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NMPEIUCJIOBHE K PYCCKOMY H3JAHHIO

Hacrosinas xHMra nOCBAlEHA YPAaBHEHHAM B YAaCTHEIX MPOU3BOIHBIX
TMEPBOro Nopsaka IJs ONHOW Heu3BeCTHOW ¢yHKUKH,

YKkasaHHble ypaBHEHHsl CTOAT HECKOJbKO M30JMPOBaHHO B O6LieH Teo-
puu AnddepeHnuanbEEX  ypasHenuft. 10 obbsacHseTcs, nokany#, Tew,
4TO, KaK MPaBW/IO, KJaccuueckue npod/eMsl (UIMKM M TEXHUKHM NpH-
BOAAT K AWddepeHUnanbHbBIM  ypaBHEHHAM (MM CHCTEMaM) B UaCTHEIX
MPOU3BOIHEIX BTOPOro (Man 0osiee BHICOKOTO) NOpsiika. DTO, €CTECTBEHHO,
onpeenuao OONbUIMR MHTepeC K YPAaBHEHHSM B YACTHHIX IPOM3BOMHBIX
NopAliKa BhLIe HEPBOr0 W HHTEHCHBHOE H3yUyeHHe TAKUX YpPaBHEHHH H
cucreM. Yro xe kacaerca AuddepeHUMasbHHX YPABHEHMH B YaCTHBIX
TPOU3BOLHLIX MEPBOrO MOpPANKA, TO OHM BCTpEYanuch IJ1aBHbLIM 00pasoM
B TeOMeTPHYECKHX 3anauax. PeaynbTarsl Teopuu 9THX ypasHeHu#, HeoO-
XOIUMblE TeoMeTpHH, ObIIM B OCHOBHOM TOJYYEHB [OBOJNLHO LABHO, U
HHTEPEC K ITOMY pasiely MaTeMaTHKH 3aMETHO yNalk—

Ykasanuoe 00CTOATENLCTEO B CBOIO Ouepeib ONPEAENH0 TO MeCTo,
KOTOpOe CTaju OTBOANTE IUpdepeHUnaNbHEIM YPABHEHUAM B YaCTHHIX
NMPOWSBOAHLIX NEPBOTO MOPAAKA s OJHOM HeW3BeCTHOH ¢QyHKIHK B ClO-
xuBulefica cucTeMe MaTeMaruyeckoro o6pasoBaHusa. ITockoabKy uHTerpu-
pPOBaHME KaXIAOTO TAKOrO YpaBHEHUs B NMPUHUMNE CBOAMTCA K HHTErpH-
pOBAHHIO HEKOTOPOH cHCTeMbl OGBIKHOBeHHBIX IH(iepeHUHaIbHbIX ypaB-
HEeHHH, TO CaMH 9HTH YDABHEHMS CTaAH 3aHMUMATb JIMIb HECKOJBKO BTO-
pocTeneHHLIX NaparpagoB B Kypcax OOLIKHOBEHHBEIX dHddepeHInanbHbX
ypaBHeHuH.

Onnako B camoe nocnelHee BpeMs HHTepeC K AuddepeHnnaIbHbBIM
YPaBHEHMAM B YaCTHHIX MPOM3BOAHBLIX NEPBOr0 MOPAAIKA BHOBb CUJBHO
BO3poC. DTOMy cnocoOCTBOBaNO [BA 00CTOATebCTBA. [lpexpme Bcero,
0Ka3a/10Ch, 4TO TdK HasbiBaeMbie 00OOCILEHHBIE pelleHHs KBAa3UJRHEAHHIX
ypaBHEeHUH TNepBOro NOpAAKA NPENCTABASIOT UCKAOUMTENBHBIX uHHTEpeC
s TpUIOXKeHUH (HampuMep, B TEOPUM YIApHEIX BOJAH B rasoBo#t avHa-
MuKe ¥ T. A.). KpomMe TOro, nanexo Bnepel MIaTHyJa TeOpUst CHCTEM
Ju¢depeHunatbHEIX ypaBHeHHH B YaCTHEIX NPOU3BOIHBLIX. Tem He Menee
IO HACTOAWIETO BpeMeHM HAa PYCCKOM s3blKe He CYLIECTBYeT MOHOrpa-
¢uu, B KOTOpOH Obim Obl COOpaHBH M M3NOMEHH BCe (DaKTH, HAKOMHUB-
uivecss B TEOPHH Au¢depeHUnalbHEX ypaBHEHAH B YaCTHLIX APOHUBBOI-
HbIX IIEPBOTO MOpsiKa, eCau He cuMTars uspecTHOH kuuru H. M. Tion-
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Tepa, AaBHO e crasuelt Oubamorpacduuecko#t peaxocrvbio. Hacrosmas
KHUTA 0O HEKOTOpPOH CTeneHW BOCHOJIHAET STOT HpoOel. '

WMst npodeccopa Tiobunrenckoro yuusepcureta 3. KaMke 3Hakomo
coBeTCKMM MaTemarukam. EMy mnpunaniexur Gosblnoe uucao pabor mo
nudepeHMaNbHEIM  YPABHEHHAM M HEKOTODHIM JAPYTMM pasiellaM Mare-
MaTHKH, a TaKXe HeCKOJbKO KHMI yyeGHOro xapakTepa. B wacTHocTh,
ero MoHorpagusa «Murerpan JleGera — Cruatbeca» Obia nepesejeHa Ha
pyccku#t a3bik M Beima B 1959 roay. Tpum usnanus Ha pYCCKOM si3blke
B 1951, 1961, 1965 ronax Buiaepxkan «CHpaBOUHHK MO OOBIKHOBEHHBIM
anddepeHUnaNbHEIM YPaBHEHHAM, NpeACTaBAsSOIHi coO0f nepeBon mep-
Boro ToMma «Gewdhnliche Differeniialgleichungen» xuuru 3. Kawmxe
«Differentialgleichungen (Losungsmethoden und Losungen)».

«CrnipaBounuk no nudepeHUNanbHBIM YPABHEHUIM B YACTHBIX NMPOU3-
BOJHBIX MEPBOTO IIOpsAIKa» — NepeBOJ BTOPOr0 TOMa TOH JKe KHUIU.
3necy cobpaHo oxono 500 ypasuenutt ¢ pemesusmu. Ilomumo 3TOrO
MaTepuaja, HACTOSIMK COPAaBOYHUK COLEPIKHT KOHCnekTHBHOe (6Ge3 1o-
Ka3aTesbCTB) M3JI0XEHHE psAla TeOpeTHYeCKHX BONPOCOB, B TOM YHCIe
TAaKNX, KOTODHIE He BK/IOYAalOTCd B 0ObluHBIE KypcH AHddepeHunaibHbX
ypaBHeHHH, HanpuMep TeopeMbl CYLIECTBOBAHHUS, EXHHCTBEHHOCTH M Ip.

ITpn NOAroToBKE PYCCKOrO M3naHus Oblia nepepaboTaHa MMEKOINAsAcA
B KHure obwupHasa 6ubauorpadus. CchHIKM Ha CTaphle U MajOLOCTYHHBIE
WHOCTPAHHBIE Y4YeOHUKH OBIIH MO BO3MOXHOCTH 3aMEHEHB! CCHUIKAMM Ha
OTeYyeCTBEHHYI0O M MepeBOAHYIO JuTepatypy. DblIM HcnpaBneHb Bce 3a-
MeuyeHHble HEeTOYHOCTH, OINMOKM W oneuaTkH. Bce BCTaBKM, 3aMeuaHus u
IOMOJIHEHNS, BHECEHHBIe B KHHI'Y IPH pelaKTHPOBAHWH, 3aKJIIOUEHHI
B KBaApaTHble CKOOKH.

DTOT CNpaBOYHMK, CO3AAHHBIA B Hayaje COPOKOBHIX TOAOB (M C TexX
nop HeOAHOKpaTHO mepemsnasaswiniics B 1P Gea Bcakmx uaMeneHui),
HECOMHEHHO, YXe He OTpa)aeT B NOJIHOH Mepe TeX LOCTHKEHHH, KOTOpbEe
HMeloTcs cefiuac B Teopuu AKddepeHUnaTbHBX YPaBHEHHH B YaCTHBIX
NPOW3BOAHBEIX NEPBOro nopsaika. Tak, B CIPaBOYHHKE He HAllJId HUKAKOTO
OTpaXkeHHsl TeopUs OOOOIUCHHBIX pelleHUHl KBasW/IMHEHHBIX ypaBHEHHH,
passutas B M3BecTHmX paborax M. M. Temganna, O. A. Ouzetinuk
¥ 1p. MOXHO npuWBeCTH npHMephl He BOUIEAIINX B KHUTY NOCJeIHHX
pesy/bTaToB, KacCalolMXCs HeMOCPeACTBEHHO 3aTPOHYTHIX B CIPaBOYHHUKE
Bonpocos. He ocpeuiena B cnpaBounnke M Teopust ypasueHuit Ildadda.
Oznako, IyMaercsd, 4TO W B 3TOM ee BHIEe KHHTa OKaMeTcd HECOMHEHHO
TNOJE3HEIM TMYTEBOAUTENEM IO KJIACCHYECKOH TeOpHH AHQdepeHHansHbX
YpaBHeHHH B YACTHBIX NMPOM3BOIHBIX MEPBOrO MNOPSIAKA.

[Ipusenennas B KHHIe CBOAKA YpaBHEHWH, pellleHUs KOTOPHIX MOKHO
3amucaTb B KOHEUHOM BHIe, O4eHb HHTEpPeCHa M MoJe3Ha, HO, KOHEYHo,
He daBJseTcd wucYepnuBaowe#. OHa G6GBIA COCTaBleHa aBTOPOM Ha
06ase paloT, MOABMBIIMXCA O Hayasia COPOKOBBIX TOXLOB.



