIO YKa3aHHOTO BhILe MOPSAAKA NOTPEUIHOCTH,

3aMevanue. MOKHO nokasaTh HENMOCPEACTBEHHBIM pPa3/lOkeHueM
no ¢opmyne Teflopa B OKPECTHOCTH TOUKHM X == X,, 4TO IIpasas 4acTh
dopmyanl Llltepmepa (1.42) ¢ TOUYHOCTLIO 10 4YJeHOB, CONEPNALIUX /1
B CTENEHAX Bbillle B8TOPOH, COBMAanaeT ¢ MEPBbLIMM TpeMs 4AeHAMH pas-
JA0XeHuA Y, 1 N0 Gopmyne Teitnopa (1.41):

LR,
Ve Ry, + 57 Vi (1.47)

Hal10 OUEHKH, NOoJaydeHHbie AJAf OAHOTO Liara, yMHOXHTb Ha 1 =

npasas yacts caenywoweit dopmyan LUrepmepa (1.43) ¢ Tounocthio IO
WICHOB, COJEPHAIUX "/ B CTelleHAX BHIIE TPeTbeH, COBMagaer c

. At R
yk+hyk+-§ryk+§ry,
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u 1. L. Has dopmyas (1.42), uanpumep, noaydum.
4 1 14 7 l .
yk+hyk+—2_'hAyk_1=yk+hyk+'2_ll()'k“"' yk-l)’ (1.48)
MU, pasniaras

Ve =Y (xk—l)/
no ¢opmyae Tefopa '

S 1 / 1 " -
Y (e )=y () —hy" (x) + 5 h" (xp) + ...

u noacrasaad B (1.48), noaydum:
’ 1 »f ’ + 1 ” 1 v
yk+h)’k+7h(yk—yk_1)=)’k+h}’k‘i"‘g‘hg)’k-q-/lsy;:’+ ves

W CJAelOoBATeAbHO, TPHM MEpPBHIX YJIeHAa COBMALAT ¢ TPeMs wjeHaMu
pasnonenus no dopmyne Tehnopa (1.47).

Jas wavana BuuucaeHus no dopmynam LlrepMepa neoOxoauMo 3HaThb
3HAUeHHs HCKOMOR ¢(YHKUHM He B ONHOH, a B HECKOJBKHMX TOUKax (MpH
npumeHenun opmyasl (1.42) B ABYX Toukax: x, M Xx,-+ A, npu
npuMeHenus Gopmyan (1.43) B Tpex Toukax: x, X,-+72 n x,-+ 2%,
B T. L.). OTH HeCKOJbKO TepBHX 3HaueHufi MOryT OBITb BLIYHC/IE-
HH MeTOXOM DfJepa ¢ yMeHbIUEHHBIM WAroM WJAM NYyTeM KCNOJ/b3o-
BaHua dopMyan Tettnopa (1.41), WaIn KPaTKO M3MOKEHHBIM HUXKE MeEMO-
dosm Pynze.

Bo3sbmem nas ompenenenHocTH dopmyay (1.44):

1 5 3 Aa
Ve =YVrt 0+ 5800 1+ T Ao+ 5045

¥ MPeINoOXMM, HYTO, KPOMe 3aJaHHOIG HAuya/bHOTO 3HAYGHHS Y, Yike
HallleHbl y;, Yo U Y4 TOTIa MOMXHO BBIMHCAHTD:

qo=1 (%o Yo hs gy==[f (%1, YDh,
G=F (X3 Y I, gy=1 (x5 Yt
a CJeJ0BaTeNbHO, U
Ay=9,—qp Ay =g, —q1, Aqy=¢q;,—4q,,
Aqy =8¢, —Ago, A% =Ag; —Aqy, A%, = A%q; — A%,

Teueps no dopmyne (1.44) suiumcaseM sHaueHHe Y,, 3Has xKOTOPOe
nonyunm ¢, Ag,, A’g,, Adg,. 3atem no toit me ¢opmyse (1.44) Bu-
YuciseM yg U T. A
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PeaysbraThi Bbidic/AeHHS 3aHOCATCS B NPUBOMNMMYIO HIME, MOCTENEHHO
3anoJHgULyocs TabJuLy:

x y q Ag A%q A%
Xo Yo 9o Age Vg, Adg,
X1 N 44 Ag, A’gq,

X Ye Ty Ags

X3 Ya 93

Xy

X5

X

OO6bluHO Tpebyercsa BBIYHC/IUTL 3HAYEHHe WCKOMOTO peiledua andg-
¢epeHUUanbHOrO  YpaBHEHAST B HEKOTOPOH TOYKE x =25 ¢ 3amaH:Hoit
TOYHOCThIO. [Ipu 3TOM cefiuac ke BO3HUKAET BOMPOC, KAKOH U3 GOpMYJI
[LItepmepa uenecoO0pa3HO MNOJB30BATLCA M KAKOH AT /2 rapaHTUpPyeT
TpedyeMyI0 TOYHOCTb BHIYMC/JAEHMH M B TO KE BpeMst e SBJETCA
YpesMepHO MaJbiM M TeM CaMBIM He HPUBOMUT K JHILHUM BblYACACHHAM.
Hexortopoe rpencraBienne o Bblbope (OPMyJabl, [0 KOTOpOH Ueseco-
0o06pasHoO BECTH BbIYUCAEHUsA, W O BHIOOpe wlara JAAKT yKasaHHble BhIlE
NOpAAKY MOIPeIIHOCTe! NMPU KAKAOM LIare, NPU 3TOM, KOHEUHO, HALO UMETH
B BUIY, UTO NPHU HECKOJBKUX IIarax MOrpelHOCTH MOTYT CYyMMHPOBATHCH.
[lpu npasuabhoM BHGOpe wara A BCe pPasHOCTH B Tal/uile OJKHBI
MEHATHCS IJIABHO, a NOCAeiHue pasHoctd B Qopmyre (1.44) no/ukin
BJMATbL JiMillb HA 3anacHLie 3HAKY. Peakoe usMeHensue Kaxoii-uubynn
PAasHOCTH YKasbiBAeT HAa TO, 4TO NPU BHIOPAHHOM IIAre /2 MOTYT 0Ka3aTbCs
HEeYUYTeHHBIMU OCOOEHHOCTH H3MeHeHHS (QYHKHMH Ha paccMarpuBaeMoM
OTpesKe, YTO MOKeT MOBJ/eub 3a COOOH 3HauyuTe/bHble OLIUOKM TPH Bhi-
qUCACHUA Yp g, .

Oxnnako Bce 3T cooOpaweHMs He SIBJIAIOTCA  BIOJHE HAJIEHHBIMY,
a 0oJiee TOUHBIE OLEHKW TOTPEMIHOCTH OKa3biBAOTCA BECbMa IPOMO3IKHMH
1 Hey RoOHBIMU. [T09T0My OOBLIYHO NPUMEHSIOT CAeAy oMU NpaKTHYeCKH O~
CTaTOYHO HaleXHbI® MeTOJ: BbiJpaB, HCXOAd U3 YKa3aHHBIX BbllEe HETOUHBIX

5 JI. 3. Dabcroaby,
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coofpaxeHutt, HeKOTOPHIA War /1, APOBOAAT BLIYKCACHHUS 110 OAHOM U3 popMy

h
Llrepmepa ¢ waroM %z u -5 W CPABHUBAIOT PE3YAbTATH B OOLIMX TOUKAX.

Ecin B npejeiax 3alaHHO# TOYHOCTU pe3y/bTaThl COBMAZAIOT, TO CUH-
TAI0T, YTO luar £ ofeclieyuBaeT 3aIaHHYI0 TOYHOCTb BBRIYMCJCHHS; €C/H Ke

pesy/abTathl B MpejenaX 3alaHHOM TOYHOCTH -HE COBINANAIOT, TO CHOBA
h h
YMeHbIIAT IAr BABOE W TPOBOAAT BHIUHCJGHUS € luarom = # - 0

OnATb CPABHUBAIOT Pe3yJabTaThl M T. A.

Briuucienns ¢ warom k£ u nenecoo0pasHo MPOBOINTL Hapad-

h
2
JebHO, uTOOB KaK MOXHO paHblie 3aMeTHTb HecoBlNajJeHHe pe3y/bTATOB
U He TPOu3BOAUTL JumIHe#l paboThi. DTOT cnocol ABOHHOTO cueTa HMeerT
ellle TO TMNPEHMYILECTBO, WYTO MNpPH ero NPHUMEHEHHH TMOUTH MOJHOCTHIO
HCK/TOUA0TCsd OMMOKM B BHIYMCIEHHSX, TAK KAaK OHM, KaK MpPaBUJIO,
HeMeNIeHHO OOHAPYXKUBAIOTCH INPH CPaBHEHAN PesyAbTATOB BBIYHCAEHHH

h
C uiarom 22 u 5

Jns Haxo:xieHusi HECKOMbKHUX MEPBHIX B3HauYeHHH y,, HEOOXOIMMBIX
AAs Hauajga BuuMcaenn#t mo merony llItepmepa, kpome ykasaHHBIX Bhille
crocofoB  (MeToA SHaepa ¢ yMeHbIUIEHHBIM IIATOM C UTEPALHAMH HJH
Oea wurepauufi Wi MeTon pasioxenus no d¢opumysne Telziopa). MOmHO
peKoMeH1OBaTh ewte Merod Pywre.

[To Merony Pynre nns HaxomIeHHs ¥,,; HALO BLIYUCJNTL UeTHIpe

yHCaa:
/ h B
my==f(Xp Yeh m2=kak+?, Vi —'112‘—),
(1.49)

m3=f(xk+%’ )’k“{“ﬁ;i): my==f(£,+h, y,~+ myh),

u Toria
h
Yes1=Y; + 5 (M + 2my~+2my + m,). (1.50)

OO6biuHo Meroa Pyure npuMeHsieTcsi JMMIb [/ BbHIYACJAEHUS HECKOJAbKHX
TepBHIX 3HAUeHUH y;, Vo, ..., HEOOXOAMMBIX AJSl HAUaJa BHIYMCJAEHHA 10
merony Lllltepmepa, 0ZHAKO MOXKHO 3TUM METOAOM BBIYUC/ATL M OCTalb-
upie 3Hauedusi. Meron Pynre, taxk ke kak u meroa Ulrepmepa, ocnosad
Ha annpoxKcHMauuyl HCKOMOH uHTerpaanoﬂ KpUBOH comnpukacawowefca
napa6oJoh.

Ecan cpaBnute npaByio uacts dopmyan Pyure (1.50) ¢ pasnoxenueM
no ¢opmyne Telhnopa

Yo=Y Tk + 5y 21 e 3] }’;”/13 + 37 yk"h4+ Cee

TO OKaXeTCA, YTO YJIEHH CO CTeNeHAMH HuXe NATO# copnagaior. [Tostomy
IpU BHIYHC/EHHM HECKOJbKHX HauyadbHLIX 3HAaueHufl mo Mertosy Pynre
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¢ nepex0A0OM 3aTeM uHa BHuHcAeHHe no Meroiy Ulrepmepa mo ¢op-
Myaam (1.42), (1.43) uau (1.44) MOMXHO BBIUHC/IEHHE BECTH C TeM Ke
WIaroM /; ecau ke B JaabHedueM npumensercs ¢popmyaa lrepmepa (1.45),
TO HAYA/J10 BBHIUHCJCHHS MO MeToldy PyHre HAAO BeCTH C yMeHbLIEHHBIM
IaroM, TaKk Kak NPH OJHOM M TOM »xe mare dopmynaa (1.50) ue rapau-
THPYeT TOM TOUHOCTYM BLUMCJeHHMH, Kakyio rapaHtupyer dopmyna (1.45).
Brnpouem, Hepeiaxko faxe npm ucnoab3oBaHuu dopmya llrepmepa (1.43)
w (1.44) Haua/io BHUMCICHNH BCe e BeAyT no dopMynam Pyure ¢ yMedb-
IIEHHBIM LIArOM, TaK Kak Jaxe He0OoJ/bluasi NOFPelUHOCTb B BHIYHC/EHHH
ucxoaHelx AJsa ¢opmya Ilrepmepa sHaueHHH MOXeT PE3KO YMEHbIIMTH
TOYHOCTb Ja/bHeHINHX BHUUC/ICHHH ¥).

CospeMeHHBIC OBICTPOACHCTBYIOLIKE BRIYHCAHTE AbHBIe MAILMHB IUCKpET-
HOTO AeHCTBUA NMO3BOJAIOT BHIIOJHHTbL YKasdaHHble BLILe BHIYHCJAEHHS I10
merony llItepmepa uin PyHre ¢ HeoObiuafiHON OBICTPOTON (MHOTHE LeCATKH
# lame COTHH TBHICAY omepauufl B CeKyHAy), NpHYeM H mpolecc npo-
FPAMMUPOBaHUS MOMKeT OBITb 3HAUNTELHO VIPOLeH IIPUMEHEHHEM CTaH-
JapTHHX AporpamMM, paspaboTaHHelX g Meronos lllrepmepa u Pywre.
Tlpu oTOM npu npubiueHHOM HHTerpupoBaHuu JuddepeHUHANbHOTO
ypasuenus y == f(x, y), y(x;) =V, HALO COCTAaBHTb .UIb HOAMNPO-
rpaMMy IS BhlUMCAeHHs 3HAUeHUl Y, ::f(xk, Y;) ¥ BKJIOYHTb €€ B CTaH-

BapTiyl0 MpOrpaMmy.

fipumenp.
y=x24y% y(0)=—1

s

Hafitu suauenue y (0,5) ¢ Tounocrsio zo 0,01.
Bocnosb3osasiuich pasnoxentiem no dopmyae Tefisopa

Y@=y Oy O x LT IO

BbiuycAfAeM 3HaueHue y(x) B Toukax x; = 0,1 u x,=02:
y(0,1)=—09088 u y(0,2)=—0,8309

(uan Bmecto y (0,2) BpiuncaseM y(—0,1), uto naxe npeanoyTuTedbHee, TaK
kak T1ouka x; = — 0,1 jexur 6Gamme K HavaJbHOH Touke X, =10, yem TOuKa
Xy = 0,2). Hanbuefimue sHaueHus BHuucisem -no ¢opmyae Llrepmepa (1.43)
¢ marom h=0,1, a pesyabTaThl BHYNCJIEHMS 3aHOCHM B Tabiuny (6e3 pasHo-
creit A%g). ITocne 3Toro wmaw napajsaeabHO NPOBOXMM BBIYMCJACHHS C IIAaroM

r_ 0,05. B peayabTate moay4uum:

2
y (0,5) ~ —0,63.

*) Bosee moApo6HO O MPUOJHXKEHHBIX MeTOJAX HHTErPHPOBaHUA NuddepeH-
IMaabHbIX YpaBHeHUit MoxHo pouects B kHurax A. H. Kpninoa [6] u WU. C. Bepe-
suna u H. II. XKuaxosa [7] (cM. pekomMenpyemyio JuTeparypy). - )

5*
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§ 8. Mpocreiimue TUNLI ypaBHeHUi, He paspelieHHbIX OTHOCHTEJBbHO
TIPOH3BOHOI

Iuddepeninanpioe ypaBHeHue TepBOrO NOPAAKA, HE pPa3pellieHHOE
OTHOCHTENbHO NPOU3BORHON, HMMeeT BUI
F(x. y. y)==0. (1.51)

Eciu 310 ypaBHeHMe ynaeTcs paspellinTb OTHOCHTENbHO ', TO mOJydaem
04HO MM HECKOJbKO YpaBHeHUH

yY=fi(x.y) (=1 2 ..0).

HuTerpupys sTH, yXe DaspelleHHble OTHOCHTEJbHO MPOH3BOIHOH ypan-
HeHusl, HalAeM pelleHus HCXOLHOrO ypas-
¥ venus (1.51).

) [MpounTerpupyeM, HanpuMep, ypaBHeHuUe
YP—=(x+y +xy=0 (152

/ Paspemas sto kBaiapatHoe ypaBhenue OTHO-
CHUTENbHO y’, OyAeM HMeTb: y' = x u y’' == y.
Murerpupys kamzoe u3 [MOJYYEHHBIX ypas-
HeHuH, HaxoAuM:

= 0 7 y=T5+¢ (1.53)

y = ce* (1.54)

(puc. 1.24). O6a cemeficTBa pemeHuil yji0B-
JETBOPSIOT UCXOAHOMY YPaBHEHHIO.
[fagxkuMy  HHTErpajbHbLIMH  KPHBBIMU
ypaBuerus (1.52) 6yIZyT Takxe KpuBbie, CO-
CTaBJCHHBIE M3 IYI'M HHIErpaibHOH KpHBOH
cemeticta (1.53) u Ayru uHTerpaabnoil Kpm-
Bofi cemeHicra (1.54), ecau B obmel TOU-
Ke OHH uMeloT ofmyw Kacateabuywo. Ha
puc. 1.25 wusopaseHa uHTerpalbHas KpH-
Bag ypasHenus (1.52), cocraBiennan u3s rpagu-

Puc. 1.24.

2
KOB pelleHuit y=%+c mpn =g, —0< L1, u y=ce* npu
c=e"!, 1 x<oo, aHa puc. 1.26 — uHTerpaabHas kpusas ypasHenus (1.52),
- 2
COCTaBJEHHAS M3 rpaQMKOB peLIeHHH y =i2— npu x L0 u y=0 upu x> 0.

*Wltak, ypaBHeuue
Fle, v, y)==0 (1.51)

MOXeT ObiTb NPOMHTErPUPOBAHO [IYTEM paspelleHus OTHOCHTEIbHO Y H
MHTErpallMy TNOJYYEHHBIX HpH 9TOM ypaBHewni ¥ == f,(x, ¥) (=1,
2, ...), y¥e paspellieHHbIX OTHOCHTE/IbHO NPOM3BOLHOH.
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Onnako Jnanexko He Bcersa ypasHenue (1.51) uaerxo paspemaercs
OTHOCHTENBHO Y’ W ellle pexe NOJIYYEHHBIE [OCAE pAa3PelIeHHs OTHOCH-
TeqbHO Y’ ypaBHeHuMs y == f,(Xx, Y) JErKO MHTCTPHDPYIOTCA, [MOSTOMY

J=0 -z

V4
Puc. 1.26.

4acTO IpPUXOJUTCA HHTerpHpoBaTh ypaBHenus Buaa (1.51) uHbIMH MeTO-
ZaMu. PaccMoTpuM clelyiommne Caydau.
l. YpasHenue (1.51) uMeeT BUR

F(y)=0, (1.55)

NpUUEM CYIWECTBYeT NOo KpalHeH Mepe oAuH HeHCTBH-
TeAbHHH KOpeHb Yy ==k, 5TOr0 ypasHeHHus.

Tak kax ypaBnenue (1.55) He COOEpPKHUT X U ¥, TO B; — NOCTOSHHOE.
Crie10BaTeIbHO, MHTErpUPYs ypaBHeHue y’ =k, NOJAYuMM y==R;x -+ C,

Hau kiz—y—;i, HO k, sBasercs xopHeM ypasHenus (1.55), caenosa-
TeJbHO, F(y;c>=0 ABJAETCA HHTETpAa/sioM paCcCMartpuBaeMOro ypaB-
HEHHS.

Mpumep L

¥V — (' +y +3=0
WuTerpan ypaBhenns

R

X X X

2. YpasHenue (1.51) uMmeer BUR
F(x, y)==0. . (1.56)

Ecau 9T0 ypasHenue TPYAHO Da3pelluThb OTHOCHTEJLHO Y/, TO ueJIe-

coo6pasuo BBeCTH hapaMeTp ! u saMeHuTb ypasHenue (1.56) aByma
ypasnenusmu: x=¢ () n y =9 (f). Tax kax dy=y'dx, 10 B KaH-

HoM cayuae dy ==\ (€)@’ (f)dt, oTkysa y= f Y& @ (&) dt +¢ u, cae-
JOBATENbHO, HHTerpadbhble Kpushle ypassenus (1.56) onpeneasiorca
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B napaMeTpuyeckoll ¢opme CACAYIOLIMMH ypABHEHUAMH:
=@ (),
v=[vOe®a+ e

Ecan ypasnenne (1.56) jerko paspelruMo OTHOCUTEJBHO X, X == @ (y'),
TO NMOYTH Bceria ynoGHO B KaueCTBe napameTpa seectd y' ==f. Toria

=@, dy=y dx="1¢ ()dt, y::ftq)’(t) dt -+ c.

Mpumep 2.
x=P—y —L
Monowum y’ =t, Toraa

x=0—1f-1, (1.57)
dy=y dx =13 — 1) dt,
3t 1
y=—4———-—2—+ C. (1-58)

Vpasuenus (1.57) u (1.58) onpejeasnior B napamerpuueckoit dopme ceMelicTBO
HCKOMBIX HHTErPajbHBIX KPUBBIX.

[Ipumep 3.
VigyT =y
[Monaraem y’ =tgt, —-§—<t< 2 ; Torga
x =sint, (1.59)
dy=y dx =1tgtcostdt =sintdt,
y=-—cost4¢ (1.69)

WM, HCKJouad ¢ U3 ypaBHemm (1.59) u (1.60), moayuum x2-(y—¢)2=1—
ceMeiCcTBO OKpYKHOCTEH.

3. Ypasuenue (1.51) uMeer Bun
F(y, y)==0. (1.61)

Ecmi 210 ypasHeHue TPYAHO paspelinTb OTHOCHTENBHO Y, TO, Kak
¥ B MNpelbaylleM caydae, HeJecoo0pasHO BBeCTH MapaMerp ¢ u 3aMe-
Huth ypasHenue (1.61) apyma ypaBuenuamu: y =@ (&) u y =P (£). Tax

14 LA ¢
St omm x= [ L o
CunenoatebHO, HCKOMBIE HHTErpajbHble KDHBHE B TNapaMETPHYECKOH
¢$opMe ONpelesAlOTCS yPaBHEHUSIMHU

t) dt
x—/?q)\p((;) +c¢c n y=q(@.

B uyacruoctst, ecau ypaBHeHue (1.61) ferko paspemiuMo OTHOCH-
TENbHO Y, TO OOBIYHO 3a mapaMeTp yno0HO B3ATL Y.

Kak dy=y dx, 10 dx =
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HeficTButeabto, ecan y=q¢(y’), 7To, mnoaaraa y =¢, 0OAyuHM
y==9(t), dx=—dy—¥—=2—1%)—q—t~, |
X = / W—/%Mt— —+ ¢.
Y=Y+ )P +y +5

[lonaraem y’ == ¢; Toraa

[Tpumep 4

=04t 5, (1.62)
dx:i{’.-@iﬂl_)_ﬂ_(5ta+3/+ )
y t
PR eSS (1.63)

Ypasuenus (1.62) u (1.63) aBasw1cs napaMeTpHuCCKUMH YPABHEHMAMH ceMeilicTBa
HHTerpa/ibHbIX KPHBbIX.
Mpumep d. y

Vies"
y=cht, (1.64)

= 1.

[Nonaraem y’ =sht, Toraa

X=1I-c ) (1.65)
uny, uckmouaq us (1.64) n (1.65) napamerp ¢, moayyaeMm y ==ch (x — c).
PaCCMOTpuM Teflepb OOWMA caydyaih: Jaesas 44acTb ypaBHeHHUs
F(x, y. y)=0 (1.51)
3aBHCUT OT BCEX TpeX apryMeHtos x, y. y’. 3amenum ypasnenme (1.51)
€ro napaMeTpHyecKuM MpelcTaBieHueM:
x=q(, v), y=yP(@ v), y =y, v).
[Moabsyscs saBucumoctolo dy =y’ dx, GyleMm HMets
<L du+ 5P dv=y (. 0)[F>du+SLav],

dv
OTKyAa, paspellas OTHOCUTE/IbHO I[POH3BOAHON Zn ' ToayunM

9y
% (0, v) = — —
dv __ du 0u ) (1.66)

du 01]1

—x @ v)——

B peayabrate mOAyueHO ypaBHeHHE MNEPBOTO MOPAAKA, YKe DA3PeULeH-
HOE OMHOCUMEAbHO NpPpOU3BOOHOH, U TEM CaMbiM 3aJaya CBeAEHA K yxKe
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PacCMOTPEHHONA B MpeAbAyUX mnaparpadax, OAHAKO, KOHeYHO, [Ooy-
yenuoe ypasuenue (1.66) nasexo He Bceria Oyler WHTErpupOBAaTHCA
B KBaipaTypax.
Ecau ypasuenue
F(x, y, =0

JeTKO pAaspelliiMO OTHOCHTENBLHO Y, TO 33 fapaMeTpsl 4 ¥ U 4acTo
yao6uo Gpats x u y’. IHeiicturensno, ecau ypasuenue (1.51) npuso-
DUTC K BUALY

y=f(x, ¥ (1.67)

TO, cyuTas X u y' == p napaMetpamu, MOJYYHM

0 0
y=f(x p) dy=-gbax+5Lap

Han
dy _ of of dp
Zx —9r T op dx
of af d
p=7fc—+—5;{—71—§-. | (1.68)

Unrerpupys ypasuenue (1.68) (koneuHo, OHO nafeKO He BCerna uHTe-
rpupyercs B KBanparypax), noayuum @O (x, p, ¢)==0. CoBOKyNnHOCTb
ypashesut O (x, p, ¢)=0 u y=f(x, p), rae p-— mapamerp, onpe-
JejsieT CeMeHCTBO HHTErPajbHLIX KDHBBIX. ’
3amernM, uto ypasHeHue (1.68) Moxer OblTh HOJyYeHO AuddepeH-
nuposaHueM ypasHenus (1.67) no x. JHe#tctBureapHo, auddepenuupys
of dp
Op dx
nanaet ¢ (1.68). ITosToMy 5TOT MeTOL 4YacTO Ha3HBAKT WHTETPUPOBaHUEM
puddeperunalbHHX ypaBHeHHH ¢ MOMOIBIO AuddepeHunpoBaHus.
CoBepllleHHO aHaMOTUYHO YaCTO HHTErPUPYETCA YpaBHeHde

F(x, y, y)=0,

(1.67) no x n noaaraa Y’ == p, NOAYYMM p—'_——%—}— 4TO COB-

éCJIH OHO JIErKO paspeuiMMQ OTHOCUTEJ/LHO X: )
x=f( y¥). (1.69)

B stoM cayuae, B3sB 3a mapaMeTpnl Y W Y’ = p © NOAL3YACb 3ABMCH-
MOCTbIO dy =y’ dx, noayuum
5] 4]
dy == [75— dy—k—@f,‘—dp]
uim . -
=9 + of 4p (1.70

Wurerpupys ypasnenne (1.70), noayumm @(y, p, ¢)=0. 10 ypasue-
HHe COBMeCTHO ¢ x == f(y, p) onpele/fieT HHTErpajbHbe KPUBLIE HCXO[-
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HOTO ypaBHenusn. Ypasuenue (1.70) moxer OBITb MOJAYYEHO U3 YPaBHEHUS
(1.69) muddepenuuponanuem 1o y.

B xauvecrBe mpuMepa NpUMeHEHHss STOTO METONA PACCMOTPUM /HHeH-
HOe OTHOCHTE/NbHO X W § YpaBHeHHe

y=1x¢ )+,

HasLIBAeMOe ypasueruesn Jazpanxca. lluq')(bepeﬂuupyﬂ 10 X u moaaras
y' = p, noayuum

pP=0(p)+ x¢’ (p) —{—w(p) ) 1.71)

Wy

[p—mum§§=xww»+ww> (1.72)

dx
3710 ypaBHeHHe JUHEHHO OTHOCHTE/BHO X H 7!7 H, CJAeI0BATEILHO,

JErKo  MHTerpUpyercs, HAaNpuMep, METOAOM BapHALMH MOCTOAHHOM.
[Moayuus wunrerpar @ (x, p, ¢)==0 ypapHenusa (1.72) u npucoenunss
K HeMy y=xQ (p)-+\(p), NOJYYHM YPaBHEHHSs, ONpele/diouide HCKO-
Mble HHTErpajgbHble KPHBEHIE.

[Ipu nepexome oT ypasHenus (1.71) k ypasuennio (1.72) mpuuwocs

d
IeJuTh Ha 7%. Ho mnpu sToM Mbi 1OTepsieM DelIeHHS, €CJIH OHU Cylie-
d
CTBYIOT, AJS KOTOPHIX p MOCTOSHHO, d 3HAUMT 7}’;—;0. Cuuras p no-

CTOAHHBIM, 3aMeuaeM, 4rto ypasuenue (1.71) yaoBaetBopsercs b
B TOM CJyuae, ecJu p fBJAETCA KOPHeM ypashenus p — ¢ (p)=0.
Wrak, ecau ypaBHenue p — @ (p) =0 uMeer NeHcTBUTEIbHBIE KOPHH
p=p; TO K HallDeHHHM BHIE DeIleHUAM ypasHeHus Jlarpamka Hano
eme aobasute y=x¢ (p)+Y(p), p==p, wm, dckmouaz p,

y=x@{p;) + P (p;) — NpaMble JTUHUH.
OtaeapHO HANO paccMOTpeTe cay4dad, xorza p—@(p)==0, u cse-

d
AOBATC/JAbHO, MPHU AeJEHUH Ha d_ﬁ TepAETCa pelueHde p—=c¢, rie ¢ —

NpOM3BO/bHAS MNOCTOAHHAs. B srom caydae @(y)==)’ u ypasHenue
y=x¢ (y) P (¥) npunumaer Bua

y=xy' -+ ) — ypasnenue Kaepo.

Monaraa y' == p, noaysum y=xp + Pp(p). Nudpdepenuupys no x,
GyneM uMeTb:

d d
p=rp—+x £ v ()L
U

(V' (p) 2L —o,

OTKyla MJH %:O W, sHaunt, p=c, wm x4+ (p)=0.
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B nepBoM cayuae, HUCKJOuas p, HOJIy4YHM:
y=cx+9(c) (1.73)

— ONHONapaMeTpPHyecKoe CeMeRCTBO HHTErpajbHBIX NPAMHX. Bo BTOpOM
ciyuae pellleHHe CrpelenfieTcsl ypaBHEHHAMH

y=xp-+¥(p) u x4V (p=0. 1.74)

Herpynno npoBepuTh, 4TO uHTerpaJibHas KpuBas, OMNpeeJseMas
ypasnenuamu (1.74), aBasercda oru0aioiuelt ceMedcTBA HHTErPadbHBIX [pPs-
Mux (1.73). :

Puc. 1.27. Puc. 1.28.

HefictBureabHo, ozubanuas uekoroporo cemeicrsa O(x, y, ¢)=0
onpejeJseTcs ypaBHEHUIMH
- (0]
Dx, vy, =0 u g

=0, (1.75)

KOTOpHe njasa ceMeficta y = cx -+ P(c) uMelOT BUI
y=cx—+Pp() x+Y(c)=0

H aumb 0003HaueHWeM NapaMeTpa OTJMYATCA OT ypaBhenutt (1.74)
(puc. 1.27).

3ameuanue. Kax uspectHo, ypaBHeHus (1.75) mMoOryT onpeledsTs,
KpoMe orubamolliefi, reoMeTpuueckue MecTd KpPaTHHIX TOYeK, a HHOTrAa

n Japyrue KpuBbi€, OIHAKO €C/Ju XOTd Obl ‘01HAa u3 NPOU3BOAHBIX ox

oD
H 7}’— OTJIMYHA OT HYyJ 4 n,o6e OrpaHH4eHbl B TOYKAX, YIOBJETBOPAIO-

iwux ypasueHusMm (1.70), TO 9TH ypaBHeHus OMNpeleqsiOT TOAbKO Orubaio-
oD oD
wyo. B nanHoM ciyuae 3TH yCJIOBMS BEIIOJHEHbI: T Gy = 1.
Crenosatenbuo, ypasuerusi (1.75) omnpeneasior orufamoulyio, KoTopas
MOXET BHIPOAMTLCE B TOYKY, ecau cemelictso (1.73) aBaseTca Nyuxkom

NpSAMBIX,
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Tpumep 6.

y=xy —y"* — ypaBHenue Kaepo.

" OnHonapaMeTpuueckoe CeMEHCTBO  MHTErpAJbHBIX  NPAMBIX  HMEET BHA

y =cx —c2 Kpome roro, wHrerpaapnofi kpuBO# #BJstercss orubawoinas 3TOro

ceMeiicTBa, onpejeasieMast ypaBHeHusaMu y = cx — ¢ u X — 2¢ = 0. Vcxawoyas ¢,
2

oayyaem y=-§— (puc. 1.28).

Mpumep 7.
y=2xy" — y’3 — ypaBHeHHe Jlarpamia.
y=n
y=2xp— p (1.76)
Juddepenunpys, moayuaem
ap , ap
— LP a0 OF 1.77
P Qp—i—Qxdx 3p Tt . (L77)
U 1OCJe AeNeHUs Ha % NPHXOMUM K ypaBHEHHIO
dx
—_— = 2.
P Gp 2x+-3p
Hurerpupys 8To JauHeHHOe ypaBHeHHe, MOJYYaeM X == —;‘—2-{- %p? Cnenosa-
TEJbHO, HHTErpalbHble KpHBBIE ONpefedflIcs ypaBHeHuaMu Y ==2xp — p*,
X = fl.+3_pz_
= o T
[lpu nenenun na —%, KaK yKa3blBaJOChb BHILNE, TEPAIOTCA PellleHus p = p;,

rie p; — KOpPHH ypaBHeHus p— @ (p)==0. B ganuom ciydae tepsiercd pelieHue
p =20 ypasuenus (1.77), xotopoMy, B cuay ypasuenus (1.76), cooTBeTCTByeT pE-
HIeHHe HCXOJHOrO ypaBHewus y =0.

§ 9. TeopeMa cYWECTBOBAHUA M eJNMHCTBEHHOCTH
ans puddepeninaibHBIX ypaBHEHHA, He pa3pelIeHHbIX
OTHOCHTEJBHO NpOoU3BOAHOH. Ocobble pewieHHSA

B § 6 Onblaa 1o0Kka3aHa TeopeMa CYLLeCTBOBAliMS U CIMHCTBEHHOCTH
pewenus y (X) ypaBHeHus %:f(x, V), YEOBJETBOPAIOUIEIO YCJIOBUIO
y(xy) =1y, AHanOrMuHLI{ BONMPOC BO3HMKAET W NJA YpPaBHeHMH BuAA
F(x, y, y)=0. OueBuano, uto AJas TAKUX ypaBHeHull 4Yepes HEKOTO-
pyio Touky (Xg ¥g), BooOUe ToBOpS, INPOXOIUT Yyxke HE 0jHa, a He-
CKOJILKO  HHTerpaJbHbIX KPHBEIX, TaK Kak, paspellas ypasHeHue
F(x, y. y)=0 orHocute/bHO y’, Mbl, KaK NPABHIO, N01YYaEM HE OIHO,
a HeCKOJbKO NeHCTBHTeMbHHIX 3HaueHu#t ¥ = f;(x, y) (=1, 2, ...).-
W ecjH Kaxioe H3 ypasueHuHt y = f,(x, ¥) B OKPECTHOCTH TOYKHU
(X ¥y) YAOBAETBOPAET YCJOBHAM TeOPeMBl CYLIECTBOBAHMS W €IMHCTBEH-
HOcTH § 6, TO A/l KaXIOro M3 9THUX ypaBHeHMH HafleTcs eRMHCTBEHHOE
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pelueHue, YAOBJETBOPsiOLIee YCAOBHIO Y (X,) ==V, [losTomy cBo#cTBO
€AMHCTBEHHOCTH pellieHust ypasHenuss F(x, y, y')=0, yunoBJeTBOpSIO-
HIero YCAOBHIO Y (Xy) ==y, OOBIYHO MNOHUMAETCs B TOM CMBICJE, YTO

4 $

|

/\
Yy

Puc. 1.29.

yepesa NaHHYI0 TOUKY (Xg Yo) N0 OQHHOMY HARPABAEHWUIO NDPOXOLUT
He 6oJjiee OHHOH uHTerpaibHOR KpUBOH ypaBHehus F(x, y, y)=0.
dy

o
Hanpumep, nas peuieHuit ypaBHeHus (W) — 1 =0 cBOHCTBO eAUHCTBEH-

HOCTH BCIOZY BHIMOJHEHO, TAK KAaK 4YePe3 KaxAyio TOUKY (X Yo) ITPOXOAAT ABE
HHTETPAJbHbIE KDHUBBIE, HO IO Pa3JHUYHLIM HanpapiaeHusM. JeHCTBUTEJBHO,

d

—d%.—_ ], y=x+4¢ 0 y=—x-c

Jas YPaBHEHH (y’ )2—(x+y) y" -+ xy =0, paccmorpenHoro Ha ctp. 68, B TOU-
Kax MpaMoif y = X CBOMCTBO EIMHCTBEHHOCTH HApYLICHO, TaK KaK Yepes TOuKH
STOH IpAMOH NPOXONAT HHTErpajbHble KPHBBE ypaBHeHUH y' =x M y' =y 00
OIHOMY U TOMy ke HampaBJaeruio (puc. 1.29).

Teope.ua 1.5. Cywyecmsyem eduncmgennoe peuwernue y=—y(x),
— hy <x Xy ho 20€ Ry Oocmamouno Mas0, YPABHeHUs
F(x, y, y)=0, (1.78)

y008.2em80 pnOUee YCA0BLIO Y (Xg) = Yo, 048 KOMOPOZO V' (%0) = Yor
20e yé\—odun u3 dedcmeaumensrolx Kopreii ypassenus F (xy vy ¥)=0,
ecau 8 3aMKHYMOE OKpecmHoCmu mouxu (%o Yo Vo) PYHKU4UA
F(x, y, ¥) yoosaemgopsem ycrosuan:

1) F(x, y, ¥') Henpepbigna no 8cem apzymeHma;

2) npoussoéuaﬂ By cymecmeyem u OMAULHG OM HYARA,
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oF,
dy

3) cywecmayem 02PAHUieHHAR L0 MOOYAO RPOU3BOOHASR
oF
|5l <

HDokasateabctBo. COrjacHO U3BECTHOH TeopeMe O CYIUECTBO-
Baniu HeABHOM (DYHKUMM MOXHO YTBeDHAATb, 4YTO yciaosus 1) u 2)
rapaHTHpyIOT CYUIECTBOBAHHE €IMHCTBEHHON HeNmpepbiBHOH B  OKpecT-
HOCTH TOUKHM (X, Yo ¢ymxuuu y ==f(x, ), omnpelenseMoff ypasue-
Huem (1.78) # ynaosaeTBopsioulel ycaoBuio yd:_f(xo, yo). Ocraerca
nposeputb, OyleT Ju QyHKkuMa f(x, y) yLOBJAETBOPATb yCJIOBHIO Jlum-

muia Hap Gojee rpyOOMy YCJAOBHIO ‘-5% K N B OKpPecTHOCTH TOUKH
(Xgr Yo)» TaK Kak TOrAa MOxHO Oyler yTBepMAarTb, YTO ypasHeHue

y=f(x.y) (1.79)

YIOOBJCTBOPAET YCJOBUAM TEOPeMBl CYIIECTBOBAHUA M eNHHCTBEHHOCTH
(cm. § 6, crp. 40) u, ciemoBaTenbHO, CYLIeCTBYeT eNMHCTBEHHOE pelie-
ure ypasHenus (1.79), ynosieTBopsiollee YCJIOBHIO Y (X,) == ¥, a BMecTe
C TeM CyLIeCTBYeT eJUHCTBEHHAst MHTerpa/ibHad kpusas ypaeHenus (1.78),
npoxoAauas uepes TOuky (X, y,) H HMelomlas B Hell yrioBoH koag-
buument xacareabHon y,

CorsacHO u3BeCTHOH TeopeMe O HEABHHIX (PYHKUHAX MOXKHO YTBED-

0
KAATb, UTO NpH BLINOJHEHHH YcJA0BRH 1), 2), 3) npoussojHas —5—5— cy-
ulecTByeT M MoxXeT OblTb BHUHCAGHA M0 npaBuiy AxddeperuupoBatus
HesIBHBIX (yHKHMHA. .
LOubdepentupys tomnecrso F(x, ¥, y')==0 010 y 4 npHHuMas Bo
BHMMaHHe, yT0 Y’ = f (X, V), noayuum

OF | OF of
Ty Ty oy =

AJaA
oF
of oy
Oy = T oF ¢

OTKyIa, INpHHUMas BO BHHMMauue ycaosua 2) u  3), CAelyer, uTO
17)7‘ < N B 3aMKHYTOH OKDEETHOCTH TOUKH (Xy Vo).

MuoxecTBO TOUEK (X, ¥), B KOTOPHIX HApyMIaeTca eAMHCTBEHHOCTb
pelueHnyi ypaBHeHus
F(x, y, y)=0, (1.78)

HasbiBaeTCa 0CO0bM MHOXKECTBOM.
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B Touxax o0co00ro MHOMXECTBA AQJKHO OLITL HapylUeHo [0 Kpa-
nell Mepe 0nHO u3 ycaoBufi TeopeMmb 1.5. B anddeperuunanbuux ypasue-
HUAX, BCTPEYAOUUXCA B NPUKIAAHBIX 3aaadax, yciaoBud 1) u 3) obbiuno

OF
BLITOJHAIOTCA, HO yC/OBie 2) Ty = 0 uacTo Hapyluaercs.
Ecmu ycaoBug 1) 1 3) BuinoOJdHEHB, TO B TOYKAX 0co0oro MHOXe-
CTBa JAOJKHE ONHOBPEMEHHO YIOB/IETBOPATHCA yDABHEHHA
' oF |
Fl, v, V) =01 =—=0. (1.80)
dy
%
Vckmouast M3 9TuX ypaBHEHHH y’, moJyuuMm ypasHemue
O (x, y)=0, (1.81)

KOTOPOMY [OJIKHBI YIOBJETBOPATH TOYKH ocoboro MuoxectBa. OaHako
He B KaxJIO# Touke, yaop/aeTBopsolle#t ypasueuuio (1.81), o0a3arenbuo
HApYylIaeTcs eJUHCTBEHHOCTb pelleHus ypasuenus (1.78), Tak kax ycjo-
Bt TeopeMbl 1.5 Jllib DOCTATOMHB A/ €IMHCTBEHHOCTH DPEILEHUS, HO
He ABJASIOTCH HEOOXOIMMBIMH, M CJAEIOBATENbHO, HapyileHue Kakoro-
HUOyAb YCI0BHS TeOpeMbi- He 00si3aTeqbHO BJeveT 84 coOOH Hapymie-
HHE eJHHCTBEHHOCTH.

Wrak, rtoabko cpeau Touek Kpueo# @D (x, y)=0, wnasbsaemoit

p-Ouckpumunanmuofl KpuBoh (Tak Kak ypasuenus (1.80) uaime samucbi-

oF

Balorcss B Buie F(x, vy, p)=0 nu —72:0)5 MOryT OBITH TOUKHM 0CO-

0
60ro MHOMXecCTBa. ]

Ecou kakas-nubyne BeTBb y==¢ (x) xpusoit D (x, y)=0 npunazn-
JACKUT OCOOOMYy MHOMECTBY M B TO KE BPeMs SBJAAETCA HHTETpPaJbHOH
KpuBOH, TO OHA Ha3HBAeTCS 0c0604 unmezpassrod pugod, a GyHKUUa
y = (X) HasuiBaeTcR 0cobbiy petienue.

Mrak, Asg HaxoxIeHHs ocoOOro peliueHHs ypasHedus

F(x,y, v)==0 (1.78)
Halo HAHTH pP-IUCKPHMHHAHTIYIO KPHBYIO, ONpEIE/SiEMYI0 YPaBHEHHIMH

oF
F(x, V. p)ZO, Fp_zo’

BHACHHTL INyTeM HEMOCPeACTBEHHOH mnoAcTaHoBKH B ypaeHexue (1.78),
ecThb JIM CPeln BeTBeH p-AUCKPUMHHAHTHOH KDUBOH HHTErpaJbHBlE KPH-
BLIE, U, eCJu TAKHE KPUBBIE €CTh, TO elle MPOBEPUTb, HAPYUIEHA JIH
B TOYKax 9TUX KPHUBbIX €IMHCTBEHHOCTb HJIU HeT. Eciu eIuHCTBeH-
HOCTb HapylleHa, TO TaxKas BETBb p-INCKPUMMHAHTHOH KPUBOH sABIseTCH
ocoboit MHTerpaibHOR KPHBOH.

[Mpumep 1. Mmeer s ypasuenue Jlarpawa y=2xy’ —(y’)? oco6oe
peuieHue? ’

Ycaous 1) n 3) TeopeMBl CYIReCTBOBAaHH® M €JIUHCTBCHHOCTH BHIOJHE-
HBl. p-NMCKPUMMHAHTHASl KDHBas ONDEHE]AeTCs YpPaBHEHHAMU: y = 2xp — p?,
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2x —2p =0, uan, ucknouas p, y = x2 [lapaGosa y == x? He ABASEICK HHTer-
pajbHOH KpHUBOH, Tak Kak QyHKnua y= x? He YyNOBAeTBOpSAET HUCXOJAHOMY
ypasHeuut. Ocoforo peimienus Her.
[Tpumep 2. Hafity ocoGoe pemeﬂne ypaBHeHnﬂ Jlarpamxa
—y=—=(y) — = (¥y)% 82
x—y 9(y) 27(y) (1.82)

YcaoBus 1) n 3) TeopeMbl CYuIeCTBOBAHHA H €AMHCTBEHHOCTH BHIIIOJAHEHBL.
p-IMCKPUMUHAHTHAST KPUBAs ONpeleadercs ypaBHEHHAMH

,.._4 2 __§__ 3 _8_ 2} e

M3 sroporo ypasHeHus Haxoium p==0 uim p==1; NOACTABJAA B NEPBOE YypaB-
HeHHe, HOJYyUiM:

4
y=Xx HIH y=x———27.

Jlumb, Bropas u3 aTUX yHKuUMil ABAACTCA pelUeHUeM HCXOJHOIO yDABHEHHR.

Zi

3]

\ R

Puc. 1.30. Puc. 1.31.

Jlast Toro 4To0n! BHIACHUTH, GyAeT A pellcHue y=x——-7 0COOBIM, HaRo
UpOUHTErpupoBaTh ypaBHeHue (1.82) u BBIACHUTH, NIPOXOJAT JH YEPE3 TOUKH (PH«
MOf y = X — 7 MO HaUPABICHHIO 9TO# NpAMOH APYFHE HHTEerpalbHble KpHBhHIe.
Murterpupys ypasuenue Jlarpanxka (1.82), monyumnm: ;

(y — )2 = (x— )3 (1.83)
WUs ypasuennsn (1.83) u puc. 1.30 Buano, uro npamas y=x—24—7 ABJSETCA
orubamumied ceMmeficTBa NOJNYKyOuueckux mnapadoa (y — ¢)2 = (x—¢)® u, caelo-
BaTEAbHO, B KAWIOA TOUKE NPAMOH y = X — Gy HapyUIeHd elMHCTBEHHOCT — 1O
OAHOMY H TOMY Ke HalpaBJICHHIO NPOXOANT ABE MHTErpalbHble KPUBbIE: {IpAMas
y=x——= H Kacaouwascsd sT0H NpAMOH B PaCCMATPHBAEMOH TOUKE HOAYKYOH-

27 .
yeckas napaboaa:
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4
27" .

B stoM npumepe orubawuas ceMeHCTBa MHTErpaJbHbIX KPHBHIX sBAsETCA
0COOBIM pelleHHEM.

Mrak, ocobbiv .pemieHHeM ABAAETCH Y == X —

Ecau orubaioumieft cemefictTpa
D(x, v, 0)=0 (1.84)

HABLIBATH KPUBYIO, KOTOPAA B KamIoH cBoefl TOUKe Kacaercs HEKOTO-
poit kpusoif ceMefictBa (1.84) u KamIOro OTpeska KOTOpPOH KacaeTcs
ecKOHEUHOEe  MHOXECTBO KDHMBBIX DAaccMaTpHMBaeMOro ceMe#cTBa, TO
orubamoias ceMefiCTBA MHTErPadpHbIX KPHBLIX HEKOTOPOr0 YpaBHEHis
F(x, vy, y)==0 Bcerga Gyner oco60oH uHTErpanbHOH KpuBOit.

DefictBuTeSbHO, B TOuKax orubaiomiedt sHavenus x, y u y coBHa-
JAI0T CO BHAYGHHAMH X, y W V' 14 HHTerpadbHOH KpueoH, Kacaouehca
orudapoweit B Touke (x, y), H CJeAOBATEJLHO, B KAKIOH TOUKe OlH-
Gaowel aHaueHua X, ¥ 0y’ YIOBAETBOPAIOT ypasuenuw F(x, y, y) =0,
T. €. orudbawulas ABISETCS HHTErpaibHOR Kpuso# (puc. 1.31). B wkaxnon
Touke orubaloulefl HapylleHa eIHHCTBEHHOCTb, TaK KaK Yepe3 TOYKH
orunfanled mMo OJHOMY HATIPABJEHHI NPOXOAAT MO Kpafinel Mepe ABe
HHTerpaabHble KpuBble: orubaiomas H Kacawuascs ee B paccMaTpHBa-
eMoff Touxe uuverpasbHaf kpuBas ceme#icrsa (1.84). CaenorarenbHo,
orubarouias ssasgercs 0cobo# MHTerpa bHOH KPHBOM.

3Has cemelicto nnrerpadbHbix KpuBhix @ (x, v, ¢)=0 Hekoroporo
anddepenunaabioro ypasuenns F(x, y, v') =0, MOXHO ONpeIejIHTb
ero ocoObie pellenus TNyTeM Haxomaenud orudaiowedt. Kak wussecTtHo
U3 kypca aundiepennuanbHofl TeOMeTPHMH WJIM W3 Kypca MareMaruye-
CKOTO aHa/u3a, oru0aiouias BXOIHT B COCTaB C-LHCKPHMAHAHTHOH KpH-
BOH, omnpelengeMOf ypaBHEHHSIMH

(D(x, v, C)=0 I/I—dai)z-zo,
¢

OIHAaKo, KpoMe orubawoiield, B COCTaB C-AUCKPHMHHAHTHON KpHUBOH
MOTYT BXONUTE H APYCHE MHOMKECTBA, HANpPUMEP MHOMKECTBO KPAaTHHIX
oD oo
—— = ——=0.
0x dy
Yro6Grt  HEKOTOpad BeTBb C-ALCKPUMIAAITHOI KPUBO# 3aBegoMo  Oblaa
orpbamwlleff, JOCTATOYHO, 4TOOH HA Helf:

1) cymiecTsoBaAn OrpaHuyeHHbIE 110 MOAYJAI0 YacTHble NPOM3BOAHBIE

oD oD
<N |G| <

TOUYEK KPUBBLIX paccMarpUeaemMoro ceMeficTpa, B KOTOPBIX

2) 20 0 wan %‘;lsﬁo.

SaMeTHM, 4TO 3TH YCJAOBUS JAWLIb AOCTATOYHB!, TaK 4TO KpuBsle, Ha KO-
TOPHIX HapyueHo OaHO u3 ycaosu#i 1), 2), Toxe moryr OniTb orubaw-
LLHMH. ;
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Mpumep 3. Jdano cemeiicrBo HMHTErpadbHBIX KPHBHIX (Y — €)= (¥ — ¢)3
HekoToporo anddepeHunansHoro ypasHenus (cum. mpumep 2 va ctp. 79). Haiditu
ocofoe pelleHHe TOro e ypaBHeHHd.

HaxoauM c-AMCKPHMUHAHTHYIO KPHBYIO:

(y—c)2=(x—c)3 u2(y—c)=3(x—c)

Mckmouas napaMeTp ¢, Hoaydum

y=xn x—»y——--%—:().

4 o .
l'lpmuaﬂ y:,’C—W ABJAETCA orubalnomeit, Tak Kak HAa He# BHIOJHENLI BCe

ycaosusi TeopeMbl 00 orubawmed. Pynxuug y = x He yjOBaeTBOpseT AnddepeH-
NUAADHOMY YypaBHeuuio. [IpaMag y==X 4BASETCA TEOMCTPUYECKUM MECTOM
Touek Bo3Bpata (cM. pic. 1.30). B roukax sroit npaMoit HapyumeHO BTOpOe ycCa0-
BHE TeopeMbl 00 orubawmei.

MTpumep 4 Jlano ceMeHcTBO MHTETPAaAbHBIX KPUBBIX

@] et

Y —xt o= (1.85)

HexkoToporo muddepeHnuanbyoro ypasHeHust nepsoro mopsaka. Hafitu ocoboe
pElIeHe TOTO S ypPaBHEHHUS.
3amaua CBOAUTCH K HaXOwIeHuio orubaioriteil paccMaTpuBaeMmoro cemeicrna.
Ecau HemocpeACTBEHHO MPUMEHUTh YKa3aHHbBI{ BbIIe METOX HAXOXJEHUS oru6ao-
meil, TO MHOAyYMM NPOTHBOpeuuBOe ypaBHeHue | =0, oTkyza ka3ajocb Obl
€CTeCTBEHHO CHeNaTh BHBOJ, 410 ceMeiictBo (1.85) He mmeer ornbawinell. Oanako
o

B JAHHOM Cayuae MPOH3BOJAHas OT JAcBOH uyactu ypasseus (1.85) mo y, oy

= —éy 5, ofpamaercs B GECKOHEUHOCTb HpPH y ==0, M CJCAOBATENbHO, HE
HCKAOYEHA BO3MOXHOCTh TOrO, uTo y = Gyzer orubawomeil cemehcrsa (1.85),
KOTOpYI0 He yjaajoch HaiiTH o6IUM METOLOM BBHAY HapyLICHHA Ha Mpamol y =0
ycaosHi TeopeMBl 06 orubaoieil.

Cuaeayer npeobpasopaTh ypanhenue (1.85) Tak, 4To6el Aasi IpeoOpPa3oBaHHOrO
YDpaBHEHHUS, KBHBAJEHTHOTO HUCXOJMHOMY, YKe BBINOJNHSINUCh YCJIOBHSA TEOPEMBI 00
orubaomeit. Hanpumep, sanumiem ypasHenne (1.85) B Bupe y —(x —¢)5=0.
Tenepn ycnoBus Teopembt 06 oruGaomieil BHINOIHEHH, U, TPUMCHAS OOWHK MeTON,
HOJY YMM:

y=(x—2¢)5 S(x—c)t=0,

HaM, UCKJ0uas ¢, 6yieM HMeTb ypaBHeHue orubawowued y =0 (puc. 1.32).

Mpumep 5 [lauo ceMeHcTBO MHTErpanbHBIX KPHUBBIX

Y2 (x—c)B =0 (1.86)
Hekotoporo audrbepenunalbHOrO ypaBHeHHa mepsoro mnopsika. Haifitu oco6oe
pellieHHe TOr'O e YPaBHEHWHSL.
c-TUCKPHMVMHAHTHAS KPHBAas ONnpefessieTcst YPaBHEHHSMH

V—(x—¢)f=0unux—c=0,

6 JI. 2. Dascroasy
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WaH, HCKIouas ¢, noayuuM y ==0. Ha mpamo#i y = 0 ofpawaiorcs B Hyab o6e

uacTHble NPOM3BOAHBIE —— H Ty oT JeBOH wacTu ypasheHds (1.86), caexosa-
TeJbHO, ¥ == 0 ABAAETCA reOMETPHYECKHM MECTOM KPaTHLIX TOYEK KPHBBIX CeMeli-

crea (1.86). B nmanHOM chyuae Touek BozBparta. OnHaKo 3TO reoMeTpHuecKoOe

¥ L4
/ .
Vi /. 2 / g /V// éj;j
i IR NN
Puc. 132 Puc. 1.33.

MECTO TOYEK BO3BPATA B PAacCMATPHBAEMOM NpPHMEPE fBJAETCA OMHOBDEMEHHO H
orubaomeit. Ha puc. 1.33 nsobpamens uoayxyGuueckue napaboant (1.86) n ux
orubaloman y = (..

3agaun K raase 1

.tgydyx—ctgxdy=0. 10, x(lnx—Iny)dy—ydx = 0.

1
2, (12x -5y — 9y dx -+ o xy (v — (24 y) y' +.
+ (Bx 42y —3)dy =0. + xy =0
4y VeI 12, (y7)2 = 9y*.
bR dx - x
4.x%—+y+x3. 13'71}':5""!”7-
5 ydx—xdy=x2ydy. 14. 24 (y')? =11.
6. %—I—Bx:egl. 15. y=xy’—|—7.
7. ysinx 4y cosx =L 16. -’Cd;—()")s;y +2
r__ -y - 4y __ Yy
8. ydx~e" . =TTy
8. gf =xsint. 8. y=(y') —(y')—2

19. Halitn oproroHanbHble TPAEKTOPUM CeMeHCTBA Xy = ¢, T. €. HAUTH JHHuM,
OPTOrOHANbHO NEPECEKAONIHEe KPHBHIE YKA3aHHOIO CEMEHCTBA.

20. Haiitn kpuByl0, y KOTOpOil mojxacateapHas BIsoe Ooubine aGCUUCCHI
TOUKH KacaHHuS.

21. Haiitu kpuBylo, y KOTOpPOA OTPE3OK, GTCEKacMbli KacaTeabHOH Ha ocu
OpJMHAT, paBeH a6ClMCCe TOUKH Kacauus.

22. Haiite opToroHaabHeie TpaekTopuu ceMeiicTsa

x2 4 y? =2ax.
23, Cunras, 4TO CKOPOCTb OXJNAMACHHA Kakoro-anGo tTena B BO3NyXe Hpo-

NMOPLUMOHA/IbHA PA3HOCTH MEXAY TeMNepaTypaMH TeJa H BO3JLYXa, PEIIHTb CJie-
AyWOILylo 3ajauy: ecau Temmepatypa Bosfyxa pasHa 20°C u Teq0 B Teuenue
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20 mun. oxaawjaercs or LUV g0 60°C, 1O B TeueHHe KAKOTO BPEMEHH TeMIie-
patypa teaa pocrurner 30° C?

24, MotopHas Jojika JABWKETCS B CIHOKOHHOH BOjAe co ckopoctblo 10 xut/zac.
Ha noanoM xofy ee MoTop 6Bl BHIKJIIOYEH ¥ ueped ! = 20 cex. CKOPOCTb JOAKH
yMeHbIMAACh 10 ©; =0 ku/uac. ONpeseauTb CKOPOCTb JOAKH 4Yepe3d 2 MuH.
IOCJe OCTAHOBKH MOTOPA, CuUMTad, 4TO CONPOTHBJAEHHE BOXH! IIPOTOPLHOHAABHO
CKOPOCTH JBHMEHHS JOIKH. -

- 25. Hafitu ¢opmy 3epkaga, oTpaxamoiiero HapajieAbHO JaHHOMY Hanpas-
JEHHIO BCE JyUil, RBIXOAAUINE 113 SH,TIHHHOﬁ TOUKH.

26. y’2+ yZ=4

27. Ha#iTu kpusyio, ¥ KOTOPOH 0TPE30K KacaTeAbHOM, 3aK/MIOUEHHBIH MeH Ly
ocaMH ;\oop,muar JenuTCsd B TOYKS KACAHMA HA PaBHbIE HacTH.

(iy 2y —x—4 o9 Ay .
28. T 2x—y-+57 T dx ]—{—x+y =0
30. Llylc.neHHo ‘IPOMHTETrPUPOBATL YPABHEHHE
d
T)yczx +yh y(0) =0

Onpegeantb y (0,5) ¢ tounoctsio 1o 0,01
31. UncjaeHHO NPOWHTErPHPOBATH ypaBHEHHE

Ay

- 3 2 —_—
e =ty (0) =0

Onpeneants y (0,6) ¢ Tousocteio 1o 0,01.

32, y=131x—02y% y(0)=

CocraBuTh Tabanuy NATHaALUATH 3HAUYEHHH y ¢ marom A == 0,02

33 y=2xy —y? 34 % = cos (x — y).

35. MMoapaysacy merToaoM u3okauH (cM. c¢Tp. 17), cicaarb Habpocok cemeii-

CTBA WHTETPANbHBIX KPHBLIX ypaBHeHHA

a
dx

36. (2x+2y —DNdx+(x-+y—~2)dy=0

37, ¥y — yert =

38. Hailtu opToroHaibHbBle TpaeKTOpHH napaboa y? -+ 2ax = az

39. Mmeer au auddepenunansuoe ypasuenne y==5xy’ —(y’)? ocoboe

= x2 — y2,

peluedue?
40, TpubanKeHHO NPOMHTErpUPOBATH ypaBHeHUE
dy 0
— (1) =
Tr =Xy y()=0

METONIOM NOCJAEJOBATEJbHbIX NpubinKeHni (ONPEASNHTD ¥ U ¥,).
X
41 y==x2+/.%dx.

42, MimeeT au ypaBHeHHE y' = Vx — 5y -+ 2 ocoboe peluenne?
43. (x —y)ydx—x2dy=0.

44, lt{anm OpPTOI'OHAJbHBIE TPACKTOPHU ceMmeHcTBa y* == cx°.

4B x4+5x=10t42mpu t =1, x =2

6*
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46.

47,
48,

49,
50.
51,
52.
53.

54.
55.

ANOSEPEHUMANBHBIE YPABHEHUS TIEPBOTO TIOPS/IKA

M X xz i . 4
x=-t—+?— mpu f=2, v =4

y=xy +y mpH X =2, y=—1
y—-xy +y mpu x =1, y=—1.
y 3x—4y—2

T3x 3 4y —3°
J'c——xctgt=4sint.

2

g/ 4e

P R
)’——*x—'f‘x} =0

y(1+y*) =a.
(x% — 3) dx 4 (x2y2 4 x) dy = 0.
Ha#tu uHTErpupyiomull MHOXKHTENb YpaBHEHUsS

By? —x)dx + 2y (y? —3x)dy =0,

HMEUUA BUA Y = U (x - y?).
56. (x—y)ydx—«x"’dy_-o

57.

58.
59,
60.
61.
62.
63.
64.
65.
66.

o +y'—"3

y'l—x+y‘
xy’—yzlnx+y=0.

(x2—1)y +2xy —cos x==0.
(4y+2x+3)y —2y—x—1=0.
(2 —x)y —y+x2=0.
(y?—x%) y' +2xy = 0.

3xy2y’—{— ¥y —2x=0.
(y)Y+(x+4a)y —y=0, rie a —nocrogHHas.
(y')2—2xy' -y =0.

(y' ) +42yy ctgx — y? = 0.

[ran 1



FJAABA 2
JU® PEPEHLHAJDbHLIE YPABHEHHS
MOPSIIKA BbILIE HEPBOro
§ 1. Teopema cymecraoaaﬂuﬂ H eIHHCTBEHHOCTH

naa auddepeHnasbHOro ypasHeHus n-ro nopsajpka

Inbdepenunalbible ypapHeHus 7-TO MOPANKA HMEIOT BUA

Y =f(x,y, ¥, ..., yo=), 2.1
HAW, eCAM OHH He paspelleHs! OTHOCHTEAbHO CTapliefi NpPOU3BOAHOMH,
F(x, 3,9, ..., yo)=0.

TeopeMa CyLIeCTBOBAHMS U EIMHCTBEHHOCTH I8 YPABHEHHS 7-TO
MOPSAKA JerKo MoxeT OblTh MOJYYeHa HyTeM CBeleHHS ero K CHCTeMe
ypaBHeHHH, 1js KOTOPOH Ha crp. 51 Teopema CyUleCTBOBaHUS H €IHH-
CTBEHHOCTH yae Oblja J0Ka3aHa.

JetictButeibHO, eciu B ypaBHeHum YW= f(x, y, y', ..., yr-1)
HeM3BECTHHIMHM (YHKUMAMH CUMTATL He TOABKO Y, HO U Yy =y,
V'=y9 «u., YU =y_ _., 10 ypashenue (2.1) samenserca cucremoft

y=y, ]
= |
} (2.2)
Ypo= Vv
4 ———
Vo1 =S (% ¥ Yy oes Y1)

NoCJIe 4ero yxe MOMXHO INPUMEHHTb TeOpeMy O CYLIECTBOBAHHM M eAMH-
CTBEHHOCTH pelIeHHA CHCTeMBl ypaBHeHMH (cM. cTp. Bl), coraacHo koro-
poH, ecau npaBele YaCTH BCeX YypaBHeHHMH CHCTeMB (2.2) HempephiBHEI
B paccMarpmBaeMoft 00JacTM W YLOBJAeTBOPAIOT ycaosuio Jlunmmua mo
BCeM apryMeHTaM, KpOMe X, TO CYLUECTBYeT eIMHCTBEHHOE pellleHne CHCTe-
~Mbl (2.2), ynoB/ieTBOpSAIOIUEe YC/JIOBHAM

Y (x0) =90 Y1(X0) == Y100 ++ s Yp1(X¥)=Y¥p_1,0
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[1paBbie yactu mepBhHiXx # — | ypaBHeHu#l (2.2) nenpepLiBHB ¥ YIOBJe-
TBOPHAIOT He TOJbKO ycaoBMIO Jlunmmnua, Ho naxe 6oJjee rpyGoMy ycio-
BHIO CYIIECTBOBAHNSA OTPAHNUYEHHEIX TIPOUSBOIAHBIX N0 ¥, ¥, You -« vy Yp_1-
CaenoBaTe/bHO, YC/IOBHA TeOPEMBl CYIECTBOBAHMA M €IHHCTBEHHOCTH
GYyLyT BBIIOJHEHbl, €CAM MpaBag YacTb TNOCJELHEr0 YPaBHEHHR Y, | =

= f(x, ¥, ¥ -..1 ¥,_1) OVIeT HeNpepHBHA B OKPECTHOCTH HAYAJLHHIX
. 3HaueHu#t ¥ OyleT YIOBAETBODATh YCJOBMIO JIMMWua IO BCeM aprymem-
TaM, HaUYMHag CO BTOpOro, Win GoJjee rpyGoMy yCIOBHIO CYLECTBOBAHUSA
OrpAHWYEHHBIX YACTHBIX MPOH3BOJIHHIX MO BCEM apryMeHTaM, HauHias co
BTOPOTO. :

Hrax, Bosspamasch K NPexHHM MepeMeHHBIM X M Y, OKOHYATe/IbHO
NoJdyuaeM CJeAYIOIYIOC TEODeMy CYLIEeCTBOBAHUS Y eIHHCTBEHHOCTH:

Teopema 2.1. Cyuecmsyem eduncmsennoe peuwexnue duggepen-
HUuaabH020 YPABHeHus N-20 nopadra YW= f (x, y. ¥, ..., y@=1)
v0084em8opaomee YCA0BUAM

Y (%)= Yo ¥ (%)= Yo ¥ (¥o) = Yg> +++» y"7V () =y~ D,

ecAl B OKPECMKOCMU HA4AAbHBLX 3HAUEHud (X) Yo Yo -+ YD)

pyuxyun f aeasemcs Henpepuw8HOl PYHKYueld 8cex c80uxX apey-
Menmos w ydosaemsoprem ycaosuw Jlunuuua no ecem apzymer-
mam, HAYUHAS CO 8MOPO20.

[MocnenHee ycaoBue MoxeT ObITb 3aMeHeHO 60Jjee rpyObIM yC/IOBUEM
CYLUeCTBOBaHMA B TOH iKe OKDECTHOCTH OIPaHMYEHHBIX YAaCTHBIX NpOU3-
BOAHBIX NEPBOrO MOPAAKA OT (YHKUMM f 1O BCeM apryMeHTaM, HauuHas
€O BTOpPOro.

O6uwun pewernnem nnddepeHUHaIbHOrO yPaBHeHUs A-TO NOpsAKa
Ha3bIBaeTCs MHOXeCTBO pelLIeHuH, cocTosilee U3 BceX 0e3 HMCKJ/OUeHHd
vacTHbIX pelnedudl. Ecav npaBas yacTh ypaBHeHHS

YW=f(x, 9, ¥, ¥ ..., yrl) (2.1)

B HEKOTOPOH O00JacTH M3MEHEeHUs apryMeHTOB VIOB/ETBOPAET YC/IOBHAM
TEOpEeMbl CYLIECTBOBAHHA M eIMHCTBEHHOCTH, TO oOllee pellleHHe ypas-
Henus (2.1) 3aBUCHT OT £ NapaMerpoB, B KayecTBe KOTOPBIX MOTLYT ObITh
BbIOpAHBI, HaNpHMep, Hauya/JbHble 3HAYeHHS MCKOMOR QYHKUMH M ee Mpo-
M3BOMHBIX Yo, Yoo Ygs --+» Y~ B wacthoctn, obuiee pelnenne ypas-

Henusl BTOPOro mnopsaka ¥’ == f(x, y, y’) 8aBUCUT OT IBYX NapaMerpos,
HanpuMep ot y, nm y,. Ecimm xe duxcuposats y, u Yy T- €. 3a1ath
TOUKY (X, ¥,) H HanpaB/ieHHe KacaTeJbHOH K HCKOMOH HHTerpaJjbHOH
KpuBO# B 2TOfi TOuUKe, TO NpPHM BHITIONHEHWH YCJAOBHM Teopemu cCyiie-
CTBOBAHHMA M eJMHCTBEHHOCTH STHMH "YCJAOBUSIMM OIpeleseTcs elMHCTBEH-
Has HHTEerpajbHas Kpusas.
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Hanpumep, B ypaBHeHMH ABHXXEHMS MaTepHaJbHON TOUYKH MACCH MO
npaMoft noj ne#cTsueM cuan f (¢, x, x):

mx = f(t, x, .;C),

3allaHHe Ha4yaJbHOTO MOJIOWKEHHS TOYKH X (£y) == X, M HadaJIbHOK CKOPOCTH
J'c(to)=x0 ONpeNeuT eIMHCTBEHHOE pelleHue, eIUHCTBeHHBIH 3aKOH ABH-
KeHHst X == x(f), ecau, KOHeuHO, (YHKUMA f YLOBJETBOPSAET YCJIOBHAM
TEOPEeMb! CYIIeCTBOBAHUS ¥ €LHHCTBEHHOCTH.

TeopeMa 0 HenpepbiBHOH 3aBUCHMOCTM peleHHs OT NapaMeTpPOB U OT
HaYaJbHBLIX 8HAuYeHWH, paccMOTpeHHas Ha cTp. 54, Oes uaMeHeHus MeTOnA
JOKa3aTe/bCTBA TEPEeHOCHTCS HA CHCTeMBl AuddepeHLnabHbX YpaBHeHHU,
a c/eloBare/bHO, U HA yDaBHeHud #-TO NOpAAKa.

§ 2. MpocTefine cayyad MOHHXKEHHS NOPsAAKa

B HekOTOPHIX Cay4aax Mopanok audepeHuManbHOr0 yPaBHEHHS MOXeT
6LiTh MOHWXKEH, YTO OOLIYHO 00JerdyaeT ero MHTerpuUpoBaHue.
VkameM HeckonbKO Han0oJee 4acTO BCTPeUalOUIUXCHl KJIACCOB ypaB-
HeHUH, AONYCKAIOUIUX MNOHMXKEHHe MNOpAiKa.
YpasHeHHEe He COLEPHKUT MCKOMOR OYyHKUUH H ee
NPOM3BBOLHEX 0O MOPALKE B— 1 BKAKWUKTEAbHO:

F(x, y®, y&+D,  yn)=0, (2.3)

B aroM ciyuae MOpANOK ypaBHenuss MOXeT ObTb CHIXeH 10 # — R
3aMeHON mnepeMeHHHx y¥) = p,
IelcTBUTENLHO, NOCTe 3aMeHBbl lepeMeHHLX ypaBuenue (2.3) npuHu-
Maer Bua ‘
F(x, p.pls.... pin=8)=0,

U3 s9r1oro ypasHeHus onpelensiercss p==p(X, €{, Cy ++vr Cp_p) a Y
HaxomuM u3 YR =p(x, ¢, €y ..., C,_,) R-KPATHEIM HHTETPUPO-
sanueM. B wactHOCTH, eCiI ypastietie BTOPOrO MOPAiKa He COLEPKMT Y,
TO 3aMeHa NMePeMEHHBIX Y’ == p NPUBOIMT K yPaBHEHHIO NEPBOTO nopﬂm(a.

Npumep L

@y _14dy
dxs  x dx¢ ‘
dty dp 1
[Toaaras Zx7 = P monyuaeMm - —— p= 0; pasfenns mepeMeHHbe H HHTErpH-

4
pys, GyneM HMeTb: ln]pl=lnlx|+lnc, WM p == CX, %:: ¢Xx, OTKyHa

y = ;X% 4 ¢ox® + ¢3x% + ¢y x 4 ¢

MMpumep 2. Hanm 3aKOH [JBHXEHHMS TeJa, Najalomero B BO3Ayxe Oes
HAYaJbHOM CKODOCTH, CUMTad COMNPOTHBJAECHHE BO3AyXa NPONOPLHOHAABHHIM KBajX-
paty CKOPOCTH.
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YPaBHeHHe IBHXECHUS HMEET BUA
m d2s m b ds \*
az — "8 at ) ’,
rae s— OpofifeHHB# TENOM IMyTh, m —Macca Teda, f{—ppemsa. [Ipu f=0
ds

6ymer s=0 u 2o = 0. :
YAST § == at

YpaBHeHHe He COJEPIKUT ABHO HEH3BECTHOH QYHKIMH §, CJISIOBATENbHO,

das

MONHO MOWH3WTH MOPAJOK YPABHEHHS, CUUTAR — = U. [Ipu sTOM ypaBHEHHe AB4-
HCHHA NPUMET BHJ

dv
et — ko2
m g = mg kv?,

Pasxe.nsm IIepeMEHHBIE ¥ UHTErPHPY A, NOJYyYUM
v

mdv dv kv
—_— =4t = = —
mg — kv? ! " / mg — kv? kl/g Arth Ve
_Ve
oTkyMa U= = th (kV g 1); ymuoxas ua df n uHTerpupys emle pas, Haitzem

3aKOH I[BH)KGHHﬂ.
s= —1—111 ch (Vg .

2. YpasHeHHde He COLEpPKUT HEe3aBUCHMOTO TMepe-
MeHHOTO:

F(y. v,y ..., yM)y=0.

B 3ToM ciayyae MOPAAOK ypaBHEHHWS MOMKHO MOHH3UTh Ha elUHULY
MOACTAHOBKOW Y == p, nOpuUYeM p paccMaTpPuUB4eTCd KaK HOBAA HEH3Be-
dak
CTHas QyHKuua y, p== p(y), U CcJIeA0BaTeJIbHO, BCE MPOU3BOILHbIE d__)’i
X
Ha40 BLIPA3UTh 4Yepe3 MNPOH3BOLHLIE OT HOBOW HEH3BECTHOH (QYHKLUMH
p(y) mo y:
dy
ax P
a’y _dp _dp dy __

dx? T dx T dy dr dy p.
d’y _d (dp __d [dp ay ( ‘)
= o ) =yl ) =
W aHaJOTWYHO 1.8 NPOM3BOAHKIX GOJee BBICOKOro mopsaxa. [Ipu sTom
dk
O4Y€BUIHO, HTO HPOU3BOAHLIE d—z BBIPAXAKTCA uepes npOH3BOﬂ.HHe no-
x

psoka He BbHme 2—1 OT p MO y, 4TO M MNPUBOAUT K HOHHKEHUIO
NOPSIKA HA elHHHILY.
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3 4acTHOCTH, eCAl ypaBHeHHE BTOPOrO IMOPSAKA He COMREPMUT Heaa-
BHCHUMOrO MNEpPEeMEHHOT0, TO YKa3aHHAas 3aMeHa NEePEMEHHbIX MPHBOIUT
K yp4BHEHHIO MePBOro NOpsiKa.

Mpumep 3
dy <a’y 2 0
dx? \dx) -
Tonaras ay_ p 2y _ p p NOAYYMM YPABHEHHE C PasfeAsioMUMUCS Nepe-
dx " d x? dy’ ‘
yplE = - dy _
MEHHBIMB  YP dy p? =0, ofmee peleHne KOTOPOro p == C;y uau T Y
CHoBa pasfle/ifsl HepeMeHHble W MHTErpupyd, noayuum ln|y|= ¢jx4Inc, uan
y = cge%,

MTpumep 4. IlpounrerpupoBath ypaBHEeHME MATEMATHUECKOrO MasdTHHKA
X + a?sin x =.0 npu HauaabHHIX ycaoBuax x (0) = xg x (0)=0.
[Tonuxaem mopanox, noaaras

. - {v )
X =1, =v—(———, vdv=—a?sinxdx,
dx
v? - P —
5 = a?(cos X —CO0S Xy), U == aV 2 (cos x — cos X5),
X
X 1 dx
.‘.i_::ia]_‘z(cosx—cosxo), t= & _[ —_——
dt aVQ‘; Y cos x — cos x,

Wurerpas, crosuuil B npaBofl wacty, He Gepertca B SASMCHTAPDHBIX QYHKIUAX,
HO J€rK0 CBOIUTCA K BMIHATHUECKUM (DYHKIHAM.

3, Jlesasg wacTb ypaBHehus

Fe, v, 9, v, ..., yM=0 2.4
ABJAAETCA NPOUBBOAHON HekoTOpoOro AuddepeHuHanb-
Horo BoipaxeHus (n—1)ro nopaaxka @(x, y, y, ..., yr-),

B 3TtoM cijyuae Jerk0 HAXOIMM TaKk Ha3hwBaeMHIH nepeuld unmezpar,
T. e. Aubdepenunan-tHoe ypasHeHHe (n -— 1)-ro mnopsika, colepikauiee
ONHY MPOHW3BOJILHYIO MOCTOSHHYIO, 3KBHBAJGHTHOE JAHHOMY YPABHEHUIO
n-ro NopsiKa, ¥ TeM CaMbiM INOHIDKAEM MOPSAIOK YpPaBHEHHS Ha elu-
uuy. HefictBurenbno, ypaeuenue (2.4) MOXKHO Tepemucats B Buie

d
a—;@(x, vy, o YemD)y =0, (2.4)

Ecin y(x) aBasgerca peluenueM ypaBHeHHs (2.4;), TO mpou3BOAHAas dYHK-
win B(x, y, ¥, ..., y»~ ) roumaecrpento pasHa vysaio. Caenosarensto,
pyuxwas D (x, v, ¥, ..., y*-Y) paBHa NOCTOSHHOH, W Mbi MOJyuaeM
nepsuit uuterpan

DO, v, ¥V, .oo, Y- =c¢.

'+ y=0

ODpumep 5.
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dT0 ypaBHEHHe MONHO 3anucaTh B Buje 4 (yy') =0, oTkyaa yy’ =c¢, uau
ydy = ¢, dx. CaefioBaTe bHO, OGIUM HHTErpaaoOM fABAfETCH Y2 = ¢,x -} ¢,

Wuorna nepas wactb ypasuenns F(x, y, ¥, ..., y®) =0 crano-
BUTCA NpoussonHO# AupdepeHunanbHOro Buipaxenns (7 — 1)-ro nopsixa
D(x, y, ¥ ..., YD) mumb nocre yMHOMEHHs HAa HEKOTOPHIR MHO-

HuTeAb B(x, ¥, ¥, ..., y-D),

IIpumep 6
yy' — (¥’ =0

II___ \2 I
YMHOKAS HA MHOXKUTEND | =;l§, Oy uuM Xxy_z(Y_)_=o HaH ';}' (y_) == (),

’

d
OTKYIa );—= ¢y, M —— In|y| = ¢;. Crenosarenbto, In|y| =¢,x+1ncy, ¢ >0,
OTKYNa ¥ = €,¢°%, ¢y < 0, kak u B npuMepe 3 3TOro naparpada.
3ameuanue. [Ipy ymMHOKeHMH HA MHOXHTE b U (X, ¥, V', ..., y7-D

MOTYT ObiTb BBeJEHH! JMIUHHE pelleHHd, 0Opaliaolye 3TOT MHOXHTEb
B HyJdb. Ecau MHOMMTeNb |U paspbiBeH, TO BO3MOXKHA U MOTeps peiue-

auil. B Apumepe 6 npu yMHOMeHHU Ha u=% ObI0 TOTEpSIHO peule-

Hue y =0, KOTOpOe, OJHAKO, MOXKHO BKJIOUHTb B INOJYYEHHOE pelleilie
y == o™, ecau cuutath, YTO ¢, MOXET NPUHNMATbL 3HAaueHue O.

4, YpasHeuue F(x, v, ¥, ..., ) =0 oAHOPOAHO OT-

HOCUTENbHO apryMeHTOB V¥, ¥, ..., y".
[TopsaaoK ONHOPOAHOTO OTHOCHTENBHO Y, Y, ..., Y ypasHeHus
F(x, y. ¥y, .... y")=0, (2.5)

T. €. YpPaBHEHHUA, A7 KOTODOrQ CMpaBeluBO TOXKIECTBO

F(x, ky, By, ..., kY™ ==kPF (x, ¥, ¥, ... ¥,

d
MokeT OBITb TMOHMXEeH Ha eIMHHUY TNOJACTAHOBKOH y=eJ.z *, rme

Z — HoBas HeudBecTHad ¢yHkuua. [JeficrBurenbno, Auddepenunpys,
noayuaeM

y/ =e_fzdx z’
yr 2= ed 79 2 2y,

yr//_;ej'zdx(zg+ Szzl 4*_< z”),

L T T S S S . T T Y

y“‘):efzdx@(z, 2, 2", ..., 2%-1)

(y6eautbcss B CHPABELIUBOCTH STOFO DPABEHCTBA MOXHO METONOM WH-.
LYK LHUH).
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[Moncrasasas B (2.5) u 3aMeyass, 4YT0. B CUJAY OJAHOPOILHOCTH, MHO-
wurens ? 2% MoxHo BhHecTH 3a 3Hak dyuxkuun F, noayuum -
e”fz'”f(x, 2, 2, ..., 2Dy =0
dx
rfz ¥, GyneM HMeTb
f(x, 202/, ..., 2-D)y=0.

HJM, cOKpalad Ha é

MMpumep 7. ‘
¥y —(y') = bxy>
Honaras:xic:x;zfz dx, noayuuM 2’ =6x. 2=3x24c¢, y=
y = Cq2 Lt

f(3x2+cl) dx
e v

OcoleHHO uacTO B NPHIOKEHUSX BCTpeuaoTcd AuddepeHuHaqbHble
ypaBHeHUs BTOPOTO MOPAAK A, MAONYCKAILKHe HOHIKEHUS MOPAAKA.

i3] - F(x, y)=0. (2.6)
B 3TOM ypaBHEHMM MOKHO NOHH3UTL MOPANOK MNOACTAHOBKOH Y = p
I CBeCTH €ro K ypaBHeHuio F (x, %) =0, paccMOTPEHHOMY Ha cTp. 69.

Moxno paspemints ypasuenne (2.6) OTHOCUTEAbHO BTOPOTO apry-
MeHta y”==f(x) W 1Ba pasa OPOMHTErPUPOBATL WM BBECTU MApaMerp
¥ 3aMeHNTb ypaBHenue (2.6} ero napameTpuueckuM INPeNCTABJAEHHEM

L —ow), x=v0.

OTKy /3
dy =y’ dx=o®V (dt. y'=[eOW ®Hdi+ec,
dy=y'dx, y= f U(p(t)xp'(t) dt+c]]q)’(t)dt +o,
2) F(y', y)=0. (2.7)

[Tonaras y’ = p, npeoGpasyem (2.7) xk ypasHeHuio (1.61), ctp. 70, uan
NpeACTaBMM ypaBHenue (2.7) B napaMeTpuueckoM Buje:

V=0, v =1

oTKyxa
4y __ e 9 @at
D=Sr=5m 0 <) e o
[OC/e 4Yero y ornpefe/sieTcd KBaapaTypoht:
)] 9@ 9 (@)
dy =y dx =¢t) LY / dt+ cy.
3) F(y, ”)=O. (2.8)
Moxmo NOHHU3UTL TOPSAOK, MOJaras
dy 4y __dp dy dp

dx P @ T dy dx = Paye
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Ecau ypaBHeHwe (2.8) Jserko paspelldMO OTHOCHTEJNBHO BTOPOTO
aprymenta y”==f(y), TO, YyMHOXas 9STO ypaBHEHUE IIOUJIEHHO Ha
2y’ dx ==2dy, noaysum d ('Y’ =2f (y)dy, orkyna

tvydy+e¢

——+1/2ff(y>dy+cl. * =dx,
l/f

X+ =T

v/éf(wwy+q'

Moxno ypashenue (2.8) 3aMeHNTb €ro napaMeTpUYeCKUM NpencTa-
BAEHHEM y=(p(t) y”——lp(t); roraa us dy =y"dx u dy=y' dx
noayunm y dy’ =y" dy uiu

AP =B (@) at,
Wr=2[v®O¢ B at+e,

y=x) 2[vod0ate,

nocae uyero u3 dy ==y’ dx HaxoauM dx, a 3aTeM U X:

g DY ¢’ (t) dt
ey 2 [vow 0dte
i ‘(B dt
=i/ L0 + ¢y 2.9)
‘/2f¢<t>w'(t)dt+c,

YpasHenne (2.9) u y=q@(f) 4 oONpeleslOT B MapaMeTPHUUYECKOM BHJe
CeMeHCTBO MHTErpa/bHBIX KPUBBIX.

[pumep 8.
Y=2y, yO)=1L y @O =1

YwmHoxman o6e wactH ypaBHeHus Ha 2y’ dx, noayuum 4 (y')2 = 4y®dy. ortkyna
- (y)¢=y*+ ¢ [llpunumas BO BHMUMAHHE HAYaJAbHBIE YCJIOBUHA HAXOAUM. YTO

¢,=0 u y =y’ CaegopareabHo, % =dx, ——; =X C3=—I,

T l—x"
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§ 3. Jluneiinbie puddepennuaibHbie ypaBHEHHS N-IO NOpsAAKa

Junelinoem Ougpepenyuanvuss yYpasHernuesm n-20 HopadKa
HA3bIBAETCH YPaBHEHME, JHHEHHOE OTHOCHTEJNbHO HEH3BECTHOH (QyHKUHU
¥ ee NMPOM3BOJHBIX H, C/IEJOBATEJbHO, MMeWllee BUI

ag (X) YW 4 ay () YA 0, ()Y (0 y =@ (x). (2.10)
Ecan npasas uyactb ¢ (x)==0, TO ypaBHeHWE HA3LIBAGTCA ALHEHHbIM
O0OHOPOOHBLM, TAK KaK OHO ONHOPOIHO OTHOCHTENLHO HEU3BECTHOH
(YHKUUKM y U ee NMPOUSBOJIHBIX.
Ecmn kosbouuuent a,(x) #e paBeH Hy/M0 HA B ONHOH TOUKE HeKOTO-
poro orpeska a < x< b, To, pasieyuB Ha a,(X), IpuBeleM auHeHHOe
OJIHOPOIHOE yDaBHEHHE NPH X, U3MEHAIOIIEMCH HA STOM OTpe3Ke, K BHAY

YO+ p ()Y D4 A p, ()Y F P () y=0 (2.11)

Wi
n
y(n)=___‘ Z Py (x) y(ﬂ‘i). (2111)
i=1

Ecmun kosdduuuentel p,(x) HenpepriBHH Ha oTpeske a L x <0,
TO B OKPECTHOCTH MOOBIX HAyaJbHBIX 3HAYEHWH

Y (%o)== Yo ¥o(¥o) == Vpp « o0 W7V () = ¥

rie x, — Ji06as Touka HHTepBasa a < x < b, YAOBIETBOPSRIOTCS YCJIO-
BUS TEOpeMbl CYlLIEeCTBOBAHUS U €IMHCTBEHHOCTH.

HeficTBuTeIbHO, TpaBas uacTh ypasuenus (2.11,) HempephiBHa 1o
COBOKYMHOCTH BCEX apryMeHTOB M CYILUECTBYIOT OTpaHUYeHHbIE [0 MOLY.II0

YacTHble NPOU3BOAHLIE —;{%:—pn_k(x) (k=0 1,..., (n—1)),
y

TAK Kak OYHKLMM p,_,(x) HempephlBHB Ha oTpe3ke a L x b u,
C/Ie0BATe/IbHO, OFPaHHYeHH IO MOAYJIO

3aMeTHM, YTO JIMHeHHOCTb U ONHOPOIHOCTb YPABHEHHUS COXPaHAITCA
npu moGoM npeoGpasoBaHHK HE3ABUCHUMOrO NEPEMEHHOTO X =@ (f), rie
Q(?) — NpOH3BO/bHAA 1 Pas anddepenunpyeman pyHKuus, npousBoAHas
KOTOpo# ¢’ (f) = 0 Ha paccMaTpuBaEMOM OTPe3Ke U3MeHeHus .

HeficTBUTEIbHO,
dy _dy 1
dx ~ dt ¢ ()’
dy _dy 1 dy 9"
x2 T det (9" ()P di Tg" (P
dky
[Mpoussonnas n060ro mopsaxa E—k— ABJIETCA  JIMHEHHOW onHOpoAHOM
x .
2 P
(byﬂxu“eﬂ ﬂpOH3BO,U.HHX _‘.i.y_’ ﬂ' ce ey %, ﬂ_C-’leﬂOBaTeJIbHO, Inpu

dt = de
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NOJACTaHOBKe B YypaBHenue (2.11) ero JMHeHHOCT> M OIHOPOAHOCTH
COXpaHSIoTCA.

JIuHeHHOCTb ¥  ONHODOLHOCTL COXPAHAIOTCA TaKMKe [pPH JAUHERHOM
OLHOPOJHOM Mpeo0pa3oBaHUN HeM3BECTHOH QYHKUHR Y (x)==a (X) 2 (X).
HetictBurennHo, no ¢opmy.e nmp(pepeuuuposannﬂ NPOH3Be IeHUs

$0 = (%) 2404 ke () 26D HEED o () 202 L athio) 2,

T. e. mnpoussonnas y'*) gpagerca MHEHHOH OXHOPOLHOM Pynkuued
z, 2/, 2", ..., z®. ClenoBatenbHo, JeBas uacTb AuHEHHOrO OXHOPOA-
HOTO ypaBHeHWs

ag (X)) Y 4 a; () yr V4 e, (1) y =0
nocle 3aMeHbl MepeMeHHbIX OyjerT JuHeHHOR OXHOPOAHOH (yHKIMel

z, 2, ..., zlm,

3annweM JanHeHHOe ONHOPOLHOE YpPABHEHUE
YW 4 p )y p () y =0

KpaTko B BHUJIE

Liyl=y® 4 py () y*=V ...+ p, (1) y.

rjie

Bynem naseiBath L[y] sunednoim Oughhe penyuasbrolm onepamopo.
Jluneitupilt  auddepenuuasbubiit  onepatrop o0aagaeT  C1eAYIOLMMH
IBYMS OCHOBHbLIMH CBOHCTBaMH:
1)y [Tocmoannbli MHOJNCUMEAD BHHOCUMCA 3G 3HAK AUHEAHOZO

onepamopa:
Lleyl=cLly)
Je#cTBUTENBHO,
™=+ 1) "+ .
c P (%) (cy)—c [y < p, (x) y‘”*” + oo P () ¥
2) Jludelinoli Ouggepernyuasvruiii onepamop, RPUMEHEHHbLE

K cymme 08YX PYHK{ud y; uw Vo, PABEH CYMME Pe3yYAbMAMO8 NPU-
MeHeHus mozo gce Onepamopa Kk KaiCool GYyHKyuu 8 0OMOeAbHOCHIL:

Liy,+ v l=LIy)+ Ly,
Je#cTBYTRAbLHO,
1+ 9™+ py () (v + y2>”“ + o A P () )=
=W+ p, ) ¥V . —HJ,, CIR Y ol B K a AU COB U
..*+-pn(x)yﬂ.
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CnencreueM coctB 1) u 2) gpJasercs

m m
L [21 Ct)’i] = 2} ¢;L1yih
= L=

rie ¢; — NMOCTOfIHHBIE,

Onupasice Ha cBoficTBa JHMHefiHOoro oneparopa L, 1okaxeM psn
TeopeM O pelLICHHAX JHHESHHOTO OAHOPONHOIO YPaBHEHHS.

Teopema 2.2. Ecau y, snsanenmca peuenuem Auteiinozo 00xO-
podnozo ypasnenun L[y]=0, mo u cy, 20e ¢-—npou3sosvras
NOCMOAHKAN, AGASLEMCS peulenuem moz0 e VYpPasHenus.

Hoxasateabctso. Jano L[y;]=0. Hamo noxasats, uro
Licy1=0.

[Moassyack cBoficrBoM 1) onepatropa L, no/yuum

Lieyl=cL[y,]=0.

Teopema 2.3. Cymma y 3y, peuenull y; u Yy AUHEHHO020
00nOpoOHOo20 Ypasuenusn L]yl=0 sgasemca pewenuem mozo e
YPABHEHUS.

HokasateabctBo. [lavo L[y;]=0 u L[y,J==0. Hanzo soxa-
3aTb, ut0 L[y;+ y,]=0.

[Noabsydace cBofictBoM 2) omeparopa L, moayuum:

Liyi+vl=L{y]~+ Liy]=0.

Caedcmeue meopen 2.2 v 2.3, Jluneinan KoMOunayus ¢ npo-
n

N "
U380 AbHLIMI  ROCMOAHHBMU KOSPPuyuenmany Z,ciy,. peutenul
i=1

Vi Yoo eens Y AULHELRO20 00RO POOHO20 YpasHernus L[y} =0 nernemcs
peuteHuem mozo ogce YPaBHEeHUs.

Teopema 2.4. Ecau auneiinoe 0dnopoonoe ypagsrenue L[y]==0
¢ Oedicmaumensuomu Koaghppuyuenmany p;(X) umeem KOMRAEKCHOE
peuerue y(x)=u(x)-+iv(x), mo OJedcmsumesrsHnas 4acms 8mo20
peulenuss u (X)) u e20 MHUMAA wacms V(X) 8 ¢MICALHOCMU ABARIOMCA
Pellenuamu mozao e 00HOPOOH020 YPABHEHUS.

Hoxasareabcrso. Hawo L{u(x)+ iv(x)]=0. Hano noxasars,
uro Lful=0 u L{v]==0.

[Tosb3yach cBo#ictamu 1) u 2) oneparopa L, moayuum:

Lla—+ iv)=L[u) - iL[v]=0,

orkyna L{u]=0 u L{v]==0, rax kax kommiexkcHas QyHKUUA AeHCTBH-
Te/IbHOTO TNEePEMEeHHOro ofpaiiaeTcss TOMISCTBEHHO B Hy/db TOTAA H
TOMLKO TOTJA4, KOraa ee HeHCTBUTE/bHAA M MHUMAA YACTH TOKIECTBEHHO
PaBHH HYy.JUO.

3ameuanue. Mbo mpumenumu cBofictea 1) um 2) oneparopa L
K KOMILeKCHOH ¢yHkunu 4 (x) - iv (x) KeHCTBHTEILHOrO NEPEMEHHOTO,
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Y10, OUEBMAHO, AOMYCTUMO, TaK KaKk NpH JOKAa3ateabctse cBolicts 1) n 2)
OBIAM UCTIOAL30BAHB! JIMIUB CJIeLYIOLHe CBOACTBA NPOM3BOLHBX (cy) == ¢y,
TAe ¢ — NOCTOSIHHAsA, U (yl—l— )’2)/ =y -+ ¥, OCTAIOUIUECS CNPABEAJIUBLIMA
M L KOMIIEKCHHIX (YHKLHH AefCTBUTEIbHOIO HepeMeHHOro.

dyuxuun Y, (x). Yo (X), ..., ¥,(X) HA3BIBAIOTCH AUHEEHO 308UCUMbL-
Mg 13 HEKOTOPOM OTPe3Ke u3MeHedus X, @ < X <P, ecau CylecTBYIOT
NOCTOAHHBlE BEAMUUHB O, Oy, ..., &, TaKHe, UTO HA TOM Ke OTpesKe

oV Y+ .. 0,y =0, (2.12)
npuyeM xoTd Ol oano «; == 0. Ecau xe toxmaecrso (2.12) cnpaBelauBo
AW MK O =0y = ... =0, ==0, TO QyHKUUH Y;, Vg, ..., Y, Ha-
3LIBAIOTCS AUHENHO He3aBucumstMu HA oTpesKe a < x < b.

Mpumep 1. Pyakunn 1, x, x2%, ..., x? juHeiiHO He3aBUCUMbBI Ha MOGOM
oTpeske @ < X< b, TaK Kak TOMIeCTBO
Ay F o X g x4 L. o, =0 (2.13)

BOBMOWHO Jauillb, ecan Bce o;=0. Ecau 6m xorp oano a; =0, T0 B JeBOH
yactu TomgecTBa (2.13) cTosi 6bl MHOTOWJNEH CTeleHH He BHIIUE 71, KOTOPHIH
MOXeT uMeTb He O6oJee 7 pasiMuHbIX KOpHeH H, CaeloBaTe/bHO, oOpallaeTcs

B HyJb He 6oJee ueM B n TOYKAX PaCCMATPHBAEMOIO OTPE3KaA.
kX X & ox . .
[Ipumep 2. Pynxumu e ', e, ..., e, rae k = k; upn [ J,

JAUHEHHO HEe3aBHCHMB Ha J1060M otpedke a < x < b.
JofycTuM, 4TO paccMaTpHBaeMbie QyHKIuMYM JAuHeiHO 3aBuckMbl. Toraa

alek‘x—f—azek?x—{— —{-—anek”xEO, (2.14)

rie XOTs Ob OfHO a; 7= O, HAUpuMep A7 ONpeleNeHHOCTH @, 0. Pasieaus
Toxnectso (2.14) Ha €% u npoanddepeHuuposas, nONyIHM:

(Ro—k.) % R —k)x
s\ 2 p—
ag (b — k) 27O Lk —kyFTT T =0 (215)
— AuHEHHYI 33BHCHMOCTD Memay n — | nokasateaviblvy (YHKUHAMH Bula ef*
¢ pasaMuHbBIMA noKazaTensymu. Jdeas Toxectso (2.15) uHa P addepen-
HAPIH, oYL .5”“(‘1’}?1‘\,'10 SHUBHCHMOCTEL MOHLY 22 HNORABLTO LM (i})'!!lillﬂ*
AMT C PA3JHTYHBIMIT HOTA3ATC MM, ”p{);[();[} A5 BroT Hponece i =1 Pdg, HOOYYHM
k -k X
iy oo = 1) (g~ B2) . Uy — ) 0= 0
4TO HEBO3MOXHO, TaK KaK O, M0 NPEANONOKCHHMIO, OTIHYHO OF HYIA, & R; # Rj
npy i # J. .
JokasaTeabCTBO 0CTaeTCA CHPABEAAUBHIM [PH KOMIVIEKCHBIX &;
Npumep 3. Pynxuuu

eklx’ xeklx’ e x"‘ek‘x,
Rox . RaX 115 ,R0x
et xett, ..., xet,
k_x n, kR x

k_x
el ,xe?, ..., xPeP

»

rie k; 5= k; npu i=F j, nmHeidHO HesaBuCHMbl Ha mo6oM ortpeske a4 L x < b
donycTuM, YTO 3TH (yHKIMA avHetiuo sasucumu. Torga '

-

Pix) e Py L Py () =0, (2.16)
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rae P;(x) — MHOrouneHn cTeneHw He BHILIE 71;, NpHYeM XOTH Obl OMHH MOJMHOM,
HanpuMep P, (x), He paBeH HymO TOmAecTBeHHO. Pasgenuy toxaectso (2.16) na

eMF oy npoaudpepenupyem n, —|— 1 pas. Torna nepBoe caaraemoe B ToxgecTse (2.16)
MCUE3HET, M MBI NOJAYUHM JHHEHHYIO0 32aBHCHMOCTb TaKOrO e BUAA, HO C MEHbIIHM
qncaoM QyHkiui:

QL 40, (x)e("ﬂ“ ¥ o, @.17)

[Tpu stom crenenu MHorouneHos Q; u P;({ =2, 3, ..., p) COBIAjalOT, TAK Kak
npu aunddepennppoBanun npousselenus P; (x) eP*, p == 0. noayuum [Pi (x) p+
+ P;(x)] e, 1. e. kosppuument npn crapmen unene muorouneHa P;(x) uocae
Indrpepennupopanus apoussefenus P; (x)e”™ npuoGperaer ammb He paBubL
HyJIO MHOMWHTENb p. B 4acTHOCTH, COBMAjAIOT CTENMEHM MHOTOYNEHOB P, (x) u
Q, (%), u caenoBaTenbHO, MHOTOUACH Q, (X) He paBeH HYJIO TO)K,ZICCTBGI{HO Neas

roxaectso (L17) ua ®:= )% u audpepenuupysn n, + 1 pas, noayunu ey
32BHCHUMOCTh C €Ille MeubiuuM yuciaoM ¢ynxuui. [pogomxas stor npouecc p— 1
pas. moay4um

Ry (x) o o= % =

9TO HEBO3MOXHO, TaK KaKk CTeNeHb MHOTOWIEHa R, (¥) paBHa CTENEHH MHOrO-
uaeHa Py (x) 4, c1eJ0BaTeNbHO, MHOrOUNEH Ry (X) HE PABEH HYMO TOKICCTBEHHO.
JloKasaTteAbCTBO HE M3MEHSETCH U MPH KOMIMIEKCHBIX &;.

Teopema 2.5, Ecau pynrxyun Y, Yoo ..., ¥, AUHEAHO 3QBUCUILEL
Ha ompesxe a L x b, mo na momu xe ompe3xe onpederunens

N Yo see Vn
i Vs e Y

"

W(x)::W[yl’ Vor oo ey yn]= ylll y;’ e Y, ’

- - -1
y(ln 1) y(2/1 noL, y(n )

nasesaemul onpedesumeses BpoHCKO20 *), mOiCOecmMBeHHO paser

HY 0.
HokaszareabcTo. HaHo, uto

oy, + Gyt ... +a,y,=0 (2.18)
na orpeske a < x b, npuuem se Bce o, pasHn nymo. Huddepeu-
uupya Ttoxaectso (2.18) n — 1 pas, noayunm

oy, + Gyt .. A, 0,
oy, 4+ eyt ... Foy, 0. 2.19)

I

0yl gyl L Aoyt =0,

*y To umenu noabckoro maremaruka I'. Bponckoro (17756—1853).

7 7. 3. Bascroabn
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OTa /MHefHAas OLHOpPOAHAR MO OTHOIUGHHI0 KO BCeM O, CHCTeMa #
ypaBHeHufl uMeeT HETPUBMA/IbLHOE pelleHue (T. K. He BCe O, PaBHB HY/IO)
npu mo6om sHauvenun x Ha oTpeske & < x £ b. CnenosareabHo, onpe-
nemutens cucteMbn  (2.19),  sBasiommitcs  onpexeautenem  Bponckoro

Wy, Y9, - ... ¥,1. paBen Hyaio B Kawao# rTouke x orpeska a L x < b.
Teopema 2.6. Ecau runefino nesasucumse GYRKEUL Yy, Yo . ¥,

ABAAIMCA POWEHUAML AUHEHEHO20 00HOPOOH020 YpagHeHusa
y:11>+ p'l(x)yzn-h‘*_ +p,,(x)y=0 i2_20)

C HenpepulensiMu Ha ompesre a < X L b Rosppuyuenmanu p;(x),
mo onpedeasumenv Bporcrozo

W bp) see Yy
Wiy = Yo e ¥
y(]n-l\ ygn—l\ .. y(’n—l)

He Moocem o0pamumvcsi 8 HYAb Hu 8 OOHOH mouxe ompe3ra
aLxLh ‘

NokasateabcTno. JlOoNycTuM, YTO B HeKOTOPOH TOuKe x == X,
oTpeska a < x < b onpegsemurear Bpouckoro W (xy)=0. Buifepem

nocrosHuele @, (=1, 2, ..., n) tak, yToOH YIOBAETBOPSAJIACH CHCTEMA
ypaBHeHnH
0y (X)) oy (%)  + ... Fa,y,(x) =0,

’ ’ ’
@Y (%g) Yy (%) A .. Foy(x) =0 2.21)
n—1) /z—l} n-1 —_

@ YD (x%g) + ap it (k) + s Ao,y (k) =0

n uToOnl He Bce O, PaBHAAUCL HyMo. Tako# BLIGOpP BO3MOMKEH, Tak Kax
onpejesuTenb JunHeHHON oaHOpoAHOW cuctemet (2.21) n ypaBHenu#t ¢ n
HEU3BECTHEIMY O; paBeH Hy/mo, W (x,) =0, u cienoBaTteabHO, CYILECTBYIOT
HeTpUBMA/IbHble pelleHns 3Toi cucrembl. [lpu takom suibope @, MuHeH-
nas xoMmOunaius

Y=9 () + ¥y (X)+ ... +a,y,(x)

Oynet pelleHueM JMHERHOTO OAHOpoOAHOro ypasHenus (2.20), yaosaer-
BODAOWNUM, B CWJIy YypasHenu#t cucremn (2.21), Hy’seBHIM HAYaibHLIM
YCAOBUAM

Y(xg)=0, ¥ (x)=0, ..., y"=V(x)=0. (2.22)

TakuM HaYaJbHBHIM YC/AOBHAM, OYeBM/IHO, YIOBJAETBODAET TPHBUAILHOE
peutenne y==0 ypasuenus (2.20) ¥ no TeopeMe O eAMHCTBEHHOCTH pe-
LIeHHA HAYaabHBIM yC/I0BUAM (2.22) yROBJETBOPSET TOJAbKC 3TO DelleHue.
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CrenoBaTeIbHO, - U1y, (X) + UgVy (X) + ... + 0,y, (x)=0 u pemenus
Vi Yg» --o» ¥, BONPEKH YCJOBHIO TEOPEMH!, JHHEHHO B3ABUCHMEL.

3ameuauune |. M3 teopem 2.5 u 2.6 caenyer, uro aumnelino He-
3apucuMble Ha OTpeske a4 < x b pewenus y,, ¥y, ..., y, ypaBHeHus
(2.20) nmHeHHO HeaaBMCHMBI Takxe Ha JmoOoM oTpeske a, < x < by,
pacnoaoxeHHOM Ha orpeske a < x L b. .

3amevanue 2. B teopeme 2.6 B oTauuMe OT TeopeMmn 2.5 mpen-
1104ara/goch, 4To (QYHKUHUH Y;, Yq, ..., ¥, ABJISIOTCS DelUCHHAMU JMHEH-
HOTO O4HOPOIHOTO ypaBHenus (2.20) ¢ wne- &

npepuiBHBIMH  KO3(duunentamn.  OTkazaTbCs 7

OoT 9roro TpeGOBAaHU M CUMTaThb QYHKUMH

Y1 Yoo ..., ¥, UpOU3BOJbHBEIMH 7 -~ 1 pa3s |
HelpepulBHO Iu(depeHUUPYeMbIMU  (DYHK LHUS- I

Ml Heab3s. Jlerko npuBecTw mnpumepn  Ju- |
HefiHO He3aruCHMBIX (QYHKUMHA, He ABASIOLLHUXCA, . z
KOHEUHO, pelieHusMM yparHenus (2.20) ¢ He- ¢ 7 2
npepbIBHHIMU  KO3(ULNEHTaMH, 118 KOTOPHIX

onpeleantenh BpoHCKOTO He TOMBKO ofpa- Puc. 2.1

UAeTC B HYJAb B OTIEJbHBIX TOUKAX, HO Haxe
TOMIECTBEHHO paBeH Hymo. [lycts, Hampumep. Ha otpeske 0 < x 2
onpeleieHsl . aBe QYHKIUK Y, (X) B Yo (X):

Yy =(x—1¥ nmpu 0 Lx LI

u
Y(x)=0 nmpu 1<Tx <2
Yo(x)=0 npn O0Lx L1
)
Yo(xy=(x— 12 mpu | <x L2
(puc. 2.1
)'
OueBuaHo, y: yg, =0 opn 0L x <2, T4k Kaxk HA OTpe3sKe
12

0L x <1 sropoft croaben coctout H3 Hyael, a nmpu 1 < x <2
u3 HyJed cocrour mnepBufl crogbeu. OnHAKO QYHKUMEH P, (X) U Y, (X)
JAMHEeHHO HesaBucuMbl Ha BceM oTpeske 0 x <2, tak kak, paccma-
TpUBAA TOWKAECTBO OY; -+ @y¥y=0, 0<{x <2, BHauare ua o0Tpesxe
0 x < 1, npuxonum ¥ BuiBOAY, uTO oy =0, a 3areM. paccMaTpuBasg 3TO
ToxkaecTBO HAa oTpedke | < x {2, HAXOMMM, 4TO U COy=0.

Teopema 2.7. OGuum pewenuer npu a < x-< b suneinozo
00HOPOOHOZ0 YPABHEHUS

YW p () YD+ L 4 p () y=0 (2.20)
¢ nenpepesunmu na ompesxe o < x-<b rosdunuesmanu p;(x)
1l

o 4
(=1, 2, ..., n) Asifemca AUHEUHAA KOMOUNGKBE Y= D C;Y,
” ' i

7*
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n AuHefiHO He3QBUCUMBLX HQ MOM Jie OMpe3Ke 4ACMHBLX peule-
Rudt y, U=1, 2, ..., ) ¢ npOU3BOLLHBIME NOCMOAHHBMYL KOIPH-
duyuenmany.
HoxasatenbcrTno. YpasHeHue (2.20) mpu a < x-<b ynosge-
TBOPAET YCJAOBHAM TEOpeMbl CYLIeCTBOBaHHUS H eXHHCTBeHHOCTH. [loaToMy
n -

a

peluenne y = Z ¢;y; npu a < x < b Oyner obwum, T. e. Oymer co-
i=1

IepkaTh Bce Ge3 HCKJOUeHUs YACTHble pelleHus, ec/i OKameTcss BO3-

MOMKHBIM NOAOOpaTH MPOUBBOJbLHEIE HOCTOSHHBIE ¢; TaK, uTOOB YAOBJe-

TBOpHJI[/ICb npOHBBOJIbHO 34/1aHHbié Hada/bHEBIC yCﬂOBl/lﬂ
—_ 4 —— 4y -1 p— -1
Y(X)=VYp Y (%)=Yp -+ YV (x) =N,

rae xg;— Jiobas Touka orpeska a < x < b.
n

I
I[MoTpe6eoBas, YTOOL pellcHue y= €;¥; YAOBJIETBOPSIO NOCTaRMEH-
- i 1

=
HBIM HAYaJbHBIM YC/JOBHAM, TOJYUUM CUCTEMY 7 JHHEHHBIX OTHOCHTE/bHO
¢; (=1, 2,..., n) ypaBuenut#i

i

2.:; Ci¥i(xp) = yp

n
| ‘

= ¥ (¥o) = Yor

n

2 Ct_y(in—h(xo) = yin-D

=

C 7 HEW3BECTHEIMM ¢;, C OTJMYHLIM OT HYJAs ONpPEeREJUTEe/]eM CHUCTEMBI,
TaK KaK 9TUM ONpejlejMTeNeM ABASETCA Oonpejenautens Bpowckoro W (xp)
LJs1 # IMHeHHO 11e3aBHCHMBIX pelueHuit ypasHenus (2.20). CrenopareasHo,
3Ta CMCTEMA paspeludMa OTHOCHTENbHO ¢; Tpu JoGoM BHGOpe X, Ha
orpeske 4 < ¥ < b ¥ npn moOBIX NPaBbIX UACTIAX.

Caedcmsue meopemsr 2.7. Maxcumarsnoe wucao  auneiino
He3zagucuMbix peulenull 00HOPOOH020 AuHelno20 Ougdepentiuans-
HO20 YPABHEHUSI PABHO e20 nOpPAlKY.

3ameuanue. JlioOule n aMHEHHO He3aBUCHMBIX YACTHBIX pellieHui
JHHERHOTO OJHOPOJAHOTO ypaBHeHHA A-TO MNOPANKA HA3HIBAIOTCA €ro
yrndamenmanvroli cucmemosi pewenud. Y Kamaoro muxHefinoro oawuo-
polHoro ypasHenus (2.20) cyliecTByeT pyHAAMeHTalbHasd cHCTeMa pelue-
nufi. aa mocrpoenuss QyHIaMeHTaJbHON CHCTeMBl pelleHuH NMPOU3BOJbLHO
sanainM n? ducea :

Y () (=1,2 ....n k=01, ..., n—1),
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NOAYMHHB MX BHIOOP JIHIIL YCJOBHIO

31 (%) ¥ (%) e Ya(xp)

Y1(%) ¥y (%) s ¥, (%) £ 0,

(n=~1)( (n-1) ' (n-1)

Y (xg) S5 (xg) e VTP (%)
rie x,— mofas rtouxka oTpeska a < x < b. Toraa peumenns y,;(x),
onpejessieMble HAYAJAbHHIME 3HAUEHUAMH y(l.k>(x0)(k=0, L ..., n—13
i=1, 2, ..., n), o0pasyor (QyHIAMEeHTAJbHYI CHCTEMY, TaK KaK uX
onpeneauregab Bpouckoro W (x) B TOuke x ==X, OTMUeH OT HyJs H,

CnefoBarte/ibHO, HA OCHOBAHHU TeopeM 2.5 u 2.6 peilieHus y;. Yo. +. .0 ¥,
JIMHEHHO HE33BHCHMBL.

Mpumep 4 YpasHeuue y” — y =0 umeer oueBHIHble JHHEHHO HE3aBMCH-
Mble 4acTHble pemeuds y, =e* u y,=e"* (cM. ctp. 96, upumep 2), crenosa-
TeabHO, Obliee pemienue uMeeT BHA y = ¢1e* 4 c,e™ %

Mpumep 5 Pemenne y = ce” —+ ¢y ch x -+ ¢3 sh x ypaBHeHus y”/ — y’ =0
He fBJAETCA OOLIAM pelleHMeM, Tak Kak peuwienus ¢, ch x, sh x junelino sa-
BUCUMBL JIMHEHHO HelaBHCHMBbIMM peuleHusMu aBadioTcs 1, ch.x, sh x, u caeno-

BaTEAbHO, ]
y=¢, -+ ¢y ch x4 cysh x,

TAe ¢, ¢; U C3— POU3BOJbHBIE [OCTOSHHbIE, OyIeT OGIMM pelieHdHeM paccMa-
TPUBAaEMOrO YPaBHEHHS.

3HasT O00HO HemMpusuGAbHOE HACMAOE peuierue Y, AUHEEH020
00HO POOHO020 YpaBHEHUS

YO 4 p () YD L 4 pa(x)y =0, (2.20)

MOMCHO NOOCHMAHOBKOL y:ylfudx nosu3ums nops0oOK Ypas-
HeHUus, COXPAHUB e20 AuRelHOCMb U O0OHOPOOHOCMS. {
JeHcTBUTeNbHO, TOACTAHOBKY y—_—y}fu dXx MOXHO 3aMEHUTb HBYMA

MOACTAHOBKAMH: Yy ==,z M 2’ ==u. JluneiiHoe 0AHOpOAHOE mpeobpa-

30BaHHE
y=y2 (2.23)

coXpaHfeT JHHEeHHOCTb U OLHOPONHOCThL ypaBHeHus (cM. ctp. 94), cie-
JosaTe/bHO, ypasHenue (2.20) npeofpasyeTca npu STOM K BUAY

ay(x) 2" 4+ a;(0) 2" V4 ... Ha,(x)z=0, (2.24)

npudeM pewleHdio Y=y, ypasHenua (2.20) B cuay (2.23) co-
OTBeTCTBYeT peilleHue 2 =1 ypaBHenus (2.24). Tloncragass z==1 8
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ypapnetue (2.24), noayunm a,(x)= 0. CrenosareabHo, ypasuenue (2.24)
uMeer BHI

20(0) 2" 4+ 0, () 2" U+ L. e, (02 =0,

¥ TMOACTaHOBKA 2’ = & TNOHWXKAeT NOPALOK HA eAMHHUY:

aO(x)u‘”‘1)+a,(x)u("'2)+ e+, (Yu=0.

" 3ameTMM, uTO Ta Ke IOJCTAHOBKA y-——:ylfudx, rge y, — peie-

nue ypashenusn L[y]==0, cHukaeT Ha eluHuuy U HOPSAOK JAHHEHHOrO
HeOLHOPOAHOTO ypaBHeHus L[y]= f(x), - Tax KaKk 9Ta NOJACTAHOBKa
He 3arTparuBaeT NPaBOH yacTH YpaBHEHUS. :

3Hag k JMHEHHO He3aBHCHMBIX Ha oTpeske a < x <b pemenntt
Yi» You +s.s Yy JIUHERHOTO OJHOPONHOTO YPABHEHMS, MOMHO HOH13UThb
€ro NopsioK 10 n-—Kk Ha TOM e oTpeske a < X < &.

[efcTBUTENMBHO, MOHU3UB MOACTAHOBKOMH y—_—:ykfudx HA eauHuuy

NopAaIoOK ypaBHEHHA )

o Liy]==0, (2.20)
MOJyuaeM ONATbL JHHEHHOe ONHOPOAHOE ypaBHeHHe -

a ()" a(x)d"P + e, (x)u=0  (2.25)

nopaaka n — 1, npuueM HaM usBecTHH £ — 1 ero JuHeHHO HE3aBUCUMEIX
pelueHu#t

ﬂ]:(%),’ ugz(_))_:_)” uk-l::(y;—l‘)',

.
KOTODBIE NOJAYUYHM, MNOACTABJAHS B Y =— udx um =) no-
VY=Y Vi

| CTENOBATENBHO Y==Y;, V==V, ..., Y=Y, ;. (3aMeTuM, 410 yxe uc-

M0JIb30BAHHOMY HaMH AJAd NOHWXXEHUSA MOPAIKA PECLICHHUIO Y == Y, YpaBHeHHA

(2.20) cootsercTByeT TpHBMAAbHOE pelienue #==0 ypaBnenus (2.25).)

Peulenust a4y, uy, ..., ,_; JHMHeHHO HE3aBUCHMEI, TdK Kak ecam Obl
MEXAY HHMH CYLIECTBOBAJAa JMHEHHAR 3aBUCUMOCTb HA OTpeske @ < x < b:

Qi+ Gottg + ... F0p_jlp =0
2BV
el el + o (B2 =0 am

rie xora Ovl onHO a; = 0,” TO, YMHOXAA Ha dX W UHTETPUPYH TOKIE-
cTBO (2.26) B mpelenax ot X, A0 X, TMe a < x<b, a x,— TouKa



§ 3) JIMHEMHHE NHUOGEPEHUMANLHEIE YPABHEHUSI 103
orpe3ka [a. h]. Oyurem umerh

N Lo 0D g demi )

Vye (%) Ve () Ye(x)
_ Y1 (Xo) s (%) Yp-1(X) ]
oy oyt o e 2B <o,

HIH, YMHOXAs Ha Yy, (x) u o6o3Hauas

¥1.(Xo) Y2 (*o) i }’k-l(xo)] :
J— R a —_— = R

[ Yr (Xo) +0 ¥r (X0) + T Ye (%0) Cr
MONYYHM, BOTIPEKM HCXOAHOMY MPEANOJOKEHHIO, JIUHEHHYIO 3aBUCUMOCTD
MEXAY PeLIEHUSMH Y, Yo, .., Yp!

Oy, F 0+ .. +0,Y,=0,

rze xorts Ow oano «; #+ 0. Mrak, HCRO/b30BAB OJHO 4YacTHOe pelie-
HHE y,, MB MOHM3WMH MOPAAOK YPaBHEHHA HA €JIMHHIY, COXPAHHB ero
JAMHEHHOCTb ¥ ONHODONHOCTb, NpPHYEM HAM M3BeCTHO R — 1 JuHeliHO
HE33BUCHMBIX pellieHnit NpeoGpasoBanHoro ypasuenus. CieloBaTenbHO,
TeM IKe MeTOAOM MOXHO CHH3HTb TOPALOK ellle HA ONHY eXHHULY;
MCMOJIL30BAB ellile ONHO pelleHHe M TNPOAO/KAs ITOT npouecc B pas,
NOJy4HM JHHeHHOE ypaBHeHHe n — R NoOpaiKa.

Mpumep 6 )
xy” —xy +y=0. 2.27)

YpaBHeHHe uMeeT OUCBMIHOE 4aCTHOE pelleHHe y, — x. [loHHKa® MOpAAOK
MOJICTAHOBKOM

ycxfudx. y’=xu+fudx, y'=xu' +2u,

npuBedeM ypasHeHue (2.27) k Buay
X+ (2—x)xu=0,

e

OTKY/Ja
i:—: XIQ dx, u=c,-i—};. y=x'/udx=x[c,/'i—zdx +cg].
Jemma. lsa ypasnenusn suda

Y+ py (0) YB-D 4 L. A p, () y =0, (2.28)
YO+ g () 9P L g, (x)y =0, (2.29)
20e pyurcyuu p;(x) u q,(x) (=1, 2, ..., n) Henpe poi8usl Ha om pe3xe

a L x b, unenuue 06wy GyHoamenmarsuyo cucmemy peulerul

Y1 Yoo «oov Yo COBRAOAIOM, MO ecmb p;(X)==q,(x) i=1,2, ..., n)

na ompe3xe a L x Lb.
NoxasateancTBo. Buuuras us (2.28) nousnenno (2.29), moay-
YaeM HOBOE YpaBHeHHe:

121 () — g1 (DI Y=V 4 [Py (%) — go ()] YD+ ... J ,
s TP —qu o))y =0, (2.30)
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pelueHUAMH KOTOPOro ABJAAIOTCS GYHKLMK Y, Vo, . ... ¥, YIOBJIETBO-
psioLYe OIHOBpeMeHHO ypaBHenuam (2.28) u (2.29).

Honyctum, yto x0Ts OBl OIMH M3 KO3dPuuuenTos. ypaBuenus (2.30)
[p;(x) —q,(x)] xora 6n B onHO# Touke x, oTpeska a < x L& orTm-
yeH OT Hyas. Torma B cuay HenpephHBHOCTH OyHKUMK p, (x) 4 g; (x)
3TOT KO3 PHUUEHT OT/AMYEH OT HYJAS B HEKOTOPOH OKPECTHOCTH TOUKH X,
M C/ef0BaTeNbHO, B 3TOH OKPECTHOCTH (YHKLMH Yq, Y9, ..., Y, ABIAAIOTCA
JUHeHHO HEe3aBUCHMBIMM pelleHHAMH JHHefHOTO OLHOPOMHOTO YypaBHe-
Hus (2.30) nopsaxa He Bbime 4eM £ — 1, YTO NPOTHBOPEUMT CJeJCTBHIO
TeopeMbl 2.7. 3Hauur, Bce Ko3(dduuuentn ypasuenus (2.30)

pPi(x)—q;(x)=0 i=1 2, ..., n),

T. e. pi(x)=gq;(x) (=12, ..., n) na orpeske a L x L ¥b.
Mrak, dysnameHTanbHas cucTeMa pemwleHuft ¥y, Vo, ..., Y, BHOJHE
onpenenfeT auHe#iHOe ONHOPOLHOE YPABHEeHUE

PB4 p () YN L 4 p () y =0, (2.28)

M CJAeNOBaTeJbHO, MOMXHO [MOCTaBMTb 3aZadyy O HAXONIACHHH ypaBHe-
Hug (2.28). nMelolwero 3alaHHY® (YHNIAMEHTAJAbHYI0 CHCTeMy pelueHu#

Yo Yoo voes Ypo

Tak Kkak BCAKOe pelleHMe y HCKOMOro ypasdHerus (2.28) aomxuo
ObITL JMHEHHO 3aBHCHMO OT pewieHu#t Vi, ¥y, ..., Y, TO oONpesesu-
tess Bponckoro Wy, vy ..., ¥, yl=0. 3amuumeMm 3T0 ypaBHeHue
B pa3BepHyTOM BHIE!

yl y? s yn y
¥, Yy cen Y,

y n y ” " "
1 2 n =0,

L T I S T S

-1 -1 -1 -1
y(ln } yglz )_.. y'nn ) y(n )

y(]n‘, ),(Qm - y(”n) ) y!n

Wiy, pasJjaras no sjeMenTtaM IOCAeAHEro croadua,
', 341 Y2 cee Vg
{7 ,
yl y? “ e yn
W[yl, Vo, ..',ynly-’”___ . .2. . (. ; . e e 2. y(ﬂ-l)_'._ e, ==0.
-2 - -2
) y\ln y:Zn ) e y("n }
y(lrl,‘ y&ﬂ) v y\”n
(2.31)
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[lonyuennoe ypasueHne (2.31) n ABASETCA HCKOMBIM JHHEHHBIM OJIHOPOI-

HHIM YyDaBHEHMeM, MWMelOUIHMM 3aIaHHY0 (YHIAMEHTAMLHYI0 CHCTEMY

peweHuti Yy, Yoo ..., ¥, (rak xak npu y=y, (=1, 2, ..., n)

Wiy, 990 - v os Y ¥1=0). Pasneaun obe uactn ypasuenus (2.31) Ha

OTAMUHBIR  OT Hyaa kospduuuent W[y, vy ..., ¥,] TpH cTapied

npousBONHOH, npusedeMm ero kK suay (2.28). '
OT1cropa caenyer, B 4acCTHOCTH, YTO

Y Y2 eee Yn

9 P e Y,
y(lrz-—Z) ygn—Z) y(nn—i!)
(x) = W Y
P - Wiy, Yo ceus Yal :

3aMeruM, 4TO onpeneanTenb

1 Vo cee Vs l
Yy R
e e e o (2.32)
y(lﬂ—Z) ygzn—z) ysln-—Z)
y}ﬂ) yé}n) . y(”n)
paBeH MNpousBoaHo#t or ompeneautens Bpouckoro W[y, ¥o ..., Y.l

HetictBurenbuo, mo npaBuiy anddepeHUnpoBaHns ofpeleauTead, npo-
W3B 0AHas

N Yo e Yy

d yl y? e yn
y(l/l-2) y‘(zrz—Z) y(”n-z)
>|§ﬂ—l) y(2n—1) . y(ﬂn-—l)

paBHa cymMe mo i or 1 g0 n ompeneiuTenelf, OTIMYAIOUIMXCA OT Ofipe-
Heqauteass BpOHCKOro TeM, uTO B HHX NporudepeHUHPOBAHLl 3JEMEHTHI
i-# CTPOKM, a OCTa/ibHble CTPOKH Omnpejenuteis BpoHCKOro ocras/eHbl
6e3 naMeHeHud. B aToft cyMMe ToAbKO MOc/AenHuit onpejenurtens, npu [ =n,
copnajaiouinit ¢ onpereanteseMm (2.32), Moxer ObTh OTAWYEH OT HYJA.
OcrajbHele ONMpele/uTe/d PABHLL HYJ/O, TAK Kak MX {-f M i - 1-3 cTpOKN
COBNAjaioT. ‘



106 YPABHEHUS T(IOPANKA BHIIE [1EPBOTO [TJ1. 2

CrenoBatenbHo, p;(x)= — —U—VW— Otciona, yMHOXas Ha dX u HHTe-
rpupy4, NOJyYUM .
ln[W]:—-fpl(x)dx—}—lnc, W:cffp’md"
HJu ' ’

X
- fﬁx (X) dx
W=ce n . (2.33)

Hpn X = X, Noayunm ¢ =— |14 (.X,'U), OTKyna
£
- f Py XY dx

W(x)=Wi(xye * . (2.34)

$opumyant (2.33) uau (2.34), snepsuie noaydeHueie M. B. Ocrporpanckum
u HesasucuMo oT Hero JluysuaneM, uaswiBaiorcs @opuysamu Ocmpo-
epadcxoeo — Jluysurisn.

dopmyna Ocrporpaackoro — Jinysuausn (2.34) moxer ObITh HCHOJb-
30BaHA [1Af UHTETPUPOBAHUS MUHEHHOrO OAHODPOXHOTO YpPaBHEeHUS BTO-
poro mopsanxa '

'+ p(X)y + py(x)y=0, (2.35)

ecqu U3BECTHO OJHO HETPUBUAIbHOE pelleHHe STOrO ypAaBHEHHs Y.
Coranacuo gopmyae Ocrporpaickoro — Jinysuans (2.34) moGoe peure-
Hue ypaBHexus (2.35) HOo/mKHO OBITh TaKke pellueHUEM YDPABHEHUS

W

: e—fpltx)dx ,
I

y
I

Hian
’ ' - py (X dx
Ny —yy, =ce f .
,U,Hﬂ V[HTerPHpOBaHHﬂ 3TOro JuHeHlHoro YpaBHeHus nepsoro nopsiaka
npoiie BCEro BOCNOJb30BaThHCH ‘MeTOIlOM HHTerpprlOLU.el"O MHOXnTeJsl,

- 1
YMHOXES HA Y= —5 , TOAYUUM
N

i( y )_ie—fpl(x)dx

=)= ,
dx\y, %
OTKyla
y "'/. ce-fﬂ-(x)dx
e
= [ —————dx ¢
] 2
N .Y
win
- [mnax

e
Y= Cy¥ + 134 f_de'
1
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§ 4. Jluneiinbie OAHOPOAHLIC YPAaBHEHMA C MOCTOAHHBIMH
koa¢pduuuentaMn U ypasHenus Ofinepa

1. JluHeAnne ONHOPDOAHHE ypaBHeHUA C MNOCTOSH-
HoiMB KO9pduuuenramu. Ecay B JuHeAHOM OLHOPOIAHOM ypas-
HeHUU

apy™ + ay" b 4+ ..+ a,y=0 © (2.36)

BCe KOSCI)CI)MLH/IBHTH a; MNOCTOAHHBLI, TO €ro 4acTHHE pelreHus MOryT

6LITL HallJeHB B BHIe y=e’”, rie kB — nocrogHHaa. He#crsuteanno,

noacTaBasd B ypasuenne (2.36) y = e** u y @ =kPe** (p=1,2, ..., n),
OyneM HMETb:
agk"e™ + a k" le* 4 ... 4 a,e=0.

