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OT PENJAKTOPA INEPEBOJA

Xors mmst Jlakoma Takaua XOpoIllO H3BECTHO COBETCKOMY uHTa-
TeJIO MO MHOFOUHMCJIEHHBIM paboTaM, MOCBALIEHHBIM TeOPHH MAacCOBOTO
o6cayKUBaAHUsI, TO — lepBas ero MoHorpadus, nosBafomMancs B pyc-
CKOM mepeBojie. B Hefl pasBUTH MeTO/bl, IO3BOJAIIIAE [10Jy4aTh
3G PeKTHBHblE pelieHHs 3aay TEOPUH CJIyYaiHBIX OJIyXKAaHHM, TeOPUH
MaccoBOro o6C/NyKHBAHUS, MATEMATHUECKOH CTATUCTHKH H T. I

CyTh STHX MeTOJOB, H3JOXKEHHBIX BO BTODOH M TPeTbeH riaBax
KHHTH, COCTOMT B cJjeiywooueM. MayuaeTcs moc/eJOBATeNbHOCTD mepe-
CTABJEMBIX CJYUYAHHHLIX BeJHYHH, T. €. BEJHYHH, COBMECTHOe pacmpe-
IeJeHHe KOTOPHX He MeHsieTcsl IPH JI0GOR HX TepecraHoBke. Takyio
[10CJIeIOBATEJbHOCTE MOXHO HHTEPIPETHPOBATH KaK NOCAEA0BATE/b-
HOCTb CJy4YaHHBIX BeJHUYHH, 3aBHCSLIMX OT OJHOrO H TOro XKe CJy-
yajinoro napamerpa. Ecau npuaate sToMy napaMerpy $GHKCHpPOBaHHOE
3HAUYEHHe, TO YCJIOBHbIE BEJHUMHE OyIyT He3aBHCHMbl H OJHHAKOBO
pacmpenesensl. Takum 00pasoM, NepecTaBJ/sgeMble BEJAYHHBL MOXKHO
paccMarpiUBaTh Kak mnpsMoe 000OileHHe IIOCJIEN0BATENbHOCTH He3a-
BHCHMBIX H OJHHAKOBO paclpeje/IeHHHX BeJHYHH. ABTOp HAXOIHT.
pacrpesesieHus psifa CJAyYafHbIX BeJNHUHMH, CBA3AHHBIX C 3TOil moCJe-
JOBATeJbHOCTbIO, a 3aTeM, I[epexois K HelNpepblBHOMY BpEMeEHH,
H3yuaeT IepecTaBJsfeMble CJAydYalHble MPOLECCH H CTPOHT aHAJOTHY-
HYIO TeOopHIO.

B nocJjefylomuXx rJaBax BBEISICHAETCS, UYTO MHOTHe CJydyaiHble
noc/IeN0BaTebHOCTH H CJAy4YailHble MpPOIeCcCHl, eCTeCTBEHHbHIM 06pas3om
BO3HMKaAlOILHE B TEOPHH MAcCcoBOro 06CAYKHBaHUS, CTATHCTHKE U Py~

‘I'HX TIPHJIOXKEHHSX TEOPHH BEePOATHOCTEH, OKA3EBIBAIOTCS IepecTaBJse-
MBIMH, YTO IIO3BOJISieT IPHMEHHTb DA3BHTYIO BbIllle TEOPHIO K pelle-
HHIO psiia 3azad. ’ x

Kuura HamucaHa JOBOJBHO CXKAaTo, A0OKA3aTesNbCTBAa M BBIBOIH
B Hell MpelesbHO JIAKOHHYHBI, YTO HECKOJIbKO 3aTPYAHAET 4YTEHHE.
Ot umratens Tpebyercs He TOJbKO 3HAHHe OCHOB TeOPHH BEpOAT-
HOocTel, HO H BO0OOIe AOCTATOUHO BLICOKASI MAaTEeMaTHUeCKas KyJb-
Typa. st MeHee INOATOTOBJIEHHOTO YHTATeJs, HHTEPECYIOILEerocs
TIPUJIOXKEHUSIMH TEODHH BEPOATHOCTEH, KHHIa MOXKET CJAYXKHTb HelJo-
XHM CINpPaBOUYHHKOM.

Ham kaxercsi, 4TO YHTAaTeJIO, KOTOPLIH, He NOKajaeB BPeMeHH H
yeuanii, pasbepercs B COAEPKAHHU ITOH KHUI'H, OHA NPHHECET 60J1b-
Iy TI0Jb3Y.

A. 1. Corosoes



IIPEJHC/IOBHE

B Teopun BepOATHOCTelH ecTh MHOI'O 3a7au, AJs pellieHHs KOTOPHIX
TpeGyeTcd HAXOJHThb paclpefelieHHE MAaKCHMyMa CJyYaHHBIX BeJH-
4MH WJIH paclpelleleHHe BepXHell rpaHW 3HaueHu# cuayuadHoro mpo-
necca. ITomo6GHple 3amaun YacTo BO3HHKAIOT B TEOPHH ouepened,
BOJOXPAHHJIHII, 3aMacoB, CTPAXOBOM JeJte, QU3NKe, TeXHUKE, B TeO-
pHH TOPAJKOBBEIX CTATHCTHK, a3apPTHBIX HTp, CAYUaBHBIX OJYXKIAHHH
u T. 4. B sr0fi KkHure OyleT mOKa3aHO, UTO JIg HIMPOKOro KJjAacca
CcayyaHHBIX BeJHYHH M HIMPOKOro KJacca CJy4alHBIX HpPOIEcCOoB
pesy/abTaTel B SABHOM BHJE MOXKHO MOJYYHTb HPOCTO H 3JeMeHTap-
HHIMH METOJlAMH, €CJH HCHOJb30BaTh 0600lIeHHe KJacCHUeCKoM
TeopeMbl 0 06aJJOTHPOBKE. IDTa TeopeMa, oTHocsmasca kK 1887 r.,
c¢BA3zaHa ¢ uMeHeM Deprparna. HHTepecHo oTMeTHTh, OAHAKO, YTO
TeopeMa bBeprpama skBuBasneHTHa Goslee paHHEMY pe3yJbTATy B TeO-
‘PHH  a3apTHHIX Wrp, moJyueHHoMy Myaspom B 1708 r.

B sTofi KRHHre MBI JOKaXKeM CHauyaja psj OGIIHX TEeOpeM o pac-
BPENENCHHAX MAKCHMYyMa CJYYaHHBIX BeJHUHH M BePXHeH TPAHH 3HA-
wenH# cayuaiifioro mponecca. 3aTeM JDaJMM MHOTO NDHMEPOB NpHMe-
MEANA STHX: O0IMX T€opeM. Byjer oXBaueH [OBONLHO LIMPOKHE KpYT
uX TWPHMEHEHHH, BKJIOUAs BHIUEYMOMsHYTHe obiactu. B KHure mpu-
BelleHbl 8ajaud JJIS pelleHHsi, GOJIbLHIHHCTBO KOTOPHIX SIBJAIOTCS He
NMPOCTO YNPaXKHEHHSAMH, a PACIIHPAIOT H JONOJHSIOT TEOPETHUECKU I
MaTepHaJ. .

Knnra pasnenena Ha Boceéms raiaB. B konue Kaxjoi raassr Jnaetcst
JINTEpaTypa, BK/IIOYAIOWAS KAK CTATbH M KHUTH, YIOMSHYTHe B AaH-
HOH IyaBe, Tak M JPyrue paGOTH, OTHOCAUIMECH K TEMATHKE 3TO
raasbl. 'aBel paspensiioress ma naparpagsl; HyMmepanus ¢opMya H
TeOpeM B KaxjoMm uaparpade csos. Ecau cewliiika nenaetcs ma dop-
MyJy HJIH TeopeMy Apyroro maparpacda, To 3TO YKa3EBAETCH 0co6o.

Marepnan naHHOH KHHIH OCHOBBIBACTCS TOJBKO HA DJEMEHTAX
TEOPHH BEPOATHOCTEH W TEOPHH CJyYafHBEIX NpoleccoB. Bo/bIIHHCTBO
UPEICTABJICHHBIX 3/1eCh pPe3yJbTAaToOB IIOJYyYeHO ABTOPOM B TeueHHe

MOCJHENHNX 10eCTH JeT, HEKOTODhle H3 HHX OnyGJHKOBAHE B psijie
craTen. ) ‘

[Tamo- AvbTo Jaidow Takxay



I'masal
TEOPEMbI O BAJNJIOTHPOBKE

§ 1. BBEAEHHE

.B Teopuu BepoOATHOCTEHf YACTO BO3HHKAET 3a1auya HAXOXIAEHHH
pacnpefeseHHH MaKCHMyMma CJy4yadHBIX BeJHUHH W BepXHeH rpaHu
3HAUeHHH cJayuaidHoro npouecca. llenp HacTosfulel KHHTH COCTOHT
B TOM, uTOOBI IIOKasaTb, 4TO M/ IMIHPOKOrO KJacca CJAyyYalhHBIX
BEJHUYMH U LIHPOKOro KJacca CJAyUYaHHBIX IIpOLeCCOB TakHe 3aJavd
MOMKHO peLINTh 3JeMEHTAPHHIMH MeTOXAaMH Ha OCHOBE CJEIYIOUIEero
06001L1IeHNA KJIACCHUECKOH TeopeMbl O 06aJIOTHPOBKE.

Teopema L. [Tycre ¢ (u) — Heybuigarowan Gynxyus npu 0 <Lu <t
daa roropoii ¢ (u)=0 nouru ecody u ©(0)=0. [Mycre ¢(t+u) =
=)+ o(u) 0a2 0 <Cu <<t Onpedeaum Ha orpeske O u <t Ppyuk-
yuto 6(u), nosomus ee pasrou 1, ecau @(v)—oqu)<<v—u 0dan
usLvscu+t, u pasnoii 0 8 nporusnom cayuae. Toeda

t
[owdu=t-o), -
ecaw @ (H<t). ’

Ecau ¢ (4) — HeyGrBatomaa crynenuaras GyHkuus npun 0 <{u <f,
To @ (1) HMeeT KOHeYHOe MJIH CUETHOE YHCJO CKaukoB, ¢ (4) =0 mouytn
BCIOZY, U MO3TOMY TeopeMma | mpumenuma. Ecam ¢(u), 0<Cu <t, —
HeyGBIBAIOINAs HellpepblBHAS CHHTYJsipHast QyHKuus, T0 ¢ (1)=0 noutn
BCIOTY, H K TakuM (GyHRnusM Teopema | Ttakxe nmpumenuma. Ilpu-
MEpOM MOKET CJYKHUThb JeGeroBa CHHryJspHass OyHkuus (XbOHTT K
Crpom6Gepr [21, crp. 113]). Jlpyroii mpumep AJs chayuas CTPOro BO3-
pacraioueii cunryaspuod ¢yekuuu gaH Cekedanpsu-Hazem [32,
crp. 198—200].

Crenylomasi TeopeMa fBJAETCS HHTEPECHBIM YacTHBHIM CJydaeM
TeopeMHl - 1.

Teopema 2. Ecau ky, &y, ..., k,— HeoTpuyaressnbie yeve qucaa,
hpuem R+ ... +k,=k<n, 70 022 n—k U3 n yukiuveckux nepe-
cranosok (ky, kg, ..., k,) cymma nepsoix r 3aeMeHTO8 Menouwie r 0as

ecex r=1, 2, ..., n

« 1) 3Bmece t ¢urcupoBano, a paseHctBo @ (f+u)=q (f)+ ¢ (1) onpexenaser
oynknuio @ (1) na orpeske [f, 2t]. — Ipun. ped. . .
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Ecan B Teopeme 1 mosoxkuts f=nu ki+ ... +k =¢(n) 1as
r<<u<r+1, o noayuntcs Tteopema 2. OGpaTHo, ¢ MOMOIUIBIO MOJI-
XONAIIEr0 Npele/IbHOrO IEepexoja MOXKHO BHIBECTH Teopemy 1 u3
TeopeMnl 2.

Mer 6yzeM 0oJb30BATHCSL TeopeMOf | NpH HAXOXKIEHHU SIBHBIX
dbopMys 1Jssd  pacnpeliesieHHH MAaKCHMyMa CJyYaHHBIX BeJHUYUH H
BepXHefl rpaHu 3HaueHH#l cuaydaitHoro npouecca. IIpn Haxoxpenuu
HEKOTODHIX IIpejlesIbHBIX pachpefeeHui Mbl OyaeM Takxke o6pamiaThca
U K TakuM TeopeMaM, KaK cJalbuii 3aKOoH O60JbIIHX YHCeJ, K HEKO-
TopbiM abesieBHIM H TayOepoBHIM TeopeMaM. Bce 3TH TeopeMhbl IpH-
BOJAATCS B JomoJsHeHHH. MuHorpa Gyner yKaswlBaTbCs, YTO HEKOTOphie
pPe3yJbTATEL MOXKHO MOJYYHUTH, HCHNOJb3YS CUJABHBIA 3aKoH GOJBIIHX
YHceJ, TEOPEeMHl JAJisI PeKYpPpeHTHHIX IPOLECCOB H TeopeMy HelpephiB-
HOCTH HJs upeoGpasoBanuit Jlamnaca — CrasbTheca. IDTH TeOPeMBbl
TakKxe INPUBOASTCA B JIONOJIHEHHUH.

Hcnonb3ys ynoMsiHyThle MeTOnIbI, MBI CMOXKeM HaHTH pacmpefe-
JIEHUSl MAKCHMyMa CJIy4YafiHBIX BeJHUMH H BepxXHeHd rpaHu 3HaueHUi
CJaOy4ad#HOro mpolecca, BO3HHKAIOUIHX B TeOpHsXx ouepeie, Bopoxpa-
HUJIHII, 3amacoB, CTpaxomaHus, B (GHU3HKe, TeXHHKe, B TEODHHU HO-
PAAKOBHIX CTATHCTHK, CJyuYaliHBIX ONyXJAaHHHA, a3apTHHIX HTD H T. X,

§ 2. OBOBIWIEHHE KJACCHYECKOHN TEOPEMBI
O BAJIJIOTHPOBKE

Cuenylomas teopema, KoTopas JOCTOHHA HasBaHMA KAACCUYECKOU
Teopemst 0 barnoTuposke, oTHocutrcs: K 1887 r.

Teopema 1. Ecau npu 6aaroruposke randudar A Habupaer
a eosocos, a KanHoudar B unabupaer b eoaocos, npuiem a_z=pnb, ede
L — HEOTPULATEAbHOE UeA0e HUCAO, TO BEPOATHOCT6 TO20, 4TO NPU -
nocaedosaresstom nodcuere OroAneTeHel HUCAO 2040C08, NOOAHHBLX
sa A, ece spemsa 6osee 4em 8 U pa3 NPEBOCXOOUT HUCAO 2040C08,
nofannvix 3a B, pasna

_a—pb

P = a+b (1)
8 npednososcenul, 4TO 6Ce BO3MOJKCHbIE U36UPATEeAbHble NPOTOKOAbL ')
PABHOBEPOATHbL,

3aMeTHM, YTO BEPOSTHOCTH TOrO, YTO UMCJ/O TOJIOCOB, NOJAHHEX
3a A, Bcerja no MeHbleH Mepe B p pa3 OoJblile YHCJa TOJOCOB,
moJaHHHIX 32 B, paBHa

_a+1—pb '
Q=time, @

') 3gecr nOA NPOTOKONOM NOHMMAeTCss BCA NOCHEAOBATENBHOCTh GloaneTened,
DOAAHHHX 3a KauAumaToB. — IIpum. ped.
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MoxHO Jerko moKasaTb, 4ro H3 ¢opmyan (1) caepyer (2)
u obpaTHo.

BepostHocth (1) Obiia Hafizena B 1887 r. Beprparom [8] mas
cayuass =1 u Bap6oe [6] naa caydas p = 1. JlokasaTenbctso ¢op-
myast (1) gas p=1 man B 1887 r. Aunps [5], a nia p>1 B 1924 r.
Sonau [2, 3]. Ipyrue noxkasateabctBa ¢opMyanl (1) GbliaH gaHb
B 1947 r. JBopenkum u Moukutnom [13], B 1950 r. I'poccmanom [18]
u B 1961 r. Moxautu u Hapasina [29].

B JeHcTBHTENBHOCTH ¥e YacTHHIH cjayuafi u=1 MOXHO OTHeCTH
k 1708 r., xorna Myagp [l1] usyuas ciaenymolyw 3anauy o npono.-
JHTeJbHOCTH HWTPH B TeOpHUM a3apTHhIX Hrp. JIBa urpoka A m B
pasHIrpHIBAIT MEXJAY c000H ImocJenoBaTesJbHOCTs Hrp. B kaxmoi
Wrpe, HE3aBHCUMO OT OCTaJbHBIX, JHO0 A BHIMTPHIBaeT MOHeTy y B
¢ BepOSITHOCTBIO p, JHGO B BHIMIPHIBAET MOHETY y A ¢ BEPOATHOCTHIO g,
npuueM p+ ¢ = 1. TlpegnosoxuM; 4To HauaJbHBIA Kamuraa urpoka A
cocramJisieT @ — b MoHeT, a y B xanuraJ 6eckoneuHbli. Kakosa BeposT-
HocTh Toro, uro A pasoputca Ha (a + b)-#t urpe?

Myasp Halles], YTO BEPOSTHOCTH TOTO, UYTO NPOLOJIKHTEJLHOCTD
WrpH P paBHa a + b, ompeneasercss mo GopmyJe

—b b
Plo=a+b}=275(%")gop, 3

HO He MpPHBEJ J0KasaTesJbCTBa. 3afaua Oblaa MOJHOCTHIO pellleHa
B 1775 r. Jlarpanxewm [22] u B 1812 r. Jlannacom [23, cTp. 228 —242].
BeposiTHOCTH TOTO, UTO B @ + b urpax A mpourpeBaer a urp, a B npo-
UrpeIBaeT b Urp, paBHa

(a—i—b
a

>qapb’

H, CJeloBaTe/bHO, YCJOBHAs BEPOSITHOCTh TOro, uTo A pasopurcs
Ha (a+b)# wurpe, ecsiu B a-+b Hurpax oH NPOUTPLHIBAET 4 HrD,
a B npourpeiBaer b urp, paBHa

a—b
P=a+b' (4)

PaceMoTpuM Temephb MOC/ELOBATEJNbHOCTh U3 @ + b urp B oGpaTHOM
nopsjake ¥ npourpbimi A GygeM CYHTAThb TOJOCOM, MOJAHHBIM 3a 4,
a mpourpuill B —roJjocoM, nojaHHeiM 3a B. Torma cpasy BHIHO, 4TO
P=(a—0b)/(a+b) ecTp BeposITHOCTH TOrO, YTO IpPH MojcueTe @+ b
rosocoB A Bce BpeMs Bener. Takum o6pasoM, Mbl HOJY4HJH (OP-
myay (1) mast p=1. HrrepecHo oTMeTuTb, uTo Ammep [4] cuntan
dopmyty (3) 3aMeuaTeJLHOR IO CBOEH IPOCTOTE M H3SAIIECTBY.

B 1879 r. Yursopr [36, 37] mokasaJ, yTo YHCJIO CHOCOGOB yHOPA-
AOUHTb @ BHIUTPHILIEH H b mpourphimell TaK, YTOOH YHC/IO POHIPHIIIEH
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HHKOTJa He NPEeBOCXOJHJO YHCJA BHIHIDHILIEH, paBHO
a+1~b(a+b)
a+1 a })°
Otcroga caenyer ¢opmyaa (2) npa p=1.
Kiaccnueckas teopema o 6a/10THPOBKE 3KBHBAJIEHTHA CJlefylolIefl
Teopeme.

(5)

Teopewma 2. Ecau ypra codepocur a Kapr, ormedennoix wucion 0,
u b xapr, ormewennoix wuciom p-+1, u ecaw ece a+b kapr swru-
MAIOTCA U3 YpHbL Oe3 B036PAU4EHUS, TO BEPOATHOCTH T020, 4TO OAf
gcex r=1, 2, ..., a+b cymma nepsoix r SbLHYTOLX 4uCen MeHbE T,
pasxa
k
= 1 —_——
p=1-%, | (6)
ede n=a-+b ecro uucaro rapr e ypue, k=>b(u+ 1) —cymma wucea
Ha ecex Kaprax, npusem npednoaazaercs, 4To kR <n u 4ro 8ce 803-
MOXCHDLE 8bI6OPBL PABHOBEPOATHBL.

Jlerko BujeTh, uTo Teopema ! W TeopeMa 2 3KBUBaJeHTHH. [leii-
CTBUTEJBHO, €CJH CPeJH NIePBEIX # BBIHYTHIX KaPT ¢, NOMeUeHbl yucoM 0
n f, nomeuensl uyucaom p+1, To a0+4+B,(p+1)<r=a,+p, Torza
H TOJbKO TOorja, korza f.u<a,.

IMocaenusisi GopMyIHPOBKA KIACCHUECKOH T€OPEMHl O GaJIOTHPOBKE
HaBOJHUT Ha cJjeAyiolliee oGobieHHe.

Teopema 3. Hycre ypra coleprur n KAPT, NOMEHEHHbLX He-

OTPUYATENLHBIMU L;e/zbmu wucaamu ki, ky, ..., k, coorsercrsenno,
npuuem ky+ky+ ... +k,=k<n. Bce n kapr ssinumarorca us Yprol
6e3 3033pau4euuﬂ Oéoanawum uepes v,, r=1, ..., n, 4ucr0 Ha r-i
suinyroil Kapre. Toeda
k
Plvi+ ... +v,.<roduar=1, ..., n}=l——7 (7)

8 Npeonoaoscentu, 4TO 6Ce BO3MONCHbIE BbL60PLL PABHOBEPOSTHYL.
dra TeopeMa BHITeKaeT H3 cJelyiomell Gosee o6me# TeopeMsl.

Teopema 4. Ilycre ky, ky, ..., k, —HeoTpuyaressnsie yeavie
yucaa, npusem Ri+ky+ ... +k,=k<n [as n—k us n yuxiuue-
ckux nepecranosox (k,, ke, ..., k,) cymma nepeolx r siemenros Ois
seex r=1, 2, ..., n menouwe r.

HoxasareabcrBo. Ilotoxum &k, ,=k, qag r=1,2, ... n
Q=R+ ... +kyr=1,2,...; ¢=0. [lyctsb

I, ecot i—q@;>r—o@, 1asa i>r,
5 ={ ® r ®

0 B mporuBHOM ciyuae

Y, =inf{i — @, mas i>r) S )|
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g r=0, 1, 2, ... . OQueBugHo, uto &, =P,,; —P,. Tak KaK @,,, =
=@, +@,, TO 8,,,=0, U Py = xp,+n—k aaa r=0,1, 2, ....
Takum oGpasoM, cpeiH A LHKJIUUECKHX NepecTaHOBOK (R, Ky, ..., k,)
TOUHO ‘

n

2 Ypp1 =P =n-— k (10)

[IepecTaHOBOK TAKOBHI, YTO CYMMAa HX IEPBHIX 7 2J€MEHTOB MeHblle r
Jasg Bcex r=1, 2, ..., n.

U3 teopemul 4 crenyer, uto cpenu n! nepectaHoBok (ky, ky, ..., k,)
cymectByeT TouHO (n— I)!(n—k) mepecTaHOBOK, Y KOTOPHX cyMMa
HNEepBHEIX 7 3JEMEHTOB AJs Bcex r=1, 2, ..., n MeHblie r. DT0 3aMe-
YaHHe NOKAa3blBAET TEOPEMY 3.

Teopemy 4 MoxkHO mepedopMmynupoBath Tak. [Tosoxum ¢ (u)= ¢,
ecan [ sSu<i++ 1, n nycTh

I, ectt v—o@ (W)= u—q(u) o8 v >u,
8 (u)=

0 B npoTUBHOM cCJyuae.
dopmyaa (10) skBuBanentHa Torga QopmyJe

(11)

ja(u)du=n—cp(n), . (12)

ecan @(n)<<n. dto caenyer U3 Toro, uto d(u)=06(r)npur<u<r+1.

B mnocaenneit ¢opmynupoke Teopembt 4 @ (u), 0 <Cu<n, — He-
yOniBamouUlas CTyneHuarass (QyHKUUS, paBHas Hy/mo npu u=0. Ecre-
CTBEHHO BO3HHKAeT BONPOC, OCTAeTCA JM BEPHHIM paBeHCTBO (12),
ecad @ (u), 0<Cu<Cn,—npousBoJibHasg HeyObBamoWas CTyNeHYaTas
¢bynkuusd, 14a Kotopoit @ (0) = 0. JlokaxeM TeopeMy, M0Ka3bBAWIIYIO,
4TO OTBET HA 3TOT BONPOC YTBEPIHUTEJEH.

Teopema 5. ITycrs @(u), 0<Cu<t, — Heybuisaroujas CTynentta-
ras Qyukyus, yoossersoparouan ycaosuro ¢ (0)=0. Onpedearun @ (u)
ora 0Lu<oo, nosowus @(u+t)=q(u)+e(t) npu u>=0, u nycrs
[, ecau v.—@(v) Zu—o(u) Oaa v >u,

(13)
0 & nporustnom cayuae.

O(u)= {
Toeda

fa(u)du={t-q)(t)’ ecau @ (t)<t, (14)

0, ecau @) =t.

HokasartennbcrBo. Ecan ¢(f)>+¢, T0o 6 (u) =0 nms Bcex u >0
H TeopeMa oueBuMAHa. Paccmorpum caywai @ ()<<t Hus uw>=0

TOJIOXHM
Y(u)=inf{v—oq(v) nra v >u). (15)
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Tak kak @ (u+ )= w)+ o) aaa u=0, ToYp(u+1) =Y ) +t—o(?)
s u>0. Boaee Toro, 0<<¢(0)—v(@)<ov—u gaa 0<<u<o.
Takum o6pasom, (1) —MOHOTOHHAs HeyObBawIas abCcOJIOTHO He-
npepuiBHas ¢yHkuus ot «. CJelJoBaresbHO, ¢ (4) cymiecTByer mJs
moutu Becex u, 0y ()<<, u

t
[V @du=9®) =@ =1 =0 ). (16)

Iokaxem Ttenepb, uto W (#)=20(x) A1 MOUYTH BCeX u, OTKyAa
1 OyzeT clemoBaTh TeopeMa. 3aMerTuM, uTo 8(u)=1 TOorga M TOJIBKO
toraa, korzaa ¢ (u)=u—q(x). HepaseHncro ¢ (u) <u —@(u) Bceraa
BhIIONHsIETCst. Kpome Toro, @ (u+ 0) =@ (1) u noutu Bciony ¢ (1) =0.
ITokaxeM cHauaJsa, 4TO ~

P (u) < 6 (u) j:ﬂﬂ HOYTH BCEX 4. (17

Ecau npoussognas (1) cymecrsyer u pasHa 0, To (17) ¢ oueBHA-
HOCTbIO BHIMOJHAeTes. Ecanm 4’ (1) cymectsyet, ¢ (4)>0 u ¢(u+0)=
= @(u), To 8(u)=1. B camom gaese, ecan ¢ (u)>0, To P (v)>P(u)
I8 0> u M, caefoBatenbHo, P (u)=inf{s—o(s) a1 u << s<Cv} aad
Bcex v>u. TakuMm ob6pasom, u—@(0) <y (u)<Cu—@(u) ana Bcex
v>u H, caegopareqbHo, U—@u+0)<Y(uw)<<u—q@(u). Ecan
@(u+0)=9(u), Top(u)=u—q¢(u), otkyna d (u) = 1. YBepxienue (17)
BLITEKaeT Temepb M3 TOro, uro Bcerza Y (u) << 1.
OcTaercst 10Ka3aTh, YTO

6(u)<<¢ (1) nns mouTH BCEX  u. , (18)

D10 oueBHAHO, ecau O(u)=0 u mnpoumssoxmasi ¢’ (u) CyluecTByer.
Hoxaxewm, uro ¢ (u)=1, ecan 8(u)=1, ¥ (u) cymecrByer, ¢ (u)=0
U ¢ — TOUKa HaKoIJeHus Ajasa MHOXKecTBa D ={u: d(u) =1, 0 Cu < ).
TlpennoJoxuM, uto u =D u u= lim u,, roe u, =D u u,u. Torga

$@W=u—¢W) B () =u,~ (). Ecmn (W) cymectsyer n
¢ (u)=0, 10

’ T P () ~ P (un) : @ (u) —@(ua) _ o _
Y (1) Jl)rlgo e I nl_})n; P I—¢'(w=1. (19
Tak kak u30JUPOBaHHBIE TOYKM MHOXKectBa D o6pasyioT He Gojee
YeM CuUeTHOE MHOXKECTBO, TO yTBepkienue (18) mokasaHo.

OznHoBpeMeHHOe BHIOAHeHHe HepaBeHcTB (17) u (18) maer ¢ (u)=
= 0(u) nasa nmourd Becex u. Mcemoansya (16), mosyuaeMm orcioga (14)
aas @ ()< #, u Teopema jgoKasaHa.

B nokasatesbcTBe TeopeMbl 5 MBI HCHOJIB30BAJH TOJIBKO TO, YTO
(), 0<Cu<{t, —uey6uBanomwas QyHKUHs, AJAs1 KoTopoit ¢(0)=0
# ¢ (u)=0 mouru Bciogy. Takum oGpasom, cnpaBel/uHBa H Go.see
obwasa teopema 1 § 1.
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3aMertuM, yTO ecaH onpeneautb 6(u) Tak, urobn O (u)=1, Korja
v—@(v)>u—@(u) nas Bcex v>u, U 6(u)=0 B NPOTHBHOM cJyuae,
o (14) Bce paBHO Oyaer BHINOJHATbCH. [lasee, ecJu u — Touka pas-
peiBa @(u), 70 @(1) MOxeT HMPHHHMATh J060e 3HaueHHe H3 OTPE3Ka

[p(u—0), ¢(u+0)]

IoxazdTeAbCTBO TeOPeMBbl 5 MOMKHO CYIIECTBEHHO YIPOCTHTb, €CJH
NpeANnoNoXuTh, uTo @ (u) uMeer Ha [0, {] TOJBKO KOHEYHOE MHCJIO
CKa4KOB,

Wrak, Mbl DOJYYHJIH TeOPeMy D MOCTeNeHHBIM 0600iieHHeM KJac-
CHYECKOH TeopeMHl 0 6a/JIOTHPOBKe. B cBOIO ouepels TeopeMma o GaJ-
JIOTHPOBKE HEMEIJEHHO CJIeAYeT H3 TeOpPeMbl 5.

§ 3. BADAYH

1. Tlpu Gannotupopke KanmuaaT A IoJayyaeT @ TOJOCOB, a KaHpupaT B moay-
yger b rosocoB, npHueM Bce wu3bupareJibHEIE ITIPOTOKOJB PaBHOBepOsTHH. HalTH
BepositHocTs P (@, b) TOro, UTO NPH IOC/EOBATEABHOM IOACYETE YHCJO TOJOCOB,
nojaHHeix 3a A, Bce BpeMmsi GoJjee 4eM B U Pa3 NPEBOCXOIHUT YHCJO TOJOCOB, 110+
JaHHBIX 3a B, rje p — HEOTpHUATEJbHOE LEJOe YHCJIO. -

2. Ilpu 6amomp0BKe kauiugar A moJyuaer a FOJOCOB, a KaniniaT B noay-
yaer b roJjiocoB, npHueM Bce H3GHpaTesJbHble INPOTOKOJB paBHOBeposiTHH, Haiita
BepositHocTs Q (a, b) Toro, 4To HpPM TNOACYETE YHCJO TI'OJOCOB, NOJAHHBIX 3a A,
BCErjga He MeHee HUeM B [i pa3 NPEBOCXOAMT HHCJO I'0JOCOB, MOJAHHLIX 3a B, rae
U — HEOTpPHIATeJbHOE LeJIoe UYHCJIO.

3. Tlpr GaI0THPOBKE KaHAHAAT A INOJyYaeT g roJI0COB, a KaHZujaatT B mosayuaet
b roJocos, npuueM Bce H3GHpaTe bHbIe NPOTOKOJE paBHOBePOATHHL. Ilyets b < a+c,
rae ¢ — noJoxHuTe/bHoe nejoe uncgo. OGo3HayuM uyepe3 o, H f§, yucJa roJocoB
cpelH NEPBLIX ' 3aPEFHCTPUPOBAHHHX, MoJaHHHX 3a A M B coorBerctsenno. Haiita
BeposiTHOCTh Qp(a, b)=P{p,<a,+c¢ nast r=1,2, ..., a+ b}

4. Tlpu GaanoTHpoBKe kKamaugaT A HoJydaer a ronocoa, a kapaugaT B noay-
yaeT b rosocoB, NpHueM Bce H3GHpaTeJbHLIE NPOTOKOJbI PAaBHOBEPOSITHB. [IycTh
c—d<b—a<ec, 0<c<d, rae ¢ u d— ueane. O603HaUAM Uepes d, H §, UHUCJIO
roJIOCOB CpPefiM MepBHX I 3aperucTPHPOBAHHEIX, NOJAHHHX 3a A H B COOTBETCTBEHHO,
Hafitn BepositHOCT P=P{c—~d <P,—a, <c¢ mua r=1, 2,..., a+ b}

5. Hokaaath TeopeMmy 3 § 2 mMareMaTHUeCKOH WHAYKUHMEH IO 7.

6. Jokasath TeopeMy 5 § 2 naa cayuas, Koraa @ (#) uMeeT TOJbKO KOHEYHOE
YHCJIO CKAayKOB B HHTepBate (0, f).

7. Crenylomue TpH 3ajaud sBJsiOTCH Bonpocamu 5669, 5744, 5804 B Educational
Times (1878) B HIOHbCKOM, CeHTEGPLCKOM H HOSAODLCKOM BHIIYCKAX COOTBETCTBEHHO
(cm. Yutsopt [36]).

a) YenoBek BHINIHMBAeT B CJyyYafiHOM IOpsIAKE 71 CTAKAHOB BHHA H A CTAKAHOB
Bomnl (Bce paBHOro ofmbema). [lOoKaszaTh, UTO BEPOATHOCTH TOLO, YTO BEIIHTOE HM
KOJIHYeCTBO BHHA IOCJE KaXKJAOr0 CTakaHa He OyJeT NPEBHIUATb BHIIHTOIO HM KOJH-
yecTBa BOJAHI, paBua l/(n+ 1),

6) ITycTb 7 MyXUHH €O CBOMMH >eHaMH TEPEXOAST MOCT B CJIYYaHHOM IO-
psifiKe, HO Tak, 4TO YHCJO NepellefllinX MYKYHH BCETJA He NPEBOCXOAMT YHCJA Iepe-
weamux xKeHmuH J[lokasate, uYTO BepOSITHOCTb TOro, YTO HH OXHMH MYXKYHHA He
nepefifileT MOCT paHbllle CBOell JKeHH, paBHa (n 4+ 1)/2%,

B) Ilycts vuesoBek, HMrpasi 1o IOCTOSIHHOH CTaBKe, BHHCpHBaeT 2n+1 urp n
npourpeizaeT #+4 1 urp. JokasaTb, 4TO BEPOSITHOCTH TOrO, UTO OH HHKOrJa He GyAeT
Genuee, 4eM B HauaJje, M HHKorja He O6yger Goraue, YeM B KOHILE HIDbl, PaBHa
n/(4n + 6).

8. IlpeanosioxuM, uto npu GaajaoTHpoBKe Kaaumate A;, Aj, ..., Ay noayudawoT
ay, Gy «.., Gy TOJOCOB COOTBeTcTBeHHO. IlycTs @y = a;>= ... =2 ay OO003HauuM
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yepes a(l'), a({), vey af{) YHCJIA [OJIOCOB CpPEAH NEePBLIX 7 3apemcrpupoaauﬂblx no-
Rauubix 3a Ay, Ag, ..., Ay cooTBercTBeHHO. Hakith
P {a({)>a§')> >an' s or=1,2 ..., qytay+ ... +a,,}

B NPEeIANOJOKEHHH, 4TO Bce H3bupaTesbHbHlE NPOTOKOJbL paBHOBeposTHH. (Maxmaron
[26, cTp. 133].)

JUTEPATVYPA

{11 Aebly J., Démonstration du probléme du scrutin par des considerations géo-

" metriques, LEnsetgnement Math., 23 (1923), 185—186.

[21 Aeppli A, A propos de lmterpretat1on géometrique du probléme du scrutin,
L‘Enseignement Math., 23 (1923), 328—329.

[81 Aeppli A., Zur Theorie verketteter Wahrscheinlichkeiten, Markoffsche Ketten
hoherer Ordnung, Ziirich, 1924.

[4] Ampére A. M, Considerations sur la théorie mathématique de Jeu, Lyon,
Paris, 1802.

[5] André D, Solution directe du probléme résolu par M. Bertrand, C. R. Acad.
Sci. Paris, 105 (1887), 436—437.

[6] Barbier E. Généralisation du probléme résolu par M. J. Bertrand, C. R.
Acad. Sci. Paris, 105 (1887), 407, 440 (CnuCOK OMevYaToK).

[71 Barton D. E, Mallows C. L, Some aspects of the random sequence, Ann.
Math. Statist., 36 (1965), 236—260.

[8] Bertrand J., Solution d’un probléme, C. R. Acad. Sci. Paris, 105 (1887), 369.

[9] Bizley M. T. L., Derivation of a new formula for the number of minimal
lattice paths from (0,0) to (km, kn) having just ¢ contacts with the line my=nx
and having no points above this line; and a proof of Grossman's formula for
the number of paths which may touch but do not rise above this line, J. Inst.
Actuar., 80 (1854), 55—62.

[10] Bizley M. T. L., Grossman H. D, Fun with lattice-points 25. Paths having
a given number of lattice points in a given region, Scripta Math., 20 (1954),
203—204.

[11] De Moivre A, De mensura sortis, seu, de probabilitate eventuum in ludis
a casu fortuito pendentibus, Philos. Trans. London, 27 (1711), 213—264.

[12] Dinges H., Eine kombinatorische Uberlegung und ihre masstheoretische Er-
weiterung, Z. Wahr., 1 (1963), 278—287.

[13] Dvoretzky A, Motzkin Th., A problem of arrangements, Duke Math. J.,

4 (1947), 305—813

[14] Erd&')s P, Kaplansky I, Sequences of plus and minus, Scripta Math., 12
(1946), 73—75. '

[15] G6bel F., Some remarks on ballot problems, Mathematisch Centrum, Amster-
dam, August 1964.

[16] Graham R. L., A combinatorial theorem for partial sums, Ann. Math. Sta-
tist., 34 (1963), 1600——1602

[17] Grossman H. D., Fun with lattice-points 4, The ballot-box problem,
Scripta Math., 12 (1946), 223—2995.

[18] Grossm an H. D., Fun with lattice-points 21, Another extension of the bal-
lot problemy, Scrtpta Math., 16 (1950), 120—124.

[19] Grossman H D., Fun ‘with lattice- -points 22, Paths in a lattice triangle,
Scripta Math., (1950) 207—212.

[20] Harper L. H., A famlly of combinatorial identities, Ann. Math. Statist., 37
(1966), 509—512.

[21] Hewitt E., Stromberg K, Real and abstract analysis, Springer, New
York, 1965.

[22] Lagrange J. L., Recherches sur les suites récurrentes dont les termes va-
rient de plus:eurs maniéres, différentes, ou sur lintégration des équations



Jureparypa 15

linéaires aux différences finies et partielles; et sur l'usage de ces équations
dans la théorie des hazards, Noveaux Mémoires de 1'Académie des Sciences de
Berlin, 1775, 183—272. (Oeuvres de Lagrange, 1V, pp. 151—251, Paris, 1869.)

[23] Laplace P. S., Théorie analytique des probabilités, Paris, 1812. (Oeuvres
complétes de Laplace, VII, Paris, 1886.)

[24] Lucas E., Théorie des nombres. I, Paris, 1891.

[25] MacMahon P. A, Memoir on the theory of the partitions of numbers.
Part IV. On the probability that the successful condidate at the election by
ballot may never at any time have fewer votes than the one who is unsuccess-
ful; on a generalisation of this question; and on its connexion with other
questions of partition, permutation and combination, Phil, Trans. Roy. Soc.
London, Ser. A, 209 (1909), 153—175.

[26] MacMahon P. A, Combinatory -analysis, I, Cambridge University Press,
1915

[27] Mirimanoff D, A propos de Pinterprétation géometrique de probléme du
scrutin, L’Enseignement Math., 23 (1923), 185—186. .

[28] Mohanty S. G.,, An urn problem relaled to the ballot problem, Amer. Math.
Monthly, 73 (1966), 526—528.

[29] Mohanty S. G, Narayana T. V., Some properties of compositions and
their application to probability and statistics, Biomefrische Z., 3 (1961),
952—958, 5 (1963), 8—18.

[30] Narayana T. V., A partial order and its applications to probability
theory, Sankhya, Ser. A, 21 (1959), 91—98.

[31] Riordan J., The enumeration of election returns by number of lead posi-
tions, Ann. Math. Statist., 35 (1964), 369—379.

[32] Sz.-Nagy B, Introduction to real functions and orthogonal expansions,
Oxford University Press, New York, 1965.

[33] Takdcs L., A generalization of the ballot problem and its application in
the theory of queues, J. Amer. Statist. Assoc., 57 (1962), 327—337.

[34] Tak acs L., Ballot problems, Z. Wahr., 1 (1962), 154—158.

[35] Také&cs L., The distribution of majority times in a ballot, Z. Wahr.,, 2
(1963), 118—121.

[36] Whitworth W. A, Arrangements of m things of one sort and n things
of another sort, under certain conditions of priority, Messenger of Math., 8
(1879), 105—114.

[37) Whitworth W. A, Choice and chance, 4-¢ usn., Cambridge, 1886.



[nasa 2
DSIYKTYALHH CYMM CAYTAHHBIX BEJIHYHH

§ 4 llPlKJIPl'lECKH MEPECTABJISEMBIE CJIYYAWHBIE
BEJIMYHHBI

Ciayyaiinple BeJNHUHHBI V|, Vg, ..., V, Ha3HBAIOTCH LUKAUYECKU
nepecTasAfe Mol MiL, €CIM BCe N LUHKJHYECKHX IepPECTAHOBOK IOCJEeN0-
BATebHOCTH (V), Vg, ..., V,) HMEIOT OJHHAKOBOE COBMECTHOE pacIipe-
Jesenne. IIpuMepaMu IHKJIHYECKH NEPECTABJAEMBIX CJAyYafiHBIX Be-
JUUHH (V{, Vo, ..., V,) MOLYT CJYXKHTb IePecTapJseMble CJyuaiiHbe
BEJTHUHHBL ') M B3aHMHO He3aBHCHMblE OJHHAKOBO pACIIpefe/eHHbIe
cJayuaiHble BeJHUHHEL.

IlokaxeM OCHOBHYIO TeOpPeMY O UHKJHYECKH MePecTaBAsSeMBIX
CJOyYafHbIX BeJUUHHAX.

Teopewma 1. ITycre vy, vy, ..., v, — yuKkau4eCKU nepecTasise-
Mble CAYLQUHbIE BEANYUHDL, NPUHLUMAIOUUE HEOTPULATENbHLIE Uelble
suatenus. Iloromcum N,=v +v,+ ... +wv, 02 r=1, 2, ..., n.
Toeda

PN, <rodaar=1, ..., n|N,=k)} =

{ (n—FR)n, ecau 0E<n,

0 8 NPOTUBHOM Cayuae, (M

2de yca08HAA BEPOATHOCTL Onpedesena ¢ TOYHOCTHI0 00 3KBUBANCHT-
HOCTU. _

HoxasatenbcTBO. Onpenemum v,,, a1a r=1, 2, ..., noJo-
KUB Vyyp=%, Jag r=1, 2, ..., Ilyetb N,=wv,+ ... +v, nua
r=1,2 ... 1 Ny=0. Iojgoxum

l, ecru i—~N;>r—N, naa i>r,
6r= N (2)

0 B mpotuBHOM cJayuae.

CuyuaiiHble BeJIHUHHBL 0, ODMHAKOBO pacmpefesieHbl IJsI Beex
r=0,1, 2, .... OueBngHO, 4TO §) — HHAUKATOP cOOMTHA {N,<r nus

) To ecTh BeqMYWHE, COBMeCTHOe pacIpefe/eHHe KOTOPHX He MeHSeTcs npu
aobo#i nepecranoske. ¥ ®enepa (BreienHe B TeopHio BeDOSITHOCTEH H ee 11 pHJIO-
xennus, 1. II, ,Mnp“, 1967, ctp. 283) TakHe BeJHYHHB HA3BAHB CUMMETDUYNO 3a-
gucumoimy. — Ipum. ped. :
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r=1, 2, ..., n}. Takum o6pasoM, ¢ BepPOSATHOCThbIO |
PN, <rmasr=1, ..., n|NJ=E{IN, }——Ea{a IN,)=
r=1
n
1 R n—N,)/n, eciu 0N, <n,
=7E{26,]Nn}={ ( )/ < @)
v 0 B NPOTHBHOM CJIyuae,

nockoJbky u3 dopmyant (10) § 2 caenyer, urto AJa NOYTH BCeX pea-
aasanui (v, ..., v,)

i { n—N, ecan 0N, <n, @)
- B NPOTHBHOM CJyuae,

Teopema nokasaHa.
W3 dopmyaw (1) BeTekaer, uTo

P{N,<rmmr=1,...,n}=E{[1——A%]+}, )

rae [x]T=ux, eciu x>0, u [x]" =0, ecan x<<O0.

§ 5. IEPECTABJ/ISIEMBIE CJIYYAWHBIE BEJHYHHBI
¥ HE3ABHCHMBIE OJUHAKOBO PACIHPEAEJIEHHBIE
CJIYYAWHDBIE BEJHYHUHBI

B caeayiomux naparpadax sTofl ryaBel MbB 6yIeM HMeTb J€J0
JHGO ¢ KOHEYHBIM YHCJIOM CJIyYafiHBIX BEJHYHH V|, Vo, ..., V,, NpH-
HHMAIOLUIHX HeOTpHullaTesbHLE llejble 3HAUeHHs, Ju60 ¢ GeCKOHeuHOH
nocJ/1eJ0BAaTebHOCTBIO CJAYYAaHHBIX BeJHUMH, NPHHUMAKIHMX HEOTpH-
LaTeabHble LeJble 3HadeHHs. Myl OyjeM mpenmoJiaraTb, 4TO cJydan-
Hple BeJIHUMHBL Vi, Vo, ..., V, JH00 NepecTaBJjseMble, JHO0 B3aHMHO
He3aBHCHMble OIMHAKOBO pacnpefleIeHHEE. AHaJIOTHUHO V(, Vo, ...

.y Vpy ... OYAYT GO mepecTaBJISEeMBIMH ) J1u60 B3AUMHO He3aBHCH-
MBIMH OILI/IHaKOBO pacnpesie/leHHBIMH CIyYaHHBIMH BeJHYHHAMH.

[Ipu sTOM BO BCex cJaydasx cJyyaiiHble BeJHUHHBE {v,} OJHHAKOBO
pacnpeniesieHH. BBeneM psn o6o3HaueHHH, KOTOPHMH OyleM IOJB30-

BaTbCd Ha INPOTHAXKEHHH BCel KHHTH. I'Io.nomnM N,=v,+ ... +v,
s r=1, 2, ..., Ny=0. Ilyctb
a;=P{v,=j}, i=0,-1, 2, ..., (1)

) BeckoHeuHas MOC/TENOBATEHHOCTS CAYYafiHHIX BeJHYAH HA3HBaeTcs mepe-
¢TaBJAEMON, eCqM COBMECTHOe paclpejefeHHe JIOGOO KOHEYHOrO HaGopa STHX
BeJHUHH He MeHsieTcsl mpH Jio00f HX mepectaHoBKe. — [Ipum. ped.
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AJS pacupefeseHHd v,
v=E{v}= ,io j, @)
JUIsT MaTeMaTHYeCKHX OXKHAAHHI v, (BoéMomHo, uTO Y= 00),
v2=E{v, (v, — 1)}=§}0i(i— 1) (3)

A5 BTOpPoro (GaxTOPHANbHOIO MOMeHTa v, (Y, TaKXe MOXKET paB-
HSIThCS 00),

7,8

(@) =E(2') = n;2 4)
j=0
JUIS IIPOU3BOAAIEH (QYHKIHH v,, NPHYEM DSA IS Hee CXOAMTCH TpPH
|z2|<<1. OueBugno, utro y=m'(1—0) u y,=x"(1 —0).
Jas npon3BoJIbHOA OECKOHEUHOH IOC/eJ0BATENBHOCTH Vi, Vg, ...
ey Yy ... IEPECTABJASEMBIX CJAYYAHHBIX BEJIHYHH CYLIECTBYeT (DYHK-
nus pacnpeaesenns: G (x), Takas, uto

. N
lim p{—nﬁgx}:o(x). )
n—>oo
Ecan e, B YAaCTHOCTH, V{, Vg, ..., ¥, B3AUMHO HE3aBUCHMEl H OJH-
HaKOBO pacnpesienens, 10 G(x)=1 mpu x=y u G (x) =0 npu x <y.
Huaue roBopsi, B 5TOM CJyuae
lim 22 = y (®)

n>o 1

I

no BepositHocTH. IlocsenHee yTBepIKIEHHE COCTABJSAET CJaabObli 3aKOH
6OJIbIHX YHCeJ. .
IMepefineM Temepb K NOKAa3aTeJbCTBY OCHOBHOIN TeOpEeMHL.

Teopema 1. Ecau v, vy, ..., v, ..., —bOeCKOHEUHAA nocaedo-
B8ATEABHOCTS B83AUMHO HE3a8UCUMBLX OOUHAKOBO pacnpedeneHHblx CAY-
HAUHBLX  BEAUMUH, NPUHUMAIOWUX HEOTPUYATeAbHble yeable 3Ha4e-
HUS, TO

L=y, ecau v<1,
P{N,<r 0aa scex r=1, 2,,,,}:{ ¥ Y

0, ecru v=1. )

HoxasarenbcTtro. [lo TeopeMe HempepHBHOCTH HJSI BEpOSAT-
HOCTEH

P{N,<r nasa Bcex r=1, 2, ...}=
‘= lim P{N,<r gas scex r=1, 2, ..., n}L 8)

f->»o0

Has n11060r0 KOHEUHOro #n CJAyYafHBIE BEeJHYHHB Vi, Vs, ..., V,
IHKJ/PUECKH TNEPecTaBasAeMbl, CJeN0BaTe/bHO, AJs HHX CIOpaBelJHBa
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¢dopmysa (5) § 4. Takum ob6pasom,
. . N, 7+
PN, <r mar=1, 2,...}_’52&5{[ - 2] ©)
U3z dopmyast (6) caenyer, uro [(n— N,)/n]* crpemurcs x [1 —y[*
N0 BepOATHOCTH, a TaK Kak Beauuuusl [(n-—N,)/n]" orpanuuens

B COBOKyHHOCTPI, TO 7
fim E{[ - ﬁ]*}: [1—y]*. (10)

n
n—>o
®opmyaa (7) nogydaercst Tenepb u3 dopmya (9) u (10).
Teopema 2. Ecau vy, vy ..., V; ...— Oeckonesnas nociedo-
BATENBHOCTH NEPECTABAACMBLX CAYLALHOLX BEAUUH, NPURLMOAIOUUX
HeOTPULATEAbHbIE eable 3HAYEHUS, TO
1
PN, <r dazr=1,2..}= [ (1-%)dG (») (11)
0
ede pynryua G (x) onpedesena ¢opmyaroii (5).
NokaszaTeabcTBO. MOXHO BOCHOJNL30BaThes Gopmyaoft (9).
Tak Kak BeJawuuHH [(n— N,)/n]t orpaHudyeHsl B COBOKYIHOCTH, TO H3
dopmyubl (5) moayuaeM

1imE{[1—%]+}=f(1—x)d0(x), (12)

n-»oo

U TeopeMa JOKasaHa.
Janee HaM IOHAAOOGATCS CJelyiolide JBe TeopeMbl.

Teopema 3. ITycro w =0~ Haumenowuli HEOTPULATEAbHBIL Be-
U{eCTBEHHbLIL KOPEHb YPABHEHUA
n(w) =w. (13)

Toeda ecau y<<1 u my5=1, o 6=1. Ecau e v>1 uau m; =1,
10 0 KO < 1. ¥pasnenue (13) ne umeer Opyeux Kopued 8 kpyee | w | <<8.

HokxasateabcTBo. Ha orpeske 0 << w <1 obe ¢pyHKRUHK 7t (w)
n o/ (w) mHe yObBaloT no w, mpuueM m(l)=1 u x'(l)==y. Ecan
yv=ma'(1)<<1 u =, 5= 1, 10 ypaBHenue (13) HMeeT OAMH H TOJBKO
onuH xopehb Ha orpeske [0, 1]. Ecam y>1, To Ha orpeske [0, 1]
ypasHenue (13) uMeer TouHO ABa KOpHs: w =11 w =90, rae 0 <Ko < 1.
Ecau m,=1, 10 Bce 3Hauenus w € [0, 1] ymnoBaeTBOPSIIOT ypaBHe-
auio (13). Orciona caefyer mepBoe yTBepiKAeHHe TeopeMmbl. [ast mo-
KasaTeJbCTBA BTOPOTO 3aMeTuM, uTo Bcerga = (0)<<1 H, caexposa-
TeqabHO, |7 (w)|<n'(8) <1 nmpu | w|<<d. B cooTBeTCTBHE € STHM IpH
|lw|<{6n w06

[n(w)—n ()=

w

f n' (2)dz

[}

<|w—9]|
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YTO [IOKA3hIBAeT HEBO3MOXKHOCTb paBeHcTBa n(w)=w@ npH |w|<(d
U w0.

Teopema 4. Ecau 0<{z< 1, ro ypasnenue
' w = zn (w) (14)

uMeer TOYHO OOuUH BeujecTsenHobili Kopens w=10(2) 8 unrepsaire

0w, npuen lim 6(2) 0, ede & — HaumenbLILL HEOTPULATENb-
z>1—-

HbULl 8elecT8eH bl xopenb ypasnenus n(w)=w.

HokasateabctBo. Tak kak ofe ¢yskuun =n(w) # =/ (w)
Ha orpeske [0, 1] He yOwmiBaioT, ypaBHeHHe (l4) HMeeT TOUHO OnHH
KopeHb Ha 3ToM orpe3ke. OueBHAHO, uTO § (2) — HeyOHIBawOmas GpyHK-

uust ot 2. Tak Kak O(2)<<d mpu 0<Cz<1 u lim &6(2)=06"—Kkopenn
z2=->1-0

ypaBHenust nt(w)=w, 10 8" =0.

3ameuanne. Ecam |z2|<1, 10 ypaBHenue

w=zn(w) (15)
HMeeT TOYHO OXHH KopeHb @ =§(2) B obuaactu |w|<1 u
N2 (& [ w))
o= 5 () o

=1
Hedicreurensho, ecad |wl=1, to |zn(w)|<|w]. Torma us Teopemul
Pyme caenyer, uto ypaBHeHHe (15) mHMeeT TOYHO OJHH KOpeHb
B obaactu |[w|<1. PasencrBo (16) moayuaercst H3 pas/IoKeHus
Jlarpanxa (CM. JIONOJHEHHE).

§ 6. PACIIPEAEJIEHHE MAK(}\;’[MYMA MMOCJENOBATEJBHOCTH
_...r}

Tenepp MBI 3afiMeMcsi HAXOMKJeHHEM pacupeleneHus CayyaiHOM
BeJuunHBl max (N, —r) A KOHEUHOrO A, a TaKXKe paclpeieqeHHEM

I<r<n

BequunpHsl  sup (N, —r).
1I<r<oo
Teopema 1. Ecau vy, vy, ..., v, —nepecraginemoie CAy4aiinsie

BeAUHUHBL, NPUHUMAIOULUE HEOTPULATEAbHbIE LeAble BHAYEHUS, TO
P{ max (N,——r)<k} =

I<r<n
n—1n-j
~P{N, <n+k}~2‘z< j)P{Nj=j+k, No=j+k+D, (1)
j=t1=0 -

20e k=0, 1, £2,.... Ecau k<0, o 06e uacru pasexcrsa (1)
pastor 0. ,
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NlokaszaTeabcTBO. Mb HOKaxeM uyTh OoJee obumyio ¢op-
MyJy, H3 KOTopoil Oyrer ciemoBaTh dopmyaa (1). Ecim i=1, 2, ...
n k=0 +1, =2, ..., 10
PN, <r+kpmmar=1,2...,nu N, <ntk—i}=

=P{N, <n+k—i}—

t
_ y' (1—nij)p{N,.=j+k, Ny=j+k+0. (2

JlocTaTouHO f0KasaTh, UTO BBIUHTaeMoe B TNpaBoH wactu ¢op-
MyJaBl (2) ecTh BepoatHocTh cobuitua {N,=r+k 1as HeKOTOPOro
r=1,2,...,n—1uN,<n+k—i}. dro cobpITHe MOKeT NPOU3OUTH
B CJeAYIONHMX HCKJIOUAIHX APYT JApyra cJayuasx: MakcHMaJsbHOe 7,
aast kotoporo N,>>r+k, paso j=1, 2, ..., n—i. Torna N;=j+k
u N, <r+k gas r=j+1, ..., n, uro sksuBajentno N,—N;<r —j
ang r=j+1, ..., n. ITo teopeme 1 § 4

PN, —N;<r—jaasr=j+1, ..., nIN;=j+k, N,=j+k+1}=
-5 O

n—j’

ecan 0<<I<{n—j u JgeBas uacTb paseHcTBa (3) onpemenena. Ecin
YMHOXHTb 00e uactu pasencra (3) Ha P{N;=j+k, N,=j+k+I[}
¥ CJOXKHTH NOJYYHBIINECS PaBEHCTBA TNOUYJIEHHO JJs Beex (f, I), yuo-
BJAETBOPSIONIHNX yeaoBHio | < j<Cj + [ <Cn —i, TO NOJIyYsM BRIUHTAEMOE
npaso#i wactu Gopmyan (2). Popmyna (1) nodyyaercss MOACTAHOBKOH
i=1 B dopmyay (2).

Ecan B dopmyste (2) nosoxuts k=0, To u3 dopmyas (1) § 4
MOJIYUHM

P{N,<rpgasr=1,2, ..., nu N, <n—i}=

:n_i(l —%)P{Nﬁi}- (4)

i=1

Teopema 2. Ecau v, vy, ..., v, —nepecragaisiemoie Cayiaiinoe
BEAULIHbL, APURUMAIOUUE HEOTPUYATeAbHble yeable 3HAYeHUS, TO
n

E{ max (V,—r)= Y FE(N; =1, (5)

0<r<n i=1

NokasarteabcTso. Tak Kak

5]

E | max (N,—r)};E[l—P{ max (N, —r) <k}, ®)

o<r<<n E=1 1I<r<n
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paBenctBo (5) cieayer u3 (1). Ecan cayvaiiHas BesiMUMHA Yy KOHEUHa,
To 06e yacth paBeHcTBa (D) KOHeuHBI; ecaH y= oo, TO 00e yacTH pa-
BeHcTBa (5) paBHHL ©o.

Ecsu, B 4aCTHOCTH, V{, ¥y, ..., V, — B3aHMHO He3aBHCHMbie OjH-
HaKOBO pacmpeleJieHHble CJydYaHHble BeJHUHHB, TO B Gopmyan (1)
H (2) MOXHO NOJCTABUTH

P{Nj=j+k No=j+k+1}=P{N;=j+RP{N,—N;=1}=
=P =PV, =0 (D)
B sTOM uacTHOM c.npyqae dopmyaa (1) npuHEMaer Bug,
P { max (N,~r)<k}=

I<r<n
n—1

) . Npi 1+
=P{Nn<n+k}—]}:lP{N,-=]+k}E{[l— ) ®

i

Teopema 3. IMycte vy, Vo, ..., ¥,y ... — B3AUMHO HE3ABUCUMBLE
00unaKoso pacnpedenenHsle CAy4AliHblE se/mttunbt, npuRUmMarouLe
HeoTpuyareavuole yeavle sravenus. Ecau y<l1,

P(sup W,—r)<k]=1=(1—7) ZP{N =j+£4) ©)
I<r<oo =1
Oan gcex k=0, =1, 22, .... Ecau y>=1 u n;=1, 0
P{ sup (N,—r)<k}=0 (10)
1I<r<o
Oan scex k=0, =1, £2, .... Ecau m;=1, 10
P{ sup (N,—r)=0}=1. (11)
I<r<oo

HorasarteabcrBo. [lo TeopeMe HenpepeIBHOCTH [JSi BEPOAT-
HocTeH
P{ sup (N,~ry<k}= Ixm P{ max (N,—r)<k} (12)
~» 00 I<r<n
ITpasyio uwacTh 3TOr0 PABEHCTBA MOXKHO 3aMEHHTh MNPABOH YACTLIO
paBeHcTBa (8).
PaccmorpuMm cHauaga cayuait y<<l. U3 caaboro sakona Goabliux

YHCEJ CJEeAYET, UTO
lim 2 v
n-co 1

no BeposTHocTH. Orcropa limP{N,<n+k}=1 gaa k=0, %1,
n-»oo

+£2,...4
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aas j=1, 2, .... MH NoKaxeM, 4TO

QPW=i+B<{i (14)
j=1
pasi k=0, =1, =2, .... Ecau B (8) nepefity Kk npeneny npu n— 0o,
To noayuurcs (9). Ocraercs noxkasarth (14). Tax Kak npasasi 4acTb
paBeHcTBa (8) meorpuuarespHa, P{N,<n+k} <1 u
! Nn_]-r] { Nn—j }_
TO
n—1
(1-v 2% PN, =+ &< (16)
i=
ans Beex k=0, =1, =2, ... un=1, 2, ..., otkyna caeayer (14).
Ecan temeper y>1, 10 lim P{N,<<n-+£k}=0 gna Bcex k, H U3
n-—>oo
HepaBeHCTBRA
O<P{ma<x (N, —n<k}<P{N,<n-+k} (17
I<r<n

noayuzaem dopmyay (10).
Haxkownen, econ y=1, 1o
P{ sup (N —r)<0} 0 (18)

I<r<

B cuay dopmyan (7) § 5.

Orciona yxe BuaHO, urto (10) BeIMOJHSAETCA NpH k <0. Ecn £>0
Hm 1, Tom>0, u popmyaa (10) nas £>0 BLITEKAaeT H3 OYEeBHJ-
HOTO HepaBeHCTBa

atP{ sup (N, —r)<k}<<P{ sup (N —r)<0} (19)
1I<r<= I<r<
Ecom my=1, 10 P{N,=r}=1 nas Bcex r=1, 2, ..., orkyna mno.y-
yaeM ¢opmyay (11).

Sameuanne. Ecan v, vy, ..., v, ... —epPeCTaBjsieMbie CJy-
yaiiHble BeJHYHHH, TO MOXHO ONpENEJHTb TAKYIO CJYUAaHHYIO BeJH-
uynHy 0, UTO v, Vg, ..., V,, ... OYIYT YCJAOBHO HE3ABHCHMBL H OMHAKOBO
pacnpelesieHBl NPH faHHOM 3HaueHuM 0. Huaue rosops, mocsenosa-
TEJBHOCTb Vi, Vg, ..., V;, ... MOXHO HOJYUHTH H3 NOCJEHLOBATEIbHOCTH

HEe3aBHCHMBIX OJIUHAKOBO paclpelesieHHbIX BeJHYHH paHILOMHE}aIlI/IeI/I

napamerpa. Takum o6pasoM, BepOATHOCThL P{1<sup (N, —r)<kjg)
r<

MOZKHO ONPENeJHTL ¢ TMOMOIIbI0 dopMyJH (9), a moroM, Gepss maTeMma-

THYECKOe OXKHAaHHe mo 0, MoxHO moayunts P { sup (N, —r)<E}.
I<r<g
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Teopema 4. Ecau vy, vy ..., V;, ... — B3QUMHO HE3QBUCUMbLE
00uHaKoBo pacnpedeseHHbie CAYLAliHbIe BEAUHUHbL, NPUHLMAIOULUE
HeoTpuyareasHole 3navenus, u y<l1, 1o

P{ sup (N, —r)<k}=0Q, , (20)

I<r<oo

2de Q,=0 011 k<0, Q=1—v u

00‘ ,
Qw=é@f:§§% (21)
Oan lz|<1.

JlokxasaTteascTBo. Hcmoabsyss GopMyJsy NOJHOH BEPOSTHOCTH
U YuYMTHIBAsi, YTO C/yuyafiHas BeJMUHHA V; MOXKET MPUHMMATH 3HadUe-

mus 0, 1, 2, ..., nmoayuaem aas =0, 1, 2, ...
PN, <r+kpmr=1, ..., n+l1l}=
)
=.Zon,-P{N,<r\+k+1—j mas r=1, ..., n}. (22)
]=

[Mpu n—> oo orcioga cjaenyeT hopmysa
k

Qu= 2 7/ Qus1-) (23)
masg k=0, 1,2, .... C nomompsio 370i QopMyas H bopmyan (7) § 5
MOJHO BBHIUMCJHTb DEKyPPEHTHO BeposiTHOCTH Q, @, ..., HauuHas

¢ Qu=1—v. Ecu £<0, 710 ouesnano, uro Q,=0. Pasencrso (21)

MOIyYaeTCsl MEPeXOOM K IPOH3BONAIINM (QYHKUUSM, NPUUEM COOTBET-

cTBymmuii psig cxogurcs mpu |z|<I. Tak kak 0<CQ, <@ < ...

L <KQps ... K, TO gim Q. cymecTByer H 1o teopeme Abess
> . ’

(cM. momoJiHeHHe)

o @
kh—>n;loQk—z-]-i]ir—l-0(l Z)Q(Z)-—- l_n/(l_o)—' T—vy =1. (24)

CooTBeTCTBeHHO, ecan y<1,T0 sup (N,—r) siBaserca coGCTBeH-
1<r <o

HOIl cJayyallHOH BEeJHUYHHOH, KOTOpas ¢ BEPOATHOCTbIO | IpUHHMAaeT
TOJBKO KOHEUHble 3HAUeHUSsI.

PaBeHctee Qy=1—y MB TOJYUHJH, HCIOJIL3YH cqabblil 3akoH
GOJIBIIMX YHCeJ, a H3 Hero mo Teopeme AGeiss 3aKJIOUHIIM, 4TO

fim Q,=1. Eciu npuMeHnTh CHJBHBIA 3aKoH OOJBLUIMX 4YHCeJ, TO

k—>oo B 7 .

MOJKHO HeloCpeJCTBEHHO MOJayuHThb, yto lim Q, =1, OTKyAa mo Teo-
key oo

peMe Alens Qy=1-—y.
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 MlHTepecHO OTMETHTb, 4TO €CJH ypaBHEHHe 7(2) =2z HMeeT KOpeHb
=aqa npu |z|>1 n He umeer apyrux Kopueit npu ! <|[z|<Ca, 10

1 —
1-Q, ~ ﬁ a=k (25)

npu k— oo,

3ameuanue. Cpapuusas paseHctBa (9) u (20), npuxoaum
K HHTepecHOMY To¥jecTBy. Ecau y<l, TO

F)8

—Qr

P{N,=j+k}=11_v , (26)

i=1

rie Q,=0 npu £<0, Q,=1—vy, a sxauenns Q, niasa k>0 paworca
dopmyJoii (21).

~ § 7. NUCKPETHOE OBOBIIEHHE
KJIACCHYECKOM TEOPEMBI O PASOPEHHH

KaaccHyeckas TeopeMa O pasopeHHH (OPMYJHpPYeTCs Tak:

Teopema 1. Jsa uepoka A u B paseiepoisaror mesmdy coboil
nocaedosaressHOCT uep. B kasdoil uepe, He3a8ucCUMOl OT OCTAAbHbLY,
aubo A sviuepsisaer 00Hy MoweTy y B ¢ sepoarnocreto p, aubo B
soiuepoisaer y A odny monery ¢ sepoarnocroro ¢ 0<p<l1, p+qg=1).
Hpednosoxcum, 4ro 8 Haware uepo. A umeer a moxer, a B umeer b
morer. Hepa npodosxaerca 00 Tex nop, HoKa 00uH U3 u2poxKos He
pasopurcs. Tozda 8epoATHOCT® TO20, 4TO PA3OPUTCA UMEHHO A, pasHa

_ { [1~(pig)°l/[1 = (plg)***),  ecau  pq,

bla+b), ecau p=q. ()

dopmyasa 0aa gepoarnocru Py Toeo, uro pasopurcs B, anasoceuuna.

B 1657 r. Tofirenc [11] Bblumcauna Py/Pp B uacTHOM ciaydae
a="b=12, p/g =5/9. Okosio 1680 r. Bepuynau namen P,/Pgz B 061iemM
cJyuae; ero J0KasaTe/lbCcTBO HmpHBoguT Ae Myasp [7].

JokaxeM cienyioulee obobmieHue teopeMel 1.

Teopema 2. ITycrs vy, vy, ..., Vs oo — B3GUMHO HE3QBUCUMbIE
00UHAK0B0 pacnpedesenHble CAYHAliHble BeAUdUHbL, NPURUMArOWjUE
HeoTpuyareasHole yeavie suavenun. O6o3nadum wepes p (i), i =1, nau-
MmeHosuiee u3 qucea ry, 0aa Koropeix N,=r —i. Ecau Taxozo wucaa r
He cyujecreyer, noaoxcum p (i) = co. Toeda ecau 1y >0, To npu 1 i<k

I<r<o(i

P{_sup (N, —r)<k—i)=-%L, (@)
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ede Q, 7= 0 goibupaercs npoussosto, a 8epoaTHocTu Q,, k=1, 2, ...,
MOJICHO NOAY4UTE C NOMOUYLIO PEKYPPEHTHOU POpmyio.

k
Qk=1§)ﬂ}'Qk+1—1» k=0,1,2, ..., 3)

IHokasaTeabcTBo. [loJ0KHM
Qk, )=P{N.<r+k—i gnasr=1,..., p()} 4)

Ecan ;,>0, To BeposiTHocTH Q (%, i), 1 <{i<Ck << oo, HOJONKHTEJBHBI.
Oyuruuo p({) MOXKHO NpeACTABHTL B BHAE CYMMH B3aHMHO HE3aBH-
CHMBIX OJHHAKOBO paclpefie/leHHbIX CJy4YafHbIX Beauuun: p (i) =
=p()+@)—pM]+ ... +[p(@)—p@E—1)]. Orciona serko mnouay-
YUTh QOPMYJIy

&
Rk, o= 11 Q1. (5)
I=F+i—1
IMycrs Q(k, 1)=Qu~1/Q, mast k=1, 2, ..., rie Q)% 0 BuGHpaeTcs
npousBospHO. Torma Q(k, i) =Q,-;/Q, mpn 1<<i<<k. Tak Kak v,
MOXKET IIPHHUMAaTb 3Hauenus j=0, 1, 2, ..., To
k ‘
Q+i, i)=_20n,Q(k+i,i+j—l), 6)
]:
OTKYyZa .
Qr= igoﬂijH—] (7)
npu k=0, 1, 2, ..., 1 TeopeMa HOKa3aHa.

HurepecHo oTMerutb, uTO cHcTeMa YypaBHeHHH (3) MOJHOCTBIO

COBIaJaerT ¢ CHCTEMOH (23) § 6.
CucreMy JuHeHHHX ypaBHeHHH (3) MOXKHO pPelIUTh B SIBHOM BHIE,

UCNOJIb3YS METOJ, NPOM3BOAAINMX (PyHKIHH. B camom gnesne,

Q)= Y0t =2 ®)

k=0

g [z2|<6, rae 8 — HaMMeHBUINH HEOTPHLATE/BHBIH BeNIECTBEHHBIH
KopeHb ypaBHeHHsl mt(2) =2z. Ecium y<{l, 70 6=1, a eciu vy>1, T0O

0o,
Ecau uucno | z| pocrarouHo Mano, TO

Q)= Qy + ———2 Q0+Qoz2 prlUREE “@F, ©

—[ﬂ0+z-n(z)] pran Sl
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OTKyza 0
= o,
Q=2 (10)
" i i
(—=1)" %! N\ (n—l)l’nz”'nk
SR YCER (1)
v=1 T i+t =y fltgl e Tel
L+ 2yt e iy =k
aasa k=1, 2,
3ameuanne. Ecom 0<y<oo, T0 @ £=0,1, 2, ..., MOXKHO
NOJIYUHTh ellle H Tak. BBeleM BepPOSTHOCTHOE paclpejeneHHe
. 1 .
nj=—v—(1——a'c0—nl—— cee — ), i=0, 1,2, ..., (12)
¢ npousBofAuel GyHKuHeH
()= me 1”_‘3 (13)
[Monomum Py=Qy 1 Pr=Q, —Qu-; npu k=1, 2, .... Torna

p(z)=2pkzk=Q(z)(1—z)=PO(1—z)+1_P—°i. (14)

=~ yn* (2)

W3 paBencrsa (14) HemocpencTBEHHO caefyeT, uTo

=Py (15)
l—yno
H
B i wigee, wip
vy’ 7 n n
Pn=h Y Y BLE G,
v=1 (1 _W’O) L+ iyt o =y Lligh - gl
3y F20,t e FRIp =k
s k=1, 2,

BbIBe,ZleM Tenepb Ipyrue BBIpAKEHHS HAJs BGpOHTHOCTEH Qs
k=0, 1, 2,

TeopeMa 3. Ecau v5£ 1, o
1/8 \ .
Qk—Qo[ T8~ EP{N,-=1+k}] (17)
i=1

Oan scex k=0, =1, %2, ..., 20e & — HaumeHbLUILLL HeoTpuyareAbHbLl
geuecTeennbll Kopens ypagnenus w(2)=z, Ecau y<l, 10 8=1,
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a ecau y>1, ro 0<6< 1. Tpu k<0 npasas wacre pasencrea (17)
obpauaercs e 0. ‘

JdokaszareabcTtBo. Has cayuas y<l paseHcTBO (17) yxke
jokasano B TeopeMe 3 § 6. Tam 3Hauenwe Q, 6bio paBHO 1 —y.
Ho Tak kak @, CJAYXKHT MHOXHTEJEeM MPONOPUHOHAJLHOCTH, 3TO He
orpaHuuuBaeT OOGUIHOCTH. ‘

HokaxeMm Tteneps paBedctso (17) masti y>1. He tepsis oGmHOCTH,
MOJXKHO NpeanoJoxutb, uto Qy=1. Toraa ns ¢opmy.anl (8) cienyer,

4TO
k2
k_E Qr2 =T -2 (18)

npu [z]<6 u Q,=0 mpu k£<0. Kpome Toro,

3 (N A

k}‘ ( 1P{N,~=1+k})zk=z—f~;227) (19)

fmeo \j=
npu 6<|z]< 1.

Ecan Bouects 1/(1—a/ (8))8° us Q,, £=>0, To peayabTupyiomas
10CJIEIOBATENBHOCTh GyIeT UMETb NPOU3BOASILYI0 (GYHKLHUIO
n (2), _ d
n(z)—z (1—a'(0))@~2)"’
cxopamyiocs npu | 2 | << 8. Anasornuno, ecan Msl BeuteM 1/[1 — n” (8)] o

(20)

H3 12 P{N;=j+k} nas k<0, To pesy/bTHpYyIOIas NMOCAELOBATE/]b-
=1
HOCTb GyAET HMETb NPOU3BOASALLYI0 (GYHKIHIO

- n(2) é -
ne T oI6-2" (21)

onpejeJeHnylo npu d |z |< 1.

Ipu |z|=6 cymma npoussoaswux ¢ynkuui (20) u (21) pasua 0
H, CJeJOBATeJbHO, CyMMa COOTBETCTBYIOMIHX 3/EMEHTOB B JABYX IIO-
cJ1eJl0BATEJAbHOCTAX TakXke pasHa 0, T. e,

& |
P{N,=j+kl=—-—"— 22

Qm% W =i+ B = (22)

i Beex k=0, =1, =2, .... D10 nokasuBaer paseHcTBO (17) mus

v>1. Ecom y<1, To 6=1 u oba pama pajasg NPOH3BOAALNX (YHK-
uuit (20) 1 (21) cxomarca npu | 2| = 1. Takum o6pasom, B 3TOM cayuae
paBeHcTBO (22) TaKKe BHIIONHAETCH, uTO H HokaswBaeT (17) aaa y<l.

Ecin k<0, To Q,=0. Brifupas creunajbHeIM 06pasoM mocJjeno-
BATeJbHOCTH CJAyYalHBIX BeJHYMH {V{, V,, ..., V,, ...}, MOXKHO BH-
BECTH H3 3TOrG (aKTa HHTEPeCHbe TOXIECTBA.
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Teopewma 4. Ecau ny>0, 70 0an i =1

E{ sup (N,—r)}-—-i (B 2e=r) g, (23)

1<r<p () P

INoxasareabctso. Cayyaiinas Beauunna  sup (N, —r) Mmo-
1<r<p(i)

JKeT IpHHMMATh 3Hauenust —1, 0, 1, 2, ..., u moroMy ee MaTeMaTH-
uyecKoe OKMIaHHe PABHO

E{ sup (N —r}~ZP{ sup (N,—r=j—1. (24)
I<r<p(i) j=0 1<r<{p(i)

Yuureiast dopmy.ay (2), monyuaem TpebGyeMmoe.
B 3akJqovenne nokakeM TeopeMbl 00 aCHMIOTOTHUECKOM IOBEIECHHU
Q, npu k— oo,
Teopewma 5. Tycrs 7,>0. Ecau vy<1, 70
Q

lim Q, = . (25)

k> o0 =Y
Ecau y=1, ro )

i Qr _ 2Qo , '

1!}-)“30 I . 26)

20e yo=a"(1—0). Ecau y>1, 10
: k__ Qo -
K}l)n;lo Qké = w (6) H] (27)

20e O — HauMmeHbuwilil HEOTPULATENbHBLE BeuecTBeHHbLE KOPers ypas-
Henun n(2) =2, npuen 0<<d<C1.

JokaszarteancTBOo. Ecan Q;>0, 10 Q, Qs ..., Qp ...—He-
yObIBaONIAs IOCJAELOBATEBHOCTh MOJNOXKHUTEJALHBIX UHCEJ, OTKYZa
caenyet, uto lim Q, (Bo3MoXHO, paBHH#E o) cyiecTByer. Ecan y<1,

k>0

T0 1o TeopeMe AGens
lim Qy=lim (l—z)Q(z) & =B (28)

k> o0 —a'(1-0) v’

4%) JOKA3LIBAET PaBeHCTBO (25).
3amernM, uto ecau y<l, To sHaueHus @, KOHeuHB H Q, MOXKHO
BHIGPATh TaK, UTOGHI 11m Q.=1. Ho eciu y>1, 1O 11m Q, = oo s

Bcex >0, T.e. HeBOSMO)KHO BEIGpaTh Q, Tax, L1'1‘06131 lim Q, =1.
k> oo

Ecmn y=1, To no Tay6eposoii TeopeMe Xapau — Jlutasyna (cM.
JLOTIOJIHEHHE)

‘ Qn. T A2 — 2Qo _ 2Q, \
oo = i, (=2 Q) =g gy = =, (@)
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oTkyja cjenyer ¢opMyaa (26). DToT pesyabTAT MOKHO NMOMYUHTb H
H3 TeOPHH DPeKyppeHTHHX 'cobuTHH. Ecam MBl Habaionaem mosiBJeHHS
pPeKypPpeHTHOro cOOLITHA B MOMeHTH {=1, 2, ..., npenanosaras mnpH
3TOM, YTO DPEKYPPEHTHOe COOHITHE IIPOH30LIJIO B HAauaJbHBIH MOMEHT
t =1, a BpeMs BO3BpAIUEHUS HMEET pachpefieseHne :rl:;, i=0,1,2

onpejesenHoe paseHctBaMu (12), To Q./Q, ecTb cpemHee umca0
HNOSIBJICHHH DPeKYDPPEHTHOro COOBITHSI K MOMEHTY BpeMeHH ! = k. Takum
06pa3oM, U3 TeOPHH PEKYPPEHTHBIX COGLITHH CJEAYyeT PaBeHCTRO

m Qe Q
lim 0o (30)

BNOJIHE corJacyionieecs ¢ (29).

ITpu vy, = oo npasas uacThb pasencrsa (26) pasrma 0. B sTom cay-
yae JJs HAXOXKICHHS AaCHMITOTHUECKOro MNOBeleHHs] Q, npu k—> oo
MOXHO HCIIOJIb30BaTh APYrylo TayGepoBy TeopeMy Xapau — JIuTiByna
(cM. pomosHeHnue). B coorBercTBHM ¢ 3TOH TeopeMoH, ecau mpH z— 1

0<z<1)
Q@) ~ e L(727)» (31)

1—z

rae a =0 u L(cx) ~ L{x) npu x— oo aJs Jno6oro HOJOKUTENBHOIO
uhcaa ¢, TO Ipu kR —> 0o

Qe ~ I“_(a+—1) L(k). (32)
Ecimn y> 1, 10 no teopeme AGenst
. B o _ %
dm Q"= lim (1-2)Q(0) = 1= (33)

B IpeANoJoKeHHH, uto lim Q6" cymectsyer. CyluecTBOBaHHe 3TOro
k—>» oo

npefiea TPOBepsieTCs HEMOCpeJCTBeHHO. Tak kak psip ans Q(z6)
cxofuTes npH |21 u enuHCTBeHHOH 0COGCHHOCTHIO GYHKUMM Q (26)
B €JIMHHYHOM Kpyre sIBJsE€TCS NMpOCTofi moJaoc mpu 2=1, To

>
Q (26) = (1 — (3)0) (1 — 2) + Z ckzk: (34)
k=0

rae lim ¢, =0. Orcloga HeMeAJeHHO cJjefyeT paseHcTBO (27).
koo

3aMeuanne. C momompto siBHOX dopmyas (17) gas Q, pasen-
CTBO (27) MOXKHO YCHJHTb, a4 MMEHHO

. Q(I/8)*71_ _ Qo
lim [Qk — _10—476)] i (35)
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HedicTBuTenbno, no Teopeme Uxkyn Kali-nas (cMm. pomoJsnenue)

R . 1
li P{N,=j+k)=-—, 36
kl»n;;l Ny=]+k == (36)

ecan y>1, u, Takum obpasom, (35) caexyer us (17).
Ecmn y<1, 10 no toii xe TeopeMe Uxyn Kaii-nas

lim X P{N,=j+k}=0, (37)
ke»oo j=]
otkyna B cuay (17) 0
. __Q
,32?0 Q=15 (38)

uro corqaacyercs ¢ dopmyaoi (25) npu y<1.

§ 8. PACIIPENEJEHHE MAKCHMYMA HNOCJEIOBATEJIbHOCTH fr—N,.}

B stroM naparpade ™Mbl 3alfiMeMCsl HaxoXKJeHHeM pacmpeleseHHs
max (r—N,;) Ana KOHeYHBIX n M pacnpefeneHus sup (r—N,).
I<r<n I<r<oo

Teopema 1. Ecau vy, vy, ..., v, —npedcragisemvie ciydainse
BEAUHUNL, NPUHUMAIOU U HEOTPUYATEAbHbLE Yeable BHAYEHUS, TO npu
k>0

P{max (r~N)<B=1-Y *PN,=j—k. (1)

I<r<n i=k

IlokasarteabcTBO. HalineM BepoOSTHOCT MOMOJHHTEJHLHONO
kK { max (r —N,)<k} coGuITHS, T. €. BEPOSATHOCTb TOro, 4To N, r—*F

1I<r<n
IJas HekoTtoporo r=1, 2, ..., n. D10 coGHTHE MOKET IMIPOU3OHTH
B CJEJLYIOUIMX MCKJIOUAOIIUX JPYr APyra ciayyaax: HauMcHbllee r
Takoe, ur0 N,=r—k, ectb r=i (j=k, ..., n). Torga N;=j—k u
N, >r—k paa r=1, ..., j—1, unn, skBuBasentio, N;— N, <j—r
gag r=1, ..., j—1. Ilo Teopeme 1 § 4

P{N;,—N,<j—r nans r=1""’j_1‘Nj=j'—k}=—?— @

nasi 0<Ck<(j, rie ycJoBHAsi BEpPOATHOCTb ONPeAe/IeHA C TOUHOCTBIO
Io. skBuBaJseHTHOCTH. Ecau ymuoxurs (2) Ha P{N;=j—k} u cao-
XKHTh INOJYYHBIIKECS paBeHCTBA MNOUJEHHO AiA k<(j<{n, HaligeM
BEPOSITHOCTb JIONOJIHHTEJNBHOTO co6uiTHs. TeopeMa MokasaHa.

ITopo6ueiM o6pasoM HoKaseBaeTcs Gosee obiias Gopmy.a
P{r—N,<k pgnar=1,...,n—1, n—N,<k—i}=

=p{1v,,>n+i—k}—2§p {Nj=j—k, Ny>n+i—k (3)
i=1
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st R>0, n=1 u i>0.

Teop ema 2. Ecau Vi, Vo, .+ .., V, — HEPECTABAAEMBIE CAYUQLHbLIE

BEAUUNDL, NPUHUMAOUUE ueOTpuuaTe/zbnbte yeavle 3HAYEHNS, TO

1 +
E{ max (r — N }—Z {li=Nj%). 4)
o<r<n
“~HJokasaTeabCcTBO. CleanHaﬂ BesuunHa max (r — N,) Moxer
. o<<r<n
npuHEMath 3HaueHns 0, I, ..., n K mosTOMY
E{ max (r— ,)}—ZP{max (r~N,)>= k). (5)
o<r<in k=1 I<r<n

YTBepKaeHHe TeopeMHl CJIeLyeT H3 paBeHCTBa (6) ¢ yuerom dop-
Myl (1).

3ameTuM, YTO €CJH Vi, Vs, ..., V,, ... — OCCKOHEUHAs NOCJEL0BA-
TeJBHOCTb MePeCcTaB/AsAEeMbIX BeJHUHH, NPHHHMAIOINX HEOTPHLATe/b-
Hble Iesble 3HAueHH#, TO, ycTpeMJuss # K oo B dopmyae (1), moJy-
yaem nas k>0

o0 ’

P{sup (r—N)<k)=1- 5N, =j~KP. 6)
1<r< oo oy J
Ecmu v, vy ..., v,, ... — 0eCKOHEUHAS 1OCJIET0BATETbHOCTD B3AHMHO

HE34aBHCHMbBIX OJHHAKOBO pacinpeJesieHHBIX CﬂyqaﬁHbIX BeJIMYWH, TO,

KaK IoKa3blBaeT cJeaylolliast TeopeMa, sup (r—N,) HMeEeT reoMeTpH-
I<r<o
YeCKOe pacnpezneJeHue.