HEKOTOPBIE OBO3HAYEHHUS

Xy ¥i KXty ooy Xny Yy, oo, ¥y — HE3ABHCHUMBIE TIEPEMEHHBIE, r= {x,, ..., Xn}
a, b, ¢; A, B, C — KOHCTauThl, MOCTOAHHBIE K03 dHIlMEeHTH,
®, & (x, ¥), G (r) — orkpoitas 06aacth, 064aCTb Ha IIOCKOCTH (x, ¥), B npo-
CTPAHCTBE MNEPEMEHHBIX Xy, ..., X, [OOBIYHO — 06aacTh HENPEPHIBHOCTH
xoaduunentos u pemennst. — pun. ped.),
g — noxo6aacts @,
F, f —obmas dyHuxuug,
£ — npou3BoabHAA (QyHKUMS,
2, 2(x,y); 2=V (x, ..., X,) —HcKOMasA QyHKUHR, pemeHue,

_ oz _0_2 0z __ o0z
P==y 9= oy’ pv—__axv’ qv—'ay‘v’

v, W, R, n— HHIEKCH CyMMHDOBaHHS,

(m)_ m!
n) nl(n—m!’
z“...zm) \

det | 2| — onpegeaurens MaTpHIb ( . .
\ €n1 +e+ 2pp

NPUHSITBIE COKPAILEHUSI B BUBJIMOTPA®PUYECKHUX
YKA3AHHUAX

[fTpu cchlIKax Ha CAenyoINMe KHUTH YKA3BIBaeTCHA TOABKO (GaMuus aBTOpa:
I'onrep—H. M. Fourep, HUuterpuposanue nuddepennuaibHex ypasHennii
NEepBOro nopsafnka B yaCTHeIX mpousBognnix, I'TTH, 1934.
Kamxe—2. Kamke, CnpaBounnk 1o OGHKHOBEHHBIM JMddEPEHIHATBHBIM
ypasuedus™, «Hayka», 1964.
Kypant—P. Kypanr, YpaBrenus ¢ gacTumiMu spousBomubiMu, «Mup», 1964.
ITerpoBckuti—H. . Ilerpopcku#t, Jlekuun 1m0 Teopur G6HKHOBEHHBIX nud-
depennuanbHEX ypaBHeHnH, «Hayka», 1964.
Creman 053 — B. B. Crenanos, Kypc nuddepennuansupx ypaBuenuii, Pusmar-
rus, 1959.
Kamxke, DGlen— 2. Kaumxe, Differentialgleichungen reeller Funktionen,
Leipzig, 1944.
Cokpaillenns HaHMEHOBAHHH NEPUOLMYECKUX H3LAHHH COOTBETCTBYIOT O6IIe-
NPUHATHIM M TOTOMYy IMpd TIEPEBOAE ONYILEHB; CM. ojgHako, Kam ke, —
ITpun. ped.)



HEKOTOPBIE OBO3HAYEHUS

Xy Y5 Xty eeny Xn3 Y4, «v., Yy — HE3ABHCHMBIE nepeMeHuble, r= {x;, ..., x,}
a, b, ¢; A, B, C—KOHCTaHTH!, NOCTOAHHEIE KO3 dunnenTs, ' PO
&, ® (x, y), ® (r) — orkpbiTaa 064acTh, 064ACTb HA MAOCKOCTH (x, ¥), B mpo-
CTPAHCTBE HNEPEMEHHBIX Xy, ..., X, [06bYHO — 06aacTh HeIpepbIBHOCTH
k03pHUHENTOB U pewenns. — Hpun. pedl],
g ~— noxobaacrs &,
F, f —obmas dyukuus,
£ — npousBoabHas Gyukuus,
2 2(x,y); 2=V (xy ..., X,) — HCKOMan ¢byHuknus, pemennue,
= i{ __ 0z 0z 0z
ox TT oy S =gy

v, W, R, n— MHIEKCH CyMMMpOBaHuf,

(m _ m!
n)— nl(n—m)’
Z“...Zln) \

det | 2| — onpegenutens MaTpunpl ( . ..
\ Zp1ees Zpp

NPUHSITHIE COKPAILLEHUSI B BUBJMOTPA®HUYECKHUX
YKA3AHUSAX

[Tlps ccolikax Ha caenyoIUMe KHHIH yKasHBAeTCAd TOABKO ¢damuaus aeTOpa:
F'vurep—H M. Tourep, WMurerpuposanue nuddepennnaibHbx ypaBHeuu#
1IEpBOro_nopaika B 4acTHHX npousBoaunx, I'TTH, 1934.
KaMmxe—23. Kamke, CnpaBounnk 1o 06BIKHOBEHHbIM nuddepenunanbHbm
ypasuenusaM, «Hayka», 1964.
Kypaur—P, Kypaut, ¥pauenus ¢ yacTHmIME mpousBOAHBIMH, «Mup», 1964.
IMetposckuii—MU. . llerpopcknit, Jlekmuu 1o TeOpUH OOBIKHOBEHHBIX Aud-
(bepeHnnaNbHEIX ypaBHEHHH, «Hayka», 1964.
Cr ern a }1185%——— B. B. Crenanos, Kypc auddepesunansubix ypaBueunuii, Pusmar-
U3, ,
Kam Ke, DGlen — 3. Kawmxe, Differentialgleichungen reeller Funktionen,
Leipzig, 1944.
Coxpainenus HauMeHOBaHHil HePHOLMYECKUX WBAAHMH COOTBETCTBYIOT 00uie-
NDUHATHIM M NOTOMY @pH TIEPEBOAE ONyIMEHH; CM., OZHAKO, Ka M ke, —
ITpun. ped.)

R

YACTb NMEPBAS
OBLIHUE METO/bl PELIEHHA

[Bonpocam, paccMarpuBaeMbiM B EPBOH UaCTH, MOCBALGHA CAEAyIOWIAS JH-
Teparypa:

H. M. T'rouaTtep, Hurerpuposanne auddepednuaibuuix ypasuenuil mep-
BOro nopsaka B uwactHwex npousBomubeix, I'TTH, 1934;

B CremanoB, Kypc nuddepenuuansubix ypasHenu#, Puamar-

ru3, 1959;
®. Tpuxowummu, Jleknun 0o ypaBHEHUAM B YACTHHIX NPOM3BORHKIX,

na, 1957;
U T. Merporckuil, Jlexunu no reopun 0O6GHKHOBEeHHBIX auddepen-

uyalbHBIX ypaBHenu#, «Hayxas, 1964:
Kypaur, ¥YpaBHeHus ¢ 4aCTHHMY HPOH3BOAHBIMH, «Mup», 1964;
B. I. CMupnoB, Kypc Bucmeit Marematuku, T. IV, Pusmarrus, 1958;
J. 3. 3abvcroasy, [ndbdepenunanbusie ypaBHeHus, [octrexusaar, 1957;
I. K. PameBcxku#, leomerpuueckas Teopus ypaBHEHHH C YaCTHBIMH
npon3BoiHbIMU, [ocrexusnar, 1947. — I1pun. peo.]

Fr1TABA I
JUHEWHLIE U KBA3UJIUHEHNHLIE YPABHEHUA

§ 1. Beegenue

1.1. OOGmue noHaTHA, 0G03HAUYEHHUA U TepMmHuHOJorua. OGuwee
(Hepaspeuwennoe) oughpepernyuarbHOe YPABHEHUE 8 YACMHBLX NPOU3-

BOOHBLX nepsozo nopadxa 04R OOROH  HeussecmHoli @yrxyuu
2=2(Xyp -+, X,) N HESQBUCUMBLX HepeMeHHbLX uUMsem 8ul
0z 0z
F(xl,...,x”, Z,-EVT,...,-O—X”-)—O. (1)

3necv F — 3anausas ¢yuxumd 2n -+ 1 apry™menra. Peuenuem, unmez-
paaom NN UHmMepAAbHOL nosepXHOCMbI0 3TOTO AH(depeHuNanbHOTO
ypasHennst (1) naspiBaerca mobas ¢yHkuma 2 =1y (xy, ..., X,), Hempe-
PHBHO Iupdepenunpyemasd B Hexoropo# obnactu & (xq, ..., x,) u 06-
pawamomas B 3to obnmactu coorHourenwe (1) B TOXIECTBO.