Cokpamas #a HeoOpAILAKWMACA B HYJlb MHONHTENb €*, MOJyuMM TaK
HA3LIBAEMOE XQPAKMEPUCIULECKOe Y PaBHeHue

ak” + ak" '+ ... +a, k+a,=0. €2.37)

D10 ypaBHeHHe n-§ CTeNneHW ONpeleseT Te 3HAYeHHs R, MPU KOTODHIX

y == e"* aBasieTcss pelennéM UCXOLHONO AMHERHOrO OLHOPONHOTO ypaBHe-
Hust C NOCTOAHHBIMU Koddpuiientamn (2.36), Ecau Bce kopuu &y, &y, .. .. &,

XapaKTEepUCTHUECKOI0 YpaBHEHUS pa3’dnuHbl, TO, TeM CaMbiM, HalileHO A

P k
nMHeHHO HesaBUCMMBIX pewenuit e, ™, ..., e'n" ypasnenus (2.36)

(cM. cTp. 96, npumep 2). Caenosarensno,

k k k
y=ce e 4 ... Fc,en,

rie ¢; — TPOUSBOJbHLE NOCTOAHHbIE, ABJASETCS OOLIMM DelleHHEeM UCXOX-

Horo ypasHenus (2.36). DTOT METOL WHTErpupOBaHHS JIHUHEHHBIX ypaBHe-

Huf € MOCTOAHHBIMH KO3(dnuUUeHTaMH BnepBbie Gbll NpuMeHeH DfjepoM.

Mpumep L
y"—3y +2y=0.

XapakTepuCTHYECKOEe ypaBHeHue uMeeT BHA k2 — 3k 4 2=0, ero xopuu &, =1,
ky = 2. CienoBatenpHo, O6Iiee pelleHHe HCXOAHOTO YPaBHEHHA HMEET BUJ
y = cle‘ —l"' CQEZx.
Opumep 2.
Y —y =0.

Xapame{mcmqecxoe ypaBHenne k% —k =0 wumeer kopuu £k =0, k=1,
ky = — 1. OG6uee peleHne pacCMaTPHBAEMOTO YPABHEHUS ¥ = C; - C.0* - ¢ze %,

Tak kax xosdduuuedTs ypasuenus (2.36) npeﬂnonéraiorca AefdcTBU-
TEeJAbHBIMH, TO KOMIJEKCHBIE KOPHH XapPaKTEPHCTHUECKOrO YPaBHEHUS MOTYT
NOSBAATLCA JAHIIb COMPSIKEHHBIMH NapaMu, KoMmeKcHble pellieHus e!o+80) ¥
u e@-Pf) X, coorBercTByIOUINE Mape KOMMJEKCHBIX CONMpPSKEHHHX KOpHeA

kl=a—|—ﬂt 9l kg=a‘“p‘v -
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MOryT OHITb 3aMeHeHbl ABYMA AeHCTBHTEJbHHIMM DEIUSHUAMH: nefcTBU-
TeJbHO# ¥ MHUMOH uactamu (cM. ctp. 95) omHOro u3 pelieHul

eetBO)X — gaX (cos Bx -+ isinPx),
Han

e(#~BO)X = pu¥ (cos Px — Isinpx).
Takum o6pasoM, Nape KOMIUIBKCHHIX CONPMKEHHBIX KOpHe# Ry o==a X pl
COOTBETCTBYIOT [Ba JAeHCTBUTENIbHHIX peleHusa: e*cosfx u e**sinfx.

[Ilpumep 3.
Y 4y 5y =0.

XapakTepucTuueckoe ypaBHeHue uMeer Bui k2 -44k--5=0, ero KopHH
Ry ,=—2+xi OO0wee pemcHue

y = e~ 2% (¢, cos x 4 ¢, sin x).
y'+aty =0

Xapakrepuctuueckoe ypaBHeHue k%24 a?==0 nmeer KopHu &, , = =+ al. O6uee
pelueHne

Mpumep 4

y = ¢; COs ax +} ¢, sin ax.

Ecan  cpein KOpHe#t XapakTepUCTUYECKOrO YpPaBHEHMS HMMEKTCA

KpaTHble; TO YUCIO Pa3aHYHBIX pemelmﬂ BHAa ek“" MCHbIIE A7 H, cJaeno-

BATe/JLHO, HELOCTaloUlMe JUHEHHO He3aBUCHMBlE pelleHHs Hal0 HCKaTh
B HMHOM BHUIE. N
JlokaxeM, YTO eCIM XapaKTePHCTHYECKOEe yDAaBHEHHE UMeeT KOPeHb R

KparHoCTd @;, TO pelecHusAMH UCXOIHOro ypaBHeHusd 6y11eT He TOJIbKO

k. kx k x a,~1 kX
e, Homxet, x2e i, ..., xi ef.

[TpennmonoxuM BHaualge, UYTO XapaKTEPHCTHUECKOE YpABHeHUe wuMeeT
kopeub %, =0 kpaTtHoctu «,. CienoBarenbHO, JeBas 4acTb XapakTepu-
CTUYECKOro ypaBHeHus (2.37) uMeeT B STOM cjydae OOLIUE MHOKUTED
k%, T. . KOIPUUHEHTH @, =a,_,== ... = Qa1 0, u xapakrepu-
CTHYECKOE ypaBHEHHe HMeeT BHI

ak" 4 a k"1 ..+ a,,_ai/e“i =0.

CoorseTcTByOIee JHHeHHOe OIHOpOAHOe MuddepeHuUaTbHOE ypaB-
HeHHe

a4 ay" b+ L 4 an__”y(ai) =0,

OueBHAHO, HMeeT uyacTHme pemenns 1, x, x% ..., x“1 ', TaKk Kak
ypaBHEHHE He COAePMHMT NPOH3BOAHLIX MOpAAKAa Huke veMm o, Mrak,
KPaTHOMY KOpHIO k; =0 KpaTHOCTH O; COOTBETCTBYET ¢, JHMHEHHO He-
3aBUCHMBIX (cM. cTp. 96, npumep 1) peiueHntt

1,ox. x% ..., 7.
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Ecnan xapakTepucTHyeckOe ypaBHeHMEe WMeeT KOpeHb R;%0 kpar-
HOCTH @;, TO 3aMeHa MepeMeHHBX

y=e"1"z (2.38)

CBOIMT 3284y K y»e DAaCCMOTPEHHOMY CJ/yuYal0 PABHOIO HYJI0 KPATHOro
KOpHS.

HeficTBUTENbHO, JHHeHHOe OZHOPOAHOe NpeolpasoBanne HeW3BECTHOM
¢yukuun  (2.38), kax ykasano wua crp. 94, coxpauser auHeWHOCTH M
ONHOPOLHOCTL ypaBHeHHA. I1OCTOSHCTBO Koa(p(bnunemos npyu 3ameHe
flepeMenHbIX (2.38) TOXE CcOXpaHuWTCsd, TAK KAaK

y(p,,_:(ze,.)w):ei(zw +p2" e +p( —1 - DRI 2kD)

U Tocje NONCTaHOBKM B ypasHenue (2.36) m cokpaluenus Ha P npu
2, 2/, ..., 2UM ocraloTcs Anlb NOCTOSHHBIE KOd(PQHLHEHTH.

Wrak, npeoOpasopanHoe ypaBHenue Oyier JHHEHHBIM OAHOPONHBIM
ypaBHeHHEM A-TO NOpAIKa C NOCTOAHHLIMH KO3(dHIAeHTAMH

by bz . 4-0,2==0, (2.39)
NpHYeM KOPHH XAPAKTEPHCTUUECKOTO YpPABHEHHUs
ayk® +akr 14 ... +a,=0. 2.37)

OTAMYAIOTCS OT KOPDHeM XapakTepUCTUUECKOrO ypaBHeHMs A Hpeobpa-
30BaHHOrO ypasHeHus (2.39)

bop®+b,p" 14 .. 4 b,=0 (2.40)

HA caaraeMoe k,, TaK KAk Mex1y peulenusiMu y = e** ypastetus, (2 36)

u z==e"" ypasuenua (2.39) zo/mxHa ObITb 3aBUCHMOCTH y—-zei 10|

kx
e =epet, orkyna k==p-+k;. CnexosaresbHo, KOpHIO R =k,

ypasHenns (2.37) coorBerctsyer xopeub p,==0 ypasaedus (2.40).

Kak HeTpynHO OpPOBepUTb, NPU 3TOM COOTBETCTBMM COXPAHHTCH H
KPaTHOCTb KOPHA, T. €. KopeHb p, =0 OyleT HMETb KPaTHOCTb Q.

DeficTeuTenbHO, KparHblif KOpeHb K, ypasuenus (2.37) MOXHO pac-
CMaTPUBATh KaK pe3yjbTaT COBMAaJeHHS DA3IMYHBIX KOpHe# 3TOro ypas-
HeHHst TIPY W3MEHEHMH ero Ko3(pQuiuueHTOB, HO TOrLd B CUJIY 3aBUCH-
MoctTt R= p -k, cosmagyr ¢ p==0 n «; KopHei ypasnenua (2.40).

KopHio p==0 KparHoCTH ; COOTBETCTBYIOT HaCTHHE pelilenus 2z == 1,
Z2=x, ..., 2==x" ', ClefoBareabHO, B CH.Iy 3aBUCUMOCTH y == Ze i,
KOpHIO £; kparitoctd o, ypasHedna (2.37) OyAyT COOTBETCTBOBAThH Q
4aCcTHBIX pellieHnH

y:ekix. y=xe*, ..., y=xai—xekix- (2.41)

Ocraetcs 0OKa3aTh, 4TO peliieHUs
kX k. x -1 kx o
e, xet, . .., x' (=12 ....m» (2.4
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rie m — YMCAO PAa3JMYHBIX KOpHeH R, XapakTepHCTHYECKOro ypaBHeHud,
JuHeAHO He3aBMCHMEl, HO 3TO yxe Obl10 AOKasaHo B npumepe 3 crp. 96.
CaenoBatenbHo.. ofllee pelueHde ypaBHeHud (2.36) umeeT BuA

"

. 9 W2 - /C_.K'
5’-—{;1(001“'011‘{5—" Cp X4 oo Aoy, X7 e

Tie ¢;; — NPOu3BOJbHLIE NOCTOSHHBIE.

[Mfpumep 5
y" =3y +3y' —y=0

XapakrepucTHueckoe ypaBHeHue k3 — 3k 43k — 1 =0 aau (k — 1)® = 0 umeer
TPEXKPATHHIH KOpeHb &, 4 3= 1 CuaenosaTeabHo, oflee peleHne uWMeeT Buj

y = (¢, + Cax + Cyx7) ¥
Ecan XapaxTepucTHyecKOe ypaBHEHUE HMeeT KPaTHbIM KOMNJIEKCHLIA
KopeHb p -+ g KPaTHOCTM €., TO, COOTBETCTBYWOUME €My pelleHnd
e(p+qi)x, xelP+abhx xze(pwi)x, xu-le(pwi)x

MOXHO Npeolpasosats Mo gopMynam Diaepa
eP+IHX — ¢P* (cos gx + isingx)

#, OTlends AeHCTBUTENbHYI0 M MHHUMYI 4YacTH, 00Ay4uTs 20 ne#cTeu-
Te/AbHBIX pelleHni: )

e’* cosgx, xe’ cosgx, x%ef*cosqx, ..., x*" e’ cosqgx,

. . , 2.43
e’ singx, xef*singx, x%?*singx. ..., x* e’ singx. ¢ )

Basip- neficTBuTesbHbie W MHMMBIE HacT¥ peiieHud, COOTBETCTBYIOLIMX
COTPS/KEHHOMY KOPHIO p — ¢i XapaKTepUCTHUYECKOTO ypaBHEHWs, MBbl
He TOJYYMM HOBHX JHHEHHO He3aBUCUMEIX peiiennit. Taxum oGpasom,
nape KOMIAEKCHEIX CONpMKEHHBX KopHeH ptgl xkparwoctn o cooT-
BETCTBYIOT 20 /auHEHHO He3aBUCHMBIX NEHCTRUTEbHBIX pelmenntt (2.43)

fipapmep 6
7
W+ +y=o0

XapakTepucTHyeckoe gpaBHe}me kY 42k 4 1 =0 umn (k% + 1)* =0 umeer ABy-
KpaTHble kopHu =+ i ClenosaTedpHo. obliee pelleHHe UMeeT BUA

¥y = (€, + €9x) COS x + (€3 4 ¢, x) sin x.
2. Ypasuenus Daepa Ypasuenus Buna
aex"y™ +ax" Ty 4 4, xy +a,y=0, (2.44)
rie BCE @; — MNOCTOAHHblE, HA3BIBAIOTCS ypasuemi;mu Jiaepa. Ypasne-
uie OHnepa 8aMeHON He3aBUCUMOrO lNepeMmenuoro x ==e’ *) npeoGpa-

*) Man x =—¢' ecan x < U; 8 gdaabHelIleM AAs OIIPEACACHHOCTH OyAeMm
cauTatb Xx > 0.
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syercs 8 .MHeHHOe OMHOPOLHOe ypdBHEHWE ¢ (IOCTOSAHHLIMM KO3(u-
UHEHTaMH.

IeficTBuTEIbHO, KaK YyKa3aHO Ha crp. 93, JMHEHHOCTb H OLHODPOL-
HOCTb  ypaBHEHHA [1pnr [peobpasoBaHun  HE3ABHCHMOTO NEPEMEHHOTO
COXPaHaioTCA, a KOIPDUIMEHTH CTAHOBUTCH MOCTOSHHBLIMU, [OTOMY 4TO

dy dy
= are "
y __ —zt(d’y _ ﬂ)
ar ar i .
d*y —ne | dy )
dxk \ﬁ T dﬁ B dt® ( )

rie Bce P, -— MOCTOAHHBIE. W NPW NOACTAHOBKE B ypasHeHue (2.44) MHO-

KuTeadn e~ ® COKpAIlAnTCA ¢ MHOKHTeAsMU x* == ek,

CnpasenauBocTs paBeHCTBA (2.45) nerko MoxeT ObiTh 10KasaHa Me-
TopoM uuiykuuu. JeHictBureabno, nomyctus, uto paseHcTso (2.45) cmpa-
BeNJMBO, ¥ TipoAxddepeHUNPOBAB ero elile pas mo x, JOKaxeM Cnpasel-

dk+ly
AMBOCTb pasencrtsa (2.45) u Mg ——2:
B dxk+l
dk") _ d/€+1y
=g kT br(g )
dxke ([ ar S e - b
— ke~ R+ 1)t L. )
(B +|2 dt? -+ B, 2 T

Y a2y dk+ly
=e ‘kfl f( +Y2 T + o Ve dt’“’)'

rie Bce Y, — MOCTOSHHBIE.
Hrak. cnpasepansocte Gopmyis (2.45) nokasana, M C/AeNOBATENbHO,
AUMHEHHO BXOIdlMe B ypaBHenue 3Iitiepa
I
Y . d/ﬂ,
2‘ Gy X =2 =0 (2.449)
k
£=0 dxt

C MOCTOSHHBLIMH KO3 (ULUeHTAMY HpOHBBeﬂeHHﬂ
. d¥y dy d*y
x* =L =, +p, L4 4, 2L
dx® dﬂ Pe e
AMHEHHO (C MOCTOAHHbLIMY Koaq)(puuuemamm BLIPAKAIOTCA yepe3 npous-
BOJAHble (YHKLUMM Yy 1O HOBOH He3aBUcHMOH mepemeHHo# £. OTcioaa
cielyeT, 4TO InpeobpazoBaHHoe ypaBHenue OyleT JAUHEHHBIM OAHOPOL-
HhIM ypaBHeHMEM C NOCTOSHHBIMU KO3(hduUUeHTaM

dy a""ly « dy | : ‘
oo T T e Fla g Ty =0 (248
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Bumecro Toro uroOn npeoGpas3oBbiBaTh ypasHeHue Oitjlepa B JuHel-
HOe ypaBHEHHE C TMOCTOSHHBIMH KO3GbQUUMEHTAMH, YaCTHBE peUIeHHs
KOTOPOTO UMeloT BuA y ==e", MOXHO cpasy uCKaTh peLIeHHs] MCXO.-
HOTO YpaBHEHHs B BHAe y==x*, Tak Kak

T——
INoayuaomeecs NPH STOM NOC/e COKpauleHus Ha x* ypapmenie

agk(k—1) ... (k—n—+1)~+akt—1)...k—n—+2)+ ...
: +a,=0 (2.47)

AA8 ONpeleNeHHs £ JOMKHO COBNAAATh C XaPaKTEPUCTHYECKUM ypas-
neHueM nas npeoBpasoBanHoro ypasHenus (2.46). CienoBaTenbHO, KOp-
HAM k; ypaBHerus (2.47) xpaTHOCTH @; COOTBETCTBYIOT peILeHHs

&, Rt 2 kit 1k,
P L P L P

npeoGpasoRaHHOTO yPABHEHUS HJIH

k., k. k.. 2 X -

£ xFinx, Mtk oL, 2fin%
MCXOJHOTO YDaBHEHHS, 4 KOMIIEKCHBIM CONpPSKEHHBIM KOpHAM p -k gf
ypasueHus (2.47) KpaTHOCTH G COOTBETCTBYIOT pelieHHs

e cosqt, te" cosqt, ..., 1*7e" cos gt,
e”singt, tesingt, ..., t* 'e" singt
Npeo®pasoBaHHOIO YPaBHEHUA WJAH
xPcos(glnx), xPlnxcos(ginx), ..., x?In®! xcos(gln x),
xPsin(glnx), ¥’ lnxsin(glnx), ..., x”In*~! xsin(qln x)

MNCXOAHOTO ypaBuenns Sfiiepa.
lMpumep 7.
x2y” + %xy’—yzu.
Mmem pemenne B Bule y= x%; k(k— 1)+g k—1=0, otkyrs k&, = %’
ky = — 2. CaepoBatenpHo, obuiee pewenue npd x >0 umeer Bua
1
2
V=10Cx" 4 Cux~2%
Ipumep 8. ‘ ?
xzy//___xy/ + y = 0.
Wmem pemenwe B Bume y=x% k(k—1)—k4+1=0, wm (k—1)2=0,
ky, 3= 1. CaenosareapHo, obmee peuenne npu x > 0 6yrer

y=(t+clux)

Mpumep 9.
2yt xy 4y =0
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Mwey pemenne B Bule y=x% k(k—1)4 &+ 1=0, orkyma ky, =%
CuenoparteabHo, obuiee pemenue npu x > ¢ umeer BuA }
y=c¢ coslnx—+ ¢ sininx.
YpaBHeHus Buma
n(m -1 (n=1)

ag(ax+0)"y" +a (ax 40"y V4 L

coo Fa,(ax4-0) v+ a,y=0 (2.48)
TaKKe Ha3bBAOTCA Ypasguerussu JIirepa v CBONITCA K ypaBHe-

HUIO (2.44) 3aMeHOH He3aBUCHMOro NepeMeHHOro ax —+ b= x;. Cieno-
BAaTe/JbHO, YaCTHBle PpelUeHHs 3TOr0 YPABHEHUS MOMKHO HCKaTh B BUIe

y = (ax <+ b)* nm npeobpasoBats ypasHenue (2.48) Kk JuHEHHOMY OXHO-
pPOAHOMY VpaBHEHMI0 C MOCTOSHHBLIMU Ko3ddUlLMeHTaMH 3aMeHOH nepe-

MEHHBIX ax—-b=¢' (wm ax b= —¢e', ecan ax—b < 0).
§ 5. JluHeiinble HeOQHOPOZHBIE ypaBHEHHSA
Juneiinoe HeodHopodHOe ypaBHeHHE HMeeT BHI

ag () YW+ a; () YDt L A a, (X)) y =@ (x).

Ecin ay(x) # 0 Ha paccMaTpuBaeMOM MHTepBaje M3MeHeHHS X, TO [OC/e
IeJeHNS HA Q4(X) TOAYUYHM

YW= p () YDA L 4 p, () Yy = f(x). (2.49)
3710 ypaBHeHue, cOXpaHAd npexHue O0OO3HAYeHHS, KPATKO 3alHulleM
B BUAE
Liyl=f(x).

Ecau npu a < x < b B ypasnenun (2.49) Bce kosdduusenter p; (x)
W fpaBas yacTb f(x) HempepeIBHH, TO OHO HMeeT eIHHCTBEHHOE pelue-

HUE, YIOBJAECTBOpAWOIIEE yCJHOBUAM
YO(r) =y k=0, 1, ..., n—1),

rie y¥ — mobule neHCTBHTEAbHBIE uuCad, A X, — /106as TOYKA HHTep-

Bana a < x < b.
HeitcTBuTeIbHO, NpaBasf 4acTb ypaBHEHHUSA

YW= — p (x) YD — py(x) y*=D — .. —p(x)y+f(x) (2.49)

B OKDECTHOCTH paccMaTpHBAaeMbIX HAYaAbHBIX BSHAYEHMH YIOBAETBOPSET
YCAOBUAM TeOpeMbl CYL{ECTBOBAHHA M eJHHCTBEHHOCTH:

1) npaBas yacTb HenpepbLiBHA MO BCEM apryMeHTaM;

2) wuMeeT OrpaHHYeHHble YACTHBlE [POU3BOAHHE MO BceM y®)
(=0, 1, ..., n—1), TaK KaK 5TH NPOM3BOAHLIE PABHEl HEMpPEPHIBHLIM
N0 MPEANOOneHU0 Ha OTpedke & < X < b Koadpduumenram —p,_,(x).
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Ewe pas oTMerum. 4TO Ha Hayaabuble 3Ha4eHHs Y He nasaraercs
HUKAKUX OTpPAHHYEHHH,
s uByx OCHOBHBIX CBOHCTB .IMHEHHOrO omepaTtopd
Licyl=cL]y).
Liyi+yl=Ly]l+ Ll)’z]:_
rie ¢ - MOCTOAHHAN, HEMOCPEACTBEHHO Clelyer:
1) Cyuna y+ Y pelenusn y HeOOHOPOOHO20 YpasBHeHus

Liyl=f(x) :2.49)

U pewenus Y, COOMBeMcm8yOu,ez0 0010 poOROZ0 ypasguenus L{y| =10
ABAAEMCA pedleruem HeOOHOPOOHO20 ypashenusn (2.49).
HokasaTeabCTBO.

LIy + il =LY+ LIy
‘Ho L[y]=:f(x), a L]y,]==0, cienosareasHo,

LIy + )= f(x).

2) Ecau 'y, nsasemcs pewenuem ypaswenus Liyl=Ff, (x)
m

V1
=1, 2,..., m), mo y= z Q;y; Asagemca peulenuem YypPUBHeHUS
i=1

m
Liyl= Z} 0, f (%),
{=
20e 0, — nocmosHHbe.
NoxkasareabcTBO.

m m m
L [Z @y, ] = }3] Liay,l= Zl aLiy,, (2.50)

i=]

HO L{y,;}== f,(X). caenoBaTe/bHO,

lzasz Z zfz(x)

310 CBOHCTBO, HA3LIBAEMOE 4HACTO APUHUUNOM CYNEPROZUULU (U4
RPUHYUROM Haﬂomeﬂu;z) OYEBUIHO. OCTAETCH CUPARCAIUBHIM ¥ 1PU

m—» Co, ecqd pdh S‘ o;y; CXOAUTCHE U AOMYyCKaeT N-KPATHOE MNOYJCH-
i_

Hoe IuddepeHUUPOBAHME, TaK Kak B ITOM cnyqae B03MOXEH Npelenb-
HHHA NMepexon B TokAecTBax (2.50).

3) Ecau ypasuenue L[yl=U(x)+ iV (x), 20e sce «oaghgu-
quenmos. p;(x) u Pyurgua U (x) a V (x) dedcmeumenvnot. umeem
pewenue y=4{x)+ v(x), mo deldicmeumenbHan 4acms peuie-
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Hus 4 (X) & MHuman wacmy U (X) ABAAIMCA COOMBEMCMBEHHO pelie-
HusaMmu ypasnenul

Liyl=U(x), Lly|=V(x).
loxaszareabCTBO.
Lig+iv)=U(x)+ iV (x)

HIH
’ Llu) 4+ iL[v)=U (x) + iV (x).

CiaenoBatebHO, OTAe/bHO paBHb  AeficTBuTeabHble dactn L[ul= U (x)
¥ Muumbie dactu Livl=V (x).

Teopema 2.8, OCujee pewenue nHa ompeske a < x < b ypas-
Henust Li{yl==f(x) ¢ nHenpepuishuMu HO mOM de Ompesxe KO3H-
dunuenmanu p;(x) u npasod wacmoo f(x) pasgno cymnme obuezo

n

4
peuterus zlciy,- COOMBEMCMBYOUE20 OOHOPOOHO20 YPABHEHUA U
=

KaKoz0-,uby0s 4aACMHO20 peuleHus y HEOOHOPOOH020 YPABHEHUS.
HokasareabcrBo. Hazo nokasaro, 4ro

n
y=§c,.y,.+y, (2.51)

rie ¢; — NPOM3BOJbHBIE MOCTOAHHblE, a y, (i=1, 2, ..., ) — /qmnefiHo
He3aBUCHUMble  PELIeHH?  COOTBETCTBYIOLIEr0 OAHOPOJHOFO ypaBHEHH,
ABJIAETCA OOLIMM  pellleHMeM HeOLHOPOALHOTO ypasHenus L[y] = f(x).
[Tpuuumas B0 BHuMauue 1) (ctp. 114) v cnpasesansocTh A3 paccMarpu-
BAeMOro YpaBHEHHs TEOPEeMbl CYLIECTBOBAHHUS M EIMHCTBEHHOCTH, HAL0
10Ka3aTb, 4YTO MOA60POM NOCTOSHHBIX ¢; B (2.51) MOXHO yIOBJAETBOPUTH
NPOU3BOJAbHO 3aJaHHLIM HAYAAbHBIM YCAOBHAM

YO (xg)=yP  (k=0, 1,2, ..., n—1), (2.52)

rie a K xg K b. Tpebys, urobu pewenue (2.51) ynoB.1eTBOPAI0 HAYd b~
HbIM YC/MOBMAM (2.52), NpUXOIHM K CHCTeMe ypaBHeHHH

a

Z ¢y, (x0)+ ; (X0) = Yo

i=1

2o (50)+ ' (%) =;

n _ (2.53)
Z Cl.y;' (xo)+y” (-"o) = yg'

=1
« oo c s s 8 B s s s s e e

n

3, et () 30D ) = ot

L=

8!
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drta JuHeHHas NO OTHOIIEHUIO K IIOCTOSHHBIM ¢; CHCTeMa f ypasHeHuH
€ 7 HeM3BeCTHHIMH MPH MPOU3BOJbHBIX MPABLIX YACTAX NOMYCKAET enuH-
CTBEHHOE pelIeHHE OTHOCHTeAbHO ¢; ({==1, 2, ..., n), Tak KaK onpene/u-
Tedb cucTeMbi (2.53), 6yayun onpenemureseM Bpouckoro W[y, yo ..., ¥,]
g AuHeHHO He3aBMCHMOH CHCTeMbl pelleHMH COOTBETCTBYIOLIETO0 OAHO-
POIHOTO ypaBHEHWd, OTJAHYEH OT HYyJA TNpu MOOBIX BHAUEHUAX X H3
oTpe3Ka a -« X < b M, B 4acCTHOCTH, NPH X == X,

CrenoBaTe/bHO, HHTETPHPOBAHME JMHEHHOTO HEOILHOPOAHOTO ypas-
HeHHUsl CBOAWTCS K HAXOMIEHMI0 OIHOIO YacTHOTO pelleHuss ITOTO ypas-
HeHMA U K HMHTEFPUPOBAHHIO COOTBETCTBYIOIHETO JMHEHHOrO OJHOPOAHOIO
ypaBHEHHS.

Tpumep L

yY'Fy=x
OnHo uyacTHOe pellleHue 3TOTO ypaBHEHUS y = X, OUEBUIHO, ObLIEE pelleHHe
COOTBETCTBYIOHIEr0 OAHOPOJIHOTO YPABHECHHHA HMEET BHUI

y==c¢cos x+f¢;sinx (cm. crp. 108, mpumep 4).
CuaeioBaTeabHO, 0bllee pellleHHe HCXOLHOTO HEOAHOPOAHOTO ypaBHEHHS

Yy == €; COS X -+ ¢, 8in x + x.

Ecau nod6op uacmuozo peutenuss HEOOHOPOOHOZO YPABHEHUSA

mpyden, HO o0ujee pewerHue COOMBEMCMBYIOUE20 00HOPOOHOZO
n

ypasHenus y== Y c,y;, HAHOEHO, MO MONCHO NPOUHMEZPLPOBAMY

=1

AuHelinoe HEOOHOpPOOHOe YypasHeHnue MemoOOM BaAPUAUUL NO-

CMOARHBLY.
[Mpn npumeneHun STOTO MeTOAZ pelIeHHE HEOLHOPONHONO ypaBHeHHS
- n

wiweM B Buge y== % ¢,(X)y, T. e. MO CYUleCTBy BMECTO HEU3BECTHOH

i=1

(GYHKUMY Y BBOAMM 7 Heu3BecTHbIX QyHxuu#i c¢;(x). Tak kak noadopom
byukunit c;(x) (=1, 2, ..., n) HalOo YAOBJETBODUTL AMIbL OLHOMY,
ypaBHEeHHIO

YO py () YD o () y = (%), (2.49)

TO MOXHO moTpedoBaTh, uToGH 3TU 1 QyHKUMH ¢, (X) yAoBACTBOPAIH OH
enle KakuM-HuGyAb # — 1 ypaBHeHusM, KOTOpble Mbl BbiOMpaeM TakK,
n

yro0bl NPOU3BOAHBIE (PYHKLKH y=Zc,-(x)yi(x) umean Obl 110 BO3-
i=

MOMHOCTH TaKOH e BuA, KAKOH OHM MMEIOT NMPH MOCTOAHHLIX C;. Buibe-
peM ¢;(x) TaK, uTob6b BTOpAd CyMMa B NpPaBOH HacTH

y ;Ci (%) y;(x)+ Zlc;(x)y[(x)
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paBHsach HYM0,
Zcuw(m—o

H, CJACAOBATE/bLHO,
n

=X ¢, (x) y] (2.

T. e. Y’ HMeeT TakoM We BHI, K4K M NpPU NOCTOsHHBIX ¢;. TouHO

TaKk ®e y BTOPOH NpoH3BOJHOH

n
1"

! . ,
Y= E} ¢, (x)y" + [g_-lc,.(:o v,

tpebyeM OOpallleHUs B HY.Ib BTOPOH CYMMBL U TeM CaMblM NOAUMHAEM ¢, (X)
BTOPOMY YCJOBHUIO:
fl

P c ;(x)y,=0.
n

T[IpoAOMKAs BLIUKCAATH MPOUBOIAHBIE (YHKIUMH y = 2, ¢;(X)y; 10 Mo-
i=1
panka n—l BKJIOUNTEIbHO U TpeOys kaxauli pas obpaweHusa B HyJIb

CYMMBI 2 ¢; (x) Y (x):
i=
n

“cuwwwyw (B=0,1,2 ..., n—2), (2.54)

f104yYnM

n
y = zl-lcz(xw,»
y, =[2-l“lc[(x) y;’

y' "chwﬂ (2.55)

i=1

n

Y- = X ¢;(x) y# Y,

i=1

1 n
ym =2 e 0y + X ey

B mocaenseM paBeHcTBe MBI He MOXeM NOTPe6GOBaTh, YTOGH 2 ¢;yir- D=0,

TaKk  «ak OyHkuuu ¢; (X) yxke NQAUHHEHH! n—1 ycnoamlM (2.54).
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a HaJIO elle yAOBJETBOPUTb HCXOLHOMY ypasHeruio (2.49). HOJ.'lCTaBJmﬂ
v, ¥, ..., y® u3 (2.55) B ypasHeHue
YO+ pr () YD+ L p () y=f(x). (2.49)

HOJMYy4MM HENOCTalOllee ypasHeHUe A3 onpenenenns ¢; (x) (i==1, 2, ..., n).
ITpu sToM oquum-lo. YTO B JeBOH uyacTu ypasHeHus (2.49) ocraHercs

Jullb CyMMa ‘> ¢;(x)y{"=, Tak Kak BCe OCTa/lbHbE YJEHH HMEIOT
=
TakOH iKe BHIL, KaK # IPH MOCTOAHHHIX ¢;, 4 TIPH MOCTOSHHBIX ¢; HYHKUASA
n

V= S‘ (,‘Lyl yROBJETBOPAET COOTBETCTBYOLIEMY ONHOPOAHOMY YyPaBHEHMIO.
=1
B stoM MOXHO yﬁeﬂl/ITbCﬂ H HENOCPEACTBCHHBLIM BBIYHUCJACHUEM:

i

eyt + 24 ¢ y\”’—i—pl(x)Z VPV + py(x) Z Y4

+pn(x)l_§ciyi=f(x)
nJn
zl cyn=b + Z1 ¢ [$p, () Y=V o A p (0 9] = f(x). (2.56)

Bce y, fBASIOTCH UYacTHBIMM pelleHHUSAMH cooraeTCTBylow.ero OJHOPOAHOTO
ypashenus, caenosarenbho, Y p (x)y U+ ..+ p (x)y =0
(=1, 2, ..., #) u ypasHeuue (2.56).nputuMaer But

21 eyl = f(x).
=

Hrax, ¢ynkuun ¢;(x) (=1, 2, ..., n) ONPele/ioTca U3 CHUCTEMb 72
JIHEHHBIX ypaBHeHHUH

] Z c/(x)y, =0,

i=1

n
g'lc;(x)y}-*'——o’

”1 ‘ n
‘2:4‘ ¢ (x)y; =0, . (2.57)

3 el yr=? =0,

i=1

23] ¢ (X)W Y= f(x)
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¢ OT/MMUHBIM OT Hy/a onpeleauTe/]eM’ CUCTEMBH, TaK KaK ITOT ONpeuc-
JINTEJIb '

3 Vo vee Vn
" Yo cee Y

T S Y

-1 - -
y(ln ) ygn 1) V., y(”n 18]

fiB/sieTCa onpefeauresneM BpPOHCKOro ajs AMHeHHO HE3aBUCHMLIX pellle-
HUH COOTBETCTBYIOILErO ONHOPOAHOro ypasHedus. Onpefsemus usz (2.57)
BCe ¢, (x)=@,(X), KBALPATypaMh HAXOLUM

¢; (x)=f(p'i(x)dx +Z,.
[Mpumep 2
1

” —
Yty= cos X

O6uiee pemeHde COOTBETCTBYIOMIEro OAHOPOAHOIO ypaBHEHHS dMeel BHI
y = ¢, cos x -+ ¢, sin x. Bapboupyem ¢, u ¢y

y =€ (x) cos x 4 ¢, (x) sin x.
¢ (X) B ¢ (X) ONpeneasioTcs W3 CHCTeMbl ypaBHewuil (2.57).
¢} (x) cos x - ¢ (x) sin x =0,
’ . ’
— C - ——
¢; (%) sin x -} ¢y (x) cos x o %’
OTKYyHa .

sin x

os i’ ¢, (x)=Infcos x|+ ¢y

e (x)=—
G =1 c(x)=x4+ 0y

Ob6uiee pemeHne HCXOJHOTO YPaBHEHHs

y==1¢, €08 x 4 C,sin x + cos xIn|cos x |+ xsin x.

X+ atx = f ()

flpumep 3.

O6mee pelleHHe COOTBETCTBYIOUIEr0 OJHOPOAHONO yPaBHEHHS HMeeT BHI
x=¢; cos af + ¢, sinat. Bapbupys uoctossHubie x == ¢, (f) cos at -~ ¢, (£) sin a?
[OJIyYHM

¢, (£) cos at -+ ¢} (#) sin at =0,
-_ ac; (¢) sin at - ac; (t) cos at = f (1),
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OTKYyAA
4

c{(t):-—%f(t)sinat. Cx(t)—_-“'?: /‘f(u)sinaudu—f—?l.,
0

c%(t):%f(t)cos at, ¢y (f) =%Q/‘f(u)cos aw du -+ ¢y,

sin at

x ()= — Los at / f(u)sin au du+ / f(u)cos au du -+

+ ¢ cosat-+c, sin at,
o

x(0) =71? /f (w) [cos au sin at — sin au cos at] du + ¢, cos at + ¢, sin az,

OTKYy/la OKOHHATEJNbHO NOJYyHaeEM
t

x(t) :%’/ f(w)sina (f —u) du4-¢; cos at -+ ¢, sin at.

3aMeTuM, 4TO MNEPBOE CJAAraeMOe NpaBOi YacTu ABAAETCS YACTHLIM PELICHHEM
HCXOAHOTO YpaBHEHHf, YJAOBJIECTBODAIOIMM HAYaJbHBIM ycaosusam x (0) =0,

x(0)y=0.

I/ITHK, 3HaHHe 7 JHHEHHO He3aBUCHUMBIX UYACTHBIX pememm COOTBET-
CTByIOIJ_LeI‘O OJHOPOAHOTO ypaBHEHus MO3BOJAET METONOM Bapuauguu
NOCTOAHHBIX NPOWHTErPUPOBATH HEOAHOPOAHOE ypasnenue

Liyl=f(x).
Ecnu e usBectHo aub kR, rae k < n, JUHEHHO He3aBUCHMBIX
pewteHuft ¥y, Vg ..., Y, COOTBETCTBYIOWETO OAHODOIHOTO ypaBHEHHS,

TO, KaK yKe yKasbipagoch Ha crTp. 102, 3ameHa mepeMeHHLIX [103BOJAET
MOHM3UTb TOPAAOK ypaBHeHUst 10 7 — KR, COXpaHAsd ero JHHeHHOCTb.
3ameTHM, uTO ecdd kR=n—1, TO MOPAIOK YypaBHEHUS CHUKALTCA
A0 TepBOro, a JuHelHoe ypaBHeHHe MEPBOTO MOPSAKE BCerga MOMIO
TPOHHTErPHPOBATL B KBaAPaTypax.

Ananornuno MoryT OblTb MCNOJb30BAHBI £ pelieHu#l HEOIXHOPOLHOIO
YPaBHEHHUA Y[, Yo, . . ., )Tk, TAK KaK HX Da3HOCTH sB/IAIOTCA YXe pelue-
HUSMH COOTBETCTBYIOUIEr0 OLHOPOIHOTO ypaBHeHus. leHcTBUTENBHO,

Livi=f(x). Llyl=f(x),
caen eBa¢eano,

L1y, — Yl=LIy,]— L[y,l=f (x) — f (x)==0.
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Ecav gacTHBle pelleHus COOTBETCTBYIOUIErO OLHODOIHOIO YpaBHEHHS

G1=Yp: G2—30: - Gpor— ) (2.58)
JMMHEAHO HEe3aBUCHMMBI, TO NMOpAnoKk ypasHenus L (y)==f(x) MoxeT GulThb

noHvkeHn 10 n — (kR —1). OueBuiHO, uTO ApPYTUEe Ppa3HOCTH Y=,
ABJAIOTCS MHHEHHBIMH KoMOuHauusMu pemenuii (2.58)

Vi—=¥py=0; =Y —p — )
u, CJenoBaTesbHO, HE MOryT OBITb MCIIO/Ib30BAHBl A4 JanabHelIiero
MOHUXKEHUA MOpsIKa.

YkaxeM eile wemod Kowu HAXOXKAeHHS YACTHOTO DPeLIEHMA JIHHEH-
HOTO HEOIHOPOIHOTO YpaBHEHHS

Liy ()= f(x). (2.59)
B sTOM MeToze npeinonaraeTcs U3BECTHBIM, 3aBUCsLlee OT OAHOTO lapa-

Merpa, pemenue K (x, §) COOTBETCTBYIOLWIErO0 OIHOPO/HOTO YpaBHEHHUS
L{y(x)] =0, yaosaerpopsiolee ycJIOBHAM

K(@s, )=K' (s, )= ... = K" ¥, s)=0; (2.60)
K" Vs, s)=1. (2.61)

Herpyano npoBepuTh, 4TO B STOM cClydae
X
vy = [K(x 9f(9ds (2.62)
Xy

GyaeT 4acCTHHIM pellleHeM ypasueHus (2.59), yLOBIeTBOPAOWHM HY.le-
BLIM HAYAJbHBIM YCAOBUAM

y(x(,):y/(xo): \_ o = yr=D (x,)=0.

Ne#tctBuTenbHO, Audpdepenunpys (2.62) u npuHuMas BO BHMMaHUe
ycaosus (2.60) u (2.61), nonyuum

Y = f K'(x, 8) f (s)ds,

’ X
yo(x) = fKZ(x. s) £ () ds,
« e o o & oon « s s+ s e s o @ (2'63)

X
YD (x) = fK&,"'”(x, s) f () ds,
Xy

H

v w0 = [KP x5 f)ds + f )
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Moncrasass (2.62) u (2.63) 8 ypasuenne (2.59), nonyuaem
J LK 91 f©ds+ fi=F ).

tak ®ak K (X, s) ABJAAETCA pellleHHEM COOTBETCTBYIOUIErO ONHOPOIHOTO
ypasuenns u LK (x, §)]=0.

Pemenne K (x, s) Moxer ObITb BbIEIEHO U3 OOIIEr0 pelleHus
n

*
y = X ¢;¥,(X) ONHOPOIHOrO ypaBHeHWs, €CJH BHIOPATh MPOU3BOJbHBIE
- =1

NOCTOAHHbIE hci TaKk, 4ToGbl YHOBJETBOpRAHCh ycaosus (2.60) u (2.61).
Mpumep 4 [an ypaBHeHHs
Y+ aty = f(x) (2.64)

o6muM peMIeHHEM ABIAETCH Y = € COS ax -} ¢y sinax, ycaosus (2.60) u (2.61)
OPUBOAAT K CACLYIONIUM yPAaBHEHMSM:

¢, cos as + ¢; sinas =0,

‘— ac, sin as +ac, cos as = 1.

Cuel0BaTeNbHO,
sin as cos as
6 = — , g =
a a

u uckomoe pemenne K (x, S) umeer BUR
1
K(x, s)=;sma(x—s).

Pemenue ypaBnenns (2.64), ynosaerBopsiollee HYJCBLIM HAYaJbHBLIM YCAOBHAM,
coraacHo (2.62), npencraBuMO B Buie

X

}’(x)f—‘% /stna(x—-s)f(s)ds.
.

flpn xp =0 970 penrenve COBMANAET € MOJAyYeHHBIM Bhime (cM. crp. 120) apyrum
METCAOM DelUeHueM TOTO We VPaBHEHH.

MoxHo 1aThb ¢u3MuecKyio dHTepnperaunio GyHkumun K (x, s) u pe-
IIeHNI0 JuHeHHOrO ypaBHeHMs ¢ mpaBofl dYacToio B ¢opme (2.62). Ipu
sToM HaM Oyler ynoOdee He3aBHCHUMOe nepeMeHHOe 00O3HauYuTb OYKBOH f£.

Bo muorux sanavax pelllenue y(f) ypasHeHus

YO+ p @YD+ POy =f(®) (2.65)

ONMMCHIBAET CMelleHHe HEKOTOPOH cuctembl, a ¢yHKuds f (f) — cuay,

NEeRCTBYIOULYIO H3 3Ty CHUCTeMy, { — BpeMs. ‘
[TpeanosoxuM BHauajge, 4to mpu f < § CHCTEMa HAXOAMJIACh B CO-

CTOSHMM [MOKOS W ee CMelleHue BH3bIBaeTCs Ccuiaoh f,(f), oTiudHOH
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OT HYy/f JulIb B NPOMeXYTKe § < ¢ < §-+& MpHYEeM HUMMYJbC 3TOH

CHIH paseH 1:
. st+e

f f(mdr=1.

s

OG6osHauum y, (f) pelweHne ypaBHeHHs
YR+ p Oyt 4 o+ p, (O y={f(D.

Jlerko npoBepseTcs CyllecTBOBaHHE MNpelneJa Y, (£) npu g¢—> 0, He 3aBm-
caulero ot BuHOOpa (YHKUUH f‘3 (f), B npeanoJoXKeHHH, YTO OHA HE Me-
ugeT 3Haxa. IeHcTBHTEJbHO,

v, &= [ Kt 91,5 as.
&

[Tpumensns TeopeMy O cpelHeM NpH ¢ > S &, noJyuum
S+£

Ve O=Kt s+e) [ fdi=K( s+,

rie 0 < &* < & clenoBartefbHoO,

lim y, () =K (. 9.
>0

[Mostomy ¢yHkuuio K (£, §) ecTecTBeHHO HA3BaTh (HyHKHuel BAUAHUS .
MTHOBEHHOTO UMIYJbCA B MOMEHT £ =—S§.
Pa36busas npomexyTok (f, ) Touxkamu §; ({=0, 1, ..., r) Ha m

paBHBIX YacTel LMuHE AS=— —t". npeactaBuM ¢yHxuuio f () B (2.65)

B BUle CyMMBl ¢ynkuuft f;(¢£), rae f;(f) oTaMuHa OT HYJs JMLUb
Ha {-M MPOMEXYyTKe §,_; <! < §; HA KOTOPOM OHa COBManaeT ¢ (PyHK-
uuett f (¢):

fity=2 fi (®.

B cuay npunuuna cynepnosuuuu (crp. 114) pettenue ypasvenus (2.65)
uMeeT BHI

y(t)= § v: (8,

rie y,(f) — peuieHns ypasHeHHH

YO PAGOYT A A p Oy =[O
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C HYJEBLIMM HauyaAbHBIMH 3HaueHuaMu. Ecam m A0CTaTOYHO BeNUKO, TO
peienne Y, (f) MOXHO pAaCcCMAaTPUBATh KaK (QYHKLUHMI0 BJAMAHUA MIHOBEH-
HOro uMnyJbca unteHcuBHoct f,(s;)As. Caenoarenbho,

Y= f’] K (¢t s) f(s)As.

[Mepexons ¥ npefeny NpH Mm—> 00, NOAYyYHM pelileHde ypasneHus (2.65)
C HYJeBHIMH HAYaJbHLIMM YCJOBWSMH B BHuIe

y—_—_fK(l‘, s) f(s) ds,
t

MOKAa3LIBAOILEM, UTO BJANUSHUE HENPEepPBIBHO AeHCTBYOWEN CHAB MOXHO
paccMaTpUBaTh KaK HajJOweHue (Cynepro3uUMI0) BJAKAHHM MPHOBEHHBIX
UMY JabCOB. :

§ 6. JluHeiinbie HEOAHOPOHBIE ypaBHEHUA
¢ TOCTOSHHBIMH KO3(dHUMEeHTAMH M YypaBHeHHs Oiiaepa

IMpn pewennn MHEHHBIX HEOMHOPOIHBLIX YPABHEHHH C TMOCTOAHHEIMU
Ko3aQduureHTaMy BO MHOTHX cJayvasax ©Oe3 Tpyaa yaaercs mnoao0patsh
YaCTHblE PeIIEHH U TeM CaMblM CBECTH 3a1a4y K WHTErPUPOBAHUIO COOT-
BETCTBYIOLWIEIO OJHOPOIHOTO YypaBHeHus.

[Tycrb, HanpuMep, npasas uacTb $BAAETCS MHOTOYJNEHOM CTENeHH §,
W CJef0BATE]bHO, yPaBHEHHe HMeeT BHI

aoy(’1)+ aly(”"]}—-‘-— e v +an—ly,+any:
= Ak Al L AL (2.66

rie Bce a; U A; — NOCTOSHHbIE,
Ecin a, < 0, 10 cyllecrByer 4acTHOe pelleHne ypasHeHus (2.66),
AMeloulee TOXKe BHA MHOTOUJeHa creneu S, JeHCTBMTENBHO, NMOACTAB/AA

y==ByxS+ Byxs~'+ ... + B

B ypaBHenue (2.66) u cpaBuuBas KO3(PPUUMEHTH NPH OAMHAKOBHIX CTe-
NeHAX X B JAeBOH u MpaBo# dacTax, NoayuaeM A4 OnpeleneHas Kosd-
¢uuuentop B; Bceraa paspellHMyl0, ecaH a@,70, CuCTeMy JMHERHBIX
ypaBHeHuH:
a,B,= A, BO=—aA—°-.
n

a,B,+sa, By=A4,
OTKyla onpeleaserca B,

Byt (s—1a, B +s(s—1)a, ,By= A,
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" oTKyla onpepeaserca B,,

a,B,+ ... =A,

OTKyZa onpepeaserca B,

Hmar, ecau a,+0, mo cywecmsyen 4acmroe peuterue, uUmen-
ujee 81O MHOZO4ACHQ, CMENEeHb KOMOPOZO PABHA CHENneru MHOZ20-
YAEHQ, CMOAWE20 8 NPAsol Hacmu.

[MpeanonoxuM teneps, uto @,==0, npuuem pas OOWHOCTH IONY-
CTUM, 4TO H @, = a, ,= ... =a, =0, n0¢a, #0,1.¢e k=0
9BJASETCS O-KPATHbIM KOPHEM XapaKTepUCTHUeCKOrO YPaBHeHHsl, NpHuUeM
cayual o==1 wue uckmouaerca. [Ipn srom ypaphenue (2.66) npunu-
MaeT BHI

a4 a4 L Gy qY P = ApxS - A4 L+ A,
(2.67)

[Monaras y® ==z, Mb nNpPUXOIMM K TNpeiblAylyeMy CJy4alo, U CJAel0-
BaTeabHO, CYUIECTBYeT yacTHOe pellleHHe ypaBHehus (2.67), aus KOTOporo

YO = Byx* + Byx* '+ ... + B,

4 3HA4MT, Y fBJAeTCE MHOIOYJIEHOM CTeNeHu §— (¢, INpUYeM, UYJEHHI,
HAauuHasg CcO cTeleHW 00— 1 M HUXe, ¥ 3TOFO MHOrouy/JeHa OyAyT HMeTb
NPOM3BOJbHBIE [MOCTOSHHBIE KO3(DMUUKEHTH, XOTOpbLIE MOryT ObiTh,
B YaCTHOCTH, BbIOpaHb PaBHEIMM HyJ/i0. TOrAa 4YacTHOE pellleHVe NPUMET
CJeNyIoluli BuA:
y=ux%(Byx’+ Bx°" 1+ ... 4 By
Mpumep 1L
y'+y=x*+x (2.68)
YacTHOe pelIeHHEe HMeeT BHA
y == Byx? 4+ B,x+ B,.
[loncrasasa B ypaBHeHMe (2.68) u cpaBHuBasi KO3(pGUIMEHTH UpPH OAHHAKOBBIX
CTeNneHs X X, moaydaeMm
By=1, B/=1 By=—2, y=xtd4x—2
Obulee peumieHue
y == € C0s X -} ¢y sinx 4 x2 4 x — 2.
Mpumep 2
Yy = x—2.
YacTHOE pellleHHe HIEM B Buje
y=x(Box -+ B)).

MoacraBassa B _YpaBueHHE W CPaBHHBAA KOI(QQUUUEHTH NMPH OJWHAKOBHIX CTeme-
HSX X B JeBOH M NpaBOH HacTAX NMOJYYEHHOTO TOKAECTBA, HAXOAUM

m=;.&=—&§=xﬁx_q

2
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O6uee pemenne

/ \

Y= ¢+ o™ 4 x (% x—3).

PaccMOTpUM Tenepb /[WHEHHOE HEOJIHOPOINHOE ypaBHeHMe BuHIA
a)y™® 4 ayt-b + L ay=ePF (Apxt + AT 4+ L+ A4,
(2.69)

rne Bce a; u A;— nocrosnubie. Kak 6us0 ykasawo swiue (crp. 109),
‘3aMena NepeMeHHHX Yy = eP¥*2 mnpeoOpasyer ypaBHenune (2.69) x muny

ePX [boz 4-b1zD 4 L b2l =ePY(AxS 4 A xS L4 A,
760
boz™m bz | 4 bz=AxS+ AxSI 4 ..+ AL (2.70)

rie Bce h; — MOCTOAHHEIE.
YacTtHoe petnenne ypaBHeHus (2.70), ecan 6,0, uMeer 8uA

z=ByxS+ Bx"'+ ... + B,
a 3HAYMT. YACTHOe peuleHne ypaeHedus (2.69)
y == eP* (B,x* —{—‘les" —+ ...+ By

Ycnosue b, # 0 os3uauaer. 4T0 k==0 He gBJSETCA KOpDHEM XapaKTe-
PHUCTHYECKOrO ypaBHEHus

bok" 4+ b 4 .. 4b, =0, (2.71)
a ¢J/AenoBareqbHoO, k:p He 4BJISIETCA KOpHEM XapaKTepUCTHUYeCKOTo

ypaBHeHHs
ak"+a k" + ... +a,=0, (2.72)

TAK K&K KOPHM STHX XapaKTepHCTHYeCKMX ypaBHeHMH CBA3aHH 3aBH-
CUMOCTBIO R=Fk —+ p (cM. cTp. 109). -

Ecin we k=0 sB/adeTcqd KOpHEM XapaKTepHCTHYECKOTO ypaBHEHHUSA
(2.71) xpaTHOCT! @, APYTMMM CJAOBaMH, & == p fiBJSeTCS KOPHEM XapaKTe-
PUCTHUYECKOTO ypaBHeHust (2.72) TOH e KPAaTHOCTH @, TO YaCTHble pe-
wenust ypaBHeHn# (2.70) u (2.69)  uMeloT COOTBETCTBEHHO BUI

2=x%(Byx*+ Bjxs"' 4 ... 4+ By,
y = x%P* (Byx5 4 Bx*~1+ ... + B)).

Urak, ecsu npasas 4acmb auteiinozo Oudgepentuaibrozo-
VYPQBHERUS € NOCMOAHHBME KOIPPUULeHmanl uneem 8ud .

ePr (Agxs 4+ Apxs 14 ...+ A
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mo, ecau p He SBAAEMCS KOPHEM XQAPAKMEPUCTMUMECKO20 3 pABHE-
HUA. wacmHoe peuleHue Hado weKamb 8 MAKOM Jce sude:

y=eP* (Byxs + Byxs=1+ ... +B)).

Ecau e p 84lemca KODHEM XAPOKMEPUCIMULECKOZ0 YPABHEHLS
kpamuocmu O (3mMOm cAY4ald Ha36l8aemca 0COOBM AL pPe30HAHC-
HBLM), MO 4aCMHOe peulenue Hado uckamv 8 8ude

y = x%P* (B,x* + Bixs—' 4 ... 4+ By.

Mpumep 3
y” 4+ 9y = &5~
YacTHOe pelleHHe HAajoO HCKATb B BHAe
y = Beb*.
[Ipumep 4

Y+ y=e*(x—2).
HactHoe peureHue HajgO uckaTh B BHIe

¥ = ¢ (Box + B)).
MMpumep &
Yy’ —y=e(x2—1).

YacTHoe pellleHde HAlO0 HCKaTb B BHIE
y = xe* (Byx? 4+ Bix + By),
TaK Kak K == 1 ABJAAETCA (POCTHIM KODHEM XapPaKTEPHCTHUECKOTO ypaBHEHHS.
Mpumep 6.
) ¥y 43y 43y +y=e"*(x—5)
JacTHoe pellleHHe HAZO MCKAThb B BHIE
y = x3e~*(Byx + B)).

TaK Kkak k== -—1 qBaseTCS TPEXKPATHBIM KODHEM XaPAKTEPHCTHYECKOTO YPaB-
HEeHus

3aMeTMM. UTO HAll¥ PACCYKASHHS OCTAIOICS CNPABELJIHBLIMA ¥ NpH
KOMILIEKCHOM p, MO3TOMYy eCaM [pasas 4actb AuHe#tHoro Auddepenunans-
HOTO YpABHEHUR UMeeT BUJ

eP* [P (x)cos gx + Q (x)singx], (2.73)

rie OAWH H3 MHOTOY/IEHOB Ps(x) UIu Qs (x) uMeeT creneH» s, a Apy-
rof — cTeneHb He BbIllE 4eM §. TO., fipeoOpasyst TPHUTOHOMETPHYECKHE
¢Gydkimg 10 dopMynaM DHaepa K MOKasaTeqbHOMY BHAY, NOAYYNM
B NpaBo# uacty

ePHaNIR (x) + elP—a9*T (x), (2.74)

rre R (x) n T (X) — MHOTOU/NEHb CTeNeHu S.
Ons  «axpOTO CJAAraeMoro MPaBOf 4YacTH MOKHO .YKE TPHMEHHTh
yKa3aHHOE BbILUE (IPABMJIO, @ MMEHHO, ecad p gl He ABAAIOTCA KOPHAMH
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XapakTepUCTHUECKOrO YPAaBHEHHs, TO 4YaCTHOe pelleHde MOXHO UCKaTb
B TAKOM e BUIe, KaK ¥ npaBas uyacTb (2.74); ecan xe ptgi ssasiorcs
KOPHAMH XapaKTepUCTUUECKOrO YPABHEHWS KPATHOCTH O, TO 4YaCTHOE pe-
LIeHMe NpHOOpETaeT elle MHOXHTeds X%,

Ecan ongte. BepHyThCH K TPHTOHOMETPHUECKHM (YHKUMAM, TO 3TO
APaBUAC MOXHO COPMYyAHPOBaTH TaK:

a) Ecau p £ qi ne ssasiomcs KOPHAMU XA PAKMEPUCTULECKO20
YPABHEHUA, MO HACMHOE peuenue Hado uckams 8 gude

)N) = gP¥ [ﬁs (x)cosgx + (\75 (x)singx),

20e P, (x) u Q (X) — MHO204AeHb. CMEREHU S C HEONPEeOLALHHBLML
rKoaghbuyuenmany.

3ameTuM, uTO eCau OMMH U3 MHO204AeH08 P (x) mm Q(x) nmeer
CTeNeHb HHXE S WJAH Jame, B YACTHOCTH, TOMACCTBEHHO PpAaBeH HYJIO,
TO BCe e 06a smnozodaena P (x) u Q,(x) Gyayr, soobuie romopd,
HMeTb CTENeHb §.

6) Ecau pLqi A84I0MCA Q-KPAMHBMU KOPHAML XapaKmepi-
Cmu4ecK020 YPQaBHeHuA (PEe3OHAHCHWE CAY+al), MmO 4acmroe pe-
weHue nHado uckams 8 sude

y = x%P* [P, (x) cos gx + Q,(x)singx].

Mpumep 7
y” 44y’ 44y = cos 2x.

Tak xak uucaa =2{ He ABJAIOTCA KOPHAMH XaPAKTEPHCTHYECKOro ypaBHEHHUS.
TO YaCTHOE PEHleHHe HINeM B Buile
y== Acos2x 4 Bsin2x.
[Tpumep 8
9" 44y = cos 2x.

Tax xax uucia =2 ABAAIOTCA TIPOCTHIMH KOPHAMH XaPaKTEPHCTUYECKOro ypas-
HEHHS, TO YACTHOe pellleHWe WIMEM B BHJE

;= x [ A cos 2x + Bsin2x).

YV 2y 4 y=sinx

Tak xak uucaa +{ SBAAIOTCS JABYKDAaTHEIMH KODHAMH XapaKTEPHCTHYECKOro
ypaBHeHHs, TO YaCTHOE pellleHHe HINEM B BHIE

y = %2 (A cos x + B sin x).

Mpumep 9.

Mpumep 10.
y" 42y’ + 2y = ¢~* (x cos x 4 3 sin x).
Tak kak uucaa — 1 &/ ABAAIOTCH MNPOCTHIMH KOPHAMH XapaKTEPUCTHUECKOro
YypaBHEHHS, TO 4aCTHOE pelleHue HUIeM B BHIE

¥y = xe~* [(Aypx + A;) cos x + (Byx + By) sin x].
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Bo wMuorux cayyasx npu HaxOMIEHHH YACTHEIX pelieHufl JIHHEHRHBIX
yPaBHeHHHl ¢ TOCTOAHHLIME KOG (HUMEHTAMU C NPaBoit yacTwbio Buaa (2.73)
ueqecoo6pasio mepefiTH K 1MOKA3aTe/bHLIM (YHKUUAM.

Hanpumep, B ypasuenun

y'—2y 4 y=cosx

MOXHO [Ipeofpas3oBaTh €os x no dopmyne Ditiepa nay, ele NpoINE, pacCMOTPETh
ypaBHeHHe )
3y —2y 4y == e, (2.75)

JNeHCTBUTEAbHAS HACTh peLICHHA KOTOPOro A0JKHAa YyHAOBJECTBOPATbE MCXOAHOMY

ypaBuenumio (cM. crp. 114—115).
YactHoe pelichue ypaBHeHus (2.75) MOXHO HCKaTh B BUMIE

y = Ae'*.
Torna
i i .
A:;, y=—2—(cosx+zsinx).

YacTHOe pelIeHHE UCXOJHOTO ypaBHEHHS

)71=Rey=—-;—sinx.

Il HAXOXIEHMS YaCTHEIX pelleHdR JMMHEHHLIX HEOXHOPOIHHX ypas-
HeHH#l C HOCTOSHHBIMH KO3(DGHUMeHTAMU BO MHOTHX CJyYasx OuYeHb y10-

0OeH OMepaToOpHBI METO.

MounstHe 06 OMepaToOpHOM METOAE pDelleHUR JAHHEH-
HBX AudpdepeHUUaNbHBX YypPaBHeHHH C NMOCTORHHBIMH
kosdppuuunernramu. [aa npousBOAHBIX NOpPAAKa A BBeldeM 0603Ha-

yeHue

[Toabaysack 3TuM 0003HAUEHHEM, 3aNHIIEM YpaBHAHHE

agy™ 4+ ay-b 4 oL 4a,y=f(x)
B BHIE
3Dy + a D"y 4 .. e,y =f (%)
AJIH
(e D"+ a D" '+ ...+ a,D+a,)y=7f(x) (2.76)
BripaxeHue
a,D" 4 a D" '+ ... +a,.D+a,

HABLIBAETCH ONEPAMOPHLLM MHOZOYAEHOM. DTOT ONEPATOPHLIA MHOrO-
ujed KpaTtko o06osHaumM F (D), a ypasHenue (2.76) sanuiuem B BuAe

FD)y=f(x)

9 JI. 3. Bavcroasu
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HenocpeacrseHHON NpoBepKOf Jerko ycraHaB/auBaeTCa CPaBeauBOLCTL
CACAYIOIIUX TOKIECTB:
1) F(D)e** = ¢e**F (k),
2) F (D% sinax =sin axF (— a?),
3) F(D¥cosax=cos axF(— a?),
4) .F (D) e**v (x)==e"F (D + k) v (x).
,[Leﬁcmmenbﬂo
1) FD)e" =(a,D"+ a)D" '+ ... +a,)e* =
. =" (a,k" —i— alk" Y 4a,)=e€"F ().
2) F(DY)sinax ={(a,D" +a D" *+... +a, D"+ a,)sinax==
=[ag(— a)" + a,(— a»" '+ ... Fa,_ (— a) +a,]sinax =
=sinaxF (— a?.
TomiecrBo 3) HOKa3HIBAaeTCA COBEPLIEHHO AHATOTHYHO:
F (D% cos ax = cos axF (—a?).
n
4 F(D)eMv(x)= Y, a,,DF (" v (x)) =

p=0

x é Ay p [k”v(x)+pk”‘le+

—1 -
—{——‘ﬂ[—’z—!——)k” Dv4-... —|—D”v]=

n
=" Y ay_, (D kY v=¢"F (D + k) (x).

, fror
CymMo#t 1Byx onepatropos F (D) u Fy(D) HasuiBaeTca onepatop
[F, (D)4 Fq(D)], mefictBHe KOTOPOTO Ha HEKOTOPYK PyHKUMIO f(X)

omnpee/fieTcss PaBeHCTBOM

[Fy(D)+ Fy (D) f (x) = F (D) f (%) + F3(D) f (x).

Hs storo onpene/ieHus cjaenyer, HTO

n n ”
p§o a,-,DP + pg(') by D" = A,Ef) (@n-p+ bn—p), D?,

TaK Kak JeficTeue seBOH u mpasofi yacTel STOrO paBeHCTBA HA HEKO-
Topyw # pa3 auddepenuupyemyio ¢yHxuuio f(X) NPUBOIHT K OLHOMY
U TOMY He pesyapTary, T. €. MNPABHUI0 CJOMEHUA ONEPATOPHLIX MHOIO-
YJIEHOB HE OT/IHYAeTCH OT IPaBH/a CJI0KEHHUA 06bl'-leIX (He omepaTOpHLIX)
MHOIOUJ/IEHOB.
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[Ipoussenennem aByx onepatopos (D). F,(D) nasbiBaerca ome-
paTop, LeHCTBHE KOTOPOTO HA HEKOTOPYIO HOCTATOYHOE YHC/IO pa3 Aud-
depenuupyeMyio pyHxuuio f(x) onpereaseTcs PaBeHCTBOM

Fi(D): Fy(D) f(x)=F{(D)Y[Fy(D) f (0]

T. €. Ha pynkuuio f(x) HdeHcTByeT CHadYajJa NPaBbil MHOXHTE b, a 3aTeM
Ha pe3y<IbTaT AelicTBUH MPABOro MHOXUTeAs Ha QyHKuUMIO f(x) DeficTByer
J€BbIl MHOMUTED. :
Hcxons M3 3T0ro onpeleseHusi, HeTPYUHO OOHAPYXKHUTb, YTO IPABHJIO
YMHOXEHHUS] OMepaTOPHBIX MHOTOY/JIEHOB He OT/IMYAETCH OT MPABH/Id YMHO-
Menus OOBIYHBIX (HE OIMepaTOPHBIX) MHOTOuJAeHOB. JleficTBuTeqabHO,

n " n mn
Na, D Db, D= X j Gy P gD (2.77)
=y q= 0 p=0y=
TaK Kak
mn
13‘};:0 Dp q\jt) ,quf )=
{1 n n m
= 2 an [ 2 bm g/ (x)] 2 2 Gn g gf 7T (),

YTO cOBNAjaerT C Pe3yJbTaToM JeHCTBUS ONepaTopa

3 3 6 b D7
p=0 g=0
Ha f(x).

M3 (2.77), B 4aCTHOCTH, CJACAYET KOMMYTATHBHOCTb YMHOXEHHA One-
patopos
F(D) Fy(D)= Fy(D) F\ (D).

CrupaselMBOCTb IUCTPUOYTUBHOTO 3aKOHA
F(D)IF (D) + Fy(D)) = F (D) F1(D)+ F (D) F, (D)
HENOCPeACTBEHHO cnenyé’r U3 nmnpasuia JAudPepeHUMPOBAHUA CYMMBHI.
CaenoBaTellbHO, [eHCTBHS CAOMEHHUST M YMHOXEHHS C OlEPaTOPHLIMH

MHOrou/JeHaM# He OTJAMYaTCsd OT TeX e JAeHcTBUH ¢ OOBYHBIMEH (He
ONEepaTOPHLIMU) MHOTOQUJIEHAMH.

OnpeﬂennM TenepnL oneparop F(lD)

PeaynbTaToM HeHCTBHS onepartopa

T D) Ha HEKOTOPYIO HeNpepHB-
Hylo ¢yukuuio f(x) sBasercs peunieHue ypasHeHus
F(D)y=f(x), @28

y=Fp5 /()

9*
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CJ/ep10BaTENLHO, -
F (D) [?%DT / (x)J =f(%). (2.79)

1 .
MoxHo OBJI0 OB CUMTATb, UTO 7'“—(L_)Tf(x) SIBJISETCSA pelleHMeM ypaBHe-

nua  (2.78), onpeleaseMblM KakUMM-HROYAb KOHKPETHBIMH, HalpHUMEP
HYJeBbIMH, HAYAJbHBIMK YCJOBHAMH, OIHAKO AJIA HAWIMX LeJed ylnoGHee

1
CYMTarb, 4TO TD)f(x) ABJISETCA OJHMM M3 peUIeHHH, BCe PABHO KAKUM,

ypaBHenus (2.78) u, cienoBaTelbHO, AeHCTBHE OMEpaTopa Ha He-

1
F(D)
KOTOpYy® ¢yHKkumo f(x) OnpejeleHO JHLIL ¢ TOUHOCTHIO N0 CJaraeMmoro,
PABHOTO pelleHHI¢ COOTBETCTBYIOLLEr0 OJHOPOAHOIO ypaBHEHHUS.

[pn rakom nouuMaHuu AedcTBus oneparopa Oyner cnpaBeanu-

F(D)

F(ID) [F (D) f ()] = f (%), (2.80)

TaK KaK f(x), OUEBHIHO, ABJSETCS pellleHHeM ypaBHEHHUS
F(D)y=F (D) (x).

BbIM paBEHCTBO

1
ae
F(Dy ONPENeNfieTCA PaBEHCILOM

O D) 45 £ (=P D) [7755 f 9)].

[Mpoussenenne oneparopos © (D) na

Awnanoryuto
757 VO) f () =755 (D (D) £ ().

ostomy B popMyaax (2.79) u (2.80) ckoOKH MOKHO OMYCTUTH. 3aMeTHM

eule, 4to N
—D‘—,,-f(x>=/ f.../f(x)dx”,

1
TaK Kak Ff(x) ABJSIETCS TIO0 ONpele/eHUI0 ollepatopa

pellie-
. F(D)
nueM ypasrenus DPy = f (x).

[Iposepum cienyiouue croficTBa oneparopa 7:—(17);
1 1
1) T;kaf(x)-‘:kmf(x)’

rie R — NOCTOSHHBIR MHOXHTEJb, TAK KakK

1
F D)k gy [ (0) = kF (D) 7155 [ (5) = f (0)
Rx

kx __ e
(k)

i S
2) _F—ﬁe , ecan F (k) + 0.
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ofx

F (&)

rak xag no ¢opmyae 1) crp. 130

He#cTBUTEAbHO,

ABJAETCA pellenreM ypasHenua F (D) y = e**

Fkyett
FO 7y =—Fa ="

i

sinax
F(=ah)"’
sin ax
, F(—a%)
=sinax, Tak Kax no dopmyae 2) crp. 130

sinax = eciu F(—a?)+0,

1
3) F (D?)

HeicTBUTENBLHO, ABJAETCA pelteHdeM ypasHeHus F (D?)y ==

i i . .

F (D?% Fs(n a;) = F(—aY)sinagx=sinax.
Ccos ax

F(— a?y a®’

Ccosax = ecan F(— a?)+0,

Y 7oy

Tak Kak Mo Qopmyae 3) crp. 130

) 2
F (DY fc?b ”;‘2) = Fv(_ Q%) cos ax = cos ax.
k x 1
% oy ¢ O = F R U

Heficreureiasno, e~ v (x) €BJSETCS pelleHHEM yDABHEHUS

1
F(D+ %)
F (D) y=e¢"v(x), Tax xak no ¢opmyze 4) crp. 130

1 1
F (D)ekx m v(xX)= ekxF (D + k) Fm v{x) Eekx‘v (x).
1 1 i
6) W[fl ()4 fo (O] = F(D—)fl(x)+7:—(5)“f2(x)-
D10 paBEHCTBO ABJAETCH CASACTBHEM IIPUHIANA Cynepnosuuun (crp. 114).

i : 1 1
D Fo-RO =T mo /¢

T. €.
1 1
y="w7 | mor @) .81)
aBJigeTcsa pemeﬂneM ypaBHEHI/IR
Fy(D)Fy(D)y == f (%) (2.82)

HencrButesbHO, noactasads (2.81) s (2.82), noayunm’

Fz(D)F1(D)TL%5)-[72—t‘5)-f(x)]E F2(D)E%m‘f(x)5f(x)»
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[ra. 2

npKBelI\EM HECKOJMbKO IPHMEPOB HAXOMXKACHUSt YaCTHBIX pemeﬂuﬁ JHHEHHBIX

HEOJAHOPOAHBIX YPaBHEHHH ¢ TNOCTOAHHLIME KO3 duuueHTaMu

METONOM: .
1) y" 44y =2¢* um (D24 4) y = e*, orkyna
‘ . 1 . e
| b E A
2) yV b y=2cos 3x, umn (D*4~1) y = 2 cos 3x,
B 1 9 cos 3 — 2cosdx 1
Y=DiFT (=921 4l
3) y" 9y =5sinx, (D?49) y=5sinx,
_ 5 sin x — Ssinx 5
Y= prig =119~ %°

4y y' — 4y 44y = &% (D —2)% y = x%,

cos 3.x.

o 2 ox 1 9 oy X*

y:me X" =28 ——D—z—x =€

— 1 X
=y

ONepaTopHbIM

F (k) =0, nostomy BMecTO BTOpOH ¢opMyabl mnpumeHsem dopmyay 5) (cTp.

132—133), paccMarpuBas ¢ kak npoussefeHue e - 1t
1 1

x3

e le=¢" —1=0¢"—.

I=1D=1y D?

6) y” —y=sinx,
(D¥—1) y =-sinx.

1
My

6

(2.83)

sinx. Tak kaxk ONnepdTOp COJAEPKHUT HeueTHble CTCHIEHH D, 1o BOC-

noab30BaThca GopmyacH 4) Heabss. I103TOMY BMECTO HCXOJHOTO ypaBHEHHs pac-

cMoTpuM ypasHenue (D3 — 1) y = &/, uawr
(D®—1) y = cos x -+ isin.x.

(2.84)

Mnumas uwacTh peumrenust ypasHeuus (2.84) Gyzer pelcHUEM UCXOLHOTO ypaBHe-

Hud (cMm. crp. 115):
1

Y= T T E T T 5

ix olx — olx _ (=14 (cos x+isinx)

=——;—(cosx+sinx)+é—(cos X — sin x)

cos x — sin x

Muuman wacth peleHus 5

ypaBHenus (2.83).

7)) y"+y=cosx, (D24 1)y = cos x, y=5$1—

Ccos X.

ypaBHenus (2.83) gBasercs pelieHUeM

Popmyaa 3) crp. 133 menpumennma, Tak kak F (— a?) =0, 003TOMy ONATH

BMCCTO 3aJaHHOTO YpPaBHEHHA pacCcMaTpuUBACM ypaBHeHue
Yty=e* mwm y'4+y=cosxti

sin x
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# GepeM AeHCTBUTENBHYIO YAaCThb €r0o pelleHus

. _ . 1 v 1 1
Ditly=et y=pmr =y ¥

ix

L e* &% | _efx _ x(cosxtisinx)

= D=T T D T ua — 2 :
Bsas AeﬁCTBHTeJleyIO HacCThb HafmeHHOI‘O pememm BCIIOMOrateJabHOro ypasHe-
X sin x :

HUA 5 [ONY4YHM peIlleHHe HCXOAHOrO ypaBHEHHA

1
8) ylV__y:—_ex' (D4—1)y=ex, y=-DT:—i-ex=

1 1 N
=PI @FDNOFDH ¢ T D=1

X
Gedede

1
BoiscuM eule, kax AeffcTByer omeparop F(D) Ma Muorouten

Pp(x)=A0xp+A1xp_l+ « e +Ap-
dopManbHO pasfeauM | Ha MHOTOY/eH
F(D)=an+an-lD+ “ew +a0Dﬂ' an?’:o,

pacmo/oXeHHb Mo BO3pacTalUiMM cTeneHaM [, nmo mnpasmay AeneHus
oGbIUHEIX (He OMepaTOpHbIX) MHOrowaeHoB. [Ipouecc AedeHus npexpaTn
TOFda, KOF1a B YaCTHOM IIOJYYHM ONEpaTOPHbLIA MHOFOuJeH CTeneHu p:

bo+bD+ ... +b,D” =Q, (D).
HpH 9TOM B OCTATKE€ OKaxXeTcCs MHOTrouJeH
R(D)=c, D" ¢, ,D"*+ ... +c,.,D"",

conepxkauuit oneparop D B cremensix He HMKe p-}-1. B cuay sasucu-
MOCTH MEXIY IEJMMBbIM, NeJuTes]eM, YaCTHHIM H OCTAaTKOM MOJAY4YMM

F(D)Q,(D)+ R (D)==1. (2.85)

D10 TOXAECTBO CNpaBelIMBO i OOBLIYHBIX (He OTEepaToOpHBIX) MHOTO-
Y7eHOB, HO TAaK KaK MpPaBHAa CJIOWEHHs M YMHOMEHHS OMepaTOpHLIX
MHOTOY/IEHOB He OTJIMYAKTCd OT NMPABUA CJAOMEHUT M YMHONKeHHs OGbiu-
HEIX MHOTOUY/JIEHOB, TO TOXZECTBO CHpPaBeMTUBO W 1A OMepaTOPHHIX
MHOTOYJIeHOB. [leficTBys mnpaBo#i u JeBOM uactsaMu TOwZectBa (2.85)
Ha MHOTOuseH Ayx?—+ AxP7l—4- ... 4 A, noxyuum

[F (D) Q, (D) R(D)] (Agx? + Ao~ 4 ... + A)=
=AxP+ AxP N4 L 44,
uiu, HpHHHMaﬂ BO BHHMaHHe, qTo0

" RD)(Agx? + Axo =t ...+ A) =0,
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Tak wak R (D) cofepwur [ B cTenensax He uumxe p— 1, Gydem nMmero
F(D)IQ,(D)(Agx? + AjxP~1+ ..o + A=

=Agx? + AP+ L+ A,
T. e, Q, (D) (Apx? 4 A xP~1+ ... 4 A)) fABAsieTCs pellieHHeM YpasHEHUs

FD)y=AxP + Axt 1 4 ... 4+ A,
Uraxk,

] _—
F (D) (onp+A1xp 1+ [ +Ap)=
=Q, (D) (Agx” + Axr ™ 4 ... 4 A4,).
Hanpuwmep:
! = : — 9 1 i )
Ny +y=x—x+2 (DP+)y=x x+2,y—D———2+](x x+42).
Pasgeaus 1 na 14 D2 moayunm Q, (D)= 1— D2 Creposatenvho,
=(1—D2)(x2__x+2)=x2~x.
10) y" 4+ 2y +2y = x%e™* (D* 4+ 2D+ 2 y = £%%,

1 - P _
. y:mx% X=g Jﬁmx1=e X(I_D?)x2=e x(XQ-—Q).
1) y"+ y=xcosx, (D?4 1)y = xcos x.

Mepeiinem & ypasHennio (D?+4 1)y = xe'* u notom Bo3bMEM ACHCTBUTENbLHYIO
acTh PEIiSHHS
1 (X . plx 1 ix 171 D
Y= oy = e = e+ T) e =
i 1 ( X l o f X2 x x2? x
— pix I & ) = gl | Z ) = (r 7 Qi i -
¢ D\2i+4> e (4i+4) (“Osx+’s’“x)(4i+4)‘
o x* x
Basp peficTBHTEALHYIO YacThb T sin x o COS X, NOAYUHM HCKOMOE pelIeHHe.

Bameuanue. Ilociennuil mpumep nokasbiBaer, KaK Haao 1eHcTBO-

1
BATL ONEPATOPOM wrme Ha MHOrodieH, ecan a,=0. [Ipeacrasus F (D)
B suie D'D(D), rae cpobonunift uten muorousena @ (D) yxe He paBen

Hy/10, [efCTByeM Ha MHOrOUJEH BHAuaje ONeparopoM a sareM

1
1 o)
ONEPATOPOM —55 .
Heoanoponnwie ypasuenusn Sisepa
Gox"y (M - g xmTlyrmh o gy = f(X) (2.86)
nin

ao(ax +0)"y® +-ay(ax 46"y 4 L pay=f(x) (2.87)

MOXXHO HHTErpDHPOBaTb MYTEM pelleHHs COOTBETCTBYIOLMX OAHOPOAHBIX
ypaBuenu#t (cM. crp. 110) n moaBopa 04HOro 4acTHOro pellieHHs HEOLHO-
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POAHOrO ypaBHEHHS, WM MPHUMEHAS MeTOI BapHaUUU MOCTOAHHHIX. QQHaKO
00LIYHO [poule BHAuaje MPOUHTErPHPOBATh OIHOPOIHOE ypaBHeHHe, a AJA
noabopa uacTHOTO pelueHus npeobpas3osaTb ypasuenue OMepa (2.86)
3aMeHOH nepeMeHHHX X == 1 ¢! (aaa ypasuerus (2.87) ax b = & ¢
K YPaBHEHHIO ¢ MOCTOSHHBIMU KO3(ULUHEHTAMH, AAS KOTOPHX XOPOIUO
paspaboraHbl MeTOAbl HaXOMXIEHHR YAaCTHLIX pelleHui.

Mpumep 1L
X297 (x) — xy’ () + y (x) = x1n® x. (2.88)
Wiem pemtenne COOTBETCTBYIONErO OAHOPOAHOTO ypaBHEHHS B Buie ¥ == x*
k2 —2k 4 1=0 (2.89)

k), o =1, cregoBareibHo, ofliee pelleHHEe OJHOPOJHOrO YpaBHEHHS WMeeT BHJ,
y = (¢; + ¢, In x) x. 3amenoit nepemenunix x = ¢! npeobpasyeM ypasuenne (2.88)

B ypaBHeHHEe C MOCTOSHHLIMH KOs dHIHeHTaMu y{t)—2y (t)+y=t3e’ (neBas
YacTb 3TOr0 YPaBHEHMs €pasy MOKeT ObiThb HAIIHCAHA IO XaPaKTEPHCTHUECKOMY
ypaBHeHuo (2.89)). OnepaTopHbHIM METOAOM JErKO HaXOJHM YaCTHOE pelleHHe

npeo6pa3OBAHHOr0 ypaBHEHUA
o xin® x

1 ta_ ot L o3 e
t t 50

e e =" = =

Y=ot Tl =
CuenoBarenbHo, obulee pemieHue ypaBHeHust (2.88) nMeer BuA

/ 5
y=(c,+czlnx—{—mg—0x)x

§ 7. Hnrerpuposanue auddepenndasbHblX ypaBHeHHiH
npu NOMOHLH PAAOB

3a5aua  MHTErpUPOBAHHA JIHHEHHEIX ONHOPOIHEIX ypaBHeHHH 7-r0

nopsxKa
Po(X) Y™+ pr () D L 4 p,(x)y=0.  (2.90)

ceoaurcs K noaGopy n uad xora Ont #— 1 JMHe#HO He3aBUCHMBIX

YacTHBIX pewleHu#t. OIHAKO YacTHble pelleHHS JIerKO MOAOHPAIOTCH JHLIb

B HCKJIOUMTENbHBIX CJIyuasx. B Gosee CI0KHBHIX CIyyasx 4acTHHE pelie-
00

HUA HILYT B BUAE CYMMBI HEKOTODPOro psia 2 a,¢; (X), 0coOeHHO UacTO
i=1

B BHIe CYMMBI CTelleHHOTO HaM OOOOIIECHHOTO CTENEHHOIo paia.
YCJIOBHH, NpH KOTOPHIX CYLIECTBYIOT PpeElIeHdss B BHIE CYMMBl CTE-
NEeHHOro W/ OO6OOIUEHHOrO CTENEeHHOTO psifa, OOHIYHO YCTAHABJIHBAIOTCH
MeTOJAMU TeopuHM (YHKUMH KOMIJIEKCHOrO [MepeMeHHOr0, 3HAKOMCTBA
C KOTODEIMH Y uYMTaTeJ/sl MBI He IIpelnoJjiaraeM, lI03TOMY OCHOBHbIE TEOPeMbl
sToro naparpada Jjanel Oes J0KasaTeJbCTBA B NPUMEHEHUM K Hanbo.ee
4acTO BCTPeYalOUIUMCA B IMPUJIOKEHUAX YPABHEHHAM BTOPOrO MOPAIKA.
Teopema 2.9 (06 aHasumuuHocmu  pewerus). Ecau
Po(x), p1(X), po(x) asanomea anarumudeckums @GYHKGuAML X
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8 OKpecmrocmu MoKy X = xo 4 po(Xo) # 0, mo pewenus ypasHenusn
Po(X)Y' 4+ pr ()Y + pa(x)y=0 (2.91)

maxxe ABAROMCA QHAAUMULECKUME DYHKUUAML 8 Hexomopol
orxpecmuocmu moil sce mo4Ku u, cAe008QAMEALHO, pPellenus ypas-
nHenusa (2.91) moocno uckams 8 sude

y=a,+a;(x — X))+ ay(x — x>+ ... +a,(x—x)"+ ...

Teopema 2.10 (0 pasroscumocmu peuteHus 8 0000UueHAHbLE
cmeneHHol psd). Ecaun ypasuenue (2.91) yoosaremso psenm ycaos8uan
npedudyweld meopemss, HO X ==X, ABAAEMCA HYALEM KOHELHOZ0
nopadka s dynryuu po(x), Hysem nopadka s— 1 uru sbviwe
yuryuu pi(x) (ecau s>1) u Hysen nopaoxa se wudxe s —2
" koappuyuenma py(x) (ecauw s> 2), mo cywecmsyem no xpaibned
Mepe 00HO Hempusuassrhoe peuledue ypasuedun (2.91) s sude
cymMmo. 0000Uenn020 cmenenno20 paoda

= ag(x—%0) + a;(x—x" 4 L. e, (x—x)" T L, (292)

20e k— Hexomopoe Oelicmpumensrnoe 4ucA0, KOMOpoe mosxcem Goimb
KQK yesuM, maK u OpOOHBM, KAK NOAONCUMENbHOM, MAK & ompu-
yameabHolM.

Bropoe aunefino nesaBucuMoe ¢ (2.92) peileHne, kaxk NPaBHJO, UMeeT
TOXe BUR CYMMb OOOOLIEHHOrO CTENEeHHOrO pPsid, HO HHOTIA MOXeT ellie
colepxaTh NpousBeieHUe OOCOOLIEHHOrO CTENEHHOro paaa Ha In(x— x;).

BrnpoueM, B KOHKpeTHHX npuMepax MOXHO ofofituch Ges dopmyau-
pPOBaHHHIX BhILle ABYX TeOpeM, TeM 0oJjiee, 4TO 9TH TEOPeMH B YKa3aH-
HOH (OpMy/IHpOBKe BCe PABHO He YCTaHABIMBAIOT O0JAaCTH CXOXHMOCTH
paccMaTpuBaeMblX psigoB. Yallle BCcero B KOHKPETHBIX 3aiayax MoAGHPAIOT
cTeneHHO# wiM oOOOWeHHBIH cTeneHHOH psil, (POPMaAbHO YIAOBJETBOPHIO-
wult 1uddepeHunaILHOMY YpaBHeHUIO, T. €. TIPH MOACTAHOBKE 06pawaioiuh
paccmaTpuBaeMoe ypasHenue (2.90) nopsiika n B TOXAECTBO, eCau Npel-
MojaraTh CXOAMMOCTb DS2 ¥ BO3MOMXHOCTb NOYjeHHOro auddepeHuupo-
BaHust n pas. [loayuns ¢opManpHO peluehue B BUAE PAlad, HCCIEAYIOT
€ro Ha CXOLHMOCTb M Ha BO3MOXHOCTb NOUJIEHHOro AHddepeHIHpOBAHHS
h pas. B To#i obnactu, rae paR CXOAMTCA W [NOMYCKAeT n-KPaTHOe
noujeHHoe nuddepeHIUPOBaHUE, OH He TOJMLKO (OPMAABLHO Y.IOBJETBO-
pfAeT ypaBHEHUIO, HO €ro CyMMa AeHCTBUTEJIbHO HABJAAETCA HCKOMBIM
pelueHHEM.

MNpuwmep L

P P y' —xy=0. (2.93)

HMmem pPelICHHE B BHAC CTCNEHHOrO psiia

y= 2 anx®

n=0
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Onupasice Ha TeopeMy 2.9 uiu ¢dopMaJbHO AuddepeHUHpya 3TOT Pl HOUICHHO
ABa Pas3a H NOACTasjad B ypaBHenue (2.93) moayuum

[ee] o0
2 am(n—1)xt-2—x 2 apx® =0
n=2 n=0

CpaBunBan kos(@uUUHENTHl NpY OAMHAKOBBIX CTENEHAX X B JeBOH K mMpaBoii

a .
4acTAX TOMJECTBa, mnoaAyuuM: a4y =0, 3.2a;3—a,=0, oTkyma a; = 5.5

a
4.3a,~—a, =0, otkyna a, __?—)—4‘ 5-4a5;—a, =0, OoTKyRa %:ﬁ,...
e n{n—1)a,—a,_,=0, otkyna a, = ﬁ-ﬂ-, ... CaepoBateanHo,

— — %o
on-1 =0, ay = 2.3.5.6...3n—1)3n’
— 4 —
G =3 E 7L am@nrn bR
a, ¥ @; OCTAIOTCsi NPOM3BOAbHBIMH. MTak,
x3 x6 xbn
y=”°[1+2f3+2-3'5-6+ ot 33 (311-—1)3n+ ]"’

x3n+l

+a [x+3 itsTest o Yy I FD T ] (299

Pajuyc cXOIMMOCTH 3TOrO CTeNeHHOro psja paseH OeckoHewyHocTH. CaeroBa-
TeJbHO, cyMMa psia (2.94) npu aloGbix 3HAaYeHHAX X ABASETCS pellleHUeM pac-
CMaTPHBAEMOrO YPaBHEHHS.

Npumep 2
x2y” + xy’ 4 (x2—n?) y = 0. (2.95)

31O ypaBHEHHe HasblBaeTCs ypasHenuem becceass mopanka n, XOTd BNEPBBIE OHO
BcTpeuaercs B paborax JI. Jiinepa u J. Bepuyaau. K ypaBuenuio Becceass cBo-
AATCA MHOTHE 3aJayd MaTeMaTHUYECKOH (JH3HKH, MOITOMY Mbl HCCJGAYEM €ro He-
CKOJbKO 10JIpOGHee.

Io reopeme 2.10 no xpaiiHeit Mepe OHO HETPHBHAIbLHOE pemenne ypaBHeHus
Beccens Moxer GwTb HalileHO B BHAE CyMMbl OGOGIIEHHOrO CTENEHHOro paja

[=e]
— ¥ k+p
y == zapx .
p=0

Jdnddepennupys sTOT pai ABa pasa NOWIeHHO M MOACTABAAA B ypaBHeHue (2. 95)
IlOle‘{HM

x Zap<k+p)<k+p—1>xk+""2+
p=0

X0 [o.0]
+x D a,k+p) xFTP=1 L (42— p2) 2 ap x*tr =0,

p=0 p=0
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CpasnuBas ko3QuuneHThl Npu OLHHAKOBLIX CTENEHAX X B J1eBOH W mpasoi ua-
CTHX PaBEHCTBA, HOJYyuaeM

ay (k2 —n?]=0,

a (k4 1)?—n?=0,

[(k 420 — 12 a; 4 ag = 0,
[k +3p —r*] a3+ a1 = 0,

.........

Tak kax xo03dpduiueHT @, NPH HA3WIEH CTENEHH X MOXKHO CUATATh OTAMUYHBIM OT
HYJd, TO NEpBOe ypaBHEHHE CBOXMTCA K

k2 —n?=0, oTkyna k== n

Ina onpeneneHHocTH 6yleM [OKa CUMTaTh £ == 7> 0; TOrja U3 BTOPOro ypasHe-
s a; [(n+1)2—n?}=0 noayuum: a, =0 n, CJle,lXOBaTeJleO BCE dypy == 0,

@y == ag — 2o
T T 22— T T 22+ 1Y
R a, _ a,

U PR ey Yy 22(n+2)2 24(n+1)(n+2)1 2"

@ 2 s a2 2 & v a4 m e & e 8 4 4 & &4 w8 e 8 e B % s s s s e * s e »

(—1)" a,
Bop = = 2p 4
20 plin+D(n+2)...(n4+p)
[Tpr k= — n coBepIIEHKO AHAJAOIWUHO NOJyUYaEeM

(“1)'0‘10
P pl(—nd ) (—n+2 .. (—mn ¥ p)

Ilpu k = n noayuaem pelueHue

Qop 1= 0, Ayp ==

X

- ¥ G VU
y aop%g22”pl(n+l)(ﬂ+2)---(n+l’).

DTOMY PEIICHHIO MOXHO NpuaaTe 60nee yHOGHHBIA BHA, ecAu BHIGPATH NPOU3BONb-

1
HOE MOCTOAHHOE @y == T GFD rae I — 2amma-gpynryus dlinepa; Hauom-

HUM, UYTO
o

L(p)= [ %P~V dx pu p>0, T (p+ 1) = ol (p).
[}
Toraa

oo (_1)1, £2p+n
= X m%lm e

=
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1o pemenne oO6buHO oGo3HauaeTcs J,(X) u HaswlBaerca ghynxyued becceas
nepgozo pooa nopsika n.
1

[pu &= —n. BH6Wpas gy~ ————————, AHAJIOTHYHO MOJAYUAEM PYH"
27 (=—n<4+1) '
rkyuto Gecceass nepgozo poda nopsdrxa — n:
- x\2p=n
s —(3)

S on(X)= ‘g AT =+ pFD° 2.97)
D=

Pagut (2.96) u (2.97) cxoaarcs npy m0GbIX 3HageHusx x (B (2.97) x =2 0) u
IOTyCKAT ABYKpaTHOE NOUNeHHOE NH(depeHNUpoBane, creioBateabuo J, (x)
J_,(x) aBasioTCcH peuwreHnAMu ypaBHeHHs DBecceas (2.95).

[Ipu n, He paBHOM uejoMy uucay. pewenHs J,(x) n J_,(x), ouesuauo,
AMHEHHO HE3aBHMCHMBI, TaKk Kak MX PasAOWEHMS B PA/]bl HAUMHAIOTCA C PA3MMUHBIX
creneHefl x u, CaeAOBaTeNbHO, JuHeHHas kombuuaumus o,J, (x) 4o,/ _, (x) wmo-
WET TOMKIECTBEHHO PABHATHCH HYJIO AWML TPH Of = Oy == 0.

Ecau ke n paBHO LEJOMY 4YHCAY, 1O, TaK Kak A LEJBIX OTPUUATEJbHBIX
3HayeHHil p w Aaa p==0 Pynxuusa I' (p) obpautaercs B GECKOHEUYHOCTb, Pa3iO-
wenust B paAn dyukuui J,(x) u J_, (x) HAUHYTCA C OAMHAKOBBIX CTENEHEH X
M. KaKk HeTPYIHO mnpoBeputh, ¢yHkuuu J,(x) u J_,(x) OYAyT HaxoAHTbCA
B caenyiouell auHeHHON 3aBHCHMOCTH:

Jop (%)= (—=1)" /5 (x).

CienoBartebHO, NpU UEAOM n BMECTO J_, (X) Halo MCKATb APYroe pemieHue,
koTopoe Oblo 6B MHHeHHO HesdaBHcuMO 0T J, (x). Takoe pemenne MOXHO noAY-
YUTh PABAUYHBIMM CNOCOGAMH, HANPUMED, MOXKHO, 3Has OLHO YacTHOe peHIe-
nue /,(X), MOHUSUTL mnopsaAok ypasHeHus (2.95) MoACTaHOBKOH, yxasaHHOH Ha
ctp. 101, uam cpasy uckaTh pelieHne B BuJe CyMMbl OOOGIIEHHOTO CTENEHHOrO
paia u npoussefeHHs 0GOGLICHHOTO cremeHHOro paga Ha In x. INoayuaemoe no6bim
U3 3THX CNOCO6OB JHHeiiHO He3aBHCHMOe OT J, (X) pelllenne NIpH BIOJHE ompe-
JeJEHHOM BBLIGOpE MPOHM3BOJBLHOrO MOCTOAHHOIO MHOXMHTENS Ha3blBaeTcs @PyHK-
yueii Becceass smopozo poda w o6o3Hauvaerca Y, (x).

Yamie Bcero, OXHAKO, Y,(Xx) oOmpeisnsiol TaK: CUMTasf MOKA N HE DABHBIM
HeaoMy, 4UCAY pacCMaTpuBaloT pewieHue Y, (x) ypaBHenusa bBecceas, aBasgoueecs
NMHeHHOH koMOuHauueid pewenudl J, (x) u J_, (x):

Jp(x)cosnn—J_,(x),

Vn(xy= sin nn

3aTeM, MEPEXORA K Hpelely IMPH n, CTpeMAlIeMCs K LEJOMY YHCAy, MOAyHalor
AuHeHO HesaBHCHMOe 0T J,(X) uyacTHoe pelleHxe ypaBHerHs DBecceas Y, (x),
ompejJeJeHHOE yxe U AAs LeJblX 3HAYEHMH A

Hrak, obumiee pellleHne ypaBHeHus Beccens npH 7, He PABHOM HEJOMY 4YHCAY,

HMeeT BHA
y= CJp ()4 Cod _p (%),

a MpH 1, PABHOM LEAOMY WHCAY,
y= € p () 4 €Y (%),

rle ¢; U C— NPOM3BOJbHEIE HOCTOSIHHLIE.

Pyuxuun beccens nepBOro H BTOPOrO POja M3YdYeHH BECbMa MNETANbHO W,
B 4aCTHOCTH, COCTAaBJEHH MOApOGHHE TaGmuusl uX 3HaueHudt. Ilostomy, ecan
kakas-HUOYAb 3ajaua cBeAeHAa Kk QyHkuuaM Decceas, 70 €€ MOXHO CYUTATh
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pelleHHOR B TakoH e Mepe, B KAKOH Mbl CUHTaeM pelleHHOH 3ajauy. B KOTOPO#H
OTBET [aH, HampHMep, B TPUTOHOMETPHUYECKHX (YHKUHSX.
Yacto B nNpunoMeHHAX NMPHXOAMTCH PACCMATPHBATh yPABHEHHE

x2y" 4 xy' 4 (m*x2 —n?) y = 0. (2.98)
9To ypaBHenne cBOAMTCH Kk ypaBHenuio Beccens samenofi nepemeHHOH X; = mx.
HleficTBuTeNLHO, MU TaKOf 3aMeHe NepeMEHHBIX
dy dy dx; _ dy m dzy d?y

dx dx, dx dx, Cods? dx1
n ypasuenue (2.98) nepexoaut B ypasHeHue Becceas:

2dy + dy +(x1 2))’=0.

CuejloBaTenbHo, ofuice peulcHue ypasHenus (2.98) mpu n, HE pDaBHOM NeJOMY
ucny, UMeeT BHI )
= CJy (Mmx) 4 € _pp {mx),
a npy n LeJoM
y = cJp(mx) + ¢y (mx).
Ipumep 3.

x2yll+xy/ +(4x2___9__ y=0.
: 25
OfIwee pellleHHe YPAaBHEHUS BMEET BHA

y==¢J3 @x)+cd 4 (2x).
5 5
MMpumep 4
x2y" 4+ xy 4+ (B3x2—4)y=0.
O6uiee pemeHune

y= ¢Jy (x VX)'}’ ¥y (x Vg)

I[Ipumep 5. IlponHTerpHpoBaTh ypaBHEHHe
x2y” - xy’ + (4x2 — —é—) y=0

MIPH YCJOBHY, UTO PEIIEHHE JOJNKHO ObITh HEMPEPHIBHO B TO9Ke X =0n y (0, 3) = 2.
OGinee peleHHe HMEET BHJ

y=cJ, @x)F e | (2%).
3 -3

Synxupa J  (2x) paspeiBHa mpum x =0, Ttak kax pan (2.97) HaumHaercs

3
€ oTpunatesbubix cTenenell x. CiexoBaTeabHo, pemexme Yy HempephIBHO B r0Yke
x =0 aumb npu ¢;=0:
y=cJ,; (2x)
B
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Y poBaerBopsis BropoMmy ycaosuio y (0, 3) = 2, noayuum
PR S
=7, 06
El
B ra6annax BecceseBnx dyuxumit naxomum J, (0,6) = 0,700, caerosatesbHo,
B

y ~ 2857/ (2%).
T

¢, =~ 2,857 n

B npunoxenusx uwacto tpebyercs HaHTH nepuoduvecxue peutenus
HekoToporo auddepeHunanbHoro ypasHenus. B sToM cayuae oObluHO
1e/1ec000pa3HO UCKATL pelleHHe B BHJE CYMMB! HEKOTOPOTO psaa dypbe:

nn

x(t)-—-——%—{—z (A,,cos i+ B,,sinnl—nt).
n=1

3aMeTHM, 4TO €C/IM ypaBHeHHe
XN =F (¢, X, % «0., x(7=1) (2.99)

vMeeT MepHOAMYecKoe peltenne x,(f) nepuosa T, TO npamad wacTh ypa-
pHenus (2.99) BHOAL paccMarpuBaeMOH HHTErpaibHOH KPUBOH dB/seTCS
nepuoauyeckott dynxuuedt nepuosa T no mepeomy aprymenty. [efictsu-
TeJbHO, MONCTAaBJAR B ypasHeHue (2.99) mepuosundeckoe pellieHne X =
== X, (£), NMoJayYaeM TOKIECTBO

@) =F (t, £,(t) Xy (@), +oor PV @)

3ameHsa B 9TOM TomaectBe ! Ha f-+T, MB B CUIy NEPUOSMYHOCTH
GYHKUME X (£) 1 ee MPOU3BONHBIX He M3MEHHM JeBOR YacTH ypaBHEHHUS
¥ He HMBMEHHM apTyMEHTOB NpaBOf 4acTW, HAYMHAA CO BTOPOro, CJENOBaE-
TeJNbHO,

F(t. x,(8). (), ..., x771())= .
=F (4T, £, %58, «.co £~V (®),

T. e. $yHknus F BroJb HHTErpadbHOH KPHUBOH X == X, (f) umeer nepuon T
No 4BHO BXOJfEMy aprymeHTty £.

CiepoBatebHO, ecad mnpasas uacTb ypaBHenus (2.99) npu moGom
Brifope x,(f) He sBAfeTCA NEPUOAMUECKON (yHKIMelH MO mepBOMY apry-
MEeHTY, TO He CYILeC1ByeT M Nepuojuueckux peureHudt. Ecim ¢yuxiuus F
He 8aBHCHT fBHO OT {, T. €. BJAETCH MOCTOSHHOH IO OTHOLUEHHIO K apry-
MeHTY f, TO F MOXHO paccMaTpuBAThb KaK NepHOAHYecKyio 1o { QYHKLMIO
A1060ro MEPHOJa W MOITOMY HE HMCK/IOUEHd BO3MMKHOCTb CYLIECTBOBAHHMSA
NepHOANUYECKHX pellenuit KaKoro yroiHo mepuoia.
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[Tyctb, HanpuMep, TpebyeTca HalTH MepHOAMYECKHE pellleHus YpaBHe Hus
x4 a?x=f @) (2.100)

Jna cymecTBOBaHHS MNePHOAMYECKOro peulleHHs HeOOXOAMMO Mpelno-
JOXHUTb, 4TO f fBJdeTcs NeproAndecKofi ¢yHkuuei. Bes cymectBeHHOro
OrpaHuyeHus OOLIHOCTM MOXHO CYHTATh, 4TO f(f)— nepuoinyeckas
¢yHkuua mepuona 2m, Tak Kak ecau Obl ¢yHkuma f(f) umena nepuoa T,

2n
TO moCJae npeo0pa3soBaHUsi HE3aBUCHMOTQ MePeMeHHOTro t1=~t npa-

Basg 4acTb cTaja On ¢QyHKuMeR nepuoma 27 mo HOBOMY HE3aBHCHMOMY
nepeMeHHOMY f.

[MpeanonoxuM, uto ¢ymxuus f(£), kpoMe TOro, HeNPEPHIBHA M pas-
JgoxuMa B pan dypoe:

Ft)y =2+ (ay coskt+bysin k), 2.101)

k=1

[lepuoanyeckoe pelleHvie uilleM B BHIe

x()=22 4 ¥ (A cos kt + B, sin k). (2.102)
k=1

Hduddepenunpys psan (2.102) nounendo [Ba pasa ¥ HOACTABJAAN B ypdB-
HeHue (2.100), noayuum

— 2 k? (A, cos kt+ B, sin kt) +
k=1

k=1

. \X‘% )
E%"——{—%(ak cos kt + b, sin kf),
=1

OTKYyla, €CJIH @ He paBHO [EJOMY 4YuCay, onpelendeM KO3(PHUMEHTH
paga (2.102):
a’A, ay
27T 2

1
@ —EkH A, =a, Ak= l (2.103)

_kz J
(0 — k%) B, =10, By =——"% —k"" J
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CuaenosarenasHo, ypasheduio (2.100) dopmaibHo ylaoBAeTBOpAET pAX

&_*_2 akcoskt—|—bksinkt. (2.104)
k=1

ora g

OueBunno, yro paa (2.104) cxomanrcs U ROMyCKaeT IBYKPATHOE MOUJEH-
Hoe au@epenuypoBaHue, Tak Kaxk pag (2.101), B cuay HenpepuHBHOCTH
oynkuun f (£), cxoaurca paBHOMepHO, a KO3(hdbUUUEHTH psia

o0
k2 (a sin kt
B Y= C L, LI (2.105)
k=1
COCTABJEHHOTO W3 BTOPHIX NPOMSBOAHBLIX OT uAeHOB paza (2.104), orau-
yalTca OT KO3GhPuUUeHTOB a, u b, pana (2.101) amwb He 3aBUCHLUM
k2
Caenosarennio, pat (2.105) cxoxurcs paBHOMEpHO, a 3naunt, pax (2.104)
MOXHO Onl0 IuddepenunposaTs nowieHHo EBa pasa. HMrak, psax (2.104)
He TOJbKO (GopMaibHO yloBAeTBOpder ypaBHeHuio (2.100), Ho ero cymMa
X (£) cyuiecTByeT u sBJIAETCA NEPHOANUYECKHM pellieHneM ypasnenus (2.100).
Ecin @ mano orTamuaeTcs OT uejoro umcaa # U a, + 0 um b, 0,
TO HACTYTIAeT ABJEHUHE Pe30HAACQ, 3aKJ0yalolieecs B Pe3KOM BO3pacTaHHH
npu npubamxeHud @ K n XO0Td Obl OZHOTO U3 KO3(DPUUUEHTOB

an by
Aﬂ—aﬂ_n2' Bn_a2__n2'

OT f, MOHOTOHHO CTpeMsLUMCA K 1 npu & —» 00 MHOXUTEJIEM —

Ecan ke a=n u xoTs Obl OAMH U3 KO2(DPHULUUEHTOB a, WA b, He paBeH
HY/IO, TO NMepHOLMYECKUX PellieHMH He CYIIeCTBYeT, TAK KaK pe3OHHpPYIO-
MM CJ/araeMbiM

a, cos nt - b, sin nt

8 npasoll yactd ypasuenus (2.100), kak ykasaHo Ha ctp. 128, corsacuo
NPUHUMIY CYNepro3ulyy COOTBETCTBYeT B OOIIeM peIIeHHH YypaBHe-
#ust (2.100) HemepuoxHuecKoe cjaraeMoe BHja

t(A, cos nt + B, sinnt),

TOrAa KaK OCTafibHble c/araeMble B OOILEM peIUeHMH YpaBHeHHs GyIyT
nepuoguuecknmu ¢yukuusmMu. ChaenoBatesbHO, NMPU @ = B NMEPHOLUYECKOE
petuenue ypasuenus (2.100) cywecTsyer JHlUb B CAydYae OTCYTCTBUA
B NpaBOH YacTH pE3OHUPYIOLIUX UJEHOB a@,cosnt—|-b,sinnt, T. e.
B cayudae

20 21
a,,=%f f(£)cos nt dt =0, bn::%/f(t)sinntdt=0. (2.106)
0 ] . :

10 J1. 2. Babcroney
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B nocrennem cayuae, t. e. npu a=n, a,=b,==0, nepuoinyeckoe
peitenne ypasuenna (2.100) cyuiectByer, mpuueM npu & = n xoadou-
UMeHTH Onpejensiorea No ¢opumynam (2.103), a xospduunents A, n B,
OCTaloTCsl TPOU3BOMbHBIMH, Tak kak A, cosnf - B,sinnf sasaserca npu
npousBOMbHHX A, u B, pellleHHeM COOTBETCTBYIOLIETO OLHOPOLHOTO
-ypaBHeHMUs.

MNpumep 6. Onpesexuts MepHOAUYECKOE PEIUEHHE ypaBHeHus

(e8]
\\ sin k¢

X4 2x = Tt

k=1
WMmem pemenue B Buze psazna

x(t) = .‘%0.4_ N (A cos ke 4 Bysin ity
k=1

u, onpenenss kospduuueHtn A, u By no ¢opmyiam (91), noayuaem
[}
N sin &t
* ()= 24 FO—F) "
k:]

Mpumep 7. Onpeseauts NEPHOIUYECKOE DEMICHHE YPABHEHHS
X-4x=sin? t.

Tak kak ycaOBHS CYIIeCTBOBaHHA Nepuogudeckoro pemeHust (2.106) He ymosue-
TBOPAIOTCS:

2n
f sin? {sin 2 dt = 0,
0
HO
o
f sin? f cos 2¢ dt = 0,
0

TO NEPHOJHUECKOrO PelleHHst He CYLIECTBYET.
Ipumep 8. Ompereanth mepHOIHYECKOE pEIUEHHE yPaBHEHHS
(o]
o cos ki
X + X = ——'kz—-
k=2

B npaBo#i‘uacTH OTCYTCTBYIOT pE3OHHpPYIOWIHE 4aeHH @, cos f =&, sint. Caejo-
BaTeJbHO, NMEPHOAMUECKOe pellicHHEe CYIIeCTBYyeT W omnpefeasercd mo ¢opmy-
aam (2.103):

[ o]
. cos kt
x ()= kT(l-:_k—z)-l-clcost—}-czsmt,

Fe € H Cy; — NMPOH3BOJbHBIE NOCTOAHHKIC,
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§ 8. MeTon majoro mapameTrpa W ero npuUMeHeHHe B TEOPHM
KBa3HJAHHEHHBIX KoJaeOanuii

B npenwinymem naparpade Ol ykasaH METOA HAXOXAEHHMA MEePHOAN-
YeCKHUX pelleHn# JuHeHHBIX ypaBHeHu# BuIa

x4 a2x = f (f).

Bo wmuorux NMpakTHYeCKHX B8alayaX BO3HHUKAET BOﬂpOC O HaxXO0XIXCHHH
NepruoanYeCKOro pelleHUs aHaJOrMYHOr0 ypaBHEHUd, HO WMEIOLIEro B Ipa--
BOMl wacTu MaJjoe seauHefiHoe ciaaraemoe:

x4 adx = f(f)+uF (¢ x, x. W), (2.107)

rie U — Maaulfl napamerp.
Ecan orOpocuts caaraemoe pF (£, x, X, |1), T. €. CuUATaTb B ypas-
venun (2.107) w=20, TO noiy4uM auHeflHOe ypaBHeHHE i

*+ atx = f(f),

HA3LIBAEMOE MOPOXAAIOWUM M ypasHenus (2.107).

OuanyuM u3 nanbosee 3PEKTUBHBIX METOAOB HAXOXKIACHUA NMepHOINYE-
CKUX pelleHdl ypaBHeHMs HeauHeHHHWX KoseGaumit ¢ Manoft Heanuett-
voctbio (2.107) sBaserca paspaborauumit A. Tlyanxape u A. M. Jlany-
HOBLIM METOL pas/ONeHHs pelieHUs B Pl MO CTeMEHAM Majnoro mnapa-
MeTpa W, IIMPOKO npuMeHﬂeMbm B HAcToOflLee Bpexvm NpY peleHHH CaMblX
pa3HooOpa3HLIX 3anad.

Onupasic  Ha Teopemy 00 aHaIUTHYeCKOR 33aBMCUMOCTH pelleHHs OT
napamerpa (cM. crp. 55), Merko 06061AOUIYIOCS HA YPABHEHHS BTOPOroO
u 6oJjiee BHICOKOro MOPAIKOB, MOXHO yTBepXJaTh, YTO pewlenus x (£, W)
ypaBHenns (2.107) 6yayT aHaautuuyecknMu OYHKUMAMH MapaMerpa pl npu
AOCTATOUHO MaJblX [0 MOLYJI0 3HaueHHaAX [, ecau dyuxuus f(£) nenpe-

puiBHa, a QyHxkuus F (£, x, X, 1), HelpepLBHAs MO £, aHa/JIUTHYECKM 3a-

BHCHT OT OCTaJbHBLIX apPTYMEHTOB: OT X W X B TO# 004acTdH, B KOTOPOHA
B AajbHefiileM OyAyT MEHATbCA 3TH MePeMeHHble, a OT U TPHU AOCTaTOYHO
MAJMBIX TIO0 .MOLYJIO SHAuUeHHAX L.

[Tpeanonaras, 4TO 95TH YC/AOBUS BBHIIOJHEHH!, HILEM NEPHOAMYECKOE
pelrenue x (£, 1) B BUJe CYMMH psaja

Xt W= %o () + 05y () + W2 () + .+ 0O+ ..
Huddepennnpyem ator paa NOUAEHHO IBa pasa:
X W =x0O+u5n@O+ .. Fu O+ ..
X W) =% +pa O+ oo %O+ ..
10*
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H noxcrasaseM B ypasuenue (2.107), B kotopom dymkuua F (¢, x, x, W)
NpelBapUTENbHO Pas/iokKeHa MO CTENEHAM X — Xo, X — X U U,

Yax=fO+un[F ¢ 5o %o O+ (g—i) (x — Xo)+

P
w=0
oF . . oF
+{3), GG ] s
;(: 4{'0 -;C=-X.'u
n=0 n=0

CpaBHnBas K03(GOUUHEHTH NPU ONMHAKOBHIX CTENEHAX W B JEBOH W npa-
Bo#t wactax ypasnenus (2.108), nosyuum

Xo+ alxy= f (D),

%+ atx, = F (t, x5 %, 0),

Xy + a2y = (ﬁi) X, +(i{i) ¥+ (i’i) (2.109)
dx X=X 0)( X=X 0“ X= Xy
et et S

e 5 e 2 8 e s s s e s v e s+ + o e & s & s @

[leppoe u3 3THX JMHEHHBIX ypaBHEHHWH COBMAaZaeT C NMOPOKIAAIOIIUM
ypasnenneM. Viaterpupys ero m mOACTaB]ss HalileHHOe peweHne X, (f)
BO BTODO€ ypaBHEHMe, MOJYYHMM HAAS ONpeleneHus x; (f£) ONATb JuHeHHOe
ypaBHeHHe H T. I.

Ilng onpenenenns Xx,(f) Mbl TaKe MOJYYHM /MHeHHOe ypaBHeHHe,
TaK KaK B NpPaBOH 4aCTH 9TOTO ypaBHeHHs GYLyT COLEPHATbCH JMLIL X,
M X; C WHIEKCAMH, MEHbIUNMH 7, TOTOMY NYTO M3-32 HAMMYUA MHOXKU-
Teds W Npn F ujeHs, cojepxaiiye B NpPaBodl 4acTH X, U X, U, TeM

6oaee, X, U X, ¢ OOJAbIIMMH HHIEKCAMH, OYAYT NHMeTb MHOXHTEb W
B CTeNeHu He HHUKe n -+ 1.

B sTrom naparpage Mel paccMaTpuBaeM JHIIb BONPOC O HAXOMIEHHUH
NepPHOAMYECKHX peLleHHH, MOSTOMY Ha NpPaByi 4acTb ypaBHEHUs

x4 alx = f () +uF (¢, x. x. W),

B COOTBETCTBMH C 3aMeuanueM Ha CTp. 143-—144 ecrecTBeHHO HATOKHTL
ellle OJHO OrpaHHuYeHHe, a MMeHHO MoTpeGoBaTh, YTOGH MpaBas 4acTb Oblja
nepuonuueckoft ¢yHkuMeHl mo SBHO BXOolAllleMy apryMeHty f. Bea cymie-
CTBEHHOI'O0 OrpaHuyeHHss OOLIHOCTH MOXHO CYMTaTb HAUMEeHbLIUH MepHoA
NpaBoft yacTH, eCau OpaBas yYacThb ABHO 3aBHCHUT OT f, PABHEIM 27, NpH
9TOM, eciH f (f) He P4BHO MOCTOAHHOH BeJMYMHE, TEPHOJAHUYECKHE pellle-
Hud ypasHenus (2.107), eciw OHM CYILECTBYIOT, NMPH LOCTATOYHO MAJIOM [b
MOTYT HMETh JHMIUb MEPHOLEI, PaBHblE HJH KpaTHHE 27 (cM. cTp. 143—144),
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ILas HAXOJIeHNs NMEepMOAHYecKOro pelieHns ypasHenus (2.108) B Bunme
Xt W=x,()+ nx, O+ ... +u'x,O+F ... (2.110)

HAJO OMpEeNeJUTh TIEPUOLHUECKHe pelueHns X, (f) ypasHenntt (2.109). en-
CTBUTE/ILHO, eC/H pelnenue X (£, 1) UMeeT HOCTOAHHBI! nepuon 251 (nau 2mst,
m — uenoe 4YKCJIO) NpH MOOGOM JOCTATOUHO MAJOM TO MOAYTO W, TO

Xo®) +ux O+ ... +u"x, O+ ... =x,(0 4 2m) 4
px oM . e, 204 . (2.111)

C/ienoBatebHo, KO3GQUUHMEHTH I[PH OIHHAKOBBIX CTeNeHdaX U B JeBOH
¥ npasofi wactax Toxzaectsa (2.111) momkHsl OuIThb paBHLl, T, €.

x, (O =x,(+ 2m),

a 9TO U O03HAaYaeT MNepHOIMYHOCTL GyHKuM# X, (f) (=0, 1, 2, ...).
CoBnalenue - KOAPPUUUEHTOB NPU ONUHAKOBBIX CTeNMeHAX [ B JeBOH u
npasoft yacTax Toxaectsa (2.110) MoxHO OOHApYxUTh, Hampumep, Aud-
tdeperuupys Toxaectso (2.110) # pas no p, mocne uero, monarag y==0,
MOy UUM -

X, Cn +8=x,(f) (n=0,1, 2, ...).

Mrax, nam namo Haftty mepuodudeckue peltenus ypasenu#t (2.109).
[Mpu sTOM 1enecoo0pa3HO OTAEJbHO DACCMOTPETh CJAEAYIOUIME CJyYad.

1. Hepesonancubfi cayua#i: g OTAUYHO OT UEJOrO
uncaa. Ecaun @ ue pasno uesomy uucay, TO nepsoe u3 ypasHenuft (2.109)
¥MeeT eIMHCTBEHHOE MepHOIMYecKoe pelleHue X, == {,(f), KOTOpOe HaXo-
IUM MeTOIOM mNpelblayliero maparpada (cM. ctp. 144). 3arem TeMm e
METONOM HaxoauM X, (f), xy,(f) u T. I

Ecau Ob 9TUM MeTONOM MBI Hamiau obutuét 4iaed psaa (2.110), ycra-
HOBUJIM CXOLMMOCTb 3TOTO pfZa M 3aKOHHOCTb €r0 ABYKPATHOTO NOYJeH-
Horo auddepenunposanud, 1o cymma psasa (2.110) ssasaacs 66l HCKOMBIM
NepUOANYECKUM pelneHueM nepuosa 2m. OnHAKO OOLIYHO HaXoXieHue
obulero usteHa psna (2.110) aBaserca kpafiHe CJIOXKHOR 3amadeft, B cCHAY
4ero MPUXOMMTCA OTPAHHYMBATHCH BBHIYKCJEHHEM JHMIIb HECKOJbKHUX NMEePBhIX
4JeHOB paAna, 4TO OHJIO OB ROCTATOUHHLIM A5 NMPUOAKIKEHHOTO HAXOoxkie-
HUSl MEePUONMYECKOro pelIcHus, ecan O Obljia yBepeHHOCTb B TOM, HYTO
PN CXOMUTCA H €ro CyMMa fIBJIIETCS MePHOJHYECKHUM peLleHHeM.

B cBasn ¢ stuM OGoJabiioe 3HaueHue uMeioT TeopeMm A. [lyaxkape
O CYLeCTBOBAHHH MEPUOIMYECKUX pelileHHH, NO3BOJSIOINE, B YaCTHOCTH,
Ha#TH YCJOBHA, MPH KOTOPHX 3aBEIOMO CYLIECTBYET €AWHCTBEHHOE NEpHO-
apveckoe pewenue ypasneHus (2.107), crpemsineeca npu u— 0 k mepuo-
IWYECKOMY peIUEHHIO MOPOMAAIOIEr0 ypaBHeHUd.

Ecan ycnoeus Teopemu A. Ilyanxape BHINOJHEHH M, CJAe10BaTelbHO,
CYIIeCTBYeT eIMHCTBEHHOE MepHOAHYecKOe pelleHde ypaBHenus (2. 107),
cTpeMsuleecs npy U —>0 K NMepHOAMYECKOMY pelleHHI0 IOPOKIANIEro
ypaBHeHUs, TO CyMMa eAMHCTBEHHOTO psAla ¢ MepHOAHYecKHMH ko3(pdu-
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uventamu (2.110), ¢opmanbHo yaoBAeTBOPSAOLIErc ypaBheHuio (2.107),
JOJ/KHA CYILECTBOBATb M NOJKHA COBNAAaTh C MCKOMBIM NEePHOAHYECKHUM
peweHueM. [Ipn sroM oTmamaeTr HeOOXOAMMOCTh HaxXOxJeHud oOlero
urena pana (2.110) nag uccaeIOBAaHMA DPALA HA CXOAUMOCTb W MOWKHO,
Halls HeCKOJbKO mnepBeIX uieHoB psaa (2.110), yTeepikmaTb, uTO NpH
MaJOM [L MX CcyMMa npuOJIMIKEHHO paBHA HCKOMOMY MEpHOIHYECKOMY
peLIeHHIO.

Teopemnl A. Ilyankape, omdpaloilinecs Ha CBeleHHS U3 TEOpHM dHa-
JANTHYECKHX (hYHKuUMH, NOBOJLHO CJIOMKHBI, TIOSTOMY MbB APHBOAUM B KOHLE
sTOro maparpada Julls NpocTefillylo 3 THX TeopeM, KoTopasd, OLHAaKO,
yKe I1103B0JseT YTBepXKIAaTh, YTO B pACCMATPHBAEMOM HEPE3OHAHCHOM CJy-
uae yparnenne (2.107) Bceraa uMeeT eIMHCTBEHHOE NMEPHOMHYECKOE pele-
HHE NpH JHOCTATOYHO MAajaOM W.

[Tpumep L. [NpubankenHo onpejeauTh NepHOUYECKOe PellleHHe YPaBHEHHA
X4 2x = sint - ux?,
rae | — MaJblii napamerp (onpelennTs Asa uaexa psga (2.110)). Mimem peuwenune
b e X(towy = &) Fux )+ ... i, B .
HaxonnM nepuojvuecKoe pellleHHe MOPOXKIAIONIEro ypaBHEHHUS
X, +2x,=sint, x,(f)=sint

IMepronnueckoe peleHHe ypaBHEHHH

X4 2%, =sin?¢t wum x, -+ 2x = _l:%c)s_Q_t
BMECT BHA '
1 cos 2t
X = -4—-+— 1 .

CrefoBaTeNbHO, NMEPHORHYECKOE pCLICHUE
1
x(t, n) = sint +T (1 4+ cos 26y .

2. PesonaHcHb# cayuail. Meron Maioro mnapameTpa MOXeT
ObiTb MpHMeHEH M B Pe3OHaHCHOM CJjyyae, T. € B CAyyae, KOTAA B ypaB-
vehun (2.107) a paBHO UeJIOMY HMCAY 7 WAH CTPEMUTCS K UEJIOMY
uucay n npu u—0.