Teopema 3. [Tycrs vy, vo, ..., ¥V, ... — B3AUMHO HE3ABUCUMbLE
00UHAKOBO  PACNPEOCNCHHBIE CAYHQLIHGIE BEAUYUHDL, NPUHUMAIOUUE
Heorpuyareasuble yeavie anavenus. Ecau k>0, ro

P{ sup (r—N,)<k}=1-8, (7
I<r< oo
20e 8 — Haumenbuwul HEOTPULATEAbHbIE BeUyeCT8EeHHbIL KOperb ypas-
HeHUA
n(w) = w. 8)

Ecru yv<lum=1,10d6=1, aecau v>1 um n;=1, o 6<1.

Jorkasareabctro. Has i1 onpenenuM p(/) Kak HauMeHb-
Ilee M3 4YHCesa r, AJAs KOTophix N,=r —i. Ecan Takoro uucna r He
CYIIECTBYET, NMOJOXKUM p (i) = co, DyHRUMK P () MOXKHO NPEACTABHTH
B BHIE CYMMH [ B3aHMHO HE3aBHCHMHEIX OAHWHAKOBO pacHpeflesieHHBIX
cayuaiiabix Beqnuus: p (D) =p (1) +[p(2)—p (D] + ... +[p @) —p (@ — 1)].

Ilycte
E{z*}=6(2) )
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an:I |z|<1. Toraa
E{"}=[3()] (10)

npu |z|<1 Ecuin Teneps npeanosioxuts, uto N;=j, 1o p (i) =i+p"(j),
rae p*(j) HMeer To Xe pacnpefefeHne, uTo H p (J), ¥ mocJeAOBATENb-
HocTh {p°(j)} He3aBUCHMa oT mocJenoBaTe bHOCTH {N;}. Takum o6pasom,

E{z° W} =2 [n (8 (2))]', (11)
rze |z|< 1. CpasruBas (10) u (11), monyuaem
8(2)=2n(5(2)
s |z]<1. BEcom 0<2< 1, To ypaBHeHHE
w = znt (w) (13)

HMEeT OJMH MU TOJbKO OJIMH BEUIECTBEHHHH KOPeHb B HHTEpBaJe
0<w<l, orkyna w=46(2). Ecsiu 21, 0<2<1, 10 6(2)—9, rae
0 — HaUMEHbIINH HEOTPHIATEJbHBIH BElIECTBEHHEI KOpeHb ypaBHe-
g w=mn(w). Ecomu y<{1l u m;5%=1, 0. 86=1, a ecaiu y>1 uu
=1, To 6< L.

Tlo onpenesennio p (i) uMeeM

P{max (r —N,)<Ek}=1-P{p(k)<<n} (14)
1I<r<n
nas k>0, a B cuay teopembl Abeas ,
lim P {p (k) <n}= lim[6 (2)]F = &%, (15)
n-» oo z2->1
H J0Ka3aTeJbCTBO 32KOHYEHO.
Ecom y>1 nam my=1, to sup (r—N,) ectb coGerBeHHas cay-
1I<r<oo
yafiHad BeJIMUMHA, KOHeyHas ¢ BepoATHOCcTbIO 1. Ecan y<C1 u m=%1,
To sup (r—N,) GecKOHEUHA ¢ BEPOSTHOCTHIO 1. .

1I<r<o ‘

Cayuaiinas Besmuuna p(R) mpu k=1, 2, .., Hrpaer BaxHYIO POJb
B TeODHH a3apTHHX Hrp. OHAa HHTEPNPETHPYETCs KaK IPOROJIKHTENb-
HOCTb MrpHl. Ee pacnpesesnenue faercs cieaymiomeii TeopeMoi.

Teopema 4. IIycro v, vy, ..., V, ...~ Nepecragiiemole cAy4aii-
Hble BeAUMUHbL, NPUHLUMAIOUjUE HEOTPUYATeAbHble UeAble BHAYeHUs.
Onpedeaun p(k) npu k=1 kax naumenoiiee us wucea r, 048 KOTO-
poix N,=r—k. Toeda

Plo(h)=n)==P{N,=n—F (16)
oan 1 <<k<n
HdokasateabcTso. QueBHAHO, UTO
Plo(k)<n}=1-P{ max (r —N,) <k). (17)
I<r<n .
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IToxcrasass (1) B mpaByio uYacTh 3TOro paBeHCTBA, HOJIy4a€M OKOH-
YaTeJbHBIH pe3yJIbTarT.

3amerum, uto dopmyna (3) § 2 siBasiercs yacTHHIM CayuaeM ¢dop-
Myabl (16). YnuBHTENIbHO, YTO M B 3TOM GoJiee CJIOKHOM cayyae
COXpaHsIeTCsl ee MepBOHAuaJbHas MPOCTOTA.

Tenepb npemnosoxuM, 4TO vy, vy, ..., V,, ... — B3AHMHO He3aBH-
CHMble ONMHAKOBO DacNpelesieHHble CJyyaiiHble BeJHYHHBI, INPHHH-
MaollHe HEOTPUIATe/bHbIE LIeJble 3HAYEHHS.

Ecmn y<<l umys= 1, 1o lim Pp(R)<<n)=1, . e. o (k) — co6er-

n=>o00

BeHHas c/yyaiinas Beauunda. Ecain y> 1 nan =1, 10 P {p (k)= o00}=
=1-6">0.
Ecan y<l, T0 MaTeMaTHuecKoe OXHIaHHE cJay4alHOH BeJIMUUHLL
p (k) paBno
° P
Efp())=kY, PN, =n—k)= 12, (18)
n=k
uto ciaenayer u3 dopmyan (26) § 6. Eciu y=1 u n; %=1, To
E {o (k)} = co. Hnurepecro oTMertnts, uto u3 (18) cuemyer

E{p(k)}=glp{0<n—Nn'<k} (19)
aas y<l.
Ecmu |2|<1, to ¢ noMousio (16) MoxHO moayunts
E(2®)=[8 (@) =k 3 2 PN, =n—4) (20)
n=~k

M ©=0(2) ecTb eNUHCTBEHHHIH KOpeHb ypaBHeHHs w = 2x(w)
B obOgactd | w|<1.

3ameuanue. Ecam vy, vy, ..., v,, ... — B3aUMHO He3aBHCHMBIe
OIHHAKOBO pacnpeje/eHHble BeJHUYHHbI, IDHHAMAOIIHE HEOTPHIATE b
Hble IieJIble 3HAYeHHs, To, cpaBHuBas (6) u (7), moayyaem

E?p{zv,:j—k}:@k @1)
i=k
npu k>0, rie &—HauMeHbUIHH HEOTPHLATEJbHbH BEIIECTBEHHH
KOpeHb ypaBHeHHs n(w)= w.

§ 9. PACNNPENEJIEHHE MAKCHMYMA
IJis1 NBOUCTBEHHbBIX NMOCJENOBATEJbHOCTEH

C KXa)aoil nocnef0BaTeJbHOCTBIO CJAYYAHHBIX BEJHUHH Vj, Vo, ...

evss Vry ..., IPHHAMAIOIHX HEOTPULATEJbHBIC LieJbIE 3HAUYEHHS, CBS-
@ * *

8bIBAETCSA NOCJIE/I0BATEBHOCTD CAYYAHHBIX BETHUHHE V], Vi, vy Vyy o evy
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TaKXe INpPHHHMAIOUIMX HEOTPUIATeJNbHEIE LEJBIEe 3HAUEHHS, CJELYIO-
wuM obpasom: nyetb No=0u N,=v,+ ... +v, naar=1, 2, ...

u aHagormyHo Ny=0 u N, =v + ... +v, naa r=1, 2, .... Ilpex-
NOJIOKHM, 4TO

N, =sup{r: N,<n uw r=0,1,2 ...} 1
s n=1, 2 .... Torga M GymeM rOBOPUTb, YTO [v:} — ABOHCTBEH-

Has nocJenoBaTesnbHOCTh AJs {v,}. O6patno, {v,} — ABoiicTBeHHas IoO-
C/ef0BATEJbHOCT 1 ().

Us OYE€BHAHOro COOTHOIUEHHHA

(N, <k}=(N,>n) @
s n+ k>0 BHTEKAOT TOXIECTBA
[Ni=r<k paa r=1, ..., n}=
={r—-N,<kgaar=1, ..., n+k} (3)
"
{r—N:<k g r=1,..., n}=
={N,~r<k pas r=1,..., n—Fk} €))]

Ec/in M3BeCTHH paciipefeseHH MaKCHMYMOB IJISI OCJENOBATE /b=
Hoctell {N,—r} u {r—N,}, 70 ¢ momompblo ToxaecTB (3) u (4) MOXHO
HafTH pachpeje/eHHs MaKCHMYMOB JBOHCTBEHHBIX IOCJEN0BATENbHO-
creit {N:—r} u {r—N,}, nu o6paruo.

§ 10. MIPHMEPHI

PaccMOTpHUM HeKOTODPHle cleliHdHUecKHe MOCJAe0BATEBHOCTH CJY-
qa#HBIX BeJUYHH {V{, vy, ..., V,, ...} U ONpEeNeJHM AJs HHX BCe Be-
JIMUMHBI, (QUTYPHUDYIOIIHE B YCJOBHAX OOIUHX TeopeM, AOKA3aHHEIX
B 3TOH TIJaBe,

1. lTocnenosarteabnocTb DBepuyaaun. Ilycts v, v, ...
vevy Vy» ».. —B32aAMHO HE3aBHCHMHBE OJMHAKOBO paclpejefeHHbEe
cayyaiiHble BeJIHUHHEL ¢ pacupedenerueM P{v,=0}=gq, P{v,=2}=p,
rie p+qg=1u 0<p<I1. Toraa

PWa=2)=(7) Pl M

npu j=0, 1, ..., n. Janee, n(2)=q+ pz%, u dopmyaa (8) § 7 npu-
HHMaeT BH/[, )

_ _Qu(g+p2?)
VB =T-51-ra @
OTKyZa : .
Q=0 1=l npy porg k1 3)

qg l1-—plq
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74
Qr=2Qk npu p=gq, k=>1. (4)
3mecs y=2p. Ecam y<{l, 170 8=1, u ecam y>1, T0 6 =¢/p.
2. Mocaenosareabnocth Ilackauas. Ilyets vy, v, ...
e+y Vs ... — B3aHMHO He3aBHCHMLI® OJIHHAKOBO PaclpeleJleHHEIE CIy-
yafiuble BeJHUMHH, npuueM P{v,=j}l=pg’/, j=0, 1, 2, ..., rze
p+qg=1, 0<p<l. Torna n,=pq’ aa j=0,1,... n n(2)=
= p/(1 — qz). Teneps |
: A (nti- j
PW.=p=(""17" ) (5)
npu j=0, 1, 2, .... Popmysa (8) § 7 npunumaer BuA
= Qo
RE=1=% (-0 ©)
OTKYAa ool
1 -
Q= QT — mpu p g, k>0 )
H
Qr=Qu(k+1) npu p=gq, k=0. ®)

3necy y=p/g. Ecom y<<1, 0o d=1, a ectm y>1, 10 6=p/q.
3. HocanenoBarensHocts Ilyaccorna. Ilyets vy, v, ...

.vsy V5, ...=—B3aNMHO HE3aBHCHMEIE OJHHAKOBO paclpejeseHHbIe
cayualiHble BeJHYHHBL C pacnpejesieHHeM
b
Plvy=jl=ewasr,  j=0,1,2 ... ©)
Torga n(2)=e-20-2 y _
P{Nn=j}=e‘a”(a—?l)i, i=0,1,2 ..., (10)
dopmyaa (8) § 7 npunuMaer Bu[
’ . Qo
Q)= T_a0-25° (11)
OTKyJHa
k ;
, E— N
Qk=QOE(_1)fea(k-nLﬂll (12)
i=0
g k=0,1,2,.... 3necs y=a. Ecmu y<{1, 10 6=1, a ecan y>1,

TO 0 — eJHHCTBEHHHIH KOpeHb ypaBHeHus e~¢(1=8 = § g unrepnaue (0, 1).

4. TlocanenoBarteabnocTh Ilofa (cM. OrrenbGeprep H
TMo#ia [9]).ITycts B ypHe a Geanix u b uepHbX Wapos. I1ponssoauTcs
BeI6OpKa no omuHoMy wmapy. ITocse Kaxaoi BEHIGOPKH IIap BoO3Bpa-
1aeTcst B YPHY BMeCTe C JADYTHMH ¢ Liapamu Toro e npeta. [ToJjo-
KHM v, =Hh, ecau r-d BHTAHYTHH Map Gesbill, v, =0, ecau r-i
BRITAHYTBIA WIAP YepHbIH; A — MOJOKHTENLHOE 1IN0 YHCJQ,
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3mech Vi, Vo, ...y — nepecTaBJisieMble CJAy4YafiHEle BeJHUHHbL
Ias aux P {v, = h} = a/(a + b), P{v,=0}=b/(a+b) u E{v,}=ahf(a+b)
mar=1, 2, . Hanee,
(a+{'-—1 )(B+n—!‘—1)
PN, =k} =-— o (13)

(a'—l—ﬁ-,ll-n—l ) '

rie j=0, 1, ..., a=a/c u p=b/c. Kpome Toro0,
P{N,=jh, Nn+m (j+kR H)=

(a+{—-l)((3+n—.]—l)(a+j;a|-k—l)(§+n—j+n;—k—l)
= -—t (Z:-]ﬁ+n—1)(a+ﬁ+n+m—1) = (14)
n m

g j=0,1,... u k=0, 1, ..., m.

OnpenennM Temneph TaKylo CJydYafiHylo BeJHUHHY 0, uTO NpH HaH-
HOM 3HAueHWH O cayuyaliHble BEJIHYMHBI Vi, Vg, ..., ¥V, ... HE3aBH-
CUMBl ¥ OJWHAKOBO pacmpenesieHsl. Ecam OpeanosoXuTh, UTO
P{v,=h}=0, P{v,=0}=1—0 u ¢yHKUHs pacnpejeNeHus LIk 6
3alaeTcs PaBEHCTBOM

T -
PO< }—F(g;;f;) fyw(l W7y O<x<D,  (15)

TO Vi, Vo, ++vs V,p ... OYHET ONpelleeHHOH BHIIE TOCJIEN0OBATE b
HocThio Ilofta. Mmaue rosopsi, NOC/AeLOBaTeNbHOCTb [lofla MOXKHO
IpeJiICTaBUTh KaK pPAaHIOMH3HDOBAHHYIO IIOCJAEN0BATebHOCT Bep-

HYJLJIH.
augee, E{v, |0} =40 c BepositHocTbio 1 B mo Teopeme 1 § 5

PN, <rmmsr=1, 2... 19 =x}=[1-—hx]", (16)

a COOTBeTCTByIOIIAsi Ge3ycJOBHas BepPOATHOCTh PaBHA
i/h

P{N,<r pas r=1, 2,...}=f(l—hx)dP{e<x}. (17)

Taxk kak :
PN, —,me~x}—-( )xf(l —r (18)
s j=0, 1, ..., n, T0 B CHITy TeopeMbl 3§6
P{ sup (N, —r)<k|0=x}=
1<r<oe . : ’
=1-(~m) X (" k)x (1—xf *07%, . (19)

o 2kt )h
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ecan 0<Cx<1/h. Tlpu x=1/h sra BeposTHocThb paBha 0. Torzma
6e3yc/ioBHAA BepOATHOCTb paBHa

P{lgug (N, —nN<Rk}=P{0<1/h}—
1/h
- X ("TH) [ a—mysta-x* "t ap <y (0)

1Z(k+1)/h 0

u u3 dopmyaw (6) § 8 cuenyer, uTo paBeHCTBO

oo

P{ sup (r=N)<b}=1- Y 5PN, =j—# 1)

ISr< oo i=k

cnpaBselJHuBO AJa Bcex k>0,

§ 11. APYTHE METOJbI

B 370i riaBe Mbl HallJHM paclpele/eHHe CJyYaiiHOH BeJHYHHBI
'r|n=max(0, gl» §1+§2» LS §l+ e +gn)’ rne gl’ g?v LS ] gr: see T
Jubo TNepecTaB/sieMble CJayYafiHble BEJHUHHB, JHGO B3aHMHO He3aBH-
CUMBle OJHHAKOBO paclpeje/eHHble CAydYalHHble BeJHYHHB, NDHHH-
mampomue spavenus —1, 0, 1, 2, ... uau 1, 0, —1, =2, ....

Ecau §), &, ..., &, ... —B3aHMHO He3ABHCHMBIE OIHHAKOBO pac-
NpefesieHHble CJAy4YafiHble BeJHYHHBI C IPOH3BOJBHEIM pacrpelee-
HHeM, TO JJIfl HaXOoXJeHHSI pacupefeNeHHsa CJAyYaHHOH BeJMUYHHBHL
N,=max (0, &, &, +&, ..., &+ ... +E,) MOKHO IDHMEHHTb METOIX.
ITonsiueka [16], Cnappe-Aunepcena [1], Cnuuepa [17] u ®emnepa [10],
MBI H3JI0KUM 3TOT MeTOJ, NpeJBapHTe/bHO BBeAs omepatop A u uay-
YHB €ro OCHOBHEIE CBOHCTBA. ‘

Ilyets G (x) — neyGuBalomass (YHKUUSI OFPAHHYEHHOH BapHALHH
B HHTepBaJe (— o0, o). Torpa

[+

vs)= [e=s*dG (x) W

- 00

¥ 3TOT HHTerpasn cxonurcss npa Re(s)=0. Ecau nana dyukuua vy (s),
TO -

vi(s)= [edG(x) )
-0

onpeneJsiercs: ofHo3HauHo mpu Re(s) =>0. 3aganum onepartop A pa-

BECHCTBOM
vt (s)=Ay(s) (3)
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dror onepartop auneidHbii u A?= A, Ilyctb

G (x)= Y o Ful), (4)

n=0

rae F,(x) ecTb n-1 cBepTKa QYHKUHH pacnpefedenus F(x) ¢ coboii;
Fo(x)=1 ans x=20 u Fy(x)=0 paa x<0. Ecau

o(s)= [ e=*dF (x), (6)

—o0

npu Re(s)=0, To npeoGpasopanue Jlamjaca— CTuibrbeca (QyHKIHH
pacnpejesenus: G (x) paBHO

y(s)=em® ) (6)
opu Re(s)=0. Hdanee Mb GyneM MHCHOJb30BaTh CJeAylolIMe JIBa
YTBEPXKAEHHS, CIPaBEIJUBOCTh KOTOPHIX BHAHA HENOCDPEACTBEHHO.

(i) Ecin Ag(s)=q(s), 10 Ay(s)=e® ),
(ii) Ecau A@(s)=0, To Ay(s)=1.

Teopema 1. Mycrs &, &, ..., &, ... — B3QUMHO HE3ABUCUMbLE
00UHAK080 pacnpedesennble Caydaiinble Beauylnbl, A8 KOTOPbLX
E{e™} =q(s) (7)
npu Re(s)=0. Mycrs n,=max(0, &, & +&, ..., &+ ... +&) u
E (e} =@, (s) (8)
npu Re(s)=0. Ecau 0<Cw<1l u Re(s)=0, 10
oo o_; n
Y 0. (s) v =exp (},“’7 A{lo (s)]”}), @
n=0 ne=l1
uau
3 0, (s) 0" =exp(~ Aflog [1 — wo (s)])). (10)

HoxaszareabcTBo. M3 onpeneneHus BeJHUHHH 1), Clelyer,

qTO .
n,=max (0, & +m_), (11)

rfe cayuafiHas BeJHUHHA 1), , HMeeT TO XKe paclpefesieHHe, 4TO H
N,-1, U HesaBucuma oT ;. Takum oGpasom, Oy(s)=1 u

D, (s) = A{Q(s) Dy (5)}. | (12)
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npu n=1, 2, ... & Re(s)=>0. Peienue 3T0r0 pexyppeHTHOro COOT-
HOLIEHHs 3ajaeTcs mpoussoisawed ¢ynkuuei (9). B camoM jgene, u3
(9) u (i) noayuaeM

!2‘(1) (s) @" }—exp(Z—A{[cp(s "}) i(Dn Y, (13)

n==0 n=1 n=0

a u3 (9) m (i) —

{[l—wcp 1}_]@ (s) w" i—

=A{exp (— Z%{(cp(s>>”—4(m<s>>”l)}= Lo (14

n=lI

JIBa mocJseiHHe PAaBEHCTBA JAlOT
A{wcp(S) 2 @, (s) " }= 2 @, (s) 0" —1 - (15)

apn 0w <1 u Re(s)=>0. Orciona crenyer, uto Oy (s)=1 u dpynk-
mun D,(s), n=1, 2, ..., ynoBaerBopsoT cooTHomeHuwo (12). Teo-
peMa [0KasaHa.

W3 ¢opmyanl (9) ciaenyer, uto

(40 ()1 [A (95212 ... [A (g (s))1*"
% (16)
Byl kgl ... kpl171272 n'n

@, (s)=

kl+2k2+ oo tRR,=n

U paclpefie/ieHHe BEJHUHHBI 1), MOXKHO BBLIYHCJHTbL IO GopMyJe obpa-
IeHNUs.

Teopemy 1 B ¢opme (10) morasan Iloasuek [16]. Ho on orpanu-
ypJICcs cJayuaeM, Koraa ¢ (e) < oo s HekoToporo €>0, W 3ajaaJ’ ome-

patop A paBeHCTBOM
&+ ioo

? (2)
Ap(s) =5 | oy — d2. (17)
g—joo

3aMeruM, YTO 3TO PAaBEHCTBO MOXKHO HCIOJb30BATh TAaKKe IPH
e =0, ecsu onpejeJsiTh HHTErpaJ B CMbICJe IJaBHoro sHauenus: Kormn,
dopma (9) Teopemsr | mpusoxuTcst y Cnunepa [17].

-Bo MHorux ciayuasx Hponsaonﬁmylo dyHuruuio (9) MOXHO mOJy-
yuTh Tak. IlycTs

- () =[0" s, @) [0 (s, @) (18)

npu Re(s), rae a==*1, p==*1, dyskuus ®* (s, w) peryaspua u
-OTJIHYHA OT HYJA B o6aactu Re(s)>0 u HenpepLBHA MpH Re(s)<0,
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a O (s, w) peryadapHa H OTIMYHA OT HyJsd B oGJaacTd Re(s)<0
u HemnpepbiBHA npH Re(s) <<0. Torga

log®F (s, w) _

lim 0, Re(s)>0,
lsl>o0 s
H
lim EM:O" Re (s) < 0.
15> s
Orcrona
A{log[l —wo(s)} =alog ®* (s, w)+plog® (0, w) (19)
H
R Y w_ [0, ) J“
(1 w)n}:)@n (s) @ —[—~—®+ - (20)
mpu 0<w<1 u Re(s)=0.
Benuuuna
n=sup(0, &, & +&, ..., &+ ... +&, ...) (21)

Gyner coOCTBeHHOH ciyuaiiHofi Besnuuno#, ecan E{g}<0. Ecau
E{}>0u P{g,=0)5%1, 10 P{n=00}=1 (cm. nomosuenne). Ecan
E{£} <0, To npu Re(s)=0

@ (s) =E {esn) (22)
cymwectsyeT U @ (s)=1im @, (s). ITo Teopeme AGeas us dopmyan (9)
n->oco

BBITEKaeT, 4TO

® ()= lim (1~ w) Y, @, (s) 0" = exp (—— E%{l —A(cp(s))"])- (23)

n=0

910T pesyabrar npuHamiexut Tskanuny [27] u Cnuuepy [17]. B cuay
dopmyant (20)

L [OF(0, @) o

D (s)= 5211 [——®+ o) ] . ’ (24)

OueBunHoO, uTo M HMeeT TO ke pacnpeferenue, uro ¥ (0, & +1),

rIe cJyyadHass BeqvuuHa § HesaBucuMa or. m u P{E<x}=F(x)

(F(x) —obmas_¢yHKuHs pacnpejiesieHuss CAy4afHEX BeJHUHH E,, r =

=1,2,...). Ecin E{}<0, T0 ¢yHxuus pacnpenenenuss W {x) =

= P{n<Cx} ynoBserBOpsteT cilefyomeMy HHTErpPAAbHOMY YPaBHEHHIO
tuna Bunepa — Xonga: '

W () = _£W(x—y)dF(y) aas x>0,
0

oa x<O0. ,(25)
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§ 12. 3ABAYH

1. [pu ¢annorupoBke KaHAHAAT A HaGHpaeT @ roJIOCOB, a KaHAKAAT B naGupaer b
roJIocOB, MpHYEM BCE BO3MOKHEIE H3GHpaTesbHbLe IPOTOKOJH PaBHOBEPOSATHH. [Ipen-
MOJIOKHM, UTO pb<a- ¢, NIpHYEM [ H ¢ — [OJOXKHTEJbHbIe LeJsle 4yHcaa. O6osua-
YHM Yepe3 @, H f, YHCJA TOJOCOB CPelH r 3aperHCTPHPOBAHHBIX, NOJAHHHX 3a A
H B cooTBeTcTBeHHO. Halith Bepoatnocts P=P{uf,<a,+c zra r=1, 2,...

.a+ b}

2. Isa urpoxa A u B pasurpuBalOT MeXIy coB0i IOCJaeNOBaTeNBHOCTh HID.
B xaxaoff Hrpe, He3aBHCHMO OT OCTAJbHHIX, JHGO A BHIUIPHBaeT OAHY MOHETY y B
C BepOSITHOCTbIO p, JHG0 B BHIUTPHIBAET OJHY MOHETY Yy A ¢ BepOSITHOCTBIO
g(p+qg=1, 0<p<I). IpeanonoxkuM, 4T0 NepBOHAYANIBHBIN KamuTal urpoka A co-
CTaBJsIeT @ MOHeT, a y B uMeercs b MoneT. Mrpa mpogoskaercss jno Tex mop,
nOKa OJMH M3 HIPOKOB He pasopurcst. Halitu seposrtaocTs P, TOro, uTo pasopntcs

uMeHHO A,

3. O6ayMats npexmAymylo 3agauy AJd caydas, korga B ofGnamaer Geckomeu-
HHM kanutaiom, HafiTu pacnmpeneseHHe M MaTeMaTHYecKoe OXHIAHHE MPOAOJKH-
TEJBHOCTH p (a) HOPHL

4. Jlpa urpoxa paserphHBaioT Mexay coGOl Mocae0BaTeABHOCTD Mrp. MrpH Hesa-
BHCUMEL ApYr OT apyra. [lpenmosioxumM, uTO B Hadajge Hrpul A uMeeT a wmower,
a B umeer b moner. B kaxkmofi urpe 6o A suurpeiBaeT k mouer (k=0,1,2, ...)

v B ¢ BeposTHOCThIO pg¥+l, quGo B BHUrpHBAaET OZHY MOHETY Y A ¢ BEPOATHOCTBIO
p(p+qg=1, 0<p<I1). Urpa mnpononxkaercs 10 Tex IOP, NOKA OJHH M3 HIPOKOB
He pasopures. HaiiTu BeposiTHocTs P, TOro, 410 pasopures Hrpok A

5. PaccMoTpeTh NpeAbIAYLIYIO 3ajady B caydae, korna B oGmagaer Geckomeu-
HHIM KanutajoM, Haftu pacupepesnende # MareMaTHueckoe OXHIAHHE IPOJOJIKH-
TeJBbHOCTH P (@) WrpEHL

6. IlycTe vy, ¥, ..., ¥V, ... —B3aHMHO He3aBHCHMEE OJHHAKOBO paclpeneJseH-
Hble cJydaligble BeJHUHHB ¢ pacnpegpeneHueM P {v,=0}=gq, P{v,=2}=p, rae
p+g=1n 0<p< 1. Haiity pacopenenenue ciyuafunx Besuuud sup (N, —r) u

1I<r<oo
sup (r—~N,).
I<r<oo
7. YpHa conepkHT a GeqblX U b uepHHIX mwapos. [TpoH3BOAUTCS MOCJeAOBATEb-
Hasi BHGOpKa. Kaxnpifl BHHYTHH Inap BO3BpaIlAeTCS ofpaTHO BMecTe ¢ ¢ IapaMu
TOro e npera, [TosoxkuM v, =2, ecsan r-i BRIHYTHIH 1ap oKasajacs GesbiM, U v, =0,
ecJIH OH OKaszaJcst YepHuM. HaltTH pacnpenenenue cayuafinsx Beduuun sup (N, —r)

1<r<oo
u sup (r—N,).
ISr<oo
8. Ilyetb vy, Vg, ...y Vr, ... — B32aMHO HE3aBHCHMBIE OJHHAKOBO DACIpefpeseH-

Hble CJy4qaiHble BeJHYHHBL C pacnpeueneﬂﬂeM P{v,=j}=e"%J/jt g j=0,1,2, .
anucate Toxkpmectna (26) § 6 u (21) § 8 mas aroro cayuas,
9, HoxasaTbh, uTo

g n=1,2....
10. TTyctb &f, &2, oeey Eps - - - — HOCJICNOBATEIBHOCTD B3aHMHO HE3aBHCHMHEIX CJIy-
YaRHHIX BesMuuH ¢ ofmwedl ¢yHKUHeH pacnpeneleHHs

{ e~Me=x) ecmu x <La,
L ecin X =0,

rie o — noJoxuTeapHas KoHcTaHTa, Hafity dyHKuuu pacnpefedeHus caydaiiHoi Be-
JUYHHE Mg =max (0, &, &y, + 82 .00 E1+ ... +En)

P <x)=
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[FnaBa 3

DHNYKTYAIIHH BbIEOPOYHB X ®YHKLUHH
CJAYYAHHBIX ITPOLECCOB

§ 13. COAYYAHNHBIE ITPOLECCH C ILPIKJIH'{ECKI/I NEPECTABJISIEMBIMH
MPHPAINEHHIMH

Mur Gynem rooputb, uto cayuafimeiii npouecce {y(u), 0 <{u<<#)
UMeeT YUKAUHECKU NepecTasifiemvie NPUPAu{eHis, eCan JJd BCex n =
= 2, 3, ... cJiyualHble BeJHYHHBI

(5 -x (), =2 (1

IHKJHUYECKH NepecTaBsadeMbl, T. e. Bce n(n=2, 3, ...) HX HUKJIHUeC-

KHX IIepeCTaHOBOK HMEIOT OLHHAKOBOE COBMECTHOE paclpejeseHHe.
Ecan g Bcex n=2,3, ... cayuaiinble Besuuunbl (1) mepecras-

JsieMbl HJIH B3aHMHO HE3aBHCHUMBI M OJMHAKOBO paclpeliesieHH, TO

OHH LHUKJHYECKH NepeCcTaBaseMbl.

. JloxaxeMm OCHOBHYIO TeOPeMY JJisi MPOLECCOB C LHUKJIHYECKH mepe-

CTaBJAAEMBIMH NpPUPALICHHSIMH.

Teopema 1. Ecau {y(u), 0<Cu <t}— eewecreennvui cenapa-
beabrbll CAYHAlnBUL NPOYECC € YUKAUHECKU HepecTasAsieMbiMu npu-
pawjenuamu, npuiem nouTi 6ce e2o gvlbopounble PYHKYUL SABARIOTCA
HeybbLearOWUMU CTYNEHUATOLMU PYHKYUAMY, OOPAUAIOUUMUCS 8 HYAb
npu u=0, ro

ecau 0<Cy <,
8 OCTAAbLHOLIX CAYLAAX,

@)

PWWﬁiu&mogugﬂﬂg=w={g*wm

ede YCAOBHAR BEPOATHOCTH onpe(?e/zeﬂa € TOYHOCTHf0 00 9KBUBAACHT-
HOCTU.

HoxasareanbcTso. Joonpeneaum npouece ¥ (x) npu 0 << u < oo,
noNMOXKHB ¥ (u + t) = (u)+ % (¢) npu u>0. Ilycts

I, ecanm g(v)—y@)<v—ugmm v >u,
0 B OCTaJMbHEIX CayYasix.

8() ={ 3)

Coyualinble BeJHUHHB 8 () OAHHAKOBO pacmpedeseHHl AJs Beex u > 0.
OueBunno, uto 6(0) ecTb HHAHKATOP cOOLITHA {) (1) < u s 0 <{u <t}
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Taxum o6pa3oM, paBeHCTBO
Pig(w)<u nna 0<<u<<tly@®))=ELO)x@®))=

f t
=Hﬁ{a(u)|x<t»du=ﬁ{ [ 5 dulx(t)}
0

0

—

i

: —#, ecmn 0 <y () <¢,
0 B OCTaJNbHBIX CJaYyYasx (4)

BHINOJIHAETCS ¢ BEPOSITHOCTHIO !, Tak Kak B CHJy TeopeMHl 5 § 2

—x (), ecan 0 <<y () <,
f o(u)du=
b 0 B OCTAJBbHBIX CJquaHX

()

IJIS TIOYTH BCeX BbIGOPOUHHIX (yHKuHMi. JlOKa3aTe/bCTBO 3aKOHUYEHO.

3aMeTHM, uTO JeBYIO 4acTh (GOPMYJH (2) MOXKHO 3aMEHHTb BHI-
paxenuem P{y(u)<u mia 0<u<Ct|y(f) =y}
Torna

Pix(w)<u nm 0<u<f=E{1-22]", 6)

rie [x]* osHayaeT MOJIOKHTENTbHYIO YacTb X.

§ 14. CJAYYAHUHBIE IIPOLECCH
C NEPECTABJISEMBIMH NPHPAIIEHHSAMH
U CIOYYAMHBIE NMPOUECCHI CO CTALHOHAPHBIMH
HE3ABHCHUMDBIMH NPHPAINEHHSMH

Cayuaitnniii npouece {y(u), 0<Cu< T} HasuBaeTca npoyeccom
C nepecrasisembimi NPUPAU,EHUAMU, €CIH IJd BceX n=2, 3,
H aas Jio6oro Koweynoro t&(0, T'] cayuaiinble BeJMUYHHH

(B)=x(22L),  r=b2.n (1)

nepecraBJisieMbl, T. €. Bce n! HX IepecTaHOBOK HMEIOT OJMHAKOBOE COB-
MeCTHOe pacnpelesieHue.

Ecau, B wacTHOCTH, OJs Bcex n=2, 3, ... H Aas jao6oro KoHey-
HOro tE(O Tl cayyafinble BeJHUMHEI (1) B3aHMHO He3aBHCHMH H OJH-
HAKOBO pacopelesieBbl, TO cJayyadinHbii mpouece {x(u), 0<Su<<T})
HA3BIBAETCH NPOYECCOM CO CTQUUOHAPHbIMIL HE3A8UCUMbIMIL hpupatye-
Huamu.

Ecun P{x(O 0}=1, To B ofoux cayuasx cJaydaiHBIH mpolecc
{x(w), 0<Cu <f} nMeeT UUKJIHYECKH llepecTaBAAEeMble IPHPAIIECHHSA IJ1s
ao6oro koHeyHoro (0, T].
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Besne maJjee B NaHHOH rviase Mbl OyXeM pacCMAaTpPHBATH BEIIECT-
peHHnle mpoueccH {y(u), 0 <u < T) mubo ¢ mepecTaBisieMBIMH, JTHGO
CO CTAllHOHADHHIMH HE3aBHCHMBIMH IDHpAllleHUSIMH, HpHYeM IIOUYTH
BCe BHIOOpOUHBIe (GYHKUUHM 3THX HpoleccoB OyAyT HeyOHBAIOUIUMHU
CTymeHYaTHIMH GYHKuHAMH, paBHIMH O mpu u=0. HHrepBan uame-
HeHHs1 napaMerpa GyneT auG0 KOHEUHBIM, JiHGO OeCKOHeuHHIM. TpH-
BHAJALHHIY cJayuaii, korga P {y (u) =0} =1 naa u >0, uckiamouaercs.

CHauasa Mbl OCTAHOBHMCS HAa HEKOTOPHIX OCHOBHEIX CBOHCTBax
paccmatpuBaeMbix mpoueccos {y (1), 0 <Cu <T).

Jas 06oux THIIOB IPOLECCOB

E{y@}=pu, 0<<u<T, @

rie  — HeOTpHLATeJbHOe UHCIO (BO3MOXKHO, paBHoe o). Ecau p=0,
o P{y()=0}=1 nas 0sCu<T, HO 3TOT cayuyafi MBl YCJOBHJIHCH
HCKJII0UaTh.

ITycts Temeps T'=oo. Ecam mnpoumece {y(u), 0 <Cu < oo} umeer
nepecTaBJasieMble IIpHDALIEHUs, TO CYIIECTBYET TakKasa (QYHKIHS pac-
npegesnerus G (x), yto ‘

hmP{ ()<x}=G(x). 3)

t->o0

Ecau, B uactHocty, {y (1), 0 <Cu < oo} —mpouecc co CTalHOHAPHHIMH
HesaBucuMbIMH npupamenusmu, E{yx(u)}=pu, 1o G(x)=0 npu x<p
n G(x)=1npu x>p, T. €. B 3TOM ciyuae

lim 20 —p )

tepoo

10 BEPOSITHOCTH. DTO YTBEpXKJAEHHE COCTaBJAET CJaGhi 3aKOH GOJb-
KX YHCe.
JlokaxeM Tenepb CJAELYIOMYIO BAaXKHYIO TEOPEMY.

Teopema 1. Ecau {y(u), 0<Su < oo} — gewjectaennslii cAy1ainoLi
cenapabensrolli npoyecc €O CTAYUOHAPHbIMU HE3ABUCUMbIMU RPUPAULe-
HUAMU, NOYTU 8Ce 8bLOOPOUHbLE YYHKY UL KOTOPOLO ABARIOTCS Heybbl8aro-
wumu crynenuarsimu Gyuxyuamu, paswomu O npu uw=0, ro

1—op, ecau p<1,

0, ecau p==1. 6)

P{y(w)<<u 0aa 0<u<oo}={

HoxasateabcTBo. [lo TeopeMe HeNpepHIBHOCTH ISl BEPOST-
HocTel

Py <<u nns 0<u<00}=tlim P{y(w)<<u mna 0<Cu <t} (6)
\ oo \
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Hast mo6oro KoHeuHoro ¢ mpouece {x(u), 0<Cu<?} uMeeT uHKJIU-
UeCKH MepecTaB/seMble NPHPAIUeHHs, H, CJeJOBAaTeJbHO, MOXKHO MpH-
MeHHTb Teopemy 1 § 13. ®opmyaa (6) § 13 naer

Pl <u mn 0<u<oo}=limE{1 =224 @)

t>»o0
C momombio pasenctsa (4) moayuaem, uro lim[1—y@)/H* =[1 —p]*
t->o0

10 BeposATHOCTH. Tak Kak Bemuuumubl [l —y (¢)/f]* orpanuueHH B co-

BOKYIIHOCTH, TO
lim E {[1 —"—f’r}: [1—p]*. - @®)

t-» o0
Teopema pnokaszaHa.

Teopema 2. Ecau {x(u), 0 Su< oo} — sewecraennsili cenapa-
bearbrbul cayqabnbil npoyecc ¢ NepecTABAseMbIMU RPUPALUEHISIMU,
nouTu 6ce 8ul60POUHbIE PYHKYUL KOTOPO20 ABAAIOTCA HEYOLLBAIOU LMY
crynensarvimy pynkyuamu, pasueimu O npu u=0, to

1

Pl <u 0az 0<u<oo)= [(1-x)dG(x), . (9)

0
ede ¢pynxyus G (x) onpedesena popmyroi (3).

HokasaTeabcTBO. 31ech paBeHcTBO (7) TaKkKe BHIIOJHSETCS.
Tak xaxk Bemmuunbl [(f —y(¢))/t]* orpaHHYeHH B COBOKYIIHOCTH, TO
3 ¢GopMyJH (3) ciaenyer, uTo

lime {1 - £0]"} = f(l —x)dG (), (10

>0
a 3To 3KBHBaJeHTHO (9). -

Ecan {x(«), 0<Cu < oo} — BellecTBeHHBH CJayualiHbIil Mpolece co
CTAIMOHADHBIMH HE3aBHCHMBIMH IpDHpAINEHHSIMU, TOYTH BCE BHIGOPOU-
Hble (QYHKLUHH KOTOPOTO SBJIAIOTCH HeYGHIBAIOUIMMH CTYNEHYATHIMH
¢ynxruuaMu, paBHbMH O npu u =0, To m1s Beex #>=0 u Re(s) >0

E {e~% W)} = —u@(s), (11)
rue
@ (s) = j (1 —e=s%) dN (x), ‘ (12)
+0

N(x), 0<x< oo, —Hey6HBa0OIAasA BelleCTBEHHAS (YHKUHA, NI KO-
Topo#. lim N (x)=0 u :
X =» 00
1
fde(x)<oo. (13)

+0
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He orpannuuBas oOLIHOCTH, MOXHO NpPeINON0KHTb, 4To N (x)
HenpepbiBHA cripaBa. Torza Ha unrepsaJe (0, f) cpeliHee YHCIO CKAYKOB,
NPEBHII AKX X, PaBHO ¢ [N (00)— N (x)]. TTosoxum A =N (c0)— N (0)=
= — N (0) (Bosamoxuo, A=o00). Torma A= lim @(s), npuuem cayuai

S->
A =0 uck/mouaeTcsd, Tak Kak B 3ToM cayuae P{y(u)=0}=1, u>=0.
Cpennee umcso ckaukoB Ha uHTrepBaJje (0, f) paBHO Af, mpuueM
Plx(t)=0}=e"M gaa ¢t >0.
Ec/in A — KOHEUHOe II0JIOXKHTEebHOE YHCJIO, TO

N () =N (x)

H () ="—"F

(14)
aBjaseTcss (GYHKUHeH pacnpele/ieHHs HEOTPHLIATENbHOH CayuaiHON
REJIMUNHE], TpHUEM

oo

pis)= [ e dH (x) =1~ ols) (15)
0
aast Re(s)>=0.
TTonoxum
o= [ xaN (x). | (16)
+0 .

Econ Re(s)>0, to nmpoussoxnas @’ (s) cymiecTByeT W paBHA

a’ (s) = j e=s5x dN (x). (17

+0
Mpu stom p= lim @ (s) u, Kpome TOrO,
s>+0
E{x ()} = ot (18)
nns Beex £ =0.
Ecan p — KOHEUHOE MOMOXKHUTEIbHOE UYHCJIO, TO

[rvway
H@=%——, 0<1<00, (19)

[¥wa
0

sBaserTcss (YHKUHEeH paclpelesieHHs] HEOTPHULATEJBHON CaydaiiHo
BEJIMUNHLI, HpHYEM

=]

¥ ()= [ emrdH" ()=

0

O (x)
~os (20)
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nupu Re(s)>0. Eciit ¥ A 1 p KOHEUHBl M IOJIONKHTENBHH, TO

N All—
¥ ()= 200 @1)
npu Re(s)>0.

Besje B 3To# rnaBe uepe3 H, (x) ME 6yfeM 0603HauaTh #-10 CBEPTKY
dynxunu H (x) ¢ coboit; npu atoM Hy(x)=1, ecan x =0, 1 Hy(x) =0,
ecan x<0. Aunanoruuno uepes H (x) 6ynem o0603Havuarh n-10 CBEPTKY
dyuxuun H' (x), npuueM Hy(x)=1 maa x>0 1 Hy(x) =0 naa x<O0.

3aMeTHM TaKxXe, 4TO

Var {y (1)} = o* (9), (22)
rae
0% = f x2dN (x) = — O (+0). (23)
+0 .

B 3akJjioueHHe JOKAa}eM TpH TeopeMbl OTHOCHTeNbHO GyHkuuu @ (s),
ompejiesieHHOH paBeHcTBOM (12).

Teopema 3. Ecau Re(s)>0, ro
lim 26 o, (24)
NNokasarteabctBo. Ecam Re(s)>0, to |1 —e~s*|<|s|x nas

x>0 u, gpome Toro, |1 —e™|<<2 nma x>0. Torma B cuiy (12)
npu Re(s)>=0

D) 1<Is] [ xdN(x)~ 2N (e) (25)
0
s qao6oro ¢>>0, a B cuay (25)
lim |‘D—(Sl < [ xaN () (26)
]s|=>o § 5

aas modoro ¢>0. Ha (13) crenyer, uro npu e—>0 npasas 4acTb
paseHctBa (26) crpemurca K 0, H Teopema JoKasaHa.

Teopemad. [Tycre s = ® — HauboAbULULL HEOTPULATEABHBLIL KOPEHE
YpasHeHus
D(s)=s. (27)

Ecau p<<1, 10 0=0, a ecau p>1, 70 ©>0. ¥Ypasuenue (27) ne umeer
Opyeux xopheii @ obaactu Re(s)> o.

IokasarteabcTBo. B unrepsase [0, o) dpynxuua @ (s) MoHO-
ToHHO BO3pacraer, a @’ (s) monoToHHO yGbiBaer, npuueM ¥ (0)=0,
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Q' (+0)=p u l_i)m ®(s)/s=0. Ecam p<<1, T0 s=0— eIHHCTBEHHHII
§=» 0o

kopenb ypaBHeHHs1 D (s)=s B unrepBaje [0, o). Ecin p>1, To ypas-
nenue @ (s)=s npu s =[0, o) uMeeT TouHO ABA KOpHs: S=0 U § = @,
rie 0 <o<oo. DT0 AOKa3bIBaeT MepPBYI0 YacTb TeopeMbl. HJas moka-
3aTeJbCTBA BTOPOM uYacTH 3aMeTuM, uto Bcerga | D (o) |1 u, cie-
gosarteasHo, |D'(s)|<| D (0)|<<1 npu Re(s)>w. Ilostomy npu
Re(s)> o

[D(s)— D (0)| = <ls—ol (28)

f ' (2)dz

OTKyZa cJefyeT, uro paBeHcTBO (D (s)=s npu Re(s)> o HeBO3MOXKHO.

Teo peMma 5. Ecau z-— 8eULeCT8eHHOe NOAOHUTEAbHOC YHUCAO, TO

ypasrenue
D(s)=s—2 (29)

umeer TOUHO OOUH HEOTPULATENbHbLL B8elL4eCTBeHHbL KOpeHs S = o (2),

npuser lim o (2) =, ede ® —HauborbwUL HEOTPUYATEAbHBLL Betye-
z->+0
cTeennbLii Kopendv ypasrenus D (s)=s.

HokasarteabctBo. Tak kak @(s) MOHOTOHHO Bo3spacraer,

a @’ (s) MoHoTOHHO yObiBaer B HMHTepBaje (0, o0) u lim ®(s)/s =0,
S>> oo

TO ypaBHeHHe (29) HMeeT TOYHO OJIMH KOPeHb S= (2) B HHTEpBalje

(0, 00). OueBuzHO, 4T0 ©(2) — HeyGrIBaOWast GYHKIHUA OT 2 ¥ @ (2) > @

npH Bcex 2>>0. Takum o6pasom, lim @ (2)=w" cymecrsyer 1 O (0") =",
z>+0

ITpu sToM @' =®, H J0KA3aTe.IbCTBO 3aKOHUEHO.

3aMeTuM, YTO €CJH Z— KOoMIJIeKcHoe uHcJo ¢ Re(2)>0, To ypas-
HeHHe (29) MMeeT TOYHO OIMH KOpeHb S = (2) B ofuactu Re(s)>0.
B sroit rnaBe Mbl OyleM YacTO HCNOJb30BATh HHTErpajbl THNA

b
fg(u)P{u+x<x(u)<u+x+du} (30)
a
W COKpAllleHHO 0603HayaTh HX
b -
[ e d,Pix()<u+. (31)
a

Ecau cayuaiinasi BequuHHA ¥ (1) HMeeT INIOTHOCTb, TO HHTerpas (30)
IIPpHBOAHTCA K BHIY

b
f g () P {y, (ugf u+ x} du. , (32)
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Ecau o (¢)— quckpeTHas ciayyaiiHasi BeJHYHHA, TO HHTerpaJ (30) MoKHO
3anucaTb B BHJE

2 bg(u)P{x(u)=u+x}. (33)

AU

§ 15. PACTIPEJIEJIEHHE BEPXHEH I'PAHH 3HAYEHHW MPOLECCA
{t(u) —u}

CuauaJja MB paccMOTPHM cayual, koraa {y (u), 0<C{u< T} — npouece
C mnepecTaB/JseMBIMH NpHPALIeHUsIMH, a 3aTeM OyAeM H3yuaTh Npo-
Hecch €O CTAIHOHAPHBIMH HE3aBHCHMBIMH HPHPAIICHHSIMH.

B nanpresiiem Mbl GyneM mucath d Py () <<x}=Px<y(u) <
< x + dx} He3aBHCHMO OT TOrO, 3ABHCHT I OT X HJH HET.

Teopewma 1. Ecau {x(u), 0 <<u T} — cenapabeasroiii caytarinout
npoyecc ¢ nepecTasAsieMbiMIL NPUPAULEHUAMI, NOYTU 6Ce 86l60POUHbIE
pynKyuy KOTOPo2O ABAANTCA HEYOBLIBAOUUMI CTYNCHHATOIMU DYHK-
yuanu, obpawarowunuca 8 0 npu u=20, 1o

P sup [x(w)—u]<x)=
——P{x(t) - [ [ (2 ddPa<y+rs <21 (1)

0Ty<z<<t
Oan scex x u t<(0, T].

INokasarteabcTBO. MH J0KaxeM uyTb GoJee oOmiee yTBep-
KJeHHe, U3 KoToporo 6yzer caepoarb ¢opmyaa (1): ecam ¢ =0, T0

P {yx(u) << u+)CILJIﬂO u<tny)t+x—¢}=
=Plt)<t+x—c)—

- ff (ti:—_;)dydzp{x(y)<y+x,x(t)<z+x} @)

I<ysest~c

aasi Beex x. u te<(0, T]. HocraToyHo MQ0Ka3aTh, UYTO BHUHTaeMOe
B MpaBOH 4YaCTH S5TOr0 paBeHCTBA €CTh BEPOSITHOCTH TOTO, UTO
x(@)<Kt+x—c u y(uw)>u+x pas wekoroporo u < (0, £]. l'Io.nome

—sup{u YW >ut+txn 0<u<t—c). Torna x(g)=y+xnyw)<<u+x
oas Yy <Su < ! — ¢, YTO SKBHBaJeHTHO HepaBeHCTBY ¥ (u) +x(y) <Ku—y
LJst ygugt—-c. [Ipu ycaosuu, uto Y (y)=y+x u x(t)=z+x,
BEPOSITHOCTD TOro, uto X (u)—y(y)<Ku—y nna y<<u<{—c, paBHa
f—2)(t—y) npu 0<Cy<<2<{t—c. D10 caenyer u3 Teopemnl 1 § 13,
ec/IH IPUMEHUTD ee K npoueccy ¥ (y + u)—yx (y), 0sSu<<i—y. Ecan npo-
HHTerpupoBaTth (f—2)/(f—y) no mepe d ,d.P X (N<y+x, 1)<z + x}=
=P{y+x<x(<ytx+dy, z— y<x(t) x(y) <z—y-+dz} B obaacTu
0<y<<z<{f—¢, TO NOJYUATCA KAK Pa3 BHUMTaeMOEe B IPaBOH YaCTH
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paseHctBa (2). Popmyna (2) nokasana. Ilpu ¢ =0 u3 Hee cielyeT
¢opmyaa (1).
Ecau x =0, paBenctso (2) cBOAHTCA K PaBEHCTBY

Pig)<<u paa 0<Su<t n ()<<t —¢} =
t—c
= [ (1-Yapun<y ©

rie 0<{c<<t{. DT0 CTaHOBHTCA OUEBHJHBIM, €CJHM INPUMEHHTh (op-
myay (2) § 13.

Teopema 2. Ecau {y(u), 0 <<u << T} — cenapabeasrbiii cay4aiinbil
npoyecc ¢ NepecTasAseMbimu NPUPAULEHUIMU, NOYTU 6Ce BbIGOPOYHbLE
PYHKYUL KOTOPO2O ABASIOTCS HEYGbL8ArOUUMU CTYREHLATOIMU (PYHK-
yuamu, obpawarouunucs ¢ 0 npu u=0, ro 0aa ecex t (0, T]

. t
1
E{ sup [x(@—ul= [ E{lx@~o")av. (4)
o<<u<t H
INokasatTeabcTBo. ®opmyna (4) caemyer us (1), MOCKOABLKY

E{ sup [x()—ul}=[P{ sup [x@—ul>s}dx. (6}
0

<u< <u

Ecnu o xoHeuHo, To 06e yactTd GOpMyJbl (4) TakKe KOHEUHH!, a €CJH
p=00, TO OHH OGeCKOHEUHHI.

Ecau, B wacrrocTH, {) (1), 0 <<u << T} — npomecc ¢O CTALHOHAPHEIMH
He3aBHCHMBIMH INpUpalieHusiMd, To B ¢opMmyaax (1) u (2) moxHO
samennts dd.P{(y) <y+x, x()<z+x} Ha Ply+x<x(y)<y+
+x+dy}Plz—y<y(®)—%(y)<z—y-+dz}. Torna dopmyaa (1) npu-
HHMaeT BHJ :

P{ sup [x()-ul<x}=

<u<
t

—pu<t+a- [E{[1 =22 app)<s+n, ©

+0
HJH, €CJHd BBECTH 0603Haqe}me\
Wt x)=P{ sup [x(u)—u]<x} (7
o<ut ,

BHJ

, |
Wit, )=PO<t+x— [W(t—y 0dPUH<y+5 @)
+0
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ITpumMenss npeo6pasoBanue Jlamnaca — CtuabTheca K 3TOMY ypaBHe-
uuio, MoxHo Hallth W (¢, x). ITosoxum

Qt, §)= [ e=+d W, »), (©)
0

npuueM HHTerpast cxofZutcs npu Re(s)=0. Ecau
E {e—st )} = g—4P(s) (10

nast Re(s)>=0, To npeo6pasoBanne Jlamnaca — CTuabTheca ypaBHe-
uus (8) MOXKHO mepenHcaTh B BHJE

t
Q(t, s)=els—®Nt —g f W(t—y, 0)els—®Ny gy, (11)
0

Orcrona
f e~#Q(t, s)dt = z_—slT(s) [1 -5 f e~#W (¢, 0) dt] (12)
0 0

paa Re(2)>0. Ecan Re(2)>0, To JeBas uacts pasenctea (12) orpa-
HuueHa B oGaacta Re(s)>=0. B atoli o6nacTn 3naMeHaTe b NpaBoi
yacTH HMeeT OJUH H TOJBKO OJHH KOPEHB S = @ (2), KOTOPH# [0JKeH
ObITh TAKXKE€ M KOPHEM YHCJHTENS, T. €.

(=)

[e=w @, 0)at ! (13)

o (2)
0

mas Re(2)>0, rme s=(2)~—elHHCTBeHHHH KOPeHb YypPaBHeHHUS
@ (s)=s—z B obaacti Re(s)==0. B coorBeTcTBHH C 3THM

o0

—z _ 1 S
[eat, it = —5e (1 ~ 555 (14)
0

ecan Re(2)>0 u Re(s)>0. U, naxkonen, W(, X) HAXOZHUM MO dop-
MyJie ofpamieHHs. :

Teopewma 3. ITpednoroncun, uro {y (u), 0 <u < oo} — cenapabens-
Holl CaydaiiHbll npoyecc €O CTAUUOHAPHOIMU HE3A8UCUMbLMU RPUPA-
WeHUAMY, NOYTU 8Ce B8bIOOPOUHbIE PYHKYUU KOTOPO2O ABASIOTCA He-
ybolsarouumu cTynen4arToimy: ynkyuamnu, obpawarouunucs 8 0 npu
u=0. Ecau p>1, 10

P sup [uw)—u] <t}=1—(1-p) [ dgP L) <y+s} (15)
ISu<o 40
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oan scex x, Ecau o= 1, 10
P{ sup [x(w)—u]<x}=0 (16)
<u<oo .
018 8cex X.

HokasarteabcTBo. [lo TeopeMe HeNpepLIBHOCTH AJAS BEPOAT-
HOCTeH
P{ sup [x()—ul<«}=IlimP{ sup [x(w)—u]<x}, (17)
0Ly < oo t—>oco oLust
NPaBYI0 4acTh MOXKHO HOJIYYHTb mo dopmy.se (6).
Paccmorpum cravasna cayuaft p<1. M3 caaGoro 3axoHa 00JbIIHX

HyHuCceJ CJaenyeT, UTO

o)
tl—lfg £ =P

no sepostHocTH., OTCiOna tlim P{x({)<t+x}=1 nas Bcex x u
-> 00

: _x(t—y +}_ _
tlin;E{[l i ] =1-p o 18)
aas gmogoro y = 0. Tlokaxem, 4TO
[dPby) <y+x<i= (19)
+0

s Bcex x. Ecau B dopmyne (6) mepefiTh K npejesay npu ¢ — oo, TO
nonyuntest (15). Hokaxkem (19). Ecam TUpHHAT BO BHUMAaHHe, 4TO
npaBasi uacTb ¢opmyawl (6) HeorpumaresbHa, P{y({) <<é+x}<<1l u

x (£ =9) +} A=V _
E{[I———t—_—y——]r Se{1- =011, (20)
TO Cpa.3y UOJIyLIHM HepaBeHCTBO

t
(1-9) [ dPlt(y) <y+1<1, (21)
+0

cnpapenauBoe a5 Beex £ =0 u x. dopmyaa (19) nmoxkasawna.
Ilycts Temepp p>1. Torma limP{y(f)<<f+x}=0 mas Bcex x H
t-» o0

HEPABEHCTBO
OSP{ sup [x()—u]l <Y <PR(O<t+4 (22)

<u<

Baeuer (16).
Hakouen, ecau p=1, 10 cooruouienue (5) § 14 maer

P{ sup [x(x)—u]<0}=0, (23)
ISu<e
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otkyna npu x¥<<0 caenyer (16). ITpu x>0 MoXHO HaHTH Takoe y,
uyto 0<x<y u P{y(y)<y—x}>0. IIpu sTom (16) BHITEeKaeT U3 oue-
BHIHOTO HePaBEHCTBA

P{x(y)<y—x}P{0<sggw[x(u)—ul<x}<
o <P{ sup [ -ul<0=0. (24)

ﬂOKaSaTeJIbCTBO TEOpeMBl 3aKOHUYECHO.

3ameuanune. Ecam mponece {x(u), 0 <<u < 00} uMeer mepecra-
BJsieMBble INPUPAIIEHHS, TO €ro MOXHO TNPEJCTABHTh KaK Ipolecc
C YCJOBHO CTANMOHADHBIMH UM He3aBHCHMBIMH HpHpauleHnsiMu. Torma

yCJOBHOE DpacnpefeseHHe BeJHUMHB  sup [x(u) —u] MOXHO HaliTh
0ty <o

n3 coorHourenus (15), mocse yero 6Ge3yc/oBHOe paclpejie/ieHHe IOJY-
yaeTcs, ecJM B3fATh MaTeMaTHUECKOe OXKHIaHMe.

Teopema 4. Ecau {y(u), 0 <u < oo} — cenapabersroii cayuai-
HbLIL RPOYECC CO CTAYUOHAPHBLMY He3A8UCUMbIMU RPUPALLEHUIMU, HOYTY
gce Bul6OPOUHbIE (YHKYUL KOTOPO2O ABAAIOTCA Heyboleaouumy seuje-
creennoimu pynkyusnu, obpawarowunuca 8 0 npu u=_0, ro npu p<1

P {03311 w[x (u) —u] <x}=W(x), (25)

ede W(x)=0 0ua x<0, WO =1l—pu

oo

Q(s)= f e~ dW (x) =

0

W (0) s
s—D(s)

(26)

npu Re(s)>0.

Hokxasarteabctso. Cornacuo popmysre (5) § 14, W(0)=1—p.
Janee, oueBunano, uro W (x)=0 npu x<0. Hafizem W (x) npu x>0.
Ecm 0<y u 0Cy+x, TO

y+x ' y

W)= [ Wy+r—2dP () <A-W(O) [ dP () <z+x. @D

IMepBuifi HHTerpaJs B MPaBOH wacTH paBeHCTBA (27) eCTb BePOATHOCTb
roro, uro Y{y)=2 O<z<{y+x) 1 x(v)—v<<x Ana y<Lov<oo,
BTopoit HHTErpaJ eCcTb BEPOSITHOCTD TOTO, YTO HEPABEHCTBO ¥ (v) — v < x
Hapymaercsl AJs HekKotoporo v u3 uHtepBana (0, y), HO % (v) —v <{x
mpr y<<v<oo. Ecmum z=sup{v: yx(@—v>x 1 0<Ko<y), TO
y(2)—2z=2x u cobure {}(v)—v<x nast z2< v <00} HMEET Ty XKe
BEPOSITHOCTb, uT0 H coOuiTHe {)(0) — % (2) Kv—2 a1 0 <Cuv —2< o0},
a umenno W (0). Utak, Mbl HalJIW HHTEerpaj B IPaBOH YACTH DaBeH-
ctBa (27). [Ipn — y < x <0 mpaBas wacTb 3TOTO paBeHCTBA paBHa 0,
uGo oOHa mpeicTaBiseT COGOH BepOSATHOCTb HEBO3MOXKHOrO COOHITHSA,
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IToJsoxkum

Q(s)= [ e~ dW (x) (28)
0

nast Re(s)>=0 wu BosbMeM npeoOpasoBanre Jlammaca — CTusbTheca
or o6eux uactedi pasenctsa (27). IToayuum

Yy
Q(s) = ev 5= <NQ (s) — W (0) s f o2 s~ )l [z (29)
0

s Beex y>0. Tax kax
- ¥
f e?ls—@ ) dz =
0

Y s=® (9] _
s~ @ (s) (30)

s Re(s)>0, to
|74 (O) s

Q(s) = = 31)

1 Re(s)>0, u dopmyna (26) moxasana.

Mu onpenenuan W (x) Kak ¢GyHKIHIO, HeNnpepHIBHYIO crnpaBa. Ta-
kuM oGpasoM, W (x) oiHO3HAUHO OIpeJessieTcss CBOUM IpeoGpasoBa-
auem Jlammaca — Ctumastheca (26). ITockosbky W (x) - HeyOGniBaiomas
¢yukuus ot x 1 0KTW (x) <1, 1o lim W(x) cymecTByeT u no Teo-

x>

peme AGesst (CM. HOTOJIHEHHE)
lim W(x) = lim Q(s)=
s> +0

X->oo

B coorBetcTBHM ¢ 3tuM  sup [y (u)—u] npu p<1 sBasercs co6-
0 < o

W (0) W (0)
- @ (+ 0) l—-p

=1. (32)

CTBEHHOH cJyuaiiHOH BeJHUMHOH, KOHEYHOH ¢ BepoaTHOCThIO 1. Hcmonb-
3ysl cjabblil 3aKoH GOJBIIMX uYuces, MHl IOKasaaH, uro W(0)=1—p,

H oTcoaa no teopeme AGensa sariaoouuad, uro lim W(x)=1. Cunsp-
x>

HBIi 3aKOH GOJIbIIMX UYHCEJT NO3BOJISIET HENOCPEICTBEHHO JOKAa3aTh
nociefiHee COOTHOIUEHHe, a MO TeopeMme AGessi U3 HEro CJAEAYET, UTO
W(0)=1-p.

Tax xak p<l1, To ®(s)=psyP"(s), rue " (s)—npeobpasopanue
Jlansaca — CtuibTbeca GYHKHUMH paclpefiesieHds, ONpeleNeHHOH pa-
secTBoM (19) § 14. Coraacuo (26),

1~
Q(s) = T gy = 1—p>zp [v ()" (33)
IULst Re(s)>/0, u dopMyna obpameHus naer

W@=(-0) ZoH 0, (39
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rae H, (x) ectb n-a cBepTka ¢yskuun H'(x); Hy(x)=1 npu x>0
u H,(x)=0 npn x<0.
®ynxuusa W (x) siBiseTcss eJHHCTBEHHBIM pelleHHEeM HHTEerpaJsbHOro

ypaBHEHHS ‘
W (x) = (1= p) Hy(x) + pH" (x) * W (). (35)

HurepecHo 3aMeTuTh, uTO ecaH ypaBHeHHe D (s) = s HMeeT KOpeHb
s= —a B ob6aactd Re(s)<0 u He mMeeT IpYrHX KOpHe# B o6jacTH
— a<<Re(s)<0, T0

l—p - p
1—-W (X)Nme ox (36)
opu X —> o,

3ameuanue. CpaBuusas dopmyaw (15) u (25), moayuyaeMm nure-
pecHoe TOX[IecTBO: ecau p<l, To

1—W(x)

Sy (37)

[Pt <y+s=
+0

rie W(x)=0 npu x<0, W(0)=1—p, a W(x) nna x>0 sagaercs
dopmynamu (26) uau (34).

§ 16. KOHTHHYAJIbHOE OBOBIUIEHHE
KJACCHYECKOM TEOPEMBI O PA3OPEHHH

B § 7 Mm jpokasanum JHCKpeTHOe 0600IieHHe KJacCHYeCKOH Teo-
peMBl O pasopeHMH. 3jechb J[OKaxKeM HeNPepHIBHHIH aHAJOT 3TOro
yTBepXKAEHHS.

Teopewma 1. ITycre {y(u), 0 <Cu < oo} — cenapabersroiii caywai-
HbLL RPOYECC CO CTAUUOHAPHBIMIU HE3ABUCU MbLMU NPUPAULEHUAMU, NOLTU
8ce BuIOOPOUHbIe DYHKYUL KOTOPO2O ABAANOTCA Heyboisarouumi cTy-
nenuaroimy ynkyuamu, obpawarowumuca 8 0 npu u=20. Jlana ¢ =0
noAoKHcUM

0()=inf{u: y(w)<u—c u 0<Cu< oo}

u 6(c)=oc0, ecau Y(u)>u—c 0aa scex uzz0. Ecau 0<<x <y, 10

Pl —u<<x dan 0<<u<O(y—x)}= gg;; 1)
u
174
20 [eaviog ®

0

015 Re(s)>w, 20e © — HaubOAbILL HEOTPUYATEAbHBIL BeULeCTE8eHAbL
xopens ypasnenus ®(s)=s. Ecau p<<1, 10 0=0, a ecau p>1, 10
©>0. 3dece W(0)>0 momro svibpars npou3soabHo.
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JdoxkaszareuascTBo. ITyers mpu 0Ky Ly<<oo

Qlx, =Pl —u<x ma 0<u<<O(y—x) (3)
1 Qx, »)=0, eciu x<0<KLy<oo. Torma mpn 0Lx <2<y
Q(x, y)=Q(x, 2)Q (2, y). (4)

B camom nede, mpu 0 <Cu <0 (y— x) HepaBeHCTBO ¥ (4) — u <{ X BEpHO
TOrZa M TOJbKO Torja, Korma y(u)—u<<x mpu 0<Cu<{0(z—x) un
(@) —u<<x mpu B(z—x)<<u<<O(y—x). Tak Rak y(u)—u=x—=z
npu u =0 (2 — x), ToO BTOpPOe H3 5THX COGBITHH HE3aBHCHMO OT NEPBOTO
H HMeeT Ty K€ BepOSTHOCTb, 4YTO H coGwitHe {y(4)—u<<z ia
0<Cu<<O(y—=2)). 1o nokasuiBaer (4).

Jlerko Buzeth, uTo Q(x, ¥)>0 npu 0<CTx <Ly. U3 (4) caenyer,
yro Q(x, ») <<Q(x, 2), econ 0T <L2<Cy, 1 Q(x, y) Q2 y), ecun
0<Cx<<z<{y. Takum obpasom, u3 (4) caenyer, uto

Qx, 9)=rs ©)

rge W (0) — npousBo/ibHOe MOJIOXKHTEJIbHOE 4Hca0, a W (x) — HeyGhi-
pawinasa ¢$yukuus or x. Ecau W(x)=0 mas x<0, to (5) BmmoJ-
ustercst Takxe npH x <0<Cy< oo,

Eciu 0<u m O<u+x,<y, TO

u+x

Qx, 9)= [ Quu+x—2 y) dP i) <2 -
0

—Q(Oy)fdp{x <z+d 6

[TepBHIll HHTErpand B MpPaBOM YACTH paBeHCTBA (6) npexcTaBaser
co6ofi BepOSITHOCTBL TOrO, Um0 Y (0)=2 <z <u+ ) u y(v)—v<<x
s u < v < 0(y—=2). Bropoll HuTerpas ecTb BEpPOATHOCTb TOTO, UTO
HepaBeHCTRBO (V) — v < x HApylaeTcs A/ HEKOTOPOTO U B HHTEepBaJe
(0, u), HO X (v)—ov<x nmpu u<Xo<<0(y, x). Ecan z—sup{v % (v) —
—v>xu 0oy}, 10 x(2)—2=x, u cobuitie {x(v)—ov<Cx mJIs
2L v < 0(y —x)) uMeer Ty XKe BepOSITHOCTb, UTO H COGLITHE {x(v) <v
mma 0<<o<<O(y)}, a umenno Q(0, y). TakuM o6pa3oM, MBI NOJYUHIH
BTOpOH HMHTerpas B npasofi yactu paBenctBa (6). Ecan — u<Cx <0
B ¢opmyse (6), To ee mpaBsast yactb paBHa 0, HGO 3TO eCcThb BepOST-
HOCTb HEBO3MOKHOI'O COOBITHS.

Ecan npeanosioxuts, uto y>u+ x>0, U4 YMHOXKUTL 00e uacTH
pasenctBa (6) Ha W (y), To momyuurcs

u+x

VE=] Wa+tx-2dPa@<3-WO [dPrE<z+xy (7)
0

0
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mass 0<u v 0<Cu+x. Ecmm —u<Cx<0, To npaBass 4acTb paBeH-
ctea (7) pasHa 0.
TTonoxuM

Q(s) = f e=s* dW (x) ' )

0

u nepeiiieM B (7) x npeoGpasosaunuio Jlamraca — CTHIbTbeCA:

u

Q(s) =t =2 EIQ (s) — W (0) s [ e= 1= gz, ©)

0

D710 COOTHOlleHHe BBHIMOJHSETCS MJsi Beex u>0. 31ech MBl HCIOJb-
30BaJIH TO, uTO mpaBasi yacTh dopmyas (7) npu —u << x <0 pasna 0.
U3 (9) crenyer, uTO

(10)

u 310 npeobpasobanne Jlamnaca — CTHAbTbeca CXOAUTCH PH Re (s)> o,
Iie ® — MaKCHMAJbHBIH HEOTPHLATENbHEIR BellleCTBEHHBIH KOPeHb ypaBs-
nenuss O (s)=s. Ecmm p<<1, To @=0, a ecn p>1, 10 ©>0. Teo-
peMa JoKasaHa.

Msl onpenenunu W (x) Kak GyHKUHUIO, HempepuiBHylO cnpasa. Ta-
kuM o6pasom, W (x) 0JHO3HAUHO ONpefesseTcs CBOMM IpeofpasoBa-
unem Jlannaca — Crusbrtbeca (2).

Ecau p — KOHeyHoe MNOJOXKHTebHOe uHcao, uto @ (s)= psp’(s),
rae ¢*(s) — npeo6pasosanre Jlamraca — CtunbTheca QYHKUHHE pacmpe-
nenenus H'(x), ompenenennoft coorHomenunem (19) § 14. Tak xaxk
pg"(s)|<1 npu Re(s)>w, To

W (0 +
Q(s) = Tomaery = V O Yo" [ ()" (1)

n=0

s Re(s)>w. IIpuMenss ¢opMyJy obpalleHus, noJyyaeM
W(x)=W(0) go o"H, (%), (12)

rie H,—»5To n-i cBepTKa (QYHKUHH pacipeleleHns H*(x) ¢ coboii;
Hy(x)=1 npun x>0 u Hy(x)=0 npu x<0.

®dyukuus W (x) aBasercs eIHHCTBEHHBIM DELIeHHEM HHTErpab-
HOTO ypaBHEHH:

W (x)=W(0) [H; (x) + oH" (x) * W (x))]. (13)

- TlpuseseM Temepb Apyroe Bhipaxerue Aas W (x).
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~ Teopema 2. Ecau p=1, 10
W(x)=W(0>[1_iTm)— fdyp{x(y)<y+x}] (14)
+0

0aa 8cex x, 20e ® — HAUOGOAbWLULL HEOTPULATEABHBLE KOPEHb YPABHEHUSR
O(s)=s. Ecau o<1, 10 0=0, ecau ae p>1, 1o ©>0. [Ipasasn
wacre popmyaovt (14) pasuna 0 npu x <0.

JokasaTteabcTBo. Cayualt p<1 yxKe nokasan B TeopeMe 3
§ 15. Tam W(0)=1-—p, uro He orpaHHuMBaeT OGUIHOCTH, TaK Kakx
W (0) cayXuT MHOXHTeJeM NPOINOPIHOHAJBHOCTH.

ITycts p> 1. He orpanuuuBas OOHIHOCTH, MOMKHO NPEANOJNOXNKHTD,
yto W(0)=1. Torga no dopmyne (2)

o

1

Je‘“W%ﬂdx=;:EW§ (15)
0
npu Re(s)>o u W(x)=0 npn x<0. [Tomoxum ana moboro x
K (x) = jd P (i (y) <y+k (16)
TOrja MHTEerpan .
fe‘s"K(x)dx=cD—(sl)—_S- (17)

-o00

cxonutest npu 0 <Re(s) < o.
Ecan Briuects e9S/(1 — @ (0)) us W(x) npu x>0, To pasHOCTb
Oyzer uMerb npeoGpasoBaHue Jlamniaca

1 1
SO =0 (@) G-’ (18)

cxonsiuieecst npH Re(s) 2> o. Anasornuno, ecau BeiuecTs e2*/(1 — @ (o))
u3 K(x) nmpu x <0, To pasHocth OyJeT uMeTb mpeoGpasoBaHue Jla-
nJjaca

1 1
(I)(s)—s+(1—(D’(0)))(s—0))’ (19)

cxonsameeca npr O0<Re(s)<Co. Ecan Re(s)=o, To cymMma npeoGpa-
soanrii (18) m (19) paBHa 0 m, ciegoBaresbHO, CyMMa HemnpeoGpa-
30BAHHBIX QYHKLHA Takxke pasBHa 0, T. e.

W (W) +K () = =5 (20)

AJs Bcex x. DTo JoKaspiBaer Qopmyay (14) nas p>1. Ecim p<l1
T0 @ =0 u o6a npeo6pasosanus (18) u (19) cxoxsres upu Re(s)=
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ITostomy (20) B sTOM cJayuae TakiKe BHIIOJHSIETCH, a 3TO JOKAa3H-
Baer ¢opmyay (14) nra p<1.

Ecin x<0, To W(x)=0. Orcioga MOXHO H3BJeub HHTEpeCHHIE
TOXKJIeCTBA, €CJH cleuuanbHbHIM o0pa3om BHIOHpaTh mnpouecc {y(u),
0<Cu< oo} B dopmyae (14).

Teopema 3. Ecau ¢ =0, ro
CIW () — W (5 —
E(_sup [I@-ul=[(FOFEE=D)ae @
0

0<u <00 W (x)

JokasarteanrcTBo. 31ecCh sup [% (4) — u] — HeorpuuaTenn-
0Lu<0(c)

Has cnyqauﬂaﬂ BeJHUYNHa ¢ MaTeMaTHUYCCKHUM O}KPI}.IaHI/IeM

E{ sup mw—w=jp{mm (@) —ul>x}dx,  (22)

0<<u<<O(e) 5 0<u<0 ()

Tl HHTerpajibHOe BHIpAXKeHHe MOXKHO Hafith mo ¢opmyae (1).
B sakaoueHue AoKaxeM TeopeMy 00 aCHMITOTHYECKOM IOBeje-
i W (x) mpu x — oco.

Teopema 4. Ecau p<1, 70
' W(O)

lim W (x) = (23)
x>0 -0’
Ecau p=1, 10
xlif?o LA CI ?WTZ,(O)_ ) (24)
20e o2 = — @”(+0). Ecau me 0>1, 0
. W (0
xll)n;lo W (x)e—0f = -1—:(1)(%(0); (25)

20e o — Hauboabwuil HeoTpuyaTeAbHbUL BeujecT8eH bl KOpeHs ypas-
Henusn ©(s)=s. [Ipu sromn- 0 <o <<oo.

JoxasareancTtBo. Ecau W(0)>0, To W(x) He yGrBaeT npu

0<Cx<Coo u lim W(x) cyuecTByer (BO3MOXKHO, GecKoHeuHEH). Ecuu
X—> 00
p<1, To no TeopeMe AGenss nJas npeoGpaszoBaHuH JIannaca— Crunb-

Theca (CM. JOMOJIHEHHe)

W (0) _W(O)
ST IR0 e e T e

H TepBOe yTBepikKAeHHEe TeopeMHl JokazaHo. Ecam o<1, To lim W (x)
X=~» o0

(26)

KOHeueH M MOXHO Tak Bri6path W (0), uro6ul on paBHaAJca l. Takoii
BEIOOD HEeBO3MOXKeH npu @ =1, u6o B srom chaydae lim W(x)=
. X=r

nas scex W (0)>0.
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IIpn p=1 rtayGepoBa Teopema ansa npeoGpasosanuil Jlanmaca —
Crusabtbeca (CcM. IOMOJHeHHe) maer
W (x) —2W(0) _ 2W(0)

lim —= = lim sQ(8) = ——; =
x>0 X s>+0 (s) 7 (4+0) o?

) (27)

n dopMmysa (24) nokasana. DTOT Pe3yAbTAT MOXKHO TaKkKe BHIBECTH
M3 TEODHH PeKYPPeHTHBIX mporeccoB'). MMenHo, npu p = | oTHOMmIeHHe
W (x)/W (0) MOXKHO HHTepPHpPETHpPOBaTh Kak | IJoc cpegHee YHCJIO
NOSIBJIEHHH DEeKYPPeHTHBIX coOhiTHH B HHTepBage (0, x] mas peryp-
PeHTHOTO Ipolecca, BpeMs: BOCCTAHOBJ/IEHHSI KOTOPOTO MMeeT (hyHKIIHIO
pacnpenenenus H'(x). TakuM o6pasoM, corJacHo TeOPHH PEKypPPEHT-

HEIX TPOLECCOB,
. W A (1]
lim ) _ - (), (28)
X=>»00 X 1[) (+0)
uTO BNOJHe corJacyercs c (24).
ITpu o® = oo mpaBast wacTs paseHcTBa (24) o6pamaerca B 0. Jlas
HAXOXKJEHHsT aCHUMITOTHUECKOro noeeneHust W (x) mpu x-—> oo B 3TOM

cJyyae MOXKHO HCIMOJb30BaTh TayOepoBy Teopemy Xapiau — JInTasyna
(cM. nomosHenue). Ecum npu s—0 (0< s < o)

Qs) ~ — L (f) (29)

rie 0>0 u L(cx)~ L(x) nas mmoGoro MOJONKHTEALHOTO € IPH
X—> 00, TO A
x*L

W (x) ~ fe i (30)
OpH X —> 0o,

ITpu p>1 u3 aGeseBoit TeopeMbl 1Js NpeoGpasosanuil Jlanjsaca —
Cru/bTheca IOJyuUaeM

Q) . _W(0)

H —x = i b -
Jim e W (x) = lim (s — 0) =5 = 1= (g

L (31)

B IIPEANOJIOKEHHUH, qTo‘chi_r)nooe“‘”‘W(x) cymectByer. CyillecTBoBanue

3TOTO Ipejiesia MOXKHO [0Kas3aTh C NOMOILIbI0 TayGepoBOH TeopeMbl
Ukeapa (cM. momnoJHeHHe).

3ameuanue. Ecum ucnonbsosats ssHyo dpopmyay (14) nas W (x),
TO MOXKHO I0Ka3aTh, UTO

lim [W(x) -

X-»oo

W (0) e ] — 4 (0) (32)

=0 (o) p—1

e

npu p> 1.

) Ham npoueccop Boccramosmenns; cm. Koke H., Cmur B. T, Teopust
BOCCTaHOBJIeHHdA, H34-BO ,CoB. paguo”, M., 1967, — ITpun. ped.
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§ 17. PACIIPE/IEJIEHHE BEPXHEW PAHH 3HAYEHHM TPOIECCA
{u—2% ()}

PaccmorpuM cHawana cayuwa#, gorpa mpouecce {x(u), 0 <u << T}
HMeeT mepecTaBjsieMble NPHpAILeHHs, a IOTOM NepelfieM K CJaydaio
TMPOLECCOB €O CTalMOHAPHLIMH He3aBHCHMBIMH NPHPALICHHSIMH.

Teopema 1. Ecau {y(u), 0<Xu<T}— cenapabensroiti cayuaii-
HbLL NpOyecc ¢ NepecTaBAfeMolMU NPUPAUEHUAMU, NOYTL 6ce 8bL00-
pounble QYHKYUL KOTOPO2O ABAAIOTCA HEYObIBAIOUUMU CTYNEHLATbIMU
Ppyukyuamu, obpawaowunuca 8 0 npu u=0 TO

P{ sup [u—y ()< }—1—f APty <y—x ()

0<u\
npu 0<x<Ct<T.

HdokaszatenbcTBo. HafineM BeposTHOCTh AONOJHHTENLHOTO
nast { sup [u—9y(w)]<<x} cobeiTHsa, T. e. BepOATHOCTH TOTO, YTO

KRUS

u—x(u)>x oaa Hekoroporo u < (0, f]. Hocnem{ee COOBITHE MOMKET
IIPOU30HTH, ecJH inf{u u—yWy>x=y, rne 0<<y<{t{. Torza
YW=y—x 1 u—yW<x aaa 0<u<t/, otkyna % (y)—x (¥) <
<y—u pst 0<Cu<Cy. Tlo Teopeme 1 § 13

P —xw<y—u nm 0<u<yla@=y—x=3 (@

mas 0<x <y, mpuueM YCJIOBHAs BEPOATHOCTb OINpeleseHa C TOY-
HOCThIO 1O 3KBHBAJEHTHOCTH. Ecuam mpouHTerpuposath (2) oT x mo ¢
no mepe d,P{(y)<y—x}=Ply—x<y(y)<y—x+dy}, To moay-
YHTCH BEPOSATHOCTb AONOJHHTENBHOrO coObTHS. TeopeMa JoKaszaHa,

Anagiornuno noxaseiBaercst Gosee o6uast popmyna

Plu~y()<x g 0u<t v t—q()<<x—c}=
=P{(t)> t+c—x}—f AP <y—x xO>t+c—x (3

11J1;i 0<x<<t<<T u ¢c>0.

Teopema 2. Ecau {y(u), 0<<u<T)— cenapabersnoiii cayuati-
HbLL npoyecc ¢ NepecTasAseMolMU NPUPALULEHUAMU, NOYTU 6Ce 8bL60-
pounble QYHKYUL KOTOPO2O ABASIOTCA HEYOLIBAIOUUMY CTYNEHYAT LMY
pynryuamu, obpawaowumuca 6 0 npu u=0, ro

4

E( sup [u—x (= [ Elly—x )] )
s : 0 -
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HokasareabcTBo. Tak Kak cayuaifinasd BeauunHa sup {u—y(«)]

0<ut
IpUHHMAaeT 3HaueHHst u3 orpeska [0, £}, To
t
E{ sup [u—x @]} = [ P{ sup [u—x()]>x dx, 5)
o<u<t ¢ 0<u<t

e TMOJHHTETrpaJbHOe BhipaxKeHHe ompepeasercss dopmyJoi (1).

3amerum, uTo ecqu T =oco B TeopeMe 1, To, ycTpeMisis B (Hop-
myJae (1) £ Kk oo, moayuaem

P{ sup [—x@l<d=1-[TdPu<y-x 6

st x> 0.
Ecan {x(u), 0 <Cu < oo} —mpoiiecC €o CTalMOHAPHBIMH HE3aBHCH-
MBIMH TIPHPAIIEHHSIMH, TO CJAyYalHasl BeJHuHHa sup [u — 1y (u)] umeer

. 0<u <o
SKCMOHEHIHAJbHOC Dpaclipefie/ieHe, KaK IMOKa3blBaeT CJAEAYIOllds TeOo-
pema. ‘

Teopema 3. Ecau {y(u), 0<<u < oo}— cenapabersnoui cayuaii-
Hblll  npOYecC €O CTAYUOHAPHOIMU HE3ABUCUMBIMU APUPALEeHUAMLY,
noutu 6ce 6ui60poUHble PYHKYUL KOTOPO2O SBARIOTCA Heybulearoujitmy
crynendaroimu  Qynxyuamu, obpawjarouunucs ¢ 0 npu x>0, o

P{ sup [u—x@)]<x}=1—e"0, (@)
I<u<o
ede ®— Hauboabwuli eewecrgentsll Kopens ypasrerus O ()= .
Ecau 0<Cp<<1, 7o 0=0, a ecau p>1, 10 @>0.
HJokasarteansbcrno. Ilosoxum
O(x)=influ: u—y@)>x n 0<Cu< o) 8)

n 0(x) =oc0, ecmm wu—yW)<<x maa Becex wu_>0. Toraa
{8 (x), 0<Cx < oo} — cayuafiubiil mpolece ¢ HEOTPHIATELHBIMH CTAIHO-
HAPHBIMH HE3aBHCHMBIMH mpHpaineHuaMu. TakaMm o6pasoM, mAgda

Re(2)>0
E {e—ze (Jf)} = p—%0(2) . (9)
npu HajJexaleM BbOope ¢yHkuuH o (2). Ecam temepb y(x) =y, To

0(x)=x+0"(y), rae 6°(y) umMeer To XKe pacmpeneseHue, uto u 0 (y),
{6" ()} nesaBucuma or {x(x)}. Uuaue rosops,

E {e—-ze (x)} — e—-xz—x@ (@(2)) (10) .
ana Re(z)>0. CpasuuBas (9) u (10), nonyqaeM'
eE)=2+d(e()) (11)
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npy Re(2)>0. Ecau z—nosoxureapbHoe BeIECTBEHHOE YHCJO, TO

ypaBHeHHe
s=z+@(s) ' (12)

HMeeT OJHH H TOJbKO OIMH HEOTPHIATEJbHBIH BelIeCTBEHHBIH KOPEHb,
H, cjeroBaTebHo, §=w(2). Ecau z-—>0, 10 0(2) > o, rie ®— Hau-
Go/IbILNA HeOTPHILATE/IbHBIA BellleCTBeHHbIH KopeHs ypaBHeHHs P (s)=s.
Ecmn 0o, 10 ©=0, a ecott p>1, 70 0 >0.

ITo ompenenennio 6 (x)

P{sup [u—yl<x=1-PEH<1 (13)

g x 20 un £ 220, a no aGesesoil Teopeme
Hm P {0 (x) <f}= lim e~*@®) = p—¥0 (14)
{>c0 z2->+40 .