Onddepenunanbioe ypapHeHMe B YaCTHHIX NPOM3BOAHEIX INepBoOro
NOPSALKA, pa3petieHHoe OMHOCUMENbHO O0HOE u3 npou3sooHsx (HOp-
MalbHaf, WIM KaHOHMYeckas ¢opMa ypaBHeHUs), MMEET BUIL

o oz 0z
22 = (x. Vs vovs Yo z'@?""’ﬁyn)' @
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3necb f—3anannas QydHxuua 2n -2 apryMedToB; He3asBucuMbie nepe-

MeHHble 00O3HaueHbL Tenepb uYepe3 X, Vi, ..., Y,, UCKOMOH sBagercs
GyHKUMA 2=2(X, Y1, -. -, V)
BBeneM cokpaienHnie 0603Hauenus )
0z 0z 0z
= =, = =, = =, == 1 “ae N 3
p ()X pv 0x\7 qv dyv v 1 ) n! ( )

Torna auddepeHunanprvle ypasnenus (1) m (2) Oyayrt Burasiers COOT-
BETCTBEHHO cJaelynowuM obpasom:

F(Xy, ooy Xpo 2, P1y ooes Pp)==0 (1a)
"
P=F(%, ¥ -oes ¥ 2, Q1 -, Gp) (2a)
OTH ypaBHeHHs MOXHO 3anycarh elle Kopoue B BeKTODHOH dopme:
F(r, z, pp=0 (16)
M COOTBETCTBEHHO
p=f(x, 9 2 9) (26)
35eChb r, P, Y, § O3HAUAWT CJeLVIOLINE BEKTOPHL:
r={xy, ..., x,}, p={p. ..., P},
(3a)
y:{yl,,_,, yn}’ qz{ql""'qn]'

Iuddepennnansioe ypaBHEHne HA3LIBACTCH AUHEHHBIM, €CIH OHO
JYHENHO OTHOCHTE/IbHO HEHW3BECTHOH QyHKUMH 2 U €€ TPOM3BOAHEIX,
H KBA3UAUHEHHBIM, €CJIH OHO JHMHEHHO OTHOCUTE/NbHO IIPOU3BOLHBIX
(MMHe#HOCT, MO 2 3Iech He npeinonaraercs)?). OOWM#A Bui KBa3uJH-
HeHHOTO ypaBHeHHS

v% fo(r, 2) py=2g(r, 2) 4)
H JUHEHHOTO
gl Fo (D) Pyt fo(r) 2= F(r); (5)

3JeCh WCMOJb30BaHH cOKpaulenns (3) u (3a). Ecam B nocrennem cayuae
Takke euwe fo=f=0, To nuddepenivanspbHoe YpaBHeHHe Ha3bIBaeTCA
O0HOPOOHBLM.

1.2, 3amevyanud o pemeHusax. Kaxnoe an¢gpepenuunanbioe ypas-
HeHHe B YACTHHIX JIPOM3BOIHBLIX TNeEpPBOrO NOPAAKA HAXOAUTCA B TeCHOH

1) [MHoraa ux HaswBawT 0603natenusimu Monsca. — Ilpus. ped.)
?) [B HEKOTOpPHIX KHHrax MOXHO BCTPETHTb M HHYK TE€PMUHOJOTHIO, —
ITpun. peo.)
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CBfI3M C HEKOTOPOR cHCTeMOM OOLIKHOBeHHBIX IHQdepeHUHaNbHBIX YPaB-
HeHu# — cucTeMOft TaK Ha3bIBAEMBIX XAPAKMEPUCHUYECKUX YPABHEHW
JAHHOTO MG ¢epeHIMaNsHOro YypaBHeHHst B YaCTHHIX MPOM3BOAHMLIX. Pe-:
IeHue MNOCJAeIHEr0 CTPOUTCA W3 pellleHHH 3TOH xapaxmepucmuuseckoli
cucmemst; OHO OIHO3HAYHO ONpeleseHO, €C/AM 3aZaHa HauajbHas KpHBas

X1=x,(8), ..., x,=x,), z2=2(), (6)

CaMa He 4aBJAIoLasacs XapaKTepHCTHKOﬂ, H, KpOMe TOro, A1 TOYeK 3TOo#
0z 0z

KPUBOH 3alaHbl 3HAYEHHS MPOMIBOLHBIX =, ..., —. ([lna aueitibix
1 n

¥ KBasWJIMHEHHLIX YpaBHEeHHH DOCTATOUHO TO/MBKO HavaibHOH kpusoit (6).)
Crporas ¢opMynupoBka 3Toro (GyHIaMeHTaJbHOrO NPENIOKEHUS, KOTOpAd
Oyjner AaHa HMME, CONEPKMT elle PAN AONONHHTEJbHBIX MPELNON0KeH N,

CyuiecTBeHHOe BAWAHWE Ha pelieHWs ¥, B 4aCTHOCTH, HA OJHO3HAY-
HOCTb pelleHuit OKa3biBaeT BUA 00/1aCTH, B KOTOPOH HIIETCS pelleHue
(cM. m. 2.6 (n)). TlosTomy B oOwefi TeopeMe, koropas Gyzer chopMmy-
JAUPOBAHA BNOCNEACTBHH, Ha OOMAcTb HaJaraloTcs HeOOGXONMMbIE OrpaHu-
yeHua. OHM He ABAAIOTCA Hambojee OOIIUMU, HO OYAYT MO BO3MOMHOCTH
NPOCTO OMHUCHBATH 006jacTb (BCe NPOCTPAHCTBO, NapajjielbHas MOJA0CA
WIH NIPAMOYrOJbHEIA Mmapannenenune). I1pu cneuMasibHHX MeTonax pelie-
HMSl OTKAasbIBAIOTCA OT 3azaHus OOJACcTH, TaK Kak HPH MPUMEHEHHHM WX
HAa KOHKPETHHIX [pHMepax NoJAy4aloT 006/acTb ropasao OGofee TOUHYIO,
Hexenu Ha OCHOBaHWMM OOLIMX paccMOTpeHwuft.

§ 2. JiuneiiHoe omHOpOAHOE YpaBHEeHHE
¢ ABYMA He3aBHCHMBIMH mepeMeHHbiMH: f(X, y)p-+g(x, ¥)g=01)

2.1. T'eomeTpuueckas uarepnperanuna. [Ipocredimnit Tun 1uddepen-
UMAJLHOIO YPAaBHEHHd B YACTHHIX MPOU3BOJHBIX MEPBOrO MOPSAAKA— 4UL-~
nelinoe 00HOpoOHOE Oufhhepenyuasbuoe ypasHewue 0an 00HOH He-
usgecmroli PpyHryun 2=2(x, y) 08YX HE3ABUCUMBLX NEPEMEHHBLX:

Fe DS+ g (5 ) G =0 M

UJINn .
fx, Mp+g(x, y)g=0. (1a)

3necs naa COKpaleHnss MnoJM0KEeHO

_oe o
P=gx 9=%y-

!) Usnoxenune caepyer kuure Kamxe, DGlen, crp. 2906—321. [CM. Takxke
Jaurepartypy, ykasanuywo nepen § 1. — ITpum. ped.]
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Nuddeperunansioe ypaBHeHne scerfa GyAeT pPaccMaTpuBaThbCsl B HEKOTO-
poit obnactu ®(x, y), B KOTOpOH KOIDdMUMEHTH f (X, ¥) u g (x, y)
onpenesieHbl W HenpephiBHH 1),

ITarepky umcen x; Yo, 2o, Po» §o Mbl OYIeM HA3LIBATL NAOCKOCH HbLM
3neMeRmon (346 MeHMOM NPUKOCKOBEHUS), CBA3HBAA C STHMH 4YHC/IAMH
IVIOCKOCTD

Z2—2zy= (X —Xp) po+ (Y —¥0) %

B TPEXMEpPHOM TNIPOCTPAHCTBE MNepeMeHHBIX X, V¥, 2. Touka (X, ¥, 2g),
4yepes KOTOPYI0 TNPOXOAWT 9Ta IJOCKOCTb, HAa3bIBAETCH MOYKOL-HOCU-
measem, HUCIA P, ¢, HABLIBAIOTCS Hanpas-
AROUWUME  KOIPPULUERMAML NAOCKOCTHONO
aneMenta. I1MOCKOCTHHE 3jeMeHTH ¢ OOweh
TOYKOH-HOCUTENeM (X, Vg, 2,) 0Opasyior, oue-
BHIHO, CceMeHcTBO MIOCKOCTeH, NpOXoaalmx
yepe3 OAHY TOUKY (Xg, Vo 2, (pasymeercsd,
UCKJII0YAsA  TJIOCKOCTb,  MePNEHIUKYAAPHYIO
K Koopaumnatso#t mgockoctr XOY). Ecmu
2=\ (x, y)—uenpepriBuo Auddepenuupyemas
HOBEPXHOCTb, TO MJIOCKOCTHON 3/eMeHT

|
£ ¥ (X, 9), Ye(x, 9), Py (x, 3
onpelefser (L9 AOMYCTHMEIX 3HAuYeHWH X M ) KacaTedbHYI0 NAOCKOCTH
K 9TOH NOBEPXHOCTH ?) (puc. 1).
B cuny aupdepenunansuoro ypassenns (1) wim (la) ¢ kamioh
TOUKOH (Xo, Yo, Zg) MOKHO CBA3ATH IIOCKOCTHBIE SMEMEHTH Xo, Yo, 20 P G
HaNpapAAollHe KOSOGUIHEHTH p, ¢ KOTOPHIX YIAOBIETBOPAIOT YPABHEHUIO

F (%o, Yo) P+ & (%0, ¥p)q=0.

Ionyyaem3) mnydok naOCKOCTeH (KpOMe IIOCKOCTH, OPTOrOHAMbHOMR
k mrockoctd XOY), KOTOphE NpOXOAT 4Yepes TOPUBOHTANbHY IO
npaMy1o

X —Xo=[(Xy, Y)t, Y—yy=g(xp Y)t&, 2=2,

Puc. 1.

'y Or Bupa 3710/t O6RAaCTH MOMET CYIIECTBEHHO 3aBHCETb pelIEHHEe pac-
CMaTpPHBAEMOro ubdepennuanbHoro ypapsenus; cM. m. 2.6 (r) u 2.6 (n). K yxa-
3aHObLIM 31€Ch NPENNONOMEHHAM YaCTO TNPHCOCIMHAOT ele APYTUe, NOMOJHH-
teabuele. [as  paspemumoctd anddepenunansHoro ypasHenma (1) ofHOro
YKa3aHHOTO B TEKCTE mNpeanoJoxenus o kosdduuueHtax, soobme rosopd, ue-
nocraroyno; cM. O. Perron, Math. Zeitschrift 27 (1928), crp. 549.