Ecan B ypasnennn (2.107) @ Majo oT/MuaeTcq OT WEJAOT0 4ucia A,

_TouHee, Pa3sHOCTb a2 — n? uMeeT NMOPSAOK MAKOCTH HE HIKE 4eM L

a’> —n?=a,p, (2.112)
rie a, orpaiuyeno npu pu->0, TO ypaBHeHHe
X+ a%=f () +uF (¢, %, %, W)
MOXHO HEPEHHCaTb B BUIL,
X4ntx=f )+ (1*— a®) x +uF (¢ x, * W)
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oTKysa B cuay (2.112) i '
X4 n2x = f () 4 wFy (¢ x, x. W),

rie ¢GyHKuUMs F, yIOBJETBOPSET TeM e YCJOBHAM, KOTOPHM No Tpel-
NOJMOXKEHUID yIoBAeTBOpsieT QyHkuus F.

ChenoBare/bHO, B fajbHeHlleM B De30HAHCHOM Clydae MOMKHO CUH-
TaTb @ PABHLIM UEJAOMY HHUCAY:

x4 n2x=f@E)+nF¢ x, % B,

IpuMeHss MeTOA Majgoro NapaMeTpa, WIIEM NEPHOIHUECKOE pelleHue
B BUle ps5a

2t W= xo()Fnx; O+ .o Fptn B+ ...

Ias onpejenenns QyHkuuft X, () onaTe noayvaem ypasuenus (2.109),
B KOTOpHX a?==n2, HO B HaHHOM C/yuae NOPONKAAIOlIEe YpaBHEeHue

Xo— n2xy=f (8) (2.113)
uMeert nepuonuqecxoe peuieHne Jadulb B cnyqae OTCYTCTBPISI pEBOHVIple-

KX YJIEHOB B NPAaBOR HACTH. T. €. NIPH BHIMOJHEHHH yca0Bult (cM. cTp. 145)

2n

ff(t)cos nt dt =0,
° (2.106)

2n

ff (¢) sin nf dt = 0.
[¢]

Ecan 3T yc/OBUA BLIMOJMHEHH, TO BCe pellieHHsl ypaBHeHus (2.113)
OyAyT mepHOAHYecKuMH mepuora 2m (cMm. ctp. 146)

X0 (£) == ¢y cOs nt 4 oy sin nt 4 @, (£).
$yuxuua x;(f) onpenesseTcs U3 ypaBHeHHUS
X, 4 n2x, = F (t, %, X%, O). (2.114)

9T0 ypaBHeHHe TaKXe HMeeT MepHONMYECKHe pellleHdsl JMiL B Cayuae
OTCyTCTBHR DE3OHHPYIOLIMX 4Y/ICHOB B NPaBo# 4acTd, T. €. NPU BLINOJ-
HEeHHH- YCAOBUR ,
2n :
fF (& xg xg O)ycosntdt =0,
0
2n

(2.115)
fF (¢, %o Xg 0)sinntdt =0. :
¢ ,
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Ypaeuenus (2.118) comepmar ¢4 ¥ ¢y KOTOPHE, B0OGIlE FOBOpPS, H
ONpefeAIOTCA U3 9TOH CHUCTEMb.

[Tycts €3y ¥ Cqp yAOBARTBOPSIOT cHcTeMe (2.115); Toria sce peuterus
ypasHeHus (2.114) nmeior nmepuoa 2m:

X1 () == ¢y, COS it - ¢y Sin nt 4 @, (£), (2.116)

NpUYEM Cj; U €y ONYTh ONpPelessdiorcs U3 ABYX YCJAOBHH OTCYTCTBHUS
PE3OHUPYIOLIUX YIEHOB B CJeAylolieM u3 ypasHeHuH (2.109):

Bbeta=()  nt () R

ox £ty du
X=Xy X=X X=X
u=0 u=0 : u=0

T L
CrenoBaTenbHO, He KAXJIOMY NMePHOIHUECKOMY pelIeHHIO

Xo == C10 COS 1t = Cyy sin nt - @y (£)

MOPOWAAIOUIET0 YPABHEHUA, a JHIIb HEKOTODBIM, 3HAUEHHT Cyy H Oy
KOTOPHIX YAOBJICTBOPSAIOT ypasHeHusMm (2.115), cooTsercTsyloT nepuoau-
yecKkue peilenus ypassenus (2.107) mpu manmx p. Koweuno, u B peso-
HAHCHOM cJayuae st TOro, 4robul, He HaxoAs oObuiero wieHa psaga (2.110),
ObITh YBEepeHHBIM, 4YTO YKa3aHHBIM MnpoueccoM Gyler HafiAeHO MHepHOLU-
yecKOe pellleHHe, HAL0 NpeiBapHTe/IbHO 10Ka3aTb TEOpeMy O CYLIeCTBO-
BAHHU TEPUOAHYECKUX pelleHuHt. ITO 3aMeuaHHe OTHOCHTCA U K caydasM,
‘M3NOWEHHBIM B CJACAVIOWUX NYHKTaxX 3 u 4.

3. Pesonanc n-ro pona. HHorza B cucremax, ONUCHIBAEMBIX
ypaBHeHHeM

X+ alx=F@)+nF ¢t % x W, (2.107)

VIOBJETBOPAIOLINM YKA3aHHBIM BbBIIIE YCJAOBUAM, Ha0MI01aI0TCA UHTEHCHUB-
1
Hele KOaebaHusi, koria coOCTBeHHAas 4YacToTa Majlo OTJHYaeTcs OT re

TIe 71— Ueloe YUCAO. DTO HBJEHNE TOAYYALO HA3BAHWE pe3oHanca
n-ro poua.
C MartemaTuyecKOH TOYKM 3peHHS 9TO O3HAUAET, UTO HPH &, MaJjo

1 .
OT/AHYAIOLIEMCH OT —n—, TAe n — yenaoe uyucao, OoJblilee eNUHUILBL, ypas-

Henve (2.107) Moxer uMeTb NEPUOAMYECKHe pellieHHs MHepHoia 277, He
ABJAIOLIMECS B TO e BpeMd NepHOJHYECKUMH pelleHHsSME Hepuoia 2.
[ycts

3&+711;x=f(t)+uF(t, X X ) (2.117)
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1 1
(eca @ Mazo OTIMYAETCA OT —, TOUHEe, a?— ~7 == lay, Tie a; 0cTaeTcs

, 1
orpanuyeHHo#t npu p-—»>0, TO, nepedocs uJeH (aQ— —n—2—>x B TNpaBYIO

wacTb W BKJouaq ero B pF (¢, x, X, ), NIOJyYKM ypaBHenue Buia ('2.117) ).
HMuteM mnepnoanveckoe pewenne ypasHenus (2.117) nepnona 2mn
B Buje psana '

(@t W=xy(OFpx; O+ ... +u'x, O+ ... (2.110)
Moncrapass (2.110) B ypasrenue (2.117) u cpaBHuBasg KO3hPULUHEHTE! NPH

OIMHAKOBHIX CTeNeHsaX (b, noayunm ypasHenus (2.109), B KOTOpHX & =—.

Ins onpelenenus Xx,(f) moayuaeM nopoxjiaoliee ypaBHeHHe
x0+7xo=f(t), (2.118)
KOTOpOe HMMeeT MepHOIHdYecKOe pellleHue NepHona 277 JAulllb NpH OTCYT-

CTBMM B MpPAaBOH 4acTH pe3OHUPYIOLIMX UJICHOB, T. €. IpH

2nn 2nn

] ftycosLat=0 u ff(t)sin-;-dt—_:o.
0 0

Ecian 3T yc/ioBMA BHINOJHEHB, TO BCe pelileHus ypasHeHus (2.118)
WMEIOT IepHox 2mn

t .t
X == €19 €OS — - Lo 1N — - @ (£),

Tl€ €y M Cgy~— MPOH3BOJLHEIE NOCTOAHHBIE,
YpaBHeuue, oOnpelesiouiee X,

- 1 .
Xyt g Xy =F (¢ x5 xo W) (2.119)

6y11eT NMETb NEPHOANYECKHE pelleHHa Nnepuosa 2mn auib fpU OTCyT-
CTBUM B NPABbLIX 4AaCTAX DE3OHHUPYIOLIHUX 4YJEHOB, T. €. NpyU BBIIOJNHEHUH
yc/aoBHA

2nn

/ F (£ %o %o W) cos— dt =0,
[\
2.120)

2nn

/ F (¢ %o %o W)sins dt =0,
0

W3 KOTOPHIX, BOOCIUE TOBOPA, ONPEAENSIOTCS €1y K Coqn
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Ecam ycnosua (2.120) ynosnerpopsioTcsd, TO BCe peluieHus ypashe-
Hust (2.119) umeior mepuon 2nn

t 4
X1 == €11 COS — 1 Co; SIN— 49, (8).

Hns omnpeneieHus NPOUSBOJbHBIX IOCTOSHHBIX Cpy H C9 M0Jb3YEMCA
IBYMS YCIOBUAMHM OTCYTCTBUS DE3OHHPYIOLIHX WHIEHOB B  CJCLYIOUIEM
u3 ypasuenu#t (2.109):

F . )
atma=(5)  w4(5E)  a+(S
0x &= 0x k=x d“/x-xo
£=4 £=4 £=4
n=0 u=90 w=0

uT. L
4. Asrtonomun#t cayua#t. [lpeanmonoxum, 4TO MnpaBas 4acTe
ypasuenns (2.107) e saBucHT ABHO OT {, U ypaBHEHUE WUMeeT BHA

%+ a2x = pF (x. %, W), 2.121)

rae  ¢yskums F yLOBJeTBOPAET  [OCTABJAEHHLIM  BBILE  YCJIOBHSM.
Ha nepsuift B3ragan MoXeT KasaThbCsl, UTO HCC/eloBaHue ypasHeuus (2.121)
NOMKHO OBITb INpolle HccAeA0BaHHA ypaBHeHua (2.107),, B koTopom
npaBasi 4acTb B3aBUCHT OT apry™MeHTa £, OAHAKO B JAeHCTBHUTENBbHOCTH
OTCYTCTBHE apryMeHTa £ B HpaBOfl 4acTH YpaBHeHHd NPUBOIMT K YCJOK-
HEHHIO 3ajauH.

Ecin npaBas uyacTe ABHO 3aBHCUT OT £, TO, KaK YMKe OTMEuaaoCh
BEIILIE, H3BeCTHH BO3MOXHBIE MepHOLH pelleHMH, Tak Kak MepHOXH
pelieHH#t MOryT ObITb JHILb DPaBHBIMM HJH KPATHBIMM MEpHOAY NpaBoft
yactd BROMb pelleHuH MO ABHO BXOIMUIEMY apryMmeHty f.

Ecan ke npasast yacTb He COLepXUT [, TO ee MOXKHO paccMaTpuBaTh
KaK TIepHOJHUYECKYI0 (QYHKIMIO NPOU3BOMLHOrO MepHofa U, CJAef0BaTeNbHO,
He HCKJIOYeHa BO3MOMHOCTb CYLIECTBOBaHHs perienuft 11000ro mepuoaa,
NpHyYeM mnepuoi pelieHu#t, BooOule rosops, Oyler ¢yHkuueli napa-
Metpa M. Beuay Toro, uto mepuon pewesus x(f, w) ABaserTcd, BooOule
rosops, ¢yskuue L, Oblio Ob  HelleJecooOpasHO HCKaTh peuleHue
B BHAE pana

2t W =5@ 15O+ o O+ . (@110)

TaK Kak Kaxias u3 ¢QyHKUMA x,(f) B OTAeqbHOCTH He 00d3aHa GbITb
nepuofHueckoil dyHKuUKMeN u, cleaoBaTesbHO, QYHKUMH X, (£) He MOTIH Obl
OniTe HalJeHB! pAcCMOTPEHHBHIMH Bulle Metolamu. [lostoMy wnalo npe-
obpasoBats ypaBHeHne (2.121) kX HOBOMY HE3aBUCHMOMY MepeMeHHOMY
TaK, 4TO6H [0 HOBOMY TIePeMEHHOMY YpaBHeHHe HMeJO OB YKe Mo-
CTOfHHBIH TMEPHOA, a YX 3aTeM HCKaTb pelllende B Buie pada (2.110).
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[penBaputenbHo Aa8 ynpollenus npeobpasyeM ypasreHue (2.121)
3aMeHOH HE3aBMCHMOIO NepeMeHHOro f, = af K BULY

d*x . :
—dt7+x=uF1 (x, x, 0. (2.122)
1

Kaxnoe pewenne MNOPOXKAAIOWEr0 YpaBHeHHs X, (f;)==c, cos ({; — ;)
6yneT WMeTb Mepuod 27, 4 NepHOAMYeCKHe pellieHus ypapHeHus (2.122)
npu == 0, ecan OHM CyWeCTBYIOT, OyAyT HMeTb NepHod 21 —-d (W),
NpHYEM MOXHO JIOKa3aTb, YTO (W) sBASETCA aHAMWTHYECKON dyHKUMeH L
npu JAOCCTATOYHO MajoM L.

Pasnoxum o (W) B paa MO CTeneHsM WU; TOria

9 a(y=2m(1 + A A2+ ... A u 4 ...), (2.123)
roe h]- —HeKOTOpble, MMOKada HEU3BeCTHbLIE HAM NOCTOSSHHbBIE BEJUUYUHELI.

[TIpeoOpasyem mepeMeHHble TaK, YTOOH Neproandeckoe pelenue x (£, )
ypaBHeHus (2.122) wumeno 6m nepuoi He 2m—+a(U), a MOCTOSHHBIN
nepuos 2m. DTo JOCTHraercss 3aMeHOH HepeMeHHBIX

ti=ty(l b+ hpi 4 ... hu" 4 .., (2.124)

TaK Kaxk, B cuay 3aBucumoct (2.123), npu wusmenenuu f; or 0 1o
2 a(u) HOBOe mepeMeHHoe [, uamenstercs or O 1o 2m. Ilpu 3tom
ypaBHeHue (2.122) npeo6pasyercd K Buly

X Hhp—4 R0 A Pr= ‘
=p4hp4 o WA P F (e (L
R ) e, ) (2.125)
Hepnonuqecxoe pelleHne 3TOro ypaBHeHUst HULUEM B BHAE
Xty W= xg(t)+px )+ ... +u'x, () ..., (2.126)

rae x,(f;) — nepuogmyeckue QyHxuMM apry™enra f, nepuoja 2m. Ioa-
craass (2.126) B ypasnenue (2.125) u cpaBHuBas KO3MPHIUEHTH MpH
ONMHAKOBLIX CTeNeHAX |, B JeBOH M HpaBOR 4acTAX PABEHCTBA, MOJYUYUM

Xo—+ xo=0, orTKyma x,==ccos(t, —t,),
X1 % =— 2k %o+ F (%4 %o, 0)
HJH
X, %, ==—2h,c cos (fy — ty) +
: -+ Fi(ccos((y— 1), —esin(ty—1ty), 0) (2.127)
Jlas roro uro6nl ypasHenue (2.127) umeno nepuoiuveckde pelleHHs,
HEOOXOAHUMO M JOCTAaTOYHO,- YTOGH B €ro MNpaBoH YacTH OTCYTCFBOBAJM
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pesonHpymwmue waeHs (cM. (2.106)), 7. e. 4TOOL!
2n

[ Fitecosty—t), —esin(ty—to), 0)sin(ty—ty) dty =0,
0

s (2.128)
._.thc+R-fF1(ccos(t2—-t0),-—csin(tQ—to), 0) X
0

X €08 (£y — tg) dty == 0.

ITleppoe u3 3THX YypaBHeHuH JaeT BO3MOXHOCTh HAHTH 3HAYeHHa ¢,
a BTOpOe — /i, ONpeNe/]HB KOTODhle, Mbl HafilleM Te pelleHHs NMOPOKIAl0-
IIeT0 YpaBHEHHR Xo==¢ COS ({3 —£;), B OKDECTHOCTH KOTOPHX 1pu
MajOM [ MOSBJAIOTCA TepUOJMYECKHe pelleHns ypasHenus (2.122), u
npuOAUKEHHO ONpeleuM NePUOJL MCKOMOTO pellleHus

20—+ a(u) = 2 (1 4 2yp).

3uas ¢ ¥ h;, MOXHO onpelenutb xq(f,) U, eciu HeOOXOLMMO, TeM ke
MEeTOJOM BBIUHCIUTL X, (£y), x3(fy) ¥ T. A
Npumep 2.
X x=px(9— x2). (1.129)
OnpejieniTh pellieHHa MOPOKAAIOIIETO YPaBHEHUS, K KOTOPHM npu @ —>0 mpu-
6JHKAIOTCA NEepHOAHUeCcKHe pelieHus ypaBHeHHs (2.129).

Pentenuss MOpOXIAOINEr0 YpaBHEHHs HMeOT BHA X == C cos (f — ¢,). Mas
onpejeJeHus HCKOMBIX 3HaYEHHH ¢ BOCHOJAb3YEMCSl NMEPBHIM U3 ypaBHeHui (2.128):

25

f € (9 — ¢2 cos? (£ — £,)) sin? (t — £o) dt =0

2
W e (9 — —i—) =0, otkyaa ¢, =0, ¢;,;= %= 6.

[Ipu ¢; =0 noaysaem TpuBHaALHOE pellenne X==0 NOPOXKIAOIUErO ypas-
_HEHH$l, KOTOpOe OCTaeTcs pelleHdeM ypasHeHus (2.129) npu moboMm p.
[Tpu ¢,y,3 =+ 6 nonydaem x = * 6 cos (f — 7).

HoxaxeM npocreitinyro u3 teopeMm A. [lyaukape o cymecmsosanuu
u eOUHCMBEHRHOCMU NePpUOOUHECKO20 pelleHust, CTPEMALIEroCs IMpH
p—>0 K TMepHONMUECKOMY pelUeHHI0 HOPOKIAIOUIEr0 YpABHEHHSi, B Npu-
MEHEHHH K YPaBHEHHIO BHIA

x=f{ x, £, u, (2.130)

rae ¢yHkuus f yLOBJAETBOPAET YC/NOBUAM TeopeMsl OO aHaquTHYeCKOH
3aBUCUMOCTH peLIeHHs OT fapaMeTpa | MNpU HOCTATOYHO MAJBIX MO
MoIy/MO 3HaueHusx W. Kpome rtoro. npeamonoxuM, 4T0 QyHKUua f
SIBHO 3aBUCHT OT [ M uMeeT Mo f mepuon 2m. JlOonycTUM TaKKe, 4TO

nopoxaioutee. ypapHenue x = f (£, x, x, 0) uMeer eAMHCTBEHHOE NepUO-
IHYecKoe pelieHHe X == @, (f) nepuona 2m.
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Pewenne ypasuenus (2.130), ylroBaeTBOpsioliee Haua bHEIM YCAOBUAM
X (t) =y t)+ By X (£) = @y (b +By.

obosnaunm x (f, W, Py Py). Crenosarenbno, P, u P; ABJAAOTCA OTKIOHE-
HHAMHM Ha4aJbHBIX 3HaueHud pemenus x (£, W, By, B;) ¥ €ro NPOU3BOL-

HO# x(t W, Po» By) OT HavanbHbIX 3uaueHu#h @y (£, u (po(z‘) NepUOLU-
YeCKOro pelleHHd MOPOXKAAIOUEr0 YPaBHEHWA.

3alaua saxJgai04YaeTcs B TOM, 4YTOOB yKa3aTh YCJOBHS, NP KOTOPBIX
AN KAXIOTO JOCTAaTOYHO MaJOr0 10 MOJAY/I0 3HAYeHHS [ CYILIeCTBYET
eIHHCTBEHHOE MepHoauyecKoe pelnenue x (£, W, By, B;) ypasuenus (2.130),
crpemsaileecd OpH W -—>0 K MepHOAMYECKOMY peIeHHIO (g (f) TOPONKIAIO-
Wero ypasHeHHus.

Ecmn pemenue x(f, 1, By B;) sBasercs nepnonuqecxuM Cc -Hepuo-
IOM 27, TO, OYEBHIHO, HOJKHBI YAOBJETBOPATLCA CAENYIOUIHE YCJIOBUS:

x (27, 1y By B — x (0, W, By =0, }
x (271, 1, By B — X (0, M. By, B =0.

OGosnauaa seBble 4HaCTW 3THX ypaBHeHult coorsercrBeHHo Oy (U, By By)
n D, (1, By, B;). sanuwem cucremy (119) B Buze

Dy (1> Bor By =0, }
@, (. By B =0.

Ycnosus (2.132), nasuiBaeMble YC208uaMU nepuoOu4HoCm, He TOABKO
HeOOXOMUMbl, HO M NOCTATOYHBI LI TIEPUONHYHOCTH pelenus X (¢ (1, By, By)
ypaBuenus (2.130). [leficTBuTeBHO,

B CHIy [EPHOAMYHOCTH npaBoit 2}
yacti ypaBHenua (2.130) no ¢,
9Ta MpaBas  4YacTb B I0JOCAX

0Lt LL2n, 2nLtLA4n, ...
npuHuMaeT B8 Toukax (£, x, x),

(t +2n, x, X), ... OIMHAKOBLIE

agauenus. Cuen0BaTeNbHO, €CAH B 7 e
arn 4

roukax (=0 wu ¢=2n 3anam I l

ONWHaKOBbIE Hada/ibHble 3HAUCHUS X,

(2.131)

(2.132)

U X, TO MMU ONpelesioTcs B 1O- Puc. 2.2.

aocax 0Lt C2n u 2nLEL4n
COBEpIIEHHO OJUHAKOBbE MHTErpajbHble KpUBHE (puc. 22), TouHee,
KpHUBble, SIBJASIOLUINECS AEPHOMMUYECKUM MPOLO/KEHMEM OJHA APYyroh.

[To Teopeme O HeABHBIX (GYHKUHAX MOXKHO YTBEPKIaThb, UTO, €CJH
axofuan )
D((‘DO’ 1)

DG by O
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B Touke H=0, PBy=f; =0, TO n0pu KaOXIOM 10CTATOUHO MA/JOM [0
MOLYJI0 3HAUEHUM | CYWECTBYeT elIMHCTBeHHas mapa (GyHxuui By (u) u
By (W), YAOBJETBOPAIOLIMX YCJIOBHAM nepuoinunoctd (2.132) u crpems-
wuxed K Hymo npu p— 0, T. e. B yKasaHHHX YC/IOBHAX 444 KaxXJAOro
AOCTATOYHO Ma/j0ro | CyILeCTByeT eNMHCTBEHHOe MePHOLHYECKOe pelle-
Hue ypasHeHus (2.130), crpemsleecs K NEPHOAMYECKOMY pellleHHUI0
NOPOKAAIOINErO YpapHeHNs nipu W —> 0 *). ITO yTBEpKAEHUE U COCTABJAET
colepxaHue TeopeMbl IlyaHkape.

[Tpumep 3. JoxasaTb, 4TO B HEPE3OHAHCHOM Ciaydae I3 ypaBHEHHS
X4 ate= f{t) +uF (L x & u), 2.107)

rae f ¥ F yIOBJIETBOPAIOT YKa3aHHHLIM Bbllle YCAOBHAM (cM. ¢Tp. 147), Bbi-
NOAHEHb TPeGOBAHHA TEOPEMBI O CYIUIECTBOBAHHH H CAWHCTBEHHOCTH NEpHOJHYE-
CKOTO pelleHKs.

Pemenue X (¢, U, By P1), 9BAsOMEecs aHaauTHUecKOH GyHKIMeH MOCARAHHX
TpeX apryMeHTOB INIPH JOCTATOYHO MaJibiX 3HAUEHHAX STHX aPryMEHTOB, HIeM

B BHJE
X1 Bo b)) =X @)+ X1 OB+ X12O B+ x4 ... (2133)

Moacrasasns (2.133) B ypaBuenue (2.107) u cpaBHuBas K03(PGUIHEHTH NPH OnHU-
HAaKOBBIX CTENEeHAX W, Po ¥ B, NOAYUUM AR ONPEeJeNeHHA X|, U X|p CAelylollHe

ypaBHeHHA: . .
J‘f‘n—f'az)fn:o’ 0 =1, f11(0)=0» } (2.134)
xipFatxp =0, x,(0)=0 x,0)=1

(Ha'-laJlebXe 3Ha4yeHHUA IIOJIyqe}{bI U3 ycnoauﬁ
X (Zor s Bos B1) = x4 (20) 4 Bor
X (to, s Por B1) = x4 (2) = B,

OTKyJa

1
Xy =cos al, X;p= 7 sin at.

Ycanosus neproguudoctu (2.132) umeor Bun

(cos 2am — 1) By + ;—sin 2anp, 4+ ... =0,
— a sin 2anfy 4+ (cos 2an — ) B, 4 ... =0,
T/le HeBbINMCAHHBIC YJEHBl HE BJMAIOT H3 BeJdHUHHY ONpeleauTens
D ((DO, (I)l)
——————" [DH =f;=1p; =0.
D (50’ ﬁl) P 4 ﬁO ﬁl
Onpeaeaureb
D (D, @,)

2% 20 — (cos 2am — 1)2 + sin?
D (o B) byep,m 0100 (cos 2an — 1)? 4 sin? 2an

OTAMYEH OT HYJAsl, TaK KaK @ HE PABHO LEIOMY UHCHY.

*) logpobuee o reopeMax CYIIECTBOBAHHA NEGPHOAHYECKMX pemeﬂnn cM.
. Maaxuu [3]
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§ 9. flouaTue 0 xpaeBbix 3agauax

Kak yxe ynoMmunanocb BO BBEIEHHH, Hapsldy C OCHOBHOH HayaJbHOH
‘Bajauedl 4YaCTO APHUXOAMTCA peIllaTh TaK HA3HIBAEMBle Kpaessie UMM 2pa-
Hu4Hble 3a0axu. B sTuX 3agayax
3HaueHHe HCKOMOH ¢yHkuuu 3a-
AaeTcq He B OJAHOHU, a B ABYX TOU-
KaX, OTPAHHYMBAIOIIUX OTPE30K, HA
KoTOpoM TpelyeTcs OnpeAeauTh pe-
weHue. Hanpumep, B 3anave o IBu-
EeHHU MarepuajbHOH TOUKHM Mac-
Chl m NOA HeHcTBUEM 3aJaHHOH CHJIBL A )4

F (¢, r, r) vacto TpeGyerca HahTi Puc. 2.3.
3aKOH ABMXKEHHHA, €CAM B HAYAIb-
HBIf MOMEHT £ ==£, TOYKd HAXOXH-
Jach B TOJOXEHHH, XapaKTepH3yeMOM palhyCcOM-BEeKTODOM T;, a8 B MO-
MeHT f==¢#, NO/KHA MONACTb B TOUKY I ==Ty.

3anaua CBOAMTCA K HHIEIPUPOBAHUI0  IUDPEPEHIHANLHOrO ypas«
HEeHUA IBHKEHUS

m‘“ —F( 1 1)

€ KpaeBLiMH ycaoBusaMu 1 () =1y r{f)=r,.

3aMeTuM, 4TO 9Ta 3alaya uUMeeT, BOoOLle TOBOPs, HEe EINUHCTBEHHOE
pelienue; ecaH peub MAeT O OajlnMCTHYecKOR 3ajaade W O TOYKAX 3eMHOM
NOBEPXHOCTH, TO B OAHY H Ty e TOYKY TeJO MOXEeT MONacTh MO HaBec-
HOM 4 MO HACTW/IbHOH Tpaekrtopuu (puc. 2.3), GoJjee TOTO, NPH OUYEHDb
00/IbIIMX HAYaAbHBIX CKOPOCTAX MOXHO MOMacTh B Ty e TOUKY M MOCJ/e
OIHOKDPaTHOFO WJM MHOrOKpPaTHOro o0Jera 3eMHOro iapa.

Ananorpunyio KpaeByl0 3afayy MOMXHO MOCTaBUTb W LAA Ay4a CBeTa,
NPOXOLSILYI0 Yepe3 HPeJOMJANLYI0 cpely: HAHTH HampasaeHue, IO
KOTOPOMY J/y4 CBeTa Jo/nkes BHIATH #3 TOuku A, uyToOB OH mnonan
B APYTyI0 33aAaHHYIO TOUKy B. ‘

[Ipu sTOM OuYeBHAHO, YTO 3aj4aya He BCerAd HMeeT pelleHHe, a ecJH
peuieHHs CYUIECTBYIOT, TO HMX MOXeT ObITb HECKOJbKO M Jaxe Gecko-
HEUHOE MHOXKECTBO (HanpuMmep, eciAu Jyud, BHIXOfILME M3 TOUKUM A,
doxycupyiorcs B Touke B).

Ecan ynaercs Haittu obuiee pelueHue audepenuyalbHOrO ypaBHEHHUs
KpaeBOolt 3ajayd, TO [AJd pelleHUA ITOW 3aHauH HALO ONPEIEJHTL HPO-
H3BOJbHBIE TIOCTOAHHBLIE, COMepKaliuecss B OOLIEM DelleHHH, U3 TpaHHYHbIX
ycaosu#t. Ilpn aTOM, KOHeYHO, AafleKO He BCerja cyuiecTsyer AeHCTBH-
TeJbHOE pelieHHe, a eCJW CYLIeCTBYeT, TO OHO He 00s3aTe/bHO eluH-
CTBEHHO.

B xauecTBe MpuMepa BOBHUKAIOLIMX 3AECh BO3MONKHOCTEH paccMoTpHM
CAEAYIOWYI0 KPAeBYI0 3afauy:
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'Hatitu pemenue ypasHenus ‘

yaosaersopsiwomee ycropusm: y(0)=0, y(xl)—_—yl.
O6uiee pewenne ypaBHeHus (2.135) umeer sun

y==¢,€08 X 4 ¢,sinx.

[Teproe rpaHuyHOe yc/iOBHE YAOBJIeTBOpAeTcs npm ¢; =0, npm sTOM

Y ==¢,sinx.
Ecmu x, % nm, rie n-— lUejJ0e YUCIO, TO U3 BTOPOro FPaHHYHOrO
VCJIOBHSL HAXOMUM Y == CySiN Xy, €yp= si:lx CnenosateqbHO, B 3TOM
1
cjaydae CyLlecTByeT €IMHCTBEHHOE pelleHMe KPaeBof 3a1avu
‘ b4 ;
= ———SIN X.
Y sin x, sin x

Ecau xe x;=nn u y;=0, T0 BCe KpHUBHE MNyuKa y==c,sinx
ABASIOTCA TpaduxaMu pellennii xpacBo# 3alau.

Mpu x;=nmn, y;+ 0 pemenuil KpaeBON 3ajaud He CYLIECTBYET,
TaKk KaK HH OfHA KpuBas Nyuka Y ==(,SinX HE MPOXOILMT 4uepe3 TOUKY
(%1, yp), raE

xy==nmn, y; #0.

PaccmorpuM HeckoasKO moapobHee KpaeBble 3alaud AJs JHHEHHBIX
ypaBHeHUH BTODOro MNOPsAKa

Y 4P ()Y 4 pa(0)y=0(x), (2.136)
y(xp) ==y, y(x)=y; (2.137)
JluHe#HO® 3aMeHOH mnepeMeHHBIX ‘

ey i Yo . _
Z=y = F—X) — ¥

KpaeBwie yciosus (2.137) cBoaATca K  HYJeBbIM YCJIOBHAM 2 (X)) ==
= 2z (x;)=0, nmpuyeM JHHeHHOCTL ypaBHexus (2.136) ne wapywaercs.

d. .
YMHOXKeHueM Ha ef PO nettioe ypasuenue (2.136) mpusoaurcs
K BULY .

AP YV+ D)y =f () (2.138)

fﬂ,(x)dx -
rie p(x)==e . .[TostoMy ©6e3 cyuwecTBEHHOTO OrpaHHYCHHS

OBGLIHOCTH MOXHO 3aMEHUTb u3ydeHue kpaeBo# sajaun (2.136), (2.137)
u3yueHueM KpaeBod sajaunm Aad  ypasHenusa (2.138) ¢ rpauuyHEIMA
yCJIOBUAMHU ‘

y (X =y (x)=0. (2.139)
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Brauane paccMorpum xpaesyio samauy (2.138), (2.139), npuuem f (x)
ABNSIETCA JIOKA/IH30BAHHONR B TOUKe X = § (YHKUUER C eAHHHUHHIM UMIY /b~
coM. Tounee, paccMOTpUM ypaBHeHue

L p@y)+axy="1,(x 9 (2.140)

C TPaHMYHBIMA yCaoOBHAMH Y (X)) ==y (x;) =0, rae dyukuua f (X, S)
paBHa HyJI0 Ha BCeM OTPe3Ke [X, X;], 34 UCKIIOUEHUEM E-OKPECTHOCTH
TOYKH X =8, § —& < x < §—+ &, mpuueM

§+¢e

f fo(x, 8)dx=1.

O6oanauuM G (x, §) HenpepblBHOE pellleHne 3TOH KpaeBo#t 3anaun
U NepefiieM Kk mpejejay npu e—>0:
limGe (x, 8) =G {(x, 9). (2.141)
e->0

Herpyaxo 6niio 6w Jokasath CylLeCTBOBaHHE BSTOro Mpefesa, He
3aBHCALLETO OT BbiOOpa dynkunu f (X, §), OAHAKO B STOM HeT HeoGXO-

IDMMOCTH, TAK KaK MOKa HalllM PacCymAeHUst HOCAT IBPHUCTHYECKHH Xapak-
Tep, W Ha cTp. 162 Gyner nano tovHoe ompenesenne ¢ynkumu G(x, S).

dynkuna G (x, s) HasviBaeTca (hynxyueld sruanun van Pyuxyued
[puna paccMaTpusaeMot kpaeso#t sagaun. Tak ke Kak Ha ctp. 122—~124,
pelenve kpaesoft 3amaun (2.138), (2.139) c wnenpepuBHOH npaBoH
yacThio B (2.138) MOMHO paccMaTpuBaTh KakK CYMNEPHO3MINIO -pelleHHH
KpdeBHIX 3a/la4, COOTBETCTBYIOMMX JOKAJTH30BAHHLIM B TOYKE (DYHKUMAM
¢ umnyabcaMu f (s;) As, rae s; — TOuku IHeneHus OTpeska [x,, x,] wa m

X1 —Xp

paBHBIX uacTell, As= . Toynee, npubaMKeHHOE peIUEHHE Kpae-

BO# 3anaun (2.138), (2.139) pasHO uuTerpanbHOM CyMmMe

2_”_.1 G(x, s;) f(s)As,

a mpenesa 3TO# CYMMBI NpH m —> 0O: .

y(x)=f0(§c, §) f (s) ds (2.142)

Xo

fBJFETCH pellleHHeM paccMatTpuBaeMoft kpaeBo#t 3amauu (2.138), (2.139).

dusnueckuf cMbica byukuuu BausHuA G (x, §) u pewenus (2.142)
craHeT emie fAcHee, eciu B ypaBHenuu (2.140) paccmarpusats y (x) Kak
CMellleHHe HEKOTOPOH CHCTeMbl- MOA BJMSHHEM HeNpepLIBHO pacnpele-
AeHHOR Ha OTpesKe [xy, x| cuanl f(x) (HanmpUMEp, OTKIOHEHHWe CTPYHHI
OT TIONOMEHHS DABHOBECH [OX BJMSAHMEM = Pacnpele/eHHOM Harpysxu

11 A. ®. dascroaby
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¢ naotHocTho f(x)). [Ipu sroM G(x, S) ONMHCHIBaET CMelleHHE, BHISHI-
BaeMoe eJUHUYHOH COCPeNOTOYEHHOH CUJIOH, MPUJOKEHHOH K TOUKe X ==§,
a pewenne (2.142) paccMarpupaeTcs Kaxk npeles CyMMEl pellleHHH, COOT-
BETCTBYIOINX COCPENOTOYEHHBIM CHJ/AM.

dyukuua [puHa objajaeT CACAYyIOLMMH CBOHCTBAMH, BHITEKAIOULUMH
n3 ee ompeletenus (2.141):

1. G(x, s) HerpepbiBHA O X NpU (QUKCHPOBAHHOM § NMPH Xy <L X < X,
Xg < 8 < X2

2. G(x, §) #BIfeTCs pelIeHneM COOTBETCTBYIOLIEr0 OJHOPOLHOrO
ypaBHeHHd

2 (P Y)+qx) y=0

Ha BceM OTpeske [X, x;], 3a UCK/ITIOYEHHEM TOYKH X ==§ (TaK KaK BHe
9TOH TOYKH B CAydae JOKA/JIH30BAHHOH B TOUKe X =S5 (YHKLUH MpaBas
YacThb paBHA HYJIO).

3. G(x, s) yloBieTBOPSeT IPAHUYHBIM YCJIOBUAM:

G(xg 8)=G(x, §)=0.

’
4. B touke x==s mnpousBogHas U,(x, §) HOKHA HUMETb pa3phiB
1

p(s)y’
cjelyeT /HlI> B TOYKE JIOKAAM3aUUH PYHKUUH — B TOUKE X ==§. YMHO-
KA TOWKIAECTBO

2= (P (9 G (%, 9)+q () G, (x, )=F,(x, 5)

Ha dx ¥ WHTerpUpysa B Npefesax OT §-—¢& A0 S-{- &, NOJAYUUM

11epBOr0  pOAa €O CKAYKOM HeAcTuTeIbHO, OXHIOATL Pa3pHIBa

s+e

, ste
P (x) Ge (x, S)L_B—{— f g{(x) G (x, s)dx =1

¥, Mepexols K npeleny npm e—> 0, GyleM uMeTh

4 ! I
[G"(s+0,8)— G (s—0, §)] = FIGR

Bce Hamu paccyxienns o0 (yHkUMA [pHHA HOCH/H 3BPUCTHUYECKHH
xapaxtep. Ilpuzainm Temeph UM HeOOXOAUMYIO TOUYHOCTD.

Onpedenenue. P yurxyueil Npuna G(x, s) xkpaesod 3a-
Oawu (2.138), (2.139) nasusaemcs Oynxyua, Y008.Lem80pAOUAR
yrasaunutim sviie ycaosuam 1), 2), 3), 4).

HenocpeactsenHeft mnonacranosko# B ypasdenue (2.138) mnpose-
psieM, yTO

y(x)_—:fo(x, s) f(s)ds (2.142)
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ABJSETCA pELICHHEM 3TOro ypaBHeHuUs (kpaesbie ycaosus (2.139), oue-
BHJHO, YIOBJETBOPAIOTCA B CHJIY cBOHcTBa 3)).
HeficTBuTeabHo,

y (x)-_-_fG,’,(x, s)f(s)ds=fo;(x. $) £(s) ds+fG,’,(x, s) f (s)ds;
v @)= [ Qe 9) f &) ds+ Ty (x, x—0) f () +
+fo,’éx<x. ) f(s)ds — Gy (x, x4 0) f(x) =

= f G;X (x, 8) f(8)ds—+ [Gx (x +0, x) —G,’v(x -0, x)]f(x).

%

Tloacraasa (2.142) B ypasnenne (2.138), noayunm
[ lp®) Guatx, )+ 0" (0 Get. )+ 9(0) G, 9)] ax +
X

+p@ [0 (x40, ) =G (x —0, x)] f ()= F(x)

B CHay ycJIOBHE 2) M 4).

PaccMoTpuM MeTON MOCTpoeHHs ¢yHklUuu ['puHA, M3 KOTOPOro mouay-
Y¥M TaKXe AOCTAaTOUHOE YCJOBME €& CYLeCTBOBAHMA.

Paccmorpum peuienue y,;{(x) ypaBHeHUs

d B
77 (P ®)Y)+q(x)y=0, (2.143)
onpeneaseMoe HavaJ bHBIMU YCJIOBMSIMU
Y(5o) =0 ¥ ()=, #0.

dro peuienne, BooOWEe rOBOPS, He YROBAETBOPSET BTOPOMY PAHHUHOMY
ycaoBuio v (x)=0. Cayyait y,(x,) =y, (x;)==0 saBasgercs Hck.IOUHK-~
TeJbHBIM, M MH €ro 34eCb PacCMaTpuBaTb He OyleM.

OueBuano, uyTo peweHus ¢y, (x), rle ¢; — NPOU3BO/bHAA IOCTOSAH-
Has, TaKXe YAOBJETBODPAIOT MPaHUYHOMY YCJIOBHIO Y (X,)==0. AHajoruudo
HaxXOIUM HETPUBHA/JbHOE pelleHde Y, (x) ypasHenus (2.143), ynemaerso-
pawoliee BTOPOMY TPAHHYHOMY YCIOBHIO Y,(X;)==0; 3TOMy XKe yC/0BUIO
YAOBJIETBOPSIOT BCe pelleHHs CeMeHCTBA ¢y, (X), A€ ¢ — MPOMBBO/bHASA
NOCTOAHHAS. '

11*
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Pynxunio Tpuna uem B BuHle o
eyi(x) mpr X L xS,

G ) ={ Y (x) mpr s x L Xy,

npuyeM MOCTOSIHHBIE €, H ¢, BHOHpaeM Tak, 4TOGH GBIMIH BBIMOJHEHE!
ycaosus 1) u 4), 1. e. yTo6b ¢dyHkuus G(x, s) Oblia HeNpepHBHA MO X
npu (QUKCHPOBAHHOM §, ¥ B YAaCTHOCTH HENpEpHBHA B TOYKE X ==§:

€131 (8) = €4, (8). | (2.144)
7@

# 9rolni G;(x, §) B TOUYKe X ==S§ HMesa CKa40K

L
p(s)”

B cuny npeamonoxenus, 910 y;(xy) # 0, pemenus y,(x) u y,(x)
THHeHHO HE3aBUCHMBl, TAK Kaxk BCe JAMHEHHO 3aBHUCHMBlE OT y,(x) pelue-
HHAl UMEOT BHI €,y (X) W, CAeAOBaTeNpHO, NpH ¢, %+ 0 ne obpawaorcs
B HyJIb B TOUKE X;, B KOTOpPOH oGpauiaeTca B HyJb pelieHue y, (X).
CienoBarte/ibHO, onpelenautenb cucteMul (2.144) u (2.145), sasasowuica
onpeneautesem Bponckoro: W (y;(x), y,(x))==W(x) B Touke x =3,
OTJ/HUEH OT HY/S U NOCTOSHHBIE €; U €y, YAOBJACTBOPAIOLIUE CHCTEME (2.144)
u (2.148), nerko ompelejsoTCH:

__Ya(5) N (x) N(Ss) ya(x)

€Y, (8) — €.y, (8) = (2.145)

W e T AT WEe e !
OTKYZa
_)'_J_y_(ﬂg_l(_x)_ npn XL xL8,
G 9=y (S)y” fi)) (2.146)
i 2
RAGYION npu s < x K Xy

Mpuwmep. Halith dpynxuuio [puna xpaeso# 3anaun

yWty@=7  yo=0  y(3)=0

Pemenns COOTBETCTBYIOLIErO OJAHOPOJHOTO YPaBHEHHA, FAOBJACTBOPRIOUIME YCJIO-
gusam y(0)=0 v y (—g—) ==, COOTBETCTBEHHO HMEIOT BHA y, = ¢, 8inx d
¥y = €, COS X, CJEJIOBATEJLHO, coraacHo (2 146)

—cosssinx mpr 0L x s,

~-8inscosx mOpn << xg

N

G(x, s)= { n
?0

3aMeuanue. Mu npeanoacxuan (ctp. 163), uro me cyuiecrsyer

HeTPUBUALHOIG pelieHus y(Xx) ONHOPOJHOro ypasHenua (2.143), yao-

BJETBOPSIOLIErC HYJMEBHIM TDaHUYHLIM yCJIOBHAM ¥ (X,) ==y (x;} == 0. Do

' yChOBHE rapauTMPyeT He TOJbKO CYLIECTBOBAHME H €LMHCTBEHHOCTh

‘kpaesofl aanaun (2.138), (2.139), HO u eauncTBEHHOCTb (ynKuuu I'puHa.
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JefiCTBHTENLHO, €c/n AONYCTHTb CYLLECTBOBaHHE IBYX  Pas/IMUHLIX
¢yskunt Tpuna Gy(x, §) u Gy(x, §) ana kpaesot 3amauu (2.138),
(2.139), To noayuuM IBa Pa3IUYHLIX peILEHUs STOH 3aiauu:

yl(x)=f0l(x, s)f(s)ds

yg(x)=f0.2{x, $) f(s)ds,

PAa3HOCTb KOTOPHIX
4

f[O1 (x, §) — Gy (x. 8] f(s)ds.

X

BOMIpEKH TPeANOJIOXEeHUo, 6y118T HETPpMBHAJbHBIM pelleHUEM COOTBET-
CTBYIOLIETr0o OAHOPOAHOIO ypasHEHHA, . YAOBJETBOPAIOUIUM HYJIEBLIM rpa-
HHYHLIM YCJ/AOBUAM.

3agaun K raaBe 2

apn 2205 1o IS0 R e ey o+ =0
2. x4 x =sint — cos 2t 10. x? ‘,i;tf‘}'l:o'
3. y'y” —3(y"y¥=0.
" - 11, yIV—16y = x2—¢*.
LY Y= :
5. x?y" —4xy 0y =2 12, (y7y 4 (y")Y =L
6. y”+y=:2chx. s dﬁx_d,x_l
7y + T—y (y'): =0, Caft T A T
d“x dx dix d?x
S.ZF—4—‘iT+4x=e’+e2t+l. . 14. W—2W+x=t2—3'
15. y* 4 4xy = 0; DPOUHTErpUPOBATH C MOMOIIBIO CTEMEHHBIX PAACH
16. x2y” + xy' + (Q,vc2 - 75—) y =10, npouHTEerpupoBaTb fOyTeM CBeAeHHA

K ypaBuecHuio Becceas.
17 y*4+iy'Y=1 y0)=0 y 0O=L1
8.y =3Vy. y@O=1L y =2
9. y" 4+ y =1

d*u 2 du
20. '2;‘:1"+7-d—r—=0-

sinx°

21. Ha#itu cxopocTb, ¢ KOTOPOH TeNO ynmajeT Ha MOBEPXHOCTb 3eMJH, eClH
CYHTaTh, YTO OHO Najaer ¢ 6eCKOHe4HO GOARINONA BRICOTH M NBHXEHHE MPOHC-
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XOAUT TOJBKO TOA BAMAHWEM MpuTsKeHua 3emau. Papumyc 3emau cuurarh pas-
HbiM 6400 xa. )

22. Hafitu 3akon ABHKEHusl Teaa, nafalomero 6e3 HayaJbHOH CKOPOCTH,
JOIyCKasl, 4TO COMPOTHBJAEHHE BO3JyXa NPONOPIHOHANLHO KBAaJApaTy CKODPOCTH
K YTO CKOPOCTb MMEET CBOHM TpeAeqoM npu ¢ —>co BEAHUMHY 75 a/cek.

23, llenb jaauHo# 6 M COCKaAb3bIBAET CO CTOJMA. B MOMEHT Hauaaa ABUKE-
HHA €O cTona cBucaa 1 u uend. Bo ckoabko BpeMeHM cO CTOMA COCKOMbL3HET BCS
nenb. (TpeuneM npeHebperaem.)

24, llens nepefpoilzena uepe3 raaakuil rBo3fb. B Moment nauana apuixe-
HMA C OfHOH CTOpOHH cBucaeT 8 u uenu, a ¢ gpyro#l croponn 10 4 uenm.
Bo cxoabko BpemeHH BcA IHeNb cockoab3HeT ¢ rBo3as? (TpeHueM mnpene6-
peraem.)

25, [Moean gBuKeTcs MO rOpuU3OHTaAbHOMY nyTH. Bec moesza P, cuaa tarm
napoBo3a F, cuaa conpoTuBAeHus npu aswkeHud W =a -+ bv, rie a u b — no- .
CTOSIHHBIE, @ U — CKOPOCTb 1Oe3ja; S — NpolijeHHbl NyTh. ONpeieinTs 3aKOH
JBHXEHHS noesjga, cuuTas, 4to npu t =0 s=0u v=0.

26. I'py3a B p Ke NOABELIeH Ha NpYMHHE H OTTAHYA €e Ha & cu. 3ateM
fIpy:KHHA OTTArMBaeTca eumle Ha A cu u ornyckaerca 6e3 HavaJbHOH CKOPOCTH.
Hafitu 3akoh ABMKEHUS NPYXKUHDBI, NpeHebperas CONPOTHBJEHHEM CDEIBI.

27. lsa OIMHAaKOBBIX Ipy3a mHOABelleHbl K KOHHY mpyxuHbl. Halitn saxon
JBHXKEHUS OJHOrO H3 FpY30B, ecau Jpyro#i oGopsercs. J[IaHO, 4TO yANHHEHHE
APYKHUHBI TOX BAWSIHHEM OJHOTO M3 PY30B PaBHO & CHM. '

28. MarepuanbHas TOuKa Macchl m OTTaakupaeTcst o1 meHTpa O ¢ CHIOH,
HPONOPUHOHAIbHOA paccToaHuio. ConpoTusieHHe Cpebl NPONOPUHOHANBHO CKO-
poctu Asnxenus. Halitu 3akon JBHXKeHus.

29. HaliTu mepuoinueckoe peluieHue ¢ NEpPHOJOM 27 ypaBHEHHUA

X4 2x=f (),
rie ¢ysxkuus f(f)=n?-—1 mpu —n <{ A H Jdalee NPOJOJIKEHA NEPHO-
JIHYeCKH.
” . yy 33. y" +2y -+ y=shx.
30. 2=,
SO VT2 34. y" —y=e".
3Ly y' =P+ ") 35. y” —2y’ 4 2y = xe* cos x.

32, £+ 9x=fsin 3t

36. (x? —1) y” — 6y = 1. HacTHoe pelueHHe COOTBETCTBYIOLIErO OJHOPOLHOIO
YDPaBHEHHSI HMEET BUJ MHOTOYJIEHa. .

37. Hafitu pewenue u = u (x2 -}~ y?) ypaBHEeHHS

2 2
0% dz;:()’

oxz " oy?

3aBHuCAmee JuImb oT x2 -4 y2
38. Haittu pemenne u = u (x2 4+ y? - 22) ypaBHeHus

?u %u 0%
T ot =0

apasiomeeca bynknueit x2 - y? 4 22,

39. Marepuanbnas TOuka MeJJEHHO NOrpyXaeTcss B XUAKOCTb. Hafitu saxon
ABHMEHHH, CUUTas, YTO WPU MEJJCHHOM MOrPYIKEHHH CONPOTHBJECHHE KHIKOCTH
TIPOROPUUOHANBHO CKOPOCTH HOrPYKEHHU.
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40. TIpOUHTErpUPOBATh YPABHEHHE ABHWEHHN MX == !/ (¢, x. X). cuuras, 4TO
npaBas 9acTh ABASETCA (QYHKIHMEH TOABKO X MJH TOALKO £

a) mx= f(x);

6) mx = f ().

41, yvl— 3yV 4+ 3ylV — 97 = x.

42, xV 494" 4 x =cost.

4. 0+xPy +14+ 2y +y=2cosin(l+ x).

44. OnpeleauTb NEPHONHYECKOE PelileHHE YPABHEHHS

sin nt

4 22k = Z
n=1
45. Onpeneme NIepHOJHYECKOE PellleHHe ypaBHEeHHA
X+ g X~ ax = f (),
rie 4 H a,— NOCTOAHHEE, a f (f) — HenpephiBHaA fepHOZuUecKas GyHKIMA
nepuoia 2n, Pasnaralomancd B pax Pypove, a; =0 u a, 0.
46, x4 3x=cost+ PX2, — Maubiil napameTp. [IpubamxeHHo ompeiennTsb
NEPHONHHECKOe pelIeHUe.
47, x*y” — xy’ -t y = 0, IPOHUHTErpUPOBATb ypaBHEHUE, €CIH ¥; == X ABAAETCA

4aCTHbIM pEMICHHEM.
48. Hatitn auneliHOe OXHOPOAHOE ypaBHeHHe, HMewlnee CASAYOUylo GyH1a-

MEHTAJbHYI0 CHCTEMY pelleHuil: y, = x, Yo=—_.

49. xV px =12 55. 6y"ylV—5(y”)P =0.
— VAV ” ’
50' "Y‘_(y .) + y + l't -5t 56. xy” —_ y/ln }'_'
51, x4 10x 42506 =2+ ¢te X
52. xyy” —x(y')?—yy =0. 57. y” -+ y =sin3x cos x.
53. yVI —y=¢ 58. y =2y y(h)=1y (1)=1

54, yVI2ylV 4 y" = x+ e~ 59, yy' —(y')2=1y".



rNTABA 3
CUCTEMb! JIU®PEPEHILMAJILHLIX YPABHEHHM

§ 1. O6wne nonaTus

VYpaBHeHVe IBHKEGHHS MaTepHa/bHOM TOYKH MACCH 72 TOA ONeHCTBHEM
cuanl F (¢, r, 1)
d?r

m an

=F({, r, l“)

nyTeM NPOEKTHPOBAHHSA Ha OCM KOODRHHAT MOXeT ObITb 3aMEHEHO CHCTE-
MO} TpPeX CKa/JspPHBIX ypaBHeHMH{ BTOPOro MopsiKa:

m-d&i-_)((t X, ¥, 2, Xy, 2
a?

mwt%_-:)/(t, X, v 2, £ y. 2),

h\gz—l(t X, ¥ 2, x. y. 2).

WU CUCTEMOH IeCTH yPaBHEHHH MEpBOro MOPAAKA, eC/H 332 HeW3BeCTHbIE
(YHKHUHYN CUMTATL He TOJIbKO KOOPAMHATH X, Y, 2 JABHAKYILEHCA TOUKH,

dr

HO U TIPOEKUHH x, y, ee CKOpOCTH —7:
xX=u,
y=u,

z2=a,; +

me=X(t %, ¥, 2, 4, V. W),

mo=VY({ x V. 2, 4, v, W),

mw=2Z(¢ %X, Y. 2, 4, V. ©).
Ilpr sTOM OOLIYHO - 3a1aI0TCA HAYAZbHOE MOJONKEHUE TOUKH X (£)) = X,
Y=Yy 2()=2, U HauagbHad CKOPOCTb 4 (fy) ==1u, U (fy) =17,
W (ty) = w,. ’
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JTa OCHOBHAA 3a7aya C HauyaAbHBIMH 3HAYEHWSMU YXe PaCCMATPUBANACH
B § 6 ranaen | (ctp. 51). Tam Gnina aoxasama TeopeMa CyLIeCTBOBAHWSA
¥ eNMHCTBEHHOCTH pelleHUs cuCTeMbl AndbepeHuuanbHbIX ypaBHeHMH

dx, |

=it Xy Ly e X

dx

G =Jfalt. Xy, Xy oieh Xp). 3.0
dx

dtn =falts Xy X9 oenh Xp)

yﬂoBJIeTBOpﬂ!OU.lero Ha4anNbHLIM YCJIOBHAM
xi(t0)=xio (i'—'——!, 2, ve ay n). (3.2)

HanoMuum, 4TO NOCTaTOYHBIMH YCJIOBUAMM CYILECTBOBAHHA M €AHH-
CTBEHHOCTH peweHus cucreMs (3.1) npu HavanbHBIX ycaoBusx (3.2)
ABJISIOTCA:

1) uenpepuBHOCTL Bcex GYHKUMH f; B OKPeCTHOCTH Haya/lbHBIX
3HauYeHnH;

2) sunoadenne ycaosus Jlunmmua fas Bcex dyHxumd f; M0 BCeM
apryMeHTaM, HauWHas CO BTOPOrO B TOH e OKPeCTHOCTH.

YcaoBus 2) MowHo 3aMeHHTh GoJjee, rpy0siM, noTpefoBaB CyIeCTBO-
BaHMS OTPAHMYEHHEIX NMO MOLY/MIO YAaCTHBIX TPOUIBOAHBIX

of, —
H;‘ (l,j—-l, 2...., n).
Pewerue cucrems auddepeHuHatbHHX ypaBHeHUH xy(£). Xy (), ...
«eos X,(f) ABARETCA n-MepHOR BEeKTOP-PyHKUMeEl, KOTOPYI0 MBI KDaTKO
GyneM oéosnaqarb X (f). B stux o6o3HaueHHsax cucteMa (3.1) Mower

OLITL 3aMHCaHa B BHIE

ax
_dT=F(t’ X

rie F — Bekrop-dynkuna ¢ koopauuaramu (f, fo «..s f,) @ Havamb-
Hble ycnoBus B Buie X (f;) = X, rie X, ecTb n-MepHHI BEKTOP C KOOp-
JMHATAMH (K15, Logs +++s Xpo)e

Pelrenue cuctemsl ypasHeHui

Xi=X,(t), Xog=X3(), ..., X,=x,(f),

nm kpatko X = X (¢), OnpejesseT B eBK/JMA0BOM NPOCTPAHCTBE C KOOP-
auHaramm £, X, Xy ..., X, HEKOTODYI0 KDHUBYIO, HA3LIBACMYIO UHME-
epassiol kpusod, Tlpu BuimonHeHuu ycaosu#t 1) u 2) rteopeMsl cylue-
CTBOBAHHA H EAMHCTBEHHOCTH Yepe3 KAMAYI0 TOYKY 3TOTO MPOCTPAHCTBI
NPOXOIMT €IMHCTBEHHAs WHTETpa’ibHas KPWBas M HX COBOKYMHOCTb o6pa-
3yeT n-napaMeTpUYecKoe CeMelCTBO, B KauecTBe f1apaMeTpoB ITOro ceMel-
CTBA MOTYT GbiTb B3ATH, HAMPUMEP, HAYAMbHDIE BHAUCHUS Xign Xogs » + +» Xpor
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BosmoxHa # Apyras uHTepnpeTauus peLieHHH
Xy="%1(£), Xg=Xo()s +v¢y X,=%x,(f),

ua kpatko X = X (£), ocoGenHo ynoOHas, eCau NpaBhle YaCTH CHCTEME
(3.1) He 8aBHCST fABHO OT [,

B eBK/IHMIOBOM MNPOCTPAaHCTBE C MPAMOYrOJbHLIMM KOODAMHATAMH X,
X, v.., X, pellenve x;==x,{f), Xo=x5(f), ..., x,=x,(f) omnpe-
HenseT 34KOH JBUIKEHUS TO HEKOTOPOR TPaeKTOPUM B 3aBUCHUMOCTH OT
U3MeHeHusl napaMerpa f, KOTOpHH npu STOR HHTepnpeTaluu Mbl GyleM

d
cuntath BpeMmereM. [lpn Tako#l HHTepnpeTaUMM HPOU3BOJIHAS —g— Oyner

CKOPOCTbIO IBUMEHHS Toukm, a ~oL, 4% dxn
P T TdE > Tdt
ckopocTn ToH we TOukH. [Ipu aTo#f uHTepmperauuu, BecbMa yLOGHOR

1 eCTeCTBEHHOH BO MHOI'HX (pPlBI/I‘{eCKHX U ME€XaHHYECKHX 3aAavax, cucrema

d s
SE=fit xn Xy %) (=L 2 ...m @)

-— KOOpJIHHaTaMu

WK

dX

o6buno Ha3bBaeTCA OuHaMuuecxoli, TPOCTPAHCTBO C KOOpPAMHATAMH
X1, Xgs ..., X, Ha3uIBACTCH a308e6iM, a KpuBas X = X (f) — gpazosoli
mpaexmopued.

Iunamnueckas cuctema (3.1) B salaHHBIH MOMEHT BpeMeHu { omnpepe-
AT B MPOCTPAHCTBE Xy, X9, ..., X, MoJe ckopocted. Ecin BekTop-
$ynxums F 3aBHCHT #BHO OT £, TO TNOAE CKOPOCTeH MEHseTcs C Teve-
HueM BpeMeHM u (pa30OBHIe TPaeKTOpMH MOTYT MNepecekaThcs. Ecau xe
BeKTOp-yHKUMs F, WaM, 4TO TO ke CaMmoe, sce QYHKUMH f;, He 3aBHUCAT
SBHO OT £, TO NOJe CKOpOCTefl CTALMOHAPHO, T. €. He HBMEHseTcs C Te-
yeHHeM BpeMeHH, M JABMXeHHe OyneT yCTAHOBHBIUMMCH.

B nocaexnem cayyae, ecaM yCJAOBHS TeODeMHl CYIIECTBOBAHUR H
eIMHCTBEHHOCTH BBHITIOJIHEHB!, 4epe3 KaXAylo TOUKY (asoBOro npocTpaH-
CTBa (X{, Xg ..., X,) OyleT NMPOXOAMTb JHlIb OJHa TpaeKkTopus. Illeh-
CTBHTEJNBHO, B 9TOM Cayuae IO Kaxcaoi Tpaektopun X == X (f) comep-
waeTcs OeCKOHEUHOe MHOMXECTBO pas3/uuHbiX AsmkeHu#t X = X (f 4 ¢),
rie ¢ — NPOM3BOJbLHAS IOCTOSIHHAsA, B ueM Jerko yGeluTbcs, COBepILUUB
3aMeHy MepeMeHHBX f,={¢-¢, npu KOTOpPO# IMHAMHYECKasds CHCTeMa
He HM3MeHHT CBOEro Bujia:

dX
a =F (X),
u - caenosateabHo, X — X (f;) Gyner ee pemeHueM HIH B OpeXHHX
nepeMeHHbX X = X (£ - ¢).
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Ecan 66 uepes HekoTopyio Touky X, ¢asoBoro npocTpaHcTBAa B pac-
CMaTpHBAEMOM Clydae MPOXOAMAM [IBe TPAEKTOPUU

X=X\(t) 1 X=X,(), X (t)) =X,y (t) = Xo»

TO, B34B HA KAXAOM W3 HHMX TO .NBMIKEHHE, TpPH KOTOpOM Touka X,

HBOCTHraeTCsi B MOMEHT BpeMeHn ! =¢{,, T. €., pacCMaTpuBas peLICHHsS
X=X (t—ty+t) n X=X,t—1t+1)

NOAyYNM NpPOTHBOpeYHe C TeOPeMOW CyLIeCTBOBAHMI M EIMHCTBEHHOCTH,

TAK KaK [BA PpasAMuHBIX pelueHna X (& —1, -{—70) X, (t—to—{-?o)
YIOBJAETBOPSIOT OJHOMY M TOMY e Haua/ibe
HoMy ycaosnio X (fy) = X,. y

[Ipumep Cucrema ypaBHeunit
HAMEeT, KAK HETPYAHO MPOBEPUTh HENOCPEACT- , ‘\

dx d
Xy Yo (3.3)
BEHHOH NOICTAHOBKOH, cJjelyiollee CeMeRCTBO MJ T

df atr —
peuteHuii:
= ¢ €0s ( —¢y),
= — ¢, sin(f — ¢y).

PaccmatpuBas ¢ kak nmapameTp, NoJyuuMm Ha da-
30BO#l MJIOCKOCTH X, y ceMeHCTBO OKPYXHOCTEH
€ UeHTPOM B HadyaJje koopauHar (puc. 3.1). [Ipa- Puc. 3.1.

Bas 4acTh cHCTeMbl (3.3) He 3aBUCHT OT { H

YAOBJETBODSAET YCJAOBUSIM TEOpeMBl CYIIECTBOBA- .
HMS M eIMHCTBEHHOCTH, MO3TOMY TPACKTOpHH HE mnepecekaioTcs. PukCHpysa ¢,
NOJYYHM ONpejel]eHHYI0 TPAEKTOPHIO, MPHYEM PA3JHYHBIM €y OYIYT COOTBETCTBO-
BaTh DPa3AHYHBIE JBHXCHHS [0 9TOH TPaeKTOpuM. YpaBHeHHE TPAaeKTOPHH

o+ y2= cf HE 3aBUCHT OT (y, TaK YTO BCe JABHMEHHA NPH (QUKCHPOBAHHOM ¢,

coBepuIaloTcs 1o ofuoff M ToH we Tpaektopun. [lpu ¢ =0 ¢asoan Tpaek-
TOpHSi COCTOMT H3 OJHOH TOUKH, Ha3blBAeMOH B 9TOM CiyvYae moukol noxos
cucremsl (3.3).

§ 2. UuTerpupoBanue cuctembl fHdepeHnanbubiXx ypasHenuh nytem
cBeNeHHS K OJHOMY ypaBHeHHIO (o0Jiee BBICOKOrO NOpAAKa

OIns 3 OCHOBHHIX MeTONOB HHTerpHpOBaHHA cucTeMbt AuddepeH-
UHaJbHBIX YPaBHeHHH 3aKa0uaeTcs B CHAEAYIOEM: U3 ypaBHeHHH cu-
cTeMbl (3.1) n ¥3 ypaBHenu#t, noayvawomuxca inddepeHurnposanieM ypas-
HEeHU#, BXOMAIHX B CHCTEMY, HCKJIOYAIOT BCe HeusBeCTHhle QYHKUHH,
KpOMe ORHOH, 14 OmlpefereHus KOTOPOH 1OayuyaloT onHo Auddepen-
uMajbtoe ypapHenyue OoJee BHICOKOro mopsaka. Haterpupys sto ypas-
HeHue 0o0J/iee BLICOKOTO MNOPSAAKA, HAXOAAT ONHYy M3 HEH3BECTHHIX (yHK-
uuH, a ocrajbHble Heu3BEeCTHple QYHKHHMH, N0 BO3MOHOCTH Ge3 uHTerpa-
uuf, onpefe/sioTcd U3 MCXOAHLIX YpaBHeHMH M ypaBHEeHUH, MOJyUHBLIHXCA
B pe3yibTaTe MX AnddepeHunpoBaHus.
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HamoctpupyeM ckasaHHoe HpuUMepamu.

Opumep L
ax YDy
a =y =
N dx dy
Juddepennupyem OQHO H3 ypaBHEHHH, HANDHMEP nepBoe. —F = —F M uckmo-
dy 2x

uas —z- C moMolbio BTOPOr0 ypaBHEHHA, MNOJAYIUM W — x =0, oTxkyna
x=ce+ et Mcnoabsys nepsoe ypastenHe, MOJy4aeM y == 7 = ¢,e'—cqe™

Mu ompepeauan y 6e3 unTerpanuii ¢ noMoumblo nepsoro ypasHeHnd. Ecau 6u
Mb! ONPEJSAHIH Yy U3 BTOPOrO ypaBHeHHS

%=X=C|et+023—t| y=cet—ce~t + ¢,

TO BBeaH Obl JMIIHHME PelleHHs, TaK KaK HENOCDE]CTBEHHAas MOACTAHOBKA B HCXO-
HYI0 CHcTeMy ypaBHeHHH IIOKasHIBaeT, HTO CHCTeMe YIOBAETBOPAOT (yHKuuH

x=cedeet, y=ce'—ce ' 4c, He npu NPOUSBOALHOM C; a aAuMb

npr ¢;=0.
ﬂap umep 2.
dx
= 8x—2y. (34y)
d
- =y (34
Juddepenunpyem BTOpoOe ypaBHEHuUE:
a2y _,dx dy
P T T (3.5)
= , . dx
W3 ypasuenuit (3.4;) u (3.5) onpenenseM x u =F"
~L(ay
dx 1 (dy | dy
77‘7@ﬂ+7ﬂ-

MNoncrasaas B (3.4;), noayuum

42
dtg’— ‘_’l"y 0.

Wnterpupyem l'lO.'ly‘-leHHOE AuHeHHOe OJHOPOAHOE YpaBHEHHE C MOCTOAHHBIMU
koaddunHeHTaMun y.—=e f (¢, + C;t) H, noAcTaBasaa B (3.6), Haxoamm x (£):

x=-2—e’ (2¢; + ¢+ 2¢,).
"Mpuuep 3.
d?x d?y

=) s
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d'y  a'x

Juddepennupys nepBoe ypaBHEHHE, HOAYUHM VT T

, #, MOACTABAAA BO

BTOpPOE ypaBHeHue, O6yneM

dtx

dtt

POJHOE YpaBHEHUE ¢ NOCTOSHHHIMH KOS(QUUHEHTAMH, NOXYIHM
x=1¢¢'+ e +cycost ¢, sing,

W, NOACTABASA B NEPBOE YPABHEHHE, HAXOLUM
= 6" + et

OnuumieM Temepn, Oojiee TOYHO NPOUECC HCKMIOUEHHS W3  CHCTEMH
ypaBHEeHWA BCeX HEM3BECTHHIX PYHKUMH, KPOME OMHOM. ;

[ToxaxeM BHauane, 4TO ONHAa M3 HEW3BECTHHIX (yHKUMH, Hanpumep
X (¢), sxonaumas B coctaB pewlenus Xy (£ x3(f), ..., X,(f) cucreMn
IugdepeturaibHbLIX ypasHeHui:

—cgcost—e,sint.

dx

= 1l x Xy ees Xy,

dx,

._at—=f2(t, xl. x2p o o0y xn)' (3.1)
dx

7I—n='f"(t’ X1s Xgs eans xn),

YIOBJAETBOPSET HEKOTOPOMY YDAaBHEHMIO n-TO MOpSAK2, NpPH 9TOM MHl
NPEANONONUM, Y4TO BCe (YHKUMM f; MMEIOT HENpepHIBHbIE 4acTHElE NpPO-
H3BOAHBIE 10 (7 — l)-ro mopsaka BKJIOYNTEJBHO TO BCEM apryMeHTaM.
MMoacrasus 8 cuctremy (3.1) Hexoropoe pewenue xy (£), x,(f), ..., x,(f),
o6paTuM BCe ypaBHeHHs CUCTeMB B TOXHecTBa. B uacTHOCTH, B TOXKIe-
CTBO OOpaTHTCA W lIepBOC YPABHEHHE CHCTEMHI

dx
Tt‘-=fl(t, xl, xz, oo ey xn).

l'lpozmq)q)epenuupyem 9TO TOXJAECTBO MO f:

dExy —_ dfl 2 ofy dx;

aF = o+ % ar
i=1

Han

d? d ﬁ é
d = f‘+ T2 (3.73)

!

H, 0603HaUNB MPABYIO 4acTh nocaeNHero TOKAECTBA Fo(t, X1, Xou «ven Xp)s
TIOAYUUM:

d?x,

-—d-t——--_—Fz(t xl, x2. "0 0y x,,) N (3.73)
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CuoBa AuddepeHunpyeM 310 TOXKIECTBO:

dix, oF2 oF, dx;
Ly OF, 2 dx

das? “ox; di
wm
n
dox, oF2 " OF, .
B = T dax T (3.73)

i=1

H, 0003HAYHB NPABYIO YACTb NOC/AEAHEro TOxAeCTBA Fa(f, X1, Xg0 vy X,)
NOAYUMM!
IiSX| )
= 3t X1 Xa oenh ). (3.73)
Onsars auddepeHunpyeM STO TOMAECTBO M, IMPOAO/MKAS STOT IpoUECC
n — 2 pasa, NOJYYHM, HAaKOHel, TOMIAECTBO -

dﬂ-lxl

din_l =Fn—1(t' Xy Xogr «ees xn)’ (372_1)

auddepeHunpys KOTOpOe elie pa3 U MOJb3ydch ToxaectBamny (3.1),
OyleM uMeTh:
d”x1
—dtT-SF"(t, Xiv Xgr eeer Xp)

Hrak, noaydenn n-— 1 Toxiects

d
—i—f] (¢ Xy X9 ooy X)), (3.7)
d’x
—‘—17‘——-1& (t X1 Ko veny Xp) (3.7, a7
d"lx
’d73l"=Fn—x (], Xp X even X)) BT,y
W ele OIHO TOXIAECTBO
d”x,
_Jtn—=F"(t' x], x21 “ ey x”). ! (38)

[pennonoxuM, 4TO B paccMaTpuBaeMOH 00/acTd H3MEHeHHs Nepe-
MEHHBIX OMpelieuTeb

D(flvFQvF':;v..-. n-l)%o
D (x5 x5 X4 ... Xp)
Torza cucteMy (3.7) MOXHO DaspelldTb OTHOCHTENBHO Xy, Xz os.y Xp,
. dx, d"']xl
8HPA3UB WX uepe3 MNepeMeHHHle £, x|, Tt e [Toacrasus
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HaftleHHBle U3 cHCTeMbl (3.7) NepeMeHHble X, X3, ..., X, B NOCJeRHee
ypaBHenue (3.8), neJyynM ypaBHeHue n-ro nopsika

a*x, dx, a*lx, :
e =(D(t, x], 7—2—, ee ey Tt”-_—l—— ) (3.81)

KOTOPOMY YIOBJeTBOpAeT yuxuus x;(f), dasJABWIAACA 1O MPEANMOJIONKE-
Hul0 yHkumeR x; (¢) peweHus x((£), xo(f), ..., X,(¢) cucremu (3.1).

HoxawkeM Temepb, YTO ecad B3dTh JI00Oe pelleHne X, (f) nojyyeH-
HOTO ypasHeHus #-To nopsamika (3.8;) moncrasuts ero B cucremy (3.7) u
onpeie T H3 3TOH CHCTEMB Xo(f), x3(f), ..., X,(£), TO cucrema
byHK Ui

2,8 %) vees %, () (8.9)

Oyner peiwenueM cucremn (3.1).

[MoncrasuM Hafiiexnylo cucremy gyuxuuit (3.9) B cucremy (3.7) U TeM
caMbiM ODpaTHM BCe YDABHEHHA ITOH CHCTeMBl B TOMAESCTBA; B YACTHOCTH,
MOJy4YdM TOMAECTBO

dxl

TEfl(t' X1y xz, “eey xn)- (8'71)

Huddepenunpys sT0 TOMIACTBO MO £, OyleM HMeThb:

n
d?x — 0f of dx;
‘——j-ﬁZ} : (8.10)
i=

ar ox; dt °

dx;
B oToM TokIecTBe NOKA HEMb3s 3AMEHHTb —-- GYHKIMAMH f;, TaK KaK

Mbl elle He [0Ka3ajad, 4YTO MOJyYeHHBie YKa3aHHBIM BHILE IyTEM U3
ypaBuenus (3.8) u cucrems (3.7) bymkuuu x;, X3 ..., X, yIOBIETBO-
psawor cucreMe (3.1), Ooaee TOro, UMEHHO 3TO YTBEpMJICHHE H ABJAETCH
He/bI0 HAlIero JOKasaTe/bCTBa.

Briuutasi nousieHHo u3 Ttomnectsa (3.10) ToxiectsBo (3.7,), B3sToe

B passepuytoM Buge (3.73), moayumm

n
W df; dxg —_
, lm(w—fl)=°
=
Wi, B cuay (3.7y),
n
of {dx; —
EW(W—f‘)zo'

i=2
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CoBeplileHHO aHaJIOTRYHO, nu<b¢épeﬂuupya TOXKAECTBO (3.7,) ¥ BHUUTAR
(3.73), saTeM AndepeHunpya ToxAectsa (3.7;) U BHIYUTaA (3.72) AT L,

MOy UuM:
.on
dFQ dx;
Z 0x; ( f‘)
i=2

n
0F, | (dx; -

0X; (dt "ft)_o'
i=2

Taxk kak omnpelaeauTesb JUHEHHOH OLHOPOIHOR CHCTEeMBb! ypaBHEHHH

7
()fl ( dxi
=) =0
i=2

” %5?(“1 —fi)=0. @.11)

an I(d.’Ci_fi):__O'

ox;
cocTosuie#t wn3 (n—l) TO ypaBHeHUS € #— | Heu3BeCTHHIMH ( f,)
((=2, 3, .... n), coBmagaer ¢ oﬁanuM OT HyJas (pyHKuHOHabeHbIM
onpele . uTe/ieM
D(f1, Foooooi Fr_y)
D(xy oz 70

To cucreMa (3.11) B KawAOR TOuke paCCManuaaeMOH obnacta umeer
TOJNbLKO TPUBHAJbHBIE pelleHHS

L4 f=0 (=23 ... 0.

MMpunumag Bo BuuManue ewe (3.7,), moayuaem, -4T0 # QYHKUMA x,,
X9, +e.y X, SBJAIOTCA PElIEHHEM CHCTEMBl ypaBHeHuH

dxl .

—(1T=fi(t' X Xgs ooy X)) (=1, 2, ..., n)

3ameuvanue 1. YKasanHolfl 3nech mpouecc HCK/AIOUEHH BceX (yHK-
uul, KpoMe OJHOH, mpeAnonaraer, uTo .

D (f1. Fauoovs Fay)
D (xg X3 «0vs Xp)

+ 0. (3.12)
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Ecau 9TO yCAOBHe He BBHINOJAHEHO, TO MOXKHO MNPHMEHUTb TOT e
npouecc, HO BMeCTO (GYHKUMH X; B3#Tb KaKyH-HuHOyIb ApPYyryw U3 QyHk-
uMd Xy, X3 ..., X,, BXONMALIMX B peweHne cucreMs (3.1). Ecau xe
ycaosue (3.12) ne Buinouusercs npu Jdio6oM BHOGOpE BMECTO X; Kakof-
HUOYAb YHKUHH M3 Xy, X3, ..., X,, TO BO3MONHBEl Pa3AHuHble HCKJIO-
YMTeJNbHBIE CYyYau, KOTOPBlE MBl WIMIOCTPUPYEM C/CHYIOUHUMH MPUMEPAMH.

flpumep 4. A
dx
Tt‘ = fi {t. x1),
dx
7 = fa(t x3),
dx;

ar = f3 (L. x3)

CucreMa pachanach Ha COBEDIIEHHO HE3aBHUCHMBIE MeXJAy co6of ypaBHeHHd,
KQXKAOE 13 KOTOPHIX NPUXOAUTCA HHTErPUPOBAThH OTAGJABHO.

flpumep &
dx
=/t x).
d)CQ . dfz
7 = f2 (8 X2 x), Ty #+0,
dx

7 =3t X %),

IBa nociepnux ypaBHEHHS MOXHO YKA3aHHBIM BhIIIE METOXOM CBECTH K Of-
HOMY YPaBHEHHIO BTODOTC NOPSAKA, HO HEPBOE YPaBHEHHC, COJEpKaliee Heus-
BECTHYI0O QYHKIUIO X, He BXOASIIYI0 B OCTaJbHble yDaBHEHHd, HAJO HHTErpUpO-
BaTb OTHEABHO.

3ameuyanue 2. Ecru NpuMeHUTh YKasaHHBIM BEILIE MPOLECC MCKJIO-
YeHUSl BCeX HEU3BEeCTHHIX (YHKUuH, KpOMe ONHOH, K CHCTEMe

n
d
%:2%@);@ (=12, ..., n),

j=1

HasbiBaeMOR JMHeRHON ONHOPONHOM, TO, KAk HeTPyAHO HPOBEPHTh, ypaB-
HEHHE 7-T0 NOPpsiKa

d"x, dx, a*"lx
PrD =(D(t, X,'P?, “oay —7[”_—1 (3.81)

TONe GyneT MHHEHHBIM ONHOPOIHLIM, IPHYEM €C/H BCe KOSPpUUUEHTH a,;
OblAM NOCTOAHHBIMH, TO M ypaBHeHue (3.8() Oyaer JuHeHHBIM OLHOPOL-
HbIM . ypaBHeHHeM ¢ [OCTOAHHBIMM  KOS(¢UUMEHTAMH. AHAJNOrMYHOE

12 J1. 3. dascronsn
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3aMeuaHue CrnpaBeAJuBO W 1A JHHeHHOH HEOJlHOpOJlHOﬂ CUCTEMBI

%=Eal}(t)xj+fz(t) =12 ..., n)
j=1

st KoTOopo#t ypasuenue (3.8) OyderT auHeRHHIM HEOAHOPOIHEIM ypaBHe-
HHEM £-FO MOpslKa.

§ 3. HaxowxaeHue uHTerpupyemnx KoMGuHamul

Hurterpuposanue cucreM nuddepeHunalbHbiX ypaBHEHUH

a’x,-

A =Tt Xy X i %) (=12 ..., n 3.1

HePelIKO OCYLIeCTB/AETCH MyTeM NMOAGOpPA TAK HA3LIBAEMBIX PIHTeI‘pVIpyeMbIX
KOMOuHaLA.

Humezpupyernol rombunayueii Haspiaercd auddepeHuUnanbHOE
ypaBHeHHe, sBJAAOLLeecs CJAeACTBHEM ypaBHeHu#i (3.1), HO yke Jerxo
HHTErPUPYIOLLeecs, HAIpUMep SBJAIOLLEECH ypaBHeHMeM Bula

aD (¢, x; Xg ov.y X,)=0

HIW ypaBHEHHEM, CBOAALLKMMCH 3aMeHOM MepeMeHHBIX K KaKOMy-HHOYIb
HHTErpUPYeMOMY THUNY ypaBHeHuH ¢ OZHOH HEHSBECTHOH QyHKuUUel.

Mpumep 1
dx _ody _
AR e
CknanpiBasg TNOYJEHHO JAHHBIE YPAaBHEHUA, HAXOAUM o;m&r HHTETPUPYEMYIO KOM-
GuHaLU©O 4 dty)
dx+y)y d(x+y)
—r =x-+y um >Fy =dt,
OTKyAa

Injx+yl|l=¢t+lnec, x-4+y=ceé.

[TouseHHo BHIIMTARN M3 NEPBOr0 ypaBHEHHS CHUCTEMBl BTOPOE, MOJY4YaeM BTOpY I0
MHTETPHPYEMYIO KOMGHHALMIO

dx—y) _ _ dx—y) __
—-——dt—~—--—(x y) uawm ——————x___y = —dt,
Injx—y|=—t4Inc, x—y=ce "

Wrak, HalileHO ABa KOHEUYHLIX YPaBHEHHS:
x+y= et u ox—y=ce?

U3 KOTOPBIX MOXeET OBITh OIpefieJICHO pellieHue HCXOXHOH CHCTEME

1 - 1 -
x=v (cef + 2™, y= 5 (c,6* — cee™%)

wm B o
s=cel et y=cef — et
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OnHa vHTerpupyeMas KoMOMHAauMs IaeT BO3MOXHOCTb HOJYUHTb ORHO
KOHEYHOE YpaBHeHue
Dt xp X9 oouy X)) =0Cp,
CBR3LIBAIOUICE HEM3BECTHhle (PYHKUHM H He3aBHCHMOe MepeMeHHOE; Tékoe

KOHEUHOe ypaBHeHWe Ha3blBaeTCA nepssim unmezpasom cucmerst (3.1).
Htak, mepBEIM HHTerpajioM

Dt Xy Xgo ooy X)) =C (3.13)

cucteMbl ypasheHufl (3.1) HasbiBaeTCs KOHeYHOe ypaBHeHue, obpauwaio-
uleecs B TOMXAECTBO TMPH HEKOTOPOM B3HAUeHHH ¢, eCIH BMecTO X;(f)

(I=1, 2, ..., n) noncraereHo peluexde cucrems (3.1).
Hacto nepBHIM  HHTErpajoOM  Ha3blBAalOT  TaKxke JEBYKH  4acTb
D, %y, Xg ..., Xx,) ypaBHeuus (3.13), uw TOria nepBHft MHTerpaa

onpelensieTcs Kak (QyHKUHMA, He PABHAas TOMKAECTBEHHO IOCTOSHHOH, HO
COXpaHsollas IMOCTOAHHO® 38HAYEHHE BIOJb HHTETPA/JbHBIX KPHUBHIX CH-
creMbt (1).

Teomerpuueckn mnepsbift unterpar @ (4, x;, Xy ..., X,)=c¢ 1npua
(UKCHPOBAHHOM ¢ MOXHO HHTepPIpeTHPOBATh KaK /Z-MEPHYI0 NMOBEPXHOCTD
B (n -~ 1)-MepHOM NPOCTPaHCTBE € KOODIMHATAMHU £, Xy, Ko, +..) Xp

00/1a121011YI0 TeM CBOHCTBOM, YTO Kam.aas MHTerpa/bHas Kpupasi, UMEIO-
mwas ofbuLyi0 TOUKy ¢ 9TOH NOBEPXHOCTHbIO, LENHKOM JEXHT Ha MOBepX-
noctH. Tlpn nepeMeHHOM ¢ MO/My4YaeM CeMelCTBO HeMepeceKaiowuxca Mo-
BepXHOCTe#l, 06/1aNal0WIUX TeM e CBOHCTBOM, T. €. COCTOSILUX M3 TOYEK
HEKOTOPOro (n — 1)-napaMeTpuyeckoro ceMefiCTBa HHTErpajibHBIX KPUBBLIX
cucremn (3.1).

Eciu HalieHO & uuTerpupyeMbiX KOMOMHauu#, TO HoJuyuaeM & mep-
BLIX HHTErpaJos: ‘

D (¢t xp Xg oeey X)) =0y,

(DZ (t. X1 X9 oe ey xn)=02’ } (3.14)

Dyt X X9 onn, X)=2¢,. ’

Ecau Bce aTH MHTErpaJbl He3aBUCUMEI, T. €. €CJHH XOTd Ol (021831 onpe-
AeaNTe/ib
D(®;, Dy, ..., Dp)

D(x]l, xj-z, xjk)

TIe Xj, Xjoeess Xj, — Kakne-nubynp R dyHxunft us X;, Xy ..., X,,
TO u3 cucTeMbl (3.14) MOXHO BHIPa3uTb Kk HeusBeCTHHIX (yHKUUH Yepe3
OCTa/MbHbIE M, NOACTaBaas B cucTeMy (3.1), cBectu 3azady K HHTErpupo-
BAHUIO CHUCTEMbl yPaBHeHUHl C MeHbIUIUM YHCJIOM Heu3BEeCTHHX. Ecau B =n
H BCe MHTerpa/bi HE3aBUCHMBI, TO BCE HEU3BECTHbIE PYHKIMM ONpENeasIOTCS
us cucremu (3.14).

+0,
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Mpumep 2
“ A g W o,
a =y aft =% a@ T -

Cl03KMB MOYJNEHHO YPaBHEHHH STOH CHCTEMBbl, MOJYYHM

d
t+ + T, = =0 nm 7 F+y+2)=0
OTKYIa

x+y+z=q.

Haiineunsi#i nepBrifi MHTErpad NOBBOMSET BLIDAIUTH ONHY U3 HEMIBECTHBIX QYHK-
il uepe3 OCTa’AbHBIE NEPEMEHHbE M TEM CaMbIM CBECTH 3aJauy K WHTErpPHPOBa-
HUIO CHCTEMb [BYX ypaBHeHui ¢ [ByMA HeH3BeCTHbMH (yHxuuamu. OLnaxo
B JIlaHHOM CJAyuae JErKO MOXHO HafTH elle OX{H NepBblfi UHTErpal. Y MHOXHMM
flepBOe ypaBHeHHe HOYJEHHO Ha X, BTOPOE HA Y, TPeTbe HA 2 W CHOXKHM:

dt ‘H +z dt =0
RJIH, YMHOXYB Ha 2, IOJYYHM

d
27y =0,
OTKyJa
XAy t2=c

M3 IByx HafileHHBIX NEPBHIX HMHTErpajfiOB MOMHO BHIDA3HTb JABE HEH3BECTHHIE
§ynKUny Tepes OCTadbHBIE MEPEMEHHBIE M TEM CAMbIM CBECTH 3ajauy K MHTErpHs
POBAHMIO OJIHOTO YPABHEHHS C OFHOH HEH3BECTHOH (YHKIMEN.

[Tpumep 3.

d d ‘
1’ =(B—C)gr. B =(C—A)rp. C-a%-.-_—(A—B)pq,

rie A, B n C—rmocrosHHbie (372 CHCTeMa BCTPEYaercs B TEOPHn ABIKEHUS
TBEpPAOrO Tela). ¥ MHOMAA MepBOe YpaBHEHHE Ha p, BTOPOE HA ¢. TPeTbe HA r d
CxJajbiBag, NOJYYHM

L+ Bq T+ Cr
OTKYZa HAXOAMM MEPBHIH MHTErpaa

Ap*+Bg? 4 Cri=c,.

YMHOXas NepBoe ypapHeHue Ha Ap, Bropoe Ha Bq, tperbe Ha Cr u ckaazbiBas,
6yreM HMETb

ap 2L w3 +32q +C2r =0,

H, HHTETPHpYs, NOJYUHM €lle OAMH MEepBHIH HHTerpai
A2p2 + B2q2 + CZr2 p— cz'

Ecan uckawouuth cayuait A= B = (C, mnpu KOTOPOM CHCTEMAa HHTEIpUpYeTCA He-
HOCPEACTBEHHO, TO HAaWIEHHBIE NEepBhie HHTErpaibl HE3aBUCHMBI H, CASAOBATEMABHO,
HOABb3YACH ITHMH HEPBBIMH WHTErpataMH, MOXHO HCKJIOYHTH IBE HEH3BECTHHIE
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Gynxkuuu, npuuem A4s onpejedeHHA TPeTbel (yHKIlMW QOAYYHM ONHO ypaBHeHHE
C pasfensioOUMMHCA MepeMEeHHbIMU.

Ilaa HAaXOXQIEHHs HMHTerpHpyeMbIX KOMOWHaumH uacto yro6HO mepe-
XOIMTb K TAaK Ha3niBaeMOft CHMMeTpHUeCKOR opMe 3aMHCH CHCTEMH ypas-
weunfl (3.1):

dx, . ax, .
@ (L X5 Ko eeen X)) @u (B X Xy oeu X)) 007
dxp dt
el = = , .15
P (t Xy Xou oo ey Xp) P €, X1, Xo .., Xp) (.3 15)
rie .
(Pi(t’ X1, Xgy ven, xn)

fl(t’ xl, x2, ce sy x”)‘—_-— ([=1, 2,..., n).

Po (L Xy, Xo0 . vns Xy)
B cucreMme, 3anaHHOR B CHMMETpUUECKOH ¢opMe, MEepEeMeHHble BXOAST
paBHOMPABHO, YTO HHOrAa O0Jeruder HaXOXJIeHHe HHTErPUPYEMBIX KOM-
OGunauui. :
[lpumep 4
dx dy dz

E—y -2 T 2xy | 2xz” (3.16)

Huterpupys ypaBHeHHE
dy __ dz
2xy — 2xz

HaxXoOJAHM %:Cl. YMuokas YHCAHTEAH U 3HaMEeHaTeJu TEPBOro M3 OTHOMMEHHH

cuctemn (3.16) Ha x, BTOPOro Ha y, TpPeTbero Ha 2 H COCTaBAsfA MPOH3BOAHYIO
NPONOPLHIO, HOJYYUM

xdx+ydy+zdz _ dy
x(+y 42 2xy’
OTKyJa
In(x*+y*+22)=Inly|+Incs
nian
2yt 2
—_—— =y
y
HafineHubie He3aBHCHMBlE TIEPBHIE HHTETpaJibl
2 2 2
l:cl H rryoaZ ty ez = Cy
Z . 4

ONpEALAA0T HCKOMbBIE HHTECrpAaJibHLBIE KPUBBIC.

§ 4. Cucremn annefinpix anddepeRnHaNbHEIX yDaBHEHHH

CucreMa AuddepeHuHaNbHLIX YPaBHEHUH Ha3LIBAETCH AUKeHHOH, ecny
Oha JNMHEHHA OTHOCHTEJbHO BCEX HEM3BECTHHX OYHKUMHE U UX MPOH3BOA-
ubix. CucreMa n auHERHBIX ypaBHeHMH NepBOro MOPAEKA, sanudcaHHas
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B HOpMa/ibHO! (GOpMe, UMEeeT BuA

n

%—_—_ a x4+ fi), (=12 ..., 0 @17
j=1

#/AH B BEeKTOPHOR ¢opme

2 — AX4+F, (3.18)

rae X ecTb n-MepHBH BEKTOD ¢ KOOpAUHATAMH X (£), Xo(£) +.., X,(5),
F ects n-MepHbili BekTOp ¢ KoopauHatamu fi(£), fo(6), ..., (),
KoTOphie ynoOHO B JAaiLHeflleM pacCMaTpuBaTh Kak OILHOCTOJIOLOBHIE
MAaTpHUbL

L %y [
Xo [
X=| |, F=|"|,
| | 72
dxl
dt
811 Qg e 8y dx,
A=| %1 Ex Qon |t ax at .
.. .. dt
Qa1 Gngvee Qg *
dx,
dat

Corusacho NpaBuay YMHOXEHHWSI MATpPHUl CTPOKHU NEPBOI0 MHOXHTEIR
BOJIKHBI YyMHOXATbBCA HaA croabew BTOpOTroO, clel0BaTeNbHO,

n n
gaU/ g jxj+fl
n n

AX = g 2%, AX+F= 2:: @%y+ o |,
n. . .”. ..
jgl anjx} g njxj+fn
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PaBencTBO Marpuu 03HauaeT paBEHCTBO BCeX MX 3JIEMEHTOB, CJeAOBa-
TeJbHO, ONHO MaTpuyHoe ypasHenue (3.18) uam

dx, n
dt }g‘aux,—{—fl
dx, n
dt
T l== j;l ag; X+ fo

: n

dx

dtn jglanjxj'{"fn
S5KBHBAJNEHTHO cHcTeMe (3.17).

Ecau Bce dyHkunn a;;(¢) u f;(#) 8 (3.17) HenpepuiBHb HAa OTpeske
aLtLb TO B HOCTATOYHO MaJTOH OKDECTHOCTH KaxIOH TOUKH
(£gr X100 Xogs +oer Xpo) e @ <L £y < b, BHINOJHEHH YC/IOBHI TEOpeMBI
CYLIECTBOBAHUA M edHHCTBeHHOCTH (CM. cTp. 169) u, caeloBaTe/bHO, yepe3
KXY TAKyl TOUKY TIPOXOAMT EIMHCTBEHHAR WHTErpajibHas Kpusas
cucteMn (3.17).

He#cTBUTEIbHO, B pacCMAaTPUBAEMOM CiyYae MpaBbie YyacTu cucteMsl (3.17)
HeMPepbIBHEI, U HMX YacTHble NPOU3BOAHBIE N[O JIOGOMY X; OTpaHHYeHHI,
TAK KaK 9TH 4YaCTHbiE MPOU3BOAHBIE DaBHB. HENMPEPLIBHBIM HA OTpesKe
a < t < b kosdpduunentan a;; (f).

OnpenenuM sunelinsii onepamop L paBeHCTBOM

LIX] =% — AX,

toraa ypaBHenue (3.18) ellle kopoue MOXHO 3amucaThb B BUIe
LIX}=F. (3.19)

Ecmn Bce f;(()=0 ({=1, 2,..., n), 4m, uro TO Ke camoe,
Marpuna F =0, To cucreMa (3.17) Ha3uiBaerca Auneldnold 00HopodroOl.
B kpatkofi 3amucu JUHeHHAd ONHOPOJHAR CUCTEMd HMeeT BUI

L{X]=0. (3.20)

Onepatop L ofnanaer cielyiOUlMMH AByMs CBOHCTBaMu:
D LleX]=cL[X],

rie ¢ — NPOH3BO/MbLHAA NMOCTOAHHALA.
2) LIX,+ Xo)=L[X |4+ L[X,).

Je#cTBUTEBLHO,
d(cX) _rax
T-A(aX):c[—dt---Ax],
d (X, + X,) __(dX, dX,
il .—A(X1+X2)=(d—t—,4xl)+(_ = —AXQ).
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.

CaencrsueM CBOHCTE 1) n 2) apasercs

m m
L [gl ciX,] EEQL [ X
Fle ¢; ~— NPOH3BOJbHBIE. NMOCTORHHMIE,

Teopema 3.1. Ecau X ssasemcs pewenuem AuHelHOE 00HO pod-
roti cucmemer L{X]=0, mo cX, 20e ¢ — npou3zgosvrnas nocmosu-
Has, ABASEMCS PeuleHuem MOL Jice cucmembl.

HDoxkasareabctBo. Jawo L[X]=0, uHano nHOKasaTb, 4TO
LieX]=0.

[Moasaysace ceoficteoM 1) omeparopa L, nosyuum

LiceX|=cL[X]==0.

Teopema 3.2, Cynna X,—+ X, 0syx. pewennit X, u X, 0dno-
POOHOL Aunelinol cucmemsl YPaBHeHUL A8ASeMCA Peulenuem moi sce
cucmemel.

Hokxazareavcrtso. Hano L{X =0 n L[X,]==0.

Tpebyercs nokasath, uro L[X; 4 X,]==0. '

IMospaydace csoficTBoM 2) omeparopa L, moayuum

LiX; 4+ X,=L[X,]+L[X,}=0.
m
Caedcmaue meopem 3.1 u 3.2, Jluneinas kombunanus X ¢, X,
i=1

C NPOU3BOALHOLMU NOCMOAHHBMU  KodPdunuenmanu  peuernul
Xy Xgo oo oo X, aunelinoli 0onopodnol cucmens L[ X) =0 gsasemeca
bewenues mod e cucmems.

Teopema 3.3. Ecau sunetinas 00HopodHasn cucmema (20) ¢ ded-
cmeumensHoml KOSPPuluenmanu a;(f) uneem KomnieKcnoe peue-
rue X =U-1IV, mo OelicmgumessHas u MHUMOGA Hacmu

u | v
iy Uy
U == H V ——4 .
u v

n n

8 OmoOesbHOCMI ABAAIOMCA peulenUMU MO JdHce cucmemsl.
Hokasarteabctso. Tauo L{U 4 iV}=0. Hano noxkasats, uto

LiUl=0 u L[V]I=0.
INoavsysack cpoftcteamn 1) u 2) oneparopa L, mojyuaem
LU+ iV)=L[Ul4IL[V]=0.
Crenosaremsro, L{Ul=0 u L[V]=0.
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Bexrtopn X, Xg ..., X, rae

Xy @)
X9 (£
X, =] ’

X, (0
HA3LIBAIOTCA AUHelRO 3asucumuimu Ha oTpeske a L L b, ecam cyme-
CTBYIOT MOCTOSIHHBIE O, U9, ..., O, TaKue, 4TO

—_— €
X, + X+ ... +0a,X, =0 (3.21)

npu a <t < b, npuyeM no KpadHei Mepe oo @, # 0. Ecaun xe Tox-
sectBo (3.21) cmpaBenauBo /ML NpH Oy =0y = ... =,=0, TO
sekTopel X, X,, ..., X, Ha3bIBAIOTCA AUHEUHO He3QBUCUMbLMU.

3aMeTHM, 4TO ONHO BEKTOpHOEe TOXIAECTBO (3.21) 3KBUBANEHTHO 7
TOXAECTBAM:

n
2 a0, (H=0,
i=1
"

N N
%} a;xq; () =0, (3.21y)

n
iz_]a,-x,,,(t)—z—o.

Ecin Bektopul X;({=1, 2, ..., n) /auHeH#HO 3aBUCUMBH ¥ 3HAUUT
CyLIECTBYeT HeTpHBHA/IbHAs cHCTeMa o (T. e. He BCE (I, PaBHHI HY.0),
yIOB/ETBOPSRIOAS CHCTEME A JAHHEHHHKIX ONHOPOIHHX MO OTHOUIEHHIO
K @; ypasHenuit (3.21,), To onpeneaureab cuctems (3.21,)

( Xip Xpg eee Xqp

W= ¥ Xop +++ Xou

PR S .

Xm xn? R xnﬂ

Zomken OHIThL paBéH HYJIO 143 BceX 3naueHud £ orpeska a < f < b.
SToT onpeleauTenb CUCTEMB HasblBAT onpedesumesenm Bpoucrozo

IA cucTeMbl BekTopoB X, X, ..., X,
Teopema 3.4. Ecau onpederumens Bpowckozo W pewenui
X Xg ..., X, auneitnoll 00nopoonoli cucmeno. ypasgrenui (3.20)

¢ Henpepusivimu Ha ompesre a LtLh rosppuyuenmany a;;(f)
pasen Hyaw xoms 6v 8 00HOG mouxe t==£t, ompesra a <t <5,
mo pewenun X, Xo ..., X, sunelno 3asucumvs LG MOM sice Oni-
pe3ke, u, caedosamessto, Ha paccmampusaemon ompesxe W=0,

#
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Noxaszateabcrso. Tak xax xosdpuunents a,(¢) (¢ /=1,
2, ..., n) HenpepuBHH, TO cucteMa (3.20) yldOBJETBOpAET YCJOBUAM
TEOpeMBl CYLIECTBOBAHUA M eINMHCTBEHHOCTH. Chel0BaTe/bHO, HAYaAbHOE
sHavenue X (f5)==0 (umu, nonpobuee, x,(f)==0, x4(f;)=0, ...,
x,({)==0) onpeneaseT eIMHCTBEHHOE pelleHHe paccMaTpuBaéMoft
CHCTEMBl M 3TUM DpellleHUeM, OuYeBUAHO, sBJseTCA TPUBUANbHOE pellieHue
cucremsl (3.20) X (f)==0 (uan, mnoapobuee, x,{()=0, x,()=0, ...,
x,(t)=0). Onperemurear W (f;)==0. CienoBateibHo, CyLIECTBYeT
HeTPUBHA/BHA CHCTEMAa €y, Cy, ..., C, YAOBJETBOPAIOUIAT YPaBHEHHIO

X ()Xo (t) 4+ ..o+, X, (¢)==0,

TaK Kak 9TO OJHO BeKTOPHOe ypaBHEHHE .9KBHBAJEHTHO CHCTEME 7 /-
HEHHbIX OJHOPOLHEIX OTHOCHT@JbHO ¢; yPaBHeHUH ¢ PaBHLIM HYJII0 Onpe-
AenTeneM:

=

] Cix” (to) =0,

n

2 €%y () =0,
i=1

e . . . LI

n
?:‘; c;x, () =0.

CooTBeTcTBYyIOLIEE 3TOH HETPUBHAJIbHOM CcucTeMe ¢y, €5, ..., C, Delle-
n

Hue ypasHenus (3.20) X (£)= Djc,X; () ynoBIeTBOpPSET HYJeBHIM Ha-
i=1 .

yaapHbM ycaosuam X (£,)=0 u, cnreroBareJbHO, COBMNAAAeT C TPHBH-
aJbHBIM peleHHeM cucrems (3.20): -

n

g‘iC‘X‘ ()= 0,

T. e. X, IuHeHHO 3aBHCHMEL,

3aMeuaHue. Jra TeopeMa, KaK MOKa3blBAOT NpOCTeffline NPUMepH,
HEe PAacrpocTpaHseTcs Ha TPOH3BOJbHblE BeKTOPH X[, Xg ..., X, He
AB/MIOIHECS pelleHnaME cHCTeMbl (3.20) ¢ HenpepblBHBIMM KO3 dulLueH
TaMy. :

NMpumep 1. Cucrema BexTOpoB

t

Xl:= t

n Xg"——-

{2
.

JuHeHo He3aBUCHMA, TaK Kak H3 .
ale + (12X2 =0
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Hau
o0yt + agf? =10,
at+oayt?=0

caeayer, uTO O =y = 0 (cM. crp. 96, mpumep 1). B 10 xe Bpema onpeaenutens
2

Bpouckoro ;g I TOXIeCTBEHHO paBeH HymMo. CaeloBaTenbHO, BEKTOPH X, H X,
He MOryT ObiTb DEMIEHMSAMH OJHOH M TOH Xe JAMHEHHOH OJHOPOIAHOR CHCTEeMBI
(3.20) ¢ nenpepniBHBIMH KO3(DuUuEnTaMH a;; () (i, J =1, 2).

n

Teopema 3.5. Juneinas xombunayus X, ¢, X, n auneino nesa-
i=1

sucumbix pewenuld Xy, Xgo ..., X, AUKEUERO0Hd O0HOPOOHOE cucmemsl
(8.20)cHenpepuigroisu na ompeske a  t < b kosppuyuenmanu a;;(t)
asagemcs obuunm peuwernuenm cucmems (3.20) Ha mom gce ompesie.

HDoxaszareabctpo. Tak Kak KOIQPUUKHEHTE a@;;(f) HenpepHBHbI
Ha oTpeske a4 < < h, TO cuCreMa YAOBJETBOPAET YCJOBHAM TeOpeMb
CYIIeCTBOBAHNA ¥ €AMHCTBEHHOCTM M, C/eNOBAaTeJbHO, AJf 10KA3areib-

CTBa TEOpeMbl IROCTATOUHO oénapymmb, 4TO HO,U.ﬁOpOM MOCTOAHHBIX C;
n

B pemieHHu X ¢;X; MOXHO yIOB/IETBOPUTb NPOHU3BOJILHO BHIGPAHHEIM
i=1
HAYaJIBHEIM ycaoBuaM X (f)) = X,

*no
rie f,— OJHO u3 3HaueHh#i ! Ha orpeske a <! <H, T. e. MOXHO
yAOBJIETBOPUTb OJHOMY BEKTOPHOMY YPaBHEHHIO

glciXi(tO)=X0

W/H SKBUBAJEHTHOH CHCTeMe 1 CKa/lApHHIX ypaBHeHui#:

n
121 c;%1; () = X100

n
21 €1 Xq; (Eg) == Xogs
I=

L S R Y

n
L
iz‘l €%y (E)) = X0
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DTa cdcTeMa paspelinMa OTHOCUTENLHO ¢; NpPH MOOLIX X TaK XaK
onpeleauTe]b CHCTeMbl fABASETCH ONpeneauteneM Bponckoro Anas iu-
HeltHO He3aBUCHMON cHcTeMbl pewenuit X,, X, ..., X, u, cienoBa-
TeJpHO, He o0painaeTcs B HyJap HM B OLHOH Touke orpesxa a <t b.

Mpuwmep 2

3.22)

Herpyaso nposepuTs, 9to cucteMe (3.22) yAOBAETBOPAIOT peumlenHs
x,=cosl. y,=—sint u x,==sint, y,=cost.

Aty peuleHus JMHeHHO HE3aBMCHMbI, Tak Kak onpeleaunTeds Bpolckoro

cos! —-sinf

sint cos f

orauueH oT Hyad. CiaeZoBaTedbHO. 00llee pellleHHe KUMEET BUA
X = ¢, cost -+ ¢ sint,
y = —C;sinf 4 ¢y COSE,

rae ¢, U €y — MPOU3BOJbHLIE MOCTORAHHBIE.

Teopema 3.6. Ecau X nsasemcs peuwenues aunefinodl neodno-
POOHOL cucmemb
LiX]|=F, 13.19)

o X,— peuwenuem coomsemcmsyioueil 00HOPOOHOH  cucmeMmbl
LIX)=0, mo cyuma X,+ X maksxe Gydem peuwenuen HeodHo-
poounod cucmemns L{X]=F.

Hokasarteabctso. JaHo, 4ro L[X']EF u L[X,]=0. Hano
nokasate, yro L{X, + X1=F.

[Toab3ysace cpolctBoM 2) oneparopa L, moayuum

LIX,+ X)=LIX,] + L|X|=F.

Teopema 3.7. OCuee pewmenue wa ompesxe a Lt L b neodno-
poonol cucmems (3.19) ¢ HenpepuBHuME HA MOM dCe ompe3xe
Kosppuyuenmaru a;;(t) u npasusu wacmanu f,(t) pasio cymue

n .

oGuezo peuerusn 2 ¢, X, coomsemcmsywouell 000 podnol cucmenn
i=1

~

a wacmnoeo pewenus X paccmampusaemoli HeoOHOPOOHOR cu-
cmenmbl., :

HoxasareabcTBo. Tak Kak yCAOBUS TeOpPeMB CYLieCTBOBAHUS
H EAMHCTBEHHOCTH BHINIOAHEHH (CM. crp. 183), TO mA% ROKA3aTeAbCTBA
TEOPEMB ROCTATOYHO OOHAPYKHTb, YTO NOAO0POM MNPOH3BOABHBIX [O-
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i

CTOSHHHX ¢, 8 pemennn X == X ¢;X, -+ X MOKHO yAOBAETBOPHTH
i=1 ‘

IPOU3BOJbHO 3aA3HHLIM HAYaAbHBLIM YCJOBHUAM

*10
Koo f
X{tg=X,=| " |,

‘xnot

T. €. HAaIO N0Ka3aTh, 4TO OINHO MaATpHuHOe ypaBHeHnue

%cixl(to) + X(to):’—Xo

WM SKBHBAJEHTHAA CHCTEMa ypasHeuuft
a -~
; €%y () + X, (£g) = Xy,
=

% €1 %9 (F) + %o (t) = X0 ‘ (3.23)

n
;-ai] € Xn (b)) + X, (to) = Xpp

(=

BCerna wMeeT pEINEHHE €y Cgy ++., C, KAKOBH Obl Hu OblJM npasble
yactu. Onnako B Takoff ¢opMe STO YTBep:kIEHHE OUERHIHO, TaK KakK
onpeseanTeab cuctemsl (3.23) dABJaseTcd onpeleaurteseM Bpowckoro

B TOuKe f=={;, AAf AMHeHHO He3aBHCUMHIX pemeHuit X,, X, .... X,
COOTBeTCTBYIOUIE! ONHOPOAHOH CHCTEMB! W MG TeopeMe- 3.4 OTAHYEH OT
uyaa. CuenosatenbHo, cucreMa (3.23) uMeeT pellleHHe ¢y, Cy. .... C,

npu MOOBIX MpaBbIX YacTaXx.

Teopema 3.8 (npuHmun cynepnosugnn). Pewennem cucmens
Aunelrnx ypasHenul

fu@)
. | fa®
LiX]= %F,, Fi=|

Fu®
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m
neasemcs cymma X X; pewenui X, ypasuenuil
i=1

LIX|=F, (=12 ..., m.

HokasateabctBo. Hawo L[X,]=F; (=1, 2, ..., m). Hano
J0Ka3aTb, 4YTO
m m
L [2 Xi} = Y F,
i=1 i=1
Hcnoabays csoiictBo 2) omnepartopa L, moayuum
m‘ m T m
L [2_] X,.] EEI L[X,JEZ}1 F,.
= = t=

3ameuvanue. Teopema 3.8 Oe3 u3MeHeHHd HOKasaTeabCTBa, Oue-
BWAHO, pAacHpOCTpPaHAeTCA W HA TOT CJayuaH, KOrla m —» oo, eciu Pl

O
,
_Z{ X, cXoauTca W RONYCKaeT NouYjeHHOe NnddepeHInpoBaHHe.
l=
Teopema 3.9. Ecaa cucmema aunelinox ypasrnenui

LIX|=U=+iV,
2oe
u, Yy
u v,
U= , V= ,
ufl 'Un
¢ Oelicmsumensibimu Pynxyuamu a,;(8), u; (), v, ()@ Jj=1,2,-..., n)
umeem pewenue
! U
ty v,
X = U—{— W, U= , V= R
4, v,

~ ~

mo Odelicmeumensrnas uwacms pewenus U u e2zo0 mrumas wacms V
COOMBEMCMBEHHO ABASIOMCA DEULEHUAMY Y PaA8HEHUl g

LIX)=U u L[X]=V.

,tloxiasa'renbc;'rno. Hano L[l?«{-—iﬁ‘::—U-{—iV. HAaj0 A0Ka3arTb,
uro L[Ul=U, L[VI=V.



§ 4] CHCTEMH JIMHEMHBIX OUOOEPEHLMAJBHEIX YPABHEHHNM 191
[Tonssysice csoficteamu 1) u 2) oneparopa L, nouayuaem
LI+ V= L0+ ILIV)=U+ V.

Caenosarensno, L{Ul=U u L[V]=V.

Eciu usBecTHO oOwiee pelleHHe COOTBETCTBYIOLIeH ONHOPONHOM
cuctemol L(X)=0, HO mnonobparb uacTHOe pellleHHe HEeOLHOPOIHOM
cucteMot L(X)==F He ynaerca H, C/lejoBaTe/IbHO, He/b3s BOCNO/b30-
BaThbCA TeopeMo# 3.7, TO MOXHO NPUMEHHTb METOX BAPHALMH HOCTOAHHLIX.

n
[Tyctb X=;‘Ici){i ABJISETCA IIPH TNPOM3BOJbLHHIX MOCTOAHHHIX ¢

OGLIMM pelueHHeM COOTBETCTBYIOLLE} OJHOPOLHOH CHCTEMbl

dX
7 —AX=0
u, cienopatenbho, X;(i=1, 2, ..., n)~— IHHeRHO He3aBHCHMHle yacT-

Hele pelleHds TOH e OAHOPOAHOH cHcTeMbl. Peiienue HeoXHOPOAHOH

CHCTEMBEI

daX
-d—'t—AX=F

HIIEM B BHUIE

X=2ct)X,

i=1

rie ¢;(f) —HoBble HeuspeCTHble (yHxkuuu. [lolcTaHOBKA B HeOXHOpOLHOE
ypaBHeHHe AaeT N

n

Yeaox, + Yoo Bi=aYe,0 X, +F,
i=1

i=1 i=1

axX; __
Wi, TaK Kak —-==AX;, noayuuM

n
Y L
2, ()X, =F.
i=1
OTo BEKTOPHOE ypaBHEHHE SKBUBA/NEHTHO CHCTEME 7 ypaBHeHuit:

igl e; () %, = f, (D,

26O %=1, (@), (3.24)

D L . -

n

2 C; (t) xlzi = fll (t)'

i=1
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M3 aroft cucreMbl £n ypaBHeHH# ¢ £ HEHU3BECTHBIMH c’(t) (=1,

2, . n) ¢ onpelejuTeNeM cucTeMsl W, coBmaiaiomuM c onpeneaute-
JeM Bponcxoro AN THHeHHO He3aBHCUMBIX pellleHHH X, X2, o X,
M, CelOBaTe/NbHO, OTJMYHBIM OT HYJ]f, OMpeAensioTcs Bee ¢, (£):

) C=0,) (=1 2 ..., n.

OTKYIa, WHTerpupysd, HAXOLUM Heu3BecTHbie (YHKLUHH ¢, (f):

c(t)—f(pi(t)dt+c (=1, , 7).
[Tpumep 3. |
dx ay _
T =Y T T T
O6mee pelleHHe COOTBETCTBYIOLIEH OXHOPOIHON CUCTEMEL
dx dy
T = W=

HMeeT BHL X = C;COsf{ 4 ¢;sinf, y=—c¢,;sinf-+cycos? (cMm. cTp. 188. npu-
mep 2). BapbHpyeM NOCTOsHHBIE

x= ¢ (f)cost4 ¢, () sint,
y=—c; (£)sint -+ ¢, (f) cos t.

ci () u cé (f) ompegeasercs M3 cucTeMbl (3.24), umeloulell B JaHHOM cClydae BHA

¢y () cos t +cy(t)sint =0,

-—c{ (t)sint—{-c;(t)cost = colst ,
OTKyJa
’ sint /
Cl(t)—'—-‘-:-o—s—t, C2(t)-—1-
CurenosareabHo,

¢ )=In|cos t]|+ ¢,
ety =146
B OKOHYATEJbHO IOAYUAEM
X= ¢ cost+Cysint+4costln|cost|42¢sint,
y=—c¢ sint4+cycost—sinfilnjcost| 4 tcost

§ 5. Crcremsl auHeiinpix auddepeHnnanbHblX ypaBHEHHH
C MOCTOAHHEIMH KO3(dHUHEHTAMH

Juneilinod cucmemol ¢ nOCMOAHKBME KOIPPHUYULEHMAML HABH-
BaeTCA JAMHeHHAs CUCTEMa ypaBHeHHH

%':2 @i 1+f1(t) (=1, 2,+.., n),
j=1
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A B BeKTOpPHOH dopme

aX

B KOTOPOH BCe KO3((ULUHEHTH &;; MOCTOSHHbBI, HJH, uTO TO Ke caMoe,
Marpuua A MOCTOfHHA.

[lpowe Bcero cucreMa JMHEHHBIX OLHOPOIHBIX MM HEOLHOPOAHBIX
ypaBHeHM# C TIOCTOSIHHBIMH  KO3(OULHEHTAMH HHTErpUpyeTcs nyTeM
CBENEHMA €€ K ORHOMY ypaBHeHHI0 OoJjiee BBICOKOIO MNOPAAKA, MpHYEM,
KaK OTMe4yeHO Ha ctp. 177, nodyuenHoe ypasHeHHe G60/iee BBICOKOrO
nopsaka OyaeT JAHHeHHBIM C [OCTOSHHBLIMH KO3(QHUHEHTaMMU.

OLHAKO MOXHO M HENMOCPENCTBEHHO HalTH (PYHAAMEHTANLHYIO CHCTEMY
pelreHu#i aMHeHHOH ONHOPOLHOW cHUCTeMBl € MNOCTOSAHHBIMH KO3(dH-
UMEHTaMH. 7

DyleM WCKAaTb pelieHHs CUCTEMbl

dJCl

7 = auXit ApXe 4 oo A 8,X,,

dx, :

= %) 4 ApXo =+ ..o Ay, (3.25)
dx,

a7 T Gt + Xy T+ oot o+ AppXy

Tle BCE @;; NMOCTOSIHHLI, B BHIe
x1=a ek, x,=a.e®, ..., x,=0,e",

¢ moctosHHbMu O; (f==1, 2, ..., n). [loacrasass 8 cucremy (3.25),
COKpalllass Ha e® u nepeHocd BCe YJeHH B OAHY YacTb DaBeHCTBA, MO-
AYUUM

(@ — k) o+ apoy + ...+ a0, =0,
a21a1 + (a22 — k) % + -+ a0, =0, (3.26)

1a1+a2a2+ +(a,l,, k)a,,=0.'

Hns toro 4utobnl sTa cucTeMa 72 AMHEHHBIX OIHOPOAHBIX ypaBHeHHH
C n Heu3BeCTHuIMM o, (J =1, 2, ..., n) uMesna HeTPUBHAJbHOE peilie-
HHe, HeOOXOZMMO M AOCTAaTOYHO, 4YTOOhLI oOMpeleauTeb CcucTeMbl (3.26)
Obl1 paBed - HYJIO:

a,—k L
Gy Gp k.ot 8y g, 3.27)
al Quy ces Oup k

13 J1. 3. 3abcroabn
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M3 9TOro ypaBHeHHs CTeNeHH 7 ONMpPeAe/slOTCH 3HAYEHHS £, MPU KOTOPHIX

cucteMa (3.26) uMeer neTpuBHANbHbHIE pewenna a; (f==1, 2, ..., n).
Ypaeuenne (3.27) HasoiBaerTes xapaxmepucmudeckusm. Ecian sce xopHn
XapaKTepHCTHUECKOr0 ypaBHeHus k; ({=1, 2, ..., n) pasaunuHsl, TO,
- NOACTaBJAs WX MO ouepelu B cucTeMy (3.26), onpese/nseM COOTBETCTBYIO-
1ye UM HETPHBUAJIbHBIE 3HA4YeHUd a(j‘) ¢ j=1,2, ..., n) u, creno-
BaTeJbHO, HAXOAUM A pelueHud ucxoldHo# cucreMbl (3.25) B suae
k. iy k.t
A =alletd, K =0alle", ..., 1=l (=12, ..., n),
(3.28)

rie BerHHﬁ HHIEKC YKa3biBAeT HOMEp pellueHusd, a HHUXKHUA HHAeKC —

HOMep Heu3BeCTHOH (yHKLHHU.
[Moabsyacs BEeKTOPHLIMM 0003HA4YEHHAMH, MOAYUYMM TOT XKe pe3yabTar

ellle Kopoue:
aX

i = AX, (3.251)
MIUEM pelleHHe B BHIE
oy
X=Ae" r11e A=| ' |,
q’ﬂ
Akett = AAet,
HIn N
(A—EE)A =0, (3.29)
rae E — eannuunas marpuua:
1 0 0...0

E=‘0 1 0...0

D

0 0 0...1

Ilia rtoro wuroOn ypaBHenuw (3.29) yHOB/ETBOpAJA HeTpUBHAbHAA
Marpuua A
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HeOOXOOMMO ¥ NOCTaTOYHO, 4TOGM Matpuna A — RE 6uaa 6u ocoboit,
T. €. yTo6n ee onpeneautens Ovn pasen Hymo: |A — RE|=0. Ias
KaXAOro KOPHA R; 9TOr0 XapakTepHCTHYECKOro ypaBHenus |A — kE[ =0

u3 (3.29) onpenenseM He PaBHYI0 HYMIO MaTpuly AD 'y, ecru sce
KODHH £; XapaKTepUCTHUeCKOTO YPaBHEHWS Da3JIHUHEl, NOJy4YaeM 7 pe-
weHnH:

Al Rk A2 R A
X, =A%, X,=APH, ., X,=A"e
riae
)

T
a,

All}_
ald)
n

DTy pelleHus, KaKk HETPYIHO MOKa3aTb, JMielHO nesaBucumu. IeficTBu-
TeJbHO, eCau Obl CyulecTBOBaja JMHeHHA® 3aBUCHMOCTb

n
i=1 :
HIN B pHSBepHyToﬂ (bOpMe

Zﬁa(l)kt

3 B0y e =0, ' (3.30)

i=1

n
2 palleti' =0,
i=1

TO. B CUJY AHHeHHOW He3aBHCUMOCTH GYHKUHH et g=1, 2, ..., n)
(cM. ctp. 96), u3 (3.30) cnepoano Obl, uTO

Bl =0,
() —
Boy' =01 =1, 2 ..., n. (3.31)
ﬁlaﬁj’=0.
Ho tak kak npu kaxzoMm I, xora 6w omwo m3 off), aff), ..., ofh
@¢=1, 2, ..., n) ormyno or Hyas, 10 H3 (3.31) creayer, uro p; =0
(=1 2,..., n).
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ORI .
Wrax, peuenun A9k (=1, 2, ..., n) JuHeHHO He3aBUCUMHI
u obuiee pemtenre cucteMmbl (3.25) uMeeT BUR

n
N Nt s
X = CiA(”eklt.
i=

—

HJIn

n
) [y k.t .
x,=%cia$‘)e =12, ..., n),

Tle ¢; — NPON3BOJbHBIE NOCTOSHHBIE.

[TocTostHHLIE a(j") (=1, 2, ..., n) onpeleasiorcst U3 cuctemnl (3.26)
npu k= k; HeONHO3HAYHO, TaK KaK ONpeJequTelb CUCTeMbl PaBeH HY.IO
M, CAeloBaTeJbHO, NO KpatHel Mepe OIHO ypaBHeHWe fBAdETCA C/el-
CTBHEM OCTaJbHBIX. HeOJHO3HAYHOCTb OlpelesneHus a,<j") CBf3aHa C TeM,

YTO pelleHHe CHCTEeMbl - JMUHeHHBIX OJHOPOAHBIX VpaBHeHWH ocTtaercd
pelueHHeM TO# ke CHCTeMbl NMPH YMHOXMEHHH Ha IPOU3BOJbLHBIH TOCTOSH-
HBIE MHOXHTE/Ib.

KoMnaekcHoMy KOpPHIO  XapakTepHCTHYECKOro  ypasHeHHa (3.27)

kj= p—qi cOOTBETCTBYeT pelleHHe
\

X; =AUV, (3.32)

KOTODOe, eCa¥ BCe KOIPOUUUEHTH a;; NeHCTBATEJbHB, MOXeET OITb
3aMeHeHO JBYMS [1eHCTBUTEJbHLIMU peLIeHUAMA: AeHCTBUTENbHOHR H MHH-
Mo# vacTamu pewienus (3.32) (cm. cTp. 184). KoMmekcHblft compsiken-
HBI KOpeHb XapAKTEDUCTHUECKOrO YPABHEHHSt R;, == p — g/ He nacr
HOBHIX JIMHEHHO HE3aBUCHMBbIX NEHCTBUTE/bHBIX pelleHui.

Ecim  xapakTepHCTU4eCKOe ypaBHeHMe HMeeT KpAaTHbI kopeHb &
KPaTHOCTH Y, TO, NPHHUMAsA BO BHUMAaHHe, YTO CUCTeMy ypaBHeHuil (3.25)
MOXHO CBeCTH T[IpOIeCCOM, YKa3aHHbIM Ha CTp. 173, Kk OmZHOMY JuHeH-
HOMY OJHOPOIHOMY YpaBHEHHIO C IOCTOSHHBIMH KO3(duuueHTaMu n-ro
uny  Oojsee HUSKOrO mnopsaka (CM. 3aMeyaHus Ha cTp. 177), MOXKHO
YyTBepKAaTh, uTO pellleHHe CuUCTeMHl (3.25) umeer BUn

X)) =& AP+ ... AL A (3.33)
rue .
af?
. afy
A(iS) == * »
|

a(jsi) — MOCTOSHHHIE.
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~ CaepyeT 3aMeTHTb, 4TO ¥ B TeX CJydadX, KOrja CHCTeMa # ypaBHe-
Huft (3.25) cBoaMTeA K ypaBHEHWIO NOPAIKAa HUKe n- (CM. 3ameuyaHue 1
ctp. 176), xapakTepucTuueckee ypaBHeHHe TMOCJeJHero Heob6XONUMO
¥iMeeT KOPHH, COBNAAAIOHIME C KOPHAMH ypaBHenus (3.27) (Tak Kak
ypaBHeHHe, K KOTODOMY CBejach CHCTEM3, J[O/KHO WMETb pelleHHs
Buga e's', rue k,— xopnu ypasHexus (3.27)). Ho BoamoxHO, uTO
KPaTHOCTH 3THUX KOpHeH, ecayd NMOPALOK MOJYYEHHOTO YpaBHEHHSI HUXe A,
OyayT uuxe KpartHocTel KopHeH - ypaBHeHus (3.27), H cJ/eloBaTenbHO,
BO3MOXHO, 4TO B peluennu (3.33) cTeneHb NepBOrO MHOXHUTeds Oyner
Huwe, yeM y— |, T. e. ecau Mbl OyldeM HCKaTb pelueHue B Buie (3.33),

TO MOXeT OGHAapYXHUTbCA, UTO HEKOTOpHe KO3(PUUHEHTH AP, 8 Tom
ygcJe M HpH CTaplieM 4YjeHe, 0OpallalnTCd B HYJb.

Wrak, peluenne cucTemsl (3.25), COOTBETCTByIOIIEe KPaTHOMY KOPHIO
XapaxkTepUCTHYECKOr0 ypaBHeHHA, cJaeayeT uckath B suie (3.33). Ilox-
crasu (3.33) B ypasueHue (3.25;) u, tpebys, 4ro6n OHO OBPATHIOCDH

B TOKIECTBO, ompeieiuM Marpuusl A\, npuueM HeKOTOpHE W3 HUX,
B TOM 4HCJe H A(vsll, MOTYT OKa3aTbCsl PABHBIMU HYJIO.

3ameuanune. MOXHO TOUHee yKas3aTb BMJA pellleHHs cucTeMB (3.25), co-
OTBETCTBYIOLIEr0 KPaTHOMY KODHIO XapakTepHCTHYecKoro ypasHenua (3.27). [lpe-
06pa30BaB cucteMy (3.25) HeOCOOEHHBIM auHEHHBIM IPeo6PA3OBAHMEM K CHCTEME,
B KOTOpOi#l Martpuua || A — kE| umeeT HOopManabhyio Kopranosy dopMmy, u mpo-
HHTErPHPOBAB MOJYUYEHHYIO JErKO WHTErpUpYyIOINylocs CHCTeMY ypaBHeHHH, oGHa-
DYXHM, 4TO PpelIeHHE, COOTBETCTBYIOUIEE KPAaTHOMY KODHIO By XapaKTepHCTHue-
cKoro ypasHeHus (3.27) KpaTHOCTH Yy, HMEET BHA :

KO = (A + K . K,

rae P — Hanboabmas cTeNeHb 3JEMEHTapHOro JenuTeas matpuus | A —KE],
COOTBETCTBYIOMIEr0 KOPHIO Ag. -
Mpumep L
dx dy
W="+2¥ -a?—4x+3y.