H TeopeMa J0Ka3aHa.
B coorsercTBHH C NpeAbIAYIIHM, ecaH p>1, To sup [u— 1y W)]

0ty < oo

ecTb COOCTBEHHAs cJyuyaiiHas BeJIMYHHA, KOHEUHAsl C BEPOATHOCTLIO 1.
Ecan xe p <1, T0

P{nglpw[u—x(u)] =oo}=1.

Cayuaitnas BesmunHa 0 (x) npencraB/asieT coG0H BpeMst mepBoOro
npoxoxaenus nporecca {u —y(4)} uepes x. Ee pacnpenesnenne gaercst
cJaenyiolnell TeopeMoi. '

Teopema 4. Hycre {x(u), 0<<u<< oo} —cayuainsii npoyecc
C NepecTasaseMblMU NPUPAULEHUSIMIL, NOUTU BCe 8bIOOPOUHbIE PYHKYUL.
KOTOpO20 ABAANTCA HeYOLIBAIOWUMY  CTYNCHHATOIMU DYHKYUAMU,
obpaujarowumucs 8 0 npu u=0. HQaa x=0 onpedeaum 6 (x) rak
Haumensuiee u, 048 Koropozo u—%y(u)=x. Toeda

t
POW<H=[ZdP()<y-» (15)
npu 0<x <t
JdoxaszareabcrBo. OueBHAHO, UTO
PO <f}=1-P{ sup_ [u—- W] <x}, - (16)

a NpaBylo YacTb MOXHO HalTé ¢ momousio dopmyas (1).

Haubie Mer 6yneM npeanosarats, uro {y (4), 0 <Cu < oo} — npomuece
€O CTAIMOHAPHBIMYM HE3aBHCHMBIMH TNpHPaIeHUsIMH, TOYTH BCe BH6O-
pouHble (DYHKIHMH KOTOPOro fABJSIOTCS Hey6bIBa}om,HMH CTYIEHYATHIMH
¢yukudamu, ofpamanmumucs 8 0 npu u=0.
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Ecan p <1, 10 llmP{G() t}=1, a ecait p>1, TO

P{B(x) w}=1—e">0,

Ecan p<1, TO wMaTeMaTHuecKoe OXHJA4HHe CJy4alHOH BeaH-
unnbl O (x) pasHO

EQ) = [ dP ) <u—2 =1, (17)

uto caexyer u3 dopmyanl (37) § 15. Ecom p=1, 10 E{8(x)} =00
WurepecHo oTMeTuTh, uTo (17) MOXKHO 3amucath Takke B BHJE

E{B(x)}——-JP{O<u—x(u)<x}du (18)

s p<l.
Ecau Re(z)>0, To mo (9) u (15)

E{e=00)} =00 = J dtP fx () <t —x}, (19)

B $ = o (2) — enuncrseHHblfl KopeHb ypaBHeHHs D (s) =5 ~—2 B obaacTi
Re(s) > 0.

Pacnpejesnende cayuaiinoil BeqnuuHbl 0 (x) u ero npeo6pasopatue
Jlannaca — Cruabtbeca Hamesn Kenpanaa [5]; ofHako OH He aaj 0oJ-
HOTO J0Ka3aTe/bCTBA CBOHX Pe3yJbTaTOB.

Bameuanne. Ecau {y(u), 0<Cu< oo} —cenapabenpHuil cayuai-
HLIH mpolecc ¢ He3aBHCHMBIMH [PHUPALIEHUsIMH, NOYTH BCe BHIOOPOU-
Hble QYHKIMH KOTOPOTO ABJSAIOTCA HeyOBIBAIMHMH CTYNEHUAaTHIMH
byHrRuuaMy, obpamanmuMuca B 0 npu u =10, To cbopMyJIbI ®) u (7)
raiot npd x>0

f%dyp (o) <y—xj=eon (20)
X
e @& — HAHGOABIINA BellleCTBEHHEIH KOpeHb ypabHenns @ (o) = o.

§ 18. PACNIPEAEJEHUSI BEPXHUX T'PAHEW
3HAYEHUNX NBOVCTBEHHDBIX MPOUECCOB

C KaXJAHM BeUeCTBEHHHM cemapalbesbHbiM cJyudaliHbiM Ipolec-
coMm {y (), 0<Cu< oo}, mourd Bce BBIGOpOYHBIE (QYHKUHH KOTOPOTO
ABJISIIOTCST HeyGBIBAOIINMHI CTYIEHYATHIMH GYHKIMAMH, YI0BJETBOPSIO-
muMH yeaorusm x (4 + 0) =1y () u % (0) =0, cBA3bIBaeTCA ABOHCTBEH-
HBLf mponece {y’ (1), 0 <Cu < oo}, onpedensieMbli Kak

x (@) =sup{u: x () <t 1 0<<u < oo} ()
aJs scex £ = 0.
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OueBupHo, uTo oA Beex t =0 wn x =0

WO<s<sg=k>t, (@)
OTKy/a

(X Ww—u<<x s O<Su <<t ={u—y@<x aan 0<<u<<t+a} (3)
H .
fu—yW<x pma <<= —u<x 1 0<<u<<t~x). (4)

[ToaToMYy ec/H M3BeCTHBI paclupefesieHHsi BepXHHUX rpaHeil 3Haue-
HUH cayyalieeix npoueccoB {y(u)—u} u {u—y (1)}, TO c nomolbio
cooTHOomeHUH (3) m (4) MOXKHO HENMOCPEACTBEHHO MOJYYHTH pacipe-
JlefleHUsl BEPXHHMX TIpaHell 3HAYeHHH IBOHCTBEHHBIX CJAYYadHBIX po-
neccos {x"(u)—u} u {u— %" («)}, u o6parHo.

§ 19. IPUMEPBI

B astoM maparpade Mbl paccMOTPHM HEKOTODHIE ClleLlHaJbHBIE CJIy-
yafinple mnpouecce {y(¢), 0 <Cu << 0o} W BHYHCJAHM BCe BEJHUHHEI,
dburypupymoie B VYCJIOBUIX OOMUX TeopeM, J0KAa3aHHHIX B 3TOH
rJase.

Crauana upeanosnoxuM, uro {y(#), 0<Cu < oo} — cenapaGesbHbil
cIyyafiHbiii Ipolecc €O CTALMOHADHEIMH HE3aBHCHMBIMHM TpHpamie-
HUAMH, [OYTH BCe BHIOOpOUHBIE (YHKUUH KOTOPOrO SBJAAIOTCH He-.
yOBIBAOIIMMH CTYNeHYATHIMH (GYHKUHsIMH, ob6pawanmumucsa B 0 mpu
u=0. g nomoGHBIX HPOLECcCOB

E{e—% W} = g-u®(s §))
npu Re(s) =0, rze
O(s)= [ (1—e =) aN (x) 2)
+0
u N (x), 0<x< o0, —HeyOpiBalomas GyHKus, npuuem lim N (x)=0 u
X—>00

1

[ xdN (x) < oo 3)

+0

B 3aBucumoctn or BuAa ¢(yHRuuMH N (x) HosayvawTcs pasJuyHble
THNL npoueccos {y (u), 0 <Cu < oo}

1. O6obwennoui nyacconoscxuii npoyecc. Ecau i =— N (0) — xo-
HEeYHOe IOJIOKHTEeNbHOe YHCJIO0, TO IIpoIlece HA3BIBAIOT OGOGIeHHBIM
fiyacconopckuM. Oyukiuuio N (x) MOXKHO TOrga s3amucaTh B BHJE

N(x)=—2[l-H()], (4)
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rae H (x) — GyHKIUUS pacnpele/eHs: MOJOKHTEbHOH ClTyualiHOH Besny-
uyuHbl. Ecan

o

P (s)= [ e~ dH (x) (5)
npu Re(s)=0, to ’
O(s)=2[l—p(s)] (6)
npu Re(s)==0. B stom cayuae
Pi()<t= e 1, (), Y
n=0

rie H,(x) osnauaet n-1o cBeprky dyHxuun H (x) c coboit; Hy(x)=1
npu x =0 1 Hy(x)=0 npu x<O0.
Ecan

o= f xdH (x), (8)

TO p = AC.
EcaH 0 — KOHeUHOe MOJIOKHTEJIbHOe YHCJO, TO MOXKHO OMNpe/esNHTh
dynxuuo pacnpenetenus H (x) dopmynoi

. L
H ()= [ [1-H@ldy ©
0
npu x>0 u H" (x)=0 npu x<(. Torna

¥ (o) = [ e () =120 (10)
0

npu Re(s)>0.

Ecan ® — HauGOJBbIIKHA HEOTPHIATE/bHBI BeLIeCTBEHHHH KOpPeHb
ypapuenuss O (s)=s, 10 0 =0 npu p=2ra <1 1 © <0 npu p="~a>1.
Ecan p> 1, 10, nenmonb3ysi pasnoxenue Jlarpanxa (cM. JONMOJTHEHHE),
HnoJy4aeM

i—1
o)=7»|:1’—2 | e—MM—dH,(x)]. (11)

j!
j=10

Haigem teneps W (x). Mmeeum

o0

Q(s)=.].e‘s"dW(x)=—sZi—(£)(—i) (12)
0
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npa Re(s)>ow. dopMyna obpalueHH [aeT BO3MOXKHOCTb MOJYYHT
pasjHyHble BhIpaxeHus Agas W (x). Ecau umcao p= Ao xoHeuHO H
NOJIOXKUTENbHO, TO, cornacHo (6) u (10), @ (s)=psPp'(s), u no dop-
myae (12) § 16

V() =W (©) 3", () (13)
rae H,(x)—sto n-a ceeprka ¢yukuun H'(x) c coboii; H;(x)=1

npr ¥ =0 u Hy(x)=0 npr x<0.
Ecan p #% 1, T0 no cdopmyne (14) § 16

W) =W O | = K ], (15)
rae
K=Y [erltlaH, @+ . (16)
n=0 +0 )
Hanee, yunthiBas (6) u (12), MoXHO HamucaTts
T —sx : _ W (0) _W(O)\?: Y A \nFI .
Je W dy = sy g Lo = 2 Y (-1 (25)" w1,

ecn Re(s) nocrarouno sesuko. CHOBa npuMeHsst GpopMyJy obparie-

HHd, IoJgydaeMm
x

o0
LY (_l)nxnekx _ n
W) =W Y S (e p—yram, ) (17)
n=0 0
aas x=0.

Pacnoniarast mosyuyeHHBIMH TOJBKO UYTO BBIPAKEHHSAMH, MOXKHO
OpUMEHUTh OflIKe TeOpPeMH 3TOH IJIaBHl M HaHTH SBHHE (DOPMYJH
I MHTepecylolux Hac BeposaTHocTed. ITosesno Gosnee moapoGHO
paccMOTpeTh HEKOTOpHIE YACTHBIE CJYYaH

(i) ycrs

1, ectu x>a,
H(x)={0’ ecad x> d. (18)
Torna ¢ (s)=e~%, @(s)=A(l—e %), p=ha n
{x/a]
. A, n
Pl <g=Y e 2L (19)
=0
aa x=0. B cuay (17)
lx/a) n
W (x) = W (0) E e‘l (no—x) ..______[A' (fl(ln? x)] . (20)

n=0
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mia x=0u W(x)=0 nna x <0. CoraacHo \(14),

(0= W0 |1 mgrs — K )], (21)

re & — HauOOJNbIUUHA HeOTPHIATe bHBIH BelLleCTBEHHHIH KOpeHb ypaB-
HeHHsl A(l —e~ ™) =@ n

K(x)= 2 e *®3=0(}(na—x))"/nl, (22)

n> x/o

3ameuanue. Ecau TpeGyercs ykasaTh 3aBHCHMocTh K (X) oT A,

TO MOXKHO Hamucarh
K(x) =K, (x)=er 3 (e na)" (n— x/a)"/n!. (23)

n>x/a

Ecau ¢yuruus K, (x) usmectHa pasg Aa>1, To JIeTKO NOJYYHTH OT-
cioona K, (x) u paas Ao>1. B camom mene, ecaum Aa>1, TOo cyule-
CTBYET TaKOe YHCJIO A5, uro Aa<<1l u e~ Ao —=e-MIA%g. A HMEHHO
A—A"=w; OGyHKuua o ompenetena oime. Ilo dopmyse (23) rorza

e~ K, (x)=e M Kp(x), 1. e.
' K; (x) = e Kp» (%), (24)

e A'a<l " e~Me)\a=e"M ja,
Hanpumep, ecau Aa<<l u x'<0, 10, cornacuo (37) § 15, K, (x)=
=1/(1 — Aa). 3nauur, ecqin Aa>1 u x<0, ToO

WX e(ox

K}‘(x)=ewx1<l’(x)= l-e-}\,’(l = l-—(}\.—()))(l ’ (25)

uyTO BhOJHe corsacyerca ¢ (21).
(ii) ITycrs

b { l—e=rx ecom x>0, %
(x) = 0, - ecm x<O0. (26)
Torpa P(s)=pl(p+s), O(s)= 7»8/(1» +5), p=AMw u pas x =0
x j A
Hy(x) = Of e G ndy = ;E emwr (2 @7)

Takum o6pasom, i x =0

P{y (t)<x}—e"“+2e—“ (M) fe-uy (ny nl)ll pdy=

ne=1

=eM [1 + ¥ hut f e~vry=" I,(2 Vanty) dy] , (28)
0
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I‘ILé
od (x/2)2ﬂ+f
(n+n)! (

n=0

I, (x) = r=0,1,2...) (29)

— Mozuduuuposannas ¢yHkuus Beccens nepsoro poxa.
Naa x>0 Moxuo nepenucaTh (28) B BuIe

o0

Pix () <x= Z - L Ze we ()

j!
n=0

Z‘e px x)" (WC) Z iy (M

j=0

.t :
e-—ux_(%xl.i f e—ku__(};ul_)]}tdu=

L s

=1-

i=0
=1 —heH* f e~M J (hpxu) du, (30)
rjae ’ -
J(x)=Io@ch) = Y, GxT)_ (31)
n=0

Teneps P{y(!)=0}=e~M u ana x>0 u3s (28) caexyer

SRUDSA — pute=-w 1 (apt) (39)

tak Kak J'(x)=1;(2x'%)/x" = I, (2x"%)/x":.
Hanee, H'(x)=H(x) u B cuay (13) nmpu x =0

W (x) = W (0) [1 + Y (%) oj e~uy ‘(‘jfj T B dy] : (33)
n=1
HJH
W (0) ”—~(u—m—x— ecad p==A
W (x) = RS R w7t (34)
W (0) (1 + ax), ecqH U =A. )

Ecau A<y, TO oa——O aecad A>p, TO @ =A—H. I'Ipn A=
¢dopmyaa (14) paer

W)= WO [ =g~ K )], (35)
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rie @=0, @ (0)=A/p mpu A<p U @=A—p, & (A—p)=p/A npu
A>u. KpoMe roro,

oo

o _ Apy \' _—
K(x)_e " max‘[O —x)e (hﬂ”y(.’/‘i'x) Il (2 V}huy(x-l-y))dy—‘—

{ eM, ecan x<0,

0, ecaun x=0, (36)

oJslT BCeX X.

3ameuanue. Ecau paccmarpusate K (x)=K,,,(x) KaKk byHK-
M0 OT A M P, TO B cuiay (36) Gygem umets et K, , (x)=eMK, ,(x).
Takum o6pasoM, eciu ¢yHruus K (x) usBecTHa npn p=An<l, T0
MOXKHO mnoJyuuTh K (x) u njis p=A/u>1, HCIOJB3Ys COOTHOLIEHHE

Ky (%) =e?=W XK, (x). 37
2. ¥Ycroiiuusoui npoyecc. Tlonoxum aas 0<x << oo
1
N (x)= Tt (38)

rre 0<ce¢< 1. Torga A =p = oo,

O (s) = F1=37 j (1—e=9) 5 = (39)

npu Re(s)=0 1 g x =0
x/tllc

Piu)<s= [ f.(5)dy, (40)
0
riae
o= Yo Lo (41)

n=1

npa x> 1 (cm. TTomnapn [8] u Xym6Gepr [3]).
B uvactHoCTH,

3 1 —x A
f’/z (X) = (431:%3)1/2 e~ (42)
H V'—
3 4
f’/a (x) = & exp ( 972 ) W’/z s ( 27 %2 )9 (43)
rpe .
—x/2 k < b=lfptm ,
Wk, m(X) = —I‘,—('lz—_i‘cm u‘k“/z+m(l + 'i—) e~tdu (44)
0
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—yHKLH A YHTTeKepa onpenesenHass npu Re(m—k+ 1/2)>0 (cm.
Yurrekep [21]).

Ilycts Tenmeper o =1 u
W(0)s
s—s¢

Q (5)=

npu Re(s)> 1. Hcnoabsys dopMyny obpaienns, nosyuaeM anas x >0

(45)

n(l—c)

W ()= W (0) )‘ =5 =V OE-. ("),  (46)

rjie
zﬂ
Ea ()= Eom “n

— ¢ynkuus Mutrar-Jlepdaepa. Orciona caepyer, uto
w© _ W)

err;e““’W(x)= oM = 1o (48)
Teopema 2 § 16 naer eme oxuy ¢dopmyay:
X < d
W(x)=W<0)[1ic [ n("j;f) lﬁ] (49)
max (0, ~x) y y

IJsl BCeX X.
3. O6obwennvui ycrovuusoii npoyece. Tlonoxum pias 0 < x < oo

N(x)= (50)

I‘(l—c) J. —?T—"

rie 0<c<1 u p>=0. ITpu p=0 noayuaem orciozna .(38).
3zech A =00, p=cuc!,

D (s)= c) f(l—e‘“)e wr i = (s +p)° —ne (51)

x/tllc

Pi(t)<g=ev [ en"sf, (5)dy, (52)

0

roe x>0, a yskuusa f,(x) onpenenena dopmyson (41).
Il;anee ® — Han60/IbIIIHi HEOTPHILATe IbHBIH BeIleCTBEHHBI KOpeHb
yPaBHeHHs

(ea) =12 69
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Ecin p=cp '], 10 =0 u @ (0)=cpc~'. Ecam p=cuc!>1,
1o ©>0 1 @ (0) = (p + )", Ecam p % 1, To mo Teopeme 2 § 16

(037 oy d
W (x) = W (0) [1——8(13’(5 - f eny-n(sHo)f, ( xwaﬂ.t/) yﬁc] (54)
max (0, —x)

IJIS BCEX X.
4. T'amma-npoyecc. Tlyers gas x>0

N(x)= (35)
rie | — MOJIOXKHTeNbHAs KOoHcTaHTa. Torja A =co, p=l/u,
D(s)= [(1—e-m)e-nr2E _jog (145 (56)
J X 1!
H o
Pix(t) <x= v [ evyt-1dy (67)
’ 0

qi x>0 u £>0. 3xech p— KOHeYHOe MONOKHTEJIbHOE YHCJO, H IO
dopmyne (19) § 14 gt x>0

H' (x) = [ " (5) dy, (58)
rae ’ ,
= ldy ~ (59)
we Y '
npu x>0. Torza
¥ (s) =4 log (1+-3). (60)
B cuay cdopmyan (12) §» 16
W) =W Y () H ). (61)
n=0

Ecan p 5= 1, 1o, coraacuo (14) § 16, nas Bcex x

W ()= W O 1=~ Ke (x)] (62



76 Ta. 8. Paykryayuu 8o160pounbix PyuKyul Cayuailnbly nPoYeccos

rie ® — HAHGOJbIIKA HEOTPHIATE/BbHBIH BeIleCTBEHHHH KOPeHb ypas-
HeHus pe®=u+ @, npuueM O’ (0)=1/(p+ o) u

< T y—1
Ki@=ewr [ (e “)P(E‘y;r-‘/) dy. (63)

max (0, —x)
Ecim p=1/u<1, 70 ©=0, a ecau p=1/u>1, 10 0>0.
3ameuanue. Ecau ¢ynkuua K, (x) usBectna mpu p>1, TO
Jjerko HaitH K, (x) naa p<l. ,U,eﬁCTBHTeJIbHo ecan u<1, to cyuie-
CTByeT Takoe upcjo p'>1, uTo e ¥p=e *u'. A HMeHHO, p" —p =@,
u B cHay (63) e** Ky (x)—e“ Ky (x), T. €.
Ky (x) = e®*Ku» (x), (64)

rae e Wpt=e Pu n p>1.
Hanpumep, ecan p>1 u x <0, To, cormacno (37) § 15, K, (x) =
= uf(up — 1). 3Bayur, ecau p.<1 n x<0, o

_ M uto)
K () =ty = S8, (65)
yTO BMOJHe corsacyerca ¢ (62).

PaccmoTpuM B 3aKJOueHHe NmpuMep cjyvaiiHoro mpomecca {x (),
0 <u< oo} ¢ mepecTaBafeMbIMH NPHPAIIEHHAMH, IIOUTH Bce BHIGOpOU-
Hble (YHKIHK KOTOPOTO SIBJISIOTCS HeyOLIBAIOMMMH CTyIEHYATHIMHU
‘GyHKuHAMH, ob6pamaromumuca B 0 npu u=0.

5. Ilpoyecc Ilotia (JTyHLL6epr [7]). Hpennonoxum, uto {y (u)
0<C u< oo} — MapKOBCKHH TMpOIlecC € IPOCTPAHCTBOM COCTOSTHHH
I={0, ¢, 2, ...} wu BepositHocTsiMH mnepexona P{x(u-+ Au) =
=(n+1)c|y@)=nc}=»r, (1) Auto(Au) u P{y (u+Au)=nc |y (u)=nc}=
= 1 — A, () Au + o (Au), tae A, (1) =A(h+ n)/(Au+h) u ¢, A, h — noJo-
JKUTeJbHEe KoHcTaHTH. IlycTs P {)(0)=0}=1. Toraa npomuecc {x (0),
0 <<u < oo} mMeeT mepecTaBJjsieMble NmpupamieHus. Ero MOXHO npef-
CTaBUTb TaKiKe KaK PaHIOMH3HpoBaHHBIH nporecc ITyaccona.

ITycts {vg (1), 0 <Cu << oo} mas Kaxjaoro (GpuKCHpoBaHHOTO 6 ecTb
NyacCOHOBCKHI NpOLEeCcC ¢ HHTeHCHBHOCTbIO O, rae B — HeoTpuIaTe/b-
Has cJaydYafiHas BeJHYHHA C (QYHKUMeHd pacnpejeleHHs

PO<H=F) =17 h fe—hym( ) ”;jy (66)
0

ansa x>=0. Torga gas 0<Cu < oo MOXKHO HCNOJL30OBATh NMpEACTABJIE-
HHe Y (4) = cvg(1). OTClOnA JIerKO NOJNYYHTH

E {x (t)} = Act, (67)
P {x({) = nc}= P, (M, h) (68)
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u
P{y(w)=mc, y(u+t)=(m+n)c}=P, (hu, h) P, (kt% , m+h>, (69)
rae

N T K | (R L (70)

[peanosioxum Temepb, uto mpouecce fx (), 0 <Cu < oo} cemapa-
6enen. Torna mo Teopeme 1 § 15

P {O sup [y (u) —u] <x}=

Su<xt

=PuO<t+d- XY [{ZHPh@=y+r 10)=2+1=

I<y<est

=PuO<t+x— B Y (=L Pty (ei—x)=ci, x(O)=ke), (71)

t+x—cj
x<ci<<ek<t+x

a BEPOATHOCTH B MpaBod uacTu ompelensiorcs 1mo dopmysaaMm (68)
u (69). B wacrHocTH, dopmyna (3) § 15 maer
P{ sup [x(u)—u]=0}=
0t
[t/e)

=1= ¥ (1-HPav=n=1-Y(1-L)Pun=ch (2

0<y<t i=0

Hanee, E{x(¢) |0} =cBf ¢ BeposTHOCTBIO 1 B, MO3TOMY

1imp{lfﬂ<x}=l>{ce<x}=1:(§). (73)

t>o00

ITo Teopeme 2 § 14 umeem
1/e

P{ sup [x()~ul}=0= [ (1—cy)dF(y), (74)

Oy << oo o

a ¢ yueroM (20) mosyuaem
: [x/c] n
P sup [x(w)—u] <x|0)=(1—c6) Y e~0n—n 2Ll = (75
0< 1< oo - n!
ecan 0<< 0 <C1/c; mpu 6 > 1/c neBasi uacts paBHa 0 ¢ BepOATHOCTHIO 1.
Coorsercraylomas GesycioBHAss BepPONTHOCTb paBHa

lx/el lfe .
_ N\ (ca—x)" _ _ ~
P{ sup I(w—u] <= YL Of(1—cy)yne ylen=24F (y). (76)

. n=0
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Ecin x>0, 10 B cn.ny (1) § 17
P{sup [u—x@l<x=1- Y —P=y-x=

0<ust x<y<t
[t = x)le]

=1~ P+ 0 =cj) (77)

j=0

KakK J[J KOHeuHHX f, Tak u pAJad f = oo

§ 20. 3AJAYH

1. Myets {y (1), 0<C u < 00} — cenapabenbHLI NYACCOHOBCKHI IpoOLECe ¢ HHTEH-
cuBHocThIO A. Haiitn P {0 sup [x(u)—u]l<<x}uP { sup [u—x ()] <x), t <oo.
KU I<u

2. ITyerp {y (&), 0 < u < o0} — cenapaGenbHbli 1YaCCOHOBCKKI MPOLECe ¢ HHTEH-
cusuocTeio A, Halitu P{y (¢) <<u mna 0 u<< oo}

3. Iyets {y (0), 0K < o<>} - 06061H€HHI:II/I cenapageJsibHBIH TyacCOHOBCKUI npo-
mece ¢ HEOTPHIATENbHBIMH UpupaiueHusiMu, nas koToporo E {y (#)} = Aau. Haiitu
P {y (1) <<xu paa 0<Cu<<oo} (eM. Jlerak [6]).

4. Tyerb {y (u), 0 <K u < oo} — cenapabesbHbI TYaCCOHOBCKHI NPOIECC C HHTEH-
cHBHOCTHI0 A. 3amucats AJs 3TOoro cuayuaa toxgectsa (37) § 16 u (20) § 17
(cm. Mencen [4]).

5. Hafitn cymmy

00

] ]
j=0
aas x>0 (cm. IMomma n Ceré [9, 1. 1, rur. 3, sagaua 214]).
6. J{okasaTb cJjelyiolee ToxaecTBo AGeas:

‘x(Z)(x-I—k)k_l (t —x— k)P k="

AN BCeX | U X (vCM. Agess [1]).
7. IloxasaTh, UTO

n n
1 n By . p\n-k__ 1t_k_
n!E(k)OH_k) (t—x—Fk) —zf)k

n=0 k=

aaa Beex ¢ u x (M. Apdreacon [2] ).
8. Iycts {v (1), 0 << u < oo} — cenapabe/bHbIN IyaCCOHOBCKHH Npollecc ¢ MHTEH-
CHBHOCTBIO A, a € - NOJOXKHTeJbHast KOHcTaHTa, HailiTh

P{ sup [v (u)_— cul <x} u P {0 sup<t [eu—v ()] < 5},

KUK KU

a Takxke UX npefens npu ¢t —> oo (cm. [Maiix [10] ).

9. B anekTpoHHOH JaMmle paccTOSTHHE MEXJYy AHOJOM H KaTOJOM paBHo £
DJIEKTPOHE! BBLIETAIOT M3 KaToja ¢ SHeprued, paBHoi 0. DHEPrus BO3pPacTaeT JHHEAHO
C yBeJIMUEHHEM pPAaCCTOSSHUA OT KaToxaa, €CJAH hHe TMPOH3OIIJIO HH OHHOI'O CTOJKHO-
BEeHHA C MOJeKyJaaMH rasa. DBuGupasd nogxojsiluM o00pasoM eAHHHLY 9SHEPruH
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MOXKHO AONYCTHTb, YTO 3HEPrHs 3JEKTPOHAa Ha PAacCTOSHHH 4 OT KaToia paBHA U,
€CJIH He GBHIJIO HH OJHOTO CTOJKHOBEHHS C MOJIEKYJaMH rasda. MIHTeHCHBHOCTbH CTOJIKHO-
BEHHIl ¢ MOJIEKYJaMH rasa paBHa A, T. €. BePOSITHOCTb TOrO, YTO 9JEKTPOH Gyler
HMeTh XOTA OHl OJHO CTOJKHOBEHHe Ha JjauHe Au, paBHa A Au+ o (Au). Ecau npu
CTOJIKHOBEHHH 3JIEKTPOHA C MOJEKYJO¥ rasa ero SHePrHs He MeHblle ¢, TO OH HOHH-
3UpyeT 5Ty MOJEKYJdy H TepsieT 4YaCTb 3Hepruy, pasHyio o. Ecau sHeprus opH
CTOMKHGBEHHH € MOJIEKYJOfi rasa MeHbule o, TO HOHH3AUMH HE IMPOHUCXOAHT H
5/IGKTPOH 3Heprud He Tepser. HalTu BepositocTs P, (f) Toro, uTo, mPOXoAas Bce
paccTosHHe OT KaToja@ 10 aHOAd, AEKTPOH HOHH3HPYET IO KpaiiHed Mepe 7 MOJIEKy.
rasa (cm. [18]).

10. MMyets {y, (#), 0 <C u < oo} — cenapaBeapHuii nyaccOHOBCKUH (0GOGIICHHEL)
npolece, JJIsg KOTOPOro

Pl <s= 3 e M g ()
n=0

rae H (x) — dyuknus pacnpejesenns HeOTPHNATENbHOH cayuaiiHol Beauunnnl. Hafith
W (x)=P{ sup [y (u)—u]<x} 0paMBIM MeTOAOM.
ICu< oo
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[nasa 4
CHAYYAHHBIE BAYXIAHHA

§ 21. CJIYYAUHDBIE NMPOLECCHI
C NMEPECTABJISEMbIMH NPHPALNIEHHIAMH
H CJYYAHUHBIE NPOLECCHI CO CTALMOHAPHBIMH HE3ABHCHMbBIMH
NMPUPALLEHHSAMHU, TPUHUMAIOIWIHE IKEJBIE 3HAYEHHUA

ITyctb vy, Vi, ..., ¥, ... —II€pecTaBJjsieMble CJyuaiiHble BeJH-
UHHBI, NPHHEMAIOIHe HeOTpHIATes]bHble le/ble 3HauzHHA. [losomuM
Ny=wv +. +v,1umr—1 2,... 1 Nyg=0. ITycts {v (1), 0Cu < o0} —
nyaccoaoncxnn mporecc ¢ HMHTEHCHBHOCTHIO A, a {v,} u {v(u)} Hesa-
BucuMHbl. ITyctb, KpoMme Toro, & (u) =Ny ) — (u) nEw=v@—N,uw
g 0 <Cu < oo,

Toraa {E(u), 0<Cu< oo} —cenapabenbHuil cjayuafiHBll npouecc
C mepecTaBJseMbIMI IPHPAIIEHHSIMHE, TIOUTH BCe BEIGOpOUHBE QyHKIHH
KOTOPOrO SIBJSIOTCS CTyIEHUaTHIMH (YHKIHSIMH CO CKAauKaMH BeJH-
quan 1, —1, —2, . Anajsoruuno {£" (1), 0 <{u < o0} — cenapabeJnb-
HHL} CJIyqaﬁHbIﬁ npouecc ¢ mepecTaBJseMbIMH HPUPAIIEHUSIMY, TOUTH
BCe BLIGOpPOUHBlE (PYHKUHH KOTOPOrO SIBJASIOTCA CTYNCeHYaTHIMH (PyHK-

IHSIME €O CcKaukamMu Beaumuuunsl —1, 1, 2 .... OueBHaHO, uTO
£ (u)= —E(u), Ho HaM Gynmer yLoGHO pas/juuaTh 3TH [Ba mporecca
U N0-pasHoMy HX 0603HAUaTh.

_Ecau, B 4acTHOCTH, v, Vs, ..., Vr, ... —B3aHMHO HE3aBHCHMBbIE

H OIMHAKOBO pAacmpefe/seHHble CcayyaiHble BeJHYHHH, NPHHHMAOIIHE
HEOTpHIlATeJbHblE IlleJble 3HAaueHHs, TO mpoueccH {&(u), 0<u < oo}
u {&" (u), 0 <Cu < 00} UMeEIOT CTAllUOHAPHbIE He3aBUCHMbIE MPHPALICHHS.

B s710ofl riaBe MBI HaliieM pacnpefefeHus CAYYAHHBIX BeJMUYHH

sup E(u) u sup E'(x) Kak 1/ KOHEUHHIX f, TAK M s f = co
o<t 0Cu<g
Mbl 6ymeM HCIoab30BaTh B 3TOM naparpacde Te e obo3HaueHHS,

KacalollHecsi CAy4aiiHblX BEJHUYHH Vi, Vg, ..., V;, ..., YTO H B INI. 2.
v u
B uactHoctH, y=E {v,}, n(z2)=E {27} u 8— naumensumnii neorpuua-
TeJbHBI BellleCTBEHHBII KODeHb ypaBHeHHs ()= 2.
Ecau {g (1), 0<{u< oo} —mnpouecc ¢ mepecraB/sfseMbIMH HJH CTa-
IHOHaPHLIMH H He3aBUCHMBIMH NPHPALICHHSAMH, TO

PEW=F=NP{Mw@=nPN,—n=Fk=

n=0

(o]

Ve pin, —py (1)

aast k=0, =1, £2, ... uu>=0, 1
E{@}=A(yv—Du. (2)
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Ecau mponece {& (1), 0<Cu<oco} uMeeT CTAUMOHADHHEIE HE3aBHCHMEIE

npHpAaINeHHus, TO
E {2*) =exp[ - au (1 - %)] ’ 3)

npu 0<|z|<<1 uin
E {e"s§ (u)} = eu'¥ (s) (4)

npu Re(s)=0, rae :
W (s)=Aa(e’n(e~)—1). (5)

HaJbline Mb Bciogy Gyaem npeamosarath, 410 {E (1), 0 Cu < o0} —
cenapaGeJbHbIH CAyYalHbIA MpOleCe ¢ MEPECTaBJ/SeMBIMH HJIH CTAILHO-
HADHBIMH He3aBHCHMBIMK NMPHPAICHUSIMH, ¥ pacupejeseHie cayuaino
BesuunHbl § (1) onpenessiercsi no ¢dopmydae (1). Tpunanpnbifl cuayuait
7y =0, BooGme roBops, ucKaovaercsi. Kpome Toro, Mbl 6yAeM cum-
TaTth, 4to £ (u)= — E(u) nasa scex u_—>=0.

Mu yBuzuMm, uto Bce TeopeMbl H3 § 6 —8 mmelor aHasoru mass
nporecca {E (), 0 <Cu< oo},

Teopema 1. Ecau {E(u), 0<Cu<oo}—npoyecc c nepecrasase-
motmu npupaweduamy, To npu k>0

P{ sup Ew) <k} =Pe(t)<h}—

o<<ut
oo t
Erjt
0

r=1

=k, E(t)=*F —r} du.  (6)

JoxasareabcTBo. JJokaxem Gosaee obmywo ¢GpopMysy, H3 Ko-

Topoit Oyzaer chaeposath (6). Ecam k=1, 2,... u i=1, 2, ..., TO
P{sup E<knE)Sk—d=PEEO<k—-id-
o<<u<t

- erJ‘ETI-T)'P{@(u)=k, E()—~E ()= —r). @)

TIpu ycnosun, uro v (t) =, BepOSITHOCTb COOHITHS { sup Eu)<k
\u\
H E(f) <<k —i} moxuo matitu no dopmyae (2) § 6 ma n=1, 2,...,
a ecan n=0, 3ra BeposaTHocTb paBHa | uaum 0 COOTBETCTBEHHO mNpH
k=i n k<i. Orcrona

P{zup Ew<kn t)<k—=PE@E)<k—i}—

o n—in—j
|l

PV ==k, Ny N, = (=)= =P () =n). ®)
j=1 r=i

n=
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Hcnonb3ysi TOXAECTBO
t
Piv)=m=(—)) [ 2py PO@W=P&O—v@=n—jdu (9
. 0
giaa j=0, 1, ..., n—1"u MeHsigs MOPAKOK cyMMmupoBaHus B (8)

noayuaem (7). dopmyna (6) noayuaercst 3 (7) npu i=1.

oo

MNS

’
I n=r+j

Teopema 2. Ecau {E(u), 0<{u<oo}—npoyecc ¢ nepecragasne-
MOLMU NPUPALYEHUAMU, TO

t
E{ sup ()= [ E{lz0)]")5" (10)
oCu<t 1
JoxasaTteabctso. UMeeM
E{ sup £(u }~ZP{sup E(u) = k), (11)
0t k=1 O<Cut

a MpaByio 4acTb 3/leCb MOXKHO HafiTé ¢ nomouusio Gopmyasl (6).

Ecau, B uvactaocty, {£(u), 0<Cu < oo}—mpouece co crauuoHap-
HEIMH He3aBUCHMBIME HpHpalleHUsIMH, TO (6) MOKXHO TakKe 3anucaTh
B BHIE

t +
P{sup s <h=P @<k~ [ HECIT prw_nau (2

u

out 0

roe £ (f—u)=—E(t —u).

Teopema 3. Ecau {E(u), 0<Cu< oo} —npoyecc co crayuonap-
Hbimu Hesasucumoimy npupawenuanu u y<l, ro npu k>0

P{ sup &(u)<kp=1-4(1-v) f P {& (1) = &} du. (13)
Ku<oo ‘ : b

HokxasarteabcTBo. PaBeHcTso (13) MOXHO BHIBeCTH Hemocpes-
crBeHHo H3 (12). Kpome Toro, MO}HO BOCHOJIb30BATBCA TeOpeMOH 3
§ 6. Tak Kak oueBHAHO, uTOo aJad k>0

P{ sup g(u)<k}——P{ sup (N, —r)<k}, (14)

ISu<<oo IsSu<oo

To H3 Qopmy.an (9) § 6 cnenyeT uTo

P{ Sup §(u}<k}—1—(1*Y)ZP{N =itk (15)
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s k=1, 2, ... DxBuBajeHTHocTh paseHcTB (13) u (15) BHITekaer
U3 COOTHOLIEHUH '

[Pe@=Rdu=YPWN,=j+8 [Pl@=jdu  (16)
0 j=0 0

H
e ® j
J P{v(u)=j}du=fe“"”—(%l—du=~l;:. (17)
0 - 0

Teopema 4. Ecau {E{u), 0<Cu<<oo}—npoyecc co crayuonap-
Hoimu Hesasucumuimu npupauerusnu u y<l1, ro daa k>0

P{ sup E(u)<k}=Q, (18)
ISu<o
ade '
.‘ .
Y Qe =200 (19)
k=1

028 Re(s)>0, a W (s) onpedeasierca no gopmyae (5).

JlokasarteabcTBO. BRuay (14) sta TeopemMa HeMeNJeHHO cJe-
nyetr u3 teopeMmul 4 § 6. Ho serko nokasath ee B HeNOCDEACTBEHHO.
JefictBuTesbHO, A0 B=1, 2, ,.,

k

Qk=(1—xAu)QkerujZOu,.QkH_,-+o(Au), (20)
OTKyza
k
Q= E) 7 Qp 41~ (21)
Bpens npoussojduue GpyHKIHY, nonyﬁnm
?31 Cz )
Yot = (22)

k=1
npu {z|<1, rage koHcranta C onpeje/seTcst yCJOBHEM kl_l)l’g Q. =1.
TakuM ob6pasom, C=1—+vy. Ecau noacrasute z=e~° B (22), T0 1M0O-
ayuurcs gopmy.aa (19).
" TlosioKuM Tenepb
6(R)=inf{u: E(w)=—% u 0<Cu << oo} (23)

mast £>0. Ecau E(u)>—Fk nas Bcex u>=0, 1o 0(k)=o00. Cay-
vaiinas BeanuuHa 0 (k) ecTb BpeMs IepPBOro IMPOXOXKJEHHS Ipolecca
{£(u), 0<Cu <o} uepes x = — k, HJau BpeMs npoxomneﬂnﬂ npotecca
{& (1), 0<<u << o0} uepes x=k.
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Teopema 5. Ecau {E(u), 0<Cu < o0} — npoyecc co cTayUOHAPHOLMY
Hesasucumoimy npupawenuany, npusem wy>0, 7o dan 1 i<k

P{ sup E(w)<k—j=-%=L, (24)
0<Cu<0 ()
e0e
\ Y C
Z Que™** =gy (25)

k=1
041 Re (s) > o, a ® — HaubosbuiuLl HEOTPUYATEAbHbLL BeL|eCT8EHHbL KO-
pens ypasuenus P (s) = 0; C — npoussossnas KOKCTAHTA, oTAu4HAA OT 0.

loxaszaTeJdbCcTBO. TeopeMa HeMeJJEHHO CielyeT H3 Teo-
peMut 2 § 7. Mb uMeeM

2 Q= sprs (26)

qia |z2]1<6, rae O — HAaUMeHbIUMI HEOTPULATEJNbHBIY BellleCTBEHHBIH
KOpeHb ypaBHeHus m(2)==z. Ecau B (26) noacraBuTh 2 =e~5, TO cpasy
noayuutes (25), npuuem 6 =e~®.

Teopema 6. Ecau {E(u), 0<Cu<<oo}—npoyecc ¢ nepecrasase-
MoLMU npupauierusmu, o npu k>0

PlO()<t)=Fk [ PE (=K. 27)
0
HoxasareabrctBo. ITo Teopeme 1 § 8
P{o(R)<tv(t)=n}=1—-P{r—N, <k pna r=1, ..., n}=
\" % .
-y Epw, =i~ (28)
i=k

ecan 0<k<n. COOTBeTCTByIOIllaH BepOHTHOCTb paBHa

POk <f= 2 ~u ST }‘ P{N;=j—Fk}=

n=k . i= k
=i—f¢ -—J—k}Ee-M -
j=k
:f;%"{N, =j—k} Of e~ ‘3”_)]1_); hdu =
t
=k [Plew) =— R, (29)
0

Teopema nokasana.
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ITo dopmyne (27)

P {6 (k) < 8}
= "P{E )=k (30)

aas k=1, 2, ... u £>0. dra dopmyra sBJseTcs aHaJorom ¢hop-
Myabl (3) § 2 HalizeHHoH eime Myaspom.

Teopema 7. Ecau {E(u), 0<Su<<oo}—npoyecc co crayuonap-
HOLMU HE3ABUCUMBIMU APUPALYEHUAMY, TO

P {0 (k) < oo} =e~ok, (31)

e0e @ — Hauboabuuil HeoTpuyaresvroi Kopewns ypastenus Y (s)=
Ecrw v<1um=*1 10 0=0, a ecau v>1 uau my=1, 70 ©>0.
Ilpu v<1

k

A=y (32)

E{e(k)}=kfp{g*(u)=k}du=
0

Ecau v=1 u ;5 1, 7o E {6 (k)} = oo.

HoxasateabcTso. Tak kax 0(k)=oo Torna u ToJBKO TOrna,

korga sup (N,—r)=oo, 10 (31) cieayer u3 teopemu 3 § 8. B Teo-
I<r<oo .

peMe 5 HCmOJb30BaJ/IOCh 0G03HAUeHHe 8 =e~®, YTBepxkienue (32) mo-

JgyuaeM H3 (27) ¢ MOMOMIbIO COOTHOIIEHHS

= A=y (33)

[P @=rdu=g }_] W, =j-K=7

nast k> 0; npu 3TOM BTOPOe PaBeHCTBO cJenyer U3 dopmyasl (26) § 6.
OuyeBujHo, uto (32) MOXHO mepenucath B cJeAylolel sKBuUBa-
JIEHTHOH ¢(opme: :

E{e(k)}_fp{o<g (1) < k) du. )

Teopeéma 8. Ecau {E(u), 0 <Cu < 0o} — npoyecc co crayuonaproimu
Heaasucumoimu npupauwjeruamu, o 0an Re(s)>0 u k=1, 2, ..

Ele=®) =k [ =P (& () =}, (35)
0
uau
E {e~se (k)} = p—0® (s) k, (36)
20e z= o (S) — eOUHCTBeHHbIL KOpers YpasHeHUsA
Y(z)=s (37)

8 obaactu Re(2)>0.



§ 21. Hpoyeccot, npunumaowjue yeavte HaA4eHus 87

HokasatenbctBo. Pasencrso (35) cpasy caenyer us (27).
HokaxeMm (36). Ecin onpenennts p(k) Kak HauMeHbliee H3 yHCeJ T,
I KoTopex N,=r —Fk, T0 B cuay (20) § 8

E {° ®} =[5 (2)]* | (38)

s | z|<1,rae w = 6(2) — eIMHCTBEHHBIH KOPEHb ypaBHEeHHA w = 27 (@)
B obanactn |w|<1. Tax kak 0(k) MOXHO mNpeaCTaBHTb B BHIE
CYMMBl 0 (k) B3aUMHO HE3aBHCHMBIX H OJMHAKOBO paclpejleJeHHBIX
cnyuadHBIX BeJHund ¢ hyHkuued pacnpenenenus F(x)=1—e 3 x>0,
NpuYeM 3TH CJAyyaHHble BeJHYHHBI He3aBHCHMEL OT o (k), To B cuay (38)

ey, o
nas Re(s)>0. Ecan nosaoxurs
8(435) =00, (40)

10 cpasy noayyaercd (36), a ®(s) MOXKHO OXapaKTepH30BATh Kak
eJIMHCTBEHHBIH KopeHb ypaBHeHusi W (2)=s B oGnactu Re(z)>0.
JloKa3aTeabCTBO 3aKOHYEHO.

Teopema 9. Ecau {£" (u), 0 Su< oo} —npoyecc ¢ nepecrasase-
moimu npupauierusamu, 1o daa k>0

P{sup E(w<H=1—k [P @)=k, (41)
0

Iu<

HokasateabctBo. OueBHAHO, UTO
P{Ogugt?(u)<k}=l—P{G(k)<i}, (42)

YTO MO3BOJsieT cpasy BmiBectH (41) M3 (27). Jlerko BHUAETH, UTO BEepHA
Takxe OoJsee ofmas dopmy.a

P{0 sup EW)<kugt)<k—-d=PEH<k—i—

Kuxt

t
—k [CPE W=k E O~ ()< - idun

npu 1 <<i<k. Dro takxke ciaenyer u3 cooTHowenus (3) § 8.
Ycerpemasas B (41) £ k oo, modyuaem

P sup B <k=1-k[ PE@=12L, (44)
Ku<oo 0

Ecau, B uactHoctH, {§° (1), 0 << u < 00} — mpoliece €O cTanHOHAPHBIMH
He3aBHCHMBIMH NPHPALIEHUSIMH, TO NpPaBas 4acTh paBeHCTBA (44) mpe-
Bpamaercsa B 1 —e™“% rjge o TO ke, 4TO U B Teopeme 7.



88 Ta. 4. Cayuatineie 6aysncdanus

§ 22. MPOLLECC CJIYYAHWHOTO BJAY)XJAHUSA

Ilycrs . wacTHLla coBepllaerT cJayuyaiiHoe OJyXJIaHHEe IO OCH X.
Haxonsicb cHauyasa B Touke x =0, yacrdia 3a OJMH HIar MOXKeT
CABHHYTbCA Ha €JMHHLY BIPABO C BEPOSTHOCTBIO p W HA CIHHHIY
BJIEBO ¢ BeposiTHocThio ¢ (p+¢g=1, 0<p<1). CMeulenus 4acTHUHI
OPOHCXOASIT B CJydalHBle MOMEHTH BpeMeHH B wuHTepBaje (0, oo).
O6o03nauuM uepes v (1) YHCJO IIAroB, CAEJNAHHBIX YacTHUEH B HHTEp-
BaJse (0, u]. TIpeanmonoxum, uro {v(u), 0 <<u< co}—mnpouece Ilyac-
COHA ¢ HHTEHCHBHOCTBIO A M MOCJEN0BATEIbHbIE CMEIIEHUS He3aBHCHMBL
Ipyr oT apyra u otT mpouecca {v (1), 0 <K u < co}. TTycts E (1) — mosoxe-
HHe YacTHUB B MOMeHT BpeMenH u. Toraa {E (u), 0 Cu < oo} — cayuaii-
HBIA NIpOLECC CO CTALMOHAPHEIMH He3aBHCHUMBIMM NPHpAIeHusaMHU. [Ipu
stom P{£(0)=0}=1 u nourH Bce BBHIOGOPOUHBIE (DYHKIHH SBJSAIOTCS
CTYNMeHYaTHIMH (QYHKIHUSMH CcO cKaykaMu 1 u —1[.

IMpouece {& (1), 0 <<u << oo} monobeH mpolleccaM, PacCMOTPEHHBIM
B § 21, ¥ TeopeMH, /MOKa3aHHbIe TaM, MOXHO IIPHMEHHTb K 3TOMY
nponeccy. Hanee, E(u)=N, ) —v (@) m1a 0<Cu<oo, re vy, vy, ...,

Vs ... —B3aHMHO He3aBHCHMBble M OJHHAKOBO pacHpe/eJeHHbe CJy-
yafiHble BEJHYMHBI C paclpefeeHUsIMU
Pv,=0l=q u P{v,=2}=p, (1)

rie p+qg=1n 0<p<1. Ilpu stom

P{N,=n+k}= >p(n+k)/2(7(n—k)/2 (2)

( n
Yo (n+k)

mak=nn—2,..., —n+2, —nuP{N,=n+k}=0 B nporuszom
cayuyae. Kpome Toro,

0'01 e ()™ —hu k/2 0
P{g(u)=k}=%0e LB B (W, =n+ By=ehe (2) 1, (2phgtha) (3)

st k=0, =1, =2, ..., rae /,(x) —MoxuduuupoBanHas QpyHKIMA
Beccens nopsnka r, onpenesseMast psaioM

0‘% 2]+r
I (x) = }, P @

ot r=0u I_,(x)=1,(x). Orciona cjenyer, uto
E€w}=2(p—q)u &)
Var {& (u)} = Au. (6)
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Hafinem Temepb pacmpeneJ/ieHHe cJaydaidHod BesauuumHbel sup E{u). o
0Cugt
dopmyne (21) § 21
t

P{sup s@<h=Peo<n- [ EECH pew—pya @)

<u< g u

aas >0, e £ (t—u) = —LE(t —u).
Taxk xax {g(u), 0 <<u < oo} —npouecc Toro xe tuma, uro u {&*(u),

0sCu<oo}, TO A HAXOXKAEHHS pacmpefeneHust sup E{(u) MOXKHO
0{u<t

npuMenuTh TeopeMmy 9 § 21. M3 coornomenust (41) § 21 noayuaem

o<u

P{ sup t()<h=1—k [ Ple(w)=r (®)
<t h

nas k>0.
IlokaxeM Temepb HENMOCPEACTBEHHO, uTO Ajasd k>0 Takke BEPHO
H DaBEHCTBO
k
P{sup t@<H=PEO<H—(Z)PEO<-H.  ©

<uxt q
Ecmu k>0 u j<k, TO
P{sup t)<kut@®)=jlv(t)=nl=
o<u<t

/=P{N,—r<k nar=0,1, ..., nuN,—n=j}=

n n ’ ' )
= [( 1/, (n + ])> - ( 1, (n + ]) —k )J p(ﬂ+])/2q(n-—])/2. (10)

CMBIC/T 3TOrO COOTHOIUEHHS MOXHO MOHATb, €CJH NPHHATb BO BHHMA-
HHe, uTO mocJejoBarenbuocts {N, —r, r=0, 1, ..., n} onuceiBaer pac-
cMaTpuBaeMoe caydvaiinoe Gayxaaunue 3a meppble n maros. Toraa (10)
MOXHO paccMaTpUBaTh KaK BEPOATHOCTb TOro, 4TO IIOCJE 7 IUATOB
YaCcTHIIA HAXOJHTCS B TOUKE X =] H B TeUeHHe 3THX r LIATOB HHKOTIA
He NONajfaeT B TOUKY X =K. B 3THX yc/0oBHAX KaXAblH MyTh HMeeT
BeposATHOCTb p(*+1V2gt=NI2 3 ypejo GJAaronpUATHHIX HyTell PaBHO

<’/2(ﬂn+i)>-(‘/2(n-:j)—k)’ (11)

4TO cJIelyeT H3 IIPHHIIMIIOB OTPaXKeHHa. DTO J0Ka3kBaer bopmy.y (10),
KOTOPYIO MOXHO IPEICTABHTb B 5KBHBAJEHTHOM BHJE

P{ sup Ew<kut@)=jlv({t)=n}=

Lu<t

=PEO=ilv®)=n~(L) PEE=j-2% v~ (2



90 T'a. 4. Cayuaiinoie 6aywdanus

COOTBeTCTBYIOHlaH 6e3yCJIOBHaH BEPOATHOCTL paBHA
k
P{sup <k mnt®)=p=PE®=1-(L) PE®=j-26. (19)
o<ugt

Ckaansias paBencrsa (13) pus j < k, nonyuaem dopmyay (9), Kotopyio
U TpeboBaJIOCh TOKA3aTh.

Samernm, uTo Tak Kak {&" (1), 0 <{u < 00} — mporiece TOro Ke THMA,
yro H {E(u), 0<Cu << oo}, To dopmyanl (7) —(9) Takke BepHH H J1JIs
nponecca {& (i), 0 <Cu < o0}

Ecuu 0 (k)— BpeMs nepsoro npoxoxaenus npouecca {& (u), 0 <Lu < o0}
uyepes x=— R, rae k>0, To gas k>0

P{0(% )<t}—l—P{ sup. g (u) <k}, (14)

0Cuxt
rie E(u)= —E(u), a mpaByl YacTh MOXKHO MNOJYYHTb C IOMOIIbBIO

dopmya (7) — (9).
Corsacuo Teopeme 4 § 21,

p\k
P{sup Ew<h=1-(L), (15)
ISu<oo
ecu p<qg u k>0, a corsacuo Teopeme 7 § 21,
k
P {0 (k)<oo)=(L), (16)

ecat g<p u k>0.
Ecan 1<{i<Ck, 10 Teopema 5 § 21 pmaer

e Qe ;

P( _sup clw<k—i=LL, an
e ¢ (1—(pla)®
R —p/q

Q=5 (=10). (18)

ec/m p=q u k>0, u, HakoHel,

Q. =2Ck, (19)
ecain p=gq u k>0, npuueM C — npousBo/bHasl OTIHYHAA OT 0 KOH-
CTaura.

§ 23. BPOYHOBCKOE OBHU)XEHHE )
IMyers {Z (1), 0 <Cu < o0} — BemecTBeHHbA cenapabesbHBIH cayyaii-

HBIH IIpOlleCC CO CTAIHOHAPHBIMH HE3aBHCHMBIMH NPHPALIEHHAMH, IS
kKotoporo P{{(0)=0}=1 u npu Bcex x

P <n=0(Z ,,2) (1)

rje a— BelleCTBEHHAd KOHCTAaHTA, o — NOJIOXKHTE/JbHAA KOHCTAHTA H

x

()= f_frW@ )

- 00
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— HOpMaJbHasi GyHKUMA pacnpefeseHHs, B sToM cayuae mpomece
{t(u), 0 Su<oo} HasblBaeTCs INpPOLECCOM OPOYHOBCKOTO IBHIKEHHS
HJIM BUHEDOBCKHM npoueccoM. [as nero E {{(4)} =au u Var {¢(u) = c%u
npu u =0, U, KpoMe TOro,

E {e—sc (u)} — eu‘P’ (s)’ (3)
rae
W(s)=—as+ %0‘282 (4)

Ias Bcex u =0 u Bcex s.
[Tycts 0 (x) —MoMeHT mnepBOro NPOXOXKAeHHst mpollecca {C (u),
0 <{u< oo} uepes —x, Toraa

B(x)=inf{u: g(u) < —x u 0 << < o0} (5)

npu x>0. ‘
Haiizem Temeph pacmpeiesenHst CJAy4afiHHIX BeJUunH sup Z(w),

0Cuxt

sup ¢(u), 6(x) u  sup Z(u). Has storo annpOKchnpye\M Hnpo-
0Ly < oo <u<o(o)
nece {¢ (1), 0<Cu << oo} ceMeHCTBOM NOAXOASMIAX HOPMAJTH30BAHHBIX
IpoLeccoB cayuaiiHoro Oayxjaanus (ompereseHHbix B § 22). HckoMbie
pacmpese/ieHHs] OKaXXyTcd NpefieJaMH COOTBETCTBYIONIHX BEPOSTHOCTE,
BHIYHCJEHHBIX B § 22.

3aganuM ceMeACTBO cayuaiuex mpoieccos &, (1), 0 < u < oo} cie-

nyomuM o6pasoM: (&, (¢)} mas mo6oro A ecTh cemapaGesbHblil Ipomece
Cay4aiHOro GJIyXKIaHUS CO CTAHOHADHBIMHM HE3aBHCHMBLIMH IpHpalle-
HUSIMH, ONpeleJeHHbd B § 22, npuueM CBSISaHHBIA C HHM I1yacCOHOB-
CKHH IIpolecCc MMeeT HHTEHCHBHOCTh A H

1 a 1 a
= — —, = e ——— 6
2 + 90" =73 20" (6)

LJsi qao6oro A > o?%/a? npu a 5= 0. ITosoxum
E {e—-sgh (u)} — »eu‘If7b (s). (7)

ITpu A — o0 KOHeYHOMepHBIE pacHpeleJ]eHHsl Mpolecca {ogh(u)/kvz}
CXONATCS K COOTBETCTBYIOUIMM KOHEUHOMEDHBIM Pacmpe/eseHHsIM Ipo-
necca {{(u)}. Hasi moxasaTeabcTBAa 3TOrO yTBEPIKIAGHHS HOCTATOUHO
noKasaTb, 4YTO

fin ()= v g

rae ¥ (s) onpeneaserca no dopmysue (4). Ho sro pasemctso caexyer
u3- popMysan (6) u npejacTaBiaeHus

W, (s) =4 _(qes + pe~—s—1). 9)
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B cootBeTcTBHH ¢ 3TUM naas x >0
P{ sup tuwy<x)= lnm P{ sup & (W) <k}, (10)

oSut 0<Cuxt

rae k= [kl/zx/o}. [MpaByoo uacts dopmysasl (10} MOKHO HOJYUHTH JHGO
us (7), mu6o us (8), inbo us (9) § 22. ®opmyaa (8) § 22 maer

! t
P{sup Tl }=1_xngu_=l_%f®,(x_au>ﬂ
0 0

dx u our | 't

(11)

0stu<t

s x>0, a dopmyaa (9) § 22 maer ana x>0
P{ sup L= PL(t)<x}—ed P L()<—x}=

o<u<t
= at __ plax/c? ("x“at).
cp( Gt%) o' ZETE): (12)

34eCh MblI BOCIOJb30BaAJMHCHb TEM, HTO

1/2) xAllfg
li p) — (,1_+L(G_Al_) = plax/a?,
Al—glo(q 7}—)00 1 —af(oa") € (13)

Pacnpenenerye cay4alHON BedHUHHBl sup () monyuuaun Baxcrep
osCust

u Jouckep [1} amaJHTHUECKHMH METOIAMH.
Ecau a<0, to, nonarass B dopmyse (11) { — oo, moayuaem
00

P{ sup C(u)<)€}—1—-~—f @’ (M)%—_—l_e?aﬂoz (14)

I<u<oo 0 ()'Lt‘/2

st x > 0. Ecan B (12) nomoxuTh £ — 00, MONYYHTCSH TOT XKe Pe3yJibTar.
IIpsimoe mokasarenbcTBo cM. Hy6 [4]. Ecam a0, To

P{ sup (u)<<x}=0
0L u<oo

st Bcex x. Ecau 0(x) o6o3Hauaer MOMEHT BPeMEHH, KOrja B mep-
BHi pa3 §(u)= —x, T0 uz dopmya (8) u (14) § 22 umeem gng x>0
nut>0

OP {¢* (u) < x} du

P8 (x) < L (15)
rae ¢ (u)= —¢(u) upu u>=0. OTCIOILa
PO ()<< X OP{C*(t)<x}:'L'@,(x+at> (16)
ot t . ox ot ot

opu x>0 u £>0.
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Haxonen, ¢ nomompw (17) § 22 naxonum

P{ sup t()<x—cj=LE=0 (17)

0<u< () V)
npu 0<c<x, rae
W () =S (e 1), ccan a0, (18)

W (x) = , ecan a=0, (19)

2Cx
0-2

a C-—HyJeBas KOHCTaHTa. DTO HeMensenHo noaydaerca us (17) —{19)
§ 22, ecsiu HOJIOKUTH k=[k'/2x/c], i=[7»1/zc/c] H A-—>oc0.

Ecau pesmunnn Q¥ k=1, 2, ..., onpexensiorcs gopmynamu (18)
u (19) § 22, a p u g sanawrea popmyaamu (6), To

f e~ W (x)dx = lim -2~ Y QM exp[—- ik}(—’—] =
A—» 00 }\‘/z )\1/2
¢ k=1
= lim &2 ¢ ¢ (20)

Ao A2 W (s0/AF) W (s)

n1a Re(s)>o, rie 0=0 npu a<<0 1 o=2a/c®> npu a>0. Mu
B3IIM 3]eCh C,D=C)»l/*/0, C==0, a W(s) zamaerca dopmymnoi (4).
Takum o6pasowm,

oo

J'e*s"W(x)dx=s——2—c— C[ o’ _l] 21

; (025 — 2a) T4 0% —2a s
upu Re(s)>w, a (18) u (19) MOKHO NOIYUHTH 1O HOPMYJIe 0GpalleHHUS.

§ 24. CJOYYAHHBIE NTPOLECCHI
CO CTAILMOHAPHbBIMH HE3ABHCHMbBIMH NMPHPAIEHHAMH,
HE HMEIOWIHE OTPHUATEJIBHBIX CKAYKOB

IMycets  {Z (1), 0 <<u < 0o} —BelnecTBeHHBIA CJAyUalHBIE mpollece
€O CTANHOHADHBIMH HE3aBHCHMBEIMH ~ NPHpALIEHHSIMH, BHOODOUHEIE
(YHKIHH KOTOPOr0O HEe HMEIOT OTPHIATEJ]bHBIX CKAUKOB H 0GpalaoTcs
8 0 npn u=0 c BeposatrocThio 1. Torma ¢ysKIUHA

E {e~sc (u)} = etV (s) (1)

onpenenena npu Re(s)>>0, a HaunGosee obmas popma W (s) maercs
BHIpaKeHHeM

W (s)=as + 5 0%’ — [ (1= = 22V aw (x), @)
+0
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Ile o — BelleCTBeHHAs KOHCTAHTa, o2 — HeOTPHIaTesbHas KOHCTAHTA,
a N (x), 0 < x < oo, —HeyOrBalomas QyHKUUA OT X, YAOBJETBOPAIOLIAS
yeqaosusaM lim N(x)=0 u

X=> o0 .

1

f %% dN (x) < 0. 3)
+0
3aMeTHM, UTO €CJH
1
[ xdn (1)<, @
+0
t0o (2) cBOAMTCH K BHALY
W(s)=as + 50’2~ [ (1—e=)dN (x), )
+9

rfe, Boobue ropopsi, KOHCTaHTa 4 He Ta, uTo B (2). Ecan

e 53

[ xaN (9 <, (6)
1
T0 (2) CBOZHTCS K BHAY
¥ (s)=as +%0232— f(l —e~s* —sx)dN (x), (7)
+0

rZe KOHCTAaHTA @ Takxe, BOOOIIE TroOBOpPS, OTJHUHA OT KOHCTAHTH &
B Qpopmyie (2).

MareMaTHyecKoe OKHIAHHE CJAYYadHOR BEJHYHHB §(#) paBHO
E{{(u)}= — pu, rae

by 3
o=a— [ 3o dN (x); (8)
+0 '

P MOXeT paBHATbCA — oo, HO He -+oo. Ecad p =% — o0, TO BEIOJ-
nsiotest yesosus (4) u (6), u ¥ (s) sanaercs dopmy.oi (5).

Nanee mbl GymeM mnpeamonaratb, uto g (u), 0 <Cu < oo}— Bellle-
CTBEHHBIA cernapabesbHblii cayuyafiHBIA Hpollece €O CTAUMOHAPHBIMA
He3aBHCHMBIMH npupamennsmy, npuuem P {;(0)=0}=1, ans Re(s)=0
cpaseaauBo pasesctBo (1) m W(s) samaerca ¢opmyJnoi (2). Tpu-
pHaJbHble cayuan P{¢ () >=>0}=1 nna cex >0 umm P{{(w)<<0}=1
s Beex u >0 nckmouatoorcs. Mbl GypeM Takxke 0003HaYaTh T (u)=
= — ¢ (u) pnsa Beex u >0 u nonoxum E {¢(u)} = — pu, rne p =¥ (+0).

B srom maparpade MBI moKakeM, yTO Bce Teopembl § 21 mmelor
amajoru ags npomecca {f(u), 0 <Cu<oo). Jljasi HAXOKJEHHS STHX
aHaJoroB MH annpokcaMupyeM npoiuecc {G (1), 0 <u < oo} ceMeliCTBOM
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npoueccos THMA, ompeleseHHoro B § 21, nocse uero HcKoMBle pac-
Npe/le/IeHHsT OKaXYyTCH NpefeslaMH COOTBETCTBYIOIIMX BePOATHOCTEH
us § 21. o

Paccmorpum nponece {€(u) =N, () — v (1), 0 << u < 0}, onpenesen-
el B § 21, Ho Temepp {v(u), 0 <Cu < oo} — myaccoHoBcKuil mpoiece
VHTEHCHBHOCTH A, & W, Vy, ..., Vs, ... —B3aHMHO HE3aBHCHMBIE H
OIHHAKOBO pacrnpejeseHHble CydyaiiHble BeJHUYHHB C pacrupeeseHHeM
Plv,=j}=ap, j=0, 1,2, ..., upuuen {v.} n {v(u)} nesaBucumsL
Huaue rosops, MH Temepb NpeAnoJaraeM, YTO pacmpefie/eHHe BeJH-
UHHBL V,, r=1, 2, ..., saBucHT Takxke oT A. Jlaa Kaxkzoro ¢pukcu-
poBanHOro A o6osnaunM uepes {g,(«), 0 <L u < oo} coorBeTCTBYIOWIUI
nponecc. DTo Ipollecc €O CTAaUHOHAPHBIMH HE3aBHCHMBIMH IpHpalle-
nuamu, P{£, (0)=0}=1 u ¢yuruusa

E {e—sih (u)} = eu¥h(s) (9)

onpenenena aasa Re(s)>0.
Jlerko BHIeTb, YTO MOJKHO BHIGDATh pacHpene/eHus :rcj.M, j=0, 1,

2, ..., M HODMHDOBOUHHH MHOXHTeJb g (A) = cA” Tak, uTo IOpPH A —> oo
KOHeUHOMepHBIe pacnpefenenus npouecca {g(A)E; (u), 0 <<u < oo} cxo-
AATCA K COOTBETCTBYIOUIHM KOHEUHOMEDHLIM pachpeleseHusiM Ipo-
necca {C(u), 0<{u< oo}, onpenesneHHOro B Hauase naparpada. s
JI0Ka3aTeJbCTBA JAOCTATOUHO yOGemHThCSA, UTO MOXKHO BHIGDATH ),

i=0, 1,2, ..., n g(A) Tag, uro6sl mnpu Re(s)>0 BuIOIHAIOCH

COOTHOIIeHUE
lim ¥, (g () 5) = ¥ (5. (10)
> )

B nmpexsinymiem maparpade Mb paccMOTPeNH GPOYHOBCKOe JBHIKe-
HHEe M TOJIYYHJIH BHIpakeHus1 s g(A) u ny") B siBHOM Buze. Cefiuac

MBI IPHMEHHM aHAJOTHYHYIO NPOLeAYPY AJs HaxoxjaeHus g (A) u mox-
XOISIIMX pacnpelefeHuii {ny")}.

PaccMorpuM ceMelicTBO cenapaGesbHBIX CJAYYaHHBIX IIPOLECCOB
{Ea (u), 0 <u < oo}, onmpefie/IeHHEIX BHINIE. I sToro cemelicTBa NMpH
BCEeX X ’ : ’

P{ sup {(u)<x}=lim P{g(A) sup & ()<} (11)
0Su<t A=» o0 0 t

Su<

Ias mpouecca {& (1), 0 <Cu << oo} MBI GygeM HCNOJB30BATh Te Ke
o6osHaueHHs, uTo M MIs npomecca {§(u), 0 <<u < 0o}, OIpejeNeHHOro
B § 21, u 6ynem noGaBiaTh uHAekc A. Hampumep, y, =E{v,)}), r=1,
2, ..., p,‘=x(l—vl) uQM, k=0, 1, 2, ... (cM.(25) § 21), BMecTo W (s)
Mel GygeM nucats W, (s).

[Tpucrynum Tenepb kK (GOpPMyJHPOBKE TeOPEeM, aHAJOTHUHHIX TEO-
pemam § 21.
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Teopema 1. Juga x>0
P{ sup {()<a)=PL(t)<x}—

0<u\

_fE_{[E't(_t_—uL)]f_}p{x<;(u)<x+du}, (12)
0

20e T' ()= —¢(u) npu uz>=0.

Joxkaszateabctso. [Ipumenus dopmyay (12) § 21 k nponeccy
(&, (1), 0Ku< oo} u monoxuB R=[x/g(A)], moayuum mpu A— oo

dopmyay (12).

Teopema 2.
t

E{ sup t(u)= [ E{[c@]"} (13)

0

HoxasaTteabctBo. JocraTouno npuMeHuTs hopmyay (10) § 21
K mpoueccy {E (u), 0 <{u << oo} ¥ yeTpeMHTh A K 00,

Teopema 3. Ecau p>0, 1o daz x>0
P( sup L) <xh=1—p [ Plx<t(w)<x+du). (14)
U o 0

HokasarteabcTBo. [IpumMenum dopmyay (13) § 21 x npouecey
{Es (1), 0 <SKu<< oo} u nosoxum k=[x/g(r)]. Tak Kak

lim g(M)A(l—vyi)=
[ )
'TO 10Ka3aTeabcTBO 3akoHYeHo. Dopmyuay (14) MOKHO TakKe moJy-

yuTh HemocpencTBenHo u3 (12). 3ameruM, uro ecam p<C0, TO
P{ sup &(u)<<x}=0 gas Bcex x.

Iu<<oo
Teopema 4. Ecau >0, 0 0an scex x>0
P{ sup g(u) <x}=Wi(x), (15)
Iy <o
2de
[emsW (x)dx =5 (16)

]
npu Re(s)>0.

Jdokasareasctso. Cormacuo teopeme 4 § 21,
W(x)=,}i>rf}° Qvle o a7
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a B cuay (19) § 21
fe‘”W(x) dx = lim g()\‘)ZQ(kMe—g(Msk=
0 A—> oo kel

A
~ lim g ) o, 0

A> o0 ¥ (g (M) s) = ¥ (s) (18)

aast Re(s)>0. Teopema nokasana.

[Tycts O (x) —MOMEHT BpEeMeHM NEPBOTO NPOXOXKIEHHS MpoIecca
{¢ (), 0<Cu< oo} uepes —x. Torpa aasa x>0

0(x)=inf{u)<<—x nu 0<Lu< o) (19)

u 0(x)=o0 mpu {(u)>— x nJas Bcex u_>0.
Teopema 5. Jua O0<c<x

A W (x—c)
P {o<§¢u<pe © UM Wix) ° (20)
ede
C
j =W (x) dx = 5 @1

0

npi Re(s) > w; 30ecs @ — Hauborsumuii neorpuyarersnsili seujecrse-
noul xopens ypaewenus W (s)=0, a C—orauunas or 0 kowcrawra.
Ecau p=0, 7o ©=0, a ecau p<0, 70 0>0. :

HoxkasarteabcTro. Ilpumensiz Teopemy 5 § 21 k mpomeccy
{£a (w), 0<<u< oo} u mostaras k={[x/g(A)], i=[c/g(A)] u A—> oo, mo-
gydyaeM ¢opmyay (20). B meii

W (x) = lim Q) oy (22)

npu x>0. B cuay (25) § 21

el
—s5x = i A (Mp—g (M sk —
[eoW () dx= lim g (1) Y, Qe

0 k=1

=1 gMC, __C :
—xl—lglo ¥y (g(r)s) W)’ (23)

rie JJs moJayueHMst mpenena MH nosoxuau C, = C/g (i), C =% 0.

dto npeobpasosanue Jlaniaca cxoxurtes npu Re(s)>ow, rie o —
HauOO/BIINA HEOTPHLATEJbHBIN BelIECTBEHHHH KOPeHb ypaBHeHHS
W¥(s)=0.
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Teopema 6. Ecau x>0, r0
t
POMX<H=[ L P{r<{@<x+du), (24)
0

20e " (u)= —¢(u) dan ecex uz=0.

JlokasaTeabcTBO. DTa TeopeMa HEMOCPEACTBEHHO CJelyeT H3
TeopeMbl 6 § 21, ecau ee mpuMenutTh K mpouecey {& (1), 0<Cu < o0},
nosioxus k={[x/g ()] n yerpemus A K oo.

Teopema 7. Ecau x>0, 10
' P{0 (x)<oo}=e~o%, (25)

20e o — nanboaswul HeoTpuyaresvroli koperns ypasuenus W(s)=0.
Ecauw 020, To 0=0, a ecau p<0, To ©>0. Ecau 9>0, 10

E(O ()=, (26)

a ecau p=0, ro E{0(x)}=oco.

HoxasateabcTBo. IIycTh o) —HAnOOJBUINI HeOTPHILATEIbHBIY
xopenp ypasuenus W, (s) =0. Torza no teopeme 7 § 21 pasencrno (25)
BepHO Aasi o= lim g(A)wy. Orciona ¥(w)=0 ¥ ©® — MakcuMaabHubIi

A->c0

HeoTpHIaTe bHBIH KopeHb ypaBHenus W (w)=0. M3 coorHowenus (32)
§ 21 cmenyer, uto npr x>0 1 p>0

E@@)=x [ 4 Plr<f@<x+du==, @7)
0 .
HJiH
E{0(x)) = f P{0<Z (0) < x}du. (28)
0
Teopema 8. Ecau x>0, 7o daa Re(s)>0
E {e—se (x)} = p— X0 (5), (29)
2de 2= () — eOUHCTEEHNOLI KOPeHb YPABHEHUS
W(z)=s (30)

8 obaacru Re(z)>0.

JlokasaTeancTBO. IlycTs ©,(s) nas Re(s)>0 Oyner emnun-
¢TBEeHHBIM KopHeM ypasHenuss W, (2)=s B obsactu Re(z) >0. Toraa
teopemMa 8 § 21 maer (29), rzme co(s)=}»lim g (1) e, (s). Tlpn ' sTom

> 00

2= (S) ynosaerBopsier ypaBuenuno W(2)=s u saBaseTCH elHHCTBEH-
HBIM KOpHeM YypasHeHHs B oGjactdH Re(2)>0. JlokasaTeJbcTBO 3a-
KOHYEHO.
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PaccMorpum Teneps nponece {¢" (u), 0 SKu < oo}, rae £ (u) = — L (u)
npu u =0, ’

Teopema 9. Ecau x>0, 1o

14
Pfsup DW<xj=1-[ZPEr<C@W<x+da) (3]

osSuxt 0

Hokasareabcrro. Tax kaxk
P{ sup (,(u)<x}-—1——P(6(x) (32)

oquxt

To (31) caenyer u3 (24).
Ecau B (31) mo10uTh {— 00, TO NOJYYHM

P{ sup g*(u)gx}=l—f ::—P(X<C*(u)<x+du}=l—e"“’x (33)

0Ly <o 0

aas x>0, rie o —HauboJabWINil HEOTPULATEJBHBIH BelleCTBEHHBIH

Kopenb ypasHenus W (s)=
B. M. 3osorapes [10] nokasan teopemn 4, 6—8 storo maparpada
aHAMATHYECKHMH METOLaMHU.

§ 25. CJYYAHUHBIE MPOYUECCH CO CTALHOHAPHBIMH
HE3ABHUCHMbLIMH NMPHPALIEHHU AMH

Ecan {¢(u), 0<Cu < oo}— BelecTBeHHbH cayuafinsi mnpouecc
CO CTalMOHADHLIMH He3aBHCHMBIMH mpupauienusimu u P {£(0) =0} =1,

T0 dYHKUHA
E {e—sl (u)} — eu‘lf (s) (1)
onpeneneHa njst Re(s)=0 u

¥(s)=as+gois’— | (1—e-sx dN (x) —

1+x2)

—f(l—e—sx +x2)dM(x) @

rie a — BeIleCTBEeHHAss KOHCTAaHTA, 02 — HeOTpHllaTesJbHast KOHCTAHTA,
N(x), 0<<x< oo, —Hey6blaammaﬂ ¢YHKIHA OT X, VAOBJETBOPAIOLIAL
ycJaoBusM lim N(x)-— u

%00

1
[ #2dN (1) < oo, 3)
0
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a M(x), 0<<x< oo, —HeyOuBawomas ¢GpyHKUUS OT ¥, YIOBJIETBOPSIO-

masa ycaosuaM lim M(x)=0 un
X=» =00

-0
j 22dM (x) < co. 4)
-1

Has cenapa6enbnoro mpouecca {G(u), 0<Cu< oo} B ofwem cuay-
yae Daxkcrep u HoHckep [1] manu MeTon HaxOXAeHHA pacupelre/eHHs
bynxnun oT cayvalinofi BesmuuuH ()= sup [(u). Ux pesyabrar

0K <

MOXKHO cdopmyanpoBath Tak. Ecan Re(s)Z=0 u 0<w << o0, TO
w f e~YE{e=s"®} dt = exp [—— A{ log‘(l - E{:}L)) H , (5)
0

rIe omneparop A ompejnessteTcs Tak Xe, Kak B § 11.
O6o6man peayabrar Cnuuepa (dopmysna (9) § 1), Bakcrep u
JoHcKep Ha caMoM ZeJie IMOKasand, uto npu s>0 u w>0

w | e‘w’E{e‘“‘“)}dt=exp{ ~ [ [ e1—Aeve) a’tdu}. (6)
0 ’ w

0

Ecan B 3Toli ¢opMysne NOMEHSITh MECTAMH HHTErpaJbl M olepa-
top A, noayuum (5). Bakcrep nm IloHCKep cMOrIHM YHpPOCTHTL (op-
myay (6), BeiGupas chneuHaJbHBIM O6PA30OM NpeicTaBJCHHE JJd Olle-
patopa A (dpopmyna (17) § 11) u nanaras HeKOTOpble OrpaHHUYEHHS
Ha ¢ynkuuo W(s). Kaxercs BunoJHe NpaBLONOfoGHBIM, 4TO (oOp-
myaa (b) BunodHdercad Ge3 BCAKUX orpanuuenufi. OrpaHuvyeHHs
Ha Y (s) HeOGXOAMMBI TOJNBKO MPH CHENHaJH3aldnd onepatopa A.

Bo MHorux cayuasx nBofiHoe mnpeobGpasoanue Jlamsnaca — CTHIB-
Theca (5) MOXKHO HaliTH MeTofAOM daktopusauud. [1pesnooKuM, 4To

=2 W, ) [V @, o) @

npu Re(2)=0, rme a==*1, =1, dynruus ¥+ (z, w) peryaspua
M OTJHYHA OT HyJd B objacti Re(2)>0 u HenpeprisHa npu Re (2) = 0,
a Y7 (2, w) peryasipua M OTJIHMYHA OT HyJas B o6gacTd Re(2)<0 m
HenpephiBHA npu Re(2) <<0. Kpome roro,

log¥+ (2, w)
z

| z]>o

lim 1822 _g  (Re(2)<0)

|zl>o
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Torpa
A{log(1——“—’wﬂi’)}=a10gw+(s, @) +Blog ¥~ (0, @) ®)
u
00 \F+ , a
w Oj e~ B {em) dt = [ oo | ©)

a5t Re(w)>0 u Re(s)=0.
Ecau n= sup §(u)—cobcTBeHHas cayuaiHas BeJUUYHHA, TO
ISu<oo

E{e~") = lim @ f e~*E (="} dt (10)
w->0

0

npu Re(s)>>0. ®opmyay (10) MOXHO moJyunTh Takke (aKTOpH3a-
uueit dpynkuun ¥ (2).

§ 26. 3AIAUH

1. ITycts TpefoBanus, NOCTYNAIONUIHE B HHTEPBaJe BPEMEHH (0, o), oGpaayioT
NYaCCOHOBCKUH MPOIECC HHTEHCHBHOCTH A. Ux oBcnyxuBaeT eRHHCTBEHHbIH NpHOOP.
BpeMeHa OGCJYKHBAHHS SIBJIAOTCA B3aUMHO HE3aBUCHMBIMH M ONHHAKOBO pacmpe-
JIeJIEHHBIMH CJIyuafiHLIMA BeJMUHHAMH € OYHKIHEH pacnpeleJeHHs H(x)=1—e¢"W*
{x>>0). Ouu He 3aBHCAT OT MOMEHTOB NOCTYHJeHHs TpeGoBaHUi, [Tputop Gesnmeh-
CTByeT TOrga H TOJBKO TOrHa, Korla B CHCTeMe HeT tpe6osauui, O6oznaunm
uepes £ (f) miumy ouepemu B MoMeHT f, HaféiTw BeposaTHOCTH Pp()=PL(H<
<k[E0) =i

2. B’ ycaoBHSIX mpensiayueil sanaud oGosHaumm uepes 6 (i) moment, xorna
B HMHTepBaje Bpemenu (0, co) Bmepsue §(u) =0 B NPeLNONOXKEHHH, UTO £ (0)=i.
Huauve romops, 0 (i) — N1PONOMKHTENLHOCTh HAUYAIBHOTO MepHOAA 3aHATOCTH. Haifita
pepositnocts P {0 (i) <}

3. Hycrs {E (1), 0 << u < 00} — cenapaGe/bHELfi Npolece GPOYHOBCKOTO IBIKEHH,
ot kotoporo E { (1)) = au u Var (¢ (1)} = ¢*u. HafiTu BepostHOCTS P (—y<T WL
g 0<Cu<Cf}, roe ¥ | Y TOJOKUTENBHHL

4. Tlyers (T (u), 0 1 < 00} — cenapaGenbHH Mpolece GPOYHOBCKOrO ABHMKEHHS,
st kotoporo E (€ (4)} = auu Var {§ (#) = 6%u), Halitu sepositaocts P { sup L) <x}

KRUS
meronom ¢akropusauuu (cM. Bakcrep n Jlonckep (1], a Takxe Huurec [3]).
5. Iycrs {E (1), 0<Cu < 0o} —~ cenapabesbHpli CayyafiHEl OpoOLeCC €O CTalMO-
HADHEIMM HE3aBHCHMBIMH TpPHDAINCHHAMY H pacipeliesieHHeM

PE(u) = k)=~ (%)’”2 I (24" q"0)

s k=0, 1, %2,... (cM. § 22). llokasats, 4TO

¢
1k [PE@=nL-prn<n-(2) Pe0<-2
0

ans k>0,
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6. ITycte {{ (#), 0 <X u < oo} — cenapaGenbunll CaAyyaiimbi ngouecc €O CcrauHo-

HADHHIMH HE3aBHCHMHMH npupaiienusmu, aas koroporo E{e™st(W}— 4% (s) ppy
Re(s) =0, rae

o0
e st _S%
(s)=as— | (1 e ————1+x2)dN(x)
0
u N (x)=— l/x npn x>0. Ofo3nauum yepes 6 (¢) MOMEHT MNepPBOro NPOXOKAEHHA

npouecca {g (u), 0 << u < oo} uepes x = — ¢. Halitu

P{ sup C(a)<<x—c)
0<uxo(c)
naa 0<ce<x,

7. ITyers {€ (4), 0 <X 0 < 00} — cenapaGenibunti  cayyaitHHE npomecc o cCramuo-
HApHLIMH He3aBHCHMBIMH [PHpAlUeHHsIMH, AJas1 KoToporo E fe—so W} = p—ul sl npd
Re(s) =0, 1. e. P{L(u)<<x}="1/y+4 (1/m) arctg x/u. TIpouecc {g (1), 0 <L u < o) —
YCTOHUMBHIE NpoOLECC C HHAGKCOM ¢ = |; OH HasmiBaeTcst npoueccoM Kown, Haitu

P{ sup &(u)<x}
<u<<
(cM. Hapmuar [2]).
8. Hoxkasars ¢opmyay (5) § 25.
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Tnasa b
TEOPHSA OYEPEJIEH

§ 27. OYEPEJAH K OJHOMY OBCJIY)KHBAIOIWIEMY
NPHBOPY

Teopusi ouepenefi Hauaja pas3BuBaThCA B XX BeKe B CBA3M C 3a-
npocamu Tesedonuu. Ilepsble paBoTHl OBIIM CHeJMaHB DPJAAHIOM
[20—22}, usyuuBlIIMM pacnpefeseHHe BDeMeHH 3aJePXKKH BHI30BOB
B TeJqedOHHBIX NEperoBopax. 3HAUHTENbHBIH IIporpecc B MaTeMaTuue-
CKOH Teopuu ouepelel OblJ TOCTHIHYT B TPHALATHE rojbl Gaarozaps
paGoram Iloasiuexa [53, 54], A. H. Kouamoroposa [45], A. {. XuH-
yuna [42, 43] 1 apyrux. B HacTosilllee BpeMsi HMeeTcsl OrpOMHOe KO-
JHYECTBO JIUTEPATYpPH [0 TEODHH oOuepeled H ee IPHMeHeHUSIM
(cm. Hodr [19], Caaru [66], Boasn [90]). Ilpumensercs Teopus oue-
peiell B OCHOBHOM B TeXHHMKe (TeseOHHsI, CETH CBfI3H, 3JEKTPOHHLIE
BBHIUMCJHTE/bHbIE MAIIUHB), B IPOMBIIIJIEHHOCTH (06CayXHBAOIINE
aBTOMATH, KOHBeHepHl, CKJajbl), HA TPaHCnopTe (a3poOmOPTH, raBaHHu,
JKeJe3HOJOPOKHEE H aBTOOYCHBIE CTAHIWHM, VJHYHOE JBHXKEHHE,
noura), B ToprosJe (pbIHKH cObTa, GaHKH, GUJETHBIE KACCH), a TaKXe
B TOBCEJHEBHOH KH3HH (JH(TH, pecTOpPaHbl, NapPHKMAaXepPCKHE).

Mul GyjgeM [oJb30BaTbCsl TePMHHAMH: cHCTeMa OOC/aAyXKHBaHHUS,
TpeGoBaHUd, OOCIyXHBaoliHe TMNpHOOPH, BpeMs OOCJYyKHBAHHUS.
Ha sToM si3blKe MOXKHO ONHCATh JIOG0H MEICAHUMBIH mpouecc. Hampu-
Mep, B TeJe(QOHHH TepMHHH TenedOHHAs CTAHLMS, BLI3OBHI, JIHHHH,
BpeMsi 3aHSTOCTH COOTBETCTBYIOT cHCTeMe OOCJy:KHMBaHHd, TpeboBa-
HHUAM, 06CJYXKHBalOWUM NpubopaM, BpeMeHH OOCJYXKHBAHHUS.