%) [HanmomuuM, uro ecau noBepXHOCTb 3ajaHa ypaBHeHHeM z =V (x, ¥),
TO YPaBHEHHE KacaTeJbHOH NNOCKOCTH K 3TOH HOBEPXHOCTH B HEKOTOPOU TOUKe
(X0, Yo, 20= " (X, ¥o}) HMeeT BuR

Yy (X0, ¥o) (x — x) + by (xo, Yo) (y — yo) — (2 —20) =0,
T. €. BEKTODP (Yr (X0, Yo), Wy (X0, ¥o), —1) ABAAETCA HOPMAAbIO K NAHHOH IOBEPX-
HOCTH B paccMatpuBaeMoit ‘Touke. — [Tpums. peod.)

%) B npennonoxenun, uto |f (%o, ¥o) |+ | & (X0 Yo) | >0, T. e. uTO Ppac-

CMaTpHBaeTcd peryaspHad Touka (cM. m. 2.8 (1)).
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(t — napamerp) (puc. 2). Takum oOpasoM, B cuiay auddepeHunanbHOTO
ypasienus (1), kaxio# Touke oTBevaeT ny4yok maockocrefi!). HMurerpan
ypapHeHus (1) ¢ reomeTpuueckOd TOUKM 3peHHUs eCTb JI00as HenpephiBHO
IuddepennupyeMas NOBEPXHOCTb 2 =P (X, V). KOTOpas B KaWiOk cBoel
TOUKE (Xg, Yo, 2p) HMEeT oauy
H3 TNJOCKOCTeH COOTBETCTBYIO-
Lero nydyka cBoefl kacaTeJbHOH
TIJIOCKOCTBIO.

2.2, 3ameyanus o6 uHTE-
rpajax 4 JAHHHAX YPOBHA.

(a) Kaxnoe nupdepeHunans-
Hoe ypasnenue (1) umeer, oue- Puc. 2.

BHAHO, TPUBHAJbHOE pelleHHe
2z ==const. B nanbHeiiiem nac 6YAyT HHTEPECOBATL JHLIL HETPHBHANbHbLIE
peureHus.

(6) Ecau 2=V (x, y)—wunarerpan ypasheuns (1) B & un ecin
A< {P(x, y)<<B?, ro ana xaxao#t HenpepnBuo auddepenuupyemoit
#a wuHreppanie A < u < B ¢yuxunu L (¢) cioxdas yHxuma y (x, y)=
= QP (x, ¥)) TOxKe sABIfETCS HHTErpanom ypasnenmus (1).

TS

AnanoruynbsiM 0o6paszoM noaydaem: ecan P, (x, ¥), ..., P, (x, ¥)—
uurerpansl ypasenus (1) 8 ® u @(u,, ..., #,)— HexoTopas npous-
BOJIbHag (YHKUMSA, onpelefeHHas AaA 3Hauenndt Y, v=1, ..., m,

W HMeWUlas HenpephiBHblE YACTHBIE NPOU3BOAHLIE MEpBOro MOpALKa, TO
€JI0KHaA GYHKUMA

Lx, =L (x, ) .-y Vp(x, y))

TAKXKE fABJASETCS UHTerpanoM ypasHeunss (1). B uactHocTH, QyHkIuH,
IMOJIyYeHHble YMHOXEHNEM HHTerpanoB ypasHeHns (1) Ha mnocTosiHHBIE,
a Take JuHeRHbie KOMOMHAIMN®) MHTETpasoB ABJASIOTCS CHOBA MHTETpa-
JMIAMH PACCMATPHUBACMOTO VPABHEHUS.

(8) OcobenHocth aMpgepeHUHANbHEX YpaBHEHM# B YaCTHBIX IPOH3-
BOJAHLIX HepBOTO HOPAAKA COCTOMT B TOM, 4TO HX pellleHHS BIOJ/HE
ONpeneNflOTCA HMHTEerpajJbHBIMA KDUBBIMM HEKOTOPBIX CHCTeM OOBIKHOBEH-
uelx puddepenmmanbinix  ypasHeHut. Jna auddepenumanbhoro ypasue-
uua (1) k 9TOMYy peayabTaTy MOMKHO TNPUHTH CAEAYIOLIMM NyTeM.

JlioGoe pemenue 2z =1 (x, y) n306paxaercs NOBEPXHOCTLIO B (X, ¥, 2)-
NpOCTpaHCTBe, Jexale# Hax miaockoctbio XOV. Touxu sTO# mosepx-

) [DT4 nyuKkd W EX OCA HA3HIBAOTCA COOTBETCTBEHHO nyuxamu Mowoca
u ocamu Mounxca; TOUKa NPOCTpPAaHCTBA BMECTe € HampasJieHueM ocu MoHxa,
npoxoAsIleil uepes STy TOUKY, HA3BIBAETCH XAPAKMEPUCIMULECKUM AUHELHbIM
3nemenmom. — [pun. peo.)

2) Cayuafi, xoria A= — oo, B = 4 co, e ucKiwoqaercs.

3) Jlunelino#t xoMGunauueir oyukumit P, ..., P, Ha3bIBAETCH BHIPANKEHHE
suna Ay, -+ ... + Ayp, C NPOU3BOJABHBIME TOCTOAHHBIMH Ay, ..., Am.
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HOCTM, Jexallhe Ha ONHOH M TOH e BEICOTe ¢ Hal naockoctelo XOY,

T. €. COOTBETCTBYIOUIME (MKCUPOBAHHOMY BHAYEHHIO ¢ GYHKUMH P (x, V),

00pa3yloT HEKOTOPYIO KDHBYIO, Ha3biBaeMylo .zunued yposus (puc. 3).
: YpaBHeHHe JMHHM YPOBHA MMeeT B

X=¢, (), y=¢@, z=c,
t — napamerp,

rae GYHKUMH @ W @, HENPepHBHO M-
(¢epeHupyeMs U TakOBH, YTO

Y V(@ (). g (f))=c.
z TG, §=H( INMocne nudpepeHunpoBanns ITOr0 COOTHO-
uienud no f mosyyaercs:

by (@10 @) 01+ ¥, (9;, @) 05 =0.
Tax kak ¢ynkuus P ynosnetsopsieT ypasHenuio (1), To nmeem:

F @1 9V, (@1 o)+ & (P, @) Py (@1, ) =0.
Ecan [P, |+ [¥by] > 0 Bclony, To us sTMX IByX cooTHOmeHMH Cie-

ZLyer, 4YTO {
P& (P ©,) — Bpf (@ 9y)=0.

Ilpu ycaosud, 4TO nepeMeHHas ¢ HM3MeHsieTCs HYKHEIM 00pa3soM, fiCHO,
4TO MpeAbliyliee COOTHOIIEHHEe BHINOJHSETCH, ecaul)
Q=TI (9 ) P=28 (P Py)-

Wrax, npoekumu auHu#t ypoBHA Ha miockocts XOY 3sanaubl stumn
ABYMSl He BaBHUCAWMMH OT p AuddepeHUNANTLHBIME YPABHEHUAMY U, CJje-
JNOBaTeNbHO, A/ BCEX MHTErPabHBIX MOBEPXHOCTE! ONMHAKOBLI.

Ha ocnoBanmMM CKa3aHHOTO MOXHO Tenepb NPEIJIONHTbL CJeAyiOlmit
Cnoco0 OTBICKAHUS MHTErpajbHEIX NOBEPXHOCTEH: HAXOLMM HMHTErpajibHble
KPUBLIE CUCTEMbl OOLIKHOBEHHHIX A depeHInaIbHEX ypagHeHUH

KO=f(x 9. YVO=g Y

(KOTOpHIE MPEACTaBAAIT COBON NPOEKUNH JMHUHA YPOBHSI HCKOMOH NOBepx -
HOCTH) ¥ TOIAHHM3aeM 3TH KPHBble HAa NMOIXOISINYIO BLICOTY TaK, UTOGE:
onu 00pasoBa¥ HeKOTOPYIO HeNpepHBHO AndQepeHLHpyeMyl0 NoBepX-
HOCTb 2 == (X, y). DTOT NpHHUAMI SBJSIETCS BAXKHEHUWNM NPU KOHCTPYH-
POBAaHMM HHTETPAJbHBIX MOBEPXHOCTeH, M MMEHHO TaKHM 00pasoM (axkTH-
yeckd crpoarca (em. mm. 2.3, 2.4, 2.5) uHTerpaibHBE NOBEPXHOCTH
angdepenunanbioro ypasuenns (1). Henas ueobxomumeie o0Go6lieHns,
MBI Ha 3TOM MNYTH MOJY4YHMM TaKxXe pellleHHs HeKOTOphiX OGonee obuiux
ypasHeHu#.

Puc. 3.

1) Ipu sTOM MpeanoNaracTCst BHINOJHEHHBIM yeaoBHe | f (¥, ¥) |+ g (¢, y)|>0,
z 7
a TaKie, 4TO (; M @y HUIJE He O6palialoTCAd B HYJIb OXHOBPEMEHHO.
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2.3. XapaKTepHCTHKM M HHTErpaJbHbie MOBepXxHOCTH. Mpeu
A, 2.2 (B) ocyuwecTBAsOTcH clenyiouinm oOpasoM. B cuiay npeanoioxe-
Hud n. 2.1 otHocHTenbHO dyHKuME f M g, yeped xaxayw Touky (§, M)
obnactu (& mnpoxoawr no kpaflHel Mepe OXHA MHTerpaabHas Kpusasl)

x =q (%), Y=y (), )
YAOBJIETBOPAIOMANA CHCTeMe AH(pdePeHUnaTbHbX ypaBHeHUHA
O=fxy, yYO=gx y. 3)

Kawpas Takaa KpuBag MM COOTBETCTBYIOIAS el MPOCTpaHCTBeHHAs
Kpusas

=), y=@), z=c¢, 4)

€ NMPOHW3BOJILHOH KOHCTAHTOH ¢ HABBLIBACTCS Xapaxmepucmu4eckold Kpu-
80If WIM TPOCTO Xxapaxmepucmuxoi?) InddepellrassHOTO ypaBHe-
una (1). Hnddepenunaibhbie ypaBHetust (3) Ha3bBAOTCS N0 OTHOLIEHWIO
K ypasuenuto (1) xapaxmepucmuneckumuy ypasrenusmu®) nin xapa-
Kmepucmudeckoli cucmemoii.