XapakTepUCTHYECKOE yPaBHEHHE

1—& 2
CF =0 um k2 —4k—5=0
4 3—k
HMeeT KOpHH R =5, ky == — 1. CheloBaTe/bHO, pElIEHUE HIlEM B BuJe
RTVSRNBUN § § 74 __ o1),,5¢
xy =¥,y = o™,
Y L (3.34)
B xy=oPe™!, yy=aPe™".
Moncrasass (3.34) B ucxopmyo cucremy, noayuunm: — 4o{l) 420§ =0, orkyma

of) = 2a{); o{V ocraercs npoussosbuiM. CaenoBaTedsHo,

5¢ 5¢ 1
xp =", ¥y, =2¢¢", 61=a§).
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. (2 (2)

lan  onpenenenns sospduumentoB of # of) noayuaem ypamwenne 2a{>’ 4

+26P =0, otkyra off = —of¥; xosdduunent of? ocraercs MPOH3BOABHBIM.
Cnaen0oBaTeabLHO,
—t -t 2
xy=ce™ yp=—ce™!, ey=off)

O6uiee pemeHue
x == 0% 4 0t

y=2¢,6" — ¢t

[lpumep 2
dx
- = 5y,
—‘%— = 2x—3y.
XapaxTepHCTHUECKOE YPaBHEHHE
1—=& —5
9 —1—s =0 nm ky+9=0

HMEET KOPHH KRy, o= = 3i, x| = a6, Y= 0,62, (1 —3i)a; — 5oy, = 0. dromy
YpaBHEHHIO YAOBJETBOPAIOT, HAmpuMep, o; = 5, oy = 1 — 3i. CaenoBarennHo.

Xy = 56" = 5 (cos 3t 4 i sin 3¢),
y1 = (1 — 3i) % = (1 — 3i) (cos 3¢ + 1 sin 3¢).
ﬂeﬁCTBHTEJIbHaﬂ U MHHMasa 4acCcTH 9TOr0 pEIICHHA TakKXe ABAAIOTCA peleHuaMn

paccMarpuBaeMoil CHCTEMbl, @ HX JMHelHas KOMGHHAIUA € NMPOM3BOJLHLIMH 0O-
CTOSIHHBIMH KO3 dHIMEHTaMR ABASETCH OOMUM peIIeHHEM:

x = 5¢, cos 3t 4 5¢, sin 3¢,
y = ¢; (cos 3t + 3 sin 3¢) 4 ¢, (sin 3¢ — 3 cos 3¢).

[Ipumep 3.
dx = i ’
T
dy H (3.35)
XapakTepHCTHUECKOR YpaBHeHHE
A R —4k+4=0
1 3= HaH — 4k 4+ 4=
UMeeT KPAaTHHH KOpeHb k&, 5= 2. CaenoBateasHo, pellleHHe CJaElyeT HCKaTh
B BHle
_ 2t
x = (a + B1?) 92; } (3.36)
¥ = (0 fy2) &%

Noxcrasaas (3.36) B (3.35), noayuum
200 + By + 2Bt =0, 4 Byt — oy — Pot,

fo=—F

Gy = ~—0; — Py,

OTKyJa
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@, 4 PB; ocrawrtcs npou3BoasHbiMu. OG60zHaYas 3Tu OPOU3BOJbHBIE MNOCTOSH-
HBle COOTBETCTBEHHO C; H Cy, NOJyuHM O6lUee peileHue B BUAE

x = (¢; + ¢;f) e,
y=—(c+c24¢) .

§ 6. NpubanweHHsie MeTOLbl HHTEIPHPOBAHHA CHCTEM
auddepeHnnatbHBIX ypaBHeHUH ¥ ypaBHeHHH 72-ro nopsaaxa

Bce wusnoxenHsle B § 7 ra. 1 Meroab NpuOIMKEHHOTO HHTErPHPO-
BaHUA AH(depeHUHaNbHBIX ypaBHeHUH NMepBOro nopsiaka 6e3 cyllecTBeH-
HBIX H3MEHeHMH IMepeHOCATCA HAa CHCTeMbl YpaBHeHUH ‘NEepBOro MOpAlKa,
a TaKkKe Ha ypaBHeHMA IMOPSAKA BBILE [EPBOTO, KOTOpble OOGBIUHEIM
cnoco6oM CBOAATCA K CHCTeMe ypaBHeHuH nepBoro nopsika (cM. ctp. 85).

I. Meroan nocaenosareabuux npunaumennt. Kak 6bia0
yKasato Ha cTp. 51, MeTOA MOC/efoBaTe/bHLIX MPUOIMMKEHUR MPUMEHHM
K CHCTeMaM ypaBHeHHH

dy,
T =f % Y Yo oo ) (=12, ..., m)  (3.37)
C HAuaJbHBIMU YCAOBUAMU Y;(Xg) =Y;0 (=1, 2, ..., n), ecm PyHk-

uuu f; HEmpepBIBHBL MO BCEM apryMeHTaM # YIOBJETBOPAIOT YC/IOBUAM
Jlunnyua mo BceM apryMeHTaM, HaduHasd cO BTOPOTO.

Hynesoe npuGauxenue y,(x) ({=1, 2, ..., n) moxer OHTb BH-
6paHO MpPOM3BOJbLHO, JAuLIb Obl YIOBJETBOPAJIMCL Hauad/ibHble YCIOBHS,
a JanbHefiluye Npub/MDKEHUS BBIYHCIAAIOTCA N0 QopMy.ie

Vi, 1 (X) =Y+ ffi(x' Ve Yopr -oov Yap)dx  (G=1,2,..., n)

X

Tax e xak M JAJ9 OJHOTO YypaBHeHHs MEPBOro NMopsaiKa, 3TOT MeTOXd
pelKO TIDHMEeHseTCs B MNpaKTHKe MNpubMKeHHbIX BbIYUCACHUA BBUAY
CPABHUTEALHO MEAJEHHON CXOAMMOCTH MPUOTHKEHHA o CAOKHOCTH H He-
OIHOTUMHOCTH BHLIYMCJIEHUH. .

2. Meron Dtinepa. Murerpaabnas kpusas cucrTeMbl Auddepen-
UHa/JIbHBIX ypaBHeHUH

Y I=1, 2
=% Yo Yo e V) =12, m),
onpezne/seMas HauaAbHBIMH yca0BUAMH Y, (xXg)==y,, (=1, 2, ..., n),

3aMeHseTcs JOMaHOH, Kacaluledcs B ONRHOH M3 FPAHHYHBLIX TOYEK KAXIOTO
3BEHA IPOXOAfIled 4vepe3 Ty Ke TOUKY MUHTerpaabHOW KpuBoH (W1
puc. 3.2 usobparmena JomaHas Ofjepa ¥ €e [POEKLMA TOJBKO L



200 CHUCTEMB] THOGEPEHUMANILHBIX YPABHEHHR [rJa. 3

naockocth xy,). OTpe3ok "xy < x < b, Ha KOTOPOM HAl0 BHIYHUCAHTbL pe-
wenue, pasbuBaeTCs HA YacTH LJHHOH A, W BHIYUCACHHE NPOBOAUTCA

no ¢opmyiam
Vi (xk+l)_yt( k)+hyl(xk)
=1, 2,..., n).

CxoaumMocTb nOMaHbix DHiepa K uHTerpanbHOH Kpusot npu /~-—>0 10-
Kasusae'rcn TaK Me, KaKk LJs ONHOTO YPABHEHWS MEPBOrO MOpsaKa (CM.
crp. 43). i noBbllLIEHH TOYHOCTH MOMKHO
% NPUMEHUTh UTepAUNH (YPaBHUBAHHUE).

3. Pasnoxenue no popmyae Teti-
A0 pa. [lpeanoaaras, 4TO TpaBbie YacTH CHC-
teMel ypasHeHu#t (3.37) mudcepenunpyemn &
pas (aas Toro uTto6n oOecneuutp Aupdepen-
uupyemocts - peiteHut £ 4+ 1 pas), sameHsior
HCKOMble  DellleHHS] HeCKOJbKHMH  fepBbiMY

Z yneHAMU UX TERAOPOBCKHX pasjiokeHHH:

Y, () =y, (x0) + ¥, (%) (¥ — %) +
. ¥/ —— _— &
+y1 (xo) ~ .2‘1%)2 + ... —f—y(l“(xo) = X0)7 kle)

(=1, 2,..., n).

OueHka nOrpellHOCTH MOMeT ObiTh OCYIIECTBIEHd HYTeM OLEHKH
ocTartoyHoro 4neHa s gopmyne Teitnopa

.x-—-x .
Ry = 90 [y 48 (x — x,)] (k+°1))l , tie 0< < 1.
OTOT MeTOA HaeT XOpOlUMe pe3yabTaTh JHIUb B MaJIOH OKPECTHOCTH
TOUYKH X . .
4 Mertoxn Wrepumepa. OTpCSOK Xy KL x L b pasbuBaercs Ha
ydcTH LJMHOR k, W BBHIYMC/IeHHe peleHus cucreMb (3.37) nposoiurtca
no OAHOH u3 Gopmya:

1 .
. v, k+1=)’1k-‘-fhk+*A‘h k 1 (3.38)
Vi, k+1—)’;k+‘hk+ Aqt k- 1+ 12 Afh k-2 3.39)

Yirs1 =Y T qir + 7 Agy g1 + TQ— Nqy gy + '8" Nqy, pog (3.40)
rie ' =1, 2 ..., n) y=y(x)
X=Xy kR, g, =y,(%,) R
Ay e =Gir — 91, -1 Aqu, r—2 =04, p1— DGy 4o
Ngy, 3= A%y peg — A?q.,? k-3

’
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dopuyan (3.38), (3.39) u (3.40) Moryr ObITb MOAyYEHBl COBEPIUEHHO
TaK ke, Kak M1A OJHOTO ypaBHeHHs Nepeoro nopsiaxka (cM. crp. 63).
[opsagok morpewiHecTH 1NpH  NpuUMeHEHHH . 3TuX ¢OpMya ~ OcTaercs
TaKHM e, KaKk d AJ9 OJHOrO ypasHEHHS.

Has navana suuncieHus no ¢opmyne Llrepmepa HeoO6xoaMMO 3HATH
HECKOABKO TMepBHIX 3HaueHM#t Y, (xX,), KOTOpHe MOTyT OITb - HaWIeHSI
nyTeMm pasjoxeHus mno dopmyne Tetnopa uau MeroaoM Dftiepa ¢ .yMeHb-
UIEHHBIM [14aroM, MpHuYeM, TaK Xe Kak M /1% OLHOTO YpaBHEHHd, NJA
MOBLILIEHHS TOYHOCTH MOXHO [pHMeHsTb urepaudu (cM. crp. 61—62),
41 MeTofOM PyHre.

5. Metron Pyure. Buuucasiorcs wucaa

Myy=Fi1(Xps V1> Yorr -+ +» Ynr)h )
h hm hm :
m12=fi(xk+“: Vit =5 ¥ .2k+ 2 ,""’ Ynr+ m)
hm hm hm
**fi(xk—f—gv Vet =55 Yo T 5 Ynr + ”2)

Mmyg=f; (X +h Yip-thmg Yop-+lmg ... Vop+ My

3HAan KOTOPbie, HAXOAHM Y, ,.; MO GopMyie
h .
Vi, k1 =VYir + 5 (M +-2mpy +2ms+-my) (G=1, 2, ..., n).

[Topsanok MOrpeliHoCTH TakoW e, Kak M AJ9 ONHOrO ypaBHeHHS.
[py60 oOpuHEHTUPOBOUHO UAT £ B 3aBUCHMOCTH OT TpebyeMo#t Tou-
HOCTH pe3ynabTaTa BHIOHpAeTCA ¢ Y4eTOM MOPAAKAa TMOrpelHoCTed B npu-
MeHseMBbIX (OpMyJaxX M YTOYHAETCH MyTeM MPOOHLIX BbIYUC/eHUH C ia-
h h
roM h u 5 - HanexHee BCero npoBOAMTL .BHIYUCIEHUS € LIATOM A o 5
BceX TpeOyeMblx 3HaueHU#t y,(X,), U eC/JM TMPU CPaBHEHUH DPe3y/AbTATOB
BCe OHU B Npeleax 3aJaHHOM TOYHOCTU COBMAAAIOT, TO IUAr £ CUUTAIOT
obecneynBaOIAM 321aHHYI0 TOYHOCTb BLIYUC/EHUH, B TMPOTUBHOM CJjydvae
h h
—_— H —_—
2 4
u 1. . [lpn npasuabsoM BhiGope wara 2 passoctd Ag;,, A%, ...
NOKHB MEHATbCA MJAaBHO, a NOCIeAHHe pa3HOCTH B ¢opmyaax [lrep-
Mepa JOJUKHBI BJAMATL JHIIL HA 3aNacHble 3HAKH.

CHOBZ2 VYMEHbHIAT war v npoBOAAT BBIYUC/AEHHA ¢ 1IaroM

3anagya Kk raase 3

dx d ‘ ’
L&y B x0=0 yO =
125~ o2 .
2 la’;l = Xy _,1_;21" o % 0)=2 x0)=2
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10.

CHUCTEMBl AUO®OEPEHUMAJIBHEIX YPABHEHHM

11 —

12,

13.
14.

15.

——+5x+y=e %—x—3y=e2‘.

ar _, 4y _, dr_ \

G =Y ar ar —F

dx_ o dy_ g

at =Y ar Tk

dx | dy _ dx _ dy

G ar=— s - —xty—s
ay _z dz__,

dx ~ x’ dx ¥y

dx  dy _ az

z2—y x—2z y—x

dx y

—F == tytea r=x—y+t2 T =X ty—=
dx dy

t7+ —-0, W-{-X——O

dx _ dy 1

= rth = + <mre

dx y dy X

x4+ y=cost, y+x=sint
XF83x~y=0, y—8x4y=0 x0)=1 y(0)=
420 n db

—&‘?2—‘+Slﬂ0=0ﬂplflt=0, e=§6’ —dT=0

Onpeneumb o) ¢ TOYHOCTBIO 1O 0,001.

16. x(t)—ax—-y y(t)—x+ay, a — HOCTOsIHHAA.
17. x+3x4+4y =0, y-+2x+5y =0.
18, x=—5x—2y y=x—7Ty.
19. x =y—2 )'l=x+y, z2=x+2
20, x —y+2=0, y—X—y=4t z—x—z=t
o1, dx — dy — dz )
x(y—2) y@E—x) z2(x—y)
20, dx dy _ dz

X = AX, rie X =

X1 —22)  y(Z—x%)  z(xX —yP)"

sa=l; Sl

[rn. 3
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TEOPUSl YCTONYUBOCTH

§ 1. OcHoBHble nOHATHA

Jl1% BO3MOMHOCTH MaTEMATHYECKOI'O OMUCAHUS KaKoro-Hubyab peaJb-
HOTO sIBJAEHUS! Heu30emHO NPUXOAUTCA YMPOLLATh, HAEAJIU3UPOBATb 3TO
fiBllenye, BBLIeJAS M YUUTBIBAS /HLIb HanboJee CyLleCTBEHHble H3 BJIHAI0-
WyX Ha Hero ¢akTOPoB M oTOpackiBas OCTadbible, MeHee CYLiecTBeH-
uple. Tlpn 3TOM Heu3GeHO BCTaeT BONMPOC O TOM, YJA44YHO JiH BhISpa:ibl
ynpoulalouiue Mpeinosoxenus. Bo3MOxKHO, 4YTO HEYYTEHHBE (aKTOPLI
CUIbHO BJHMSIOT HAa U3yYaeMoe SB/EHHE, 3HAUMTEJbHO MeHAd ero Kosuue-
CTBeHHblE WJHM Jaxe KaueCTBeHHBle XapaKTepUCTHKH. B koHeunoMm cuere
9TOT BONPOC peludercs MPaKTUKOH — COOTBETCTBHEM MOJYYEHHLIX Bbl-
BOMAOB C ONBITHHIMH JAHHBIMH, HO BCe € BO MHOIMX CAy4YasX MOXHO
yKasatb yCJOBHsS, MPH KOTOPHIX HEKOTODHIE€ YNPOLIEHHS 3aBEAOMO He-
BO3MOXHBI.

Ec/iM HekOTOpOe fiB/eHHe ONMHMCHIBAGTCA CHCTEMOH AHpdepeHuMaIbHbIX
ypaBHeHUH

B 0, 31 Yoo oo ¥) =12, oous ) 4.1)
C HauaJbHEIMH ycaoBuSMH Y, ({)) ==y, (=1, 2, ..., n), KoTOpLIE
O6LIYHO ABJAIOTCA De3y/bTaTaMH U3MepeHHR U, C/efOBaTej]bHO, HeH3-
6exXHO MOJy4YeHBl C HEKOTOPOH MNOTPEIIHOCTBIO, TO €CTECTBEHHO BO3HM-
KaeT BOMPOC O BJWHSAHHM MaJOro H3MEeHEHHS HayaJbHHIX 3HauyenuM Ha
HCKOMOe pellleHHe,

Ecau okaxercss, 4TO CKOIb YrOAHO Majble M3MEHeHHS HAYalbHHIX
JaHHBIX CMOCOOHB! - CUILHO H3MEHHTb -pelllcHHe, TO pelleHHe, onpeie-
JsieMoe BLIOPAHHEIMH HAMH HETOYHBIMM HAaYa/bHBIMYU NAHHBIMH, OOBIYHO
He HMeeT HUKAKOTO T[PUKJAANHOIO 3HAYeHUs W Jdaxe MNPuUbIMKEHHO He
MOXKeT ONHCHIBATh, U3yydeMoe fABJEHME.

CiieloBaTeqbHO, BO3HMKAET BAXHBIR IJiS NPUJIOXKEHHK BONPOC O Ha-
XOXIEHHH YCAOBHH, MPH KOTOPHIX JOCTATOUHO MAajJ0€ M3MEHEHHE Ha-
4a/JbHbIX 3HAYEHHH Bbi3bIBACT CKOJb YTOAHO Majoe H3MeHeHHE pelleHHHA.
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Ecin ¢ usmenserca Ha koHeynoM orpeske £, <t T, T0 oTBeT Ha
STOT BOMPOC laeT TeOpeMa O HENPEepPHBHOK 3aBUCHMOCTH pelleHHH OT
HayaJbHBIX 3HaveHu#t (cM. ctp. 54). Ecam ke £ MOXeT NpPHHHMATH
CKOJib YrOAHO GOoJblIMEe 3HAYEHHS, TO 9THM BONPOCOM 3aHMMAETCHd TEOpHUs
YCTOHYHUBOCTH. ]

Pewenne ¢, (f) ({=1, 2, ..., n) cucremn (4.1) HasbiBaeTCs yCTOH-
YHBBIM, HJHM, TOuUHee, ycmolwusum no Jlanynogy, ecan axs moGoro
€ > 0 MoxHo nonobpats O(e) > 0 Takoe, 4TO AJ4 BCAKOro peleHus y, (£)

(=1, 2, ..., n) TOH Xe CHCTeMbl, HaualbHble 3Ha4YeHUS KOTOPOIo
YAOBAETBOPAIOT HepaBeHCTBaM
[y ) — @, ()| < b(e) (=1, 2, ..., n), "
a9 BCeX ! > f, CNpaBeld]UBLI HePaBeHCTBA
|y, () —@, )| <e (i=1,2, ..., n), 4.9

T. e. GJM3KHE MO HAYAJbHEIM 3HAYEHHAM peleHHs OCTAITCH GAM3KUMU
s BCex ! > {.

3aMeuanue, Ecau cucrema (4.1) ynoBieTBOpsieT yCAOBHAM Teo-
peMbl O HempepbBHOH 3aBUCHMOCTH pelleHHH OT HaYaMbHBLIX 3HAYEHUH,
TO B ONpe/efieHnH YCTOMUMBOCTH BMECTO ¢ 2> £y MOXHO nucats £ > T >,
TaK Kaxk B CUAy 9TOH Teopembl Ha oTpe3ke £, < ¢ < T pewenus ocraiorcs
OJM3KMMK NpPH 10CTAaTOYHO OJM3KHX HAYaJbHBIX 3HaYeHuAX.

Ecin npu cxoab yroano manaoM & > 0 xoTda Obl g OXZHOro pelle-
nus Y, (¢) (¢=1, 2, ..., n) HepaBeHcTBa (4.2) He BHLIMOJHSAIOTCHA, TO
pelrenue @, (¢) HasmBaeTCa Heycmoiduusuim. HeycroHuusbie peileHns
JUINb B peAKHX CJy4asX IpeNCTaBJAiOT HHTepPeC B NpPaKTHYeCKUX 3a-
auax.

Ecan pewenue ¢, (f) (=1, 2, ..., n) He TOJbKO yCTOHYMBO, HO,
KpOMe TOTO, YIOBJAETBOPSET YCJIOBHIO
~lim 1y, () — @, (8] =0, (4.3)
>0

ecmn |y, (fg) — @; (¢)] < by, 6 > 0, To pewenne @, () (=1, 2, ..., n)
Ha3biBAETCA ACUMNMOMUKECKU YCHLOUHUBLLM.
3aMeTuM, uTO M3 OAHOTO ycaoBua (4.3) ewe He caelyeT ycToHum-

BOCTb pemtenus @;(f) (=1, 2, ..., n).

Mpumep | Hccaenosats Ha ycroHuuBocTh pemreHie anddepeHInaabHOro
ypaBHeHHus % = — a?y, a = 0, onpesesieMoe HAYaAbHEIM YCAOBHEM Y (fp) = Yo
Pewenne

| y = yoe~ #-H)

aCHUMITOTHYECKN ycTOﬁ‘lHBO. TaK Kak

—ai(t—t ' = —ai(fe el (f— -
|yoe™ @1 — yoem U= = =@l y G <6

~
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upH £>f, ecan |y,— Yol <ee % m

’ lime =0y — 3 |=0
t—>ce

" dy
Mpumep 2. Mccaenosath Ha yCTOHUMBOCTL pelIeHHe ypaBHEHHS =
= a?y. a 5= 0, onpeneaseMoe ycaosueM Y (£,) = Y.
2(f— T
Pemenne y = ye?® /=% peycrofiuuo, Tak Kak Heab3s 1OZO6PATH CTOMb
magoe 8 > 0, 4T0o6b K3 HepaBEHCTBA | Y, — Yo| < 8 (e) caerosanc 6ut
2t ({1t

(o6 6= — yoe™ =1 < ¢
HJIHK

, o Sy — yo| <
npu Beex ¢ 2> {,

Mccnenosatue Ha YCTOHYMBOCTL HEKOTOPOTO peLIEHUs
y,=y; =1, 2, ..., n

CHCTEMbl ypas HeHud

ay; '

WZ(Di(t’ yly yg, “ ey y") (L':l- 2. “eey n) (4.1)

MoxeT ObTb CBelEHO K HCCIeNOBAHUIO HAa YCTOHYMBOCTD TPHBHAJbHOTO

pelleHusl — MoKy NOKOR, PACHOJOXEHHON B Haud/le KOODIUHAT.
HetictuteqnHo, npeoOpasyem cuctemy ypaBHeHu# (4.1) K HOBBIM

nepeMeHHbIM, [M0Jaras

X;=y,—y,(&) @G=1, 2 ..., n). (4.9)

HoBLIMI HEM3BECTHBIMH (YHKLHMAMHM X; SBJAIOTCA OTK/OHEHHR y; — ¥, (f)

NpPeXHUX HeusBeCTHHX GYHKUMR oT QyHKuui Ji (), onpeneasiouux #c-
clleiyeMoe Ha YCTOHYMBOCTH pelleHHe.
B cuay (4.4) B HOBbX mepeMeHHHIX cHuCTeMa (4.1) npunuMaer BuI

dx; dy; - - -
= TL 0t 5+ 9,8 X Y2 oo Xy 3, ()

— =1, 2,..., n). (4.5)

QueBUIHO, 4YTO HCCAefyeMOMY HA YCTOHYMBOCTb pEIUEHHIO V; =_)71 )

(=1, 2, ..., n) cucremni (4.1), B Cuay 3aBUCHMOCTH X, =Yy, — ¥, (£).

COOTBETCTBYeT TpHBHaIbHOe pelteHwe x,=0 (=1, 2, ..., n) cu-

creMu (4.5), mpuueM uccaelOBaHUE HA YCTOHUMBOCTH pelleHHs y; == y; (f)

(=1, 2, ..., n) cuctemst (4.1) Moxer ObITh 3aMEHEHO HCC/IELOBAaHHEM

Ha yCTOHYMBOCTL TPMBUMAJLHOTO Ppemenua cucreMmb (4.5). Tlostomy
B aAajbHelimeM 6e3 OrpaHudeHus OOLIHOCTH MOMXHO CUHTATh, YTO Ha
YCTOHYMBOCTL UCCACAYETCS TPHBHAAbHOE PellleHHE HJH, 4TO OHO H TO Xe,
PACHO/IONKEHHAs B Hayade KOOPAMHAT TOYKA MOKOA CHCTEMM ypaBHeHuit
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ChopmyaupyeM yc/iOBMs# YCTOHUMBOCTH & TPHUMEHEHHM K  TOUKe
nokost x;,=0 (i=1, 2, ..., n).

Touka mokon x;=0 ({=1, 2, ..., n) cuctemn {4.5) ycro#iuusa
B cMbicae Jlanynosa, ecaum Aad Kaxaoro &> 0 MoxHO 10a00path
0(e) > 0 rtakoe, 4TO M3 HepaABEHCTBA

Jx, ()| <0() ((=1,2, ..., n)
caenyer
lx, Ol <e @¢=1, 2, ..., n) nuput>T >,

Mau secxonpko unaue: touka nokog x,==0 ({==1, 2, ..., n) ycroit-
yuBa B CcMblc/ae JIAnyHoBa, ecad Ajd Kaxaoro € >0 MOMHO: NOROOpaTh
0,(e) > 0 Takoe, uTO M3 HEpaBEHCTBA

fl
;_:1 %7 (t) < 8 (e)
caeayer
1
d

X () < &

i=1

npu f2>7T, T. e. TpaeKkTOpHWA, HadaJbHas TOYKAZ KOTOPOH HAXOMHMTCA
B 0;-OKPeCcTHOCTH Hayada KOOpAMHAT upu ¢ >T uHe BLIXOAAT 3a Mpe-
fleqBl £-OKPECTHOCTH HAdaja KOOPIUHAT.

§ 2. Mlpocrefimue TUNR TOYEK NOKOHA

MccnenyeM pacnonoxenue TpaeKTOPUH B OKPECTHOCTH TOUKH IIOKOA
x=0, y==0 cucrembl IBYX /HHEHHEIX OIHOPOLHHIX ypaBHEHHH ¢ mO-
CTOSIHHBIMU KO3 duuneHTaMu:

dx
SF = 0uX -+ apy.

4.6)
dy (
wf = GuX T+ any,
rie
a1 Oy '¢0.
Ay Gy

&t
Musem pemenne 8 puge x = , y=a2ek' (cm. crp. 193). Hna
onpeleneHns £ ToaydaeM XapaKTePHCTHYECKOE YpaBHEHUe

ay—k a2 0

a9 Gyp—k
1INl

R —(ay + ag) k + (81189 — 45,845 =0,



§9 TMPOCTEMIIUE THUITHI TOYEK MOKO% 207

@, 4 dy C TOYHOCTHbIO 10 NOCTOSHHOIO MHOXUTENIA ONpelensiorTcs U3
OIHOTO U3 ypaBHEHHM:
(@ —R) 0y + a0, =0, }
Ay + (ayp —k)ay=0.
PaccMOTpHM Clefyiolide cayyau:
a) Kopru xapaxmepucmuueckozo ypasHerus Ry u ky Oelcmsu-
MeAbHbL 1 PA3AUYHBL
Ofuiee pellieHue HMeeT BUA
Byt Rt
x=cme " 4cfe™, }

y = 105" 4 p,e™
rae o; U B; — NOCTOAHHBIE, Onpefe/seMble U3 ypasHeHu#t (4.7) cooTser-
CTBEHHO MPH R=4~k; u npn k==K, a ¢; U ¢, — NPOU3BOMBHEIE MO-
CTOSIHHBIE.

[Ipu aTOM BO3MOXHH CAEAYIOLIME CIydYau:
1) Ecm £y <0 n £y, <0, 10 Touka nokog x=0, y==0 acuMnro-

¢
TUUECKH YCTOHUMBA, TaK KaKk H3-3a HAJAUYUA MHOXKUTe el e ka

7

Puc. 4.1. Puc. 4.2,

(4.7

(4.8)

B (4.8) BCce TOuKM, HaXoNAWMeCs B HAYAJbHEIH MOMeHT {==f, B moGoi
0-OKpeCTHOCTH HauajJa KOODAMHAT, -NIPH HOCTATOUHO GoJslOoM £ mepe-
XOJAAT B TOUKH, JexKallide B CKOJAb YTOAHO MajoH £-OKpecTHOCTH Hauana
KOODIMHAT, & MPK f-—>00 CTpeMATCA K Hayany koopausar. Ha puc. 4.1
u300paXeHO PACMoJIoXKeHHe TPAaeKTOPHH OKOJO TOYKM MOKOs paccMa-
TPHBAEMOTO THHA, HA3bIBACMOH YCmoOlGuuguM Y3404, TPHUEM CTPeIKaMu
yKa3aHO HampaBJeHHe ABHXKEHHS MO TPAeKTOPMAM MpH BO3pacTaHuu f.

2) MNycre Ry >0, ky>0. D107 cayuahh nepexofuT B MpeiblIyLHi
npu 3saMeHe £ Ha — ¢, CuezoBareibHO, TpPaeKTOPHN HMeOT TaKo# e
BHI, KAK # B MpefblAylleM Cc/lydae, HO TOAbLKO TOUKA MO TPAEKTOpPHAM
IBHKETCA B TIPOTUBONOJNOXKHOM HampaB/eHuH (puc. 4.2). OueBudno,
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yTOQ ¢ BO3pacTaHMeM f TOYKH, CKOJb yroaHo OJH3KHe K Hauaay Koop-
IMHAT, YHAJROTCR M3 €-OKPECTHOCTH Hava/Ja KOOPAMHAT -— TOYKA NOKOR:
Heycrofiuua B cMbicae JlamynoBa. Touka MOKOS paccMaTpUBaeMOTO THIA
Ha3bIBAETCH HeYCmodiusoim Y3A0M,

3) Ecin £, >0, £, <0, To Touka MOKOH TOXE HeyCTOHYMBA, TaK
KaK IBHXYLIAfAcs NO TPaeKTOPHHU

kit Ryt
x=cae", y=C0e" 4.9)

TOUKa 0[pH CKO/Ab YrolHO MaAblX 3HAUYEHUAX C¢; C BO3pacTaHueM { BHI-
XOJAHT #43 €-OKPeCTHOCTU HayajJa KOOpJAHHAT.

3aMeTHM, 4TO B paccMartpuBaemMoM Cjydae CYUIeCTBYIOT JIBUKEHHSA,
npuénnmawmnecs K HayaJay KOOpAMHAT, a HMEHHO:

x=cofef,  y==cof,ets.
[1pu pasauuHbIX 3HAUEHUSX ¢, TMOJNyYaeM pas/vuHble IBHMEHUS MO OLHOH
n TOH we npamoft y=£3ix. [Ipu Bo3pactanuu ! TOUYKH Ha 3Toh nps-

B1

MOHM ABHXKYTCS MO HamnpaBJeHHIO K Hauajly koopauHaT (puc. 4.3). 3ameTum
TaKxe, YTO TOUKM Tpaex-
topuu  (4.9) mBHxyTCA ¢
BO3pacrTaHueM £ 1o npamoft

Qy
= — X, aJdaacL OT Ha-
7 y o ya

yana koopamHar. Ecau ke
7/ ¢, %+ 0 u ¢y 0, To KaK npn
Puc. 4.3, t—> 00, TaK u NpH £ —> — 0O
TPAEKTODHS  MOKHUAAET OK-
PecTHOCTL TOYKM NOKOA.
Touxa nokos paccMaTpHBaeMOTO Tuna HasmBaercd cedson (puc. 4.3)
NOTOMY, 4YTO pAacHOJIOXKeHHe TPAeKTOPUH B OKPECTHOCTH TAKOH TOYKH
HAMOMUHAET DAcnO/ioKeHHe JNUHMH YPOBHA B OKPECTHOCTH Cela0o0pasHof
TOYKH HEKOTOPOH NOBEPXHOCTH

2= f(x. y)
6) Hopru Xapaxmepucmuieckoz0 YpasHeHUS KOMNACKCHL:
Rio=p=Lqgl q+0.

O6lee pemeHde paccMaTpPUBaeMOH CHCTEMbl MOXHO [PeNCTaBHTh
B Bufie (cM. cTp. 196)

x == &P (¢, cos gt + ¢, sin gt), }
— Pt (p* *
y =¢e""(¢c) cos gt - ¢y sin qt).
The € W C,— TIPOM3BOJbHEE MOCTOAHHbIE, & C; U C, — HEKOTOpHie JH-
HeHHb€ KOMOMHAUHM THX TOCTOSHHBIX,

(4.10)
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[Ipn atoM BO3MOMXKHBEI Cieayloliye CaydaH:

1) kiy=p L gl p<O0, g+8.

Muoxurens eP!, p <0, cTpeMmdTcs K HyaO C BO3pacTamueM f,
a BTOpOH -— mepuoaudeckuft MHOMuUTeab B ypaBHenusx (4.10) ocraercs
OT PAHUYEHHBIM, :

Ecan 66 p =0, 10 TpaexTopusiMi Oblid Obl, B CHJY MEPHOAHYHOCTU
BTOPHIX MHOMuTene#t B npasok uactu ypasnenu#t (4.10), saMkHyThHie

@

Puc. 4.4.

KpHUBBlE, OKpYymaowue Touky nokos x =0, y=0 (puc. 4.4). Haauuue
CTpeMAIerocss K Hyal ¢ Boapacran#eM f MHOxuTeas e”!, p < 0, npe-
BpalaeT 3aMKHYThle KPUBLIE B CIUPaJ/M, aCHMITOTHYECKH Hpub/nxaouiecs
apy {— >0 K Hayany Koopausat (puc. 4.5), NpuueM npu IOCTATOYHO
6osb1oM ¢ TOUKM, Haxoausluuecs npn £ ==, B
Mo60o# O-0KpPecTHOCTH Hauyala KOOpAMHAT, MO-
NafaioT B 3aNaHHYI0 £-OKPECTHOCTb TOUKH MO-
koa x=0, y=0, a npu nanpHefiieM BO3-
pactanuu f crpeMmarcs K Touke nokod. Cne-
AOBATeJibHO, TOYKA IOKOA ACHMNITOTHYECKH 7
yCTOHYNBA — OHA Ha3bIBaeTCA  YCMOGHUBYIM
gorycom. dokyc orauuaercs OT ysaa TeM,
YTO KacaTe/lbHasd K TpaeKTOpPHAM He cTpe-
MHUTCSl K OMpeNeNeHHOMY npelenay NpH npubJu-
MeHHU TOYKM KacaHus K TOYKe MOKOS.

2) k1,2=p + (]l, P>0» lI#O Puc. 4.6

ITOT chayualf nepexOoAuT B INpeAbIAyHIu#t o
npn saMene ! Ha — . CaeJoBaTe/]bHO. TpaeK- .
TOPUM HE OTAMYAIOTCS OT TPAeKTOPHMH Npelbllyllero CAyyad, HO ABHMKe-
HU€ N0 HUM TPOMCXOAMT NpU BO3PacTaHuM { B NPOTHUBONO/JOKHOM Ha-
npasieHun (puc. 4.6). Ms-za Haauuus BO3PACTAIOMIErO0 MHOXHUTEJS ePt
TOYKH, HAXOJMBUIMECS B HAYa/AbHHI MOMEHT CKOJb Yroino GJM3KO K Ha-
YajJy KOODIMHAT, C BO3pacTaHueM ! yHaasioTCs U3 €-OKPECTHOCTH Hayaja
* KOOPAMHAT — TOUKA MOKOA HeycTofuusa. OHA HOCUT Hassauue Heyc-
mofvusozo gokyca. ‘

14 /1. 3. Dabcroasy,
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3) ko= T qt, q 0.

Kak yxe oTMeuanoch BHIle, B CHJAY fePHOIHYHOCTH PelleHult, Tpaek-
TODUAMH SABJAIOTCA 3AMKHYTHle KPHBLIE, COIepxalue BHYTPu cebs TOUKY
nokos (puc. 4.4), HasbLIBAEMYIO B 3TOM Cayuae ygeampon. Llenrp sBasercs
YCTOHYKBOK TOUKOH TOKOA, TaK Kaxk 14 3afaHHoro & > 0 MOxkHO nono-
G6parb >0 Takoe, UYTO 3aMKHYTHE TPAeKTOPUM, HAYAIbHLIE TOUKH
KOTODBIX Jexar B 0-OKPecTHOCTM HAuana KOOPAMHAT, HE BLIXOAAT 3

k4

~ 2\

7

NS 7N

Puc. 4.7 Puc. 4.8.

npepeabl €-OKPEeCTHOCTH HayajJa KOOPAUHAT WU, YTO TO KE CaMoe, MOXHO
H0ﬂ06paTb CTOJb MaJable ¢; U Cy UTO DEIEHHHd

X == ¢, cos gt < ¢,singf, }

y == ¢} cos gt + ¢, sin gt .10

6ynyT YIOBAETBOPATb HEPABEHCTBY
x*(t) + 2 (H) < &

3ameTuM, OJHAKO, YTO ACUMIITOTHYECKOH yCTOMYHBOCTM B paccMaTpupae-
MOM cJjiyuyae HeT, Tak kax x (f) m y(f) B (4.11) He cTpeMsitca K Hy.al0
npu t—co.

B) Kopnu xpamue ky=k,.

1) ky=ky < 0.

Obiiee peluenHe uMeeT BHI

x (£) == (c,0, + cop,t) ¥4,
Y (&) = (c109 + cofiyt) et

npHYeM He WCKJIOUeHa BO3MOXHOCTb TOro, 4To f; =p,==0, HO TOTIa
0; U Oy OyAyT MPOH3BOJLHBHIMH TOCTOSHHBIMH.

Vi3-3a Hanuuus OBICTPO CTPEMALIErocs K HYJIO MHOuHUTedAs e®! npu
t—>co npoussesenne (c,q, - cof;f) e®? (f=1, 2) cTpeMurca K HymIO
npu f{—co, NpuyYeM MNpu JAOCTATOUHO OOJAbILOM ¢ BCe TOUKHM JMI06OMH
0-0KpecTHOCTH Hauana KOOPAMHAT MOMAAAI0T B 3aQaHHYIO E€-OKPECTHOCTb
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HaYana KOODIHHAT M, CJAEAO0BATe/bHO, TOYKA NOKOA aCHMNTOTHYECKH
ycroftunsa. Ha puc. 4.7 u3oOpaxeHa TOUKa NOKOA PAaCCMATPUBAEMOTO
BYJA, TAK Ke KaK U B cayyae a) 1), HA3blBAEMas YCMOG4UBHLM Y3IAO0M.
3TOT ysen 3aHMUMaeT MPOMEKYTOUHOE MOJQKEHHe MewAy y3aoM a) 1) u
¢dokycom 6) 1), Tax Kak npH CKOJb YroAHO MaJOM H3MeHeHHHM AeHCTBH-
TeJbHbBIX KOIMQPUUHEHTOB &y, @y, Gy;, @9y OH MONKET MPEBPATUTbCA KAK
B ycTOfUMBHIA (OKYC, TaK U B YCTOHuUMBHH ysen Tuna a) 1), noTomy
YTO MNpPH CKOJAb YTOAHO MaJOM H3MeHeHHH KO3(D(PUUHEHTOB KpaTHbii
KOpeHb MOXET MepedTH Kak B Napy KOMILIEKCHBIX CONPMKEHHBIX KOpHef,
TaK U B Napy AeHCTBUTEJbHBIX pasiuynbix KopHe#. Ecmm B, =p,=0,
TO TOXE noJyuaeM YCToHuusbifi y3es (raK HaswiBaeMbl Ourx pumuuecrkuil
v3es), uzobpaxmenubft na puc. 4.8.

2) Ecom k ==k, >0, 10 saMena ¢ Ha — { NPUBOAWT K MpEAbIAY-
weMy caydaio. CaegosareqbHO, TPaeKTOPHH HE OTJAMYAIOTCA OT TPAeKTO-
pHH mOpeabliyulero ciaydvas, n3oOpaweuHsix Ha puc. 4.7 u 4.8, HO ABH-
KeHHe N0 HUM [POMCXOAMT B TNPOTHBOMOJOXKHOM HANpasleHud. B srom
CAyude TOUKA TOKOY HA3LIBAETCH, TAK e Kak u B caydae a) 2), re-
yemodiugom y3a0M.

TeM caMblM ucuephiaHnl BCe BO3ZMOXHOCTH, Tak Kak cuayda#h &) =0
(Wi £y = 0) uCK/QYEH YCIOBHEM

a,; Gy
+ 0.
o1 Qg
3ameuanne 1. Ecan
an Gy
—_ 0'
Qo1 Qg
TO XapaKTepHCTHYECKOE ypaBHeHue
ayu—Fk ap
P O
a9y agy—k

¥MeeT Hy/leBo# xopenb £y ==0. [Ipeanonoxum, 4To B ==0, HO &, =~ O.
Torna oOwee peluenue cucreMbl (4.6) nMeer sua

= )0 4 CoBe*,
¥ = €;0, + cofyef,

ek mouas £, noayuuM ceMefACTBO MApainebubiX NPAMBIX B, (¥ — ¢ 0p) =
=By (x — c,ay). [Ipn ¢y =0 noayuaeM oanomapaMeTpuuecKkoe ceMeHCTBO
TOUYEK TNOKOfA, PACTOJOKEHHHX HA NPAMOR o,y == Uyx. Econ £y << 0, TO
npy {—> 00 Ha KOKAOH TPaeKTOPHM TOUKM NPUOIMKAIOTCA K Jexalueh
Ha 3TOH TPaeKTOPHH TOYKE NOKOS X = €04, ¥ == 4, (puc. 4.9). Touka
nokost x=0, y=10 ycrofuuBa, HO aCUMNTOTHYECKOH YCTOHYMBOCTH HET.

14*
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Ecau e Ry, >0, TO TPaeKTOPHM pPaclo/IOKeHbl TaK kKe. HO IBUNKE-
HHE TOYEK HA TPaeKTOPUAX MPONUCXOIUUT B INPOTHBONOJONHOM HallpaBsJe-
HUM — TOuka nokos x =0, y=0 xeycroHunsa. ’

Ecnu ke Ry=R,=0, TO BO3MOXKHH fiBA Ciayuas:

. O6uwee peienre cuctems (4.6) umeer BHL X = ¢y, y__cz—sce
TOYKM $IBJASIOTCA TOYKAMH TOKOSA, BCe pELIeHHS YCTOHYHBEL
2. OGuwee pelleHve HMeeT BHI

x=c +ct. y= ¢} +cit.

rae €)W ¢, — HHeHHble KOMOMHAIMH MPOU3BOIBHLIX MOCTOAHHHIX C
M ¢y Touka mnoxos x==0, y=0 ue-

y yCTORYHBA.
3amevanue 2. Kaaccuduxanus
] _ - TOUYEK TOKOS TeCHO CBA3aHA C KJAACCHDH-
7 Kauuel ocobblx Touek {(cM. cTp. 57--59).
] o JleicTBHTE/NLHO, B pPacCMATPUBaEMOM
1 /; cllyuae CUCTEMa
?E‘/ dx ]

e o 7 = AuX T apy, |
"7 //« T dy (4.6)
L =t 0.

rie ‘
an Gy

Puc. 4.9. #*0
Q9 Ay

nyTeM HCKJouenus £ Moraa Obl GolTb cBeleHa K YPABHEHHIO

dy _ ayx -+ agpy (4.12)

dx anx+apy '

MHTeTpa/bHble KPHUBblE KOTOPOIO COBRAAAIOT C TPAEKTOPUAMH [BHIKEHHS
cucreMs! (4.6). Tlpu »stoM Touka mokon x==0, y=0 cucremn (4.6)
fiBasieTcd oco0ofi Toukoft ypaBueHus (4.12).

3aMeTnM, 4TO ecau 00a KOpHA XapaKTepHUCTHYeCKOTO YPABHEHNS MMEIOT
OTPHUATEAbHYI0 AeHCTBHTE/IbHYIO uacTh [cayudam a) 1); 6) 1); B) 1)], To
TOUKA MOKOS ACHMNTOTHYecKH ycrofiuuBa. Ecim ke xors Obl OAMH KOpPeHb
XapaKTePUCTHYECKOTO yDABHEHHA HMeeT NOACKHTEALHYIO ASHCTBUTEAbHYIO
4acTe [caywam a) 2); a) 3); 6) 2); B) 2)], T0 TOUKa MOKOS HeycTOHuuBa.

AHanoruyHble yTBepXAeHUs CMPABeAJMBH W LIS CUCTEMbl /1 JHHEHHBIX
OIHOPGAHLIX ypaBHeHHH ¢ MOCTOSIHHLIMU KO3dpuUNEeHTaMHU

fl

dx; Y .
—E=Laijx1 (i=1, 2,
J=1

cees ) (4.13)
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"Ecim  neficTBuTe/bHLIE 4aCTH BCeX KOpHeH XapakTepHCTHYECKOro
ypaBHenns cucteMs (4.13) oOTpuuarteabHH, TO TPHBHAJBHOE pellleHHE
x;=0 (=1, 2, ..., n) aCUMITOTHYECKH YCTOHUMBO.

eficTBUTEIbHO, 4YacTHHIE pellleHHS, COOTBETCTBYIOLIME HEKOTOPOMY
KOpHIO R, XapakTepHCTHYeCKOro ypasoeHus, uMeioT ik (ctp. 193 u 196)

x-:aiekst (=1 2, ..., n),
ecan R, NeHCTBUTEJbHDI,
xj=e st B; cosqst—lr—y]smqst)

eca Ry== p -+ gJd. W, HAKOHeW, B CJAydae KPATHBHIX KOpHe#t pellleHua
TAKOTO ke BHAA, HO elile YMHOKEHHbE HA HEKOTOPble MHOTOUAeHH P; (f).
OueBUAHO, YTO BCe pellleHNs TaKOTO BUIA, eCaH AeHCTBHTe/bHBIE 4acTH

xopue#l otpuuatensHsl (p; < 0, nam ecau kg meficTeutensuo, To Ry < 0),

CTPEMATCS K HYJIO NpH f-—>00 He MelfieHHee, ueM ce”™, rme ¢ — no-

CTOAHHLINt MHOXUTEAb, 8 —m < 0 u Goapiue Hauboablled AeHCTBUTEID-
HOW 4YacTm KOpHel XapakTepucTHueckoro ypasHenus. CrenoBaTenibHoO,
npy AOCTaTOYHO OOJbLIIOM [ TOYKH TpaeKTOpHH, HaYajibHble 3HAYEHUST
KOTOpPHX Haxoastcs B Mo0oR O-okpecTHOCTH Havasta KOOpAMHAT, mofma-
HAI0T B CKOJAb YrOZHO Majyl0 €-OKpecTHOCTh’ Hada/ia KOOPIMHAT U NpH
f — 0O HeOrpaHu4eHHO npUOINKAIOTCS K Hayaly KOOPIMHAT — TOYKA
nmokos x;=0 (i=1, 2, ..., n) acUMOTOTMYeCKH yCTOHUUBA,

Ecin ke geficTBUTeNbHAA 4acTh XOTA OB ONHOTO KOPHA XapakTepH-
CTHYECKOTO ypaBHEHWs MNOJOKHUTeabHa, Rek;,=p, >0, TO coorBer-

it
CTBy'0lllee 9TOMY KOPHIO pellleHde BHIAA X;==cae | . WIM B cnyqae KOM-~

MJEeKCHOTO k; ero ﬂencmmenbﬂaﬂ (mau MHHMaS{) sactp ce’i’ By cos gt +
+ vy;sing;t) (j =1, ..., M) NPK CKOJAb YTOJHO MajbiX MO0 MOAYJIIO
3HAUEHHNAX ¢ HeOl‘paHI/l‘—IEHHO BO3pAcTaeT M0 MOAY.O 1pU BO3pacTaHuu £, W,
C/1ell0BATe/bHO, TOUKH, PACMOJOKEeHHble B HayajgbHbLIH MOMEHT Ha 9STHX
TPaeKTOPHUAX B CKOJb YTOJIHO MaJgOf 8-OKPeCTHOCTH Hayana KOOpILMHAT,
MOKUAAIOT MPH BO3pacTanuy ¢ M00Yyi0 3alaHHYIO €-OKPeCTHOCTb Hauana
koopaunat. CneloBaTeqbHO, €CAM NeHCTBMTE/]bHAsl 4ACTh XOTH Gbl OLHOTO
KOPHA XapaKTePUCTHYECKOrO yPaBHEHMs MOJOXHTEJAbHA, TO TOUKA MNOKO#

x;=0(/=1, 2, ..., n) cucremn (4.13) neycrotiunsa.
[1pumep 1. Kakoro tuma touxy noxos umeeT CHCTeMa ypaBHeHUH
ax
aa ~ Y
- : "y — 2x43y?
XapakTepHCTHIECKOE yDaBHeHHe ‘
1—% —1 0
23—kl

Hau
R —4k4+5=0
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HMEET KOpHM &, =2 % I, caejoBaTe/ bHO, TOUKa noxos x = 0 y =0 asagercs
HEYCTOHUHBBIM POKYCOM.

Mpumep 2 A= —alx —2bx — ypaBHeHHE yHPyrux xoiebdaHuil ¢ yyeToM
TpeHus WIH CONDOTUBJAEHHS Cpeibl (npd b > 0). Ilepexoas K 3SKBHUBANEHTHOH
cUcTeME YPaBHeHHH, NOJyduM

X =Y,

y = —a%x — 2by.

Xapamepucmqecxoe ypaBHEHHE HMEET BUI

C ok |
g opp |70 R 20k 4 a2=0.
OTKyJA Ry, =—1b = V5 —ar.

PaccmoTtpum cieaywmue caygai:

1) 6=0, 1. e. compoTuBAEHMA CpeAbl He yuHThHBaloTC. Bce aBumenus
nepuojuueckue. TOUKA NOKOA B Hauaje KOOPAMHAT UBJSETCS LEHTPOM.

2) b —a?> <0, b> 0. Touxa noxoa aBasercss ycTOHUUBHIM (OKycOoM. Kouse-
fGaHud 3aTyXaoT.

3) b* —a? >0, b>0. Touxa moxkos aBASETCA YyCTOHUMBBIM y3i40M. Bce
pelueHus 3aTyxawouine, Hekojebmomuecs. IJTOT caydai HacTymaer, €CaH COIpo-
THBJAEHHE cpelbl Beauke (6> a).

4) b < 0 (caywa#i orpumareabHoro tpeHus), 6% —a? < 0. Touka mokos
ABAAETCA HeyCTOHUHBBIM (OKyCOM.

5) b <0, 4*—a’ >0 (cayualh GoabIIOro OTPHUATENLHOrO TpeHus). Touxa
NOKO# #BASETCH HEeYCTOHUYUBLIM Y3./OM.

Npumep 3. HMccaeporats Ha ycToHYMBOCTD 104Ky MOKOH CHCTEMBl ypaB-
HeHHH

dx

PR
ay

—d?'-— 3x — 22,
dz

v =5x —4y.

Xapax‘repucmqecxoe ypaBHEHHE HMEET BHI

—k 2 —1

3 —k —2]=0

5 —4 —k
Hiau

kS — Ok 48 = 0.

OmnpeZeauTs KOPHH KYyOMUECKOrO ypaBHEHHS B OOWEM cJay4Yae NOBOJBLHO
TPYAHO, ONHAKO B NAHHOM . ClyYae OAMH KOpeHb #, =1 serio noabupaerca,
TaK KaK 3TOT KOpPeHb HMEET MOJOMHTENbHYI0 AeHCTBHTEAbHYIO 4aCTh, TO MOKHO
yTIBEp#AATb, 4T0 TOUKd 10K0A X =0, y =0, 2= 0 neycrodyuna.
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§ 3. Bropoii meton A. M. JlanyHoBa

Brinaroutuiics pycckuit Marematnk Asexcannp Muxa#inosuu Jlanynos
B xoHue XIX Bexa paspaboran BecbMa OOLIMH METON HCCJELOBAHHA HA
yCTOHYNBOCTb pelleHHH CHCTEMH AuddepeHUnanLHBIX YpaBHeHHH

dx; R
Sh=fit X Xy e X)) (=1, 2, ... 0, (4.14)
NOYYUBIINA Ha3BaHHe 8mopo20 memoda JlanyHosa.

Teopema 4.1 (meopema JianyHosa 06 ycmoiduwusocmu). Ecau
cyuecmeyem ougppepenyupyeman Byuuus v (X, Xy ..., X,). HaA-
avgaemasn Pyuxyued Janyuosa, y0084emsopPRAOUAA 8 OKpecm-
HOCMU HAYQAQ KOOPOURAM CALOYIOUUM YCAOBUSM.

1) v(xy, X9 .... x,) 20, npuvesr v=0 auws npu x,=0
(=1, 2, ..., n), m. e. PyuKyua v ameem cmpouli MUHUMYM
8 Hauase KOO pounam,

n
dv ov
2) _dez_()x,- [ xu oon, xn)<0 npu t>t, mo mouxa
i=1
nokoa x;=0 (i=1, 2, ..., n) yemoiuusa.
dv

ITpousBoanas —7 B ycaosuu 2) B3siTa BHOJb HHTErpa/bHOM KpUBOH,
T. €. OHa BLIUMC/IeHA B NMPelNOJOKEHHM, 4TO apryMente x; (i=1, 2, ...
ci., m) QyHKHMR U (X, Xg ..., X,) 3aMeHeHbl peuleHueM Xx,(f) (i ==
=1, 2, ..., n) cucreMs auddepeHurasbHbIX ypaBHeHu#t (4.14).

n

HleficTBUTEIbHO, B 3TOM MPEANO/I0KEHUH dv ov_ dx; WaH 3a
' M 1P T = id 0x;

i=1

MeHsist npaBsIMH  YacTaMH cucteMbl (4.14), OKOHUATe/bHO MOJYYUM

dx;
dt
d O 0
v v
W= d—xlfi(t, xl, x2, “o ey x,,).

i=1

HloxasarteabcTBO TeopeMHb JlanynoBa 06 ycro#uu-
BOCTH. B okpectHocTH HauajJa KOOpIMHAT, KaKk W B OKPECTHOCTH
BCAKOR TOUKM CTpororo Munumyma (puc. 4.10), nosepxhocTM ypoOBHS
V(K] X5 oony Xp)=c¢ O(yHKIHL V(X{, X9, ..., X,) §BJAIOTCA 3aM-
KHYTBIMH TIOBEDXHOCTSMH, BHYTPH KOTODHIX HAXONMTCS TOYKA MHHH-
MyMa — HayaJo KoopauHar., 3alanuM & > 0. [Ipn ZKocratouHo Ma/aoM
¢ > (0 mnOBepXHOCTb YPOBHA U=—=( UEJHKOM JEXHT B E-OKPECTHOCTH
HayaJa KOOPAMHAT *), HO HE MPOXOAWT -yYepe3 HAYaM0 KOOPAHMHAT, CJeNO-
BaTeJbHO, MOXHO BHOpate 6 >0 Taxkoe, 4ro O-OKpecTHOCTL Hayasa

*) Tounee, mo kpaiiHeli Mepe oxHa 3aMKHYTaj KOMIOHEHTa 10BEPXHOCTH
YPOBHA U == ¢ J€XKHT B £-OKPECTHOCTH Hayaja KOOPJIHHAT.
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KOOPAMHAT UEJUKOM JEKHT BHYTPH MOBEPXHOCTH U == ¢, TIPUYEM B 3TOH
okpectHocTd U <'¢. Ecaun HauaabHad TOuYKka ¢ koopauHatamu x; (fy)
(=1, 2,..., n) BuOpasa B O0-OKpeCTHOCTH HayaJa KOOPAUHAT
(puc. 4.11) u, caenoBateqbHO, U (X, (Fy), Xy (). ..., X, (t))=1¢; <c,
TO npu {>f, TOYKa TPaeKTOPHH, ONpeleiseMOH STUMH HAYAIbHBIMU
YCAOBUAME, HE MONET BBLITU 3a Npeleabl €-OKPeCTHOCTM Hayala Koop-
JMHAT Y AaXe 3a NPelesbl MOBEPXHOCTH YPOBHS ¥ ==, TdK KaK, B CHIY

2="v{5,,I;)

&
. Puc. 4.10, Puc. 4.11.

ycaoBust 2) TeopeMbl, (YHKUMS U BIOJAb TPAaeKTOpPHM He BO3pacraer H,
CleOBaTeNbHO, NpH f > £,

V(X (), X0, ..., x,(O)) Ly <.

3ameuanue. A. M. JlanyHoB nokasan TeopeMy 06 yCTOHYHBOCTH
B GoJee OOHIMX TPEANONOMEHHSAX, B YACTHOCTH, OH CUHTA], 4TO (YHK-
M U MOMET 3aBUCeTb M OT £ V=v(f{, X, X9 ..., X,). Ilpu stom
AJSl CApPaBelJMBOCTH TeOpeMbl 00 YCTOHUMBOCTM MNepBOE YCJOBHE HAI0
3AMEHUTb CJELYIOUIUM

T Xy Xy ooy X)) ZW(Xp X9y one, X,) 20

B OKPECTHOCTH Hauana KOOPAMHAT INpH f > £, Tle HenlpepbiBHAs (YHK-
1S W UMeeT CTPOTHUIt MHHUMYM B Hadaae koopanHat, v (£, 0, 0, ..., 0)==

) dv
=w (0,0, ..., 0)=0, a Bropoe yc/n0BHE OCTaeTCq NPEWHHM Ego,

HO TOJIbKO B 39TOM CJydae

n
duv- du dv L
F=a U S € x5,
. i=1

‘+
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Cxema 10Ka3aTeMbCTBA OCTAETCH NpENHEH, HAAO T0JbKO TpPHHATH BO BHH-
MaHue, 4TO, B CHUJY yCn0Bus 1), MOABMXKHAS NPH M3MeHAIOWEMCA f OBEPX-
HOCTb YPOBHS v (f, Xy, Xy, ..., X,)==C OCTaeTcs NpH BCeX WU3MEHEHUHX
t > t; BHYTPH MOBEPXHOCTH YPOBHA W (Xy, X9 ..., X,)=c (puc. 4.12).

Teopema 4.2 (meopema JIanyHosa 00 acumnmomuqecxoi
yemodnusocmu). Ecau cywmecmeyem Ougpgepenyupyemas Pynuyus
Jdanynosa v (X, Xy, ..., X,), y0O-

Z=0(2,5,{,
BAEMBOPAULAA YCAOBUAM: (#.%Y

) v(x, %o ..., X,) umeem 7=w(n,3,)
cmpoull  MuHuMYM 8 HALaLe
Koopdunam: v (0,0, ..., 0)=0;

2) npoussoounasn, dydxyuu v,
BULUUCACHHAST 8004b UHMEZPAAD-
HotX Kpuselx cucmems (4.14)

dv
dat T
n
N\ 0v
PV IGE I R AR [ K
i=] |
z
npuuem e CKOAb Y200HO MAA0H Puc. 4.12.

OKPECMHOCMU HAYAAE KOOPOu-

n
“am,m.e.npu X X1 >8>0, t>Ty>t, npoussodnasn Q< —B <0,
i=1
20e P -—nocmosannas, mo mouxka norof x,;==0 (t—l, 2, ..., n
cucmemsr (4.14) acumnmomunecku ycmoiinuga.

HokasateabcTBo. Tak Kak yca0BUA TeopeMbl 00 yCTOHYHBOCTH
BLINOJHEHBI, TO s Kaxaoro & > 0 moxuo nonobpats 8(e) > 0 rtaxoe,
YTO TPAEKTOPHs, HAYA/AbHAA TOUKA KOTOPOH HaxomuTcs B O-OKPecTHOCTH
Hauana KOOPIMHAT, HPH f > £, He BHIXOLMT 32 Hpele/sl £-OKPECTHOCTH
Hauana koopanuar. CrenoBaTebHO, B 4acTHOCTH, BAOJb TaKOH TpaeKTo-
puu npu £ > T, BHIOJHEHO yC/l0BHe 2), MOSTOMY BLOJbL TPAEKTOPHH
(GyHKuMs U MOHOTOHHO yOBIBAeT C BO3pacTanMeM f, H BIOJb TPAEKTOPHH
CyllecTByeT mpejen (GyHKUMH U npu £ —> co! :

lim v (t, %, (&) X3(E)s + v ey %, (E)) =a >0.
i>co )

Hano noxasate, uto @ =0, Tak kak ecay a =0, 10 u3 ycaosus 1)
caegyer, 49ro lim x, (({)=0-(!{=1,2, ..., n), T. e. TOuKa MNOKOA
{ >0

x;=0 ({=1,2, ..., n) acumnroruueckd ycroHuusa. onycrum, uro
@ >0; Toraa TpaexTopus npu f >f, Haxoautcs B objaacta U > o
C/IeI0BATE/NbHO, BHE HEKOTODOH# O;-OKPeCTHOCTH Hadaja KOODIMHAT, T. €.
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TaM, rie Ao YCJAOBUIO 2) dt —p<CV npu £2>T,. YMHoxas HepaBeHCTBO
dv
a7 K —p Ha df u uHTErpupys BIOJb TpaekTOpUM B npelenax or T
4O £, noayduM:
V(X (8, Xy (@) o ooh X, () — V(01 (T), %3(Tp)s -0 %,(T)) <
<—B¢—Ty.
HJH
vV(x (@) x9(8), ..., X, ()<<
LU (To)s 9Ty vvvs x,(T)) — Bt —Ty.
[Tpu nocratoyHo GOJBLIOM ¢ TIPaBas YacTh OTPHUATE/bHA, A CIEA0BATEAbHO,
u v(x(f), xo(6), ..., x,(£)) <0, uro nporusopeuur ycaosuio 1).
3ameuanue, Teopema 00 aCHMOTOTHUECKOH YCTOHUMBOCTU 0006-
ulaeTcst Ha caywaft ymkuuu o, 3aBucsimed ot £, Xy, Xy, ..., X, ecau

zg nepBoe ycaoBve, Kak # B IIpelbily-
A/% Wel Teopeme, 3aMEHUTb CJAEAYIOLLUM:
/m/ Y, Xy Ko ooes X)) >
7

/ Z WXy, X9 vy X)) 20

7 >Z, MyM B Hayaje KOOpIMHAT, U, KpOMe

// / .

//0 20 TOro, norpe6oBath, uToGbl YHKLUSA

2% v v(t, X;, Xy ..., X,) pPABHOMEPHO
O

OTHOCHTENLHO { CTpeMusach K Hymo

S0 15
// // rae q_)yHKUHﬂ W uUMeeT CTpOI‘l/IH MHHU~

Y

N
npn X x2—>0.
i=1

Puc. 4.13. Teopema 4.3 (meopema HUe-
maesa 0 Heycmodwusocmu)., Ecau
cywecmayem dugpepenyupyemas PYHRKGUL U (X, Xy o .., X,), ¥0O-

BALMBOPAIOUAS 8 HEKOMOPOL 3AMKHYMON h-OKpecmuocmu ravasa
Koopdunam ycaosunm: 1) 8 ckosb yeoono maroid oxpecmuocmu U
Hawara Koo pounam cyuecmsyem o6aacms (v > 0), § komopod v > 0,
npuver v =20 na aexcawel 8 U nwacmu 2panuyss o6aacmu (v > 0);
2) 8 o6aacmu (v > 0) npoussodnasn
I3
dv N\ Jv

a T dxf‘
i=1

(¢, X1 Xgo «ovs X)) >0,

npusem 8 obzacmu (v >a), o >0, npouzsodnasn ‘Z’ >p>0. mo
moura nokos x;=0 (i=1, 2, ..., n) cucmenw (4.14) neycmodvusa.
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Hokasareabciso. Havaaeuyio TOUKy X, (L), Xo(fy), - ..o X, (f)
BO3bMEM B CKOJ/b YTOJHO MajiOH OKPECTHOCTH HAayala KOOPAUHAT B 0671acTH
(v>0) v(x () x(tg)s «os x,(())=0>0 (puc. 4.13). Tak kak

dv
BIOJb TPAaeGKTOpUU 87/>/0’ TO (yHKUUS T BIOJb TPaeKTOpUU He YObi-

BaeT, ¥ C/JEJOBATE/bHO, MOKAa TPAeKTOPHA HE HOKHHET pacCMaTPHBAEMYIO
h-OKPEeCTHOCTb Haua/la KOOPIMHAT, THAe BHINOJHEHH YCJIOBHS TeOpeMbl,
TPaeKTOpUSI NOJKHA HaxXoAuThca B8 obaactw (v > a). J[omyctum, uro
TPaeKTOpHUs He MOKMUIAeT /7-OKPeCTHOCTH HauaJa Koopamuuar. Torma B cuay

dv
ycaoBuS  2) BAOJAb TPaeKTOpUn npu f > f, NPOH3BORHAR T>ﬁ>0'
YMHOXKast 3TO HepaBeHCTBO HAa df W MHTErpupys, NOJYYHM:

V(X (B, %o (B)s ey X,(D)) — 0 (X, () Xy (Ee)s + v v X,(E)) > B (E—1Ly),

OTKyJa cleiyeT, 4YTO Npu f—> 0O (YHKUMA U BIOJb TPAEKTOPHU He-
OTPAHMYEHHO BO3PAcTaeT, YTO HAXOZMTCS B NPOTHBOPEUYHH C TPeLnoao-
’KEHHEM O TOM, YTO TPAaeKTOPHT He BHIXONUT 3a Hpede/bpl 3aMKHYTOH
f-OKPECTHOCTH Hauajga KOODIMHAT, TAK KAaK B 3TOH /1-OKPeCTHOCTH He-
npepbiBHasg (YHKUMA U OTpaHUueHa.

3ameuanue. H. I Yeraes noxasaa rteopemMy O HeyCTOHYMBOCTH
B TNIPEINOJIOXKEHHH, YTO U MOXeT 3aBHCETb TaKkKe W OT f, MPU ITOM yCiaO-
BUS TEOPEMBl HECKOJbKO M3MEHSIOTCS W, B YACTHOCTH, MPUXOAMTCS Tpebo-
BaTb OTpaHUYeHHOCTH YHKUMM U B obaactu (v > 0) B paccMaTpusaemoft
h-OKPeCTHOCTH Hawaja KOOPAMHAT.

Tpumep L HUccaenosarb Ha yCTORYHBOCTb TPUBHANBHOS pELICHUE CHCTEMBI:

Pyukung v (x, y) = x? 4 y? ynosaersopser ycaosuam teopeMsl A. M. Jlany-
HOBa 00 aCHMNTOTHYECKOH YCTOHUMBOCTH: .
Iy v(x, ¥) >0, v (0, 0)=0;

2 gf = 2x (— y — x%) + 2y (x — ¥*) = — 2 (x* + y*) < 0. Bue oxpectuocTn

HayaJja KOOpJAHHAT Z_t — B < 0. CnezoBaressHo, peme}me x =0, y=0acumn-

TOTHYECKH YCTOHUKBO.
[Ipumep 2. UccaeloBaTh Ha ycTOHUMBOCTL TPHBHAJAbHOE pelieHde x =30,

y==0 cucreMmsi:
dx
dt

— .-..xy“; % = yx*

Pyuxuua v (x, y) = x' -+ y* yIoBJeTBOpALT ycaoBuAM Teopembt A. M. Jlany-

HOBa 06 yCTOHYHBOCTH:
1) v(x YN=xt4+y'>0 v(® 0)=0;

2) d_t = —dxiyt 4 dx'yt =0.
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CrenoBaresbHo, TpuBMaabHoe peumieHHe x==0, y=0 ycToiuuBo.
[Ipumep 3. WccaeroBare Ha ycroHuuBocTh TOuKy mnokos x==0, y=0
CHCTEMBbl ypaBHEHHH -
dx

LA s 5
\ a7 ¥+ x5,
dy._ 3 5
ar = vty

dyukuus v= x*— y* ynaosaerBopser ycaoBusM Teopembl H. I'. Yeraesa:
1) v>0 mpu [x|>]|y}

2) %=4x3(y3+x5)—-4y3(x3+y5)=4(x8——y8)>0 mpu x| > |yl

d
npuyeM npud v >0 >0, ‘_i?v > B > 0. CarenoBarte/ibHO, TOUKA NOKOS x =0, y==0

HeycTOHYHBA.
Mpumep 4. MccaenoBaTh Ha yCTOHUMBOCTh TPUBHAMbHOE pewenne .x; =0
(=1, 2, ..., n) cucTeMBl ypaBHeHuH

dx; Ou Xy, Xy ovos X .
Lo— ( ! 2 n) (l=1, 2,..., n),

dt dxi
ecau AaHO, UTO QYHKHMA & (X, Xy ..., X,) MUMEET CTPOTHH MAKCHMYM B Hauaie
KOOpJIMHAT. :

B kauectse ¢yHkuuu Jlanynosa BO3bMEM Pa3HOCTb
v(xy, Xg oo X)=u (0,0, ..., 0)—u(x, x5 ..., Xp)

koTopas, OYEBHAHO, obpauiaercs B Hyap npH x;=0(=1, 2, ..., n), umeer

cTporuit MMHHMYM B Hayaje KOODJAHHAT M, CJAeJlOBaTe/]bHO, YIOBJIETBOPSIET yCJO-
Buto 1) teopemnl JlanyHoBa 06 ycroiuuBoctu. [lpou3BOIHAA BROJb UHTErpalb-

HbIX KpHBHIX
i

dv g ou dx; _E(du‘)z <0

—_—— add AU 3%

at ox; df
=1 i=1

WMrtak, ycaoBus TeopeMbl JlanyHoBa 06 yCTOHYHBOCTH BHIIOJHEHBI, C/IEIOBATEILHO,
TPHBHAJbHOE pellieHHe yCTOHYUBO.

Mpumep 5 MHccaenoBaTs Ha ycTOHUMBOCTb TPHBHA/bHOE pemieHue x;==0
(=1, 2 ..., n) cucteMbl ypaBHeHHH

n
i Q c
%: Zaij(t) Xj The a;;(t)= —a;; () npu iz=j u Bce ay (£) 0.
j=1
n .
TpusHnaibHOE pelleHHe YCTOHUMBO, TaK Kak QYHKuusd U == 2 x? YAOBJIETBO-
i=1

paet ycaoBusM teopeMbl JlanyHoBa 06 ycTOHUHBOCTH:
Dov>20uv@©0 ..., 0)=0

n n n n
dv dx N\
2) Z—t—=22x,d—;=22 Zaij(t)xin———\Q 2(1“ (t)x%<0.
i=1 i=1

i=1 j=1
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§ 4. UccaepoBanue #Ha YyCTOHYMBOCTH TO NEPBOMY UPHOIHIKEHUIO

[Tpu vccae0BaHNU HA YCTOHYHBOCTL TOUKH ITOKOSA X, =0 (i=12,...n)
cucteMbl LuddepeHUnaTbHbX ypaBHEHUH
dx .
#:f,.(t, Xp Xgr oean X)) (=1, 2, ..., n), (4.14)

rie f, — nuddepeHunpyeMble B OKPECTHOCTH Hayajna KOOPAUHAT PyHK-
UMW, 4aCTO TpUMeHseTcd CJaelyolixi MeTOA: NOAb3ysch AuddepeHuupye-

MOCTbIO QYHKUMH f, (£, X, Xy, ..., X,), TPEICTaBJAOT cucteMy (4.14)
B OKpecTHOCTH Hauana koopauHat x;, =O0(==1, 2, ..., n) B BUIE
n »
dx; N .
#:Zaﬁ(f)xi—{——Ri(l‘, Xp Xy oo XD @=1,2, ..., n), (4.15)
j=1
n
/&,
rie R; HMeOT NOPAAOK BhHIE MEPBOT0 OTHOCHTEJbLHO 2 X% H
i=1
BMeCTO TOYKH Mokos x;,=0(=1, 2, ..., n) cucremnl (4.15) uccaenyior

Ha YCTOMYMBOCTb TY K€ TOYKY I[OKOSl JMHEHHON CHUCTEMB

n
D Nayyx G=1.2,.... n, (4.16)
j=1
HasbiBaeMON cucmemoli ypasuenuil - nepso2o npubauscerusn aan
cucremsl (4.18). YcaoBus NpHMEHMMOCTH 3TOTO METOLA, KOTOPHM [0J/roe
BpeMs 10/1b30Ba/IUCh 0e3 BCAKOro 0OOCHOBAHUA, ObIIH AETAALHO HCC/IEN0-
BaHbl A. M. JlanyHoBBHIM ¥ B jajbHeHIlleM paclUMpeHB TPYAAMH MHOTHX
IPYrUX MaTeMaTHKOB, CPelM KOTOPHX CJAelyeT B HepPBYI0 Ouepelb OTMe-
tuth pabotel O. Ileppona, W. . Mamuna, K. TI. Tlepcuackoro,
H. I'. YeraeBa.

MccaenoBanne Ha yCTOHUMBOCTb CHCTEMbl YpaBHEHUH MEPBOTO Mpu-
OMeHUd, [KOHeYHO; ABJASRTCS 3ajayelt 3Ha4ynTeNLHO 6ofee Jerko, uem
HCCAelOBAHHE MCXORHOH, BOOOWE rOBODPA, HENHMHEHHOR CUCTeMbl, OJHAKO
Jaxe HccaeloBaHue auHefiHOH chcteMbl (4.16) mpu nepeMmeHHBIX K03 du-
uueHtax a;;(f) ssaserca sanaued BecbMa ciokHOH. Ecam e Bce ay

MIOCTOSIHHBI, T. €. CHUCTeMa CrauuoHapHa B IepBOM NpuO/IMKeHHH, TO
McC/lelOBaHUE HA YCTOHUYMBOCTL JauHeHHOH cucrembl (4.16) He mpencra-
BJfleT APUHUMNUAMLHLIX 3aTpyaHeHnd (cM. crp. 212--213),
Teopema 4.4. Ecau cucmema ypasguenud (4.19) cmayuonapra
8 nepsom npubauxcenuu, 8ce 4aens. R, 8 0ocmamodno Mmairol
oxpecmuocmu nauasa xKoopounam npu t > T > t, ydosiemsopsiom
1 -

. n —+Q

2

HepasenHcmsanm [R,-|<N(2 xf) . 20e N u o—nocmosuuse,
i=1

npuden o >0 (m. e., ecau R, ne 3asucam om t, mo ux nopadox
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8blute nepsoao OMHOCUMENBHO l/
i=1

"
Y,
> xi) u 8ce KOpHu Xapaxme-
PUCMLUYECKO20 YPABHEHUS :
ay—k a4y ... ayq,

ay Aoy — R ... a%n' —0 4.17)

@n Bug +oe Gy —R

umeom ompuyamesvHsie Oelicmeumensreie 4Acmu, mo mMpusuany-
Hote pewenusns x;=0(=1, 2, ..., n) cucmenms ypasuenuii (4.15)
u cucmenmv. ypaguenuli (4.16) acumnmomunecku ycmotinugsl, cae-
008AMEAbHO, 8 IMOM CAYHAE BOIMONCHO UCCALO0BAHUE HA YCmoOduu-
80CMb RO NEPEBOMY RPUBAUICEHLIO.

Teopema 4.5. Ecau cucmema ypasnenuii (4.15) cmayuonapna
& nepsom npubauscenuu, 8ce Gynxyun R, yoosiemsopsiom ycao-
BuAM npedudyuel meopems, u xomsn 6v. 00UH KOpPeHb XApaKme pu-
cmuveckozo ypasrenus (4.17) umeem nososxcumeasnyio Oelicmau-
neabryi0 acme, mo mourku noxon x;=00=1, 2, ..., n) cucmens
(4.15) u cucmemer (4.16) neycmoiiuusel, c2e008amesbHo, & 8 SMOM
CAYLQE BOIMONCHO UHCCALO08AHUE HA YCMOU4UBOLME NO NEPBOMY
npub Auicentn.

Teopembt 4.4 n 4.5 B OTHOILIEHHU OTPAHWYEHUR, HANAraeMBIX HA KODHHU
XapaKTEPUCTHYECKOTO YPABHEHHS, He OXBATHIBAIOT UMb TaK HA3LIBAEMbIN
KPUTHYECKHH Ciyualt: BCe NeHCTBHTe/bHLHIE HaCTH KOpHEH XapaxkTepucTH-
YECKOTO YPABHEHH HEMOJIOKHUTEAbHEI, INpudYeM INeHCTBUTE/IbHAS HaCTh
XoTst OBl ONHOTO KOpHS paBHA HYJIO.

B kpuTitveckoM caydae Ha YCTOHYHMBOCT TPHBHAJBLHOTO peHICHHS
cucreMbl (4.15) HAUMHAIOT BAUATL HeJMHeHHBIE WIeHH R; M uCCJAeLOBaHue
Ha yCTOWYUBOCTL MO NIePBOMY NpuGnxKeHnio, BOOGILE FOBODS, HEBO3MOXKHO.

IlokaszateabctBo TeopeM 4.4 u 4.5 mowuo nattn B xuure V. T'. Maa-
kuHa [2].

Jas toro utofnt AaTh NpPeACTAaBjJEHHE O METOAAX XOKAa3aTeAbCTBA TAKUX TEO-
peM, Mbl NIPHBEJEM J0OKa3aTeJbCTBO TeopeMbl 4.4 B MNpEANOJOXEHWH, 4TO BCe
KOPHH XapaKTEPUCTHYECKOI'O YPaBHeHHA k; AeHCTBUTENbHBI U PAa3JIHUHBL

Ri<0(=1,2 ..., n), ky == k; npu iz~ ]

B BekTOpHBIX OGo3HaueHMsAX cucTema (4.15) m cuctema (4.16) npumyT coormer-
CTBEHHO BHJA

X
= AX+ R, 4.15))

dX
— = AX. (4.16;)
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rae

Xy ‘ [ R
a

X3 1 a2 Qin Ry
ay, a a

X = L A= Q2 2|, R

Apy Qpy »++ Apn

Xy Ry

C noMouplo HEBBLIPOMASHHOrO JAHHERHOro Npeobpa3oBaHus C MNOCTOAHHBIMH KO3(-
oduuuenramy X = BY, rue

by b binl 4
1n 12 »+- Y1 }’2
B= bQ] b22 e b2,1 , Y= . s
by by .. bpali
Yn
dy dy -1
npeobpasyeM cucremy (4.16,) x Buay Bﬁx ABY umn T B~ ABY. lloa6e-

peM matpuuy B tak, uro6n marpuua BT ' AB 6blaa guarosanbHodk:
k0 0 ...0
0 & 0...0
0 0 4 ...0

B~ ' AB =

Mpy sTom cucrema (4.16) npeobpasyercs B

d .
_d)%‘—‘kl)” (L= 1, 2, .0 ey n),

a cucteMa (4.15) mpu TOM ke mpeo6GpasOBaHHH MEPEXOAHT B

d .
= r ARG ey =1 2 (418
+a
rie [Ri[ <N (Z Yi . N —mnocrosuyas Beanuuna, a >0, t > T.

Das cucremut (4.18) pynxumed Jianynosa, yrosaersopawoiedl ycaosuam reo-
peMbl 06 aCHMNTOTHYECKOH YCTOHYMBOCTH, SIBJAAETCH i

JeiicTBuTeabHo,

Do s oo ¥ >0, 0(0, 0, ..., 0)=o;
h

n
R P TR T Y
i=1

i=1
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n

IpH DOCTATOUHO MaAMX y; TaK Kak Bce k; < 0, a ynsoeHHas cymma 2 2 RiyiRy
i=1

npu ,L‘LOCTaTO'lHO MasbXx y; MOXeT OHTb CIelaHa [0 MOAYJI MeHbIle CcyM-

Mbl 2 kiyi‘
=1
Hakonen, BHe OKpPECTHOCTH HauajJa KOOPAHHAT
dv
< 0.
T —p

Npumep 1. HccnemoBath Ha ycTOHUMBOCT TOUKY mokos x=0, y=0
CHCTEMDbI]
%_—_ x—y -+ x*4 y’sing,
(4.19)
dy 2
7S A o

R

Henunefineie uneHsl YAOBJAETBOPAOT yciaoBuam reopem 4.4 n 4.5. Mccaenyem
Ha yCTOHYMBOCTL TOYKY MNOKOs x = 0. y=0 cucremMbl nNepBoro npubauxenus

dx_ )
at Y 49
dy_ { (4.20)
l—k —1
XapaxTepuctHueckoe ypaBHEHHe 1 —k|= 0 wMeeT KOpHW k) o= 1%/,
CAICJOBATEAbHO, B CHAY TEOpeMBI 4.5 touxka nokoa cucrem (419 1 (4.20) He-

ycrofiuusa.
Mpumep 2. MccaenoBaTh Ha yCTOHYMBOCTD roqu nokost x=0, y=20

CHCTEMB
dx

7 = 2x +4-8siny, | v

dy i (4.21)
8 9 e 3y —

77 2—¢¥ —3y—cosy '

Paznaras siny, ¢* n cosy no cdopmyae Teitnop., npeacraBasem cucremy
B BHJE

d . d
x =2x48y+ R, d—f——x—dy—{-Rz,

rie R, v R, yroBiaeTBopsior ycaoBusM teopem 4.4 u 4.5.

Xapamepucmqecxoe YpaBHEHHE - 1 —3 P

=0 a1s cucTems nep-

_BOTO MNPHOAHKEHUS
) %’-_2 +8y e x 3y (4.22) .

HMeeT KOPHH C OTpHUATEAbHbIMH AeHCTBuTe btbiMy gacTaMit. CueloBaTelbHO,
TOouKa nokoa x =0, y =0 cucrem (4.21) v (4.22) acumaroTHdeckn ycroiuusa.
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[Tpumep 3. HccaegoBaty Ha ycTORUUBOCTR TOUKy nOkoA ¥ =0, y =0
CHCTEMB

Z—f =— 4y — x5,
dy (4.23)
— — 33
77 3x—y
—k —4
XapakTepucTHUECKOE YpaBHEHHE 3 _pl= 0 ans cuCTEMB MEpPBOTO

o

ApHOaMMeHHsl HMEET YHCTO MHHMble KODHH — KpHTHueckuit cayuail. Mccaeaosa-
HUE MO NepBOMY nNpubIMMeHHIo HeBO3MOXHO. B naHHOM cayuae Jerxko noaGu-
paercsa ¢yHkuus Jlanydosa

v = 3x2 4 4y

) v(x, ) >0, v(0 0)=0;

2) Z—;j = 6x (—4y — x3) + 8y (3x — y?) = — (6x* +8y%) <0, npuuem BHe

i dv
HEKOTOPOH OKPECTHOCTH HAYALa KOOPAHHAT — < —B < 0, cregoBaTenbHO, TOUKA

nmokoa x =0, y=0 no TeopeMe mpeabaywero naparpada acuMITOTHYECKH
ycToHYHBa.

OcTaHOBUMCS HeCKOJbKO noapoGHee Ha mocieaneM npumepe. Cucrema
ypaBHeHu# MepBOro npubiankeHus

dx ay
at Yo qr =% (4.29)
uMesa B Hauaje KOOpIMHAT ueHTp. Haauunme HesMHeHHBIX 4Y/JEHOB B CM-
creMe (4.23) mpeBpaTUIO 3TOT LEHTP B YCTOHYMBBLIM (OKYC.
AnajoruuHas, HO HeCKOabko 00J/ee C/10KHAA reOMETPUUECKAn KapTHHA

Had.aonaerca u B oOiem caydvae. [lycTh cHcTeMa nepBoro npubiKeHus
/IS CHCTEMBI

dx,

—7 = GuX; + apXy + Ri(x xy),

dx,
o7 == A%+ GgpXy + Ry (X xy)

(4.25)

MMeeT TOYKY MOKOA THMA UeHTpa B Hauaze Koopauuar. [lpeamonomum,
Kak w Ha cTp. 221, 4TO HesmHefiHble uneHb R, (X, X9) U Ry(Xy, xy)
MMEIOT MOPANOK BLille MEPBOro OTHOCHTENbHO Vx"l’—i-xg. ITH HeauHel-
Hble Y/eHbl B JOCTATOUHO Ma/0# OKPECTHOCTH Haua/Ja KOOPIHHAT MaJnl
MO CPaBHEHHIO € JIMHEHHBIMA Y/JEHAMH, HO BCE Xe OHM HECKOIbKO WCKa-
MAOT NMoJe HanpasaeHHR, onpejenseMoe JauHeHHON cucTeMOH repBoro
npubaNKeHHs, NMOITOMY BHIXONALLAS U3 HEKOTOPOH ToukU (Xo ¥,) Tpaek-
TOpHR nocnae 06X0la Hayaja KOOPAMHAT HEMHOTO CMeLJaeTcss MO CpaBHe-
HHIO C MPOXOMsiliefl 4epe3 Ty e TOUKY TpaekTopuefl JuHEHHOH CHCTeMB

15 J1. 3 Dascroasu
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u, BooOule TOBOPS, He MOMANaeT B TOUKY (X, Vo) — TPAEKTOpHA He 3a-
MBIKaeTCo. :

Ecan nocae Takoro 00XOAa Hayana KOOPIMHAT BCE TPAaeKTOPUN MPH-
6/MKaIOTCA K HAUany KOOPAMHAT, TO B Hadale KOOPAMHAT BO3HUKAET
ycToiuuBnift GQOKYC; ecan de TPAaeKTOPUN YAaAfIOTCA OT Hayana Koop-
IMHAT, BO3HHUKAET HEYCTOHUMBLIA doxyc.

B Buie uckJOYeHHS BO3MOKEH TaKxke Cayyail, nmpH KOTOPOM BCe
TPAEKTOPHH HeNUHEHHOH CHCTEMBI, PacroJ/ioXeHHble B OKPECTHOCTH Havana
KOODAMHAT, OCTalOTCS 3aMKHYTHIMM, OIHAKO Haubosee THIMYHBIM HALO
CUMTATL Cayyafl, NpH KOTOPOM JIHIUL HEKOTOpble (MOXeT OHBITh, W HH

Puc. 4.14.

Puc. 4.15.

OZHOH) 3AMKHYTblEe KDHBBIE OCTAIOTCH 3aMKHYTHIMH, @ OCTa/bHble [PEBpPa-
IAI0TCA B CIUPAJH.

Taxue 3aMKHyTble TPaeKTOPHUM, B OKPECTHOCTH KOTOPBIX BCe TpaeK-
TOPUM SABASIOTCA CIIHPANSAMM, HA3LIBAIOTCA NPEOCAbHEIMI GUKAAMU.

Ecan Oansxne k npefleanOMy UMKy TPaeKTOPHUHM ABAAIOTCA CIHpa-
JAaMH, TPUGIMKAOLIMMUCA TNPH £ —> 00 K MNpeleJbHOMY UUKJY, TO Npe-
JeAbHBIR UMKA HasbiBaeTCa Yemoduusum (puc. 4.14); ecan OGauskue
K TpelebHOMY UMKJAY TPAeKTOPHU ABJAAOTCA CIHPAAIMHU, YAaasioLlMMHcA
OT Mpefe/bHOro WiKAa Npu £ —> 0o, TO MpeledbHbifi UMK/ Ha3blBaeTcs
Heycmofuussia, €ClIn ke ¢ ONHOH CTOPOHH TpelebHOTO UMKJA NpH
t — oo cnupany npub/auXKalOTCS K NpelebHOMY LUMKJAY, a ¢ APYroft cro-
poHbl yaansiotcs ot wero (puc. 4.15), TO mpelenbHBI HMKJ Ha3biBaeTCA
ROAYVCMOUYUBLLM.

Wrak, nepexoa ot cucreMh nepsoro npubamedus (4.16) k cucreme
(4.25) npuBoauT, BOOOLIE TOBOPHA, K TPEBPAIICHAID UEHTPA B (OKYC,
OKpYKeHHBHH p (cayuafi p ==0 He wucK/oYaercs) Npeje bHbIMU UUK/IAMH.

Ha crp. 154, uccaenya mepuoauueckue pelieHus aBTOHOMHOH KBasH-
THHeRHOR CHCTEMH '

X+ ax=pf(x, x B), | (4.26)
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Mbl yiKe BCTPEYa/HCb € aHANOTHYHBIM siBJeHMeM. [lefCTBUTE]NbHO, 3aMe-
Haa (4.26) SKBHBAJNEHTHOH CHCTEMOH, mOJyddUM

x=y,
y=—a¥+pf(x, v W.

CooTBeTCTBYIOLLAA [HHelHan cucTeMa:

(4.27)

5c=y, )')=——-an

{MeeT B Hauaje KOODJAMHAT TOYKY [OKOSl Tulla UeHrpa; A00aBjeHHe Ma-
JblX TpPHM MaJOM | He/JMHeHHBIX u/JeHOB [peBpallaeT UeHTP, BOOOILe
roBops, B (OKYC, OKPYKEHHbIt HEeCKOJIbKUMH Tpele/bHbIMH LHMKJIAMH,
paaMycel KOTOPBIX 4 ONpeleasauch u3 ypasHenns (2.128), ctp. 156.

Pasnnune Meway cayuasamu (4.25) u (4.27) 3ak/0uaercsl JHIb B TOM,
yTo 4aeHbl R; B R, Majm JHWbL B JOCTATOYHO Mago#l OKPeCTHOCTH Ha-
yana KOOpAHHAT, TOria Kak B cayuae (4.27) caaraemoe Pf(x, y, W)
MOXeT OBbTb CHEJaHO MajbiM OpY  JOCTATOYHO MajoOM [L He TOJIbKO
B JOCTaTOYHO Ma/JOH OKPECTHOCTH Hadaja KOOPIMHAT.

B npumepe 2 (ctp. 156) npu MaznoM |1 B OKPECTHOCTH OKDYXKHOCTH:
paiumyca 6 C UeHTPOM B Hauaje KOODAMHAT, ABJAKILEHCA TpaekTopueH
NOPOXKAAIOLIer0 YpaBHeHUs, BO3HHKAeT MpeleJsHbit LUK

B npunoxeHusx ycTOHUMBEIM MNpede/ibHBIM UHKJAM OOBIUHO COOTBET-
CTBYIOT aBTOKOJeGaTe/bHbE NPOUSCCH, T. €. NEPUOAUYECKHE TPOLECCH,
B KOTODHIX Ma/ble BO3MYIIEHHS IPAaKTHYECKM HE H3MEHAIOT aMILIHTYJb!
H 4acToThl KoJjeGaHuil.

§ 5. NpH3HAKH OTPHUATEABHOCTH JeHCTBUTENbHBIX YacTei
BCeX KOpHeii MHOroujeHa

B npeaninymem naparpade Bonpoc 006 yCTOHYHBOCTH TPHUBHA/ILHOTO
pellieHMss IIMPOKOrO Kaacca cHCTeM Au(depeHUHATbHHX -ypaBHeHuH# Obla
CBeJleH K HMCC/ICNOBAaHUIO 3HAKOB HeHCTBUTENbHBIX YacTed KOpHeH xapax-
TEPUCTHYECKOTO YpaBHEHUs.

Ecay xapakTepuCTHUECKOE YpaBHeHHE HMEET BBICOKYIO CTeleHb, TO
€ro pellieHue ApeiCcTaBJseT 3HAUUTeqbHBle TPYAHOCTH, NO3TOMy GoJbLioe
‘'3HAYeHHe UMEIOT MeTOHbl, TO3BOJAIOILME, HE pellasd ypaBHEHHS, YCTaHoO-
BUTb, OyAyT JA¥ BCE €r0 KODHM HMeTh OTPHUATENbHYIO BellleCTBEHHY IO
YyacTb HJH HET. )

Teopema 4.6 (meopema I'ypsuya*)). Heo6xodunsim 4 doema-
MOUHBM YCAOBUeM OmpuyamesvHocmu Oelicmsumersiny sacmed
8cex KOpHEH MHO204AEHA

a3 L Ha, y816,
)

*) JogasaTeabctBo TeopeMel [ypBuua MoMHO Ha#iTH B xypcax Buiciuedt
anre6pn, nampumep B «Kypce soiemed aareGpui» A. I, Kypoma.

18~
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¢ Oelicmsumensrnumu * KO3IPPuyuenmanu s8ALEMCS NOAOICUNMENRD-
HOCMb 8CeX 2AABHULX OUAZORAALHBLX MUHOpOs mampuys ['ypsuya

e 1.0 0 ...0
a3 a, a 1 ... 0
as a, a3 a, ...

a; Qg G5 04

6 0 0 0 ...a4a,

[To rnaBHo#t puaroHanu Marpuubl [ypsuua croar ko3ddunueHTH
paccMaTPUBAEMOTO MHOTO4YJEHA B NOPAAKE HX HYMEPAllWM, HAYHHAA C Oy
120 a,. Croabusl cocTosT MoouepelHOo u3 KO3POUIUEHTOB TOALKO C He-
YeTHBIMM MM TOJBKO C YETHBIMM WHIEKCAMM, BKJKOYAA U KOdpdulueHT
ay=1, CJIeIOBATEILHO, DACMEHT MATPULLL b;, = a,;_,. Bce Hepocrawouiue
KO3(hUIUHENTH, T. €. KO3DdHUMeHTH C HHAEKCaMH, OOAbLIAMH 7 WIH
MeHbiiumMu O, 3aMEHAIOTCA Hy/AgMH.

OG603HauuM TJIaBHble AWATOHAMbHBlE MHHODH MaTpHubl ['ypeuua:

a1 ,al 1 0
1
A1=[a1|, A2:!a3 a, , A3= Ay Qg Ay, ..
| @5 G4 a3
a 1 0 ... 0
@y Gy Gy .....
---vAn?= Qg 4 Q3 .....

0 0 O0...a

3amerum, yro Tak xak A,=A,_ja, TO mocieasee u3 yciosuit ['yp-
uua A; >0, A, >0,..., A, > 0 Mower OnTh 3aMeHeHO TpeGOBaHKEM
a, > 0%). ‘ -

[Tpumennm TeopeMy ['ypBHia K MHOTOYJIEHAM BTOPOH, TpeThell H uer-
BEPTOH CTeleHH.

a) 2t~ a2+ a0,

Ycnosus Typsuua cmoasres k ay > 0, a; > 0. It HepasedcTBa
B NpOCTpaHCTBe KOIP(UUUEHTOB @; U @y ONMPeledioT NEPBYI0 YeTBEPThH
(puc. 4.16). Ha puc. 4.16 nzoGpaxeHna 06J1acTb ACHUMITOTHYECKOH yCTOl-
YMBOCTH TPHBMA/NBLHOTO peLIeHHS HEKOTOPOH cHcTeMbl AMdQepeHunanbHsIX
ypaBHeHu#, yAoBaeTBOpALOLER ycaoBUAM TeopeMul 4.1, ecau z2+a1z—[——a2
ABJSETCA ee XapaKTepHCTHUECKHM MHOTOWICHOM.

*) 3ametuM, uTo u3 ycaoBuil [ypsuna caexyer, uro Bce g > 0, oAHako
NONOXHUTENbHOCTh BCeX KO3 HINCHTOB HEAOCTATOYHA IAS TOTO, qroéu Re#cTBr~
TeAbHBbIE YAaCTH BCeX KOpHeH Oblau Obi OTPHLATEAbHBIMH. .

N
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6) 22+ a,2? + a2 + a,.

Ycaosus Typeuna csogarca k a; >0, a8, —ay >0, a3 > 0.
O6nacth, onpefenseMas 3THM HepaBEHCTBOM B NpOCTpaHcTBe .KO3pdu-
uueHToB, u3obGpaxena Ha puc. 4.17.

B) 24+ 0,28+ ay,22 4~ a2z +a,.

Ycaosus T'ypsuua csojsrcst K

a; >0, aa —ay >0, (aay—ay) a;— a2y >0, a;> 0.

Has paccMoTpeHHBIX MHOroY/IeHOB ycnosus [ypsuua odeHb ynoGHMH
M JIETKO  IpOBepAeMbl, OJHAKO C BO3PACTAHUEM CTelleHd MHOTOYJeHa
ycaosua ['ypBuna OBICTPO
VCAOWHSAITCS U 4acro
BMECTO HUX yZoOHee rpH-

Puc. 4.16. ’ Puc. 4.17.

MeHATh [pyrve TMPU3HAKH OTPULATE/TbHOCTH IEHCTBUTE/NbHLIX YacTelt KOp-
He#t MHOTOuUJena.

[Tpumep. [lpy xakix 3HAYEHWsX [APAMETPa O TPHUBHANBLHOE pelIeHHE
X, =0, x, =0, x3=0 cucrempl puddepeHUnaIbHLIX ypaBHEHUH

= —3x, %—=axl+2x2—-x3

dx; —x dxg
df ~ ¥ T df

aCUMIOTOTHYECKH YCTOHYHBO?
XapakTtepucruueckoe ypaBHEHHE HMeeT BHI

—k 0 1
—3 —k 0 =0 nm £k —ak+6=0
a 2 —1—%

Mo npusnaky 'ypeuna ycaoBpaMu acHMRTOTHYECKOH ycTofuusoctu 6yayt a; > 0,
aa; —a; > 0, ag > 0. ITu yCaAoBHA B JaHHOM ClAydae CBOJATCA K —a—6> 0,
oTkyaa @ < —6.
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§ 6. Cayuait manoro koa¢uuueHTa npH OPOH3BOAHOI
BHICHIETO ROPAAKA

TeopeMa © HenpepbiBHOH 3aBUCHMOCTH pellleHHs OT Napamerpa
(cM. crp. 54) yTeepkniaeT, uTo peluenue AunddepeninaibHOTO ypaBHEHUS
J'c(t):f(t, X (¢), }) HenpepbiBHO 3aBMCUT OT mMapaMmeTpa ib, eCau B pac-
cMatpuBaeMoft 3aMKHYTOH ©0OJacTi usMeHeHHsa f, X M U QyHKUua f He-
npephiBHa N0 COBOKYNHOCTH dpPIyMEHTOB U Y.IOBJACTBODAET YCAOBHIO
Jiumwuua mo x:

f(t % w—f(t %, w|<N|x—x|,

rne N He B3aBUCUT OT £, X ¥ .

B sanauax uSMKH M MeXaHUKH YCIAOBHS 9TOH TeOpeMu OOBIYHO BEHI-
TOJHEHB, OLHAKO OOWMH Cayuyalt paspHBHOR 3aBUCUMOCTH TIPaBOH 4YacTH
OT MapaMeTpa, W3YUEHUI KOTOPOrQ M MOCBALAETCA 3TOT Haparpad, BcTpe-
4aeTcs B IPHIOMKEHHAX CpPAaBHUTE/IBHO YacTo.

PaccmoTpum ypasneHue

dx
w _d?—=f(t’ Xx), (4.28)
rie p— Maapi# napaMerp. 3alaya 3aKJA04aeTC B TOM, YTOOH BHIACHUTH,
dx
MOXHO /M IIPH Ma/blX 3HayeHusax |W| npeseGpeub 4YjieHOM Wor T e

dx :
NpUOMMKEHHO 3aMEHHTL pelleHHe YpaBHeHU: u—dt—=j(t, X) pemexHueM
TaK Ha3bIBAEMOTO BBHIPOKIEHHOTO ypaBHEHUd

i, x)=0. (4.29)
Mbl ne MOxeM 3IeChb BOCHOJb3OBATLCH TEOPEMOH O HerpephLIBHOM 3aBu-
CHMOCTH pelleHMA OT napaMerpa, TdK KaK IIPaBas 4acTb YPABHEHWA

dx 1
7 —u—f(t, X) (4.28)

paspbiBHa mpu = 0. ‘
[Ipelno/ioKuM TNoOka A YNPOUIEHHA, YTO BLIPOKIAEHHOE YpaBHeHHUE
(4.29) umeeT JMlIb OAHO peurenune x = @ (f), TNPCANOJOKUM TAKMKE IJn

onpele/eHHOCTH, 4TO W > 0. [lpu cTpemieHun napaMerTpa U K HYJI0
dx dx 1
NPOUSBOAHAS —- PElleHUH ypaBHERUT — :_M_f(t’ X) B KQWIOH TOuKe,
B KoTOpo#t f(f, x)¥=0, GyleT HeoTpaHMUEHHO BO3PACTATbL IO ABCOJIOT-
HOfi Be/HYMHe, UMes 3HAK, COBNajalWufi co 3HaKkoOM OyHkunu f (¢, x).
Crel0BaTENILHO, KACATE/bHbBIE K WHTErPaJbHHIM KPUBHIM BO BCEX TOUKaX,
B KOTOpHIX f(f, x)== 0, crpemarca npu p— 0 k HanpasieHuio, napat-
aenabHoMy ock QOx, npuuem ecau f(f, x) >0, To peuedue x (£, W)

d
ypasHerus (4.28,) Bo3pacraer ¢ BO3pacTaHueM f, TaK Kax _d)ti >0, a ecu
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f( x) <0, 10 pewrenue x(f, U) yGeBaeT ¢ BO3pacTaHueM f, TaK Kak
dx
ar <O

Paccmotpum usobpaxenubit Ha puc. 4.18 caywa#t a), npu KOTOpPOM
sHak  QysxuuM  f (£, X) c BO3pACTaHHeM X NpPKU (UKCUPOBAHHOM [ Me-
HAETC MpU Mepexofe uepes rpadux peieHus x == @ (£) BHIPOWAEHHOTO
ypaBHeHHss ¢ - Ha — .

CTpesxaMu NOK43aHO MOJe HAMPABJSHUH KACATEJbHBIX K HHTErpaib-

HBIM KDHUBHIM TIPM AOCTaTOYHO MaaoM W. [lose Hampasaenuft ycrpeMmieHo
K rpaguky KODHS BHIPOXKAEHHOrO ypasHeHus. [losToMy KakoBbi Gbl Hu

7 (25.2,) f/“/?” pid Ry Fzt)>0 “H.
py
Pt Pt
f4 \NERAR ¥
phit ff?zf%@f TIEAMA *j’mkﬂn A
7 gy Tt ' 7 ¢
Puc. 4.18. ) Puc. 4.19.

6olTM HauafdbHbie 3HAueHusn X (fy) == X, HUHTerpajbHad Kpumas, onpene-
aseMas 9TMMHM Haya/JbHbBIMM 3HAYeHWUAMH, OYIyud MNOYTH [apanjenbHOR
oct Ox, ycrpemasercs K rpaduxky KOpHS BBIPOKAEHHOTO YPaBHEHHA W
NpH BO3PACTAHHU f{ yKe He MOXeT IOKMHYTb OKPeCTHOCTb 3TOro rpa-
¢uxa. CrenoBaTesbHO, B 3TOM chAyuae npu f > £ >ty Npu 10OCTaTOUHO
MalOM |4 MOXHO npubIUKeHHO 3aMeHATb pelueHue x (f, W) ypasHeHHs
(4.28) peuwieHHeM BBIPOXIEHHOTO ypaBHeHHMA. B PaccMOTPEHHOM ciayudae
peuieHde X == (f) BHPOXKAEGHHOTO YPAaBHEHHA HA3BIBAETCH YCTOHUUBLIM.

PaccmoTpum caywatt 6) — sHak dyukuuu f (£, X) npu nepexole ue-
pes rpagux pewenus X == (f) BLIPOMACHHOTO ypasHeHus ¢ BO3pacra-
HHeM X npu GbHkcupoBauHoM f usMensiercs ¢ — Ha -+ . Ha puc. 4.19
u300paxceHO MOJie HanpaB/ieHUH, KacaTeqbHHX K HHTErpabHbiM KDHBbLIM
Apu JOCTATOYHO MajoM M. B sTOM ciayuae o4eBHAHO, YTO KakoBH Obl
HH ObluiM Hava/nbHble 3HaueHua x (fy) = X; YAOBJAETBOPAIOUIME JHILD
ycaosuio f(fy. x;)#0, unrerpaibHas kpuBasg, onpelenseMas ITUMH 3HA-
YEHMAMH, TNPH LOCTaTOYHO Ma/OM W, HMes MOYTH NapaienbHyio ocu Ox
KacaTeJbHYI0, yhaaseTca oT rpaguka pemeHust X ==@ (f) BbIPOXAEHHOTO
ypasHenus. B 3roM cayuae penteHne x == @ (f) ypasuenns (4.29) uasu-
Baercda HeyCTOHuMBHIM. B HeyctoHuuBOM ciyuae Heab3fs 3aMeudTb pelle-
HHe X ==x(f, J) HCXONHOrO ypaBHEHWs pelieHUeM BLIPOXAEHHOrO

/
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dx
VpPaBHeHHs, IPYTUMH CJIOBAMH, Heqb3a NpeHebpeun YIeHOM u—d-T B ypasHe-

HHH u%:f(t, X), kaKk Ob Mano QW HH OHIO.

BoamoixeH ewe TpeTHH, Tak Ha3biBaeMblf MoJayycrofiumBhifl, ciyva# B):
sHak ¢yuxkuun f (£, x) npu nepexoie uepe3 rpaguKk peHieHUd BLIPOWICH-
HOTO ypaBHeHus ne uaMensiercs. Ha puc. 4.20 usoGpameno mnose nampa-
BJAEHHH B Cayuyae NOJAYyCTOHUMBOrO pellieHus x =@ (£).

B noayycToHuuBOM ciydae, Kak IPaBH/AC, TOXE HEJAb3R NPUOAHKEHHO

3aMeHSITb pellleHHe HCXOLHOro ypaBHeHMs X == x (f, 1) pelIeHHEM BHIPO-
MOSHHOTO YpaBHEHUf, TaK Kak,
BO-NEPBBIX, HHTErpajbHbie KPH-
Bble, ONpeje/seMble HauaJAbHBIMA
3HAYEHUAMH, JewalluMy C OLHOH
CTOpPOHB OT rpaduxa pelueHus
x=@({), yransiorcsi OT 3TOro.
rpaduka, BO-BTOPbIX, HHTETPaJib-
Hble KpHUBble, NMpubJamKaloLifecs
K rpaduky pewenus x == (f),
MOryT nepeHTu  uyepes  Hero
Ha HEYCTOHUMBYID  CTODOHY
(puc. 4.20) u mocse sTOrO Yyaa-
Pue. 4.20. Mutbcsi  OT rpaduka pelueHus
x = @ (f). Hakonen, ecan paxe
MHTErpasbHas KpuBas x == x(f, |L) OCTaeTcd B OKDeCTHOCTH Trpaduka
peLueHust € ero ycroHuMBO# CTOPOHHI, TO HeHsOexHble B MPAKTHYECKUX
3alauax BO3MYyLIEeHH MOTYT MepeSpOCHTb Ipaduk peleHus x = x (f, W)
Ha HeyCTOHUMBYI0 CTODOHY rpaduka pellieHHS BBIPOXAEHHOrO YPaBHEHHA,
mocJe Yero HHTerpaabHad KpHBas x = x(f, W) yAaautcs OT rpaduka
pewennsa x =@ (£).
3aMeTuM, 4TO ecad HA rpaduKe pelIeHHs BHPOXKIEHHOTO YPaBHEeHHUs

0f < 0, To 3aBenOMO pelleHue X =@ (f) ycTOHUMBO; eCau wxe —f— >0,

z

i

TO pelleHHe x =@ (f) HeyCTOHYMBO, TAK KAK B NIEPBOM c/1yyae B OKPeCT-
HOCTH KpHBOH X == ¢ (f) ¢ynkuus f yObiBaeT c BO3pacraideM Xx d, Cie-

IOBATE/bHO, MeHsleT 3HaK ¢ - Ha —, a BO BTOPOM c/yyde BO3pacraer
¢ BO3pAacTaHHEM X 4, B3HAYMT, NPU Nepexole uepes rpadux pelieHHs
X ==q@(t) bynkuus f MeHseT 3HAK ¢ — HA .

Ecan BHPOXAEHHOE YDaBHEHUE HMeET HECKOJbKO peuleHufl x =@, (f),
TO KaxAoe M3 HUX OOMKHO OBbITb HCCIENOBAHO HA YCTOHYMBOCTh, MPH-
ueM B 3aBHCHMOCTH OT BLIOOpAa HaYa/JbHBIX 3HAueHUH WHTerpajbHbie KpU-
BHi€ HCXOINHOTO . YpaBHEHHs MOTYT BectH cebs npu p—>0 pasaudHoO.
Hanpumep, B #306paxenHoM Ha puc. 4.21 cayuae tTpex peleHuit x = @; ()
(=1, 2, 3) BHIPOWAEHHOr0 ypaBHeHHA. rpaduku KOTOPHIX He Nepece-
KaloTcd, pelleHHst x == x({, W), i > 0, UCXOMHOIO ypaBHeHus, Onpele-
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JfeMbLIE HQUaJbHBIMM  TOYKaMH, JexauluMd sohie rpaduxa  GyHKUUH
X =, (f), crpemarca mnpu £>f u u—>0 K yCTOHU4BOMY pelLICHHIO
BLIPOKAEHHOrO ypaBHeHUS X =q(f), a peuwleHus x==x(¢ (L), on-

peleaseMble  HAYa/bHBIMU
TOUKAMH, JE€KAUIMMU HH-

we  rpadpuka  dyHKunM z A P * ¥ \RRRERR

X = @, (£), cTpeMATCs NpH iHHHHHHmW“

t > t, u p—> 0xycrofiun- HHy vyl
BOMY pellieHuio X==@3(f) ¥V} HH ”HHH FAtt
BHIPOXKIEHHOTO YpaBHEHHUS i L”/”‘wﬂ“

(puc. 4.21).
Dpumep 1. BuacHurs uL+HHHj‘in++HH b
Al

CTpEMHTCS  JM  pelleHHe 44 f
x=x ({, W)  ypaBHeHus ' f

dx ty
-Tﬁ-:x t, u>0, ynos- f fffff ’
JETBOPAIOLIEE HAYaNbHBIM yC- 1 f
nosm& x () = x, ¥ peuie- ”M””f“”Mz’:%/z‘/
HHIO BBIPOMKAEHHOTO ypaBHe- t }
ung x—¢t=0 npu £t >¢, u
p—=>0 Puc. 4.21.

Penrenne x = x (¢, u) He

CTPEMHTCA K DELICHHIO BHI-
POMJIEHHOTO ypaBHEHMs x ==f, Tak Kak pelleHHE BBHIPOXIGHHOrG YypaBHEHHS

HEyCTOHUKHBO, NOTOMY 4TO —(ica—x—ﬁ =1>0 (puc. 422).

I‘\ /“ QZ'
"9/
720_4
VN
f<0
g 4
. J<0 Ygﬂfb/
/
Puc. 4.22. ' Puc. 4.23.

MIpumep 2. Tor ke BONPOC AAS ypaBHEHHUA
u-zt—-—sin‘lt—-.'je‘
Pemelme BHIDOMK/ICHHOTO yDABHEHUS X = 2!n|sinf{ —in3 ycroftuuso, tax

sin? t — 3e*
K ﬂ_r_x_d}_?}_e_)_ —3e* <0. CirepoBaTeAbHO, PEIIEHHE HCXOAHOIO YPaBHEHHS
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= x(f, #) CTPEMUTCA K PpElNIeHHI0 BLIPOXKACHHOTO YPaBHEHHA I (> i,

npu > 0. ..
NMpumep 3. Tor xe BONPOC IAf PeHmIeHHs YPaBHEHHA -
B m k@ —xt D) w>0 2=
. M3 gByx pemenndA x=0 u x=1¢2+4-1 BHPOXKIECHHOrO YypaBHEHHA
o Ox (12 —x 1)
x(2—x<41)=0 nepsoe HeyCTOHYHBO, TaK Kak — =
x=0

Ox (22— x+1)
ox =4

Ecan HauaabHas TOdKa (4, X;p) JI@XHT B BEPXHeil moaymiaockoctd x > 0, 10
MHTErpajibHas KpuBag HCXOLHOTrO ypasBHeHHus npy p — 0 npubaumkaerca k rpaduky
petteHust x =12 - | BHIPOWAEHHOTO _ ypaBHeHua (puc. 4.23) u ocraeTcd B ero
OKPECTHOCTH.

Ecnu xe HayaJbHas TOYKA JeXMT B HIKHeH moaymnaockoctH X <0, 1o
lim x (¢, p) = —oco npu £ > ¢, (puc. 4.23).
w0

=¢2-4-1 > 0, a BTOpOe yCPOHUHBO, TaK KaK =—1#~1 <0

Bonpoc © 3aBHCHMOCTM pelueHHs OT Manoro kosdduuuesta p mpu
crapliefl MPOM3BOLHON BO3HMKaeT M 1Ji ypaBHeHuit £-TO nopaiaxa

Mx(n) (t)::f(l‘, X, ).C, )'(:', eees x(n—l)),

i a1 cucteM JHddepenUuaibHbIX ypaBHeHHH.

YpaBHeHHe -T0 NOPAIKA MOXeT ObiTb 0OHUYHLIM CIOCOOOM (cM. cTp. 85)
CBeleHO K CHCTeMeé YpaBHeHM# NepBOro IOPSAKA, Y CJeA0BATENLHO,
OCHOBHAas 3aJaua 3aK/JIOYAeTCs B UCCACAOBAHMM CHCTEM ypaBHeHuil
MepBOro MOpPAIKAa € OJAHUM WM HECKOJbKHMH MajbiMH KO3(duuuenTamu
npu NPOM3BOJHEIX. ITa 3ajaya mnoipofuo wuccreposaHa A. H. Tuxo-
HoBHM [4] u A. B. Bacuavesot. .

§ 7. YcrofiunBocTh npH NOCTOAHHO AEHCTBYIOIHX BO3MYILEHHAX

Ecau uccrenyemas cucreMa ypaBHeHHH

d
Lhm 1 X1y Xy oees X)X, (E) = Xy (4.30)

dt
(=1, 2, ..., n

MOJBEPraeTcs MalblM KPATKOBDEMEHHBIM BO3SMYLUEHHSAM, TO cucTeMy (4.30)

Ha MajiOM wWHTepBade usMenenns f, f) <t <fy cledyeT 3ameHHTb
BO3MYUIEHHOA CHCTEMOH

dx; )
—=f; X1 Xg, +oes X))+ R, X1 X9 vvny X,) |

dt i ——l i -’ n i 1 2 n }(4‘31)
% (G)=%,E)  G=1,2 ..., 0 J

rae Bce R;(f, x;, X9 ..., X,) Mas N0 MOAYJIO, a 3aTeM NpH t}tz

EO3MYILLEHHs NpeKpauaTcd, ¥ M CHOBA BO3BpaiaeMca k cucreme (4.30),
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HO yXe ¢ HEeCKO/JbKO H3MEHEHHBIMH HAYaJbHBIMU 3HAYEHUAMH B TOUKE

b X, (()=x; () +0, ((=1,2, ..., ) rae x; ) (=1,2, ..., n)—
ucciaenyemoe peumenue cucteMn (4.30), a Bce O, Maanl MO MOAYMO MpH
manuXx [R;| B cHIy TeopeMbl O HenpephLiBHOR 3aBHCHMOCTH pelleud
ot mnapamerpa (puc. 4.24).

CuenoBareabHO, fefiCTBUe KPAaTKOBPEMEHHBIX BO3MYIEHHA B KOHed-
HOM CcyeTe CBOIMTCA K BO3MYLUGHHSIM Haua/JbHHX 3HAUeHH#, a BONPOC
06 ycTOMYHBOCTH MO OTHOLIEHHIO
K TaKkdM KDPaTKOBDEMEHHBIM HJH,
KaK WX YacTO HAa3blBalOT, MTHOBEH- 7
HbIM BO3MYILEHUSM CBOIMTCS K pac-
CMOTPEHHOMY BHILle Bonpocy 0O
ycTOHUNBOCTH B cMbicae A. M. Jla-

z

MyHOBA.
Ecan ke BoaMyulenua aeficr- 5 L] ¢

BYIOT  [OCTOAHHO, TO  CHCTeMa 2 b %

(4.30) pomxua ObITb 3aMEHEHA CHC-

temolt (4.31) naa Bcex £>4£ n Prc. 4.94,

BO3HMKAET COBEPIUEHHO HOBas 3a-
fada 00 YCTOHUMBOCTH INpu MNOC-
TOAHHO AeHCTBYIOIUX BO3MylueHuax, uccaesosanHas M. T. Mankuuniu
n . H. JdyBomunsum.

Tax e Kak MpU MCCACNOBAHUU HA YCTOMYMBOCTbL B cmbicie A. M. Jla-
MyHOBA, MOXHO 3aMeHO# MepeMeHHBIX X;=Yy;, — ¢;(f) (i=1, 2, ..., n)
npeoOpa3oBaTh ucciaefyemoe peiieHne Y, =@;(¢) (=1,"2, ..., n).

CHCTEMBI —d);—‘ =@, (¢ v, Yo -.., ¥ (=1, 2, ..., n) B TpUBHATBLHOE

pewenne x; =0 ({=1, 2, ..., n) npeobpasosannoft cucremnl. [Tostomy
B JA/bHEflieM MOXHO CUMTATh, YTO HA YCTOMYMBOCTL TpPH MOCTOAHHO
AeWCTBYIOIUNX BO3MYILEHHAX - HCCJAGAYETCR TPHBUAMbHOE pelleHHe X; ==
(i=1, 2, ..., n) cucrems ypasHenu#i (4.30).

Tpusuasbroe peuleHue cucteMbl (4.30) HasbiBaeTCs ycmof4usslm 1o
OTHOLIEHHI0 K [OCTOSHHO HeHCTBYIOLUMM BO3MYILEHHAM, eCaM A1d Kax-
IOTO 8\0 MOXHO mnoxobpats O >0 1 8, > 0 rakue, 4TO U3 Hepa-

BEHCTB z R < 8 npu >ty u Z x,0<62 clenyer, 4ro

i=1 i=1
n N
Dkt <e npu t>t,
i=l

rie x;(f) (=1, 2, ..., n) pewenre cucremn (4.31), ompeznensemoe
HAYA/JIBHBIMU YCJOBUAMH X, (L)) ==x;0 (=1, 2, ..., n).

Teopema 4.7 (meopema MansxuHa). Ecau 0ra cucmems. ypas-
nenuii (4.30) cywecmsyem dugppepengupyenan pyuxgusn JIanynosa
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V({, X X9 ..., Xp). YO082EMBOPAIOWAA 8 OKPECMHOCML HAUAALA
rooplunam npu t > t, caedyiouum YCA0BUAM:

D)0t X, Xg0 oees Xp) 2 W (X), Koo ooy X,) >0, v(£, 0,0, ..., 0)==0,
20e w, — Henpepol8Lan PYHKYuR. 00pawaOUAAcCT 8 HYAb AUWb
8 Hauase Koopduram,

2) npoussodubze d;v (s=1, 2, ..., n) oepanusensr no #odyimw;

3) npouseodua;z t + Z oxr fi <—wy(xy, X0 vvn, ) L0
i=1
20e HenpepuiBHan OYHKUUL Wy (X, Xgn vy X,) MOJEM 06 pauyamscs
8 HYAb AUWb 8 Hayase Koopdusam, MO MPUBLAAbHOE peuleHue
cucmenmsr (4.30) yemoiduuso no omuowennio £ LOCMOAHRO Oelicmayio-
Wum BOIMYUCHUAM.
HoxaszateabcTBO. 3aMeTHM, YTO B CHJIY OTPAHMUEHHOCTH MPOU3-

(s=1, 2, ..., n) Qynkunus U paBHOMEPHO MO OTHOLICHHIO

BOIHBIX i
A Oxg
n
2
K ¢ npu f>1, CTpEMUTC K HYJIO TNIpH iz_lxi—>0, TAK KaK N0 Teo-

¢ _ Y/ ov
peMe O cpelHeM 3HaueHHU U(f, Xj, Xy ..., X,)==. rr X;, rne

i=1

ov )
(—0}— ~— NPOU3BOAHLIE, BHUMCAEHHBIE JJIS HEKOTOPHIX TMPOMEKYTOUHBIX
1

mexay Ou x; (=1, 2, ..., n) 3HaueHuit apryMenToB X, Xy, ..., X,.
3aMeTHM TaKKe, YTO BHE HEKOTOPOM 8-OKPecTHOCTH Hauyasa KOOPIMHAT

- n
<T. e. npu x§>62>0> M onpu £>f, B cuny ycaosui 2) n 3)
i=1

NP OU3BOJHAS

dv ‘de
7=0t+uox fit Z <—k<O0

i=1

npy AOCTATOYHO Maiwx mo Moaymo R, ({=1, 2, ..., n).

3anaauM € >0 u BoOepeM Kaxkylo-HuGydb [OBEPXHOCTb YPOBHA
(111 OHY W3 ee KOMMOHeHT) @, ==[, ! > 0, UeIMKOM JeKaulyio B £-0K-
- PECTHOCTH Hauajla KOOpPAMHAT.

IMoxsuxHad  NpPU  HepeMeHHOM £ >f, MOBEPXHOCTb  ypPOBHsA
Ut Xy Xgu ..., Xp)==l, B cuay ycaosus 1), nexuT BHYTpPW mOBepx-
HOCTH YpoBHA w;==I W B TO MKe BpeMd, B cpmy paBHoMepHOro mo ¢

cTpeMieHMa K Hyao  Qyuxumm v npu 2x2—>0 NeXuT BHe
i=1 :

HEKOTOPOHK 0,-OKPECTHOCTH Haua/ja KOOPAMHAT, B KOTOpOH v <[, m,
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C1eJOBaTeIbHO, HA NOBEPXHOCTH YPOBHA V(f, X|, Xy ..., X,) ==/ 0OpH
moboM ! > f, npousBonIHaf

dv 1 ov Jdu
T 0t+ ax,ft“"z < —k<0.
i=1

n
ecan 2 R§<61, 01 >0, rae O, nocratouno mano. Tpaexropus, ompe-
i=1

AejsieMast HauagbHOH TOuKOM X, (f)=x, (i=1, 2, ..., n), nexaueh
B yKa3aHHOH BblLe 0,-OKPeCTHOCTH HAuala KOOD/MHAT, He MOXeT
npu £ >>f, BHfiTM 3a mnpelenn &-OKPECTHOCTH Hauaja KOODAMHAT, TaK
KaK, B cuay BeiGopa Oy, v (£ Xyp Xggo - +r Xp0) <[, M CHELOBATEJBHO,
ecau Ow npu £ > £, TpaeKTOpHUA BLIXOAM/A 33 Npelesbl £-OKPECTHOCTH
HAya;J1a KOODAMHAT MM XOTs Obl 332 mnpeienasl MOBEPXHOCTH YpOBHs
w@,==1[, TO OHa ROMKHA OHJa OBl MpH HEKOTOPOM 3Hayeuun =T
NepBLIl pas nepecedb MNOBEPXHOCTh YDPOBHA U (£, Xy, Xg ..., X,)==/,
1pHYeM B OKPECTHOCTH TOYKM TepeceyeHHs BAOAb TPAEKTOPUH (PYHK-
uMs v AomkHAa Owiia OB BO3pacTarb, YTO INPOTUBOPEYHT YCJAOBMIO
dv
at
V(E, Xpp Xy voes Xp)=

Cpasuupas ycaoBus teopeMnl Ma/ikuHa ¢ ycaoBufMu Teopemsl Jlsmy-
HOBa 00 ACUMNTOTHYECKOH ycToHduBoCcTW (CM. 3aMeuaHue Ha crp. 218),
YBUAMM, UTO OHM IIOYTH COBHAAAIOT;, MOMOJHHTEJbHLIM B TeopeMe
ManKuHa ABJdeTcs Julb TpeGOBaHMEe OTFPAHUYEHHOCTH INPOU3BOJHBIX

L— k<0 BROAL TpPacKTOPHH B TOYKAX TOBEPXHOCTH ypOBHA

Y (s=1, 2, ..., ), T4K uTO ACHMNTOTHUECKAs YCTOHYHBOCTH M ycro#t-

dxs
YUBOCTb 1NO OTHOIIEHHI0O K MNOCTOAHHO AEHCTBYIOUIMM BO3MYLIEHHAM
ABASIOTCA, XOTA ¥ He COBMNANaOUMH, HO BeCcbMa OJMSKUMM CBORCTBAMH.

Mpumep | YcroliyuBo an NO OTHOMEHUIO K NOCTOAHHO AeHCTBYIOUHM
BO3MYIICHHAM TpHBHaAbHOe pemeHne x =0, y =0 cucTembl ypasHenuit

dx 9 3
a7 == gy — Xx°,
Y e
- = b2x — 3,

rne a ¥ b — nocTOsHHbIE.

Pynxuneit Jlsmyﬂoaa, yAoBaeTBOpsiodIelt Bcem ycnoBuam teopeMst MaakuHa,
apasgeTca v = b2x? 4- a?y2

CurenoBartesbHo, TO4KA OOKOS x=0, y=0 ycroiiunBa HO OTHOIIEHHIO
K [OCTOSIHHO JAeHCTBYIOIUM BO3MYIICHHSM.

Mpumep 2 Ycrofiuusa au Touka nokos x;==0 (i==1, 2, ..., n) cucremn

n

dx; ) , ]

=N ot R 5y B e 5 (=L 2 m) (432
i=l
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no OTHOLIEHHI0 K TNOCTOSIHHO ACHCTBYIOW(HM BO3MYLIEHHAM, €CAH BCE @) — MO-
CTOsIHHBIC, & R; YIOBJAETBOPAIOT YCJaOBHAM TeopeMul Jlamyuosa, crp. 221, T. e.
+a

n
IRiIN <24 x% © , a>0, N —rmnocrofHHas, U BCe KOPHH XapaKTepucTHUe-
i=1

CKOTO YPaBHEHHMs IAS CHCTEMBI MEPBOTO MPHOJMKEHHS PasJHIHB H OTPHLUATENBHBL
Ha crp. 223 nocae 3aMeHBl mepeMEeHHLIX, NPUBOAHBLIEH JuHeHHble YacTH

ypaBHeHust (4.32) x KaHOHMUECKOMY BHAY, Oblna yka3aHa ¢yHkuus JlanyHoBa
p ‘

v=2y§, yIOBJETBOpAIOWIAaA BCeM YCAOBHAM teopembl MaukuHa, caefo-
i=1

BaTenbHO, TOYKa mokos x;=0 ({=1, 2,..., n) ycrofivusa 0O OTHOWEHHIO

K TOCTOAHHO AEHCTBYIOLUIHM BO3MYILEHHSM.