MexanusMm 006pas3oBaHHsl ouepeflUu oOueHb mpocT. TpeGoBanusa mo-
cTynalT B ouepelb H 0OCAyXKHBAIOTCSA ORHHMM HJH GoJiee mpubOpPaMH.
IMocae o6cay:KHBaHHUS KaxJoe TpeOoBaHHe BHIXOAHT H3 CHCTEMBI.
BpeMsi, mpoBeleHHOe TpeOOBaHHEM B CHCTeM€, COCTOHT H3 BPEMEHH
OXHUAaHUA (BO3MOXKHO, DABHOTO HYJIO) H BpeMeHH OOC/YXHBAHHSA.
Bpemst npubopa ckjaajblBaeTcs H3 UYePeAYIOLIUXCS Mexay coboH me-
PHOAOB 3aHATOCTH H NEPHOLOB, CBOGOJHBIX OT TpeGoBaHHUH.

HaunGosmee BaxHBle 3ajaudl B TEOPHH ouepelell CBsS3aHBI CO CJY-
yadubIMH QJIYKTyaUUAMH JJIHHBL ouepeiy (JHHHUH OXKHAAHHA) H CJay-
yafHBIMH QJYKTyallHsIMH BPEMEHH OXHAAHHs (3alepXKH). 3HaHHe
CTOXACTHUECKHX 3aKOHOB, YIPaBJSIOMUX 3THMH (OJIYKTyalUsMH, HaeT
BO3MOXKHOCTb HIPOEKTHPOBaTh TpeGyeMble CHCTEMBl OGC/YKUBaHHSA
(mocratouHo (oJbllIoe NOMelleHHe AJIs OXKHIAAHHS, AOCTATOUHOE UHCJIO
npuGopoB H T. L.).

B stoii riaBe mpl OyZeM paccMaTpHBaTh CJAELVIOMIYIO MaTeMaTH-
yecKylo MoJeJb O0CJay)KMBaHHS: B MHTepBaJe BpeMenu [0, oo) TpeGo-
BaHUs TNPHOBIBAIOT Ha O0OCJYKHBaHHE B COOTBETCTBHH C HEKOTODPBIM
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cayualiHpiM mpoueccoM. IlpuGuiBimiMe TpeGoBanust 06C/YKHBAOTCA
OJHHM OGCJYKHBAKOWHUM NPHGOPOM, NPHYEM BpeMeHa 0GCJ/yKHBAHHS
SIBJISIIOTCS CJyYyadnbiMu BesnunHamu. [lopsgok oGcayxuBanus ne 3a-
laeTesl, HO NpeAnofaraercs, 4Tto OOCJYXKHBalOUMH npuHGOp 3aHsAT,
€CJIH B CHCTeMe ecTh XOTd OBl ojiHO TpeGoBanue.

Mpl U3yyuM 3anauH, CBi3aHHBE ¢ (IYKTyauusiMH JJAHHB OuepelH
H GUAYKTyaUUusIMH BpPEMeHH OXKHJAHUS.

Hauna ouepedu B MOMeHT ¢ o6o3Hauaercs uepes E(f) u ompene-
JsieTcsl KaK 4YHCJO0 TpeGOBaHHMH B cHCTeMe B MOMEHT f, BKJwodYas
ofcayKuBaeMoe, ecJH TakoBoe HMeeTcs. Bynaem oGosmauaTh uepes &,
JUIHHY OYepelll HeMOCPeNCTBEHHO Mepel INOCTYMJIeHHeM #1-ro TpeGOBa-
HHA, a vepes {, — LJHHY Odepedd HENOCPeJCTBEHHO MOCJ/€ OKOHUAHHS
o0CcaIyKUBAaHUS n-TO TpeGOBaHHUA.

Bpems oscudanus B MOMeHT ¢ o6o3Hauaercs uepes 7 (f) u ompene-
JAeTCsl KaK BpeMs, HeoOXoAuMoOe IS 3aBeplIeHUs] 06CJAYXKHBAHHS
BceX TpeGoBaHuii, HMEIOLMXCHA B cucTeMe K MoMenTy ¢. Ecau, B wacr-
HOCTH, OGC/yXKHBaHHE NPOH3BOIUTCH B MOPSAKE MOCTYILIEHHS, TO 1 ()
SIBJISIETCS BPEMEHEM OXHIAHHs TPeGOBAHHS, MOCTYIHBIIETO B CHCTEMY
B MoMeHT f. [lpum 3artoMm n(f) MOXKHO HHTepIpeTHPOBATL KaK BHp-
TyasbHOE BpPEMsl OXHMJAaHHA B MOMEHT f, ompejessieMoe /s BCeX
t =2 0. Eciu TpeGoBaHHe IOCTymaeT B MOMEHT f, TO €r0 IeHCTBHTE/b-
HOe BpeMs oxujpaHus paBHO 1(f —0). BupTyasbHOMY BpeMeHH OXKH-
7laHUsl MOXKHO NPHAaBaTh peasbHBA (Hu3uueckuil cMbica. Hanpumep,
ecad paccMaTPHUBATh INOCTYNJIEHUEe TeJerpadHbIX COOGLIEHHH, TO BHP-
TyaJbHOE BPeMsl OXKHKAAHUS PABHO JJIHHE JEHTHl HEMPOUMTAHHOH YaCTH
TeJerpadHoOro coobuleHus X MOMeHTY ¢. MoxHO [a)e NmpeIcTaBHTh
cefe, UTO HCHOJIL3YeTCA CTPeJKAa ¢ YacOBHIM MeXAHH3MOM, OTCYHTEL-
Baiollas BpeMs, H B MOMEHT IOCTYIJIEHHS TPeGOBAHMS MHl NepeBH-
raemM CTpeJIKy BIepel Ha JJIMHY, DPaBHYIO BpeMeHH, HeOOXOZHMOMY
st ero obcayxupanug. Taxk kak TakHe uyachl HAYT TOJBKO [0 TeX
IIop, NOKa B CHCTEMe €eCThb TPeOOBaHHS, OHH B JIOO0OH MOMEHT OKa-
3BIBAIOT BHPTyaJ/bHOE BpeMs oxunanus. TakuM o6pasoM, Ha 5THX
yacax NPUGHIBAKINME KJIHEHT MOXeT HeMeLJeHHO YBHIETb CBOe Jel-
CTBUTEJbHOE BpeMs OXHAaHHSA. BooOuie 7(f) MOXKHO HHTEpPHIpPETHPO-
BaThb KaK BPEMS 3aHSTOCTH (NOJHOH 3arpysku) npubopa B MOMeHT f.
Uepes M, Mbl GyneM 0603HAauaThb BpPeMsi OXKHIAHHA HEHOCPEACTBEHHO
nepel MOCTymJeHHeM n-To TpeGoBanusA. Ecau oGcenyuBanue mpous-
BOAMTCS B NOPSAJKe IOCTYNJEHHUs, TO TN, €CTb HCTHHHOE BPEMS OXKH-
JaHHsl N-TO NOCTYNUBIIETO TpeGOBAHHS,

ITponecc oGc/yxuBaHHS MOXKHO OXapaKTepH3OBATb C ABYX pas-
JIMYHBIX TOYEK 3PEHHS B COOTBETCTBHH C TE€M, HHTEDECYeMCS] JM MbI
GAYKTYALUUAMHA AJMHE OYEPENH UM BIYKTYaUnAMH BPEMeHH OKHIAHUS.

ITpoyecc Q. Tlpeanosoxum, 4To O6CAyNKHBAIOWHME NPHGOpP HAUH-
HaeT paGoTy B MoMeHT BpeMeHu {=0 u K 3ToMy MOMEHTY {, Tpe-
Gosanuii yxke oxuaanT o6eayxuBanns. HayanpHas JJHHA Ouepesy o
ABJIACTCA CIy4yafiHOH BEJIHYHHOM, NPHHHMAIOIEH HEOTPHIaTe/bHEe
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nesasie 3uauvenust. Ilyers vy, vy, ..., ¥, ...-—uucjaa TpeOOBaHHI,
BCTABIIHX B Oouepelb BO BpeMs OGCJIYy:KHBAHHsI NepBOro, BTOPOro, ...,
r-ro, ... TpeboBanufi, u nyctb No=0, N,=v 4+ ... +v, 1jaa r =
=1,2, .... B sroMm cayuae 6yneT paccMaTpUBaTbCS IpoOLlecC THIIA

Q={€O’ Nr!r=0’ 1)2,}
Hac 6yﬂyT I/IHTepeCOBaTb pacuapeneJsienus CJaeAyrounux cnyqaﬁHbe BE-
JIHUHUH:

g, (n=1, 2, ...}, AauHBl OUEPEIH HEINOCPEJCTBCHHO mnepe] I[o-
CTYIJICHUEM M-T0 TpeOOBaHus;

. (n=1, 2, ...), AJuHBl OUepPeiM HEINOCPEeACTBEHHO IOC/JIe OKOH-
yaHust OOCHYKHUBAHHA n-To TpeGOBaHHA, [,— HauyaabHasA JJHHA Ouye-
peny; '

p, (n=0, 1, 2, ...), uncaa TtpeboBanuf, OOCIyXKEeHHBIX B A-#
[IePHOL 3aHATOCTH;

o,, THcaa HyJelt cpeau Ly, &y, - vy Ca—y

B,, UMC/IA MOJOKHTEBHBIX UJICHOB CPeIH &y, &jy »v.y Cp—y- Oue-

BRIHO, UTO a, +f,=~#.

Cayuafinele BeJHYHHB @, H [, MOXHO TakKXe HHTePHPETHPOBATL
KAK YHCJO OOCAYKHMBAHHA CPelH NMepBHIX 1 06CAYXKHBAHHH, KOTOPHIM
IpeJIIecTByeT Iepuoj Oe3jleficTBUA NPHOOPA, H YHCJIO OOCAYKHUBAHUH
cpelH MEPBLIX 1 oOcJayKUBaHHH, KOTOPEIM He IpeJIIecTBYeT NEPHOJ,
GesnedcTeusl npubopa. Ilpu {y=i cpeln HepBHX n MNOCTYNAIMWHUX
TpeGoBaHu# uHc/a0 TpeGoBaHHH, AJA KOTOPBHIX B MOMEHT HX MNOCTY-
MJIEHU S 06CJ1y>KHBaI0LuHH npubop 3aHAT, PaBHO B, —i.

Bce »TH cJayvaliHble BeJHUYHHBI MOJHOCTBIO ONPeAesAIoTCs 3aja- -
HHEM

L u N, r=0,1, 2,

B nasnbHefimeM MBI Bcerga GyaeM NpeAnoaaratb, UTo {y U N, r =
=0, 1, 2, ..., HesaBucuMbl. CayuaiiHble BEJUUHHBl Vi, Vo, ..., Vi, .o
6ynyT au60 MepecTaBAsseMbBIMH CJAyYadHBIMH BeJHUYHHAMH, IPHHHMAIO-
[MIMM¥ HEeOTPHIlaTe bHble lle/ble 3HAUEHUS, JHU00, B YaCTHOCTH, B3AUMHO
'HEe3aBHCHMBIMH U OJMHAKOBO pacnpeleseHHBIMH CJAyYaHHBIMH BeJHUH~
HaMH, NPHHHMAIOLINMH HEOTDHIATe/bHbIE lie/ible 3HAYCHHUA.

ITpoyecc W. Tlyctb obcayxkupaomui npubop HauuHaeT paboTy
B MOMeHT BpeMeHH #u=0 MU B 3TOT MOMEHT €ro HauaJ/JbHOE BpeMAd
3aHATOCTH ONpeJie/IsieTcsl HeOTPHIIATEAbHON cayuainoll Beanunuoi 1 (0).
O6o3uaunM uepes X () moganoe (HakomJeHHOe) BpeMsi OOCIyIKHBAHHUS
BCeX TpeGoBaHuil, NpuOHBLIAX B HHTepBaje BpemeHHu [0, u]. B stom
cJyuae paccMaTpuBaeMblii mporece Oyjer npoieccoM 006pasoBaHHfA
ouepeny — IPOLECCOM THNA

W ={n(0); x (1), 0 <u<oco}.

Hac 6ynyr unTepecoBaTh pacmpefiefeHusi CJASAYIOMHUX CIy4alHBIX
BEJIUUHH:
1n(f), BpeMeHH OXKHJAHHUSl B MOMEHT {;
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0,(r=0,1,2,...), LJIUHH 7-TO NEPHQOLA 3AHSATOCTH;

a(f), nosaHoro (HAKOMJEHHOro) BpeMeHH OesneficTBUS OGCaYKH-
Baouero npubopa s untepsane (0, f);

B(f), moyHOro (HAaKONJEHHOTO) BPEMEHH 3aHATOCTH OOCJIYXHBAIO-
mero npuGopa B unrepnase (0, £). OueBuano, uro a(f)+f(¢)=t.

Bee 3td ciayuaiinble BeJHYHHBL IOJAHOCTBIO ONpe/e/IsIOTCA 32 aHUeM

n(0) v {x (), 0<C<u < oo}

B nasbuefimeM Mbl Bcerjla OyjaeM IpefnoJarath, 4To cJydaiHas
peanuuna 1 (0) u cayuafinwiit nmpouece f{y (u), 0 << u < 0o} He3aBHCHMHL.
Cayuafineiit npouece {x(«), 0 <Cu < oo} 6ymer umerb JaH0O Hepecrta-
BJsieMble, Jdu60 CTALIMOHAPHBIE He3aBHCHMBlE npupalnedust. [louru Bce
ero BHOODOuUHHIe (YHKUHM OyAYyT HeyOLIBAIOMIKMME CTyNeHYaTHiMU
(hyHKUHAMH, 00paIlaloUWIHMHCS B HYJb HpH u =0.

JBolicTBeHHbIE IPOLECCHI

Y no6uo paccmarpuBaTh BMecTe ¢ mpoueccamMu Q m W TecHo cBs-
3aHHBIe ¢ HUMH mpouecch Q" u W™

[Tpoyecc Q. PaccMoTpuM ompejesieHHBIH BHILE Ipouecc o6paso-
BaHust ouepenn Q={{; N, r=0, 1, 2, ...}. Tlpeamosoxum, uTO
yyucsa TpeGOBaHUH, MOCTynawUIUX B Teyewue l-ro, 2-ro, ..., rro ...
IepPHOJ0B OGC/YXKHBAHHS, PABHBI COOTBETCTBEHHO V|, Vy, ..., V,, ...,
rie {vj} — NBOHCTBEHHAS MOCJENOBATEJIBLHOCTD AJs {v,}, onpenesenHas
B § 9. Monmoxum Ng=0 um N,=vi+ ... +v, aaa r=1,2, ...
Torpa mpoitecc o6pazoBanus ouepesu )

Q' ={Ls N, r=0,1,2,...)

r

Ha3bIBAETCS ABOHCTBEHHBIM mporeccoM 1 Q@ ={¢;: N,,r=0,1,2, ...}.
O6parHo, Q ecTb ABOHCTBeHHBIH mpoilecce st Q°. HuauHa ouepenu
HEMOCPECTBEHHO mepel MOMeHToM BpeMeHH u# =0 B JIBOHCTBeHHOM
npouecce Q" paBHa §y. O ABORCTBEHHOro NPOLECCA HCHOJB3YIOTCS
Te e 0003HAueHHs, YTo H JJd Q, HO ¢ jo6aBjeHHeM 3Be3J0UKH.

*

. * * Sk * *
Takum o6pasom, ajas mpomecca Q° o6o3HayeHHUs £y G 0, o, B,
HMeIOT TOT XK€ CMBICJ, 4T0 H &, L, Pn» O PBn And Opolecca Q.

IIpoyecc W*. PaccMoTpuM onpefelieHHBIH BhIe mnpouecc oOpa-
sopanust ouepenn W ={n(0); x(u), 0 <Cu< oo} I[lpennosoxkum, uro
NOJIHOE BpeMst OGCJAYXKHBaHHSI Bcex TpeGoBaHUi, NMOCTYHAOUIHX B
unTepBaste Bpemend [0, u], paBHo ¥*(u), rme{y* (1), 0<u < oo} —
omnpejeneHHsll B § 18 aBoiicTsennniil mponece Juida {x (1), 0 <Cu < oo},
ITponecc ob6pasosanus ouepenu

W*={n0); % (), 0<Cu< oo}

HA3BIBAETCH NBOHCTReHHHM nponeccoM Aas W = {n(0); % (u), 0 <Cu < oo},
O6parro, W — nBoiicTBennbiit npouecc Ais W*. B aBoficTBeHHOM mpo-
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uecce W' BpeMs 3aHATOCTH OGC/YXKHBAIOLIEro npubopa HEMOCpelCT-
BeHHO nepel MoMeHTOM 4 =0 pasuo n(0). Ias nxBoiicTeenHoro npo-
necca W* wucmosneaylotcss Te ke oGo3Havenms, uto u mas W, Ho
c ao6aBjieHHeM 3Be3noukd. TakuMm o6pasom, gaa W* o6osnauenus
n'(¢), 6, " (f), B’ (f) uMeT ToT XKe cMbica, uTo u N (f), 0, a(t), ()
aas npouecca W.

HekoTopele pesynbTaThl, NOJyYeHHble [/ mnpoueccos Q u W,
MOXKHO NepeHecTH Ha npolieccsl Q° u W* u oGpatHo.

OG6parHbie nmpouecchl

Paccmorpum mponecctt @ n W B caeayometi catyauuu. B uurep-
Base BpemeHu (0, co) TpeGOBaHHS MOCTYNAIOT B ouepelb B MOMEHTHI
T, r=1, 2, ...; 5p=0. Ilyctb B MoMeHT # =0 Tpe6GoBanne He mo-
crynaer, Ilycts %, r=1,2, ..., — LJIUTEJIBHOCTb r-ro 0GCAYKHBAHHUSI.
Hans npomecca Q HayaJbHOE COCTOSIHHE PaBHO {, (HauyaJbHAA AJHHA
ouepenr K MoMeHTy u=0). Huas mpoitecca W HauaabHOe coOCTOSI-
nue pasHo M(0) (HauanbHOE BpeMs 3aHSTOCTH MPHGOPAa B MOMEHT
u=0).

3ananum Tenepb mpoueccsl Q" u W, IlycTe B uHTEpBaste BpeMeHH
(0, oo) TpeGoBanus MOCTYHAOT HA OGCJAYKHBAHHE B MOMEHTHI T, r=

=1,2, ..., npuuem 15=0. Ila1a npounecca Q B MOMeHT 1,=0 Tpe-

GoBaHHe He MOCTymaeT, a AJsa mpouecca W’ B Moment t;=0 mocry-

naet ojHo TpeGosamme. Ilycts ¥/, r=1,2, ..., — LJIATEAbHOCTb 7-TO
4

o6eayxkuBanusi. [Iaa mpouecca Q HauasibHOE COCTOSIHHE PABHO {,
(HayanbHasi NJMHA OuUePeNH HeMOCPEeJCTBEHHO Mepel MOMEHTOM 4 = 0).
s npounecca W’ HauasibHOe cocTostHHe pasHo M (0) (HavajbHOe BpeMst
3aHATOCTH mpubopa HenmocpeacTBeHHO mepel u=0). Bpems o6cay-
XKHUBAHHA TPeOOBaHHUs, NOCTynHBLIero B MoMeHT u#=0, B n(0) He
BKJIIOUAETCH.

Ecan

=%t At oy B r=1,2, ..,

, :
=T, —T,_, Aad r=1,2 ...,

10 Q' HasblBaeTcss oGpaTHEIM npoueccoM Aag Q, a W’ — o6paTabM
npoueccoMm miasi W. HMHaue roBops, ecau AJsi JLaHHOIO Ipolecca MO-
MEHSITb MeCTaMM BPeMeHa NOCTyIJIeHHs TpeGoBaHMH W BpeMeHa 06-
CJYXKHBAHHS, OCTaBJsASA HAUa/JbHOE COCTOSIHHE HEH3MEeHHBIM, TO IIO-
JyunTcsi oOpaTHHIE mpoliecc.

Huast nanHoro mpouecca o6pa3oBaHHsI ouepean OGpaTHEe mpo-
necesl @ w W’ TecHo CBA3aHBL ¢ IBOHCTBEHHBIMH npoueccamu Q*
u W'. MHorue BepOATHOCTH JJsi OGPAaTHBIX IPOLECCOB COBNALAIOT
C COOTBETCTBYIOIHMMH BEPOATHOCTAMH HJs JBOHCTBEHHBIX MPOLECCOB.
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§ 28. OJIYKTYALLHH IJIHHBI OYEPEJH

Paccmorpum npouece o6pasosanus ouepenn Q={{; N,,r=0,1,2,...},
BBeflennnli B § 27. Ilpemnonaraetcst, uto N,=v,+ ... +v,, r =
=1, 2, ..., rae {v,} —cayyaliHple BeJHYHHbI, IPHHHMAIOUIHE HEOTDPHU-
naTesbHble leJble 3HaueHus. Hac 6ynyT unTepecoBaTh pacnpeseeHus
CHNYYAHHbIX BEJHUUH Ep; Lny Oy, By H P, A4S JMIOGOTO 1. DTH cayuaii-
Hble BEJIHYHHBI MOJIHOCTBIO OmpefensiloTcs npoueccoM Q. Jlerko mpo-
BEPHTb, YTO CNPABEJJHBH CJeLYIOLIHE YTBEPHKACHHUS.

IlivHa ouepeln HeMOCPENCTBEHHO IOCJIE OKOHUAHHUS 7A-TO TpeGoBa-
HHS paBHA

Cp=max{N,~N,—n+r+1 qna r=0,1,..., n—1u +N,—n).

(1)
JelcTBATENLHO, v
€n=[§n—l— 1]++Vm n=l, 2’ ML) (2)

a noromy ¢opmyaa (1) sepra, uGo ecsu cpenn uncen 0, 1, ..., n—1
Hafgercds Takoe Hauboabllee r, uTo {,=0,T0 L, =V, + ... + v, —
—n-+r+1, a ecau TaKOro r HeT, T0 {, =G —v;+ ... + v, —n.

Eciu pis ni060ro n H3BecTHO pacnpefiesieHHe CayuyafiHOH BeJn-
YHHB (,, TO pacnpefe/ieHHe BENMYHHB §, HeMEIJEHHO IOJyYaercs
H3 pPaBeHCTBA

P{§n+k+1<k|§0=i}=P{§n+1 <k|§o=i}- (3)

HeficTBuTeNbHO, TpH {p=i Kaxpoe H3 COOBTHR (E,,44; Sk} u
{€n4+: <Xk} mponcxomuT TOrMAa M TOMBKO TOrAa, Korma (nm-+k -+ 1)-e
TpeGOBaHHe TNOCTyNaeT IocJje OKOHYaHHs (1 + i)-To TpeGOBAHMS.

Hucsio obeayKHBaHuH (cpefin MEPBHIX 1), KOTOPHIM NpPeAUIeCTBYET
nepuoj GOesjeficTBusi mpubopa, paBHO

op=max{0 u r—N,+1—-¢ mast r=0,1, ..., n—1}, 4)
# Bg=n—a, Kpome Toro, ouesngno, uto
Bn=Co+ Ny— L. (B)

Uucso ofcy:KMBaHHA B HayaJbHBI NEPHON 3aHITOCTH npubopa
paBHO
po=min{r: o+ N,=r ur=0,1, ...}, (6)

4 eCJM TAaKOTo r HeT, TO p,= oo,
Mexny pacnpeseieHHsiMH C/IyYaHHBIX BEJHUHH O, W Py CYILECT-
BYeT HHTepecHas cBsdb: Has 0<Ck<n

P {0, > k|Zy =i} = P {py<nlto=i+k) (7)
P,{an=O]§0=i}=P{po>n[§0=i}. (8)

H
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Pasencreo (8) oueBuano. s gokasateabcTsa (7) 3amerum, uTo 3 (4)
BBITEKAET, YTO

Pla,>k}=P{{,+N,+k<r maa uexotoporo r=0, I,..., n—1},
9)

a us (6), uro
P{o,<n}=P{{,+N,<r paa nekoroporo r=90, 1, ..., n—1}. (10)

CpasuuBas (9) u (10), BuguM, UTO BEPOSATHOCTH TOTO, YTO «, >k IJs
npolecca ¢ HavaJbHOH IJHHOH oOuepeiH (y=1i, paBHa BePOATHOCTH
TOr0, 4TO py<# AJS1 Npolecca € HayaJbHOH AJUHOH ouepenu §, =
=i+ k. Orciona u caenyer (7).

Ipouecc Q

Janee Mbl GyfeM mpeanosaarath, uTo {v,} —./u60 IepecTaBjaseMble

cayuaiinble BeJHUYHHB, OPUHUMAIOIIYE HEOTPUIATe bHEIE IeJble 3Ha-
yeHHsi, Ju60, B YAaCTHOCTH, B3aNMHO He3aBHCHMEIE H OIMHAKOBO pac-
npefeseHHble cIyyafinble BeJMUUHE, IPUHHAMAIONIHE HEOTPULATENbHEIE
neJvie 3Havenus. s HUX MBI OyZeM HCIIOJIL30BaThb Te e 0603HA-
yeHHsi, 4yTo ¥ B Ia. 2, a uMenuo P{v,=jl=mn; j=0,1, 2,
E {zvf} =n(2), E{v;}=v, E{v,(v, — 1)} =1, Var{v,}=0%u 2=6 —nan-
MeHBIIHH HeOTPHLATEJbHBI BellleCTBEHHBIH KOpPeHb YPaBHEHHA &t (2)=
=2z. Ecom y<<1 n mys%=1, 70 6=1. Ecoiu y>1 nan n; =1, 10 0
Lo< 1,

Teopema 1. Ecau v, vo, ..., Vv, — nepecragasiemvie Cayaiinvie
seautunsl, 70 npy =1

P{§n<k|§0—t}—P{N n+k—z}~—

~Li ( j)P{Nf=j+k, Np=j+k+1),
P{cn<k1co=0}=]l>icn;klco=1} | (1)
4, & uactrocTu,

Pla=0lt, ==Y (1 — L) P, =1 (12)
npu i>0. - |

dorkasarteabcTBOo. Paccmorpum coornomenue (1) mas g,.
Ecan samenuTs Vi, Vo, ..., V, HA Vg, Vu—i, ++., V|, NOJYUUM HOBYIO
CJAYUAHHYIO BeJHUUHY

Zo=max{N,—r+1 gas r=1, ..., nu N,—n-+7} (13)
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pacrnpejesieiie KOTOPOH COBNAfaeT ¢ paclpefe/ieHleM BEJHTHHBL [,

Taxum obpasom, .

P, <klL=i=P{N,<r+k paa r=1,...,n 1 N, <n+k—i}.
(14)

Hna i1 npasyo uyacTs paseHctBa (14) MOXKHO HAHTH U3 GOPMYJIH

(2) § 6 Ipu j=0 u i=1 suauenus (14) cosnajgair. Ecaun xe £k =

=0, To (14) moxHO moayuuTb u3 dopmyan (4) § 6. Teopema  goka-
sana.

Eeau v, vy, ..., Vv, —B3aHMHO He3aBHCHMEIE H OJHHAKOBO pac-
npeje/ieHnble CAyualdHble BeJHUMHBl, TO B cooTHomeHuH (11) MoxkHO
HamucaThb .P{N,-=j+k, Noy=j+k+[=P{N;=j+EP{N,_;=1}.
Torga (11) u (12) nawor
Pt <klgo==PWN,<n+kh—i)=

n—1

~ 2Pl =0l =0PW,=j+k (15
s i220. Ycrpauus yc/aoBHe [y = j, DOAYIHM
PL.<H=P{L+N, n+k}—2p{cn j=OP(N;=j+k).  (16)

Teopewma 2. Ecau {v,} — 63aumno Hezasucumvie u 00UHAKOGO
pacnpeleennvie cayuaiinole seauxunsl u y<l, 10 npedesvroe pac-

npedesenue limP{E, =k}=P,, k=0,1,2, ..., cyujecreyer u ne 3a-
n—=>o00
gucuT OT pacnpedeserHus HaxaabHOl Oaurnbt odepedu. s |z2|<1
1 —y) (1 —
P(s)= )JP =P lzanls (17)
k=0

2de Py=1—v, a P,, k=1,2, ..., sadarorca- popmyramu (15) u
(16) § 7. Beposrnoctu Q, = Py+ ... + Py, k=0,1,2, ..., sadawrca
dopmyaanu (10) u (11) § 7. Kpome toe0, 0an £=0,1,2, ...

Qu=1~( I—V)Z PN, =i+h). (18)

—\]—
Ecau v=1 u m==1, 7o limP{E, =k} =0 0Oaa 2106020 k sne 3a-
n->x
BUCUMOCTY OT pacnpedeseHus HAYAA6HOUL OAuHbL odepedu.

HoxkasateabctBo. [Ipenenbuele pacupenenenus aas {§,) u {Z,)
coBnajfawT, uGo us (3) seirekaer, uTto

im P&, <k(L=0) = lim P, <kl =1 (19)
n-»oo n-»>o
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aasa mo6oro i. Haaee, B cuay (14)
PN, <r+knaar=1, ..., =P+ N, >n+ k<
<SP, <K<KPWN,<r+kpaar=1,..., n. (20

CorjiacHo cJjaboMy 3akOHY O6OJBIIHX 4HCeJ, 11m N,/n=1v no Be-

_positHoctn. Ecam y<I, To u3 sTOrO CJIENYET, l{To 11m P{o+N, >

>n+4k}=0 aas moboil cayualHOH BeJHYHMHH g I/I ILJIH gwoboro k.
IMyets y<1; mnogoxum B (20) n— oo, Torga no TeopeMe O Hempe-
PBIBHOCTH [JI BePOATHOCTEH

llmP{Cn\k}——P{N <r+4+k pnar=1, . 1=Q,, (21

BHe 3aBHCHMOCTH OT pachpeleseHHsl HadaJbHOH [IJHHH ouepenH. Be-
positHoctH {Q,} 3amanbl B teopeMe 3 (UM TeopeMe 4) § 6. HBHbIe
dopmyant st Qp, k=0, 1, 2, ..., B Pp,=Qy—Qp-y, k=1, 2,
npuBeneHs B § 7.

IMpu y>=1 u n;51 no reopeme 3 § 6 npasas yacTb HepaBeH-
ctBa (20) crpemurcs K HyJi0 mpH n—oo. OTcoola c/aelyer, 4TO

lim P{¢, < k}=0 nas Bcex k, H TeopeMa JOKa3aHa.
n—>»oo

Bameuanue. [Ipu my>0 w my+m <1 TeopeMy 2 MOXKHO Ho-
Ka3aTb TaKKe C [OMOIbI0 TEOPUH Ienel MapKOBa. B stom cayuae

{¢,, n=0,1, 2, ...} aBasercs HEeIPUBONMMOM H anepnonnqecxoﬁ IIEeNbI0

MapxkoBa ¢ HpOCTpaHCTBOM cocrosinuét [={0, 1, 2, ...}. Cuenosa-

TeJbHO, MpeleJsbl 11m P{¢,=k}=P, k=0,1, 2, ..., CYyllecTBYWOT

H He 3aBHUCAT OT HaanIbHOH JNJHHEL ouepead. [lpu srom Jaubo (i)

P,>0 naa k=0, 1, 2, ... n {Py}— BepoATHOCTHOE paclpeje/ieHHe,

1. e. X Py=1, mmbo (ii) P,=0 mas k=0, 1, 2, .... B cayuae (i)
k=0

{¢.} uMeeT eIHHCTBEHHOe CTAIHOHApDHOE paclpejie/leHUe, COrJacyio-
meecst ¢ {P,}. B cayuae (ii) {{,} He MMeeT cTallMOHAPHOrO pacmpene-
JICHHA.

[Tycts {P,} — craunonapHoe pacnpenesenue 1Ja {{,}. Tlomoxum

P ()= X Pi2 (22)
b=
nnsa |z|<<1. Torma B cuay (2)
P@) =[Py + =] n2), (23)
OTKYZa .
P(z)=P, M(ﬁ_ (24)

n(z)—=z
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Tpe6osanne P(l)=1 paer Py=1-a/(1)=1~y. CuaenoBareibHo,
ecsn y<l, TO cymecTByeT cTalHOHapHOe pacupefencHue {P,}, npous-
Bojsiasl (GYHKUMS KOTOpPOro 3ajaercs (opMyJod (24) ¢ Py=1—y,
a nas {L,; n=0, 1, 2, ...} BumoJnsercs cayyait (i). Ilpu y> 1 npex-
IOJIOXKEHHE O CYIIECTBOBAHHHM CTALHOHADHOrO paclpeeseHHs BelLeT
K nporusopeunto. IMostomy {Z,; n=0, [, 2, ...} He uMeeT crauuoHap-
HOro pacnpefie/ieHHa H BBINOJIHSETCs caydan (ii).

B cuaenyiomefi TeopeMe. BBIUHC/ISETCSH BEPOATHOCTD
P{B.<k}=Pla,>n—k} nna 0<k<n.

Teopema 3. Ecau vy, vy, ..., v, — nepecrasisemvie ciydainsie

BCAUHUHDL, TO
n—1

Plo,>k—ilfp=0= Y

i=k
018 i<k<nu k>0. Ecau k=i=0, 7o P{a,>0]Z =0}=1.
HoxaszareabcTso. Corgacuo (4),
Plo,>k—i|fy=8=1-P{r—N,<k maan r=0, 1, ..., n—1}. (26)

?p{N,=j—k} (25)

Eciu £>0, to npasas uacre onpemeasiercsi us dopmyan (1) § 8.
Cayua#i k=0 TpHBUAJEH.

Teopema 4. Ecau v, r=1, 2, ..., —a83aumnno Hesasucumole
u odunakoso pacnpedesernsie caysainse eeausunst, E{v,}=y<1 u-
Var{v,} =% 70 nesasucumo or pacnpedesenus eesutunse g,

1iml>{'3';‘”Y <x}=cp(x), (@7)

1
n-»o0 n's

ede @ (x) = rnopmarsnas pynkyus pacnpedesenus co cpedrnum 0 u
Oucnepcuei 1.

HoxasarensctBo. Coraacuo (5),
Pro=00+ Nn—2Cp. (28)

Torna no nenTpaJbHON npenesbHOH TeopeMme

1imp{Nﬂ—‘v”1<x}=cp(x). : (29)
n->o0 on'’? -

Hagee, limZy/n'®=0 mo Bepoarnoctn mas Jw0Goro & Ecmu y>1,
n->oo
10 lim N,/n=y<1 no BepoatHoctH, OTKyAa lim¢,/n'» =0 no BeposT-
n—>o n=-»co
HocTH. [loatomy ecau y<1, T0 B, # N, HMEIOT OJHO H TO }Ke aCHM-

NTOTHYECKOE pacnpejeseHde NpH n—> oo, Teopema Joxasaua.
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3amMeuaHnne., Ecaun npeaesibHOE pacnpeie/eHUue

hmp{ Moz } G (x) (30)

n-»co
cymectByer # lim g,=co, 10 M3 (28) caenyer, uro mpu y<<l ciay-
n->o00

yaiiHAs BeJIHUHHA P, MMeeT TO e ACHUMITOTHYECKOe pacmpeleJieHHe,
aro U N,
HaanMep, ecat P{v,>x}=h(x)/x rae 1 <a<2u lim Alcx)/h(x)=1

X—>» o0
JUIst JI060r0  MOJIOXKUTEJNHHOMO UHCJA4 ¢, A TakKkKe eCJH g, TaKOBHI,
uro P{v,>g,}~ 1/n, t0o B dopmyse (30) G (x)=G,(x), rae G,(x) —
ycrofiunsas (QyHKLUMA pacupefeseHHs, XapakTepucTHueckas QyHKLUHS
KOTOpPOTO paBHa

o0 e 4Gy (x) =exp{—]2z [ cos X —isin S sgnz|T(1—a); (31)
2

o0

JJ1s1 BEIECTBEHHBIX 3HAUYeHUH 2.

Teopema 5. Ecau vy, vy, ..., Vv, —nepecragagemsie cay4aiinoie
BeAUHUHbL, A HALAALHAA OAuHA o4epedu T, pasna i=1, T0 sepoar-
HOCTb TO20, 4TO HAUAAbHOBLE Nepuod 3aHATOCTU npubopa COCTOUT U3 R
obcayrcusanuii, pasna

P {p, = nléo—l}——P{N =n—i. (32)
NoxkasaregabctBo. ®opmysaa (6) u Teopema 1 § 4 nawor

Ploo=nlt=1= |
=P{N,>r—ignar=1,...,n—1luN,=n—i}=
=P{N,<rpgasr=1, ..., nu N,=n—i}=

= PWN,=n—12, (3

" TeopemMa AOKaszaHa.

Ecsn, B 4YacTHOCTH, V|, Vy, ..., V, ... — B3aUMHO HE3aBHUCHMEIE
H OJMHAKOBO paclpejie/leHHble CJydaiiHble BeJMUHHH, T0 0, r=0, 1,
2, ... —Tak¥Xe B3aUMHO He3aBUCHMBble CJyYaHHBIEe BEJHUHHBL H
Plo,=n}=Ploo=nlf{=1 (34)
mg r=1,2 ...4n=1, 2,
Teopema 6. Ecau v, vy, ..., v, ... —83QUMHO HE3QBUCLMbBLE
1 00uHAK080 pacnpedeseHHble CAY4ALIHbIE BEAULURbL, TO 041 iZ> |
» i
Ploy<oo|fy=1i}=¢, (35)

20e & — HauMmeHbUIUL HEOTPUYATEAbHbL] BeujecT8eH bl KopeHs ypas- -
enua n(2)=2z. Ecau v<X1 u my7%=1, 10 6=1, a ecau y>1 uau
=1, To 6 1.
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HoxasarteabctBo. Cornacho (6),
Ploy<oo|fy=i}=1—P [ sup (r—N,)<i}, (36)

LISir<oo
a IpaByIO 4acTh MOXKHO NOJyuHTh H3 dopmydsl (7) § 8.

Teopema 7. Ecau v, Vg, «..y Vyy ... — B3AUMHO HE3ABUCUMBLE
00uHAK0B80 pacnpedeseHHble CAYLALHbIE BEAUYUHbL U HAYAALHAA OAUNA
ovepedu T, pasna iZ=1, TO 8epOATHOCTbG TO20, 4TO MAKCUMAALHASN
Oauna ovepedu 8 HAUAALHOM nepuode 3AHATOCTU APUbOPa He npesbi-
waer k, pasna npu k=1

P <k danr=1, ..., polty=10) =L, (87)
20e Q; onpedeaserca npoussodauer Qynkyuer
(301
Q@)= N Q2 =251 (38)
k=0

Oas | 2| < 8; 6 — HauMeHbUILIL HEOTPUYATEABHILL el eCTBeHNbIL KOPeHb
ypasHenus n(2) = 2, a Qy — NPOU3BONLHAL OTAUUHAR OT HYASL KOHCTAHTA.

NoxkasaTeabcTro. IlycTs o (i) —MHHHMaJbHOE H3 YHCeJ 1,
oast KoTopeix N,=r —i. Eciun {;=1{, TO BepoATHOCTb TOro, YTO Ma-
KcHMaJbHas AJHHA OYePeJH B HayaJbHOM IEPHOJE 3aHATOCTH npubopa
He TpeBHIIaeT R, paBHA

P{N,<r+k—i,tumr=l,...,p(i)}=Q5;i, (39)
rae ¢oyukunu Qp, k=0, 1, ..., onpenensiiorca B Teopeme 2 § 7.

Ecau, B uacrhoctH, B (37) i=1, To moJsydyaercs BepOATHOCThL TOTO,
yT0 MA4KCHMAJbHAasA JJHHA ouepeld B [r-M [ePUOJe 3aHATOCTH
(r=1, 2, ...) He TpeBOCXOIHUT kK.

Ipumepn. (i) ITpeanosoxum, uro B uutepBaje BpeMeHH (0, oo)
3aKOH IIOCTYMJiCHHsST TpeGOBaHHH Ha O6CAYXKHBAHHE — IyaCCOHOBCKHI
'C HHTEHCHBHOCTbIO A. Hauajabnasa nauHa ouepelH B MOMeHT u =10
paBua f,. TpeGoBaHusi o6c/y:XHBaeT eJHHCTBEHHBIA NpuOOp, HauH-
gaowui padorats B MoMmeHT u = 0. OGcayxupaomuil n1pubop 3anar,
eCJH B CcHCTeMe HMeeTcsl 1o KpadHe#l Mepe omHo Tpebopanue. Bpe-
MeHa OOCAYKHUBAHUA Y, A2, «--» Xrs - -+ ABJSAIOTCS B3aHMHO He3aBH-
CUMBIMH H OJHMHAKOBO pacClpeleJeHHBIMH IIOJIOXKHTeNbHBIMU CJayuai-
HBIMH BeJHUMHaMH ¢ ¢ynkuuedl pacnpenesnenus P {y, <<x}= H(x).
Ouy He 3aBHCAT OT MOMEHTOB NOCTymJeHHs Tpe6oBaHHH. [losoxuM

oo

P (s) = j e=s*dH (x) (40)

0
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nas Re(s) =0,

a=fde(x) 41)
0

- j (x — a dH (x), (42)

0

ecJIH COOTBETCTBYIONIHE HHTErpaJbl cXoaaTce.

O6o3nauum uepes v,, r=1, 2, ..., 4HC/JI0 NOCTyIJIeHUH B r-M Ie-
puope o6cayxuBauus. Torna {v,} —B3aUMHO He3aBHCHMBIE H OLUHA-
KOBO paclpejeseHHble CAyyYafiHbHle BeJHUMHBI C pacHpeieseHHeM

(o]

Pl =i=[ e 8Pan()  (=0,1,2..) @)

(=1

Pacnpenesnenue Beanuunsl N,, r=0, 1, 2, ..., paBHo

oo

p{N,=j}=fe—M“T’j)’dH,(x) (=0, 1,2 ..., (44)

0

rae H,(x) ectb r-a cBeptka ¢yukuun H (x) ¢ camoit coboit; Hy(x) =1
npu x =0 u Hy(x)=0 mpu x<0.

B stoMm cayuae a(2)=v9(A(l —2), y=%Aa u 02 r(a? +65) C no-
MOIHIbIO TEOPEM HACTOAIIEro naparpada MOXKHO HAHTH pachpeneseHus
BeJqHYHH E,, ,, O, P, On, @ TaKXKe HX A4CHMITOTHUYECKHE paclpefie-
JIeHUS.

(ii) PacemoTpuM npenblAyIufl npuMep ¢ TO# €IMHCTBEHHOH pasHH-
uei, uto B uHTEpBaJe BpeMenH (0, co) TpeGOBaHHA MOCTYNAIOT NAPTHIMH
cayuaiiHoro obbeMa B COOTBeTCTBHH ¢ 3akoHoM [lyaccona c unTen-
cuBHOCTBIO A. Ilpeamnosioxkum, 4To 0ObeMbl MAPTHH SIBJAAIOTCS B3aHMHO
HE3ABUCUMBIMH H OJIHHAKOBO pAaCIPEJCJICHHBIMU CJOYyYAHHBIMH BeJIH-
YHHAMH, He 3aBHCHLIMMH OT BPeMeHHM nocTyliiennda. O6o3HauuM uepes
p;, i=1, 2, ..., BepOATHOCTb TOrO, YTO NapTUSA COCTOHT u3 j TpeGo-
BaHUH, ¥ HOJOXHM

o o]
O 1 ’
P@)=2 . (45)
Ecau v, r=1, 2, ..., —uHcno TpeGoBaHuif, MOCTYNHUBLIHX B OYe-
pelb B TeyeHHe r-ro mepHola o6cnyxm13amm TO Vi, Vay v vy Vpy o0 —

B3aHMHO HC3dBHCHMBIC cnyanbee BesquyuHbl. Mx obmas npousBonsa-
masa Q)YHKI.II’IFI HMEET BHJ

a@) =% A (1-pR)] (46)
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3Hasi pacnpejeJieHHe BeJHUYHHB v, r=1, 2, ..., MOXHO ¢ mo-
MOILbI0 TeOpeM HacTosilero naparpada HalTH pacupeleseHUs] BeJH-
4uH §,, Lns Oy Prs Pns @ TAKXKE HX aCHMOTOTHUECKHE paclpe/eseHHS.

Mpounecc Q*
Paccmorpum mpouece Q" =({(Zy; N, r=0, 1, 2, ...}, BBeleHHBI
B § 27. Tlpeamonaraetcst, uto N;=vi+ ... +v masr=1, 2, ...,

rae {v;] — ABO¥icTBeHHAs MOCJENOBATENbHOCTs st {V,}, a {v,} ~mnGo

nepecrasJ/isieMble CJAyuyaiHble BeJHYHHB, IDHHHUMAIOIHE HEOTPHLATE b
Hble Liesible 3HAa4eHHsl, JHO0, B YAaCTHOCTH, B3aHMHO HE3aBHCHMBIE U
OJIMHAKOBO pacnpelie/leHuble CcJdy4yaliHble BeJHYHHBI, MPHHHMAIOLINE
HeoTpHuIlaTesbHbe Ilenble 3HaueHud. [Tomoxum N, =v,+ ... + v, 1aa
r=1, 2, .... _

Mel xotuM HafiTH pacmpefenenus Beauund &, &, an, B, 0, Add
Mo00ro n. ITH ciyvyaiinble BeJHUHHBI NOJHOCTBIO ONPEAEJAITCS NpPO-
meccoM Q°, HJaH, 4TO TO e camoe, npomeccoM Q. B § 27 6wuin
NOJyueHbl PacCnpelesieHHs caydyalHBIX BeJIHYHH &, Z,, O, B, 0On
nas npouecca Q. Cefiuac Mbl cBefileM 3aJauy HAXOXKIeHHS paclpeje-
JeHAH BEJUYHH o, B, H 0’ K HAXOXEHHIO PacTipefelieHHs cJydaiiHoil

BEJIMUHHEL .

Beposthocts P {f’ < k) =P {a; >n—k) naa 0<k<n ompege-
JgeTcs caefyloued teopeMoi.

Teopema 8. Ecau{v,} — nepecrasisemvie cary1aiinbie 8eAudUHbL, TO
P, <k-+ilfy=i)=P(N,=n—1}+

k—1k—}

+ 2 U= Ue—PW,=j+n—k~1, Ny=N;=0,  (47)

ede 0<k<<n—iu0<k<n. Ecau k=n—1, 1o gopmyasa (47) npu-
Humaer 8ud

n-1
P{ﬁ;<n_1+iJ§o=i}=j§l(l"j/(n_l))P{Nn—!=j}- (48)

HokasateabctrBo. Ecoum k<{n—1i, T0 B cuay (4)
Pp,<k+i|g,=i}= -
=P{N:<r—n+k nasa Hekoroporo r=0, 1, ..., n—l]. (49)
CuenoBaresbHo, ecau B< n—1, 10 B cuay (2) § 9
Pp, <k+ilfy=i}=
=P{N,>2r—n—Fk—1 nas nexkoroporor=1, 2, ..., k}=
=1—-P{N,—r<n—k—1prar=1,2, ..., k), (50)
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a mpaBas uacTb 3ajnaercs dopmyJsoi (1) § 6. PaBencrBo (47) moka-
sano. Ecan, B yacruocty, B (50) k=n—1, T0 ¢ yueToM dopmyan (4)
§ 6 moayuaem (48). 3pech =0 uan i=1.

OTMeTHM TaK:Ke HHTEDECHOE DABEHCTBO

P{p,<k+ilg=i)=1-P{L,<n—k—1];=0} (51)
shiTekamomee u3 (14) u (50).

Teopema 9. Ecau {v,}~ 83aumno nesasucumvie u 00UHAKOBO
pacnpedeentie cayuaiinsie seauqunst, E{v,}=vy>1 u Var{v,}=0%< oo,
TO HEe3a8uUCUMO OT pacnpedeserus CAYHAUHON Beaudunsl ¥y

{ B, — niy

no? /v’

lim P

n->oo

<x }=CD(x). (52)
JokasaTeabcTBo. Mmeem
Bo=Co+N,—C0 (53)

rie g, onperenserca no ¢dopmyae (1), B KoTopoil N, HAMO 3aMEHHTH
Ha N;. B cuay (2) § 9

P{N,<kl=P{N,>n) (54)
mas n-+k>0. Teneps, ucmoansys (29), Jerko noxasarb, 4TO
N:l —n/y
i —_— = .
nllf?op { Vst S } ) (55)

Tax xak lim N,/n=y no BeposiTHOCTH, TO
n->oo

(56)

no seposiTHocTH. IIpu y>1 orciooga caeayer, uTo

*

lim —‘%: 0
n->c n?

0 BCPOSATHOCTH. O‘JEBHILHO, UTo

10 BEPOSITHOCTH. B COOTBETCTBHH C 3THM, ecJu Y>> 1, TO IPH #-> oo
cayyalinas BeJHUHHA B, MMeeT TO JKe aCHMITOTHYECKOe paclpefese-

*
Hue, uTo B N,. JloKa3aTeJbCTBO 3aKOHYEHO.
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3ameuvanue. Ecau P{v,>x}=h(x)/x% rae | <a<?2 y
lim A (cx)/h(x)=1 nas n1060ro0 MOOKHUTEIBHOTO YHCJIA € H g, TAKOBO,

X~» 00
uro P{v,>g,}~1/n, TO

N,—nly

limp ] <x }= G, (x), (57)

nro |
rie G,(x)—ycroiiluuBas GYHKUHs pachpefiesieHdsi, OIpeleJeHHas
coorHotrenreMm (31). C noMowrbio Gopmy.n (54) MOKHO LOKA3aTh, UTO

—afly
/ (H-(l)/a

lim P !

}_I—G(—x) (58)
n>w L g

H, ecan y>1, To B, mpH n—> 00 HMeeT TaKOe Ke ACHMNTOTHUECKOe
pacnpejesenne, yTo U Np.

Teopewma 10. Ecau vy, vy, ..., v, — 83GUMHO He3aBUCUMbLE CAY-
yqQuiHble B8eAUUUHbL, TO

Plog<n+k|f=k}=P N, =n+k—1}+

S

j=11=0

nij)p{Nj=f+k—1,N,,—N,=z} (59)

Orn n=0u k=1, Ecau k=1, 1o (59) npunumaer sud

n

Plo;<nlg=1)=1= Y (1-L)P (W, =1} (60)

1=0
HdoxasareasctBo. B cuay (6)

Plo,<n+klgy=k)=
=P{N:<r—k Aasi Hekoroporo r=0, 1, ..., n+k—1}. (61)

Orciona u u3 (2) § 9 nonyuaem, uro npu k=1
Plog<n+klg,=k)=
=P{N,Z=r+k—1 pgas wexoroporo r=1, 2, ..., n}=
=1—P{N,—r<k—1pgmar=12 ..., 1, (62

a npasas 4acTh HAXOXHTCS 110 tdopmyae (1) § 6 pas =1 u no dop-
mysae (4) § 6 naa k=1.
B cuay (7)

Plog<n+kll=k) =P, <nlt=0], (63)

a MPaBYIO YacThb MOXKHO. IOJNYYHTb H3 (opMyJsl (47).
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OTMeTHM €lle HHTEepPEeCHOC DaBCHCTBO
Plog<n+kll,=k)=1-P; <kl[,=0], (64)

BuTekawomee u3 (1) u (62).

Teopema 1l. Ecau {v,}—83aumno He3asucumsie i 00UHAKORO
pacnpedeaennble Ccayqaiinble geauvuHol, To oan k=1

Ploj<oolf,=kj=1-0Q,_,, (65)

ede Qp, k=0, 1, 2, ..., onpedessnercs 8 Teopeme 2.
JlokasateasctBo. Coryacuo (62),

Ploy<oolf=Fkl=1—P{ sup (N,—r)<k—1}, (66)

I<r<oo

a OpaByl0 YacTh MOXKHO NOJY4YHTb u3 TeopeM 3 u 4 § 6. Ecau m; =1
uy=1, o Q,=0 naa moboro k. Ecau y<1, to Q,>0 npu £>=0.

ITpuwmep. Ipeanonoxum, uro B HHTepBasde BpeMenu (0, oo) Tpe-

GoBaHHA MOCTYNalOT B O4epeib B MOMEHTH T, Ty ..., T, ..., IJ€
v —1,_, r=1, 2, ..., SBIAIOTCA B3aHMHO HE3aBHCHMBIMH M OJHHa-

KOBO pacnpefie/eHHBIMH TOJOXKHTEJbHBIMH CJAYUAHHBIMH BeJHUMHAMY
¢ ¢yukumeii pacnpegenenus F(x), a 16=0. TpeGoBanus o6cyxu-
BAIOTCSl €IHMHCTBEHHBIM NpHOOpPOM, HAuHHAOUWUM paboTaTb B MOMEHT
u=0. Ilyctp BpeMeHa o0O6cJjyKUBaHUA OYAYT B3aUMHO HE3aBHUCHMbIMHU
U OIHMHAKOBO paclpefe/eHHBIMH CJAy4aAHBIMH BeJHUYHHAMH C (YHK-
nuet pacnpegesenuss H (x)=1—e % (x >>0), 1 NycTb OHU HE 3aBHCHAT
0T MOMeHTOB IpUOHTHs TpeboBanuit. Ofo3Haunm uepes f, HAYAJBHYIO
JUIEHY ouepenu. IroT npollecc Q oGpasoBaHus ouepelLn — OGPATHBIH
Ui npouecca Q, OomperesieHHOr0 CJAEAYIOIHM 0GPasoM.

B untepBase (0, oo) TpeGoBaHUA TMOCTYNAIOT B OYepelb COTJAACHO
sakoHy [lyaccoHa ¢ HHTeHCHBHOCTbIO M. TpeBoBaHus ©6GCIYKHBAET
eJMHCTBeHHBIH npubop, HaunHawUH padoTaTb B MoMeHT u = 0.
Bpemena oGC/ayXKUBAHUSI SBJAAIOTCS B3aHMHO HE3aBHCHMBIMH U OJH-
HaKoOBO pacnpeleJeHHBIMH CJyYaHHBIMH BeJHUYHHAMH ¢ GyHKIHeH
pacnpenesenuss F(x). OHH He 3aBHCAT OT MOMEHTOB HpUOHITHS Tpe-
6oBanuii. HauanbHasi aAaMHa ouepenu paBHa ;. Inaue rosops,
Q —ob6parumi mpomece mas Q={{; N,, r=0,1, 2, ...}, toe w~,
V9, ..., Vs ... — B3aHMHO He3aBHCHMEIE H OJJHHAKOBO paclpeleJeHHble
cJaydaiiHble BeJIHUMHBI C paclpefeseHdeM

v j
P{v,zj}=je‘“”—£%l-—d1~‘(x) (i=0,1,2,...).  (67)
1]
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Pacnpenenenne gass N,=v,+ ... +v,, r=0, 1, 2, ..., pasno

x>

j
PO, == [ el dr () (=0, 1,2,...),  (69)
0

rae F,(x) ectb r-kpatnas cBeptka GyHknuu F(x); Fy(x)=1npu x>0
u Fy(x)=0 npu x<0.

It o6pathoro mpouecca Q' ofosnauenus &, &, oy, B, o) HMEIOT
TOT K€ CMBHICJ, 4T0 H &, §,, O, Pn, 0, A48 mponecca Q. Ilycrb
Q" — mBojicTBennbli nponece AaA Q. Mul Gynem ofosnauats uepes &,
¢y O, By, 0, COOTBETCTBYIOIUHE C/yuaiinble BeaHuHHH Ias Q°. Jlerko
BHJETb, uTO o, =a,, B, =B, ¥ p;=p,. B aToM naparpade onpenesens
pacmpe/ieJieHusi CIyyafHbIXx BeqauunH o, B, # p,. st Toro 4yro6si
MOXKHO OBLJIO NPHMEHHTH OGINHe TeOpeMEl, BBeleM CJeAyIiolnHe 06o-
3HAUEHHUS:

o(s)= f e~s*dF(x) (69)
i Re(s)=0
b= f x dF (x) (70)
0

(x — by dF (x), (71)

Q
S
|
OLq‘S

eCcJU COOTBETCTBYIOIME HHTErpaJibl CXOMSTCS.
Jocrarouno Haiitu pacnpefenenns Besuunn & u ;. Coraacuo (3),

Pl Skigy=i=Pg . <SkI{=1}, (72)

OTKyJla cJedyeT, UTO MOXKHO orpaHmnTbcn HaXOXJeHHeM pacrpese-
JeHus: BeJuuMHB £ paa n=1, 2, .... B pambpHefimeM MH 6y11eM

on

no/ib30BaThes 0Go3HAueHHEM Ej= QO—I HaI/IILeM pacupeneJsieHue CJIy-
uaiitHOH BesMuMHBL §.

Teopema 12.
Plg, <klg=i)=

=p{1v,,>n+i—k}—E%p{/v,=j—k}p{1vn_j>n+z—j}, (73)
i=k
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ecau k=1, 2, ... ui=0, 1, .... B wacrnocru,
, , \" # .
P g, <klg=0)= N -PN,=j—F (74)
i=k
Oasa k=1, 2,.... Pacnpedeaenue cayuainoi seausunst N,, r=0,1,2, ...,

onpedeasierca no opmyase (68).

JdokasatTeasbcTso. Jlerko Bujern, uTo

G=lat =y, (75)
npu n=1, 2, ..., oTkyza
g,=max{(n—r)—(N,~N) paa r=0,1,...,nn g, +n—N,}. (76)
Ecan B (76) 3aMeHHTb V|, vy, ..., V, HA V,, V,_y, ..., V; COOTBET-
CTBEHHO, TO IOJYYHTCS HOBasi CAyYaliHAS BeJHUYHHA
E;L:max{r——N, ana r=0, 1, ..., nmE+n—N,) (77)

¢ TakuM e pacnpelesenueM, uto u (76). Toraa
P{§;<k|§6=i} =
=P{r—N,<kanar=0,1,..., nun-N,<k—i}, (78)

a mpaBylo YacTb MOXKHO noayuuth u3 (3) § 8. JokasaTeanCTBO 3aKOH-
4eHo, u6o B caydae [ =0 (78) monyuvaerca us (1) § 8.

Teopema 13. Ecau k=1, 10 Hezasucumo or pacnpedesenus
CAYHQUinOl Beaudurol &)

lim P (g, <k} =1-6", (79)

n—»oo
20e 8 — HauMeHbUULL HeOTPUYATEAbHbLL BELULeCT8EHH LI KOPEHb YPABHEHUS
¢ (u(l—20))=0. (80)

Ecau ub<{1, 70 8=1, a ecau ub>1, 10 < 1.

HoxasateabctBo. U3 popmyas (78) BbITeKaeT, uTO He3aBH-
CHMO OT pacupefie/ieHHsl cJAy4yalHOH BeJHUYHHBI &

lim P (g, <k)=P{ sup (r—N,)<h), (81)
n->o I<Kr<oo

a mpaByl0 YacTb HAXOXHM H3 Teopemu 3 § 8.

§ 29. ®JYKTYALIHUH BPEMEHM O)XXHJAHHA

Paccmorpum mpounecc ofpasoBamusi ouepenu W ={n(0); «x(u),
0<<u<oo}, BBememmmfi B § 27. Ilycts (x(u), 0<Cu<oo)— peme-
CTBeHHbIl cenapabenbHbIll c/ayyafiHblil mpollecc, MOUTH BCe BHIGOPOY-
Hble (QYHKLUHHM KOTOPOrO SIBJSIOTCH HeyGLIBAIOIHMH CTYNEeHYaThiMH
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dyHKuksAMHE, obpalmaloluMuca B HyJb npH #=0. M XoTHM HaiTH

pacnpenesnenust BeauuuH n(f), a(f), p({) u 6, r=0, 1, 2, .... IH

cayyaiiHble BeJHYMHBI NOJHOCTBIO omnpejlessiiorest npoueccom W.
BpeMsi oxuJaHHs B MOMEHT { PaBHO

n(t) =sup{r () —x @ —(t—u) a1z O<u<t u n0)+xE—1. (1)

IeficTBUTEbHO, MYCTh 1 — HauGoJblee U3 uucea orpeska [0, ¢], mas
kotopux N(u)=0. Torma n(f) =y (f) —y(u) — (¢t —u). Ecau Taxoro u
Her, nosoxuM M (f) =n(0)+ y(f) —¢. B aoboM U3 3TUX JIBYX Cayuaes
coornomenne (1) BHIIOMNHSIETCH.

Tlonnoe Bpemsi GesmeficTBhA oGcayKHBaomero npubopa B HHTEP-
Base Bpemenu [0, {] paBHO

a)=supfu—y @) —m0) pim 0Su<<tu O} (2)
Torna B(f) =¢—a(f). Kpome Toro, oueBujaHo, uto
| B =n(0) +% () —n ). (3)
JITATebHOCTh HAYAJbHOTO MEePHOja 3aHSATOCTH DaBHA
B =inf{u: n(0) +x () <u 1 0Su< oo}, (4)

ecJM Takoro u Her, To 6, = oco.
Mexay pacmpejegeHdsiMH CJaydafiHblx BeJuuuH o (f) m 6, cyie-
CTBYeT MHTepecHas cBsisb: npuH O0<x<Ct u ¢ =0

Pla(®)=xn(0)=c}=P {8, <t In(0)=c+x} (5)

Pla()=0In(0)=c}=P {8, >1t|n(0)=c}. (6)

PasenctBo (6) oueBnmuo. [lis mgokasateabcTBa (5) 3aMeTHM, 4TO
B cuay (2) .

P{a(t)=x}=P{n(0)+x )+ x <<u mna nexoroporo u &[0, {1}, (7)

a B cuny (4)

P{8,<t}=P{n(0)+x(u)<<u nas nexoroporo u &[0, £]}. (8)

CpasuuBast (7) u (8), moayuaeM, uTO BEPOATHOCTH TOrO, YTO
a(t)>=x mas mpouecca ¢ HauasJbHHIM BpeMeHeM 3ausatocTH 1(0)=c,

paBHa BEPOATHOCTH TOro, uTto B, < ¢ mjs1 mpouecca ¢ HaYaJbHBEIM
Bpemenem 3austoctd (0)=c + x. Papencrso (5) mokasauo.

"

Mponecc W

Haabue Mbl 6ymem npexmotaratb, uto {y(u), 0 <u < oo} —cena-
paGeabHEIE CTOXACTHYECKHH IIPoIlece ¢ MepecTaBJsieMbIMH HJIH, B 4acT-
HOCTH, CTAIMOHAPHLIMH HE3aBHCHUMBIMH IpupalleHHsiMH. B o6oux
cayuasX NOYTH Bce BHIGOpOUHBEIE (YHKLHM Tmpolecca OGyAyT HeyObl-
BAIOLIMMHU CTyNeHUYATHIMH (YHKUHAMH, OOpallal0MKIMUCA B HYJb IPH
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u=0, u E{x(u)})=pu npu u>0, rie p— HeOTPHLATEJbHOE YHCJO
(Bo3MOXHO, paBHOe o). TpuBHaJbHEIH cayyaill, koraa P {y(u)=0)=1
oas Bcex u =0, HCKJ0YaeTcs.

Ecau mpouece {x(u), 0 <Cu< oo} nmeer CTallHOHAPHBIE HE3aBHCH-
Mble IpHpalteHud, To as Re(s)>=0

E {e—sx (u)} = g~u®(s) (9)

opu HaxgnexaieM BHOope dyukuun O (s). Ecam uyncao A= @ (oo)
KOHEUHO H IMOJOXHTENbHO, 3a4alMM TaKylio QYHKUHIO pacHpeneseHHs
H(x), uto nis Re(s)=0

p(s)= [ e=srdH (1) =1— 2L (10)
0

u H(x)=0 npu x<<0. Hanee, p=a (+0). Eciu p KOHEUHO H M0JIO-
KHUTEJIbHO, 3aaJUM Takyw OGYHKIHIO pacnpenesenns H'(x), uto gis

Re(s)>0

=]

* * q)
¥ ()= [emrdi (x) = 2L (1)
0
u H (x)=0 npn x<0. Uepes H,(x), n=0, 1, 2, ..., Gynem oGo-

3HayaTbh N-KPaTHY!O CBepTKY GyHKuuH H' (x); Hy(x)=1 npa x>0 u
Hy(x)=0 nmpun x<0. ITycTe ® — HauGoJbLUIHA HEOTPUIATEJbHBIH Be-

LIeCTBEHHBIH KopeHb ypaBuenus @D(s)=s. Ecau p<<1, 0 o=0,
aecan p>1, to @>0. Jlanee, momoxum o?= — @7 (4 0); Torxa
Var {y (u)} = o nas u>0.

Teopema 1. Ecau {y(u), 0 <{u << oo} —npoyecc ¢ nepecragasne-
L MbLMU NPUPQUICHUAMU, TO

Pin(t)<x[n(0)=c}=P{x(t) <t +x—¢) —
- ff (,«t_ )ddP{x(y) y+x, y(OH<z+x) (12)
/ I<y<Ket—c

oaa scex x, c=0 u t>0. B wacrnocru,
t—c

Pin=0nO)=0=[ (1-L)¢,Prt)<q, (13)
0

ecan 0Ke<Kt, u PIn(t)=0In0)=0}=0 npu t<ec.

HokasartenbcTBo. Pynkuus n(f) onpejeisieTca no ¢op-
myane (1). Ecau B (1) samennts % (¢) —x (1) Ha ¥ (¢ — u), TO nOAyUHTCS
HOBas cJyvyaliHas BeJHYHHA

MO =sup{xw—u g 0Su<<t u n(0)+x(t)—1) (14)
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C TAKHUM Xe pacupenesnendeMm, Kak u y n(¢f). CiaexosarenbHno,

Pin()<xn(0)=c}=
=Plyu)<u+rx nnma 0<u<<t n ()<<t +x—~c), (1B)
a mpaBylo uyacTb MoxXHO Halith mo dopmyse (2) § 15. Ecan x =0,

to (15) MOXHO moOJNyuuThb Takke u3 cooTHolienus (3) § 15. Teopema
JNOKa3aHa.

3ametum, uro ecan {y(u), 0 <Cu < T}—nmpouecc ¢ mepecrasJisie-
MBIMH HPHPAIIeHHAMH, a | — KOHeUHOe IOJIOKHTEJNbHOE UHCJAO, TO
popmyast (12) u (13) Bepust nas Beex £ (0, T1.
Ecaun mpouece {y(¢), 0 <{u< oo} uMeeT cranuoHapHbe HE3aBHCH-
MBlE NpHpalieHusi, To B dopmyde (12)
Pix(<y+x, 1x)<z+x=P<y+xP({—-y<z—y}
B sroMm cayuae B cuay (13)

Pn@O)<xO)=c)=P ()<t +x—c}-

t—~c

— [Pt =0InO = dP ) <y+x), (16)

a ecaM OTKasaTbes OT yeaonust 1(0)=c¢, TO
Pin@)<x}=Pn(0)+x () <t +x} -
t

~[Pt-p=0dPu<y+x (7
+0

nasa Bcex x. Ilpn x <0 o6e wactu pasencTsa (17) pasunl HyJo.

Teopema 2. Ecau {y(u), 0<Cu< oo}—npoyecc co crayuonap-
HoLMU He3asucumeimy npupaujenusmy u p<l, 10 npedessroe pac-
npedeserue tlim P{n(f) <x}=W(x) cywecrsyer u ne sasucur or pac-

>

npedeseHus HA4AALHO20 8pemeHu BaHATOCTU npubopa. Kpome To20,

W(x)=1~1-p) [dPm)<y+, (18)
uau *
W (x)=(1—p) X o"H,(x) (19)

oaa ecex x, Ecau o1, T0 npedes tlimP{n(t)<x} pasen 0 dan
. > oo
06020 % u He 3asucur or pacnpedesenun eesutunvs n(0).
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HokasareabcTBO. B cuay (15)
P{ sup (@) —u]<SH=PO+x ">+ 1<
<P{n(t)<x}<l’{osupt[x(u)—u]<x}- (20)

Su<
Ecan p<1, To u3 cnaboro 3axkoHa GOJNBUINX YHCET BHITEKAeT, uTO
limP{n(0)+x () >£+x}=0 nns Bcex m(0) u x. ITo Teopeme Hempe-
t>o0

PBIBHOCTH 1OJ4 BepOHTHOCTeﬁ no.nyqaeM
ImP@)<x}=P{ sup [x(w)—u]<<x} (21
t> oo Iy <o

mpuueM mpefles He 3aBUCHT OT pacnpejestenus senuuunst 1(0), IIpa-

BYI 4acTb paBeHcTBa (21) MOXHO moayuuTh u3 dopmyas (15) wau

u3 (34) § 15. Ecom p>1, 10 u3 dopmyast (16) § 15 caenyer, uto

npaBast uacTh B (20) cTpeMHTCs K Hy/mo nIpH f—> oo, ITostomy mpu

p>=1 npenen tlimP{n (t) << x} paBeH HyJIO JJIS BCeX X H He 3aBHCUT
—>o00

or pacnpenenenus Beauuusnl 1(0). Teopema nokasana.
B cuay Teopemn 4 § 15

o

Q) =fe=aWw=-1="St= ()
0

naa Re(s) >0, rne dynkuns ¢’ (s) sanana dopmy.on (11).

3ameuanne. Ipuy p<1 cymecTByeT eime oguH cnocol ompene-
qenus Q(s). Tak xak {n(f), 0<Cf<oo}— mapKkoBecKuil mpouecc, To
ec/Ii [pe/iesibHOE pachpenesenHe aJs 7(f) He SaBHCHT OT pachpeje-
Jgenust BeanunHsl 1 (0), npomece {n(f), 0 <<t << o0} nMeeT enHHCTBEH-
HOEe CTAalHOHAPHOe pacnpefiesleHHe, COBNANAIOlIee ¢ IPeaebHBIM.

Ecau {n(¢), 0 <t < oo}—cranmonapusiii npouece, o P {n(f) < x}=
= W(x) naa Bcex £>0. Ecan

o0

Q(s)= [ e=s*dW (x) (23)

0

a5 Re(s) >0, To, nepexons B (17) x npeoGpasoBanuio Jlamnaca —
CruabTheca, mosyuaem

4
Q(s) = =W Q(s) = sW (0) [ evie=C @I gy (24)
0

Ans Beex ¢ =0 u Re(s) >0, orkyna

W (0 '
Q) = oo (25)
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s Re(s)>0. Ha pasencrBa Q(0)=1 caenyer, uro W(0)=1—p.

[Tostomy, ecsn p<1, To mnpouecc {n{f), 0 < ¢<oo} uMeeT OAHO H

TOJIBLKO OJHO cTanuoHapHoe pacnpefenenne W (x), npeoGpasoBanhe

Jlanyaca — CruabTheca KOTOPOro ompeflenseTcss nmo dopmyJe (25), riae

W({0)=1—p. Ecau p<1, TO mpenen Ilim P {n(f) << x} cymecrByer u
- 00

He 3aBHCHT OT HAuaJbHOrO pacnpeje/ieHhs, a MOTOMY OH HeoOGXOAMMO
pasen W (x), craunoHapuHoMmy pacmpefenenHio npouecca. Ilpu p>1
npe/noJoxkeHne o ToM, uto mpouecc {n(f), 0<{f << oo} umeeT crauuo-
HapHoe pacmpejiesienHe, BeleT K IPOTHBOPEUHIO.

Tak xak a(f)+p(f)=1¢ nra Bcex {>=0, focraTouHo nafiTu pac-
npefeseHde  cayyaiiHo#t Beauuunbl of(f) wuaum B(f). TIpu »sTom
PB(H<x}=Pla(f)>t—x} nasa scex 0<x <t

Teopema 3. Ecau {y(u), 0<Cu< oo}—npoyecc ¢ nepecragise-
MBIMU APUPAUEHUAMU, TO

t
Pla@)>x—cn@=c=[ ZdPa<y—x ()

Oaa 0<Ce<x <t

HNoxasateabcTro. Cornacuo (2), npu 0<Ce<x
P{a(t)>x—c|n(0)=c}=k1-—P{u—x(u)<x st 0<Cu <t} 27

a TMPaByI0 YacTb MOXKHO MOJyYuTb U3 Teopemu 1 § 17.

3ameruM, uro gua nuponecca {y(u), 0<Cu<<T} c nepecrapJsie-
MBIMH OpHMpaIlEHUsMH, TAe 4HcJ0 I KOHEUHO H MOJIOXKHTEJNbHO, pa-
BeHCTBO (26) cnpasenauso mpu Beex ¢ (0, T).

Teopema 4. Ecau {g(u), 0<Cu<<oo}—npoyecc co crayuonap-
Holmu Hesasucumsimu npupawenusny, p<l u 0<o®< oo, 10 He-
. 3a8ucumo ot pacnpederenus caysabnou eeausurve 1 (0)

tl_i)rgl){f(—;)/%f—(t)— gx}=cb(x), (28)

20e O (x) — HopmarsHas QyHKyus pacnpedeserHus ¢ HYre8biM CPeOHUM
u efunuynol ducnepcueil.

JlokasaTteabcTBO. MH yxXKe OTMeuaJH O4eBHAHOE COOTHOIIeE-
HHe
B () =n(0) + x () — (). (29)

Tlo uenTpansuoff mpemesbHOH TeopeMe

t-»o0 VW

1imp{1—‘i‘—"i<x}=<p(x). | (30)
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IIpu p<I u3 cnaboro 3akona GOJIBIIAX UHCEJ CJeAyeT, YTO
limn(t)/]/'t =0 no BeposTHOCcTH. B TO Ke BpeMst OUEBHIHO, HYTO
t—>oo

limn(O)/Vt =0 no BeposTHOCTH [IJ51 JI0GOH CJOAYUAHHON BEJHUHHBI
t—>

n(0). Toraa, ecau p<1, 10 B(f) u % (f) HMEIOT ONHHAKOBOE ACHMITO-
THUECKOe pacnpejie/ienne npu f— oo. Teopema jokasana.

3ameuanue. Ilyerb npenesbuoe pacnpenenenue

. x (t) — ot _
Jim P {202 <ok~ G () 31)

cylecTByeT W Gynkuus g(f) Takosa, uto limg(#)=oo. Torna ¢ mo-
t->»o0

MOILIbIO cooTHOWeHHs (29) merko yGeguThest, yTo ecau p<<1, To B(¢)
u x(f) HMEOT OJMHAKOBOE AaCHMNTOTHUECKOE pAaCIpefeenue npu
{—> oo,

[lycts, nanpumep, {X(u), 0<Cu < oo} — 0606umennbIH IyacCcoHOB-
CKHH IIpolecc, AJsi KOTOPOro

v (u)
1) =2 %, (32)
=
re {v (1), 0 <Cu <00} — IyaccOHOBCKHUI NMPOLECC ¢ HHTEHCHBHOCTHIO A,
a %1 Ao» + v Ary - — B3ANMHO HE3ABHCHMblE H OJUHAKOBO pacCIpe-

AieJIeHHble cayyaidHble Beauunnnl. ITycTs oHH He 3aBuesr oT {v (1)} u
yAOBJETBOPAIOT yeI0BHAM E{y}=a, P {y, > x} = A (x)/x% rae | <a<?2
i

h(cx)

X-»o00

Ui I06Or0 MOJOKHUTENBHOTO yHcdaa ¢. Torxa

. t) — ot
) tlﬂp{%(%gx}=oa(x), (33)

rae G, (x)—ycroituuBas (yHKUES paclpelleJeHHs:, ONPefeseHHAS
cootHoweHneM (31) § 28, p=2Ac, a g(¢f) BuOupaercsi us YCA0BHUSA
P{x.>g )}~ 1t

Teopema 5. Myero {x(u), 0<<u< oo}~ npoyecc ¢ nepecrasase-
MbLMU NPUDQIYCHUAMU, & HA4AALHOe 8pemA 3anaTocTU npubopa 1 (0)
pasno ¢ < 0. Toeda 6epoaTHOCTS TO20, 4TO OAUTENLHOCTS HAYAALHOZO
nepuoda 3aHATOCTU He npesviuiaer t, pasHa

t
POt O)=c= [ ZdP () <y-al (34)

npu t=c. Ecau t<c, ro P{8, <t|n(0)=c}=0.
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Hoxasateabctso. CoraacHo (4),
P{O,<tIMO)=c=1—-Plu—yw<<c naz 0<Cu<{t}, (35)

a BepOSITHOCTh B IIPABOH YACTH MOXKHO TOJYYHTb H3 TeOpeMHl | § 17.
dopmyaa (34) noxkasaHna.

ITycrs {y (1), 0 <<u< oo} — mpoluecc co CTAHOHAPHBIMH He3aBHCH-
MBIMH npupameHusMu U A= ®(oco)<oo. Torma {x(u), 0 <Cu < oo}~
06001IeHHE NyacCOHOBCKHUH mpouecc, 0;, 8;, 6,, ... — B3aUMHO He-
3aBHCHMBIE cJyuailiible BeJUYMHB, IpHueM 0, 0,, ... pacnpeneneHnt
ognHakoso. Ecam m(0) — cayuaiiHasg BeJUUHHA C TeM XKe paclpeje-
JeHHeM, 4YTO M BeJIHUMHA TOJOXKHTEJbHOTO cKauka Ipolecca {y(u),
I<u< o), o P, <t} =P {Bogt} mar=1,2, ..., Takum o6pasom,

P (6, < =ﬂ% P O<x(6)<2) (36)
0

npu t=0ur=1, 2

Teopema 6. Ecau {x (1), 0 << x < o0} —npoyecc co crayuoHap-
HOIMU HEe3A6UCUMbLMU APUPALEHUAMU, TO

P {8, <oo[n(0)=c}=e", (37)
20e ® — Hauboabluull 8eujeCTEEeHHbLI KOPeHsb YpasHerus
D (0)=o0. (38)

Ecau 0<Lp<1l, 70 0=0, aecau p>1, To @=0.

JoxasarteabcTBo. OueBHJHO, YTO
P{Go<°°|n(0)—c}——1—P{ Sup [u—x(w)] <c}, (39)

\u\OO

a BePOSTHOCTb B MPaBOfl YaCTH MOXKHO MOJYUHTb M3 TeopeMbl 3 § 17.

Teopema 7. Iycre {x(u), 0<Cu < oo}—npoyecc co crayuonap-
HbLMU HE3ABUCUMBIMU NPUPAUEHUAMU, O HAYAALHOE 8peMs 3AHATOCTU
npu6opa n(0) pasrno ¢>0. Toeda 8epoATHOCTH TO20, 4TO MAKCUMAAb-
HOe B8peMA OWUOQHUA 8 HAYAALHOM nepuode 3aHATOCTU HE npesot-
uiaer x, npu X Z=C pasHa

W(x—c¢)

P{ sup 1) <x[n0)=c =57 (40)
ede W (x) onpedeasierca U3 COOTHOWEHUS
W(O)s

j e~k gW (x) = < (41)

@ (s)

npu Re(s)>o, a W(0) npoussossno. dynxyus W (x) e aswom sude
sadaerca ¢opmysranu (12) uu (14) § 16.
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HDoxasateabcTBo. Ilomoxum 6O(c)=inf{u: y(u)—u<<—c u
0K<u<oo}u 0(c)=o00, ecan x(u)—u> —c ana scex u=0. Ecau
1(0) = ¢, TO BepOATHOCTb TOrO, YTO MAKCHMAaJbHOe BpeMs OXHJAaHHA
B HayaJbHOM INEPHOJE 3aHATOCTH He NPEBOCXOLHT X, PaBHA

Plx(w) <utx—c amn 0<u<O(@)=pm  (42)

npu x>=c. Oyukuus W (x) ompenensierca B Teopeme 1 § 16. Teo-
peMa moKasaHa.

MMpumeps. (i) [Ipeanonoxum, uro B uHTepsaJse BpeMenu (0, oo)
Tpe6OBaHHs TOCTYNalT B ouepeldb corjacHo 3akomy Ilyaccona
C HMHTEHCHBHOCTBIO A. TpeGoBaHHSI OOCIYXKHUBAKOTCA €JHHCTBEHHBIM
npuGopoM, HauMHaloUHM paBoraTh B MoMmeHT u = 0. Bpemena oGciy-
KUBAHUSA %y, Xgs -« -» Nrs --- ABJISIOTCH B3aHMHO HE3aBHCHMBIMH H
OJIHHAKOBO pacnpefleleHHBIMH ITOJIOKHTEeJbHBIMH CJyYaHHBIMH BeJIH-
ypHaMu ¢ QyHkuuei pacunpenenenus P {x, <<x}= H(x). Onu He 3aBH-
CAT OT MOMeHTOB npuOhTHst TpebGoBauui. Ilpubop 3aHAT, ecJH
B cHcTeMe ecThb IO Kpajineil Mepe omHo Tpe6GoBaHHe.

ITosoxkuM .
p(s)= [ e=*dH (x) (43)
npu Re(s)>=0 (;
a= j x dH (%) (44)
] ) ¢
=J‘ x—a)ldH (x), (45)
; ,

€CJIH COOTBETCTBYIOUIHE HHTErPAJH CXOASATCS.
O6o3HaunM uepes % (4) cyMMy BpeMeHH 00CJIYyKHBAHHA Beex TpeGo-

Banuii, mocrynuBlinx B uHTepBase BpeMenu (0, z]. Torma {x(u),

0 <<u < o0} — cTOXAacTHYECKUH NpOLEecC CO CTALHOHAPHBIMH HE3aBHCH-

MBIMH IPHPALIEHHAMH. DTO 0O6OOIIeHHBHIH INyaCCOHOBCKHH IIpolecc.
Hauaee,

[+ ] A n
Pl <x=Y e g (), (46)
n=0
rae H,(x) o6osHauaer n-KpaTHyw ceeptky GyHKuuuH H(x); Hy(x)=1
npu x>0 u Hy(x)=0 npu x<0. Kpome Toro,
E{e~st @} = g=u®(s) 47)

nasa Re(s)= 0, rae
D(s)=A[1 = (s)], (48)
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Hp=0" (+0)=2a, o’ =—@" (+0)=1 (a®+ o2). Jas HaxoxIeHus
pacnpejiesieHH# M AaCHMMOTOTHYECKMX paclpefeseHH#t BeauunH 1) (f),
a(t), B(8), 6, r=0,1,2,...) MOKHO NPHMEHWTb TEOPEMBl 3TOTO
naparpada.
B uvactroctd, npu Aa <<l npefesbHOe pacHpefieieHHE BUPTYAJb-
HOTO BPEMEHH OXHIAHHS
Hm P{n() < xj= P{ sup [x()~ul<x=W (x) (49)

Ku<oo
paBHO

oo

Q(s)= f e=st AW (x) =

0

1 —Aa
-2 122 0

ans Re(s)>0. Ecan Aa>1, 1o W(x)=0 g/1a Bcex x.

Popmuyra Illoasuexa — Xunuuna. TlycTs B npeibiayuieM mpuMepe
TpeGoBaHus OOGCAYKHBAIOTCS B MOPSAKE NOCTyMJeHHs. OG0O3HAUMM
uyepes 1N, £=1, 2, ..., BpeMs OXHI4HUH A-TO TPeGOBAHUT W WOJO-
®uM my=n(0). B 1932 r. A. §. Xunuur [42] nokasaa, uro
lim P{n,<x}=W(x) npu Aa<l, a npeo6pasopanne Jlamiaca —
n-»oc )

Crunbtheca Qynruun W (x) onpenedsierest mo dopmyae (50). B 1930 r.
[Monsuex [53] pacemorpen mpouece o6pasoBaHHs oOuepend, B KOTO-
poM n TpeGoBamuil nocrynapoT B HHTepBase (0, f) Takum o6pasom,
4YTO BpPEMEHa MeXJy HX MOCTYIJCHHUAMH SBJAAIOTCH B3aMMHO He3aBH-
CHMBIMH M OJHHAKOBO pacnpeieseHHBIMH CJAYYAHHEIMH BeJIHUHHAMY.
OH nawes pacmpefeseHHe BPeMEHH OXHIAHHs CJaydaiiHo BLHIGHpae-
MOro TpeGOBaHHS B IPEINOJNOKEHHH, UYTO TPeGOBAHUS 06CaY KHBAIOTCS
€/IHHCTBEHHBIM IPHGOPOM B NMOPAAKE IOCTYIJICHHS, a2 BpeMeHa o6cJy-
XKHBAHHS ABJSIOTCA B3AHMHO HE3aBHCHMBIMH H OJHHAKOBO paclpe-
AEJCHHBIMH CJyYaHHBIMH BeJHYHHAMH C GyHKUMeH pacmpeeseHHs
H (x) u He 3aBHCAT OT MOMEHTOB NOCTYIJIEHHs TpeGoBaHmui. IloJsuek
0GHapYXuJs, yTo npu Aa <1 u n—> oo, { — oo TaK, uto nft — A, QyHK-
LMsi pacnpeje/leHHs] BpeMEeHH OXKHMIAHHs CJAy4YaiHo BHIGPaHHOTO TPeGo-
Banus cTpeMutca K W (x). IIpu srom W (x) uMeer npeo6pasosanme
Jlanaaca — Cruasteeca (50).

- Tenepp mokaxem, uTO He3aBHCHMO OT pacmpeje/eHHs CJaydaii-
HOI BesmuuHh % (0) B

lim P, <x}=P{ sup [x(u)—u]<x} (51)
n—yoo Iu<oo

M JajnuM, TakuM o06pa3oM, HOBOe JAOKAa3aTeJbCTBO pesyJabrata Iloss-
ueka — XunuuHa. HHTepecHo oTMeTHTB, uTO Qopmyny (50) Takxe
nonyunn B 1930 r. Kpamep [16] B cBs3u ¢ oxHOH 3amauell crpaxo-
BAHHUA.