ChnpaBea/insbl ClAeLyIOWYE YTBEPKIEHUS:

(a) Kaxan#t unrerpan z =1y (x, 2) ypastenus (1) nocrosHed Baonb
Kaxaolt xapakrtepucruyeckoit xpusolt (2), T. e. P (@, (f), @, (£))==const.
KoHcranta meHsieTcsl B 3aBHCHMOCTH OT BHIODaHHOR XapaKTepUCTHYeCKOf
KpUBOH.

(6) Kaxnas xapaxrepuctuxa (4), KOTopas wumeeT XOTs Obl OxHYy
©O0LIyI0 TOYKY C MHTerpanbHOH MOBEPXHOCTbIO ypasueHusn (1), ueaukoM
JeXuT Ha 3ToH nosepxHocTH. Takum 00pa3oM, Kaxknas WHTerpajbHas
TIOBEPXHOCTh NOCTPOEHa U3 XapaKTEPHCTHK.

(8) Ecam  mBe wuHTerpadbibie MOBepXHOCTH YypasHeuusa (1) wumelor
©o6Inyi0 TOYKy, TO OHH HMeloT o0uwe# W BCIO XapPaKTEPUCTUKY, NPOXO-
JAIYI0 yepe3 3Ty TOUKY.

(r) ®ynxuus P (x, y) 3apefoMo ecTh UHTerpan ypasHenus (1), eciiv oHa:

(o) nenpepniBHO Audpepennppyema B & n

(f) BoOML KawIOH xapakTepucTHuyeckOH kpuso#t (2) mocrosduua.

U3 (a) u (r) caenyer:

'y Ilpu 3TOM JONmYyCKAIOTCA TaKXKe <«KPUBBIE», KOTOPHIE COCTOAT TOJBKO
#3 OJHOHM TOWYKH, T. €. A KOTOPHIX QOYHKHUH @ (£) U @, (f) ABAROTCA OXHOBpeE-
MEHHO NOCTOSHHBIMH.

2) [B oramune ot (4), KpuBble (2) Ha3LIBAIOT HHOTAA NPOCKUUSMU XAPaKme-
pucmuxeckux wpussix —cM. Kypaur, crp. 72, 79. Caenyer oTMeTuThb, 4TO
CTPOrO yCTAaHOBMBUIAACS TEPMHHOJOTHS 3[€Ch OTCYTCTBYET, H NMOTOMY B pPa3jHy-
HBIX KHHrax MOXHO BCTPETUTb TEDMHHBI, OTJHYHbIE OT MHCIIOJNb3YEMBIX 3]€Ch,
HIM Te e TepMuHbl, HO ynorpebaseMble HECKOAbKO B HHOM cMuicre. B coor-
BETCTBHH C OPUIHHAJIOM Mbl GyleM KDHBYIO (2) Ha3blBaTh XapaKmepucmutecKol
#«pusoii, a xpusyw (4) — xapaxmepucmukoit. — pun. peo.)

%) [ABTOp Ha3miBaeT uX TakKe ypaswenusmu Jlazpawsca. — [pun. ped.]
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(n) Unrerpannt ypasHenust (1) — nenpephiBHo auddepeHuupyeMmbe
¢ynkunn 2z =1y (x, y), KOTOpHe B CBOe# 006.]acCTH ONpeneseHHs BAOIb
KaXKIA0H XapaKTepHCTHYECKOH KpWBOH NPHUHHUMAIOT NOCTOSHHBIE 3HAYEHMS.

2.4, Peinenue ypaBHeHHs [OCPEACTBOM XapakTepHcTHK. Ecan
W3BeCTHH XaPAKTEPUCTHKH, TO B pdale cAyyaeB Npeisoxenue n. 2.3 ()
JIETKO MNPUBOAUT K TNOJTHOMY 0603peHPllO HHTErpajJbHbBIX HOBerHOCTeﬁ.
IToxaxXeM 5TO Ha HECKOJbKHUX npnmepak:

(a) ap+bg=0.

M3 xapakTepucTHueckux ypaBHewuil x'=a, y =154 caeayer: x=at-+ A
y=bt4 B (A, B-—npouspoibHbe mnoctonunne). Takum 06pa3oM XapaxTepu-
CTHYECKME KDUBBIE U XapaKTEPUCTHKH
ofpasyloT ceMeicTBO mMapaJaieJbHbIX
npaMeix. [loaroMy uuTerpalbHbIMH HO-
BEPXHOCTAMU JAHHOI'O YDaBHEHHA B~
JI0TCS BCEBO3MOXHBIE T'MAAKHE LHAHH-
IpHYECKHE NOBEPXHOCTH, 00Pa3yIoMUM
KOTOPHIX CAYXKAT 5TH TNapaljiejbHble
npameie (puc. 4).

6) xp+yq=0.
M3 xapakTepuCTHYECKHX YpaBHe-
Huli X’ = x, y' = y nojayuaem:

x=Ae!, y=Beé

(A, B —npou3BONbHBIE MOCTOSIHHbIE).
Caef0oBaTedbHO, XapaKTePUCTHYECKHE
KPHUBHIE — 3TO JyuH, Aexamue B MaockocTH X OV K BBIXORAUIME U3 HAUAJA KOOp-
nunat. VHTErpaJbHBIME [OBEPXHOCTAMH ABASIOTCS Te HenpepwiBHO IH(depen-
uupyeMble TIOBEPXHOCTH, KOTOPHE MOryT ObITh MOCTPOEHH MapajiefbHBIM Ncpe-
MeleHHeM 3THX Jyuedl BAOAb ocH 2 (puc. 5). ENMHCTBEHHBIMH HHTErPaJNbHLIMH
MOBEPXHOCTAMY, CYIECTBYIOIMUMK
B obaactn & (x, y), colepxkaueh

Puc. 4.

&
&

Puc. 5. Puc. 6.

pauano koopanHar x = 0, y = 0, SBASIOTCA IIOCKOCTH 2 = const. B mo6oit obaactr
maockoctn XOY, ne conepwameil Hawana xoopAuHaT, MMEWTCH eme ¥ Apyrue
HHTErpaabHbie TMOBEPXHOCTH (KOHOUOM, pHC. 5).

(8) yp — xq =0,
W3 xapakTepucTHIECKUX ypaBHEHU# X’ = ¥, ¥’ = — x HaxonuM: xx’ —+ yy’'=0

uau x2-}- y?= const, T. e. BC€ XapaKTePUCTHYECKHE KDHBHIE ABJAIOTCH KOHIEH-
TPHUSCKMMH OKDYKHOCTSMH € HEHTPOM B Hadake KOOpAWHAT. MHTerpaabHbie
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NOBEPXHOCTH — T€ HENPEPLIBHO AN(depeHIupyeMble NIOBEPXHOCTH, KOTOPHE MOTyT:
6bITh NOCTPOEHB NAPANIENLHEIM TIepEMEIEHHEM 3THX OKDYXHOCTEeH BIOJAb OCH Z,
T. €. BC€ FJajJKHE TNOBEDXHOCTH BpalIeHUsl, UMEIONIHE OCb 2 B KAYECTBE OCH.
BpAlleHUd W HE HMECIOIME HH B OJHOH TOUKE BEPTHKAALHOH KAacaTeAbHOH MJIO-
ckoctu !) (puc. 6).

2.5. Pewenue ypaBHeHHA MOCPEACTBOM KOMOGHHHDOBAHHA Xapak-
TEPHCTHYECKMX YpaBHeHHui. IToT Meron Oyder M3/MONKEH Ha ABYX pU-
Mepax.

(a) ayp—+bxq=0.

Ina kawmaoro pemenns x = x (), ¥y =y (f) XapaKTepHCTHYECKOH CHCTEMER

x' = ay, y =bx
CNPaBeIuBO COOTHOIIEHHE
d
bxx’' —ayy’ =0 wum aF (bx? —ay?) =0,
nokaseBaioliee, 4t0 QywkuHa P (x, y) = bx2— ay? NOCTOAHHA BIOJb KaWIOH
XapaKTepuCTHYECKOH kpuBOH. KpoMe TOro, aTa QyHKUMS henpephBHO TuddepeH-

uupyema, # 3HauMT, B CHay I 2.3(r), NOBEPXHOCTh 2 = bx?—ay? aBisieTcs.
HHTETPaNbHOH NOBEPXHOCTDIO 2).

(6) axp—+byqg=0.
XapaKkTepHCTHUECKHE ypaBHEHHA
x'=ax, y =by

') ViuterpanbHoli «KpPHBOH» XapaKTEPHCTHUECKOH CHCTEMb! ABASETCH B 3TOM
npuMepe ele CaMo Havano koopiuuar. Kak m B mpeamaymem npumepe, pac-
CMAaTpMBAEMOE 3/1€CH ypaBHEHHE HE MMEET HETDHBHAJAbHOrO TJIANKOrO PEelICHHS
B obnactn © (x, y), conepxamedi Hauano xoopaunar. Jpa nocaemHux npumepa
NIOKA3LIBAIOT, YTO pEIUeHHE CYINECTBEHHO 3aBHMCHT OT BHEA TOH 06JacTd, B KOTO-
POl MBI HMHIeM pewenus; cM. jasee nm. 2.6 (r), 2.6 (x), 2.8 (n). — Mpun. peo.