Tor e pe3yJbTaT MOXKHO NOJYYMTh, INPERNOJOKHB, YTO AEHCTBUTENbHBIE
4acTH BCEX KOpHeill XapaxTepuCTHUEeCKOro YPABHEHHUS, CPEeAH KOTOPBIX MOFyT
6blTb U KpaTHBlE, OTPULATEAbHBI, HO TOJBKO B 3TOM cJAyyae mox6op QyHKLHH
JlanyHoBa 3HaUHTENBHO YCAOWHAETCS.

3agauu K raaBe 4

1. MccaepoBath Ha ycTOHUMBOCTL TOUKY nokost x ==0, y =0 cucremh

dx
' — I 5
T 2x — 3y + x5,

day )
B A &

2, WccnenoBate ua ycToHumBOCTH TOUKY nokos x =0, y=0. z=0
CHCTEMBI

dx _ ay 4z 5y us
TE=X—y—a W-—x-}-y——Sz, 7= oy — 3z

3. lpu xaxkux 3HaueHuax o touka mokos x=0, y=0, z=0 cucremn

% =ax—y, 7;/_ =qy — 2, -Z—f— = @2 — X ycToHuuBa?
4, [lpu kakux 3HauUeHHAX o CHCTEMA
fi); = y 4 ax — x5,
d
G —EY

uMeeT ycTOHUMBYIO TOUKY Tokoa x =0, y =0?
5, K kakomy npejeay cTpeMHTCst pemedne anddepeHnHaabHOrO ypaBHEHHS

WI — g2t —9), x()=1

upi u->0, u>0 > 12
6. K xakomy npejfeay crtpemutrca peuierHe AnddepeHnHa bHOrO ypaBHEHHS
dx

—a—?=x—-t+5, Xx(2)=05 nmpu p—=>0, p>0, >0
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7. WccaenoBate Ha ycro#uuBocTb TOUKYy tiokos x =0, y =0 cucremp
ypaBHeHHi
dx :
= xdeY - ,
aF +e cos ¥

d
71%—=3x—-y——slny.

8. YcTOHUMBO AW 1O OTHOMIEHHIO K MOCTOSIHHO [eHCTBYIUINY BO3MYIWEHUAM
pemenue x =0, y =0 cucreMn ypaBHeHHil

dx

— —Qy — x5,
dt '

&y - 5P
7 5x yo!

9. Ycrofluuro au pemenne x==0 ypaBHeHus

¥4 5% 4 2% 20 = 0?
10. Ycroiiuueo au peinenue x ==0 ypaBHeHHS
¥4 5k46x4 x=0?
11, Kakoro tuna touxy nmokos x ==0, y = 0 uMmeeT cucteMa ypaBHEHHH
dx

— ay .
PT; = x -} 3y, —d—t—_Sx y?

12, OnpelenuTh MNEPHOJHUECKOE pelIeHHS ypaBHeHHA X + 2% -+ 2x =sint
M HCCAENOBaTh €ro Ha YCTOHUHBOCTD.

13. ¥+ 2%+ 5k 4 3x=cost. YcrofuuBo au UEPHOAMUECKOS peUIEHHE
9TOr0 ypaBHeHHS.

14. Uccnenosarb Ha ycToftyuBoCTh TOUKY nokod x==0, y==0( cucTeMm
X=yas y=a 4y
15. VccaenoBaTh Ha yCTOHYHBOCTH PCIICHHA CHCTeMbl ypasHeHHH
x =3y —2x+4¢,
y =5x—4y42
16. HccaenoBaTh Ha YCTOHYHBOCTH TPHBHAJbHOE PEIIcHHE YDABHEHHS
*4+2%+3x47shx=0
17. WUccuesoBaTh HAa YCTOHUMBOCTb TPHBHAISIIOE PEUISHHE YPABHEHHMS
i4@—Dx+(d—at)x =0,
rie o — fapamerp.
18. YcroiiunBo au pewtenne x=0, y=0 cucremn
¥ =3y —x3, §e=-—4x—3y
Upi ROCTOSIUHO ACHCTBYIOUHX BO3MYUWIEHHAX.
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19. YcrofiunBo an TPUBHAJbHOE DeEllleHHe CHCTEMH
X@)=AX@.
rie X (£) — BeKTOp B TPeXMEpPHOM MPOCTPAHCTBE, a
1 20
A={0 1 1
1 31
20, UccnenoBaTh Ha YCTOHYMBOCTb peIlEHHS ypaBHEHHS
X+dx45x=t
21, UccrenoBate Ha yCTOHYMBOCTb pelIEHHS YpaBHeHHs
' X4 9x=sint.
22, X x=-cost HaiiTn nepHoauueckoe pemienHe u HCCJAENOBATh €ro Ha

YCTOHUMBOCTD.
23, Halitn obaactb ycTOHUMBOCTH

X+ a}c+(1;a)x=o.

24, X + X+ a2x + Sox = 0. Haiitu o61acte yCTOHUHBOCTH.



F'TABA 5
YPABHEHUS B YACTHLIX MPOU3BOAHLIX NEPBOIO MOPSAAKA

§ 1. OcHoBHLIE NMOHATHA

-

Kak yxe orMeuasoce Bo BBefeuuu (ctp. 10), dughthe pernyuassrnoimu
VDABHEHUAMY 8 HACMHULX RPOU3800HELX Ha3mBaAOTCA AUddepeHnUab-
Hbie ypaBHEeHWA, B KOTOPbIX HEH3BeCTHHIE (PYHKUMY SBAAIOTCH PYHKUUIMU
6onee ueM OJHOH He3zaBUCUMOR mepeMeHHOH.

Ouenb MHOTHe (u3udeckHe fABJAEHUS OMUCHIBAIOTCH AnddepeAnuann-
HbHIMM ypaBHEHHAMH B YaCTHHIX MDOH3BOAHLIX. YpaBHeHue

du \l2 ou \? [ Ou \2
(0x, +<0}’) +(\02) "_”'(x' v, Z)
ONUCHIBAET paCnpoCTpaHeHde CBETOBHIX Jayueit B HEOAHOPOAHOH cpexe
€ noxasateJeM npenoMaedus n(x, y, 2); ypasHeHue
du o O%u
- =a’
ot 777 0Ox?

OonucbLIBaeT H3MeHEHUHEe TeMIepaTyphbl CTEpiKHSA, YpaBHEHHE

u o,
— e— F —e
of? 0x?

AIBJACTCH YPaBHEHUEM KOJ1e6aHus CTpYHbI' YPpaBHEHUIO Jlannaca

0%u 0%u
ox? + 0y2 =0

yIOBJETBOPAET MOTEHUHAR noad B 004acTaX, He COAepKaulux 3apsuos,
uoT. A

B sTofi rnaBe Mbl KPaTKO PacCCMOTPUM JIMLIL METO/Abl MHTErPUPOBAHHS
anddepeHnaabHbIX ypaBHeHUH B YACTHRIX IMPOU3BOIHLIX MEPBOro no-
psiKa, TeOpHS KOTOPHIX TeCHO CBsi3aHa C uHTerpupoaaHneM HEKOTOPHIX
cHcTeM OOBLIKHOBEHHBIX YpaBHEHUM.

YpaBuenusM B UYACTHBHIX NPOU3BOAHBIX OOnee BHICOKOTO MOPSIKA.
MHTETPUPYIOWHMCA COBCEM WHBIMH MeTOAAMH, TOCBAIMAETCA OTAENbHAM
KHra cepuH. :

16 J1. 3. Buascroasn
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PaccMOTpUM HeCKO/ALKO MPOCTEHIIUX HPHUMEpPOB.

Ipumep L .
dz (x,
.-__..(_..._yl =y + X.

WHTerpupya no X, moayuaem

2(x, y)=xy+ % +q>(y)

rae @ (y)— npousBoJIbHAA (PYHKIUA Y.

[Ipumep 2
Pz(x, y) _ 0 0z _
X9y =0 uin Fx—{d—y}_o

de .
Wurerpupys no x, noayuaem W = @ (y), rie ¢ (y) — npou3sBoabHas GyHKuus y.
WHTerpupys Temepy no y, Mnoaydum

2=fq>(y)dy+¢l (x).

rie @, (x) — npousBoabHaa ¢yHkuus x. Mau, obosnauas

[emdy=a0),

OKOHYaTeNbHO 6yIeM HMETL
z (% )= ()4 92 ()

rie @y (y), B Cuay OPOH3BOJAbHOCTH (PyHKUUH @ (y), TOXKe ABAAETCH MPOU3BOb-
Ho#l puddepenuupyemoit dyHkuued y.

[IpuBenenHble nNpuMepbl HABOAAT HA MblCAb, 4TO OOLlee pelieHHe
anddepentinasbHOr0  ypaBHEHUs B YacCTHBIX  MPOU3BOAHBIX  TNepBOro
NOpsiAKa B3aBUCUT OT OAHOH NpPOU3BOJBHON QyHKLHM, OOlee peiueHue
ypaBHeHHs BTOPOTO NOPAAKA 3aBHCHT OT ABYX NPOM3BOJbHLIX (YHKIUA,
a ofllee pelleHue YPaBHEHHA p-TO TOPANKA, BEPOSATHO, BABHCUT OT p
NPOU3BOALHHX (ByHKUHH.

ITH NpeinoOKeHUs OKa3blBalOTCA CHpPaBeNJMBBIMH, HO HY)KA&!OTCS]
B yrouHenud. Jlas ux ytounenns copmyaupyem teopemy C. B. Kona-
JIeBCKO# O CYlWIeCTBOBAHHH H eRHHCTBEHHOCTH pelleHHA YpAaBHeHHs
B YaCTHHIX NPOU3BOJAHBIX.

Teopema 6.1 (meopema Kosasesckoi). Cyuecmeyem edun-
CHBEHHOE QHAAUMUYECKOE 8 OKPECMHOCIMU MOUKE Xyip Xgg ..y Xgg
peuternue YPaBHRenUs, pA3PEULEHHO20 OMHOCUMEALHO O0HOL u3 npous-
BOOHBX MAKCUMAALHO20 NOPAOKQ

07z —f % x v g 0z 0z 0P~z 9z %
ox? R T Y S T” SR VAR PR P

dx3 oxh

2
Lo "”‘). @)
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y008.2em8o pAONee YCAOBRAM

. o 0z
npu X=Xy 5 2==Qs(Xg Xz +.0; Xp) a-x]=cp1(x2, Xgs vavs Xp oo

0Ptz
p=1
ox}

=@, {Xp X3 ooy X)),

ecan BYRKQUL Qg Py ooy Ppoy ABASLIOMCA AHAIUMULECKUML HYHK-

UQUAMIL 8 OKPECHMHOCMU HAYAALHOL  MOYKU  Xgg Xags -+ +s Xy
a f seasemca anasumudeckol YHKYuel 8 OKPeCMHOCMU HAYA Ab-
HOLX  3HAUEeHUd CBOUX  APIZYMEHMOB  Xig Xogo «v+r Xpp Zp==
== @y (Xog Xggr e es Xpo)s

02‘ dpz dp(po
(OJCI)() n dxh 0 oxb (s

Pelenue onpenenserca 3anaHueM HayadbHLIX QyHKUUR @y @, ...
««+y @p_q, TPOH3BOJBHO MeHSst KOTODhie B KJACCe aHATHTHUECKHX dyuK-
Lufl, Mbl NOJYYHM COBOKYIHOCTb AHAJUTHUECKHX pelleHHH HCXOAHOro
ypaBHeHua (A), 3aBUCALIYI0 OT p NPOU3BOJBHBLIX (PYHKLUMUH.

IlokazatenbcTBO 9TOH Teopemnb, TpeOylollee nNpUMEHEHHSs TEOpPHH
4aHAMUTHYECKUX (YHKUUH, MB ONYCKaeM.

io

§ 2. Jluneiinbie u KBasHJAHHEHHbIe yPaBHEHHS B HacTHHIX
" NpOM3BOJHBIX MEPBOTO NHOPAAKa

JuneliHotw HEOOHOPOOHBLM YPABHEHUEM WIH KBA3UAUHEEHbIM
YPQABHEHUEM NeP8O20 NOPAOKA 8 HACMHHLX NPOU3BOOHbIX HA3bl-
BAaeTCs ypaBHeHue BUAA

0z 0z
XX X9 ovny Xy z)B—Z_i_X?(x" Xgs vy Xy Z)E+
a
R O €O 2 z)-a—::—n=Z(x1, Koy vevr Xp 2). (B.1)

910 ypaBHeHHe JUHEHHO OTHOCUTENLHO NPOU3BONHBEIX, HO MOXET ObiTh
HeJAMHeHHBIM OTHOCHTENbHO HEH3BeCTHON (yHKLHH 2.
Ecau mpasas 4acTh TOMXIAECTBEHHO paBHA HY/IO, a KO3phuuuenTn X,
He 3aBUCAT OT 2, TO ypaBHeHue (5.1) HA3BIBACTCSA AUHELHBM OOHO DOOHBLM,
Hdas GoablieRt HarisAHOCTH reOMeTpPHYeCKOHR HHTepMpeTalud paccMo-
TPUM BHAYa/Je KBAa3W/IMHeHHOe ypaBHEHHe C IBYMf He3aBHCHMLIMH mepe-
MEeHHBIMHU:

Pz y. D) 424Qx 3. D ==R(x y. 2. (.1

dynukuuu P, Q n R OyneM cuntaTb HenpepbiBHBIMH B paccMarpuBaeMoit
obsacTy HM3MEHEHWA MepeMEeHHHX M He OOpalIaIoWUMACA B Hy/b OXHO-
BPEMEHHO.

16*
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PaCCMOTpl/IM Henpepbwﬂoe BeKTOpHOG noJnae
F=P(x, 9, 2)i4Q(x. y, 2)j +R(x. y. 2)k.

rae i, j, k-—eanuuunbie BeKTOpH, HanpaBJeHHble MO OCSIM KOODAHMHAT.

BekropHble nuHME 3TOTO moJas (T. €. JHHHHM, KacaTeJbHa#s K KOTOPBIM
B KaxJAOM TOUKe MMEeT HarnpasJ/eHHe, COBNajalollee C HaNpaBJeHHEM
Bextopa F B TOH e TOUKE) OnpelesioTcs U3 yCJA0BUA KONIHHEADHOCTH BEK -
Topa t=1dx 4+ jdy +kdz, nanpasiesHoro no
KacareJibHOY K HCKOMBIM AMHHAM, U BekTOpa noas F:

dx . ay . dz
Plx.y. 2y Q(xy.2)  R(xy 2)°

[TosepxHoCTH, COCTaBJAEHHblE H3 BEKTOPHBIX
JHHUHA, TovHee, NMOBEPXHOCTH, UEAUKOM COLepKa-
[Me BEKTOpHBIE JIMHHA, UMeiue XOTd Obl OLHY
o0uULYyI0 TOUKY C MOBEPXHOCTbID, HA3LIBAIOTCA B€K-
moprumu nosepxiocmanu (puc. 5.1).

OueBUIHO, BEKTODHbiE MMOBEPXHOCTH MOMHO
NOJNYyYUTb, PACCMATPUBAA MHOXECTBO TOYEK, Je-
AAIMX HA NPOU3BOJILHO BHIOPAHHOM, HENPEPLIBHO
. 8aBucsuieM OT MapameTpa, OJHOMAPaMETPUYECKOM

Pre. 5.1. CeMeNcTBe BeKTOpHHIX JuHUKL. BexropHas moBepx-

HOCTb XapaxkTepuayercs TeM, 4TO BekTop N, Ha-

NpaBJeHHbIl O HOPMaau K [OBEPXHOCTH, B J1060# TOuKe MOBEPXHOCTH
OpTOroHajeH BekTopy moJas F:

(N-F)y=0. (5.2)

Ecav BeKTOpHAst MOBEPXHOCTL OllpeleseTcs ypaBHenueM 2 = f (x, ),
TO BEKTOp

0z .  Jz . -

# ycaosue (5.2) npnHUMAeTr BHI
o N ,
P(x. 3. 2) g+ QUx. y. 2) 5o =R(x. y: ). (5.3)

Ecau BexTopHas MOBEPXHOCTb 3ajaeTcs ypasHeHuem u(x, y, 2)=0

. cJaenoBaTe ibHO, BEKTOP N = g%i -+ %—uyj + % k, To ypaBHeHue (5.2)

npaobperaer Bui .

P(x. y. DG+ Q% 3. DG+ R(x. y. g =0. (5.4

CrenoBaTe/bHO, A8 HAXOXIEHHS BEKTOPHBIX TI0BEPXHOCTEH HaAo
NpOMHTEPHPOBATL KBA3W/IHHe#HOe ypaBHenue (5.3) wiau auneiinoe 0AHO-

-
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poaHoe ypaBHeHue (O.4) B 3aBUCHMOCTH OT TOrO, HUIiEM JAH MBl ypaBHe-
HHE HCKOMBIX BEKTODHBIX TNOBEPXHOCTe# B ABHOM HJH HEABHOM BHIe.
Tak kak BeKTOpHHle MOBEPXHOCTH MOrYT OBITb COCTaBJEHH H3 8eK-
mopHux Aurub, TO uHTerpupoBanue ypasuenus (5.3) (umu (5.4)) cso-
OUTCA K MHTErPUPOBAHUIO CHCTEMB! OOBLIKHOBEHHBIX AupdepeHURANLHBIX
ypaBHeHUH BeKTOPHBIX JHHHH.
CocrapaseM cucremy JAuddepeHudanbHHX ypaBHeHHR BEKTOPHBIX

NUHUR
dx dy dz

Pixy2 Qxy2a Rxy2"

Myers P(x, v, 2)==¢; u Py(x, ¥, 2)=0¢y— ABA HE3ABUCHUMBHIX
nepsLHlX uHTerpana cucremsl (5.5). BriienseM M3 ABYXnapaMeTpHueCKOro
ceMeHiCTBAa BeKTOPHHX JHHHA V) (X, ¥, 2) == ¢y, Py(x, ¥, 2) =¢,, Ha3LI-
BaeMbix xapaxmepucmurxany ypasreuusa (5.3) (mau (5.4)), npoussois-
HBIM CNOCOOOM OJHONapaMeTPHYECKoe ceMeHCTBO, yCTAHAB/AMBAS KaKylO-
nubynb Henpephisuyio saBucuMocts @ (¢, c2)——0 MeX1y napaMerpamu
€, U ¢y Hckamouas u3 cucTeMbl

Pr(x, ¥, 2)=cp bao(x, ¥y, 2)=10cy D(c;, ) =0

napaMeTpsl ¢; H ¢y, MOJYYaeM HCKOMOE ypaBHeHne BEKTOPHBIX MOBEPX-
HOCTeH:

(5.5)

DO, (x, v, 2), Po(x, v, 2))=0, (5.6)

raie @O — npoussBoabhas ¢yHkuusa. TeMm caMbiM HaHAeH HHTerpan KBasu-
auHedHoro ypasHenus (5.3), 3aBuCAwMA OT NMPOU3BOJBHON (yHKuUHU.
Ecmu Tpebyerca HallTH He NPOHM3BOJLHYIO BEKTODHYIO MOBEPXHOCTb

noJasa
F=P(x. y. 2)i+Q(x. y. 2)j +R(x. y. 2)k.

a MOBEPXHOCTb, MPOXONALLYI0 4Yepe3 3aNaHHYIO JHHHIO, ONPeNeseMyIo
ypasnenusiMu D, (x, ¥, 2)=0u @, (x, y, 2) =0, To dyuxuus D 8 (5.6)
yxe He GyleT HNPOH3BOLHON, a ONMpeleAHTCA NYTeM HCKJIOYEHHs Nepe-
MEHHBIX X, Y, 2 M3 CHUCTeMbl ypaBHeHHH

D (x, 9, 2)=0, Dy(x, vy, 2)=0,
Pi(x, Y, 2)=¢,  Ph(x, ¥, 2)=¢y,

KOTOpHE NO/DKHB ONHOBPEMEHHO yIOBJETBOPATLCA B TOUKAX 3alaHHOR
iy @, =0 u @, =0, vepes KOTOPYIO MH NPOBOAUM XaPAKTEPUCTUKH,
onpeneﬂﬂewe ypaBHeHHaMH P, (X, ¥, 2)==c;, Py(x, ¥, 2)==c,.
3aMeTHM, 4TO 3ajaya CTAHET HEOMNpeNe/eHHOH, ec/u 3alaHHas JMHUA
D, (x, y. 2)=0, Qy(x, y, 2)==0 sBaseTca XapaKTepPUCTUKOH, TaK KaK
B 9TOM cJjy4ae 3Ty JIMHUIO MOXHQ BKJ/IOUHTb B DPas/MyHble OJHOMapa-
MeTpHYecKHe ceMeficTBA XapDaKTEPHCTHK H TeM CaMbIM HOJYYHTb pa3jivd-
Hble HHTErpa/bHble [IOBEPXHOCTH, MPOXOAALIME 4Yepe3 STY /HMHHUIO. ’

’
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Wrak, uHTerpan KBasWAHHEHHOTO YpaBHEHH:

Px. v, 2) 5 +Qx v, -2 =R(x, y. 2)

3aBHCAUIMH OT MpPOM3BOLHON YHKINMH, MOXeT ObITb MOJYHYeH clelylo-
WUM METOAOM: MHTeIrpUpyeM BCIIOMOFaTe/bHYI0 CUCTEMY YpaBHeHUM
dx dy dz ’
P(x.y.2) Q2 R(xy2)
H, Hafiig [1Ba HE3aBUCUMBIX NEPBLIX HHTErpaia 3TOfl CHCTEMBHI:
P(x, . 2)=c¢;, Py(x, v, 2)==c,,

noayuaeM MCKOMbIA unrerpan B suie O, (x, vy, 2), Py (x, ¥, 2))=0,
rae @ — nponsBosbHas dyHKLUA.

YpaBueHne HHTErpabHOlf TOBEPXHOCTH TOFO ke KBASHJIMHEHHOTO
ypaBHeHHs!, TPOXOAAilleH uepe3d 3aQdaHHYIO 1IHWIO, ONpele/seMyio ypas-
nenusmu @ (x, ¥, 2)=0 u Dy(x, vy, 2)=0, MOKHO HalTn, B3%B
yIOMAHYTYIO Bbillle (QYHKIHIO (1) e NPOU3BO/bLHO, a Onpenenaus (yHx-
wito D(c;, ¢y) nyTeM uckalOUeHHA X, Y, 2 U3 ypaBHeHUH

D (x, 9, 2)=0, Dy(x,y, 2)=0,

Py (%, 9, 2)=cp,  Yy(x, ¥, 2) =0y,
B pesy/ibrate uero noayuuM ypasuenne D (cy, ¢9) =0, 1 HCKOMBIM WH-
terpaaoM Oyrer Oy, (x, v, 2), P (x, v, 2))=0.

Mpumep 1. Onpejeaurb 3aBucsnii OT nPOH3BONLHOH (YHKLMKM MHTETPAA
ypaBHeHHus

9z | 0z _,
ox oy — ¢

CocTaBasieM BCIOMOraTeNibHYIO CHCTEMY YDaBHEHHH
dx=dy=dz.
Ee nepBble MHTErpalbl HMEIOT BHJ X — Yy = C), & — X == Cy. l/lHTerpan AICXOIHOTO
ypasHenusi @ (x —y, 2 — x) =0, rme @ — npousBoabHas ¢GYHKIHS, WIH B pas-
PEUIEHHOM OTHOCHTE@IBHO 2 BHIE 2 =X+ @(X—y) Tle ¢ — MPOU3BOIbHAS
auddepenunapyeman QyHKOUA.
Mpumep 2. Haltn unrerpajbHy0 f0BepXHOCTh YPaBHEHHS
P 0z dz
dy Y ox
NPOXOAAINYI0 Hepe3 Kpupyw x =0, z =y
WHrerpupyem cucTeMy ypaBHEHHH
dx dy dz

-y x 0

=0,

oTkyaa z=¢;, x2-+ y?= ¢, Hckaouas x. y u 2 u3 ypasHeHHil
xX24yt=0c, z=cp, x=0, z=y3

NOJAyHaeM ¢ = Cy, OTKyAa 2 = x2 | y%
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Mpumep 3. HaiiTy uHTerpaabHyl0 MOBEPXHOCTH TOrO XKe ypaBHEHHS

x 92,92 _,
ay " Yox T

IPOXOSULYI0 Yepe3 OKPYKHOCTh
z=1 x24y?=4 (5.7)

Tax kak sajzanHas Jaunua (5.7) aBasgercd BeKTOpHOH auuue# (xapaxkrtepu-
CTUKOH), TO 3ajaya wueoupeiencHHa. [leficTBHTEIbHO, HHTErpaibHLIMH MOBEPX-
HOCTAMM PpAcCMaATPHBAaEMOr0 YpaBHEHHS SBJAAIOTCS BCEBO3MOXHEHE MOBEPXHOCTH
spamenns 2 = @ (x%2-y?), och BpallleHHd KOTOPHIX coOBIagaer ¢ ocbio O2z.
QOueBHAHO, CyLIECTBYeT GECKOHEYHOE MHOXKECTBO TaKHUX NMOBepXHOCTeH BpaileHusd,
NpOXOAAIMUX Uepe3 OKPYXHOCTb (5.7), HanpuMep napaGoaouipl BpalleHHd 2 =
=x2t y?—3, dz=x2+y? 2= —x2—y? L5, chepa x2 4 y2-}+22=5u 1. 1

Ecnu ypaBHeHHe KPHBOH, uepe3 KOTOPYIO TpebyeTcs NMpPOBECTH HHTErpaib-
HyI0 TOBepXHOCTb ypasHenus (5.1;) mjaHo B mapaMeTpHYecKoH dopme:

Xo=Xp(8) Yo=Y () Zy=2(s) (B)
T0 OGHIYHO ¥ peilleHHe YAOOHO MCKaTh B MapaMeTpuueckoil dopme:
x=x(5s), y=y( 5), z=z(s)
B cucremy (5.5), ompeaeasiioUiyl0 XapaKTEePUCTHKH, BBOJAUM NapaMerp f, monaras
ax — dy _ dz —d
P(x,y.2)  Q(xy,2) R(xy2)

Jas TOro 4To6bH XAapaKTEPUCTUKU NPOXOAWIY 9Yepe3 3aAaHHYI0 KPUBYIO, HIUEM
pemenye cuctembl (5.5;), yroeaerBopawomee npu £ =0 (uau ¢ = ;) HauaABHBIM
yCAOBHAM:

[ (5.5)

X=%(5), y=yo(s) 2=2,(s)

[pn TaKkMX HAYaJAbHBIX YCAOBUAX NPH (UKCUPOBAHHOM § MOJYIUM XapaxKTepu-
CTHKY, NPOXOAAINyl uyepes QuxkcHpoBaHHYW Touky kpuso#t (B). Ilpu nepemen-
HOM S MOJY4YMM CeMeflCTBO XapaKTEepHCTHK

x=x(35) y=y({s), z==z(s) (B)

IpOXOJASIIHX 4epe3 TOUKM 3ajanHo# kpusolt (B) (mpu sto npeanonaraercs, 4to
3agaunas kpuBas (B) He ABasercs xapakrepHCTHKOH). MHOXecTBO TOUEK, Jewa-
mux Ha 3TOM CceMelcTBe Xapakrepucrux (B), u o6pasyer HCKOMYIO HHTEIPaAbHYIO
HOBEPXHOCTD.
[Tpumep 4
0z 0z

——=—=1

0x ~ dy

Hafitu uHTerpanbHYl0 NOBEPXHOCTb, IPOXOIALIYI0 Yepe3 KPHBYI X, =S,
3
¥o = 82, 2y =§%
CucremMa ypaBHeHHH, Onpeleasioas XapaKTepHCTHKH, HMEeT BUA
‘ dx=—dy=dz=dt.
Ee ofmee pemetne
x=t4¢, y==—1It+c¢y 2=t4¢s

“0Jlb3yﬂCb Ha4YajabHBIMU YCAOBUAMH, OIpeAcAdcM MNPOHIBOALHBIC NOCTOAH-
HbI€ B OKOHYATEJABbHO NOJAYYaeM

x=t+Ss y=—t45, z2=t4+8.
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[lepeiizeM Temepb K CAyYal0 7 HE3aBHCUMBIX mrepeMeHHuX. Ecrect-
BEHHO OXWAATh, YTO YKA3aHHAA BHIUE AJMA TPEXMEPHOTO cjyuas cxeMma
- pelifexns MOxeT OHTb pacnpocTpaHeHa ¥ Ha (# - 1)-Mepunifi cayuai.

HauneM ¢ ucciaenoBaHHs OLHOPOAHOTO JHHEHHOrO YypaBHEHHUS

% g
Xl(xl' Xgs eaes xn)ﬁ;‘z]—_*_Xz(xl: Xos e eay x,,);;—?—% vee
. [7)
X (X X e x,,)——oj =0, (5.8)
n

rae HenpepbiBubie yuxunn X, (X X3 ..., X,) He 00pawalTCcs B Hyab
ONHOBpEMEHHO HH B OLHOR TouKe paccMaTpuBaeMo#l 064acTH ¥ HMeIOT
B TOR e 004aCTH OrpaHHueHHBlE HaCTHLIE IPOH3BOIHbBIE.

CocraBiiseM BCIOMOraTe/bHYIO CHCTEMY ypaBHeHuR

dx, ’ dxg _ _ - dx, (5.9)
X o oo Xm)  Xo (e g o Xy Xp (X0 Xa0 .00y X))’

KOTOpast MPH YKa3aHHBLIX BhHIIE OrpaHAYEHHSIX YAOBJIEGTBOPSET YCJIOBHAM
TeopeMbl CYIECTBOBAHHA W eIHHCTBEHHOCTH.
Haxoanm n — 1 HesaBucuMbiff nepBulfi uHTerpan cucteMn (5.9):

Py(Xy, X9 ovvs Xp)=¢y,

Po (X, Xgr v vvy Xp) =0y,
Ppo1 (X, X9 vves Xp)==¢C,_,.
B npocrpaHcTBE ¢ KOODAMHATAMH X, X, ..., X, 9Ta CHCTEMa HH-

TerpajsoB onpejeaser (# — l)-mapaMeTpHuyeckoe CeMeRCTBO JMHHH, HA3HI-
BaeMHX xapaxmepucmurxamy ypaBHerus (5.8). IlokameM, uTo aeas
yacTb M0OGOTO NMEepBOro MHTerpansa Y(x;, X, ..., X,)==cC cucremnl (5.9)
SBJSETCS peueHHeM HCXONHOro JiMHeHHOro OAHOPOZHOrO ypaBHeHuﬂ
B YaCTHHX NpoH3BOAHBIX (5.8).

HeficTButeabto, BLOAb /M1060# unTerpambHOH KpuBOH chcteMum (5.9)
¢dyukunn Yp==c. CuerosareibHo, BAOAb OGO HHTerpajbHOH KpPHBOH

dp = 2———dx =0, (5.10)

i=1

Ho Baoab wuurerpanbHoit kpuBoit cucrems (5.9) auddepenunans dx,
nponopunonasHe GyskuuaM X, cienosare/bHO, B CHAY OZHOPOLHOCTH
OTHOCHTe/NbHO dXx; /IeBOH 4acTH TOXIECTBa

oy —
o%; dx;=0,
i=1
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audeperurans dx; MOryT ObHTh 3aMeHEHBl NpPONOPUHOHAMBHBIMH LM
Be/IMUHHAMA X, NPU 9TOM MNOJYYMM, UTO BAOJb HHTErPajbHbIX KDPHBBIX

cuctemsl (5.9)
n
o
E 0x, Xi
i=1

Huterpaibhbie KpuBble cucTeMbl (5.9) MPOX0AAT uepe3d KauAylo TOUKY
paccMarpuBaeMofi 06/4CTH H3MeHeHUs IlepeMeHHBIX Xy, Xy, ..., X, H
/AeBas 4acTb TOXHeCTBa (5.11) He 3aBHCHT OT MOCTOAHHBIX €y, Cg + v vy €y
M, CIENOBATE/IbHO, He MEHAeTCA MpPH Mepexofe OT OAHOH HMHTerpajibHOH
kpuBoft K Ipyro#f, 3uauur, toxiecrso (5.11) cnpaselanBO He TOJLKO
BA0OJIL HEKOTOPO# HHTErpasibHOW KpMBOH, HO M BO BCeH paccmMaTpuBaeMoO#
00/acT¥ HM3MEHEHHS MEePEMEHHHMX X, X3 ..., X, & 9TO M O3HAYaeT,
uTO GYHKUUA Y ABAACTCA pellleHHeM HCXOMHOro ypaBHeHus

2 Xi 5% dx,

i=1

0. (5.11)

I

Ouesunto, uto @y, Py ..., P,_y)==¢, rae @ — npoussonbHas
¢dyHkuuA, ABASETCH MEepPBBIM WHTerpajnoM cucreMsl (5.9), Tak xax B8HO.b
uHTerpaabHofl kpusofi cuctemul (5.9) Bce dynxumu Py, Gy, ..., Y,y
o6paalnrca B NOCrodHHble, caeloBareabHo, u D P, Py, ..., P, )
ofpaiaeTcs B NOCTOSHHYIO BJOJb HHTErpadbHOR KpuBOi .cuctemn (5.9).
3uaunt, z2=D W, Yy ..., P,_y), rae @ —npoussoisnas nupdepen-
uupyeMas QyHxuus, ABASETCA pelueHHeM JIHHeRHOTO OJHOPOLHOTO ypas-
nenua (5.8)7

Hokamem, 4to

2= (X s X B (En e X e W (K e £,)

aBJsieTcsl OOWMM pemleHHeM ypasHeHus (5.8).
Teopzma 5.2, z2=D WY, ¥y, ..., P,.q). 20e O -—npousamoua,q
pynxyun, asssemca obuun pemeuuem ypasHerus

,, :
0,

EXi(xl. Xgs vv ey x")FET=O’ (5.8)

i=1

m. e. peutenuem, CO0epiCAU UM BCe 0€3 UCKAIOUEHUS PEUEeHUS IMO20
ypasuenus.

HDokasarteabcrso. [HomycruM, dro z-_\p(xl, Xos voes Xp)
fBASETCS HEKOTOPHIM pellieHueM ypasHenus (5.8), # nokaxeM, yTo Cyuie-
cryer ¢ynkuua O rakas, uro 1|J QW Po oeer Ypop)-
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Tak kak Y # Py, Yoo «.., P,y ABAAIOTCA PpEILIEHUAMH YypaBHe-
una (5.8), 10

n

d
3 x, d;‘j =0,
i=1
opr __
ZX’ Ox; T =0,
i=1
* 5.12)
d
2‘/\’1 0% =0,

n
Nt
Exi—d;—i_zo.

=1

Paccmarpusan cucreMy (5.12) kax JII/lHeﬂHyiO ONHOPOLHYIO CHCTEMY 1

ypaBHeHHH otHOcHTeqbHO X, (=1, 2, , 1) ¥ 3aMedasd, uYTO 5TA OJHO-
poiHas CHCTeMa B KaXIOH Touke xl, x2, ..., X, paccMarpuBaeMoi
06/1aCTH HMeeT HeTPUBHA/MbHOE pellleHde, Tak Kak X, (X, Xy ..., X,),

N0 NPeiNOJOKeHNO, He OOpalaioTCs B Hy/b ONIHOBPEMEHHO, NPHXOLUM
K BBIBOAY, YTO ONpeJe/IHTe/b ITOR CHCTeMbI

oy oy o
dx, 0dx, "7 ox,
Py 0y oY,
ox;, 0xy " ox,
0y, 0y, o,
dx; 0x; """ ox,
OPr_y 0P,y Oy
ox, 0x, """ o0x,

TOXKIECTBEHHO paBeH HYMO B paccMarpuBaeMoR obaactu. Ho TOxae-
cTBeHHOe ofpauleHne B HyJb dxkobuaHa dysxuui ¢, P, P ..oy P,y
yKasbiBdeT Ha Ha/jHuHe QYHKUHOHANLHOH 3aBUCUMOCTH MeXAY 9THMH
PyHKIHUAME:

FOpo ¥ $or ovvy Ppeyp) =<0, (5.13)
B cumy uesaBucuMOCTH MePBHIX MHTErpatioB P, (X;, Xg ..., X,)==C,

(=12, ..., n—1) cucremn (5.9) no xpaiitel mepe OIUH 43 Muto-
poB (n — l)-ro nopsika sxobuaua

D, ¢y, oy ovny Puo1)
D (x), X2 X3 +vv, Xn)
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Buaa
D(wlv wa RS Wn)

D (xap Kap <01 %g

)

orauded oT Hysasd. CaelZoBaTte/bHO, ypaBHenue (5.13) MOXHO npeactaBuTh

B BiIe . ;
=Dy P .o s $poy)

Mpumep 8. [NpounterpupoBaTh ypaBHeHue

n—1

n

N 0z
2‘ X1 g =0, (5.14)
i=1
CHCTeMa ypaBHEHHi/’I, Oﬂpeﬂeﬂﬂloll[aﬂ XapaKTepHCTHKH, HMeeT BUuj
axy _dxy o _ dxy,
Xy X Xn

HesaBucnMbpiMu 1EPBBIMM HHTErpajaMu 3TOH CHCTeMB OyAyT:
| il Xn—1t

2
—=C, —— =09 see, ———— =Cp_1.
Xn

O6ee penlcHue UCXOMHOIO YPaRHeHus
X x Xn_
z__.q)(_l, Koo Enmn
Xpn Xp Xn

ABJASCTCA NPOH3BOJBHOH OJHOPOAHOH (YHKIMeH HYJNEBOH CTENEHH OXHOPOLHOCTH.

Teopema Diinepa 06 ofHOPOAHBIX (BYHKUMAX YTBEPKIAET, YTO OAHODOJAHbLIE
(QyHKUMM HYJEBOH CTENEHH OJNHOPOAHOCTH YIOBJACTBOPAIOT PaccMaTPHBAEMOMY
ypaBHenuio (5.14); Temepb MBI 1OKasaJi, 4TO TOJbKO OAHOPOJHBIE QYHKUHMH Hyle-
BO CTeNeHU OZHOPOJHOCTY OGJANAIOT 3THM CBOHCTBOM.

HeoanopoaHge JnHefiHOe ypaBHeHHe NepBOro MOPAAKA

n .

Wl

N X 2y z)d‘)—;:zm, Xy +enr Xy 2)s (5.15)

i=1 -
rie Bce X,; u Z — HenpepsiBHO auddeperuupyemble GyHKkuuu, He obpa-
lalounyecs B Hy/b OJHOBDEMEHHO B paccMaTpuBaeMoR o6aacTh uaMe-
HEHUS MEPEMEHNBIX Xy, Xgs +.., X, &, UHTETPUPYETCA MyTeM CBEJEHHA
K JHHERHOMY OJHOPOILHOMY YpPaBHEHHIO.

Hus ol Henu, Tak e KaK U B Cjayuae TpeX NEPEMeHHBIX, NOCTa-

TOYHO HCKaTh pellleHue 2z ypasHeHust (5.15) B HesBHOM Buie:

u(xl, x2, ey .’Cn, z)—o, (5.16)
rige 5 .

HefictBuTenbHo, cuutad, uTo QYHKUHA 2 == Z (X, Xg, ..., X,) Onpe-
IejeHa u3 ypaBHenus (5.16), u nuddepeHuupys TOWASCTBO

U(Xy Xgo ooy X Z(Xys Xy o0ey X,))=0
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no Xx;,- HOJYYHM

gu | du 0z __
dx,- 0z dxi -
OTKYyZa
du
0z Ox;
ox;  ou °
0z
0z "
TMoncrasnan walnenuoe Tx; B (5.15), ymHOmast Ha — 57 W nepexoca

BCEe UWIEHbLl B JIEBYI0 4acCTb YypaBHEHHs, MOJYYHM OLHOPOLHOE JHHeHHOe
ypaBHeHHe

n -

du du
N X s x 2) et 205y Ky X DGE=0. B1T)
i=1
KOTOPOMY [AOJXHA YIOBJETBOPATh (YHKLHSA #, ONHAKO JHlb B Ipel-
NOJNOXEHUH, YTO 2 ABJAeTCA QYHKUMeR X;, Xy, ..., X, ONpeleiseMol
ypaBHeHHeM (X, X9, ..., X, 2)=0.

Urak, nano natitu ¢yHkumu @, obpamaiouiye jguHelHOe OLHOPOIHOE
ypaBuenue (5.17) B TONAESCTBO B CHJIY YP3BHEHHS

u(xp xg» ey x,,, z)=0.

Haiinem BHauane ¢yHkuuu u, obpauaiwluve ypasxeHue (5.17) B TOX-
JeCTBO TMPH HE3aBUCUMO MEHSIWUXCA X, X, ..., X, 2. Bce Takue
QyHKUMH & SBIAIOTCA PEIICHHAMH OLHOPOLHOrO ypasHeHus (5.17) wu
Moryt ObTb HafiZeHB YXe H3BECTHHIM HaM CHOCOOOM: COCTaBJseM CH-
CTeMy YpaBHEHHUi, ONpeAeqfIOUIYI0 XapaKTepPHCTHKH

Xm . d)C2 _
Xi(xpn Xg ooy X 2) T Xo(Xp Xgu eeey X 2) 77
dxp, dz
Cel= == ; (.18
Xn (X1, Xo ovvy Xp 2) Z (X X9 vuny Xy 2) ( )

HAaXOIHM 7 HE3aBHUCHMBIX MEPBLIX WHTErpajOB 3TOH CHCTEMBI:
4
P (X), Xg oney X, 2)=¢Cy,
Py (X, Xgo ooy X 2)=Cy,

Py (Xp, Xgu vy X, 2)=2¢p;

Torza ofuiee peimienne ypaBHenus (5.17) uMeer BuA
u—-__.—(D(w], 1p2, .o ef 117,,).

rie @ — npoussoibuas PyHKMA,
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Pewenue z ypasueuus (5.15), 3aBucsuiee OT NPOH3BOIbHON BYHKILUH,
onpelensieTC U3 ypaBHEHHS

U(Xy Xgo «vor X 2)=0 um D@y, Py, ..., P,)=0.
Ho, xpome HaHaeHHBIX 3THM CnocoBoM peuieHu#, MOryr ObTb pe-
LieHHst Z, KOTOPble ONPeNeAloTCs U3 ypaBHeHHH & (X, Xy, ..., X,, 2)==0,

rie GyHKUMS u He dBJseTcA pellendeM ypasuenus (5.17), a obGpamaer
3TO ypaBHEeHHE B TOMAECTBO JHUIL B CWIY ypaBHenus (X, Xo, ...
eovs X, 2)=0. Takue pelwleHds HA3bIBAIOTCH CHEUUALbHBLMU.
Crenua/bHEX pelleHH# B HEKOTODOM CMBICJ€ HE OUYeHb MHOTO, OHH
He MOIyT OOpasOBLIBATH Naxe OJAHONAPAMETPHYECKHX CeMeHCTB.
HeHcTBUTENBHO, ecan Obl Crelua/bHble pellieHHs 06pasoBanu OAHO-
TapaMeTpuHuecKkoe ceMeHCTBO M ONpele/Aluch ypaBHEHUEM

u(xy, Xg ..., X, 2)==c, (5.19)

rie ¢ -— mapameTp, ¢, < ¢ < ¢, TO0 ypaBuéHne (5.17) noixuo 6bio Gl
obpaiatbca B TOWAECTBO B cuay ypasaenus (5.19) npu moGom c.
Ho rtax kax ypaBnenue (5.17) He COEPKHT ¢, TO OHO HE MONeT obpa-
WAThCs B TOMIECTBO B cuay ypasreHus (5.19), comepxawero ¢, u,
CJelOBATEAbHO, JOMKHO OBITH TOXIECTBOM IO OTHOLUGHHIO KO BCEM
NepeMeHHbM X, Xy, ..., X,, 2, MEHAIOUIMMCS HE3aBHCHMO.

IMocnennee  yTBepieHHe [JONYCKaeT MPOCTYI0  TeOMeTPHYECKYIO
untepnperauuio. ['osopd, yto ypasHeHue (5.17) ofpaiaercss B TOXKEECTBO
B CHIy YypaBHeHus (X, Xy ..., X, 2)=0, MB yTBepxIaeM, UTO
ypaBHeHue (5.17) obpautaeTcs B TOXIECTBO B TOUKaX MoBepxHocTH # =0,
HO MOXeT He 00palaThCs B TOWAECTBO B APYTMX TOYKAX MPOCTPAHCTEA
Xy, X9 ..., X,. Z. Ecmu xe ypasHenue (5.17), He couepxauiee c,
obpamaercss B TOXIeCTBO B CHAY YypaBHeHMs u =, Ile ¢ — Helpe-
PBIBHO MeHsOLumMicsa mapaMeTp, TO 3TO O3HAauaer, 4To ypasHeHne (5.17)
ofpauiaercs B TOKAECTBO HA BCEX HENEPECEKAIOWUXCS H  3aAMOJHSIIOLIUX
HEKOTOPYI0 4YacTb [) TpPOCTPAHCTBA X{, Xg, ..., X, 2 I[OBEPXHOCTAX
u=c, ¢y c<e M, ciaepoBarebHO, ypasHenue (5.17) oOGpaimaercs
B TOMIECTBO B 00acTM D TpH HEBABUCHMO H3MEHSIOIIHXCA X{, X,

vy X 2.

B konkperHbix 3ajauax oOBuHO TpeOyeTcs HaHTu peilleHue ypaBre-
nus (5.15), yaoBaerBOpsiOlilee elile KaKHM-HHUGYIb HAYaJbHEIM YCIOBHSM,
H TaK KakK CHeLHa/bHbIX pellleHuit B YKa3aHHOM BHILE CMBICJAE CPaBHH-
TeJbHO Majo, TO OHM JHLIb B COBEPIUEHHO HCKJIOYHTEJbHBIX CaAyYasx
OyAyT yIOBJIETBODATL TOCTABJEHHHIM HAYaJbHBIM YCJAOBUSIM Y NOITOMY
HX JIMIb B PEIKMX CAydYasX NPHUXOAMTCA TIPUHMMATh BO BHHMAHHe.

IIpumep 6. IpounterpupoBath ypaBHEHUE
n :

0z

dx,

Xy = pz, (6.20)
i=1
rie p — NOCTOAHHAA.
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CucreMa ypaBHeHHH

dxy _ dxy _ _dx, dz
X xg T xq  pz
HMeeT CAeAyloLide He3aBUCHMble HHTErpaJbl:
X X2 Xp—1 2z
—_—=Cy, —‘~=c2"""——_=cn—l’7=cn-
X, X, Xy X

Cuae/l0BaTebHO, pelienue 2 UCXOAHOrO YypaBHEHHUS 'onpenenﬂe'rcx U3 YpaBHCHHA

Xy X9 Xp_i z
(D(——-, T ey ———,—p' =0‘
X, X, Xy x5
OTKYZa
X1 X Xn-1
zzxgdﬁ(—» v B S
Xp' X, Xp

WUrak, pewenueM sBiseTCS NPOH3BOJbHAS OAHOPOAHAA ¢YHKUMUA p-H§ CTenenu
OJIHOPOZHOCTH.

MoxHo 10kasaTb, uTo ypaBHeHHe (5.20) He MMeeT CRElLHadbHbIX WHTErPaaoB
U, CleLOBaTEAbHO, TeopeMa Jitiaepa 06 OLHOPOAHHX OYHKLUAX O6paTHMa — YpaB-
Henuo (5.20) yROBJETBOPAIOT TOJAbKO OJHOPOAHBIE (YHKLMY CTENEHH OJHO-
PORHOCTH p.

[ToHATHE XapaKTePUCTHKU pPacIPOCTPAHAETCH HA CHCTEMBl KBAa3HAMHEHHBIX
ypaBHeHUH CAEAyIOIEero CHenuaJbHOro BHAA:

7] 0
P(x, y u v) 0—?? +Qx y. u v) % =Ry (x, ¥, u, v),
dv ’ ov 0
P(x, y,u, v)d—x+ Qx, vy, 4, v)—d—y—= Ry(x, y. u, v).

Xapaxmepucmurca,uu TaKOH CHCTEMbl Ha3blBalTCH BEKTOPHBIC JHHHH BeK-
TOPHOro NoJjsd B YETbLIPEXMEPHOM IPOCTPAHCTBE

F=P(x 3 u0)i+Qx y 4 0)j+ Ri(x y, u, V) ki + R (%, y, u, 0) Ky,

rae i, j» ki, ko = eflHHUYHBIE BEKTODHI, HanpaBJAEHHblE COOTBETCTBEHHO IO OCSHM
koopaunat Ox, Oy, Ou u Ov.
XapaKTepuCTHKH ONPENEAAITCS CHCTEMOH ypaBHeHUR

dx dy du dv

Prymt) Qmymv)  Rxpuo)  R(%y o) ()
Lucrema ypasuenuit (I') B Bexfopﬂoﬁ 3anmucH HMeeT BHJA
(F-N)=0 u (F-Ny)=0,
: du ou Jv oJv
rae N; ¥ N;— BexTOpH ¢ KOOpPAHHATAMH (W’ a_y’ -1, 0) u (5;, 5;’ 0, — 1),

HanpaBJeHHbIE 10 HOPMaJfM K MCKOMBIM TPEXMEPHBIM UHAMHAPHYECKHM MOBEpX-
HOCTSIM COOTBETCTBEHHO u ==u (X, ¥) u v=v(x, ¥).

CaenpoBaTenbHOo, € reOMETpHYECKOH TOUKH 3PEHHSi MHTErpHPOBaHME CH-
crempt (I") cBOAuTCH K HaXOMHEHHIO ABYX TPEXMEPHHIX UMAMHAPHYECKMX NOBEpX-
HOCTelt u=u(x, y), H =0 (X, ¥), HOPMAaJA¥ K KOTOPHIM B TOUKax lepecedeHus
3TUX MOBEPXHOCTeH OPTOrOHAJbHEI K BEKTOPHBIM JMHHAM, -

OueBuaHo, 4TO 3TO yCAOBHe OyAeT BBUIOJHEHO, €CaH JAByXMepHas NOBepx-
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HOCTb S, N0 KOTOPOH, BOOGUIE rOBOpH. NMepecexaloTcs TPEXMEPHbe LUAHHIApHYe-
CKHE MOBEPXHOCTH u =u (X, ¥) ¥ v=v(x, y), GyReT COCTOATh H3 BEKTOPHHX
; MMHKUH, TaK KaK 3TH BEKTOPHHIE AHHHM GYIYT N€KaTb ONHOBPEMEHHO Ha MOBepX-
HOCTAX u==u(X, y) # v=vu(x, y) H, CIef0OBaTeAbHO, O6YAYT OpPTOTOHAJLHBI
BektopaM N; u N, B3sdB kaxue-HHOYyZb XBa He3aBHCHMBIX OTHOCHTENLHO 4 H U
nepBbix uHTerpana @, (x, y, u, v)=0 u @, (x, y, u, v) =0 cucremn (1), apy-
CMMM  CIOBAMM, B3fiB JiB€ TpeXMEpHBe BEKTODHLIE MOBEPXHOCTH, MH, BOOOIIe
TOBOPS, B MX NEPECEYEHHH NOJYYHM ABYXMEPHYIO (OBEPXHOCTb S, COCTOSILYIO
43 BEKTOPHLIX JHHHMH, TaK KAK eCAH HEKOTOpad TOUKA NPHHALJICKHT OJHOBpe-
MEHHO BEKTODHbIM TOBEPXHOCTAM D (X, y, &, v)=0 u Oy (x, y, u, v)=0, 10
W BEKTODHAA JHHHA, TPOXOAAWIAA HEpe3 STY TOUKY, AEHHT B KamIOH H3 9THX
NOBePXHOCTEH. . .

Paspemas cucreMy ypaBuenuit @ (x, y, u, v)=0 n Qy(x, y, u, v)=0
OTHOCHTEJNbHO 4 W U, HOAYYHM YPAaBHEHHfl [BYX TPEXMEPHBIX HHJIHHADHUECKHUX
noBepXHOcTeH u=u (X, y) H v =0 (X, y), NepeceKaomuxcs N0 TOH uxe ABYX-
MepHO!i noBepxHOCTH S, cocrosmell u3 BexTOpHux auHHil. CuexoBaTenbHO, HaH-
nenHble GYHKUMH u=u (X, y) 4 v=0v(x, y) 6YyAyT pelleHHIMH HCXOXHOH CHCTEMBI.

Pemenue cuctemnl ('), 3aBHCAwee OT ABYX NPOHM3BOABHBIX (YyHKUHH, MOKHO
HaHTH, ApUMEHAA TOT Ke MEeTOA, HO B3AB NepBele HHTErpajn cucrembi (1)
B Han6oaee obimem Buie:

O (hr (%, 9. w0 0), alx, ¥, 0, v), Yy(x ¥ 8, 0))=0, }

E
Dy (P (x. y. 2 v}, $olx, y. 0, v), Yg(x, ¥ 4 v))=0, )

roe Py (X ¥y, 8. v), Yo(x, ¥, 4, v) 0 P3(x, ¥, 4, V) — HE3aBHCUMBIE NIEPBLIE HHTE-
rpaabl cucTemsl (M), a @ u @, — npoussoabhbie (GyHKHuH (CM. CTP. 249).
YpaBHenus (E), ecan caoxusie ¢ya . uuu @ u @O, He3aBUCHMB OTHOCH-
TeAbHO 4 ¥ U, ONpeneasiioT pemenus u(x, y) u v(x, y) cucremn (I') kak HesB-
Hble QYHKUHH X W y, 3aBHCAlMe OT BhIGOpa NpOH3BOABHHIX byHxuui @ u D,

§ 3. Ypapuenusn [dadda

B § 2 Mn paccmaTpMBaauM [OBe 3a4auyd, eCTECTBEHHO BO3HHUKAIOILIHE
TNpH WBYYEHUU HENpPEepHIBHOIO BEKTODHOTO MOJS

F=P(x, 9, 2)i+Q(x. ¥, z)I+R(xQ ¥, 2)k.

910 — 3alaull O HAXOXKIEHMH BEKTOPHBIX JIMHUA W BEKTODHHIX MOBEPX=-
HOCTeM.

; [TouT# Tax e YaCTO BOSHHKAET 3alaya O HAXOMUEHHM ceMeHcTBa
nosepxHocte#t U(x, y, 2)==c, OpTOroHa/JbHbLIX K BEKTOPHLIM JAHHUAM.
YpaBuenue Ttakux nosepxHocre#t uMeer Bul (F - t)==0. rze t-— Bex-
TOp, Jexalufl B KacaTeJbHOH NMIOCKOCTH K HCKOMBIM MOBEPXHOCTAM:

t=1idx+4jdy + kdz,

WiH B PA3BEPHYTOM BHIe
P(x.y, 2)dx +Q(x, y, 2)dy+R(x, y, 2)dz=0. (5.21)

"Vpasuenus suna (5.21) wasuiBawtca ypasuenuans [pagppa.
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Ecmu noae F=Pi—+ Qj + Rk norteHunanbHo:

ou oU oU
=grad U, T. e. =, —_— =9
F=gradU, e Q=3 R=%r.
TO HCKOMEIMU MOBEPXHOCTAMH ABJASIOTCA N0BePXHOCTH ypoBHa U(x, ¥, 2)=¢
noreHuuasbHoft ¢yHkuuu . B 910M ciaydae HaXOXIAEHME UCKOMBIX
NOBEPXHOCTeli He NPEACTAB/SET 3aTPyIHEHMH, TaK Kak

x,¥,2)

U= f Pdx+ Qdy+ Rdz,

(X, Yo 2o}

rie KpuBOJMUHeHHbiH unTerpan Geperca no moboMmy nmyTu Mexay BulpaH-
HOH (puKCHPOBAHHOM TOUKOH (X, Yo 2,) M TOYKOH C MepeMeHHBIMH
KOOpAHHATAMH (X, Y. 2), HANpUMEp, MO JOMaHOW, cocrosuied u3 mpaAMO-
JAUHEHHBIX OTPe3KOB, MapanielbHLiX OCHM KOOPIAMHAT.

Ecan ke nose F He nOTeHUMaJbHO, TO B HEKOTOPBIX CAYYASAX MOKHO
nonofparb CKaAIpHBE MHOXHTeJdb (X, Y, 2), NOCJe YMHOMXEHHS Ha
Kotopuit Bextopa F moJe craHOBMTCA NOTEHUHAIbHBIM.

Ecin takoft MHoxutenbp cywecrsyer, To UF =grad U wim

ol ' oU OU
WP =—-, HQ=—5}7. HR = ——

U, CJe10BaTe/bHO, 7
opp) _ 0mQ) opQ) __ 0@mR) dMR) __ JuP)

ay — ox 0z 9y ' ox — dz
o 0P 0Q 1
[ o
W‘W““(Q 3
0Q orR 1
0z T oy T W )
OR oP
ox —W‘"—( )

YMHOXan NMepBOe M3 STHX TOXIeCTB Ha R, Bropoe ua P, Tperve na Q
H CKJ4AbiBaf MOUJEHHO BCE TPH TOKAECTBA, MNOJYYHM HeoOXOAHMOe
yCA0BUE CYUIECTBOBAHKHS HHTErPUPYIOLLEr0 MHOXUTENS W
0P dQ 0Q 0R oP
A P =9
‘ R(dy dx)—t 0z +Q r)x 0z
wm (F-rotF)=0, rae Bemop rot F — BUXpb [0/ — ONpele/sercs
PaBeHCTBOM :

ol P = (8021 (95— 2R (9L — 2

I

Ec/u 9TO ycn0BHe, Ha3bIBAEMOE YCIOBHEM NOAHONL unmez pu pyemocmu
ypaBHeHus (5.21), He BLIIO/JHEHO, TO He CYWIeCTByeT ceMefcTBa MoBepx-
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Hocrel U(x, y, 2)=rc¢, oproroHanabHuix BEKTOPHHIM JHHHAM MOJA
F(x, y, 2).

Heticteutenvuo, ecan 6b rtakoe cemeficteo U(x, y, 2)=c¢ cyiue-
CTBOBAJO, TO JeBasg 4acTh ypasHenust (5.21) Morama 6 OTIMYATBCH OT

oU oU ou

JUIIL HEKOTOPBIM MHOXHUTeaeM W (X, Y, 2), KOTOpbft ¥ Owba O ire-
TPHPYIOLIMM MHOXHTEAeM ypaBHenus (5.21).

rak, n4s cyulecTBoBaHus ceMelicTBa noeepxHocrel U(x, y, 2)=c,
OpTOrOHA/MbHBIX BEKTOPHBLIM JIHHUAM BekTopHoro mnoJas F, neofxomumo,
yto6h BekTOpn F i rotF 6uian 6n oproromanset, 1. e. (F-rot F)=0.

3ameuaHue. Ycnosue (F-rotF)==0 uHaswiBaeTcs TaKkKe ycC/I0BUEM
uurerpupyemocts ypasHeuns [ldadda Pdx 4 Qdy + Rdz =0 oanum
cootHowenueMm U(x, y, 2)=c.

Muoraa tpebyeTcs ompejesuTh He [OBEPXHOCTH, OPTOrOHaJbHbLIE
BeKTOpHBIM JauuuAM Toad F, a aunun, oGaajamoiine TeM ke CBOMCTBOM,
APYTUMH CJIOBAMH, HalO NpoMHTerpupoBaTh ypasuenne lldpadda ne oanum,
a ABYMsS COOTHOLICHHSIMH:

Ui(x, 9, 2)==0u Uy(x, y, 2)==0. (5.22)

Jls HaxoxAeHus TaKUX JMHMA MOKHO OAHO M3 ypasHenu#t (5.22) zamatb
NIpOU3BOJILHO, HANpuUMep

Ui(x, v, 2)=0, (5.23)

M, MCKJIOUMB u3 ypaBHenusa (5.21) ¢ momowsio ypasuenns (5.23) oxuo
M3 IepeMeHHbIX, HaMpuMep 2, NOJy4YuUM JuddepeHuuaIbHOE ypaBHe-
HUe BUIA

M(x, dx + N (x, y)dy =0,

HHTETpUPYsS KOTOpOe, HaitAeM UCKOMBlE JUHUM HA [POU3BOJLHO BHIOpaH-
"o nosepxnoctu U, (x, y, 2)=0.

[MokaxceM, uro ycaosue (F-rotF)=0 sB/aserca He TO/AbKO HeoOXO-
JMMBIM, HO WM JOCTATOYHBIM JI/il CYUIeCTBOBAHMS cCeMelcTBa IIOBEPXHO-
cTedl, OPTOTOHA/BHLIX BEKTOPHBIM JIMHUAM.

3aMeTuM, 4T0 Ha HUCKOMHIX nosepxHocTax U(x, y, 2)=c¢ 10DKHO
0o0paiatbcsd B TOXKIECTBO ypaBHeHHe

. Pdx+Qdy-+Rdz=0

WH, Y4TO TO KE caMoe, Ha 9THX MOBEPXHOCTAX KPUBOMMHEHHEIH HHTE-
rpan '

dex-i—Qdy—i—Rdz T (5.24)
g
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no/axen ObITh paBen HyJI0 1o saio6omy nyTH (B TOM uMuCJle 4 NO He3aM-
KHYTHIM TYTSIM).

PaccMOTpUM BCEBO3MOXHBIE ‘BUXPEBLIE [IOBEPXHOCTH, T. €. BEKTOPHbBIE
nosepxuocrn moag rot F. Ouesnano, 4To B cuay Teopembl Crokca

Cder:forofF - n do,

rae dr=1idx -+ jdy-+ kdz, n uarerpan (5.24) no 1000oMy 3aMKHYTOMY
IyTH Ha BUXPEBOH MOBEPXHOCTH PaBeH HyMo (TaK KaK CKaAAPHOE [pOH3-

- BejeHne eIMHUYHOTO BEKTOPAa HOpMa-
J¥ K TOBEPXHOCTH M M BekTopa totF
paBHo Hymo). Bnifepem Ttenepb cpe-
IH BUXpeBbIX MOBEPXHOCTeH Te, Ha
KOTOPHIX BCe HHTErpaJsl

der= dex+Qdy+Rdz
L L

N0 HEe3aMKHYTLIM MNYTAM TaK)Ke paB-

HBl Hymo. Jlia TnocTpoeHus Tako#

Puc. 5.2, NOBEPXHOCTH, TNPOXOAsAER Yepes 3a-

aauHyo Ttouky M {xg ¥ 2p), Tpo-

BelleM uepe3d 9Ty TOYKy M Kakylo-HuOyIb JHHHIO, OPTOrOHAJbLHYIO Bek-
TopHuiM aunuaM noas F. Takue /minum onpelensiorca ypaBHeHHEM

Pdx 4+ Qdy + Rdz =0, (5.21)

K KOTOpoMy 106aB/eHO YypaBHeHHE NDOU3BOJLHOH mNpoxodsiuefl uyepes
Touky M mnosepxHOocTH 2 == f(x, y) (uaule BCero ypaBHeHWE 3TOH IO-
BepxXnocTH GepyT B BuIe 2 == f (X) WM 2= fo(V) WIn Jaxe B BuIe
2Z==qa, Tae a — nocrosHuas). [loacraBags z=f(x, y) B (5.21), no-
JyuuM OOBIKHOBEHHOE ypaBHEHHe BMIA '

M(x, y)dx—+ N (x, y)dy—O

HHTETpUPYa KOTOPOE W YYHTbIBAA HAYaJIbHOE YCAOBUHE Y (Xp) ==}y, MO-
Jy4uM HCKOMYIO KpPMBYIO [, npoxoasmyw uepes Touky M (xy ¥, 2g)
1 OPTOrOHAa/bLHYI0 BEKTOPHBIM JHHHAM (puC. 5.2).

Ecav sra AuHMS He fBAAETCH JMHWEH BUXps, TO, NMPOBOJAS 4epes Kaw-
ILVIO TOUKY JUHMH [ JIMHUIO BUXDS, MOJYYHM HCKOMYIO TOBEPXHOCTH S,
OPTOFOHAJbHYIO BEKTOPHLIM JIHHMAM moJs F.

NeicTBuTebHO, B3B8 MOOYI0 HE3aMKHYTYI0 KpHMBY® L Ha moBepx-
doctn S (puc. 5.2) u nposens uepe3 ee rpaHHuHble TOYKH BHUXPEBble
JIMHHM 10 TepecedeHus C KpUBOHK [ B TOUKaX p; M Py, TOJYYHUM 3aM-
KHYTBIH KOHTYP, COCTOfIUIMA W3 OTPEsKa JNMHHM [ MEXIY TOUKAMHU p; H pz,
KpUBOH L M [ByX BHXPEBBIX AMHHUR.
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KpupomHeRbiit nHTerpan J Pdx + Qdy + Rdz. s3atufi no sromy

saMknyTomy kostypy C, paBeH HYJIO, TaK KaK KOHTYP JEXUT Ha BHX-
peBOH MOBEepXHOCTH, MpHYeM TOT Ke WHTErpaj, B3ATHH HA OTpesxe
Lyru I/, W MO OTpe3KaM BUXpeBbIX AMHMA paBeH Hya0, Tak Kaxk Ayra [
U BHXpEBblE JMHHK ODTOTOHAAbHBI BEKTOPHBIM aHHUAM roas F (Buxpe-
Bble AMHHM OpPTOrOHA/JbHE BEKTOPHbLIM JuuuaM noad F 8 cuay ycaosus

(F - rot F) = 0). Cnenosarte/nbHo, uHTErpan fPa’x + Qdy +Rdz no npo-

U3BOJLHO BHIOPAHHOMY HAMH He3awaﬂyromy nytd L pased Hy.uo, T. e.
fIOBEPXHOCTb S HBAAETCH WMHTErpatLHOMW MOBEPXHOCTHIO ypasHeHus (5.21),
npoxoasueft depes 3anaHuyi touky M.

J1oT Merold AOKasaTeqbcTBa focTarourocTw yeaosus (F - rotF)=0
L8 CYUWECTBOBARHA CeMeflcTBA MOBEPXHOCTEN, OPTOTOHAALHBLIX BEKTOPHbLIM
anHuam noaa F, oaHoBpeMeHHO yka3dbiBaeT nyTo, Npasia He kpardafiuiud,
A8 HaxOX¢Aelus STUX NOBepXHOCTeH. ‘

llpumep L
zdx +H{x—y)ydy-tzydze=0
Ycaosue (F rotF)=0. rae F = zi 4 (x — y) j -+ yz k. He BHIIOAHEHO, Cie-
JOBATeNbHO. PACCMATPUBAEMOE YPAaBHEHHE HE UHTErpupyeTcs OHHUM COOTHO-
WIEHHEM.
[fpumep 2
6x -+ yz2)dx 4 (xz2 — 20 dy + (xy + 22)dz = 0.

Tak xax rotF=0, tae F=(6x+ y2)i+(x2—2y)j+(xy+22)k 1ro
F = grad U, rae
(%, 9.2
U= f 6x + y2)dx + (xz —2y)dy 4+ (xy +22)d=.
(©, 0, 0 :

B kagectBe nyTu mHTerpupoBaHUa BHIGHpaeM JAOMaHYI0, 3BeHbd KOTOPOH mapas-
JedbHbl  OCAM KOOpAMHatT. Wuterpupyd, noaydaeM U ==3x2 —y? 224 xyz,
¥ CJAeJOBATENbHO, HCKOMBIM MHTErpajoM iBASETCA
3ut — y* 4 22 4-xyz=0c.
lpumep 3
yzdx-+2xzdy-+ xydz=0,
F = yzi + 2x2j -4 xyk, totF = — xi 4 zk.

Ycaosue uuterpupyemoctn (F -rot F) =0 BBITOAHEHO. HaxoauM Ha Kaxofi-
uMbyAb NOBEPXHOCTH. HAUPHMEpP HA IIOCKOCTH 2 == 1, KpHBble, OPTOrOHaJLHLIE

BEKTODHBLIM -AHNAM’ ]
z=1 ydx+2xdy==0, xy! = a.

[pogonsm yepes kpusbie cemefictsa 2 = 1 xy? == 4 BUXpeBbIe HOBERKHOCTY,
AN 4ErO HHTErpPHPYCM "CHCTCMY YDABHCHUN BHXPCBHIX AUHME
d X dy 1z -

ma s , ¥ =L A& == Cyge
— 0 z "7 b 4

17*
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Hckaouas x, y n 2 u3 ypaBHeHud z=1, xy*=a, y= ¢, x2 = ¢,, noayuaem
cf02=a. CreqoBaTeabHO, MCKOMBIH HHTErpajd UCXOLHOTO YPAaBHEHAS uMeeT
BUA xy22 = a. ~

3aMeuanue. Jipyro#t, oObYHO NpuUMeHAeMblfl METOA WHTErpUPOBa-
nust ypasrenus [ldadda

P(x,y, 2)dx+Q(x, ¥y, 2)dy+R(x, y, 2)dz=0 (5.21)

BAK/IIOYAETCS B TOM, 4TO BPEMEHHO CHHTAIT 2 (Ma¥ APYTYIO NEpeMeHHyI0)
IIOCTOSHHOH U MHTeTrPUPYIOT OOBIKHOBEHHOE YpaBHEHHe

P(x, y, 2)dx+Q(x, y, 2)dy=0, (5.25)

B KOTOPOM £ Hrpaer poJb liapaMerpa.
Moayuus uurterpan ypasHeHus (5.23)

U(x, y. 2)=c(2), (5.26)

B KOTOPOM IpPOH3BOJLHA% IOCTOAHHAA MOweT OHTb (yHKuUHER napa-
Merpa 2, moabupaor 37y $yukumio ¢ (2) Tak, 4ToOH YILOBJETBOPSIOCH
ypasuenue (5. 21) ,L[nqxbepeﬂuwpys{ (5.26), nouayuum

dx+ dy + [“—c’(z)] dz =0. (5.27)

Kos¢pgpuunentn npu ﬂuqacpepenuuanax nepeMeHHHX B ypasheHusx (5.21)
v (5.27) Lo/mKHBE ObITH [IPOMOPUHOHALHBIMHU

oU oU ou
— ()

ox o0y oz
P T Q T R ’
oUu ou
—_ —c' (2)
2% 0z ,
W3 ypasnenus = R MOXHO onpelejutb ¢’ (2), TaKk Kak

MOXCHO AOKa3ath, 4to npu BunoadeHnu ycaosust (F - rotF)==0 s10
ypaBHeHue couepxur Julis 2, ¢’ (2) u U(x, y, 2)==c(2).

§ 4. Henunefinble ypasHeHHs nepsoro mopaaka

PaccMoTpum cHauajaa caydaif, KOrja ucKkoMad (YHKLMA 8aBHCHT OT
JABYX He3aBUCHMBIX MePEMEHHBIX. YpaBHeHH B YaCTHEIX IIPOU3BOAHBIX
IIEPBOro NOPAJKAa C TpeMd IMepeMeHHBIMH HMET BUI

F(x, v, 2z, p, =0, (5.28)
rie
__ 0z __ oz
p""g;» q_F}’,‘.

Iuddepenunaibnoe ypasuenne (5.28) B kawaofl Touke (x, y, 2) To#
obnacTu, B KOTOPOH H3MEHAIOTCS NepBble TPU apryMeHTa, yCTAHABJAUBAET
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3aBHCUMOCTE @ (p, g)==0 Mexly uucIaMU p M ¢, ONMpeleAOLINMU Ha-
npaBjiende HopMaiad N(p, g, —1) X HCKOMBEIM uHme2paAbHEM NOBEPX-
nocmam z==2z(x, y) ypasHenus (5.28).

Takum 00pasoM, HAmMpaBjeHHe HOPMAJNH K WHCKOMBIM HHTErPajlbHBIM
MOBEPXHOCTAM B HEKOTOPOH TOUKe (X, ¥, 2) He ONpele/aercs TOUHO, 4 b
BbLAENSIETCA ONHONapaMeTpHUeCKOe CEeMeHCTB® BO3MOXHLIX HANpaBieHuH
HOpMaJef — HeKOTOpBhil KOHYC JHONYCTHMBIX  Hamnpas/jeHuWH HopMaJjei
N(p, g, —1), rne p u g¢q
yLOBJETBOPAIOT  ypaBHEHUIO
¢(p, 9)=20 (puc. 5.3).

CrenosatenbHo,  3alaya
UHTETDUPOBAHUS  YPaBHEHUs
(5.28) cBOAUTCH K HAXOK AEHHUIO
noBepXHOCTel 2 =2 (x,¥),
HOPMaJ/IH K KOTOPHIM ObliM ObLl
B KAXIOH TOUKE HANPAB./IEHBI
No OJAHOMY M3 JONYCTHMbIX
HanpaBJieHUH KOHyca HOpMa-

e B 970d TOUYKe.

Hcxons us oroft reomer- 2

puyecKo# HHTEpHpeTalny, Puc. 5.3.

YKAKEM METOA HaXOXKIeHUd

unterpana ypasHenns (5.28),

3aBUCALEr0 OT NpOM3BOJbHON (yHKUMM, ecAd M3BECTEH ero HHTerpan
®(x, y, 2, a, b)=0, korophil 3aBUCAT OT ABYX NapaMeTpoB a u 0.

Unrerpan D(x, y, 2, a, b)=0 ypasnenus (5.28), zaBucswut or
ABYX CYLIECTBEHHEIX NPOH3BOJILHEIX TNIOCTOSHHBIX @ U D, HAa3LIBaeTCs n0.2-
HOLM UHMeZPaLOM.

Tax kak ucxogHoe auddepexunaabHoe ypasnenne (5.28) nHanaraer
OrpaHHueHns JUIUbL HA HANpPaBjeHUE HOpMasieH K HCKOMBIM HHTETPa/bHBIM
NOBEPXHOCTSM, TO KaxAas NOBePXHOCTb, HOPMAJU K KOTOPOH COBNANaiOT
C. HOpMaJsiM# K MHTErpajbHbIM TOBEPXHOCTSAM B TeX Ke TOuKax, Oyner
WHTErpaJbHOW nopepxHocTblo, ClenoBaTeNbHO, UHTETPANbLHHIMH IHOBEpPX-
#HoctaMu OyayT orufawouive IByXNapaMeTPHYecKOro HJA4 OLHOMAapaMeTpu-
YeCKOr0 cCeMelCTBA HWHTErpa/ibHEIX INOBEPXHOCTel, TAK KAaK HOpPMaJb
K orubaiomielt COBNajder C HOPMA/ibI0 K OJHOK #3 NPOXOAAIUUX HYepea
Ty e TOUKY HHTerpaibHBIX TOBepPXHOCTeH cemeficTBa.

Orubamoiuas AByXnapaMeTpuyecKoro ceMeHcTBa MHTerpafbHBIX NOBEpX-
HOCTed B MPENNOJOKEHH CYIEeCTBOBAHUSE OrPAHUYEHHBIX YaCTHHIX NPOU3-
op 0D oD
ox ' By oz e o6pallalouxcd B HY/Jb OLHOBPEMEHHO,
U CYLIECTBOBAHHS fIPOU3BOAHBIX %% u %77— onpesgJseTcs  ypaBHEHUAMH

BOILHBIX

oD 8y

CD(x, Vs ‘Z, a, b)=0, W:O, 717—;0 , (5,29)
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A

Briaeass 3 AByXnapaMeTpUUYeCKOro ceMeHcTBa tiHTerpaJbHbiX HO\Ber-
nocrett D(x, y, 2, a, b)==0 OpOU3BOJLHEM CHOCOGOM OIHOIAPAMETPH-
yeckoe ceMefiCTBO, AJIA 4ero cuuraeM b nNpousBo/bHOM NuddpepeHunpyeMoit
¢yHkuuelt mapaMeTpa a, M HaxoAs OrubaKLLYI0 OJHONAPAMETPHYECKOrO
cemetictea @ (x, y, 2, a, b(a))=0, Mb Taxkxe MOJAYYHM HHTEIPAJbHYIO
nosepxHocth. Orubaiowias 9TOro  OJHONAPAMETPHYECKOTO  ceMeHCTBa
B TNPeATNONOKEHHH CYWIeCTBOBAHHUS OIPAHHYEHHHIX INPOUSBOIHBIX (PYHK-

unt @ 1mo BceM apryMeHTaM W He OOpalleHUss B HYJb OJHOBPEMEHHO
o0 00 0O

Ox ' 0y ' oz
D(x, y, 2, a, b(@))=0u -%{(D(x, v, 2, a, b(a))]=0

[POU3BOJHbIX onpe/lensieTcs YPaBHEHUAMA

HIIH i )
D(x, v, zoa, 0(@)=0n S0t Lyay=0. (5.30)

O1u ABa ypaBHeHHs ONpPENEJAIOT MHOXKECTBO HHTEIDaibHBIX MOBEPXHOCTEH,
3aBucsilee OT BuOOpPa TPOH3BOIbHOH Gynkuuu b =05 (a). Haanuue
B ypashenruax (5.30) npousBoAbHOH QyHKUMH, KOHeYHO, He JaeT npasa
yTBEpXAATh, 47O YypaBuerus (5.30) onpefensior MHOXKeCTBO Bcex 0e3
HCKJIIOYEHHS UHTErPa/JbHBIX HOBEPXHOCTEH MCXOAHOro ypaBHeHus (5.28);
HalpUMep, 3TO MHOXECTBO, BOOOLIE FOBODPS, He COLNEPKUT HHTErpajbHOH
HOBEPXHOCTH, omnpelesseMoit ypasHeHusMu (5.29), HO Bce e Haauuue
B ypasHennax (5.30) npousposbuoft ¢GYHKIME OOGHIYHO YKe MO3BOJAET
BHIIEJUTb WHTErPaJbHYI0 TOBEPXHOCTb, VIOBJAETBOPAIOWLYIO 3aaHHBIM
HauaabHbIM ycaosdaM Komn (em. crp. 242).

HMrtak, 3Hasi MOJHBLIH MHTErpajt, yke MOXHO NOCTPOMTb HHTerpaJj, 3a-
BUCSAWIMA OT NMPOH3BOJbHOH (yHKUMH.

HaxoxIeHde NOJHOTO uHTErpaja BO MHOTHX CJy4asX He BHI3bIBaeT
3aTPYIHEHHH, HanpuMep: '

1) Ecan ypashenue (5.28) umeer Bun F(p, ¢)==0 wmm p=¢(q),
TO, moJjaras § == @, Tle @ — NPOU3BOJbHAS TIOCTOAHHAA, MOJMyHaeM

p=09(a), dz=pdx—+qdy=¢(a)dx—+ ady,
z2=q(a)x+ay+>b
— IIOJHBIR uHTErpaJ.

2) Ecau ypashenue (5.28) moxer ObTb NpuBeNeHO K BHLY @ (X, p) ==

=@y (¥, q), 10, NOJATAR @, (X, P)=Py(¥, Q)=a, Tle @ — UPOU3BO.Ib-
Hast [10CTOfHHAd, W paspelyas, ecJu 3TO BO3MOXHO, OTHOCHUTEJ/IbHO P

U g, noayusuM p==1v%,(x, a), ¢g="19,(y. a)
dz=pdx +qdy =10 (x, a)dx+,(y. a)dy,

= [0 (x @ax+ [0, aydy+0

— MOJIHBIK UHTErpal.

oTKYy a4
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3) Ecmu ypaBuenue (5.28) umeer Bun F (2; p. g)==0, 10, monaras
2==2(u), Tle u=ax-+y, NOAy4UM

dz dz\
F(Z, a,—d?,]—;)=0.

Hurerpupys 310 OOGHIKHOBEHHOE ypaBHeHHe, HOJYYHM z—-(D(u, a, b),
rie b -— Npou3BOJIbHAA MOCTOSIHHAA, HJIH
z2=0@x+y, a, b
—-nommﬂ HHTErpaJ.
4) Ecin ypasuenme (5.28) umeer suz, Hanomnﬂammnn ypaBHeHUe
Ksepo:
2=px+qy+e(p, 9.

TO, KaK HETPYLHO NPOBEPHTH HEMOCPeJCTBEHHOH MOACTAHOBKOM, MOIHEIM

MHTETpajoM sBJSeTCA
z=ax-+by+o(a, b).

Mpumep 1. Hafitn nmoauniit unterpan ypasHeHus p = 3¢°
g=a p=30% dz=3a%dx-}ady,
z2=3a%x -t ay—+0b.

IIprMep 2. Halitn noJumi#t uHTerpas ypaBHeHHs pg = 2xy.

A - =2 G 2
i 7 a, p=ax, ¢=—, dz=axdx-} - dy,
ax? 2 '
Mpuwmep 3. Halitu noansiit nurerpaa ypasuenus 2° = pg2
dz dz
z2=2(u), rae u=ax-+y, p=a——, ==,

1
2=q dz AU dz =q2, TAe a =a 3
du du ! ’

Injz|=au-Ind z= b,

“(a”)
Mpusmep 4. Hajiru nomuséi uaTerpan ypaBHeHus
z2=px+qy+p’+q*
[oAHBIM HHTErpasoM ABAAETCS
z2= ax—}-by—{—a?—{—b2

B GoJsee CIOMHEIX CAy4adx NpHUMeHseTCs OAMH M3 OOIHX METOLOB
HAaXOMXAEHHSl MOJHOTO MHTErpaja ypasHeHus

2= be

F(x, y, 2z, p, ¢==0.
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HauGonee npocran ules Jexnr & ocHoBe #emoda Jlazpanowa
v [opnu. Tlo 9TOMy MeTOLY K YPaBHEHHIO
F(x. 9.2, p. 9=0 (5.28)
NoAGHPAIOT YypaBHEHHE
Ux, vy, 2, p. 9)=a (5.31)
Tak, 4ToOb oOmnpese/sieMble M3 cHcTeMbt ypasHenu#t (5.28) u (5.31) dynux-
wn p=p(x, y, 2, a) B g=q(x, ¥, 2, a) npusoauan Oun K HHTE-
TpUpYOLLeMycsl OLHMM COOTHOUIeHHeM ypaBheHuio [ldadda
dz=p(x, y, 2. a)ydx +qg(x, y, 2, a)dy (56.32)

Torna uurerpaa ypasnenus [bapda @ (x, y, 2, a, b) =0, rae b — npo-
M3BOJIbHAA TIOCTOSHHAA, MOMBJAAIOMIAACS TIPH  UHTEIPUPOBAHUM  YypaBHe-
Hug (5.82), Gymer nojuum uHTerpajsoM ypassenns (5.28). dyuxuus U
onpele seTcsl M3 YCJAOBHS HHTErDUPYEMOCTH ypapHenus (5.32) oXHUM
COOTHOLIEHHEM

"(F-rotF)=0, raie F=p(x, y, 2, a)i+q(x. y, 2. a)j —Kk,
T. €. B P43BEPHYTOM BHAE M3 ypaBHEH!SN

oq Jp op , 9q __
Por =90z — oy Taxr =0 (5.33)

og 9p Idp 9q .
IMpouasonnnie Ox’ Oy 9z ' Oz BBIUMCAAIOTCA  Ax(depeninporaniem

TOXJECTB
F(x, v, 2, p, 9=0,

R U(xv y. 2z p q):[l‘

B KOTOPHX p M ¢ paccMaTpuBaiorTcs kak dQynkuuy x, y U 2, onpele-

agembie cucremoft (5.34).
Juddepenurpysa no x, noayuyaem

(5.34)

OF oF op oF oq
o T o T og o =0
ou oU op oU dg .
T oot =Y
OTKy.Za
D (F, U)
99 __  Dip x)
ox D(F, Uy "
, D(p. q)
Ananornuno, muddeperunpys (5.34) no y u onpefenss %‘;i, ONYyUYHM
- D(F, U)
gp D9
gy —  TD(F. Oy

D@ 9
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Huddepetunpys (5.34) o 2z u paspemas OTHOCHTe/AbHO _O_p_' Q—Z—, 6ynem

0z
HMETb
DE U
9 __ D yg)
0z DFE Y’
D(p. q)
D(F, U)
o _ D2
oz ~ D U) °
D(p. q)
floncraBaas  BHUMCAEHHBle OPOU3BOAHLIE B YCJAOBHE WHTErPUPYEMOCTH
D (F, U)
(5.33; 4 yMHOXER Ha onpejenuTe]b ——~D(p ik KOTOPHIA MBI cuuTaeM

OTAHUYHLIM OT HYJd, MNOJYUYUM

i (yizz__@ﬁdv)+

1
oF oU oF oU ou
+

Op ox | ag dy 4_( +q0q> oz
_(3_5+p$>_g%-(%’y’_+q 03)‘”’ =0. (5.35)

[as onpeneneuus ¢yukuun U My [OAYYHIHM OAHOPOLHOE /MHEHHOE
ypasdenne (5.35), KOTOpOe HHTErpUpYeTCA METOROM, YKa3aHHbIM B § 2
9TON r/aBbl: COCTaB/ASETCA YpaBHeHHE XapaKTePUCTHK.

dx dy dz - dp . dgq
E U . A S Al SO e
dp 09 Pop T 97 Tx TP oz oy 15z

Haxonurcs XoTa Obt OQMH repBbifi unrerpan cucremst (5.36)

Ui(x, . 2, p, 9=a,
¥ ecan Qyukuun F u | HesaBUCHMBI M0 OTHOWEHHIO K P H ¢, T. e.
D(F. Uy
D(p. 9
MBIM pelueHdeM ypasHeHus (5.35).
Cnenosareabno, onpefenss p==p(x, y, z, a) 4 g==q(x, y, 2, a)
K3 CHCTEMbl ypaBHeHUH .

#+ 0, 10 nepswit unrerpan U,(x, y, 2, p, q) n Oyler ucxo-

F(x, vy, 2, p, 99 =0,
Uix. 9, 2. p. =0
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H noicrasjss B
dz=p(x, vy, 2, a)dx+q(x, y. 2, a)dy,

NOJMyunM HWHTETpUPYyeMOe OJHHM cOOTHOllesueM Yypasnenue [Idadda,
peuias KOTOpPOe, HaXOOWM TNOJIHHE KHTErpail HCXOAHOIO YpaBHEHHS

DO, y 2, a, b)=0.

NMpumep 5 Halttn nmoanwii unterpan ypaexeHus

yzpr—q=0. (5.37)
CucreMa (5.36) uMeer BuR
—‘-if—-;—dy— dz ___4dp dp

2pyz 2p?yz —q o' 2pitypiq
Bocnoanb3oBaBIuCh HCXONHBIM YDaBHEHHEM, YNpONIaeM BHAMEHATENL TPETbEro

dp
OTHOIIEHUA ¥ TMOJYUaeM HHTErpHpYeMYlo koMOuHanuio Pyr = iy’ OTKYy/a

a .
D= —z—. \ (5.38)
o a a?y

W3 ypapuenu#t (5.37) m (5.38) Haxozum p=—, g=—3—, Oy dz =

=§dx+ﬁ:ld}n YMuOXan Ha 2z ¥ HHTEIPHDYd, HAXOZUM MOJMHBIH HHTErpalx
HCXOJHOTrO ypaBHeHus 22 =2ax - a’y?4 b
3uas nosunft unrerpaa ® (x, y, 2, a, ) ==0 ypaBHeHus
F-(x, v, 2, p, q)==0,
MOXHO, BOOOile TroBops, pemm‘b OCHOBHYI0 HayaJbHYI0 3ajauyy (cM.

cTp. 242) uan naxe 6ogee oblLlyi0 3anauy o6 onpeleNeHHU HHTErpajbHOH
MOBEPXHOCTH, MPOXOAsileld ueped 3aiaHHYI0 KPUBYIO,

x=x@, y=y@, 2=z (). (5.39)

Onpenemum ¢yukumio b==05(a) Tak, urobw orubaiolias oAHONapa-
MeTPHYECKOro ceMelcTna

D(x, y, 2, a, b(a)=0, : (5.40)
onpezejasemMas ypasueHusMu (5.40) u , 4
o0 od ,,

npoxoauaa On vepes sanaHHylo kpusyio (5.39).
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B Toukax 3ananHo#i xpuBof o062 ypaBHenus (D. 40) 1 (5.41) no ¢
0o0paulanTca B TOXKIeCTBa:

D), y(@), 2, a, b(a)=0 (542
u
0D (x (@), y (@) 2(t) a, b(a)) | 0D(x(%). ¥y (?) (1) a b(a)) ,
3a + b b (a) = 0.
(5.43)

OJHAKO ONpeNeNHTh M3 STHX ypaBHeHMH (yHKumO b==5(a) 6u0 Gbl
LOBOJbHO CJIOXHO. 3HAUWTE/bHO MpOLLe MOXKHO ONpPeleUTb 3Ty (QYHK-
UHI0 M3 cucTeMbl ypasuenuit (5.42) u

22 )+ %?;-y'(t)Jr%i:z{(t):o, (5.44)

WM B Kparko#t sanucu
(N-t)==0,

rae t-— BeKTOp KacareabHOM K 3amaHHOM KpHBO#
x=x(@{), y=y(@), 2=2z(), (5.39)

a N —BekTop Hopmamu Kk mnosepxHocth D ==0, a crenoBaTenbHO, U
K MCKOMOH orubamoiied B COOTBETCTBYIOLUMX TOuKax. Yciaosue (5.44)
reoMeTpHuecKd OYeBHAHO, TaK KaK HCKOMas TOBEPXHOCTh NOJIKHA MPO-
XOJUThL Yepe3 3aJaHHYI0 KPHBYIO U, .CJAeJOBATe/bHO, KacaTeabHas K 3TOR
KpHBON HOJMHA JexaTb B KacaTeqbHOH MJIOCKOCTH K HUCKOMOH roBepx-
HOCTH.

IMpumep 6. Halitn uHTerpanbHylo mNOBEpXHOCTb YPABHEHHA 2 = pX —+ gy 4=
-{——‘lﬁ, Npoxoafmylo uepe3 kpuByio y =10, z= x2

[oaubi#t uHTErpan 3TOro ypaBHeHus (CM. cayua#t 4 Ha crtp. 263) mmeer BuA
z2=ax-+ by—}—ﬂ. YpaBHeHHe 3ajaHHOH KPHUBO# MOXKHO Hamicath B napa-

MeTpHYeCKOH q)opme x=t y=0, z=1.
Jna onpenenenus ¢byuxnuu b= b(a) cocTaBiasieM cnc'reMy ypashenuit (5.42)

u (5.44), KOTOpBIE B AaHHOM Clydyae HMEWT BHJ t"’=at—|—-T u 2t =a, OTKyZAa

a? o
b=—a, z2=a(x—y)— Y . Orubaroman srtoro ceMeificTBa onpeieaserca
yDaBHEHHSAMHU
a?
z=a(x—y)—-
H

a
x—y—3%=0

Hcexaionaa a, noaywum z = (x — y)%



268 YPABHEHUSA B YUACTHBIX NMPOM3BOIOHEIX NMEPBOIO ITOPSIIKA [T, 8

Ecau cucrema (5.36) (ctp. 265) nerxo nurerpupyercs, 1O IAs petie-
. HHMA nocrasjeHHOH o0obieHHoit 3azaun Komm ovesn ynoGeH uasjaraeMbiif
HHHE memo0 xapaxmepucmur — memood Howuy.

Humezpaasnywo nosepxuocms z=2(x, y) ypaBueHus

F(x, 9, 2, p, =0,
NPOXOAALLYIO uepe3d 3aJaHHYI0 KPHBYIO
X0 =X0(8), Yo=Y5(8), z3==24($),

MOXHO, KaK M A9 KBa3HIMHeHHOTO ypaBHenus (cm. cTp. 247), npen-
craBaaTh cebe cocTofed M3 TOUEK, JeKAUUX HA HEKOTOPOM OaHOnapa-
METPHUUECKOM cemelicTpe KpH-
BBIX

x=x(t s), y=v( 9
z2=2z(¢, 8),

rie s — napamerp cemeHcraa,
HA3LIBAaEMHIX XaparKmepuc-
murkamu.

Buavane ™Mbl HaltaeM ce-
MEHCTBO XapaKTEPUCTHK, 3a-
BHCAlllee OT HECKOJbKMX Iia-
pameTpoB, a 3aTeM, MpPOBOAS
XapaKTepPUCTUKN Yepe3 TOUYKH
Kpusoh

Xo=%,(8)s Yo= Yo ()
2o==2y(8)

U YJOBJIETBOPSA elle HEKOTOPLIM YC/AOBUSM, BBIIEJIMM OLHOMApaMeTpH-
‘YeCKOe CeMefiCTBO KPHUBBIX, B KOTOPHIX MapaMerTpoM MOXHO CUHTaTh §:
x=x{ 8), y=y(& s) z=2( 9

(puc. 5.4). MHOxecTBO TOUeK, JekalUMX Ha 3THX KPHBEIX, U ofpasyeT
HCKOMYIO MHTerpa/ibHYyl0 HOBEpXHOCTh. - TakoBa B KPaTKUX dYeprax uies
metona Kommu.

Ilycs 2=z (x, y) #fABJAfETCA HHTErpaJbHOR MOBEPXHOCTLIO ypaB-

HeHNs
F(x, v, 2z, p, 9=0. (5.45)

Toraa, muddepenupys rtomaectso (5.45) no x m mO Yy, MOIYYUM
i J 0
Fx+sz+F,,-5§+Fqé—z=o.

op o __
F),—'!' sz—{'—FpW’f‘an—y—On
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dq
WM, TaK KAK —= == dy OyleM uMeTb

F —{-sz+F,, Fr —{—-qu =0,

Pyt Fuq+Fgh+ F, gl =0. |

YpapHeHHs XapakTepHCTHUK NAs CHCTeMbl ypaBHeHuH (5.46), xBasuiuneft-
HOH OTHOCHTeNLHO p M g, TpUYEM £ CHMTAeTCs H3BeCTHOR ¢yHKiuel
OT X W y, uMmeloT Bul (cM. cTp. 254) :

)
(5.46)

dx _dy ____dp 49 ____
Al P e v e b
Tak xak 2z CBA3AHO C P U g ypaBHEHUEM
dz=pdx-qdy, (5.48)
TO BAOJbL XapaKTepHCTHKU
dz _  dx dy F F
7t el kS L
HJiu
dz
—_— = f, 5.49
pFp+qF, (5.49)

yTO NaeT BOBMOXHOCTb JOMOJHUTE cucTeMy (5.47) eine ONHHUM ypaBHe-
nueM (5.49).

Hrax, B npeanoJoKeHun, YT0 2 == 2 (X, y) ABJAETCA DCIUCHHEM YypaB-
Henus (5.45), mpuxomuM K cucTeMe

dx __ dy dz dp dq

'F_

» Fq PEptaPg  FedpF. | Fytaf,
M3 ypaBnenu#t (5.50) MOxHO, He 3HAaa pemlenus 2 ==2(x, ¥) ypaBHeHHs
(5.45), Hatttu pyukwm X =x (), y=y({), 2 =2 (@), p=p @), g=q ()
T. €. MOXHO HalTH KpuBbIE

x=x@, y=y(), z2=2().

HA3bLIBaeMbIE XA paKmepuCmuKami, 1 B KaX1OR TOYKe XapaKTepuCTHKH
HallTh yucaa p = p (f) u ¢ = ¢ (f), onpele]qOulye Hanpap/ieHUe MIOCKOCTU

Z—z=pX —x)+q¥ —y) (3.51)

XapakTepHCTHKA BMeCTe ¢ OTHECEHHOM K KawIo#l ee TOUKe MIOCKOCTDHIO
(5.51) HasbiBaerca Xxapaxmepucmuyeckoll noaocol.
[TokaxeM, uTO U3 XapPaKTePHCTUK MOMET ObITh 00pasoBaHa HCKOMas
'MHTErpajbHas NOBepXHOCTH ypaBHeuus F (x, y, z, p, 9)=0.
[pexcne Bcero 3aMeTHM, 4YTO BAOJbL HMHTErpaJbHOK KPHBOH CHCTEMH
(5.50)  pynxuua F coxpaHfieT HOCTOSHHOE 3HAYeHUe
F(x,y, 2 p g )--c.

—dt. (5.50)
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Apyrumu caosamu, Gynxuus F (X, ¥, 2, p, g) aBiseTcq NepBHIM MHTerpa-
oM cuctemb (5.50).
.IHe#icTBUTEMBHO, BIOJDL m—n‘erpanbﬂoﬂ kpuBof#i cucreMn (5.50)

G FE vz P O=F G +F A F g +F, dt F+F, =
= F.F,+FF,~+F,(pF,+qF,)— F,(F +pF,)—F, (Fy+sz)EO,
CJIeIOBATe/NbHO, BIOJb WHTErpa/ibHOf Kpueo#l cuctemu (5.50)

F(x, 9,2, p. @)=c, The ¢=F(xy Yy 20 Por 9o)-

Jias Toro uTOOH BOJL HHTETPadbHLIX KpHBbIX cucteMul (5.50) yaosae-
TBOPAIOCHL ypasuenue F (x, ¥, 2, p, ¢)=0, Halo HavajbHbie 3HaueHus
X0 (8), y,(8), 2y(8), po(s), qy(s) BuOupaTh Tak, 4TOOH OHH YHOBAETBO-
pa/¥ ypaBleHnio

F(xp Yo 20, Py 90)==0.

Wnterpupys cucremy (5.50) npm HauaabHBIX' 3HAUCHHSIX  Xo == X, (S),
Vo= o (8). 2Zo=2,(8). Po= Po(5) Qo= go(S), YIOBIETBOPSIOWNX ypa-
Buennio F (xy Yo 200 Por Go) =0, noayunm x=x(t, s), y==y (. s),
z=2z(. 5, p=p s g=q( 9). '

[Tpn duxcuposannoM § 6yneM MMeTb OIHY M3 XapaKTepUCTHK

x=x(, 8), y=y({. 8., z=2z(, 8)

MeHss S, TOJYYHM HEKOTOPYIO MOBEPXHOCTb. B kamuoft Touke sToH mno-
BePXHOCTH TPy p=p (¢, §), ¢ =¢q (¢, s) ypasuenue F (x, ¥, 2, p.q)=0

yIOBJAETBOPSETCA, HO HAMO €illé BHSICHUTb, OyAeT aM NIpH STOM p=—g%
0z :
W g=-_-, WM, uTO TO ke caMoe, Oyner mu dz = pdx + gdy, wm

dy
_ oy 0z oz
dz = p(asd -+ R dt)—{-q( ds + — dz‘) vy ds~1—-0t—dt,

910 SKBHBaﬂeHTHO ABYM YCﬂOBHHM'

o0x dy 0z g
Pos t 9% — a5 =0 (5.52)
ox Jy 0z
P51 'f‘q ot ~ o =0 (5.53)

Bropoe u3 3THX ypaBHeHmit, OueBHIHO, O6palaeTcs B TOXIECTBO, TAK

KaK NMpH CcOCTaBJeHHH cucTeMbl (5.50) MBl ywe TpebGoBasm, uTOGH BAOJb

XapaKTepUCTHKR d2z == p dx -+ g dy. BnpoueM, B 5TOM Jierko yGeinTbcs u

HEMOCPeLCTBEHHO, eC/H NPHHATL BO BHHMaHKe, 4YTO, B CHAY cucTeMul (5.50),
dx [4}

—F 9 z _
w=Fr s =Fe F=rFtaf,
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dy oz dx dy dz

MBI MNHCAIH —(F', d—t, W‘ , TaK Kak

4]
(8 (5.50) Bmecto —0—?, =T oF

CYUATAAN S (PUKCHUPOBAHHBIM).

Ilas Toro uytoOb yAOBJeTBOpPsJOCh ypaBHeHue (5.52), ueobxomumo
HAJ0XKUTh elle HeKOTOpble OrPaHWueHHst Ha BHIOOP HayaJbHLIX 3HAYeHUH
X5 (8) ¥5(8)s 25(8), po(8), qy(8). HeicrtBurenbro, 0603HAYAM

ox | dy .
Py agr— =V (5-54)

n poxaweM, yro U==0, ecin wavambnoe swauenne U|,_, =0, otkyna

Gymer ¢aei0BaTh, YTO €CAM HauaabHbe (QyHKIHH
%o () Po(8) 24(8): Po(S): 9o ($)
BHIOpaTh TaK, UTO

Py () %4(8) + 4, () ¥, (8) — 2, (s) =0,

T0 =0 naa Bcex ¢£.
HNubdepeHuupys (5.54) no £, noayuum

oU __ op ox Jq 0y 0%y 0%z
“of T of os +r dt ds + o of ds + “0tds ~ 0tds

¥, NpPUHMMaa BO BHUMAHME pe3yqabTaT auddepenUnpoBaHua TOKLECTBA
(5.53) no s:

dp Ox 0%z

oq dy _
Os dt +r dsdi t s 0s +9q dsdt ~ 9sot =0,

OyneM uMeTb

U . 9p 0x | 04 0y Ox _ 9q 9y
of — Of 0s of 0s  0s ot 0s Of

ua, B cuay ypasHeHu#t (5.50),

ou ox ay op oq
7——-(Fx+sz)—U'§’_‘(F +q Fz)"\——Fp—@_s""qus—z
_ 0x . O0p
_—(F10—5+FV Js *Ff 09 tFa ds)_ )
dy 0z\ J _
—F (P 75 + —“W> "W{F} ‘TFzU—-“FzU’

tak Kkak F==0, wu caenoBaTeqbHO, f04HAK YACTHAA NMPOU3BOANAN
d
-JS_{F} = 0. W3 ypasneins

ol
Y FU (365)
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¢t
- fl‘z dt
Haxomum U =Uge 9 . Cnenopareabno, econ U,=0, 1o U=0,
YTO, BIPOYEM, CJAelyeT ¥ U3 eAMHCTBEHHOCTH pewenns U=0 anHel-

Horo ypasHenus (5.55), yarosaerBopswmero ycaosuio U], ,=0.
Wrax, npu MHTerpMpOBaHMM ypaBHEHUSA

Fx, 9,2, p, q=0 (5.45)

C HAaYAJLHBLIMA YCAOBUAMU X == X4 (S), ¥,==¥,(58), 2,=2,(s) no me-
tony Kowwm Hano us ypaBHeHu#t

F(x0(8), o(8) 20(8) po(8). go(s))=0

P (8) X, () 4+ g, (8) y,(8) — 2, (s)==0

onpejeJuts GYHKUME py== p,($) ¥ ¢,==¢,($) ¥ 3aTeM HHTEIPUPOBATH
CUCTEMY ypaBHeHUu#

dx dy de ap dq

F, = F, = 5P, T aF, Fetpls - FyFar, (5-50)

C HAuaJbHBLIMH YCJIOBUAMU: mpH £=0

xX=10x0(8) Yy=y(8), 2=24(8) p=po (). §==q,(5)
Tpn dyuxkuun
x=x( 8), y=y(t s), z==2(t, §)

u3 pelenus cucreMul (5.50) u Hal0T B napaMeTPUYECKOM BHAE YPaBHEHHE
MCKOMOH MHTerpaJbHOM MOBepXHOCTH ypaBuenus (5.45).

Bce BhIIEN3iOxeHHOe Jerko 06o0liaercs Ha HeJAHHEHHLie ypaBHeHus
B YACTHBIX MPOHM3BOJHEIX C IPOH3BOJBLHBIM UHC/IOM HE3aBUCHUMBIX NepeMeH-
HBIX S

F (X, Xgo cvvy Xpo 20 Py Dyo +oer Po)=0, (5.56)
rie
0 .
pi=a_ji_ (=1, 2, ..., n).

Tpebyercsi  onpeieMuTb  HHTErPajbHYIO  ZZ-MEPHYIO  [IOBEPXHOCTb
Z2==2(%X;, Xy ..., X,) ypaBHenus (5.56), npoXoAALYI0s Yepe3 3ALAHHYIO
(n — 1)-MepHYI0 NMOBEPXHOCTH: ,

Xio=X;0(81: 890 +-+s S,y (E=1,2, ..., n), (5.97)
20=20(81:S9s + s S,_1)

BpeMeHHO TNpEANOJOKUM, YTO HAM M3BECTHbl HAYAAbHBIE 3HAYEHHS
GyHKIMH
Pio="DPip Sy Sp ++0» S5y (=1, 2, ..., n) (5.58)
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TOrZa, WHTETPUPYA BCMOMOIaTe/bHYIO CUCTEMY YPaBHEHWH

dxy _ dxy __ _dx, dz .
F, T F, T F T Ta T
P » g
' ? o X wify,
i=1
dpl dpfl A\
_— e, = — e — ¢ 5.59
Fx,+p1Fz Ftn+pnpz ( ’
¢ HayalbHBIMU ycaoBuaMu (5.57) n (5.58), moayuum
X;=X;(t, S1, Sgs v vus Sp_hs
2=2(t S Sg ceer Su_ih (=12, ..., n. (5.60)
pi=p;(E S5, Son ey Su_y
[lpu GUKCHPOBAHHMIX $;, Sy ..., S,_; ypaBenns (5.60) onpenessor
B NPOCTPAHCTBE ¢ KOOPAMHATAMU Xy, Xy, ..., X, 2 KpHBHIE, HasblBae-

Mble Xaparnmepucmura mil, KOI0H TOUKE KOTOPHIX OTHECEHDB elle YHCJa
pi=p;(t, S, Sy ..., $,_;), ONpelesiiOLINe HANPaB/JECHHE HEKOTOPHIX
NJAOCKOCTEN
’ - n
Z—-—z::Zp[(Xi——xi). (5.61)

i=1

XapakTepucTHKn BMecTe ¢ mockocTamu (5.61) oOpasyloT Tak HasbBae-
MbiE XaQpAKmepPuUcmuieckiue noAocH.

[Tpn u3MeHeHHHM napameTpoB Sy, Sy, ..., S,_; NoaydaeM (r — l)-na-
pamMeTpuueckoe ceMeHCTBO XapakTEPHUCTHK
x;=x;(t 85 v, Spp) Z==2(t S, ..oy Sy

NPOXOMAIUX uepe3 3aJaHHy (7 — |)-MepHylo nosepxhocts (5.57).
[MokaxeM, 4To Tpu onpefeneHHoM BuGope QyHKIMH

Pio="Pip(Sp So vy 84y (U=1,2,...,n)

TOYKH, Jexallue Ha XapakTepucrTukax cemelicrsa (5.60), obpasyioT Hcko-
MYIO 7-MepHYI0 WHTETPANbHYI0 NMOBePXHOCTL. C/eloBaTelbnO, Hano Oyaer
10Ka3aTs, 4TO NPY ompejeseHHOM BhiGope QYHKIHA P, (81, Sgu ooy Sy 1)t

D F(x (s Sprovvvs Spdr ooer X508 S oo e Sy
Z( Sy e Sl P S e Sy e PGS o S, =0,
2) pi:% ((==1, 2, ..., n), nmm, 4TO TO XKe Camoe,
t
n
dz="7 p;dx;.

i=1

Herpyano npoBepnth, uto GyHkima F (X, Xg, o« «2 X, 2, Prs Por oo s D)
SIBJSICTCS [ePBBIM HHTErpasoM cucreMsl ypasuenn#t (5.59). IefictBurennHo,

18 J1. 3. Dabcraaen



274 VPABHEHUA B YACTHRIX FTPOM3BOAHLIX TMEPBOro MorsSIKA [r1. &

BJOJIb MHTETPAJbHLIX KPUBBIX cHcTeMbl (5.59)

d
—TF(xl, Xgy vvey Xpyo & Pys Pos vo s pn)E

l

n
\ dx; Y dp;
ZF" +F3dt+>F”¢dtt=
=1

n
o
EZinFpi_{—FzEpini szi(Fx +pl )EO
i=1 i=1
U, CJeIOBATebHO, BIOJb MHTErPAILHBIX KPUBHIX chcteMsl (5.59)
Fx), Xo0 «vvs Xps 2, Pps Por vv v Pp) =0,

rie ¢ — nocTosHuan, paBHad. F (Xqg, Xogr « v vv Xp00 250 Prov Pogr o o1 Pro)s
IOas toro 4robm ¢yukuun (5.60) yxosrersopsm ypassenuio (5.56)
BAOJIb HHTErPajbHLIX KPHUBHX cuctemsl (5.59), nano BHOparb Haua/bHbIE

3HaueHus Py, (Sy, Sg» «..» §,_y) TaK, uTOCH
Fxp(Sp vvvn Spe)r vevn Xp0(Sys oovs Spy)y 2(S cvoon Spoph
P18t vves Sy vons PGS vvey 8,)) =0,

I3
Ocraercss TIPOBepHTb, 4To dz = 3, pdx; nm

i=1
n-1
%z dt—+~2 dsj_zpl(dx, dH_Z oxl ds )

3TO0 TOXACCTBO 3KBUBAJIEHTHO CJIeNYIOIUVIM:

n

0z ox,
T A p =0 (5.62)
i=1
u /
0z - o0x;
0-3}* pt"a;E (_]=1, 2, ..., n—'l). (5.63)

i=1
CrpaBeauBocTb TOMcAeCTBA (5.62) cTaHOBHTCA OUYEeBUAHOM, ecqan MPHHATH
20 BHHUMAHHe, 4TO, B CHAy cucreMbl (5.59),

n
0z ox
=Nl 0 GE=Fpy (=12
dz dxy

ar Y Ta
ve (5.59) Bce s; nmpeanouaramuch cpuxcuposaﬂﬂumu).

(BMECTO MBI MUINEM YACTHBIE MPOU3BOAHLIE, TAK KAK B CHUCTE-
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Ina noxasatenbcTBa TOXJAeCTs (5.63), cnpaseMUBLIX AHIL NPY Onpe-
neneHHOM BbIGOPE HAYANbHBIX BHAYEHHH po(Sys Sgi + oy §,_y), 0003HAYNM:

: le .
'_0_31 Zpt o U=bL2Z..n=0
n, nuddepenunpys U; no ¢, noayuum
()U d?x n 0 0.
ot 1 P 0%
ot Tt ds, E Prords; — &d 0f Os; " (5.64)
{=0

[TpunuMaa BO BHMMaHHe pesdy/abTar IuddepeHUHPOBAHNA TOMWIE-
crea (5.62) no s;

\‘1 o‘xL E op; d.xl =0,
e ’c)t ds; ()si Tof T

1(“«

dt 09

MOXHO MepenucaTh ypasHetne (5.64) B Bule
2"‘ dp; Ox; ”1 dp; 0x;
Os; ot 24 ot 0s;
- J o i

BocnonbaosaBuinck cucreMott (5.59), mosayunm

n n
O 9P O 0x;
2& 0s; F”i -+ 24 (F"1+ pin) 0s; =
i=1
—1 oF ox; oF op;

n

oF oz oF ( 0z 0x;

~ A l(ax, ;T om 03,)+ oz 0s; oz(as, —iZPz ds,)
=1

! . d
[Tonnds 4acTHAs NPOM3BOAHAA —d—S—{F}=0, Tak kak F=0, u cne-
)

popateabto, ¢Gynxuun U; gBasioTcs pemiennaMy JAMHEHHLIX OLHOPOAHEIX

de
ypaBHeHnd —= = — F,U;, xotopble uMeOT eIMHCTBEHHOE pelleHHe

U;=0, ecm Uj|,_,==0. Crenoparesbho, ecan HaualbHEE 3HAaueHHs
Pio(Sps Sgs e vs Spmy) (U=1,2, ..., n) suibpars TaK, 4TO Ujl,eo=0

n

0z oxy _ P

niau (T)E;-—-Ellp‘d—.sl) =0 (j——l, 2 ey n~—l), TO
i =0

0 . v
()s, Zerx,lE U=1L2..n8=1

im]

18*
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1

Oy
H, Ce0BAaTeNbHO, HA NOBEPXHOCTH (D.60) dz = 2‘ pdx;, T.e. p;== %

i=1 !
(i=1,2, ..., n).

HNrak, 119 HAxXokIeHWs HHTerpaJbHOR MOBEPXHOCTH  ypaBHeHHA
F(x,, Xo.... Xpo 2, Py Py -ven po==0, npoxoisumet uepes
(n — 1)-MepHy10 NOBEPXHOCTDH

X=X (Ss Sgs vvey Sp_q)  (==1, 2, ..., 0),
20=20(S1, 82, ey Sn__l)a
HAJI0 ONpPee/ UTh HAYAIbHBIE 3HAYEHUA P;o (S;, Sgu «+., S,_;) H3 yPaBHEHNN
F (X1, Xg00 «vos Xpor 20 Pros Popr v vr P =0,
n
0z, E 0x;4 X (5.65)
R I . =) =1,2, ..., n—1),
0s; Pio 0s; v n )

i=1

nocje uero, uurerpupys cucremy (5.59) (crp. 273) ¢ HayaJbHBIMM yCJO-
BHSIMU:

Xig==X10(S1, Sp» +v v Sp1)s |
20=20(51, Sg» «vu» Sy_1h (i=1,2,..., n),
Pio= PS> Sg» ++ s Sy1)
HOTYUUM:
X;=x;(t, S5, Sg vour S,y (=1,2,..., n), (5.66)
Z2=2(f 81, Sy «vv, Sp_1h (5.67)

Pi=p; & 81, Sgu vves Spy) (=1, 2, ..., n)

Ypaeuenus (5.66) u (5.67) fABIAIOTCH NapaMeTPHUeCKUMH YPaBHEeHHAMH
MCKOMOH HHTEerpajbHO# MOBEPXHOCTH.

3amevanue. Mo npeinosaraiam, 4to cucrema ypasHeuufi (5.65)
paspellMMa OTHOCHTeNBHO p;,, a Takxe, uTo cucrema (5.59) ynosaerso-
psieT yCJOBHSIM TeOpeMbl CYL1eCTBOBaHHMA M eIMHCTBEHHOCTH.

[MTpumep 1. HaliTn uHTerpadbHyl0 NOBEPXHOCTb YPaBHEHHMSA Z == pq, . 0po-
XoIfWmylo uepes npamyw x==1, 2=y -

anumeM YpaBHeHHe NpAMOH x==1, z=y B mapaMeTpuueckoii ¢opme

xo=1 yo =35, 25 = 5. OnpeneaseM p, (S) u g, (s) u3 ypasuenuii (5.63): s = p,q,,
1—¢,=0, o1ky1a py==85, ¢, == 1. Unrerpupyem cucremy (5.59):

dx _dy _de _dp _ dg
— 0 et SR e 2D e 3R e —_—dt,
g p Z2p9 p q
p=ce, g=ce', x=2ct' ¢35 y=c&'Fc, 2=0c,c0% s
Tpunnmas BO BHHMaHue, 4TO npy =0

x=1 y=s5 2z=8§ p=s, g=]1,
noJy4HM
- p=3s¢, g=¢e, x=2¢, y=se, z=se%,
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CueoBaTeNbHO, HCKOMOI MHTerpanbHOil NOBEpXHOCTbIO ABAAETCA
x=2¢l, y=se', z=se um z=xy.
0z 0z \?2
Mpumep 2 lNpounterpupoBarh ypaBHEHHE v -|- W =2 npu ycao-
BuH, u4TO OpH X = 0, 2 = y, win B napameTpuueckol opme x, =0, y, =35, 25 = 5.
OnpenenseM p, (S) u g, (s):
2 2
Pyt =2 1—qp=0.

oTKyda go=1, py= =+ L
HurerpupyeM cucremy ypasneHui (5.59):

p===C;, g=2C Xx=2-}c, ==2¢y)l + ¢y 2z=4f1 ¢
NOJB3YSACh HAYAJLHBIMH YCIOBHAMH po=x 1, gy=1, x,=0, yy=s, 2,=35,
moayuum p=+1, ¢g=1, x==12f y=2t+4s z=4t+}s Hocaepune Tpu

YDABHEHHs U ABASIOTCA NAPAMETPUYCCKUMH YDABHEHHUAMH HCKOMOH HHTErpanbHOM
noBepxHOCTH. Mckaouas mapaMeTps £ M S, NOAYUMM 2 =y * X,

B sajzauax MeXaHHKHM 4acTO NpPHXOAUTCA peluarth 3afayy Komwu g
ypaBHeHHUS

0
SFAHE Xy X X P Py oees P =0, (5.68)

rie p;, == dv , ABJSIIOLILErOCA YacTHBIM cayuaeM ypasuenus (5.56) (cTp. 272).
l

Meron Koum, KOTOpH#A B npuMeHeHdau K ypasHeuuwo (5.68) uwacto Hazsl-
BaeTC nepsuts Memo0om SlkoOu, NMPUBOAUT HAC K CHCTeMe ypaBHeHuH

df — dx; __ dxy ___dx,,__ dp;
TTToH T oH T ' T ToH T oH —
op, 0py Opn 0x,
____ 4dpy __ . dpy dv
= oH — T T dH'—j; o ’
0xy 0x Jot o, oU
2 " .Lpl 0p1+ ot
i=0
OTKYIa oM
dxi dpi____
= = ¢=1 ) (5.69)
u
v N\ 0H | 0
v v
&= N Pigytar
i=1
unu

n

d oH
=3, iy —H. (5.70)

, top
i=1
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Cucrema 2n ypaBHeHu#i (5.69) ne conepmurT v u MOXeT OBITh HDPOUHTE-
rpUpOBaHa He3aBHCUMO OT ypaBheHus (5.70), mocie uero u3 ypashe-
Hua (5.70) dyuxuus v HaxomuTcs KBaaparypo#. B sToM u 3akjovaercs
HEKOTOpOe cBoeoGpasne npumexenus meroa Koww k ypasuenuwo (5.68). -
Kpome TOro, B paccmMarpuBaeMOM cJayuae HeT HeOGXOAMMOCTH BBOJAMTDH
B cucremy (5.50) BcmoMoraTe/bHBIH napamerp, Tak Kak 3ty poJe € ycle-
XOM MOXET Wrparb He3aBHCUMas NepeMmeHHas f.

3agaud K raaBe 5

5.yg—i=z mpu x =2, z2=1y.

0z 0z
6.x~5;—y0—-==z npu y =1, z==3x.

y
0z | 0z - 3
7.yza+5>7—-0 mpu x =0, 2=y

8. HaliTH mOBepXHOCTH, OPTOrOHaJbHBIE MOBEPXHOCTAM CEMEHCTBa 2 = a.xy.
9. Hai#iTn nosepxHOCTH, OPTOrOHaJbHLIE NMOBEPXHOCTAM CEMeHCTBa Xyz = a.

10. e =2 — 5.
ISt G =0
{12
12.x-07+2y—é)—v—}—335=4u.
2
13, —==~=0.

14. —2x7=0 OpH x =1, 2=y2

15. Wnterpupyercst i ypaBHeHHE
(P42 —x2)dx+ xzdy+xydz=0.

OZHUM COOTHOIIEHHEM?
16. TTpounterpupoBaTh OIHHM COOTHOLIEHHEM YpaBHeHHe

(+32)dx+(x+y)dy+6xzdz=0.
17. Hafity noansit mHTErpall ypaBHeHHs

Pq= x%y".
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18. Haiith noanmii unTerpai ypaBHeHHs
z2=px+qy+ p°¢’.

19. Haiditu nonHnlii mHTerpan yparHeHHs

pg =922
20, Haﬁm NOJHBIA HHTErpasJ ypaBHEHHust
p =sing.
21, Haiity nOBEpXHOCTH, OPTOTOHAJMbHEE BEKTODHBIM JIHHUAIM BEKTOPHOIO
ot F = (2xy —3y2)i-} (x? —3x2)j —3xyk.

22, Halitu cemeHCTBO MOBEPXHOCTeH, OPTOIOHAJNBHBIX BEKTODHHRIM JHHHAM

BEKTOPHOro HoJs
F=Qx—yi+By—2)j+(x—2y)k

23. Ha#its BeKTOpHBIE JHHHH, BEKTOPHbIC NOBEPXHOCTH.H NOBEPXHOCTH, OPTO-

rOHAJAbHBIE BEKTOPHBIM JAMHHAM IOJ4
' F=uxi+4 yj—zk.

2. 2=pg+1nopuny=2 z2=2x-41.

25, 22 = pg — 3xy upn x=2>5, z = 15y.

26 4z2=p*+q> upu x =0, z2=y2



; YACTbH I
BAPUALUMOHHOE HCUYHUCJIEHHUE

BBEJAEHHE

Hapsiny ¢ 3azayaMu, B KOTODHIX HEOOXOQMMO ONpene HTb MaKCHMa/lb-
Hble it MHHUMAJbHbIE 3HAUEHUd HEKOTOpOH dynxiuuu 2 = f(x), B 3amauax

L)
8z,4)

ALy, 1)

Puc. A.

A(xg ¥o) u B(xg o) (cM. puc. A).

¢u3uKK HepeaKO BO3HHKaeT HeQOXO-
IUMOCTh HANTH MaKCHMaJbHble HJH
MHHHMa/bHbIE  3HAYEHUS  BeJHYHH
ocoboro pona, HasblBaeMblX (YHK-
LLMOHAIAMH. ’
DPYHKUYUORAAG MY HABLIBAIOTCA
flepeMeHHble BEJUYHHB!, 3HAYEHUd
KOTOPLIX OMNpelensiioTcsl BHIOOpPOM
ONHOR HAM HeCKOJbKUX (yHKuuH.
Hanpumep, ¢yukuuonanioM ss-
afeTcd  AauHa [ Ayr®  I10CKOH
(unu  npocTPaHCTBEHHOH) KpuBoH,
CoeluHsAIOUIE! OBe 3alaHHbIE TOUYKH
Beauuuna [ moxer ObITb BblUUC/E-

Ha, €C/AM 8adaHO ypaBHeHue KpuBOH y ==y (x); TOria

X1

Iy (x)] = f\/1 F () dx.

X

Maouwans S HEKOTOPOH MOBEPXHOCTH TaKKe ABAAETCS PYHKLHOHA/IOM,
Tak KAK OHA ONpelenseTcsl BHOOPOM NMOBEPXHOCTH, T. €. BHIOOpPOM QyHK-
uun 2 (x, y), BXOAsAled B ypaBHeHHe MNOBepxXHOCTH 2 =2 (x, y). Kak

U3BECTHO,

Stvce = [ T T err
D

rie D — npoexuus TnoBepxHOCTH HA faockocts Oxy.
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MoMeHTH  MHEpUMH, CTAaTHYECKHE MOMEHTH, KOOPAMHATH LEHTPA
THXECTH HEKOTOPOH ONHOPOLHON KPHBOR M/ MOBEPXHOCTH TAKKe ABASIOT-
¢t QYHKUMOHANAMU, TAK KaK UX 3HAUEHUA OMNpeJe/sioTca BLOOPOM KpuBOH
HIM TOBEPXHOCTH, T. e. BHOOpPOM (yHKIMH, BXOAAUX B YypaBHeHHe
9TON KPHMBOH UM MOBEPXHOCTH.

Bo Bcex sTuX mpuMepax Mbl vuMeeM XapakTepHYl0 s (PyHKLUMOHAIOB
3aBHCHMOCTb: QYHKLHH (MM BeKTOP-PYHKINK) COOTBETCTBYET YMCJIO, B TO
gpeMs Kak Mpu 3ajaHuy GyHKLUuY 2 = f (X) uncay COOTBETCTBOBANO HHCJO.

Bapuaguonnoe ucuucaenue n3ydaer MeTO.bl, MO3BOJSAIOIINE HAXO-
AUTb MaKCHMa/bHBIE ¥ MMHMMA/JbHBlE 3HAuUeHHs (YHKLHOHAJIOB. 3anaud,
B KOTOpPHIX  TpebOyeTca  HCCAeAOBATH '
(hyHKUHOHAA HA MAaKCHMYM HJH MHHUMYM,
HA3BIBAIOTCA BAPUAUUOHHUMU 3a0a-
oM.

MHorue 3aKOHb MeXaHUKM M  (H3HKH
CBOASITCA K YTBEDWAGHHIO, YTO HEKOTO-
puifl yHKUMOHAN B PacCMATPUBAEMOM
npouecce AOMKEH [OCTHTaTh MHHUMYMa
ua MakcumyMa. B rako#l gopMmy.uposie
3T 3aKOHB HOCAT HA3BaHWE BA PUAILOH- B
HblX NPUHNUNO8 MEXAHUKU WAH (UBHKH. ' z
K uucay TakuXx BapHALMOHHLIX TPUHIH- )
NMOB WAM NPOCTeHUIHX CJAeACTBUH M3 HUX
MPUHAAMEKAT:  NMPUHIMA  HAMMEHbUIET o
DeHCTBMA, 3aKOH COXpaHeHHR SHEPTyH,
3aKOH COXPaHEHHsl HMIYJ/bca, 3aKOH CO-
XPaHeHUA KOJHUYECTBA ABMIKEHMS, 3dKOH COXPAHCHMS MOMEHTa KOJM4eCTBa
ABUKEHHd, PA3JMYHble BApHAUUOHHBIe TPHHLMIILL KJaCCUYeCKOH i pesasrtu-
BHCTCKON Teopun noJs, npununn $Pepma B onrtuke, npuxoun Kacruinaso
B TCOPHU YNPYTCCTH U T. A. : :

Bapuaunonnoe ucuucienue Hauajo passusathed ¢ 1696 roza u odop-
MUJIOCH B CAMOCTOSATE/bHYIO MaTeMaru4yecKylo AMCUHIIHHY ¢ COOCTBEHHBIMH
MeToJaMK HCC/ISNOBAaHMA TNOC/]e (YHAAMEHTAAbHBIX paloT NeHCTBHTENbHOIO
unena [lerepOyprcko#t Akanemun nayx JI. D#nepa (1707 —1783 r.), xoro-
poro ¢ MmoJHbIM OCHOBAHHEM MOXKHO CYHTATb CO31aTeNeM BAPHALMOHHOTO
HCUNCIE U,

Bouabuioe BauAHHE HAa pa3BUTHE BAPHUALMOHHOIO HCYHC/EHHS OKa3a.iH
crepymole TpU 3alauM:

3ampaua o 6paxucroxpoue. B 1696 romy Horaun Bepuyiin
ony6mi1koBa/l NUCbMO, B KOTOPOM MpeAsara] BHMMaHHIO MaTeMaTHKOB 3a-
Aadyy o muHuM OblcTpediiero ckata — 6 paxucmoxpore. B aroll 3anaue
TpebyeTcs ONPeAeNHTb JIMHUIO, COSAMHSIOULYIO JBe 3ajanHble ToykH A u B,
He Jexaulve Ha ONHOM BepTHKAAbHON mpsaMoft,  06.aafaOUYI0 TeM CBOfi-
CTBOM, UYTO MaTepua/bHAs TOUKA CKATUTCA NO 3TOH JMHMM U3 TOYKH A
B Touky B B Kparuadwee BpeMmsa (puc. B).