Hoxraxem papencTBo (51). OGO3HAUAM UYEPE3 - Ty, Toy «vvy Tpy oo e
MOMEHTHI mocTynJ/ienus Tpedosanuit. Toraa v,— 7, (r=1,2, ..., 1,=0)
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6yoyT B3aMMHO HE3aBHCHMBIMM H OJHMHAKOBO pacmpefeleHHHIMH CJy-
yafiHHIMH BeJHUYHHAMH ¢ (yHRuuel pacnpegesenusi F(rx)=1—~e=*,
x>=0. QueBugHo, 4TO

sup [x @) —ul= sup [x(v,+0)—7]= sup (+ ... +%—7)
oSy <oo 0<r<oo 0

Sr<o
(52)
ITokaxkeMm, 4TO
lim Pfn, <x}=P{ sup (g +...+%—7)<<xh (53)
n->oo 0{r<<oo .
oTciona U 6yjeT clenosaTh paseHcTBO (bI).
Ciyuafiuble BeJIHUHHBL Ty, Mip «- .5 My - .. YAOBJICTBOPAIOT PEKyp-
PEHTHOMY COOTHOLIEHHIO
' Nn+1 = [’nn + %n— (Tn - Tn—l)]+ (54)
aag n=0, 1,2, ..., oTkyZa

N+ = Max [0: Xn—(Tn_Tn-l)a Xn—l+Xn—(Tn_Tn—2)s s )
cenn Kot oo FU = (T =), Ut e K= (T — 1) + 1] (B5)

Ecaun B QopmyJse (5D) 3aMEHHUTb Yu, Yn—1r -+ o> %1 HA %y A2> - s An
H (Tp—Tac1)y (Tn—Tn—2)s - -, ("cn—rg) HA T, Tg, ..., T, COOTBET-
CTBEHHO, TO MOJYYHTCSI HOBas CJaydyaliHas BeJHYHHA C TeM e pac-
npepenenueM, uto u (55). ITostomy

P{nn+1<x}=P{maX(0, =T X FAe— Tz o oo
B v Xt s F a1 = Tamn Nt e F A= Tat ) S2)L (56)

Ecam mu B (56) ycTpeMuM # K o, TO HOJyuuM (53) HE3aBHCHMO OT
pacnpejeseHUs] BeJHUHHH 1)y JloKa3aTeJbCTBO 3aKOHYEHO.

(ii) PaccmoTpuM mpeabAyuHA NPHUMEP, HO Temeph NycTbh Tpebo-
BaHHUA IOCTYyNalT Ha obcayxuBamue B uuTepsase Bpemenu (0, oo)
no 3akony IlyaccoHa ¢ HMHTEHCHBHOCTbIO A HAPTHAMH CJAYYaHHOTO
o6bveMa. IlpeanmosoxuM, 4YTO pasMepbl NapTHH ABJAIOTCSI B3aHMHO
He3aBHCUMBIMH U OJHMHAKOBO paclpe/e/eHHBIMH CJAYYaUHBIMH BeJH-
YUHAMH, He 3aBUCAL[AMH OT MOMEHTOB nocTynjenud. OO603HauuM
uepes p;, j=1, 2, ..., BEPOATHOCTb TOrO, 4TO MAPTHsS COCTOUT H3 |
TpeGOBaHHUH, H NMOJOXKHUM

p()= 12':1 p,-zj. 7

Ecau uepes y (1) 0603HaUUTL CYMMYy BpeMeH 0GCIyXKHBaHHA Tpe6o-
Bauuii, nocrynawoiux B nHTepBaJe (0, u], To {y (1), 0 <<Tu < oo} Gyner
CTOXACTHYECKHM IPOLECCOM CO CTAIHOHAPHBIMH HE3ABHCHMBIMH IPH-
pamenusiMH. DT0 06001eHHb nyaccoHoBckui nponece. Ilpu Re (s)=>0

E {e-—sx(u)} = e—utD (s)’ (58)
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rane

O(s)=a[1—p@p(s))] - (59)
Kpome Toro, _
p=Aa ,§1 in; (60)
H
o’ =102 lep,-+7»a2 2 °p; (61)
i= i=1

3nast pacnpenenenne nas y(u), 0 <<u < 0o, MOKHO ¢ TIOMOMUIBIO
TeopeM 3Toro naparpada HalTH pacnpefieJieHHS H aCHMITOTHUECKHE
pacmpenenennsn BequuuH (¢), a(f), p(f), 6, (r=0, 1, 2, ...).

( NMpouecc W’

PacemorpuM mpomecc o6pasoBamus ouepenn W' ={Mm(0); % (w),
0<Cu < oo}, BBeniennbii B § 27. Byzem cunrath, uTo i (1), 0<Cu < oo}—
ABokCTBeHHBI npouece 1 {x (1), 0 <Cu < o0}, rre {x (1), 0 <<u< co}—
cenapabeqbHBI CAydaliHBIE mpolece JHGO ¢ nepecTaBJ/IsIeMBEIMH TIPH-
PalleHHsAMH, JTHGO CO CTALHOHADHBIMH HE3ABHCHMEIMH TIPHPAILEHUSMH,
4 IOYTH BCE €ro BHIGOPOUHblE GYHKUHMH SIBASIOTCA HeyGHIBAOIIHMH
CTYyNEHYATHIMH (YHKLHAMHU, 06PAMIAOIUMHCS B HYJIb NMPH 4 = 0,

Meu 6ynem HcKaTh pacrnpefiesleHHsT M ACHMIOTOTHYECKHE pacnpene-
JeHAS BeHUnH N' (), o’ (¢), p*(f) mns t>0 u 6 gna r=0, 1, 2, ....
OTH cayvaliHEle BEJHYHHBL TOJHOCTBIO ONpEAEISIOTCH 3a1aHUeM npo-
uecca W* wan W. Ias npomecca W pacmnpenesieHHst CAYUYAHHBIX Be-
JaudH N (f), a(f), B(¢), O, yxke GbIH HafNeHH B 5TOM naparpade.
Mer cBelleM 3a7auy HAXOXIEHHSI pacHpefe/eHHH BeJHUHH a' (t), ()
M 0] K HAXOXKIEHHIO PACIpPELeNeHHS BeJTHYHHHI n(t).

Bepositnoers P{B" () <x}=P{a' () =t —x} nas 0<<x <! Bhuuc-
JISIETCS1 B CJefyolIell TeopeMe.

Teopema 8. Ecau {y(n), 0<Su<oo)— npoyecc ¢ nepecrasise-
MOLMU BPUPAUEHUIMU, TO

PEO<t+cin0=cd=Px(x)>8+
+ ” ("—:—;-)dydzl’{x(y)<y+t—x, 1) Sz+i-x) (62)

X
O<y<a<x

Oan 0<Cx<t—e.

OdokasarteabcTBo. B cuay (2)

PRO<x+cn0)=c)= , ,
=P{{' (@) Su+x—t x1a wekotoporo u &[0, 7).  (63)
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Torza u3 dopmyan (2) § 18 caexyer, uto
PRO<x+cin0)=c=
=Py >u+t—x naa nekoroporo u &[0, xJ}=
=1-Plw)—u<t—x g 0SKu<x), (64)
a mpaByl0 YacTb MOMKHO HaHTH 1o dopmyJe (1).§ 15. Teopema po-
KasaHa.
ITpexcTaBJ/isieT HHTePeC TaKXKe COOTHOUICHHE
P ()<x+cn@=c=1-P(x)<t—xn(0)=0} (65)
surekawouee u3 (15) u (64). '

Teopema 9. Ecau {x(u), 0<<u<oo}—npoyecc co crayuownap-
HbIMU HE3QBUCUMbBIMU NPUPAULCHUAMU, 0> I u 0<o?< o0, TO He-
sasucumo or pacnpedesenusn seauuurst n(0)

¢
g* () —— .
i R - (66)
tl_l)rg> P { Vi < x } D (x).
JlokxasareabCTBO. Umeem
B () =n(0) +x (&) =" (D), (67)

rae n' (f) onmpenesfeTcs COOTHOLIEHHEM (1), B KOTOPOM HaJ0 3aMEHHUTHb
x (1) na ¥’ (u). s dopmynsl (2) § 18 mosyuaem, uTO ~

Py 1<xs}=P{x(x)>1 (68)
qst Beex #3201 x>0, Tenepsb Jerko 10Kasarh (HCIOML3YS (30)), uro
: ¥ () —¢t/p -
Tak xak lim y(f)/t =p 10 BepPOSTHOCTH, TO
t> o0
N AR () N
tl_l_)ﬂ; t P (70)

ao BepositHOCTH. OTCI0NA C/IeNIyeT, UTO eI P > 1, T0 tlim n' O/ VE=0
> 00

no BepoaTHOCTH. OUEBHAHO, HYTO limn(O)/ Vit =0 mno BepoATHOCTH.
t>

[MosToMy npH p > | BeMTHUHHB B*(f) m () MMeOT ONUHAKOBHIE ACHMII-
ToTHUeCKHe pacnpejesenia npu f—»co. Teopema nokasana.

3ameuanune. Ilyerb {x(x), 0 <Cu < oo} —o0B00IEeHHb} Myacco-
HOBCKHME Tpollecc, OMpe/ieJisieMblii COOTHOIICHHEM (32), npuuem nus
uero sepuo (33). Toraa, ucnoabsys (68), MOXKHO 70Ka3aTth, 4YToO

. i () =t
Im{ s x| =1- 0=
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_Ecan p>1, 10 §'(f) m ¥’ (f) mMelOT OQMHAKOBLIE ACHMITOTHUECKUE
pacnpeneJseHus npu f-» oo,

Teopema 10. Ecau {x(u), 0 <<u<oo}—npoyecc ¢ nepecrasise-
MOLMU MPUPAUEHUAMU, TO _
Ploo<<t+cin@=cl=Piy#)>t+c)+

+ [[ (EadPu@<p+e rr<z+a (1)
O<yKat

Ora tZ=20u ¢>=0. Ecau 6 (72) ¢=0, 10

t

Plo<tn@=0=1-[(1-4)4,p 1)<y (73)
0

HorasateabcTBO. B cuay (4)

| {G;<t+cln(0)=c} =Py wW<u—c nas Hekotoporo u &[0, ¢ +c]}.
(74)

Orcrona u us (2) § 18
P {6, <¢ +c|n(0)=¢} = P{x(«)>u+c nas nekoroporo u < [0, t]}=
=1-Plw—u<c nma 0<u<t), (75)

BEPOATHOCTL B NpPaBoH uacTH MOXKHO Hafita mo Qopmy.ae (1) § 15.
Ipu ¢=0 (75) caexyer us (3) § 15.
Cpasnuas (64) u (75), noayuaem, uto a1 ¢>0

Ploo<<t+cln(@)=c} =P (8"t +0) <tIn(0) =0}, (76)
- @ TIpaByio uacTb onpeenseM no ¢opmysre (62). Orciona caenyer (72).
ITpencraBnsier nntepec TakKe COOTHOMIEHHE
Plos<t+cin(0)=c)=1=P{m(®) <cln(0)=0} (77)
mpu ¢ 2=0. Ono Bhitekaer us (1) u (75).

Teopewma 11. MMyers {y(u), 0<u< co}— npoyecc co crayuonap-
HoLMu Hesasucumoimu npupawenusnu. Tozda dan ¢ >0 '

P{os<oon(0)=cl=1-W() (78)

20e W (x) onpedesserca s reopeme 2 0an o<1 u W(x)=0 npu
p=1.

Hoxazareancrro. Coraacuo (75),
Pllo<ooln@=c)=1=P{sup hw-u<a,  (79)
ISu<e
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a TpaByl0 YacTh MOXKHO mnoayuutsh H3 TeopeMmbl 2. Ecau p<1, TO
W(c)>0 nast ¢=0, a ecin p=1, o W(c)=0 aas ¢=0.

[Tpumep. Ilycts B unreppane Bpemenu [0, oo) TpeGoBaHus mo-
CTyNal0T B MOMEHTBl Tj, T[, «..y T,, ..., TAe To=01u T,—7/,,
r=1, 2, ...,—B3aUMHO He3aBUCHMBle OJNHAKOBO pacipeleneHHbIe
[OJIOKHUTENbHBE CJayualiHele BeJWYHHBl ¢ (QYHKIUeH pacnpejneseHHs

P {r; -1, <x} = F(x). TpeGoBauus o0CIyKHBAIOTCS €IHHCTBEHHBIM

npubopoMm, HauMHAOIIMM paGorath B MoMeHT u=0. ITycts 1(0) —
HAYaJbHOE BpEMs  3aHATOCTH mpubopa. BpeMeHa obcayxuBaHHA
X1s Ags =+ Xp» -+« SIBJSIIOTCS B3aHMHO HE3aBHCHMBIMH H OJHHAKOBO

pacupele/ieHHBIME CJAYYafHBIMH BeJHUMHAMH ¢ QYHKIMeH pacmpefe-
genust H(x)=1—e " (x>0); oHu He 3aBHCAT OT MOMEHTOB MOCTYI-
Jenusi TpeGoBauuii. OGcayXuBalomWnil NpuGOp 3aHAT, €CJaH B CHCTEME
ecTb mo Kpaiineit mepe omuo TtpeGoBanue. OGosznauuMm uepes Y (¢)
HOJIHOe BpeMsi OO0CJHYXKMBaHUA TpeGOBaHUH, MOCTYHAKINX B HHTEp-
BaJje [0, u]. Torza npouecc W’ ={n(0); % (u), 0 <Cu< oo} Gymer 06-
patueiM 1as mpouecca W ={n(0); x(u), 0 <Cu < oo}, onpenensieMoro
caenyomuM crnoco6om. B untepsase Bpemenu (0, oo) TpeGoBanust mo-
CTYHanT B Ouepe]b, MOAUHHASCH NYACCOHOBCKOMY INpPONECCY ¢ HHTEH-
CHBHOCTbIO W. TpeGoBanus o6CaAyKHBAIOTCS €AUHCTBEHHHIM NPUGOPOM,
HauuHAwIMUM pabdorats B MoMeHT u = (0. HavasbHoe BpeM$ 3aHSITOCTH
tipuGopa paeuo 1(0). Bpemena o6cayXKHUBaHHS SBJAIOTCA B3aMMHO
HEe3aBUCHMEIMH H OJHHAKOBO PaCIpeleseHHBIMH CJAyuYafiHEIMH BEJHYH-
HaMH ¢ Qyakuued pacnpefesnenust F(x), He  3aBHCANIMMH OT MO-
MeHTOB mnocrymseHus. Huaue rosopst, W’ —npouece, - o6paTHHI
K W={n(0); x(u) 0<<u<<oo), rae {y(u), O<u<oo}—-0606meHHbm
IyaCCOHOBCKHH MpPOLeCe, AJs KOTOPOro

Pl <= Y emi B £, ) (80)

3necy F,(x) o6osnauaer n-kparuyio ceeptky ¢yukuuu F(x); Fy(x)=1
TIpH x>0 u Fy(x)=0 opu x<O0.

,Zlm{ o6parnoro npouecca W’ oGosnaunm uepes 1 (¢), o’ (¢), p’ (¢), 6/
Te e caydalfiHple BeJquuMHH, yTo H N (f), «(f), (), O, mas mpo-
necca W. Ecan W* —lIBOI/ICTBeHHbII/I npouecc gasg W, To 6yﬂ.eM 0603-
HauaTb uepes 1’ (¢), o (), p"(¢), COOTBeTCTBYIOHJ,He cJayuyafinble Be-

Juuunb gasa W', Torga Jerko BHAeTb YTO o (t)—a ), p (t) B (f) u
9, = 6;. Pacnpesiesienns cayuafinbix Beqnuut o (), p*(¢) u 6, HaHILeHbI

B 3ToM maparpade. Ilaa npuMeHeHus o6IIHX TeopeM BBeAEM caesylo-
l.u,ue 0003HaYeHH:

oo

o(s)= [ e=svdF (5} @1)

.0
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masa Re(s) =0,
b= j x dF (x) (82)
0

62 = j (x — bR dF (x), (83)
0

ecjim HHTerpanbl B 3THX QopMyJax c‘xoﬁmca. Tornma
D(s)=pll = )] (84)
iipn Re(s)=>0, p='(+0)=pb u o=~ O”(+0) =p (b +03),

§ 30. 3AJAYH

1. B nutepsasie Bpemenn (0, oo) TpeGoBaHUS MOCTYmaloT B Ouepess B COOTBET-
CTBHH C NYAaCCOHOBCKHM MPOLECCOM C HHTEHCHBHOCTbIO A. MX ofcilyxuBaer enuu-
CTBeHHBIH NPHGOD, HAauHHAIOWIMA paboTaTh B MoOMeHT # = 0. BpemeHna ofcayxkupaHus
%> Xz> -++> A --- ABJAIOTCA B3aHMHO HE3ABHCHMLIMH OJXMHAKOBO paclpeneseHHBMH
HOJIOXKUTEJbHEIMH CIYyYaHHEIMH BeJMUMHAMH C QYHKIHeH pacnpenenenus P {y, < x}=
= H (x). OHy He 3aBHCAT OT MOMEHTOB [OCTYiJeHust TpeGopaHui. OGCIIy K HBAIOUIHI
npu6op 3aHAT, €CJIM B CHCTeMe ecTb XOTsd GH 0fHO TpeGoBanue, HaflTu BepoaTHOCTD
G, (x) Toro, uro mnepHoi 3aHATOCTH (OTJIHUHEIA OT HAYaJLHOIO HEPHOAR) COCTOHT
H3 n OOCHYyXHUBAHHA H er0 JJHTE/BHOCTb He NPEBOCXOJHT X. g

2, B ycnoBuax 3ajaur | NpennoJoxuM, YTO HAaYaJbHOE BPEMsi 3aHATOCTH IpH-

6opa {, paBuo i1, Hafitu BeposTHOCTD fo) (x) Toro, uTo Ha4aJbHHIA MEPHOX 3a»

HATOCTH COCTOAT H3 £ OGCAYKHMBAaHHH M €ro JJHTEJbHOCTh HE HPEBOCXOITHUT X.

3. B ycuoBusx 3ajaud | mpeANoOJOXKHM, UTO HadyaibHaf HJuHA oyepenu 1 (0)
paBHa ¢ >0. Haiitu BepostHocTs Gy (x| ¢) TOro, uTO HaYaJbHEIA NEPHOA 3aHATOCTH
COCTOHT H3 7 OOCJYKHBaHHH H €ro MJHTEe/bHOCTh H2 IPEBOCXOAHT X,

4. B ycanoBuax 3agayn 1 oGosHauum uepes G (x) BeposiTHICTB TOrO, 4TO AJH-
TeJBHOCTb NIepHOJAa 3aHATOCTH (OTJHUHOLG OT HAaYaJsHOrO) He MPeBOCXOAMT x. Haiitn
MoMeHTH OGyHKIHH G (x).

5, B ycaosuax 3sazaud | nmycte m(f) — BHPTyansHOe BPEMSt OXKHIAHHS B MO+
ment f. HafiT cTannonmaproe pacnpejeJieHHe BeJHYHHH 1) (!) H €FO MOMEHTHL.

6. B ycnoBuax sajaun 1 o6o3HaunM depe3 &, AJHHY OYepeM HeNOCpeNCTBEHHO
nepen NOCTyHJeHHeM n-r0 TpeGoBaHHd. HafiTH cTalMOHapHOe pacupejfiejeHHe BEJH-
YHHBL E; H €70 MOMEHTHL

7. B ychaoBusx 3amaun 1 oGosznauum depe3 & (f) miuHy ouepedHm B MoMeHT £,
HafitTu crauuoHaproe pacupenelieHne BequuuHs E (2). .

8. B ycaoBHAx 3anau 1 IpefNOJIOKHM, UTO HavualbHOE BPeMsi 3aHSTOCTH NpHs
6opa 1 (0) paBHo ¢. Ilycts 1 (f) — BHPTya/bHOE BPeMs OXHIAHHS B MOMeHT f. Hafitn
Pn()<x|n(0)=c)

9. B ycuoBHsxX 3ajaud | mpeanosioHM, YTO TPeGOBaHHS OGCJYKHBAIOTCS B IO+
panke noctynienus. [IycTb 1, -— BpeMst OXHAaHHS n-ro TpeGoBanus. HaliTu mpe-
JiesibHOe paclpefelieRHe BEJHYHHB 1), NIPH 7 —> 0,

10. B unteppase spemenu [0,7] B ouepens moctymawt n TpeGoBaHuil. MoMenTH .
HNOCTYIVIEHUs] SABJAIOTCA B3aHMHO HE3aBHCHMBIMH CJAYYafiHHIMH BEJHYHHAMH, PABHO-
mepHO pacnpernesenHsiMH Ha [0, T]. TpeGosanusi o6cayxuBaeT OXHH mpuop. Bpe-
MeHa OGCJYXHBAHHS — B3aHMHO He3aBHCHMblE M OJZHHAKOBO pacIpelesleHHHI2 CJay-
-gafiHple BeJMYHHH ¢ ynknueil pacnpenedenus P {y,<Cx}=H (x). Oun He 3aBucAT
OT MOMEHTOB MOCTymJaeHHS TpebGoBauuil, [IpuGop 3aHAT, ecH B CHCTEMe €CTb XOTH
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6u ofHO TpeGopanme. HaliTu pacmpejesieHiHe BHPTYAJLHOTO BPeMeHH OXHIaHHA 1 (¢)
B MoMeHT 1 (0 <1< T),
11, B wuurepsane Bpemend [0, oo] TpeGOBaHHS IOCTYNAIOT B MOMEHTH
4 4 4 4 ’
Tgr Tps ++v» Tps ovoy PHE Tg=0, a TPOMEXRYTKH T, —T,_;, r=1, 2, ..., MeXIy MO~
MEHTAMHM MNOCTYNJIEHHS TPEGOBAHHI SBJSIOTCH B3aHMHO HE3aBHCHMHIMH OJHHAKOBO

pacnpelieJIeHHHMH [OJIOKHTEeNLHEIMHE CAYYaliHBIMH BeJIHYMHAMU ¢ QyHKnuedl pacnpes
4 ’
‘neyeHuss P {17, —-T_ 1= x} = F (x). TpeGoranusi 06CIYKHBAOTCH €IUHCTBEHHLIM IPHU-

Gopom. BpeMmena o6cayxHUBaHHA x;, x;, ceny X;—B3aHMHO He3aBHCHMble H OJHHa<
KOBO pachpelesieHHBe CJydafiHple BeJHUMHH ¢ (yHKIHell pacupefetenus H (x)=
=1—e ™ (x>0). Oun He 3aBUCAT OT MOMEHTOB IOCTYIJeHHA TpeGomauuit. IIpu-
6Op 3aHAT, €CJH B CHCTEMe ecTh XOTst Obf OJHO TpeSoBaHHe. [/MHa oOuepelH Hero-
CpeNCTBEHHO mepel MoOMeHTOM u4=0 paBHa Hymo. HaliTH BepoSTHOCTB TOrO, 4TO
HayaJbHLIE NEePHOJ 3aHATOCTH NPHOGOpA COCTOHT H3 n OBCIYXHBAaHHK, a TaKXKe Ber
POATHOCTb TOTO,” YTO IJIHTENBHOCTb HAUaJbHOTO IIePHOMA 3aHATOCTH HE IPEBOCXO-
JUT X.

12. ITyets B yeaoBusax 3afawd 11 jpaumHa ouepenn L, HENOCPEACTBEHHO Hepex
momentoM u# =0 paBna i{. Hafitu BeposiTHOCTs TOro, UTO AJHTEJHHOCTE HaYaJhHOTO
IepHOJA 3aHATOCTH NPHGOpDA He NPEBOCXQIHUT X.
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Fnasa 6
ITPOIECCHhl XPAHEHHA H CO3JJAHHA 3ANACOB

§ 31. MPOLECCHI XPAHEHUS U CO3JAHHUS 3ANACOB

. MuunuaropoM mMaTeMaTHYeCKHX HCCJAeLOBAHUN B TeOPHH XPaHHUJHII,
Benymuxca ¢ 1950 r., 6uta Mopan [21 —23]. IIpu mpoekTHPOBAHHH
XPAHUJHUIL HJIH DPe3ePByapoB HEOOXOJHMO B3HAHHE MareMaTHYECKHX
3aKOHOB, YIPaBJAAOMAX QAYKTYaLHAMH COAEPKUMOr0 XPAHUJIHINA HIH
pesepByapa. Hanpumep, pu CTPOMTEILCTBE ATOMHOTO peakTopa Heoo-
XOJHMO MPHHATh BO BHHMAaHHe, YTO YCTAHOBKA HYXJaeTcs B rpoMan-
HOM KOJIMYeCTBe BOJBl JJs OXJAXKIEHHS KoHIeHcaTopos. IlycTh 9TO
KOJIHUECTBO, KOTOPOE MOXKET MOXOIHTH A0 MHOIHX MHJLIHOHOB raJjJo-
HOB BOABI B Yac, a TaKXe MNpejloJaraeMblil IPHTOK BOJAbl H3BECTHBHI.
Torpa 3ajaua COCTOMT B ONpeleseHHMH €MKOCTH pesepByapa, KOTO-
pbIi ¢cMOr Obl IOCTOSIHHO YJOBJIETBODPSATb 3THM TPeGOBaHHSIM C BHICO-
KOH BepPOATHOCTBIO.

B paipHefiiieM MBI 3afiMeMCsl HCCJIeJOBAHHEM 3aKOHOB, KOTOPHIM
HOMUHHSAIOTCA cayyalible GJYKTyaluH COJAEPXKHMOr0 XpaHHUJHINA NPH
H3BECTHBIX CTOXACTHYeCKMX CBORCTBAX BXoZa. Mel paccMOTpPHM pas-
JHYHEIE MaTeMaTHYeCKHe MOJeJH, ONUCHBAIINME pe3epByapsl Kak
KOHeuHO#, TaK H GecKOHeuHoH eMKocTH. Mel 6yfeM TrOBODHTb O BOMO-
XPaHHJHI[AX, HO TaKHe e pe3yJbTaThl CHpPaBeNJIHBH H LJs1 OOWHX
[POIleCcCOB CO3faHus 3anacoB. [IpH sTOM colepKHMOe XPaHHJHING
COOTBETCTBYEeT 00BeMy 3amacoB. PaccmaTpHBaeMble HMXKe CJyuaH, rie
COJEPKUMOE FIBJSIETCS HENpPEePHIBHOH BeJHMYHHOH, COOTBETCTBYIOT, Ha-
mpHMep, CcJyd4asM XpaHeHHs BOXH (pe3epByaphi, BOJLOXDaHHJHILA),
APYTHX XKHUAKOCTefi MM rasa. ByayT Takxke paccMOTpeHbl cJayuad,
rie CoAepKHMOe SIBJseTC AUCKPeTHOH BEJMUYMHOH; HAmpUMep, YHCJIO
eJHHHIl HEKOTOPOro TOBapa Ha CKJale.

§ 32. ®JYKTYALLHH COOEP)XHUMOI'O BOJOXPAHHJINIIA
BECKOHEYHOH EMKOCTH

PaccMOTpHM CJEYIOLIYI0 MaTeMaTHUYECKYI0 MOJe/b OGeCKOHEUHBIX
Bofoxpanuauil. B uutepsasne Bpemenu (0, o) Bona BTeKaeT B BOJO-
xpanuauuie (pesepsyap). ITycTe % (u)— noJHOE KOJIHYECTBO BOAHI, BTe-
Kamooliee B BofoxpanuJuine B uxtepsase Bpemenu (0, u]. O6osnauum
uepes () moJHBIA cnpoc Ha BoAy B HuTepBaJe BpeMenu (0, u]. Cnpoc
YAOBJIETBOPSIETCS], €CJIH B pe3epByape JOCTATOYHOE KOJHUECTBO BOJBI;
€CJIH e BOJB B pe3epByape HEAOCTATOYHO, TO PA3HHMLA NOKPHIBAETCS
3a cueT JAPYruX HcTOuHHKOB. IlosoxuM g (u)=%(u)—06(u). Ecau
1(0) — nayasbHOE COZEPXKHMOE pesepByapa, TO COAEPKHMOe B MO-
MeHT { paBHO ‘

N =supm@+i@un @) -t 0<u<<t} (1)
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10 MOXKHO npoBepuTh Tak. Ecan B uutepsase (0, {] ue Tpebyercs
JIOTIOJIHUTENBHON BOJH 1) IJii yIOBJAETBOPEHHS MOTpeGuTe s, To 1 (f) =
=n(0)+¢(¢), u ¢popmyaa (1) sepua. ITycts B untepsasne (0, {] Tpe-
OyioTcs JONMOJIHUTEJbHBIE HCTOUHHKH BOJBI, NPHUEM # — MOCJeJHHH
MOMEHT BpEMEHH, KOorja OHu Hcmoabsylorcsd. Muaue rosopsa, u =
=sup{o: n(v)=0 u 0Lo<Ct}. Torma n(H)={(H)~L(w), u dop-
myna (1) Takxe Bepua. OOInee KOJHYECTBO AONOJHHTEJIbHOH BOJHI,
HeoGxoxuMo# B uuTepBaJe [0, ¢], paBHo

a(f)=sup{0 u ~n0)—Z() ma 0<Tu <1} (2)
OueBUIHO, UTO

n(#) =1(0)+ () +a (). (3)

Onpepnenaum 6, Kak MomeHT BpeMenu B untepBase (0, 00) Korza Jo-
HOJHHTeNbHAs BORA TpeGyeTcs BlepBHE, T. €.

0, = inf {u: M(0) +2 () <0 1 0 <u << o) )

H 0y=o00, ecau n(0)+Z(u)>0 nns Bcex u_=>=0.

Bo MHOrHX Npu/oxkeHHsX GyHKOHUS crpoca §(u) aunefino 3aBUCHT
OT u, ¥ NPHU COOTBETCTBYIOLIeH HOPMHDOBKe ee MOKHO 33/4aTh B BHJE
d(u)=u npu 0 <Lu<oo.

Eciu g (1), 0 << u < oo, — HeyGuIBawOIas CTyneHyaTast GyHKuus, s
xkotopo#t %(0)=0, a d(u)y=u mpn OCu< oo, TO aff) ecTh mOJHOE
BpeMmst B uHTepBaJse [0, ], B TeueHHe KOTOpOro pe3epByap IycCT,
a 0, — MOMEHT BDeMeHH, KOTJla pe3epByap BIEpBHE ONYCTeJ.

[Myers sm6o nputok Boxel {x(u), 0 <Cu< oo}, aubo cupoc {6(u),
0 <Cu< oo}, mubo onu 06a SABJSIOTCA CAYUANHBIMH IPOIlECCAMH, KOTO-
pele MBI GymeM mpeamoJarath cenapabennubimu. Torma m (£)(0<Ct << 00),
a(t) (0Lt <oo) mn B 6ynyT cayuaifHHIMH BeHYHHaAMu. Hama ness —
HaHTH paclpejeseHHe BeJHUYHHBI 0; M CTOXAcTHYeCKMe 3aKOHBHI, yIpa-
Basiomue npoueccamu {n(f), 0 <Ct<oo} u {u(f), 0 <<t < 0},

3aMeTHM, UYTO BCerga BHIMOJHSIIOTCA CJeAyIolnre COOTHOLUEHHS.
Econ ¢ =01 0<x <Y, TO

Pla(t) > x[n(0)=c}=P {0, <t |n(0)=c+ x}. (5)
Beam ¢ 20w £>0, 10
Plo(t)=0In(0)=c}=P {0, =£|n(0)=c)}. (6)

DTH paBeHCTBA HEMEAJEHHO CJELYIOT U3 (2)'1/1 (4).

3amMeuanne. B BaxXHOM 4acTHOM cJaydae, Koraa & (u)=u Aas
Beex u =0, ¢dyugkuun n(f), a(f) u 8, sasucar or umpuroka {y (),
0 <Cu << oo} TouHO TaK XKe, KAK BHUPTYaJbHOE BpeMd OKHIAHHA B MO-
MeHT £, moJjHoe BpeMs OesneificTBus ‘npubopa B uuTepBajse (0, f) u
ANWTeNIbHOCTh HAUAJBHOIO NEPHOLA 3aAHATOCTH 3aBHCAT OT BXOja

1) To ecTb BOAH H3 APYrHX HCTOUHUKOB, — [lpun. ped.
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{x (1), 0 <Xu< oo} mas onpefeneHHoro B § 29 npouecca oGpa3ésanud
ouepenu. YiMeHHo mo 3TOH IpHUMHE MBI HCIOJIb3YeM B 3TOM mnapa-
rpacde aHajoruunbie 0003HAUEHHS.

" Jlanee Mbl YBHAHMM, YTO J0Ka3aHHBE B I, 2—4 ofuiue TeopeMbl
MOXKHO NPHMEHHTb H B TEOPUH BOAOXPAHHJMIL. MH- paccMOTPHM pas-
JIMUHBIE MaTeMaTHYecKHe - MOJe]H AJs NPOIeccOB XpaHeHHS M CO3Ja-
HUS 3a0AacOB H YKaXKeM, KaK 3TH OOLIHMe TeopeMbl NPHMEHSIOTCS AJs
uux. MaTemaTHuecKHe MOJEJIH MBI pasjejuM Ha JBa INIABHBIX THOA:
COOTBETCTBYIOIIHE AHCKPETHOMY IpPOLleCCY XPAHEHMs, KOTAa cayvaii-
HbBle BeJHUMHH (4), ©u =0, 1, 2, ..., IPHHEMAIOT TOJbKO LEJOUUCIEH-
Hble 3HAUEHHH, M OOIIEMy NpOUecCy XpaHeHHs, KOrja cJjydaiHbie
pesnnunHb (1), 0 <Cu < oo, mpHHHMAIOT JioOble BelleCTBeHHblE 3HAue-
HuS. MBl 6yleM mpeamoJiararh, 4TO HauaJbHOE COJEPXKHMOEe BOLOXpa-
uuanma M (0) 1 mporece {§(4), 0 <Cu < oo} B3aHMHO HE3ABHCHUMBI.

JlucKpeTHbIe MPOUECCH XPAHEHHS

(i) TTycrs HauaJbHOE COMEPKUMOE BOLOXPAHMJHIIA PABHO My, TAE
cayuafiHas BeJMUMHA T, TPUHAMAET JHIIL HEOTPHIATeJbHbie LeJble
snaueHHs. IIycThb KOJIMYECTBO BOMBI, BTEKAloOllee B BOJAOXPaHHJMIIE
B MoMeHTH r=1, 2, ..., paBHO v,, Vs, ... COOTBeTcTBeHHO. Ecay
BOMOXPAHHUJHIILE HEMYCTO, TO OTTOK BOJB OCYILECTBJSAETCS HENPEPHIBHO
¢ HOCTOSIHHOI eAuHHuHOH ckopocThio. [lonoxum N,=v,+ ... +v,
mas r=1, 2, ... 1 Ny=0. OGosnauuM uepes 1, COLEPKHMOE BOAO-
XPAHHJHAINA HENOCPeCTBEHHO Mocae MoMeHTa n. OGo3HaunM yepes 0y
MOMEHT BpPEMeHH, KOrja BOAOXPAaHHJHIE BIEpBBE ONmycTe/o, T. €.
HaHMeHbIllee W3 uHcesa r, Ais KoTopeix m,=0. KM naxoneu, mycTsb
a, —nosiHoe Bpems B mutepsane [0, n], xorna BojoxpaHuIMile MyCTO.

Torna y(u)=Nw, 0w =u u {(u)=Ny—u nna u=0. Kpome
toro, 1, =1N(n +0), a, =a(n), a 6, onpenensercsa GopmyJIoi (4). B saTom
caydae OyIeT PacCMaTPHBAThCS MPOLECC XPAHEHHS THIA

Q=g N, r=0,1, 2, ...1

AToT mpouecc XpaHeHns o6/1anaeT TOUHO TAKHUMH XKe CTOXaCTHYeCKHMH
CBONCTBAMH, UYTO M TIpolecc 06pasoBaHusi ouepeid Q, .BBEIEHHbIH
B § 27. 31ech 1, COOTBETCTBYET HAUANBHON JJHHE ouepelH Ly; 1, COOT-
BETCTBYeT IJHHE OYepefH [, HEMOCPEACTBEHHO MOCJ€e OKOHuaHHs 00-
CAYXUBAHUA 1-TO TPeGOBAaHHSA; &, HMEET OJHO H TO XKe 3HaueHHe A
060HX TpOIECCOB; B, COOTBETCTBYET Q,— uucJay TpeboBanui, oGcay-
JKEHHBIX B HAYaJbHBIEH TepPHOJ 3aHATOCTH.

ITpennosokuM, HUTO Vi, Vg, ..., V;, ... —JHO0 mepecTaBJsieMble
cayuafigble BeJMYMHH, NPHHHMAIOLIHE HEOTDPHIATE/]bHbIE IeJble 3HAYe-
HUs, JAn6O, B YACTHOCTH, B3aMMHO He3aBHCHMBIE H OJMHAKOBO pac-
npelesieHHbe cayyalinble BEMUAHBl, NPHHUMAIOIIHE HEOTPHLUATENbHBIE
yejble 3HAueHHs. Torja MOXKHO NPHMEHMTb Teopembl § 28 nas
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HAXOX/EHUsl pacnpelesleHHH H aCHMNTOTHYECKHX pacmpejliesleHHH Be-
JUUYAH 1,, 0, 1 8, Hmeem

P, <kln=B=P{N,<r+kaar=1,2 .. nuN,<ntk—i) (7)

npu i=0, 1, 2, ...,
Plo,>k—ilny=0=1-P{r—N;,<k pna r=0,1, ..., n—1} (8)
npu 0<Ci<<k<n u

Plog=nln=0=P{N,<r pnar=1,...,nu Ny,=n—1i (9)
npu i=1, 2, .... Tenepp Teopembl 1—6 § 28 npuMeHHMBI.

Teopembl § 28 MOXHO HCIO/L30BATh TAKKe I/ HAXOKIEHHA pac-
NpejieJIeHHit 1 aCHMITOTUYECKHX DpACIHpefiesieHHHl BEJHYHH m,, o, O,
€CJIM BMECTO NPeJbIAYIIEro caydas pacCMOTPeTh ciaydai ¢ §(u)=u— Ny,
npu u=0.

3aMeuanue. Ilyctb v}, v, ..., v, ... — (BOMCTBEHHAS NOCJe-

JOBATENbHOCTb [/ ONpPeNeNeHHOH BHIIE NOCAEA0BATENLHOCTH v,
* * *

Vg vvs Yy ooy HOYCTb No=w i+ ... +v, mpur=1, 2, ., ; N,=0.

ITponecc xpaHeHus
Q*={n0; N, r=01, 2, o]

r

06JafaeT TOYHO TAKMMH K€ CTOXACTHUECKHMH CBOHCTBAMH, KaK H

JBOHCTBEHHHIA mporece o6pasoBaHud ouepefim Q°, BBeIeHHBIH B § 27.
rry * * *

Curyuaiiuble Besnuunsl o, # 6; 11 Q" 0603HAUAKT TO XKe, UTO o, 10,

anst Q. Toraa pacnpejenenus BETHYHH o, M 0] MOXKHO NOJYYHTb C I[O-
Moulbio Teopem 8—11°§ 28.

(ii) Ilycte HavanbHBIE OGBEM 3aNMacoB Ha cKJade ONPeesseTcs
cayuafinod Besnnunno# 7(0), mpuHUMaIONEH HEOTPUIlATENbHBIE HeJble
sHavenHst. ITyets {f(u), 0 <u < oo} — cenapaGenbuslil cayvaiiueii nmpo-
nece JIHGO ¢ MepecTaBJAEMEIMH, JHG0, B YACTHOCTH, CO CTALHOHAD-
HBIMH He3aBHCHMbIMH mpHpamenusiMd. ITycte P{{(0)=0}=1 u Z(u)
OPHHHMAeT TOJIbKO LETOYHC/IeHHble 3HaueHnda. Torza

P{n(t)<kln(0)=i}=P{'0§1ip<;€(u)<k ut)<k—i} (10

dro crenyer u3 (1). B camom nene, ecqn B (1) 3aamenuts ¢ (f) —¢ (1)
Ha {(f—u), 0<Cu<C{, To monyunTcss HOBAs caydYalHAs BeJWuHHA
C TOYHO TAKHM e pacnpefejieHHeM, 4TO H n(f). DTO U NOKasbLiBaeT
paBencTBo (10). Coraacuo (2), "

Pa®>r—iln)=)=1-P{sup C@<d (1)
g 0<Ci<x<t+1i, rie g*(u)'= — ¢(u). Coraacuo (3),
PE<tInO)=0=1-P(sup W<y (12)

pas i>0, rae ¢ (u) = — ¢ (u).
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TIpeanonokHM, YTO MOYTH BCe BHIGOPOUHBlE (GYHKUHK Hpolecca
{¢ (1), 0Cu< oo} MMEIOT CBOHMH CKauyKaMH JHGO TOJBKO BEeNHUHHH
1, -1, —~2, ..., 160 Toabko Besuuuus — 1, 1, 2, ... . HMHaue roBops,
160 g(u) E (1), 6o (u) =8 ()= — & (u) npu 0 <Cu< o0, rae npo-
uece (& (u), O<u< oo} ompenesien B § 21. Torma sl HaxOXAEHHS
pacnpejilefleHHi M acCHMIITOTHYECKHX pacnpefeteHuil BeqHunH 1 (f),
a(f), 8, MOXKHO NPHMEHHTb TeopeMH § 21.

Oo6mue npouecchl XpaHeHUS

(i) MycTh HauaJbHOE COJEPIKHMOE BOAOXPAaHHJIHINA ONpeNeJseTcs
HeOoTpHIlaTeabHOM cayuafinoli BeanuuHofi (0). O6o3naunm uepes i (u)
[IOJTHOE KOJIMYECTBO BOJBI, BTEKAIOIIeH B BOLOXPAHMIHIE B HHTepBaJe
BpeMenu [0, u]. ITycTb OTTOK BOABI OCYILIECTBJISICTCS HENPEPHIBHO € IIO-
CTOAHHON eIHHHYHON CKOPOCThIO, €CJH BOJAOXPaHuJHIe HenmycTo. Torna
d(u)=u u {(w)=y(w)—u naa u>=0. B sToMm cayuae MH GyLeM roso-
PHTb O TIpollecce XPaHEHHs THIA

W={n(0); x(u), 0xu<oo}.

DToT mpolecc XpaHeHus o0sanaeT TOUHO TAKMMH 3Ke CTOXaCTHYECKHMH
CBOHCTBAMH, UTO M mpolecc obpaszoBanus ouepenu W, BBeIeHHBLH
B § 27. Ilpu srom n(f), colep:kuMoe BOJOXPaHHJHILA B MOMEHT f,
COOTBETCTBYET BPEMEHH OXHIaHug B MoMmeHT f. [losnoe BpeMs a(f)
B uutepBajse (0, f), B TeueHHe KOTOPOTO HCIOJb3YyeTCs AOTNOJHHTE/b-
HBII HCTOYHHK (IOJIHOE BPEMsi, B TeUeHHE KOTOPOTO BOJOXPaHHUJHUIIE
NyCTO), COOTBETCTBYET MOJHOMY BpeMeHH Ge3leHCTBHS 06C/yXHBAIO-
wero npu6Gopa B unteppaJse spemenu (0, £). Moment Bpemenu 8;, Korna
BHEpBble TpeGyeTcs NONOJHHTENbHBIH HCTOYHHK BOJIHI, COOTBeTCTByeT
JIJIMUTEJbHOCTH HAYAJbHOrO MEpHOAA 3aHATOCTH.

TTpenmomoxumM, uto {y(u), 0<Cu < oo} —mpouecc 6o ¢ nepecra-
BJASEMBIMH TpHpAIIEHHAMH, JHGO, B UYACTHOCTH, CO CTANHOHAPHBIMU
HE34BHCHMBIMH HPHPALIEHHSIMH, 4 TIOUYTH BCE ero BeIGOpounble (GYHK-
LMK SABJAIOTCH HeYOBIBAIOIIMMH CTYIeHYaTHIMH QYyHKUUAMH, o6palao-
muMucs B HyJb npH # = 0. Torna j/1s HaxOoXAeHHs pacupejelieHHH u
aCHMIITOTHYECKHX pacmpejeseHud BesquuuH n(f), a(f), 6, MoxHO mpH-
MEeHHTh TeopeMHl § 29.

Ecnn npennosoxuts, uro §(u)=u—1y(u) nag u >0, rae npouece
{x(n), 0<Cu< oo} ompelened BHIIE, TO TEOPeMHl § 929 TaKKe JawoT
paclpelesieHHss W ACHMIOTOTHUECKHE paclpeleseHuss BeauudH 1 (f),
a(f), 6.

B To Bpemsi Kak B'Teopun ouepeneit mpouecc {y (), 0 <u < oo}
OGBLIYHO SIBJSIETCA INPOCTHIM CKAaYKOOGPA3HBIM NPOLECCOM, HMEIOHIMM
C BEPOSITHOCTBIO | TOILKO KOHEUHOE UHCJIO CKAYKOB B KOHEUHBIX HHTEP-
Basiax, OJsi npoileccos xpanenus {y(u), 0 Cu<< oo} MoXKeT HMeThb
C BepoATHOCTBbI0 1 GecKOHEUHOe UHCJIO CKaykoB B JIOGOM KOHEYHOM
HHTEpBaJE.
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3ameuanune. [Iycts { (u), 0 <u < oo} — nBolicTBEHHBI -IpOIECC
I ompeneserHoro Boime npouecca {y(u), 0 <Lu < o). Paccmorpum
OpoIece XpaHeHHs

W ={n(0) x (1), 0 <<u << oo}
On o6JsagaeT TOYHO TAKHMH Ke CTOXAaCTHYeCKHMH CBOMCTBaMH,

UTO U JBOHCTBEHHHIH mpollecc 06pPa30BaHUA OUYEPENH, BBEJICHHHH
B § 27. Cayuvaiinbie BesmunHb o' (f) u 8) nas W’ cooTBeTCTBYIOT ciry-

yafinbiM Benuuuuam a(f) u 6, ans npouecca W. Torma pacmpenede-
HHA BequunH o (f) 1 O MOXKHO HaliTH ¢ momompio TeopeM 8—11 § 29.

(i1} MoxHo nonyuuts Gosee oGmue TUNL npolecca {n(z), 0t < oo},
eCJH PacCcMOTPeTh CJEAYIOMIYI 3KBHBAJEHTHYIO MHTEPIPETAIHIO MPO-
necca {¢ (), 0 <Cu < oo}, Ilyers mpoitece {E(u), 0 <L u < oo} onnchBaer
GbnyKTyanuu ypoBHS BONOXPAHHJMIIA, KOrJZa YPOBEHb H3MEHsSIETCH
B MHTepBaje (— co, oo). Torma m(0)+{(f) ecth ypoBeHb BOJNOXpaHU-
JIMINA B MOMeHT {. [Tpeino/ioxKuM, YTO LOMOJHUTENbHBI HCTOUHHK BOJIbH
HCHIOJb3yeTcsl, eCJH 3TO HeoOXOAMMO, AJA TOTO, UYTOOH YPOBEHb HH-
KOrfa He OIycKaJcad HHXKe Hymeso# ormerkH. Torma n(f) —yposenb
(comep:kuMoe) BOIOXPAHWJHILA B MOMEHT f.

IlycTs HauanbHOE COMEPIKMMOE BOLOXPAHMJMING ONPEACJASeTCH He-
oTpuuaTe pHOH cayuafinoit Besmunnoi n(0). ITyers {L (1), 0 <Cu < o0} —
cenapabe/JbHBI cayuafiHHIA mpouecc JuHOO € MePecTaBJISEMBIMH MpH-
pallleHHAMH, JH60 CO CTANMOHAPHBIMH HE3aBHCHMBIMHU IIPUPAILECHHSAMH
u P{£(0)=0}=1. Torna B cuay (1)

P{n(t)<xln(0)—c}~—l’{ sup tsrniB)Sx—d,  (13)

B cuay (2) e
Pla()>x—cln0=c}=1-P{ sup £ (W) S x} (14)

\ \
i 0<<e<x<t+ec, a B cuay (3)
PO <tIn(0)=ci=1-P{ sup I'(u)<c} (15)
0<u<t
npu ¢>0, rae £ (u)=— ¢(un).

Ilyere {Z(u), 0<Cu < oo}—cenapabesbHEIE caAyYafiHHIA mpouece
CO CTAUMOHAPHHIMH HEe3aBHCHMBIMM NpPUPALIEHHSIMHY, NOUYTH BCe BHIGO-
pouHble QYHKIMH KOTOPOrO HE HMEIOT OTPHIIATeJbHBIX CKauKkoB H ofpa-
maiores B Hyab npu 4 =0. Torma nns BaxoxXIeHHs paclpefieseHHH
H acHMITOTHYeCKHX pacnpelesenuii seawudH n(f), a(f), 6; MoxHO
HPUMEHHTb TeopeMbl § 24.

Ecan xe {¢(4), 0 <Cu < oo} — cenapabenbuptii cayuafinblii npouece
CO CTAUMOHAPHBIMH HE3aBHCHMBIMH NPHpPALIEHHSIMH, IOYTH Bce BHIGO-
pouHble PYHKIHH KOTOPOrO HE HMEIOT NMOJIOKHUTEIbHEIX CKAUYKOB H o6pa-
WaTcst B HyJ b npd n=0, TO JJs HAXOXKIEHHS pacupeieeHuH H
aCUMIITOTHUECKHX pacnpejieJieHuii BejHunH v (¢), a(f), 8, MOXKHO Takxe
NpPUMEHHTb TeopeMHbl § 24, 3amenus B HHX (1) Ha " (u) = — § ().
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B camom o6uieM cayuae, korza {¢ (1), 0 <<u < co} — npoH3BOJIBHEL
cenapabeJsibHBIH CayyalHBIH Mpoliece CO CTAllHOHAPHBIMU HE3aBUCHMBIMHU
NpHPAIIEHHSIMH, MOKHO MCIOJb30BAaTh METOJH, oOnhcaHHbie B § 25.

§ 33. ®JAYKTYAILHH COJEP)XHMOTO
BOJOXPAHHJIHIIA KOHEYHON EMKOCTH

PaccMOTpPHM Telepb CJACAYIOUIYIO MaTeMATHUECKYIO MOJEJb KOHEY-
HEIX BOJOXpaHHJHMUI. Boja BTekaeT B BOJOXPaHHJHIIE (pesepByap)
B uHTepBaJte Bpemenu (0, o). OGo3HauuM uepes ¥ () MOIHOE KOJH-
YeCcTBO BOJIb, BTeKAlOMIell B BOJOX PaHUMIIle B HHTepBaJe BpemenH (0, ).
EMKOCTb BOJOXPAHHUJIHIIA PABHA KOHEUHOMY NOJIOXKHUTEJIbHOMY YHCJY /1.
ITpu nepenoJiHeHHH BOZOXPAHUIINIIA H36HITOK BOAb BhTekaer. Obosua-
yuM -uepe3 () MOJIHOEe KOJMYECTBO BOABI, NOTpebJsieMoe B HHTepBaJe
spement (0, u]. Cnpoc ynoB/eTBOPsAeTCs, €CJU B PE3epByape JJsi 3TOrO
JIOCTAaTOYHO BOJALI, B NPOTHBHOM CJ/ydae pPasHHLA BO3MEILAETCS H3
npyroro ucrounuka, ITosoxuM g(u)=1y(u)—08(u) nna u>=0. Ilycrs
npouece {¢ («), 0 <L u < 0o} He HIMeeT CKAUKOB OTPHIATE/IbHOH BEJHUHHHL.
O6o3nauuM uepe3 M (f) colepxHMOe BOJOXPAHHJHUINA B MOMEHT f.

Hama nepsas unesb — Boipasutb 1 (¢) uepes n(0) u Z(u), 0 <Tu<Ct.
JIst mpocTOTH mpeanonoxuM, uro n(0) =m, u 1Jaa GuKkcHpoBanHoOro ¢
ob6osnauuM L(u)=C(#)=7(t —u) upn 0<Cu<t.

Teopema 1. Ecau n(0)=m, npoyecc {£(0), 0 <Cu <t} ne umeer
CKAuK08 OTPULATEAbHOL 8eAUXUHbL U

O(m—x)=inf{u: LW)<x—m u 0<Tu<t} (1
cywgecrsyer 0an 0<<x<m, 1o () <<x (0<Cx <<m) ro2da u TOAbKO
roeda, Koeda L(u)<<x npu 0<K{u<<B(m—x).

JHokasaTeabcTBo. Ilpu x=m TeopeMa tTpuBnaisHa. Ilpen-
nonoxuM, uto 0 < x <m. Ilyets n(0) =m u u — nauboJ/blliee H3 YHCE
orpeska [0, #], mas xoTopHx n(u)=m. Torna cojepxuMoe BOLOXpa-
HUJ/IMIIAa B MOMEHT ! paBHO . : :

M@ =sup{@)—L() mm u<o<E n () —-¢W+m) (2
OTKya N
n@)=sup{t@—5() amm u<v<z n L)~ +m<m (3)
mpu u<z<t. (

Eciau o6o3paunts Z(0)=C({)—C(t—v) ana 0<Lo<(t, 1o u3 (2)

u (3) mosyunm, uto N{f) << x (0 <KL x <m) Torza H TOJNbLKO TOT/A, Korja

<y mma 0<<z<Ct—u “4)
H , .
Ll —u) << x—m, : (5)
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I'lle u— HauMeHbllee M3 uuceJ B uuTepBasne [0, f}, yaoB/aeTBOPAOIIUX

YCJIOBUAM _
{R@)-Z(v)<m pma <ozt —u (6)

It—u)—C(x)<0 pm 0<z<t—u. 7

Tenepn, ecan M) <<x (0Cx<m), To B cuay (5) cymecrsyer
rakoe uncso v € (0, £ —u], uto { (v) << x—m. Monoxum y=ini {v: { (v) <
LKx—mu 0<v<{t—u}. Torna {(y)=x—m u y>0. [Tokaxe™M, uTO
HepaBencTa (4) npu y <2 <! —u 4 (D) aBTOMATHYECKH BBHINOJHAIOTCH.
ITonoxuMm B (6) v=y. Torma L(2)—C(y)<m mpu O<y<Cz<{t—u,
nm L()<x nmpn O0<y<Kz<f{—wu, 1. e. (4) BHINOJIHSETCH IIPH
y<<z<<t—u. Ecim y=1—u, To oueBuano, uro (5) Bepuo. Ecsu xe
y<t—u, nonoxuM B (7) 2=y. Torna {(t —u)<l(y)=x—m, 1. e. (5)
BepHO M B 3ToM cayuae. O6paTHo, ec/u (4) BHIOJHACTCA A8 U=1[—yY,
rie y TO e, uTo H Bhiue, To u3 (4) caenywor (5), (6) u (7).

B cootBeTcTBHH ¢ 3TuM M) <<x (0<{x<{m) TOria M TOJIBKO
TOTZA, KOrja CylecTByeT Takoe uyucao y & [0, ¢], uro {(y)=x —m.
Ecau y—HauMeHnbllee H3 3THX uHcesa, To {()<Cx mpu 0<<z<y.
Teopema pmoxkasana. :

Mycts n(0) —cayuafinaa BeJHYHHA, NPHHHMAKOIAS 3HAYCHHS U3
orpeska [0, m], u {{(u), 0 <Cu < oo} — BeulecTBeHHBIH cenapabebHbIi
cayyainblil npouecc. Toraa n(#)—caydaiinas BennunHa aas seex ¢ 2= 0.
Mul 6yzsem npennosarath, uto {{(u), 0 <Cu < oo} u n(0) He3aBUCHMBI,
N HalifleM pacnpeje/eHHe BeJUUHHBI 1 () O/ HECKOJIbKHX THIOB IpPO-
LIeCCOB XPaHEHHS U CO3[JaHHS 3aMacoB.

Hu

JHcKpeTHble Mmpouecchl XpaHeHHs

(i) TTyeTs m — nosoXuTexbHOE Liesoe yucsao. Hauanbnoe cogepxumoe
BOJOXPaHUHIIA eMKOCTH m paBHO 1{(0) =1y, TAe ny— cayuaiinas BeJH-

yHHa, NpuEEMalomas 3Hawenud 0, 1, 2, ..., m. [Ipeanosoxum, uto
B MOMEHTH BpeMeHH u=1, 2, ..., r, ... B BOJOXPaHM/JHIIE BTEKaer
COOTBETCTBEHHO V[, Vg, ..., ¥V, ... €IUHUL KosHUecTBA BOABL. OTTOK

BOJBl OCYIIECTBJSIETCS HENPEPHIBHO C IOCTOSHHOH eIHHHYHOH CKO-
pocThio, ecau Bojgoxpanuauie nenycro. ITomoxum N, =wv,+ ... +wv,
ans r=1, 2, ... 0 Ny=0. Toraa x(w)=Ny;, 8 (@)=u u {(u)=Np—u
aa uz=0. Tlyete n,=n(n+0), n=1,2,.... Haa i=1 onpe-
neauM p (i) XaKk HauMeHbllee M3 YHCeJ 7, AJs1 KOTOPHIX N, <{r—i
nr=1, 2, ..

Ecau v, vy, ..., V;, ... — IEepecTaBJsieMble CAydadHbie BEJHUHHEL,
HJH, B YAaCTHOCTH, B3aHMHO He3aBHCUMBle H OJHHAKOBO pacnpeje-
JIEHHBIE CAyYafinbie BeJHUHHB], IPHHHMAIOLINE HEOTPHIATe/bHEE LeJble .
3HAUYEeHHd, TO )

P{n,<kln=m}=
=P{N,<r+k paa r=1,...,0(m—k)npm—Kk<n} (8
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npu k=0, 1, ..., m. DTo cjeiyeT H3 TeOpeMbl I, ecaH NPHHATH
BO BHUMaHHe, uTo mponeccn {{(u), u=0, 1, ..., n} u {{(n) —~L(n—u),
©u=0, 1, ..., n} HMeIOT OIHO H TO XK€ COBMECTHOE paclpeJe/ieHHe.

Teopema 2. ITycrs vy, Vs, ..., Vr, ... — B3AUMHO HE3ABUCUMbLE
u 00UHAK0B0O pacnpedeeHHble CAYHQiiKble 8EeAULUNbL C pacnpedeneruem
Plv,=j}=m; 022 j=0, 1,2, ... u 5,>0. Tozda

. Qe
lim P{n, <k}=-+—
lim P{n, <k} =4 ©)
orn k=0, 1, ..., m, 20e Q,— OTAuunas OT HYAR KOHCTawTa, a Q,
Q,, ..., Qn 8bI4UCAAIOTCA U3 PEKYPPEHTHOZ0 COOTHOULEHUA
A .
Qk=]§OﬂiQk+1—j k=0, 1, ...). (10)

[ pedessroe pacnpedenerue (9) He sasucur or HA%AANLHO20 pacnpe-
desenust.

OoxasaTteabctBo. Cayuaii k=m oueBumen. Ilycts k=0,
l, ..., m—1. Ecau B (8) ycTpeMUTb 7 K ©0, TO NOJYyYHM

imP{n, <<kM=m}=P{N,<r+k ana r=1, ..., p(m—Ek)}. (11)
n-»o0
TIpu P {p (m—k)< co}=1 10 oueunno. Ecan xke P{p (m—k)=00}>0,
to P{N,<r+#k paa r=1, 2, ...}=0 u, ciefoBaTe/bHO, (11) rakxe
BepHo. [IpaByio uacTe pasencrsa (1 1) MoxHO HAfTH U3 TeopeMH 2 § 7.
Jlerko BHIETb, 4TOo (9) He 3aBHCHT OT pacHpeleseHHS] BEJHUHHBI 1),
OGoanaunM uepe3 7(2) NPOM3BOAALIYI (YHKLUHIO BeIHYHH Wv,,
r=1,2,.... Torga

n(z)—~2

PR L (12)
k=1 :

s |2]<8, rie O —HaHMeHDbUIHA HEOTPHLATEJbHbIN BellleCTBeHHbI
KOpeHb ypaBHeHHs 7 (2) =2z. SIBHble dopmyqn mast Qg k=1, 2, ...,
npuBenens B § 7.

3aMmeyanne. [Tocaef0BaTebHOCTb CAYUYAHHBIX BENUUHH {1y, 1y, ...

vevy Mu» --+} OOpasyer uenb MapkoBa ¢ IPOCTPAHCTBOM COCTOSIHHH
I1={0, 1, ..., m}. Ecmn 7%>0 u my+mn; <1, TO T2 Inemb Mapkosa
HenpuBOAMMAa H anepHoauuHa. TakuM o06pasoM, npelejbHOe pacipe-
Jlenenne
lim P{nn<k}=Q; (=0, 1, ..., m) (13)
n-»oo :

CyllecTBYeT M HE 3aBHCHT OT paclpele/ieHHs BeJHYHHH 1. Oue-
BUJHO, 4YTO
: +
Moyt = min {[n, = 1]* +v,, m} (14)
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oas n=0, 1, 2, .... Orcrona

Q.= Q. 7+ Q.+ ... +Qm, ’ (15)
st k=0, 1, ..., m—1 n Q, =1. Cpasnupaa (10) u (15), Bunum,
uro Q,=Q,/Q, nna k=0, 1, ..., m. '

(ii) ITycts m — moJIOXKHTeNBHOE leJoe uuc/a0. HauadabHBE 00beM
3amacoB Ha CKJaJe BMECTHMOCTH M OIpeJe/]sdeTcs CAYYaHHOH BeJsH-

yuaol M(0) co sHavennamu 0, 1, ..., m. HyCTb Z(w)=¢t(u) nna u>=0,
rie CTOXacCTHUeCKMH mnpolecc {g(u) 0<C{u < oo} ompenenen B § 21.
Huaue roBopsi, Mbl IpPEANOJAraeM, 9TO ¥, Vo, ..., V;, ... — llepecTa-

BJIsSIeMBle HJIH B34HMHO HE3aBHCHMBIE H OILI/IHaKOBO pacupeeaeHHbIe
cJayuafinble BEJHUYHHBI, IPHHHMAIOLINe HeOTpI/II_[aTeJIbeIe LieJble 3HA-
yenus. [lonoxum Ny=v,+ ... +~v, qnar=1, 2, ... u Ny=0. ITyers
v(u), uscu< w}—cenapa6e.anbm HyaCCOHOBCKHH IpoilecC ¢ WHTEH-
CHBHOCTBIO A, a Beauunusl {v,} u {v (u)} He3aBUCHUMBL. [loJ0OXHM
E(u)= Nv(u)—v(u) mas u=0n

(@) =inf{u: e(w)=—17 u 0<Lu< o} (16)
npu i>0.
U3 teopemnt 1 crenyer, uro,
Pn(t)<kin(@)=m}=
=P{E(u) <k st 0<< 0m—k)unb(m—~RE <t} 17
npu k=0, 1, ..., m. B camoMm feJe, Jerko BHJETb, YTO TeopeMy I
MOXKHO TpuMeHHTb K mpoieccy {&(u), 0 Cu<< oo}, ecan m — noJOXKH-
TeJbHOE medoe unesao H x=0, 1, ..., m. Orciona u nosayuaercs (17),
ec/qM NPHUHATh BO BHHMAaHHe, YTO CTOXacTHUeckKHe npolecchl {E (u),

O<<u<tiu £()—E(t —u), 0<Cu< !} UMeOT OJNHAKOBEIE KOHEYHO-
MepHEE pachpejeseHHs.

Teopema 3. Ecau {E(u), 0<Cu<<oo}—npoyecc co crayuonap-
HoMu He3asucumelmy npupaweruamy uny>0, 7o daa k=0, 1, .1, m

Jlim P@n() <k} =g, (18)
2e Q Qi ..., Qu 3adanbz 8 teopeme 2. Ilpedeasnoe pacnpedeae-

nue (18) He sasucur or Hawaavro2O pacnpedeseHus.

Jloxa‘aaﬁrenbc'rso. Cayuait £ =m oueruieH. Ecin k=0, 1,
vesy, m—1, 10 B cuny (17)
lim Pin() <kIn(@)=m}=P{ sup E(u)<k} (19)
0<Cu<<O (m—k)
A npaByno uacTb mosyuaeM u3 Teopembt 5 § 21. Jlerko BumeTs, uto
npenes (19) we saBucur or pacmpeiesenus seauunnb 1(0). Teopema
AokasaHna.
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3ameuanune. Croxacrnueckuii npouece {n(u), 0<Cu<< oo}
ABJAETCS MAaPKOBCKHM MPOLECCOM € IPOCTPAHCTBOM COCTOSIHHH [ =
={0, 1, ..., m}). [TIlpennomoxkum, uro m;>0. Torma mpenen
lim Pin(®)<k}=Q, (=0, 1, ..., m) cyuiecTByeT # He 3aBHCHT OT
t-» o0

pacnpefesnenus peanunnsl N(0). Daa ¢t >0, u>0u k=0, 1, ..., m—1

nMeeM

P{n(t+u) <<kl=(1—-A) P{n() <R} +Au Zn]P{n BO<k+1—j}Ho0(u)
(20)

u P{n(H)<<m}=1. Ecau u3 obeux uacteit pasencrBa (20) BHIUeCTb
P{n(¢) <k}, yeTpeMuTb ¢ K o0, pasieJuTh YpaBHEHHE HA U H yCTpe-

MuTh 4 K 0, TO HmOJy4YHUM
k

Y Q;=i§0an;+]_] (21)
nia k=0, 1, ..., m—1 n Q =1. Orciona Q;=Qk/Qm s k=0,
1,..., m, tne Q, (k=0, 1, ...) sanaun coorHouennem (10). dtor

pesyJabTat corsacyercsa ¢ (18).

O6wMe mpouecchl XpaHEeHHS

(i) Ilycte m — moJOXKHUTeNbHOE BelleCTBEHHOe uHcJao. Hauagabnoe
COflepKUMOe BONOXDAHHUJHIIA €MKOCTH /M ONpeleJsieTcsi caydaiiHoH
BesuunHoit N {(0), mpuHuMammeil 3Havenuss u3 orpeska [0, m]. O6o-
sHauuM uepe3 Y () TOJHOE KOJHYECTBO BOIH, BTeKalolee B BOJO-
xpauusuime B uHTepBaste BpeMmenu (0, u]. TIpn mnepenoJHEHHH BOLO-
XpaHHUJHIIA H3GBITOK BOJAH BbITeKaeT. EcJM BOLOXpaHHJIHILE HENYCTO,
TO OTTOK BOJBI OCYINECTBJSIETCST HEMPEPHIBHO ¢ TMOCTOSAHHON €MHUYHOR
CKOpOCThIO, T. €. 8(u)=u ana u>=0. Ecau {y(x), 0 <<u< o0} — cena-
pabeJbHBIH CcJayyafiHBH HOpOLECC €O CTAIHOHADHEIMU HE3aBHCHMBIMH
IpUpAIIEHHSIMHU, TIOYTH BCe BHIGOPOUHHE (PYHKIHH KOTOPOTO SIBJISIOTCS
HeyOLIBAOUINMH CTYNCHUATHIMH (QYHKUHUAMH, O6PALIAOIINMHUCT B HYJIb
npu u=0, To gag Re(s)=0

E {e"‘SX (u)} —_ e‘u‘l’ (s) (22)
¢ Hagnexamell ¢yuknueit O(s). Tpusuaapuwit cayuait P{y(u)=0}=1

Juis Bcex u—>=0 uCKJOUaeTCs H3 PACCMOTPEHHS.
Jas ¢ =0 nojoxum

0()=inf{u: y()<<u—c 1 0Ku<< oo} (23)
" B (c)=o00, ecan %(u)>u—c nra Bcex u_>=0.
U3 teopeMbl 1 craenyer, uto

Pn@)<xIn(0)}=m}=
=P<ut+x mma 0SuKO(m—x) u 0(m—x)<t} (24)
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npu 0 <Cx<{m, Tak Kak npouecchl {y(u), 0O<Su<<H) u {x(f)—x(E—w),
O\u<t} HMEIOT OJHHAKOBhHlE KOHe'{HOMeprIe pacnpeneJieHUA.

Teopema 4. Ecau {3 (1), 0 << u < o0} — cenapabensroviil cayuaiinbii
npoyecc €O CTAYUOHADHBIMIL HE3ABUCUMbIMI NPUPAUWERUAMY, NOYTU
ace 8bLO0POUHBIE (PYHKYIU KOTOPO2O ABAAIOTCH Heybbiearowumu cry-
new4aroeimu yHKyuamu, obpawjarouumucs 8 Hyse npu u=_0, 70 dan
I<<x<m

. _Wix) .
tl_l)n; Pt <x)= Vi) (25)

pynryua W(x) (0<<x < oo) onpedessiercsi COOTHOUIEHUEM

e ]

Q(s) = j =55 dW (x) = <

"0

|4 (0) s
@ (s)

(26)

0as Re(s)> 0, 2de o — naubosswiuil sewecTsexHbll KOPeHs YpasHe-
Hua ©(s)=s, a W(0)— orauunas oT HYyss KOHCTAHTA.

NoxaszaTteabctno. Coramacuo (24), mpu 0Ky <Km

hm Pn)<xIn(0)=m)=P{w)<u+x mm 0<<u<<O(m—~x)},
| | (27)
a nmpaByld uacTh Haxomum u3 Teopembr 1 § 16. Ilpomecc
{n(?), 0 < ¢ < oo} — mMapkoBckuii. Jlerko BHJeTb, 4TO HpeJlesIbHOE pac-
npejiesieHHe tlim P{n(¢)<Cx} He 3aBHCHT OT pacnpefeseHHs BeJH-
>0
ypne 1(0). TeopeMa nokasaua.

SIsubie popmyanl aas W (x) npusenens B § 16. Ecau p = (1)’(+0)
KOHEUHOE IOJIOXHTeNbHOe 4YHCaI0, To D (s)==os¢"(s), roe P’ (s) —Iipe-
o6pasopaHue JIanJlaca—-CTanbTbeca dbyukuuu pacnpenenenus H”(x)
HEOTPHLATEJNbHON cayyaliHolt Besnuunbl. Torza B cuay (12) § 16

W (x)=W (0) 3} o"H;,(x), (28)
roe Hn(x) ecTb n-kpaTHasi CBePTKa (YHKIHH H (x); HS(x)Q—-l npH

x>0 u Ho(x)=0 npu x<O0.
Ecau ps%1, To B cuay (14) § 16

W(x)—Ww)[—dT@ fdp{x) y+x}] (29)

IAs BCeX X, Iie @ — HAHOGOJBIIMA HEOTPHUATEbHBIH BellleCTBEHHBIH
Kopenb ypaBHenus @D(s)=s. Ecuau p<l 0 ©=0, a ectm p>1,
0o @ >0.
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3ameuanue. [lycTh npuTOK ompelensercsa o606GLIeHHBIM Myac-
¢onoBckHM mponeccom {x(u), 0 <Cu<<oo}, T.e. uucao A =D (o) Ko-
HEYHo H HOJIOXKHTeJbHO. Kak M panee, o6o3HayuM uepes n(f) comep-
KHMOe BOJOXPAHHJIHIIA €MKOCTH m B MoMeHT f{. Ecam m=oo, T. .
BOJOXPaAHHJHIIE HMeeT GeCKQHEUHYI0 €MKOCTb, TO €ro COJep:KHMOe
B MoMenT ! Gymem oGosnauats uepe3 n'(f). Ilpexmosoxum, uTo
n(0)=7"(0)=m. Torna

o0

oo f e~ P {n" (1 < xi dt
w f e~tP n(t) < x}dt = : (30)
O f e='p (' (1) <m)at

0

a1a Re(w)>0. Seustii Bujg yuxkuua pacnpepetenust P{n’ () < x)
npusenen B § 15 (cm. § 32). O6pamas dopmyay (30), moayuaem
P{n(H) <x).

Hoxaxem (30). [ycts m” (f) — cpejinee YuCJIO Iepexonos m —»> m — 0
B untepsate (0, ) naa mpouecca {n*(f), 0<{f< o0}, a m(f)—T0 Xe
nas npouecca {n(f), 0 <t < oo). ITonoxkum G (¢, x)=P{n (u)<m nas
0<<u<t u n(t)<<x}). OueBunmo, uto G, x)=P{n(v)<m naa
0<u<t u n{f)<<x}. Hanee, past 0Cx<Km

Pin'(t)<<«}= f G(t—u, x)dm”(u) (31)
0
1 t
Pin()<a)=[ Gt —u, x)dm (). (32)
Mycrs 0 .
W (@)= [ e==tdm* (¥ @
0
i ©
pw)= [ e=wdm () (34)

0

s Re(w)>0.

BosbMeM mnpeoGpasoBanus Jlamnaca — CTHJIbTbeca or (31) u (32)
H Ha#ZeM HX OTHOIIEHHE:

J' e=oP () < e~P ' (1) < x)dt (355
0
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s Re(@)>0 u 0<Cx<Cm. Ecan B (35) x=m, 0 P{n(t)<m}=1
M, CJEIOBATEJBHO, :

oo

=L [ pmorp (' () <m)at. (36)
0

Pasgeaun (35) na (36), moayuum (30).

(ii) MoxHO moMyuuTh GoJiee o6Ike THIH npouecca {& (1), 0<Cu < oo},
eCJIH PAcCMOTPETh CJeAYIOIIYI0 3KBHBAJCGHTHYIO HHTePIPETALHIO MPO-
necca {n(f), 0 <<t < oo} Ilyers mpornece {g(u), 0<Cu < oo} OMHCHIBAET
(GJyKTyalHHd YPOBHS BOAOXPAHHJHINA, KOTJAA OH MEHseTCst B HHTEp-
Base (— oo, o). Torma m(0)+(f) ecTb ypoBeHb BOZOXPAaHH/MINA
B MoMeHT f. JIOIyCTHM, UTO YypOBeHb He MOXKeT MOXHITbCH BEHIE
M He MOXeT onycTuThcsl HUXe 0. Mmaue roBopsi, H3GHITOK BOJH BHI-
TeKaeT, & HEeJOCTATOK BCErJa NOKPBIBAETCH 3a CUET APYroro HCTOY-
Huka. Torma n(f) —ypoBenb (coaepUMOe) BOAOXPAHWJHINIA B MO-
MeHT £.

IlycTs m — NOJIOKHTENbHOE BelleCTBeHHOe uHcJ0. Hauasbaoe co-
JlepKUMOe BOAOXPAHUJHKINA EMKOCTH M onpelenseTcss CAyuadHOH Be-
gauunHoit 1 (0), mpumuMaiomed 3Hauenus u3 orpeska [0, m]. Ilyctb
{z (u), 0<Cu< oo} —cenapabesbHblH CTOXACTHYECKHH Ipoliecc €O CTa-
UMOHAPHBIMH HE3aBHCHMBIMHU NPHPAINEHHAMH, IOUTH BCe BBIGOPOUHBIE
(GYHKIMH KOTODOTO He MMEIOT OTPHLATeNbHBIX CKauKOB W 06pallaioTcs
B HyJb npu u=0. Torza aas Re(s)>=0

E{e- st (u)} = et ¥ (s) (37)

¢ Hamtexamedt dbyuxuueit ¥ (s). Tpusnaasuble cayyau P{g () >0}=1
nasg Beex >0 u P{{(w)<<0}=1 pna Bcex u_=0 uckOUaAIOTCH
H3 PACCMOTPEHHS.
Jdasa ¢ =0 nonoxum
B()=infL(u)<—cn 0<Cu<oo} (38)

u 0(c)=o0, ecan §(u)> — ¢ nna scex u=0.
H3 reopemnr 1 C/IelyeT, UTO
PIn(t)<x[n(0)=m}=
=PLlu)<x g 0<<u<<O(m—x)u 0(m—x)<t} (39)

0<<x<{m, Tak Kax mpoueccH {E(u), 0CTu<f}u L) —¢(t —u),
u<t} HMEIOT OJHHAKOBbie KOHEUHOMepHEIe pacnpefeseHHs.

s
<

Teopema 5. Hycre {L(u), 0 L u< oo} — cenapabersnsiii cayuai-
Hbll npoyecc €O CTAYUOHAPHOLMU HE3ABUCUMbIMU RPUPAUCHUAMY,
nouru gce 6vl6opounble PYHKYUUL KOTOPOSO He UMEIOT OTPULATEAbHBIX
ckaukos u obpawjarorca 8 Hyas npu u=0. Toeda npedeasroe pac-
npedeaernue

. V)
tl-ll?o P {7] (t) < x} 74 (m) T (40)
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cywecrsyer Oan 0<Cx <Cm, He 3asucur OT pacnpedeienus eeau-
qunor 1(0) u

f e~s*W (x) dx=—q,(g—s) 40
0

042 Re(s)> o, 20e © — Haubonrswull HEOTPUYATEAbHbLI BelyecTBeH b
kopens ypasrenus ¥ (s)=0, a C— nenysesas Koucrawra.

HoxaszaTteabcTBo. B cuay (39)

tlj)rg PIn)<xIn(0)=m}=P{L(0) <x m1a 0Su<<O(m—x)} (42)

ais 0 <<x<Km, a NpaBylo yacThb HaxOAWUM H3 Teopemsl 5 § 24. Ilpo-
necc {n(#), 0 <<t < oo} — MaproBckuil. JIerko BHIETb, UYTO Npened
ilim P {n(¢#)<<x} He 3aBuCHT oT pacnpeienenusi Beauuuus 1(0). Teo-
~>» 00

peMa AOKasaHa.

§ 34. 3AIAYH

1. PaccMorpuM BopoxpanmiHile GeckoHeuHoll emrocT#t, OGosmauum uepes y (i)
IIOJIHOE KOJIMYECTBO BOAH!, BTEKalOlllee B BOLOXPAHHJMIIE B UHTepBase Bpemenu (0, u].
ITycre {y (1), 0<Cu < oo} — cenapale/bHEIE CIYYaliHEE TpOLECC CO CTANHOHAPHEIMH
HE3aBHCHMBIMH NpPHpAIleHUsIME B 1 u = 0

—sx(u)y | ¢
Bfemon) - (LY,

rie § — MONOXKHTeNbHas KOHCTaHTa. [TpeatosoKiM, UTO OTTOK BOJLH OCYILECTBJAETCS

HElpPepLHBHO C MOCTOSHHOR €IMHHUYHOH CKOPOCTBIO, €CJH BOJOXPAHHJIHUIE HENYCTO,

OGosHauuM uepes m (f) comepKHUMOe BOZOXpAHHJIHIIA B MOMEHT f, a yepes a (f)

nojHoe BpeMmst B uHTepBade (0, ), B TeueHHe KOTODPOTO BOZOXPAHHJUIIE NYCTYET.

Haiite P {n () < x| n(0)=c¢c}, tlim Pin)<<x}, Pla(t) <x—c|[n(0)=c} u acum-
—> o0

NTOTHYECKOE pacnpefesieHHe BeaHUHHBL ¢ ({) mpH f > oo,
2, B ycnoBmax 3sagaun | Boja BTeKaeT B BOZOXPAaHUJHILE COMVIACHO NpPOIECCY
{x* (4), 0 << L o0}, coBNasawomeMy ¢ ABOACTBEHHBIM Aas mpoiecca {y (), 0<Cu < oo},
*
onpenesenHoro B 3afaue 1. OGosamaunv uepes O, MOMEHT BpeMeHH, KOTjJa BOJOXpa-
HUJIMULE BIEPBHIE CTAHOBHTCH NYCTHIM, a uepes B* (f) mosHoe BpeMsl B HHTepBaJje
(0, f), B TeuenHe KOTOPOrO BOAOXpaHMaMINE HenycTo. HafiTu pacmpesesienus Besu-
* * *
yne O; ¥ B (£). a Takke acuMnTOTHUECKOE pacmpefenenue ajas B (f) npu {—> oo.
3. PaccMOTpHUM BOZOXDAHWHILE KOHEUHOR EMKOCTH m, TAe tm — IOJOKHTENbHOe
BewecTBennoe uuciyo. [Tycts mpurok {y (¢), 0 < u < oo} onuchBaeTcs cenapabesib HbIM
CIyyallHEIM IIPONECCOM €O CTalliOHADHHIMH HE3dBHCHMHLIMH NpPHPAUICHHAMH H JJd
Re(s) =0
E {e—sx (u)} = o—u®@(s)
bl
riae

o0

o(s)= [ (1—e=%) aN (x).

9
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MMpennonoxuM, uto cnpoc sagaerca ¢ynkumed 8 (u) =u nns scex 40, Hafitu
CTAaUHOHAPHOE pacIpejefeHHe COAEPKHMAro BOAOXPARHIHWA AAA CJIyqas

o0

N{x)= ol fe-uyiil

Vix S

x

x>0,

rae p>0.
4. B ycaosusx szajaud 8 HafTH CTANHOHAPDHOE paclpefefieHHe COAEPIKHMOro
BOAOXpaHW/IKMIA LJs cJrydast

N (x) = — f e s,
Q

Y
rae p>0.
5, B ycnosuax 3ajaud 3 HaATH CTalHOHApHOE paCHpejleeHHe CONEPKHMOro
BOJIOXpaHmIHa 1A cayuas N (x) = — 1/Vrx. x>0.

6. PacemoTpuM BOIOXDaHHJHINE €MKOCTH m, Tle m — HOMOXKHTEIbHOE Belle-
cTBeHHOe umeao. Ilyets {g (1), 0 << u < oo} — cenapabesbHuil mponece GPOYHOBCKOrO
aBuxenns, aas koroporo E{g(u)}=au u Var {{ ()} =0% nmpu u >0. Hafitn cra-
UHOHAPHOE PacHpefe/ieHHe KOJHYECTBA BOAL B BOIOXPAaHUMHIIE

7. PaccMOTpHM BONOXPAHHJHLIE E€MKOCTH M, TJAe M — BeUleCTBEHHOE MHOJIOXKH-
rempuoe umeno. [lyets {€ (u), 0 << u < oo} — cenapalensHblft  ciaydailiHnil  mpolece
CO CTAlYOHAPHHIMH He3aBHCHMLIMH MpHpalleHAAMH, OpuieM upu Re (s) =0

E {e—s( (u)} = eu‘l’ (s)’

rae
¥ (s) = aqs — —Sr 5% dx
(s) =as 6‘. (l e I x2) poat

Hafitu cTanronapHoe pacupesneseHHe KOJHYECTBA BOAW B BOLOXPAHUIHIIE.
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IF'masa 7
IDPOLECCHI PASOPEHHA

§ 85. MPOLLECCHI PA3OPEHHSA B CTPAXOBOM JIEJIE

MaTeMaTHuecKasi TeOPHsT IPOIECCOB pa3opeHHs, BOSHHUKAIOIINX
B CTPaxoBOM jeJsie, Beler Hauajo ¢ 1903 r. c pa6or JlynaGepra
[21, 22]. Manbuefimue HccJenoBaHHs B 5TOH 06JacTH NMPOBOAMJIHCH
mexay 1926 u 1955 r. Jlymn6eprom [23—25], Kpamepom [9—14],
dcrepom [17], Cerepaanom [31—34], Toxaunnom [36], Cakrcenom
[29, 30], Ammerepom [1], Apdsenconom [2—6] u np.

[TpeamosioxXuM, 4TO KOMNAHUA NPOH3BOAUT OOCLIYHBEIE CTPAXOBHIE
onepaunuM (CTpaxoBaHHe KHU3HH, HETPYJOCNOCOGHOCTH, HECUACTHOrO
cayuas, 6oJie3HH, aBapHH, N0Xapa, CTpaXxoBaHHe 0653aTe/bCTB | T. ).
JlepKaTeJu MOJHCOB DETyJSPHO BHIIJAYMBAIOT CTPAXOBHIE NpeMuUH.
KoMnanusi co6upaeT mpeMuH B pesepBHHIA (OHA H, €CJH MPOHCXOAHT
CTPaxoBOi cJaydal, BHNJAunBaeT HOTOBOPHYI cymMy. CTpaxosyio
KOMIAHHWIO MOJXHO PacCMATPHBATh KaK PeryJHPOBOUHBIA aNmapar ajs
Jepraresell " OJHCOB, WHIHBHAYAJbHBIE DHCKH ONPENJSIOTCH KOM-
HaHved B BHAe LEHH CTPAaXOBOH mpeMHH. PasMmephl CTPaxoBbIX fipe-
Mu# Ha3HavalTcsd TakuM of6pas3oMm, 4TOGH B TeUeHHE JJUTEJILHOrO
NepuoJa OHH MOKPHBAJH B CDeJHEM BHIIJATH KOMIAHHH HA CTPaxo-
Bole cJaydan. CTpaxoBasi IpeMHsi, HCUHCJSeMasl 3THM Cnoco0oM, Ha-
3BIBAeTCs YHCTOR CTPAXOBOH npeMmueil. B 1omosiHeHWe K 4UCTOH cTpa-
XOBOH MpPEeMHUH JAepKaTeJU IOJHCOB BHIJIAYHBAIOT HEHHYIO CTPAXOBYIO
OPEeMHIO AJs HOKPHTHSI HeyKeJaTeJbHBIX OTKJOHEHHH OT CpeJHero.
CyMMa UuHCTOR M ILEHHOH CTPaxXOBBIX NpeMui COCTaBJseT OOULYo
CTPaXOBYI0 NMpeMHI0. DTO NpPHUMeP CTPAXOBAHHUS JHIIb C IOJOKHTENb-
HBIMH [IPEMHSIMH ¥ IOJIOXKHTEJbHLIMH CTPAXOBbHIMH CYMMaMH.

CyIecTBYIOT APyrHe BUIB CTPAXOBAHHSA, IIPOTHBOIOJIOXKHbEIE OMH:
cauHoMy. Tunuumbll caydail —omepanHH ¢ MOXH3HEHHOH PEHTOM.
37ech KOMINAHHA ITOCTOSIHHO BHIIJIAUUBAET PEHTY JepKaTeJAoM INOJHU-
COB, B TO BpeMs Kak cJydafiHas CMepTb OLHOTO H3 JepxKaresed
[OJIMCOB TNPEACTABJSIET COOTBETCTBYIOIIYIO CYMMY B pPacCnopsiiKeHue
KOMIIaHHMH, Urpas TakuM 06pa3oM poJib BHILIATHL fAepxkaresis MOJHCA
KOMIAHHH, WJH BHIJIATH KOMIAHAH NEPKATENIO MOJHCA OTPHIATE/Ib-
HoOlt cyMmMbl. Penra Tak:Ke MOXeT paccMaTpuBaTbhesl KaK OTPHUIATE/b-
Hasi CTpaxoBas NpeMusi. DTO NpPHMeD CTPAXOBAHHSA JHIUb ¢ OTpHLA-
TeJbHBIMH CTPAaXOBHIMH MPEMHAMH H OTPHUATENbHBIMH CTPAXOBBLIMH
cyMMamu. .

CayuaHn TONBKO TMOJIOKHTENbHBIX CTPAXOBHIX CYMM (OTCYTCTBHE
PEHTH!) H TOJLKO OTPHIATEJbHBIX CTPAXOBHIX CYMM (UHCTHIE ONEPAIHH
C PEHTOf) ABJAIOTCA BAXKHBIMH YacTHHIMH caydasmu. OnHaxo, BooGie
FOBOPsi, KOMIAHHS MOXKET BeCTH CTPaxoBble Je/fa OOOHX THIOB.
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CyMMBbI, BbINJIaunBaeMble KOMNAHWeHd NHPH YCTAHOBJEHHHM CTPaXOBOTO
clydyasi, MOTYT Torga ObiTh KaK IIOJIOXKHTEJbHBIMHM, TaK H OTpHIA-
TeJbHBIMH. AHAJIOTHYHO CTPAXOBhHle NPEMHH, B3NMaeMble KOMMaHHEH,
MOTYT OBIThb KaK NOJIOXKHTEJbHBIMH, TAaK M OTPHLATeJbHHIMH (BHIJIATAa
IO peHTe).