%) [Tounee, oxuuM u3 wHTErpaJjoB. Bux MOJNY4YEeHHOH HHTErpaibHOH MOBEpX-
HOCTH 3aBHCHT OT 3HAKOB Keaddunumentos a4 um 4. Puc. 7 paer npencraBaenue-

Puc. 7. Puc. 8.

00 9TOHf TOBEPXHOCTH B cXyuae, KOIZa ¢ W & OIHOTO 3HAKA (runepboanyeckuii
napa6oaounn), a puc. 8 —B caywae, xoraa a u b PasHHIX 3HAaKOB (3MJIUNTHUYECK UL
napa6oaoun). [lpu a =1, b=—1 cm. m. 2.4 (8). — Ilpus. ped.)
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fI0Ka3biBaloT, 910 Aad x 5= 0, y =5 0, T, e. 1J49 KaXA0ro M3 4eThipex KBAAPIHTOB
sinockoctd XOY, cnpaBexavBO COOTHOLIEHME

X0 o Ln(ePly o=
bx ay =0, wmm dtlﬂ(lxily, )=0.

Taxum o6pasoM, yukuusa P (x, y)=ln(|x|b(y|“a) BROJb KawnO# Xapaktepu-
CTHUECKOH KPHUBOW NPHHUMaeT MOCTOAHHOE 3HaueHue. Kpome toro, sra dyuxuus
HenpepbBHO anpdepennupyeMa, a HOTOMY, B cuay M. 2.3 (r), OHa sBAAETCA MHTE-
spanoM. Ha ocuoBanmn m. 2.2 (6) u3 5TOro HHTErpaja MOXHO HOJYyYyHTb Gonee

npoctoii; monoxus Q (1) = ¢%, HaxonuM y (x, y) = lxlP|yl™e

(8) Kak mnokasbiBaloT NpHBELEHHHE TIPUMEpHI, HHOTAA MOXHO Y/I4YHO,
KOMOWHHpYA XapaKTepUCTHYECKHE YpaBHEHUsl, HAHTH MHTErpHpyeMoe BhIpa-
KeHue, 1epBooGpa3Has KOTOPOTO He 3aBHCHUT OT mapameTpa f. ITOT METOLR
8 psalle C/yuaeB OKa3bIBAETCS TNMOJE3HBIM, OLHAKO OH HE COAEPHKHUT OOLIEero
J0Ka3aTe/bCTBA TeOpeMbl CYllecTBOBaHMA peuwlenus. Kpome Toro, ocraeics
€llle OTKPHTHM BONPOC, KaK H3 OTAEALHOTO MHTErpaia NOJIyuuTb BCIO
COBOKYNHOCTb MHTErpajioB; MO ITOMY BOMpocy cM. m. 2.8.

(r) Ecan HyxHo HaliTH HHTerpaibHyi0O NOBepXHOCTb ypasHeHus (1),
TIPOXO/ALLYIO Yepe3 4 d H H Y 10 IPOCTPAHCTBeHHYIO KPUBYIO (3adaya Kowu).
“TO MOXHO BOCIOJb3OBaTbCs 3amedanueM n. 2.2 (6).

Tax, ecau B npumepe (a) TpeGyeTcs HaliTH HHTerpajbHyl0 HOBEPXHOCTb,

TpoXoAAmyio yepes napabony 2z ==4x2% y=x, TO MIUIYT HeNpepHBHO Nuddepen-
uupyemyo dyuxumpo Q (#) TaKywo, 4To0H PaBEHCTBO

2 =Q (bx?*—ay?

«6bL10 cupaBefauso npu 2 = 4x2, y = x. [loxcranobka naei:

4x2=Q ((b—a) x?) wuanl) Sl(u)———blilfa.
HTtak, uckoMbiil MHTErpas mpeiAcTaBAseTcs B BHAE
— 4 2 2
z=— (bx2 — ay?).

Ecan B npumepe (6) tpebyerca HaiTH MHTErpPajbHYI0 NOBEPXHOCTb, MPOXO-
Ny yepes Ty e napaboay, 1o QyHxnmio Q (2) BuOupawT Tak, uToGH (npH
x>0, y > 0) pasenciso

z2=0(xPy~9
6blJI0 COpaBeAauBO fipH 2 == 4x?, y = x. [lojcraHoBKa 3THX 3HaueHu# B paBeH-
CcTBO naet HaM 4x2=Q (u), rae u = x?~2 Orcoona crenyer
2

Q) =4u®"9,

a noToMy uCKOMBl HHTerpan npu a 5= & paerca popmyuno#
2b 2a

z=4xl-aya-b,

Yy [Ecau b 4 a; B NnpoTUBHOM cAyuae 3ajaua Hepaspeiuma, — Ilpum. ped.]
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2.6. YacTuult cayuwait: p f(x, y)g=0. Ecan 80 Bce#t paccmar-
puBaemoit obaactn @ xosdouument f =0, TO, passeauB Bce UMEHH
anddepennnancnoro ypasHenus (1) na f u o6osHauus g/f uepes f, Mk
NOJyYuM YpaBHEHHe CNEelUHaJbHOro BHAa

P+ f(x, y)g==0. 5y

Ileppoe M3 XapakTepHCTHYeCKHX YpaBHeHH#l (3) B 3TOM cJayuyae HMeeT
il x’(f)==1; B KauecTBe ero pelueHHs MOXHO B3ATb x ==£. Torna
BTOPOE XapakTePHCTHUeCKOe ypasueHue (3) MOXKHO 3anucarts B ¢opwme

d

= (x, ). (6)
Bcrony 10 koHua storo myskta Mul OyneMm Ipeanosarath, 4TO (GyHKIHs:
f(x, y)Bobnactu @ (x, y)uMeer HENPEPHIBHYIO YACTHYIO NIPOM3BOAHYIO Sy

(@) OcnosnagareopeMmacyumectBoBanus Iycts @ (x, & 1) —
Xapaktepucruueckas ¢yHkuns IuddepeHunaibHoro ypasHeHus (6), T. e.
y=9@(x, §, 1) — Npoxoniuas uepes Touky (§, 1) MHTerpaibHas KpUBaL
ypapienus (6)1). Torma nmns Bcex Touek (&, 1), AN KOTOPHIX (yHK~
unst @ (xy, & M) NMpu GUKCHPOBAHHOM X, CYLIECTBYET, CHPABENJHBO COOT~
HOlUeHue

0 0
G W5 =0, i

T. €. ¢oyHkuma P (x, ¥)=@(x, x, y) npu
(UKCHPOBAHHOM X, SBJISETCS HHTErpasioM
ypaBHennst (5) B obnacTk CyilecTBOBAaHUS
GyHKUMM @ (X, X, ¥), ¥ NpH 3TOM Py > 0.
ITyctb [ — HexoTopwi#i Kycok npsiMoi %o
X ==Xx, Jexamuii B . OOosnaunM ue- Puc. 9.
pea G c<® obnacrb cyuwecTsoBaHus
dynxuna @ (x,, X, y); OueBHAHO, yr10 ob6aactb G () —3T0 Ta noao6-—
aacTh ¢, KOTOpas 3aMeTaeTCs MHTETPAJbHLIMY KPUBLIMK ypasHenus (6),.
npoxonswmmi yepes I (puc. 9). O6nacts G (I) GyneM HashBaTh Xapar-
mepucmuteckusm nosem INugdepeHLnaILHOro ypaBHenus (D).
(6) 3anavya Kowwu. Ilycts 3amana kpusas?)

X=Xo y=1  z2=0() (@ <n<B), (7

npoekune koTopoit Ha maockocTs X OV sBasercs orpesok I, 3anaua.
Kown (3anava ¢ HavaibHLIME NaHHBIMK) 17 DddepeHUHaIbHOrO ypas-
HeHUst (5) COCTOMT B HAXOKIEHWHM WHTErPabHOH TNOBEPXHOCTH, NPOXO-
Iduweidl yepes 3alaHHYI0 HauyaJbHYIO Kpusylo (7).

Q.«-———-»‘Q
g

) [Cm. Kamxe, ctp. 59. — ITpun. ped.]

%) [9ro —maockan kpusas, Jexamas B IIOCKOCTH X == X, NapajieibHow
maockoctd YOZ. Jlaa takoii KpuBOH B OpuruHane ynorpebasietcsi TepMmui Nor—
malkurve. — ITpum. ped.
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Ecau B xapaxtepuctdueckoM noue G () uMeeT MecTO HepaBeHCTBO
A< p<bn ecin ¢pyHkuns ©(x) HenpepHBHO Anddepenuupyema s
A < u < B, To TpebGyeMas MHTEr pa/bHas MOBEPXHOCTb CYLIECTBYET M OpH-
‘TOM TOJbKO OfHAl), a MMEHHO:

P(x, Y=o (@(x, x, ¥)).