¥

Puc. B.
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Jlerko BuneTs, 4TO JAunMeRt ObicTpeduierc ckara He OydeT mpsMad,
coeauHaAONLasn Touky A # B, X0T4 OHA U AB/AeTCH KPaTYaHIIUM PACCTOSHUEM
MexJy ToukamMu A n B, Tak Kak UPH IBMAKEHHH MO NMPSMOH CKOpPOCTb
IABixeHua OyleT HApacTaTh CPaBHHTENbHO MeIJIEHHO; €CJIM e MBI BO3bMEM
KpuByio, GoJee KPYTO CHYCKAIOWLYyIOCA OKOJO TOYKM A BHH3, TO XOTH
NyTh W YAJHHWTCH, HO 3HAYHTE/bHAs uacTb nytd OylerT npoHieHa c
6onbiieft ckopocTblo. Peutenwe 3agauun 0 OpaxucToxpoHe OLIIO  1aHO
V. Bepuyam, 1. Bepuyanu, T'. Jleti6uuuem, Y. Holotonom u I'. Jlonura-
Jgem, Okasanoch, 4TO Junuefl OblcTpefiliero ckara sSBAAETCS LKKJI0MJA
(cM. crp. 304—305).

3anaua oreofesunueckux AuHUSX. Tpebyerca OmpelenuThb
JHHUIO HAMMeHblleH IJHHB, COENMHAIOULYI0 IBe 3aidHHBIE TOYKH HA He-
KOF9po# noBepxHocTH o (x, y, 2) =70 (puc. B). Takue kparuaitiuue annun
HA3BIBAIOTCA  2€00e3U4ecKUMU.
Mu uMeeM THUNHYHYIO Bapuaui-
OHHYIO 3aJadyy Ha TaK HasbiBae-
MBIt C8A3QHHBLE WIM  YCL08-
wold sxcmpenyr. Heobxonu-
MO HalTM MHHUMYM (YHKUHO-
Ha/a

X1
z=f1/1 v+ 2%,
Xo

npudeM GyHKHMM Y (X) u 2 (x)

Puc. B. ROMKHB OHTb NOIYUHEHB yC-

; a08u0 @ (x, vy, 2)=0. dra za-

nauya Obiia pelwrena B 1698 roay §1. Bepuyaad, HO obwu#t Meron pe-

lieHus 3ajay Takoro Ttuna Obl1 jaH Julwe B paforax JI. Ditiepa u
2K. Jlarpanxa.

HNsonepumerpuueckasn 3anaya. Tpebyerca HAHTU 3aMKHYTYIO
JUHAIO 3aLaHHOH AJKHB [, OrPaHMYMBAIOULYI0 MAKCHMAJAbHYIO mJomane S.
Taxo#t Januuedt, xak Obl10 H3BecTHO emie B apesHelt I'peuuu, sBiserca
OKpyxHOCTb. B srTo#f 3anaue Tpebyercs onpeienuTh SKCTpeMyM (yHKUHO-
Haja S npH HaJH4M¥ CBOeOOPA3HOrO AOMOJHUTENBHOrO YC/AOBUA — AJIMHA
KpuBOft AO/MKHA OLITL NMOCTOAHHA, T. €. (PyHKLMOHA] ‘

4
I= f V @4yt at
to

COXpAHAeT TIOCTOAHHOE 3HAUEHHe. YC/IOBHA TakOro THURA HA3HIBAITCA H30-
nepuMetpuyeckuMu. OOline MeTOAL pelleHHs 3ajay C H3OMepHMeTpHuec-
KHMH yCa0BHaAMH OblaM paspaGoTann JI. OfinepoM.
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Huxe uanaraoTcs MeTONb pDellieHUs! Pas/MYHBIX BapHALHOHHHIX 3aiau,
ApiyeM B OCHOBHOM MCC/EAYIOTCA Ha SKCTPEMYM Cjelyiolije YacTo BCTpe-
yalouMecs B MPUJOKEHUIX (YHKUMOHAJIBL

[Fe yo. y (0)ax,

fF(x. y(x), ¢ (), ..., &(”)(x))a'x.
JF(e 31600 oo walo 3100 o0 y(x) d,

* / [7) d.
/ / F(x, v, 2(x, y),gf?, 5—?—) dx, dy,
K

B KOTOpBHIX byuxkuuu £ saganul, a ynxuun y (X), $1(x) ... y,(2)., 2(x, ¥)
SIBJISIOTC apryMedTaMu (yHKUMOHAJIOB.



FTTABA 6

METOJL BAPHAIIUA B 3AJAYAX C HENOJBUXHbLIMH
FPAHULAMHU

§ 1. Bapuanusa u ee csoiicTsa

MeToABl pelleHus BapualMOHHLIX 3alay, T. €. 3al4ay Ha HCCael0BaHue
(YyHKUUOHAIOB HAa MAKCHMyM # MHHUMYM, BeCbMa CXOIHBI C METOAaMu
HCC/eLOBAHUS HAa MakcuUMyM M MuHuMyM ¢yskuuit, [losromy ueneco-
00pa3HO HANIOMHHTh KPAaTKO TEOPHI0 MaKCHMyMa U MHUHUMYMa (yHKUuH
W MapajieibHO BBECTH aHAJIOTHYHBlE TIOHATHA W J0KAa3aTh CXOLHBIE Teo-

peMbl a8 (YHKLHOHANOB.

1. TlepeMenHas BennuMHa 2 Ha-
swiBaeTcd ymuKyueld nepeMeHHOR
BEJUYMHBI X, YTO 0003HAYaeTCs TaK:
z=f(x), ecam KaxIOMy 3Haye-
HHIO X M3 HEKOTOPOH 006.1aCTH U3Me-
HEHUl X COOTBETCTBYeT 3HAUEHHe Z,
T. €. HMEeT MeCTO COOTBETCTBHE:
4UCAY X COOTBETCTBYEeT YHUC/IO 2.

AHaNOryYHO OMNpenesioTcs H
(DYHKUHH HeCKOJbKMX NMepeMeHHBIX.

2. Hpupawenuen Ax apry-
MeHTa X GQyHKUMA f (Xx) nasblBaeTcd
PasHOCTb MeX(Iy NBYMs 3HauyeHUSIMU
aTOH nepeMeHHOH Ax=—x — x|.
Ecan  x — HesaBucuMOe mnepeMeH-

1. TlepeMeHHas BeJWuYMHA U Ha-
3bIBaeTC PYRKUUORALOM, 3ABUCS-
wuM ot PyHKuuu y(x), 4ro 06o-
3Hauaercsl TaKk: v ==v[y(x)], ecau
Kaxao# ¢GyHkuuu y(xX) U3 HEKOTO-
poro kJaacca ¢yHkuud y(X) co-
OTBETCTBYyeT 3HaueHMe U, T. e.
MMEeT MeCTO COOTBeTCTBUE: (YHK-
LUHA Y (X) COOTBETCTBYeT UHCIO .

AuajorMYHO OmNpenejdloTCs U
(QYHKUMOHAML!, 3aBHCAllME OT He-
CKOMbKHX QYHKIHA, W  QYHKLHO-
HaJbpl, 3aBHCAlHE OT  (QyHKuUMH
HECKOJbKMX  HE3aBMCHUMLIX  mepe-
MEHHBIX.

2. Ilpupawenuen uim sapua-
yueld dy aprymenta y (x) ¢ynruuo-
HajMa v [y (x)] Ha3biBaeTCs PA3HOCTD
Mex1y HBYMa ¢yHknusMu Oy ==
= y(x)— y,(x). Ilpu sTom npenno-
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Hoe, TO JuddepeHunan x cosma- jaraercs, uto y (X) MeHsAeTCH NPOH3~
Jaer ¢ npupauleHueM dx =—Ax. BOJIbHO B HEKOTOPOM KJjacce (yHK-
Ui,

3. dyHkuug f(x) nasbiBaercs 3. ®yHxuuoHan v [y(x)] Hasbl-
HenpepulsHOl, eCIM MaJOMY M3- BaeTCd HeNnpepui8HbiM, eClId Ma-
MEHEHHIO X COOTBETCTBYET Majoe JOMYy U3MEHEHUI® Y (X) COOTBETCTBYET
usMeHenne ¢yHkwud f(x). Majioe  u3MeHeHHe  (YHKLUOHAJA

v [y (%))

Tlocnentee onpele/ieHue HYXN3eTCsl B YTOUHEHUM U PadbACHEHUH,
TaK Kak ceHuac e BO3HHKAET BOIPOC, kaKue uaMeHeHUd QYHKUUH Yy (X),
apasiolefics apryMeHTOM @YHKLMOHAJIA, HA3BIBAIOTCA MaJbLIMH HJM, 4TO
TO K€ CaMoe, Kakue KpuBbie Y==y(x) d Y=y, (X) CYUATAIOTCA MaJO
OTAMYAIOLHMUCA HJIH OJM3KUMH.

Moxno cuuTath OauskuMu QyHKUMH y{(X) M y,(X) B TOM cayuae,
ecAd MOAYJAb HX PasHocTn Y (X)— y,{X) Man And BCeX 3HaueHHH X,
A48 KOTOPBIX 3a4ail0Tcs QyHKUMH Y (x) u y;(X), T. e. CUHTAThb OAMKUMHU
KpHUBble, OJM3KHE N[O OPIAMHATAM.

Onnako npu TaxoM onpefe/fedud OJH30CTH KPHUBBIX YacTO BCTpevalo-
UIHECS B TNPUJIOKEHUAX (YHKUMOHATH BHJA

vy (x)}= fF(x. v, y)dx

Xy

H3-3a HaAuYus B MOJBIHTErpaabHOM (YHKLUM apryMeHta 3y JMillb
B UCKJIOYMTEJbHBIX cJayuasx OyAyT HempephIBHBIMH. [103TOMY BO MHOIMX
caydasix HoJjiee €CTECTBEHHO CUMTAaTh OJM3KHUMH TOJBKO T€ KPHUBBIE, KOTO-
pele O/M3KH MO OpAMHATAM M TIO0 HAMpaB/eHMAM KacaTe/JbHLIX B COOTBET-
CTBYIOLIMX TOYKaX, T. e. TpeGOBaTb, YTOOB AJs OMU3KMX KPUBHIX He
TOMLKO MOZLYJb PasHOCTH Y (x) — y,(x) Obia Obl Mal, HO, KpOMe TOTO,

Out Gl Maa u MoOAym pasHoctu Y’ (x)— y; (x).

MHoraa ke okasbiBaerci HeOGXOAMMBIM CYHTATh GJH3KHMH TOJBKO
Te QYHKUMH, AT KOTOPHLIX MajJbl MOAy/aM KAXKIOH u3 DA3HOCTEH:

Y(Ex)—y, (%) ¥ (%) =y (%),
V() —y] () ooy YR (x)— YB) (x).

B cBs3M ¢ STUM NPUXOJMTCH BBECTH CJeAyIOUiUe omnpere’neHus 6auzoctu
KPUBLIX Y=y (X) U y=y, (x).

Kpuswe y=y(x) u y=y,(x) Osu3ku & cnubcre Oiu3ocmu
HYALe8020 NOPAOKQ, ecau MO0Yab paswocma y(x)—y,(x) maaz.
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Kpuebe y==y(x) a y==y (X} Oausku & cmbicre Oau3ocmu
nepsozo nopadka, ecau Mmo0yau pasnocmed y(x)—y,(x) u
V' (%) — y;(x) maae. .

Kpussie

y=y(x) a y=y,(x)
6au3Ku 8 cmbicae Oau3ocmu R-20 nopadxa, ecau modyau pagnocmed
Y(x)— ¥, (%), '
V(%) — ¥ (%),
YE () — Y (x)
Maast.

Ha puc. 6.1 unzobpameHh KpuBbie, OaM3KHE B CMbICIe OJ1M30CTH
HY/eBOTO MOPsAKa, HO He Oauskue B CMbicae 0u30CTH MePBOTO NOPALKA,

¥

Puc. 6.1. Puc. 6.2.

Tak KaK OPIMHATH ¥ HHX OJIM3KH, a HaNpaB/AeHUs KacaTeJbHbIX He OJu3Ku.
Ha puc. 6.2 nsobpawenst xpussie, O.uskue B cMbicae GIMBOCTH NMEPBOro
MOPAAKA.

Ms srtux onpelejseHuf clelyer, 4TO eC/iM KpuBble OJM3KH B CMBIC/AE
6/430CTH k-To NOpAAKa, TO OHW TeM Gojee Onu3KH B CMBiCAe 6AM30CTH
ao60oro Medbliero fnopsaiKa.

Tenepb Mbl MOMEM YTOUHHUTb NOHATHE HEMpPepPHIBHOCTH (YHKLMOHAJA.

3’. dyukuns f (x) nenpepvisna 3. dyukunonan vy (x)) wenpe-
npu X ==X, €ecAi 04 J000r0 pueer NpH Y= y,(X) B cMbIC]E
MOACKUTENABHOTO € MOXHO MOJ0-  GJAM30CTH KR-r0 MOPAAKa, ecad AJA
6patb O > 0 rakoe, 4T0 |f(X)— /MOBOr0 MOMONKUTEALHOFO € MOMHO
— f(xp)] <e mpu |x —xy| <O nomobpare >0 rakoe. uro

vy ) — vyl <e

.
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[1pn sTom noapasymesaercs, 410
X MPUHHMAET 3HAUEHHS, B KOTOPHIX
© yuxnus f (x) onpeleiieHa.

287
1pu
[y () — 3, ()| < B,
[y (%) — yo(x)] < B,
[y (x) — P (x)] < 8.
ITpu 310M  MOApasyMmeBaercd,
uro yskuua  y{x) Oepercs u3

KJaacca QYHKUMHA, Ha KOTOPOM (pyHK-
uvoraa v ly(x)] onpenenen.

MoxHO ObI0 OBl ONMpeleNuTh MOHATHE PACCTOAHMA O (V), Yy) Mexay
KPUBLIME Y=y, (X) u y=y,(x) (X, L X X)), u TOrAa OJU3KHMH
KPUBBIMH CYMTATh KPUBLIE, PACCTOAHHE MEXAY KOTOPLIMH Majo.

Ecau cunrats

Py, Y=

max
X LX< X,

[y () — ¥2 ()]s

T. e. BBeCTH MeTpuky npoctpatcrsa C, (cM. crp. 50), To MB npuxonum
K mOHATUIO Gausocin HyseBoro nopaiaxa. Ecau cuutars

R
0 (¥, )’2)::2 max ly(lp)(x)_y(gp)(x)l

I,:1X9<X<X1

(npenmojaraercs, 4To ¥,

U Yy, UMEIT

HenmpepeiBHbIE TIPOWU3BOAHBIE 4O

NOPAAKA k& BKJIIYHTENLHO), TO OJM3OCTb KPUBHIX TOHMMAETCs B CMBICJE

6ansoctu k-ro mopsixa.

4. Jluneiinoli @ynryuel Ha-

abiBaetcs  QyHkuus [(x), YROB-
JeTBOPAIOULAT  CACAYIOIUMM  YCJIO-
BHSIM:

L(ex)y==rcl(x),
rle ¢—TMpOU3BOJLHAR NOCTOAHHAS, U
Ly ) =1 (2674 1 (xy).

Jluretinas ¢dyHkuvs oAHOH Repe-
MEeHHO! uMeeT BHUI

L(x)=kx,

rie R — MoCToAHHas.

4, JluneliHoiM PYHKYUOHAAOM
HasniBaeTcd ¢yHxumonan L[y (x)],
YIOBJIETBOPSIOWAN CJEAYIOLUM yC-
JIOBUSIM: :

Licy (x)]==cL]y (%))
Tlie ¢ — MPOU3BOJbHAA TOCTOAHHAS U

Ly, (%) + yo (X)) =
= Ly () LIy, ().

[MpumepoM JUHEHHOTO PYHKUMOS
Haja aBJAeTCA

Liy()l= [ (p(x)y+q(x)y) dx.
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5. Ecan npupaienue ¢yHkudn

Af=f(x+Ax)—f(x)
MOXeT ObiTb NpPeACTaB/IeHO B BHAe
Af=Ax)Ax—+p(x, Ax)- Ax,
Fre A(x) we aaBucnt or Ax,
a B(x, Ax)—>0 npu Ax-—>0, 10
yuKLUs HasbiBaeTCa Jughghe peryu-
pyemoli, a TMHEHHARA MO OTHOLIEHHIO
K Ax vactb npupawenmi— A (x) Ax
Ha3biBaeTcs ougbhe pernyuaron
yHkuun 1 0o6o3navaerca d f. Pasne-
B Ha AX 1 mepexos K npenesty npu

HEMOJBW)XHbBIMHU FPAHHUAMU [T 6

5. Ecaw npupauwerue QyHKUNO-
HaJa
Av =]y (x) 40yl — vy (x)]

MOXHO TpencTaBUTh B BHIE

Av=L[y(x), dy]+

+ B (y (x), Oy) max [dy |,
rae L[y (x), Oy]-— aunefiupt no
orHowenu K Oy  yHKUKMOHA,
max |0y | — MaKkCHMaabHOe 3HAUYCHHE
oy u  Pp(y(x), dy)—>0 nmpu
max [y |—0, To siuHelinad no ot-
HOlIeHUI0 K Oy Yacth npupaileHus

Ax~7>0, noayuuM, uro A(x)= ywcunonasa, . e. LIy (x), oy,
=/ (x). #, caerosareasHo, HA3LIBAETCA Sapuauued GYHKGULO-
df = f'(x)Ax. naaa u 0BosHauaercs HV.

Wrak, sapuanusn $ysLryuonasa — smo 2408HA8, AUHELHA A 1O OMHO-
wenuio k£ Oy, wacms npupauenus PynxyuonaLa.

[Ipu uccnepopanuu (QyHKUMOHAAOB BapuallMsl HrpaeT TAKylO Ke POIlb,
kakylo urpaet auddeperumman npu ucciesoBanun (yHKLUMA.

MoxHO naTb W APYroe, NOYTH SKBMBAJEHTHOE, ONpeleseHue -
¢Qepentuana ¢yHxuad u Bapuanuu dysxkuuonana. PaccMorpuM sHaueHue
dyuxunn  f (x + @ Ax) npu ¢uxcuposannoM x W Ax W H3MEHSIOLLHXCS
3HaueHusx mnapametpa «. Ilpy o ==1 noayunM NpHpalieHHOE 3HAUeHME
dyuxuun f(x 4+ Ax), npu @ =0 nogyuyum ucXolHOe 3nauenue QYHKLUH
f(x). Herpyaso nposepurb, uro npoussomunas ot f(x +-aAx) 1o o
npu o=0 pasna anddepeunnasy dynxuun f(x) B Touke x. LedcTsu-
TeJbHO, IO NPaBUAY IuddepeHUnpoBatis CA0XKHOH QyHKLINY

L f e A faco= f' (¥ + @ Ax) A¥ lqo== I () Ax = df ().
TouHo Tak ke L9 PYHKUMM HECKOJNbKHX NepeMeHHBIX
Z=f (X1, X9 ...y X,)
MOXKHO MOoAyuuTh Auddeperunan nytem anddepeHunpoBanus
fe+alAx, x4+ 0Ax,, ..., x,+alx)

no o, nojaaras sateM o =0. JleficTBUTE/IHLHO,

%f(-’ﬁ—f“anp Xo0aAxy oo x,0Ax) ja=o =

WU nns dynxumonanos Buna v [y (x)] van Goee CIOKHBIX, 3ABHCALHX

01 HECKONbKHMX HEeM3BECTHLIX (YHKUMH WJIH OT (YHKHHH HeCKOJAbKHX
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nepeMeHHB(X, MOXHO OMNpele/uTh BapHALMI0 KaK NPOM3BONHYID OT (YHK-
uroHaaa v [y (x) 4 ady] no a npu a==>0. deficraurebuo, ecm QYHKLHOHA
UMEET BAPUALMI0O B CMEBIC/IE TJaBHON JuHeHHOM gacT¥ mnpupalienud,
TO €ro npupaleHHe HUMeeT BHA

Av=w0[y(x)+ady] —v[y(x)) =L (y,ady) +p (v, ady)|o|max|dy|.

INpoussoanas or v{y + a dy] no a nps a==0 pasua

im 3% — jim 2Y — i LO0n e By (x). 0 dy][amax|dy|
Aa >0 Aa a0 @ a>0 a )
= lim L0904 oy B0, 0Oyl [almax|Oyl __; y gy,
o->0 a a->0 e

TaK KaKk B CHJY JUHEHHOCTH
L(y, 0dy)=aL(y, dy),

fly(x), ady]jojmax|dy| _
o

llmﬁ[y(x) o dy] max |dy | =0,

lim

a>0
notoMy 4ro ply(x), ady]—>0 npu a-—0. Hrak, ecan cymectsyer
BapHalia B CMbICJAE TJIaBHOH JAMHeHHON 4acTu npupauieHns QyHKUHOHAA,
TO CYUIeCTBYeT H Bapuauus B CMbIC/Je IPOU3BOLHOH MO Napamerpy MNpH
Haya/JpHOM 3HaueHun mapamerpa, u 00a 3T ofpeje/eHHs SKBUBAJCHTHBI.

Bropoe onpegeiseHne BapHauMu HECKOJbKO LINpe [1epPBOTO, TAK Kax
CYILECTBYIOT MNPHUMEpPH (YHKUUOHAIOB, H3 TPHPALIEHNs KOTOPHIX HEAb3d
BbLAECJIMTL TrJAaBHOW JuHEeHHOW wuwacTd, HO BapHauMs B CMLICAE BTOPOro
Onpeje/ieHHs CYLIeCTBYeT. '

6. dugppepenguaas Pyuxuun 6. Bapuayus dyHkuuoHaaa
f(x) paseH v|y(x)] pasna
0 a
ja‘f(x—f—anHa:o- S Py (x) +adyl{a=o-

Onpedenenune. Dyuryuornar vly(x)] docmuzaem na Kpusoi
y=y(x) wMarxcumyma, ecan 3nadenusn @yHxyuonara [y (x)]
Ha 20000 6au3k0l Kk Y =Yy,(X) Kpusoli He Coavuie, Hen v{yo (%),
mo ecms Av=v[y(x)] —v{y,(x)] < 0.

Ecmn Av 0, npuuem Av == 0 ToabK0 11pu y (x) = y,(x), T0 rosopsr,
4TO Ha KPUBOH Y = y,(X) RocTuraercss cmpozull maKcumys. AHATOTUUHO
ompefesigeTcd KpuBas y == y,(x), Ha KOTOPOH peaIusyercs MUHUMYM.
B sToM cayyae Av >0 a1s BCcex KPHUBBIX, GIM3KUX K KPUBOH y = y,(x).

7. Teopa2ma. Ecau ougge- 7. Teopema. Ecirau Pynk-
penyupyemas dyuxygun f(x) guonar v[y(x), wmeowmui sa-
docmuzaem  MAKCUMYMA UL PUAYLIO, O0CMULALM MAKCUMY MO

19 JI, 3. Bascroasy
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MUHUMYMA 80 BRYM PEHHEl mO4- GAU MUHUMYMG npu Y= Yy(X),
Ke x=x, o6aacmu onpedese- 20e y(X)— BHYMPEHHAS MOUKG
nus yrKyuy, mo 8 Mol mo4- obracmu onpedédenus PyHK-
Ke guoraara, mo npu y==y,(x),

df =0. ‘ ov =0.

IHokasareabcTBO TeopeMb ans ¢pyHkuunonaaosn. [lpu
buxcupoBaHHbiX Y, (x) # 0y v[y,(x)+ ady]=¢(a) apasercs QyHK-
uuedt o, koropas npu o ==0, NO Nperno/ioKeHUIO, JOCTHraeT MAKCUMyMa
HJIH MHHUMYMa, ClelOBaTeabHO, NMPOU3BONHAS

¢ O=0) nm goly(ntady)] =0

7. e. 90 =0. Mrak, Ha KDHBHIX, Ha KOTOPHIX IOCTHIAeTCH SKCTPEMYM
(byHKUHOHAA, €r0 BapHalMs paBHa HYJIO.

[Mousrue sxcmpemyma QyHKIMOHAAA 1y KAaeTCA B yTouHeHuu. [oBops
O MaKkCHMyMe HJIM MuHUMYMe, TOuHee, 00 OTHOCHTE/NbHOM MAKCHMyMe
MK MHHUMYME, MBI HMeJH B BULy HauOo.bllee /M HAMMeHbllee 3HayeHHe
(yHKLMOHAMA TOJNbKO MO OTHOWICHHIO K 3HAYEHHAM (PyHKUHOHA/NA HA Oau3-
kux kpuBbix. Ho, kak ObJIO ykasaHo Bblle, 61M30CTh KPUBBIX MOXET
ObiTb NOHMMAaeMa pasJHYHO, MOITOMY B ONpele/eHHH MaKCUMyMa MM
MUHHMMyMa Hal0 yKa3biBaTh, KaKOro MOpsAAKa OiM30CTh MMEeTCs B BHUAY.

Ecan dynkuuonan v [y(x)] aocruraer Ha KpHBOH Y == y,(x) MaKcu-
MyMa WM MHHMMYM2 110 OTHOMIEHHIO KO BCEM KDHBHIM, IS KOTOPBIX
MOLYAb pa3HocTH Y(xX) — ¥,(x) Maa, T. €. MO OTHOUIEHUIO K KPHUBBIM,
6aH3KHUM K Yy = y,(X) B cMbiCJe OMH30CTU HY/]eBOr0 MOpAlKa, TO MaK-
CUMYM WJH MHHHMYM Ha3bIBAETCA CUAbHOLM.

Ecan xe ¢yuxunonand v[y(x)] mnocruraer Ha KpuBo# -y = y,(x)
MaKCUMyMa HJAHM MHHHMYMa JHLIb [0 OTHOLUEHUIO K KDUBBIM Y =y (X),
61M3kUM K Y ==y,(x) B CMbicae OJM30CTH NEpBOro nopsaaka, T. €. 1O
OTHOLIEHHI0 K KDHBHM, OJM3KUM K Y= Y,(X) HE TOJbKO 1O OPAHHa-
TaM, HO W MO Hanpap/ieHUAM KacaTeNbHBIX, TO MaKCHMYM WJIH MHHHMYM
HA3uBAETCA CAQObLM.

QOueBUIHO, YTO. ecAM Ha KPUBOH y==1y,(x) MOCTHraeTca CHJAbHLIH
MaKCUMyM (MM MHHUMYM), TO TONABHO IOCTMraeTcs M Ciabwifl, Tak Kak
ecan kpusas 6/u3Ka K y == y,(x) B cMbicie 61M30CTH MEPBOro nopaixa,
TO OHa O/u3Ka W B cMblc/e GJH30CTH HyaeBoro nopsaka. Onunako BO3-
MOXHO, YTO Ha KPUBOM Y ==y,(x) HocTuraetcd caaOuB Maxcumy™m (Mu-
HUMYM) M B TO K€ BPEMsi He NOCTHraeTcsl CHAbHBHIA MAKCUMyM (MUHHMYM),
T. €. Cpel KPHBHIX y =y (x), Oauskux Kk y=y;(X) Kak no opiuHa-
T4aM, TaK M 1O HANPAB/EHUIO KacaTe/bHbIX, MOXeET He ObiTh TaKuX, AJA KO-

*) 0 MOXeT NMPHHHMATh B OKPECTHOCTH TOUKHM G =0 Kak NOJOXKHTENbHHLIE,
TAK ¥ OTPHLATE/NbHbIE 3HAYEHHA, TAK KaK Yy (X) — BHYTPEHHAS TOUKa OOGaacTH
onpefeaeHus (yHKLHOHAAA. -

.
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TopHX ¥ [y(x)] > vye(x)] (B cayuae munumyma vy (x)] < v[y, (X)),
a cpeau Kpupbix y=y(x), 6MU3KHUX TO/JILKO MO OPAMHHATAM, HO -yKe He
6AM3KUX MO HANPARJIEHMI0 KacaTeJbHbIX, MOTYT HaHTUCh W TakHe, A4
KOTOPHIX T [y (x)] > v [yy(x)] (B cayyae MunuMyMa vy (x)] < v [yo (X)]).
Pasanune MexAy CHAbHBIM U CHa0bIM SKCTPEMyMOM He OyleT UMeTb Cy-
IeCTBEHHOI0 3HaYeHUs NPU BLIBOLE OCHOBHOTO HEOGXOIUMOIo yCJ0BHUS
IKCTpPeMyMa, HO OHO OyjeT BecbMa CYLIeCTBEHHO B riaBe 8 mpu usyue-
HHH NOCTATOUHBLIX YCJOBHH IKCTPEMYMa.

3aMeTHM elle, YTO eCJM HA KPUBOH y = ¥, (X) AOCTUraeTCs SKCTPEMYM,

TO He TOJbKO %é[yo(x)—f—aéy] ==0, Ho n %fu[y(x. a) =0,

= a=

rie y(x, a)— awoboe cemMeficTBO LOMYCTUMBIX KPHBHIX, NPHYEM T[IpH
a=0 u npn a=1 dyHkung y(x, @) A0MKHA COOTBETCTBEHHO NpEBpa-
matbest B Y, (x) n y,(x) 4+ Oy. Ie#crBureabHo, v [y (x, a)] aBadgerca
¢ynxkuvefl a, Tak KaK 3aaaHue o ONpenesseT KPUBYIo ceMeiicTea y=1y (x, @),
a 3HAauuT, OmpeleaseT U 3HaueHHe ¢yukuuoHansa v [y (x, a)].

2ta GyHKuMa, N0 NPeANoJOHEHUIO, NOCTHTAET IKCTPeMyMa npu o ==0,
cae0BaTeabHO,  NpOoU3BoAHas 3ToH  ynxkuuM obpalaercs B HyJb
npu a =0 %), :

Wraxk, —(%v[y(x, a)]a == (), OJHAKO 9Ta TMpPOM3BONHAas, BOOOILE
roBopst, yxe He OyIeT cOBNajaTh C BapHauued ¢yHkuuoHaia, Ho Oyier,
KaK TIOKa3aHO Bhillle, OOpaIaThCd B HY b OQHOBpeMeHHO ¢ 8v Ha KpH-
BLIX, Peanu3yIOIIUX 3KCTPeMyM (YHKUHOHAJA.

Bce onpenenenus sroro maparpada u ocHosuas Teopema (ctp. 289)
noutn 6e3 BCAKOrO H3MEHEHUS MEPEHOCATCH Ha (PYHKUMOHA/H!, 3aBHCALILHE
OT HECKOJAbKUX HEM3BECTHBIX (yHKLUH

V(Y (%) (%) +oes ¥, (X))

UK 3aBUCALLME OT OJHOH WM HECKOJbKUX (YHKLUHMA MHOT'HX NepeMeH-
HbIX
vz (%, Xg +oen X1

V[2{ (X1 Xgv «vus Xp) 2o (X1 Xgu ones Xph eves 2 (X0 X0 v ees X1

Hanpumep, Bapuauns v ¢ynkuuonasa o[z (x, y)] Moxer Ourth onpe-
JdeieHa MWJM KaK riaByas jauHeHHas mo OTHOWeHWI0 K 02 vacTb mpupa-
weius

Av=g[z(x, y)+ dz] —v{z(x, V),

WAM  Kax  TPOW3BOAHAA MO NapaMeTpy [NpM  HAYaJbHOM  3HAYEHHH

*) Tlpeanoaaraerca. 4TO 0. MOXeET (PUHMUMATb MOOHe Oauskue k G =0 3Ha-
g [y (%, 0)]

YeHHE d
oo

CylWeCTBY€ET.
a=9

19>
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napameTpa

vlz(x, y)+0dzl|

a=0
ApHUYEM ecan npu z-—z(x y) byHKuUMOHAA U JOCTHTAeT IKCTPeMyMa,
TO npu 2==2z(x, y) eapuauus 6v=20, Tak kKak v[z(x, y)+ adz]
aBasieTcst gynxkuued o, koropas npn o ==0, N0 NPeANONOKEHHIO, AOCTU-
raeT 9KCTpeMyMa I, CJelOBaTeJbHO, MPOU3BOAHAS OT 3TOH QyHKuUMN

no a npy a=0 obpauwaercs B HYmb, a%{v[z(x, V) + adz) =0
a=0

uau 6v =0.

§ 2. YpasHenue diinepa

Hccnenyem Ha skcTpeMyM (pyHKUHOHA

vy (x)] = fF(x- y(x), y'(x))dx, (6.1)

X

npyUYeM PPaHUYHBIE TOUKW NOMYCTHMBIX KPUBBIX 3aKPENAEHLL Yy (X,) =Y,
w y(x;)=y, (puc. 6.3). dynkumio F(x, y, y') OyleM cuutats TPHKAYI
auddepenuupyeMoht.

Msbi yie 3HaeM, 4TO HeOOXOLHMBIM YCJIOBHEM JKCTpeMyMa fABJseTcs

oOpainenne B Hy/b sapuauuu ¢yuxuuonana. Iloxamem Teneps, xak npu-

MeHSleTC 3Ta OCHOBHAs TeopeMa K

Ay paccMaTtpusaeMoMmy ¢yHKLHOHAAY,

B MpHuYeM Mbi ellle pa3 MOBTOPHM Mpe-

Abloyillee PacCykIEHHE [PUMEHHTe/b~

q . HO Kk dyukuuonany (6.1). Ilpeano-

4, JOMUM, HTO 3KCTPEMYM JOCTHTAETCH

Ha nsaxabl AnddepenunpyeMofl Kpu-

Bot y=y(x) (Tpebys JHlb Cylle-

z CTBOBAaHMA  NPOM3BOIHLIX  MEPBOTO

0 z, I, nopsagka |y  JAONYCTUMBIX  KDHBHIX,

MOXHO HHBIM METOIOM J0Kas3aTb, 4TO

Puc. 6.3, Yy KpHuBOH, peaausyiollet skcrpe-

. MyM, CYIIeCTByeT M BTOpas [pOU3-

BO/HaA).

BosbMeM KaKyl0-HHOYIb GJMSKYI0 K y ==y (X) AONyCTHMYIO KPUBYIO

Y= y(x\ U BKJIOYHM KPHMBBiE Yy ==y (X) 4 y—y(x) B OJIHOMApaMeTpu-
uecKOe ceMeHcTBO KDHBHIX

yx )=y +e@x—y®)

npu o=0 noayuum xpuByw y=y(x), npu e==1 uMeeM y=y(x)

Yo
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(puc. 6.4). Kak MBl yXe 3naeM, pasHOCTb )T(x)—y(x) Ha3hiBAeTCS Ba-
puanuedt ¢pynxuun y{(x) n obosHauaerca Hy.

Bapuauus 0y B BapHAUMOHHBIX 3alayaX UrpaeT poJb, AHAJOTHUHYIO
PO/ NpHpPALNEHUs] HE32BUCMMOTO MepeMeHHOro Ax B 3amayax Ha Hccie-
nosanue sKcTpeMyMoB ¢yuxuul f (x). Bapuauua oyuxuun dy=y (x)—y(x)
apasercy QyHxuue x. Ty PYHKUUIO MOXKHAO IHPdEepeHUUPOBATh OLUH
WAM HECKOAbKO pas, mpudeMm (Oy) =y’ (x)— y’ (x)=20y’, r. e. mnpo-
M3BOJHAR BapHaluy¥ paBHA BapuaUM¥ TNDOM3BOAHOH, M aHAJIOTMYHO

Oy)' = y" (x) — y" (x) =0y",

o . e L T T T

O = y® (x) — y® (x) = dy®.

Wtak, paccmoTpuM ceMeficTBo y ==y (X, 0), rae y(x, o)=y(X) 4+
-+ ady, conepxauiee npu a==0 KPUBYIO. HA KOTOPOH ANOCTUraeTCH SK-
cTpeMyM, a Npu O =1 -— HeKOTO-

pylo OJH3KYIO JOIYyCTHMYI0 KpH- g
BYI0 — TaK Ha3bIBAEMYI0 KPHBYIO
CpaBHEeHHA.

Ecau paccMmarpusaTh 3HayeHUs
$yHKLOHAIA

Xy
vly 0l = [Fx. y. y)ax
Xo ) z
TONPKO Ha KDHBBIX  ceMeficTBa 0
y=y(x, 0), T0 (YHKUUOHAA mpe-
BpamaeTcs B QyHKUMIO O Puc. 6.4.

vy (x, )] =@ (),

Tak KaK 3HaueHME NMapaMeTpa o ONpefeisieT KPHUBYIO CeMelcTBa Y ==y (X, @)
¥ TeM caMbM onpejeiseT ¥ 3HauyeHue QyHkumonana vy (x, a)]. Ira
dynxuua @ (0) AOCTUraeT CBOEro sKcrpeMyMa npu o ==0, Tak kak npu
=0 nmoayuaeM y=y(x), 1 OYHKLMOHAA, MO [PEANOJNOKEHHIO, AO-
CTUTaeT 9KCTPeMyMa 1O cpaBHeHMI0 ¢ Jo0off Guausko#h AonmycTumod
KPUBOH ¥, B YAaCTHOCTH, MO OTHOLUEHHMIO K OJM3KUM KpUBBIM CeMeHCTBa
y=y(x. ). HeobOxoaumMpm ycaoBueM sxcTpeMyMa OyHKUMM ¢ (O)
npy a==0, KaKk H3BECTHO, fBJfAeTCs OOpalleHue B HyJb €€ IPOU3-
poaxo# npu a=0:

¢’ (0)=0.
Tax kax

e@= [F(x y(x. @) y,(x, )dx,

Xy
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TO

Xt

¢ ()= f [Fy a—da y(x, )+ Fy -;—ay’ (x, a)] dx,
rie o

F, =——F(x,y(x a), ¥ (x, a)),

Fy'=—d—y_'F(x' y(x, @), ¥ (x, a)),

WJn, TaK Kak 2
55 ¥ (%, @) =7 [y (x)+ ady] = by

7% y(x, @)= -(% [y" (%) - 0dy’}=dy’,

NOJy4uM

o @= [I1Fy(x y(x @) ¥ (x 0)0y+

=+ Fy (%, y(x, 0), ¥ (x. @))0y'1dx;

9’ (0)= ley(x, y(x), ¥ (x))by+ Fy (x. y(x), ¥ (x))dy')dx.

Xo

- Kak mb ywe 3Haem, ¢’ (0) HasbiBaeTcss Bapuaunefl ¢yHKUHOHAana H
o6o3Hauaercs dv. Heobxommmoe ycsroBue sxcTpeMyMa ¢QyHKUgOHAAa v
3akJjouaercs B oOpauleHun B HyJab ero Bapuamuu: dv=0. Jas ¢ynk-
HHOHAJA

vly(l = [F(x y, y)dx

Xo
9TO ycCJaoBuE HUMEET BUA

£ .
f [Fyby - Fydy'|dx =0.

Xo

I/IHTerpupyeM BTOpPOE CJjaraeMoe MO 4YacTAM M, NPHUHUMAas BO BHHMaHHe,
uto 0y’ = (dy)’, moay4um

X
ov=|[Fy 6y]§:+ [ (Fy — % Fy') dydx.
Ho "
6)} lx:xq = y (xO) -y (xo) =0 u 6)} Lr=x, = ;(xl) —Yy (x1) =0,
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TIOTOMYy 4YTO BCe NOMYyCTUMEE KPWUBble B paccMaTpPUBaeMOR npocTeHiue#
3ajlaue TNPOXOAAT uvepe3 (PHKCHPOBAHHLIE TIpaHUYHBIE TOYKH, M C/IeNOBa-
TeAbHO,
*1
v = /(Fy——E—F ')6ydx
dx Y )

Xy

Hrax, neoGxomumoe yci/oBHe SKCTpeMyMa npuobperaer sul

X1

f (Fy —~ 2 Fy) dy dx =0, (‘6.2)

Xo

npuuyeM NepBEil MHOMHTENb Fy—-;—xFyr Ha XpuBOH y ==y (x), peaau-

3YIOLEA SKCTPEMyM, fBAAETCA 3alaHHOM HempephiBHOH ¢yHkuue#, a BTO-
po#t Muoxwuteab Oy, BBULY npoussBoJa B BHOOpe KPUBOH CpaBHeHud
y==y(x), fBAseTcd INPOU3BOJbLHON (yHKuUUeH, yLOBACTBOPSIOLEN JHLIb
HEeKOTOPHIM BecbMa OOIUM YCAOBHAM, a MMeHHO: ¢yHkuus 0y B rpanuu-
HHX TOYKAX X ==X, M X==x; obpailaercd B Hyab, HENpepLiBHA u
ZnddeperunpyeMa OAHH HJAR HECKOJbKO pas, Oy uan Oy u Oy’ Maan
no abCcoMOTHON BesnuuHe.

Has ynpoinenns moayuennoro ycqaosus (6.2) Bocnosbayemcs clelyio-
el 1eMMo#: '

OcHosHan seMMa BAPUARUOHHO20 ucuucaenus. Ecau dan
Kaxcoold Henpepusrol gynxyuu 1(x)

f(D(x)n(x)dx:-—zo,

Xo
20e pyuxyua D(x) nenpepusna Ha ompesre [x, x], mo
D(x)==0

Ha mom dice ompe3sKe. _
3aMeuanne., YTBepAeHHE JeMMBl U €e J0OKa3aTeNbCTBO He M3-
MeHAIOTCA, ecan Ha (QYHKUME N (X) HAJOKHTb CJAAyIOU[ME OrPAHUYEHHUS:
N(xy) =1N(x)=0; 7M(x) umeeT HenpepbBRHbE MNPOU3BOLHBIE [0 [O-
patka p, [N (x)|<e (s=0.1, ... ¢; g p). a
Jdokasarteabctpo. Ilpeanonoxus, 4TO B TOUKE X =X, Jexa-
me#t uma orpeske x, L x < X, D(x)#+0, npuieM K TNPOTHBOPEUHIO.
Ie#tcrButensto, u3 nenpepsiiocTd ¢yHxuun @ (x) caenyer, uro ecan
@ (x)#0, o ® (%) coxpaHsieT 3HaK B HEKOTOPOR OKPECTHOCTH (XyL X < Xy)
TOUKH X; HO TOria, BuOpas QyHkuuw 1(X) TakkKe COXpaHaAlOUEeld 3HaK
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B STOR OKDECTHOCTH M PaBHOM HYy/TIO BHe 5TOH OkpecrHOCTH (puc. 6.5),
Oy YuM

Xy 1
fcp(x)n(x) dx = fCD(x)n(x)dxqéO,
! r
rak xax npoussesenie @ (x) 17(x) coxpanser 3HaK Ha OTpe3Ke ()_co<x<zl)

y ofpaiuaeTcss B HyJAb BHe 9TOro orpesxa. Mrak, Mbl MpHIIAM K [OpO-
THBOpeuuo, caeposareabto, ®(x)=0. d>ym<umo 1N{(X) MOXHO BbIOH-

patb, Hanpumep, Tak: mM(x)==0 Bue oTpeska (X, <x 1) n(x) =
= k(X — Xp)2 (x — x)?" Ha orpeske (X, < x < ¥) [le n— ueoe

H

L,

Puc. 6.5.

MOJNIOKUTENbHOE YHCAO, R ~— MOCTOSIHHEIH MHOMHUTeAb. OueBUIHO, YTO
GyHKUNAS 1 (x) yIOBJAETBODPSET YIOMSHYTHIM Bbillle YCJIOBHAM: OHAa He-
npepLiBHA, HMeeT HeNpephBHbE MPOH3BOIHbLIE N0 mopsika 2n — 1, 06-
pallaeTca B HyJb B TOUKAX X, M X; W MOXeT OuiTh clesaHa MO0 MOALY.IO
CKOJIb YrOJIHO MaJolf BMecTe CO CBOHMHM NDOH3BOMNBIMH 33 CUET yMeHb-
IIEHHS! MOAYAs MHOXHUTeas k.

3ameuyaHune. JOCIOBHO TaK e MONKHO HOKA3aTh, UTO eCJd (YHK-
uit D(x, y) uenpepnBHa B ofaactu D wa maockocTd (X, y) H

f(D(x, yn(x, yydxdy=0 npn npousso.bHOM BHOOpe (YHKIHHA

1(X, ¥), yROBJACTBOpAOMIeH AUIIL HEKOTOPHIM OOUIUM yCAOBUAM (Hempe-
. PHIBHOCTb, AuddepeHUnpyeMOCTs OLHH WIH HECKOJbKO pas, ofpauteHue
B Hyas Ha rpanuuax obaactu D, |n| <e, ]n;|<a, |ny| <), 1o
D(x, y)=0 B obmactu D. dynxuuio M(x, y) 0Opd LOKAATENLCTBE
OCHOBHOH J1eMMB MOXHO BBIOpaTh, HanpuMep, Tak: mM(x, =0 BsHe

KPYroBO# OKPEeCTHOCTH AOCTATOYHO Majoro pauyca €5 TOUKH (%, V)
B KOTOpOH @(x' y)aEO a B 9TO# OKPECTHOCTH TOUKH (x y) dynKLua

nx, yy== [(x——x)2+(y — )2 — &2 (puc. 6.6). Ananoruunas semma
CnpaBeAJiuBA M JJ N-KPATHHIX HMHTErpajos.
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fIpuMenuM Tenepp OCHOBHYIO JeMMY i/ YMPOLIEHHS MOJMY4eHHOro
Bhilte HeoOxoauMoro ycaosus (6.2) skcTpemyma npocrefiiero ¢gpyHKUHO-
Hana (6.1)

X1

/ (Fy—-ad?ﬂf) 8y dx = 0. (6.2)

Xo
Bce ycnosus neMMbl BHIIIOJIHEHH: HA KPUBOH, peanusyiomweR SKCTpeMyM,
d
MHOXKHTEJIb (Fy——-H Fyr) ABJMeTCA HelpepuBHOR dyHKuMed, a sapua-

uns Oy ABASETCA MPOM3BOJBHON (YHKIMEH, HAa KOTOPYIO HAMOMEHH JUILb
npeaycMOTpeHHble B OCHOBHOM JeMMe OrpaHnueHus o6llero xapakTepa, cJje-

~ d e
poBareabHo, F Yy~ TF Fy =0 2

4
Ha KPHBOH y ==y (x), pea usyio-
eH 9KCTPEMYM paccMaTpuBaeMo-
ro ¢yHkunoHana, T.e. y =y (x)
ABASETCH peluenneM Auddepen-
IHAJIbHOTO ypaBHeHHs BTOPOTO
nopsanka

a
Fy—gz v =0

WM B DA3BEPHYTOM BUIE
Fy—Fry —Fyyy —
— Fy'y’y”= 0,

Puc. 6.6.

D10 ypaBHeHHe Ha3bBdeTCs ypasuenuenm Sldaepa (oHo pnepsbie OEIO
uM ony6/uxosato 8 1744 roay). Mdrerpaibuble kpuBble ypasHenus Dftaepa
y==y(x, C;, Cy) HasuBaioTca sxcmpenasnnu. TOAbLKO HA SKCTPeMasax
MOKET JOCTUraTbCst 3KCTPeMyM (yHKUHOHAAA

vly() = [Fx y y)dx.

Xo

Ilns HaxomaeHus KpuBOH, peanusyioliefl skcTpeMyM dyukuuonama (6.1),
WHTEIPUPYEeM YypaBHeHHe Ofjepa W omnpefe/seM 00e NMPOM3BOJbHBIE MO~
CTOSIHHBIE, BXOAsiHe B oO0ulee pellleHHe STOTO YPaBHEHHS, H3 YCJIOBUH
Ha rpanuue ¥ (xy) =y, y(x;)=y;. Toabko HA yIOBJETBOPAIOUHX ITUM
yCA0BUAM DKCTPEMasXx MOMXEeT peaqu3oBaTbCsd PKCTPEMyM (PYHKUHQHAMA
OaHako 14 TOro uroGu YCTAHOBUTL, DeanusyeTcs JM HA HUX B Jef-
CTBUTEJNHLHOCTH SKCTPEMYM, ¥ NMPUTOM MaKCHMYM MJIX MUHHUMYM, HaiO BOC-
NO/Mb30BATHCA  LOCTATOUHLIMM  YCJAOBUAMM  SKCTPEMYyMA, HU3JO0MEHHBIM o
B rJaase 8.
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-

HanoMuum, uTo KpaeBas 3ajaua
d
Fy— o= Fy =0, y(X)=yp y(x)=y

He BCeTNa UMeeT pellleHHe, @ €C/IM PellicHHe CYLIECTBYET, TO OHO MOKeT
ObiTb He eIMHCTBEHHBIM (CM. cTp. 189).

3aMeruM, YTO BO MHOIMX BapHALMOHHBIX 3a1a4YaX CyIIECTBOBaHHE pe-
[EHAA OQUEBULHO M3 (PUBUUECKOre WJIH reOMeTpUYeCKOro cMbIC/Aa 3alaun,
U eclH pellieHHe ypaBHeHus Diliepa, yAOBJETBOpAIOLIEe FPAHHUHEIM yCaAO-
BUSIM, €IMHCTBEHHO, TO 9Ta €IMHCTBEHHAS SKCTPeMab M OyleT pelleHHeM
paccMarpuBaeMoOd BapUALMOHHOH 3aJauM.

MMpumep 1. Ha xakux KpuBBIX MOXET AOCTUraTb IKCTpeMyMa GyHKIMOHaA

ki

7
oy = [ (r—ylax yo=0 y(3)=1
0

YpasHenne Oinepa nMeer BuI Y’y =0; ero obwuM pemICHHEM HBJIACTCH
y=C,cos x+ Cysinx. Wcnoabsys rpasuynsle ycaosus, moxyuaem: C; =0,
C,; =1, cleloBaTeJbHO, SKCTPEMYM MOXET [AOCTHTaThCA JHIIbL Ha KPUBOH
y == sin x.
I[Tpumep 2. Ha Kakux KPUBBIX MOXET AOCTHUraTh 3KCTpeMyMa (yHKIMOHa
1 '

vly@l= [V + 12251 dx 3O =0 yH)=12
0
YpaBuenne 3Silnrepa umeer BuA y” —6x =0, orkyaa y = x*+ Cix 4+ C,. Hec-

NoJb3YA rpaHuyHbie YCIOBHA, nodydaem: C; =0, C, = 0; cA1e10BaTEILHO, IKCTpe-
MYM MOMeT JOCTHraTbCfl JHMIL Ha KPUBOH y = x3.

B stux aByx npuMepax ypasHeHue DH/Jepa JNerkO HHTErpHpOBAJIOCH,
HO TaK OblBaeT 1aJeKO He BCEraa, TaK Kak AuddepeHlHaibHble ypaBHe-
HUS BTOPOT'O MNOPSAAKA WHTETPHPYIOTCS B KOHEYHOM BHIE JHUIL B HCKAIO-
YNTEJbHHIX Caydasx. PaccMOTpuM HeKOTOpHe NpocTefiluye cAyuan MHTe-
TPUPYEMOCTH YpaBHeHus JHuepa. :

1) F He 3aBucur o1 y":

F=F(x, ).

YpasHenue OHaepa umeer sud Fy(x, y)=0, tak kax Fy, =0. Peue-
HHE IOJyYEHHOTO KOHEYHOro ypasHenus F,(x, y)==0 He coaepxur

SNEMEHTOB MPOM3BOJA W NO3TOMY, BOOOGlEe roBOpH, He YIOB/IETBOPSET
rPaHAYHBIM YCAOBHAM Y (Xg)==y, H Y (X;)=y,.

CrenosarenbHO, pellleHHe paccMaTpuBaeMO# BAapHALMOHHOW 3ajaum,
BOOCIE roBOps, He cyulecTByer. JIMib B MCK/AIOYATEJbHBIX CJy4asx,
KOT4a KpHBag

Fy(x, =0
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NpOXOONT Yepe3 IpaHHuHble TOUKH (X, Yo) M (X, y¢), CYWECTBYeT Kpu-
Bas, Ha KOTOPOA MOXET AOCTHraThCA 3KCTPeMyM.

[Tpumep 3.
Xy
vly@l= [y dx o=y
X
y(x1) =y

Vpasnenne ditnepa uMeeT BHJ
Fy=0 um y=0

dkcrpemany y =0 npoxoAHT uepe3 IpaHHYHblE TOYKH TOALKO mpu Yo =0
¥, =0 (puc. 6.7). Ecm1 y,=0 n y, =0, 10, OueBuano, pyuxuusa y==0 peanu-

X1
3yeT MHHUMYM QYHKUHOHAMA U= f y? dx, y

Xo
tak kak v[y(x)]>0, npuyem v=0 npH
y=0. Ecan me xora OBl 0ojHO H3 ¥, U ¥y,
HE PaBHO HYN0, TO MHHHMYM (YHKHHOHAJ4
Ha HenpepbiBHHIX (YHKNUAX He JOCTHraeTcs,
YTO ¥ [OHATHO, TaK KaK MOXHO BuIGpaTh
NOC/ieAOBAaTEIbHOCTh HENpPEePhIBHBIX QYHKIMH A B
¥n (x), TpadHKH KOTOpPHIX COCTOST U3 BCe 60- I Z, I
Jee u 6ojee KpyTO CHyckaiolleiics M3 TOYKH !
(%0 Yo) K ocu abcuucc Ayr# KpHBOH, 3a- -
TEM H3 OTPE3Ka OCH abCuucC, MOYTH COBNA- Puc. 6.7.
JAIOIero co BCEM OTPe3KOM (X, X), Y, Ha-
KOHell, BO3Jde TOYKH X,;, KPYTO NOXHUMalo-
melica k ToYke (X;, y,) Ayru kpuBoi (puc. 6.8). OueBnaHO, 4TO Ha KPHUBHIX
TaKoH NOCJeI0BAaTENbHOCTH 3HaueHHs (YHKLIHOHANA CKOJb YrOZHO Maao oOT-
JHYATCA OT HYJf U, CJeJ0BaTeJbHO, HIMNHSAS TpaHb 3HaueHuH @yHkuuoHana
paBHa HYJNO, OJHAKO 3Ta HMXKHAS IPaHb He MOXET NOCTUTaTbCH HAa HellpepHBHOM

KpHBOIH, TaKk kak Iaf M0G0l HenpepblBHOHR KPHBOH y ==y (X), OTA#4HOH OT T10-
Xy

WACCTBEHHOTO HYJas, HHTerpas fyz dx >0. 3Jra HUKHAA TIpaHb 3HaueHHH

Ao
GYHKIMOHANA JOCTUraeTcs Ha paspulBHOR GyHkuuu (puc. 6.9)

¥ (x0) = Yo,
y(x)=0 mpu x, < x < Xy,
y(x)=y.

2) ¢yHkuug F nHHeHHO 3aBHCHT OT Y&
F(x, y, y)=M(x, y)+N(x »y; -

Xy

vly(x)]= / [M(x, N+ N(x, y)%]dx.

X :
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Ypasnenue Oiaepa HMeeT Bua

oM | N , 4 _
+d—y')’ — a7 N »=0,

“oy
HIH v
oM | ON , 0 ON .,
oy T Y T Ty V=
nim
oM N N
Jdy | ox =0;
'HO 3TO ONATb, Kak W B TpedbliylleM cJaydae, KoHeuHoe, a He andde-
oM oN —0
petiuManbHoe ypaBHeHue. Kpusasn oy ox =0 BoOOwWE roBops, He
y AY
8 B
4 p I
2]
Yo
Y =9nl) z | r
a1 o, z, ol z, z,
Puc. 6.8. Puc. 6.9.

VIOBJETBOPAET I'PAHUYHLIM YCJOBHSIM, CJIeIOBATENLHO, BAPHAUHOHHAs 3d-
Daua, Kax NpPaBWJO, He MMeeT pelleHHs B KJIacce HEMpepulBHHIX (yHKUMH.

oM _ o

Ecan xe oy % =0, 10 Boipawenne Mdx 4+ Ndy sasaserca Tou-

HLIM AuddepeniinaioM u
A Xy
v.—.:/ (M+ND)ax = / (Mdx+ N dy)
X X

He 33aBUCHAT OT NYTH HUHTErpUpOBAHNA, 3HAUeHHE (bYHKUHOHaJIa T INOCTO-
AHHO HA IAONYCTHUMBIX KPHUBBIX. Bapl/]aHI/IOHHaH 3azava TepdaeTr CMbICJ.

Mpumep 4 .
vly@l= [0+ 2y dx y©=0 y)=a.
0 -
oM oN

Ypapuenve Jiinepa mMeer BUI oy " ax =0 um yex=0. [Mepsoe rpa-

Huyhoe ycaosue y (0)=0 yIoBaeTBOpsieTCcd, HO BTOPOE IPAHHYHOE YCJIOBHE YA0-
Baetpopsierca quiib npy a = . Ecau ke a 5= 1, 10 sxcTpemMaay, yAOBAETBOPSIO-
mel rpaHUYHBIM YCAOBHAM, He CYlleCTBYeT.
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[Ipumep 5.

i Xy
vly () = f(y+xy')dx wan oy () = [ (ydxt xdyy
Xy X

Y (Xo) = Yo, Y (x1)= ¥

Ypasuenue diinepa npespamaerca B ToxAaecTso | ==1. [logstnterpansHoe Bbipa-
MeHue ABAdeTCH TOUHBIM AuddepeHuuanoM, U HHTErpax He 3aBUCUT OT NYTH HH-
TErpHpOBaHuA:

X1
vy (x)]= fdum=wa—%m
Xo

no kako# O kpMBOH MBI HM MHTCIDHPOBaJk. BapHanpoHHaf 3afaua He HMeeT
CMBICAA.

3) F 3aBpucuT aAumb oT y':
F=F (y").

Vpasuenne itnepa umeer Bun Fyypy” =0, rtax xax Fy=F,
= F,y=0. Orciona y"=0 nwm Fy, =0. Ecim y"'=0, 10 y
= C;x -+ C, — IByXnapaMeTpnyecKoe ceMeHCTBO NMpAMBIX JuHuit. Ecumd we
ypaBHenne Fyy (¥')==0 uMeeT ONMH WA HECKOIbKO AEHCTBMTE/IbHBIX
KopHelt ¥ =£&;, T0 y =4k, x4+ C, ¥ Mb N0JIyyaeM OIHOMAPAMETPHYECKOE
CeMelicTBO IpSIMBIX, COZepxalleecs B MOJyYeHHOM BHIUE AByXIapamer-
puueckom cemetictse y = C,x + C,. Taxum 06pasom, B cayuae F = F (y')
SKCTPEMaNAMH SBASIOTCSl BCEBO3MOMHBle npsaMble i y =C x + C,.

Il

Mpumep 6 JdauHa ayru KpuBOii

Xy

tywi= [ Vidy? ax

Xo

fMeeT SKCTpeMajasaMu npaMsle anHun y = Cyx -+ Co.
Mpumep 7. Bpems [y (x)], 3arpaunBacMoe Ha NepeMellleHHe MO HEKOTO-
poil KpHBOH y = y(X) u3 ToukH A (X, y,) B TOuky B (x;, y|). ecaum CKOpOCTh

ds
—— = v (y’) 3aBHCHT TOJBKO OT y’, ABasercss (QYHKIHMOHANOM BHJAA

dt
x ——s
1 ’
o= [ VLE 4
%o
Vier~ VT
45 _ oy at=25_VI1tyide. /__1_+Y__
<dt"”(”’ “Tv T ey T o) "")'

Cae/l0BaTeabHO, 3KCTPEMAaAMHN 3TOTO CPYHKU,PIOHaJla SABJAAIOTCA (IPAMbBIC JUHHUN.

4) F 3aBucHT aAulib 0T X u y:
F=F(x, y).
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YpaBuenue d#nepa npuobperaer BUL %F,r x, ¥)=0 uy, caeno-

BaTeJbHO, uMeeT NepBui uHTerpan. Fy (x, y')=C,, npuueM TaK Kax
NOJyueHHOE ypaBHeHHe MepBOro nopsika Fy (x, y')=C, He conepxut y,
TO ypaBHeHHE MOXeT ObiTb MPOUHTErPUPOBAHO UM MyTeM HEMOCPELCTBEH-
HOTO pa3pelleHuss OTHOCHTEJbHO Y’ M MHTErPUPOBAHHA, WJIM MyTeM BBe-
IeHUs ToAXOAfuIWM oOpasoM BuIGpaHHOro napaMerpa {cm. c1p. 69).

Mpusmep 8 PyuxuuoHan
’ / 12
Ly ()] = / “‘*’y dx

(f — BpeMs, 3aTpayyBaeMOe Ha TMEPEMEIleHHe MO KPHBOH y = y (x) 43 oAHOH

ds
TOYKH B APYIylo, €CAH CKOPOCTL ABHMEHHA U ==X, TaK KaK ecJu —d-T-.;: X, TO

2
dt:%‘i Hl= /V—V—l—y———dx . flepsbii unTerpas ypaBrenus dinepa

’

F, =C, HMeeT BHI — = C,. 3To ypaBHeHue npolle BCEro Hire-
y 72
xVity
rpupyercs, ecau BBeCTH mapameTp, moaaras y’ = tg f; Toraa
1 3y’ 1
= = ——sint
, C "/1 _l_y/? C
wm x= C,sint, rre C, =—1-;
C

—L —tgt; dy=tgtdx=tgt C,costdt=C, sintdt

HHTErpupyd, NoayyaeMm y = — Ci cos ¢+ C,. Urax,

x=C,sint, y—Cy= —C,cost
nay, HCkAuas f, monydaeM x% -4 (y — C2)2 = Cf—cemeﬁc'mo OKpYKHOCTEH]
¢ LIEHTPaMH Ha OCH OpJAMHAT.

B5) F 3aBucuT auiio 0T y u y:

F=F(y, y).

Vpaenenne Ditnepa umeer Bua: Fy— Fyyy’ — Fyryy” =0, Tax kak
Fyy =0. Ecin yMHOXUTb NOYJEHHO STO ypaBHeHWe Ha Y, TO, KaK He-
TPYIHO NMpPOBEPUTH, JeBas 4acThb NMPEBPAlIAeTCcs B TOYHYID NPOU3BOAHYIO

ar (F—Yy'Fy). ' -
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HeticTBuTEALHO,
5 (F— Y Ey)=Fyy + Fyy' — y'Fy —Fyy® — Fyyy'y" =
=y (Fy —Fyyy’ —Fyyy"):
CrenoBaTe/bHO, ypaBHeHue DHiepa nMeeT MepBbt HHTerpasn
F—y'Fy=C,,
NpHueM TaK KaK STO ypaBHeHWe MEepBOTO MOPAAKA HE COAEPNHUT ABHO X,

TO OHO MOXeT ObiTb INPOHHTErPUPOBAHO NyTeM paspellieHUs OTHOCH-
TeMbHO Y’ M pasjeseHus NepeMEeHHBIX WJIM NyTeM BBeleHUs NapaMerpa.

Vs

Puc. 6.10.

Npumep 9 3amava 0 wauMeHbIeH NOBEPXHOCTH BPAWIEHHS: ONPENE/HTD
KPMBYIO C 3aJlaHHBIMH IPaHBUHBIMM TOUKAMH, OT BpAlIEHHS KOTOPOH BOKpYr oc
a6cuyce o6pasyercs DOBEPXHOCTb HauMeHbiredf naowany (puc. 6.10).

Kak H3BECTHO, IM0IAAb NOBEPXHOCTH BpailleHHa
X
stywl=2n [ yVity? ax
X

[Moasiuterpaabuas PyHKHUA 32BUCHT AHUIL OT y u ¥’ H, CJASIOBATEJbHO, NEPBHIH

UHTErpana ypamseinsn Diaepa 6yleT uMeTb BHi
F—y'F, = C,
—_— 2
HAH B QaHHOM cAyuae y Vi +y? = DS A C,.
: Vigy?
[Tocae ynpomeHuH noayuaem —V—z—z = C,. [lpome Bcero 310 ypasHe-
: 14y

—

HUe HHTEIPUPYETCS LOICTAHOBKOH y’ = sht, rorma y = C;ch¢, a

.4 C shtdt )
dx = %:——ﬁl—t—'——cldﬂ x=01t+03.
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HUrak, dcxkomas noBepxHocib ofpasyercs Bpameuuem JAUHHY, ypaBHeHue KOTOpO#
B mapaMerpuueckoifl ¢opme HMeeT BHA

X == C]t+CQ,
y=C,cht

X — CQ o
WUckaouas napametp #, Oynem umerb y = C,ch —¢  — CeMeHCTBO HemHbLIX
1

JUHHMHA, OT BpauleHHs KOTOgbe 00pasyl0TCsl NOBEPXHOCTH, HA3BIBA€MbIE KAaTEHOH-
naMua. Tocrosnuble €, u C, ONpeleNiOTCA U3 YCAOBHS NPOXOKACHHA HCKOMOH
JUHAH Uepe3 3aJaHHbIE PaHHYMBIE TOUKH (B 3aBHCHMOCTH OT HOJOMEHHS TOUEK
A u B MOXeT CyecTBOBaTbH OJHO, BAa HJH HY OZHOrO pelleHns).

[Tpumep 10. 3agaua o 6paxucroxpoue (cm. crp. 281). onpeleuTs KPUBYIO,
COEMHAIIIYI0 3a)aHHBE TOUKH A u B, npy JBHMKEHUH 1O KOTOPOH MaTepHalb-
Had TOYKAa CKATHTCS U3 TOUKH A B Touky B B wpatuafimee Bbems (Tp“HYleM il
CONMpOTUBJNEHHEM Cpelbl NpeHebperaem).

Tomectny Hawano xoopanHaT B TOUKY A, ocb Ox HaNPaBHM rOPH3OHTAIBHO,
ocs Oy — BepTukaabHo BHU3. CKOPOCTb J[BMMEHHS MAaTepHAMbHOH TOUKH
ds
dt
u3 noaoxenun A (0, 0) B nonoxeuue B (x,, y):

=}/ Ugy . oTKyIa HAXOAMM BpEMs, 3aTPayuBIEMOE Ha HepeMellelie TOUKH

1 2 '
Hy(x)) = V’ /V+y dx;  y(0)=0, y(x)=y:

Tak xax 2707 (QYHKUMOHAJK TaKKe MNPHHAMLIENKHT K IpOCTeHimeMy BULY H €ro
NOABIHTErpaIbHas (pym(unﬂ He CONEPXHT SBHO x, TO ypaBHeHue Jiliepa umeer
nepeblil unterpan F— y'F, = C, niu B 1aHHOM caydae

Vi
Vy VyQa+4y%
1 2
—_— = C um y(1+y’ )=C.
Vy(U+y?) 1

Beeaem mapamerp f, nonaras y’ = ctg; Torza moayuum:

OTKYNa NoCJe yupomeHus 6yneM nMeTh

— G — 24— ¢ f
y—W—Clsin t——Q—'(l—COSQt),
die By 2CiSINECOSEAE o Gnosgr o (11— cos 26) dt;
y cigt
x=C, (t—s‘"i’t)+cz_ 5@t —sin2)+C,

CiaenosatenbHo, B napamerpudyeckofi (opMe ypaBHeHHe HCKOMOH JMHUM HMeeT
BHI

x—Co= %— (2t —sin2f), y= %l (1 — cos 2¢).

Cean  npeobpasoparth. HapaMeTp NOACTAHOBKOH 2¢ = ¢, U NPUHATD BO BHHMRHHE,
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410 Cp =10, TaKk xax npu y=10, x=0, TO Mbl NOAyuuM ypaBHeHHe ceMeficTba
UBKJIOKA B o6blunOd topme:

X = Tl (¢, —sin £),

y= 7‘ (1 — cos £y),
of .
rae T——pa,zmyc KaTAUerocd Kpyra, KOTOPLIM ONpeAeaseTcd U3 yCJAOBHS MpO-

XOXIeHUs OUKJOHIB uepe3 Touky B (x;, y,). Mrak, 6paxucroXxpoHo#l spasercs
UHKJIOM A,

§ 3. dysxuuonassl BHUA
Xy
fF(xv ,Vl, y27 o e 0y ,V,,, ylv y27 oy yn)dx
X
Ins nomydyeHus HEOOXOIUMBIX ycaosuil aKCTpeMyMa @yHxiuuowana v
6onee ofuiero Buia

[y Vg oees yn]=fF(x, Yo Voo coen Yo Yo Yoo vves ¥, ) 0%
Xo
Npy 3afaHHBIX TPAHUYHBIX 3HAYEHHAX BCeX GYHKUMH
Y1 (%) = V100 Yo (X0) == Yap» « - e» ¥, (X0) = Yno»
Vi)=Y Yo (XD =Yo1. «- s ¥, (X)) =Ypps
6yaeM BapbHpOBAThb MW OLHY U3 (yHKLUHH
¥; (%) (=1, 2, ..., n),
OCTaBAAS BCE OCTA/bHble (QYHUKUMH HeudMeHHuMU. [Ipu sTOM dyHKUHOHAN
VY Yoo -..s ¥,] mpespatuTcs B yHKUHOHAI, Sa_laBVlCﬂHll/lﬂ JMIb - OT

OIHOW BapbHpyeMOH ¢yHxuMM, Hanpumep OT Yy, (x),
V[V Yo o Yab =01yl

paccMOTpeHHOTO B § 2 Buaa, H, CJaelOBaTe/bHO, (GYHKUHA, peaqusylomias
9KCTPEMyM, AOJKHA YIOB/ETBOPATH ypaBHeHHI0 OfJepa

., .
Fy, =z Fy =0

Tak kak 910 paccymledHue npuMeHuMO K .aio6oft dyukuun v, (=1,
2, ..., n), TO MB NOAYYMM CHCTeMy AudgepeHUHaNbHLIX ypaBHEHUH
BTOPOro mopsika
d .
FY,_WFy',"'O i=12, ..., n,

20 J1. 3. Dascroaey
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onpeieasioulux, BoOOLIe roOBOpsA, 2n-NapaMeTpHYecKoe CeMeRCTBO MHTe-
rPa’bHBIX KPUBBIX B IIPOCTPAHCTBE X, Y, VYoi +e.y Y, — CEMeHCTBO
3KCTpemMaJel naHHOH BapualMOHHOH 3anaud.

Ecan, B 4acTHOCTW, QYHKUMOHAT S3aBUCUT JUWIb OT ABYX (YHKLMA

y(x) u z(x):

vly (). 2= [ F(x 9 2. ¥, 2)dx:
y(x)=yp 2(x)=2, Yx)=y, 2(x)=2z,

T. e. onpejenserca BHOGOpOM npOCTpaHCTBeﬁHoﬂ KpuBofi y==1y(x),
z=2z(x) (puc. 6.11), TO, Bapbupys TtoabKO y{x) u Oukcupys z(x),

=

=y(z)
A v gm

Puc. 6.11.

Mbl HM3MEHfEeM Hally KPUBYIO0 TaK, 4YTO €€ Npoekund Ha miaockoctd xO0z
He M3MeHseTCs, T. €. KpUBasd BCe BPeMfi OCTaeTCs HAa NMPOEKTUPYIOLLEM
uuauMHApe 2 =z (x) (puc. 6.12).

Ananoruyno, duxcupys y(x) n apbupys 2 (X), Mbl BapbUPYEM KpH-
BYI0 TaK, YTO OHa BCe BpeMfl JEXHT HA HPOEKTHPYIOUEM UHJAUHADE
y =y (x). Tlpu s10M noayuaem cucremy AByX ypaBHeHu# IDiaepa:

d d
Fy-'"EFy'=0 n Fz——Ti‘;Fz'—':O.

Npumep 1. Ha#tn skcrpemaan dynxnuounana
7

2
vy (%) 2(x))= / ly? 42" +2yz]dx, y(©0)=0, y (%) =1,
0

2(0)=0, z(%)=—l.
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Cucrema nuddepenunasbHnX ypaBHeHH# Diinepa umeer BHI

y// — = 0,
2" —y=0.
Hckalouas oAHy u3 Heu3BecTHHIX (pyHKUMH, HanpuMmep 2, moayuaeMm ylV—y = (.
A: )
B, y=ylz] p
N Amb——————=2(x)
= =
i& /7:9“
A,
0 4
ig,
A, y=ylz)

Puc. 6.12.

Wurerpupya 3TO JuMHEHHOE YpaBHeHHE C NOCTOSHHBIMH KOd(dHIeHTaMH, 6yaeM
HMETh:

y=Ce* 4 Coe=* -+ Cycos x+ C, sin x,
2=y", 2= Ce*4 Cye=*— Cycos x — C,sin x.
Mcnoabays rpaHHYHbIE YCAOBUS, HAaXOMLUM:
Ci=0, Cp=0, C3=0 C,=1

Cliel0BaTeNbHO, Y = Sin X, 2 = — sin x.
Mpumep 2. Hafitn axcrpeMany ¢yHKIHOHANZ

vly(), () = [ F(y, 20 dx.

Cucrema ypaBuenu#l Ditnepa uMeer Bui
Fygy +Fyp2" =0 Fyy"+F,,.2"=0,

oTkyAa, cuM1an FyiiF,, — (Fy,r)? 0, noayunm: ¥yY"=0n 2"=0 wnm
y= Cix+ C;, 2= Cyx -} C, — cemeHcTBO NpsMbIX AHHHH B MPOCTPaHCTBe.

Npumep 3. Hailth aupdepenumuanbuste ypaBHeHHs JauHuil pacnpocrpa-
HEHHMs CBeTAa B ONTHYECKH HEOJHODOAHON cpele, B KOTOPOH CKOPOCTH Pacmpo-
CTPaHEHUA CBETa paBHa v (X, ¥, 2).

20*
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CoraacHo npuruuny Pepmu CBeT PACHPOCTPAHSIETCs U3 OAHOA rouk A (x4, Yo)

B Apyrylo B (x, y;) mo kpusoii, aasa KOTOpOP[ BpeMs T npoxoxjeHus cBeTa
6yter HauMeHbluM. Ecau ypaBHeHHe HCKOMOH KpUBOH y = ¥y (X) U 2 = 2 (xX), TO

r_ / RAESIEYLY

Tu(xy )

Cucrema ypapHeHu#t Smlepa Aas 9TOro $hyHKunonansa

oo Vidyite? | d y —o
ay v? dx vl/m?ﬁ ’
ow Vit ge" a2 g
0z v? adx Viie?io?
vVi4y*+2

n 6y11€T CHCTEMOH, onpene.rmzomeﬁ JUHUH DACHPDOCTDAHEeHUSS CBETA.

§ 4. PyHKuMOHAMALI, 3ABMCALNLHE OT NPOM3BOAHBIX
6oJiee BLICOKOTO NOpHAKA

HccaenyeM Ha SKCTpeMyM QyHKLHOHA

£y
vly )= [ Flx vy, ¥ (0 oo 3™ () dx,
Xy
roe ¢yukuuio F o Oynzem cunrate aupdepenuupyeMoit n -2 pasa 1o
BceM apryMedTaM M OyleM @peanoJaratb, 4YTO TPaHHUHblE YyCJA0BUS
UMeIoT BUA

y (Xo) =Y, vy’ (xo) = y(’), ven, y=d) (xo) — yf)”‘l);
y(xl):yl’ )’/(xl):y;, e y(”'l)(xl)zy(ln—l.)’

T. €. B IPAHHYHBLIX TOUKAX 3aJaHbl 3HAYEHMA HE TOJIbKO (YHKIUM, HO U
ee NPOM3BOIHBIX X0 nopsixa n-— 1 BkaounteapHo. [lpeanonoxuM, 4To
IKCTPEMYM LOCTHraeTcs Ha KpuBo# y == y (x), Auddeperuupyemoii 2n pas,
4 Nnycrb Yy =y (X)-— ypaBHeHue HEKOTOPOH KPHBOH CDaBHEHHS, TaKKe
autpdepeHunpyeMoit 2n pas.

PaccMoTpuM OnHOMapaMeTpuueckoe ceMeHcTBO QyHKuUuH

y(x, =y @X)+alyx) —yx)] mm y(x, )=y (x)+ady.

flpn a=0 y(x, a)=y(x), npu o=1 y(x, @)=y (x). Ecau pac-
CMATpUBaTh 3HaYeHMe (QyHKUMOHANA U [y (X)] TOJABKO HA KPUBHIX CeMedt-
¢ctBa y=y(x, d), TO ¢yHKLUMOHAT TpeBpaTuTCY B (YHKUMIO napa-
MeTpa @, [HOCTHralILYyl0 skcrpeMyMa mnpu -a=0; caeloBaTe/bHO,

-(%fv[y(x, 0]}, = 0. Ora npoussoinas B cooTsercTBUM ¢ § I
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Ha3biBaeTCH 8apuayuel PyuKyuonara v n obo3Hadaercs Ov:

év=[;—a/[’(x, v, o)y y(x ), ..., " (x, a))de —

a=0
Xy .
= [ (F,0y+F 0y +F 0y~ ... +F mdy"™\dx,
. y y y y
Xy

HHTeI‘ppre‘,M MO 4acTdM BTOpOE cJjaraeMoe B TpaBoOft 4acTH OAUH pas:

X

L
[ ooy as=1py oy~ [ L Fyoyax,
% %o
TpeTbe CJaraeMoe — JBa pasa:
£

X
V4 1 d X( ! d2
/Fw oy" dx = [Fy Wlio—[wﬂ” ‘”] T/WFWW”’
o/ . Xo *
Xo Xy

u T. 4., NocjaelHee cJjaraeMoe —n pas:

Xy
, n— 1114 d _oq "
e/‘ Fy(n)(‘))’ ’l’dx=[Fy<n)(3Y‘" “]::0"—[71—; Fyméy(” Q)jlxa'f'
£ '
n a"
o +(—1) /’WFy(n)é'\’dx.

Xy
TIpunumMas BO BHUMaHWe TPAHHUHBIE YCJIOBHA, B CHJIY KOTODHIX IpH
—_— — —_ ’ ”o__. =0 (n~1)
X =X, N IpH X =x, Bapuauuu dy =0y =0y ' = ..., =9dy =0,
OKOHY4Te/bHO MOJYUYHM
Xy
d a2 n d® .
b0 == [ (Fy— g Py o Pyt o (1) s ) Sy v,
Xy
Tak KaK Ha KPHUBOMH, peaqusylollet sKCTpPeMyM, HMeeM
Xy -
ov = d F d? n* ar F F
v=f\y— g byt ga 4 o D m Py ) 0y dx =0
X .
npH MPOU3BOJbHOM BEIOOpe (GYHKUMH 0y M TAK KaK MePBHIH MHOXKHTE.bL
TON 3HAKOM HHTErpaa fBjseTcs HenpephbiBHOH GYHKIMeR x Ha ToH Ke
KpuBoft y==y(X), TO B CHAY OCHOBHOH JeMMbl IEPBHH MHOXKUTEb
TOXKACCTBEHHO DaBeH HYJIO:

d d? " a’t
Fy-‘z;Fy"'i—W Fyr oo 4-(—1) —d?waEO.
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" Hrax, ¢yukuus y==y(x), pealusymwuas SKCTpeMyM (yHKLUOHA/A

v[y(x)l==fF(x,~y. Yo s enr YO ds,

1oMmkHa ObiTh pellleHHeM ypaBHeHHd
. d F d? F 1y dan P
B—gmtrtga v+ +E0 7 Fym=0.

310 muddepeHnuatbioe ypaBHeHHe TNOPsAAKa 27 HOCHT HasBaHue ypas-
renua isepa —I[lyaccona, a ero WHTErpalbHbie KPHBBIE HA3BIBAIOTCA
SKCMPpeMaAAMl PACCMATPUBaeMOH BapHauMOHHO# 3anaun. Obuee pelretie
9TOr0 YpaBHEHHS COLEPMUT 21 NPOMSBOJABHLIX IOCTOSHHBIX, KOTOpPbIE
MoryT ObTh, BOOOHIE TOBOPS, ONpefeieHb #3 27 FPaHUYHBIX yCa0Buf:

yv(xo) =Y, y’ (xo) = yé, e, y(”—l)(xo),_—_— y{()"—l);
y(xl)—_:yl, y’(xl):yl’, e, y(n—l)(xl): y(ln-l)_

[Mpumep 1. Haiitn akcrpemaab dyHkusioHana

1
vly (9] = [ 4y dx
0

y0)=0 y@©O=1 yl=1 y =1
. .
Ypasuenne Dinepa — [lyaccona umeer Buj diﬂ (2y")=0 uau yIV=0; ero
06uHM peienneM fBagerca y = C,x® 4 Cox? 4 Cyx 4 C,. Vcnmoaesys rpauuy-
Hble YCIOBHA, TOAydYaem:
Clz y C2=0, Cssl‘ C4=0
Wrak, sKCTpEMyM MOXeET NOCTHraThCHl JHUIL HA OPAMOH y = X.
[Ipumep 2. Omnpegennth 3KCTPeManb GyHKUHOHAJA
1

2
vy (%) = f (y"* —y? 4 x?) dx,
0

yIOBJETBOPAOIYIO YCAOBHAM
(=0 y(Z)=0 y(Z)=—
yO=1 yO=0 y(3)=0 y(3)=—1

VYpasHenne ditnepa — [lyaccona umeer Bui ylIV—y=0; ero o6uuM pemreHuem
aBaseTcs y == C,e*¥ -+ Cye—* 4 C; cos x + C, sin x. Vicnoabays rpannunmie ycao-
Bus, noayuaeM C, =0, C, =0, C; =1, C,= 0. Vrak, skCTpeMyM MOXeT AOCTH-
raThCs JUIIb HA KPUBOH ¥ == COS X.

[Ipumep 3. Onpepenuts sKCTpeMaab (GyHKIHOHAIA

!

vy (¥)] = f (% w”’+py) dx,

-1
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YAOBJE TROPAIOIYIO T'PAHHYHBIM YCAOBHAM:
y(—0)=0y(—D=0 y()=0 1y ()=0.

K sroil BapuallnoHHOA 3ajaue CBOAMTCA HaXoXJeHue OCH M30THYTOH ympyroit
nuaMHIpHYeckol Gaaxd, 3afeidaHHOH Ha kounax. Ecau 6aaxa oaHopoXua, TO D
# (. TOCTOSHHH U ypaBHeHue Jitnepa — [yaccona uMmeer BH,L[

[\
p+ dx? (l‘}')_o Hiy ylv“‘—_pj',

oTKyIa
y=— 94“ —}—Clx3+02x2+ Cx+C,

“CHOJIBSYSI T'PaHHYHBIE YCJAOBHUSA, OKOHYATEALHO HAXOIUM
=0 (o _opeap =P g2
y M (xt—2 + %) um y m—(x 12)3,
Ecnu ¢pyHxkuuoxnaa v uMeeT Bl

Xy .
v[y(x),'z(x)]:J F(x, 9, 9y v ¥, 2, 2, o.., 2™)dx,

Xo

TO, BapbHpyfR TOAbKO Y(X) u cuutasd 2 (X) (PHUKCHPOBAHHBIM, Mbl HAXO-
AuM, 4TO ¢yHKumM y(x) #H 2(x), peanu3yiollye SKCTPEMYM, NOJ/IKHBI
yAOBAETBODATD ypaBHeHmo Sfnepa —Hyaccona

Fy— 2 Fy+ oo (=1 2 Fyny =0,

a Bapbupyq 2 (x) u cuutag y(x) HUKCHPOBAHHLIM, MOJIYyUHM, UTO Te XKe
$YHKUMH LOMKHB YIOBJAETBOPATD ypaBHeHI/llO

d
Fz'-'"'i;'FZ"'*_ . +(*1) dxm z(m)=0-

Hrax, ¢yukumn 2(x) u y(x) LOJKHB yﬂosneTéopmb CHUCTEME " ABYX
ypaBHeHHH

d an
Fy—EFy'-*— v e +(—1)H'E,TFy(n)=0.
F,— 2 F 1y 4~

e — gz Fo 4+ oo (D" o Fym=0.

ToOYHO TaK Xe MONKHO pacCyxlaTh M NPH UCC/JAENOBAHMU HR 3KCTpe-
MyM (YHKLHOHANA, 3aBUCALETO OT a1060rT0 Yuciaa Qynxumit:

VY Yo -0 Yol =
Xy
= [ F(x v e W 9y e

X

B S yg:'m))dx.
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Bapbupys kakyio-uuGynb oAHy (YHKLUMIO Y;(X) M COXPaHAA OCTaAbHble
HEeM3MEHHBIMHM, TNOJYYHM OCHOBHOe . HeOOXONMMOe YCJOBHE IKCTpeMyMa
B BuUle

Fy, —dLFyt—{— v (=1
X i

ny

d

n,
dx?

Fy=0 (=1 2 ... m).
i B

§ 5. ®ynkuHMoHaabl, 3aBHCsAMWMKEe OT (yHKUHH HECKONbKHX
HE3aBHCHMBIX NEepeMeHHbIX

HccnenyeM Ha 3KCTpeMyM (yHKLUUOHANA

. 0. (4]
otz wi=[ [Fle v 2 & E)aray,
_ D

npuyeM Ha rpavune C ofsactn D 3naveHus ¢yuxuun 2 (¥, y) 3axaHw,
T. €. 3al1aH MPOCTPaHCTBeHHBIH Koutyp C, uepe3 KOTOPHH AOMAKHH

z=z(zy)

Puc. 6.13. -

NPOXOANTb BCe NODYCTHMble MoOBepxHOcTu (puc. 6.13). das coxpauiexus

dz F
3anucy  0003HAUMM: = qu' byuxkuuio F OyreMm cuumrath

TpuKAL Andohepenuupyemont. IlosepxnocTs 2z=2(x, y), Ha kKOTOpOH
peajusyerca 3KCTpeMyM, OyleM mpennosarartb ABa¥Ab AuddepeHuu-
pyeMo#.

PaccmMoTpuM onare onHOMapamMeTpHuecKoe CeMeHCTBO MOBepXHOCTeH
z2=2z(x, y, Q)==2z(x, y)+adz, rie dz2=1z(x, y)— z(x, y). BKmMO-
yaioulee npu & =0 MOBePXHOCTL 2 ==Z2 (X, y), HAa KOTOPOH peajusyercs
9KCTPeMyM, 4 TNpd @ =1 — HEeKOTOPYI0 HONYCTUMYIO NOBEPXHOCTb

z =z(x, ¥). Ha ¢ynkuuax cemeiictsa z(x, y, @) GYHKHUMOHan ¥ npe-
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BpalmiaeTcs B (YHKLHIO @, KOTOpas AO/KHA UMETb SKCTPeMyM Ilipu o == 0;
0

cAeA0OBaTENbHO, va[z(x, v, a)]|a=0=0. HasuiBas B cooTBercTBUN

¢ § 1 npoussoanyio or v[z(x, v, a)] no o npu ¢ =0 gapuayuei
gyuryuonasa u oGo3Hauas ee dv, OyneM HMeTb:

avz{%// F(x,y, 2(x,y, ), p(x, ¥, a),q(x,y,a))dxdy} =
D

a=10

='/1./1[[’26z—{—Fp6p+Fqéq] dx dy,
D

rie
z(x, y, )=2(x, )+ adz,
e v, .
pa y, y="2E200 — pix, gy 4adp,
: d
g,y 0 =2E2 — g (x, y)+ ady.
Taxk kak
0 /]
W{Fpéz}=W{Fp}6z+FP6p’
0 0 X
W{Fqéz}:—d—y'{Fq} 0z 4 F,9q,
TO

ff(Fpép—{—Fq(’)q)dxdy::
D
f P, d2) + {Fqéz]]a'xa'y —
_// [%{FP}JF%—{Fq}]azdxdy,
D

TR {F }—TaK Ha3biBaeMasg TMoJiHagd 4YacTHas IIpOU3BOJHAA No Xx.

()x
ﬂpyl ee BLIUMCJAEHHH y cuyuTaeTcd (DUKCUPOBAHHBIM, HO B3aBUCUMOCTH 2,
pugorx y‘ll/ITbIBaeTCﬂZ

0z
0x {Fol = FpetFrogy+Fpp 0x+Fl"10x

H aHaJOrM4HoO

{0 ' oz
W{Fq}:qu+qu_0;+quoy +qu ay *

- ITo usBecrHOR dopmyie I‘puHa

// ox +% dy )dxdy=,/.(Ndy~de)
Cc
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101y UM

ff 0 1p s O (r oz1ld —fF |

S [3;{ P z}“f—Ty( 7 z}] xdy= [ (Fpdy — F,dx)bz =0.
. C

MocnelHn#t WHTErpan paBeH HYMO, TAaK Kak Ha KoHType C Bapuauus
62 =10, noToMy 4TO BCe ZOMYyCTHMble MOBEPXHOCTH NPOXOMAT Yepe3 OAMH

1 TOT ke npocTpaHcTBeHHuI# koHTYp C. CrepoBaTenbHo,

0 4]
ff[F,,éerFch] dxdy=_//[d—x{1~*p}+w{ﬁq}}0z dx dy,
D D

H HeoOXOIMMOE YC/AOBHE SKCTpeMyMa

f f(Fzéz—i—Fpép-{—Fqu)dxdy:O
D
NpUHUMEET BUA

f'/v(F’—_éa?{Fp}—%{F(,})dedy=().
D

Tak kak sapuauua 82 npousBoibHa (Ha 02 HAJIOKeHH JHIUbL OTpaHUye-
Hus OGIero XapaxkTepa, Kacaioliuecs HenmpepHBHOCTH H auddeperun-
pyeMoctd, oGpamienns B Hy/ab Ha koHType C u T. A.), a nepBuift MHO-
MUTeJb HenpepeiBeH, TO MO ocHOBHOK Jemme (cTp. 296) Ha nosepx-
HOCTH Z==2 (X, y), peajusyiuiefi 3KCTpeMyM,

i} 0
Fe— g5 (Pl — 55 (Fg) =0.

Il

ChenoBatefbHO, 2z (X, y) ABJAfETCH PEUICHHEM ypaBHEHHS
0 0
Fz'—“'ﬁ}_{Fp} “W{Fq} =0.

Dro auddepernmanbHoe ypaBHeHUE BTOPOro NOPHAKA B YACTHHIX MpO-
U3BOJAHBIX, KOTOPDOMY AOJIKHA YIOBJETBOPATL (yHkuua 2 (x, y), peaiu-
3ylollas SKCTPEMYM, HOCHT HasBatMe ypaguwenuss Ocmpozpadckozo
10 uMeHW Bhldaloleroca pycckoro Marematuka M. B. Ocrporpaackoro,
koropu#t B 1834 romy sBnepsele NOJAYYWI STO ypaBHeHHe, OJIHAKO
L1 npaMoyroibHpix obaacte#t D oHO BCTpeuasock yxe B paborax
JI. Dttaepa.

Mlpamep L

e = [ [ [[5]+(] oro
D



§ 5] ®YHKIIHOHAJIBI OT ®YHKUUM HECKOJNBKUX TNEPEMEHHBIX 315

Ha rpanune C o6aactn D 3Hauenus QyHkuMM 2z 3afaHbl: 2 = f(x, y). YpaBHe-
Hue OCTpPOrpajckoro B AaHHOM CJy4ae MMEeT BHJ

0%z 02z
o7 T =0

HJM B KPAaTKOH 3amucu

T. €. ABJSETCA M3BECTHBIM ypasHeHuex Jlanadca, npuyeM Halo HaHTH HeNpephIB-
Hoe B D pelleHHe 3TOro ypaBHEHHS, NPHHMMaloIuee 3aJaHHble 3HAUeHHs Ha rpa-
Huie obaacty D. 310 —0/Ha H3 OCHOBHBIX 3ajau MaTeMartudeckofl d¢usunku,
HasbiBaeMman 3adaueil HJupuxae.

Mpumep 2.

vlz (s y)i -[f () + (&) +22r o ] axay
D

Ha rpauuue obiracti D ¢yHknua z sazana. YpasHenue OCTPOrpajickoro B naH-
HOM CJyude HMEET BHA -

0%z 0%z
Fro Ty = fx )
MK B KpPaTKOH 3amuch
Az = f(x, y)

1o ypaBHeHye, HashiBaeMoe ypasnenuem I1yaccona, Takxe BeChbMa 4acTo BCTPE-
gaeTcq B 3ajfa4aXx MaTeMaTHueckoH (u3MKH.

MpuMep 3. 3anaua o HAXOXAEHHH NMOBEPXHOCTH MHHHMAaJbHOH maowwaiu,
HaTaHyTOH Ha XauHb# koHTYp C, CBOIMTCHA K HCCJENOBAHHMIO HA MHHHMYM (yHK-

LIMOHaa 3
Stz = [ /1/1+(%§)2+(3—j)2dxdy-
D

Ypasuenne OCTPOrpajckoro B I3HHOM CJyduae HMEET BHI

SCAN DY S VWY SRS S
0x{V1+p2+qz }+oy \ViTrre |

02z 0z \? 0z 0z 0%z 02z 0z \?
G+ (&) |25 o eyt (5 ]=0

T. €. CpeJHss KPMBU3HA B KaXJAOH TOYKEe paBHa Hymo. M3BectHo, 4To dusuue-
CKOH peaausanvedl MHHHMAJLHBIX [OBEPXHOCTEH SBJAIOTCA MBUIbHBIC IJIEHKH,
HaTAHyTHle HAa 3agaHHbi# kouTyp C.

Hau

s ¢yukunoHana

v{Z(X], Xg o0sy X)) =
=ff ...f‘F(xl. Xgsvens Xgo 20 Pps Do vver P)dxydxy ... dx,,
D

~
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dz
rie p= "(Ei-

0v =0 coBepuIeHHO aHAJOCHYHO MOJy4uM clelylomee ypasHeHue Ocrpo-

Fpa.ﬂCKOFO:
n
0
FZ_ZF}E[ {Fr} =0,
i=1

KOTOPOMY JIO/KHA YAOBJETBOPATh (QYHKUHS
2==2(X{ Xgs vens Xph

, 43 OCHOBHOrO He06XO0LHUMOro yCJIOBHSA  3KCTPEMYyMa

peanusyomas SKCTpeMyM (yHKIMOHAJMA U.
Hanpumep, zns ¢dbynxuuonana

o= [ TG + (5T + () Jaxaves

ypaBhenne OCTpOrpajicKOro HMeer BHI

02u 0% 0%u

ox? + oy 0y? + o 027 =0.

Ecan nojsinTerpansHas GyHKkuus ¢yHKIMOHAAA U B3aBUCUT OT MpPOU3-
BOAHLIX (0Jee BBHICOKOrO MOPAAKA, TO, NPHUMEHAs HECKOJbKO pas npe-
00pasoBaHus, HCMO/b30OBAaHHBIE NMPH BBIBOAE ypasHenus OCTpPOrpaickoro,
B KadecTBe HeOOXONMMOI'O YCJOBUS SKCTPEMYMAa MOJyuaeM, uTO PyHKLud,
peanusyiommias SKCTPeMyM, AOJ/KHA YAOBJETBOPATb YPaBHEHUIO, aHAJIOrUY-
HOMY ypaBHenuio Jftnepa — [lyaccona (ctp. 310).

Hanpuwmep, aas ¢)yHKun0Hana

0z dz 0z 0%z o0z
vi|z(x, Y= f/ X, ¥, Z,W.W,W»m 0y2)dx y

HOJIyYuM ypaBHeHHe

Fym e Pyl = S (Fy) 4 o (F) A+ s (F o} o [F ) =0
z  gx VP oy ' ¢ oxz ' r ox gy ' ¢ oy VT
rae
0z 0z 02z 02z 0%z
P=%x 1=%y "=5 S=aGay T o

DTOMy YPaBHEHMIO 4eTBEPTOTO NOPSAKA B YACTHBHIX NMPOU3BOLHBIX LOJAKHA
yAOBAETBOPATb (YHKIHSA, peaausylollas dKCTPeMyM (YHKLKOHAAZ V.
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GyHKuMg 2, peanusylolwas SKCTPEMyM, HOJ/KHA YAOB/IETBOPAT: Tak Ha-
3LIBAEMOMY GU2QPMORUECKOMY ¥ PABHERNIO

0z otz 04z

o T2 gagy Ty =0

KoTopoe OOGHIYHO KpaTKo 3amucpiBaeTcs Tak: AAz =0.
Ina dyHkuuonaaa

oo [ 5T+ (53 v (5] - slaces
D

¢yukuua 2 (x, y), peanusyollas 9HKCTPeMyM, HOJNHA yIOBAETBOPATH
ypasuenuio AAz = f(x, ). ‘

K ©6urapmMoHuuecKkoMy ypaBHEHHMIO TMDPUBOIAT TaKKe 3alaud Ha K-
crpeMyM (YHKLUHOHaAA

0%z 0%z \*
v= [ [ G+ 5) axay
o
uau ¢dyukuuonana 6oJee o0uwero Bujia

02z 022 \2 0%z 0%z 0%z \?
o= [ G+ 205 —(Gg) ]} exer
D

[le {4 — napaMerp.

§ 6. BapuannonHble 3agaun B mapamerpuueckoil ¢opme

Bo MHOrHX BapHalMOHHBIX 33fayYaX pelleHue yLOGHee UCKATh B NApaMETPH-
uweckoM Bujle. Hanpumep, B MaomepuMerpuueckod 3amaue (cM. cTp. 282) o Ha-
XOMJAEHMH 3aMKHYTOH KPHUBOH 3afaHHOH AauHbl /, orpaHHTuBaWOIEl MakCUMaab-
Hy©o mjomaib S, HeyloGHO HMCKaTh peuleHWe B BHAE Y ==y (X), TaK Kak 0o
caMoMy cMbicay 3ajaun dysxnua y(x) HeoiHosdHauHa (puc. 6.14), nostomy 8
paccmaTpuBaeMofi 3ajade Lenecoo0pasHO MCKaTh pelieHHe B NapaMeTpuyeckoi
dopme: x = x(f), y=y(¢). CaeroBatesbHO, B JAAaHHOM CJaydYae HAaL0 HCKaThb
aKcTpeMyM (yHKIMOHaAa

T
Sr@ yol=5 [ i—yha
3

T

OpH HAAMYMH ycaosua = f ‘/;22—{- y2 dt, tae [ — nocrosuuas.

0
flycty npu uccaepoBaHuM Ha SKCTPEMYM HEKOTOpOro (yHKUMOHANA

vly@l= [Fe5 . y)as

Xo



318 MéTon BAPHALIMY B 3AJAYAX C HEMOABUXHBIMHU TPAHULIAMU [TJ1. 8

okaszanoch GoJee LeaecOO6Pa3HbiM HCKATh peIlleHHe B NapaMeTpuueckol ¢opue
x=x(t), y=y(t); Torza ¢yukuuoHax npeobpasyercs K CACAYOIIEMY BHAY:

t .
/ ) .
1), y(t)] = F 5. y(t) y—- t) dt.
v[x(®), y ()] t!/' (x,() y® x(t))x() t

3ameTnM, 4TO NOJYYEHHAas NOCJe NpeoOpa3oBaHHsA ilepPEeMEHHBIX {10JbHTErpaib-
Has QyHKUHA
y)

F(x . o x—(t)—) )

HE COJEpMT { SBHO W fBJASETCA MO OTHOUICHHIO K TNEPEMEHHBIM X H Y OHHO-
poaHo# ¢yHKuuedl nepso# CTeneHH OIHOPOLHOCTH.

TakuM o6pasoM, dyHxuuoHax U[x (Z), y (f)] aBaseTCA HE NPOH3BOJbLHBIM
(yHKIMOHAAOM BHIA

f-
f(D(l‘» x(@). y@), (@) y(t))dt,
2

3aBUCAMMM OT ABYX ¢yHkuud x(f) u y(Z), a aunlb BECbMa YaCTHBIM CJIyuaeM
TAKOro (QYHKUMOHANA, TaK KaK €ro MOJLIHTErpaibHas QYHKUMA He COLEPHKUT
fIBHO £ W OJHOPOJHA NEPBOHA CTENeHH OLHOPO-
HOCTH 1O OTHOIUEHHMIO .K IIEPEMEHHBIM X U Y.
Ecan 6nl Mbl nepeinan K KakoMy-HUGYAb
APYroMy mnapaMeTpHYECKOMY TNpeACTaBIAECHHIO
HCKOMOH KpuUBOH x==x(T), y=y{1), TO
¢dyuknuonaa v[x, y] npeobpasosaics 6w K
Ty LAY .
Yo -
BUIY F | x, y, = | x,dt. CrenoBatess-
T

y

2

0
0 HO, NOJbIHTerpajbHas GYHKUMA (YHKIHOHA-
Ja v He MEHSIET CBOETrO BUJAA NPH H3MEHEHHH
NapaMeTPHUECKOr0 TpPEACTABJEHUS KDPHBOH,
Puc. 6.14. Takum o6pa3oM, QYHKHHOHAA U 3aBHCHT OT
BHJA KDHBOH, a He OT €€ NapaMeTPHuecKoro
NpejcTaBACHH S,
Hetpyzuo y6eauTbcsi B CHPABEHJHBOCTH CJELYIOIIErO YTBEPWACHHS: €CaAH
nojpiHTerpaabHas GYHKIHS (yHKUHOHaxa

4
vlx®. @ =[O 2@ y@). 2O § @) at

13

He CONEPXHUT ! 9BHO H ABAAETCH OAHOPONHOH (yHKUuMeH nepBOH CTENEeHHM OxHO-

POAHOCTH OTHOCHTEAbHO X H Y, TO (ynkuuonan v [x (f), y (f)] 3aBHCHT aumb
or BuAa kpuBo# x==x(f), y==y(f), a He OT ee mapaMeTPHYECKOrO NpejCTaB-
aenud. JeHCTBUTEJNBHO, NYCTH

f
vlx@® yOl= [O@®. yO. @ j@)dh .
t
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rﬂ‘e ‘ b . .
D (x, y, kx, ky) = kD (x, ¥, %, ¥).

ﬂepeﬁneM K HOBOMY UHapaMeTpHYECKOMY {IpCACTABJCHHUIO, [0Jaras

T=¢(t) (@) #0), x=x(1) y=y().
Torna

4 T
. . ’ . . . . drt
f O (x (). y () £(1), () dt= f O (x (0. y (@) ¥ MO Je M) -
¢ T A
B cuay toro, uro @ sBasercs oaHOPOFHOH dyHKHUeH NepBofl CTeneHm oAHO-
POAHOCTH OTHOCHTENBHO X H y, 6yAeM HMETb
CD(X' Y )}r(i)' )"-.;(f.)):(i)m(x' Y ';Cr' 5’1:)’
OTKyJa

£ T
f(D(x, v, /\.ft, )’t) dt == f(D(x) y “'“1:' yt) dr,
£ To

T. € [OABbIHTErpaabHasn (I)yHKHHH HE HU3MEHHJACh I[IPH H3IMCHEHHH MapaMeTpH-

4eCKOro MpeiaCTaBJICHH .
£

Onuna gyra f ]/,{:2_[,_512 dt *), naomans, orpaHuyeHHas HEKOTOPOH KpuBOH
f, ‘

LA .
03 (xy — yx) dt, aBafioTCa OpUMepaMu Takux (YHKIMOHAJOB.

by
Iaa naxowaeHust skcTpemateH QyHKHMOHAJZOB pPacCcMaTPUBAEMOro THNA

4
vlr@® yO) = [0 5 & yar
t

rie @ — omHopoxHas (yHKuuS nepBOH CTENEHH OJHOPOZHOCTH OTHOCHTENBHO X
By Kak H LA (QYHKHUOHAJIOB C [POHU3BOJLHON MOABIHTErpaibHOR QyHk-
nue#t O (¢, X, y, X, y) Hamo pemwTb cucTeMy ypasHenuit Dilnepa

d d

OpHako B paccMaTpHBAaeMOM 4aCTHOM CAydYae STH YPaBHEHMS He ABIAIOTCA
He3aBUCHMBIMHM, TaK KaK MM JOMKHBI yAOBJETBOPATh HapAAy ¢ HEKOTODHIM pe-
meHueM X = x(¢), y==y(f) u moObie Apyrue mapsl ¢yuxuuil, faiomue apyroe
mapaMeTpPUYECKOe IpeJCTaBleHHe TOH Xe KPUBOH, 4TO B CAydYae HE3aBHCHMOCTH
ypaBHeHnit Jftnepa mpuseso Obl K NPOTHBOPEHHIO C TeopeMo# CyeCcTBOBaHHA

o, ®, =0.

*) dyHKuus V;'c2+ y? ABASETCH NOAOHCUMEALHO OIHOPOHOMN nepBoil cre-
NeHM OZHOPOJHOCTH, T. €. AAA Hee yciaomue F (kx, ky)=kF(x, y) yxoBaerso-
pAeTca AHMIb [PH HOJOXHTEAbHBIX R, OXHAKO 9TOrO BNOAHE AOCTATOUHO NJA
CNpaBefAMBOCTH HU3JaraeMoft B 3TOM naparpade TEOPHH, TaK KAK NpH 3aMeHE

HepEeMEHHBIX T = ¢ (f) MOMHO CUHMTaTb q"/(t) > 0.
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M eQHHCTBCHHOCTH pelIeHHa cucTeMsl Aitdpepenuuanbbix ypaBHenuil (cM. ¢Ip. 75).
JTO YKa3blBAET HA TO, 4TO AAs (YHKUHOHAJOB BHIA

4
vix@ yO) = [@(x y. & §)dt
e

rae O — oxHOPOAHAd (YHKIMA NepBO#l CTEMeHH ONHOPOAHOCTH OTHOCHTENBHO X

¥ y, OAHO -u3 ypasHeuuit Sifinepa apasercs chepcTBHEM Apyroro. s HaXox-
JeHusa aKcTpeMadell Halo B3ATh OZHO U3 ypasHeuuft Dilepa u MPOMHTErpHPO-
BaThb €r0 COBMECTHO C YPaBHEHHEeM, OlpejensiollluM BeGOp mapamerpa. Hampu-

Mep, K YDAaBHEHHIO (Dx-"ﬁq))é =0 MOXHO TNpDHCOCAMHUTb  ypaBHEHHUe

X2} y? =1, yxasHlBAIOWEe, 4TO 32 MAPAMETp B3ATa AIHHA AYrH KPUBOiL.

§ 7. HexoTophne npuaoxeHUs

OCHOBHBIM BApHALHOUHBIM TPHHUMIIOM B MeXaHUKe SBJIAETCA MpPHHUHT
cranuonapnoro aeficraus Ocrporpanckoro — [aMuanToHa, yTBEPMAIOULAH,
YTO CpeaH BO3MOXHLIX, T. €. COBMECTHMBIX €O CBA3AMM, ABWKeHMH CH-
cTeMBbl MaTepHabHBIX TOUYeK B AGHCTBUTEAbHOCTH OCYLIECTBAAETCH JBU-
AeHue, Jaiolilee CTAUUOHAPHOe 3HAadeHue (T. €. 3HAYEeHHe, COOTBET-
CTBYIOUICE APTYMEHTY, AM9 KOTOPOrOo Bapuauus GpyHkuUMOHAAa PaBHA HYJIO)
uHTerpaiy

f ‘(T —U)dt,
1

rae T — xuHeTHdeckas, a U — noTteHIua bHAS DHEPTHUA CHCTCMBL.
HPHMEHI/IM 3TOT NMPHHUUN K HECKOJbKHUM 3alaydaM MeXaHUKH.

Mpumep 1. Hana cucTemMa MaTepHadbHBIX TOYEK € smaccamu my (i =1,

92, ..., n) U KOOpAHMHAaTaMu (X; ¥, Z;), HA KOTOpyw JeHcTBylOT cuam F; obaa-
faIMe cHjaoBod (pynkuHeil (MorteHumanom)— U, 3aBHCAIEH TOJALKO OT KOOp-
JHHAT:
. Fo— ou . oU | F.— ou
i~ ox; ' oy; ' 9z,

rae Fy Fy F . — koopausatkl Bektopa Fj; AeHCTBylOWero Ha TOYKy
i i /
(xp ¥ 2;). Haittn muddepenunanbubie ypasHeHHR JBHKEHHA cucTembl B pau-
HOM Cayuae KMHeTHueckas sHeprus
n .
— 22y L2y L2
T—f‘dmi(xi”l" Yi+zi)'
i=1
a noTeHIMaabHas oHepruA cucrtembi paBHa U. Cucrema ypabHenu#l ditepa pas

HHTErpaJa
t

f(T—U)dt

)
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HMEeT BHI
oU a T oU a oT oU d T
-_—— = —————— = ————— =,
Ox; dt ox; 0)’1 dt dy, dz, dt oz
Han

miii——Fix=0; mi}"l—Flya(); miE‘—Flzao
(=12 ..., n)

Ecan 6n aBuweHHe OblIO NOAYMHEHO e€Ile HEKOTOPOR CHCTEME HE3aBHCHMEIX
cBaseit

q’l(t’ Xip X2 eoes Xpo Yp Yo o0 0s Yo ‘zli 22 sees zn)"‘o
(=1 2.... m m<3n),

TO M3 ypaBHEHHH cBA3eH MOMHO ObLIO  Obl BBIDA3UTL M IEPEeMEHHHIX 4epes
3n — m He3aBHCHMBIX NlepeMeHHBIX (He CUMTaf# BpeMeHH {) HIM BHIPa3HTh BCE 3n
NepeMeHHbIX 4epe3 3n— m HOBBIX, YKe He3aBHCHMBIX, KOODXHHAT

9 92 ovor D3p—m:
Toraa T u U mMoxuo 6b10 6H Taxe pacCMaTpuBaTh Kak (YHKIHH

qu g2 vonr Qap—m U L
T=T(qu g eoer Gipemn: q'p liz, cens tian_,,,, ?),

U=U(qy 92 -+ 93n-m th
H cucTeMa ypaBHeRuil DJiizepa umena On BHI
M__d_ﬂ‘_=o (l=l, 2,“” 371—”1)
0g; dt oq,

MMpumep 2. BuBenem auddepenunanpaoe ypasHeHHe CBOGOJAHEIX KOJe-
6aHuil CTPYHBHI.

ITomecTuM Hagalo KOOPAMHAT B OAMH H3 KOHHOB CTpYHH. CTpyHa B coO-
CTOSIHMM MOKO# WOJ BJAMAHUEM HATSMEHHA DPACMONOXEHA BJOJAL HEKOTOPOH mps-
MOH, mo koTOpolt Hampasum oCb abcuucc (puc. 6.15). OTKJIOHEHHE OT MONOKEHHA
paBHoBecHs u (x, {) Oyner ¢yHkuued
abcuucchsl x ¥ BPEMEHHM I. AU

[Motennuaabnaa sHeprua U sne-
MeHTa a6COMOTHO F'HGKOH CTPYHHI Npo-
MOPUHOHAJbHA PACTAXEHHIO CTPYHBL
YuacTok CTpyHH dx B AedOPMHDOBaH-
HOM COCTOSIHHH, C TOYHOCTBIO 10 Gecko-
HedHO Maabix Gonee BHICOKOrO nops- u=ufzt)

2

! :
Ka, uMeeT AAMHY dS = Vl-{—ux dx 7 !
H, CIeI0BaTEAbHO, YAJIMHEHHE dJeMeHTa

T2 .
PaBHO (l’ 4o, — 1) dx. Ilo ¢opay- v Puc. 6.15.
e - 1,

se Teitnopa J 1 +u, ~ I+3 xz- '

’ .
Cuuras u, ManuM # npeHebperas 6onec BLICOKHMH CTENEHAMH 4. MOAY-

. 1 ‘2
4HM, 9TO NOTEHIHAIbHAS SHEPIH SICUENT PaBHa 5 ku, dx, rae k — MHOXKHTEND

21 21, 3. 3ascroaen
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NPONOPHHOHAALHOCTY, @ [OTEHUHAAbHAS SHEPrHA BCEH CTpYHH paBHa
. 1 . .
1 .3
D} f ku, dx.
0
Kunernueckaa sueprus CTpyHB paBHa

l

1 /2

gfpu( dx,
0

t

rie p — naoTHocTh. MHTerpan /(T—U) dt ¥MeeT B JAHHOM CJAyuae BHA

.

ty
Lo [
v._-—.f /.[%puéz——%ku;] dx dt.
£ o0

VpaBuenue 1BUMKeHHS CTpYHB O6yner ypasrenuem Octporpaackoro aas Qyux-
udonaaa v. Mtak, ypaBHeHHe NBHXEHHS CTPYHbI HMEET BHL

d A r 0 ’
= (ou;) — =5 (kuy)=0.
Ecan ctpyHa ogHOpOAHA, TO 0 W k& — NOCTOAHHBIE, U ypaBHeHHE KoJaebJaouieiics
CTPYHbB! yHpomaercs:
o%u 0%u

—_— —k = 0.
e 0x?

JonycTuM Teneps, 4TO HA CTPYHY AEHCTBYET €llle BHemIHAs cuaa f (4, x), mep-
OeHABKYJIApHAd K CTPYHE B ¢ MOJOKEHUH DABHOBECHS W pACCUMTaHHAsA Ha elu-
Huny Maccel. Kak nerxo nposeputb, cuaoBas (yuxnua oTofl BHEmHEH CHABI,
IeHcTByolmedl Ha sjaeMeHT CTPYHBI, paBHa pf (£, X) 4 dx; CAeAOBATENAbHO, HH-

¢
Terpaa Octporpaickoro — [laMuabTOHa f(T—U) dt umeer BHA

)
!
1 2 1, .2
/‘ f [7% — 5 ot x)u]axdt,
ta 0

a ypaBHEHHE BBLIHYKAEHHBIX KOJEOGaHHH CTpPYHHI

-(—;—;— (pu;) —_ ?d; (ku;) —pof(t x)=0,

HJH, €¢I CTPYyH& OAHOPOAHA,

ou k 0%u
= =1 & %),

CoBepmEeHHO aHAJOTHIHO MOMeT OHTb MNOJAY4YeHO ypaBHeHHe xoncbmomefica
MeMOpaHEL

[Ipumep 3. BuiBgaem ypaBHeHHe koJeGaHHH NPAMOJMHEHHOrO CTEPKHA.
HanpaBum ocb abeugcc no ocH CTEpIKHS, HAXOAAWErocs B HOJOXKEHHH PABHOBe-
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cua. OTK/JOHEHHE OT MOJOMXKEHHS paBHOBecHs u (x, £) Oymer dyHxkume# X n Bpe=-
MeHH f, KMHETHYECKAan SHEPrus cTepius AAHHB [

1

I/utdx

0

Byzem cuntats crepwenp wepacTakumbiM. [loTennuanbnas sweprus ympyroro
CTEPKHS fDd UOCTOSHHOA KPHBH3HE MPONOPUMOHANbHA KBAAPATY KPHBHIHEL
Crenosareanto, mupdepenunan dU noreHnualbHOH SHEPrHM CTEPKHA paBeH

0% 2
1 ox?

2 du\2 1"
() ]
a MOTEHIMaNbHAA SHEPIHS BCEr0 CTEPXHA, KPUBH3HA OCH KOTOPOro, BoOGIIE
roBopa, mepeMeHHa, GyleT paBHa
i o%u )2
2
U=L f o
2 ou\? /2
()]

ﬂpennonomnm. 4TO OTKJOHECHUS CTEPXKHA OT [NONOKEHHA PABHOBECHS Manab #
2

du
9/ieHOM (—-—- B 3HaMeHaTeJe MOXHO MpeHeGpedb; TOrAa

ox
l 0%u \?
0

HMurerpas Octporpanckoro — FaMuabTona uMeeT BHA

ool
1 2 1 n?
) [5 ouy —7kuxx] dx dt.
th O

CaenoBatenbHo, B cAydae CBOGOIHBIX KoJAeGaHME ynpyroro crepxus 6yneM MMeTh
caellyloluee ypaBHeHUe [BMIKEHHUS:

d / 02
7(9”1 ) + o2 (ku;',x =

Ecnu crepxeHb OIHODOAEH, TO ¢ 4 R — NMOCTOSHHBIE, H YDaBHEHHEe KoaeGaHHuH
cTepikHA npeo6pasyerca kK BHAY

0%u dtu
—_t k— =0
e of? + oxt
Ecau ua crepkeHb JeficTByeT' BHemHss cuaa f (£, xX), TO Hajmo eme ydYecTh
fHoTeHuMan sToH CHabl (CM. HpeAbiAyului npuMep).

[MpHHUMN. CTANHOHAPHOFO NeHCTBHS MOMET OLITh MPHMeHeH MPU BHIBOLE
ypaBHeHu# noJd. PaccMOTpUM CKa/nspHOE, BEKTODHOE HJM TEH3OPHO®

21*
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. I

nore w=w(x, y, 2, £). Hnrerpan f(T——U)dt B [aHHOM CJjyuae,

‘ ;

BooOile rosops, GyleT paBeH YeTHIPEXKPATHOMY HHTerpasy Mo NpoCTpaH-

CTBEHHHIM KOOpAMHATaM X, Y, 2 ¥ MO BpeMeHH [ OT HeKOTOPOH (yHK-

uuH L, nHaswBaeMoR naomnocmsen gyurxyuu Jazpansca van sazpan-

HCUAHOM. .

' dw v ow  ow,
dx ' dy ' dz ' of"

dw Ow Jw Ow
L-—L('w.;a—. Iy oz —dt-)'

O6riuno narpamxuan sBAfeTcs (yHkuMeH ®@,

#, CJeAOBaTeNbHO, NeHcTBHe uUMeeT BUI

: Jw Jw Jw Jw
f'/;//L(w, Jx Fy' oz’ —Ft—>dxdydzdt. (6.3)

CornacHO MPUHUKMNY CTALMOHAPHOTO AEHCTBUA YPABHEHHE MOJIS AB/ASETCA
ypaBHeHueM Octporpaackoro aas ¢yHxuuonana (6.3):

(4} J 0 0
Lo = 55 Lo} = 5y L) — g7 {Ln} — 57 {Ln)} =00

rae

0w 0w Jdw ow
=5 2=y =7 Pi= g

3agauu K raase 6

1. Hailtu skcTpeMaan ¢yHKIHOHaAa
X3

Tt
vy (x))= / l/iyy—-dx-

Xo

2, Uccaenosath Ha SKCTpeMyM GYHKIMOHAN
vy ()= f()'”+?'xyy’) dx; y(x)=yo y(x))=y

8. HccaenoBats Ha sKCTpeMyM (GYHKI[MOHaA
1 .

oiy@l= [y +y—2%)dn yO =1 yh=2
: :
4. Haiitn skcrpemann dyHxunoHada

X, - -
viyxl= f y (1 4+ x%y)dx.

- . X



10.

11.

12,

13.

v [u(x,

14.

3A0AUM K TJIABE 6 325

Hafith skctpemann ¢ynkuuonana

Xy
vy (x))= f (y* +2yy’ — 16y?) dx.
Xo

Hafitn skcTpemann dyukunonana

vy (x)]= f(xy’ +y*)dx. '

Hafitu sxcrpemanu (byHKquHa.ua

oly (1)) = j “” dx.

Hafitu sxcrpemann cpyuxuuonana

Xy

vly (x)] = f (y* + y™* — 2y sin x) dx.
Xo

Hafitn skcTpemaan dyHxuuouana

vy (%)= f(lfiy2 —y" b x?) dx

Hafity skerpemanu dynxunonana

£
vly (0l = [ Qey+y7) ax
Xa

Haiitn skcrpemanu dyukunonana
vly(x), z(x)]= f (Qyz — 2y + y? — 2% ax.
X.

Hanucatb ypasreHue OCTporpallcxoro A5 QyHKIHMORAIA

viz(x y)]= /f 2 g‘;\)]dxdy

Hanucate ypaBnenue OCTpOFpa}lCKOI‘O 18 QyHKIMOHANA

y.2a))= /// dz> -l-(%—)i—l—’.)uf(x. y,z)] dx dy dz.

Haitu skcTpeMaay ¢yHKUHOHAJA
X y/?
vlyix)|= ] dx.
Xo

22 1. 9. Dascroabn
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15. Haiitu skcTpemaau ¢yHnkiuoHana

vly (x)] = f (y2+ y'* 4 2ye) dx.

16. Haittn skcTpemaan ¢yHKHUOHAMA

£y

B vy (x)]= f (y:—y* —2ysin ) dx.

Xy

17. Hafitu skctpemaan ¢yHKuuoHamNa

£
* 0
oiy@= [ [+ o+ 2] ax
Xo
18. Haittn sKCTpeMaan ¢yHKIHOHa1a
Xy 7
oly (0] = [ [#* (52 + 292+ 2xy] .

Xo

19. Haiitu sxctpemanan ¢yHkuuoHana

uly (0} = f [(y")? —2(y'): + y? — 2y sin x] dx.

Xn

20. Haiitu skcTpemann ¢yHKLIMOHANA ,

£
v[y(x))= f [y 4 y*—2yx*l adx.

e
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BAPUALIMOHHBLIE 3AJAYH C NOABHXHBIMH FPAHHIIAMHA
W HEKOTOPBIE JIPYTHE 3ANAYH

§ 1. Mipocreiian 3agaya ¢ NOABHXHBIMH FPAHULAMH

B raase 6 npu uccaenosanuu QyHkuuoHana

X
'v=fF(x, v, y)dx

Xo

RPeNnoAaranoch, 4YTO TFpaHuyHbie TOUKM (X, ¥,) ¥ (¥, y;) B3azaHhL.
[TpennonokuM tenepb, 4YTO OnOHa uAM 00e TrpaHUUHbIE TOYKH MOTYT
mepemelathcs. Toria Kjacc AONYCTHMBIX KPHMBBIX pacillMpfercs, — KpoMme
KPHBHIX CpaBHeHUn, HMeouuX oOlllHe TPaHUYHble TOYKU ¢ ucCCaedyeMOH
KPUBOH, MOKHO Yyxe OpaTb ¥ KDHBbHIE CO CMEILEHHbIMM TPAHUUHBIMH
TOUKAMH.

[TosroMy ecau Ha KakOH-nubynb KpUBOH y==y(x) noCTHraercs
IKCTPEMYM B 3ajaue C MOABUMKHBIMEA FPAHUUYHBIMU TOUKAMH, TO IKCTPEMYM
teM Go/ee N0OCTHUTAeTCs MO OTHOWIEHHIO K Oojee Y3KOMY KJIACCY KPHBHIX,
HMeIOULIX OOLlMe rpaHMYHble TOUKM C KPpUBOH y ==y (x), H, ciedosa-
TeAbHO, A0/KHO ObiTh BLINOAHEHO OCHOBHOE, HEOOXOAUMOE AAf AOCTHKE-
HUA 3KCTPeMyMa B 3allaye C HENOABMNKHBIMH [PAHHUAMYE  YCAOBHE ~—~
¢byukuus y(x) nomxHa OWTb pelieHueM ypaBHeHus Ifiiepa

Mrak, kpusbie y ==y(X), HA KOTOPbIX peaiU3yeTcs IKCTPEMYM B 3anauc
¢ OOMBWXKHLIMH TPAHHUAMH, HOMKHBL OBITb IKCTPEMAAMHU.

Odiuee pelenue ypaBHeHHs OiJepa CONEPKUT ABe MPOU3BO.bHbBIE
nocTonuiibie, A5 ONpeneseHns KOTOPHLIX HEOOXOQUMO HMeTb B3 YCJOBHS.
B sagade ¢ HenoaBHKHBIMY IPAHHUHBIMM TOYKAMH TAKWUMH YCAOBHAMH Obisi

yxg=y, 4 y(x)=y.

2*
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B 3anave ¢ MOABMHBIMM IDaHULAMH OLHO HiaM 00a 9TH yCJAOBUA OTCYT-
CTBYIOT M HELOCTAIOUIHe YCJOBHS JJis ONpeleieHHs HPOUSBOJBHLIX TO-
CTOSHHEIX OOILIero pellleHUs ypaBHeHus Offepa IOMKHB OBITb MOJYUYEHH
U3 OCHOBHOTO HEOGXOXMMOTO VC/OBHS 3KCTPEMYMa — DaBEHCTBA HYJIO
sapuanun Ov.

Tak Kak B 3ajaue C MOABHXKHBLIMH TPaHULAMU IKCTPEMYM NOCTUraercs
Aulllb HA pewennsx y =y (x, C;, C,) ypasuenus D#jiepa, 10 B 1aib-
HelillleM MOXHO PAacCMATPHBATH 3HaueHHe QYHKUHOHAMA JMUIUL Ha PYHKIHAX
storo ceMefictsa. Ilpu stom dyuxumonan o[y (x, C,, C,)] npespawaercs

(z,+01,, 4%+54,)
(Tnth)

Puc. 7.1.

B ¢Qyuxumo mapamerpo C; m C, u TpeleNOB WMHTErpaLUH X, W X,
a Bapuauus QyHKIMOHA/a coBnazaer ¢ AuddepeHuUHanoM 3TOH (QYHKIUH.
Ias ynpouienns OyAeM CUUTaThb, 9TO OIHA U3 IPAHUYHBIX TOYEK, HATIpUMeEp
(X ¥p), BakpenseHa, a apyras (x;, y{) MOXeT lepeMellaThca 4 Nepe-
X0OuT B TOUKY (X%; + Axy, y;—+ Ay,), wai, Kak o6ubluHO0 0603HAYAIOT
B BAPHALMOHHOM HCUMCIeHWH, (x| 4 Ox;. y; + Oy)).

Honycrumble kpuBbe y=y(x) u y=y(x)-+ 0y Oyzem cuurarsh
Gau3KMMH, ecan MOIysM Bapnauuit 0y n Oy’ Maab, W “Majgm MOAYJH
npupaiwenut dx; wu Oy, (npupamenns Ox; u Oy, OOBUHO HA3LIBAIOT
BapHalUMAMH npelleJbHBIX 3HAYeHHH X; H V).

IKCTpeManu, TPOXOIsIUME uepe3 TOUKY (X, ¥g), OOpasyoT myuok
IKcTpeManet y =y (x, C,). dyukuuonan v{y(x, Cy)| Ha KPUBLIX 3ITOTO
myuka npespamaerca B ¢ynkuumio C, u x;. Ecam  kpuBple nyuxa
y=y(x, C;) B OKpeCTHOCTH paccMaTpuBaeMOH 3KCTpeManu He IMepece-
kaorcs, 70 v[y(x, C;)] MOKHO pacCMarpuBaTh KaK ONHO3HAUHYIO (PYHK-
M0 X; MY, TaK KaK 3ajanue Xy M Yy, ONpeAe/sieT IKCTPeMasib TyuKa
(puc. 7.1) u TeM caMbiM onpelenser 3HaueHde (YHKLUMOHAMA.

Boiuucanm Bapunanuio dyskumonana vly(x, C;)] Ha sxcTpeMmansx
nyuka y=y(x, C,) upu nepeMenieHud TPaHHYHOH TOUKM U3 IOJOKEHHUS
(x4, y;) B noaoxenue (x, + dx;, y, + dy,). Tak xax dyHkuuoHan v ua
KPHBHIX IyyKa MpeBpaTHiIcA B (YHKUHMIO X, W y,, TO ero Bapuaunus
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cosmagaeT ¢ auddepeHunasoM STOR (yHKuud. BbileauM U3 npupaile-
uus Av riaasuylo JuHefiHyl0 MO oTHomreHuWio k Ox, u Oy, yacTb:

x+0x, Xy
b= [ Feey+y. v +8y)dx — [ Fx, y. y)ds=
£ Xy

X4 0x,

== f F(x, y+0y, y +0y)dx—+

%

1Py +0y ¥ H0y) — Fw v y)ldx. (7.1)

Xy

[lepBoe cnaraeMoe npaBoOH 4YacTH MNPeoGpPasyeM ¢ MOMOLIbIO TEOPEMB
0 CpelHeM 3HauYeHHHU:

xy+0x,

f F(x, y-+ 0y, y’+6y’)dx=F|x=x‘+ebxl<3x1. rie 0<<O <1,

X
B CHJy HenpepuiBHOCTH GyHKuuu F OyneM uMeTh:
F]x=r,+66x,=F(x' y. y’)lx=xl+61.
rie ¢, —0 npu 6x1—>0 u oy, —>0.
Hrak,

X1+ 0x,

F(x, y4dy, y +0yYdx=F(x. y. y)|,_, dx, +¢,0x,.