Teopusi pasopenus H3yuaeT BePOSTHOCTHHIE 3aKOHBI, KOTOPHIM
HOJYHHSIOTCA CJiy4yaiinble (JAYKTyaluu pesepBHOro ¢oHga. 3HaHHe
3THX 3aKOHOB BAaXHO IJsl TOro, 4ToObl GBITb B COCTOSIHHH BOBpEMS
IPHHATD Mephl NPeAOCTOPOKHOCTH.

MaremaTHueckas MojeNb NMpoUecca PasopeHus

[lycte B muTepBase BpeMenH (0, co) cTpaxoBble c/yuyan MPOHCXO-
AsT corsiacHo npoueccy Ilyaccona ¢ mHTeHCHBHOCTBIO A (1), 0 <1 < 00.
CrpaxoBrie CyMMBI, BHIJIaUHBAeMBle KOMIIAHHUEH, KOTOPble MOTYT GHITh
KaK MOJIOXKHUTEJbHBIMH, TaK W OTPHIATEJNbHEIMH, SIBJASIOTCS B3aHMHO
He3aBHCHMBIMH OJMHAKOBO pPacHpefle/eHHBIMH CJYy4YaifHbIMH BeJHYH-
HaMu ¢ ¢QyHRuuelr pacmpesiestenuss H(x), © OHH He 3aBHCAT OT Mo-
MEHTOB HAaCTYIJIeHHsl CTPaXOBBIX CJIy4aes.

BwmecTo Toro uro6m paccMaTpPHBATL NMPOLECC HACTYMJEHHS CTPaXo-

BEIX CJy4YaeB B OOBIYHOM BPEeMEHH, YAOGHO BBECTH HOBYIO BPEMEHHYIO
nepeMeHHyio (omepaTHBHOe BpeMs, IpeoGpasoBanHOe BpeMs) u = u (t):

u=%fl(v)d0, | W
0

e A — IOJOXKHTENbHAY KOHCTAaHTa. Ecam Torma o603HAudTh ue-
pes Z(u) o0uyo CTPaxoByIo CYMMY, BhIIIaueHHYI0 B uuTepsaJe (0, u],
X

10 {} (1), 0<CXu< oo} Gymer CTOXAaCTHYECKHM IPOLECCOM CO CTAIHO-
HAapDHEIMH HE3aBHCHMBIMH NPHPAIICHHAMH H (yHKIUeH pacmpeleseHHs
; N Aa)"
P <np=Y e gy, @
n=0

tme H,(x) ects n-a cBeptka dyukuuu H(x); Hy(x)=1 npu x>0 n
Hy(x)=0 mpu x<0. ITpouece {(u), 0 <L u< o0}~ 53T0 0606meHHbI
IyaCcCOHOBCKHUI Ipolecc. B

Ecjau uuterpan

a= deH (x) 3

CyllecTByeT, To oO6Iasi CPelHSs CTPaxoBas CyMMa, BHIJIAYHBAeMas
KoMnaHnuein B unTepBaJe (0, u], paBna :

E{f (W)} =rau. L@
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B ycJi0oBuAX yacTHOro GH3Heca HAKONJEHHAs YHCTAsk CTPAXOBAA NPEMHS
(npeMun 3a BbYeTOM BHINJIaYyHBaeMoH peHTtol) B HurtepBase (0, u]
paBHa Aau. Ecam npumeHsiIOTCS TakKe LEHHBE CTPaXOBhle NPEMHH,
to o6masa cTpaxosasa mnpemus pasHa (Aa+b)u, rae 5>0 npu a>0
(HanpuMep, B cJyuae MOJIOXKHTEJbHBIX CTPAXOBHIX Impemuil) H b <0
npun a<0 (sanpumep, B cayyae OTPHILATEJbHHIX CTPAXOBBIX HpPeMHil).

IIpeanosnoxuM, uTo B MOMEHT # = 0 KOMIIAHHA pacroJaraer HayaJb-
HHIM KamuTaJOM X JJIs TOKDHITHSI IOTePb H3-3a CJydafiHbIX (JyKTya-
uuit. Torxa peseppHb ¢oujs B MOMEHT ¥ paBeH .

Y()=x+cu—F(u) (5)

aas 0 <<u < oo, rae y(0) = x — HaYa IbHHIHA pesepBHLIH (GOHT B MOMeHT
u=0, a ¢ — KOHCTAHTA. .

OnHa H3 OCHOBHBIX 337a4 B TEODHH Da3OpeHHs COCTOHT B OIlpe-
JleJleHHH BePOATHOCTH PA30peHHs, T. €. BEPOSITHOCTH TOTO, UTO Pe3eps-
HBIA GOHA KOrfa-HuGyAb CTaHeT OTPHIATENbHBIM, HJH, GoJee TOYHO,
BEPOATHOCTH TOro, 4TO pa3opeHHe NMPOH30UNET O MOMeHTa f. .

OGosnauum yepes O, MOMEHT BPeMEHH, KOTJa BIePBHIE Pe3epBHBIH
(OHI CTaHOBHTCH OTPHIIATeJbHHIM B HHTepmaJe (0, o), T. €.

0, =inf{u: v()<0 naa 0<Cu< oo} (6)

# 0,=0c0 npu y(u)>=>0 nna u>=0.
Torxa BepOSATHOCTb TOTO, YTO Pas3oOpeHHe NPOU3OHIET B HHTEpBaJe
(0, ], paBsua A

PO.<f=1-P{ sup [j)—cu]<s} (7)

a BepOSITHOCTHL TOTO, UTO PA30PEHHUe KOrna-HHOGYIb NPOu30HLeT, paBHa

P{0,<oo}=1~P{ sup [§(n)—cu] <x} (8)
0<u<oo

Ecan sepositHoctn P{8,< oo} u P{8,<C{} u3sBecTHH, TO MOXKHO
NPHHATb Mephl NPEJOCTOPOKHOCTH (YBeJHUeHHMe TMPEMHH, MEPecTpaxo-
BAHWE H T. [.), NO3BOJSIOIIHE YMEHbIINTb BEPOSITHOCTh Pa30OpeHHd
HACTOJIbKO, YTOObl OHO GBLIO NPAKTHYECKH HEBO3MOXKHO.

Q6o3HauuM

W, x)=P{Ogigt [% () = cu] < x} 9
H
W (x)=P{ ,Sup oob‘c (u) ~cu] < x). (10)

BoabimnacTBO HCC/IelOBAHHA NOCBSINEHO HAXOXKIEHHIO GYHKIHE pac-
npefenenns W(x), W({, x) u ux acUMOTOTHK OpH GOJbUIHX 3Ha-
YeHHAX X. v ~



§ 35. Hpouebcu pasopenus 8 cTpaxoeon Oere 161

To0XHuTEAbHBIE CTPAXOBBIC CYMMBI

[TpeanososKuM, YTO CTPaxoBas KOMNAHHS BbINJIAYHBAET TOJBKO
NOJIOKHUTEJbHEE CTPaXOBHe CyMMH, T. e. H(x)=0 mpu x<O0. Toraa
¥ () =y () npH u>=0, rae Tenepn {y(u), 0<u<oo}——o6o6m;eHHbm
nyacconoscxnn npouece, A KOTOPOro

P rw) <= 3 et 0 G, (x) (11)
u npu Re(s)=0 "=
E {e~ st @) = g=u®(s), v (12)
rzie
) D(s)=Ar[l—p(s), (13)

a ¢ (s) — npeo6pasosanue Jlamnaca — CrusbTbeca Qpynruun H (x). Ecam

o0

= [ xaH (), (14)

0

to E{y(u)}=pu, rae p=~ra. Ecau xe

= [(x—apdH(x) (15)
0

1o Var {, (u)} = o4, rae o> =Ai(a*+o2).

3/ech ¢ — MOJIOKHTEJbHAS IOCTOSIHHAST, IPHYEM BHIGOPOM JeHeKHOI
eMMHUIB MOYKHO JOCTHUb Toro, 4rto6nl ¢=1. Hama sanaua cae-
Jach K HAXOXKACHHIO GYHKIHH :

W(t, x)=P( sup be(w)—u]<s} (16)
JJas KOHeLIHbI;( 3naueHui f, a Takxe byBKUHH
W(x)—P{ sgpw[x(u)—u]<x} (17

A 5TO MOXHO CHeNaTh € OMOLLBIO Teopem § 15.
ITo Teopeme 1 § 15

Wt x)=P{) <t +x}—
- [ (t‘z)dp{x()<y+x}dp{x(t— D<z=1) (18

o<y<a<t

¢

Wit 0= [(1-4)apum<y. (19)

0
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Ecan IOJIOXKHTD

Q(t, s)= j e—sxd W (t, %) (20)
0

nast Re(s)>=0, o no dopmyse (14) § 156

00

s _ 1 s
[e=a(t, 9dt = ——— 5= (1 - 557) 1)

0

m1a Re(2)>0, rme s=o(2)— eIUHCTBEHHH KOPeHb ypPaBHEHHS
D(s)=s—=z B o6J1aCTH Re(s) > 0. OGpawmas dopmyay (21), moayuaem
W (¢, x).

~ Ecam <1, 10 no Teopeme 3 § 15

W (x)=1—(1—0) fdyP{x(y><y+x} (22)
+0

st Beex x. Bemn x<0, o W(x)=0u W({0)=1—p. Ecaum p>1,
170 W(x)=0 nns Bcex X.
Ecan p< 1, no teopeme 4 § 15 nas Re(s)>0

C o W (0
Q(s)= Of e=s*dW (x) = —cD)(:) . (23)
O6pamas 31y dopmynay, noaryuaeM W (x).
B cuay Teopembl 9 § 29 mpu p>1 u o*<oo
1 P{ O - pfl < } 1 ; /2
. - — -1
e \Vamsp-1p > )T Vs _Io ey 24)
Mpumep 1. Ecan ' ,
: 1 ana xZ>=a, b
(x) ~{ 0 a1 x<a, (25)
10 P(s)=e"s2, D(s)=A(l—e~%9), p=ha, c*=1a’ u
2 k
Pl = aky= e L (26)

maa k=0, 1, 2, dopmyaa (18) Torma mpaer
W x)=P{y()<t+x)—

= XY (Y Pluei-n=apPlu(t+r—a)=alk=1) @)

x<aj<ar<t+x
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a dopmyaa (19)—

\ .
Wi, 0= 3 (1-LPu®)=ap (28)
0<aj<t
Ecou p=hia <1, To, obpamas (23), mosyuaeMm
‘ [x/a] . ;
W (x) = (1 —2a) et tai—n LAz (29)
i=0

Mpumep 2. Ecom
l—e ™ gaa x>0,

H(x)={ 0 g x <0,

o P(s)=p/m+s), O(s)=2rs/u+s), p=~r/u u o®=24u’. Kpome
toro, P{y(u)=0}=e"* ana u>=0u

LA AV g;) =4 _ Apue~r=BxJ" (Auux) 31)

(30)

mist u>0 u x>0, roe

(32)

Nk
®
3

J(x)=

('n!)2

[
<

n
— ¢ynkunst Beccens. Torna
Wit x)= '

t

e~y ' , ‘
= 1—he=w* | gy W Guy e+ )+ o7 Gy (e 9)ldy - (33)
; ,

st x>=0, a npu p=A/u<l1
W) =1 - emt=h (34)
ana x>0, ’

OTpuuaTejbHble CTPAXOBbIE CYMMBbI

[TpefmoONOXHEM, UTO CTPaXoBas KOMIAHHS 3aHMMAcTCA TOJBLKO
omepanmusMA ¢ peHToil. B sTOM cuayuae obuiee KOJIMYECTBO CTPAXOBHIX
CyMM, BHILJIAUMBaeMbIX KOMIaHHed B HHTePBaJse BPEMEHH (0, u}, paBuo
Fu)y=—x), rre {x(w), 0s<u< 00} — 0606IeHHHA MyacCOHOBCKUH
npolece ¢ TeMH JKe CBOWCTBAMH, 4YTO M Mpolecc, BBEJCHHBIA B Tpe-
IbILyIleM NyHKTe. Pacnpefesende Bennuunwbl ¥ (u) 3anaercsa dopmy-
aofi (11); o6osuauenust (12) —(15) mpt 6yseM HCMOJb30BATH Js NPO-
mecca {y (), 0 <Ku< oo} Ges U3MEHEHHUH. ]

B 3TOM cJayuae uMCJO ¢ OTPHIATEJbHO H BHOGOPOM nogxoAsien

JeHeXHOH eIHMHHIbI ero MOXHO CHAeJaTb PaBHBIM -1.
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Tenepb Hama 3ajaua CBeJach K HAXOXKACHHIO (DYHKIHH
Wt x)=P{ sup [u—x(u)]<s

o<ut
L/ KOHEUHHX 3HAUeHHH f, a TakxKe (YHKIHH
Wx)=P{ sup [u—x(w)]<x}
N OCu<oo

Ee MoOxHO pemnTh ¢ moMolnelo Teopem § 17.
ITo Teopeme 1 § 17

t
Wit D=1~ [ ZdP@)<y-»
s 0<x<t, a no Teopeme 3 § 17

W<x>=l—f§—dyp{x(y)<y—x}=1_e-mx

(35)

(36)

(37)

(38)

Jasg x>0, rie o —HanGOJBIINH HEOTPHUATEAbHBIN BEUIECTBEHHBIH
Kopenb ypaBHeHHs @ (s)=s. Ecan 0<Cp <1, 10 0=0, a ecsint p> 1,

T0 @ > 0.
Jlaugee,
E {e—zex} - p— %0 (2)

(39)

aasi x>0 u Re(2)>0, rae s =o(2) — eIUHCTBEHHHH KOPeHb ypaBHe-

Husg O (s)=s—2z B o6anacti Re(s)>=0. Orciona

: E{ex}-—-m
npu p<1 m
- Var{Gx}=H0:—p—)T

npu. p<1 n o2<oco. B cuny Teopemsl 9 § 29

. 8, — x/(1 — p) i
xlnclp {Vc"’x/(l-—p)" \z} Ve _£e 4y,

ecad p<1 u 02< 0.

IIpumep 1. Ecan
H(x)= {

1 nna x>=a,

0 naua x<a,

_TO - (ag®
- u

P{x(u’)=ak}=e e

(40)

(41)

(42)

(43)

(44)
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ana k=0, 1, 2, .... Torna ¢opmyna (37) naer
[(t=x)/al
W x)=1-—

& a]+x P{x(aj+ x)=aj}=
[t~ x)/al
Y] . R
=1-P{(®)=0~ar ¥ —Pllaj+x=a(-1)} (45
=1
g 0< x <, a dopmyaa (38) —
W(x)=1-—e o (46)
aast x>0, rae ©—HauGoNbIIME HEOTPHIATEJbHBIH BellecTBEHHBIH
KOopeHb ypaBHeHHs A(l —e~ %)=

3ameuanune. U3 (45) caepyer, urto pia 0<x <t

[t —x)/al A (ai i1
Wit )=1—em—ix ¥ eren AT )
i=l
Caxkcen [29] mawen, uro
[t —x)/al x It ]]2]]3
=1 —p—As e p~hx —Aak k s !
W(t, n=1-e ¢ gl ¢ (ra) ZJZk(a) 11112']3! - (48)

: ii>0

CpasuuBas (47) u (48), MH moJiyyaeM HHTEPECHOE TOXIECTBO

(k + z)k ! ~ ]{"jéa e
= X # (49
z jj=k
Lj>o0
cnpaBemanBoe Jasi k=1, 2, ... H A BCeX 2.-
Mpumep 2. Iycrs
) l—e®* gas x>0,
H(x) _{ 0 o x <O0. (50)

Torxa B cuay (37)
t
Wt x)=1—e?+ f%i‘i{x_(y)_ﬂ_x}dy___
X

t
=1 — =M — Auxet* f e~ wu] (any(y—x))dy  (61)

x

ma 0<x <t, rae pynxuus J(x) sajana dopmyJtofi (32).
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Ecan p=Au<l, 0 @=0, a ecan p=A/u>1, 0 e =A—p
Torpa (38) maer :
Wx)=1—e-t-mx (52)
npu x>0 H A>p.

HPOHSBOJleble CTPAXOBbIE CYMMBbI

[lycTh Temeph CTPaxoOBble CYMMBI MOTYT NDHHHMATh Kak IOJO-
KUTeJbHbIE, TaK H -OTpUllaTeJbHble 3HaueHusi. MHade rosops, {¥(u),
0 < u < o0} — nyaccoHOBCKHH Ipollecc M €ro pacupejesneHHe 3anaercs
dopmysoit (2). Torma %(u) MOKHO MPELCTAaBUTb B BHIE CYMMEI CJy-
YaHHOrO YHCJA CJAYYAHHBIX BeJHUHH:

¥ (u) = 2 s (63)

o<t z\”

Tae %is Ao» - s Ai» - - —B3AUMHO HE3ABHCHMBIE H ONHHAKOBO pacipe-
JeNeHHble cayyaiiHble BeJHYHHB ¢ QyHKIMel pacnpenenenus H (x),
a Ty, Ty -+ Tjy -.. — MOMEHTHl HACTYIJEHHS COOHTHE JaHHOrO myac-
conosckoro nporecca. Cayuaifinbie Besuunubl {y;} u {t;} He3aBHCHMBI.
Kpowme Toro, passoctu 7; — 7;—; (j =1, 2, .. .; 1,=0) aBasg10TCH B3aUMHO
He3aBHCHUMBIMH H OJMHAKOBO pAcCNpe/ieJeHHBIMH CAYYafHBIMU BeJHUR-
HaMHu ¢ GyHKuneH pacupenesenus F (x)=1—e * naa x > 0. O6osHa-
gyuMm a = E {y;}.
ITonoxum (u) =% (u)—cu gns u>=0. Torna

W(t, x)=P{ ,Sup ¢ (u) < x} (54)
. Wx)=P{ sblgoog(u) < x}. (55)

Haa x =0 umeem

W (t, x)=eMe(x+ct)+
8t x,¢) x+cu
+ f f W(t—u, x+cu—y)e-*ridudH(y), (56)

0 -—00

rae e(x)=1mpu x>0 ue(x)=0npu x<0; 8(¢, x, ¢)=¢ npu ¢ =0
u 6(¢, x, ¢)=min(f — x/c) npu ¢<0. B camom zese,

P {Oggg tw<x|lty=umn x1=y}=
e(x+ct) npu  u>t,
={ W({t—u, x+cu—y) upn u<d(t, x, ¢), (57
' 0 B’ OCTaABHBIX CJAyYasX.



§ 85. poyeccwt pasopenusn 8 cTpaxosom deae 167

Bssap MaTeMaTHyecKoe oxupanue ot (57) mo t; u Y, noayuum (56).
Pemus unterpaJjibioe ypasuenue (56), nafigzem W (¢, x).

U3 ypapuenus (56) MOXKHO BBIBeCTH HHTerpo-iHdbepeHLuanbHOE
ypaBHeHHe

Wi x) oW () —A[W(t, - [wa, x——y)dH(y)], (58)

ot ox

cnpaBelJauBoe Ajs MOUTH Beex (£, x)(f =0, x =>0).
Paccyxniasi Tak ke, Kak IPH BLHIBOJe ypaBHeHHA (56), moayuaem

O(x, ¢) x+cu

W (x j j W (x + cu — y) e~ du dH (y) (59)

—o0

npu x>0, rae 8(x, ¢)=o0 mpu ¢=0 un 6(x, )= — x/c npu ¢<0.
Ecnu La<c 10 W(oo)=1, a W(x) onpefiensiercs: no dopmyne (59).
Ecau Aa>c, To W(o0)=0, orkyna W({x)=0 masa Bcex x.

Te Ke paccykKIeHHsi, YTO H NPU BLIBOXe ypaBHeHHs (58) u3 (56)
JaoT

cW'(x)=x[W(x) - jW(x—y)dH(y)] (60)

nas Bcex x >=0. IIpounrerpuposas (60) or x g0 oo, HOJIYUHM

cll=Wl=2 [ [1—H@ldu+2 f [1— W ()] du —

—Af[l— u)]H(x—u)a’u (61)

g x =0.
Ecan Aa<c u ¢c=0, to

00

j e~ dW (x) = A (s) (62)

0

gas Re(s)>=0, a eciin Aa<c u ¢<<0, TO

—~ o0

[ == dw (x)= As) (+2=) (63)
0

15 Re(s)>=0, rue

s) = exp { f e~ dM (x)} | (64)
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H
M(x)= i X fe"*”u”“‘ [1— H, (x+ cw)] du, (65)
HJn " ’ -
M(x)= [ REW 22 4, (66)
npu x =0. ’

®opmyas (62) u (63) Jerko a0KasaTh € MOMOIIBbIQ COOTHOIIEHHS
(23) § 11. Tonoxum = sup ¢(u). Ecin ¢ =0, 10

oS <oo
{= sup Q(T,+O)'= sup (g + ... + % — €70), (67)
I<r<oo 0<r< oo
a ecqan ¢ <0, TO
t= sup {(r,—0)= sup (x;+ ... +%-1+c7). (68)
1I<r<eoo 1<r< oo
B COOTBETCTBHM C 5THUM, ecad &, =7y, —c(t,—T,—) o r=1, 2, ...,
to nas ¢ =0 dopmyaa (67) maer
§=SUP(O, gl’ §l+§2"", §1+ -°'+§r7-")7 (69)
rie &, &, +v., &y -.. —B3AHMHO HE3aBHCHUMble M OJHHAKOBO pac-

npejlefieHHble cayuyafinble BeJHUHHB. Ecun E{,}=a—c/A<0, TO
¢ — cobcTBeHHAsl CaydaiHasi BEJHYMHA, a npeobpasoBanne Jlanjaaca—
CruspTheca pacnpenesennsi P{¢<Cx}= W (x) ompenensercs mo ¢op-
myae (23) § 11. Ecau E{g}=a—c/A>=0, o PE=oo}=1, T e.
W (x)=0 noaa Bcex x. "

Ecau E, =% —c(tyy—7,) g r=1, 2, ..., 7o naa ¢<<0 ¢op-
myaa (68) maer

§=—CTI+Sup(O’ gl’ gl+§29 svey gl+ o +grv "‘)’ (70)

oTkyjAa C=c1,+§{', TAe BeJHUHHA [  HE 3aBHCHT OT T; H HMeeT
TaKoe e pacupenesenue, uro u (69).

3aMeyaHune. B sakiaouenue mpuBeneM HeGoJblIOH 0030p HCTO-
PHUECKOTO DPAa3BUTHSI MaTeMaTHUYECKOH Teopuu pasopeHus. AcHMITO-
THYeCKOe paclpefenenne mpolecca pasopesus {y(u), 0 <u < oo} GbLIO
Bnepsbie H3yueno B 1903 r. JlynnGeprom [21] u nasee ucc/enoBasoch
uM xe B paborax [22—26]. JlyuaGepr samerus, uro ecau E {¥ (1)} =pu
u Var {§ (v)} = o%u, rae uucso 0® KOHEUHO H IIOJOMKHTEJIbHO, TO

lim P { R (u) —pu <x}=-]—/-é?— [ eviay. (71)

n->w Vol
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TorpemHocTs HOpPMAaJbHOrO NpHOAHKeHHA ouenusu Kpawmep [9, 10]
u dcceed [18]. Ipubanuxkennyio dopmyay ana P {y(¢) — pu < xu} npu
x<0 pmaa dcrep [17], a moroM ero Merox passusaaud Kpamep [11]
u @ennep [19].

Oyukuuio pasopenus P {8, <oo}=1— W(x), onpenenesuymo coor-
womenuneM (55), seea JlyunGepr [23, 25, 26]. s cayuast MOJIOKHTETb-
"HEIX CTPaXxOBHIX cyMM (H (0) = 0) JIynaGepr uameJ, uro 1 = W (x)<le R*
npu x =0 u 1 —W{(x)~Ce™R* npu x — oo, rle R 1 C — HOJIOKUTE b=
HBle KOHCTaHTH. B 1926 r. Kpamep [9] 06Hapy>xm1 uyro npu Aa<c
u H(0)=0 dynkuus W (x) ynosseTBopsier HHTEI'DA/ILHOMY yPABHEHHIO
THna BoaeTepph

c[x—W(x)]=xa—xjW(u)[l—H(x—u)]du (72)
0

g x>=0. B 1930 r. Kpamep [10] uwamen npeoGpasomauue Dypbe
dyuruuu W (x) (popmyna ITonsiueka — XuMHUMHA B TeopHu ouepepeil).
Ilnsi MOCTOSIHHBIX CTpaxoBHX cyMM o¢yHkiusg W{x) Oba nafizena
B aBHOM BuIe DPeasepom (cM. Takxke Cerepaax {31, ctp. 88}). B atom
cayuae ee ellle paHblle Hamesa dpJanr (cM. [20] B auTeparype K ra. 5).
Jasi npousBosibHBIX cTpaxoBbix cyMM Cerepnad [31—33] mnokasaud,
uro [—Wx)<e™® mpu x>0 u 1—W(x)~Ce R* npu x— co.
B 1937 r. Kpamep [12] nokasan, 4To B caywyae NPOH3BOJBHHX CTpa-
XoBHIX cyMM W (x) yIoBJeTBOpsieT HHTerpaJbHOMYy ypasHenuio (61).
Pemenne wuurerpaJsbuoro ypasuenus (61) B sume (62) u (63) nanum
Tagauug [36] u Kpauep [13].

MoMeHTH cayuafiHOl BeJHYHHB 0., onpeleneHHoN dopmy.oi (6),
Buiyncauad Jiyan6epr [23] u Cerepnaa [31].

®yuknuio pasopenus P {0, <t}=1—W(¢, x), onpenenenunyio dop-
myao# (b4), usyuan nepseim Caxcen [29, 30]. B cuayuae orpuuare.n-
HHIX cTpaxoBeiX cymM Caxkcen [29] BrBes HHTerpo-guddepeHInaNbIOe
ypaBHuenne (58), a fjs OTpHLATEBHEX H IOCTOSIHHHIX CYMM OH HALIeJ
pemenne (48). B 1950 r. Apdsencou [2] monyuus nHTErpo-nuddepen-
uvanacnoe ypasHenue (58) u Hamesn siBHoe BhIpaKenue nast W (¢, x)
B cJydYae, KOTJIa CTPAaXOBBIE CYMMBl SIBJASIIOTCSI MOJOXHTEJbHBIMH
9KCIIOHEHIIHAJLHO paclpeleleHHEIMH CAyYadHbIMU Beauuuunama (¢pop-
myaa (33)), a TakXKe B CcJayyae, KOrjla CTPaxoBble CYMMHl SIBJISIOTCS
OTPHLATENbHEIMH SKCIOHEHNHANBHO pacHpeleeHHBIMH CaAyYaldHBIMH
pesuuunamu (popmyna (51)); cMm. takxke Apdsencon [3]. as noJo-
JKUTENBHBIX H MOCTOSIHHBIX CTPAaxXoBHIX cyMM ¢yuruuio W (¢, x) naman
Caxcen [30] u Apdsencon [4] npu ¢t =m/c u x =n (m, n—Heorpuna-
TeJibHBIE IleJible uncaa). Apdsencou [4] namen takxe W(m/c, n) nis
OTpHLIATEJNbHEIX H TOCTOSHHBIX CTPAXOBHIX cyMM. s cayuas, xorza
CTPAXOBBIE CYMMBl MOJIOXKHTEJIbHB HJIH TOJBKO OTpHIATeNbHH, Apd-
BeJcol [6] names pBofinoe mpeoGpasosanue Jlammaca — CTuabTheca
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dyukiun W (£, x). JI1a NPOU3BOJBHEIX CTPAXOBHIX CYMM MeETOJ Ompe-
neaenusi W (t, x) mpemsoxua B 1955 r.. Kpamep [14]. (Cm. takixke
pa6ory Bakcrepa u Jlouckepa [1] B ra1. 4.)

§ 36. 3AJAYH
1. PaccMoTpeTs npuMep 2 paszesa ,,[10J0KHTeMbHEE CTPaXoBHe cyMuMu, HaiiTy

dyrxmo Q (4, s), onpenenennyo dopmyoi (20).
2. JlokasaTh, 4TO

z(k—l—z)k_l ¥ ik

k! sl
2=k .
i;>0
g k=1, 2,... u Bcex 2 (Apdsencon [4] ).

3. JloxasaTe ¢opmyas (40), (41) n (42).
4. HNokasats Gopmyay (58).
5. Haiitn ¢yuxkmmo W (x), onpenenennyio dopmynoft (10), rae

x

—e~* mpu x>0,

nw={ "
N 0 mpu  x <0,

a ¢ — [OJOXKHTeJbHAS KOHCTAaHTA.
6. Haiitu dyuxumo W (x), onpenenenuyio dopmydoit (10), rae

H(x)_{l——e"Qx(1+2x) mpy x>0,
: h 0 mpr  x <0,

a ¢ — NOJOXKHUTEJNbHAA KOHCTaHTA.
7. Haitte ¢pyuxmmio W (x), onpesesennyio dpopmyioi (10), rae

1—ae™* npa x>0,

H(x)={ (1—a)e® mpr x <0

OJIOKUM

=

Qt, )= [ a0
0
npu Re (s) >0, rae dyuxuua W (¢, x) sajaxa coornomenueMm (54) n
E {e—-st, (u)} _ ecsu——?»u [1—¥ (s)]

nast Re (s) =0, rae ) (s) — npeoSpasosanue Jlamraca — Craptheca dynkuun H (x).
JokasaTb, 4TO

0o A (s, w), ecan ¢ =0,
w_fe—wfg(t, s)dt=‘ At w
3 A (S, w) (m) , €CJIH ¢ < 0,
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a8 0 < w < o0, Tae

‘ A (s, w) = exp { - f e”S*d M (x, w) }

0
H
M(x, w)= %,—- j e~ MR uyn=l1 (x4 cu)] du = f ¢ 4 P(C (u)>x} du
a=1 0 0
npu x 2= 0. (Cm. Kpamep [14].)
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ITOPAJKOBBIE CTATHCTHKH

§ 37. APYITOE OBOBHIEHHE TEOPEMBI O BAJIJIOTHPOBKE

Kuoaccuueckyio TeopeMy o GajjOTHPOBKE, O KOTOpo# IIja pedb
B § 2, MoxHO chopMyJIHPOBATL HECKOJIbKO HHaye.

[Mpeamosioxkum, uto OasnorHpyouuiics Kanaugat A nabupaer a
roJocos, a Kamuauaat B unabupaer b roJioco, mpuiyeM Bce H36Hpa-
TeJbHBlE IPOTOKOJB paBHOBeposaTHH. O6G03HauuM uepe3 o, H B, UHC/Ia
roJI0COB Cpely IepBHX r GwoJiereHedl, NojaHHEX 3a A U 3a B coor-
BeTcTBeHHO. IlycTh P;— BEpPOATHOCTb TOrO, YTO &, >ufl, TOYHO AJA §

HHAeKCOB cpeau r=1, 2, ..., a+ b. Eciu p — HeOTpHILIaTe/IbHOE ILIEJ0€
yuesao u a = wb, 10 Mo Teopeme [ § 2
a—pb
Paro="037% - M

HnrepecHo HalTH ToJHOe pacnpefesenue {P}.
MBI fioKaxeM JBe KOMOHHATODHBIE TEOPEMBI, C MOMOIIBIO KOTOPHX

naiinem P;, j=0, 1, ..., a+b, Korma p— HeoTpullaTeJbHOE IeJ0€
THCJIO.

Teopema 1. ITycro Ry, ky ..., ky—yesvie uucsra, npuuem
kit hky+ ... +ky=1. Toeda cpedu n yuxauzeckux nepecTaHOBOK
muoxcecrea (ky, ko, ..., k,) cyuwjecreyer oOHa u TOAbKO OOHA Tarkas,

041 KOTOpPOUL TOYHO | 4ACTUYHOLIX HOCAEA0BATEALHOLX CYMM NOAONHCU-
reasndt (j=1, 2, ..., n).

HoxasarteabctBo. Ilyets Ryp,=Fk; ana j=1, 2, .... O6o-

3HA4YNUM
dj=n(k1+ IS +k])—]

g j=1,2,.... Torma d;,,=d; naa j=1,2,.... Yucra
dy, dsy ..., d, pasauunel u d,=0. JlokaxeM, 4To ecsu d; eCTb r-e
[0 BeJHYHHE 4YHCJAO cpeid dy, dy, ..., d,, TO IHKJHYeCKas MepecTa-
noBka (B;.y, ..., Ri1,) ¥IMeeT TOYHO 1+ | — 7 TIOJIOKHTE/BHEIX YACTHY-
gpix cymM. Otciofia 6ydeT cjefoBaTb TeopeMma.

OueBHuiHO, 4TO HepecTaHOBKA (Byp;, Rigy -+ Riyoy ooy Bypi 4 on.
... + kR ,) HMeET CTOJNBKO 3Ke IOJIOXKHTENbHBIX YJIEHOB, CKOJBKO
(diz1—diy dypo—dy, .., diyn — dj) HeOTPHLATEIBHEIX. Jl€HCTBATEIBHO,
€CJIH ki+1.+ e +ki+]>0’ TO di+]—di=n(ki+1+ e +ki+])—']>0
st j=1,2,..., n. O6parso, ecan dyy ;—d; =0, TO Ry 1+ ...+ k1 ;>0
mass j=1, 2, ..., n. Takum o6pasom, (R;ry, Ripi+Ripe, - .
evuy Rygy+ ..o+ ki) MMeeT CTONIBKO K€ MOJIOXKHTEJNbHHIX UJIEHOB,
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cKogBKO (d,~—d;, dy—d;, ..., d,—d;) Heorpunareaburix. Ecau d; ecTsh
r-e 10 BEJHYHHE YHCJO B HocjenoBaTesnbHOCTH dy, dy, ..., d,, TO
nocJieJHAST COAEPKUT 1+ | —r HeOTPHILAaTeNbHHIX 3JeMeHTOB. TeopeMa
JoKasaHa.

DTy TepeMy MOKHO TaKkKe I0KasaTh € MOMOINbIO TeopeMbl 2.1
u3 paborsl Cnuuepa [26] uan teopemnl 3 u3 paborel Cnappe Anjep-
cena [3].

W3 Hee HemeJIeHHO BHITEKAeT

Teopema 2. Ecau vy, vy, ..., Vv, — YUKAUYECKU HeEPECTABASC-
Mble CAyHalinble BeAUHUHbL, NPUHUMAIOUUE HEeOTPULaTeAbHble yeable
3HaueHus, U A, —4UCAO NOAOHCUTENbHOIX HACTUHHOLX CYMM Cpedu
vi+...+v,r=1,2, ..., n 10

P{d,=jlvi+ ... +v,=1}=1/n ©)
oarn j=1, 2, ..., n 8 npednososcerul, 410 YCAOBHAA BEPOATHOCTS
onpedesena.

Tenepn, ucnoabsys teopemy 2 u Teopemy 1 § 4, mokaxkem cJe-
AYIOLIYI0 OOUIYI0 TeopeMy.

Teopema 3. [Tycro vy, vy, ..., V, — HEPECTABASCMbIE CAYLALiHbIE
BeAULUHbL, NPUHLUMAIOULUE HEOTPULATeAbHbIE LEAble 3HAYEHUS, U AYCTb
Ni=wvi+...+v,r=1,2, ..., n. Obosnasum wepes A, wucao undex-
cos r=1, 2, ..., n, 0aa goropoix N,<r. Ecau k<n-—1, ro
P{A,=]jIN,=k}=

(0 npu j=0,1, ..., n—k—1,

‘ e
i XY S P We=i— UIN=B) npu ==k, ., =1, (3)

i=n—j+1

_k i
{ P npu j=n.

Kpome 1020,
P{A,=jIN,=n—1}=1/n 4)

oan j=1,2,...,n u
P{A,=jIN,=n}=
n—1
‘I—Z%P{N,-=i—1[Nn=n} npu j=0,
=i .l=1 . (5)
l

3
!
-

P, =i—1|N,=n) npu j=1,2, ..., n—1.

i(n—1i)

i 8/

i
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IlokasarteabcTBO. 3aMeTHM, YTO

P{A,=n|N,=k}=1-—Fk/n 6)
nas k=0, 1, ..., n. OT0 B TOYHOCTH COOTBeTCTByeT Teopeme 1 § 4.
Janee,

P{\,=jIN,=n—1}=1/n 7)
npu j=1, 2, ..., 1, YTO CJIeJlyeT H3 TEOPEMHl 2, MPUMEHEHHOH K CJy-
yaliHelM  BeduuMHaM y;=1-—w; i=1, 2, ..., n. B ga’abHellmeMm
yepes A; Mbl OyzeM 0003HauaTbh YHCJIO HHJEKCOB r =1, 2, ..., naga

KoTophx N, <r.

HoxaxeM crayana (3). Be3 orpannveHusi oOIIHOCTH MOKHO TIpel-
II0J0XKHUTh, uTo uncao N, =k ¢urcupoBano. Ilycrs j<<n—1. Ecau
A,=j<n u N,=k<n-—1, To cymecTByeT Takoe 4YHCJO I, YTO

N,=r—1. O6osnauam uepe3 i (i=1, ..., k+ 1) HauGosbllee U3 3THX
yuces. Torma N;=i—1 u N,—N;<r—i npu r=i+1, ..., n
Orcrozna
P{An=]}=

B+l
=D P{N,=i—1}P{A,=i+j—n|N;=i—1}P{A,—A;=n—i|N;=i—1)}.

i=1

8)

Coruacuo (7), Beposataocts P{A; =i+ j—n|N,=i— 1} pasua l/i npu
n—j<i<nu 0 B ocrajpublX ciyyasx, a . cuiay (6)

P{A,—A=n—i|N;=i—=1}=P{\,—A;=n—i|N,—~N;=k—i+1}=
=n—k—1/n—=10) ma i=1, ..., k+1. (9

Taxkum o6pasoMm, dopmyaa (3) rokaszana pis j<Kn— 1. Ecan j<n—~k,
o P{A,=j}=0. Ilpu j=n ¢popmyaa (3) cronurca k (6). Mrax, pop-
MyJa JAOKas3aHa. _

dopmyaa (4) ugenruuna ¢ dopmyJoi (7).

OcraJsock pokasats (5). ITycts uucao N, =n duxcuponano. Ecan

A,=j, j=1,2,..., n—1, To cymecrsyeT umucio r=1, 2, ..., n,
o Kotoporo N,<r. OG603HauuM uepe3. i HauMeHbllee H3 TaKHX
upcea. Torma N;=i—1, N, zr upu r=1,2, ..., i—1 u N, <r
TOYHO JIJIsl j WHAEKCOB cpemu r =i, i+ 1, ..., n. Otciona
P{An=j}=

n—j
= NPWN;=i—1}P{A;,=0|N;=i—1}P{A,—A,=jIN,—N;=n—i+1}.

i=1

(10)

Coraaceo (7), P{A;,=0|N;,=i—1}=1/impui=1, 2, ..., n—1. Teo-

peMa 2, MpAMeHEeHHAs K CAyYaiHbM BequuuHaM (v —1), ..., (v,—1),
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naer P{A,—A;=jiN,—N;=n—i+1}=1/(n—0) n1ai=1,2, ..., n—j,
OTKyAa

P{A,=j}= Ll(n PN, =i—1) (11)
npu j=1,2,..., n—1. [Ilpocymmuposae pasedcrea (l1) mas
i=1, 2, ..., a—1, noayuuam :

n—
I-P{A,=0)= ¥+ P{N,=i—1}. (12)

i=1
®opmyna (5) Buitekaer Temepb u3 (11) u (12). Teopema moxasana.
C nomowpio TeopeMbl 3 MOXHO HAHTH BePOATHOCTH P;, j=

=0, 1, ..., a+b, xorna a=ub, rae u=0—1ea0e yHcJIO.
Teopema 4. Ecau a>pb+1, 10
. 1 \! (a—bp—1) (su+s\(a+b—sp—s5—2
Pf_(a+b) 2& s(b—s) (s—-l)( b—s—1 ) (13)
a )l csch
Oan j=0,1,...,a+b—-1 u P, ,=@—-bufia+0b). Ecau a=
=punb+1, 10
1
Pf=a+b (14)
Oan j=1, 2, ..., a+b. Ecau a=npb, 10
_ 1 1 sp+s\fa+b—-sp—s—2
Pf—(a+b) E s(b—s)(s—l)( b—s—1 ) (15)
a 0<s<—‘—1—%~
oan j=1,2, ..., a+b—1u
1 1 1 (sut+s\fatb—sp—s—1
Py =1 (‘a-l-b) Z s(s—l)( b—s ) (16)
a 0<S<a+b—2

JlokazaTeabcTBO. 3afaiuM chaydyaifiHble BeJIHUYHHH v,, ! =
=1, 2, ..., a+b, crepyoumum ob6pasom: v,=0, ecad r-i roJoc
nojaH 3a kaupupara A, u v,=p+ 1, ecau r-fi rojoc 10AAH 32 KaHIH-
nara B. Ilyere N,=wv+ ... +v, ama r=1,2,...,a+b u
Ny=0. Torma v, vy, ..., Vg.; — I€PECTABASEMEIE CJAyUYAHHBIE BEJH-
YHHB, TPUHHMAIOIIHE HEOTPHLATEJbHBle LeJble 3HAYeHHs], NPHUEM
vi+vet . ..+ v p=0bw+1). Tak kak N,=f,(u+1) u r=a,+8,
paa r=1,2, ..., a+b, T0 a,>pp, TOrga H TOJbKO TOrAa, KOIZa
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N,<r. Takum o6pasom, P;=P{A,=j|N,=Fk} moxuno Haiitd ¢ mo-
MOILbIO TeOpeMhbl 3, NMOJIOKHB B Hell n=a-+b, k=>b(n+1),

a b i at+b—i
o)) ((2F)
a+b a-t+b
)
npu §=0, 1, ..., min(i, b) u P{N,=j}=0 B ocraibubix caydasx.
dopmyan (13) —(16) mosyuaroTest M3 COOTBETCTBYIOIIHX (GOPMYJ Teo-

peMbl 3.
CymecTByer Jpyrod MeTol HaXOXKJAeHHS BeposTHocTedt P;, j=

=0,1,..., a+b. O ocHOBaH Ha cJaenywolel TeopeMe Cmappe
Anpepcena [4] u Desnepa [19].

P{N;=s(u+1)}= (17

Teopema 5. ITycre Oanel n 8eujeCTBEHHbLY HUCEA €, Cyy ..., Cph.
Cpedu n! nepecranosox nocaedosaresvHocTu (€, Coy ..., C;) HUCAO
nepecTaso8oK, Y KOTOPbLX TOYHO k u3 n nocaedosarenvublx 4QCTULHOLY
CYMM CTPO2O NOAONCUTEAbHOL (HEOTPULATENbHbL), PABHO HUCAY nepecTa-
HOBOK, Y KOTOpouLx nepssiii (nocieORUL) MAKCUMAALHOLI 348 MEHT nOCAe-
dosareavnocry, cocrosawyeld u3z 0 u n nocaedo8aresbHuLY HACTUYHOLX
CYMM, BCTpeHAeTcs HA k-m mecTe. '

HoxasateabcTBO. YJN06HO JaTh 5KBHBAJIEHTHYIO BepOAT-
HOCTHYIO (POPMYJIHPOBKY TEOPEMBI. :

Ilycts (8, &y, ..., E,) —cayualinash mepecTdHOBKA IIOCJELOBATEJNb-
HOCTH {cy, €y, ..., C,), IPDHUEM BCe #! MEPECTAHOBOK PABHOBEPOSITHHL.
IMonoxum {, =& + ... +E maa r=1, 2, ..., n u Z;=0. O6o3nauum
uepes A, UHCJO CTPOTO MNOJIOXKHTE/IbHBIX YHCEN CPelH Ly, Cgy + ..y Ln
H uepe3 A, uncJIo HEOTPHIIATeJBHBIX 4YHCeJl cpedd Iy, Lay +. .y Gy
ITycTh P, — HHAEGKC HEPBOTO MAKCHMAJbHOrO YHCJA B HOCJELOBATEJNb-
HOCTH §p, L1y v vy Gpy T. €. P, =], THe j— HAaUMEHbINHH H3 HHIEKCOB,
Aqis KOTOPHIX §; == max (Lg, &py «+ s &) [IyCTH pj, — HHIEKC IOC/IELHETO
MAaKCHMAJbHOTO YHCJA B INOCAEHOBATEJNbHOCTH &g, &fp +vvy Gy T. €.
pZ=j, rie j—HaunOoOJbIIHH H3 HHAEKCOB, [Js KOTOPHIX g =

= maX(@o: :h ey gn)' TOI‘I[a

P{A,=Fk}=P(p, =k} (18)
H
P {A; =k}=P [p; = k} (19)
o k=0, 1, ..., n. .
3ameTMM CcHayaJja, 4TO ecJH 3aMeHutb (¢, Co ..., C,) Ha
(—-cx, —Chr vy —cn), TO CJy4YaiHBIEe BEeJHUYMHH A, A'n, 0. 0, 3aMe-

* »
HArcs Ha n—A,, n—A, n—p3, n—p, coorBeTcTBeHHO. B camom
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mene, oTo6paxenne (Ci, Ciy + .-, c,-n)—>(—c,-l, —Ciy oy —Ci,) DOKA-
3LIBACT, UTO BePHH INepBHle JBa COOTHOLIEHHS, a OTOGpakeHHe
(Ciw Ciyy + - cin)—»(—cin, —Ci, ., ..., —Ci), UTO BEPHBl BTODHIE 1BA.

Bynem nokaseiBath TeopeMy no HHAyKIHH. IIpun n=1 paBeHcTBa
(18) u (19) oueBununl. Ilpemnosoxum, uro (18) u (19) BHDOJHSIOTCS
o n— 1, 0 JHOKaxkeM, UTO OHY BHINOJHSIOTCH IJs .

Myets ¢+ ... +¢,<0. Torna ,<0. Tak xax ¢, =0, To makcu-
MYM JOCTHTaeTcsl He Ha mocJennedl cyMmMe. CJenoBaTeJ/ibHO, Bce
yeThlpe cJaydaiinple BeAHUHHB A, A}, p,, p’; 3aBHCAT OT MEPECTAHOBOK

Jumb u3 n—1! sjaemenra, a Torza (18) u (19) BHMOJHSAIOTCE 1O
npeanooxenuo uunykuuu. Ecau ¢;+ ... +¢,=0, To A, u p, 3aBu-
CAT OT NePecTaHOBOK JHIIL u3 #— 1 ajementa n (18) omsith BepHO
[0 MPEANOJOKEHHIO HHIYKIHHI.

ITycrs Temeps ¢, + ... +¢,>0. Torna cayuaiinble BeJHUHHBL

*

n—A, n—A, n—p,, n—p, 3aBUCAT OT IePeCTAHOBOK JIHIIb K3
n—1 sjgementa u cuosa pasenctsa (18) m (19) Bepusl. dasa cayuas
¢+ ... +¢,=0 pasenctso (19) TakXe BBINOJHSETCS B CHJIY Hpel-
MOJIOXKEHHsT MHAYKLUH J1jisi n— A, u n—p,. Teopema nokasana.

Hamum GoJsee o6y (GOpMYJIHPOBKY 3TOH TeODeMBI.

Teopema 6. Ilycro &y, &, ..., &, —nepecrasasemsie cayuai-
Hble BeAUdUMbL, NPUHUMAIOWUE BeUujeCT8eHHble 3Hauenus. [lycre
L, =t+ ...+ npur=1,2,..., nuy=0 Ob6osnasum uepez A,
4UCAO NONOWUTELLHOLE UNEHOB 8 nocaedosareabHoctu &y, Loy ...y Lps
a uepe3s An HUCAO HEOTPULATEAbHBIX YAEHO8 6 NOCAed08aATEeAbHOCTU
Ty, 8o -+ vs Cne ITycre p, — undexc nepsozo cpedu MAKCUMAALHBLY YA~
HO8 6 nociedosarebHocTu Ly, &), «.., G, @ P, — undexc nocaednezo

cpedu MAKCUMAAbHLLX 4AeH08 8 3roll nocaedosaressrocru. Toeda

P{d,=k}=Plp, =k} (20)
‘ P (A, =k} =Po,= k) )

n

ora k=0,1, ..., n.
C IIOMOIIBIO 3TOH TEOpPEeMB! JIETKO IOKA3LIBAETCS

Teopema 7. IIycre v, vy, ..., Vo— NEPECTABAAEMbIE CAYLQAL-
Hble BeAUHUHbL, NPUHUMAIOULUE HEOTPUYATEeAbHble yeable 3HAYEHUS.
Hoaromeum N,=wv,+ ... +v, Oan r=1, 2, ..., n u Ny=0. Hycrs
A, —uucao uwdexcos r=1, 2, ..., n, daa koropeix N, <r. Toeda

P, =0)=1— NP, =i—1} (22)

i=1 -
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u
PA,=]}=
]‘ .
l . .
=2(1—T)[P{N,- E (l S PN=L, N~ N,.=z—,—1}] (23)
=0 i=j+1
oaa j=1, 2, ...,
JokasateascTBO. HMMeeMm
PA,=0}=P{N,=r pnar=1, 2, ..., n}, (24)
a MpaByi YacTb MOXKHO Ha#itH u3 rteopemnl 1 § 8. Orcwopa cae-
ayer (22). Ecmu j=1, 2, ..., n, TO B cuJIy TeopeMul 6
P{A,=j}=P{r—N,<j—N; pna r=0, ..., j—1
mr—~N,<j—N; nnar=j, ..., n}, (25)
OTKYJa :
i
P{An=j}=lZOP{N,-—N,<j—r aast r=0, ..., j=1|IN;=0X
XP{N;—N.<j—ranar=j ..., nu N;=I}. (26)

ITo Teopeme 1 § 4 nepBas BepOSITHOCTb B mpaBofi uacTu pasua (j—I)/j
u no ¢opmyJe (3) § 8 BTOpas BepOSTHOCTbL paBHa

. 1 .
PV, =0- Y, =T P =L N =N =i—j—1). (@27)
i=j+1
Oto mokaseiBaeT Gopmyay (23), a BMecTe ¢ Hell H BCIO TeopeMmy.

Bameuanue. Ecau A, j=1, 2, ..., n,—uuCIO HHIEKCOB
r=1,2,..., j, naa koropux N,<r, To, corsiacuo Qopmyse (26),

i
, 4
P{An=]|Nn=k}=E(1——].-)P{N,-=l}P{An_,=0[Nn_,=k—l}(28)
1=0 ,
nasg j=1, 2, ..., n
Teopema 7 nospoasier HaxoAUTb BeposiTHocTd Py, j=0, 1, ..., a+b,
B cayuae, korga p_=0—unenoe uucao. Ecam HOTOMb30BATS Te xe

0603Ha‘-IeHI/IH UTO H NPH [0Ka3aTeJqbCTBE TeOPEMEL 4, un NIPHHATb BO
BHHMAaHHe, 4TO B 3TOM cJyyae

j i\fa+b—i
PNj=s@+1), Ny=N;=r(p+1)}= o)l ’(al(,’,’)‘s") (29)

g 0<Kj<<i<<a+ b, To u3 TeopeMb 7 Gyler cJefoBaTh
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Teopema 8. Ilpu p=0

P0=l——(a_}l_-T)[ Z m(su+ss+l)(a—b—l)si1;s_l)-l
0

(30)
u
1 N G—su—s) (f)(a+b-]) __
Pf—(a+b)[ 24 i (s)( b—S)
a °<S<I£ﬁ ‘
(j—sp—s) (i\fm+r+WN\fa—b—1—j—rp—r
- E jlru+r+1) (s)( r )( b—s—r )]
os<ly org 2 o
danj=1,2, ..., a+b. Ecau j<a—bpusm j=a(w+ )/u, ro P;=0.

Ecnu ucnoabsoBath ofosnauenus P;= P;(a, b), ykasweiBawolnue
3aBHCHMOCTb P; oT uncsia roJocos, nolannwix 3a A m 3a B, 10 1m0
Teopeme 8

i@ b) =7y X (1= (D) (3 00]) Piats—j o).

( a )o<s<—’

TR
(32)
§ 38. MOPAJNKOBBIE CTATHCTUKH

IMyets &, &, , £, —B3aMMHO He3aBHCHMBle cJayuaiiHble BemH-
UHHEl ¢ OJHHAKoBOH ¢yHKuueli pacnpefenenus P{E, <<x}=F(x)
(r=1, 2, ..., n). Cryvuaiinble BeJHUHHH 06DPasyloT 8u60pKYy Dasmep-
HocTH n. (O003HQUUM uepes (gl, £3, ..., E;) CJyualfiHble BeJHUHHHI
E, & ..., E,, pacmoJoxeHHble B mopsiike Boapacrauus. Ciayuaiinas

BeJuYMHA £, HasbiBaeTcst r-#i  nopsadkosoid crarucruxol BHGOPKH
(& &, ..., En). Ompenenum smnupuueckyio ¢yuxuuio F,(x) pacmpe-
IeJseHHst BBIOODKH (§;, &y, ..., E,) KAk WHCJO BeJHUHH §;, He TpeBoC-
XOIAWKUX X, JeJeHHOe Ha n. Jlas Kaxioro x sMmnupuveckas pyuk-
uus pacnpepenenus F,(x) aBJaseTcsa ciayuyaiHoN BeJHUHHOH ¢ pacmpe-
JAeJieHHeM

n , .
P {F,,(x)=%}=(k)[p(x)1k[1 ~FWI"* (k=0,1, ..., 1. (1)

PaccMoTpuM  GeCKOHEUHYIO IOCJeOBATEIbHOCTh B3aHMHO HE3aBH-
CHMHX H OJHHAKOBO pacupeleseHHBIX CJAYYaHHBIX BeJHUHH &, &, ...
vevs Ens -« C OyHkuuei pacnpepenenns P{E, <x}=F(x), n=1,2, ...,
H AJa Kaxzaoro a=1, 2, ... o6pasyeM amnupuieckyro Qynxyuro
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pacnpedenenus F,(x) BeiGopku (&, &, ..., &,). Toraa, corsnacuo caa-
6oMy 3aKOHY OOJIBIIMX YHceJ, [Js Joforo x
lim F, (x)=F (x) 2)
n-»co
10 BEPOSATHOCTH, a4 COIVIACHO CHJILHOMY 3aKOHY OOJBIUHX YHCEN MJIs
goboro x
lim F,(x)=F(x) 3)
n-»oo |
¢ BeposTHOCTbIO 1. OGo3HAYUM
6,= sup [ Fp ()C) - F (x) s (4)
—0o X< )

no Teopeme ['mvBeHko [43]
P{lim §,=0}=1. (5)
n->oo

A. H. Koamoropos [50] mokasas, uTo ec/H QyHKIMS pacnpeneJe-
nusa F(x) HenpepeBHA, TO
tim P{Vns, <z} =K (), (6)
n—»oo

rie K(2) — ¢ynxuusa pacnpejieseHus, He 3aBucaman ot F(x) u umeio-
masi BHJ

[=5]

> (=1 e %% mpu 2>0,

2 0
K(z)= 0o npu z<0.
Eciu , ’
| b= sup [Fn(x)—F(x)] ®)
—coL x < oo
7|
8 = sup [F(x)—F,(x)] 9)
—-oLx < o

a F(x)— uenpepbiBHas (byﬁKunﬂ pacnpesiesileHns, TO HE3aBHCHMO OT
F(x)
lim P{Vnof <z}=lim P{Vné, <z)=1—e% (10)

n-»coo n->o

aas 2 >=0.

CayuaiiHble BeJHUUHBL &y, 87, O, Ha3BIBAIOTCS CTATUCTUKAMU, C8O-
600HbLMU OT pacnpedeserHus.

PaccMoTpUM Temeph JBe NMOCJEeNOBATeJbHOCTH B3aHMHO He3aBHCH-
MBIX ¥ OJJHHAKOBO Paclpe/ieJIeHHBIX CAyUaiiHbIX BeMUUHH Ef, By, .. ., Epyy oo
H Mgy Moy ooy My -or, BPHUEM P{E, St} =P{n, <x}=F(x) (m=1, 2, ...;
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n=1,2,...). Tlyetb F,(x)—sMnupuyeckass (QYHKLAS pacnpegelie-
uusi BRHGOPKH (&, &, ..., &), a G,(¥)—sMnupuueckass (yHKHUS
pacnpejeneHust BHGOPKH (1), N, « .., M)
O6o3nauum
O0(m, n)= sup |[Fux)—G, (x)] (11)
—co<x< 0w
H
8" (m, M= sup [Fp(x)—G,(x)]. (12)
—0o <L x <o

Eciu F(x)—menpepniBHast (yHKUMs Dacnpefenenus, 1o &(m, n) u
8" (m, n)— craTHcTHKH, CBOGOIHEIE OT paclpefe/eHHs.

H. B. Cmupnos [56] nokasan, 4To AJs HeNpepbiBHOH GYHKIHMH
pacmpezenenusi F(x)

. mn
n{gnwp{]/m”a(m, n<z|=K (@), (13)
f—> o0
rae ¢ynkuus K (2) onpenenena ¢opmydoi (7), u
. mn + —9z2
nlll_l;noop{V-m—é (m, I’L)<2}=1—€ 2 (14)
n—>oo

aas 2 >=0.

Cayuaiinsle Bequunnn 8, &7, 67, 6(m, n), 6* (m, n) urpamoT Bax-
HYI0 POJIL B MaTeMaTHUeCKO#l cTaTucTHke. Tak KakK OHM CBOGOIHBL
OT pacnpeje/eHusi, MOXHO C(HOPMYJHPOBATL CTATHCTHUECKHE KDHTe-
puM s caydaeB, Korja (GYHKIHS paclpejeleHds HaGg0LaeMbIX
cJyyafiHbIX BEJHUYHH HEH3BECTHA.

Janee Mbl GyneM 3aHHMATbCA 3a4aYaMHM, CBSI3AHHBIMH C BEJHYH-
HaMB Fp(x) = F(x) (—oo <x <o) u F,(x)—G,(x) (— 00 < x < o0).

§ 39. TUCKPETHBIE PACNPENEJIEHHA

Cpasnenue reoperuseckoeo u smnuputeckoeo pacnpedeaenud. TTycts

i &2 ..., &, —B3aHMHO HE3aBHCHMBIE CJIyualiHble BEJMYHHBL ¢ O6LIei
¢yukuueii pacmpemenenust F(x). Ilycts  F,(x) — smnupuueckas
GyHKLHus pacnpenenenus BBGOPKH (&, &, ..., &), T. e. F,(x)
ONPEAEALTCA KAK UHCJIO BEJTHUHH §y, &y, ..., & HEe MPeBOCXOASIIHAX X,
nenenHoe Ha n. OGosHauuMm uepe3 Ei, &, ..., & CayuaiiHbie BeJsu-
uuHBl &), &, ..., §,, DPAaclo/JOXKeHHble B IOpsiiKe BO3DACTAHHUA HX
3HaueHuH. o
- * *

Paccmorpum orkionenns o, (r)=F,(E)—F(&), r=1,2, .. . 1.

OueBnjHO, uTO CcayuaiiHble BedHuHHB O,(r), r=1, 2, ..., n, Hempe-

PHIBHBH H pas/HYHBE ¢ BepoaTHocThi0 1. KX coBMecTHOe pacmpemede-
HHe He 3aBHCHT OT F(x). Ecam TpeGyeTcs HaliTu pacnpejesenue
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CIyuaiiHOH BEJNMUHMHBI, 3aBHCAIEH TOJIbKO OT 8,(1), 8,(2), ..., O, (n),
TO-MOKHO JONYCTHTh Ge3 orpaHuueHUs OOLIHOCTH, 4TO &, &) ..., En—
B3aMMHO He3aBHCHMBIE BeJHYHMHBI C DABHOMepDHOH (yHKIHeHd pacupe-
nesennst Ha unTepBate (0, 1), T. e. F(x)=x naa 0<Cx << 1. Torzna

r *
6n(r)=7—§f (r=17 2)'--; n)- (1)
BeegeM eme OJHy CayuyafHYIO BeJHUHHY H BLIUHC/JIHM ee pac-
npejeseHue.
Tyets 8, = max §,(r). O6o3naunM yepes p, YUCJIO HEOTPUIlATEDb-
1<r<n
‘HBIX SJM€MEHTOB cpeid Beamuun 8,(r), r=1,2, ..., n, a uepes o,
To 3Hauenue r, JJs KoToporo pyHkuus 6,(r), r=1, 2, ..., n, goctu-

raer cBoero MakcuMyMa. Cayuaiinas BeJHYHHA ) ONpesieieHa C BEPOST-

HocThio 1.
Uskenb [35] mokasaJs, uTo cmpaBelsuBa

Teopewma . ua j=1,2, ..., n
i , .
. 121(}1)([)‘—1( i)”—‘
P{pn"]}_‘n i \i—1 n 1 n . (2)
i=1
NokasaTeabctBo. OGo3naunm uepes wv,, r=1,2,..., 1,
YMCJO BEJHUHH &, Ey, ..., E,, DoMajgalomux B uatepsan ((r—1)/n, rinl,
u nosouM N,=v,+ ...+v, g r=1,2, ..., n. ITo dopmyae (1)
8,(r)=0 rorma u Toibko Torxa, Korga N,z=>r. C/el0BaTe/bHO,
0, €CTb UMCJO MHIeKcoB r=1, 2, ..., n, 1ns KOTOpHIX N, =r. Oue-
BHJIHO, YTO WV, Vs, ..., V, —I€peCTaBJseMble cJyyaliHble BeJHUHHBI,

IPHHUMMAKOLIME HEOTPHIlaTebHEE IeJble 3HaueHus, ¥ N,=v,+ ...
... +v,=n. Torna sepostHocTs P{o,=j}=P{A,=n—j|N,=n}
BeiuHCasgeTcsa no gopmyae (5) § 37. Tak xak B aTOM cJayyae

. n\{r\/ r\n-J
PV, =i =(")(;) (1—%) 3)
mas j=0, 1, ..., n, To (2) cnenyer us dopmyas (5) § 37.
Teopema 2. Jua j=1,2, ..., n
P o, =i}=P{p, =1}, (4

20e ﬁpaeaﬂ wacts onpedeaserca no ¢opmysre (2).

HoxkasatTeunbcTBo. [1o Teopeme 6 § 37 mosoxenne MakCHMyMa

B TIOCJeNOBATeJBHOCTH o, (), r=1, 2, ..., n, pacupelelieH0 TaK e,
KaK UHCJO HEeOTPHLATeJbHBIX 9JIEMEHTOB CPeiH BeJuuuH O, (r),
r=1,2, ..., n. Orcrofa caenyer paseHcTBo (4).

Pacnpepesienne BeJUYHHB P, HeNOCPeACTBEHHO Haulau BuprbGaym
u Ilaix [31].
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Teopema 3. Ecau k=1, 2, ..., ﬁ, TO

n—k oy o m— i
Pl<t= =St ()00 e

NoxaszaTeabcTso. Mcnonbaysi Te xe 0603HAYEHHS, YTO U NPH

J0Ka3aTesqbCcTBe TeopeMbl 1, mMeeM jast k=1,2, ..., n
n—k
k \ | k .
Plo<E}=P(max (V,~nN<K=1-Y 5PN, =j+4), 6

i=1
a mpasyio uacth HaxoauMm u3 cdopmyas (1) § 8.

Cpastenue 0syx amnupuseckux Gynkyuii pacnpedeserus. Tlyctb
€, Eo «vvs Ems My Mos - «+» Ny — B3aHMHO HE3aBHUCHMBIE CJyuYafiHbie
BeJHUHHLI ¢ oOwedl HenpephiBHOH ¢yHKuHeld pacnpeneseHus. O6o-
3HauuM uepes F,,(x) u G,(x) sMnupudyeckHe QyHKIMH pacupejeseHus
BLIGOPOK (§;, &, ..., En) ¥ (N3, My «.., M) COOTBETCTBEHHO, T. €.
F,(x)—210 uucao BeauuuH E;, &, ..., &y, HE INPEBOCXONSIIUX X,
neJerHoe Ha m, a G, (x) —4ucJ0 BEJHYHH 1), Mg, ..., My, HE IPEBOC-
XONAmMHUX X, AedeHHoe Ha n. OGo3HauuM yepe3 1, 1, ..., 1N, CIy-
qyafiHble BEJHUHHEL 1), Mg, ..., W, PACHOJOXKEHHHE B MNOPAJKEe MX
BO3pacCTaHus.

IIyets y(m, n) —uncjo HHAEKCOB r=1, 2, ..., n, IJs KOTODPHIX
Fm(n:)gG-n(n;—O), T. e. y(m, n)— 4UCJO MOJIOKHTEJbHEIX CKauKOB

¢byukuud G, (x) orHocuTeibHO Fy (x). TlostoXHM
8 (m, m)=_ sup__[Fn(x) = Gn ()] U

—oo <X
Jlerko BuAeTb, uTo Y(m, n) U 6% (m, n) SBJAIOTCH CTATUCTHKAMH,
cBOOOJHEIMH OT pacnpejeJ/ieHHUs .

Teopewma 4. Ecau n= mp, 2de p— noAOHCUTENbHOE Yes0e 4UCAO0, TO

)

P{y(m, n)=j=1/(n+1) 8)
Oan j=0,1,..., n
HdokasaTeabcTBO. Ilyets v, r=1, 2, ..., n+1, —unciao
pennuue &, &, ..., &, NOmajaomux B HHTepBat (n;_,, n,| (vme
M, =— 00, 1, , = o0), yMHOXeHHoe Ha p. [Tonoxkum N, =v,+.. +v,
nags r=1, ..., n+ 1. Torma v, vy, ..., V4 — OePECTaBAsAEMHEE CJY-
yaiiHble BeJHYHHE, NPHHUMAIONIYEe HEOTPUIATe bHEIE LieJbie 3HAUCHMHS,
a ux cymma N, =v,+ ... + v, pasaa mp. [anee,
(i+s—1)(m+n—i—s)
S m-—s
P{N;=sp}=

"2")
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g i=1, 2, ..., n. OyeBHAHO, UTO Fm(n:)=N,/mp H Gn(n;—0)=
=(r—U)/n mpna r=1,2,..., n. Eciu n=mp, 0 N, ,=n, a cay-
yafilHafd BeJuuMHa vy (m, m) paBHa YHCJy HHEeKcoB r=1,2 ..., n,

aast xotopuix N,<r. Tak xak N, <n+1, 10 (8) caenyer us rteo-

pemul 2 § 37, mpuMeHeHHOH K cAyyaHHBIM BeqMuuHaMm | —v, 1 —wv,, ...
1 —w

Aoy n+1

Huast p=1 TeopeMmy 4 nokasamun B. B. I'megenxko u B. C. Muxa-
aesuu {45]; nmokasatesnctBO Agas p > 1 mpuBeneno B paGore - [46].

Teopema 5. Ecau n=mp, ede p— noa0xUTEeAbHOE YeA0e HUCAO,
U € — HEOTPUYATEAbHOE HUCAO, TO

P {a+(m, n)<%}=

1 1 c+1 (sp+s-—c-—1) (m+n+c—sp—s
- m+n n+c+1—sp s m—s )
( m ) ﬂl<S<m
g (10)

JlokasaTeabcTBO. Mcnonp3ys Te e 0603HAUEHUS, UTO M MPH
JIOKA3aTeJbCTBE TeOPeMEl 4, HMeeM IJsi 1= mp

+ o * — *_ _____1_ —
8" (m, n)= Jnax [F(m)—G,(,—0)]=- 1<rrn§fz(+1(N’ r+1). (11)
Takum oGpasowm,

P{6+(m, n)<—f7}=P{N,<r+c g r=1,2, ..., n+1}, (12)

a mpaByl0 dYacTh HaxoguM u3 Teopembl 1 § 6, npumenss ee k cuay-
YafiHBIM BEJHUYUHAM WV, Vg, ..., Vyu|, ONPEACJCHHBIM B J0Ka3aTelb-
crBe Teopembl 4. Pacnpemenenne BeJWuuHH N; HaxoZuMm mo ¢op-
myne (9), mpuuem N,.,=n.

Ecan p=1, to (10) npunumaeTr BUZ
(netse)
+ _L —1 m4+1+4+c
Plot(m, m<-5}=1 oy
m
Pacnpenenenne cayuaiinoii Bejunuuusl 8% (m, n) mast n=m nony-

unan B. B. Tremenko m B. C. Koposok [44], a nas n=mp, rie
p — moJioxuTteJbHoe Hetaoe uncao, B. C. Kopouwk [61].

(13)

§ 40. HENIPEPBIBHBIE PACNIPENEJIEHHUSA

Cpasnerue TeopeTuteckoeo u amnupuieckoeo pacnpedesesui. I1yctsb
&, &, ..., £, —B3aHMHO HE3aBHCHMBIC CJyyaHHBIe BEJHYHHBI C ONH-
HaKOBO#H ¢yHKuuell pacnpenenenus F(x), u nycrs F,(x)—smmupuue-
ckas QyHKUMS pacnpepeseHusi BHIOGOPKH (§;, Eo, ..., Eg)y T. €. WHCJO
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BeJMYHH &, &gy ..., £, HE IPEBOCXOASIMX X, AejeHHoe Ha n. O6o-
3HAUYUM
&f = sup [F,(x)—F(x)] (1)
R —o0 < X < o0
H
bn =_ sup_| [F(x)— F,(x)]. (2)
o< 2 <

D10 cBOGOAHBIE OT paclpejieeHUs CTATHCTHKH. JJIst HAXOMXKIEHHST MX
pacmpesiesieHHl MOXKHO Ge3 OrpaHHYeHHUs oéumocm CYHTATh, YTO
F(x)y=x mpu 0<Cx < 1. Torna

P{of <x)=P{ sup_ [ () —u] <) (3)
H al
P o <) =P{ sup [u—x, (W]<s), " (4)
\u\
rie {x. (), 0<<u<Cl}—cayuafinplii mpouece, OompelesNeHHbI caeLylo-

MM o6pa30M B unrepsajse (0, 1) BbiGepeM HE3aBHCHMO # TOUEK,
npuyeM- Kaxjaasi u3 Hux umeer B (0, 1) paBHOMepHOe pacnpefeJeHHe.
O6o3nauuM uepes Y, (#) OTHOIIEHHe YHCJAa TOUeK, NONaBIIHX B HHTEp-
saa (0, u), K n. Torma {x, (&), 0<u<1}—npouecc ¢ mepecTasJsie-
MBIMH OPHpPAWEHUSIMH, a Y%, (1), 0<Cu<1, —Hey6bIBammaH CTyHeH-
uyaras byskunsa; P{y,(0)=0}=1 =u P{xn( y=1}=1. Kpome Toro,
g 0<CLu{lu j=0,1, ..., n

{xn(u)—i}= - ®)

n ]
poaa 0<Cu<<o<<ln 0<(jChn
Py ()= % NOES S
= rEmaar Y@ =@
Ilns Toro utoObl HAHTH pacHpefesieHHs: BeJHUHH 87 1 6,, MOXKHO

BOCIIOJNL30BaThesl Teopemod 1 § 15 u Teopemoit 1 § 17 coorBer-
CTBEHHO.

Teopema 1. Ecau 0<x<1, 10
Plof<x}=Po, <x}=
. ‘_ % nx n\{j A\ i\t
=1 }4 (nx+n——i)(]’)<7_k) (l-l—x——;) - (D
nx<jsn
JNokasateanbctBo. Cornacuo dopmysae (1) § 15, mas x>0
Pswp [n@-u<d=1- ¥ IHPuG=y+d, @

I<y<scl~%
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a coraacuo dopmyae (1) § 17, a1a x>0

P{sup [u—n@l<d=1- Y ZP@=y—x ©

oCuxl! x<y<l

Tak kak P{y,(y)=x}=0, ecnun x 5= j/n, j=0, 1, ..., 70 (8) MOXHO
3amucaTh B BHIE

P{ ,3up [Xn () = 4] < 4} =

-i- 3 (am)e{uli-9-4) o
a (9)—B Buge e
P{ sup lu—x. W] <x}=

=1- X (E)r{n(ied =5k

0<ig<n(l-y

Pacnpenenenue BeJHUHHB X, (4), 0 <Cu <1, ompenensercss no ¢op-
mysae (5). Hrax, (7) moxasano. OueBuguo, uro (10) u (11) sxBuBa-
JIGHTHHI.

Pacnpefie/ienuss CJAyyafiHbIX BeJHUHH Oy M O, ObJIH HaHIeHH
H. B. CmupuossM [57]. Cm. Takxke Banbn u Boabdosun [66], Bupn-
6aym u Tunnxu [32], Bau gep Bapnen [65] u Hdemncrep [37].

AnanoruuHo MOXKHO HAfTH (QYHKUMH pacnpefeseHHs CIAeAYIONIHX
CTATUCTHK:

o4 (@, B, ¥)=_ sup [F,(x)—yF (x)] (12)
a<F(x)<pB
nu .
+ — Fn (x) —yF (x)
o (o B V)= _sup [ AEL], (13)

rie 0<Ca<p<l u y > 1.

Jlerko BUJETb, uTO CTATHCTHKH On (o, B, v) # oif (a, B, y) cBO-
GonHBl OT pacupefenenuii. ITo3TOMY IpH HaXOoXKAEHHH HX pachpefe-
JEeHHH MOMKHO cuHTaTh, uTo F(x)=x jgaa 0 <{x<1. Torna

P {67 (a, B, V) <<x}=P{ Sup b () — vl <) (14)

\u\

P (ot (@, B, v)<x}=P{ sup [E28 =] <), (19

oSus<P u

rge cayuaisbii npouece {5, (), 0<Cu<C1} onpenensercss, Kak u
BhiWe, .
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Ecin npuHATL BO BHHMaHHe, uTO Y, (4)— LUCKpeTHAs cayuafiHas
BequunHa 11 0<Cu<<1, To HeGoJblias MoAudHKALHA TeopeMbl 1
§ 15 macr Ham dopmyay

P{ sup [t (u) ~u] < @) = P (o (B —p <) -

- XY (I Penti=aty a®=ata  (6)

a<y<z<p

g 0<<a<p<Cl, a0, c 0. C nomoupio 3Toii GOPMYJIBI JErKo
noJyuuTh pacnpelesenus (14) n (15).

Teopema 2. Jaga x =0
Plo7 (o B W<sl= X Pl{u@=2}-

k< n(x+BY)

S C - S B}

n{x+ay) <j<ESn(x+BYy)

e0e sepoarHocTu e npasod wactu sadaorca Gopmyramu (5) u (6).
Ecau, 8 wacrnocru, =1, 170 048 x =0

Plod (o 1, V<a) =

R = LA

nix+oy)<ji<<n

HoxasatenbcTBo. Ecium B dopmyne (16) mosoxum a= x/y
u ¢=1/y, monyunM mnpaBylio uacTh paBeHcTBa (14). Popmyay (17)
MOJyYUM, €CJH NpHMeM BO BHHMauue, uto P{cy,(y)=a+y, cx,(B)=
=a+2}=0, 3a HCKJIOUEeHHeM TexX CJyuaeB, Koraa y=(j —nx)/ny u
2=(k—nx)ny, rne 0<j<<hk<n. Ecam B=1, to (17) cBomuTcs
K (18), Tax kag P{y,(1)=1}=1.

Teopema 3. Jan x>0
Ploat(@ B, V<st= Y P{x.@=%}-

k< nB (x+v)

ORI s DB R

no(x+y)< I <k nf(x4v) (19)

ede sepoarHocTy 6 npasoll wacru onpedersnrcs no gopmyaran (5)
u (6).
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_ Ecau, 6 wacrnocru, =1, 10 daa x =0

Plof(a, I, v)<<x)=
=1 n(x+vy)—n - i _ i
=1 E (n(x+v)—i)P(x”(n(x+v))‘n}' (20)
na(x+y)<j<n
HoxasateancrtBo. Ecan B ¢opmyne (16) momoxum a=0 u
c=1/(x+v), moayuum npaByio uactb popmyart (15). Popmyay (19)
MOJYYHM, €CJH NPHMeM BO BHHMaHue, uto P{cx,(y)=a+y, cx. (B)=
=a+2}=0, 3a HCKMOYEHHEM TexX CJy4aes, Korja y=j/n(x+vy) u
2=Fk/n(x+vy), roe 0<{j< k<n.
Bameuanune. Ecmm a=0 u x=0, 10 dopmyay (20) mMoxHO
yapocTuTh (¢ yueroM Teopemsl 1 § 13):

P o} (0, 1, Y)<0}=P{Os<t}lgl[x(u)—vu]<0}= 1=-1T/y. @21

Ecim onpenenuts cayyaiinbie Beqnmuuunl 67 (a, B, v) # 07 (a, B, V)
aHayoruyHo (12) u (13), To MX pacnpelieJeHHs] MOXKHO HOJYUHTb TeM
XKe CHocoGoM, YTO M pacmpeleseHHs caydyadubix BeswunH (12) u (13).

3aMeTHM, 4YTO JAJd Pa3HBHIX UYACTHHIX CJyYaeB pAasHbeE AaBTOPH
onpefessiil KaK pacrnpejeneHus seanduH 8% (a, B, v) u o} (a, B, V),
TaK H HX aCHMITOTHYECKOe NoBexeHue. Pacupenesenune aaa 83 (0, 1, 1)
ooiio Hafigeno H. B. "CmuproBeiM [57] u BupuGaymom u TuHIKH
[32); maa 68Ff(a, I, 1)—H. B. Cmupnosrm [58], a nas 8F (0, 1, y) —
Hemncrepom [37] u [soccom [41]. Pacnpenesenne nuas p; (0, B, 0)
namesn Uxswp [34], a maa o} (a, 1, 1) —Hceun [48] u H. B. Cmup-
HoB [58]. dopmyay (21) noayunsm [suusac [36], Po66urc [55],
Uxsub [34] u np.

Teopema 4. ITycre

P{%—ag <% u p;=k}=0k(x). (22)

Ecau 0<x <k, 10 . ]

[x
dGp(x) _(n\ (k—x) (n—x)"~ %! _ 1A N
__“(k) fext l"i}d:l(j)” W=D (29)

dx n

JdokasateabctBo. B camom pneJe, or=(k—x)n n o, =k
TOTlA H TOJBKO TOrAa, KOTAA &, = x/n ¥ ¥, (4) — ¥, (x/n) <u—(x/n)
g 0Su<<1. Yenosue &), = X/n SKBHBAJIEHTHO YCJOBHSM X, (x/n) =
=Fk/n u %, (x/n—0)=(k—1)/n. TTo dpopmyse (2) § 13
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econ 0<Cx <k, a o dopmyse (1) § 17

P{Xn(u)_Xn(%)glI-—z— ISt Ogug_’?

Xn(%—o)‘_"‘ kol ’

=P{u—xn(u)<—,1; o 0<u <=
[x]

-Sefulh)-

i=1

=)= 25 )

an(Z-0) =221, (25)

il

tak Kak B (25) MOXKHO 3aMeHUTb Y, (x/n—0)—1%, @) Ha ¥, (x/n—u)
aas 0<Cu<Kx/n M ucKOMAasi BePOSITHOCTb IIPH 3TOM HEe H3MEHHTCH.
Jaaee,

dP (&, <x/n)  dP [y, (x/n) <kln}
{ kdx | — dx . (26)
IMepemHo)kuB paBeHcTBa (24), (25) u (26), mosyunm

dGr (%) _ ( k—x ) [ dP {xn (x/n) = kin}
dx n—x dx

1 dP{xn (j/n) == 1) n, %n(x/n) = kin}
E dx (27)

s 0<x <k. Tak Kax

S il ) [ I (R I

H
dP {xn (i/n) = (j— D)/n,_xn(x/n) = kin} _

dx
_(n—1 E—1 ]il —j k—-j g \n—k
’(k—l)(f—l)(Z) % ) (1-2) e
s 1<j<x<<nn 1 <j<<k<<n, 1o u3 (27) caenyer (23).
CoBMecTHOe pacnpelesende BeJauuus 8F u pF Hamaun BupuGaym
n Ilafk [31].

Teopema b. Cayrainas eesununa p;/n—étj paeﬁomepuo pac-
npedeaena 8 unrepsase (0, 1).

HokasarteancTBO. Ecamn pn/n 0r=x (0<x<1), To x 06sa-

3aTeJbHO HBJIsEeTCS 3JIeMEHTOM Bblﬁoplm (&, Eoy .., En), TAK YUTO
% () =% =0)=1/n u %W =% ¥)<Su—x 0sSusl. Ilyems
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% (W=, (w+x)—yx, (x) nma 0OSu<<l—x u Xy () =1—9x, (u+x—
— 1D =%, (%) mma 1 —x<<u<1. Torxa

S Uta () =t s —0) = - } =

P{xn(u)—xn(x)<u—x a0 <u
=P () <w nmn 0<u<11g (1-0) ="t =

1
-+ (30)
IleficTBATEIbHO, JIETKO BHAETh, YTO K MPOLECCY (o ), 0T << 1)
MOXKHO IpuMeHHTb Teopemy 1 § 13, u torma us dopmyasr (2) § 13
noJsyuaercs mocJjejnee paseHctBo B (30). Tak Kak BeposATHOCThL TOrO,
uTO MO KpadHed Mepe oAuMH 3aeMeHT BHIGOpKH (&, & ..., E,) momna-
zer B uHTEpBAJ (¥, X+ Ax), paBHa nAx + o{Ax) npu 0 <<x <1 —Ax,
TO IJIOTHOCTh CJYYaHHOH BeJHUHHEI p:/n—é,j paBHa 1 B HHTepBaJe

(0, 1). Teopema mokasana.

Ora TeopemMa mnpuHajJtexHT BupuGaymy u Ilaiiky [31]. Hpyrue
nokasatesbcTBa Obliid AaHel JlBoccom [40] m Kriodimepom [52].

Bowbopru cayuaiinoeo pasmepa. Ilycts &, &, ..., &, ...— Gec-
KOHEUHasi MOCJEN0BaTeJbHOCTh B3AHMHO HE3aBHCHMBIX CJAyYalHBIX Be-
JUYHH ¢ obulell HenpepuiBHOH (yHKuHMed pacupepenenus F (x). ITycts
v — cJaydyailHas BeJHYHHa, pacnpejeseHHas no 3akouy Ilyaccona ¢ HH-
TEHCUBHOCThIO A, T. €.

. M
P{v=]}=e"*—j—!— (31)
s j=0, 1, 2, .... Iycts v e saBucur or {&,}. O6o3nauum uepes
Fy(x), —oo<x<oco, sMIHPHYECKYIO. QYHKIHIO paCHpeNeJCHHS BbI-
Gopru cayyaidnoro pasmepa (&, &, ..., &); Fi(x)=0 npu v=0.
Tlonoxum
vi@W)=_sup [FRM-F@)], (32)
—co < x << oo
V= sup_[F()—F Fi(x)], (33)
—00 < x < 00
67 ()= _ sup_ [Fi(r)—F (x)] (39
"
8" ()= sup [F(x)—Fy(x)]. (35)
—o < x < oo

Jlerko Buzets, uto v (A), y~(A), 6T () u &~ (A) — cratucruky, cBo-
Gonuble or pacupeiesenns. [103ToMy IPH HAaXOXK/IEHHH HX pacmpee-
JeHHH GyaeM cunTath, uto F (x) = x npn 0 Cx < 1. Torna vF, (x)=v (x)
npn 0sxu <<, rae {v(u), 0<Cu<C1}— nyaccoHoBckuil npolece ¢ HH-
TEHCHBHOCTBIO A H v=v(1). Otcrona ' :

Py ()= =i 2 (36)
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aas j=0,1,2,.... Ulpp HaXoX[eHHH paclnpeleeHHH BeJHUHH
(32) —(35) MBI BoOCHOJIb3yEMCSl CJENVIOUIMMH YTBEPIKACHHAMH: ecJtH
az=0ucz=0, To

P{ sup. feviw)—u]<L<a}=P{ev()<<a+ 1} —
o<u<<
- V¥ 1-2
HZ (l—y
I<y<z<l!

(B cuay Teopemsl 1 § 15), u
P{sup [u—cv@l<a=1- Y “Plv()=y—a) (38)

oux] <<l
(8 cuay Teopebe 1§ 17).
Teopema 6. [Jag x =0
A -
PVt W<A=PEM<ax+ - XY (FEp=E)x
' Me<f<R<A(eHD)
xPv(L—x)=ifp{v(s+1-4)=£~i}, (39)

20e pacnpedenenue eeaununot v (u), 0 <{u <1, onpedenserca no ¢op-
myse (36).

JPlvi)=a+y, ev(=a+2} (37)

IokasateascTBO. MMeeM
PHtM)<x}=P{@<<A(u+x) mma 0<<u<l),  (40)
a npaByio 4acTh HAXOAMM IO A(bopMyJIe (37) mpu a=x u c=1/A.
Teopema 7. /las x>0 )
Pywm<d=1- ¥ (mZ=)pls(f+x)=i} @
0 /<A (I~x)

20e pacnpedesenue seaununst v(u), 0 Su<<1, onpederserca no ¢op-
nyae (36). .

IIokasaTeabcTBO. MMeeM
Piy-(W<x}=Plu—vu)<ix a1 0<Su<<l), (42)
a mpaBylo uacTb HaXomuUM mo ¢dopmyse (38) mpu a=x u c¢=1/A.
Teopema 8. ﬁﬂﬂ 0<x<1

{6+(9\)<x~1—2.4 Z (k(x+1)—1)x

k=1 kx<|<k

xB v (L)= Yo (4 1-L)=k=}, @)
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ede pacnpedeaenue seauxunor v (1), 0 u <1, onpedeaserca no ¢op-
nyae (36). .

,U,OKasaTeJIbCTBO HUmeeMm
POT)<t=Ph@<@+0)v() ma 0<u<<l}. (44

Ecmu v(l)=%Fk, k=1, 2, ..., u B (37) nojoxuts a=yx, ¢=1/k, To
HOJYUYNM

PO <xIv()=F) =
=1= Y (=) P{vle-o)=iv=r} 69
OTKyI[a st

PT () <x}=P{(1)=0}+
+ S P (1)=KP Braw<xciv)=k,  @s)
=1
H TeopeMa JOKa3aHa.
Teopema 9. laa 0<x<1
kx

Pomm<s-PoM>0-% ¥ (%)X

k=1 0K i<<k(1—x)
< P{y (k%'+x)=j}l>{v (1-x=4)=t-i}, @)

20e pacnpedesenue seaununnt v(u), 0 <Su <1, onpedeaserca no ¢gop-
nyae (36).