Jlerko  ycTaHOBHTb  AHAJHTHYECKH, ucnoapdys mn. 2.2(0), uro
@ (xg, X, ¥) aBasgerca uurerpanom B obaactu G (I) n uto @ (X, Xo, Y) =1,
a notomy P (xo )= (y). MoKHO Takwe CTPOUTL UHTErpaNbLHYIO MO-
BEPXHOCTb FeOMeTPHYECKH: NMPOBECTH Yepes Haua/lbHylo KpuByIo (7) xapax-
“TePUCTHKN

y=0¢(x, X, M, =0

M MCKJWUYMTH 1. [N 3TOrO AOCTaTOYHO MCNOJMB30BaTh MepBbE 1BA YpaB-
sienua (7), YTO CPa’v MPHBOAUT K COOTHOWEHHIO Z ==& (P (Xq, X, ¥)).
MpuMep. p+2xg=0.
XapakrepucTuueckoe ypaBHeHue (6) nmpespamaercs B y’ = 2x. Taxnm ofpa-
.30M, @ (x, & M) = x?—E2-} 1, cAeL0BATEJBHO,

2 2
Z2=0 (xo — x4 y)
— MCKOMAdA MHTErpPaisHafs MOBEPXHOCTL, MPOXOAduwas vepes xpuBywo (7).

Ilanee, ecau ectb Kako#-uuOynb uxrerpan P(x, y), P, >0 na
xapaxktepucruueckom moae G (f), TO BCe MHTErpajibl MOXHO HOTYYUTB
us ¢opmyan ¥ (¥, y)=op(x, y)), rie o(z) npoGeraer Bce Hemnpe-
pHBHO AudpdepeHurpyemble PyuKuuM, oOnpenesenHsie Ajs 3HaueHuAl P.

Ecin & — uexoropast nosoca ?)

a<lx<b, —oo<y<+4o0

u ecin ¢yuxumu f w fy, orpannuenst 8 &, to G (J) cosnamaer ¢ ©.
B sToM ciyyae MOXHO 3alaTh 3HayeHHe MHTerpana Ha Jw0o# npsamo
X=x; @< Xxy<0b, n on Tem caMpiM OyleT OAHO3HAYHO OMpeleseH H
Gynet CyuiecTBoBaTh BO BCeft obmactu ©.

(8) O6o6umennas 3anava Kown Kpusaa (7) cneunanbHoro
Buia Moxer ObiTh 3aMeHeHa NPOM3BOJLHOM APOCTPAHCTBEHHOH KpuBOH

x=u(s), y=uv(s), z=w(s), $§— napamerp;

YHKUMM #, U, @ HeNnpepheBHO AnddepeHunpyeMbl M YIOBJIETBOPSIOT

1y Ecau paccMaTpuBaTh TOJABKO TaKv€ WHTErPa’dbHbie MOBEPXHOCTH, 06AaCTh
-onpeieaeHnsl KOTOPbIX COBMAJaeT ¢ XapaKTePHCTHUECKHM [OJAEM JAaHHOTO ypas-
neuns. Ecam o6racrn @ u G (I) TakoBwl, kak Ha puc. 9, TO B HEKOTOPBLIX CRy-
yasX MOXHO NPOAONKATD HHTEIPAJLHYIO HMOBEPXHOCTh Takwe 3a mpeiean G (),
HO B 2T0#1 moayuspmeiica pacwupeHHod obnractu ycnosus (7) yxe He 6yayt
BBUICAATL OZHO3HAYHOE DELIEHHE.

?) Cayyau @ ==-—o0, b= -} co ponyckawTcd, T. €. B KauectBe & Momer
-4pUrypHpOBaTh BCA NAOCKOCTE X OV dau NOAYINOCKOCTB.
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HepaBeHcTBaM 1)

||+ v >0, o+ f(a v)u 8y

Ilng pemeHusi 9TOM 3aauu CHELYIOT OMUCAHHOMY B (6) reoMeTpuuecKOMy
METOLY: B AOCTAaTOYHO MaJoH OKPeCTHOCTH KDHMBOH X =u(s), y=v(S)
WHTerpas MoxeT OBITb 3anUCcaH MapaMeTPUYECKH COOTHOLIEHHAMH

y=@(x, u(s),0(s)), z=w(s).

[Ipumep. [lycts nas xuddepeHunalbHOro ypasHenus npumepa (6) saiaHa
HauadbHas KpHBas
X =S, y = 2s, z=w(s).

[MepBoe u3 HepaBeHCTB (8) BhImoaHEHO Aad BcexX §; BTopoe mas s 5= 1. Tak kak
¢ (x, E, ) =x2—E2 41, TO mapaMeTpHueCKas 3aNuch HHTErpaja BHIIAAMT TaK:
y=x%—s5242s, 2= (s).

W3 nmepeoro ypaBBeHMs NoJjyuaercs
s=1+Vx—yF1,

npuyeM BepxHuil sHak Gepercs pad s > 1, T. e. Aaa x > 1, a HHKHHH — B TIpoO-
THBOMNOJOXHOM cayiae. OKOHYATEJbHO:

z=a(lxVx¥—yd1) ma y <2241

(r) O cyuwecTBOBAHMH HETPUBUANbHOIO HHTerpana
B NPON3BOALHON oOmactu. Bo Bce#t obGnactu & audpdepen-
uManbHOe ypaBHeHHe (5) MOXET He HMeTh He-
TpUBHAJALHOrO (CM. m. 2.2 (a)) unTerpana, paxe
ecan ¢ynkuua f(x, y) umeer B 3TOR obnacru
NpOU3BOLHBIE CKOJb YTOLHO BHICOKOTO NOpsIKa
mo x u y, a cama obaactb ABAsieTcA OJHO- g
cpa3Ho# 2). C apyro#t CTOPOHEl, HMEIOT MECTO
CIeLVIOLIMe TNPETOMEeHHA:

(r) Ecm obGnacts ® onnocssasnHa u orpa-
HHYeHa M ecaM QyHkuuu f(x, y) u fy(x, ¥) &
HEeNpepbiBHEI NpU  NpubJaMmKeHUd K Tpadule Puc. 10.
obsactn @, T0 AMudPepeHunanbHOe YpaBHe-

Hue (5) uMeer BO Bce#t obnactd @ wmurerpanm P(x, y), mpuueM P, >0
BCIOAY B 3To# ofaactu 9).

(ry) [yctb ¢yHkuua f(x, y) B obaactu @ (Ha puc. 10 sra obxactb
orpaHyueHa CILIOWHON nuHUeH) orpannyena. Ilycrts @ — vykHusas, b — Bepx-
HAs rpaHu (caydam a = — 0o, b==-}co Ionyckaiorcs) abcuumcc x To-
ek (x, y)E®. Torza B xaxao# momobGnactn ¢ obnactu & (na puc. 10

|
1
}
[
!
]
]
I
1
!
L
6

I

1

i

'

L
/4

1)y CMbICH 3THX YCJOBHH COCTOMT B TOM, YTO HPOEKHMA X = u (S), y = v (S)
3ajanHOi KpuBOH Ha maockocth X OV Apasercs KpuBoi 6e3 0co6bIX TOYEK, HUILE
He KacaloueHcs XapAKTEPUCTHYCCKHX KPHBHIX YDAaBHEHUS (5).

2) Cum. T. Wazewski, Mathematica 8 (1933), crp. 103—116.

3) Cm. L. D. Rodabaugh, Duke Math. Journal 6 (1940), crp. 362 —
—374; taM Ke pacCMOTpeH cayuail MHOTOCBA3HOH o6aacTu.
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T01001aCTb  OFPAHUYEHA INYHKTHDHOH JHMHMEH), KOTOpad NPUHAINEWHT
BHYTPEHHOCTH NOMOCH @ < x < b, cywiecTByeT uHrerpan ¢ (x, y)
ypastennsi (5), npnuem ¥, > 0 scrony B 3ToH nomoGractu?l).

A) O npononKaeMOCTH HHTErpalbHBHX MNOBEPXHO-
<rtefl. Jing oOuikHoBeHHoro auddepenunanpuoro ypasienns y' = f (x, y)
€ HenpepHiBHOH mpaBoH 4acThl0 m06Gas MHTErpaibHas Kpusad, Oyayuu
3ajaHa B MPOU3BOJLHO MAJIOM HHTepBaje, NONMYCKaeT NMPoROMKeHue B obe
CTOPOHH BIJIOTe N0 TPAHMIE 00/acTH HeNpepelBHOCTH (yHKIMM f (X, ¥).
‘CoorBercTBylownit Bompoc aad DuddepeHunanbHLX ypaBHeHUH B vact-
HBIX NPOM3BOAHBIX MOXeT OBITb NOCTaBJEH TaK: LONYCKAeT Ju HHTerpan
‘ypaBHeHus (8), sananHblt B nogobaactu ¢ obaactu &, pacnpocrtpaHeHue

Ha OOsbluyl0 nonobaacte obaacrn &? Orser uHa

\ry/ 3TOT BONpOC, BoOOlue TOBOpS, OTPULATEJEH,

B camomM nene, nycrb, HanpuMmep, 3agaHo aubde-
peHuHaJbHOE ypaBHEHHE

N I /I z p+xqg=0.
‘\ e // Ero xapakrepucruueckue KpuBble — NMapaboan 2y =
. , = x24 C (puc. 11). Ecan auddepeHnuaipbsoe ypaBue-
~r7 HHE CHa4aJa paccMOTpeTb B NOJAYIIOCKOCTH ¥y > 0,
TO MOXHO TAaK NOCTPOHMTbL peMieH#e, 4TO OHO Oyier
Puc. 11. TNPUHHUMATh pa3Hble 3HAYEHHS HA JIEBOM H MPaBOM KycC-

Kax Kaxao0# napaboJsl, pacnoaoxeHHoH Huxe napaboJst
2y = x? (ma puc. 11 aTH KyckH usobpaxenbl CILIONIHOH 9epPTOH, a yUaCTKH STHX
napaboa B noaymaockoctH y < 0 — nyukrupom). Muterpan, noayyeHHblli Takum
ob6pazom B mnoaymaockocTH y >0, He MoxeT OulTh NPORONXKEH B HHTErpanl
BO BCel IJOCKOCTH, NOCKOABKY 3TOT NMOCJAeJHHH NO/MKeH HNPHHHMATh MOCTOSAHHOE
3HaueHue BAOADL KaxjoH ua mapaboxa 2y = x?- C.