X1

Bropoe cnaraemoe npaso# uactu (7.1) npeobpadyeM MyTeM Pas/iOKeHUA
NoABIHTErpaibHON GyHkunMu 0o Qopmyse Tefliopa

X

f[F(x. y+oy, y+0y)—F(x, y, y)dx=

Xo

== f (Fy(x. ¥, ¥)0y 4 Fy (x, v, I8 1dx + Ry,

rie R, sBifeTci GeCkOHeuHo Ma/ao# GOsee BHICOKOTO MOpsika, dem Oy
wid 0y’. B cBolo ouepens auueitHas yacThb

Xy
[ #yoy+Fy dy)ax
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- 4
MOxeT ObiTb Npeofpa3oBaHa MyTeM HHTErpalld NO YacTAM BTOPOTO Cia-
raeMoro HOAHHTErpadbHOH (YHKUHM K BHULY

) X
d
[Fy'by]i;—*‘ ./ (Fy—a—; Fy')éydx.
X X

3unaueHus (yHxkuMoHana GepyTcd JMIUL HAa IKCTPEMAJisiX, C/eA0BATeAbHO,

d <
Fy—-EFy'EO. Tak kak rpanuuyHas TOYKa (xg, Yo) B3aKpenJena,

10 Oy !x=xq=0' CrenoBaTteJibHO,

X
[ Bydy+Fydyyax=1Fydyll,_,.

Xo

3amerum, uto Oy He paBio Oy, — MpHpalIEHUIO Y, Tak Kak Oy, —
370 fpupaluleHde Y, MPH NepeMelleHHd CPAHHUHOH TOUKH B MOJONKEHHE

y -
C'/I,‘SI"yﬂ-ﬁyf)
73

F !
B(zy,

x

/] z, 140z,

Puc. 7.2

x4 b 9 +0y). a Oy|,_, —or0 npupamenwe opannaty B
TOUKe. X; fpU Uepexole OT SKCTPeMaau, MPOXOAsfuled uepe3 TOUKH
(%o, ¥o) # (X;. ¥) K SKCTpPeMa/u, MPOXOAsileH Yepe3 TOUKHU (Xg Vo)
cu{x, +0x,. vy, + 0y (puc. 7.2).

Hs ueprexa suano, uto BD=0y| _ ; FC=2dy;

, EC =~ y ' (x)0x;; BD=FC — EC
Wil :
oy |x=x, = Q)’l — ¥ (%) 0x,.
[Ipu sTom npubmmxenuoe PaseHcTBO COPABEJAMBO ¢ TOqﬂécrbxo 1o Gec-

KOHEYHO Ma/auX BoJ/iee BHICOKOro INOPAAKa.
}
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o +0x, ’
Hrak, oxoHYaTenqbHO HMeeM: f Fdx=~F|,_, 0x3

.rl

X
f [F(x, Y408y, y +8y)—F(x, y. y)dx ~
Xa .

=~ Fy|,_, - 0y, — ¥ (x) bx)),

rie npubJHMEHHBe paBEHCTBAa TAKXe CMPaBeMIMBBl C TOUHOCTBIO [0
Y/leHOB TOPAIKE BHILlE NEPBOro OTHOCHTeMbHO Ox; u 8y,. CaenoBarenbHo,
u3 (7.1) nonayuum

bv=F ‘x:x. dxy 4+ Fyr l;::icl Oy, — ¥ (%)) 0x)) =
=(F — Y,FY’)L::x. dx,+ Fy ]x=x. oy,
Hau a
dv(xy W) =(F —y'Fy) lx:x, dx,+ Fy |x=x1 dyy,

rie v(x; y;) — QyHKUMA, B KOTOPYIO Npespatuics (yHKUHOHAA ¥ Ha
skcTpeManax y=y(x, C)), a dx,=Ax,=3dx,, dy,=Ay, =0y, —
npupaulesus KoopauHaT rpaHudHOH  Touku. OcHoBHOe HeoOXoAuMoe
ycaosue skcrpemyMma 6y =0 npuobperaet BuI

(F—y'Fy) |x=x, ox; -+ Fy lx=x, oy, =0. : (7.2)
Ecau papuauun Ox; u 8y, HE3aBUCHMbBI, TO OTCIOAA CJeAyeT, uTO
(F — y"‘"y')l,,:x, =0 u F)', |x=x,=0'

OJHaKO 4allle TNIPUXOAWTCA PaccMaTpHBATh cayuaH, xorma Bapuanmn Ox,
u Oy, 3aBUCHMEL.

[lycTb, HanmpuMep, mpaBas rpaHHYHad Touka (¥, y;) MOXKeT mepe-
MelaTbCa MO HEKOTOPOH KpuBoOH

Y= (xy).

Toraa Oy, = ¢’ (x,)0x, u, cienoBarte/bHO, yciaosue (7.2) MpuUHUMaET
un [F 4+ (9" — y") Fylbx; =0 wuam, Tak kak Ox, uaMensercs npous-
BObHO, TO [F 4 (¢’ — ¥ FY']x=x.=0' 310 ycnosue ycraHaBAHBAET
3aBUCHMOCTb MexJAy YrioBbiMH Kod(buumenramu ¢ u y' B rpaHuuHol
touke. OHO Ha3blBAeTCA YCA0BUEM MPAHCBEPCAABHOCHU.

YcaoBue TpaHCBEpCaNbHOCTH COBMECTHO C YCJOBHEM ¥y, ==@(x;) no-
3B0JIfIeT, BOOOUIE TOBOPS, - ONpeledHTh OIHY HJAH HECKOJbKO 3KCTDeMa-
aefl myuka y==y(x, C;), Ha KOTOPHX MOXeT JOCTHIaTbCH IKCTDLM VM,
Ecnu rpanuunas Touka (Xx;, y,) MOXKET MNepeMellaTbCs MO HEKOTOPOH
KpHBOH ¥, =P (%), TO COBEPUIEHHO TaK e OOHaPYXUM, YTO H B TOYKE
(X4, ¥o) LOMKHO YIOBJETBOPATLCA YCJAOBHE TPAHCBEPCAIBHOCTH

[F 4+ — y) Fyl,_, =0.
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NMpumep 1. Haiitw ycnosue tpaHCBepCaabHOCTH A4 (YHKLUMOHANOB BUAA

X
v = fA(x, WV 1+ y2dx

Xo

Yenosne TpaHcBepcadbHocTH F -+ F. (9’ — y’) =0 uMeer B DaHHOM cJyuae BHI

; A )y Alx, ) +¢'y)
A p Vigy? 4 2220 0 o
Vigyr @m0 AT

nipeanoaaras, 4t0 A(x, y) = 0 B rpaHuuHOiH Touke, moayuuM 1+ y'¢p’ =0 uau

=0

y == — T. €. YCJIOBHE TPAHCBEPCAJbHOCTH CBEJOCh B JAHHOM CJAYyude K yc-

JOBHIO OPTOIrOHAJMbHOCTH.

‘/ ,2
Mpumep 2. HccaenoBare Ha sxcTpeMyM ¢YHKUHOHAA / dx,

npuueM y(0)=0, a y, = x; —5 (puc. 7.3). “HTeI‘paJIbeIMH KPMBbIMY ypaBHe-
una Dilnepa (mpumep 1, c1p. 324) ABAANTCH OKPYMHOCTH (X — C1)2+ ¥ = C2,

¥

/] 0

Puc. 7.3. Puc. 74.

[TepBoe rpanuunoe yeaosue faet C; = C, Tak Kax yCaOBHE TPaHCBEPCAJAbHOCTH
245 JAHHOTO (YHKLMOHaZa CBOAHMTCA K YCJOBHIO OPTOrOHANBHOCTH (CM. NMpenbl-
Aymuii TpuMEp). TO NpAMas ¥, = X; —5 JOMKHA OLTH JAMAMETPOM OKPYKHOCTH
H, CAEJOBATEIbHO, LEHTP HCKOMOH OKpYmHocTH Haxofutca B Touke (0, 5) nepe-
ceueHus mpamMoH y, = x; — 5 ¢ ocblo abcuucce. CaenoBareanHo, (x —5)2 + yi=

=25, nm y =+ ) 10x — &% Wrak, sKCTpeMyM MOKeET AOCTHraTbCsl AMIIL HA
Ayrax okpyxHocTd y =V 10x —x2 u y=—} 10x— x2.

Ecan rpanuunas touka (x;, y;) MOXeT mepeMellaTbCs JYlIL MO Bep-
THKaAbHOH npaMo#t (puc. 7.4) u, caenosareabo, Ox;==0, TO ycao0-
gue (7.2) mepexoautr B Fy |, _ J=0

[lyctb, HanpuMep, B 3aiaue 0 Opaxucroxpose (cM. crp. 304) aeBas rpaHHd-
Hasg TOUKAa 3aKpEIIEHa, a NpaBas MOXKeT NepeMellaTbCs 10 BEpTUKAJbHOH
npsaMoH.
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T .2
JdkcTpeManaMy (YHKIUOHANA U = l/__l__'tl_ dx ABAAOTCA HUKAOHLK, YPaB-~
P Vy yp

HEHUl KOTOPBIX, €CJH ﬂpHHﬂTb BO BHuMaHue ycjosue y (0) =0, Gynyr umern
BHI
x= C, (t—sint),

y=C; (1 —cost).

llas onpenenenua €, ucnoabsyem ycaosue F |x P ==0, koTOpoe B HNAaHHOM
=X
cayuae uMeeT BHA

VyVidy® |,

orkyna y’ (x;) =0, T. €. uckoMas IHUKAOMAA AOMKHA MEPECEeKaTh MPAMYI0 X = X,
HO4 UPSIMBIM YIVIOM U, CJEAOBaTEJbHO, TOUKA X ==X, Yy ==Y; JOJKHA G6BITL '

=0’

p- — —

B

I=x,

Puc. 7.5.

BepuIMHOH wuukaoudsl (puc. 7.5). Tak kak BepIIMHE COOTBETCTBYyeT 3HAUEHHe
x
t=nxn,1% =C=n C = ?‘ CuefoBaTeIbHO, SKCTPEMYM MOMET Peain30BaTbCA

AUIb HA LUKJAOHUAE

=X (¢t —sint); y=1(1~
x_n(t sin £); y_ﬂ(l cos ).

Ecau rpannunas Ttouka (x;, y;) B 3adade 06 skcrpeMyMe ¢QyHKIHO-
Xy

Hama v = f F(x, y, yv)dx Moxer filepeMelatbcd NG FOPH3OHTAALHON

Xy .
npsaMo#t y=y,, T0 0y, =0 u ycaosue (7.2),” i yCrOBMe TpaHCBep-
CanbHOCTU, MPUHUMAET BUA

[F—yFyl, _. =0,

X=x
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/

§ 2. 3anaua ¢ MONBHXHLIMH IPaHHNAMK
X
s myuxunona.ﬂoa BHAa f F(x, 9,2, ¥, 2)dx

- %,

Ecan npu uccienoBaHny Ha 9KCTPeMyM (YHKLHOHAJIA

1
fu=f F(x. y. 2.y, 2)Ydx
*
OIHa M3 TPaHUuUHHIX TOuYeK, HampuMmep B(x, ¥y, 2;), NepeMewaercy,
a npyras, A(xg Y. 2), HenolBukHa (MaH o0e rpaHUYHBIE TOYKH MOA-
BIHbBI), TO OYEBHAHO, YTO SKCTPEMYM MOXeT JAOCTHraTbCH JIMilb HA MHTE-
rpajibHbIX KPHUBHIX CUCTEMB ypaBHeHuH Oitiepa

d’ d
Fy—-“EE'Fy’=O; FZ—Z}—FZ‘=0.

HeficTBuTeNbHO, ecau Ha HeKOTOpOH kpHBOH C peanu3yercs SKCTPEMyM
B 3ajaue C MOABMXKHBIMH TPAHHUAMH, T. €. NOCTHUTaeTCH MaKCHMaJ/bHOe
HJM MHMHHMA/JbHOE 3HAYeHHE U I10 CPABHEHUIO CO SHAUEHUAMH U Ha BceX
O1M3KUX AONYCTHMBIX KPMBBIX, CpelM KOTOPHIX HaXOAATCH KAaK KpHBhiE,
“MelolHe OOCIHe TPaHUYHBlE TOUKM ¢ Kpuo# C, peanuayioutei skcrpe-
MyM, TaK M KPHUBHIE, ¥ KOTOPHIX IDaHWYHble TOYKH HE COBNAAAOT C Tpa-
HUYHBIMH Touykamn kpuso#t C, TO TOrAa NOJaBHO Ha kpuso# C goctu-
raercss SKCTpeMyM MO OTHOIIEHWIO K Oosee yskoMy Kiaaccy OaM3KHX
KPHBBIX, MMeioMX ofilue rpanuuHbie Touku ¢ kpusoft C.

CaenoBarenbHo, Ha kpuBo#t C NOIKHBEL YAOBACTBOPATLCA He06x011u-
MBIE YCJOBHS SKCTPEMyMa 3a1auM C HEeMOABHKHBIMM I'DAHMUHBIMH TOUKAMH,
W, B YacCTHOCTH, KpuBas C A0/MmKHA ObITh HHTErpaibHOH KPHBOH cuCTEMbl
ypaBHeHuli dHaepa.

OGuiee peulenue CcUCTeMB ypaBHeHnH Ofirepa COMEPXHT deThipe
NpPOM3BO/bHEE MOCTOAHHbIE., 3Had  KOODAMHATHL -~ FPaHUYHOH  TOUKH
A(xg ¥y 2p), KOTOPYIO Mbl CYHTaeM HEMOJBHXKHOH, MOXHO, BOOOLIE
rOBOPS, MCKJIOYUTb [Be MPOU3BOJAbLHBIE MOCTOSHHEE.

Jas onpeleneHus ABYX APYFHX NPOHU3BOJbHBIX MOCTOSHHBIX HEOOXO-
AYMMO MMeTb ellie [Ba ypaBHeHu#, KOTOpHe OyAyT HOJAYyUeHH W3 yCHOBHA
6v =0, npuyeM HpHU BBHIYMCJIEHHH BApPHALHM Mbl yme OyJeM CUHTATh, YTO
(GyHKUMOHA 8aaeTCs JHMUIb HA PELUEHHSIX CHCTeMbl ypaBHeHu# Diaepa,
TaKk KaK TOJbKO Ha HHX MOXET JOCTHratbhes skcrpeMyM. [lpu srtoM
(yHkuuonan v- npeppamaercs B ynkuuio D(x;. y;, 2,) xoopuunar x,
V1. 2 Touku B(xy, ¥y, 2y), ¥ Bapuauua (yHKUMOHANA MpeBpailaercs
B nuddepenunan sTof ¢yHkuuy *).

*) Pyuxkmua O 6yrer oaHO3HAYHOH, €CAM JKCTPSMAAW OYUYKA ¢ HEHTPOM
B Touke A He IepecexkaloTcsd, Tak KaK TOrja rouyka B (xy, y;. 2,) OAHO3HAUHQ
~npefieAdeT SKCTpeMaJh.

s
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. Buowuncnenue Bapuauun U Moxer ObiTb MPOBEAEHO COBEPUIEHHO TaK
ke, kak Ha ctp. 328 — 331:

r+0x,

Av = f F(x, y+0y, 2402, 9y + 08y, z’y+6z’)dx—-

X

— f F(x, 9, 2,9, 2)dx=
x1+0x, N

= f F(x, y+0y, 20z, y + 0y, 2/ +b2")dx +

Xy

+ [ 1Fx y+0y, 282, v 48y, 2/ +82)—
i —F(x, 9, 2,9, 2))dx.

[TpumMeHUM TeOpeMy O CpeXHEM 3HaueHMH K nepsoﬁy MHTETpaay W BOC-
NOJAb3yeMcA HeMpepHBHOCTbIO ¢yHkuuM F, a BO . BTOPOM uHTerpase
BHIIEANM [JABHYI0 JHHeHHYI0 dacTb ¢ mToMowsl dopMyan Telaopa.
IMocae atux npeobpasoBaHuit MoJayYuM

X ,
do="Fl,_, 85+ [ (Fydy+ Fadz+ Fy oy’ +Fp 02’1 dx.

Xy

UnTerpupys MO YACTAM B4 MOCHENHMX CATAeMbIX, CTOALKX NOL 3HAKOM
uHTerpana, OyldeM UMeTb:

év—le 5 Ox, +[Fy 6y]x=x +[Fz 2], _, +
+ / [(Py— o #u) oy + (sz-% FZL)az']dx

Tak kak 3HaYeHMA U BBHIYUCJAAIOTCA JHIIb HA SK(CTpeMansx, TOI

a4
Fy— A Fy=0; F,——F, =0

H, CJelOBATEAbHO,
do="F|,_, 0% +Fy by, , +I[Fdz],_..
Paccywnas tak ke, kak u Ha crp. 330, noayuum
0Y ooy, =09 — ¥ (x)0x, u bz|,_ ~dz—2'(x)dx;,
U, C/leloBaTeJ/bHO,
bv=[F —y'Fy —2'Fy),_, x4 Fy le=x, O+ Fer |, 02, =0,

X=X
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Ecan sapuanmu 0x;, Oy,, 0z, HesaBucume, TO U3 ycaosus 6v =0 no-
nyuaeMm

[F—‘y,Fy'—_,z,Fz']x=xl=0; Fy'lx=xl=0 u =0

z’\x=x,

Ecau rpannusas Ttouka B(x;, y;. 2;) MOXKET NepeMELaThCs IO Hes
KOTOpO#l KPUBOH Y, == (X,); Z="Y(x,), T0 Oy, =@’ (x,)0x,, a dz,=
=1 (x)0x, u ycaoene dv =10 um .

[F—y'Fy —2'Fz),_, bx; + Fyl,_, 09, + Fz | _, 062,=0
nepexoluT B yCJOBHE
F+@ —y)Fy + @ —2")Fol ., 0x,=0,
OTKYA3a B CWJY NPOM3BOABHOCTH OX; MOAyUHM
(F+@ —y)Fy + W —2)Fyl,_, =0.

370 ycnoBue HOCHT HA3BAHUE YCAOBUSA MPAHCEEPCAALHOCHU B 3ajaue
00 HuCCIeOBAHAN HA SKCTPEMyM (YHKUHOHAIA

V= fF(x. v, z, v, 2Y)dx.

X

Ycnosne TPaHCBEPCAILHOCTH COBMECTHO C ypasHEHUAMH Yy, == (X;)
z;=1{(x,) DaeT HELOCTAWIINNE YyPAaBHEHHA RJA ONpeliejeHus NPOU3BO.b-
HBIX MOCTOSIHHBIX B 00i1eM pelleHMn cucTeMbl ypaBHeHuf Di.epa.

Ecau rpannusas touka B(x,, y;, 2;) MOXeT MepeMellaTbcs MO He-
KOTOpOH MOBepXHOCTH 2y ==@ (X{, ¥,), TO éz‘=cp;16x‘+(p;‘ dy,, npu-
yeM Bapuauuu dx; u Oy, npousso.bHbl. CrenoBarenbHO, ycaosue dv ==0
¥/, B Pa3BepHYTOM BHiAe,

(F—y'Fy — z/Fz'lx=x. 0x, + Fy ‘x=x1 oy, +Fal,_ . 0z, =0
npeobpasyerca B yCa0BHE
(F—yF,—2F, + 0 F ), 06 +[F, +F0)) _ dy,=0.
Otciona B cuay HesaBucuMmocTn Ox; u dy, mnoayumm

[F—yF +((px——z)F ] _xl_O [F + F, tpy]x . =0.
9Tu 1Ba yci0BUA BMecTe ¢ ypaBHeHHeM 2, ==@ (X, y,). BooOlue rosops,
IA10T BO3MOXKHOCTL ONpPeje/iMTh fABe MPOU3BOJLHBIE NOCTOAHHBIE B O0LIEM
peleHHH CHCTeMbl ypaBHeHu#. Sitaepa.

Ecan noasuxno#t spjsercs rpasuynas Touka A(Xg Yoo 2ok TO Tem e
METOAOM B 9STOH TOUKe MOAYYHM COBEPIUEHHO aHaJOTHYHLIE yC/JIOBHA.
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Ecian paccMoOTperb (YHKLMOHAA

x,
LT
L2

10 Ge3 M3MeHeHMs MeTOJa AOKa3arTe/bCTBA MOJAYYMM, 4TO B CJAydae MOA-
BIKHON TOUKH B (X[, Yy, Ya10 -« .0 Yu1) B 9TOH TOUKe

n n
(F— > y}Fy;) ox,+ 2 F,,

i=1

X=x i=1 tlx=1x,

oy, =0.

MIpumep 1. Hafitn ycaoBue tpaHcBepcaabHOCTH Aa8 yHKUMOHANA

X

Ycaosua TPaHCBEPCANAbHOCTH

X1
v f Ay, YV 14y 27 dx, ecan 2= (x1, Y1),

[Pty (im ) Pl =0 [y Pl =0

B JaHHOM cJayuae umeloT Buj 1-- (p;z' =0 u y' -+ cp;,z' =0 mpu x=x, um

l yl zl -

7 !
Py (py -
kacarteabHo# £ (1, ¥’, 2’) K UCKOMOfi 3KCTpEeMau B TOY-
ey’ ’

ke (X1, ¥, 21) H BeKTOpa HOpMaJu N((px, cp;,, ——1) K TO-
BepxHOCTH 2= @ (x, y) B TOo# me rtouke. CaenoBa-
TeNbHO, YCJAOBHE TPAaHCBEPCAJAbHOCTH CTAHOBHUTCA B
ILaHHOM CJyuae yCJAOBHEM ODPTOrOHAaJbHOCTH DKCTPEMaJH
K MOBEPXHOCTH 2= (X, ¥).

Mpumep 2. Haiitn akcrpemanbHOE pacCTosHue
MeX Iy ABYMS NMOBEPXHOCTAMH

z=¢@(x, y) v =Y (x y)
Wnage roBOpA, HaHTH SKCTPEMYM HHTErpana

X,
== fI/l + y* 42 dx upn ycaoBuH, UTO KOODAH-

X
HaTHl OMHOH H3 IPaHHYHBIX TOUEK {Xg Yo, <o) YAOBJET-
BOPAIOT YPABHEHHIO 29 = @ (X; Yo), @ KOOPIHHATH APY-
rod rpaBuuHO#l TOUKM (X, ¥;, 2;) YIOBJETBOPSIOT
ypasHennio 2y =¥ (x;. yi)

= —— = —— [IPp1 X = X, T. ¢. ABJAI0TCA YCJOBHEM NAPAIIEIbHOCTY BEKTOPA

Puc, 7.6.

Tax xax noAbiHTerpafbHas QYHKUMA 3aBUCHT /Aullb OT Y’ M 2°, TO SKCTpE-
MaAsIMH ABASIOTCA NpsiMble JAHHHH (cM. npuMep 2, crp. 307). Tak kak (yHKUHOHAA

Xy

- 2 2
f Vl+y’ -+ 2'* dx aBaserca yacTHBIM CJYYaeM PACCMOTPEHHOr0 B Mpefbl-

Xo

£ )
ZyuieM mnpuMepe QyHKLHOHAAA f Alx, y, 2) Vl + y'2+z’2 dx, TO YCJ0BuA

X
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TPaHCBEPCAAbHOCTH KaK B TOYKe (Xg, Yo, 2p), Tak ¥ B TOUKe (X, y;, 2) nepexomar

B ycHOBHA OPTOroHanbHOCTH. CJelOBaTEAbHO, 3KCTPEMYM MOKET NOCTHIaThCH

MUIIb Ha TPAMBIX, OPTOTOHAJbHBIX KaK K MOBEPXHOCTH Z== @ (X, y) B TOUKe

(X0, Yo 20), TaK M K NOBepxHOCTH 2 = VP (x, y) B TOUKe (X, ¥, 2;) (puc. 7.6).
puMep 3. WccaexoBaTh Ha 3KCTPeMYM (YHKLIHOHAJ

X
U= f (9% 4 22 4 2y2) dx, npuuem y (0) =0; 2 (0) =0, a Touxa (x,\y,, 2;) MOXKeT
nepeﬁema'rbcx no MAOCKOCTH X = x;. CHcrema ypaBHenuHl Sfiiepa umeer BuUR
2" —y=0y"—2=0 orkyna y'V —y=0; y = C, chxg— C,ysh x + Czcos x+
4+ C,sinx, 2=y", z=C,chx+ Cyshx— Cycos x— C,sinx. Us ycaosuh
y(0)=0u 2 (0) = 0 noayyaem: C, -+ C3=0uC, — C3= 0, otkyna C, = C; == 0.
YcaoBue B NOABHXKHOH IDaHHUHOH TOUKe

(F—y'Fyp—2Fp) _ bxy+Fy | by +Fy|,_ d5=0

! |x=x

nepexoauT B yCaoBus

Fy

y lx:x =0,

=0 u F,
1 .

z |.X'=X|

tak Kak Ox; =0, a 8y, m Oz, mpousBoibHr. B paccMaTpuBaeMomM upumepe
Fy, = 2y’; F,. = 22’, crenoBaTeanbHo .

Y (x)=0 u 2'(x)=0
win
Cychx,-+C,cos x; =0 u Cychx; —C,cos x;,=0.

Ecau cosxy £ 0, 10 €= Cy =0 u 5KCTpEMYM MOKET JOCTHIaThCA AHIIL Ha
N n
upamoil y=0; 2= 0. Ecan ke cosx; =0, 7. e. x,= 5 -+ nm, roe n— neaoe

uneho, 10 Cp = 0, C,; — npousBonbHas NOCTOAHHAN, Yy = C, sin x, 2= — C, sin x.
Herpyaso NpoBeputh, 4TO B NOCASKHEM cayuae npu mobom C, dyuknuonas v = 0.

§ 8. 3KcTpeMaan ¢ YriaOBHIMH TOYKaMH

Jlo cux nop Mb paccMaTpuBa/H BapHAUMOHHEIE 321a4l, B KOTOPHIX
dcKoMas ¢yukuus y ==y (x) NpeanoJarajacb HeNnpepbBHOH # HuMelolleH
HeTpepHBHYI0 npoussoAuyio. OAHAKO BO MHOTMX 3ajauax HOCHeXHee
TpeboBaHUe AB/AETCS HeecTeCTBEHHLIM, GoJjee TOro, B HEKOTOPHIX KJjaccax
BADHALMOHHBIX 3allay pelleHue, KaK INPABUJIO, JOCTHraeTcs Ha SKCTpe-
MaJsgxX, HMEUIMX yrjosble TOYKH. K uMC/aAy Takux 3alzay nmpHHaj/fexar,
HarpuMep, 38alaud Ha OTPAXKEHHE W MNpPeJOM/EHHE OSKCTpeMaJsel, B0~
uipecs 0oO0oOLIEHNeM COOTBeTCTBYIOMIMX 3aAa¥y H3 OTPaXeHue W Npeno-
M/IEHHE CBeTa.

3anavya 06 0TpaxeHUH 3KCcTpeMmaaen. Halitu kpusyw, pea-

Xy

JMU3YIOLLYIO 9KCTPEMYM QPYHKUMOHANA U == f F (x.‘y, y)dx v npoxonsyo

Xo ,
yepes 3anaHHble TOUKH A (X, Yy) U B(xy yy), NpuueM Kpusas 10axkKHa
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NONAacTb B TOUKY B /ullb NocAe OTPAMKEHHS OT 3alaHHOH JMHUU Y = ¢ (X)
(puc.. 7.7).

EcrtecTBeHHO cunTaTh, 4TO-B Touke orpaxenus C (x,, y;), MOXeT OHITb
yrioBaf rouxa acxomoﬂ 9KCTPeManu H, C/IeN0BaTe/bHO, B 3TOH TOUKe JeBas
NpOU3BO1HAasA y ‘(x; — 0) u npasas
npoussoinas y’ (x; -+ 0), BooGue Ay
roBops, pasauuns. [lostomy yno6-
Hee ¢ynkuuoHan vly(x)] npeacra- Az, 4]
BUTb B Bule J

Blx1y, 4}

=9/
Clx,y,)
vly(x)) = fF(x y, y)dx+

~ a

+ fF(x. v ¥)dx,

Puc. 7.7.

npHYeM Ha KaXAOM H3 HHTEPBAJOB
XL x L x 1 ¥ << x < Xy npoussoiHas Y’ (x) Npeanosaraercss Hempe-
PLIBHOH H, C/JEJOBATE/ILHO, MBI MOMEM NOJ/Ib30BATHCH U3/IOMKEHHLIMYU BHILLE
pesy.abTaTaMu.

OcHoBHOe  HeoOXxoanMoe ycnosue sxcTpeMyMa Ov =0 npuHuMaer BuA

6v—éfF(x, Y, y)dx+éfF(x v, ¥)dx =0.

Xn X,

Tax Kax TOUKA (X, y,) MOXeT TNepeMellaTbcs 10 KPHBOR y == (X), TO
X, Xy

np¥ BHIYKC/JACHUUW BapHaLuf 6fF(x. y, ¥v)dx u 6fF(x, ¥y, y)dx
Xy X

MBI HAaXONMMCSl B YC/JOBMAX 3alauM C MNOABWKHOH rpaHuyHOH TOUYKOH,

nBuxkyulefica Mo 3anaHHOW KPHBOU, 1 MOMeEM HCHOJAb30BATH pe3y.bTaThl

§ 1 (ctp. 327). Ouepuano, uro kpusble AC u CB daBasiorTcs IKcTpe-

MasaaMu. JleficTBUTe bHO, HA 3THX y4acTKax y ==y (X) fBAAETCA pelleHneM

ypasuenus Ofinepa, Tak KaK ecjad CYHTaTb ONHY U3 ITHX KPHBHIX yxe

HafileHHOH W BapbUPOBATh JUIIbL NPYryl0, TO 3a4aya CBOLATCA K HaXO-
X, Xy

MAEHUIO 3KCTpeMyMa @YHKLMOHAAa dex ] dex B 3anaue
X X

C 3aKpeNJeHHBIMH IpaHHYHBIMM TOYKaMu. [lo3TOMYy, BHIUUCAAA BAPHALMIO

¢yHkuuonana, OyleM yke CYHTATh, YTO (DYHKUMOHAJ pacCMaTpHBaeTCs

AMlllb HAa KCTpeMasix, uMelomwux yrjosyio rtouky C. Torna -

, «afF(x. 3o ¥V =IF + @ =) Fyleer ¥

X0
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8 [ Flx. 3 y)dx=—IF+@ —3)Fyl,_, 0%
X

(cM. crp. 331), rie sHaky x=x; —0 u x=x, + 0 osuauaor, 4TC
GepeTcs NMpefebHOE 3HaueHue BEeaHYMHBI, CTOAef B cKOOKAX mpi npu-
O/KeHUH K TOYKe X, B MEPBOM CJyvae cJeBa (CO CTOPOHH 3Ha4yeHu#t x,
MEHbIIUX X;) U BO BTOPOM cjyuae cHpaBa (CO CTOPOHBI 3HaueHu# x,
foabmux x;). Tak Kak B TOYKE OTPAXEHHS DA3PbIBHA AHIb [POU3BOI-
Has y', TO B TMepBOM C/ydae HAO B3STb B YIA0BOH TOYKE /By Npo-
M3BOIHYIO, @ BO BTOPOM C/yuae — MPaBYi0 MPOU3BOIHYIO.
Yeaosne dv =0 npunuMaer Bu1

[FA+ (@ — )Pyl 0% —[F+ (@ —Y)Fyl,_, 0%=0

WH, TaK Kak 0x, M3MEHSIeTCs NPOM3BOJLHO, TO
(FA@ = Y) Pyl o=+ @ =) Fy o
WK
F(xy, yp ¥ (%, —0))+ (@ (%) —
— ¥ (0= 0)) Fy (Xy, y1. ¥ (%y —0))=F (x, ;s )’/(-’51‘4‘0))‘{-
+ (@ () — ¥ (x;+0))Fy (x1. vy, ¥ (%, +0)).

D10 ycaosue OTpameHus npuobdperaeT 0COGEHHO MPOCTOH Bui A/ QYHK-
UMOHAJOB THMA

0= fA(x, VWV ytdx,
X

a WMEHHO!
A(xy, Yy [V,l 4yt %/_1——%%_] ==
x=x—-0
=t VIR R
r=x+0

uaM, ynpomas u coxkpamas Ha A(X;, y,) B NPEANOJOKEHUH, 4TO
A(xy, vy 5 0, nonyuum

I+ oy ey
Vidy o Vidy”?

O603HauuB yros . Mexay kacaTeJbHOH K 'KPUBOH y==@(x) H OCbIO
abcuncc OyxkBO# O, a yrabl HAaKJIOHA K oCH abcuucc aeBOH u mpaBoft

-

.
x=x,+0
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KacaTeNbHHX K 9SKCTpeMain B Touke orpawenus C. COOTBETCTBEHHO
$; u By (puc. 7.8), moayuum

Ve, —0)=tgh, ¥ (x+0)=1tghy ¢ (xP)=1tga.
YcaoBue B Touke oTpaxeHus npuobperaeT Bl

I+ttga-tgh _ 1+4tga-tgh,

—sec fy sec fi

WJIn MnocJe YynpolueHUd # YMHOXEHHUA HA COS QL
— cos(a — ;) =cos (& — By).

Orcrona CACAYyEeT pPABEHCTBO yrJaa flaleHua U YrJja OTPAXEHHA.

Ay

Blz,4)

Puc. 7.8.

Ecnu Touka ABMKETCHA B HEKOTOPOH cpelle €O cxopocthio ¢ {(x, ¥),
TO BpeMs {, 3aTpauyHBaeMoe Ha rnepeMellleHde TOUKHM U3 noaoxenus A (xq, ¥o)

B noJaoxeuue B (x;, y;), paBHO uHTer-

AY B(z,,4,} y=p/)

xl e e

1+ y7?°

pany f—lé(-x%dx, KOTOpHIft npunan-
Xy

s Clz,4,)
JNEXHT K pACCMaTPUBAEMOMY BUAY DYHK LH- Alzs,45)

X
OHAJIOB fA (x, ¥) Vi + 9 dx, ncae- ~ g
Xy
AOBaTe/IbHO, Npu MOOOM 3aKOHE U3MeHe-
HUA CKopocTd U (x, y) B TOUKE OTDaXKeHud YroJ MNaleHus paBeH yriy
OTpameHus.

Ecau 6o Troukn A, B n C Obliv pacnoJioxeHbl MHAye, HAMPUMEDP TaK
KaK OHM pacnoJ/OWeHb Ha puc. 7.9, TO AJas NOJyuYeHHs TOTO Xe YCJIOBHS
B TOUKE OTpaKeHHs u3-3a [By3HauHocTH QyHKLUME Yy ==y (x) yldoGuee
6bl10 Ob NpPOBOAMTL HCC/IENOBAaHHE B NMapaMeTPUUECKOH (opue.

Puc. 7.9.

E)

3

23 J1. 3. dabcroasy
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Mpenomaenue sxcrpemaaei. [IpeanosokuM, YTO MoOABIHTEr-
X :
panbHas QyHKUKS ¢YHKUHOHANA U= fF(x, vy, ¥)dx B paccMmarpu-
s .
Xo
BaeMOH 006/acTH MMeeT JHMHHMIO pas3phiBa ¥ =@ (X), a TpaHAuHbIE TOUYKH
A n B pacnonomeHr no pasHble CTOPOHH JuHHM paspbiBa (puc. 7.10).
IlpeacraBum ¢yHKUMOHAT U B Buje

Xy [9)
v= fFl(x, ¥y, y)dx + f‘Fz(x. y., y)dx,
Xo ) - Xy .
rne Fi(x, ¥, ¥)=F(x, y, ¥) c OLHOK CTODOHB JHHMM Da3pHIBA,
a Fo(x, y. ¥)=F(x, y, ¥') ¢ Ipyro#t CTOPOHH /JHHHH Pa3phIBA.

Ay

U(I,, yi)

A(x4,Y:)

B(z5,4,)

Puc. 7.10

IMpeanoaoxuM, uro Fy u Fy tpwxan anddepeduupyems. B Touke C
nepeceyeHus HCKOMOH KPHBOH ¢ JuHHEHA paspbiBa €CTECTBEHHO OXKHUIAAThb
Haauuua yrioso#t Touku. Hyru AC u CB, oueBHIHO, SBJ/SIOTCH 3KCTpe-
MajaMu (STO ONATb CJAeAyeT M3 TOro, 4T0, (QUKCHPYS ONHY M3 ITUX AYT
M BapbUPyq JHIUb APYIyI0, Mbl NOJYY4M 3alayy C 3aKpelNJeHHBIMH rpa-
HUYHBIME TOukaMu). [To3TOMy MOXHO 6paTh B KauecTBe KPUBHX CpaBHe-
HUA JMIUbL JNOMaHble, COCTOfALLMe U3 IBYX JAYyT 9KCTpeMajei, U TOria
BApHALMA BBUAY NOIBHMHOCTH rpaHnunoff tTouku C(x,, y;), Nepememaio-
wefics no KpuBofl y = @.(x), npuHuMaeT cieryiowui Bua (cM. crp. 331):

X X3
6v=6fF1(x, v, y’)dx+6fF2(x, v, ¥)ydx =
X '

X
=[Fi+ @ —V) Fly’]x___xl_'oéxl —[Fo+ (@ —¥) F?y']x=xl+06x1:

H OCHOBHOe Heo0xo0IuMoOe ycjaoBHe sxcrpeMyMa Ov =0 CBOAUTCH K pa-
BEHCTBY _ )
[F1+ (CP/ -¥ )Fly'],v:x‘_'o = [F2 -+ ((P, - y,) F2y'lx=x,+0‘
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Tak kak B TOuKe MpenOMJeHHs MOXeT OblTb paspeiBHA JHWL Y,
TO 3TO YyCJ/OBHE MPEJNOMJEHHUA MOXHO 3anucatbh U B CJECAYIOLLEM BUIe:
) ’

Fi(xy, v ¥ (= 0))+
+ (@ (x) — ¥ (% —0)) Fiy (xy, y1, ¥ (%, —0))=
= Fy(xy, ¥y Y (61 +0))+
' + @ (%) — ¥ (614 0)) Foy (xy, 31, ¥ (%, 0)).
3T0 ycjoBue NpenOMJEHHs BMeCTe C YpaBHeHHEM Y, =@ (x,) Aaet

BO3MOXHOCTb ONpPEeAEauTb KOOpAUHATH TOukH C.
Ecau, 8 vacTtHOCTH, (YHKUHMOHAT U paBeH

fA(x, y)Vl +y’2dx=

= [ pVitytar+ [ 4 Vity ax

TO YC/AOBHE MpPeJOMAeHUS NPUOOpeTaeT BHUA

1 v 1 !/ s
_iﬂ_)’_;_ = A, (x, y)—i—-—&—z—
Vidy? Lo Vity

na, CoxXpaHss 0603Haqunﬂ crp. 340342, y'(x; — 0)=tgB,,
v (x,+0) =1g By, ¢’ (xl)._tfra nocje YIpOLIeHUH W YMHOXKeHHS Ha
cosa OyaeM KMeTb:

Ay(x, y)

x=x,40

T
cos (o — Py) — Ay (X1, ¥1) - sin [7—(0'— Sl)] —_ Ay (x1, y1)
cos (o — fy) Ay (x10 y) sin [ﬂ —(a— ﬁz)] Az, y)?

2
uyto fABAsieTCs 0000leHHeM W3BeCTHOTO 3aKOHA [peJOMJEHHS: CBeTa:

OTHOLIEHHWE CHHYCa Yraa mnaleHus K CHHYCY YrJaa MpeJoM/EHUS paBic
OTHOLLUEHHIO CKOpOCcTel -

i 1
—_——— U Uy (X, V)= ———— (cp. cTp. 34l
A(x,y) 2 y Ay (x, y) (cp p )
B (pelax, Ha rpaHuue KOTOPBIX ﬂpOl/lCXOIll/lT peaoMJIeHUE.

He caenyert AyMaThb, YTO IKCTpeMaaud C yrJOBbIMH TOUYKAMHU HNOABJAAIOTCSH
JUlIL B 3ahavyax Ha OTpaxeHue WJH Tpe oMJeHHe IKCTpeMaselt. aKCTPE-

‘MyM MO)KeT OOCTUIraThbCd Ha SKCTpeMaJIﬂX C YrJOBBIMY TOUYKAMH JaX¢
Xy

v (x, y)=

B 3a11a4aX Ha SKCTPEMyM ¢yHKLHOHAIa f0—~fF(x v, y)dx, rae q)ym(-
Xo -

una F tpuxab 1uddepenunpyeMa, o 40NyCTHMble KPUBbIE AOJKHBI RPO-

X04uTb depe3 rpavnunne TOUKH A ¥ B 0e3 kakux Ob TO Hu Oulac

SONOJHUTEABHBIX yCAOBUH. )
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Wccaeayem, nanpumep, ¢yHKLHOHAA
2
— .2 N2 — - .
v= [y U —yPax. yO=0 y@=1
v

Tak KaKk MNOAbIHTErpaabHas (QYHKUUA [0ACKUTeAbHA, TO ¥ >0, M cie-
AOBATEJbHO, eC/M HAa Kakofi-uuOyibr kpuBoi dyukunonaa v=0, To Ha
9TO# KpUBOH 3aBENOMO peanusyercs aGCcOMOTHLIA MUHMMYM YHKLHO-
HaJla U, T. €. HauMeHbliee 3HaueHue (YHKIMOHANA HA OOMYCTHMBIX KpH-
soix. Herpyano Buiers, uto Ha aomaoft y=x npn 0 < x {1 u y=1

npu 1 < x < 2 (puc. 7.11) dyukuuonan

LY =0, Tak kak Ha 3TOH sOMaHOH
~ MOABHTEr PAIbHAA YHKLUA TOMAECTBEHHO
fy,_9=1 (21 paBna uymo. CaenopartenbHo, Ha 9TOH

JOMaHOH peanausyercs abCOMOTHLIA MU-

HHUMYM (QYHKUNOHAJA.
z AGcOoMmOTHBIA MHHUMYM QYHKUHOHAAA:
7 v =20, #0cTHraeTcs TaxXxe M Ha JIOMa-

HBIX, H3o0pakeHHHX Ha puc. 7.13.
Puc. 7.11. C 1pyro#f CTOpOHB!, /€TKO BHIAETH, uTO
: Ha TAaAKHX KPHMBHIX 3HAUYEHUR QYHKUHO-
Hana cTPOro GoJblie HYJA, XOTS W MOTYT

OuiTh ClenaHel CKOJIb YTOAHQ OauakuMmm K Hymo. IleHcTBUTesbHO, MOABIH-
TerpajibHas (QyHkuus obpamiaeTcs B HyaAb TOABKO npu y==x + C,
wan npu y==C,, HO JMHWH, COCTaBJEHHblE U3 OTPE3KOB NMPAMbIX STHX
cemelicTB, npoxonduiye Yepes Touku 4 (0, 0) u B(2, 1), Moryr ObITh JHLIb
aoMaHbiMH. OLHaKO, Cr/axXHBas TOYKM M3/IOMa MyTeM COOTBETCTBYIOLIETO
M3MeHeHHsl (PYHKIUM B CKOJb YTOJAHO MajJo#i OKPECTHOCTH 9THX TOUeK,
Mbl MOXeM MOJYUYHTb [JAIKYI0 KPHUBYIO, 3HaueHHe (QYHKLHMOHA/JAa H3 KO-
TOpOH# CKOAb YFOAHO MaJjO OT/IMuaeTcs OT 3HAauYeHMH PyHKUMOHaZa Ha
aomano#. TaxuMm o0pasoM, ©v==0 gpaseTcda TOYHOH HHUXKHEH TIpaHbIO
8HAYeHUH (YHKUMOHANA U HA TJaAKUX KPUBHIX, HO 5Ta TOYHAS HUMKHASR
rpaHb Ha TI3AKMX KPUBBIX He [OCTUraeTcs, a HLOCTHUTAETCH HA KYCOYHO-
TNaJKUX KPHUBBIX.

Halinem yc/0BHS, KOTOPLIM AO/KHBI YIAOBJIETBOPATH PEIUEHUS C YII0-
BbIMM  TOYKaMd 8afaud 00 sKcTpeMyMe ¢yHkuuoHasa vy (x)]=

X
=fF(x, ¥, ¥)dx. OueBuaHo, 4TO OTIebHBE [IAAKHE AYTH, M3 KOTO-

Xo
PHIX COCTaB/JeHa JOMaHas B3SKCTpPeMab, NOMKHb ObITh HHTErpaJbHLIMHU
KPHUBBIMU ypaBHeHHs OHiepa. IDTo cjefyeT U3 TOro, YTO eciu 3aduk-
CHpOBaTb BCe 3BEHbS JAOMaHOM, KPOMe OLHOTO, W BapbuUpOBaTh JHlib 3TO
OJHO 3BEHO, TO 3alaua CBOIMTCH K mpocTefinefl 3alave ¢ 3akpenJeH-
HBIMA TPaHHUAMH H, CJ€LOBATE/NbHO, STO 3BEHO AOMKHO ObITb AYyro#
. BKCTpeMaJu. ‘

&

4

9
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Cuntas 1A ynpolleHus B3anmuCH, 4TO JOMaHas SKCTPEMAdb HMeeT
Aullib OOHY YIJOBYIO TOUKY *), HallleM YCJOBHA, KOTOPble JOMKHB YAO-
BICTBOPATLCS B YIJOBOH TOuKe:

Xy

fv._fF(x ¥, )’)dx—fF(x.y y)dx-—{—fF(x y, y)dx,

Xo Xy

rie x, — abcukcca yrioBo# rtouxkH (puc. 7.12). Cuuran, utO KpH-
Bule AC u CB aBasioTcs MHTErpalbHBIMH KPUBEIMH ypaBHenus Ofsepa

q

Puc. 7.12.
u uto Touka C MOMXET NPOM3BOILHO MepeMelaThCca, NOAyuYnM corsachHo § 1.
ctp. 331k
=(F ~ Y'Fy)|,_, o051 +
+ i'y l)( x—06y| ‘—(F-*y Fy)l
OTKyla
(F __y’Fy«)|x=x‘_06x1 + Fy ]x=xl_06y1= |
— (F — y/f'*y,) lx=x1+0 6x1 + Fy' |X=X1+0 éyl’

O0x1 — Fy| oy, =0,

X=x,+0 x=x,40

‘

uaM, TaK Kax Ox, u Oy, HesaBUCHMDBI, uMeeM
’ . /
(F—y F)")lx=xl.-0—(F -y Fyl)lx=x|+0

Fy |x=x,—0 =Fy|

x=x,40

OTn ycnoBHA BMeCTe € YCJAOBMSMM HENPEPBLIBHOCTH HCKOMOH 3KcTpemanw
NO3BOJAIOT ONpEAeJHTh KOOPAMHATH YT/A0BOH TOUKH.

*) Ecan yraoBbix TOYEK HECKOJBbKO, TO K KaXKAOH H3 HHX OPUMEHHMO TO e
caMoOe paccymieHue. .



346 BAPMALIMOHHBIE 3ANAYM C MOABHM)KHBIMM TPAHMUAMH (. 4

Mpumep 1. Ha#rn soMaHble sxcTpeMaau (ecli OHM CYIleCTBYIOT) dyHK-
a
LUHOHANA U == f (y’z-—y?.) dx. HanumeMm BTOpOe H3 yCHOBHil, KOTOpBIE ZOJKHE
0

noma, F =F, JIH H -
BLINOJHATLCA B TOUKe fepeioma, Fy, lx:x,-—() M lx= 4o WM B JaHHOM cay

qae 2y’ (x, —0) = 2y (x1+0), orkyaa
[ ¥y (2, —0)=y (x, +0), T e npPoU3BOA-
11 Hag y B TOYKE X; HENmpephlBHA, M TOU-
’ B{21] xm nepesomMa ner. ChefoBatenbso, B pace
CMaTpHBaeMOH 3aZaue 9KCTPEMYM MOXET

AOCTHFATBCS AWML HA TAAJAKHMX KPHBBIX.
[Tpumep 2. Haéitu nomanble akcTpema-

Xy
»>Z au yHKUHOHANA U= fy"‘)(l—y')2 dx. Tak

a )C\'
Kax NOALIHTErpadbHag @YHKU,HH 3ABUCUT
Puc. 7.13. JUillb  OT y’, TO 3KCTpeMaadMu  ABAMIOTCA

npaMble Juhun y = Cx 4 C (cm. crp. 301).
YcaoBHA B TOUKe NEPEJOMA B AAHHOM CAyude MPHHHMAOT BHA

=y A=y A=3Y) [y io=—y" U=V = 3% |_ ¢ 10
U=y Q=29 o 0=2 U=V A =2 ) [y 0

OTh ycaOBMS, He CUMTAS TPUBMAJALHOH BOZMOMHOCTH

¥ (2 —0) =y (x,+0),
yIOBJAETBOPAIOTCA [IPH .

Y (6 —0)=0
H

y(a+0)=1
Han ,

Y (e —0)=1
H

y (1 40)=0.

CaeloBaTeNbHO, JOMaHbBle 3KCTPEMaJdH MOIYT COCTOSTb TOAbKO M3 OTPE3KOB Nps-
MBIX, MpHHaLJeKaulux cemedctBaM y= C, u y = x4 C, (puc. 7.13).

§ 4. OxnocTOpoHHHE BapHALMN

B HexoTOpbIX BapHAaLMOHHBIX 3alauax 00 BSKCTPeMyMe (yHKIHO-
Hana v[y(x)] Ha KJacc HOMYyCTHMBIX KPUBBIX MOXeT OBbiTb HAJ0MKEHOQ
orpaHdyeHue, sanpeliaioliee UM [POXOUUTb Yepe3 TOYKH HEeKOTOpO#
obnacth R, orpannuennoli kpuso#t ®(x, y)=0 (puc. 7.14). B stux
sagayax KkpuBas C, pea/usyiouias SKCTPEMYM, WM NPOXOANT LEJHKOM
BHE rpaHuaiubl 0Osactu R, M Toria oHa AOJKHA ObITb 3KCTPEMalblo, Tak
KaK ‘B 9TOM C/yuae HaIHYHe 3anpeuieHHOR ob6aactTh R COBEPUWICGHHO He
BJHMAET Ha CBOHCTBA (DYHKUMOHA/JA M €ro BapHaLUHH B OKPECTHOCTH KpU-
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Boft C, ¥ paccyxjenus raasb 6 OCTAlOTCA CNpaBelJUBLIMH, HJUM KpuBas C
COCTOMT W3 Iyr, JexalluX BHe TpaHHUbl R, u M3 uacrelt rpaHHLb
obaacth R. B 3ToM nocrenseM cayyae BOBHMKAET HOBas CHTYALHs:
Ha 4acTaX TpaHHUbl 00/acTH R BO3MOXHBL JHLIL ONHOCTOPOHHHE Bapua-
uud kpusoit C, Tak Kak BHYTPb 06JacTu IONYCTHUMBlE KPHBHE 3aXONUTh
He MoryT. Hactn kpuBoit C, nexaline BHe TpaHHUB 06Jactu R, AOIKHBI
no-npexHeMy OHITL SKCTPeMafsiMH, TaK KaK eciu BapbUpOBaTh Kpu-
By C Jullb Ha TaKOM, ZONYCKAIOIEM IBYCTOPOHHME BapHalMd, y4acTKe,

Puc. 7.14.

TO Hamuuue oOsnacTh R Ha BapualMH |y BJHATD e OyneT, W BBHIBOIbI
rnaBb 6 OCTAIOTCA CHpaBeLTHBHIMH.

Taxkum oOpasoM, B paccMaTpuBaeMOHl 3afaye SKCTPEMYM MOXET LOCTH-
rarbCa JAMllb HA KPUBBIX, COCTOAUIHNX U3 AYT IKCTPeMaJjed m vacred rpa-
Hiuuel obaacty R, a CcaefOBaTe/bHO, LS MOCTPOEHHS HCKOMOH KDHMBOH,
peannsyioimield SKCTpEMyM, HAAOC MOJAYUMTb YCJIOBUA B TOUKAX NePeXOona
SKCTpeMaJu Ha rpanuuy o6aacth R, naioiHe BO3MOXHOCTb ONpele/UTh
9Th Toukn. B cayuae, uzoGpaxenHom na puc. 7.15, neob6xoaumo noay-
unth ycaosus B Toukax M, N, P u Q. [lonyuuM, HanpuMep, yc/oBue
B Touke M. CoBeplieHHO aHAJOTMYHO MOXKHO ObIIO OB MOJYYHUTH YCJIO-
BUs U B JAPYruUX TOYKAX Mepexofa 9KCTpeMalu HA rpaHuuy ,obJacTu

[Ipu Bbiyncaennn Bapuauun 0V (yHKLUHOHAJIA

P x X
0= fF(x, v, y’)dx:fF(x, v, y’)dx—{—fF(x, v, ¥)dx
X X ;

MLl MOXEM CUMTATh, UTO BAPUAUMUA BbLI3BIRACTCA UL CMEUIeHUEM

touke M (x. y—\ Ha kpueoii D(x, y)=0. 1. e. MOKHO CUHTATb, YTO
Npu BCAKOM  oaoweHun T1oskd M Ha kparcet M(x, y)=0 ayra AM
GBJAETCA yHe 9KCTpeMadbio, a ydacrok MNPQB wue Bapbupyercs.
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dyHKLMOHAN i
v=[F(x y y)dx

X
UMEeT MOIBMXKHYIO TIPAHMUHYIO TOUKY, MePeMelldiollyiocs M0 rpaHuue
o6aactu R, ypasuenne xoropoit D (x, y)=0, nan B paspeurensom
B okpectHoctu Toukn M oTHocuTedbHO y BHAE: Y == @ (X).

CuenoBatenvHo, coraacHo § 1 (ctp. 331) .

bv, = [F+(¢' —y) Fyl, 30
Xy
dynxuuonan fUQ:—fF(x. ¥, ¥)dx Taxke uMeer MOABUKHYIO Tpa-
—_— _}‘ ‘

HUYHYI TOUKY (X, y), OIHaKO B OKDECTHOCTH 3ITOH TOUKH KpHBas,
Ha KOTOPOH MOMKET NOCTHraThCd 2KCTPEMYyM y = @ (X), He Bapbupyercd.

Puc. 7.15.

CrenoBateibHO, HaMeHeHue GyHK MO A fag NpH NePeMenieHnus TOUKY (X, y)

B THOJOXeHue (x+6x, y+6y) CBOJLUTCA JIMIIb K M3MEHEHHIO HUKHEro
npejega WUHTETPUPOBAHUA U

Av, = fF(x y, y')dx—fF(x g, v)dx =
x+ox x
X+ 8x x+0x
=—f F(x,y, y’)dx=~f F(x, 9(x), o (x))dx,
¥ r
TaKk Kak Ha umrepsane (X, x - 0x) y = ¢ (x).
Ilpumensas teopeMy O cpelHeM 3HAueHHd U IOJbL3YSCH HENpPEpPbiB-
HOCTbIO GyHKuun F, mosyyum
rae p—0 npu dx —> 0.
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Caenosarteasho, 0v, = — F (x, ¢ (x), (9’ (x))i)(:—r dx,
ov = dv, +.6fu2=[F (x, . y’)—;- .
+ @ =) Fy (e 90 Y508 — Fx. 90 @) e 70 =
=[F (%, 3. y)=F(x. 9, ¢)— (' — ) Fy (x. y. ¥)],_;0x.
TaK Kak y(:v—)ch()_c). - ~
Heo6xonnMoe yciosne skctpemyMa 0v =0 pBUAYy MPOU3BOALHOCTH Ox
NpUHHMAET BHI
(F(x, 9. Y)—F(x, 3. )= —¢)Fy tx. v, ), _;=0.
[MpuMeHsiss TeOpeMy O CpellHeM 3HAYEHWM, NMOJIYUYHM

(Y — @) [Fy (x. 9, @) —Fy (%, y, y)],_5=0,

rie g — 3HaueHue, NpOMexyTouHoe Mexay ¢’ (x) u y’(x). Cuosa npu-
MeHsAs TeOpeMy O CpelHeM 3HaueHuH, GyleM HMeTh

(v —¢)(g—y) Fyy (5 9, @|,_z=0.

rle §— 3HaueHue, MpPOMexyTOuHOe Mexay ¢ u y' (X). [lpeamonoxum,

Yro Fyy (X, ¥, )5+ 0. IT0 npeanonoxeHue ABJASETCS eCTeCTBEHHBIM
IJs MHOTHX BapHAaUMOHHLIX 3alau (cM. riaBy 8). B aroM caywae ycaosue

B Touke M umeer Bun ¥’ (x)=¢’ (X) (g ==y’ Toabko npu y’ (x) =’ (x),
TaK KaK ¢ -— 3HaueHue, NPOMEXYTOuHOe Mexay y’ (x) u ¢ (x)).

CnenoBarensno, B Ttouke M axcrpeMans AM w rpaHuuHas Kpu-
Bas MN umelor ofuiyio KacaTeabHyl (J€BYI0O KACATELHYIO A KPHBOH
y=y(x), mnpaByw — aaa kpusoft y=¢(x)). Urak, sxcmpenma.is
rKacaemca epanuys o6aacmu R 8 mouxe M.

3amaun K raase 7

1. Ha#itn pemeune ¢ onHOH yraoBoH TOUYKOH B sagadye 0 MunuMyMme QyHx-
HHOHAAA
a \

vyl= [ =D+ s yO =0 y@ =2
1] .

2. CymecTBYIOT J¥ DelleHHst C YrJOBbHIMH TOYKaMu B 3ajaue 06 sKkCTpeMyMe
$yuxkunonana

X1
viy(x)] = f O t2xy—yDdx y(x)=ys ¥(x)=y.

Xo
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3. CymiecTByIOT M pellleHMA ¢ YrJAOBLIMU TOUKAMH B 3agaue 06 dKCTpemyme
PyHKnuonasa

X1
qun=JYy“*®ﬂdm yO) =0 yx)=y.
0 . X -
4, Haiity yca0BHE TPaHCBEPCANbHOCTH a8 (YHKIUOHANA

oly = [ AGe ey VITHT ax 4xy) 40

5. Moab3ysach OCHOBHBIM HEOOXOIUMBIM YCAOBHEM skcTpeMyma du = 0, uaiitn
QYHKUHIO, HA ROTOPOH MOXET JOCTHraThCA 9KCTpeMyM (yHKUHOHAAA
1

ﬂywn=jkﬂh—%wdm yO =y (0=0
0 ) -
y()= o y’ (1) — He 3anano.
6. HaliTu xpuBble, Ha KOTODPBIX MOMKET JNOCTHUrATbCA IKCTPEMYM (PYHKIMOHAJA
. 10
oly@l= [ y*dn yO=0 yao=o
0

~

NP yCJAOBHM, UTO JOUYCTHMblE KPHBBIE HE MOTYT HPOXOAMTb BHYTPH Kpyra, orpa-
HHYEHHOI0 OKPYXHOCTbIO

(r =5y +y* =9
7. Haiitn yHkuuio, H2 KOTOPOH MOMKET JAOCTHraThCs 3KCTPEMYM (yHKIHOHaAa
x
1

oy W= [ (P —sDax y© =0
O

. o 44
ecau apyras rpaHuyHas TOUYKA MOMET CKOJBL3HTL MO NpAMOH x=T,

8. IMoJb3ysch JMIIb OCHOBHBIM HEOOXOAMMBIM ycaoBueM Ov == 0, Haiitu kpu-
‘BYIO, HA KOTOPOH MOXET AOCTUraTbes 3KCTpeMyM QyHKIMOHaAa

X 5
oly)= [ ﬂJyF—de; y(0) =0,
0

eC/AM ‘BTOpas rpaHuuHas TOUKa (X, ¥;) MOXET MEepeMEemaTscs MO OKPYKHOCTH
(x—9P+ y2=0



TABA 8
JOCTATOUHBIE YCJ/IOBHS 3KCTPEMYMA

*

§ 1. Moae axcrpemanei

Ecau na naockoct (x, y) uepes Kawiylo TOUKY HekoTopol obaactn D
NpOXOAMT OAHA W TOAbKO OAHa KpuBas cemeficrea y=y(x. C), 1O
roBOpST, 4TO 370 ceMelCTBO KpuBbiX B oOsactu D obpasyer noze, uay,
Toulee, cOOCTBeHHOe noJe. YTJ10BOH
ko3 duuMeHT KacaTeabHOR p (X, ¥) K 4.‘/
KpuBOH ceMeltctea y =y (x, C), npo-
xonswel yepes TOUKy (X, y), HasbiBa-
eTC HAKAOHOM NOAA B TOUKe (X, V).

Hanpumep, BHYTPH Kpyra
x? 4+ y? ! napamnenbHbie npsMble /
y=x + C o6pasyior nose (puc. 8.1), /]
npudem HAKJIOH 9TOro 1o
plx, yy=1. Hanporus, ceMelcTBO
napabos y = (x — a)®? — 1 (puc. 8.2)
BHYTPH TOr0 e Kpyra mnojs He 006-
pasyer, TaK Kak BHYTpPH STOro Kpyra
napa6oJ/bl paccMaTpUBaEMOTo ceMefcT-
Ba TepeceKalnTcs. Puc. 8.1,

Ecan Bce kpusbe  ceMeffcTBa
vy ==y (x, C) npoxolar uepés HeKOTO-
py1o TOuky (Xx; V¥g), T. €. 00pasylOT Ny4YOK KDHBBIX, TO OHH 3aBEIOMO
He o06pasyior to6cTBeHHOro. moss B objacté [, ecau LEHTP Myuxka npu-
Hannexut obaacty D. OAHAKO ecqM KPUBBE OYYKa MOKPHLIBAIOT BCIO
o6aacte D w uurge ne mepecekaoTcs B 9ToH 064acTH, KPOMe UEHTPa
nyuyka, T. €. BO BCEX TOUKAX, OT/JMUYHBIX OT LEHTpPAa myuka, TpeGOBaHuS,
Ha/naraeMble Ha MOJe, BHITOJIHEHBI, TO FOBOPST, 4TO ceMelcrso y =y (x, C)
TOXe 00pasyer noje, HO B OTAMYHE OT COGCTBEHHOTO MO/ B paccMarpy-
BAEMOM CJyuae nOJe HasbiBaeTca yewmpasvusm (puc. 8.3).
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Hanpumep, nyuox cunycoun y=Csinx npn 0 Lx La, a<n
obpasyer ueHTpaibHoe, noje (puc. 8.4). Tor ke nydyoK CuUHycowd B

: 1Y
3 \ ! !
\\ \\ v/ / /
\ / / /
\ \ \ / / /
\ / /
\ \\ // /
\ \\ \ // / / ’
/
N\ A ! / [z
S 7
\\ \ o / //
\ \, / Y
\ \ / /
\ \ Y ,
N AN i /
N N N /
\\__/ <.._/ \__/y\/\’//
Puc. 8.2.

JOCTaTOUHO Maqo#t oxpecTHocTH oTpeska ocu abemnce & L x L@, rue
8> 0, a < m, obpasyer cofcreennoe noae (puc. 8.4). Tor xe myuok
CUHYCOHI B OKPECTHOCTH OTpe3Ka OcH
abcunce 0 Lx Lay, g >mn noas He
oGpasyer (puc. 8.4).
Ecau coBcrBedHoe uau ueHTpaanoe
nosie 00pa30BAHO CeMeHCTBOM 3SKCTpeMa-
Jell HeKOTOpO# BapualUMOHHOH 3a4auu, TO
4 OHO HAa3bLIBAETCA NOLeM 3Kcmpemarel.

Tlousatne mnoas mouTH 6e3 H3MeHeHUs
7 NEepeHOCHTCS U Ha CAy4aH NmpocTpaHCTBa JIO-
Goro wuucaa usmepennit. CemeficTBO Yy, =

=y, (% Cl, Cn) (i=12, ..., n)o6pasyer

nose B o6aacti D mpocTpaHCTBA X, ¥y, ..., ¥p
ecau uepe3 KaWAYO TOuKY obaactu D npo-
XOAUT OJHA U TOMbKO OJHAa KpHBas ceMel-
CTBa yi=yt.(x, Cl,..., n) Dynryguarmy HAKAOHA TONA p; (% Y Yoo coes yn)

(f==1, 2,..., n) HABLIBAIOT UACTHHIE NPOM3BOAHBIE OT QyHKUME ¥, (X, C1 CQ, - )

Puc. 8.3.

[0 X, BHIYMCACHHBIE B TOYKE (X, ¥i, ¥s, .... ¥,); CASAOBATEJLHO, NN OOJAYHEHHS
0 i .

Py(% Yp Yp -+ ¥,) HALO BIATH ==y, (X, Cy .C,l <o C) w samenuts C,

Cy, ..., C, X BHIDAKEHHSIMU UEPE3 KOOPAMHATHL X, ¥|. Y2 +oss Yy AHAJIOTHUHO

onpeaeasercd v UEHTPAJbHOE MOJE.
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[Myctb xpuBas y == y(x) fAB/AAETCS SKCTPeMa/bl0 BADHALMOHHOM 3anauu
06 aKcTpeMyMe npocrefilero ¢yHxkIuOHana

‘ v[y(x)]:fF(x, v, ¥y)dx, ,

mpuueM rpaHudHble TOukH A(xXy, yo) u B(xy, y;) 3akpensenst. I'opopsr, .
4TO KCTpeMatb Y == y(X) BKJIOYeHA B I[0Je SKCTpeMasieH, ecan HatineHo

Ay

Puc. 84.

ceMeficTBO 3KCTpeManell y==y(x, C), obpasymoliee Nole, colepKailee
npu HekoTOpoM sHaueHnu C==C;, 3kcTpeManb y==y(x), NpuueM 3Ta
9KCTpeMab y =— y(x) He aexuT Ha rpadvue obOnacty D, B Kortopo#t

4

A y:y(;)

Puc. 8.5. Puc. 8.6.

ceMefictBo y =y (x, C) obpasyer mose (puc. 8.5). Ecam nyuox sxc-
TpeMasef ¢ weHTpoM B Touke A (x; y,) B OKPECTHOCTH 3SKCTPeManu
y=y(x), npoxoadiei 4€pe3 Ty we TOUKy, o6pasyeT M[oje, TO TeM
CaMBeIM HalleHO UeHTpa/bHOE TIoJe, BK/Oualolee NAHHYIO IKCTpeMalb
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y==y(x). 3a napameTp cemeHcrBa B NAHHOM CJyuae MOXHO B3ATb yr.i0-
BON Ko3dduUMeHT KacaTeJbHOR K KPHBBIM Myuyka B Touke A(xg Vo)
(puc. 8.6). :

-MIpumep 1. Hdap dyuxumnonan
a
f(y’z— y)dx;
0

Tpe6GyeTcs BKAOYHTL AYTY akcTpemand y == 0, coequusiouryro rouxu (0, 0) u (a, 0),
rie 0 <a < n B ueHTpaJbHOe noje skcrpemaneil. O6luee pelleHue ypaBHEHHA
ditaepa y” -+ y =10 (cM. ctp. 298, npumep 1) umeer Bug y = C, cos x + C, sin x.

Ay
ﬂ »
Az
Biz,4)
Z
0 Zo Iz,

Puc. 8.7.

U3z ycnopus npoXOmIeHHs Skctpemanedi depes rouky (0, 0) moaywaem C; =0,

y = C, sin x, mpuueM KpuBHIE STOrO myuka Ha otpe3ke 0 < x < a. a < obpa-
3yIOT UeHTPaabHOe noJe, Bkawualomee npu C, =0 sxcTpemans y = 0. IMapamerp

cemeiictBa C, paBeH MNPOH3BOAHOH y; B touxke (0, 0). Ecau B TOH We 3amaue
a>n, 10 ceMeiictBo y = C, sin x moas He obpasyeT {cM. cTp. 352).

VsBecTHO, 4TO aABe GeCKOHeuHO Oau3kue KpHBbe ceMeHcTsa
F(x, y, C)=0 nepecexalorcs B TOuUKkax C-IHCKPHMHHAHTHOA KPHBOH,
onpeaensieMolt ypaBHeHUAMYU

OF
F(x, y, C)=0;

oc =0

Hanomuum, uro B cocras C-RHCKPUMHHAHTHOH KDHBOR, B 4acTHOCTH,
BXOAMT orufaiomas CeMeHCTBa W reOMeTPUYECKUe MeCTd KPATHHIX TOUeK
kpusbix cemefictBa. Ecan F(x, y, C)=0 sasasercs ypasHeHueM nyuka
KPHMBLIX, TO LEHTP MyyKa TaKKe NMpUHaAfewur C-IMCKPHMHUHAHTHOR Kpu-
Bofl. [losToMy ecau BasThb Myuok sKcTpeMatefh y=y(x, C), npoxons-
KX Yepes TOUKY (Xo. Yo)» ¥ onpeaenuth ero C-AMCKPUMHHAHTHYIO KpH-
Bylo @ (x, y)==0, 70 Gauskue Kpusbie ceMeitctBa y =y (x, C) Gyayr
nepecekathc BGausn kpusoir @ (x, y)==0 u, B uyactHocTH, KpHBHE
9TOro cemefictBa, OJM3KHE K DACCMaTPHBAEMOHl SKCTPeMann ¥ =y (x),
npoxoAswefl uepes TOUKH A(Xy ¥o) B B(x;, y), Oy&yr nepecexarnbcs
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B TOYKaX, OJH3KMX K TOUKAM KacaHWs (WM TiepeceueHus) KpHBOH
y=y(x) ¢ C-IUCKPHUMUHAHTHOH kpuBoH .(cM. puc. 8.7, HA KOTOpOM
C-nucKpUMHHAHTHAA KpuBas u3o6paxeHna wupHoft qnnueit). Eciu nyra AB
9KCTpeManu y =y (X) He HMeeT OTJIHYHHX OT TO4YKH A O0OWHUX TOUeK
¢ C-nuCKpHMHHAHTHON KPHMBOH MyuYKa SKCTpeMaJsiell, BKJIOYAIOWErO 1aHHYIO
9KCTpEMaib, TO [OCTATOYHO OJauskue X ayre AB sKkcTpeMann myuka e

)Y Blz,y,)
ﬂ*
3\
Az 4) X
Z
0 Z, I,
Puc. 8.8.

nepecekaloTcd, T. e. o0pa3yloT B OKpecTHocTH Ayru AB uentpaabHoe
noJe, BkJOHaioumee 3ty Ayry (puc. 8.8).

Ecau nyra AB skctpeMaau y = y(x) uMeeT OTIHYHYIO OT A o0wylo
tTouky A" ¢ C-InckpuMunaHTHOM KpuBOH myuka y =1y (x, C), T0 61u3-
KMe kK y=—y(X) KpuUBbIC MyuKa MOTYT MepeceKaTbCi Mex Ay coOoft u
¢ kpuBot y = y(x) BG.au3M Touku A* u, BooGiie roBops, noas He obpa-
ayior (puc. 8.7). Touka A* HasbiBaeTcs TOYKOW, COAPANMCEHHOH C TOY-
kot A.

[TonyueHHbi#i pe3yabTaT MOXKHO cOPMY/INPOBATL TaK: 048 ROCMpoe-
HUSL UEeHMpPpaAbHO20 NOAS IKCMpemaseld ¢ HeHMpPpom 8 mouxe A,
codepocaujezo dyzy sxcm pemaiu AB, docmamourno, umobs mouka A*,
conpaxcennans ¢ mouxoil A, ne Jsexcasa wa O0yze AB. Oto ycioBue
BO3MOXHOCTH TIOCTPOEHHs [OJAS 9SKcTpeMajeff, BKJIOYAIOWIEr0 JaHHYIO
9KCTpeManb, HOCHT HasBaHue yc.208usl Sxobu.

Herpynso coopMyauposats 970 ycaoBue u aHaautuueckn. Ilycrs
y=y(x, C)— ypaBHeHue Ilyuka 9KCTpeMajell C HEHTPOM B TOuke A,
npuueM napamerp C MOXHO 1Js OLpeleeHHOCTH CHUUTATh COBMANAKLLHM
¢ yraoBeiM K03dgduuuentToM y’ sKkcTpemaneit nyuka B touke A. C-AUCKpU-
MUHAHTHASA KPHUBAs ONpeleifeTcs YpaBHeHUAMH

9y (x, C
y=y )y 2EL o

dy (x, C)
oC
ABAAeTCA QY HKIMEA TOILKO X. DTy PyHKUKIO KpaTKO 0603HauuM OYKBOR 4.

Bromb kaxaofl ¢ukcuposanHo# kpusoft ceMeHcTBa npouaBoilHaﬂ
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ay (x, C) 0’y (x. C)
oC ox

U= ——gF—=, Trle C sanano; orciona 4, == dyHKUHH
y(x, C) aBasioTCA pelieHUsIMM ypaBHeHus DHjiepa, MOITOMY

t

Fy(x, y(x, C), v, (x, C))—dixFy, (%, y(x. 0. y, (. C))_—-=_O.

9y (%, C)
oC

Y, d ’
Fyyu + Fyya' — ——(Fyyu + Fyy u')=0

Jduddepenuupys 310 T0kAECTBO N0 C n noaaras = u, [0Jy4HM

HJian
.ood d ’
(Pos = Fow ) = g Fyryru) =0.

Bnece Fyy (x, ¥, ¥), Fyy (X, 9. ¥), Fyy (x, 9, y') asasioTcs usbect-
HBIMH QYHKUMAMH X, TaK KdK BTODOH apryMeHT y paBeH pelleHuio ypas-
nenus Ofnepa y=y(x, C), Basromy npu snavenun C==C,, coorser-
creyiouleM skcTpeManu AB. Jto auHeliHoe 0AHOPOLHOE YPaBHEHUE BTOPOro
NOpAlKka OTHOCHTENbHO # Ha3uiBaeTca ypasnenuem SHrobu.
9y (x. C)

Eciu pemeHue 3TOr0  ypaBHeHMA u=——s~——, obpawaiolieecs
B HY/b B LEHTpE NyuKka NpH X == X, (UEHTP Ny4Kka BCeria MPHHAANEKUT
C-IMCKPUMUHAHTHON KpuUBOH), oOpallaeTcs B Hyab elile B Kako#-HuGyns
TOYKE uHTepBaNa X; < X < X;, TO conpsmeHsas ¢ A Touka, onperense-
Mag ypaBHEHUIMH
ay (x. C) —0

oC nwm  u==0,

y=y(x. C) u
NeXUT Ha Ayre skcrpemanu AB™). Ecau we CyuwlecTBYeT pelueHUe YpaB-
HeHus flkoOr, obpauaimoiieecs B uyab NpH x == X, U Oonee ne obpawarn-
weeca B HYAb HU B ONHOH TOUKE OTPe3Ka Xy < X < Xy, TO TOUEK, conpd-
WeuHwnlx ¢ A, Ha ayre AB Her, — ycaoBue $IkoOH BBLIIOHEHO, U AYTY
KCTPeMamu AB MOXHO BK/IOUMTL B UeHTpasbHOe UOJAe 9KCTpeMaseld
C UEHTPOM B Touxe A.
Gameuanue. MokHO [OKA3aThb, 4TO ycaoBue SlkoOn He0OX0AUMO
DAist IOCTHXKEHHsA SKCTPeMyMa, T. e, L KpuBoi AB, peanusylowmed sxcrpe-
MyM, COMpsKEeHHAs ¢ A TOUKA HE MOXET JeXaTb B uHTepBate X, << X < Xy,

{lpumep 2. Bunoaseno am ycaosue Slko6n pis sxctpemaan (YHKIHOHAAA

a .
v = f(),ﬂ_yz) dx, npoxoasaueii yepes touxkn A (0, 0) u B(a, 0)?
)

*) 3aMeTHM, UTO BCe HETPUBHAJbHbIE PEUIEHHS JHHEHHOIO OAHOPOAHOro AH(-
(depeHIMaNbHOrO ypaBHEHHA BTOPOIO MOPSAKA, - YAOBJAETBODPAOIIHE YCJAOBHIO
u (xp) =0, OTAMYAIOTCR APYr OT XPYra JUINL OTAUUHBIM OT HYJA (OCTORHHLIM
MHOXHUTEAEM H, CNeN0BATEJbHO, 06paILaloTCsl B HYJAb OJHOBPEMEHHO.
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Ypaphenue §Iko6u uMeeT BUA

¢ d ’ AN ” —
. - —Zu——E;(Qu)_O um w4 u=0,

OTKYAa }
u =T, sin (x — Cy).

Tak xak u(0)=0, 10 C;,=0; u=C,sinx. PyHknua u obpamaerca B HYIb
B TOUKAx x = kan, 'fe k — LeJoe YHCJIO, H, CJAeA0BATCAbHO, €cay 0 < a < m, 10
Ha orpeske 0 x < a oyHknua g obpamaercs B HYJb TOAbKO B TOuke x =0
H yCJIOBHe §lk06U BHIMOJNHEHO; eClH Xe a > T, To Ha orpe3ke 0L x < a Pyuk-
nus u ofpauiaeTcs B HyJb eme No kpafinelt Mepe B OJHOH TOUke X ==X u ycJo-
pue Jlko6H He BHINOAHeHO (CpaBHHTe ¢ mpuMepoM L, cTp. 354).

Mpumep 3. BumoaneHo ay ycuaosue fIxo6u Ana skcTpeManu ¢yHkUMOHaJa

vy (x)]= f (y”* +y”‘+ x2) dx,
0

npoxoasmeit wepes Toukn A (0, 0) u B(a, 0)?

Vpasnenue §lko6u umeer Bup u” —u=0. Ero o6mee pemenne BO3bMEM
B ¢opme u=C,shx4+Cychx. HWa ycaoBus u(0)=0 Haxomum C.=0.
u = C, sh x. Kpusble nyuka 4 = C, sh x
nepecekalor ocs Ox aumb B TOUKE
x=20. Ycaosue $1xko6u BHINOJHEHO NPH
mo6oM a.

§ 2. ®yukuus E(x, y, p, ¥) 5

IpernosnoxuM, 4yto B mpocTeht-
weh 3anave o6 sxcrpeMyme @y

HHMOHana A

Xy
=fF(x, v, ¥)dx;
x Puc. 8.9.

Y(x)=1y, yxp=y,

ycnosve $lkoOu BHIMOJMHEHO H, C/AENOBATeJbHO, OSKCTpeMamb, C, npo-
xoasuias depes touxku A(xy yo) 4 B(x,. y,). Moker ObTh BKJIO4YEHA
B LEHTPaJbHOE [0Je, HAKJOH KOTOpOro pased p(x, y) (puc. 8.9)%).
Ias onpenenenus 3Haka mnpupaitenys Av ¢yHKUHOHANa U npu fepe-

xolle OT okctpeMaad C K HeKOTOpo# OausxoR nomyctumoR kpupo#t C

npecbpasyeM npupailesne Afo=.fF(x, .. y)dx — fF(x, v, ¥)dx
¢ c

*) MoxHO Oniio 6n npe.unonbxmb, 4T0 SKCTPEMaXb BKJOYEHA He B HEH-
TPaAbHOE, 8 B COGCTBEHHOE NOJC. :
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K Gonee ynoGHOMy Aast uccrexosanus suny. (CHMBOAH

fF(x. yo y)dx fF(x, v, ¥)dx
: ,

C
Xy

NPencTaBaA0T 3HAYEHHs (YHKUHOHAAA f0=fF(x, v, ¥)dx., B3aTHE
~ xﬂ
COOTBETCTBEHHO No- AyraM kpuseix C u C).
PaccmoTpuM BermoMoraTe/bHbIR GYHKUHOHA

/[F(x. v, p)—l—(—%- )Fp(x, v p)]dx,
¢

KOTOpH# Ha skcrpeMaan C obpawaerca s fF(x, v, ¥)dx, Tax xak

C
d : ‘
Ha 9KCTPeMaJsax MoJs %:p. C Ipyro# CTOpOHH, TOT Ke BCHOMOra-

TeJbHHH QYHKILMOHAN

f[F(x' J P)+(%-p)1:p(x, v p)]dx
HJau ¢ »

[1F e y. = pF,(x 9. Pldx—+F,(x. y. pdy  (8.1)

ABJIETCA MHTErpaaoM oT TouHoro auddepenunana. He#crsurensuo, aud-

depenunan QyHKuuH v (x, ¥), B KOTOpYIO npespamaerca QyHKUHOHaN
v [y (x)] Ha skcrpeMansx noJs, coriacHo § 1 raasn 7 (ctp. 331), umeer
BUI

do=[F(x, y, y)—y'Fy (x, ¥, yY)dx+Fy (x. y. y)dy

M Jumbs 0003HaueHHEM YTJ0BOTO KOS(OdHIHEeHTa KacaTedbHOH K 9KCTpe-
MajsM [0/ OT/IMYAETCH OT MOALIHTErPaNbHOTO BHIPAMEHUST B PACCMATPH-
33EMOM BCIIOMOTaTe/bHOM HHTerpase (8.1).

Wrak, unrerpan f[F(x, ¥, p)+ (' — p)F,ldx wa sxcrpemann C
¢
COBIIANaeT ¢ HHTErpajoM f F(x,y, y)dx, a mak wax ¢yuxuuonan
g ,

f[F @y p+—-Dp Foldx 9BAsGTCA HMHTErpasoM OT  TOUYHOIO
¢
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nudepennnana u, c/en0BaTebHO, He 3aBUCHT OT NMYTH UHTErPUPOBAHHUA, TO

fF(x, 9, y’)dx=f[F(x» Y. D)+ —p)Fy(x, 9, plldx
C ¢ ’

He TObKO Tipn C=C, HO u npu Jawbom BubGope C.
CreloBaTe bHo, OpUpalieHue

Av= [ F(x, y, y)dx — [ F(x, y, y)dx
] I

MOKeT OBITb [1peofpa3oBaHO K CIeAYIOUIEMY BHAY:

M= [Fx y yyde— [IF (e y, D+ =P Fylx. v plde=
o} ¢
=f[F(x, VY)=F(x. 9. p)— @' —p)F,(x, v, pldx.
¢

[onwinTerpaasnas GyHKUUS HOCUT Ha3BaHue PByHKyuu Bedepumpacca
u o6osnauaerca E(x, y, p. y'):

E(x, y, p, Y)=F(x, 9, yY)—F(x, 9, p)— Q' —p)F,(x, y. p).

B stux o603HadeHusix

Xy
Av=fE(x, y. p, y)dx.

Xo

OueBHIHO, 4TO [OCTATOYHBLIM YC/JOBHEM MAOCTHIKEHHS (YHKLUMOHAAOM U
MuHEUMyMa Ha kpuBo#i C OyneT HeoTpHuaTeJbHOCTh (yHKuMM E, Taxk Kak
ecqit E >0, to u Av >0, a 10CTaTOYHBIM YCJIOBMEM MakcuMyMma Gyier
E L0, tax kak B atoM caydae u Av < 0. Tlpu s1oM 1is cnaboro MuHu-
MyMa [JOCTaToOu4HO, 4TOOH HepaseHcTso E(x, ¥, p, y)>0 (aan
E'0 B caydae MaKCHMyMa) BHINOJHAAOCH NJs 3HAueHH# x, y, Oaus-
KAX K 3HA4YeHMI0 X, Y Ha wuccaenyeMo#l skcrpemaan C, u Ana 3Ha-
yeHn#t y’, Gamskux K p(x, ¥) Ha TOH ke SKCTPeManu, a AJf CHALHOTQ
MHHUMYMa TO e HepPaBEeHCTBO NOKHO OBITb CNPaBELJIUBO A TeX Ke
X, Y. HO yxe IS MPOU3BOJBHEIX y’, TaK KaK B Clyude CHILHOTO SKCTpe-
MyMa OJM3KHME KpDHUBHE MOI'YT HMeTb HpPOM3BO/bHHIE HaNpaB/eHds Kaca-
TeJbHBIX, @ B caydae CAa6oro sKcrpeMyma sHaueHus y’ Ha GAMSKHUX KpHU-
BBIX G/MSKM K 3HaueHuaM y’ = p na skctpemaau C.

CrenoBaTe/qbHO, JOCTATOYHBIMH A/ NOCTHXEHHA (YHKUMOHAJIOM U
sKkcTpeMyma Ha kpuso#i C GyayT caelyiouue yc/aoBus. )

IOas cnaboro skcrTpemyMma:

1. Kpupas C aBASeTCA SKCTPeManblo, yAOBACTBOPAIOWEH [PAHUYHBLIM
yCAOBHSAM.
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2. Bxcrpemans C MOkeT GHTb BKJIIOYEHA B NOJE srccmemanen Sto
yCAOBHE MOXHO 3aMEHUTL yC/IOBHEM Axobu.

3. dyukuus E(x, y, p, ') He MeHseT 3Haka BO BCeX Toqxax (x, y),
6auskux k kpupofl C, m nnA 6amskux k p(x, y) sHavenu#t y'. B cryuae
munuMyMa E 2> 0, B caywae makcnmyma E 0.

Hdaa cuapbHOTrO SKCTpeMyMa:

1. Kpusaa C sBasercs SKCTpeMaNbio, YAOB/IETBOPSIOWEA PAaHHUHBIM
yCnOBHSIM.

2. OxcrpeManb C MoxeT ObTb BKJIOUYEHA B fOJe aKchemaneﬁ. dro
YCJOBHE MOXMHO 3aMEHUTH yCHOBHEM SIkoOu.

3. dyuxuus E(x, y, p, ¥') He MmenseT 3Haka BO Bcex TOYKax (x, y),
6auskux x Kpuso# C W AAA NMPOM3ROJLHLIX 3HaueHuh# y'. B ciyuae mu-
uumyma E >0, B cayuae Maxcumyma E 0.

3ameuanue. MoxHo n0kasats, 4to ycJaosue BeMepurpacca HeoG-
xoaumo. TouHee, eciv B LEHTPAJALHOM MoJe, BK/OUalOUEM sKcTpeMass C,

B TOYKAX SKCTPeMaH AJIst HEKOTOPHX Y’
Y ¢yukuus £ UMeeT NPOTHBONOJOMHEIE

3HAKM, TO CHJIbHEIA SKCTpPEMyM He 10-

cruraetcd. EcaM 37O CBOMCTBO HMeeT Me-

CTO NPU CKOJIb yroAHo OJM3KHX K p 3Ha-

yeHusx y’, TO He gocruraetcad M cJabuifh

9KCTPEMYM.
lNpumep 1. UccaenoBaTb Ha askCTpe-
_z MYM QyHkmuOHan -

v=| y*dx; y(©0)=0,
f .

Puc. 8.10.

y(@==5b a>0 6&6>0.

AkcTpeManamMy aBASIOTCA npsambie auHun y = C x 4 C;. dkcTpeMyM Moxer
JOCTHraTbCa JHIb Ha npsaMoH y=—_=x Myuox npambix y = C;X ¢ ueHTpom

b
‘B 1ouke (0, 0) 0OpasyeT uUeHTPaIbHOE NOJE, BKAIOUANWEE SKCTPEMAAL y = —- X

(puc. 8.10).
Pynxuus

E(x 3. py)=y"—p—3p(y — p)=(y' — PP (¥’ +2p).
Ha sxcrpemann y == -Z—x HAKJOH MojAd p= -Z— >0, neca y npnﬂﬁmaeT 3Ha-

b
qeHHA, GJAH3KHE K p=—.T0 E >0 un, crexoBareJbHO, BCE YCJAOBH4, LOCTaTOY-
HHe Aas AOCTHXeHus CaAa6Or0 MHHEMYMa, | BHIOAHeHb. Mrak, Ha skcTpeMann
y = % AOCTHraerca caabuiii MunaMyM. Ecau ke y’ npuHMMaeT NPOU3BOJbHEE

sHauenusa, To (¥’ -4 2p) moxer uMeTh AI0GOH 3Hak W, creNOB4TEAbHO, DYyHKUUA £
SHAaKa He COXpaHfeT — yCIOBHA, JXOCTATOUHEIE AAf ROCTHXEHHS CHJbHOIO MHHH-
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MyMa, He BhIMOJHeHH. Eciu UpHHATH BO BHMMaHue 3aMedaHue Ha ct1p. 360, ToO
. . b

MOJKHO yTBEPKAATH, UTO CHAbHLIA MUHUMYM HA NPAMON y = — X HE AOCTHraeTcs.

Mpumep 2. UccaepoBats Ha sxcTpeMyM GyHKLUHOHAJ
a
f(ﬁy’z—yf"—l—yy’)dx; y0) =0 y@=84 a>0n >0
0

B KJlacCe HenpepuBHBIX (YHKIHH ¢ HempepbiBHOH nepBoH NpouU3BOIHOM.
dxcTpeMansmu aBasioTca npample y = C,x -+ C,. TpaHHYHBIM yCIOBUAM YAO-

BAETBOpAET OpsMas y == — X, KOTOpas BKIIOYAETCH B MyHOK akcTpeManeit

y = C,x, 06pasylomux UeHTpaAbHOe Moje. PyHKUHA
E(xy. py)=6y" —y" 4 yy —6p 4 pt — yp— (v’ —p)(12p—4p* -+ y) =
=— (' —p?ly”" +2py" — (6—3p7)]

3uak QyHkuuu £ NPOTHBONOMONKEH 3HAKY [OCJAE/AHETO MHOKHTENA
‘ y'242py’ — (6 —3p?).

AT0T MHOXKHUTENL OGpAIAeTCs B HYAb U MOXKET M3MEHHTh 3HAK JHIOb MPH Nepe-
Xofe y’ uepe3s 3HayeHne y' = —p: V6 -—2p2. Ipu 6 —2p? <0 uau p>V§
npr mo6om y' uveem [y’ 4-2py’ —(6—3p?)] >0, ecan me 6 —2p% >0 nam
p<V3 10 Bupakenwe [y'®+42py’ —
—(6—3p?)] menser suax. FEcau ke npu
3TOM ¥y’ JIOCTaTOUHO MaJXO OTJIMYaeTcs OT p,
TO TNOCAeIHEe BBHIPaXEHHE COXpAHAET MOJO-

MUTEJbHbIH 3HaK npu p > 1 u OTpHUIATENb-
Hbil 3Hak npu p < 1.

b
CaejloBaTeabHO, TIpH =—< 1 wam

b < a umeeM cJaGbIA MUHUMYM, Tak Kak £ >0
npu  3HaueHuAx y’, OGAM3KHX K p; UpH

P = z > 1 um b > a umeeM cnabulii Makcu-

mym. [pu p= % > V'3 umeem cuabHbiil Mak-

cuMyM, Tak xak E < 0 npu J06bx 3HAUEHHAX

Puc. 8.11.

y’. Ipu p=% < V3 wua ocsosamnu saye-

uanus Ha cTp. 360, HET HH CHABHOTO MHHHMYMa, HH CHJBHOTO MAaKCHMyMa
(puc. 8.11). ,
Haxxe B npuBeleHHLIX BHILE BECbMa MPOCTHIX NPUMepax UCC/eL0BaHHE

sHaka ¢yHkuuy E OblJIO CONPAXKEHO € HeKCTODPHIMM 3aTpPYLHEHHAMH, W
MO3TOMY KeJaTelbHO YCJAOBHE COXPaHeHUs 3nake (yukuued E 3aMeHHTDH
Gonee - Jerko MpOBepseMbiM  ycaoBueM. [lpeanoJomxuM, uto (YHKOMA
F(x, y, y") tpuxam auddepenunpyema no aprymedry y’. Ilo popmyae

24 J1, 2. Babcroaby



362 JOCTATOYHBLIE YCJIOBUSI 3KCTPEMYMA [rn. s

Teftnopa nonyuum !

F(x, . y)=
LA 2
=F (5 3 D+ — P Fp(5 9 D+ LG Fyy (5 9. 0)

rle ¢ BAK/IOUEHO MeXZy p H ¥’
PyHkuns

E(x, 9, p. Y)=F(x, v, Y)—F (%, y. p)— (' — p)F (%, y, p)

nocie samedsl ¢yuxumn F(x, y, y') ee pasiaoxenueM no ¢opmyne Tefi-
Jiopa npuMeT BHA

r_ py2
Bt y, p )= Py (5 9, 9.

Orcona Buano, u4to QyHkuus E coxpaHser 3Hak, ecJd COXpaHfeT 3HaK
Fyy (%, y, ¢). llpn uccrenopanuu Ha cnabbA  KCTPeMyM  QyHKLuS
Fyy (x, ¥, ¢) 1OMKH3 COXPAHATH 3HAK A1 3HAYEHHH X My B TOUKax,
OJM3KMX K TOUYKAM HCCIeIyeMOH sKCTpeMaau, W AJjf 3Hauenu# g, OAUBKUX
Kk p. EBcan Fyy (%, ¥, )50 B toukax skcrpeMaan C, TO B CcHay
HeNIPepPHIBHOCTH 3Ta BTOpPas [POM3BOLHA COXpaHieT B3HAK M B TOYKAX,
6/usKuX K Kpuso#t C, n Lnst 3HaveHudl y’, 6/AM3KUX K 3HaueHusM Y’ Ha
kpuso#t C. TaxmuM o06pa3oM, Npu HCCANOBAHHM HA CaabHH MHHUMYM
ycaosue E 2» 0 moxer ObiTh 3aMeHeHO ycjoBueM Fyu > 0 Ha sKcrTpe-
Maau C, a npu uccieloBaHuu Ha caabuit MakcumyMm yciaobue E < 0 moxer
6LiTh  3aMeneHo ycaosueM Fyry < 0 uHa kpusoit C. Venosue Fyy >0
(umu Fyry < 0) Hocur HasBanue ycuosus Jlexcandpa *).

Ipu ucciaenoBaHun Ha CUJIbHbIY MuHUMyM yciaoBue E > O moxer ObTb
saMeneHo TpeboBaHueM Fyry (X, ¥, g) >0 B Toukax (x, y), OiM3KHX
K TouKaM kpuBo# C Nnpu NpoOU3BOJbHEIX 3HaueHUsX ¢. IIpH 5TOM, KOHEUHO,
NPEeANOo/JaraeTcsi, 4To pasjoxenue no ¢opmyne Tehiaopa

Fx, y, y)=
’ (Y —p)
=Fx 9, N+ —pF,(x 9 p)+-5——Fyy (x. 3. )
cripaBedauBo npu mo6bix Y. TIpu McCneZOBAHMM Ha CHABHBIR MAaKCUMYM
noaydyuM yciaosue Fyry (X, ¥, ¢) <0, NpH Tex Me NpPenNoNOKEeHHIX

OTHOCHTE/bHO 06/1aCTH M3MEHEHHS ADIYMEHTOB U Pas3/OMHMOCTH (YHKLHUH
F(x, v, ¥) no dopmyne Tetnopa.

*) Ycaosue Fyiyr >0 (nan Fy.y < 0) 92CTO HA3BIBAIOT YCUACHHHIM YCAO-
suem Jlemcandpa, a ycaoBuem JlexaHapa HasbiBaloT HEPABEHCTBO Fyy 20
(amn Fyopp < 0).
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OYHKUNA E(x, 4. p. ¥)
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HQOME SHEOLIL °F
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X
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£ XMQOirr BIY
.6 on ewafdun
-Hadodpdur mwx
-udi (£ £ x) g
BUIIHAD Olh
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-hOL 3 XHNEHIQ
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0 (A %) g

HQOYE SHEOUIL G

_ &, XP_«,.
0 mw d°1

Arewadidne
HOWQAYAIrddH BH

0<%y g

HQONE SHEOKIL 7

A, XP__«,.
0 ,«w od 1

WAKHHEW YNHIYHD)

WAWHHHW HMQRrD)

WAWHHHN QEHICHT)

WAWHHHK HHQErD)

WAWHHHW JMHIrHD

WANHHHN HMQRLYD)

Cx

=(x) 6 4 =2 xp (64 im%":iza

(4 BIrRHOMIDIHAQ OJOMIKaL00dN BWAWHHHW HHEOIDA XMHROLBIJOY BIY08))

240



364 NOCTATOYHBLIE YCJIOBUS1 3KCTPEMYMA [[J1. 8

MIpumep 3. MccrenoBarb Ha 3KCTpeMyM (YHKIHOHATX

v[y(x)]=f(3"2—y2)dx, a>0 y0)=0  y(a)=0.
0

Ypaenenne Jitnepa umeer un y” -~ y =0, ero obuee pewenue y = C, cos x--
-+ Cysin x. Hcnoabsys rpannunbie ycaopus, noaysaeM C; =0 n C,=0, ecan
a = kn, roe k-—uenoe 4HCAO. .
Wrak, npn a = kn SKCTPEMYM MOMET JOCTHIaTbCH JAMIIL Ha NpAMOH y = 0.
Ecau a < m, 10 nyuox skcrpemaneii y= C;sinx c¢ uentpoM B Touke (0, 0)

o %

Puc. 8.12.

obpasyer ueHtpasbHoe mnode. Ilpw a > m ycioBue $IKO6H He BHIIOJHEHO (CM.
crtp. 352).

Tax kax mopbinterpaibHas ¢GyHKUMs TPHXKAB IuddepeHuupyeMa no y’ npu
AOOBIX ¥y’ U Fy'y' =2> 0 npu ao6blx 3HayeHHaX y’, T0 Ha npamoil y =0 npu

a < 7 peaausyeTcs cuabHbi# MuuuMym. Ecau yuects 3aMeuanue Ha c1p. 356,
TO MOXHO YTBEP¥JaTh, 4TO NpPH 4 > T MHUHUMYM Ha mpaMod y =0 He joctu-
raercs.

Mpumep 4 HccaenoBars Ha akcTpemyM (YHKIHOHANA

Xy =
v[y(x)]='/7 —-—HV“;ydx, y@ =0 y(x)=y
0

(cM. 3apauy o GpaxucroxpoHe, crp. 304). IrcTpeManAMy HABAAIOTCH LUKJIOHIH
’ x=C, (¢t —sint)+ C,,
. y=0C, (1 —cost).
Myuok muxaons x = C; (¢t —sin¢), y= C, (1l —cos?) c nentpom B Touke (0, 0)
obpasyeT LEHTPadbHOe MOoJe, BKAOYAWIIEE 3KCTPEMalb
== a(t—sint), y=a(l—cos?),
TJE @ ONpeXefeHO U3 YCJIOBHsA npoxoxﬂxeam WHKAOHABl Uepes BTOPYI0 TPaHHY-

HYI0" TOUKY B (X1, ¥;), ecim x; < 2na (puc. 8.12).
WUmeem .

y 1
F,=——_——_.___.; F!r=_———‘>0
oV vVieyr 7 Va4
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npa - Mo6ux y’: CuaenosaTenbHo, Npu X < 213 Ha LUKJIOHIE
x=a(t—sint), y=a(l—cost)

PeaNU3yercs CHAbHHIH MEHHMYM.
Npumep 5 HccaefoBath Ha sKCTpeMyM (YHKIHOHAN

a .
v[y(x)]=fy’3dx: y(0)=0 y(@)=6 a>0 5>0.
0

dtor npumep Obln pemeH Ha cTp. 360, HO Temepb B OTHOmIEHHH CAaBoro skcrpe-
MyMa MCCIENOBAHHE MOXHO YNPOCTHTb.
AxcTpeMaasMy ABAAIOTCA npamble audny. [Tyuok y = Cx o6pasyeT ueHTpaJib-

HOE 10A¢C, BKJOYAOWEE IKCTPEMAb y=—a-x Ha 9KCTPpEeMaau y=-—d—x BTOpas

y

Puc. 8.13.

’ 4 . 4
MPOU3BOJIHAS Fy,y, == 6y =6; > 0." CarenoBarteabHO, npaMas, y=-—X peamu-
ayer caabbiii MunuMym. [Ipu npousBoabHbIX y’ BTOpast npousofuas Fy.y =6y’
3HAKa He COXpaHdeT; CJeJOBAaTedbHO, YKa3aHHBe BBIIIE JOCTaTOYHHIE YCAOBHS
LA JOCTHXEHHs CHJBHOTO MHHHMyMa He BhmoJHeHb. OjHako oTCiOla eme
HeJb3st 3aKJIOYHTh, YTO CHALHBIH 3KCTPEMYM He NOCTHMAeTCH.

I[Ipumep 6. UccaenoBats Ha skCTpeMyM (YHKIHOHAA

a .
v[y(x)]_—_/jy—)’;-dx;‘ y(0O) =1, y(a)=b6 a>0 0<b<l
0

lepBhit unTerpan ypamHesus 3Sitaepa (cM. cayuait 5 Ha c1p. 302) umeer BHA
L+ —27};“ =C um y*=4Cy;
y y
H3BJIEKad KOPEHb, Pasjeas NePEMEHHBIE U MHTErpUpYs, noaydaeM y = (Cx+C,)2—
cemeiicTeo mapaboa. Uz ycaosus y (0) =1 Haxommm C,=1. Ilyuox napa6oa
y=(Cix 4 1)? ¢ uenrpom B touke A (0, 1) umeer C,-IUCKPUMHUHAHTHYIO KPHBYIO
y =0 (puc. 8.13). Yepes Touky B (@, b) mpoxonar ABe napaboJbl 3TOro NYyYK?.
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Ha gyre AB onsolt u3 umx (L) Jexut rouka A®, compsixelHas ¢ Toukoil A,
Ha apyrofi we (L,) CONMpsMEHHOM TOYKH HET, M CJlelOBaTedbHO, Ha ayre L,
ycaopue $Iko6H BRIMONHEHO M HA STOH Iyre mapabonbl MOXKET peanu30BaThCs

akcTpeMyM. B oxpecTHOCTH uccaeayemofi skcTpemanu Fy,y.‘ = —6—,); > 0 nas npo-

H3BOJBHEIX Y/, OZHAKO Ha 9TOM OCHOBAaHHH HENb3f YTBEpPXIaTh, 4TO Ha Ayre L,
y

12

peanu3yeTcsl CUAbHBIH MHHHMYM, Tak Kax QyHkmus F(x, y, y') = He MOXeT

6BITb NpEACTaBJEHA B BHIE

FE )=y D+ =0 Fp ey PRy, g)

Npi NPOM3BOJBHBIX 3HAUEHHAX Y’ BBHAY Haawuus paspeiBa dyHkuuu F (x, y, y')
npu y’ = 0. MoxHO milb yTBepXkIaTh, YTO Ha L, peanusyetcs cnabuifl MUHAMYM,
TaK KaK JJaf 3HawueHWH y’, GAM3KMX K HAKJOHY MONS HA KPHMBOH L,, Takoe pas-
Jgoxenue ¢yuknun F(x, y, y’) no dopmyne Teinopa umeer mecro. Jdas noanoro
HCCACNOBAHASA ITOTO (YHKHHOHANA HA 9SKCTPEMYM HEOOGXOAMMO PacCMOTPETH
¢yuxumo E(x, ¥, p, y'):

, 9 , ' pY2(2y’
y p - p yr

Tax kak muoxutess (2y’ -+ p) He coxpanfieT 3HaKa NPH NMPQU3BOJBHBIX ¥/, TO
Ha OCHOBAaHHH 3aMedyaHus Ha ctp. 360 MOXKHO yTBEpKIATb, 4TO CHUJALHBIH MHHUMYM
Ha nyre L, ne AocTHraeTtcs.

Manoxennasa Teopus 6e3 3HAaUMTENbHLIX M3MEHCRHH NEPEHOCHTCS M Ha GYHK-

IIHOHAJAbl BHIa R
Xy

U[Yp Yy reos Yol = f F (%, Y10 Yorever Y Y1 Yor oony 31) 055

X
Yo=Y Y:(FD=DYy (¢=L2..n
dyuxnus E NpAHEMAeT BUA

E=F(x: )’1, )’2,---, y”’ y{y }’;,---, }’;)“F(X, }’1, y2y°") yn! ply P2, sony Pn)‘—
i ’
_gl(yiﬁpi)Fpi(x, Yp Yp e Yoo Pp Pypovos P

rae pl—q)yHK[IHPI HaKJOHA MNOJsl, HAa KOTOPOE HAJOXEHBl HCKOTOpLIE OrpaHH-

yenns (Opu 5THX OFPaHUUEHHNX TIOJC HA3MIBAETCHA CHENHAAbHLIM).
Ycnosue Jlexanapa Fy.yr > 0 3amensercs CAeAyOUUMHE YCIOBHAMH:

F!I Fl’-t-F!I
W Yi¥e Yi¥p
F., F.,, F.,., F.,...F,,
o Yy Yoy Yoy Yoy
F..>0, >0, ..., 1o ¥n 150,
y;y;/ F., F.., |7 N
. ¥o¥y Yo¥y e e s s e e e e e
F’V Fl !h..FII
YN YnYa ynyn
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Hocrarounsie yeaoBus 420020 MUHUMYMa KAK B mpocTeiimed 3axaue, Tak
n B Gojee CJOKHLIX, MOXHO MONYIHTb HHHIM METOAOM, OCHOBAHHBIM HA M3YTEHHM
3HaKa BTOPOH BapHauud.

Tlo dopmyae Te#haopa npeobpasyeMm upupaineHue GyHKNHOHAAZ B IpocTeii-
meH 3a7laue K CASAYIOMEMY BHAY:

£y
A‘v=/ [Fx; y4-0y. y 40y )= F(x, y, y)]dx =

X
£ ' Xy
’ 1 4 4
=/(Fy by + Fy 6y)dx+§/[Fw(’)y?+2Fyy, 8ydy' + Fyy 8y"*| dx - R,
X Xo

rie R aMmeeT MOPSIAOK BbLIIE BTOPOrO OTHOCHTeAbHO Oy u Oy’. [lpu uccaepoBanuu
Ha caabuiit sxcrpemym Oy u 8y’ HOCTAaTOYHO Majbl, U B 5TOM Clyuae 3HaK Npwu-
paulennss Av OnpeleasieTCsl 3HAKOM uJeHa, CTOAINEro B NpaBoOf 4Yactu u colep-
amero HanGonee Huskue creneHu Oy u Oy’. Ha sxcrpemann nepeas sapuanus

X
f (Fy by -+ Fy 0y"ydx=0
X
H, CJel0BaTedbHO, 3HAK NpUpaleHHs Av, BoOGUle TroBOpi, COBHAldeT CO 3HAKOM

BTOPOH# BapHauuu
X1

12
520 = f (Fyy 892 4 2F . By 8y’ + Fyryr 89%) dx.
Xo
Ycnosue Jlewauppa B COelMHeHUH ¢ yciaoBueM $lko6u M ABJIAIOTCA YCIOBHAMH,
06ecnedHBaloIIMH TOCTORHCTRO 3HaKa BTOPOH BapHalMM, a BMecTe C TeM H mO-

CTOAHCTBO 3HAaKa Npupalenus Av B 3ajaue O caaboM dKCTpeMyMe.
JeHRCTBUTENBHO, PACCMOTPUM HHTErpaa

Xy
f [0’ (x) 2 + 20 (x) by 8y'] 4, (89
X
rie o (x) — npousBoabHas auddepennupyemas ¢yHxuus. ITOT HHTErpal paBeH
HyIIO:
A X
f [@ (x) 8y? + 20 (x) 8y 8y’] dx = f d (08y?) dx = [0 (¥) 8y* 1% = 0
Xy X
(tax xak dy|, =0y|, =0).
[puGasnaa unrerpan (8.2) ko BTOpO#l Bapuauuy, MOJYUHM
X
3y = f [(Fyy+ @) 092 42 (P, + @) by 0y’ + Fyuyr 8y'%] dx.
Xo
BuibupaeM dyHuknuio ®(x) Tak, 4TOGH nmOAbIHTerpaJjbHas (QyHKOHA, ¢ TOU-

HOCTBI0 1O MHOXHTEAs, IpeBpaTHAach B ~TOUHBIA KBajpar, MAs% uero QyHx-
s @ (x) AOMKHA YIOBAETBOPAThH YPaBHEHHIO

Fy'y'r(Fyy + o)y~ (Fyy + 0)? =0,



368 INOCTATOYHBIE YCJIOBHSI 3KCTPEMYMA (I'71. 8

ITpu takoM BHGope QyHxiHH @ BTOpas BapHamus NPUHUMAET BHA

520_/1«‘” (6y + ”+ 6y) dx

)’Y

H, CNeA0BATCAbHO, 3HAK BTOpOH BapHaUH{ COBNAZaCT CO 3HAKOM F vy’

Opnako Ttakoe mpeoGpa3oBaHHE BO3MOMXHO JHLIb B NPEANOJOKEHHH, YTO
aubdeperuuasbHOe ypaBHEHHE v

4 —— 2 =
. ‘ Fyrg (@ +Fy)—(Fyy+0)2=0
HMeeT Ha OTpeske (X, X;) AuddepeHnupyemoe peureHue o (x).
[Ipeo6pasoBas 310 ypaBHEHHE K HOBBIM IeDEMEHHHM MOACTAHOBKOH
ul
(0] =—Fyyr _Fylyl T,
rie u — HOBas HEM3BeCTHas (YHKUHS, MOJIYIHUM

d d
(Fyy ~dax FW’) 4=z Fyyu) =0

— ypaBHeHue §lkobu (cm. crp. 356). .

Ecau cymecTByer He oOpaulaiomieecs B Hyab NIpH X < x < X; pelIeHHe
8TOro ypaBHEHH:, T. €. BHINOJHEHO ycaoBhe SIkOGH, TO CYL(ECTBYET AR TeX xe
3HaueHu#l X HempepniBHOE ¥ AuddepeHUHpyemoe Pemeﬂne

o(x)=—F,,— F
ypaBHEHHS ,
Fyry (Fyy+ 0y —(Fyy +0)? =

Hrak, _ycaopue Jlewanapa u ycaosue $fko6M rapaHTHPYIOT COXpaHEHHE 3HaKa
BTODOH BapHallHH H, CJEAOBATEJbHO, ABAAIOTCA AOCTATOYHBIMM YCAOBHAMH IAf
caaboro MHHHMYMa (F y > 0) nau Makcumyma (F gt < 0).

8. MpeoGpasopanue ypaBuenuil diijepa K KAHOHHUECKOMY BHAY
CucreMy n ypasHenu# Dfiiepa (cM. crp. 305)

d R
Fyl_-ZV—Fyil:O (l=ly 2: 20y n) (8‘3)

MOXHO BaMeHuTb cucteMofi 2n ypasuenu#i nepsoro nopsaxa. [lonaras
B (8.3) ‘
F =q, (=1, 2, ..., n) (8.4)
Yr
Oy 4HM
dq, oF

=z =T k=1, 2,..., n). (8.5)
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Paspemaem cuctemy ypaBHeHuft (8.4) OTHOCUTEIbHO y; (1as BO3MOXN-
HOCTH TaKOrO paspelieHHs NpeAHOJIOXUM, HTO
D(F ', F ..., F
Y ¥ In
+ 0),

D(¥y Yo - ¥0)
y;Z=cok (x, Vo qs), (8.6)

rie
Op (X, Vor §)=0p (X, Yis Yas oo es Yoo G1s G5 ceev Gp)s

u noacraeasem (8.6) B (8.5), Tlpn sTom nonyuuMm cucteMy 2n ypashe-
HUfl MepBOro nopsika B HOpMaJbHOH (opme:

dy

—ﬁ:(ﬁk(x. ysn qs):

4, 6.7

oF
dx — | dy, |’

3nech u B jadbHefieM durypHble CKOGKM 03HAYalOT, 4TO B CKOGKAaX
BMECTO Y, MONCTABJEHH ®, (x, Vo qs).
C noMouibio pyHKIMH

" on
H(x, y qs)=i_210>zqz-—{f"]

cucteMa (8.7) moxer OuTb 3amMcaHa B KAHOHMYECKOM BHIe:

ay, oH

Zx = og,

dq, . oH k=1, 2,..., n) (8.8)
Tdx T T 9y,

k

' N r 7 r ’

3ameTuM, uTO ecad (pyHKUUS F(yl, Voo voes Yoo Yo Voo v vs yn)

He 3aBHCHT ABHO OT X, TO cucreMa (8.8) umeeT nepsuft uurerpas H=C,
JleltcTBUTEILHO, B 9TOM ClIyuyae

n
H=t2!‘°t‘h—{F}
TaKKe HEe COMEPKHMT X ABHO W, C/ELOBATENBHO,
n n
dH 0H dy, 0H dq, -

dx Oy, dx i 0q, dx °
i=1 i=l
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B cuny ypasuennft (8.8) noayuum

dH
-— =0, H=C
dx
BHOJb WHTErPaJbHHIX KPHBHIX cHcTeMbl (8.8).
Ins nmpocrefimieft samaum STOT nepBHIft uHTErpan ywe GBI NOJAYYEH -
#Ha crp. 303,

Mpumep 1. B3axk'on coxpaHeHnus sHepruu Pynxuus

n
H = 2_1 ®,q,— {F}
. L=
s byHKuHOHaNa

f(T U) dt, T»—Em (GENIES)
i=1
rae coxpanennl o6osHauenua npumepa 1 crp. 320 (T — kuHeTHYeCKas sHEpPrus

CHCTEMBI MaTepUalbHEIX Touek, {/ — MOTEHNUANLHAA SHEPrug), UMEEeT CAeAyIo-
Uit BuL;

He= 3 m (34 3i+ ) =T —~U)=T+U
i=1

— noJHaA sHeprus cHcTeMbl. [lpuMeHUM mnpuHIMA CTaguoHapHoro jeficTBua.
Ecau norennuanpHas axeprust U He 3aBHCHT ABHO OT /4, T. €. CHCTEMa KOHCepBa-
4
THBHa, TO ypaBHeHus Jiliepa mas QyHKIHOHAAA f (T —U)dt nmeoT nepsbii
t

uuterpad = C, T U = C.

Wrak, noanas sHeprus KOHCEPBATHBHON CHCTEMBI OCTAETCH TPH ABHKEHHH
HOCTOAHHOM.

HurerpupoBanue KaHeHuueckof cucreMbl (8.8) paBHOCH/IBHO HHTe-
FPUPOBAHUID AUP(EPEHUNAILHOTO ypaBHeHus B YACTHHIX TPOM3BOAHHIX

du )
—é—x—-—l" H( ) ys. '_‘_') —-'O (8'9)
rie
du ov ov dv
H(x, Vs ———oys>—H(x, Vi Your v eer Yo Tyt et ——ayn>.

Ypapuenue (8.9) nasviBaeTc ypasHedues Iamurvmona — SAxobyu.
Ecim  w3BecTHO oOJHOMapaMerpuyeckoe CeMefiCTBO ero  peutenuft

du
v(x, y,» @), TO U3BECTEH U NEPBHIA uHTErpa T)E__"ﬂ cucremu (8.8),

B — npousBo/bHas nocrosHHad. JekcrButeabHo,

d (ov 0% y,- 0%v
dx ( > dxda +2 dyj o 0x dxda Edy] da 0q (8.10)
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Jduddepenuupys TomAECTBO

ov (X, ¥g, o) 0v (x, yg, Q) -
_—%—S—‘— H(x Voo —E&—Si—“) no a,
MOy YUM
n
02 \' 0H o
oxda 0q; 0y, 0a 8.11)

=1
u, noacrasasa (8.11) B (8.10), nonyuum 8 npasofi uyactu (8.10) Toxze-
cTBeHHbIH Hyas. Mrak,

i(ﬁl):.o

dx \oa ) '

du
Do ==

OTKYJAa

CaeposatesbHO, €CAH M3BeCTeH NOJBLIM HHTerpast ypasHenus aMuiibe
TOHA — flk0bu

V==T(X, Y1 Yor eeos Yo Op Ugy ovvs Uy)
TO U3BECTHO M K IePBHIX uHTerpanop cucreMn (8.8):

0
a_;’i=5i (=1, 2, ..., n). (8.12)

Ecau sxobuan cucreMsl (8.12) orTamuen OT Hyas
0%v ‘__
dy/ oa;
To cucrema (8.12) ompeldeaser y; Kaxk QyHKLIMH ocfammbxx apryMeHTOB:
V==, (%, Oy Oy «vy Gy Brs By ovvs By) (8.13)
(=1, 2, ..., n).

TeM CaMbiM MO/JY4YeHO 2n-napaMeTpuueckoe ceMelCTBO 9KCTpeMaseft.
Mowno Zokasath, 4T0 (8.13) aBaserca oOWUM pelieHHEM CHCTEMb YpaBs-
HeHul DHgepa, a ¢yHKUUH

VilX, O vaey Gy By ooy Bp)

q,;;ﬁ}—(xé—;&g‘i (=1, 2, ..., n)
i
ABJAI0TCA oOwuM peennem cucreMu (8.8).

lpumep. Haittn ypapuenue reofiesnueckux JuHHA Ha OOBEPXHOCTH, HA
xoropon SJEMEHT AJMHB KPHUBOH HMeeT BHA

ds? = [, (%) + 2 ()] (a%* + dy?),
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T. e. HafiTh skCcTpeMain QyHKUUOHAIA

S=[Vin@+am+yHas

Xo

Tak kak
Ve Tl
H=—————‘P‘1}"l__:*‘f;‘” =Ve@Fao VI=
y
.
= 1+y?2 PreE=a®+e0)

10 ypaBHenne 'aMuabToHa — SIKOGH HMeeT BHA

ov \? ov \2
('b}') ~— @1 (x) =@, ()’)—('d—y‘) .
Jixa ypaBuenu#t Takoro THna (ypaBHeHHi C pasfeACHHHIMK NEPEMEHHHIMH)
ov dv
o (x g5) = (» 57)

JAerko HaxoAurtcs nepsuiit uurterpai. Ilonaras

(g_j:y_(pl (x) =a u cpz(y)_(ﬂ)=“

dy
HAH s
v P —————
x V(Px (x)+a
! 0
v S
77_)'— = V(Pz y)—ao
HaXOAUM

v=fV(p'T(x>+adx+fchz<y>—ady,

, Ov
CACJOBATEAbHO, YPABHEHHE TIeOJE3HYECKHX JHHUH —0?=[5 B JaHHOM cJayuae
HMeeT BHI

' /‘ dx _ / dy _
Vo (x)Fa Vo () —o -
3aMeuanune. K ypaBuenmio TamuabToHa — IKOGH MOMXHO mpuiiTH

H U3 HHBbIX cooOpaxeHu#t. PaccMOTpUM UeHTpajbHOe MOJe SKCTpeMasel
C UeHTPOM B Touke A (xp, yo) Las QyHKuuoHana

v [y (x)] = f F (%, y, ¥')dx.

Xo
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Ha skcrpeMansx noas ¢yuxuuonat vly(x)] npespamaerca B ¢yHx-
M0 U (X, y), KOODAMHAT BTOpO# rpaHuusHoft toukda B(x, y) Kak 6stao
ykasaHo Ha crp. 370,

ov ' du
%:—.—-—H(x, y, q), W:‘—q-

Hckmouas g, noayuum

£l 5

Wrak, oynxkuma o (x, y) dBasgercss peleHueM ypaBHeHus [aMuib-
ToHa — flkoGu. CoBeplueHHO aHAJOTHYHBIE pPaCCYXKAeHUs CHPaBelUBLI
U A48 pYyHKHMOHAA

fF(x’ y11 y2’ e yn’ y;’ yé’ e ’\)ﬂ)dx

X
3agayy K raaee 8

Uccaenosatb Ha 3KCTPEMYyM (YHKUMOHAJBL:
2

Loly@i= [y +yYdn yO=1 y@=0
0

2 oly()= [ +2y —16)dx a>0 yO=0 y@=
¢

soly@l= [y d+xy)ds y=h=1 y@=4

2

Lolywi= [y +myrds yH=3 y@=5
1 ) |

5.oly@l= [y A+2y)an y()=y@=1
-1

i

e.v[y(x>1=f (4y*—y? +8y)dx; y (O =—1; y(%)=0-
0

2
7 vly(n)= f (x2y? 1290 dx; y()=1 y@=8
’ 1
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e2.

of —~

1
8. v[y(x)]=f(y’2+y2+2ye“)dx; YO=5i y)=
0

s

4
9.‘U[Y(X)]=f(y2—y/2+6ysin2x)dx; y(0)=0; y(%)=1_
0

Xy

dx
10. vy (x)] = <57 yO=0 yE)=y; x>0 y >0
0
X
dx
11, v[y(x)]= ;—,7: yO =0 yx)=y; x>0 y>0

0
2

3
12.v[y(x)1=/—)—j‘,—2dx; y(h=1 y@=4
1
3

8. vy W= [2xy+yDds yO)=0 y@=2.
1

2
14, vy (%)) = f [y + (') —2xy) dx; y(0)=0; y(@=3.
1)



r1ABA 9
BAPUALIMOHHBIE 3AJAYM HA YCJIOBHbLIfI 3KCTPEMYM

§ 1. Cpasn Buza cp(x, Yo Var ev ey yn)=0

BapualuOHHEIMI  331a9aMM  Ha YCJIOBHBI OSKCTpEMYM HA3bBAIOTCA
3a/laud, B KOTOPHX TPeGyercs HalTy SKCTPeMyM (YHKLHOHAJA U, IPHYEM
Ha (yHKLMH, OT KOTOPHX 3aBHCHT (YHKNHOHAA ¥, HAJNOKEHH HEKOTOpHIE
cea3u. Hanpumep, tpefyerca ucciefoBaTb Ha SKCTPeMyM (QYHKUHOHAM

£
V[V Ygr eoes yn]=fF(x, Yo Yo eoen Yy y1 Yo veen ¥, )X

e
npH HaAUYHM yCa0BRf
Q% Yo Yar eves Y)=0 (==1,2, ..., mi m<In
BcnoMHuM, Kak pemaeTcs aHaJoruyHas 3al1aua [pH  {ccaelOoBaHHU
Ha SKCTpeMyM ¢yHkumu 2 == f(X{ Xy ..., X,), [pH HaMuuu cBAsel
@ (%, X9 ooy X, =0 (=1,2, ..., m m<n).

Haub6oJice ecrecTBeHHbIA TYTh 3aK/0YAETCA B Pa3peIICHUH CHCTEMED
P(xy Xg ooy X,)=0 (=1, 2, ..., m)

ypaBHeHuss KOTOPOH Mbl OyZeM CcHHTaTh HE3aBUCHMBIMU, * OTHOCUTENBHO
KAKUX-HUOYAb M NepeMeHHbX, HANPHUMEP OTHOCHUTEMLHO X, X3, seey Xyl

X=X (Xmy1r Xmige oo 0r Xp)i

Xg=X9(Xmy1r Xppyge voes Xp)h

xm=xm(xm+l’ Xinsgr oo xn)'

U TONCTAHOBKYM HARDEHHBIX X, Xgo +oes Xy B [(X X9 0uy X,)
[Mpu sToM QyHkuust f (X, %3 ..., X,) craHoButca dyHxunesds D (x .
Xmig voos Xp) TONBKO f —m M(EPEMEHHBIX Xy s Lpyge coes X,
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KOTOpLIE YX€ He3aBHCUMBI, M CJeloBaTeJbHO, 3aJaya cBeJacb K Hccie-
zosannio gyukunn O Ha Ge3ycAOBHBIH SKCTPeMyM. DTHM TyTeM MOMHO,
KOHEYHO, pellaTh M MOCTaB/JEHHYIO Bbllle BAapUALUOHHYIO 3agauy. Pas-
pemas cucreMy @, (x, ¥, Yo, ..., ¥,)=0 ({=1, 2, ..., m) orHoCH-
TEMAbHO Yiu Yo, oy Yy (MM KaxuX-uubyab Apyrux m oyHxkuuft y,;)
¥ TMOACTABJAS MX BBHIDQXEHUS B T[Y,, Yo, ..., Yy, MB MOAYYUM YHK-
uuoHad Wiy, .10 Ymeg ««+r ¥l BaBUCAUME TOMBKO OT 1 — M yKe
He3aBUCUMBIX apPryMeHTOB, M, C/eJoBaTeNbHO, K ¢yHkuuoHasy W npu-
MEHHMB MeTOINBl, u3aoxenHwvle B § 3 raasu 6. Onpnako kak nia QyHK-
uu#t, TaK "m Aaa  QysxuuonasnoB o0bYHO Go/ee ymoOeH IPYroft Meton
pellleHns, Ha3biBaeMBIl METOAOM HeOlpelAeNeHHBIX MHOMMTeNdeH, coxpa-
HAIOIMA TOMHOE paBHONpaBue MepeMeHHBIX. Kak H3BeCTHO, 3TOT MeTOXR
HPH HCCNEJOBAHHH HAa SKCTPeMyM GYHKUMH 2 == f(X{, X4 ..., X,) 0pH
Haanauu  ceasell @, (x;, X9 ..., X, )=0 (=1, 2, ..., m) 3saxmo-
YaeTCs B TOM, YTO COCTABJ/SETCS HOBAas BCIOMOraTe/bHas (yHKIHA

Z'=f- 1_21 Ay

rae A;-— HEKOTOpHE NMOCTOSHHBEIE MHOXHTENH, # QYHKUUI 2° HCcaelyercs
yxe Ha Oe3yclOBHBI SKCTPEMyM, T. € COCTaBJAseTcs CHCTeMa ypas-

oz* , . .
HeHmwlh —— =0 (/==1, 2, ..., n), NonoaHeHHa? ypaBHEHHAMHU CBs3eH
0)(]'
;=0 .({=1, 2,..., m), U3 KOTOpO# oOnpeneadioTca BCe N-—+m
HEM3BECTHBIX Xi, X9, ..., X, H Ay, Ay ..., A,. CoBepienno anano-

rHyHO MoxeT OBTh pellleHa 3aJaya Ha YCJAOBHBIH SKCTpeMyM M AJd
GYHKUMOHAMOB, & WMEHHO: eciu

Xy
v:fF(x, Yoo Yo vees Yoo Yo Vg vves ¥, )X

Xo
Q (% Y Voo ovn Y)=0 (=1,2,..., m),

TO COCTaBAAIOT (yHKHHOHAA

X1 X1

m
v = [ F+2M (X)@; |dx wm o'= /.F*dx,
¢ i=1 e,

Xo Xo

roe

‘ F*=F+i217»1(x>q>u
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KOTOpHIH ywe HccaenyercA Ha Ge3ycaOBHBIH SKCTPEMYM, T.. €. PelaioT
CUCTEMY ypaBHeHUH Sﬂnepa

F - F,_o (=1, 2. ..., n),
o
ﬂononHeHHon YpPaBHEHHAMH CBﬂseﬂ

;=0 (=12 ....m. B

9.1)

Uucno ypaBHeHu#t m —-n, BooGile roBopsi, AOCTATOYHO N/ ONpele/eHHs
m - n HeM3BECTHHIX QYHKHMH ¥y, Yoo .., ¥, B Ay Ry, ooy Ay, @ Ipa-
unuHble  ycaoBua  y;(xp)=y; # y;(xp=y; (=1, 2, ..., n),
KOTOpble He JO/DKHB IPOTHBOPEUHTb YPaBHEHUSAM CBsidelt, BooOlie roBopd,
JanyT BO3MOXHOCTh ONpPeleAuTb 27 NMPOM3BOJBLHLIX TOCTOSHHEIX B 0ClleM
pelueHMU cHCTeMbl ypaBHeHn# Diuepa. '

OueBHIHO, 4TO HAHACHHBIE ITHUM INyTeM KpUBHle, Ha KOTOPLIX JOCTH-
raeTcs MHHUMYM WM MakcuMyM ¢yHkuuoHana ©*, GyAyT pelleHHAMH H
MCXOOHON BapHauMOHHOH 3ajaun. JlefcTBUTeNbHO, . MpH HaHIeHHBIX H3
cucreMsl (9.1) ¢yuxunax

Mi(x) ((=1,2,....m) w y; (J=1,2, ..., n) Bce ¢;=0

W, ClIeNOBaTeNbHO, U*==, NpuYeM ecau npu y;==y,;(x) (J==1, 2, ..., n),
onpelesJeHHbIX H3 cucteMbl (9.1), nocruraercst 6e3ycJOBHHHA IKCTPeMyM
GyHKUHOHANA ©*, T. e. SKCTPEMyM 110 OTHOIICHHI0 KO BCeM OJIU3KUM
KPMBBIM, KaK YIOBJETBODSIOUIMM YpaBHEHHAM CBA3W, TaK M He YIOBJe-
TBOPAIOLIUM MM, TO, B YaCTHOCTH, 3KCTPEMYM HOCTHUTaeTCs M MO OTHO-
WeHHI0 K O0oJee Y3KOMY KJ4CCY KPHBHIX, YLOB/IETBOPAIOLIMX ypaBHe-
HusAM CBA3e.