JJoxasaTteabcTBOo. UMmeem
P~ ()<x)=
=P{uv(D)—v(@)<xv(l) g2 0Su<<}—P{v(1)=0}. (48)
Ecmm v(l)=%k, k=1, 2,..., u B dopmyne (38) mosoxurs a=x,
¢=1/k, To monyunm
P <xiv(D)=tk }=
(-

e X (e el =immr),

O k(I-%)

OTKY[La

Pl 0)<x)= 3 Plv()=AP [~ M) <slv(D=F], (50

U TeopeMa JoKasana.
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3ameuanune. [Tonoxum

Y0 =__sup |3 R~ F (o). (51)

oo < X

Sleno, uto y(A) — cratucruka, ceofoanas or pacnpefenenus. Kan [49]
J0KAa3aJ1, 4To

lim P{VAv(W<z}=L(2),

rae ’
4 N\ (=1)/ (2 +1)2n2
— . exp|— ~—5—] mpu z>0,
l 0 npu 2<.0.
§ 41. 3AJIAYHU

1. IIpu GamjgoTupoBke KauaupgatT A nafupaeT a roJocos, a Kauxpuaar B nabn-
paeT b roJiocos, npHueM BCEBO3MOXKHBIE H3OGHDPATeJNbHEE NPOTOKOJAE PABHOBLPOATHHL.
O6o3HauuM uepe3 ¢, U B, UHCJIA TOJOCOB CPEAH TEPBHX r Ol0J/aeTeHel, MOJaHHBIX
sa A u B coorpetctmenno. Ilyets Qj(a, b) — BepoaTHOCTE TOrO, 4TO TOUHO st
j MHZEKCOB BLIMOJHAETCS HEPABEHCTBO Oy = UPr, r=1,2, ..., a+b, a Pj(a, b) —
BepOHTQHOCTb TOrO, YTO TOYHO [Jsi j HHAEKCOB BBIMOJHSETCS HEPABEHCTBO O > UP,,

=1,2, ..., at+b.

Haiitu Qj (a, b), ecain a u b B3aumuo upocTsl u p=a/b (cm. Busan n I'poc-
cman [9]).

2. B ycnomusix samaud 1 wmadith Qj(a, b)) mpu b=a u p=1 (cM. DHress-
Gepr [15]).

3. B ycaopusx sanaun | maéitd Qj(a, b), ecsi a2 pp 1 pu =0 —neoe yucI0
(cM. Duresmbepr [15] ).

4. B ycnosusix 3ajaun | mafitn Qj (a, b), rie L — HeOTpHIATEJbHOE LEJTOE YHCJIO,

5. B ycuoBusx sagauu | Haiith Quyp(a. b) u Pyyp—; (a, b) upu a=km, b=rkn,
(m,n)=1u p=alb (cm. I'poccman [21] u Busau [8]).

6. B ycoopuax sagauu | maditu Pj(a, b), j=0, 1,...,a+ b, npu a=km, b= kn,
(m, n) =1, n=a/fb.

7. Tlpu GasnorupoBke kKauaugat A HaGupaeT a ToOJOCOB, a KaHiugat B HaGH-
paeT b rosiocos, MpHUEM BCEBO3MOXKHLIE H3OHPATEJbHbIE IPOTOKOIL PABHOBEPOSITHHL.
[Tyers @, U B, — uncaa rosOCoB CpeAH MepPBHIX r H36UpaTeJbHBIX OlOJ/IeTeHel, Io-
JaHHEX 3a A 1 B coorBercrBenHo, npuyeM oy =By =0. lasg 0 Cu << a+ b 3anazum
a(u) u P(u) caeayomum o6pasom: a(u)=oar{r+1—u) +a,4; (L—r), ecau
r<<u<ir+1, u B =P, +1—u)+Brr(u—r), ectu r<<u<<r+1. Ecin
Gro/I/IeTeHH ONYCKAIOTCST B MOMeHTh u=1, 2,..., a+b, 10 a(u) u f(u) O0<u
< a+ b) onncwBaT BpeMeHHbie GJAYKTYAllMd YHCEa T[OJOCOB, IHNOJAHHBIX 3a
1 B coorBercrBenno. OGo3Hauum uepes O, nosanoe spemsi B untepmate (0, a+ b),
B TeueHue KOTOporo A 3aHUMaeT JHAUPYIOLIEE INOJOXKEHHE, T. e, 84, p — Mepa MHO-
x)eersa {w: o (u) > B (u) u 0<Cu<Ca+b). Halitu pacupepesnenne cayuaiiHoi Beu-
uuab 84,5 (cM. Uxyn Kaii-nalt u Qennep [13]). .

8. Ilycts &y, & ..., £n — B3aUMHO He3aBHCHMBIE CAyUallHBIC BEJHUYHHB! C OOLIHM
HENMPEPHIBHEIM H CHMMETPHUHBIM pacnpenedendeM (1. e. P{E,=x}=0u P{f, < x}=
=P{E, >—x} mam Beex x). [Tomowum §o=0 u {r=§ + ... +& maar=1,
2, ..., n. [Tycts Ay — uHCI0 HEOTpHUATEALHBIX (MOJOXKHTEJNbHEIX) YJICHOB B TOCJeE-
JAOBATENBHOCTH &y, &g, ..., {n Halitu Plu,=j} maa j=0,1, ..., n (cm. Angep-
cen [1] u Hapsunr [14]).
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9. Ilyctb B yeaoBusix 3anaud 8 (aq (1), oy (n), ..., a, (n) ) — Takas mepecTaHOBKa

mHoxkectsa (0, 1, ..., n), Haa KoTopoi an < Qal < <Ly (" Haiitn
n
Pla,(n)=j}, j=0,1,..., n (cm. Hapmuur [14] u Anzepcen [4] ).

10. Ilycts &y, &5, ..., &n — B3aUMHO HE3aBHCHMEIE ¥ ONMHAKOBO pacClpeleseHHEIe
cayvalinbie BeauunHH ¢ 00uleH HenpepwBHOH GyHKumeH pacnpenesnenns F (x). ITycts
Fp (x) — smuuprueckas GyHKIUA pacrnpefesenns BeGOpKH (&, &, ..., &n). Jlokasatn,
YTO CTATHCTHKA

8, = sup_ | Fr(x) = F (x) |
—o LX<

cBOGOAHA OT paclpejeJeHHs.

11. Hyers &, &y ..vs Eny Myy Moy ..., Ny — B3AUMHO HE3aBHCHMEE CJyYaliHbe
BeJUYHHBL C OOIIeld HenpephBHOH ¢yrkuued pacnpepenenua. OGosnaunm uepes Fy (x)
u Gp(x) osmnupuueckue ¢GyHkunn pacnpefiesenus BeGopok (§y, &g, ..., &) H
(M1 Mz, « -+, Mn). Tosoxum

8 (mm)=__sup__ [Fa(x)=Ga ()]
_(n<
it
d(n,n)=  sup |Fu(x)—Gn(x)].
—o0o <L X < 00

HaiiTe pacmpefieiende W acHMNTOTHUeCKOe pachpefeseHue Beauunhs 87 (1, n).

12. B ycaoBusx 3ajaun (11) HafiTH acHMNTOTHYECKOE PACIIpEIEJEHHE BeJHUHHEI
8 (n, n). .

13. Ilycts &, &g «vvs Emy M1y Moy ++.. Mp— B3aHMHO HE3ABHCHMEIE CJAYYaHHEIE
BeJHYHHBl ¢ OOLuell HenpepHBHOH (yHKUHEH paclperesneHHUs.

OGosnaunm uepes Fn(x) u Gp(x) smnnpuueckde GyHKUHH paclpeleseHus BHI-

Gopok (E5, &2, ...y En) ¥ (Mg, M2 - -+, Np). HaliTH BepOATHOCTH COGHITHS
inf [Fm(x)—Gup{x)] >0
0< G0 <1

(em. HOpuon [37] ).
14. Tlycrs {v(u), 0<Cu <1} — nyacCOHOBCKHA HpOIECC C HHTEHCHBHOCTBIO A.

Haiitu (w) 4
v (1) — Au
lim P su — <2
As> 50 {o<up<1 Va = }
(cm. Karp [49] ).
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- IOMOJTHEHHE

1. HEKOTOPBIE OBIIHE MOHATHA H TEOPEMBI

Cnyuaiinse ucnuranus Korma ropopar o ciayuyadHoM Hc-
NBITAHHH, MOAPA3YMEBAIOT, YTO C HUM CBSI3aHO BEPOSITHOCTHOE HpO-
crpanctso (Q, s, P), rae Q — BHOGOPOUHOE MPOCTPAHCTBO, T. €. MHO-
JKECTBO BCEBO3MOKHBIX HCXOIOB CJyYaHHOrO HCmblTaHud, SE— 3TO
o-mosie (o-anre6pa) moamuoxkecTs B Q, a P —BeposarHoctHas Mepa,
onpesenennas Ha Sf. DIeMeHTH MHOKECTBA S HA3BIBAIOTCH COOBITHAMH.

Teopema HenpepHBHOCTH AJas BeposaTHocTel. Hyers

3a7aHa GeCKOHEUHAS OCAEA0BATeAbHOCTb COObITHI: A;, Ay, vvvy Afy vttt
o0 o0
Onpepeaum lim A, = n U A, xax co6rlTHe, cocTodllee B TOM, UTO
n—>o n=l1r=n
npousoiiier OeckoHeyHoe uHca0 cobmTHi A, Ay, ..., Ao,
oo o0

a lim A4, = U n A, —xaK coGbITHe, COCTOsIIee B TOM, UTO NMPOHU30M-
n-»oo n=1r=n

LyT BCe, KPOME KOHEYHOro yncia coburuit, Ay, Ay, ..., A, .., . Ecan

lim A, = lim A,, To 6yneM roBOPHTb, 4TO CyIlecTBYeT npetes lim A,,

n-»co e n->oo

KOTODHIfl paBen o6IeMy 3HAUEHHIO STHX JABYX Ipenesos. Eciu mocae-

J0BaTeAbHOCTh cobbituit A, Ag, ..., A, ... MOHOTOHHA, TO lim A,
n—>o

cywecrsyer. Ecau lim A, cywecrsyer, TO
fn—» oo

P{lim A,}= lim P{4,}. )

n-»oo

Cayuajiube BeuuuHB. [To BellecTBEHHOH cIyuaitHoN BeJH-
yuHO# £ moHHMaercsi QymkuHs E=CE(®), ompenesennas Ha Q H H3Me-
pHMasi OTHOCHTEJbHO S#, T. €. JJs BCSKOro X CoGHITHE {€ (o) < x}
npunapiexur s#. Ciayuaiinas BesqnuuHa §(®) MOXKeT NPHHHMATh Kak
KOHeuHBle, TaK WU GeCKOHeuHble 3HAYEHH.

Ecou cayuaiinas Beanunna & (o), o € Q, npHHIMAaeT TO/IbKO KOHeU-
Hble 3HaueHus, 1o ¢ynxuus F(x)=P{f(0)<<¥} nasbiBaercs QyHK-
umell pacupejesenus caysaitnoii Besmunnel §. Ecam F(x) abeomorHo
HETpepbIBHA, TO €€ MOXKHO MPEJCTABUTL B BHJE

Fx)= [ Fydy )
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- &as mo6oro x. ®yuknus f(x) HA3HIBAETCS MJOTHOCTBIO CayYaHHOMN
BeIHuHH §. CHeKTpOM CJyuaiHON BeJUUHHBI £ HASHIBAETCH MHOMe-
ctB0 R={x: F(x+e)—F(x—e)>0 pus Bcex §>0).

Ecin He ykasaHo NpoTHBHOe, TO M GyieM paccMaTPHBATh cay-
yaiHble BEJHYHHBI, IPHHUMAIOLHE JHIIb KOHEYHbIE 3HAYEHHS.

MarteMaTHyecKoOe OXHMIaHHue. MareMaTHUeCKOe OXKHIAHHE
CJOYYaHHOH BeJHUMHBl &, NPHHUMAIOLIEH JHIIb KOHEUHBIE 3HAYEHHS,
onpejiessieTCsl KaK HHTErpaJ

A
o)

E¢)=[t@dP= [xdF(x. 3
Q

-0

Ecan ¢ynkuns §(0) aGcomoTHO HHTErpupyema, To 6yaeM TOBOPHTH,
uTo £ MMeeT KOHEeUHOe MaTeMaTHuecKoe oXHAauue. Eciau xe unrerpas
or |E(0)]| mo Q Geckoneven, To Ju6o E{&} = oo, su6o E{£} = — oo,
aun6o E {¢} ne cymecrsyer.

Ecau g(x)—usmepuMass no Bopemo ¢ymKnus or %, To n=g ()
TaKXe eCTb CJAyuafHas BeJHUHHA U ee MATCMaTHYECKOE OXKHUAAHHE
paBHO

Ef=[gE@)dP= [g(x)dF(x), (4)
Q -—00

€CJIH TOJIBKO HHTErpaJs CXOAHUTCH.

ITpouspoasamue pynxuuu. Eciug — Bemecrsennasn cayvaitnas
Be/IHUHHA, TUPHAUMAIOIWASA TOJBKO KOHEUHHIE 3HAUEHHS, TO MAaTeMATH-
ueckoe oxunanue G (2)=E {2t} cymecrayer npu | 2|=1 u HaswiBaercs
npousBoisiied ¢yHKuHeHd cayuafiHofi BequunHbl E. Pachpenesenune
CIy4aiiHOA BeJMUMHBI & OJHO3HAYHO ONPENEJISeTCs ee IPOHU3BOISILEH
dyukuued. Ilpoussonsuieit hyHKLkeH yane BCEro moJb3yoTes, KOraa
CHEKTP R CJyYyahHOH BEJMUYHHBI § CONEPKHT TOJNBKO HEOTPHILATEbHbIE
nesiele 4dcsa. B stom cayuae G (2) cxonures npu |2 |<< 1 ¥ aBasercs
peryasapnoii ¢dyHKuue# oT 2 mpu [z|< 1.

ITpeo6pasoBannelannaca—CruabTheca. Ecan g — Be-
LIeCTBEHHAs cJydyaliHas BeJMYUHA, NPHHHMAKOIIAS TOJbLKO KOHEUHBIE
3HAYGHHs, TO MaTeMaruyeckoe oxuaanue ¢(s)=E {e~*%} cymecrsyer
npu Re(s) =0 u HasbiBaeTca npeo6pasosanueM Jlanaaca — CTuabTheca
GyHKUUH pacnpefesieHHst cayuafHol BeJnuumbl & PacnpeneJenue
C/IyYaiHO! BENHYHHBI § OIHO3HAYHO ONPe/ieJIsieTCs ero Npeo6pasoBaHueM
Jlannaca — Crusbtheca. ITpeo6pasosarmmem Jlanmsaca — CTHJbTbeca
CJAyYaHHOH BEJHUHHBEI § YACTO IOJIB3YIOTCS, KOT/A ee CHeKTP R COCTOHT
TOJIbKO H3 HEOTPHUATEJNbHBIX uyHceJ. B atom cuayuae @(s) Bcerga cxo-
ILH’?C;I ném Re($)=0 u sBagerca peryaspHoil dpyHKuHed oT s npy
Re(s) >0,
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XapakTepuctuueckne ¢ynxkuuu. Ecan §— BeulecTBennas
cayuaiiHass BeJHYMHA, NPHHMMAIOIAs TOJbKO KOHEUHBle 3HAYEHHUS,
To MatemaTHueckoe oxupanue (o) = E {5} Bcerna cymecTByer npu
— 0o <®< 00 W HA3LIBAETCA XapAKTePHCTHYECKOH QYHKIHEH C/aydai-
HOM BeJsuuumbl E. OueBugHo, uro P(o)=@(— in). PacnpeneneHue
cAy4afiHoil BeJHYMHB § OJHO3HAYHO OIpPeleJIiCTCA ee XapaKTepHUCTH-
yeckol (yHKuHeH.

Vcaosube BeposiTHocTH. [Tyeth (Q, $£, P) — BeposiTHOCTHOE
npocTpaHcTBo, A & S — cobbitHe, a % —3TO G-NOJE MHOMKECTB, NPH-
Haggexamux S, T. e. o-nopaare6pa ajareGpul S£. YcJoBHASL BePOAT-
HOCTh cOGHTHA A oTHocuTesbHo %, o6osnauaemas uepes P{A|%},
ompesie/iseTcsi KaK MPOH3BOJbHAS (YHKIUSA OT @, U3MepHUMas OTHO-
CuTe/JbHO % H YLOBJETBOPAIOUIAS YCJOBHIO

jp{A[g?}dp=p{AB} ‘ (5)
B

s Bcex Be=%. Us teopembi Panona — Hukojauma cJeyeT, uTo
Takas (QYHKIHS CYLUIECTBYeT H €IMHCTBEHHA C TOYHOCTBLIO JIO 9KBUBA-
JEHTHOCTH, T. €. JioGhe jBe TakHe (GYHKLUHH DaBHBI HOUTH BCIOLY;
OHM MOTYT OTJHUATHCS JHIIb HA ©-MHOXKECTBE HyJEBOH BepPOATHOCTHU.
Ecou £ = E(0) — BelllecTBeHHAsA CJyYaiHasi BeJHUYHHA, NPUHHMAIO-
masi TOJbKO KoHeuHble sHaueHusi, To P{A|E} ompenensiercs Kak ojHa
us ¢ysknuit P{A|%), rae # ecrb o-moje, NOPOKAEHHOe §, T. €.
MUHUMAJbHOE o-TOJe, cofepxallee MHoxkecTBa {E(0)<<x}. B srom
cayuae P{A|g} sBasercs 6spoBckoit ¢pynkuued or &. Jlasnee mul 6yneMm
noJb3oBaThest o603nauenneM P{A|f=x}=P{AIE}] oy

YTBepxaeHne

P{d}= [P{AlE=x}dP{E<x) ®)

Ha3piBaeTCA TeopeMOﬁ 0 noaxol 8epPOATHOCTU.

YCelOBHBE MaTeMaTHuecKue oxunanus. Ilycts (Q, s, P)
— BePOATHOCTHOE MPOCTPAHCTBO, 1) — BEIECTBEHHAN CHAYUaHAA BEMTUUH-
Ha, IPHHEMAOIIAsl TOJAbKO KOHEUHble 3HAUeHH, ¢ KOHEUHBIM MaTeMaTd-
YeCKHM OMKHIaHueM, a % ecTh O-IIOJe MHOXKeCTB u3 &f. YcioBHOe
MaTeMaTHUeCKOe OKMIaHHe BEJHUHHBI 1 OTHOCHTENbHO %, 0Go3Hauae-
moe E{n| %}, onpenensiercss Kak NPOM3BOJbHAS (YHKIUA OT ©, H3Me-
pHMas OTHOCHTeJbHO # U YAOBJIETBOPAIOULAs YCJOBHIO

IE/{T\I%} dP = fndp (7)
B . B

i Bcex Be%. U3 teopemnt Panona — Hukonuma caenyer, dto
Takas GYHKUMs CYLIECTBYeT H eIMHCTBEHHA C TOYHOCTbIO 1O 3KBUBA-
JEHTHOCTH, T. €. Jio6bie [Be Takve (YHKIHH PaBHBEl NMOYTH BCIOAY;
QHH MOCYT OTJIHYaThCH JHWD HA @-MHOKECTBE HYJIeBOH BEPOSATHOCTH.
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Ecau £ = £ (0)— BeluecTBenHas cayyaiinas BeJHUHHA, TPHHHMAIOMIAS
TOJMBKO KOHeuHhle 3HaueHus, To E{n|¥) ompemensiercs Kak oqua us
byukunit E{n|%)}, rze B ects o-nose, nopoxaensoe . B stom cay-
uae E{n|E} sBasieTcs 63posckoit hyHKHMeH OT &, H MBI 6yleM HCIOJE-
3oBaTh o6o3nauenne E{n|E=x}=E{n|g} le @)=z

Y TBepKAeHHE

00

Ef= [ EmlE=ndPE<y) ®

—00
Ha3bIBaETCqa TeOpeMOlll’ O NOAHOM MATEMATUHECKOM oolcuaanuu.

Teopema Koamoroposaocoraacosanun. [Tyers (Q, o7, P)—
BEPOATHOCTHOE MPOCTPAHCTBO, a & (w), 1 & T, — NPOU3BOJIBHOE CceMeil-
CTBO BEINECTBEHHBIX CJAYYaHHBIX BeJHYHH. TOria BepOATHOCTH

Ft 3 £, (xp x2» ey xn)=P{§t1<x|9 §t2<x2) reey gtn<xn}’ (9)

N S
OMpeJeJIeHHbIe N/ NMPOM3BOJIbHBIX KOHEUHHIX NMOJAMHOXKECTB (£, £y, .. .
+ .y ty) =T, HABHIBAIOTCS KOHEUHOMEPHHIMH (bYHKIHAME pacnpegene-
HHUSI ceMeHCTBA cCJ/yyaHHBIX BeJUYHH &, f=T. dtu MHOTOMEpPHEIE
GyHKUMH pacmpele/ieHHsi B3AHMHO COTJIACOBAHHI, T. €.

F (x. X,y o0 x)=F Xis Koy ovey X 10
B Bip ves tin i iy * T, Ep by e by ( P o i n) ( )
LJast  J060H  mepecTaHoBKH  (iy, iy, ..., i,) NOCAEIOBATENBHOCTH
(1,2,...,n),n
F Xy Koy v0ey X, )= lim F X Xoy o0ey x,. (1
[ S tn( I Ao ! n) %y by By iess tm( by ’ m) (11)
j=n+l1, ..., m

g m=n+1,n+2,....
A. H. Kosmoropos mokasaj, uTo ecaH AJs JIOGHX KOHEUHBIX noj-
MHOXKeCTB (t;, #y, ..., t,) © T samaubl GYyHKIUK pacnpegesneHus

Ftv by b (xl, Koy v ony xn) U OHH COIVIACOBAHHI, TO CYIIECTBYIOT TaKHe

BEPOATHOCTHOE TpoCcTpaHcTBO (Q, &, P) u ceMefictBo cayuainbix
BeqHYHH §;(w), t& T, 4uTO /1 BCeX KOHEUHBIX MOAMHOMKECTB
(t, by, ..., ty)=T

P{gtlgxl, §t2<x2, o g,ngxn}=F, by oo b, C7 S x,). (12)

| LA
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2. HEBABUCHMBIE H OJKHAKOBO PACHPEII,EJ]EHHI:IE
CJIYYAHWHBIE BEJTHYHUHDI

Fosopar, uro &, &, ..., & ... O6PA3YIOT NOCJEIOBATENBHOCTD
B3aHMHO HE3aBHCHUMBIX CJAyUYalHBIX BeJIMUHH, €CJIH

PE <x, By, oo, En St} =PESPES L) ... p{§n<xn} (1)

s n=2, 3, ... H BCEX X}, X9, ..., X,. ECJH Cayuaiinble BeTHYHHHI §,,
£, +.., & ... OJHHAKOBO pacmpegesnenbl, 10 P{&, <x}=F(x) nas
n=1, 2,. :

Chyuaiinas BeJHIHHA £, HasblBaeTCA pelleTyaToH, eCJu CyLeCTBYeT

TaKoe YUCJIO d, UTO Z P{,=jd}= 1. Eciu d - MmaxcnmMaabHoOe YHCJIO,

obnanaloriee 3THM CBOHCTBOM TO &, HasblBaercs d- -pelleTuaToil BesH-
yuno#. Ecsnu ke takoro d Her, To §, Ha3bBaeTcs HepelleTuaToR
BEJUUNHOMH.

Jlanee O6yznem mpexnnoJaratb, 4To &;, &, ..., Ep, ... — OeCKOHeUHAA
HOCJAe0BATeNLHOCTh B3AHUMHO HE3ABUCHMBIX M OJJUHAKOBO paclpesesieH-
HHIX cayualHBIX BeJHUUH ¢ GyHKUHel pacnpenenenus P{E, < x} = F(x),
npuueM E{t,}=a u Var{g,}=0% ecan onnm cyuwecrsyor. [losoxum
o= +E&+ ... +E, n=1, 2, . IlpuBeneM pdan TeopeM O TaKHX
cayuyaHBIX Be.nntmﬂax.

CnaGuii 3akon 6oabmux unced. Ecau E{§, |}<oo, r0
Oan a06oeo £>0
lim P{| 2
n—>»o0

T. e. §,/n cxodurca K a no 8epoATHOCTU.

Aty TeopeMy pokaszaa DBepuyaam [2] nmaa  caywaes, korga
P{t,=0}=g, P{gn—— =pp+g= I) I1. JI. Yebnimesn [23] nokasas
ee mpu ycnoBud b?<oo. B panHOR (OPMYJTHPOBKE J0Ka3aTeJbCTBO
noayuua A. 1. Xunuyun [17].

Cuabun# 3akoun 6oabmux uucedd. Ecau E{}E, |} < oo, 70
P{mnég—a}=1, (3)

fn-»oo

|<e}=1, @)

- 7. e. Ly/n cxolurca k a ¢ seposaTHocrero 1.

Aty TeopeMy nHokasamd JJsi  uactHoro caywas P{g, =0} =
= P{g, = 1}=1/2 Bopeun [5], ans cayuasa P{E,=0}=¢q, P{g,=1}=p
(p+¢q=1)~ Kanreanu [6], a naa npuBefeHHOro Bbllle OOILIEro CJay-
vyag — A. H. Koumoropos [18].

Llenrpanbuas npeneanbnas tTeopema. Ecau E (g2} < oo,
T
o 1 X -
— ~w'2dy, 4
Vo ’\Le du “4)

lim P{}—"%<x}=
n

n-»oo
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Myasp [11] u Jlansac [20] naau JOKa3aTedbCTBO 3TOH TEOpPEMHI
ana cayuas P{E,=0}=¢q, P{E,=1}=p, p+g=1, a nas obiuero
cayuas s10 cheaad I1. JI. HeGbimres [24].

CxoxzuMocTbh K ycToHuuBoMYy 3akoHny. Ecau F(0)=0 u
1—F(x)=h(x)x"°, ede 0<a<2-—kKoucranta u lim h(cx)/h(x)=1

> 00
048 210601l NOAOKCUTEAbHOI KOHCTANTLL €, TO npu g<1
: En
] 2=y =0y (x), 5
;g{%\w} « () ®)
a npu a>1
lim P{ g” E<x }= G (x), (6)
n—-»oo

2de b, soibuparorcs rax, urober lim n[l — F(b,)] =1, a G,(x) — ycroii-

n-»o

wusaa Qpynkyus pacnpedeserus, 04s KOTOPOU

f 2 4@, (x)-—exp{—|z| (cos—z— —isin — sgnz)I‘ (1 —-a)}. )
dra TeopeMa mnpuHagsiexut éGauny [13].

- B 3akJioueHHe NPHUBeJEM TPH TEOPEMBl O PEKYPPEHTHHIX CBOHCTBAX
NOCJIeIOBATEJIBHOCTH Ly, Loy oo vy Cpy -« o

1. Ecau E{ &, |} <00, TO

{1 npu a=0 u P{,=0=1,

P{sup Li=c}=1, apu a>0 uww P{g,=01=1. ®

IKn<ow

an a == 0 370 yTBepKIeHHE CJelyeT H3 CHJBHOTO 3aKOHA 6OJb-
mux yuceq, a npu a=0 u P{t, =0} 1 us oguoli Teopemnl YxyH
Ka#-nas u dykca [8].

2. Ecau F(0)=0, 7. e. E,, n=1, 2, ..., — HeOTpuyaresvHole cry-
4aiiHble 8eAUMUHbL, TO

oo

lim + ¥, Pt <x=7. ©

X -» 00 a
n=1

- Drta teopema mpunaanexur Takauagy [21).
3. Ecau t,, n=1, 2, ..., — HepeuleruaTsie CAYywQiiHble BeAUYUHYL
u E{&,}=a>0 (803moncro, 4T0 a = o0), TO

h
hmE P{x<Z,<<x+h)= ! pn X (10)

n=1 | 0 npu x>~ o,
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Ecau t,, n=1, 2, ..., —3r10 d-pewersarsie cay4atinble 8eAutuHst
u B{£,}=a>0, 10
e ! 4 npu k— oo
lim ¥ P (¢, =kd)={ ° ’ (1)
n=1 0 npu k—>— oo,

Teopemy B 2TOM BHAe Ao0Kasasn DBuaskyaan [4]. Uactuble cayuau
paccmotpesn A. H. Koamoropos [19], dpném, Pennep u IToarapn [14],
Buskysan [3], Uxyn Ka#i-nait 1 Bouandosun [10], Uxyn Kak-nai
u IMoanapa [9].
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3. CJIYYJANHBIE MMPOLECCHI CO CTALHOHAPHBIMH
HE3ABHCHMBIMH NPHPAIMEHHAMH

IMyers {& (1), 0 <<u < oo} — BeleCTBEHHBIH CJyYaliHBIE Opollece co
CTALHOHADHBIMH HE3aBUCHMBIMH MpPUPAUICHUSIMH, T. €. AJS JIO6GHX
0t <t < ... <, cryuadinele Beanunnsl £ (f) —E(t), E(£) —E(¢)), ...
..., E(¢,)—E(f,~) B3aUMHO HE3aBHCHMBEI, a pacnpeje/eHHe BeJJHUNHM
E(¢) —&(u) 3aBucur ToJbKO OT ¢ —u. Ilycts P{E(0)=0}=1. Toraa

E {eico§ (u)} = etV (@) (1)

AJs BCeX BellecTBeHHHX © H u>0, a pyukuuss ¥ (o) B nauboaee
ofuleM BHAe paBHA

-0
- 2 2 . 1
¥ (o) =ive— S (e“‘”‘—l—l—fi?)dM(x)—l—

+ fo (eror—1— L2} an (x), @)
+0

rJe ¢ — BelleCTBeHHAs KOHCTAHTA, 62— HeOTPHLATeJNbHAs KOHCTaHTa,
M(x), —0<x<0, u N(x), 0<x<oco, —HeyOHBawWUe (GYHKIHH

or x, npuueM lim M(x)= lim N(x)=0 u
X—>»—oco X —> 00

-0 1
[ xamx)+ [ #dN (%)< co. (3)

-1 +0

O6myio ¢opmy mas W(w) names I1. Jlepnu [18]. B uyacTHHX cayuasx
¢yukunio ¥ (o) nonyunau eme panbime ®umert [9, 10], A. H. Kou-
moropos [16, 17]. [pyroe Bupaxkenue aaa ¥ (o) maa A. . Xun-
uun {13, 14].

O6patno, ecan BHGpath ¢, 02, N(x), 0<x<oo, u M(x), —oo <
< x<0, rak, 4To6b OHH YAOBJETBOPSJH NPUBEIEHHBHIM BHILIE YCJO-
BHSAM, TO mo TeopeMe Kosmoroposa o corsacoBaHuM —CYIUECTBYET
TaKo# cayvaiiunit npouecce {§(u), 0 << u < o0} cO CTALHOHAPHBLIMH He3a-
BHCHMBIMH mpupauienuamu, yto P{E(0)=0}=1 u ¢dopmyaa (1) sepua.

Corsacro Teopeme Jy6a [8], mpomece {&(u), 0 <1< 00} MOXHO
cunTath cenapaGesbnbiM. Ilpomece {E(u), 0 <Cu < oo} HasbBaercs
cena}zaéeanmM, €CJ/JIH HaWAeTcsi TakKasd I0CJel0BaTeNbHOCTD {u,} 3Ha-
YeHHH mapaMerpa, 4To :

P{sup g(u) = sup & (u;)}=1 @
uesl quI .
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P {inf g(u) = inf E(u;)}=1 (5)
us! ujel

Ajs mo6oro orkpuitoro uurepBasta [ < [0, o). B cuay cenapabesb-
HoctH sup &(u) u inf §(u)— caiyualinble BeJIHUMHE, NpHHHMAIOIIHE,
uel uslt

BO3MOXKHO, W O€CKOHeYHbIe 3HAUEHHS, T. €, 3TO H3MepHMble QYHKIIHH.

TIpouece {E(u), 0 <Cu < oo} Bcerna MoXHO BHGPaTh Tak, UTOGH OH
Obl1 UenTpupoBaHHeIM. Torga P{E(u—0)=t(w)=Et(u+0)}=1 nasa
Bcex u#>0, T. e. ¢ BeposaTHocTbIO | mporece {&(u), 0 <Cu<< oo} He
HMeeT (UKCHPOBAHHBIX TOYEK pasphiBa. BuiGOpouHble QyHKIHH cema-
pabe/IbHOrO LeHTPHPOBAHHOIO IPOLECCA CO CTALIUOHAPHBLIMH HE3aBHCH-
MBIMH NpHpalleHUsIMH 06/aJal0T NPOCTHIMH CBOHCTBAMH B CMEICJ]E
nenpepeiBHOcTH (cM. IT1. Jlem [19] m y6 [8]). Kpome, Bo3MOXKHO,
HEKOTOPOro MHOXKeCTBA BLIGOPOUHBIX (DYHKIHH HYJEeBOH BepOSITHOCTH,
BCe OHH orpaHuueHnl Ha orpeske [0, f] mas moGoro koueunoro f> 0,
HMeIOT JIeBO- H IIPABOCTOPOHHHE IIpe/eJbHBIE 3HAUEHHS AJs JI1060ro
t>0 1 BCe HX Pa3phLIBHl NpPEICTABJSIOT COGOH CKauKu,

BpoyHoBcKOe ABHXeHHe, HJH BHHEDPOBCKHUH mpo-
mecc. 3mech mnpupawenusa &(f)—E(u) HOpMaJbHO pacHpefieseHH,
E{£@W)+Ew)=0u E{g(t)—E(w)P}=0%|f —ul, rae 0 — NOJOXKHUTEID-

Hasg KOHCTaHTa, T. €.
x

1>{5—“’L(")<x}=_—‘/1ﬁ [evray 6)

Vol—u)

npu {>u. MHOXeECTBOM 3HaueHHH NapaMmerpa OGHIYHO CJYXKHT Jy4
(0, oo], mpuuem P{£(0) =0}= 1. DToT Nmpouecc BHEepPBLHIE paccMaTPUBaJI
Bamease [1], a norom Gosiee crporo Bumep [23]. OTmeruM, uto 3xech
¥ (0) = o?0¥/2.

ITouTtu Bce BHIGOpOUHBIE GYHKIHH cenapabeJbHOro mporecca Gpoy-
HOBCKOTI'O JIBUJKEHHSl HENPEPLIBHHL. )

IMyacconoBckuii npouecc. [pupamenns g(f) —§ (u) pacupe-
Ienensl corqacHo 3akony Ilyaccoma E{E(f)—E(w)}=A(f—uw), rae
A — HNOJOXKHUTE/AbHAS KOHCTaHTa, T. €.

BRPRYT
P (t) —& () = ky = e=n - LUt )
npu t>u n k=0, 1, 2, .... B KauecTBe MHOXeCTBA 3HAUeHHUH mapa-

meTpa o6biuHo Gepercs [0, co) u mpexnosaraercs, uto P {g(0) =0} = 1.
Brnepsble aToT npouecc paccmarpuBan Beiitmen {2, 3]. 3gecs ¥ (o) =
= ) (e~ —1).

IToutn Bce BBHIGOpOUHBEIE HYHKUHH cenapaGe/bHOrO NyacCOHOBCKOrO
npouecca SBJSIOTCS HeyGHBAIOIIAMH CTYNEHYaTHIMH (GYHKUHAMH, H
OHH BO3PACTaIOT TOJBKO CKAauKaMH €JHHHYHOH BeJHUYHHBL.
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PaccmoTpuM Temeps UEHTPHPOBAHHBIA cenmapabeibHBIA Mpolece
{&(n), 0<Cu< 00} cO CTAlMOHAPHBIMH HE3aBHCHMBIMH NPUDPAIIEHUIMH,
s Kotoporo P{E(0)=0}=1 u dopmyan (1) u (2) Bepunl. C Beposr-
Hocthio 1 mpouece {E(u), 0 <Cu < oo} He uMeeT QUKCHPOBAHHBIX TOUEK
paspeiBa. Ilyctb v, (f) —uncao ckaukoB B uurepsase (0, ¢], Beanunna
KoTopeix Goabuwle a (> 0). [oBopsAT, 4TO B TOUKE # CKAUOK HMeeT
BeJIMUMHY > a, ecan E(u+ 0)—E (u—0) > a. Tlpouece {v,(f), 0<i<<a)
npeActaBiaseT cofoll NyacCOHOBCKMH IIpollecc, MJs KOTOPOTO

E{v,(t)}=¢[N(00)—N(a+0)]=—tN(a+0). K]

Ananornuro, eciu v, (¢)—uHcao ckaukos B untepsate (0, ¢], Besu-
unHa KOTophlx He Gousiie a (< 0), To {v,(¢), 0<¢< oo} —myacco-
HOBCKHI MIpolecc, i KOTOPOro

E v, (1)) = tM (a + 0). ©)

Ecan {E(u), 0 <u< oo} —mpouecc co CTALUOHAPHLIMH HE3aBHCH-
mbiMu npupamenusmMa 1 P{E(0)=0}=1, To

E{ (1)} =ot, (10)

eCJH MaTeMaTHYecKOoe OXKHIaHHe CYHMEecTByeT. 3JeChb 0 — KOHCTaHTa
(BO3MOKHO, paBHasi = co).

Ha npolecchl €O CTallHOHAPHBIMH HE3aBHCHMBIMH NPHpPALICHUSMH
IePeHOCATCS] MHOTHE TeOpeMBl O CyMMaX B3aUMHO HE3aBHCHMBIX H
OJMHAKOBO pACIpeJeleHHBIX CayuyadHblX BesnunH. IlpuBemem HekoTO-
phle u3 HHX.

Cna6uii 3akoH 6onbmux uucea. Ecau p— Koneunoe wucao,
T0 048 a0boeo €>0

lim P{IgT(t)—p‘<e}=l, (11)

t—> o0
7. e. E(H)/t cxodurcs K @ NO 8epOATHOCTU.

Cunpubilt 3akon Goapbwmwux uuncena Ecau npoyecc {E(u),
0 < u< o) cenapabesen U HUCAO P KOHEHHO, TO

P{lim &2 =pl=1, (12)

t>o !t
r. e. E(D)/t cxodurcs K p ¢ eepoarHocrsto 1.
JlokasaTe/bCTBO MOXKHO Haifitu y yGa [8].
Ileutpanbunasnpefeabrnasreopema. Ecau Var {g (u)}=0%u

cywecrgyer u 02 — KOHEUHAA NOAONCUTEAbHAS KOHCTAaHTQ, TO
: x

. E (1) —pt _ 1 _
fim P32 <) g [y (13)

-0
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Ecau npoyece (E(u), 0 <Cu< oo} cenapadesen u E{E(u)}=pu cywecr-
8yer, 1o

P{ sup E(u)=oo}=
0Ky <o
_{ 1, ecau p=0 u P{E(wW)=0}%1 a8 u>0,

L0, ecaw p<0 wuwaw PE@W=0=1 o0an u>=0. (14)
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4, MEPECTABJISSEMBIE CJ1Y+ZAWHBIE BEJIHYHHBI

Cayuaiiuble BeJiMUHHBL E;, &, ..., &, HasblBalOTCsl IlepecTaBJse-
MBIMH, €CJH BCe 7! IMepecTaHOBOK MOC/aeNoBaTeNbHOCTH (B, &g, ..., Ep)
HMEIOT OJMHAKOBOE COBMECTHOE paclpeielieHue, T. €.

P (g, <xpy By <oy o & <8,) =P {5y 58y, o £,<5,) (D

ansa  Bcex n! mepectaHoBok  (iy, foy ..., i,) IOCJELOBATeJbHOCTH
(1, 2, ..., n) 1 Bcex (x;, Xo, ..., Xp)

Mbl 6yneM TOBODHTb TaKXke, UTO BEJHUYHHH &, &, ..., &, ...
06pasyloT 6eCKOHEUHYIO TIOCJE0BATENbHOCTD IePecTaB/IgeMbIX cayya-
HBIX BeJHUHH, €CJd &, ..., &, AJd BCcex n=2, 3, ... ABJAIOTCA Nepe-
CTaBJISIEMBIMU CJAYYaHHBIMH BeJHUHHAMH.

Ounerrd [5~ 8] nokasasa, uTO CBOHCTBO NePECTABJASAEMOCTH JJA
6eCKOHEUHOH MOC/IeI0BATENEHOCTH CJAyUalHbIX BeJHUMH 3KBHBAJEHTHO
CBOMCTBY VCJAOBHOM HE3aBHCHMOCTH H YCJOBHOH OJMHAKOBOH pacmpe-
JeJIeHHOCTH. :

Teopema 1. ITycrs (Q, s, P)— sepoarnocrnoe npocTpaxcrso,
tE, (@), n=1, 2, ..., — 6eckoHeuHan nOC1e008ATEALHOCTb NepecTasasie-
moix caynaiineix seausun. Toeda cywecTsyer TAKAR HETPUBUAAbHAN
o-nodascebpa B o-areebpor S, uro Oan scex n=1, 2, ..., n u x,
Xgy +oey Xy

PE (@)<xp, .00y §n(w)<xn|99}=rljlP{El(m)<xfl§9} (@)
¢ gepoarxocroo 1. '

JloKa3aTeJIbCTBO 3TOrO yTBepKIeHHMs MOXHO Hafith y Jlospa [14].
E. Bb. Jwuuexus [3] nokasaa, uto B 3Toil TeopeMe o-noganre6pa %
NOPOKAAETCA HEKOTOPOH cJayuaiiHoii BeanunHod 0 (w), T. e. ¢ BEpoOAT-

HOCTbIO 1
n

Pl <y, oo 8 <xa 16} =11 P& </1 0). ®)
HOJIO}KHM P{gl <xh ML) gngxn}':F(xl, KXoy vesy x;z); P{glgx |9=y}=
= F(x|y) u PO<x}=H(x). Torna B cuay (3)

Flxi, % oooy x)= [ Flri 1) F(518) ... FOou10)dH (@), (4)

TakuMm o6pasoM, GeCKOHEUHYIO MOCJeJOBAaTeJIbHOCTb MEPECTaBJise:
MBIX C/AyYalHBIX BeJHYHH MOXKHO peasn30BaTh KaK PAHZOMH3HPOBAaH-
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HYIO IOCJIeOBATE/JbHOCTD B3aHMHO HE3aBHCHMBIX M OJHHAKOBO pac-
npeliesIeHHBIX CJAy4YalHBIX BeJHYHH.

Teopema 1 nossossier NpHMeHHTb cAaGblii 3aKOH GOJBIIHX UYHCEJ,
CHJIBHHIA 3aKOH 60JBUIMX YHCeJ H LEeHTPaIbHYIO NPENeNbHYI0 TEOPEMY
K [lepecTaB/]sieMBIM CJAy4YafiHHIM BeJHUYHHAM.

Cdopmyanpyem cu/bHHH 3aKOH GOJIBUINX YHCeN [Jis MepecTasJsie-
MBIX CJy4YaHHEIX BeJHYHH.

Teopema 2. Ecau E{[g;|}< o0, TO

lim — Y& =E{ | %) ®)
r=1

n->oo f
¢ 8eposarHocTsio 1.

IokasareJbCTBO MOXHO HaiTH v Jlossa [14].
Ecau G (x) — QyHKIHs pacnpegesenus cayuainoi sesnuunsl E{g;| %},
To B cuay (5)

lim P!—:l—igr<x}=0(x). (6)

r=1

OTMeTUM B 3aKJIOYEHHE, YTO COBMECTHYIO (YHKIHIO paclpeleleHus
F(xy, X, ..., X,) KOHeunoOl TOCJENOBATEJBHOCTH CJYUYAHHHIX BeJH-
uuH &), &, ..., &4, BOOOIIE TOBOPSA, HeJNb3sd MPEACTABHTb B BuAe (4).

JUTEPATYPA

[l] Bihimann H, Le probléme limite central pour les variables aléatoires
échangeables, C. R. Acad. Sci. Paris, 246 (1958), 534 —536.

[2] BiihImann H., Austauschbare stochastische Variabeln und ihre Grenzwert-
saetze, Univ. California Publ. in Statist., 3 (1960), 1—36.

[8] Amexun E. B, Kuacce skpuBaNeHTHBIX cilydaiiHbix seanuud, YMH, 54 (8),
(1953), 125—134.

[4] de Finetti B., Funzione caratteristica di un fenomeno aleatorio, A#ti. R.
Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Nat., Ser. 6, 14 (1931), 251—299.

[5] de Finetti B., Classi di numeri aleatori equivalenti, Afti. R. Accad. Naz.
Lincei Rend. Cl. Sci. Fis. Mat. Nat., Ser. 6, 18 (1933), 107—110.

[6] de Finetti B., La legge dei grandi numeri nel casso dei numeri aleatori
equivalenti, A¢ti. R. Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Nat, Ser. 6,
18 (1933), 203—207.

[71 de Finetti B., Sulla legge di distribuzione dei valori in una successione
di numeri aleatori equivalenti, A#/i R. Acad. Naz. Lincei Rend. Cl. Sci. Fis.
Mat. Nat., Ser. 6, 18 (1933), 279—284. ‘

[8) de Finetti B., La prévision: ses lois logiques, ses sources subjectives, Ann.
Inst. H. Poincaré, 7 (1937), 1—68. - :

[9] Fréchet M, Les probabilités associées 3 un systéme d’événements compati-
bles et dépendants, II, Actualités Scientifiques et Industrielles, Ne 942, Paris,
1943. . - -

T10) Haag J, Sur un probléme général de probabilités et ses diverses applica-
tions, Proceedings of the International Congress of Mathematicians, Toronto,
1928, pp. 659—674. - s



212 Honosnenue

(111 Hewitt E, Savage L. J, Symmetric measures on Cartesian products,
Trans. Amer. Math. Soc., 80 (1955), 470—501.

[12] Xunwuu A S, Sur les classes d’événements équivalents, Maren. c6., 39
(1932), 40—43.

[18] Xunuun A. 4., O raaccax skeuBanenthoix coberuit, JAH CCCP, 85 (1952),
713—714.

E14] Jloas M, Teopust BepoatHocrelr, UJI, M., 1962,

15] Texcher H., On the mixture of dlstrxbutlons Ann. Math. Statist,, 31 (1960),

5. CJIYYAMHBIE MPOILECCHI C MEPECTABJISEMbIMH

IIPUPAILEHHAMH |
Cayuatubiii mpouece {E(u), 0 <Cu< T} HasBIBaeTCs IPOLECCOM
¢ NePeCTaBJAsSeMbBIMH TPUPAIIEHHAMU, €CJH AJ BCeX n=2, 3, ... |
gooro Koneuroro ¢ & (0, T] npupaiuenus
rt ) rt —t

SIBJISIIOTCST TI€PECTABJSIEMBIMH CJYYafiHBIMH BeJHUHHAMH.
Ecan MareMaTnyeckoe OXHJaHHe BeJHUHMHHI §(#) CYLIECTBYeT, TO

npu 0<Su<xT
E{&(w)} = pu, (2)

rfie p — KOHCTaHTa (BO3MOIKHO, pPaBHAS ©O).

brosbMan [1] mokasaa, uro cayuaiinei nponece {&(u), 0 <Cu < oo}
C IepecTaB/seMbIMH TPHPAIIEHHAMH MOXKHO DPeasJH30BaTh KakK CJy-
yafHBIA IpOLeCC C YCJIOBHO HE3aBHCHMBIMH H CTAHUOHAPHBIMH IpH-
palleHUsIMH.

Teopema 1. IMTycre (Q, ¥, P)— 8epoarHocTHOe nPOCTPAHCTSO,
{E(u), 0<Cu<oo}— cayuailnbui npoyecc ¢ nepecragasemvimu npupa-
wenuamu. Toeda cywecrsyer TaKAS HeTPUBUAAbHAR G-nodarzebpa
B <= s, uro npoyecc {E(1), 0<Cu<< oo} umeer Yci08HO He3a8UCUMbLE
U CTAUUOHAPHbBIE NPUPAULEHUS OTHOCUTEAbHO H.

OTcioa BHITEKAeT CHJBHBIA 3aKoH GoJbiinx uucesa s {g(u),
0<Cu< oo}

Teopema 2. Ecau npoyecc {E(u), 0<KXu< oo} cenapabesen u
E{|g(1)}<oo, 10

lim 20 _Eg)19) 3)

¢ sepoarnocTeio 1.

Ecan G (x)— GyHKIMS - pacmpelefeHHs CJayYaHHON BeJHUMHEL
E{t(1)|%}, To B cuay (3)

lim p{59<x}=c(x). @

t-»o0
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6. ABEJIEBBl H TAYBEPOBBI TEOPEMBI
IJ NPOU3BOOSAIIUX ®YHKIIUHA

Iycts @y, @y ..., Qg, ... — OECKOHEUHAS MOCJIE0BATETbHOCTE KOM-
TNJAeKCHBIX YHCeJ H

() =k20 a2 (1)
— npoM3BOAsAIAs (GYHKIHNS 3TOH MOCJeN0BATENbHOCTH.
AGeneBn TeopeMul
1. Ecau pad [(2) cxodurcs npu |21<1 u npedea

. a* A
Jim e =T+ (2)

cywectayer 041 Hexoropozo 0.0, TO
lim (1 —2)""'f(2)=A. (3)
z>1-0

TIpu o =0 nosiyuaercs mepBoHAuaJbHas Teopema AGe.s. Cayuait
a>0 6bl1 pacemorpen Ammesem [2].

2. Ecau psd [ (2) cxodurca npu |2|<1 u

A
G~ T k*L (k) (4)
apu k—> oo, 2de pynxyus L(x) raxosa, uro lim L(cx)/L (x)=1 Oun
. x> .
2106020 HOAONCUTEABHO20 HUCAA C, TO \
A 1 ‘
f@~ =z L (725) ©)

npu z—1-—0.
Dra TeopeMa NMPUHALJEXKHT XapaH H Jlutasyny [4].
Tay6epoBH TeOoOpeMH
1. Ecau pad [(2) cxodurca npu |2|<1, npedea
lim (1—2)"""f(2)=A4 (6)
z2=>1-0

cyujecrsyer das Hexoropoeo a =0 uk(a,—a,-)>—K, k=1, 2, ...,
2de K — noaoxcuresvbHas KOHCTAHTA, TO
a A
fim 2= 2
k> R T(a+1)

)
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Ecau klim"k(ak——ak_,)=0, TO TOJIyyaeTcsi NepBOHAYaJbHAas TeopeMma .
> 00
Tay6Gepa. [laHHylo TeopeMy Aokasanun Xapau u JIutaeynd [4, 5]; cm.
Takxe Kapamara [6]. :
2. Mycte pad [(2) cxodurca npu |21<]1 u
[@~—Zwr L (25) (®)

1 —z)%t! 1—-z

npuz—>1-—0, 2dea > 0u pynryus L (x) Takosa, uro lim L (cx)/L (x)=1
X>oc

0as 4106020 noaoxcutTerbrno2o 4ucaa ¢. Ecau ay<<a << ... <, <. .,

uruw a>0u k(a,—ay-) > —KR*L (k), 20e K —noaoxuressnas Kou-
CTAKTA, TO

A o
ak’\’mk L(k) (9)

npu k—> oo,

JokasatesnbcTBO MOXKHO HaliTH y Xapau u Jlutasyna [5].
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X2+ ..,

7. ABEJIEBBI H TAYBEPOBbLI TEOPEMbI
Jist NPEOGPA3OBAHHH JIATIJIACA — CTHJIbTBECA

Ecan dyuruus a(x), 0 <Cx < oo, HMeeT OrpaHHYEHHYIO BapHALHIO
B JI0G0OM KOHEUHOM HHTepBaJe, TO HHTErpaJ

0o

<p(s)=fe—sx’da(x)=a(0)+ fe—sxda ® )
0 +0 .

HasbBaeTca ee mpeoGpasoBanueM Jlamaaca — CTH/bTheCA.
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AGeneBH TeopeMHE

1. Ecau @(s) cxodurca npu Re(s)>0 u npedea

o (x) A .
¥ T T(c+1) @)

cyuecteyer Aaa nexoropozo ¢ =0, 1O
lim s‘p(x) = A. (3)

s> +0
3a 10Ka3aTeJbCTBOM MBI OTChIaeM K Yuanepy [6].
2. Ecau @(s) cxodurca npu Re(s)>0 u
@ (x) ~ oy L () (4)

npu x— oo, ede pynxyus L (x) raxosa, uro lim L(ax)/L(x)=1 dasn
x>0

21006020 NOLOHCUTEALHOZO HUCAL @&, TO
A |
o) ~5L(%) (5)
npu s— + 0.
Cwm. Xapau u Jlutasyx [3].
Tay6epoBH TeOpeMH

1. Ecau a(x), 0 << x < oo, — Heorpuyaressnas Heyboisarouan Qynx-
yus or x, a cp(s) cxodures npu Re(s)>0 u 0aa Hexoropoeo ¢ =0

lim s@(s) = A4, (6)
§=» +o0 ‘
70 "
. a{x A
L @

HoxasatenncTBo cM. Yuuauep [6].

2. Ecau a(x), 0 < x < 00, — HEOTPUYATEALHASA HeybbLea0Uan (YHK-
yusn or x, a @(x) cxodurca npu Re(s)>0 u

A 1
o) ~2L(5) @)
npu s—> + 0, ede ¢ =0 u ¢pynxyus L(x) Takosa, 410
lim L (ax)/L (x)=1
. x>0
021 2106020 NOAOHUTEAbHORO A, TO

@ (x)~ i L () ©)
npu x — oo, -
Cum. Xapgu [2]



216 Honoanenue

3. Ecaua(x), 0 <K x < 00, — HEOTPULATEAbHAA HeyObl8arOU AR PYHK-
yus or x, a @(s) cxodurca npu Re(s)>1 u cywecrsyer TaKas Kow-
cTanTa A, 4TO Pa3HOCT®

¢ (s) — 2 (10)

s—1

PABHOMEPHO CTPEeMUTCA K KOHEYHOMY npedery HA AH06O0M KOHEUHOM
unrepsase npamoi Re(s)=1 npu Re(s)—>1+0, 1o

lim £& = 4, (11)

£->o00

Aty rteopemy jgokazan Mkeapa [4,5]. Cm. takxe H. M. Axme-
sep [1]
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8. TEOPEMbI HEIPEPbIBHOCTH IJi1 ®YHKIUHN PACHPEJEJIEHHSA
H HX NPEOBPA30OBAHHH

Ilyets &, n=1, 2, ..., — 0ecKoHeYHas MNOCJEL0BATEJIbHOCTh CJY-
yafHBIX BEeJMUNH, IMPHHUMAIOIIMX BeleCTBeHHBle 3HaueHus. Ilycts
F,(x)=P{,<x} u R,={x: F,(x+e)—F,(x—e)>0 paa Bcex

¢ >0}, IMosoxum R = lim R,,.

n-»oo

Teopema Xeaau—DBpesn. ITycre cywecrsyer Taxas pynkyusn
pacnpedesenusn F(x), uro lim F,(x)= F(x) Oan at060i T04KU X, 8 KO-
n-»oo

ropoii F(x) nenpepwisna. Ecau ¢ynryus g(x) oeparuuena u uenpe-
poisHa Ha R, 10

tim [ g()dr, (= [ g@dF (). 1

JloKa3aTeabCTBO CM. Jloss [4].
Ecin lim g(x)= lim g(x)=0, To paBeHcTBO (1) BepHO TaKXKe H
X=» 00 X-» —o0

AJa HecoOGCTBeHHBIX QyHKuUuHA F(x).
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Ecim R,<{0,1, ...} n g(x)=2" mpn [2|<1, To momyuaercst
TeopeMa HEHPepPHBHOCTH jJis NpoH3Boismmx Gyukuui; npu |2[<1
pasenctso (1) BepHO Takke M JIA HecOGCTBeHHBIX dyHKumi F(x).

Ecan R, [0, o) u g(x)=e"%, rae Re(s) >0, To noiyuaercs
TeopeMa HelpepHIBHOCTH AJs IpeoGpasosanuil Jlansaca — CTu/ibTbeca;
npu Re(s)>0 pasenctBo (1) BepHO TakXke M NI HeCOOCTBEHHBIX
¢yuxkuui F(x). ’

Ecau R, = (—o0, 00) n g(x)=e!* rae —oo <o <o, TO HOJY-
yaercs TeopeMa HENPepPhIBHOCTH IJSA XAPaKTePUCTHUECKHX GYHKIHH.

ChopumyaupyeM TeopeMbl, obpaTHble K Teopeme Xeln—DBpes,
OTHAeJbHO JJS NMpou3BoAdmuXx (GyHKuMi, npeo6pasosanuil Jlamigaca—
CTuabTbeca M XapakKTePUCTHUECKHX (GyHKUHUI.

IMpoussonsamue Gyukuuu. ITycts cayuainpie BeJIHUHHB §,,
=1, 2, ..., IPUHAMAIOT TOJbKO HEOTPHLATENbILIE [e/ble 3HAUCHUA H

U, (2) =E {2*) @)

npu |2|<< 1. Ecan lim U,(2)=U (2) aast 2 = D, npuuem 2 =1 sBJjsercs
n->o

TOUKOH HaKomJeHus IJ1s MHoxectsa D, m lim U (2)=1, To paBeHcTBO
z=>1

lim P{g,=k}=P,, k=0, 1, 2, ..., sagaer pacupejejeHue Bepo-

n->»o0

ATHOCTEH MU

8

P2F=U (2) . (3)

k=0

nas |2|<<1. ®yuxuus U(2) omHo3HauHO ompenensiercss mpu |2|<C1
IOCPEACTBOM AHAJHTHYECKOTO INPOJOJIKEHHsS M NPOAOJIKEHHS IO He-
npepuiBHOCTH. (CM. Pesep [2].)

[Ipeo6pasoBanus Jlanmaca—CruasTheca. [lycts cay-
yaligble BeJHUHHB E,, n=1, 2, ..., DPHHHUMAIOT TOJbKO HEOTPHILA-
TeJbHble 3HAUEHUS U

@, (s)=E {e*%) (4)

npu Re(s)>=0. Ecanu lim @,(s)=@(s) n1a s =D, rae s =0 asasercs
n-y»oo
TOUKOH HakKomJAeHHs mJs MHoxectea D, u lim ¢(s)=1, to cyuecrt-
s—>0
ByeT Takas (yukuus pacnpefenenus F(x), uro lim P{E, <<x}=F (x)
n-»oo

IJs1 oGO TOYKM x, B KoTopo# F(x) HempeprlBHA, H

[ es=aF ) =0(s) (5)
0
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npu Re (s) > 0. ®yuxuus ¢(s) ogHO3HAYHO onpeflensieTcs npu Re(s) =0
HOCPEACTBOM AHAJUTHYECKOrO NPOLOJIKEHHA W TPONOJNKEHHS MO He-
npepuiBrOocTH. (CM. 3urmynp [5] n ®eanep [3].)°

XapaKTepuCTHUYCGCKHE ¢byuxruuu [yetb E,,n=1,2, ...,—
BellleCTBEHHBIE CJayyafHble BeJHYHHH H

¢n (@) = E {e™**) (6)

771 BELIeCTBeHHHX o. Ecau lim ¢, () =9 (0) ans moboro Koneu-

Horo ® u lim P(w)=1, To cynlil)eo::TByeT rakass GYHKUHS pachpefeJie-

uus F(x), wq_;g nll)ngo P{t, <x}=F(x) naa mo6oit TOYKH X, B KOTODPOH

F (x) HempepuiBHA, H

[ etor aF (x) = (@). @)

(Cm. Kpawmep [1].)
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9. HEKOTOPBIE TEOPEMBI 0 ®YHKHUHAX
KOMIIJIEKCHOTO NEPEMEHHOI'O *
Teopema Apamapa—Jluysuans. Ecau ¢pynxyus [(2) pe-
2YAAPHA 8 KOHEHHOL 4aCTU KOMAACKCHOL NAOCKOCTU u‘ llim f(z)/zk=0,
Z2]>rx

10 f(2) = noaunom creneuu k.
CwMm. Turumapur [5].

Teopema Pyme. FEcau ¢ynkyuu [(2) u g(2) peeyaraprot
g obaactu (oTkpbirom ceaznom muoxcecrse) D u | g(@) < (@) naee
epanuye, 10 f(2) u [(2) = g(2) umeror 8 D odunaxosoe KoAU4ECTEO

Hyaed.
Cm. Turumapm [5].

Pasnoxenue Jlarpauxa. ITycre ¢ynxyus g(2) pezyaspha
8 obaactu D uw a=D. Ecau w Taxkoso, 4To HO 2panuye obaacru D

lwg (@) 1<|z—al, (1)
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TO ypasrerue
t=a+wg(), (2

paccmarpusaemoe Kax ypasHenue orrocureasho L, umeer 8 D To4no
00un kopens. Ecau ¢pynxyus f(2) peeyrapna 6 D, 1o

[0 =-Fa@+ Y & @@, @)

n=1

CMm. Yurrekep u Barcon [7].

Teopema Buopmauna. Ecau nepsoie n npoussodnsix phynxyuu
f(2) u nepsoie. n—1 npoussodnsix Gynxyuu g(z) cyuecrTsyoT
8 Touke 2=0 u w=u/g(u), g(0)%0, ro

—£(0) + g_lz:_(dk () [g (0)]* )a=0+o(wn). (4)

dak—1

CuM. Yurrekep u Barcon [7].

®opmyna ®aa nu Bpyuo. Ecau z=f(y) u y=g(x), ro n-a
npousgodnan gynxyuu z2=7[(g(x)) no x e rouke x=0 pasna

() -2

()

&
y=gl0)

_ < py g<1) (0) )i, (g(z) (0) )i2 (g(n) (0) in
Yo, = 24 j,!jgl...j,,!( I 21 e\ ) » 8
fytigh e Hip=r

]1+2]2+ centnj=n

ecall TONBKO 8Ce PACCMATPUBAeMble NPOUIBOOHDbIE CYULECTEYIOT.
Cm. ®aa au Bpyno [1] u Kopnan [3, crp. 33].

B 3ak./oueHHe OTMeTHM, uTO MeToJ, Bunepa — Xolda pellieHus
HHTErpaJbHOTO yPaBHEHHSA

{ o

f(x)=iofk(x—y)f(y)dlj npu x>0, @

0 opu x<<0

o6cyxpaercs B Kuure Turumapma [5].
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PEIIEHAA

I'mama 1

1. OGoanaunm uepes N (a, b) wico GIaronpuATHEIX H3GHpPATENBHHIX IIPOTOKO-
at+b
JoB. [IoJIHOE 4YHCJIO BCEBO3MOMKHEIX H3GHpaTe/bHBIX IIPOTOKOJOB PaBHO ( a )

a+b

Takum o6pasom, P (q, b)=N (a+ b)/( a
N (a, b)=0, a mpu a>bp

N(a, b)=N(a—1, b)+N(a, b—1). 1)

D10 ypaBHeHHe oTpaxaer TOT (aKT, YTO MOCJEIHHA MOACYHTAHHHIA I'0JIOC MOXKET
6biTh NofaH Ju6o 3a A, Ju6o 3a B. Ecau ucxomuth u3 pasencrsa N (a, 0) =1 nas
a>1, o N (a, b) MOXHO TOJY4HTb MOCJIEIOBaTeNbHO ¢ momowslo (1). OGuee pe-
wenue ypasHenus (1), ynaosiaersopsiomee yeaosuio N (a, 0)=1 maa az=1, pasno

). Ecau a<{bu, TO OueBHAHO, UTO

b
_ atb—1—j
N (a, b)= Y,C, ( b ). @)
j=0
rje KOHCTAHTHI C]., j=0,1, 2, ..., He 3aBHCAT OT a U b, npHUeM CO=1, a C].,
j=1, 2, ..., oupeleJfOTCA H3 YCJIOBUS
b
bpl+b—1—j
R A A BT 3)
j=0
aaa b=1, 2,.... 3zecy [bu] osnauaer mauGoJbliee IEJO2 UYHCJO, HE NPEBOCXOAS-

mwee bp. Orciona

P (a, b)=2b:61(a—,_::jl—j)/(a—zb):a-ﬁb 201(;’)(“"‘;’_1) @
j=0 1=0 ‘

npH a>bp u P(a, b)=0 npu a<<bp.

Ecau, B uacTHOCTH, | — HEOTpHUIATENbHOE LeJoe 4HCJIO, TO H3 (3) moayuaem
Ci=—mw, j=1, 2, ..., oTkyaa B cu1y (4)

a—bp
a+b
oA a == by, uro corgacyerest ¢ ¢opmydaoi (1) § 2.

P(a, b)=

2, Jo6aBum eme ogun rojoc 3a A k umeomumest @+ b rosocam. Torga Bepost-
HOCTh TOrO, YTO IIPH NOACUETE TOJOCOB A JHAHpYeT € NPEHMYILECTBOM G4JbILUM,
yeM p: 1, paBHa

_at+l=nub
P(a+1, b)———_‘a+1+b .
C ppyrofi cTOpOHH,
Pa+1, 5)=—2FL_q(q4 b).

a+14+b
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HefictButeqsso, A Bce BpeMsl JHAMPYeT C (PeHMYINECTBOM OObIIMM, ueM W: 1,
TOrja ¥ TOJBKO TOrjJa, KOrja NepBbI#l TOJIOC MOJAH 3a HEro H, €CJH HEe CYHTATh 3TOT
roJoc, OH BeJAEeT BCE BpeMs C NpeHMylueCTBOM IIo kpafiHeli mepe p: 1. CpaBuuBas
o6e Qopmyan gas P (a+ 1, b), noiayuaem

a+1—npb

Qa b=k,

yTo coraacyercs ¢ ¢gopmyaoit (2) § 2.

3. IlycTh yacTHIA cOBepIillaeT cJayyalHoe OJyxjaanHe 1m0 ocH x. OTnpam/sdsach U3
Haua/ia KOOPAMHAT, YACTHILA NPOABArAeTCA HA €JUHHMNY BIPABO, €CJH 3aPETrHCTPHPO-
BaHHBIA TOJOC MOAaH 3a A, ¥ HA eQUHHULY BJEBO, €CJH 3aPerHCTPHPOBAHHEI ToJoC

a+b . .
noaan 3a B. las a4 b waroB BO3MOXKHEL ( a ) nyrefl. Ham nanmo maiitu umcio

nyTed, He HPOXOASMIAX Yepe3 TOUKY X = —¢. UHcJ0 nyrel, COCTOAWMX H3 @ WIAros

B IIOJIOXKHTeJbHOM HANPABJCHHH H b IIar0B B OTPHOATEJNHHOM HATPABJICHHA H IIPO-
: a+b

XOAAIIMX Yepe3 TOUKY X = —— ¢, PaBHO a+c)' dT0 cjelyeT H3 IpHilNHIa OTpa-

)kenusa. PaccMOTpPHM H3GHpATeAbHEIH MPOTOKOJ, AN KOTOPOTO COOTBETCTBYIOLIHH

MyTh OPOXOAUT UYepea Touky x=—¢. [locae NEPBOr0 HPOXOKAEHHST NYTH uepes

TOUYKY X == — ¢ M3MEHHM [OCJICAYIOINE T0JM0Ca Ha IPOTHBOMOJMOXKHbe. Torna mut mo-

JyuuM H3GHpATeJbHBIH NPOTOKOJ, COCTOSIHUI U3 b — ¢ rojocoB 3a A u a+ ¢ rojo-
coB 3a B. OGpaTHO, Ka)XXJOMY TakOMY H30HpATeJbHOMY NPOTOKOJNY OTBeYaeT MPOTO-

KOJI, JJIf KOTOPOrO COOTBETCTBYIOIIMA IYTh NPOXOAMT uepes x =-—c¢. Mrak, ycrano-

BJEHO B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEXK/Y STHMH IBYMH MHOXKECTBAMH
a+b

#36upaTebHEX NPOTOKOJOB., BCero TakuX npPOTOKOJIOB (a +e ) TakuM ofpasom,

HCKOMas BepOATHOCTh PaBHA

at+b\ _(a+b »
% o o-! “(Z+£‘;+”)=I

a

(c)
_ ¢
( at+c\’
;)
Eenu, B wacrtnocerd, ¢=1, 1o Q; (@, b)=(a+1-~0b)/(a+1), uro cornacyercs
¢ dopmyJoli (2) § 2, ecan nonoxkuth Tam p=1. i

4.- OGosnauuM uepe3 S, MHOKECTBO BCeX H30HpaTeJbHLIX NPOTOKOJOB, COAEp-
J)Kalux a rozocos 3a A u b rojocoB 3a B. Mx uncno pasuo

N(So)=( ‘”L;b).

Boo6ue, uepes N (S) o6osnauaercs uncso sieMentoB Mgoxecrsa S. [Tycts S — mMuo-
KECTBO BceX H30HMpaTeJbHBEIX INPOTOKOJOB, coxepxawux a—Rd roaocos sa A u
b+ kd ronocos 3a B, rae £=0, =1, £2,.... Toraa

N(S)=2:‘(::r:d).

O6Gosnaunm uepes S* MHOKECTBO BCeX H3GHDaTesbHHIX NPOTOKOJNOB, COAEPKALIUX
b—c¢—kd roaocos 3a A 1 a+ ¢+ kd rosocos 3a B, rae k=0, =1, %2,,.., Torga

NSy = ; ( a +ac++bkd)‘




Pewenusn ‘ 223

MHoxecTBO Bcex H36HpPAaTeJbHBIX NPOTOKOJIOB, COJAEPIKAIMHX @ +- & roJoCOB, MOXKHO
pasiesiuTh Ha ABa HelepeceKalollHecs MOJMHOXECTBa: NoAMHOxecTBO C, cofepiKalee
Te H36HpaTeJbHEIE NPOTOKOJH, AJA KOTOPHX ¢—d<f,—a,<c npu Bcex r=1,
2,..., a+b, n nogmuoxecTBo C, comepxallee OCTaJbHble H3GHPATEJbHEIE IPOTO-
KoJIE. HCcKOMas BepOsITHOCTb, OUEBHIHO, DaBHA

N(SoC) N(SC) N (S)—N(S0)

NGy NS~ NGy )

P=

Jlokaxem Temepp, 4TO N (SC) = N (S*). Ecan u3GupaTesbHEIH NPOTOKOJ NpH-

HaLJIeXKHT MHOXKeCTBY SC, TO CymecTBYeT HauMeHblee u3 uucea r (r=1, 2,...,a+ b),
IJIs1 KOTOpHIX Ju60 P, —a,=¢, mu6o P, —a,=c¢—d. Ecau 370 HauMeHblIee YHCJIO
paBHo j, usmenum (j+ 1)-it, (j+2)-#, ..., (@a+ b)-# rojoca Ha DPOTHBONOJOKHHE.
Hoswifi n3GHpaTeJbHHH MPOTOKOJ OyZeT TOrja NpHHALJIEXRATh MHOXKecTBY S* OG-
paTHO, €CJH H3GHPaTeJbHEIH MPOTOKOJ IpHHANJIEKHT S¥ TO CyllecTBYeT TaKoe HaH-
MeHblllee 7, uTo Ju6o P,—a,=¢, 6o P, —~a,=c—d. Ecian 9TOT HaNMEHbIIHI
unxexc pased f, uamenum (j+1)-#, (j+2)-#, ..., (a+b)- rosoca Ha NPOTHBOMNOJOK-
ueie. Torza HOBLI M36GHpaTesbHBIN MPOTOKO GyAeT NpHHALIEXKaTh MHOxKecTBY SC.
Mp  ycTaHOBHJIHM B3aHMHO OJHO3HAYHOE ‘COOTBETCTBHE MEXJY 5/EMEHTaMH MHO-

xeeTs SC u S*. Caenosatessuo, N (SC) =N (S*), u popmyna (1) naer

p_ NS =N __ 1 Z[(a+b)_( a+b )] @
N (So) (a+b) a—ka atct+kd)l
a k
5. ITomoxum N,=wv;+ ... +v, maa r=1,..., n. Ham nHamo nokasate, uto
P{N,<r nnsa r=l,...,n}=1——:— (1)
npu k=0, 1,..., n. Jlna n=1 paseHcrBo (1) oueBunHo. IIpenmosoxHM, 4TO OHO

BepHo ansg n— 1. JlokaxkeM, 4TO TOTjAa OHO BepHO U nas n. OTcioma yTBepXKIeHHE
mast n>=1 Gymer ciemoBaTh mo uuaykumu. Ilpm k=n coornomenne (1) BrmOJ-
usercs. (IpH k£ <n MO NPEANOJONKEHHIO HHAYKLHH

P{N,<r mas r=l,...,n—HNn—1=‘f}=1“n_]_1 @)

aaa j=0,1,..., n—1, THe YCJIOBHAS BEPOATHOCTb ONMpPEAENEHA € TOUHOCTHIO N0
9KBHBaJIEHTHOCTH. [To Teopeme o MOJHOH BepOSTHOCTH

n—1

d .
PN, <rmmar=1,... n}=2‘(1—n—i—l-)P{N,,_,=j}=

j=0
_ 1 _ 1 (r=DF &
== EVe-d =1 - =1 3)
3necs MB HCIONB30BaNd TOT dakt, uto v, (i=1, 2,..., n) UMeIOT OIMHAKOBEIE Ma-

TeMaTHyecKHe oxunauuda, Taxk Kak vito.ty, = k; o E {vi} =k/n paa i=1, 2,..., n.

6. Cayuait @ (f)>1¢ tpusnasen. Ilycte @ (#) <<{. Ecau ¢ (¢) =inf{v — ¢ (v) maa
v>u}, To P (1) — HempepriBHAs HeyOmBawmas GYHRUHS OT 4 U H () — P (0) =i~ (¢).
Tak kak ¢ (u) B uHTepBanse (0, {) MMeeT TOJHKO KOHEUHOE UHCJO CKAYKOB, STOT
HHTEDBAJ] MOXKHO pa3fieJuTh Ha KOHEUHOE YHCJO TAKUX HENEePEeceKalolHXCs HHTep-
BaJIOB, 9TO B HHX Jn60 & (#) =1, muGo & (#) =0. Ecau 8 (u) =1 B unrepnane (a, ),
To Pp(u)=u—¢(u) npr a<u<P. Torza ¢ (u) B (&, B) He UMeeT cKaukoB, T. €. ¢ (1)
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B (a, B) mocrosHHa, H caenoBateabHo, P (B) — P (a) =p —a. Ecau 6 (u) =0 B uurep-
Base (a, B), 0 ¥ (B) — ¢ () =0. IMosTomy B HHTepBaJIe (0, ) dyukuusa O (u) papHa 1
Ha MHOXecTBe Meps P (f) — ¢ (0) =1 — @ (¢).

7. (a) MoxHO RNOCTaBHTh 3amayy HHaue: eC/IH NPH GaJJOTHPOBKe 06a KaHIH-
jnata A 1 B Ha6GupaioT 0O 1 TOJOCOB, TO YeMy paBHa BEPOSATHOCTb TOIO, YTO NpH
ToJiCHeTe UHCJIO TOJIOCOB, MOZAaHHHX 3a A, Bce BpeMs He MeHbIE YHCJA IOJOCOR,
nomandux 3a B? Ecau B dopmyne (2) § 2 nomoxuts a=n, b=nu p=1, 10 110-
JyYUM HCKOMYIO BeposiTHOCTB Q =1/(n+ 1)

(b) BeposiTHOCTB TOrO, UTO CpejiH NMepelieflnX Yepe3 MOCT JIOREH UHCJIO MYKUHH
BCerja He INPEBOCXOZMT YHCJAA XKeHUIHH, paBHa 1/(n+ 1), a BepOSITHOCTB TOroO, 4TO
HH OJMH MY3KYKHHA He IepeliieT yepe3 MOCT paHblie cBoell keHhl, paBHa 1/2% Taxum
06pa3oM, HCKOMAas yCJOBHasi BEPOSITHOCTb paBHa (n+ 1)/2%

(¢) OBosnauum uyepe3 o, U P, UHCJIO COOTBETCTBEHHO nponrpaHme H BHIMTDaH-
HBIX HPp cpeay nepBHX r urp. Toraa ar4 ... +ogppo=n+1 4 B+ ... +Panso=
=2n-+1, a HCKOMasA BepOSITHOCTh DaBHA P= PO<Pr—0a,<n mm r—l

., 3n+ 2}, Mpumennas dopmyay (2) sazaun 4 mpy a=n+1, b=2n-+1, c= n+ 1,
d = pn <+ 2, noayuaem

b 1 [(3n+2)+(3n+2)_(3n+2)_(3n+2)]= n
_(3n+2) n+1 on+3 2n+3 n 4n+6"°
n+1
8. MmMeem
P{a({)>a(2')> >ag) aar=12..., a+ . +a}

11 II( )

j=1 i=mj+1

I'masa 2

1. OnpenennM cJiydafiHble BeTHUHHH V,, 7=1, 2, ..., a+ b, caenywouum obpa-
soM: v, =0, ecsi r-i rojoc nopad 3a A, u vy=p + 1, ecam r-i rosoc moxam sa B.
Torma vy, Vg, .., Vo+p— HEPECTABAAEMbIE CJAyYafiHbIe BEJIHUMHB, IPHHUMAIOLIHE He-
OTpULATE/MbHEE LeJble SHAYeHHSA, a Vi+ve+ ... +v54,=0(pn+1). ITomoxum
Ney=vw+ ... +v,, r=1,2,..., a+b, Tak xak N,=p,(p+1) 0 r=a,+p,, 10
upr <a,+ ¢ Torza H TOMBKO TOrAa, Korxa N, <r+c. B cuay (1) § 6

P=P{N,<r+cummar=1,...,a+b}=

b ut1)—c + bu
a-t+c
S N CE
=1

H QUEBHIHO, YTO v
p{zv,-=s<u+1)}=(ifs)(i)/(a?b)

npu s=0, 1,..., min (b, j). Taxum oGpasom,
poi_late—bp 2 ( a )(b)/(a+b—l)
- (a+b) sp—c/\s sp+s—c)”
(c+D/B+D<s<D

2. Onpenenum v, (r=1, 2,...) Kak cyMMy €IMHHIL H BEIMFPHINA Hrpoka A
B r-it wrpe. Toraa vy, g, ..., vy, ... — B32aUMHO HE33BHCHMEIE ¥ OAUHAKOBO paclpe-
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ILEJIeHHble cayudaiinbe BeqnuuHsl # P (v, =0}=¢ u P {v, =2}=p. [lo Teopeme 2 § 7

= Q,,/Qa+,,, rae Qo=¢Q un
Qr=9qQr+1+pQr-1, £=1,2 ...
PeuieHie 5TOro peKyppeHTHOrO ypaBHEHHS HMeeT BHJ

! Qo (1-(p/9)*
Q= 1 —plq

2Qk, eca p=gq u k=1,

), ecd pFqguk>1

3. Monoxum N,=wv;+ ... +v,, r=1,2,..., rie IOCJIEIOBATEILHOCTL {V,}
onpeneasieTcs B 3anaue 2. B cmay (16) § 8

a a n (n—
Plo(@=ri=tpNp=n—a=2( " ) pn-argetas

opu n=a, a+2,a+4,.... Ecm p<gq, t0 P{p(d)<00}=l. Hanee, E {p (a)} =
=af(1—2p) xas p<q u E{o(a)}=o0 ana p=q. Ecan p > g, 10 P{p (a)=oo}=(q/p)*.

4, OnpepenuM v, (r=1,2,...) Kak CyMMYy EIHHHIH H BHIMT'PHIIA Wrpoka A

B r-i urpe. Torna vy, Vg, ..., ¥y, ... — B3aHMHO HE3aBHCHMbIE OJMHAKOBO pacIpejie-
JICHHBIE CJIyuYaiHEIE BEJHUHHBI H P{v,~]} pq’, j=0,1,2, .... ITo Teopeme 2 § 7
P,=Q,/Qu pas cury (8 §7
QOP
2
Z % =T =
k=0
OTKYJA bl
k 1—(q/p) )
j ! (—————— , €M pF4q,
Qk=Q02(%) = S\l P
j=0 QR+ 1), ecaH p=q.
5. ITomoxum N,—v,+ R =1, 2 .,., e HOCICAOBATEILHOCTL {V )
onpexeaseTcss B sajaue 4. B cuny (16) § 8
R _a_ R .4 2n -1 n. n—a
Po@=n= 2P Wpmrn—a=2 (7071 g
npu n=a, at+l,.... Ech g<<p, 10 P{p(a) <oo}=1, Kpome Toro, E {p (a)} =

—ap/(2p—1) 1pn ¢ < p u E{p (a)}=oco npu g=p. Ecxu 4> p, 10 P{p (a)=co}=(p/q)".
6. 3mecs y=E {v,}=2p. Ecu 2p <1, To mo Teopeme 3 § 6
U—=k -
P{ sup (Nr—r)<k}=1—(1—2p) r )p'q’ k

1<r< r
Sree r = max (0, (k+1/2)

aas Bcex £ M mo Teopeme 4 § 6
k
P{ swp (v, -n<m=1-(E),

I<r<

et k=1 w P{ sup (N,—r)<0}=1—-2p. Ecmu 2p>1, 10

\f

- (Np=r)=o0}=1,
P{léggw( r f) o=,



opa k=1, 2

sur
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B cuay (6) § 8 |

P “N)<hl=1—
{1<srug°°(r r) <k} E

B+2r\ ; p4r

k+2r( r )pq

r=0

npu >0, a B cuny (7) § 8 npu £>0

P{ sup (r—N,) <k}=1-8"
1<r<oo

rae 6=gq/p, ecn 2p>1, u 6=1, ecos 2p

<
7. 31ecb CayyalHble BeJHUMHBI Vi, Vi, ..., Vr, ... MOTYT GLITh* SIpeJCTABJIEHH
TaK ke, kak H B npumepe 4 § 10 npu A=2, Byazem yumorpebiasits Te Xe oGo3Haye-
Hust, yto u B § 10. Mcnoan3sys peaviasTaTel 3agzauu 6, mosyuaem

P={ sup_ <N,—r)<k|e*x}—{ 1_(

&
T x) , ecan 0<Cx<1/2
0, ecan 1/2<<x <,
npu k=1, 2
1 —2x,
P{ sup (N,—r)<0)|e=x}={
1I<r<oo

ecan 0 <1/2
0, ecan 1/2<<x <1
Pacnpefenenne Bequuduu 0 ompeneasiercs mo dopmyse (15) § 10

.
T'(a+P) a1 B—1
Lay=———r— ] —
mpn 0Ly <<, rae a=afc u [:'S=b/c. OTC}OJ.‘La
_ __Tla+p) a—1 B=1_ at+h-1 B—k—1
P sup (Ny—r)<h)= T @ ) [ (1= 0Pl 5T Rl (1 — )= g
upr k=1, 2,
- I'(a+ﬂ) a1 _ — \8—t
P{IQSBEM(N, <o} = T@T () J. P (1 —x)F"ax
U3 peaynpTaToB 3agaun 6 cieiyeT TaKkKe, uTo
P{ sur

1_(1—-1«: k
(r-—N,)<kIO=x} ==
I<r<o

p ) , ecan Yy Kx <,
Oy

ectn 0 << x <Yy,
CooTBeTcTByIOIan Ge3ycJOBHASA BePOATHOCTh PaBHA
r—N,)<kl=
I<r<eo ( r) }

1
I'{a+p) =1 (] = g)B—1 _ go—k=
= T (0.) T (B) lIJ‘ [xa ! (1 JC) ! xﬂ. ! (]

— x)ﬁ'*'k—l] dx
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mpu k=1, 2, .... C yyeroM dopmyan (21) § 10 umeem
P{ sur (r—Nr)<k]=

I<r<oo
1V __* (a+r—1)(ﬁ+k+r—1/(a+ﬁ+k+2r—1)
(k +2r) r k+r k+2r
r=0

npu k=1, 2, ....
8. B cuary (26) § 6 npu a<1

Y e-e (a™*® _ 1
Rt (j+ A0 I—a’
ecan k<0,
S o o
it l—a
i=1
H

Y e (a)!** _1-Q
(j+ k) l—a’

i=1
ecan k=0, rxue, cornacuo dopmyre (12) § 10,

k
Q= (1=a) 3} (~1ee = LT ,

j=0
B cury (21) § 8
hed af—Fk
E _k_e—a]' (a]) =6k
i (j—&)!
j=k
s k=12"...,r0e =1 npu a<<1, a ecau a> 1, T0 O — eHHCTBEHHbI KOpeHb

—a ({1-9)

ypaBHeHHUS e =0 B uuTepBaie (0, 1).

, 9 Ilycte n—1 Touka pacipefiesieHbl HE3aBHCHMO M PaBHOMEPHO HA HHTEpBaJje
(0, 1). O6osHaunM wepes v, umCa0 Touek B WHTepBate ( (r — 1)/n, r/n). Torma w,
V2, ...y Vo — NIEPECTABNAEMEIE CAyYaliHble BeJHUMHBL, NPHHUMAIOIHE HEOTPHILATEh>
HEE Lesble 3HaveHHA. [loaoxuM Ny=wv,+ ... +v, ama r=1, 2, ..., n. Torga

. n—1 r\i r\n=1-j
v (5 (5 (-
mpur=1,2,...,n~1 1 PNp=n~1}=1. Ecu B dopmyre (1) § 8 k=1, 10

n
Y | .
Z-]_—p{zv,=,— =1,
i=1
4T0 M TpeGOBaNOCh HOKA3aThb.

10. 3aech @ (s) =E{e™%r}=24e"%/(A —5) n11 Re (s)>—A Een 0< w<1,
T0
—s—Awe™™ @ (s, )

A
1-wg(s)= A—s A_(I)‘(s, w)
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st Re (s)>—A, rae @+ (s, w)=(A—s—Awe ®)/(s—6(w)) u O (s, w) =
= (A —8)/(s — 0 (w) ). Beauyuna s = 6 (@) aBAseTCA €AUHCTBEHHEIM KOPHEM yDaBHEHHS

Awe™ =2 —s %))

B obmactit Re (s)>0. Ecam [A—s]|>A u Re(s) 20, 0 | hwe™®|<A n (1) ne
MoxeT HMeTs KopHA B 5Toit obwacthn. Eean |A—s|=2, To | Awe ™% | <A u
B CHy TeopeMu Pying ypasHeHue (1) umeer B oGaactd |A—s|<A cCTOJBKO XKe
KopHen, yTo H ypaBHenue A —s=0. CuenoBarespHo, (l) HMeeT POBHO OJHH KODEHB
s=0(w) B obnactu |A —s|<<A.

Hanee, @F (s, w) — peryaspuas GyHKUHA OT §, HE HMeUlas HyJeil B 061aCTH
Re (s) >0, a @~ (s, w) — perynsipHas GYHKUHT OT §, HE HMelOllas HyJell B 061acTH
Re (s) < 0.

IMonoxum @ (s) =E {e =5} npu Re (s) =0. ITo dopmyne (20) § 11

(L—w)i@n(s)wn___ ot (0, w) =(1_6s )7L A(l—w)

OF (s, w) (w) —s—Awe™% '
Hcnonbays pasdoxende Jlarpamxka, noJydaeM
2 g ~hunyn E (j+1) (han)r=1=1
o (w o (n—1-j)
mpu |w|<1l. Orcwoga aerko Halith @p(s), n=1, 2,.... C nomowpio (HOpMYJIE

o6pame}mﬂ Tenepb MOXKHO BBIUHCJHTbL B ABHOM Bx«me BepOHTHOCTﬂ PN, < x),
n=1,2 .