OnHako U3 9TOro pacCy®JAeHWs OTHIOIb He CJelyeT, YTO BCe pelneHus
UCXOLHOM 3alauM Ha YCJOBHHIH 9KCTpeMyM OyAyT AaBaTh Oe3yc/OBHHIH
9KCTpeMyM ¢(yHKuMOHAMy v* H, CJAeAOBATeNbHO, OCTAETCH HEBBIACHEHHBIM,
BCe /M pellleHUs MOryT OHITb HaftleHbl 3THM MeroloM. Mhl orpaHnuuMcs
IOKa3aTe bCTBOM 6oJiee caaboOro yTBepmIeHHs.

Teopema, PYyuryuu Y1, Yo, «« - Y, peasudyioujue axcmpe)uy,u
PYHKGUOHA LA

X1
=fF(x, Vio Yoo vver Yoo Yo Yoo ov s ¥,)dX

Xy
npu Hasudun Ycaosul
Q% Y Yoo oos ¥)=0 (=1, 2, ....,.m; m<n)
4

yoogaemgopsiom npu coomeemcmseyiouem 8u0ope MHoNCumenel
Ai(x) (=1, 2, ..., m) ypasneriusam Ilrepa, cOCMABAEHHUM 047

25 J1. B. dmbcronsn
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dynryuonara

v =-xf‘ (F -+ 12:‘1 A (%) cp,) dx =j‘f" dx.

Dyuryuu ©y(x) 4 y,(x) onpedessgomen us ypassenud Jisrepa
. d * .
ij—-(i}—F)'}=0 (_]—l, 2, e n)

(pi=0 (i=l, 2, e, m).

YpaeHenua ;=0 MOKHO TaKXe CUNTAThb ypaBHeHusiMu Dfliepa naa
¢yHKUMOHaNa U, ecAM apryMeHTaMu (YHKIMOHAIA CUUTATh HE TOJBKO
OyHKIMA Yy, Yoo covs Y HO B A(X), Ag(X), ..., A, (X). YpaBHeHus
@06 Y Yo eens Y=0 (I==1, 2, ..., m) npeanonaraiorca Hesa-
BHUCHMLIMH, T. €, OOMH M3 SKOGMAaHOB RNOpSAKAa M OTJAHYEH OT HYJd,
HanpHmep ‘

D((P], P2r oo (Pm)
D s Yoo oo Im) 7 0.

HoxasarteabcTBo. OcHOBHOE yc/aoBue 3IkcTpeMyMa Ov==0 npu-
HHMaeT B JaHHOM cJjydyae BHI

fl i(Fyiéyj‘}—Fy}éy}) dx=0.

X j=1

HHTerpupys MO 4acTAM BTODBle C/araeMble B KawaOR ckoGke W UpHHHMAs
BO BHMMaHHE, YTO

@y =0y, u @y),., =0 ©0y),., =0

NoJyyuM
X

/‘i(Fyi vl )6y,dx=0.

Tak kax QYHKUMH Y, Yo, e+, Y, MNOAYHHCHH N HE3ABUCHMHIM CBA3AM

QX Y Yoo oeer Y)=0 €ti=12,.... m),

10 Bapuauuu Oy; we MPOUBBOJLHL, M NMOKA MPUMEHATH OCHOBHOR JeMMH
Heab3a. Bapuauuu dy; ROMKHB yAOBICTBOPATh CIEAYIOUUM YCAOBHAM,
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NOAYYEHHEIM TyTeM Bapbv;posauuﬂ ypaBreHu#t csmseft ¢, =0:
n
\' 99 _ — *
jzmayj_.o (=12 ..., m)*),
=]

U CJIeIOBATeNbHO, TOJbKO 1 — m U3 Bapuauuil 8y; MOXHO CUMTaTh NMPOM3-

BOJIbHBIMH, Hampumep OY,.q 0¥, .9, ..., Oy, a oOCTalbHHe omnpele-
JSIOTCA H3 NOJYYeHHbIX yPaBHeHHH.

YMHOxas [OYIEHHO KamAoe U3 STHX YypaBHeHH# Ha A, (x)dx n
HHTErpuUpys B Npeleax OT X, A0 X, HOJYYUM

*1 n
: N 09;
c,/ )\,l.(x)z‘—d%byjdx=0 (t==1, 2, ..., m).
Xo j=1

Ck/aajpiBas NOYJMEHHO BCE S5TH m ypaBHeHuﬂ. KOTOPHLIM YAOBJETBOPAIOT
AONYCTHMBbIE BapuaHuu éyj, C ypaBHEHUEM
Xon

/ Z‘I(Fy}—-% Fy})éyj dx =0,

X
6yzeM uMeTb

£t p m
oF o9y d  OF
O[S P RPN /ST Il P
a5+ X - |99, '
% j=1[ A dy;  dx 9y
WJH, ecld BBeCTH 0003HayeHHe

mn
F'=F+ 3h ()
N0y unM

s d *
Iy (B =4z Fy;)owyax=o.
x j=1

*) Tounee, NpHUMeHsAs K Pa3HOCTH
QX Y0¥ ooy Ynt0YR) =1 (X Yiu oot Ya)

JeBBIX 4acTel ypasnexmﬁ Q1 (% Y1+ 0¥ ooy Yat0yn) =0 HQ; (X, Y4y eesy Yp)=0
¢opuyay Teilaopa, caenopaio Obl mucaTh

n

N 09;
2‘ ‘5—]—5)‘1+Ri=°-

Jj=1 Y
rae R; uMeOT MNOpsNOK BhHUIE NEPBOrO OTHOCHTEAbHO Oy;(f==1, 2, ..., B).
OpnHaKo, KaK HETPYAHO MPOBEPUTH, YIEHH R; HE OKaKYT CYileCTBEHHONO BAHSe
HUS Ha RaJbHEHIIME DPACCYKIEHMA, TaK KaK [PH BHTHCACHHH RapHAALME QyHKe
NHOHAaAa HaC HHTEPECYOT JHINb WICHH HEPBOrO0 NOPHAKAa OTHOCHTEABHO
Oy; (=12 v.0i 0)

25*
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W anech noka Hesb3s - NPHMeHATH OCHOBHOH JEMMH BBHAY TOTO, 4TO
BapUauuu 6yj He TNPOU3BOJbHEL. DBrnifepem m MHOXuTene#t A, (x),
Ag(X)y «oss Ay (x) TaK, 4TOGH OHH YHOBJAECTBOPSIH M YDPaBHEHHAM

Fy—45F, =0 (U=12 .. m
UK
m .
oF 09; d oOF .
—_— Ayt e — —— =0 =1 2,..., m.
) +Z} 1 v m)

Dtn ypaBHerus 0O0pasyioT JMHEHHYIO MO OTHOWIEHMIO K A; CHCTeMy
¢ onpejenuTeneM, OTJHYHBIM OT HYJd,

D (91, 92 ... Pm)
0;
Dy Yo -oo Ym) *

CleJ0BATENbHO, 3Ta CUCTEMd HMeeT pelieHue
A(), Ao(x), v ovs Ay (%)

[pn takoM BmbGope Ay (X), Ao(x), ..., A, {(X) oCHOBHGe HeOOXOAHMOE
yC/OBUE 3IKCTpEMyMa

A1 n :
2 (ij = Fy})oy,.dx=0

NPHHUMAET BUI

X p
* d *
/ 2 (ij-—-dTFy})éyjdx:O.

Xy j=m+4l
Tak kak a1 HKILHH s Vor eees Y, PpeaH3yOWHX SKCTPEMYM
y Yo Yo Yo P Y y
¢GyHKUMOHaNA U, 5TO (PYHKUUMOHAMLHOE ypaBHeHue o6palllaeTcs B TOMAE-
CTBO yXe TpH NPOH3BOJBHOM BrGope Oy;(/=m—+1, m—+-2, ..., n),

TO Temepb MOXHO HpPUMesyTb OCHOBHYIO JjeMMy. [losoxkuB no ouepeiu
pasubiM Hymo Bce Oy;, KpoMe OHOrO, H NpHMeHss JEMMY, NOJYYHM

* d * .
ij—E?Fy;———O (_/=m—|—1, m+2,..., n).
anHHM&H BQO BHUMAaHUE HO./Iy‘-IeHHble BhlIIE ypﬂBHeHHﬂ
. F;j'———Fr....O =12 ..., m),

oxouqareawo ' GyAeM uMeTb, uTO0 (YHKUUM, DPeaiusyioulde yCJOBHbIA
SKCTPEMyM (PYHKUMOHAAA U, M MHOXUTEJU A, (¥) AO/MKHH YAOBJAETBOPATH
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clucTeMe ypaBHeHuft

* d * .
‘ ij__‘i?Fy,j—.:O J=1, 2, n),
q)i(x' Yo Yor s s yn)=0 (i:l, 2, ..., m).

Mpumep 1. Halitm xparwaiimiee paccToaHHe MeXAy ABYMA TOYKaMH
A (x4, Yo 20) u B(xy, ¥\, 21) HA OBEPXHOCTH @ (X, ¥, 2) =0 (cM. 3anauy o reo-
Ae3uueCKuX JuHUAX, cTp. 282). PaccrosiHne MexIy HBYMf TOYKaMH Ha NOBEpX-.
HOCTH OmpejeJseTcs, KaK H3BECTHO, Mo dopmyne

X1
l=fV1+y’2+z’2dx.
Xo

B naunom cayuae Hamo HaHTH MHHuMYM [ mpH YCaIOBHU @ (x, ¥, 2) = 0. CornacHo
npeaplaymemMy GepeM BcnoMorartedbHbll (yHKIMOBAX

Xy
r= [VI+y + 2" 41w ey, 2l ax

X

W MAA HEro mumieM ypaBHeHns JHJaepa:

d y .

;\'(x)(Py_Ti‘;Vm:O,

d 2’ ;

A(x)(pz_-zi_; V1+y/2+zl2 =0’
e(x, y, 2)=0.

U3 9Tux Tpex ypaBHEHuH ONpeXeasioTcs HCKOMble (YHKIHM

Y=y n z=2z(x),
Ha KOTOPBIX MOXET JOCTHraThCA YCJAOBHBIH MHHMMYM (yHKUHOHANZ U, H MHOXH-
Teab A (x). .

[Mpumep 2. [oasaysce nmpunnumom Ocrporpajackoro — [FaMuabToHa (CM.
crp. 320), HaliTM ypaBHeHMsl IBMMCEHHSI CHCTEMbl MaTepHaJbHBIX TOYEK MacChl
my(i=1, 2, ..., n) c xoopauHatamu (xy ¥; 2;) TMOA JefiCTBUEM CHJI, HMEWLIHX
cuaoBylo QyHxuuio — U, npu Haauuuu cBsizeit

¢j(t- KXy KXo eoes Xy Yo Yoo evos Yoo 21 @0 00y 2p) =10
(=12 ..., m)

HMurerpaa Ocrporpajckoro — 'aMuabToHa

4

v = f (T—U)adt
2}

B JaHHOM CJAy4ae HMeEeT BH]

4 n

11 . . . )

-_—_/ [72% (*2 432422 —U}dt.
I i=1
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a BCIOMOraTeabHbid GYHKIHOHAN

=/[22m (44— U+z7\,j(t)q>j]dt

i=1 j=1

YpaBHeHH JABMXKeHus 6yIyT ypaBHeHuaMu OIiaepa aaa ¢yHkuuosana v*. Onm
6yAyT HMETb CACAYIOUMH BHJ:

m
- /NN o9y
mixp=— W’f‘ 2, Ay (& s

/' 1

s
. U e
M= — +2‘ ;,j(t)ail
j=1

(=1 2, ..., n)

§ 2. Cesasu supa 9 (x, y;, ¥ “ees Yn Py V2, oeey Yn) =0

B npenmayuwem mnaparpade MBl paccMaTpuBaid BONpoc 00 HCCAeiO-
BAHHH Ha SKCTPeMyM (YHKLMOHA/A

‘U=fF(x, )’1. )’2, co ey )’n, y;: y;. Y y;)dx,

X,
Yy x)= Y0 ¥;(xD=yu U=L 2 ..., n)
NPH HaMUMHN KOHEYHbX CBfi3eh
Q% Y Voo oves YV)=0 (=1, 2,..., m). 9.2)
MpeanonoxkuM Temeps, UTO YypaBHEHHA cBA3eH ABIAWTCA Judbdie per-
LUAAbHOMU YPABHEAUAMU
P (% Yo Vg ever Yy Vi Yoreew Y)=0 (=1, 2, ..., m)

B MexaHuKe CBf3M TAKOrO BHAA HA3LIBAIOTCH HEZOLOHOMHBIMU,
a cBasu BHZA (9.2) — 2040K0MHGMU.

B 9TOM ciyuae TakiKe MOXHO JOKa3aThb NpPAaBUJIO MHOMXKHTEJEH, 8aKI0-
yajouieecda B TOM, 4TO ycnOBHbIﬂ 3KCTPEMYM <pym<uuouana U AOCTHraeTcsa
Ha TeX e KPUBHIX, HA KOTOPLX peajusyercd OesycnOBHLIH BSKCTpeMyM

¢dyHKuMOHANA
Xy m Xy
v*=f [F—l— 3 l(x)cp,}dx=fF” dx,
Xy i=1 Xo
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rie

m

F*=F +i§17"i(x)q>i'

OnHaKO AO0KA3aTENLCTBO 3HAYMTENLHO YCAOKHAETCH O CPABHEHUIO CO
clyuaeM KOHEUYHBIX CBf3elt.

Eciu e OrpaHMuuTbCA [0KA3aTeNbCTBOM Gojee caaGoro yTBepxie-
HHS O TOM, YTO KPUBBHIE, Ha KOTOPHIX IOCTHIAETCH YC/JOBHBIE 3KCTPEMyM
¢$YHKUMOHANA U, TIPU COOTBETCTBYIOWIEM BhIOOpe A; (X) ABJAIOTCH SKCTpE-
MaaAMu A9 (YHKIMOHAMZ U, TO JOKa3aTenbCTBO, NpOBEeAEHHOE B Ipe-
AbayuieM mnaparpade, MoxeT OBITb ¢ HEe3HAUMTEJNLHBIMH U3MEHEHUSIMH
NOBTOPEHO U A4 PACcCMAaTPUBAEMOTO CJayyad.

JefictBuTenibHO, NPEANONOKHM, ITO OAMH H3 (QYHKLUHOHAALHHIX ONpeAeaHTE-
aeft DOpAjfKa m OTJAHUEH OT HYJd, HAaUpHMep

A D((plv P2s v as (Pm)#O.
D(yl’ }’2» Ty ym)

D710 rapaHTHpYeT HE3aBHCHMOCTS CBA3E.
’? 1
Paspemnas ypaBHEHHE @; (X, Y1, Y +++1 Yy Vi Yo «»0s ¥yy) =0 OTHOCHTENLHO
Y1 Y2 ++e1 Y UTO BOSMOXHO, TaK KaK
Do 93 ... Om)
7 = =0,
D(y,, Voo vees ym)

! ’ ’ !

noaywnm ¥; =0; (%, Y1 Yo oo Yo Ymat Ima -+ Yp) €=1,2 .., m). Ecan
CUUTATb Ygi1r Ymy2r +»+» ¥n TNPOU3BOJBHO 3aJaHHBIMH GYHKUUAMH, TO H3 9TOH'
cucreMsl  TudOEpeHIMaNbHBIX YPaBHEHHHA OHPENEasiorcs Y, Yo ... Ym- TakuM
00pa3OM, Ymt1» Ym+2r +++» Yn SBAAIOTCA MPOUSBOJBHBIMU JubdepeHuupyeMbIMH
GyHKUuAMH ¢ QHKCHDOBAHHBIMH TPAaHHYHBIMH 3HAUEHUSIMH H, CIEJ0BATENbHO, HX
BapHaUMH B TOM K€ CMBICJAE NPOH3BOJBHEL

[yctb ¥, ¥ +..r ¥ — NPOU3BOJbHAA, YAOBJETBOPAOINAs YPABHEHUSAM CBA-
sefl ¢; =0 (i=1, 2, ..., m), ronycruman cucrema ¢ysxuuit, Bapbupyem ypas-
HeHHsl cBs3eld

n n )
o N
2 o;Pi'éy;-i- ‘5&65'}=0 (=12 .. m%
]=1 / 1 yj

YMHOMaeM MOWIEHHO KaXAOe M3 HOJYYeHHBIX YypaBHeHHM Ha moka He ompefe-
JEeHHBIH MHOXHTeNb Ay (X) M MHTErpHPYeM B mpeje’tax OT X, IO X,; TOrAa no-

ayqum
£ n . X n 0(p
. d(Pi , '/‘}\’ X _j_ ’ o
,/AI(X)EEB‘Vldx—F 2 )2 ay’ 5y]dx__0,
Xo j=1 %o j=177

*) U specs, kak u Ha cTp. 379, cAenoBajso OH B JAeBble 9aCTH ypaBHeHuit
BKJIOUHTH CJaraeMple, cojepxaliue 4JaeHbl NOPSAKA BHIlIE NepBOr0 OTHOCHTENBHO

!
Oy I Gyj (j=1, 2, ..., n), oOpuueM ydYecTb BIHAHHE 9THX HEAMHEHHHIX WICHOB
3JeCh yxe 3HaUUTEJbHO TpyIHee.
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UHTETPHPYA KAMKAOE CJHaraeMoe BTOPOrO HHTErpaja MO YacTAM W MPHHHMAd BO
1 ’
BHUMaHUe, 4TO 8y ;= (6y j) u Oy i)x=x, = (dy i)x=x, = 0, 6yaeM uMeThb

Xip .
0 d
fz [M.(x) —‘;P—‘—T(M ) _‘3‘1’4)] 8yy dx = 0. 9.3)
Xy j=1 yj x ay] .
M3 ocHoBHOro HEOGXORUMOro ycaoBust sKcTpemyma 6v =0 noayuum
5
y d
/ z (Fyi—-zi—x—Fy,.) 8y dx =0, ©.4)
£ J=1 . J
TaK Kak
X1 on X1 p
_ Fy,89,4+F . by, _/' _4a .
Gv_// ( y; O¥j ) )’j)dx-f 2 (ij 5 Fy,. dy; dx.
X J=1 X j=1 . 7
CaoX¥B TOUAeHHO BCe ypasHenns (9.3) u ypashetue (9.4) u BBOAS 0603HauEHHE
m
F*= F+4 3 A;(x) ¢ Gyzem umeTs
i=1
X1 p
F_dp 0
E( v~ Tx y,)éyjdx= . (9:5)
. " j
% j=1

Tax xkax Bapwamuu 8y; (f=1, 2, ..., n) He MPOU3BOJbHEIL, TO MOKA HEJb3s OpH-

MeHATh OCHOBHOH nemmul. Brifepem m muomutedneft A, (x), Ay (x), ..., Ap(x)
TaK, YTOGH OHH YAOBJETBOPANN yDaBHEHUAM

*

¥; r =0 (j=15 2, cevy m).

d *
—z=F
¢
Ecan HanucaTh 9TH YpaBHEHMS B Pa3BEPHYTOM BHZE, TO OHH TMPEACTaBJAIOT CO-
Goii cucreMy AuMHEHHBIX JuddepeHHalbHbX YPaBHEHHH OTHOCHTENBLHO

dA;

Tx =12 ..., m,

7\4 (x) H

KOTOpas MpH CIEGNAHHBIX TNPEATNONOMEHHAX uMeeT pemenue A; (x), Ay (x), ...
e.«, Am(X), 3aBucfuiee OT m TNPOM3BOJbHBIX MNOCTOSHHbIX. [IpH Takom BEIGope
Ay (%) Ag(x), vuus Ay (x) ypaBHenue (9.5) mpuUBOZUTCH K BHAY

Xy n
* d =

X (Fy;—a“”y')éyfdma

X j=m+1 J

rie Bapuaunu 8y; (j=m-41, m-2, ..., n) yawce npoussosbnst, u ciemosa-
TeAbHO, Moaaras B¢e BapHamuu 0y; =0, xpome KkakoH-HuGyab oawoil 8y H mpu-
MeHAfl OCHOBHYIO JeMMY, [OJY4HUM

——Fy, =0 (J=m4+1, m+2 ..., n)
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TakuM obpasoM, OYHKWMH Y, (X), Y2 (%) .... ¥, (%), PEANH3YIOUIME YCAOBHBLA
SKCTpeMyM (YHKUHOHANA U, B MHOXHTENH A (X), Ay (X), ..., Ay (x) HomsHbl
yAOBAETBOPATh CHCTEME I -}~ m ypaBHEHHUI:

* d * P .
ij__a_[:y}=0 (!_1.‘2,..., n)

¢p=0 (=12 ..., m)

T. €. JOMKHBI yAOBJETBOPATh ypaBHeHuAM Jiliepa, BCIOMOraTeAbHOrO (GYHKIHO-
Hazna v*, KOTOpHIHl paccMaTpuBaeTcs Kak GYHKLHOHAA, 3aBUCAWUA OT n+4 m

hyHKIuUH
Yo Yo vees Yo A Agy wosy A

§ 3. HsonepumeTpHueckue 3agauu

HMaonepuMeTpHyecKUMH 3aa4aMu B Y3KOM CMbIC/IE 3TOTO CJ0OBA HA3bl-
BAIOTCA 3a4aud OO0 OTBICKAHHH TeOMEeTPUYECKOH QuUrypnl MaxKcuMajibHOH
IJIoWan MpH 3aAaHHOM TNepuMeTpe.

CpelH TakuX SKCTPEMa/bHLIX 347444, HCCJAEAOBABIIMXCA elle B IpeB-
He#t peuuy, OBIMM WM BAPHALMOHHEIE 3a1aud, HANpPUMED YIOMAHYTas Ha
crp. 282 samava O HAXOWAEHUM BAMKHYTOH KpPUBOH 3alaHHOH LJHHBEI,
OrpaHMYMBAIOUIE MaKCMMAJbHYIO Maowalbs *). 3anaBad KpPUBYIO B napa-
MeTpuyeckoll Qopme X == x(£), y ==y (£), MOKHO 9Ty 3anauy Qopmy:;u-
poBaTh TaK: HaHTH MaxkcuUMyM GYHKLHOHAJA

4 4
S=/xj;dt WM S=-;—/.(x)}~—y3c)dt
t o
npu yCJAOBHH, YTO (GYHKUMOHAN
. .
[ Vi 4yt
fo
COXpaHseT IOCTOSHHOE 3HAUEHHUE:
h o
fV;'c2+'y2dt_—_1.
ty

Takum 06pasoM, Mb HMeeM 3IeChb BapUAUMOHHYIO 3a1ayy HA YCJAOBHLIH

£ -
SKCTPEMYM - CO CBOeOOPa3HbIM YCJIOBHEM: WHTErpai fo2+y? dt co-
' f ,
XpaHsieT TMOCTOSAHHOE 3HAYEHHe,

*) Xora pemeHue 9TOH sajmaun OHLIO HM3BECTHO emle B ApeBHedl [penun,
OJHaKo ee CBOcOOpasHLIH BAPHALMOHHBLIH XapakTep OBIA OCO3HAH JHMIIbL B KOHUE

XVII Beka.
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B Hacrosilee BpeMs M30NMEPHMETPHYECKHMMH 3aJaYaMi Ha3bIBAETCA SHA-
yuTeapHO Gosee oOliM#t kaacc 3anad, a UMEHHO: BCe BapHallMOHHBIE 3a-
Aauyu, B KOTOPHX TpeGyercda onpenenuth SKCTpeMyM (yHKUHOHAJA

%1
v=fF(x, Yo Vor eeer Yoo Y Yy vver ¥)dx

Xp
IIpH HAJAWYUH TAK HAE3LIBAEMLIX u3onepumempuvecKux yc./losmi

£

[ Fie vi 9y s v Y 9y ooy dx =1
P

(t=1, 2, se ey m)!

rae {,— nocrosHHee, m Moxer OTb 00/blue, MeHblle WIH PaBHO 11,
a TaKXe aHA/NOTHuHBE 3ajauu AN GoJee CJOKHBIX (YHKLUMOHA/I®B.

HsonepuMeTpuueckde 3azayu MeryT ObITb CBeAeHH K 3aauaM Ha
YCAOBHBIH SKCTPEMYM, PacCMOTPEHHBIM B MPENBIAYIEM Maparpagde, myTeM
BBEHAEHNS HOBLIX HEM3BeCTHLIX QyHxuu#t. O603HAUUM

X
fFidx=z,(x) (=1, 2, ..., m),

%o
Xy

oTkyna 2;(xg)==0 u u3 ycaosus fFi dx =1, umeeM 2,(x;)=1,.

X
Ludbdepenunpys 2, no x, 6yaeM uMeTb

z;(x)=F‘(x, Vi y2, veoy yn’ )’{, yé; eary y,/,)
(=1,2, ..., m).
X1
TeM caMuIM HHTErpajbHLIE, HU3OTMEPUMETPUYECKUE CBA3M f Fi dx:li

. Xo
3aMEHUAUCh cBA3AMH AnddepeHUHaTLHEIMUS

2 =F (% 9 Yy coos Y Y1 Y e n W)
(i=12,..., m)

H, CJepoBaTeqbHO, 3a1aya CBEJACh K 3alxave, PacCMOTPEHHOH B Ipenst-

Ayuiem naparpade.
[Ipumenas fpaBuI0 MHOXHTeNnefl, MOXHO BMeCTO HCC/IeLOBAHUA Ha
X1

YCAOBHbIH 3KCTPEMYM dyHkunonana v= f Fdx npu nanuuuu ceszeil
)
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F, — z; =0 (=1, 2, ..., m) UCCIENOBaTh HA Ge3yCcNOBHHIH KCTPEMYM
thyHKUHOHA I

v= {F+2 ki(x)(Fi——z;)} dx= [ F ax,
X i=1 Xo
rae
F*=F+ ;1 A, () (F,— 2).

VpasHenns Oftiepa a8 QYHKIHOHAMA U' MMEIOT BHA

* d * .
ij——Fy}z() (=12 ..., n),

dx
* d * . )
Fzz""?}F2;=O =12, ..., m),

UJan .
ij—*—'E}\aiFlyj—Tj)—c-(Fy;—’—L}\ziFiy’j)=0
i=1 . i=1
(J=1,2,.... n),
d
—E;ki(x)zo (i=12,..., m).

Y3 mocielHHX M ypaBHeHHH MOIyyaeM, uTO BCe A; NMOCTOSHHHL, a mep-
BHe 1 ypaBHEHWR COBNAJAIOT C ypaBHeHusMn OHaepa aaa ¢yHrumonana

o — f ( F—}—i AIF[) dx.
i=1

X\

TakuM 06pasoM, MBH IOJy4aeM CJeLylollee NPABUJIO: 1S YOJYYEHHS

OCHOBHOT'O HeOOXOAMMOIO YCJIOBHUS B M30NEPHMETPHUYECKOH 3aaue O HaXo-
X1

WACHUA SKCTPeMyMa QyHKUMOHANA U= f Fdx npn uanmuun cpaseth

X3

1l
f Fi dx = ll (Z =1, 2,..., m) HaAO0 COCTABUTb BCTOMOraTenabHBIHK

Xy
dyHKIHOHAN

X vm
o™ = f (F—}-Eh,f‘,)dx.
x i=1

rle A,— MOCTOAHHBIE, W HamHcaThb AAR HEr0 ypasHeHHa DHaepa.
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[IpousBosbhuie nocrosunnmie Cj, Cy, ..., Cp, B o6meM peweHu
CHCTeMBl ypaBheHufl Ditiepa u moctosHuble Ay, Ay, ..., A, ONpeleasioTcd
M3 TPAHHUHBIX YCJOBHH

Vi(X) =90 ¥;(X¥)=Yj ¢t=1L12 ..., n

M U3 M30NEPHUMETPUUECKHX YCJIOBUH

X
f Fidx=1, (i=1,2,..., m).

£o

CucremMa ypaBHeHufi Dfiiepa 449 ¢QyHkuuoHata U™ He u3MeHserTcH,
ecau 0" YMHOXUTb HA HEKOTODHIH NMOCTOAHHBIH MHOXHTENb 4, H, CJEiO-
BaTeNbHO, NPEICTaBUTh er0 B BHUIE

x5 m
o= [ Y wF, dx,

X 1=0

rie BBeleHbl o0osnauenus Fo==F, uj=kju0. Jj=1, ..., m. Tenepsb
Bce (yHKUWEM F; BXOAAT CHMMETDUYHO, NO3TOMY SKCTPEMad B HCXOLHOH

BADUAUMOHHOM 3ajlaue W B 3aJaye HA HAXONIECHHE IKCTPEMyMa OYHK-
Xy

Ly g‘-U(I) 5 uxoHaa st dx npu HaIUUUH H30-
, Py
NePUMETPHYECKUX YCAOBUH
A *
f Fdx=1,
Xo
(i=0,1,2,...
1z ws—1,s4+1,.... m
0 C D
COBMafaloT npu mob6om BHOOpe
s (s=0,1,..., n).
Puc. 9.1 D10 CBOHCTBO HOCHT HasBaHue

npunyuna s3aumuocmu. Hanpu-

Mep, 3ajaua O MaKCHMyMe NJIOWLAAW, OrPaHUYEHHOH 3aMKHYTOR KpHBOA
3aZaHHOH AJHHBI, M 3ajauya O MUHUMyMe [JMHbI 3aMKHYTOH KpuBO#, orpa-
HUUMBAIOWIEH 3aJAHHYI0 TJAOWALb, B3aUMHBI W UMEIOT o0uide dKCTpPeMalH.
MMpumep l. Haiitu xkpusyo y= y(x) 3ajanHOd AguHb I, A2 KOTOPOH
naomane S usoGpamennoit wa puc. 9.1 kpusoauneiino#t tpanenun CABD poctu-

raeT MaKCHMyMa.
Hccnenyem Ha akcTpemyM (yHKUMOHAN

Xy

S= f ydx, y (X} = Yo

Xo
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¥y (x;) = y;, PN U30NEPHMETPHUYECKOM YCJOBUH
X
f Vity? de=1
i
CocraBasieM CHauajna BCNOMOTaTeNbHHH (pyHRUHOHAN
" (
e 2
S ,—f (y+2V1+y%) dx
Xo

Tak kax NOIBIHTErpajsbHas OGYHKIMS He COJNEPKHT X, TO ypaBHeHne 3ilaepa
ang S** uMeer NepBHIH UHTerpad F——y’Fy, == C1 AaY, B JIAHHOM caydae,

’2

—3 A
y+rVidy'——ZL_=q,
Vity? .
OTKyJa
) — X
y—Ci = ——=— ——
Vity
BBonum napametp ¢, nosaras y’ = tg{, Torza noayuum
y—C,=-—Acost
dy _dy _ Asintdt .
T tg ¢, oTkyna dx—-———tgt =gt = A cost di;
x=Asint+4 C,.

Urak, ypaBHeHne skCTpeManeil B napamerpudeckoll ¢opme mMeer BuM:
x—C, = Asint,
y—Cy=—Acost,

Han, uckmodas f, moayumm (x — Cy)? 4 (y — C,)* = A? — cemelcTBO OKPY¥KHO-
creii. [Tocrosnuble C;, C, u A onpelensioTcs U3 ycJoBuit R

X
y(xo) =30 y(x)=y 1 f Vidy? dx=L
Xo

Mpumep 2. Haiitu kpusyio AB 3anaHHOH paunbl [, OrpaHHYHBRIOIIYIO
BMecTe € 3aJaHHOH KPHBOH y = f (x) MaKCHMaJAbHYIO NOWIAJlb, 32IITPAXOBAHHYIO
Ha puc. 9.2.

Tpebyerca ompeneauts sxcTpeMyM (pyHKuzOHaIa

X1
sS=[o—re)ax

¥ (X0} = Yo, ‘ yx) =y

Xy " " )
f]/1+y’?»dx=l. DR

MpH HAJHYHA YCJAOBHA
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CocTapageM BCHOMOraTeJbHbIH dyHKUUOHAA

s = [ o—rm+2Vity?)dx
£2]

Vpapuenue dfinepa ana 3TOro (yHKUHOHANAa He OTJAMYAETCH OT YPABHEHHA
diinepa B mpefniymedl 3ajave, H CICJOBATE]bHO, B JIAHHOH 3a’aue MaKCHMYM
MOMKET AOCTHTaThCH JHIIb HA AYrax OKPYKHOCTEH.

NMpumep 3. Hafitu dopmy a6comoTHO rHOKOrO, HEPACTAIKUMOTO OXHOPOI-
HOro kaHata IauHO¥ [, moiaBemenHoro B Toukax A u B (puc. 9.3).

AY ‘ |
: (2 Y
%‘q 8

yfilxl

o

%
sy

Puc. 9.2. Puc. 9.3.

Tak Kak B MNOJOKEHHH paBHOBECHﬂ LEeHTp TAXCCTH AOJKEeH 3aHHMaTh HaH-
Goaee HH3KOE TIOJOMEHHE, TO 3a7ada CBOAMTCA K HAaXOXAECHUIO MHHHUMYMaA CTaTH-
geckoro MoMeHta P ortnocuteabno ocu Ox, KOTOpad npennonaraeTcd HamnpasJieH-

X,

1
Hoft ropusonTansHo. Mccrexyem ua skcTpemym dyHkuuoHan P = f y V T+ v ax

Xo
X3

NPH YCAOBHH f VI 4+ y’? dx=1. CocraBasem BcromOraTeAbHBIH GyHKIMOHAK

Xo

X1
P = f(y+l.) 1+y2dx,
Xy
AN KOTOPOTO ypaBHenHe Jitlepa umeer mepsuiil HHTerpan
F—y'Fy =C,
HAH, B AAHHOM C.ﬂyqae.

—_ A ’2
+n Vigy? -1 _c,
Vity
otkyna y-4+A =C, Vl +y’% Beomum napamerp, monaras y’ =shf, oTkyaa
V l-i-y’5 mchtuy+A=C,cht %ssh t;dxaadh—yta Cidtyx=Cit+ C,,
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, x—C
HAM, HCKAO"as f, noayduM y-+A=C; ch T 2. . cemeHcTBO UEMHBIX
1

JAuHHB.

YkasaHHOe BHILle TPaBUJIO pelieHHS HU3ONEPUMETPHYECKHX 3alay pac-
npoctpansercd U Ha 0oJee Cl0WKHBE PYHKUHOHAMLL.

YnoMaHeM ewe 06 ONHOK 3anadye Ha YCJAOBHHIH 9KCTpeMyM — 3ajaue
06 onTUMa/jbHOM yripasjeHud. PaccMoTpuM JudipepeHunasbHoe ypaBHeHHe

B —f(t 2B, u(®) 9.6)

C HauaJbHBIM YCJI0BHEM X (fg) == X,

Kpome HeusBecTHOH ¢dyHxumu (uiau BeKTop-¢yHKUuH) X (£), 9TO ypas-
HEHHE CONEPHUT ellle TAK HA3HIBAEMYIO YA pasisiowyo Gyrxgun (Uix
BeKTOp-PYHKUKIO) & (f). VYnpasasiowyo ¢yHknuio «(f) Halo BHOpaTh
TaK, YTOOB 3aaHHHIR (YyHKLHOHAA

f
v=[Fx@) u@)at
4
AOCTHrajl SKCTpeMyMa.

dyuxuus u(f), maowas pelieHHe NOCTABJEHHOR 3afayM, HA3HBAEGTCH
onmumarbHol OyHKYueld WL ONMUMBALHOM YNPABACHUEM.

D1y sajauy MOXHO pacCMaTpPMBATh KaK 3ajauyy Ha YCAOBHHIN 3KcTpe-
MyM ¢yHKuuMoHana v ¢ auddepenunaabHuMu cBazamu (9.6). Ouanako
B MPaKTHUYECKHX 33JaYaX ONTHMAa/bHble QYHKUHUM 4acTO JEKAT HA T'paHHLe
MHOXeCTBA JONYCTHMBIX YNpaBisiouX (GyHKuuit (HampuMep, eclu ynpa-
sasiomed Qynknuedl ABaseTca BK/IOYAEMas MOILHOCTb MOTOPOB, TO, Oye-
BHIHO, 9Ta MOLIHOCTb OFpaHHYeHa MAaKCHMaJbHOH MOLIHOCTHIO MOTOpOB,
npuyeM B DEINEHMAX ONTHMAJbLHBLIX 3a1ay HepelKO NPUXOAMTCA BKJIOYATh
MOTOPH XOTH OBl Ha HEKOTOPHIX YYacTKaX Ha MOJIHYIO MOILHOCTb).

Ecan e onruMannHas QyHKUHA JeXUT HAa TPaHULE MHOXKeCTBa AOMY-
CTUMBIX YIPABJAAOWNX (QYHKIURA, TO M3JI0KEHHAS Bl TeOpud 3akay Ha
YCAOBHBIA  9KCTPEMyM, NPEANO/araBLIas BO3MOMXHOCTb IBYCTOPOHHHX
papuauufl, HempHMeHHMa.

[TosToMy nna peluenus 8afad ONTHMAJLHOTO PEryJAHPOBAaHHA OGLIYHO
[PUMEHAIOTCA HHblE MeTOAH, paspaboTtauHuie JI. C. IMourparunnm (cM. [8])
n P. Benmmanom (cm. [9]).

Illpumep. B cucreme anddepeHunanbHex ypaBHeHui

dx dv

| Eiidira
OmMHCHIBalOWIEeH ABHMEHHE TOUKH B IIOCKOCTH € KOODAHHATAMH X, U, ONPEACIHTb

ynpapasiomiyio ¢yuxkmuio u(f) Tak, urobnl Touka A (xg, v,) mepeMecTHAAaCh
B TOUKY 32(0, 0) 3a HanMeHbmIMH NPOMEXMYTOK BpeMeHH, npuueM | u] 1 (rak

=u (£ — Bpems), o7

X o o
KaK &= —, T0 U MOMCHO CUHTATh CHIOH, AcHicTByIOmE#! Ha TOUKY ¢ eAHHHYHOH
maccoi).



392

BAPI/IAI.IHOHHbIE 3AIIAYH HA YCJIOBHBIF1 2KCTPEMYM [rmn. s

Yupapaswowas .oyHxnps u (f) kycouso enpepmbBHa. as ynpowenus paccy-
WAECHHH BPEANONOX UM, UTO OHa HMeeT He Oonee oJHOH TOYKM pasphiBa, OLHAKO
OKOHYATeNbHKIH pe3yabTaT BepeH M 6e3 3TOro IpeiiioNONKEHHH.

v

v

Puc. 94.

Puc. 9.5.

[MouTn oueBHAHO, YTO HAa ONTHMAJAbHBIX TPAEKTOPHAX & == %1, TaK Kax npy

dx o
STHX BHAUEHHSX |~ | H AOCTHralT HauboabIUX 3HAUEHUH U, CJje/oBa-
TeJbHO, TOUKAa JBHkercd ¢ HauGoubue#i cxopocrblo. [lomaras B (9.7) u=1,
nOAYYHM : ,
t
v=t+Cl, x=7+Clt+C2,
1M v¥==2(x — C), n aHajorudHo mpu uy =—1;

2
v=—t4C, x=——t2—+Clt+C2, v = —2 (x—C).

Ha puc. 94 u 9.5 usobpasmenst sTH ceMelicTBa napa6os, nmpuueM CTPEAKH

YKa3blBAIOT HAUPaBJeHHE IBILKEHHA IPH B

v
A c 4
b o
z
4
A4 A
Puc. 9.6.

ospacranud ! Ecau touxa A (x, v,)

JeXHT Ha NPOXOIALIKX Yepe3 Hayauao
KOOpAuHAT ayrax mapaGoJ

v=—Vxuam v=V"x (9.8)

(puc. 9.6), T0 onTHMaAbHOH TpaexTo-
puelt sBAfeTCa Ayra OAHOH H3 3THX
napa6oa, coefuHswlas ToYKy A ¢
Touxkoit B. Ecau xe Touxa A He Jge-
HHT HA ITUX mnapadojax, TO ONTH-
MaJbHOH TpaekropHeil 6yzeT ayra mna-
paboast AC, npoxoasulas uepes ToY-
ky A, u gyra CB onnoii m3 mnapa-
6oa (9.8) (cM. puc. 9.6, Ha KoTOpOM
yKa3aHsl ABa BO3MOMHBIX TIOJOKEHHS
rouek A u C).

B stoit 3amate Bpema T mepeMeineHds TOYKM W3 MOJOKeHus A B moJoxe-
Hue B sgpasercs $yHKUHOHajOM, onpeiedsieMblM HEPBHIM H3 ypasHeuu# (9.7),
BTopoe ypasHeHHE u3 (9.7) MOWHO pacCMaTpuBATh Kak ypasHeHue cBasn. OxHaxo
HpuMeHeHue K 3TOH 3ajjaue UBJNONMEHHHX BbIIE KNACCHIECKUX METOLOB PELICHHA
6110 Gnl 3aTpYAHHTEAbHBIM, TAK KAK ONTHMAJbHOE YIPABJICHHE JIEMHT HA FPaHHLE
064aCcTH AONYCTHMbIX ynpaBiaeHuH |u|< 1 u AByCTOpOHHHE BapHaMud 31eCb He-
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BO3MOMHBI, KPOME TOTO, peilleHHE HIIETCH B KJACCE KYCOMHO HEMPEPHBHMIX
ynpaBaeHHiL. :

O6a 3TH 0OCTOATEALCTBA BECbMA XapaKTEPHBl IR GOMbIIHHCTBA HpaKTHue-
CKHX 3aJlay Ha ONTHMaJbHOE yNpaBjeHHe.

3apgaun K raase 9

1
1. Haiity skcTpemanu u30nepuMeTpuueckoi aafaun v [y (x)] = f(y'?+x2) dx
. 0

1
opy VCAOBUM f)r2 dx =2, y(0)=0; y(I)=0.
0

2. Ha#itu recaesudsckue JuUHUH KPYIAOLO LEJAHHAPA r = R.

Ykazanue Pemaine yI06HO HCKaTh B UWIHHAPHUYECKAX KOODAUMHATAX
o 2

3. Haitin swcrpemany u3oHepHMETPHUYSCKOR 3ajaul

Xy Xy
vy (x)] = y’2 dx npu yeaosun f ydx =a.
X X

riie @ — MOCTOsHHAs.
4. Hamucats auddepenuansuoe ypaBHeHHe 3KcTpeMmanell H3omepuMerpuye-
cxoil 3azauy 06 sxcTpeMyMe (YHKUHOHAJA

X -
vy (1) = f (P (o) y” +q(x) v dx

1
Xy

P YCAOBHM f r(x)ytdx=1, y(@)=0 y(x)=0
0
"5. Hafitu skcTpeMadb B U30TepnMeTpuueckod sazade o6 skcTpeMyme (QyHk-
guoHana .

vy (x) 2 (x0)] = f(y’2 b2t dyz —42) dx

0
1

apy yCAOBHH f(y’{"-—xy’——z"z) dx=2;, y(0)=0 z20)=0 y(Q)=1

z(l)= l._

26 1. 3. Bavcroabn



'TABA 10
NPAMBIE METOAbl B BAPUAIIMOHHBIX 3AJAYAX

§ 1. TpaMbie mertoanl

i

Iuddepenunanbhble ypaBHeHUs BapUALMOHHBIX 3alay MHTETpUpYIOTCS
B KOHEUHOM BHIe JUIIb B HCKJIOUHTEJbHBIX caydasx. B cmasu ¢ stum
€CTEeCTBEHHO BO3HUKAeT NOTPeBHOCTL B MHBIX METONAX peIIeHUs 3TUX
3apay. OCHOFHAs wies Tax HA3LIBAEMBIX APAMEX MeMOO08 3aKTOYAETCA
B TOM, YTO BapvalllOHHAs 3ajauya PAaccMaTpHBAeTCR Kak NpelejbHas Ajd
HEKOTOPO# 3a1auu Ha SKCTPeMyM (QYHKLHMH KOHEUHOTO YUCJA TIePeMeHHHIX.
Ora 3alaya Ha IKCTPeMyM (QYHKIUH KOHEYHOTO YHCJd MepeMeHHBIX
peiraercs OOBIYHHIMH METOJAaMH, 4 3aT€M NpelejbHBIM IepeX0on0oM MoJy-
yageTcd pelleHde COOTBETCTBYIOLIEH BapHALMOHHOH 3anauu.

dyHKUKMOHAA U[y€X)] MOXKHO paccMaTpuBaTh Kak QYHKLuI OGec-
KOHEYHOT0 MHO'KeCTBA NepeMeHHHX. DTO yTBepxAeHNe CTAHOBHUTCH COBep-
UIEHHO OYEeBWIHBIM, €CJIH NPeLHOJOXHTb, YTO JONYCTHMBblE (YHKUUH
MOTYyT ObiTb pasJO¥eHbl B CTeNeHHble DALbl:

y(xX)=a,+ ax+ ax*+ ... +a,x"+ ...,
vwan B panun dyphe:

a

Y (x) == 7"—}— Z (a,cosnx -+ b,sinnx),
n=1

uau Boofule B Kakue-HUOYAb pAOB BUAA

oo

2 4,9, (%),

n=0

y(x)y=

rie @, (x)— sanannsie (yHKLUHM. Has zananus ¢yuxkunn y (%), npen-
: [Se]

crasuMON B Buie psma y(X)= > a,9,(X), IOCTATOUHO 3a4aTh 3Haue-
’ n=0

HHUS BceX KO3GQUUUEHTOB a&,, H CAeI0BATENbHO, 3HaueHHe (YHKHUOHAAA
vy (x)] B aTOM cayuae ompeleserca 3ajaHueM GeckOHeuHOH nocaenoBa-
TENbHOCTH YHCEN: @y, Gy, Qgy = oey &y 2voy T. €. QYHKLUHOHAN HBJRETCH
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Pytxunel 6ecKOHEUHOI0 MHOXKECTBA IePEMEHHBIX:
viy()=0(ay ay, ..., a,, ...).

ClenoBaTe/bHO, pasinude MexAy BapMAUMOHHLIMH 3a1aYaMd M 3a/a-
uaMM HA OKCTPeMyM QYHKUMH. KOHEYHOTO YHC/IA MepPeMEHHBIX COCTOUT
B TOM, 4TO B BAPUALMOHHOM CJIyuae MPHUXOAMTCH HCCACNOBATH HA IKCTPe-
MyM ¢yHkuny GecKOHEYHOTO MHOMeCTBa nepeMmeHHbiX. [1oToMy ochomHas
Wies TPAMBIX METOLOB, 3aK/IOYAIOLIAACH, KaK y'Ke CKA3aHO BhIle, B TOM,
4TO BApMALWOHHAs 3aAaua paccMaTpUBaeTCA Kak npelefblias AJMa 3a4aun
Ha BKCTpeMyM (yHKUUH KOHEYHOTO 4YHUC/ad MepPeMeHHBbIX, AB/SETCH BeCbMa
ecTecTBEHHOH.

JI. Ditsiep B nepBHIfi nMepuoA CBOMX HCCJeAOBAHMR B objacTy Bapua-
UMOHHOTO HCYMC/EHHS IPAMEHSJ MeTOl, Ha3blBAeMLIlt Temneph KOHEYHO-
Pa3HOCTHBLIM MNPAMBIM METOIOM. OTOT MeTOA B lajbHeilleM AJIHTENbHOE
BpeMsl COBCeM He MIPUMEHAICA W JIUINb B AOCJCNHME TPH LECATHJETHSA
6bin1 ¢ GOJbIIMM YCIIEXOM CHOBA BO3POXKAEH B PabOTax COBETCKUX MaTe-
matukoB (JI. A. Jlioctrepnux, M. T'. Ilerposckudt u ap.).

Ipyroii npamo#i MeTOA, WU3BECTHHIH NOA HassaumeM MeToda PuTua,
8 pa3paboOTKy KOTOPOr0 BeCbMa 3HAYMTEJbHBIH BKJal BHECEH COBETCKUMY
matrematukamu (H. M. Kpwmuos, H. H. Boroawo6os u np.), B nHacrosiuee
BpeMs HAXOAMT I[IMPOKOE IPHMEHEHHE IIPU pelueHHWH Pa3jUyHBIX Bapua-
UMOHHLIX 3aiay. '

Tperu#t npsMo#i . Metox, npennoxenubfi JI. B. Kauroposuuem, npu-
MEHUMHH K (yHKHHOHAJAM, 3aBUCALLUM OT (QYHKLHH HeCKOJbKHX He3aBH-
CHMBIX TepeMeHHLIX, HaXOIWT Bce GoJsee u Oosee LWHPAKOe TPHMEHEHHe
B TexX e 08JacTsaX, B KOTODHX NpUMeHsieTcs MeTol Purua.

B nanbHefnieM MBl OCTaHOBMMCH JIMIIb HA -3TUX TPeX OCHOBHBLIX
NpsAMBIX MeToJax, TNpHYEM AROKA3aTeJbCTBA MHOMMX yTBepxaeHH# OyayT
onyuleHs. Yurareas, xenaiomero Gojee NeTalbHO O3HAKOMHTBCA C MpH-
MEHSIIOIIUMHUCS B HACTOslllee BpeMA HPAMBIMA METOA4MM, Mbl OTChlIaeM
Kk «uure JI. B. Kawroposuua u B. WM. Kpnuosa {10] u x KHure
C. I'. Muxauna [11}. '

§ 2. Koneuno-pasHocTHuii meton diijepa

Mnes koHEUHO-Pa3HOCTHOrO MeTOdAa 3aK/I04deTcs B TOM, YTO 3Haue-
Husi QyHKUHoHaAa U [y (x)], Hanpumep

X

[Fex v yhae yEp=a yxp=b,
Xo .

paccMaTpuBalTCA HE Ha MNPOH3BOJbHBIX, JAOMYCTHMBIX B 1aHHOH Bapua-

HUOHHO# 3ajiaue, KPHUBLIX, a JHUILb HA JIOMAHBIX, COCTABJCHHBIX H3 3aHaH-

HOTO 4ucaa n npﬂMOﬂHHeﬂHHX 3BeHbeB, C 3aJaHHBIMY aBCUUCCAME BEepLINH:

Xy + Ax, x4 20%, ..o XgF (n—1)AX, THe szx':x" (pus. 10.1).

.26 .
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Ha rakux somanbix ¢yHkunonaa v[y(x)] npespaiaercs B (YHKLUIO

P(¥y» Yor e Yyo1) ODOMHAT Y, Y9, ..., Y, BEPLIHH 10MAHOH, TaK
KaK JOMaHasl BIIOJIHE ONpele/sercs ITUMU OpHHHATAMH.

Buibupaem OpAUMHATHL ¥, Yo, ... Y,y -TaKk, 4TOOB  PyHKIUR
P(Vy» Yo +0-r Yp_p) AOCTHFANA  SKCTPEMyMa, T. €.  ollpeleJseM
Yi» Yos o ees Vp_q N8 CUCTEMBl YpaBHEHHR

9 o 20—y, ... 2 o,
0y 0y, 0Yn-)

-
a sarTeM TepeXOJHM k fApele’ay npu n-—>co. B nperene mpr Hexorophix
OrpaHnYeHUsx, HajaraeMbix Ha @yekudio F, MOAyuyuM pellledue Bapwa-
UMOHHOM 3aJayH.

_/

y/,l”) 5’1 .1/2 yn—l y/'z'r/

0 Z, I*AT zn-ljaz

Puc. 10.1.

YnoGuee, omHako, 3sHaueHue ¢yHKUHOHANA U [y (X)] Ha yKasaHHBIX
BHIIIE JIOMAHLIX BBIUMCAATL OpUOJMKEHHO, HalpuMmep B mpoctelimed
3allaue saMeHsTL HHTErpal

Xy n—1 %ot (R+1)Ax
N y —Yp
/F(x, v, ¥)dx zz / F(x, ¥, ﬁi—x—k)dx
,;, k=0 xg+;e Ax :

UHTErPAJbHOK CyMMOH
n

Y Ay,
F(xi, v —A—x‘—) Ax.
=1

B kauecrBe mnpuMmepa BhiBeIeM ypaBHeHue Ditnepa Aas (PYHKUHOHAAA

vly (o= [ Fx, y. y)dx.

Xo
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B stoM cayuae Ha paccMaTpUBaEMbIX JOMAHBIX
n—1
Y1 —Y
VYOl = oW Yar oo s yn—1)=2F(xl' Yo J—HAT—L) Ax.
i=0 '
Tak xak oT y; 8aBHCST JMWIb [BA CJaraeMblX 3TO# CYMMBbI:
i-e u ({— D-e, ‘
Y, ¥, Yi— Y.
F(xi, yi’ —Q—IAX—L)AX 4 F<xi-l’ yi—l’ "L—‘Til‘) A)C,

TO ypaBHEHHS d_“’zo =1 2, ..., n-—1) npuHUMaOT BuUl

()yi
Vi 1Y, Yie1— Y 1
Py (o v 22 2y (s g 2 (— e
+ Py (x M)—I—Ax—w (=1, 2 (n— 1))
y i ¥i-p Y- Ax Ax = v 2004, \
uian
Ay, Ay,
F (x. . ﬂ)__ Fy'(",” )’t., ﬁ)‘“Fyr(xi_p yl_]' AtX ) =0
y o Vi Ax Ax .
ujau
Ay, AFy,
Fy(xf' Ve Tx?)“m——

[Mepexods ¥ npeleay Npu n->00, NOAyYUM ypaBHeHde Dftiepa
d
Fy— E;_ Fy’ - 0.

KOTOPOMY HOJIKHA YAOBeTBODATL MckoMas ¢yHKuus y(x), peanusyiouias
DKCTPEMYM. AHAJIOTMYHO MOXeT ObIThb MOJYYEHO OCHOBHOE HEOOXOLHMOe
YCJAOBHE SKCTPEMyMa B APYTHX BADHALLMOHHBLIX 3afadax.

Ecau He coBepwaTh TpelebHOTO MEPexonad, TO H3 CHUCTEMbl ypas-

4] .
HeHUH d;p =0 (=1, 2,..., n— 1) MOXHO ONpelejuTb HUCKOMLIE
i
OPAMHATH ¥, Yo, ++.s Y,_; U TEM CAMBIM TOAYYUTH JOMAHYIO, ABJSAIO-

LWYIOCH NpPHOMMMKEHHBIM pellleHdeM BapHaLMOHHON 3ajnauu.

§ 8. Merop Purtia

Vinea memoda Pumya 3akmiouaercds 8 TOM, 4YTO 3HAYEHUS HEKOTO-
poro ¢yuxuuonana v[y(x)] paccmarpuBaloTCs He HA NPOM3BOJbHBIX

DOMYyCTHMBIX KPHUBHIX N4aHHOH BAapUALMOHHOH 3anaud, a JlIb Ha Bce-
n .

a
BOSMOMHEIX JMHEMHBIX KOMOHHALMAX Y, == X a,W,(x) ¢ nocrosuHbMy
- i=1
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KO3¢duuHeHTaMl, COCTaBJEeHHHX "3 n nepBbix (YHKUMA Hekoropo#
BbIGpaHHON NOC]EN0BATENLHOCTH QYHKLUA

W, (x). Wo(x), .... W, (x), ...

dyHKUUH Y, == 2_(1, (x) JO/MKHB OHiTb NOIYCTHMBIMH B paccMarpu-

BaeMON sanave, ‘-lTO HaJaraeT HEKOTODHE OrpaHuyeHHs Ha BHOODP mocie-
nosatenbHocTH  ¢yuknuit W, (x). Ha Takux Jjnnefinbix koMOuHauusax

¢yukuuonan v |y(x)] npepawaercs B ¢ynkunio ¢(a;, 0y, ..., @)
KO3hOUUUEHTOB @y, Og, ..., O, OTH KOIDPUUHEHTH O, Oy, ..., O,
BEIOHPAIOTCS Tak, 4TOOB GyHKUUSA @ (0, Oy, ..., Q) AOCTHTaNa 3KCTpe-

MyMa;  C/IelOBaTeNbHO, (O, Og ..., O, OOMKHH OBITb ONpeneseHbl
U3 CHCTeMbl ypaBHeHWNH

9 — .
del”_O (=1, 2, ..., n).

CoBepiuasi npeleabHHl TNepeXxOB NPH £ —>00, MNOJYyUHM B cjyvae
[se]

CYLIeCTBOBAaHUA Mpelesa (QYHKUHIO Yy = Z a,W,(x). ssagiomyiocs (npu
i=1

HEKOTOPHLIX OrpaHMYeHMsAX, HajaraeMblx Ha ¢yHkumoHan v |y(x)] u Ha

nocaenosaresbHocts W, (x), Wy(x), ..., W, (x), ...) TouHhM pelue-

HHEM paccMarpuBaeMoff Bapuaumonuoft sajgaun. Ecan de cosepuiats

npelnejbHOrO Mepexona, a OrPaHUYUTLCA JHlLb 7 TEPBLIMK  YJIeHAMU
n

i .
Vp = Z-I ain (x), TO TNOJYUYUM ﬂplflé.’llﬂKeHHOC pelueHue BapHaLlHOHHOH
i=1

3ajauH.

Ecan takum MeroloM onpeneasercs a0COMOTHHIH MUHMMYM (YHKIIHO-

Haja, TO RNPHOMMKEHHOe 3HaYeHHe MUHHMyMAa (YHKUMOHAMA HAXOANTCS

¢ U3GLITKOM, TaK Kak MHHUMYM QYHKIIMOHAJIAZ Ha MOOBIX AONYCTUMEIX

" KpUBBIX He OoJbllle, YeM MHHMMYM TOro e ¢QYHKIMOHAJA Ha YacTH
n

9TOro KJjacca AONYCTHMBIX KPHUBBIX — Ha KPHUBbIX BHAZ Yy, — 2 (I[Wi (x).
. ] i=1

[pu HAXONKIEHHH TeM Me MeTOAOM MaKCHMajJbHOrO 3HaueHHs (yHKUUO-
HaMa T0JAYyYaeM TO0 TeM Xe NpHYHHAM NpubmnKeHHOe 3HaueHyue MakCUMyMa

(GhyHKLMOHANA ¢ HEeJOCTATKOM.
n

<N
Oas toro u4ToOH (PYHKLMU y,,=Za,Wi(x) Obl/id  AOIYCTHMBIMHU,
i=1

_mpexie Bcero He06X0AUMO YIOBJETBOPUTL TPAHUUYHBIM YCJIOBUAM (KOHEUHO,
He caelyeT 3abbiBaTb M O APYruX OrpaHHueHusX, KOTOpble MOTYT OblThb
HAJOMEeHH Ha NONMyCcTUMble QYHKLHMN, HanpuMep TPeGOBaHUAX, KACAIOIUXCA
HX HENpephiBHOCTY HJAM TJ13aAKOCTH). Ecau rpaHuyHbie YCAOBUR NUHEHHB!
¥ OJNHOPDOIHHI, HampuMep, B mpocrefimedi 3anade y(xy)==y(x;)=0 wiau

By (xp)+ By (x))=0  (J=0, 1),
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rie f,, — NOCTOSHHBlE, TO TMpOWE BCErO W KOODIWHATHHE YHK LM
BHIGpath ynosneTBopmom.uMM 3TUM PPAHHYHLIM  YCJOBUSAM. Oqeaum—lo

YTO NpU STOM U y,== Z o,W, (x) nupn mo6uix a; 6yIyT yAOBAETBOPATL

TeM e TIpaHUYHBIM yCJIOBHSlM. Iycts, wanpnMep, rpaHAYHbie YCI0BHA
uMelT BuA y(X)==y(x;)==0, TOrEa B KayecTBe KOOPAWHATHHIX (PYHK-
unit MOXHO BHIGpaTh

W, (%)= (x — xp) (¥ — %) 9, (%),
rze @,(x)— Kakue-HHGYAb HeNpepblBHbE (PYHKUHMH, HJIH

E‘_(L_> (k=1 2,...)

W, (x)=sin g

UM Kakue-HuBYyAb Apyrue QyHKUHH, YIOBAETBODPSOULUE YCIOBHIM
W, (xpy=W,;(x)=0.

Ecau ycnoBus HeoAHOpOAHB, Hanmpumep ¥ (xp)=ye y(£J)=9.
rie xors Obl ONHO U3 uMCeN Y, WIM Y; OTAAYHO OT HYyJs, TO Npolle
BCEI0 MCKAThb pELIEHHE BAPHANMOHHOH 3alaunm B Bujie

n== i_Z] o, W, (x)+ W, (x).

rae W, (x) ynosaersopser salaHHbM FpaHMuYHLIM ycaouam W, (xy) = y,,
W,(x,)=y;. a Bce ocranbtble W, (x) y10B1eTBOPAIOT COOTBETCTBYOIIHM
OJIHODOIAHLIM TPaHHYHEIM YCJIOBHSM, T. €. B DacCMaTPHBAEMOM cCJayude
W, (x0) = W, (x;)=0. OueBuano, 4to npua TaKoM BuiGope IHpu JOOHX O
dyHkuuu y, (x) yIOBJAETBOPSIOT 3aJaHHBLIM TPaHUYHBIM yCaI0BHAM. B ka-
yecte ¢yHxunn W, (x) MOXHO Bbi6paTh, Hampumep, JAUHeHHYIO QyHKIMIO

Wo(x)= 220 ® (% — o) + Yo

PelreHne cucTeMb ypaBHeHuH %:0 ({==1,"2, ..., n), sBooOGuUIE

; i
rOBOps, HBJSETCS BecbMa CJOXHON 3afavell. 371a 3ajava 3HAUHTELHO
ynpoiwaercd, €Cau Ha 3SKCTPEMyM HCCAeAYeTCd KBaAPATUYHHIR OTHOCH-
TeNbHO HEH3BECTHOH QYHKLUM H ee MPOM3BOAHBIX (YHKIMOHAA U, TaK KaK

0
B 9TOM Clyyae ypasHeHus — =0 @=1 2 ..., n) niHeHHB OTHOCM-

TE€JbHO a’l'

Buéop nocneposatenbnocTH Gyuxuutt Wy, W, ..., W, , ..., HasH-
BaeMbIX KOODAMHATHHIMH (YHKUMAMU, CHJbHO BJWSET HA CTeNeHb CJAOXK-
HOCTH AaJ/ibHeHIINX BHIYUCAEHHH, U MOITOMY OT YAauHOro BHOOpa KOOpAH-
HAaTHOM cuCTeMBbl (yHKUUH B 3HAYUTENbHOH Mepe BaBMCUT ycMeX NpUMe-
HEHHH ITOr0 METOAd.
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Bce ckasanhOe Bbie B {10/IHOH Mepe OTHOCHTCH U K (PYHKIMOHAJIaM
V|2 (X, Xg ..., X,)], nOpuyeM, KOHeuHO, B STOM caydae Pyuxuun W,
BOMKHB OLITb yXe (YHKUMAMYU MepeMeHHBIX Xi, Xy, ..., X, @ TaKme —
K (YHKIUOHANAM, 3ABHCAILUM OT HECKO/bKUX (yHKUML

Meron Putua uwacto npumeiisiercs A4 TOYHOTO HAX [PUO/IHIKEHHOTO
pemlenas 3ajau MaTeMaTHuecko#t usnku. Harpumep, ecam tpelyerca
Halitu B HekoTOpol obsaactu D pelenue ypasHeuus [lyaccona

()x‘z + = f(x, y)

NpK 3aKaHHBIX BHAYEHUSX 2 Ha rpadule odjacth D, TO MOMXHO 3AMEHHTH
3Ty 3alauy BapHALKOHHOR 3anmayeft 00 skcrTpeMmyMe dyHKUHOHAJAL, A4
KOTODOro JAdHHOe ypaBHeHide saBjaseTcs ypasuenueMm OcTporpanckoro
(cM. cTp. 315). B paccMatpusaeMoM cayuae TakuM (YHKLUOHAJIOM OyleT

ST+ (2 + 225 cx. ] avay.
D

PyHKUMIO 2, pealN3yOLYI0 3SKCTPEeMyM 3TOro  (YHKUHOHAIZ, MOMXHO
HAXOAUTb 00bIM U3 MPAMBIX METONOB.

3anaun MarteMaTHyecKOW (PU3UKH OOBIYHO CBOLSTCA K HCC/JIeNOBAHUIO
Ha 3KCTpeMyM (YHKUHOHAIOB, KBAAPATUYHHIX OTHOCHTENBHO HEH3BECTHOH
(YHKUUH ¥ ee NMPOWU3BOAHBIX, M C/Ie0BATEJNLHO, KaK YKA3bIBAJIOCL Bhillle,
npuMeHende Metola Putua B 5TOM cjyuae ympoluaercs.

Bonpoc o cxonumoctit mpubmixenn#l, noaydaeMuix no Meroay Purua,
K HCKOMOMY pelLleHHI0 BapHaUMOHHOH 3ajaud, a raxxe 00 OUeHKe cCTe-
MECHU TOYHOCTH 3TUX NpUO/AMKeHUH fBJAACTCS BecbMa CAOKHLIM. [loaTomy
OrpaHHuHMCA 31eCh JMlb HEMHOrHMH 3aMedaHWsAMM, OTCLIIAS uYHTaTe.d,
MeJaluero noapo6Hee O3HAKOMUTBCA C 3THM BOINPOCOM, K KHHUraM
Muxmuna [11] w Kanroposuua u Kpuistosa [10].

[as onpegenennocty OyaeM uMeTb B BHAY (YHKUHOHAA

{)y2

vly ()= [ F(x, y(x), ¥ () dx

Xo

¥ MpeanoJarath, 4TO peub HAET O ero MuHumyme. [locnenosartesbHoCTh
KoopaunatHeX Qyukuul W, (x), Wy(x), .... W, (x), ... OyileM cuurathb
NOJIHOW B TOM CMBICJAe, UTO Kaxaas AONycTHMas (PYHKUMA MOxeT OHITb
¢ 1060H CTeNeHbI0 TOUHOCTH annpoxcwmnposaqa B CMHIC/Ie OJM30CTH Nep-

'BOTO NOpsAAKa JAuHe#HON woMOuHalUel Z a,W, (x)KOOpI[l/IHdTHle dyHK-
’ k=1
uui, rie A HOCTATOYHO Besauko. Toriaa, OYeBUNHO, 4TO MeT()JlOM Putua

MOXHO [OJAYUYUTh QYHKUHHA Y1, Vou «oey Yoo oo, TAE y,, == Vak £ (X)s
Py
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obpasyiolife TaK HAa3bIBAEMYI0 MHHAMH3UPYIOUYIO MMOC/eN0BATEIbHOCTD,
T. €. NOC/eJ0BaTe/IbHOCTh, LA KOTOPOH 3HaueHUs ¢yHKLUOHAA

Uiy Vivals oo UV, -

CXOAATCA K MUHHMYMY WM K HWXKHeH Trpanu 3Hadendufl (QyHKUMOHaja

v |y (x)]. Oanako u3 Ttoro, 4ro lim v [y, (x)]=minv [y (x)], OTHOIL He
n->»
caenyer, 4to limy, (x)=y(x). MuHuMusupyoILas MNOCJIeNOBATENLHOCTD
-0 s

MOXeT H He CTPeMUTbCA K (YHKUHH, peajqu3yioluelt SKCTPEMyM B KJaacce
HOMYCTHMBIX (yHKUUH.
He#crputenbno, ¢yHKUHOHANA

uly, (x)l=fF(x. v, (x). y,(x))dx

X3

MOXET MaJd0 OT/aAHYarncd OT

vy )= | F(x, y(x), ¥ (%))dx,

HEe TOMBKO B TOM Ciyuae, KO[NA HA BCEM OTPE3KE WHTErPHPOBAHMA Y, (X)
6.1m3xa B cMblcae OJAM30CTH MepBOTO NOPSAIKA K Y (X), HO M B TOM CJayuae,
KOIjJa Ha JOCTATOMHO MalbiX 4acTaxX orpeaka (x, x,) dyHxuuu y, (x)
nu y(x) WIM uX TMNpOHu3-

BOJHBIE PE3KO OTAMUAKTCH 4
apyr oT JApyra, ocra-
Basfch OJU3KUMU HA OCTaNb-
HOH uacTu oTpesKa (Xy, X;)
(puc. 10.2). ITostomy Mmu-
HAMH3UPYIOIAs MOCJIel0-
BATEALHOCTL Y1, Yo, + .., Y,
MOXeT Jlaxe He UMETb fpe-

- unlZ)

|
I
]
I
!
I
]
|
|
1 I

Aeja B KJaacce LONYCTHMBIX
HKUHUR, XOTA HK LUK -
yHK N by 16114 0 z z,
Yis Voo ¥, caMu n Oy- .
IyT JOMYCTUMBIMH. Puc. 10.2

YcaoBug  cxomumocTu
NOC/IeN0BATEALHOCTH Y,
noay4deHHo# MeroldoMm Purtua, K pelleHUI0 BapUaUMOHHOH 3aJauyd MU OUEH-
Ka OLICTPOTBI CXOIUMOCTH A/l KOHKPETHBIX, YaCTO BCTPEUaoUUXCs
¢dyukunonatos 6uian paspaboransl B Tpysax H. M. Kpuirosa u H. H. Bo-
romo6osa. Tak, nanpumep, 419 GYHKUMOHANOB BuUAA
1 :

v=jwlp(x)y}2+q(x)y2+f()€)yidx; YO =y(1)=0
0
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rie p(x)>0; g(x)>0, yacTo BCTpEHalOUIUXCA B MNPUJIOKEHUAX, He
TOMbKO JOKA3aHa CXOLMMOCTb NpUO/MUKeHHH, NOJyHaeMHIX [0 MEeTOLy
Purua, k¥ ¢yuxuun y (x), peaausyiomel MUHAMYM ¢GYyHKLUOHAMA, NPH KO-
OpPJMHATHBIX (YHKUHAX

W,(x)=V2sinknx (b=1, 2,...).

HO M NaHh BeCbMa TOYHHIE OUEHKY TOrpeuiHocT# |y (X) —y, (%))
[IpuBeneM oiHy M3 STHX OLEHOK MaKCAMyMa [y (%) — In (x)| Ha orpes-

ke (0, 1)
‘/ffz (x) dx
1 maxq(x) ‘é

max|y —y,|<
< n1 [Inaxp(x)+(n+1)2nz

vol 0‘!

72y 2 [min p (x)]
X [max|p’ (0} + 5 maxq () +amin p ()] ).

Jlaxe B 3TOM, CPaBHHTEAbHO MPOCTOM C/Ayuae, OLEHKA MOTrPelIHOCTH

oueHb ca0xHa. [103TOMY 1451 OLEHKM TOYHOCTH pe3y.IbTaTOB, MOJYYEHHBIX

MeTOAOM PuTHA UJAH APYTHMH NpAMBIMH Me-

TOJAaMH, OOBIYHO TOAb3YIOTCA C/ACLYIOLUUM

*  TEOPeTHYeCKH, KOHEYHO, HeCOBEepLICHHBIM,

HO TMPAKTHYECKH AOCTATOYHO HANEMCHBIM NIPHU-

€MOM: BHIYMCIUB Y, (X) u Y, (X), CpaBuu-

) > BAIOT UX MeXLy COOO# B HEeCKOJAbKMX TOU-

: Kax orpeska [x, x;]. Ecan B npenenax

4 TpeOyeMOl# TOUYHOCTM HX 3HAauyeHWs COBIa-

IaloT, TO CYMTAIOT, 4TO ¢ TpebyeMo# TOYU-

Puc. 10.3. HOCTbIO peElIeHHe paccMaTpuBaeMOR Bapua-

LHOHHOM - 3ajaun paBHo y,(x). Ecan xe

3HaueHus ¥,(x) U ¥,,,(x) X0Ta OH B HEKOTOPHIX W3 BbLIODAHHEIX TOHEK

B MpeieaX 3alaHHON TOYHOCTH He COBNAZAIOT, TO BHYHCISIOT Y, (X)

M CPaBHUBAIOT 3HaYeHHA Y,.;(X) U ¥,.o(X). ITOoT mpouecc mpoaoJ-

MaeTcs 1O TeX NOp, NMOKA 3HAUeHUA Y, ,(X) M ¥,,,.,(x) He copma-
IyT B Hpelejax sajaHHOK TOUHOCTH.

Mpume 5) 1. Tpu n3yueHuu koaseGanuH 3ajeNaHAOrO KJAUHA MOCTOSHHOA TOJ-
muHs (puc, 10:3) npuxoaurcs uccaexoBaTh Ha IKCTPEMYM (PYHKLUMOHAA

1
v= f {axtym —bxy dx; y()=y 1)=0

*) Cu. kuury Kanropouua u Kpruiosa [10]
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TIe a n b— nonoxurenbHsle NOCTOAHHBIE. 33 KOOPRMHATHHIE GYHKUHH. YAOBJET-
BOp4IOIUHE rPAHUUHBIM YCAOBHAM, MOXHO B3ATH

(=10 @—D'x (=12 ., (e— 1PN s
ClIEI0BATENBHO,

n
Vo= D0 (x—1)2x*"L
k=1

OrpaHuuMBadch JHUIIb ABYMS MEPBBIMH 4aeHaMy, OyaeM dMeTb

Y2 = (x —1)? (0, 4+ 02%).
TOorAa
1

Uy=v[y,) = f [ax3 (Bogx 4 20y — 4a5)? — bx (X — 1)* (o) + 09 x)?] dx =
0

2 2
2, 24 9 [h AN ag
=a [(0«1 —20‘2) + —5—‘(12(01——20'2)‘{—6&2] — b (\—36'—}— ——165—"—-}—%6/ o
dug 0y )
Heo6xoaumbie yCAOBHA IKCTpeMyMa Y, ke 0; = 0 rOpuHHUMAKT B JaHHOM
1 2
cayuae BHI -
(a—L o + 2a——L)oc =0
30 ) ! (5 105) 2
7

2 b 2 b
(59— 105) s+ (5 o= m0) = =0

[l19 nOAyueHus peMIeHuH, OTAMUHHX OT pPelleHus o) = 0y =0, KOTOpoe cooTseT-
CTBYET OTCYTCTBHIO KOJAeGaHuil KavHA, HEOOXOAHMMO, UTOGHB OmIpegeauTe b 3TOH
ONHOPOAHON JHHEHHOH cHCcTeMbl ypaBHeHHH Obl1 paBeH HYO:

b2 b
) 5 105
2 b2 p |=0

54715 BT 90
b\(2,_ b 2 b\ _,
(“_—307)<5 ‘W)“‘(F““l—os‘) e

Dro ypaBHeHWe Ha3HIBACICA ypaBHeHuem uwacTor. OHO ompefeasieT wacTory b
COBCTBEHHBIX KOJeGaHHH KIMHA, OMHCHIBaeMbIX QYyHKIHelH

u (x, £) == y(x) cos bt.

HIu

Menbmuii u3 ABYX kopHell b; M b, ypaBHeHHA 4acToT AaeT npuOMMKeHHOe 3HA~
yeHue YacTOTHI OCHOBHOrO TOHA KOJeOaHMH KAMHA.

MpuMmep 2. B 3agauax, cBS3aHHBIX ¢ KPyYeHHEM WLHAHHIADPA WJAH {IPH3MBL,
OPUXOAUTCH HCCACROBATH HA SKCTpeMyM (yHKIMOHaA

et = [ [ =] +(G+J o
. D
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Ins uMAMHAPa € SAMMNTHUECKMM MONEPEYHbIM ceyeHHeM 06JacTh HHTErpupoBa
x* y?

ups D GypeT OrpaHuueHa sJJMICOM F+7)T= 1. B sToM cayuae, B3SB aumlb

OJIHY KOODAHHATHYI0 GYHKUWIO XY, NONYYHM

‘zy=oaxy v|z]|=v = :n;zb [(a+4-1)? a? 4 (@ — 1)? b?).

' (44
Heob6xoaumoe ycaoBue sKCTpEMyMa —(—m—’= 0 npuHuMaeT B JaHHOM CAyHae BHA
(a4 1)a2+ (o — 1) 62 = 0, oTkyna
b2 — g2 b2 — g2
CTETe AT eI *Y
Npumep 3. Ecam B ycaosusx npeaslymiero npumepa obaacts D 6yaer
PAMOYTOJBHAKOM €O cTOpoHaMu 22 u 2b, —aL x <@ — b y< b 10, B3sB

33 xkoopiuHaTHbie OYHKIMH xy. xy?, x3y. 1. e. MOJOKUB

23 == A Xy 4 asxy® + 043y,

NOAy4HM
a b /
= = 925 N4 (9%, .V -
w=via= [ [[(52 y) + (G + ) | axay=
-a -b
4 [ b? 3at\ o 5, [ a 362\ o
= -g aba(on —_— 1)2+4ﬂ[)5 (—-7—‘+T) 2+4d (/ (T—l’— —3—) (13+
o % (@ 1P ab (o — 1) 0, + % a3 (@ + 1) o —
— % asb (o + 1) a, — -g— a®0® (a® 4 b?) ay03 — —g— a*b® (o — 1) dq.
ovg ov; 0vs .
Heo6xonuMble YCIOBHA SKCTPEMYMa T 0, T“?—O, s U nosso

J5107 BbIYHCAUTD O, Og, Og:
7 (a® — b%) 4~ 1352282 (a® — b?)

= T T F 55 + 107070 (& F 6% °
- _ 7a? (3a + 35b?)

2= 7 ST(a® + 6°) + 321a26% (a2 & b%) °
0 7b? (3542 +- 3b2)

T 20 (a8 + %) + 3212267 (a% + 0%)°
Mpuwmep 4 Hafitn pemwenne ypasHeuus
F4 0?2z
i i f(xy)
suyTpu mpamoyroabhuka D, 0 < x < a, 0 y < b, obpamaromeecs B Hyni; Ha

rpaunte D. PyHxnus f (x, y) NPEANOJaracTCs pasiOKUMOH BHYTPH paccMaTpH-
BaeMOro HPAMOYFOJbHHKA B PaBHOMEPHO CXOAsuMiics ABOHHOH paa Pypse:

i o [24]

N\ nx . my

F(x y) 21 2 qu sin p — sing =~
b= q=l
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DTy kpaesyl 33lauy MONKHO CBECTH K BapHallHOHHON 3ajzave, T. e. mONOGpaTh
GyHKUHOHAN, 445 KOTOPOTrO 3alaHHOe ypaBHeHHe Omiao Obi ypasuenuem OcTpo-
TPajficKOro. ¥ 3aTeM OFHUM H3 MPSAMBIX METONOB HAHTH QYHKUMIO, PEaJHIYIOMYI0
9KCTPEMYM 9TOrO (yHKIMOHaNA. ¥ TeM CaMbIM HaliTu pelleHue HCXOAHOH KpaeBoH
3anaun. Kag nerko npoBepHTb,

0%z 0%z
0—)5'5+7),“2—=f (x. ¥

apasercs ypabshenuem OcCTporpaickoro Aas (YHKIHOHAMA

b P 0z 2 o0z \?

vz (x, = (——) —_—] 4+ 22f(x, dxd

== [ [{(55) +(5) +22/ )] axay
D

(cm. ctp. 318). Tpanmunoc ycaosuc coxpauserca: 2= 0 na rpanuue obaacrn D.

WUccnenyem 9101 dyHxnuonan Ha skcTpemym mertogoMm Purma. B kauectse cu-

CTeMBl KOODIMHATHBIX (yHxunl BO3bMEM

nx T
sinm 2% sinn 2L (m, n=1, 2, ,,.).
a b
Kawnas u3 oTux gyHiuuil # #X JARHEHHME KOMOMHAUMHM YIOBACTBOPAIOT IpaHMT-

HOMY ycaoBuio 2z = 0 na rpanune o6aactu D. CROHCTBOM TOJHOTH 3TH PyHKUUK
Takxe oGaajaior. Basas

n m
= Y Vo sinp Msing T
zn,m-—z‘ pg SIN p ~—=sing —=,
p=1 g=1
GynemM UMETb
a b
02,m \* 0zpm \*
vi == nm nm
\2nm] // (Ox)+(0y)+
0 0
x 20
'\ ax Ty
“+ 224, 2‘ Bog s:inp—;l—sinq—b— dx dy ==
p=1 g=1
. n . n m
wfab QO QO (P 2\ o ab ~
=3 ZZ%*ﬂ%+TZE%M
p=1 ¢=1 p=1 g=1

-DT1OT Pe3yabTaT JETKO MOMNYYHTh, €CJHM NPHUHATHL BO BHUMaHUe, 4TO KOODIAMHATHbIE
. X T

¢yukuun sin P siany (p. g=1, 2, ...) obpasyior B oGaactu D opToro~

HaJbHYIO CHCTEMY T. €.

X g 3 X g g dy =
/ e/sin p—-sing— sin p, - sin ¢, 7 dxdy=70
D .

npy MOGBIX UENbIX MONOKHTENLHBIX p, ¢, Py, ¢y, 338 UCKIOUEHAEM CAydaa p == py,
g=g, Npy p=p, v q-= g, noryvaen

' p M sine g B - 2
//smpasinqbdxdy—_-41
D
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MoatoMy ®3 Bcex 4A€HOB, CTOALMX (O 3HAKOM JBOWHOrO MHTErpajia. pas-
HOrO ¥ [Zpp], HALO YUMTHIBATH JHIIL T€, KOTOPHE COAEPHKAT KBAAPATH (yHKuuil

sin p-T;—x sin q%}i, sin p—rg €os ¢ iby— # cos p itai smq%. Ouesnano,

v[2,,] aBaseTca Qynxumed @ (Qr, Ay ..., Gpy) KOIGOHIHEHTOB 4y, Gy, ...

vy Opm» KOTOpPBIE ONPEAEAAIOTCS H3 OCHOBHOTO HEOOXOAHMOrO yCJOBHS 3KCTpe-
MyMa

o9

0tpg

=0 (p=L.L2, ..., ¢g=1,2,..., m)

dTa cucTeMa ypasHenuii B JaHHOM CJyuae uMeeT BHI

Pt e
apq(7+ﬁ) Tt Bpg=0 (p=1 2 oo, i; ¢=12, ..., m),

OTKyAa’
gy = — P8
I q° ‘
w (Lt %)

CuaenoBaTensbHO,

m
I vV YV Boq X Ty
Ev —Wsmstian.
p=1q=t 5+ 37

HGPEXOH.H K npexeny npu n H m, CTpeMAluxcd K 6ECKOHEUHOCTH, B TAHHOM
ciaydae NOJAyYHM TOYHOE pelieHue: ’

_1_ Boq ny

ax
P sin p Tsian.
p=1g=1" b2

§ 4. Meron KanTopoBHua
Mpu npumenenvn merTofa Purtua k dynkuuoHataMm v [z (xy, Xy ..., x,)),

3aBuCAIAM OT (QYHKIMA HECKOAbKHX HE3aBHCHUMBIX NEPEMEHHBIX, BHIOHpaeTcs KO-
OpJIMHaTHas chcTeMa (QyHKUUH

Wy (%1 Xo0 ooy X)), WalX), Xo cony X coes Wi (X1 X 0oy Xp), ...

u  mpuOJUNKEHHOEe pEIIEHHe BapHALMOHHOH 3aJauN .MIIETCS B BHAE 2, =
m

= ) @Wr(x, % ... Xp), TAC KOSQOUUHMEHTE 0 — MOCTOSHHBIE.
k=1

Memoo Kanmoposuua Ttakxke TpebGyer BbOOpa KOOPAHHATHOH CHCTEMEl
GbyHKnui ’

WX, Xou ovny Xp) Wolxy a0 coey Xp)s ooy W (XL Xa0 coos Xpd oo

¥ APHOJMIKEHHOE pelleHMe TaKKe MIIETCH B BHAE

m
2y = 2 ap (x;) Wk (X1, Xz, seer Xk
k=1 .
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0JHaKO koaqu)(buunemu @z (X;) He NOCTOAUHBIE, a ABAAIOTCA HEH3BECTHLIMH pyHK-
IHAMH ONHOH W3 HE3ABHCHMBIX MepeMeHHbIX. PynxuuoHan v {z] Ha kaacce DyHk-
UHH Bula

m \
2y = 2 op (X)) We (X1, X2 ..y, xp)
f=

npespaufaercs B QyHKLHOHAN v [oy (x7), aa (X)), «ovs O ()], BaBHCAWHE OT m
byHkuuil onHoH Hes3aBUCHMOH nepeMeHHOH

TR E7) NN 7% €7) NP P € ) 2

dyuxuuu o (x7), g (X)), ..., 0y (x;) BEOUpAWOTCH Tax, YTOOH (YHKHHOHAN v
LOCTHrasl KCTPEMyMa.

Ecau nocjae 3Toro nepeliTH x npejesy npy m ->oo, TO HPH HEKOTOPHIX
YCJAOBUSX MOMHO TIOJNYYHTh TOYHOE DEIIEHHE, eClH e MPeAeAbHOro Inepexosa
He OCYINECTBAATb, TO 3THM METOZOM OyIeT MOJYyYeHO NpHOAHKEHHOE pelleHue U
NpUTOM, BOOGLIE roBOPA, 3HAUHTEJLHO 6oJee TOYHOE, 4eM NPH (PHMEHEHHH Me-
1042 PyTna ¢ TeMH e KOOPAMHATHHIMM DYHKIHIMY H C TeM XKe YHCIOM YAEeHOB M.

Boubiuas TOYHOCTH 3TOTO METOZA BHI3BAHA TEM, UTO Kaacc QYHKLHH 2, =

m

a= 2 ap (x;) Wexy, X ..., X;) C NEpeMEHHBIME Op (X;) SHAYHTEALHO [MHPE
k=1

knacca QyHxuui

m
-
Zm = Z (Zka (X1, Xar veu, Xn)
k=1
|IpH TOCTOSIHHBIX O M, CJAEAOBATENbHO, cpean dyHkuu# Bula
m

Al .
Zm= X () We(x, Xo oo Xp)
k=1

MOKHO TOA06paTh yHKUMH, JAyulIe aNNPOKCHMUPYIONIME PEUICHUE BAPHALMOHHOH
m

3ajaum, yeMm cpeid GyHKuMHA Buaa 2 Wy (X1, Xg, ..., Xp), TAE ap TOCTOSHHBL
k=1
{lyctb, Hampumep. Tpebyerca HCCACAOBATH Ha 3KcTpeMyM QYHKIMOHAA
£ G2(X)
0z 0Oz

. U= Flx, 9,20 =—, ——)dxdy.
[ [ ( Y E ok Oy) Y
Xo @ (%)

PACUPOCTPAHEHHBIH HA 06aacTb D, OTPAHHUYEHHYIO KPHBLIMH Y == @, (X), ¥ = @2 (X)
q4 ABYMs NPAMBIMH X = X, B x = x; (puc. 10.4). Ha rpanune obnactu D 3ajgaumt
aHaueHus ¢yukunm 2 (x, y). BoibupaeM nocieioBaTeAbHOCTs KOOPAHHATHBIX
Dpynrnu:

Wi(x, y) Wolx, ), oo Wolx, y) ...

OrpasHuuuBasch I0Ka /m OEepPBHIMA (PYHKUHMAMH 3TOH MOCHSNOBATEABHOCTH, Mbl
6yleM HCKaTh pelleHNe BapHalMOHHOH 3alauu B BHIE CYMMH Qyuxkumi z, =
m

= Z ap (x) Wy (x, y) niam, MeHss o6o3HadeHHa op (X) HA up (X), NOJAYUHM:
k=

2m (X Y)=u (%) Wi (%, y) e (x) Wa(x, y)+ e + b (X) Wiy (%, Y)c
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rae Wj — BoibpaHHbie HaMu QYHKIHY, A up — HEM3BECTHblE QYHKIUH, KOTOPBIE
MBI OnmpefelseM TaK, YTOOH (QYHKLHOHAA U LOCTUTaN aKCTpemyMa Hmeem

Xy ¢ (¥}
0
Xo @1 (x)

Tax xak noawlHTErpaibHas QGYHKUUA ABASETCA WBBECTHOH (QyHKuMeH y, TO wuHTe-
rpanus no y MOXeT OnTh BhHINOAHEHA, W GyukuuoHan v [z, (x. y)] 6yner ¢ynk-

HOHAJOM BHJAA
X1

vlem (2 9] = f A A O N 23

dynkmun g (X), Uy(x), ..., uy (x) BHOHpAlOTCE Tak, 4706 (dyHKOHOHAN

D

—
o~

~.___/
Y=z

g Zy Z;

Puc. 10.4.

v [z (x, y)] mocturan akcrpemyma. CaeloBaTeabHO, ; () AOMKHE YOBAETBO-
PATh CHCTEME ypaBHEHUH JHJepa:

d

Py, —E}'wu; =0,
d

(Pug—z}—cpué—o)
d

(Pum ax? ;n~0'

TTpou3BONbHEE MOCTOSHHBIE BHIGUPAIOTCS TaK, YTOGB 2, (X, ¥) YAOBJAETBOPsIA
Ha MPAMBIX X == X, H X == X, 3aJaHHBIM TPAHHUHBIM YCJIOBUSIM.
[Tpumep 1. UccnemoBars Ha 3xcTpeMyM (yHKUHOHaA

v[z(x y)]~ / / %f,—) - 22] dxdy,
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MpH4YeM Ha rpanuine o6aacTv uHTerpupoBaHus z = 0. OGIACTBIO HHTErPUPOBaHUS
ABJAAETCA NPAMOYrOAbHHK —a L x<La; — by < b Pemenue vmeM B Buje
2y = (5 — y?)u (x), upy 3TOM FpaHUUHBlE YCJIOBHA Ha MPAMBIX y = * b Oyayr
YAOBAETBOPEHBL. (PYHKIHOHAN

a

vz]= f[iﬁ_ bau’?+ ——g«bsu] dx.
-a
YpaBuedne Jinepa aaa a10ro yHKIHOHAAA
P . I )
2p? 452

ABAsieTCd JuHeHHBIM ypaBHEHHEM C IOCTOSAHHBIMUM KO3dduumuentamu, obuee pe-
IIEHHEe KOTOPOTO HMeeT BHA

= C,ch —|—Cosh]/-2 b-—}—z

Mocroauunie C; u C, onpefieasioTcst U3 rPaHUUHBIX YCIOBHH 2 (— a) = 2 (a) =0
1 .
otkypa Cy =0, C, = — —————~———— 1 OKOHYATEJLHO MOJYyUaeM:

5 a
2ch 5 5

B x
ch ‘/—- -
2 b
Cle0BaTENbHO,
1 b? 2
z21=5 (B~ y%) 1 —
Ecau Heo6xoauMO MOAYYHTD 60J1ee TOYHBIH OTBET, TO MOXHO HCKaTh pEUIeHHe

B BHJE
zy= (0" — ¥ uy (%) + (82 — ¥*) u ().

Mpumep 2. Halith HenpepbiBHOE pellleHHe YpaBHeHUs A2 =—1 g 06-
aactH D, ABIAIOMENCH PABHOCTOPOHHHM TPEYTOJbHHKOM, OIPAHUYEHHBIM TIPSAMBIMU
Y

061aCTH.
YpaBnenne Az = — 1 aBasercs ypasHeHueMm OCTPOrpajckoro Aas (QyHKLIHO-
HaJa
Vs
6 3 *
0z \? 0z \?
v = — — J—
[#] [ './ [(M) +(0y) 23] dxdy,
0 £3
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npUueM ‘HAa TpaHKNe o6aacTd mHTerpupoBanms z = (. Cuexya mertony Kauropo-
BHua, 6yleM HCKaTh mepBoe NpuOJHKEHHE B Bule

2= [yz —_ (}%3?_ x)zJ u (x).

MMpu rTakoM BHOOpe z; PAHHUHBIE YCAOBHA HAa MAPAMBIX y = = 3 * yosier-

BOPHIOTCA. ‘
dynkuuonan v [z;] nOCAE BHIIOJHEHHS UHTErPUPOBAHUS 1[I0 y NPUHAMAET BUA

b

re

vz = 8_:(752 / (2x50"% 4 10x%un’ + 30x%u2 + 15x%) dx.
0

. " 15
YpasHenuem Siftmepa Aas sToro QyHKUMOHAAA Gyner x%”—{-qu’—Su:T,
Jluneiiipie ypaBHenus Taxoro THNA B TEODHM In(depennnanbHBIX YpasHenni ua-
3nBalOTCA ypaBHeHuamu Jfinepa (crp. 110).

OxHO wuacTHoe pelleHHE 3TOrO HEOZHOPOJZHOrO YDAaBHEHHS OUEBHMAHO. & =

=—7 Pemiense COOTBETCTBYIOIErO OJHOPOJHOTO YpAaBHEHHs HINEM B BHfE
- 3
1= x* u oxonuatesbHo moayuaeMm u& = C,x-4 Cox 5~—-Z. Tax xax oxoao

ly TOukH x+=0 pelleHHe 4 JOMKHO ObITh
A orpanuueno, 10 C, caepyer BmGpaTh pas-
HHIM HymO, a u3 ycaoBus u(b)=0 noay-

y? % qaeM C,=——§—. Hrax,

4
Sos amod(-3) b

3ameuanue. Jas OpuOIHMEHHOrO pe-
SN IWIeHHST KPaeBHIX 3ajja¥ YacTO NpUMEHSEeTC
¥ eule OAMH MPAMOH He BApHALMOHHBIH METOR —
L meroq B. I'. Tanepkuna. Jdror merox oco-
Puc. 10.5. 6erHo ynoGeH 1pM pelleHuH JHHEHHBIX Kpae-
BhIX 3alayY, HO MOXeT ObiThb NPUMEHEH M KO
MHOTMM HeauHelinbiM 3aiauam. Had onpege-
JACHHOCTH HM3J0KUM Memod [anepxura B NPUMEHEHMH K OCOOEHHO 4acTo BCTpe-
9a0MUMCa B TIPHIOHEHUSX JHHeHHbIM YPaBHEHHAM BTOPOTC NOpAAKa

Y +p(x)y +g(x)y=f(x) T(10d)
¢ OAHOPOAHBLIMH TPAHHUHBIME ycaoBuaMu y (xo) =0, y (x;) =0 (HeomHopOAHBIE
TPaHHYHBIE YCAOBHA Y (Xp) = Yo, ¥ (x;) = y, 3aMeHOH NepeMeHHbIX

Y1—Yo .
X — %y ‘(x Xo)

z=Yy—Yo—

JICFKO CBOJATCH K OAHOPO,U,HHM).
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Ypapuenue (10.1) kpaTko sanumeM B Buje
L(y) =f(x).
Boibepem mosHyo Ha OTpeske [Xp, X;] CHCTEMY HeNpepuIBHHIX AMHEHHO He-
3aBHCUMBIX (DYHKIHUH
w, (X), Wy (x), ..., Wuix), ..., (10.2)
yIOBAETBOPAWINUX I'PAHHUHBIM YCAOBHAM Wp, (X)) = w, (%) =0 (n=1, 2, ...).

[TpubamKeHHOe pemieHHe KpaeBOH 3anauu OyineM WCKAaTb B BUAe JuHEHHOH KoM-
6uHamyu 1epBuIX 1 GyHkuuH cucremsl (10.2):

n
Vo= 2 %w; (x).

=

TIOJLCTaBnﬂeM ¥, B ypasueune (10.1) u BaGupaen koadpdunuentuia; (i = 1,2, ..., n),

tak uTo6B dyukIHa _
n \
L (2} 0w, (x)) — 7 (%)

i=1

61bisla OPTOrOHAJbHA HA OTPE3KE [ X, X | KAXKIOH U3 QyHkimi w; (x) (= 1,2,..., n)

£ n
f{L Noww ) |~f )| winar=0 (=12 ..., (103

X, L i=1

EcTecTBEHHO OXUIATH, YTO ¥, CTPECMHUTCH NPH 7 > 00 K TOYHOMY pPCLISHHIO

§=2 w; (x),

TaK Kax, €CAH TNOAYYeHHBIHi pAA CXOAMTCH W HONYCKAeT JBYKPAaTHOE MOUIEHHOE
mipdepesuuposanue, T0 dyuxmus L (y) — f (x) oprorosanba Ha otpeske [xg, X,]
kaxaof ¢ynxumn w; (x) cucremsl (10.2), a rtak kak cucrema (10.2) noana,
TO L(y)——f(x)——O a 3T0 O3HAYAeT, 4TO y SIBJAETCH pELIeHHeM ypaBHe-
wus (10.1). Quesuzno, y yJ.lOBJlETBOpS{eT ¥ PPAHKYHBIM YCAOBHAM ¥ (Xg) = ¥ (%) == 0
(TaK KaK BCe w; (Xp) = w; (X)) =

Onpépenuts BCe 0y H3 JIPIHCHHOH O OTHOMIEHHIO K HHM CHCTEMBI (10.3) un
COBEpIUNTh TNpejefbHbIl Mepexof HpH 71 —> 0o YAAeTCd BeCbMa pelKo, [O3TOMY
OGBIYHO OrPaHUYHBAIOTCH JHIIb KOHEUHBIM H UPUTOM  BechMa He60JbmuM
uypcaoM n (n=2, 3, 4, 5, a unoraa maxe n = 1).

TIpu 9TOM, KOHeuHO, HaRXO BHIGPaTh JHIIL £ QYHKIMA w; (x), HOSTOMY ycJo-
BHE MOJHOTH OTHAZAET W MX HalO BbLIGHPATH JAHIIbL JHHEHHO HEe3ABHCHMBIMHU #
YAOBJAETBOPAIOLUIMME I'PDaHHYHBLIM YCIOBHAM

w; (x0) = w; (%) = 0.

YacTo B KauecTBe TAKHX TaK HA3HIBAEMBIX _KOODJUHATHBIX ¢byuknuii  Gepyr
MHOTOU/IEHBI!

(x — xp) (x — x1), (¥ — x)* (x— x1), (x,—,xo)s(x——x,),
oy (X—Xg)" (x —x1), ... (10.3,
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(yRo6HO mpu 3TOM HAYaAO0 KOOPAMHAT MEpPeHecTH B TOUKY X, H Toraa B (10.3)
Xp==0) uau TpuronoMerpuueckne GyHKIHH

nm (x — xp)
X1 — %o

sin

3TOT MeTOA NpPHMEHHM K YpPaBHEHHAM JI000Or0 (OpPAAKA 7, & CHCTEMaM
ypaBHEHHH M K YPaBHCHHAM B Y3CTHBIX MPOU3BOAHDIX.

3apgauu K raase 10

1. Hafiru npubamxeHHOe pemeHHe ypaBHeHus Az = —1 BHYTpH KBaj-
pata —ax<Ka —agy< a obpaumaiomeecs B HyAb HAa TpPaHHIIE 3TOTO
KBajpara.

YgazaHne 3alaud CBOAMTICR K HCCASAOBAHHIO (4 3KCTPEMYM yHK-
L HOHAaAA

~ ~

ST+ () =

[pubanmkennoe pemeHne MOKHO HCKAThb B BUIE
2p =0 (x2 — a?) (y? — a?).

2. Hafitn npubankenHoe pemleHHe 3ajauM o0 axcrpemMyme HyHKIHOHAAA
1
oly ()= [ (59" 4 100xy? — D) dx; y ()= y (1) =0,
0

Yxasanne Pemenne MOXHO MCKAaTb B BHIE
YnX)=(x—D* (o +ux+ ... +a,x7
NPOBECTH BHIYUCAEHUS Opu nn = 1.
3. Hafity npubinaennoe pemrenne 3afaun O MHHUMYMe (yHKUMOHana
1
. 2 9
v[yuc)}=f(y =y —=2xy)dx; y(O)=y(1)=0,
0
M CPaBHHTb C TOUHBIM pEINEHHEM.
Ykazanue IlpuGaumenHoe pelleHHEe MOXKHO HCKaTh B BHAE
p= (= X)W+ a4 .. A ox)y

NpoBecTH BRIUMCAeHHE pu n=0 n n= L.
4. Halitw npubanmeHHoe penrenwe 3agaunm 06 sxcrpeMyMe (yHKUHOHANA
2 .
2 xt—1 2 9 vy ‘
viy(x)]= (xy ——Y —ny)dx; y)=y@) =0,
1

H CPAaBHHTb ¢ TOYHbIM DELICHHUECM.
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Vrkaszauune Pemenne MOKHO HCKATh B BHjC
=0 (x— 1) (x—2)

5. Hafitu meronmom Purna anGJmmeHHoe peureHue aanaun o MHUHHMYME
(yuKurHOHaNA

2
vly(x)] = f()"2+y2+ 2xy)dx; y(0)=y(@) =0,
0

¥ CPABHUTb C TOUHBIM pellIeHUEM.

Yxaszanue Cwum sapauy 3.

6. Haittu metomom PuTua npubmmxesnoe peunreHue AnQdepeHnHanbHOro
ypaBhenust y” 4 x2y = x; y (0)= y (1) = 0. Onpeleanrs y, (x) H ¥;(x) u cpas-
HUTb UX 3HayeHud B Toukax X =025 x=005u x=075.
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K raase 1

1. sinycos;c:c. 2 6x2+5xy+y2——9x——.3y=c. 3 x? 2y =2
4 y=—;—+éz—. 5. %-}—-{(——_—06. x:ce_m—f»%e”. 7.y =€ COs x - sin x.

8¢ —e'=c 9 x=ce —% (cos ¢ -+ sinf). 10. OasoponHoe ypaBHEHHE:

X

= Cy+1. = 2 x?2 = 2=——————-—-1 . = ~— t.'
X =yeé IlLy=cxuy X c. 12.y Gr ¥ o7 8. In]t|{=c—e
! x =sint,
14. MoxnO BBecTM mapameTp, Hoaaras y’ = cosf l + sIn 2t
[xr=p—r +2

15, y=cx %; ocoboe peuensie y? = 4x. 16. i 3 17. ¥Ypap-

P
—— 4 _ L
y=gpr—g+e

dx 3 [x=ip3~£p*+c
HEelye JMHEHHO OTHOCHTENBHO X U ——, x = Cy + yQ_ 18. 3 : '

P

dy’
\y=p' —p'—2
19. Tunepboapr x2 — y?=¢  20. QupdepennuaipHoe ypaBHEHHe MCKOMBIX KDH-
BHIX -Q‘v; =y’. Ome. y* = 2cx. 21, JuddepennnaibHOC YPaBHEHHE HCKOMBIX KpH-~

BHX y—xy =x. Oms y=cx—xln|x|. 22 x2- y2—2cy=0. OcobenHo
OpOCTO 3aJaya PeIlaeTcss B MOJAPHBHIX KOOPAHHATAaX. 23. Muddepennunaisroe

YPaBHEHHE 3a[jayu =k (I' —20). Oms. Yepesa 1 uac. 24. Juddepenunain-

dt
dv

HOe ypaBHEHME 3ajauu —E—_kv rie v -— ckopoctb. Oms. v = 0,466 xu/4ac.

25. Ecau noMecTuTh HayaJO KOODAKMHAT B 3aJaHHYK TOYKY H HamMpaBUTb OCb

acuMce [apaJIeJbHO TaHHOMY B YCJOBHAX 3ajayd HAUpapaeHwio, 10 xuddepen-

LualbHOE YPaBHEHHE KPUBHIX, BPAlLEHUEM KOTOPbIX 00pasyercss HCKOMas MOBEpX-

- SREYY) -
HOCTb, UMEeT Bup y' = __x__f#"i (waw dx —dp =0, rne p = x> 4 y7).

Oms. OceBoe ceueHHe HCKOMO#H nosepxx—xocm ONpE/IeNSCTCS  yPABHEHHEM
yr=2cx-c2, TOBEPXHOCTb ABAAETCS napaboNonIOM BpalEHHA. 26 y=2sin (x—¢).

27, IuddepennuansHoe ypapHeHHe HCKOMBX KDHBBIX y' = —2. Oms. T unep6o-
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abl xy=¢ 28, (x+y+ 1P =c(x—y-+3). 29 y——%}"f_’ﬁ_go $(0.5)

~0,13. 31, y (0,6) ~ 0,07. 32 y(0.02) & 1,984 y (0,04) ~ 1,970, y (0,06) ~ 1,955;
y(008)~1942 v (0,10) ~ 1,930; y (0,12) ~ 1,917 y (0,14) ~ 1,907; y((016))~1896
y (0,18) ~ 1.886; y(020)~1877 y(022) 1,869; y(024) 1,861} y (0.26) ~ 1.854:

y(0,28) ~ 1,849; y (0,30) ~ 1,841. 33. - 17_‘__3_’ uy=0.34. x-4ctg % =
=2px—p.
36. (x+y 4 1)°= ce® Y. 37, y—q’ywewc y= et Byt =dexte
x —
39, He umeer. 0. yi=-—5—; y1= + 15 4 PR 3 20
X
. - 2
41. y = 2x? — x. 42. He umeer. 43. x=ce’. 4. x2+—3%—=c2. 45, x =2t
. 2 .
6. x =12 41, y=—x-+1mn y:—‘i;——. 48, [leficTBUTEIBHOIO peLICHHS He

.,__xl

cymecTsyer. 49, 3x—4y -1 = ce® Y. 50, x = (4t - ¢) sint. 5Ly = ¢cx-}--
= — x2 52. ::—————- =0. 53, ¥ —¢= 2 (A—sin:
1 0c000e pemenue y = — x% 52. y x7+c’ y=10. 53 r—l= (2t —sin Zt),

a o
=3 (1 — cos 2f) — cemeficTBO uukaoHL. Ocofoe pemenue y=a. Y ka3sa-

#ue yio6HO BBECTH mapamerp f, nogaras y = ctgl 54. 3(x2+ y) -+ xy? =cx.
g \
- - co? 2 e y? — B — DY =
55. 1 == (y2+,\;)3.' 56. x=ce’. 57. x24-2xy —y?—06x—2y=c.
I1+cx+Inx
=cY T 6l Y3 LB —Bxy=c 62 y=c(i4+yD 63 yi=x-} %

88, y= uy=0 59 (x22—1)y—sinx=c. 60. 8y+44x-+5=

1) ‘ 2 p
64. y = ¢ (x -+ a)-+ ¢* n ocoboe peurenne y=—<—x%‘)—. 65. x=—§— t-{-t—az,

3 ¢
. {2 = =—x% 66, y = ———.
y-—QXt t ny 0,}’ 4}6 66 y 1+ cos x
K raagse 2
L y=523xsinx+10- 2 x=¢ cost—{—cgsint—}—Lcoth- tCSSt-
3 (y—C)P=C1x +Cs 4. y=2¢,cos x4 ¢;sinx-} c;z;c ____Qsiln;c'

1 i

5, y = ;X2 4 Cx® 4 . 6, y == ¢, sin ¢ cosx-+—=chx 7.y= ——— 1.
y 1x+2x+322t}’ t x+c —-}—2cx y Clx+02+
e 1 x 41
—pel b O y=—

3 4 G ol
2 2 2 ;22X -2x X,

10. ¢ x°4-1=¢] ((+¢y)" 1l y=ce™ F-cpe™ " +F¢5 c08 2x4-¢, sin 2x—-——+15e

12, y = c0s (x — ¢;)F-Cox 4¢3 13, y = cre¥+-coe—F 4-cox® f- ¢ x2 - csx 06 —
4x3

x4
24
4 x=e (¢ +el)+ e~ t(es+ef) + 1+ £ 15, y=1¢ (l —~ 7.3 +

Injl4-ex|+co

8 x =" (¢, +ct) +
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4248 (_1)"’ 4% x 4x
+3356 " " T 3356 (3k—~1)3k + - )‘“‘(X—ﬂ'*‘
4247 (— 1)k4k 3k+1 ‘
tare T v TITae T, 3k(3k+1)+ ) 16. y=

=/, Bx) e Bx). 17. y=x. 18, y= (5 x+l) .19, y=c¢,c0s x |
< — \
¢y sinx+ 1+ xcosx —sinxlin|sinx]|. 20.u=%+02. 21, Hudpdepen-

a € ypaBHEHHe 3ajaun ﬂ——k—unnvdv—f rie r a
IMaJbHOE YPaBH : = 77 = pr e r—opaccrosune
OT LieHTpa 3eMJu [0 Tela, U — CKOpPOCTb, £ = — 64002g. Oms. v = 11 rumjcex.

2 / 2
22, [JuddepenuuanpbHoe  ypaBHeHHE  ABMKEHHA Lflt); =—g-k (%) .

23. [duddepennuanspHoe YpaBHEHHE ABUXKEHHS

s_ & v & %
dﬁ‘ (s+1) Oms. t..]/_gln(6+]/35).

=1 -y
Oms. X--—é——lnCh 75

dais
—d-t?_:k(8+1) HJH

Lt
24. = —— 1n (94 J/50) 5, 51—, _F=ap q_,
Ve _ b b%g
26. x = Acos ‘/-gt. 27, x= acos /%t. 28. nddepennyanpHoe ypasue-
‘ (4 5),
HUE IBUWEHHS X + B X — Rox = 0, ky > 0. Oma. x =ce\ * L +
(__ﬁ_]/\__”z) (—1)*sin nt .
e X 29, 122 e 30. y? =
= (x2+x]/1+x2+ln|x+l/1+x2|)+02. 31.y=c2e‘1"’+cl,y=c__x.
32, x=c; cos 3t 4 ¢, sin 3t — TQ' 2 cos 3t -+ (—3% sindt. 33. y=e¢~* (cl ~+ cox —
1 —
—_——x -5
)—}— —e* 34 y=ce*+e <c2cos¥—x+casin—lfg—3-x)—|—%xe".
X 25X Qi
35. y = ¥ (¢; cos x + ¢, sin x) -+ xe Zosx -+ xe :mx .36 y=c (x—x%) |
+c2[ —6x2+3(x3—x)ln' x+; ” — é- 37. w=c¢ ln(x?+ y?) + ¢,.
38, u= ——f——————{— Cy. 39. IuddepennyaabHoe ypaBHEHHE ABHIKE-

Vatyta

2
ey . 2 —_t
Hus mx = mg — kx. Oms. x=”;—g — mk;g (l—e " ) 40. a) t — ¢ty ==
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X v
° dx ‘vdv, dv
. 0) t—1t, m | —,
/ x f('v) =) Fo
L. 9 2 . m
vt / fi(x)dx
£ \
.‘ 4
rle U= X 41, y =c¢; + Cox + c3x2 4 &* (04+csx+cﬁx2)—%——g—4.

42, x = (¢; + ¢yf) cos i 4 (¢34 ¢ f) sint——é—t? cost 43 y=c;cosln(l+ x)4

\' (2—n?) sin nt—2n cos nt

+c2sinm(1+x)+|n(1+x)smm(1+x).44.x=z o

n=1

45. x=g + E [— (n* — ag) oy — aynPy, cos nt - a i, —(n?—a,) ﬁn sin nt]

(n —ay ~{—a2n2 (n —a) +ar
rae o, 4, Pp— koshduuuenter Pypve dynxuun f (€). 146. x = conz +
i
+ -2“74(1 + 3 cos 24). 47, y = x4 coxe . 48. xty" 4 xy’ —y =0
Ve
—t 5 5 -t
49. x=e ’ (c, cos VTQH—CQ sin]%—2 )+ 2 (ca COS ~5— V t-fc, sin V—Q )+t3
50, x =24t 1 y= ;;itw 130 t5+—§— # +(cl+ ) £ 4 et + ¢y 51 x=
2 39—0[ cx?
=(¢, + ¢;t)e 3 CERRRY + B2, y =" B3. y =ce¥ 4o~ -

X — — x - —
+82 (03 cos V23 x4 ¢, sin 1/23 x) +‘e 2 (cs cos —VQ—B’—x-}—cﬁsinVT‘;x)Jr

2x 3
+ S Bh y=(0x € 08 k(e 6 Sinxof G o xS - Lo,

. i
55. y = (C;x + o)+ Cox ¢, 56,y = e””"‘(i — —5)-1-02- 57. y==¢; cosx 4
. R

, sin 2x sin 4x _ 1 e 1
+C251nx—T—“—30—' 58y—-"‘-}—_-_—2- 59.y~—c2€ +C—l

K ranase 3

l. x=sint, y=cost 2 x; =2¢ x,=29/ 3. x=c,e(‘1+Vﬁ) !

—|—02e("1 -V« -+ % el 4 5 e, y uaxoiuMM W3 TEpBOTO ypaBHEHHS! y = @l -
1 — —
-t
———g—;-c—Sx 4 x=ce e 2 (czcos V23 ,t+casin—'/2—3t); y # z onpe-
2
JedsioTca M3 ypasHeHwmil: dx i 5. x = e y = ¢,coe%,

Y= fTaE
6 x=1ccosttcysint 3 y=—c¢ sinfFcycost T y=Jy(x)+ ;Y (x)

z=x[e/y(x)F Y )] 8 x+yte=c, Pty tl=c 9 x=cpe 4
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+Cze—2t3 y'=c1et+cse”2’; z=c,e‘—(02+ca)q‘5 10. x=clt+&
,=—clt+-c—t"l. - W, x=1c¢;cost+¢ysinf—tcost—+sinfln}sintf; y onpe-
NensieTcsl M3 ypaBHEHUd ,y—-%;—c-—l 120 X2—y?=¢, y—x—1=20y

13. x=c,0' 4o tsing;, y=—ce et 14 x=¢' y=4e.
15. (1) =~ 0,047. 16.  x =% (c,cost 4 ¢ysind). y=e% (¢, sint— ¢, cos £).

17. x =26t d e, y=—cie" !+ ce™ " 18. x=e % (2, cost4

+2¢;sint), y=e"% [(¢c, —¢3) cOs {4 (¢, +¢y) sin €] 19 x=ciel 4oy =
=(t+c)ef—t—1—cy z=y—ce. 20 x4ytz=1c. xyz=c,

¢ Zt

c e’ -+ cye

21, 4y 4 =c, xyz=c, 22 X=|' +o
1 2 ¢ —t
c e’ - 3cye
K rnase 4

1. Touxa nokos acumnroTHueckd ycroHuusa. 2. Touka mokosa Heycroiiuusa.
1 o o
3. Ilpy a< — 7 TOUK3 NOKOS ACHMUTOTHUIECKH yCTOMUBA, NIPH o = — = yCTOf-

1 .
unBa, K 0 > — - HEYCTOHHYMBA. 4, Mpy @ <{0 TouKa NOKOS ACHMITOTHUECKH

yCTontua npu o >0 neycro#uusa. 5. [lpn 1 <£<2 x(¢, W) —=>V4—2F; upu

2<E<3x(t W) >— Vo—e mput > 3 x (¢, 1) > 0. 6. x (¢, ) > oo 7. Touxa
noxosa HeyctoHuuBa. 8. Touka nokos ycroiiuusa. 9. Touka mokos HeycTofunsa.
10. Touka noxos ycrofiunsa. 11. Ceano. 12, Tlepuonnueckoe pelreHve x =

=%sin t_% cos f acuMnroTHUeckn ycroiuuse. 13. Bce peurenus, B TOM uncie
U MepHOJHUecKHe, aCHMATOTHUECKH ycToiuuBhl. 14. Touka noxos Heycrtoiumsa.
Pynxuns v = x* — y* yIOBAECTBOPSET YCJOBHAM TEOPEMHI Yetaera. 15. Bce pewse-
HHa Heycrtofiuuenl. 16, Pemcnne x =0 neycrefiuuso. 17. [lpn | < @ < 2 pewe-
nue x =0 acummrotuueckn ycto#uuso.- [Ipn a=1 4 npu a = 2 pemenne x =0
ycrofiuuso. Ilpy o > 2 u npy a < 1 pemenue x==0 ueycrodiuupo. 18. Pemenne
x==0, y==0 ycToHuMBO 0pH NOCTOSAHHO AeHCTByIOUMX BO3MYIleHUAX. PyHKuus
v == 4x? - 3y? ynoBieTBOpAET YCAOBHAM Teopemnl MankaHa. 19, Pemeune
X (£) =0 neycrofiuupo. 20. Bce pemenns yCroRUKBH, HO ACHMIOTOTHYECKOH YCTOM-
qyBocTy HeT. 21, Bce peureHus ycToHYuMBB, HG aCUMNTOTHYECKOH YCTOHYMBOCTH
cost—sint
2
yerofiuneoctr 0 a1, obaacth acummroTnueckofi ycroidumsoctn 0 <a <1
24. O6aactb YCTOPI‘IP[BOCTH @ > 5, 06JaCTb ACUMNTOTHYECKOH ¥CTOHYMBOCTH O > 5.

 uer. 22, [lepuoanueckoe pemrenue x = ueyctotunBo. 23. O6aacts

K raase 5

y
1. z-—(D(x-{-y) 2. z—e“’CD(x——y) 3, z——ex(l)(x) 4, (D z ye )
(D(x)’) _ _ —_ — (2
=54+— 6u=0x—y, R). T.u= x*@ rl x3
-2

=40, (NF 0 (y). 9. z=(2Fy—1)2 10.z=ye v Il z=3x 12.2=

N
i

o 2x\h y 2 42 2 2 2 i 2
=(y--?) D13 0@ —y) =0 14 O — i xt— y) =0,
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15. He wunterpupyercs. 16, 2xy 4 y* 4 6x22 =c 17 2= ax® -+ g};—s “+ b (BO3-
a

MOXCHBI H apyrue oTBerhbl). 18 2=ax -} by 4-a%6® (Boamomuu u Ipyrue or-
- (a’x+y) .

BeTH). 19. 2= be (BO3MOXHEL 1 Apyrue oTBeTH). 20. 2 = x sina 4 ay - &

(Bosmgmum U apyrue oteethi). 21. x2y — 3xyz = ¢. 22, Takoro cemelcTRa NOBEpX-

Hoctedt Her, Tak Kak ycaosne (F-rotF)=0 ue sumoaneno. 23. Ypamuenue

- BEKTOPHBIX  /MiHUH % =(,. XxZ==(, YpaBHeHue BEKTOPHbIX I10BEPXHOCTEH
1 y o
2 = ; o —; . ypaBHEHl/le NOBEPXHOCTEH, OPTOTOHAMbLHBIX K BEKTOPDHBIM JUHHAM

x4y —2f=¢ 24 z2=xy+ 1. 25. z2=23xy. 26, 2 =24 y2

K razse 6

1. DkcTpeMansMu ABAAIOTCH OKpYRHOCTH (x — C)2+ y° = Cg. 2. Hurerpaa

He 3aBHCMT OT NyTH MHTerpupoBaHus. BapuanuonHas 3afaua AuIIEHAa cMbICJa.

3. B kJaacce HempepHBHEX QYHKIMH BKCTPEMYM He AocTHraercs. 4. JKCTpeManamu
2

ABAKIOTCH TUIEPOOaD ¥y = -x—’ +Cy 5. y=C, sin(4x— Cy). 6 y=— % +

+Clx+c2. 7. y=Sh (Clx+ CQ). 8. y=C|8'x+ Cye-x“{-ésin x. 9. y =

7 '
= C,e?** + Cre~2* 4 C,cos 2x + C, sin 2x. 10 y=%+ Co55 4 Cox* 4 Cyx® -
A C a2+ Cox+Cq 1Ly = (Crx+ Cy)cos x+ (Cyx + C,)sin x, 2 =2y 4+ y”, o1-

z enemeren. 12, £2 P2 _ o 3 _2_1_'__|_Q_u o%u
KyAa NErKO  Ompej o 12 55— g ="0 g dy2+(g=

—f(x y. 2. 14 y=Cx+Cy 15 y=%xe"'+Cle’”—{"—CQe"*. 6. y=

=~-XC;SX+C, cos x4+ Cysinx. 17 y=C chx+Cyshx+xshx—

—ch:wxinch x. 18.y=Clx+%+%xln|xl. 19. y = (Cy 4+ Cyx) cos x 4

9 o X 3
+(Cs+ C,x)sin x——i——zﬂli. 2. y=Ce* 4 Coe=* 42 (Cacos—lfg—3 X+

— X N
+ C, sin KQ:—}'x)—{l-e 2 <C5 COSV-—2—3x+ Cssin—2—3 x)—i—x".

K raaBe 7

Ly=—xmpn0g<x{y=x—2mpul <xL4uy=xmpu 0 x <3
y=—x-+6 npu 3 < x4 Ha roit n 1pyro# aomauno#l ¢ysxuuoHas AoCTuraer
abcomoTHoro munmmyma. 2. He cymecrtByer. 3. JlomaHbie, mpoxoasiue vepes
3a/laHHBle TPAHWYHBIE TOYKH, COCTABJACHHbIE M3 NPAMONMHEHHBIX OTPE3KOB C yrio-

’ /
BuMY KO3ddunpentamu V' 3 n — V3 4 li—Fy_’{ﬁ’— =1, T e sxcTpemMaau [0J-
KHBI MepecekaTh KPUBYW ¥, = ¢ (x;), MO KOTOPOH CKOJb3MT rpaHuyHas TOUKa,
e x5 ‘
Z B y=—-—t = (x2—x% 6. y==x—x mpu 0L XL+
moa yraow . 5.y =55 + o ( y Gy=xgxapnlSrsy
16 34 3

e 34
y==£V9=(x—=5y npu 5 <¥<Fiy= F g (x—10) npu —5—<x<10,
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T. €. KpHBas COCTOMT 43 OTpEsKa NMPAMOI, Kacalomedcs OKpYWHOCTH, IYTH OKpYK-
HOCTH ¥ CHOBA OTpe3Ka KacaTeJbHOH K OKpyxHOCTH. 7. y==0. 8. Hyru oxpyx-

HoctH y = + )/ 8x— x2.

K raaBe 8

4
1. Mpy y == —-%4—-1 goctHraeTcs cuAbHbiE MuHuMyM. 2. flpu y =0 gocru-

o 1Y s
racTcHd CHJAbHBIH MHHUMYM, €CJH O<a< z— , €CJAY Ke a > T, TO MUHUMYMa HET.

, ‘ 4
3. JKCTpeMYM Ha HEIpepbIBHBIX KpuBHIX He gocruraerca. 4. [lpu y =7—-7 -

cunbnpiit MunumyM. 5. flpu y = 1 — cuabuniit Munumys. 6. [lpn y = sin2x — 1
nocturaeTcs cuibHbill MakcuMyM. 7. Tlpu y = x% gocTuraeTcsl CHABHBIE MHHHMYM.

8. [pu y =%e“ KOCTHraeTcs CuapHplfl mMubnumyM. 9. [Ipr y = sin 2x pocru-

)’1

raetcst cuapubiii Makcumym 10. Ha opsimo#t y=: X AOCTHMraeTcs cAaCHl Munu-

N

Mym. 11. Ha npamoii y = x nocruraerca caaébm maaumym. 12, Tlpn y = x*

Xy
Aocruraercss  caabbli Mnmmym 13. Mlpy y =x3—1 gocTHraercd CUIbLHLIA

sh x
makcumym. 14. [lpu y = %) +x LOCTUraeTcs CHAbHMIA MHHAMYM.

K raaBe 9

1. y= £ 2sinnnx, rge n—uenoe wicio. 2, ¢=C, -+ Cyz; r=R. 3. y =
=Ax2+ Cix+ Cy. tue Cy, Cy u A onpenenmo*rca 3 TPAHUUHBIX YCROBHH 1 M3

HM30MEPUMETPHUYECKOr0  yCJIOBHS. 4, (p () Y)Y+ [Ar(x)—qg(0)) y =0

y(0)=0; y(x,)=0. TpusuaabHoe pemeHne y=0 He yloBJeTBOpAET H30ONEpH-
METPMYECKOMY YCJOBHIO, a HETDHBHAJbHble pelICHUs, KaK H3BECTHO, CYLIECTBYIOT
JMIIb NPR HEKOTODHIX 3HAYEHHAX A, Ha3blBACMBIX COOCTBEHHBIMH 3HAYCHUAMH.
CienoBatenpHO, A AOMKHO OBITh cOGCTBeHHbIM 3HaueHueM. OjHa TPOH3BOJbLHASI
nocTofAHHAA O6LIEro peleHust ypaBHeHus Jfizepa onpefenseTcs H3  yCJOBUA

y (0) = 0, apyras — 13 W30MePUMETPHUECKOTO YCAOBHS, 5, y = — —52-x2+%x; 2= X.
. K raase 10
1 2, = 1(;5a2 (x? —a?) (y? — b?). Ecam ueobxomima G6OablTas TOUHOCTH, TO
pelleHHe MOXHO HCKAaTh B BHIAE &y == (x? — a?)(y?— b?) [ao + a; (22 + ¥9)]
sin x

2y, =(x—1)2(0,124 4-0,218x). 3. Toutoe pelienHne y = sni T F 4, Peme-

Hve YypaBHeHus Jiinepa y == 3,6072J, (x)+0, 75195)’1 (x)—x, roe J;, u Y, —
X
h 2
Hue B Buae: yp= x(x—l)(a; 4 0px), yz==x(x—1)(a; 4 dyx -} azx?), TO
y2= x (x — 1) (0,1708 -}- 0, 17436x) y3 = x (x — 1)(0,1705 4 0, 1760x -—0,0018x2).
B 3ajaHHBIX TOUKaxX 3HAUEHHA ¥, H y, ¢ TounOCThIO A0 0,0001 cosnagaioT.

dyuxuuy Becceasa. 5. Tounoe pemenne y = —x. 6 Ecan uckath peme-
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