I''masa 3

1. Vmeem
i
Pl ()= =~ 28

npu u>=0 u j=0,1,2,.... ITo Teopeme 1 § 15

Plf‘/sup [x(u)—u]<x}=P{x(t)<t+x}—
Lz (ttixx )P{x(1~x)——1}P{x(t+x—1)— —j}=
X< JhE+ X
=PO)<t+x}~ D P(—-x)=RP{E+x—)<i+x~j}-
x<j<t+x
-+ x—=)<ttx—j—1}]
A8 BCeX X. .

37ech MBl BOCIOJL30BAJHCH paBeHCTBOM
Plx (@)=7=2uP {y (W) =j—1}

mag j=1,2,... u uz=0.
Eecau, B uactnoetH, x =0, To B cuay (3) § 156

R O R LTS
o o< i<t
' =P (O<H-AP ) <t—1},
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a no teopeme 1 § 17
X

3
P { sup, lu~x @] <x)=1- Két P =

2. B nannom cayuae E {y (u)} =Au mpu >0, T. e p=~A. Tlo teopeme 1 § 14

1—A, ecoin A,

0, ecau A= 1.

P (x (u) <u nua 0<u<oo}={

3. Fcan x>0, 10 E {y (1)/x} = Aau/x npn u 2> 0. Tponecc {y (1)/x,0 < 1< oo}
VROBJETBOPSICT YCJAOBHAM TEOPEMbl 1§ 14, npuuem p = Aa/x. [Tostomy npu x>0

1 —Aa/x, ecan Ao < X,

< 0<< =
P {x (1) <xu pas 0<<u <o) {0, ecan Ao x.

4. Ecu A< 1, 10 mo dopmyse (37) § 15
Y oeg-n-i- Y et [0V _ 1=V

it 1—a 7
i>x j>max (0, x) .

rre W (x) =0 npu x<0, W (0)=1—4, a no popuyse (20) § 19
[x] .
- V' iy e—n) [ =D
W(x)—(l—?t)]%g( e .

aasg x > 0.
B cuny (20) § 17 paz x>0

N N _ Ax+pY -
Z *_ p{X(x+])=’}=2 Y o 7»(x+i)u‘Tf_)]_=e ox
i=0 I j=0

X+ X+ j i

rre ®=0 npu A1, a ecm A>1, To ® — EIMHCTBeHHLIA MOJOXKHTEJIbHHHA BemecT-
BEHHLIH KODEHb YDABHEHHS © = A (1—e"®).

5. Ecau Ao <1, To B cuay sanaun 4 Fpg (x/a) =1/(1 —?»g.) i x>0, Ecam
Aa> 1, To cymectyer Takoe A¥, uro A'a <l e~ Mrg =e M% a. Tax xax

e~ MEE), (x/a) = eV ¥ Fara (x/a)

" Fyug (x/a) = 1/(1 —A*a) mas x>0, to
e (A—A*) ax
Fro (x/0) =—T77q
st x>0 1 Aa> 1.
dTH gBa cayvas MOXHO OOBeAHHHTb B OHY (GopMyJy:
Wax

Fra (£19) = 7= —ave a —T"

qrst x>0, TIe ® — HAHMeHbUIHH HeOTpHLATEJbHBIA BEUIECTBEHHBA KOPeHb ypaBHe:
pas A (1 —e™ %) — . Ecom Aa<1, 10 ®=0, a ecau Aa>1, 10 ©>0. Ecan Ao =
=1, 10 Fjq (x/a)=oco mpr x>0
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6. Cnavaja joKaxeM ToxAecTBO Adeas gag x>0 u {>x+n. Ilyers n cay-
4affHBIX TOYEK pacnpejgeseHbl He3aBHCHMO M PaBHOMepHO Ha uHTepmaje (0, #). O6o-
3uHauuM yeped ¥ (u), 0 <Cu < ¢, uncio touex B uurepsaie (0, u). Torma {y (u), 0<C
< u < f} — cayuafiHblfl IpoLiece ¢ HEOTPULATETHbHBIMH INEPeCTaB/ISEMBIMH HNpHpalle-

HHSIMH H
| ri=n= ()5 (-2

ecau k=0,1,2,..., n 1 0Cu<t, opuueM P{y () =n}=1. Ecom0<x <t —n,10
B cuay (1) § 17

o
Y TP =y—n=1
r<yst

- Ban

2 xik P{X(x+/e)=k}=2 H’fk (Z>(x:rk)k(l_ x-:k)n—k=1’

o<h<t—x - k=0
OTKyZa

n

\’ n .

Lx(k ) (% + F)e1 (£ —x — kyr—F = gn

E=0
npu 0 <x<t—n. Ecau ¢t ¢uxcupoBaHo, TO JeBas 4acTb 3TOr0 YPABHEHHs SABJASETCS
TMOJIKHOMOM 0T x; 0pn 0<x <t —n oHa mnocrosuHa. CireaoBaTeaLHO, OHA NOCTOSHHA
nas1 1:06oro X (BelIeCTBEHHOI'O WM KOMILIEKCHOrO). AHa/IOTMYHO NPH (GHKCHPOBaH-
HOM X JieBasl 4acTe SBJSETCH TOJHHOMOM OT ! ¥ papHa (" npm {>n -+ x. Cienosa-

TeJbHO, OHa paBHa {? nast Bcex ¢ (BemeCTBEHHLIX HJH KOMIIEKCHBIX). Muaue rosops,
NIPHBEJIeHHOE BhHIUIE TOXKJSCTBO BHIIOJHSETCS IJs BCeX X U £

7. Ilyets 0<x<t—n u {v(4), 0<Cu< oo} —NyacCOHOBCKHI NPOLECC C ELH-
HUYHOM HHTEHCHBHOCTbIO. Tornaa

.P{v(u)=k}=e—”uT,:

npu k=0,1, 2, ... u u>0. ToxzaecTBo, KOTOpoe TpelyeTcsi NOKa3aTh, MOMKHO 3a=
NHCATh B BHJE

SPWr+h)=EPV({—x—k)=n—k=P{»(<n).
£=0
Ecmn 0<x<t—n, 10 mo gopmyae (2) § 15
Pivu)<u—-x pmn 0<<u <<t uv(@®) <n}=P{v{)<n}—
~ XY (1= =P ~RPEE—x -k ~1- 8,

0<hISn

3jech JeBas 4acTh, OUEBHJHO, PaBHA HYJIO M, TAK Kak

p{v(t-x—k)=z—k}=%p{v(t-x—k)=z—k‘—1}

st Beex I=k+1,k+2, ..., TO

Piv(<Sm= N P{vx+h)=R[PV({—x—~k)<n—k—
A= PV —x—B)<n—Fk—1)]
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4uTo H Tpe603aﬂoc5 JIOKa3aTb. Tak kak JeBasg 4acTb JOKa3mBaeMoOro TOXKAeECTBa
ABJASIETCA NOJHHOMOM OT X U f, TO OHO CHpaBeAJHBO IJs BCEX X H [

8. B nanHoM cayuae )
J
Piv (= =eh L2

mpu j=0,1,2, ... u u>=0. ITo Teopeme 1 § 15
P{sup [v@)—cu] <x}=P{v () <ct+x}—

o<<u
_ Y\ ct+x—k\ o f (j—x)_.} { (_j—x _ A
-J)d (ct+x-—j)PlV c )=i(P v\t ¢ )hk"]}_
x<j<R<ct+x .

PO <ctd- Y p{v(f"c")=j}[p{v(t—f*—")<ct+x—f}—

c
- x<j<ct+x 5 R -
—FP{v(t— ]_Cx)<ct+x—j—l}J

IJST BCEX X, a B CHJIY popmyaer (3) § 15
P{ sup t[v (1) — cu] <0} =

SUS

- E (1 —cit) P('v(t)=j}=P{v(t)<ct}—%P{v(t)<ct—l}.
o<ji<cet .

CorsachHo Teopeme 3 § 15, npu A <c¢

P{0<su2°°[v(u)—cu]<x}=1-(1_%_)2p{v(i;x)=j}

= i>x
g P{ sup [v(u)—ecu]<x}=0 npu AZ=c.
0{u < oo
Io Teopeme 1 § 17
- .
Plswp fu—vl<sg=1- 3 ap{v(ZH)-}
o< ust X+ ¢ .
o<<i<et—x

nias BceX x>0, a B cury dopmyas (6) § 17

=]

P{0<slltlgm[cu—v(u)]<x}=1_]§0 xc—fj P{v(x—c”)=j}

aas Beex x>0; npu A< c mpamas yacTe paBHa 0.
9. Beau f<na, 10 Pn(f)=0. [peanonoxuM, uro = na, O603HauuM depes
v (u), 0<Cu<Ct, uHCIO CTOJKHOBEHHH 3JMEKTPOHA € MOJICKYJAMH rasa B HHTEpBaJje
(0, u). Toraa {v (), 0 < u < ) — nyaccoHOBCKHA MNPOLECC C HHTEHCHBHOCTHIO Au
i
Piv (=) =e Lab
mpu j=0, 1,2,... u u>=>0. [Tosoxum ¥ () =av (u) p1a 0Ku<{. Bepoarnocts

Toro, uTo B HHTepBaie BpeMeHH (0, f) SJEKTPOH HMeeT POBHO 7 -+ & CTOMKHOBEHHA
¢ MOJIEKYJMaMH ra3a H o KpaiiHefl Mepe n M3 HAX NPUBOAAT K HOHHM3AIHH, PaBHA

Piyw<u+tka pma 0<u<tuy(f)=(nt+k)a}
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npu ¢ 2= na. [To Teopeme 1 § 15 3Ta BepoATHOCTL paBHa

P =(rho- Y, (222

-y
0<y<na

)P ) =y+ka, 1 (0= (r+k) 0}

u P{y(y)=y+ka}=0, kpome Tex cayuaeB, Kora y=jo H j>>— k. Takum ofpa-
30M, OHA MPUHHMAET BH

P{v(ity=n +k}— 2(

j=1

)P{v(]a)—]+k V() =n+E).

IMpocyMMupoBaB aTH ReposTHOCTH aias k=0, I, 2, ..., monyuum

f—

Pa® =P (> 3 (T2 P (v (0) > )P (v (1~ o) =n— )

j=

—jo

nopH {2 na.

10. [Tycts mepBOoe COGHITHE INYaCCOHOBCKOFO NPOIECCa MPOHCXOMHT B MOMEHT
y (0 <y < oo), a BeqMuuHA NepBOro ckauka paBHa 2 (0 <2z < o0). Torna

oo Xty .
W (x)= j' J' W (x + gy —2) e"MA dy dH (2).
0 0
TTonoxuM
Q(s) = f e~ AW (x)
- 0
H

P (s) = [ ™% dH (x)

0

npu ‘Re (5) =0 u 0603uauuM uepes @ MaTeMaTHIECKOE oxHfaHue QYHKIHH H (x).
Ecyn B HallHCaHHOM BBIHIe HHTErpaJbHOM YDaBHeHHH nepeliieM kK mpeo6pa3oBa-
uuio Jlanjaca, TO THOAYUHM .

Q(s)=As F fo u+ze-su-sz-*y+svv7(u) du dH (2) dy.
Tipn s == A s
Q(s)= ,f_ss ff[e‘s‘“”’ ~ e MuFDNW (u) du dH (2) =
0 ¢ ,
-2 [2D -2 9],
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OTKyAa
s
R Ry [Ty 75}

nast Re (s) > 0.
Ecan Aa <1, TO, COTMIacHO CHJALHOMY 3aKOHy OGoapmux aucen, lim W (x) =1,
x>
win  lim Q(s)=1. dro gaer Q(A) P (A)=1— Aa, u noromy
s> +0
1 —Aa
Q (8) = e

npu Re (s)>0. Ecn Aa =1, To W(x) =0 mas Bcex x. C nomowsio popmyisr ofipa-
uleHHs MOXKHO noayuuTb W(x) B ssHom Bume. Cu. dopmyuas (13), (14) u (17) § 19,

3ameuyanne. Tak KaKk BEPOSITHOCTb TOTO, UTO B HAalUeM MYacCOHOBCKOM IIPO-
llecce B HHTepBaJge Bpemenu {0, #) Npou30figeT TOUHO OLHO cobniThHe, paBHA Au + o (u),
a BepOATHOCTb TOro, uro B uuTepBaste (0, ) mpousofizeT GoJee ORHOrO COGBITHA,
pasua o(u), To
x+u

W(x)=(1—xu)u7(x+u)+huj W (x4 u —y) dH (y) + 0 (1),
0

[Mpenenbuulit mepexox u—>0 gaer

X
W’(x)=MV(x)—-?»J W (x - y)dH (y)
0

anst x>0. Beps mpeoGpasopamme Jlamaca or ofienx dactelt sToro YpaBHEHHS, Nos
JqydaeM
s[Q(s) =~ W (0)] =AQ (s) —AQ (s) ¥ (s)

npu Re (s) 20, otkyna
: - sW (0) .
s=AT1 = (s)]

mpn Re (s) > 0. Ecmm Aa<l, 10 limOQ(s)=l, ‘a totomy W (0)=1—Aa. Ecomu
s>+
Aa=1, 10 Q(s)=0.

Q (s)

Fnasa 4

1. MoMeHTH mocTymIeHusi TpeGoBaHuil 06Gpa3yloT 37ech NayCCOHOBCKHI mpoiece
¢ MHTEHCHBHOCTHIO A. MOMEHTH OKOHUAHHS OOCJYKHBAaHHA MOKHO OXapakTepu30BaTh
CAeAYIOUWHM CNoco6oM. PaccMOTPHM HyaCCOHOBCKHMH NPOLECC ¢ HHTEHCHBHOCTHIO W,
He3aBMCHMEIA OT mpolecca nocTymiaenns. OkKoHuanne OOCJTyXHBAHHS HAacTynaer
TOJBKO TOrAd, KOrJla NPOHCXOAUT COOBITHE B NMYyacCOHOBCKOM NPOLECCE ¢ HHTEHCHB-
HOCTBIO L M B 3TOT MOMEHT B CHCTeMe eCThb HO KpafiHefi Mepe onHO TpeGoBanue,
B cOOTBETCTBHU ¢ 3TUM JJIMHY ouepenn § () B MOMeHT { MOXHO BLIPasHTb CJaeNYIO-
mum o6pasoM. ITycts {v; (u), 0<Cu < oo} 1 {vy (1), 0 < < oo} — HE3aBHCHMBIE Tyac-
COHOBCKME NMPOLECCH € HHTEHCHBHOCTSMH A H P cooTBeTcTBeHHO. ITosoxum § (u) =
= v, (u) ~ v, () ona u>0. Torpa .

LW =sup{O)+E() u E(t) —E(u) A 0 Su<cth
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Mpouece {& (1), 0 <Cu < o) sBAAETCA NPOUECCOM CAYUARHOrO GIYKAAHAST, PACCMO-
tpenssiM B § 22. Tlo ¢opmyae (3) § 22 '

k 1 1
PE(t)= k)= Pt (%) ” 1 (201 )

npu k=0, +1, £2,....
3amenus & (f) — & (1) B dopmyte aas §({) na & (¢t —u) npu 0 <Cu <t nomyunm
HOBYIO CJAYYafiHYIO BeJUUHHY

() =sup{C(©) +5 (1) u &(w) am 0<u<H.
Ona uMeeT TO XKe pacnpejesenue, uro u BesauunHa § (). Takum oGpasom,
Py (1) =P{ sup E(u)<kuni(t)<<k—1i
0t
B cuny (13) § 22
A\t
P( swp tW<kn M =p=PEO-D~(2) " PE®=j-2-2)
<u<t u

SUS
npu j << k. CymMupoBanne 3THX BeposiTHOcTefl nas j<Ck —i paer

P (t)=P & (z)<k~i}—(%)k“P{a(tKw—i—z}.
Ecan A<p, 1O A\
tl_i)rr(LP,-k =1 _(E) '

2. Econ nponece { (u), 0 <Cu < oo} onpesenen Taxk e, Kak B 3afaue 1, To 8 (i)

MOXHO HHTePIPETHPOBATh KaK MOMEHT, Korja Bmepmule § (u) = — /i B cuay 14 § 22
PB(O) <=1 —P{O sup tE”“(u)<i},
RlUs '

croe B (u)=— E(u) upu u>=q. OTcroﬁa no dopmyae (9) § 22
POO<H=PEO<-3+(L) P>

3. IIpennonoxum cHaugana, uro {§ {u), 0 <Lu < oo} — mporecc cayuafinoro 6ayxaa-
XI{_;/IH, paccMoTpeHnnit B § 22, u maiizem BeposaTHocTs P{— b <E (1) <a pas 0<{u <)
yeTh
1 o 1 o

p= 2 oA’ q=‘2“ oo’
rae a== [x?»'/ﬁ/G], b= [yl‘lz/a]. Ycrpemus A k oo, HafimeM P {— y<{%(0)<x nas
0Cu<t)
Pemenne sagaun 4 ra. | jgaer

P{—b<i<anma 0Lutn E()=j|v(t)=n)=

=P{—b<N,—~r<a paar=0,1,...,nu Ny—n=j}=
- 2( n )_2( n ) P+ i2gtn =12
- 1/2(n—j)~k(a+b) - 12(n=j)+a+k(a+tb) ’
ecan — b<j<a. [efictBurensno, nponecc {N,—r, r=0, 1, 2, e n} 3ajaer nyTo

cayuafinoro OJyXJaHds 33 TNepsele # wWwaroB. Ecan Np—n=j, To KaxAbi nyTh
umeer BeposTHacTs ptHN2g=D2 5 yyeno GJaroNpHsTHRIX NyTefi MOXKHO HafiTH
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H3 pemeHns 3afayd 4 ‘tr. 1| nosoxus TaM a=(n—}/2, b=(n+})/2 ¢=a u
d=a+b. Toraa

P(—0<E(W)<a amm 0<u</ uE() =)=
p ~k(a+b)
X2 rew-iv2zEernn-
R

-y (%)k‘”b’”p () =] —2a— 2 (a + b)),
k

[TpocyMMHPOBAB 3TH BeposTHOCTH Aa8 — b < j<a, moayunm
P{—b<i(m)<a s 0<<u<tt=

~ —k{a+b)
=2(%> O b (ab) h—b<E () <2(atb)k+a)—

--Z(%)““””“p{—z(aqtb) (E+1)+b<E() < —2(a+b)k—a)

ITepexox K npejeny ¢ yueToM TOTO, 4TO

lim (E—)VT = %0

A->o00 \ G
' VT v
li yy i X 7‘} m("“"it)-@(”“"it)
hLmooP{ <t< oVt oVt /)
rae
=_l__ —u?2
D (x) % —£e du,
aaet
Pl—y<l@) <y mma 0<u<t}=
=S‘ (—2ka(x+y)){ (2k(x+y)+x—at (2k(x+y)—-y—at>]
N ) e ()
_Eexp[Qka(x—l-y)+2ax][d)<—2k (x+y)_—x—at)q_
P o? oVt
_(D(—Q(k+l)(x+y)+y~at)]
oVi )
4. Ilast mponecea {¢ (1), 0 < u < oo} BumosnaioTest coorrowerns (3) u (4) § 23

MoxHo npaMennTs Meron, onmcanmuil B § 25. B gammoM cayuae dopmyrna (7) § 25
NPUHAMAET BHJ -

W 1/ 5252
- mft)=w-!—azw /2022 =‘P+(2, @) U™ (2 ©)

npu 0 <w <oo u Re(s) =0, rae dynkuus
a—Va®+2wd?

¥+ (2, w)=2— p=
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peryasipua d4 OTJM4Ha OT HyJasa B obGaacte Re(2) =0, a W™ (2, w) peryaspha u
OTJIHYHA OT HyJas B o6aacty Re (2) <<O. Ecou n () = sup §(u), To B cuy (9) § 25

KU

¥+ (0, w) _ Va’+ 2wo? —a
W+ (s, w) ol+Va+200% —a

w f e~ YE {e=M D} gt =
0

Q®opmyaa obpauenns jpaer

¢
x (x —au)?] du
P <x=1——= fex [—-..—]__.
i< Von o ¢ P 20%u ult
g x =0,

3amerum, gro ecan a=0, To P{n(f) <x}=P{n M<</Vi}
5. [IpuMeHnsa H3BecTHHE cooTHOWeHus AaA Gyuxkuuit Beccenrs [p (f)

ELLL AR NI )
H
Uy (B)=1ly_ () + 14y (D),
nosyyaem
=B =20P E )=k =)= 2P ED) =k +1)
. ‘

PEOSH _ypcy=k+1-10P &0 =4,

Hocnem{ee PaBeHCTBO MOXHO [JXOKa34Tbh TAK¥XKe€ BEPOATHOCTHBIM METOJNOM, a HMEHHO
PE(U+FAN<E=PEW<E+PEN=F+1}Aq At =P (& () =k} Ap At + 0 (AD).
Tak kax P{& (1) =k} = (p/q)* P {& () = — k). 0

dPEMN<B-(p/9*PEM<— k)] _
dt

p\E
=qu{§(t)=k}—ApP<g(t>=k—1}—(7) AgP (& (1) = — B} +

k .
+(-B-) AMPE(D=—k-1)=MPE({H)=k+1}-ApP{E () =k —1}=
-—frem-n

@

[TpounTerpupoBas noc/eiHee YpaBHEHHE OT HyJsd A0 f, IPHAEM K HCKOMOMY TOX-
ZecTBy. ’

6. ITo Teopeme 5 § 24

Wix—c)
P Lx—¢}= ——L
{o<i]£e<c>§(u)\x =T
ma 0<ce<x n
—sx _ 1
fe W(x)_dx———q,(s)

0
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nas Re (s) > o, rae

o0
¥ (s) =as — J‘ (l —e TS _T_j-ifc?) %;—==(a+v-—l)s+slogs.
0
y =0,5772157 ... — noctosnHan Jijaepa, a @ = 2! =%V — yapGobIIHA HEOTPHUATENE-
Huifl KOpeHb ypaBHeHHﬂ ¥ (®) = 0. Takum o6pasom,
(o]

f e~W (x) dx =
0

1
s log (s/®)

s Re (s)> @ u no dopmy/ae obpauieHus

1 et (cox)”“
(")"50 Tata ™
g x >=0.
7. Ilyets n (f) = <sup Z(u). Ecim Re(s) >0 u 0<w < oo, 1O
o<u<t

o J’oo e~ {e—sn(t)}dt=exp[— A{ log (1 - ‘Fz(;) )}]’
0

“rge ¥(s)=—|s| naa Re(s)=0. Jlerro BHpers, uTo P M) < x}=F(x/l) nna
£>0, e dyuxuus pacnpepenenus F (x) nMeer INIOTHOCTb fx)=F (x) pas x>0.
CaenosaTe/bHO,

o o0 o0

o[ eVl dt=w [ e [ e (?) Fai=o |
. 3 0

0 0
C apyrofi CTOPOHH,
o0

Ao (145} =5 [ o (145 e

—00

1
_:rt_.f s2+y
0

log (1 +-—) dy.

ToncranoBKa ¢ = w/s RaeT uuTerpaipHoe ypaBHeHHe CTHIbTbeca

i, f(x) _ ___l_l[ log (1 +0)
o ; x+adx—exp|: “0 —+E dul,

pelieHHe KOTOPOro HMeEET BHA

X
_ 1 _1 logv
Fx)= Y PR 7 eXP{ nof I+0? }

s x>0,
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8. Tak kax
0<iu<pt+h§(u)=max{0<83p<hQ(u) ufh)+ <suugprh(c ()~ (h))},

B Pin(t+h)<x=P{max () n LA +n' (1)<}

rae cayuafiHas BeqnynHa W' () Tax ke pacnpenetena, kak H M (f), H He aaBucHT
or {{(u), 0<<u<<hl Ecan x>0, TO MOXKHO 10Ka3aTh, Y4TO

Pin(t+h)<st=P{max (0 u Z(A)+n" (1) <x}+o(h)
Orciona
E{emn M} A" OE (=)} 1o ().

o - ¢4
Bruntas u3 obenx uacreli E {o~ SN )}, Jend wa hu yerpemass A x 0, nonyaaem

JE {e~sn¥)}

= =A{¥ (s) E {e~5"}},

Ecuu

oo

Q(s, w) = f e~ R o™ W)t
0
anst Re (w)>0 u Re (s) >0, T0
wl (s, w) =A{¥ (s) Q (s, w)},
M pellenHe 3TOrO YPABHEHHS UMEET BHJ '
Q (s, w) =exp (— A {log [w — ¥ (s)]}).

I'masa 5

1. PaccMoTpuM nepuHoj 3anfTOCTH HPHOOPA, HauHwaomuics ¢ HPHOHITHS Tpebo-
Banust. OGo3nauum 4epPes %1, Yo, - -5 Ao -+ - AJIHTEABHOCTA [OCACAOBATCIbHBIX TIE-
PHOIIOB OGCJYMHKHBAHHA, & UEPE3 Vi, Vg, +.., Vp, ... UHCAA TpeGoBanull, MOCTYIHBIIHX
B TeyenHe 1-ro, 2-r0, ..., A-TO NEPHOLOB OGCAYKHMBAHHS COOTBETCTBEHHO. Toria

Gnx)=P{:+ ... taa<x, iz vi+v, =2, \_71+ oo FVyp =n—1"
HVi+ ... vg=n-—1}

Tak kak vy, vy, ..., V; — B3aHMHO HE3aBHCHMBIE H OIUHAKOBO pacnpeneseHHbe Cay-
Ya{HEIe BeJHUAHEL, TO. MOXKHO 3aMENHTb Vi, Vs, ..., Vg HA Vg, Vy—=1s -+, V] COOTBET-
CTBEHHO ~— BEPOATHOCTh MPH 3TOM He H3MeHurcd. CJeL0BaTe/bHO,

Gax) =P+ .. +%n<w i<l v +9<2 oo, ik oon v <n—1

uvi+ ... +vp=n—1}
ITo Teopeme 1 § 4

Pvi<Lvi+v<2,...,vi+ ...vg<a—1]vi+ ... +vy=n~—1, |
Wt Fgp=uh=

Kpome Toro,

’ - ‘ _ (}uu)”—l
P{v; + +'Vn}=f’_l«—fllxl+ +xn=u}=e Aum

P+ ... xn St =Hp (x),
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rae H, (x) osuauaer n-0 ceeptky ¢yukuun H (x) ¢ camofl coGofi. M naxouen,

Gn (1) =+ ' dHn ()

;[ ™ (lu) GoTT

g n=1,2,... u x >>0. BeposaTHOCTs TOro, 4TO JJIHTEJLHOCThL NEPHOJA 3aHATOCTH
npufopa He MPEBOCXOJHUT X, paBHA

BN ()]
=Zﬁfe - =11 ‘@),
0

n=1

2, OGo3HaunM uepes Y1, Yo --+s Yn LJIHTEJBHOCTH HEPBHIX 7 NEPHOAOB ofCJay-
JKHMBaHUS, a 4epes Vi, Vs, ..., Vy UHCJAZ TpebGopamiil, NOCTYNUBIINX B TeueHHe I-ro,
2-ro, ..., n-TO MEPHOAOB OBCJYKHBAHHS COOTBeTCTBEHHO. [To Teopeme 1 § 4
6 (x) -
=P+ . a,vi v > r—iaaar=i,...,n—1 av + .. Fyvy=n—i}=
=P+ ...+ <X vk v, < s r=1,..., n—i 0 V] + ... +vn=n—z}=

X

i . i — hu

=7P{v1+ ces Fvp=n—inygy ot oo < x}= - e Au ( " =0T dHn(u)

0

B sapaue 1 Mu moayunin GS) (x)=G,, (x). BeposiTHOCTb TOTO, UTO IJIHTE/IbHOCTD
HAYAJBHOrO NEepPHOJA 3aHATOCTH He NPEBOCXOAMT X, paBHa

o X
-y, _ 2 n—i
6Wx= Y [ e B, ),

3necs G (x) obosmauaer i-io CBEPTKY (hyHKIHH ¢V (x) =G (x) ¢ camofi coGoi
3. Umeem

n,,—Ac
Guxlc) =L£’%———— J. e~ (u+ )"V dH, ()
0

aast x22c¢ n Gup(xle)=0 mia x<c. Ecou n=0, 10 510 ouesunno. ITycts n>1
OGo3HauuM 9ePes Y1, Xzs +++, Yn AJHTEILHOCTH TMEPBEIX 7 NEPHOAOB OGCJHYKIBAHHSI.
CICAYIOMAX 33 HAYAILHEIM MEPHONOM 3aHATOCTH IPHOOPA, uepes v, UHCIAO TpeGoBa-
HHH, NOCTYHHBIIHX B HHTepBaJe 0, ¢), u uepes vy, vy, ..., vy uHCAA TpeGOBaHHI,
nocTymuBIIHX 3a 1-#, 2-if, ..., #-f nepuoan OGCAYKUBAHHS, CAeAYIOLIUE 33 Hauab*
HBIM INePHOIOM 3aHATOCTH npuGopa. Tornma

Gn(x|)=P{ti+ ... +5a<x—C,vo=1,vo+v =2, ...
R P +'Vn—-1>fl, Vot ... +'Vn=fl},
OTKYAA

n
Gn(x|0)=z Pvo=P{pi+ ... +xn<<x—g,

R = P A n=j, v+ ..+, =n—j}

ﬂ—l>
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ITo teopeme 1 § 4
Pv+ ... +v].>1,..., vi+ ... +vn_l>n—jlvl+ vty =

=n"iy'}(1+~--+Xn=u}=P{‘V|<l, 'V1+'V2<2,..., 'V1+ ces
+vn_1<n—j|v1+ v TV =n—j %+ . +xn=u}=%

nag j=1, 2,..., n. Kpome toro, P (v, = j} =" (Ac)l/j1,

e oy —ha ()
Pivi+ ... +vg=n—jlyi+ ... +oqn=ul=e =7
5
P+ oo +oxn<ab=Hy (x).
Takum ofpasom, 118 x = ¢
' —he (A [ ae ()
= —-Ac c) I —~Au u) -
G xle)= Yoo Ll L [ omhu B g,
i=1 0
re ' [A (u + 01"
e ~Aw+to) [A(u+0)]" "
(! e =1 dH, (u)
4, Tonoxum
a,= f x" dH (x)
0
st r=1,2,... n a=a,. Ecom Aa< 1, To G(0) =1 u MOXKHO OIpEIETHTH
T,= I 7 dG (x)
0

aas r=0, 1, 2,... (BoaMoxuo, I, = o). Henonbsysn pewenne sagauu 1, moayuaem

001 -1 5
r,= 2& A — f e~ M1 gH L (x).
n=1 0 )
Eemn Ma<1l u a,4,<o0, 10 I'; < oo. Ecoiu Aa=1 wm a,4; =00, 10 I’y = o0,
TMoaoxum
B (s) = f =% dH (x).
0

Mowmentet dynxuuu G (x) MOXKHO MOJYUHTb MHaue, ITokaxeM, uro rpu Re (s)>0

<o

v(5)= [ e™*d0 ()
0

Iy

SIBJSIETCST €AHHCTBEHHLIM KODHEM 2 ypaBHEHHUS

2=y (s+A—A2)
‘B ofaacty |z[<1.
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Tak kak BO BpeMst OOCJY:KHBAHHS INepBOro TPeGOBaHHA MOXKET NOCTYIHTD
j=0, 1, 2,... TpeGoBanuil, T0

o =Y [emerme L )
=0 0

_ I e~ISTA=M N2 gy 4y = (s + A — Ay (s))
0

npu Re(s) >>0. Ecan Re(s)>0, To u3 TeopeMn Pylue ciaenyer, uTo ypaBHeHHe
z=19P(s+A—A2) umeer B ofmacTa |2|<l B TOYHOCTH ORMH KODEHb, KOTODHIHA

¥ gaer uckomyio oyuxnmo vy (s). Ecan Aa<l, To y(+0)=1 u T, =y" (+0).
C moMmouplo TeopeMbi Bropmana (eM  IOMoJHeHHE) JEFKO BHIYHC/IHTE v(') (+0).
[onoxuM # =5+ A [l —y (s)]. Torza s=u—A [l - (w)], otyna

_L[(dn __a
(¥ I v
npu Aag < 1. Haree,
1\ r+1 1Y r r+1
I‘r+l=( ) (dr+llt) =( L [dr <£) ] =
A ds s=0 A Ldu \s 4 =0

(-1 dar 1 r+1
T W(l_ll—w(u))
u u=0

g r=1,2,..., a NPou3BOAHYI0 B MPABOA UYACTH MOMHO BHIYHCIHTh C NOMOLIBIO
dopmyant ®aa nu Bpyro (cM. XOTOTHEHHE).
TakuMm oGpasoM, ecan Aa <1, 10

’
S 2 E El
r+i v 1’.! (l_la)r+’v+l nw

g r=1, 2,..., rae

Yev= 2 __n (_qz_)]l (&)]2 ( Ar+1 )]’
v aagrver) \ar) o \Twnr) e

jl+j2+ +/r=v
jyF2dytontri =r

B wacrtHoOCTH,

I a, r as 3ha3
Rl iy v L G ¥ U (Y VY
H
ay, 10Aa,0, 15A%3
r,

==ty T =tay " =%
Samevuanne Eem H(x)=1=—e"*% gma x>0, 10 a,=rta’ n

! rt (r—1
Y. gty 2: __r__=_( ) r+v
nv=a gl il W \y—1 )
i1+]2+“'+1r=v

j‘+212+ +rjr=r
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5. [Tycts

5]

= f xdH (x) u (s)= f e S dH (x).
0 0 )

Ecan Aa<1, 1o mpomecc {n(#), 0<Cf<C oo} HMeeT CTALHOHAPHOE paclpe/lejeHne
P{n () <x}=W (x) uero npeoGpasopanns Jlanmaca — CTH/IbThECA PABHO -

1 —Aa
L—A (1 —p(s))/s

Q(s) =

nast Re (s)>0 (em. dopmyast (25) n (50) § 29). Pynxumo W (x) MOKHO mOJSYUHTH
B siBHOM BHIe mo dopmyaam (13), (14) u ( 7) § 19. Ilycts

oo

W, = f £ dW (x)
0

g r=0,1,2,.... Torma

wo= 1y (S5

a TOPaByl0 YacTb MOXKHO BHIUHC/IHTL ¢ moMowmblo ¢opmyinm Paa nu Bpyno (cm.
nonosHenue). Takuv o6pasom,
2 “”’
f'_ f,'V
(1 -2a)¥

wis r=1, 2,... (byuxuua Y,;V 3ajaHa B peurenus 3ajaud 4). B wacrtmoctw,

v Aay - Aa, hQag
Y (B v Sl ¥ R o i Y (R y B
44 .
Agy Aaya, 32%a3

W3=

YT Y N (= P A Y (R Yo

6. 3 Teopemnr 2 § 28 caeayer, uro upu Aa <<| npexenbHoe paclpefeseHH?
lim P{f,=k}= lim P{{,=k}=Pp, k=0, 1, 2,..., CylecTByeT H He 3aBHUCHT
n-»oo n—»oo
OT HAYAJBHOTO pacnpenesenusi, npuueM {Pp}— eJUHCTBEHHOS CTALHOHAPHOE paclpe-

nenenue s {Eq) u {L,). Hdaxee,

N ok (=20 (1=2) (A (1=2))
P(z)”gpkzk‘ P —2))—2

ana | 2]<1, roe P (s) —npeo6pasosann: Jlammaca — CrumbToeca dyukuua H (x).
Eciu Aa>=1, to lim P{E,=Fk}= 11m P{ln=F}=0 u {&;} u {,) He umeioT cra-
n—»oo
HOHAPHHX pacHpefeIeHui.
Tax kak

P(2)=Q(A(1—2))p(A(1—2)) = (1 =4a) (1 —2) + 22 (A (1 =2) ),
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rae Gynkuus Q(s) samaHa B pelieHHH 3ajaud 5, TO

By= Y kPy=1 (Vi +a)

£=0

74

NI v,  Alw,_

Br= (r)Pk_ P ey

k=r,

g r=23,...,a W;, Wy, ... 3azann B peumIeHuH 3ajauu 5.
7. Ecan a—cpejinee BpeMst 08C/TYKHBAHUSA H ?»a*<1, To npouece {£ (¢), 0<{f < oo}

pMeeT craunoHaphoe pacnpenenenne P{E (f)=k}=P,, k=0,1,..., P, = P,, rae {Pg}

sajane B pemennu safaun 6. Ecaum Aa =1, 1o npouece {€ (f), 0<Cf< oo} He mmeer
CTallHOHAapPHOrO pacnpeieNeHHs.

TTpoctpanctaoM coctosHul mponecea {§(f), 0 <Cf < oo} coymur [={0, 1, 2,...}.
Ecau mpolecc CTalHOHADHBIN, TO CpElNee YHUCJAO HepexomoB k-—>k+1 B muTep-

paxe (0, /) paBHO hPZt, a cpenHee yucao mepexodos k + 1>k B unreppade (0, )
paBHO APpt aaa Beex kTO’ 1, 2,.... Tax gRak sTu cpeanue AAs CTALHOHAPHOrO
npoliecea COBIAKAWT, T0 Py=P, aua k=0, 1, 2,....

8. Ecom 7y (1), 0<Cu <oo,—nmosiHoe BpeMs 0OC/AyXKHBaHHS BCeX TpeGOBaHHH,

moctynusmux B uHTepBate (0, u)], To {y (4), 0 << u < oo} — 0Go0LICHHBIA TyaCCOHOB-
cKuil mpouecc H

Pl <d= YL g, (o)

n=0

rne Hy, (x) o3nauaaer n-10 cBepTky dyukunu i (x) c camoii cooit. [To reopeme 1 § 29

P{n(t)<x|n(0)=c}=ie-“ﬂni}1[Hn<t+x-c)-
n=1
- .T(?)0<ylf<t c(::;)(%)j(l_;zt/_)”‘fdij(y—l-x)dan—j(z—-y)]
1= YA YA Y .

s Beex x, c =01 >0,

9. TlycTs M, — BpeMs OXKUIAHASH, A Y, — BPeMs 0GCTYKUBAHHA n-ro TpeboBaHud.
Tyers P (10 < A=W, (), P (n < s1=H (x), E ("} =0, (s) n E ™) = (5).
OGo3nauuM uepe3 §, AJHHY OYepenH HEMOCPeACTBEHHO IOC/E OKOHYAaHUs O6CJyHxH-
BaHHA n-TO0 TpeGOBaHHA.

Eciy HavajbHAas AJMHA OYepeJd paBHA HyJ0, TO [JHMHA Ouepead HEmocpen--
CTBEHHO 110CJe OKOHUAHHA OOCAYRKHBAHUA A-TO TPEGOBAHHT PaBHA YHCIY TpeGOBaHHUY,
MOCTYNHBUIHX B Ouyepeib B TCUEHHe BPEMEHH, NDOBEJEHHOTO B CHCTEMe n-M Tpe6o-
BaHueM, T. € B TeueHde HHTepBaJa BPEMEHH LJHTEJABHOCTH Ny + Yn. [l03TOMY

- j
Pt = [ e L d, W () (4],
0

oTkyna niaa |z| <1
E {5 =0, (A(1=2)) $ (A (1 —2)).
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Ecan Aa< 1, rae a— cpeznee BpeMs ofcayuBanusa, To npeged lim E {zc"} =P (2)
n->oo
cymectryer npu |z|<C1, npuuem ¢opmyra maa P (2) naHa B peineHuH 3anaud 6.
B cooTBeTcTBHH € 3THM npelet
lim Q (s)=Q(s)
n-»o0

cymecTByeT npH |s—A|<<A u
P (1 —s/A) 1-2Aa
Q=" TTER( =%

C MOMOIUBIO TEOPeMH HENPepPHIBHOCTH AJst IpeoGpasosanuil Jlannaca — CruibTeeca
(cM. jpomoJuenue) mosgyyaeM, uto npu Aa <l npemen lim W, (x) = W (x) cymecTsyer,
n-»oo -

W (x) asasercss QyHKUHell paclupeieJseHHs H ee upeoGpasoBanue Jlansaca — Ctusib-
theca paBHo Q(s) aax Re(s)>0. Ecam HavanpHOe COCTOSHHE NPOH3BOJLHO,
pe3y/IbTaT TOT XKe,

Ecan Aa>=1, 1o lim P {ny, <x}=0 ana Bcex x.
n-> oo

10. [Tyets 7% (1), 0<Cu < T,—noaHoe BpeMs OGC/TyXHBaHHA BCeX TpeGomaHuil,
noctynusmux B uHTepBade Bpemenu (0, u]. Torma {x (), 0 << u << T}~ cayuaiiunit
mpolece ¢ NepecTaBiseMbIMH Ipupawenuamu. Ilo Teopeme 1§29

P<d=PuO<itd~ [[ () adP @) <yts (<22
I<y<z<t :

ana Beex x v 0 < {<CT. Kpome Toro,
n

rawza= (1) (3 (- oo

j=0
ma 0<<u<<T n
Py ()<x x(0)<yl=

- B3 s (8 (57 (-3 T wma
0

0<j<<k<n

A 0<Su<Co<CT, rae Hj(x) osnauaer j-10 cepTky dpynkuun H (x) ¢ camoii coGoit.
11. O6oanaunm uepes Q' wuckomuifi mpouecc obpasoBanus ouepenH. Ilponecc

Q' — ofpaTuuii jnas npoliecca @, ONpefeJICHHOTO B MNpHMepe, CJAEAYIOWIEM 3a Teo-
N ’ .

pemoit 11 § 28. 3xecs &= 1. ITycte py — uncso TpeGoBanuii, OOCAYKEHHEX B HAYalb-

Huil nepuox samsToctH. ITo Teopeme 10 § 28

Ploi<nlt=1)=1-3 (1-L)p.=1
e . j=0
PW, =)= e-""(”j—’,‘)’ dFy (x)
0

B cuay (68) § 28, a Fp, (x) — 510 n-51 cBepTka dynkunr F (x) ¢ camofi co6oii.
Ecan W’ — uckomuii mpolecc o6paszoBanus odepend, To W' asasercst o6paTHHM
OpOLECCOM JAJasi mpouecca W, ompejeJleHHOTO B TpHMEpe, CJAEAYIOLIEM 38 Teo-
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pemofl 11 § 29. B pannoMm cayuae m(0)=0. Ecau e(;—H.JIPITeJXbHOCTb HaYaJbHOro
neproja 3aHsATOCTH, To Mo Teopeme 10 § 29
t
Ploj<tin@=0}=1~ [ (1-L)ap iy <,
0
a B cuay (80) § 29

PO (< Z " Fa o)
OTKyIa =
P (6; < 11n(0)=0) u) - e [[1—F )] dy-

3ameuanue. BepoarHocTs TOrO, 4TO Haua/bHHI MEPHOA 3AHATOCTH COCTOHT
H3 n o6Cay:KHBaHMH W HMeeT JJHTeAbHOCTh <, PaBHA

P{Po=n, eo\t}=.—————(n— ff e u(u+v)v(u+v)n Q[I—F(U)] dFﬂ 1(u)du
ut+v<Ct
0y, 0
(cm. [76]).
12, Umeem
SIEETELAN
! = = —ut (WX n
Pl <]t=) E © T ,H(z'+i)x
n=i-+1 j=1
u \iH g \n=i=]
x IL ( x—-u)(—x—) (1*7) dFj(u) dFp—;—j (v),
Oéttvogu

rae Fp(x) osnauaer n-w cBepTky Oyukumu F(x) ¢ camoff coGofi. 3a npaMuM
H0KAa3aTeJbCTBOM STOrO Pe3yspTaTa Mbl OTCHIIaeM K TeopeMme 8 pa6oThl [88].

MoxHo TakXe moayuuts P [60 x | L= t} 3 TteopeMbl 10 § 29. HedcTaH-
TeJbHO, P[96<xj§0=i} { {90<x|n(0)} rze PMmO)<x}=F,;(x) =u
P {66 <x|n(0)= c} ompefeasores no dopmyae (72) § 29.

I'masa 6

1. 3xecw
ux

P{y (t)<x}=ﬁfe_yyt"ldy

aas x>=0 u {>0. Kpome toro, E{y (1)} =t/u, 1. e. p=1/u. B cuny (2) § 15
P(ﬂ(1)<xln(0)—c}—P{0<SUP<t(x(u)—u]<x gy ()<t+x—c}=

SUs

p(f+x—c)
ol ey @ e Uyt lgy — ute"”x X
0
: t=2\ cT® (x+ )V (2= y) V!
X f ( ) dydz
I~y T()TE—y) y

oyesti—c
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aas x>0 1 0 e <. Tlo reopeme 3 § 15
lim P{n()<«}=P{ sup [x(u)—u]<x}=
t—> oo 0 o

= U

oo
- B (RO ) ke
=l—(u=1)e “xJ’ ¢ H d
(n—1) T ) y
A x>0u p>1, a o reopeme 1 § 17

P{a(t)<x—cln()=c}=P{u~x(u)<x s 0<u<< =
t
=1~ [ £ M (g -

N PES

i 0<Le<<x <t Tak kax E{y ()} ={/u u Var {3 (1)} =#/u?, 10 no teopeme 4 § 29

a(t‘)————(“_l)t I . ;
IimpP) ——Ht <y [=—— f e~ gy
t>o0 V t/'J, V2TI: ~00

aas quoBoro u> 1, a mo teopeme 3 § 17
IimPlo()<x—c|n(@)=cl=1—e"%
t—>o0 .

a1 0<< ¢ < x, rie ® — HauGOJIBLIMAN BellecTReHHbIi KopeHb ypapuenus ne®=p+a,
Ecm p<1, 10 ©>0, a ectt p>=1, To @=0. Jaree,

oo
O=p (Ze—ui_(”;'.)'ii_l);
I=1 :
3TC MOXHO DOJYUHTb H3 pasfoxenusi Jlarpamxka (cM. ,u,ono.nﬁenne).
2. 3nech

Pi’ ()<= “y " lay

1
I‘(x)
s x>0, E{y” (t)} ut u Var {y* (£)} = pt.

B cuny (77) § 2
P{eo<t+c|n(0>=c}=1—Pm(t><c1n<0)=0},

a mpaBas yacTh NOJIYUeHA NPH PelieHHd 3agaud 1.
B cuay (65) § 29

PR (N)<x+cIn(0)=c=P{n(x)<t—x|n(0)=0};

npapasi 4acTb NOJyuYeHa IPH pelleHHH 3agaud 1.
Ecam p>1 01 0<e, 0<CH, 1O

limp{eg<t+c|n(0)=c}=1— lim P {n () < e

npapasi 4acTh TaKxke TNOJyYeHA NPH DelleHHWH 3ajaum 1,
Ecan p <1, to no dopmyae (66) § 29

| B )

x

f —u2 gy,

V__
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3. Ecau {n (), 0 << < oo} — cTanuonapuuil mpouecc, To no teopeme 4 § 33

P () <u)= “,f,’((jj)

g 0<Cx<Km, tae W (x), 0 < x < oo, ONPENENSIETCS PABEHCTBOM

Q(s) = f =% qW (x) =
0

W (0) s
- @ (s)

as Re(s)>w, a ® —HaubGo/bmull BeljecTBeHHHH KopeHb ypapuenna @ (s) =s.
B nammoM caydae

D (s) =

— _ d
sx)e uy_SL/’___. (5+H)‘/z"!~’«l/2y
y 2

p=0 (+0) —-1/2]/;; ©0=0m0pun p=>= 1/4H0)~1—2Vu npu p < 1/4. Kpome Toro,

PHrO<x ¢ I U )Z]
0x V 4nx® exp[ x (x 2V

nass x> 0.
B cuny (54) § 19

2

W(x)=W(0){ A fexp[(m?w)y——i—](—i’y—a—},

I—® (o) Vi 4 +y) (et

max (0, —x)

ecan p 7= 1/4, npuuem @ (0) =1/2 (0 + V),
Econ p=1/4, To W (¥) MOXHO NOJNYUHTB. TaK: HMEEM

. dH*(x) —uy Ay
1/- f 1y e

aast x>0 u

()= [ o™ al" () =
0
st Re(s) =0. Ecotm p=1, 1. e. p=1/4, 10

. wo _ I

OTKyAa no dopmyJe obpaleHus
Wix)y=W (0)[1 +x+ H* (x)].
3ameuanune MOXKHO Takke HallHcaThb
W (0 s+ 2u' s/ou’ .
Os ___yqf_stm® s v
s+p. ~(s+p)” ls+2n?—1  s+2u72~1

OTKYyNa 1O (popMmyJse ofpawieHus

) (S) 2V 2+ us —pl
$

Q(s)=

—(1-p) x/p
e
+

W () =W (0) {2

X
0 f e~ (1=01 (x=9l0 qp7+ (4) },
0
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ecay p<1, H
[ peto=bso _p |
W ()= W (0) { £ o [ 0D 00 g () g
ecan p> 1.
4. s craumonaproro mpouecca {n (), 0 <{f < oo} no teopeme 4 § 33
X
P (1) <A =)

oA 0<KasKm, a W(x), 0<Cx<oo, onpenensieTcss paBeHCTROM
N .
Q(s) = f e QW (x) =
0

W (0)s
s—@(s)

Zns Re (s)> o, rre © — HauGOJBIIHE BeleCTBEHHBIR KopeHb ypaBHeHua @ (§) =s.
B paudoM cayvae

- —uy dx s

= — 5% wx =7 =2
@ (s) j(l e™*)e > log(l+u)
0 ,

nx

Pl (O <5 =g [ e dy
0

g x>0 u >0, Hanee, A= (c0)=00 u p-—(D’(-l-O) 1/u. Ecom p<1, TO
®=0. ECJIH p>1, T0O © — HauGOMBIIHA HeOTPULATENbHEIH BelLlECTBEHHHA KOpPEHb
ypasuenua ne®=pu + @. Kpome Toro, @ (o) = 1/(n + o).

Ecau p3= 1, T0 B cuay (62) § 19

(63 by -, \Y Y1
Vin=W0© { —ow - e Gy s }
max (0, —x

Qopuyay mas W (x) MOXH> NONYYHTH €UIE H TaK: HMeeM

oo y _ —ux o0 -y
H" (x) = uj(fe dy)du=—]-%—+x.[37dy,
nx

nu

a B cuny (61) § 19

o0

VAL
v =wo Y () 0,
n=0
rie H,: (x) — s10 n-2 cBepTRa bymkuumn H* (x) ¢ camoil coBoil.

5. Ecau {n(¢), 0<C{ < oo} — cranmonapuuii npouece, 170 0o Teopeme 4 § 33

P 0 () <5 =
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ma 0Kxsim, a W{x), 0<Cx < oo, onpesienineTcs DaBEHCTBOM

Q(s) = f e=5% W (1) =
0

W (0)s
s—D(s)

aas Re (s)> o, raie ® — HauGoJBINHE HEOTPHIATENBHEIHA BelleCTneHHBH KOPeHb ypaB-
HeHust D (s) =s.
B nauxom cayuae

2

dx 1
3/, ~S/

o(s)=717_n-j(1—
0

<y ¢ — 24
= — €
0x V 4nx®
s x>0. Manee, A =® (c0) =00, p=0D"(+0) =00, 0 =1 c[)’(m)=?
B cuny (46) § 19

o0

Y xn/2
V)=V )3 TR
n=
pag x =0, a B cuny (49) § 19
174 (X) =W (0) [2@ ————[_ f e—y2/4 ety d!/ 3, }
V4 max (0, ~x) (x+y) )
JUIST BCEX X.
6. Ecam {n (#), 0 < ¢ < o0) — crannonapHsuiit mpouece, To no reopeme 5§ 33

Pin () <9 = s

s 0<Ke<Km, a W (x), 0<Cx <oo, onpeflefieTCst paBEHCTBOM

f e™S* W (x) dx =
0

c
¥ (s)

s Re (s) <@, rre © — HauGoubMKA HeOTpPHNATEIbHLIA BEIIECTBEHHEHA KODEHb ypa-
BHeHus ¥ (s) =0, a C — orumunass OT HYJs KOHCTaHTAa.
B naunmom caywae
¥ (s) = —as + 02s%/2,
©=0 mpa a<<0 u ®=2a/c? npu a>0. CienosaTegpHo,

Je—sxwu) d = g — =
0

nist Re (s) > o u no ¢gopmyae obpaumenns
W (x) =_§_ (ean/cn _ l)

npu a==0 u W (x) =2Cx/o? npu a=0,
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7. Ecau {n (¢), 0 < ¢ < oo} — craunonapuuit npouece, To mo Teopeme 5 § 33

Pin (<0 =t

1 0y <Km un

c
¥ (s) s log (s/o)

[ W (v) dx =
;

115 Re (s) > o, riie C — OTAHYEAS OT HYJI KOHCTAHTa, ® = e TV y =0,5772157. . . —
KoucTanta Diinepa. [To dopmyne obpatienns

_C . (ox)4 ¥l
"”")—Edf Tary W
TF'nmasa 7
1. B cuay (21) § 35
r —wt _ 1 S
Ofe QU &) Al = A T = $ (9] (1-<tm)

amst Re(s)=>0 u Re(w)>0, rne $(s)=p/(n+s), a s=0 (w)— cAUHCTBEHULH
kopens ypasenus A1 — 1 (s)] =s—w B ofnactu Re (s)>=>0. Hanee,

Atw—pu+V A +o+n)?—4an

o (w) = 3
H, TakuM o0pasoM,
fe—wfg(t’ S)dt= 2(”'"‘,‘3) .
G 2wp+s(h+w—p)+sV A+ wo+p)?—4au

s Re(s) =0 u Re(w)>0.
2, [Tycts @ (=1 m

ifa:ls
Q Il ...
2) = 2‘ Z’1 - 1
fik ot =k '
nng k=1, 2, ..., vae ji, f2, +.. — TOJOKHTEJNbHEIE 1Le/ble YHCIA, Jlerko BHAETH, 4TO
k
P s
9 (@)= 3T %y O) @
f=1 - )
g k=1, 2, .... JJokaxeM mo HHAYKIHH, U4TO
(k+2)*=12
g, (2) = T2 3)

Jlas k =1 pabencTso BepHO. [1pejIioNoKMM, 4TO ONO BepHO TaKke LIS k=2,.., n—1.
C mOMOmpBIO TpHREJIEHHOH BHIIE PeKyppeRTHOH (GOPMyJsl HeMeJJIeHHO lOJyuYaeM,
YTO OHO BepHO U Ajf k=n, a moToMy AJs BCEX k=1,2, ..,.
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3. B cuay (39) § 35 aast Re(2) >0
E {e—zex} = g X@ (z)’

rae §= o (2) — eNUHCTBEHHBIH KOPeHb YPaBHEHHS
s=z+A[l =1 (s)]

B obaactn Re(s)>=0. Ecm p=2Aa<l, 1o P{0,<oo}=0(+0)=1, kpomMe TOrO,
E{0,)=x0 (+0)=x/(1—p) mms p<! u E{0,}=1x0"(+0)=co nna p=1. Ecin
o<1, 10 Var{8}=—x0" (+0)=02x/(1—p)% rre o?=A(®+ oa®)., Tak Kkak
{8, 0 << x < o0} — croxacTuyeCKui MPOLECC CO CTAUHOHAPHBIMH HE3aBHCHMEIMU TIpHpa-
LeHusAMH, To TpH p<1 n 62< o :
P4
lim P {‘exT_E.—{e_x‘}‘ <2}= —1—_.— J e-yz/Zd.’/'
x>0 VVar {8} Von -

4, Umeem W (£, x) =P F (0) <cu+x nna 0<Lu<Cf). Tak kak A1 paccMaTpu-
BAaEMOTO NYacCOHOBCKOro mporecca B uatepsase (0, Af)oano coSeiTHe HPOHUCXONHT
¢ BepoaTHOCTBIO A Af + 0 (Af), a Gomee oHOrO COGHITHS — C BEPOATHOCTHIO O (Af), To

x4c At

W 1+ AL x)=(1—A A W (¢, x-+c Af)+A Af J W (t, x — g+c Ay dH (g)+o (AD).

—

Bruurast u3 obenux uactefi W (4, x), meas na Af u yerpemasa Al x 0, moayyaem

oW (¢, x) — oW (I, x)
0x

o —AW (4, x) + A fW(t,x—y)dH(y)‘

—

nnst noutd Beex t>=0 u x =>0.

5. Umeem W (x)=P{ su
0<

p [y (w)—cul <s}, rae E{e™% 4} = e—Mshl+s) ]
U< N

Ecin ¢>0 u A<<c, T0 B cuay (23) § 35

f ¢S5 W (x) =
0
otKyna no dbopmysie ofpamenns W (x) =1~ (A/c)exp[—(1 ~Afc) x] mas x =0,

I —A/c
1—A/lc (1 +5s)]°

6. Umeem W (x) =P { sup [y () —cu]l <x} rae
OCu<oo

ctexmnf-a 1-( ]}

Ecr ¢ =0 u A<c/2, 10 B cuay (23) § 35

1 —2A/c
1—A{(2+s)/[c(l+5)*]’

]?e_s" dW (x) =
0

HuJIu

e %\ Ay Asys
sX dW =(1__)_ 1Y1 2
ofe @ o) Gt TG
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rae V_
AT+ dAc A VA4
V“I‘TJ’ 2c e=l=gr="g
A=hc+A—V?\,2+47\,c. A=A’c+k+]f7\.2+4lc
' cVATF 4Ac ? cV AT+ dhe

Orciofa no ¢opmyse obpamenus aas x >0
W (x) =1+ A]e—V]x — Aze—vzx.
-~ 7, Monowum L (u)=%(u) —cu pass u>0. Toraa maTemMaTHUCKOe OXKHAaHHe

E {e—SC (u)} - eu‘I’ (s)

CyILecTBYeT st —1<Re (s) <1, npuuem

+1~2a cs(s—vyi) (s —v9)
v = A _Sril=0 g — e ] 9
() =es+As gy " T T+rs)(-s
A+VAS+4 A(l—2 A—VA2+4 -
e 1= Vi + 02[§+ ( 9l _— VATt c£i+7»(1 20)]
Ecmu ¢>0 n L‘+}\4(1—2(l)>0, 0 y,>0 1 vy, <0. B srom cayuae
P{ sup §(u)<x}— (x) ~— cobcTBennass GYHKUHS pacIpeflelieHus, a ee mpe-
o<<u<

oﬁpasoBaHHe Jlansaca paBHO

f e=S% 4W () =+
k Y2—$§

qTO MOXKHO IOMyYHTb MeToAoM daxropusauuu. [To dpopmysne oSpamenns nia x =0

W(x)y=1—(141v) V¥,

Eew ¢<0 1 ¢c+A(1—2a)>0, To v, <0 u y, <0 B stom cayyae
P{ sup C(u) x} =W (x) — cobcTBenHHass QYHKUHA pacnpeleleHus, a ee mpe-

oGpasosarme Jlanaaca paBHO

‘ —5K _ (1 +s) vy
[errav - Zgmey

0

YTO MOMKHO TAKXKE IOJAyYHTs MeTofoM dakropusauun. [lo dopmyae obpaineHus

_qa +v1) ¥2 R (1+v2) y1 oVit

Wix)=1
Y2— V1 Yi— Y2

g x=0.
8. B cuny (6) § 25

wj'oe..wtg(t, s)dt=exp[—A{log( '——_[:Q,—_w(S)])}]
¢ .
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s 0<w@<oo u Re(s)>>0, rae omepatop A ompesened B § 1. Yuurspas, uro

A {iog (1 e=hlL=v )}

w
nd n
At+w—cs 1 A At+w \?
=Allog|[———)r= X, == A\ (0(s)})*¢,
w n\A+w At w—cs
n=1
NOJyuaeM HCKOMBIH DPe3y./bTaT.
Fnasa 8
1. Tak Kax (a, b) =1, MOXHO BLIGPaTb TaKHE MOJOXKHUTEIbHHE YHCJA P H ¢,
910 ag — bp = 1. 3anannuM caAyyalHLIE BEJUYHHBL Y1, V2, .., Yg+p CICAYIOIEM 06pa-
30M: y,=(, €cau r-fi ToJOC HOAaH 3a Kamaunata A, u y,= —p, ecan r-ii rojoc
‘mopaH 3a kamamnata B. Toraa v, Yz ..., Ya+p— HepecTaBisgeMple CaydaiHble
BEJHUHHBE, MNPHHHUMAloline LeJbEe 3HAUeHHs, TPHUYEM Y+ ... + Ya+p=1. Haree,

a,>=aP,/b Torna u TOABKO TOrA&, Koria d, > pP,/q, nin, uto T0 XKe, vy + ... + v, >0.
Hosromy Qj(a, b)=P{yi+ ... +v,>0 naa | uagexcos r=1, 2, ..., a+b} =
= 1/(a+ b), uto caenyer us Teopemn 2 § 37.

2, Tlycts vy, Vg, ..., Vg — IEpECTABAAEMbIE CAyYadHble BEMHUHHEL, NPUHUMAIOLIHE
HEOTpHUATE/bHEE lesble 3HaueHus. [lomoxuM N,=v;+ ...+ v, maa r=1, ..., n
Toraa

P{N,<r naa j uugexcos r=1, 2, ..., n|[Npy=n}=
=P{N,—N,<n-—r pas n—] uagekcos r=1, 2, ..., n|Nyp=n}=
=P (N, <r s n-—j uRnekcos r=1, 2, ..., n|Ny=n}=

E ! P{N;=i~1|Ny=n) i=1,2 1
i(ﬂ,—l) { =i | n=nhy A [=1, 4, .¢., B—1],
i=1

n—1
yy |
I—ZTP{Ni=i—I |Np=n} nas j=n.
i=1
Iocnennee paBeHCTBO CJjeayeT H3 TeopeMb 3 § 37.

3ajanuM CJayYaiiHBIE BEJHYHHBL Vi, Vg, ..., Vaq CJHefylomuM obpazom: v, =0,
ecau r-fi roJoc mozaH 3a Kamampata A, W v,=2, ecau r-i. roJoc MojaH 34
kanaupata B. Torma vy, Vi, ..., Voo — H€pecTaBAfgeMble CJYyYaHHBHE BeJIHYHHH U
v+ ¥+ ...+ Voo =2a Tosoxum Ny=v;+ ... +v, nma r=1, 2, ..., 2a. Torpa
Qjla, ) =P{N,<r nas | uupexcoB r=1,2, ..., 2a} u ’

P{Nr=2s}=(;)(%a:r)/(Q:)‘

Orciona
, [(]-_%)/2] (2s) (2a——2s—2)
_ 8 a—s—1
Q](a: a)_(Q(l) (S+1)(G—S)
a s=0

g j=1,2 ..., 2a—-1n
a-1

o o= N {3) (02 ) -

§=0

a
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3. Iycte vy, V2, ..., Vo — HepecTaBisgeMble CAyYaliHble BeNRUHHB!, NPHHHMAIOLLHE
HeOTpHUATE/bHBE Leble 3Hauernd. [Tycts Np=v,+... +v, naa r=1, 2, ..., n. Toraa
P{N,<r+1 nas j unjiecoB r=1, ..., n|Np=Fk}=

' k=1

= N (ntl=k) oy — 5
= 2‘ Ty P W= i+ 1INa=R)
i=n-—j

aast j=n—k+1, ..., n—~1 1 k=1, 2, ..., n. DTy QOpMYyTy MOXHO NOJYUHTH
aHaJOTHUHO TOMY, Kak Mbl moayduau ¢opmyay (3) § 37, ecau yuects, yTo cyie-
CTBYeT Takoe wucao fr, uTo Np=r+1,ai{i=n—j, ..., k—1) — HauGo/bluee cpean
5THX uuces r. Ilo Teopeme 1 § 6
P{N,<r+1 pas scex r=1, ..., n|Np="F}=

k—1

=1__25.Q%%%55ELP{Nj=i'+Ian==H

i=1

s k=1, 2, ..., n.

3ajaguM  caAyuafinbple  BeJNUUHHBL Vi, Vg, ..., Vgtp CJAGLYOWHM  0GpasoM:
v, =0, ecou r-i rosoc mozan 3a xampmmata A, u v,=wu+1, ecan r-fi roaoc
noman 3a kangunata B.  Torma vy, Vi, ..., Vg4p — NePECTaB/seMEIC CJHyyYalHbe
BEJHUHHBL H ¥V, +Vo+ ... +varp=0(n+1). IMonoxum N,=v;+ ... +v, 1aa

r=1,2,..., at+b. Torma Q;(a, b)=P (N, <r+1 naa juaiexcos r=1,2, ...,a+blu

P{Ni;i+1}%(sui1)(z)/(sui—:b—l)

o i=s{p+1)—1, s=0,1,..., b. Taknm o6pazowm,
Qjfa, b)=
B 2 (a+1—bp) ( a )(b)/( at+b )
h (sp+s—=1)(a+b+1l—sp—s) \sp—1/\s sp+s—1)
a+b+1—j
——E:r——<s<b
ecmn 0<<a—bpu<j<a+b n Qgipla, b)=(a+1—0bp)/la+b).

4, TIycTh Wy, Vg, ..., Vo — HEPECTABJsIEMble CJAyHafiHLE BeINYHHEL, MPHHHMAIO-
IHe HeOTpHIATeJbHHE Leabie 3Hauewud. [lomoxum Np=vi+ ... +v, A
r=1,2 ..., nu Ny=0. [To Teopeme 6 § 37
P{N,<r+1 gas j ungexcos r=1, 2, ..., n}=
=P{N;—-N;<j=igaai=0,1,...,j—1m Ni=N;<j—i nna i=j+1,...,n}=

]
= VPN —N<j=imni=01,...,j—tuN;=0}X
=0

XPN;—N;<j—ipaai=j+1,..., n|Nj=1}.
ITo Teopeme 1 § 6
P{N;—N; < j—i ns i=0,1, ..., j—1luN;=0)=
=P{N,<r+lamar=1,2 ..., juN;=01X
i—1

xP{N;=l}—2—(j%l—B£)—P{Ni=i+l uN;=10
i=1
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u
PINj—N;<j—ipmmai=j+1, ...,0|Nj=0=P{Njy, —N;>1|Nj=10}~
n
Al 1 C,
- }_4 (—,:]-—_WP{Nr"Nj=’—J7 Njpy=Ny=0[N;=1}
re=j+2

UTO MOXKHO NOJYYHTB 43 00miel hopmysisl
n

PN, >r mas r=1, ..., d=P N, >1)— }_‘ TP W= =0
Haxkoner,
P{N,<r-+1 pas j unnexcos r=1, 2, ..., n}=

i -1 :
W (1~
=E [P{N;=l, Nj+1>l+1}—}l-(’(%_—5—)?{1vi=i+1, Nj=1, N,~+l>1+1}]_
=0 i=1

n
A\
v N [——(r——l———P{Nf=l, Nijpi=b Np=l+r—}—

doed  md —ji=1
=0 re=j+2
——2‘ (+1- PWN;=i+1, Nij=I, Njy1=1, Ny=l+r—j}].
(1-—1)(r—1—1) ! P o T
EcaH 3a1aTh CJAyualHbe BEJAHYMHEL V|, Vg, ..., Va+p, KaK B 3amave 3, ToO
pepositHocTs Qj (a, b) =P {N,<r+1 aaa j unmekcos r=1, 2, ..., a+ b} MoxHO

HAiTH 1O TpHBeleHHOH Briuie GopMyJe, B KOTODOH Tenepb

(U
s tman=() L2002

ma 1 <i<Kj<la+bmnu
P(Ny=r(ut1), Ny=s(ut1), Ne=t (u+ 1)}~

! §—17 t—'S b—t b
ﬂﬂﬂl<i<i<k<a b' \

3ameuanue. Eean v, vy, ..., Vy— IEPECTaBIAeMble CAyYadHbIe BeJIHYHHEL,
NPUHEMAIOIIHE HeOTPHIATR/BHLIE 3HAUYCHHS, TO

PN, >ranar=1,2..., nj=P{N>1}— 2‘2(] P{N =i N,=r}=
r=2 j=2

—P N> 1) — Z(r PN, =0, N, =1},

r=2

5. Huxe GygeM npexmonaratb, 4TO M H A SABJIAIOTCA GUKCHPOBAHHEIMH B3AHMHO
IPOCTEIMM  TOJCHKUTEALHEIME LEJBMH YHCAaMH. PaccMoTpuM H3CHpaTe/bHHE TPOTO-
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KOJH ¢ a=Fkm rojocamH 3a Kanaugara A u b=kn rosocaMn 3a kauauaara B, rie

k=1, 2 ..., O6o3nauum uepes @ (&, j), j=1, 2...., k, uncJO H3GHPATEJbHHIX PO+
TOKOJIOB, HJl KOTOPHX O, = af./b upu r=1,2,...,a+b u o,=af,/b paa j
uHIOeKecoB r=1, 2, .,., a4 b. Ilycts
Cp 1. ( mk + nk )
k (m+n)k mk

ang k=1, 2,.... Crenya DBusau [8], moxuo onpeleauts @ (&, ), 1<<j<<4, cae-
nytouuM crnocoGouM. [Ipexne Bcero,

3
Ck = 7 ) (kv ]):
j=1
ecau k=1, 2,.... HeficTsutesnHo, ecq ofpa3oBaTs Bce a + b MepecTaHOBOK BCEX
TeX H36HPATEJbHBIX MPOTOKOJIOB, U KOTOPHIX 0= af,/b mas r=1,2, ..., a+b,

TO, C OAHOM CTOPOHH, NOAYYATCST BCEBO3MOXKHBIE H30HPATe/bHBIE IPOTOKOJEL, a C APY-
rof CTOPOHB, H3GHPATe/bHHIH NMPOTOKOJ BCTPETHTCA POBHO | Pas, ecu OH IpeicTa-
BJseT COBON WMUKJIHYECKYIO MEePECTaHOBKY H3GHPATENbHOr0 MPOTOKOJA, AJA KOTOPOro

o,=af;/b mas r=1,2,...,a+b na,=af,/b naa juunekcor r=1,2, ..., a-+b.
[TosTomy
k
mk + nk 2 (m+n)k .

d YTBEpKIAeHHE NOKa3aHO.

Janee, OUEBHIHO, UTO

ok, d= D @y, Doka 1) ... ¢k 1)
kl+k2+...+k1=k

aaa j=1,2, ..., k. 3nece k;, i=1, 2, ..., j, — NOJOKHUTeJbHLIE LIEJAEE YHCJA,
O6osunauum @ (k) =@ (k, 1); Toraa nBa TMOCJeTHHX COOTHOLIEHHS NAAYT

Dok k=1 —exp(— > Ckz”)
k=1 k=1

ma | z] < m®a(m + n)™+", otryna

Lt e 41, CHCPE .. Clt
e@= ¥ (=D BAEEA
142y oo H R =k Ly k'
rne j, i=1,2,..., k, — HeOTpHLATENbHLIE HeJble WHC/IA,
Taxum o6pasoM, ecau a=4km u b=*kn, rae (m,n)=1, 10
a+b
Pavo-i (@ )=o) /(*4°)

OGosnauus ¢* (B) =@ (&, 1)+ ¢ (k 2)+ ... + @ (&, k), nonyuam

i 9* (k) 2 =exp ( i Ckzk)—l

k=l k=]
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s |2l < m™a(m+ )™, oTxyna
o y cliel ... clr
¢ P AN

Fi2gt e FRIp=k

tae j, i=1, 2,..., k, — HeOTpHUATE/bHbE ILe/ble THCTA.
Takum ofpasom, ecan a=km u b=~rkn, rae (m, n) =1, 10
a+b
a .

Qass (@ ) =9 ()

6. B cooTBeTCTBHM C OJIHHM HeONYOJ/IHKOBAHHBIM pe3yabTaToM DH3JH, pelleHue
MOJXHO 3amlucaTb B BHAE

Pjla, b)=——1 o E e(Ng* (k=r)  (j=0,1,....,a+b—1),

(a+b
a Jimtny <r<k
\

rae (r) u " (r) (r=1,2,...) UMEIOT TO Xe 3HAUEHHe, YTO M B pelleHHd 3aladu 5,

*

a @ (0)=1.

7. B paunom ciayuae 8, p — AMCKPeTHast cJyuafiHasl BeJHYMHA, NPHRHMAIOLIAS
smavenns a+b—2j (j=0,1,2 ..., [(a+5)/2] ). ITokaxem cHayana, 4TO eCJu pac-
npefesenue Beauundsl Op, p (B=1,2...) u3BeCTHO, TO MOXHO Jerko HalTH pac-
npeesende Beauyunnl O, p. Ecam a> b, To

Pt smats-2=N[(2)()/(*50)]p tusmre-mn 22t
k=]

JHeficTeuresnto, ecan 2k ecth HanGosbluee W3 uHces # oTpeska [0, a+ b], mas
KOTOPHIX @ (#) =P (u), T0 mo Teopeme 1 § 2 :
a—b

P {a (1) >p (4) ana 2k<u<a+bla(2k)=ﬁ(2k)}=——-a+b_2k

mpu 0<CE<<h
p{a(2/e)=ﬁ(2/@)}=(Z)(Z)/(“;;b).

Ecau a<b, 10 P {d,, p=0a+ b — 2j} MOXHO HAHTH N0 CHMMETDHH.
JlokaxeM Temeps, uTO

P {84, a=2}=1/(a+1)

ang j=0,1,...,aua=1,2..,. Jlerko BHAeTb, YTO
P{dg a=21=P o, +ar—>PB;+Pr—1 Ana 2j unmekcon r=1, 2, ..., 2a) =
=Pla,+a,-1>B,+Pr—1 ana j uuaercos r=2, 4,..., 2a) =
=P{a,+0,—1>PB;+Pr~1 DN j unmexcos r=1,3,..., 2a— 1} =
=P {0y5—1 > Bas—~1 oA j mHmekcom s=1, 2,..., a}. )
IMocenmIo BepOSITHOCTD MOXKHO BHDA3HTH TaKXKe CJASAYIOIIMM SKBHBAJIEHTHEM
ob6pasom. OBGosuaunM uepes v, (r=1,2,..., a4+ 1) uuCcJAO TrONOCOB, MOJAHHKIX 3a

kagnunara B mexnay (r—1)-M # r-M ronocamu, nofaumMu 3a A. (Ilpu r =1 win
r=a-+1 nepsas uiM BTOpafi NOJOBHHA STOrO ONPElEJeHHS AOIKHLL OBHTH ONYIICHEH.)
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Torga vy, Vi ..., Vg4 — I€pecTaBiaseMble CJjydaldHble BeJHYHHB,” OPHHHMAIOLHE
HEOTPUIATENbHbIE IeJble 3HAUeHHS, H Vi + Vs + ... +V44;=4a. JIerko nNposeputsb
HEeNoCPeACTBEHHO, YTO .

P{ds oa=2}=P{v+ ... +v,<r gaa j uagekcos r=1, 2,..., akh

ITpumenun Teopemy 2 § 37 k caywafiubim BequunHaM Yr=1~v, r=1,2,.... a+1
moayaaM P {8, o =2/}=1/(a+1) psa j=0, 1,..., a.
8. Ilycte pn Gyder Tem u3 3mawenuft =0, 1,..., n, 01pn KoTopoM QyuKiua Lj

fgocTHraeT cBoero Makcuvyma. C BepOATHOCTBIO | CYILIECTBYeT TOJIBKO OJMHMH MAaKCH-
MaJibHblE aaeMent. Torza mo Teopeme 6 § 37

PAn==Plon=1=P{{; < nan i=0, L,..., n}=
=P{{;—4;=0 st i=0,1,..., pP{E&—§<<0 paa i=j,..., a}=
=P{Aj=0}P{Ay—;=0},
oTKyja ansi Beex n =0
n
DI P{A=0}P{Asj=0}=1.
j=0
VMHOXKHB 9T0 ypaBHeHH: Ha 2" M mpocymmuposaB IZaf n=0, 1, 2, ..., Toayuum

3 ,
Z P{Aj=0}2'=
i=0

aast 12| <1 u, TakuMm oGpasowm,

P{Aj=0}:__(l2'j>_21?i_

1
| 2

o j=0, 1,2, ....

9. Cobuitue {a, (n) =j} MOXKer NPOH3OATH B OJHOM M3 CJENYIOLIHX B3aHMHO
HCKJIIOUAIOUIHX CJAYUaeB: CyuiecTByeT Takoe uncso r [max (0, j+4&—n) < r <<min (j,£)],
uTo cpefn BeMHuHH Lo, &y, ..., {j—; HafjeTcsl r TakHX, KOTOpsle MeHbINE [j, M pJs

9TOr0 Ke uHcaa r cpedu Benuund §jyi, $jys ..., Gn Hafimerca k —r Takm, KoTO-
poie Membme fj. OTH ABa COGHTHA HE3aBUCHMBL. BepOSTHOCTb HEPBOrO COGHITHS
paBHa P{A,-=r}, a BEPOSITHOCTH BTOPOr0 CcOOHITHA paBHa P {An_,-=k—r}, npuueM
9T¥ BEPOSITHOCTH HalifieHsl nmpu pemennH 3agauu 8. Ilostomy

min (f, &)
Plo,(=j}= 3 Py=nAP[A_ =k—r}=

. r=max (0, {+k—n)
min (f, &)
= Z P{Ar=0}P{Ar—j=O}P{Ak—r=0}P{An—j—k+r=0},
r=max (0, j+k—n) .

rie
2j\ 1
P{A;j=0}= —.
{ j } . 22]
10. Ecu &), &, ..., En — B3aUMHO He3aBHCHMBIE CJYUYAHHLIE BEJTHUHHH, OfHHa-
KOBO pzCHpe/e/IeHHbie C nelpepHBHOA dynkiuel pacnpenesenus F (x), 1o n1=F (§;),
ne=F (£3), ..., Nn=F (E;) —B3auMHO He3aBHCUMEIE CJAYUYAAHLIE BEJHYMHEl C OJHHA-

KOBHIM DABHOMEPHBIM pacnpejiesieHneM B unTepBate (0, 1). O6oanauum uepes Fp (x)
SMOUPHUECKYIO QYRKIHIO pacnpesesenus BHOOPKH (&1, &y, ..., Ep), a uepes Gy, (x) —
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SMIOMPHYECKYIO (YHKIHIO paclpeneseHHss BHIOOPKH (Mg, Ma, ..., Np). Toraa Fp(x) =
=Gn(F(x)) u
dp= sup [Fu(x)=F(x)|= sup |Ga(F(x))—F(x)|=

—o{x< o ) —oLx <o

= sup |Gn(y)—yl’
0<y<l

UTO H JIOKAa3bIBaeT, YTO paclpejeseHHe BeJHUUHH O, He 3aBHCHT OT F (x).

1t Tlyerb (Er, Ea ...s En) H (M, Mg «e o Mn) — HE3aBHCUMbIE BLIGODKH, SBJSIO-

L[Hecss B3aHMHO HE3aBHCHMLIMH CJYYafiHBIMH BeJHUHHAMH C ofuled HempepHBHOM
¢dyukiuesi pacnpeienerns. O6beinHuM o0e BHIOODKH B OQHY NOCJAEA0BATENBHOCTb H
pacHoJIOKHM ee 3JIeMeHTH MO Bo3pacTaHuio. OnpenesnM caydafinmie BEJHUHHBI Yy,
Yo o+ Ko, CHEAYIOLLEM OOpasoM: ¥, =1, ecan i-g pesqwuHHA B MOJAYYeHHOH ymops-
ROYEHHON MOCJIC0BATC/ABHOCTH NDUHAMICKHT TepBOA BhSOpKe, H X, = — 1, ecim

i-f BeJMYHHA MPHHAJJIEKHUT BTOpoil BuGopke. Torna
P{(S+ (n, n) <%}=P{x]+ ceo T yr<Xe g Beex r=1, 2, ..., 2n}.

[TocnenoBaTeasHOCTB {X1 < ... +),} ONHCHLIBAGT IyTb YACTHIL, COBEPUIAIONIEH Cay«
vafinoe Gayxaanae mo ocH ¥. YacTuua HaUMHAeT ABHIKEHHS H3 TOUKH X =0 H 3a
2n mWAaroB MOMKeT TepeMecTHThbCA Ha 7 eIMHHI, BIPaBO H Ha f eJUHHIl BJEBO, NpPHU-
uyeM BCe ITyTH PaBHOBEDOSITHEL

WUs pemennst 3amaun 3 rv1. 1 caenyer, uro

P mnegi (5 )

n+l+e n

mas ¢ =0, 1,..., n. Ecan B atoit popmyae ¢=[V 2nz] 1 n—> o0, 10 n18 23>0
lim P{'l/£6+ (n, n)<z}=1—e"222.
n->o0 ’ 2 .

12. B oGosnauenusax sagaun 11
Ploum<Elap(n+ . 4y l<emmr=1,2.., n

Peutenue 3anaun 4 ria, 2 naer

cl__1 A\ k( 2n )
P{é(n,n)<n}-—(2n)2k‘( b ntk(c+1)
n

ong ¢=0,1,.... n. Ecau B sroit dopmysne c=[l/—2—nz] H 11 = 0o, TO

lim P{l/-——g—é(n, n)<z}=K(2)= i ("Uk o282

n-»oo
k=—o0

aas 22> 0. dro corsacyercs ¢ dopmyaoit (13) § 48.

18. Iyets (&), Eov v oe Em) ¥ (15, M2y .+ ., Mp) — HE3AaBUCHMBIE BHIGOPKH, COCTOS -
IHe M3 B3aUMHO HE3ABHCHMHIX CJAYYafiHBIX BeJHYHH ¢ o0niefl HenpepHBHOH (HyHK-
nueil pacmpefenenusi. Pacmono:kuM HX B OAHY IOCJEIOBATEe/NbHOCTh B HOPALKE BO3-
pacrauus. OG03HauuM uepe3 G, YHCJIO IJIEMEHTOB NMepBOfl BLIGOPKH CPeAd NEPBLIX r
9JEeHOB HOBOH NOCJIECNOBATENBHOCTH, a 4epe3 {3, UHCJIO 3JeMEHTOB BTODOH BHIGODKH
cpeld IepBHX 7 WICHOB 3TOH NOCJAeNOBAaTEeNbHOCTH. Torja

. 1__ Or Br —_
P inf [Fa(x)—Gr(x)I>01=P<~-L>2L qnar=1, 2,..., m+n—1¢.
lo <G, (x) <1 j m n
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1

IIpu m=n B cuay TeopeMu | § 2P{a,>B, nan r=1,2, ..., ‘2m~l}=7’7—1—_l—,
Ecan (m, n)=1, To ¢ noMourp:o peuieHus safaud | ria. 8 momydaeM
m i
P{a,>—’-l—-ﬁ, g r=1,2,.... m+ n—l}— praart
14. OGosuaunM uepes 1T, r=1, 2, ..., MOMEHTH NOSBJEHHA r-TO COOHITHA

B nyacconosckoM mpoluecce, Torna
p{ sup |v(u)—Au I<xVi}=
0<<ux]

=P{—-xV7»<M,-—r<xVx—l ma 0T, <l u Iv() =A<<V A

H, CJA€40BaTeNbHO,

lim P{ sup |v(@)—Au| <zt VA= lim p{ sup
A»oo  O0<uxl A—» o0

Tr

r x

-_— < — =\
0<T, <1 A Vi
3nech T, ABJSETCS CYMMOR r B3aMMHO HE3ABHCHMBIX M OJIHHAKOBO PACTIPE/ICJIEHHEIX

cayuafiubix Beauuun ¢ Gyskumedi pacupenenenns F (x) =1 — M npu x >=(0. B nau-
Hom cayvae E{t))=r/A u Var{t,}=r/A% Mcnonb3ys DpHHUMD HHBAPHAHTHOCTH
Opaéma u Kaua, IpaByo HacTh NMOCAEJHErO PABEHCTBA MOXKHO NPENCTABHTb B BHAE

lim P{ max |Z,|1<<x VA,
A-»oo 1I<r<a

rre Ly=%8+ ... +& mpur=1, 2, ..., a {€,) —B3aUMHO Re3aBuUCUMBIE CJyYaiHbIE
BeJuunHH ¢ pacnpeenenneM P {&, =1} =P ({, = — 1} =1/2. Pemenue sanaun 4 r.. 1

JaeT P{<max |§,|-<a}=2(—1)7P{(2j—1)a<§n<(21'+1)a} LISl HATYpaJb-

Ksrsn 7

Horo wiema a. Ecan a=[xV nl, 10 1o uenrpamuofi npeneasuoll Teopeme

lim P{ max 12, 1<xVn}= i (=) [@(@+1)x)—D((©2—1) %]

n->oo i<r<n Jeam 0o

x

rae ®(x)=T/12—_}_‘ fe"”’/z du. Tostomy
—o00
lim P{ sup Iv(u)—hu|<x]/7}=L(x),
A=>» oo oCuxl

rne

L= 3 (=) [0(@+1D)x)~0( @i~ 1))

j=—00

DroT pesyabTal coraacyerca ¢ qopmyuaoi (53) § 40,
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— — — UPOHU3BOAAIMHX Gynkuui 213

— - TpuMeHeHus 24, 29, 30, 33, 40, 57,
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Abeas teopema 213

— TOXJecTBO 79

Apamapa — Jluysuaas teopema 218
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117, 118, 126, 131, 162, 164, 169, 203,
204, 208
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— nepHon 104, 106
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— — — BepXHAsd rpaHb 3Hauenuil 92, 93
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92

- -~ — 3afaud 102

Biopmana Teopema 219
— — NpUMeHeHHs 242

BepostHocTHas mepa 199

— ¢yHkuus pacnpefenenns 199
BeposTHocTHOE mpocTpancTBo 199
BepxHss rpanb sHayeHul ciyuafiHbix se-
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28

————— pacnpejenenne 18, 21,
24, 25, 32, 82, 87

—- — == - [POIleCCOB, MaTeMaTHYeCKOe
oxunanue 53, 63, 65, 67, 68, 83, 96

————— pacnpefeneHHe 45, 46,

49, 52, 54, 56, 58, 61, 64, 65, 82, 83,
84, 85, 95, 96, 97, 98, 99, 100

Bunepa npouece 207

Bunepa — Xonda unTerpaipHoe ypaBsHe-
Hue 42, 219

— — MmeToa 219

BupryanoHoe BpeMsa oxupauns 105

Bpemsi Boaspauienus 30, 63

— oxwupanus 105, 121

— — Makcumym 128

— — pacnpegestende 123, 124, 129

~— nepsoro mpoxoxnenus 10, 25, 32, 33,
58, 65, 66, 84. 90, 91, 96, 160

— — — 3apaun 42, 101, 102

— — — pacnpenenenue 9, 33, 66, 85, 92,
97, 160, 162, 164

— — — cpennee 33, 34, 66, 67, 86, 97,
98, 164

BriGopka 180

— cayvaitnoro o6bema 191
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