CaenoBarensHo, ecau tpeOyerca HafiTu peiienue ypasHenus (5) B He-
KoTopo#t 06aacTH, TO M3 TOro, 4TO HAaM YAACTCA TMOCTPOHTb pellieHHe
19 ee MajeHbKOW mnoao6JsacT, Mbl NOJYYHM Majno TNOJb3H (eC/H, KO-
HeyHo, peyb He HAeT 006 aHAMATHUECKHX (QYHKLMAX).

2.7. PyHKnHHOHAALHAS 3ABHCUMOCTh M AKOOGHAH. B 0OHIKHOBEHHEIX
JunefHbX 1uddepeHiManbHbiX YPaBHeHUAX (Urypupyer noHarue auuefi-
HOM 3aBucMMOCTH ¢yHKuuf. B ypaBHeHMAX ¢ YACTHHIMH NPOHM3BOLHBIMH
ynorpebagior obulee noHATHE (YHKUHMOHANLHOK 3aBUCUMOCTH M KpuTepuft
3aBUCHMOCTH (GyHKUMH B 3TOM Gosee oOiieM cMbicie 2).

Ise HenpeprBHO AuddepeHuupyembie yHkuun #(x, y), v(x, y)
(YHKUMOHAMBHO B3aBUCHUMbI, €C/AM CYyIUecTByeT Takas HeNpepeiBHO Aud-
depeHunpyemaa ¢yHkuna £ (), uTo ¥MMeeT MeCTO COGTHOMIEHHE

v(x, )=, y))

1) Cu. E. Kamke, Jahresbericht DMV 44 (1934), ctp. 156—I161; cm.
1axxke nm. 3.6 (8) u E. Kamke, Math. Annalen 99 (1928), ctp. 602—615.

2) [Cm. . M. Puxrtenroabn, Kypc iubdepenuuasbHoro u HATErpaib-
Horo ucuucihenus, 1. I, ®usMarrus, 1962. — ITpun. ped.]
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Bonee obuio!) and Taxux (YHKUHMR CIpaBelHBO DPaBEHCTBO
Fu(x, y), v(x, 9))=0, >

rae F (z, v) uMeeT . HempepLIBHEE 4YacCTHble IPOHM3BOJAHLIE NEpPBOTO MNo-
psixa ¥

|Ful =4 [Fy| > 0. (10)
Iuddepenunpys (9) no obenM HEe3aBUCUMBIM MEPEMEHHbIM
Fu,+Fov,=0, Fu,+Fv,=0,
moi, B cuay (10), noayuaewm:

u u

* Byl (11)

kY v

£ y

OO6partHo, ecan ana Qyukuud #(x, ¥) U ¥ (x, y) BBHIIOJHEHO YCJO-
sue (11), To OoHM (PYHKUMOHANLHO 3ABHCHMHI.

B nansueHwem uam norpelyercss noHATHE (YHKUMOHANLHON 3aBHCH-
MOCTH Iasi QYHKUMA MHOTMX NepeMeHHBIX.

Onpenenenune 1. Pynkumn

Uy(Xy o s Xy on Up(Xys oe ey X, (12y

O KOTOPHIX Mbl OylleM Npeinojaratb, YTO OHM OMpene/eHb B HEKOTOpOH
orpaHuyeHHo# 3aMKHYTO# obmactu B(xy, ..., X,) NPOCTPAHCTBA ¢
NMEePEeMeHHBIX Xy, ..., X, HA3LIBATCH (HYHKUUOHAADHO 3ABUCUMBLML,
ecau cywecrByer ¢Qyuxuus F(uy, ..., #,) €O CIeAyOIIUMH CBOHCTBAMH:

(@) ona ompereseHa BO BCeM NPOCTPAHCTBE MEPEMEHHBIX &y, ..., Hp
W WMeeT TaM HeNpepLIBHbIE YacTHHE POH3BOJAHBIE NEPBOrO MOPALKA;

(B) ona He paBHa TOXIECTBEHHO HYNIO HM B Kaxko# moxobmacTu npo-
CTPaHCTBA NEPEMEHHBIX &y, ..., Up}

{y) B obnactu B uMeer MeCTO COOTHOUIEHHE

Q(xyy o os x)=F(ay(x, ., X)), s 8p(%q, oony X)) =0.

Onpenenenue 2. dyuxkunmu (12), sanannnie B OTKPHTOH 00~
JIACTH, HA3BIBAIOTCA @YHKYUOHAABHO 3QBUCUMbLLMU, @CIU OHU 3aBUCUML!
B CMbiciie onpelenedns 1 B Kkawiaofi orpaHnyeHHOH B3aMKHYTOH mnox-
obnacty.

Onpenenenue 3. Slxkobuanom, onpedesumesem SHxoGu win
DYRKQYUORAAbHUM Onpedesumener LA A QYHKUDH

Ui (Xge ooy XD o oes U (Xy, s X)) (13)

N Tpu F (¢, v) = v — Q (1) cootHowenne (J) nepexoiuT B OpeAwiecTsyOLee
€My DaBeHCTBO.
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0T 7 HE3aBHCHMBIX MEPEMEHHBIX, UMEIOWUX HenpephiBHEIE YaCTHbie Npo-
M3BOIHbBIE NepBOro nopsaxka B HekoTopoH obmactu & (xy, ..., x,), Ha-
.3blBAETCH OlNpelesiuTe/b

du, dul

E AR r

J(x x)os Q0 ) LT
IO n a(xl,...,xn) aun 0u,, '

Gxy T e

Kpureputh flxo6u ¢yHxuuonatbHOH 3aBUCUMOCTH (YHKUUHK.

(a) Ecau ¢ynxunu (13), 3anannsie B OTKpuTodl obaactu @ (x, ..., x,),
HMEIOT HeNpepHBHLIE 4YacTHBE I[POHM3BOAHBIE MNMEPBOr0o HOPAAKA, TO OHHU
PYHKUNOHANLHO BaBHCHMBI TOTAZ M TOJBKO TOrAa, KOrAa MX (pyHKUHO-
HaJILHBIA olipereauTeds

J(xl, ey xn)EOI).

Mpumeuanuns 1) 3aBucumsl au ¢ynknuu (13), Jerko ycraHaBiubaeTcs
€ TIOMOIBI0 NpUBefeHHOro Kpurtepuda. [101x0/, OCHOBaHHBIH HA SBHOM OTHICKAHUH
‘bysxkuun F, 10BOALHO TPYAEH.

2) Boobiile roBops, HE CJAEAyEeT OTKa3hBaTbCA OT CJOKHOrO ONpeleseHus
33aBHCHMOCTY M, B YaCTHOCTH, OT aHaJu3a B onpejeieHuax 1 u 2, naxe ecau
rpenjoxenne (a) BoimoaHeHo. Paccmorpum npumep (n=2):

u(x, y)=sinx,
|

v (x, y) == sin x2,

“PYHKUHOHANBHLIH ONpefeNuTeNb, OYEBHAHO, TOMASCTREHHO pased Hymo. Ecan
BO BCEA MJOCKOCTH MEPEMEHHLIX X, Yy Obl10 Obl BHIIOJHEHO YCJOBHE (Y) B onpe-
aeaenun 1, 1. e.

O (x, y) =F(”’ (x, ¥), v(x ¥)) =0,
TO TOTJa MBI MOAyuuar Out

F (u, v)==0 B xBazpare |ul ], jv|g L.

B camom zeae, B cuay (%), F (4, v) obpamaercs B HyJb HA BCIORY MIOTHOM
MHOXECTBE TOYEK KBAApaTa, H OCTAETCA JHIIb HCIOAb30BAThb HEHNPEPLIBHOCTH
sToli ¢ynxnun Oauaxo, ToxpecTBeHHOe O6palenne ¢yuxuuu £ (4, v) B HyJb Ha
KBajpaTe APOTHUBOpeunT ycaosuio (§).

2TOT NpHMEp, B WYACTHOCTH, [OKA3bIBAET, LOUEMY A OTKPBLITHIX H 3aMK-
HYTBIX MHOXECTB ObliM JaHM pasHbie onpepesexua 1 u 2.

(6) Ecan ¢yuxuun (12) umeior 8 @ (xy, ..., X,) HellpepLIBHLIE YacT-

Hele MPOM3BOAHEIE MEePBOro MNOPAAKA, TO APH YCJAOBHH, YTO p > g, OHH
$YHKUHONANBLHO 3aBUCUMBI.

') Xots 9TOT kputepufi OBl M3IBECTEH AABHO, BUEDBLIE €r0 HUETKO CHOPMY-
JiupoBajtu U cTporo nokasaiu K. Knopp und R. Schmidt, Math. Zeitschrift
25 (1926), crp. 373—381. CM. takke A, Ostrowski, Jahresbericht DMV
36 (1927), crp. 129—134.
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(8) dyuxuun (12) npu ycnosuu, yro p < ¢, PYHKHUOHANBHO He3a-
BucuMbl B ® B TOM cayuae, korza (pyHKUHOHa/bHas Marpuual)

ou, 0u,y

dx, ' "' 0x,
()(ulv---yup)___ .
0(xy v, X9 ()up gup

Gx Tt Oxg

B ® umeer paur p, T.e. ecam B & cyuwecTByer xora O 0OaHAa TOUYKA,
B KOTOpOH no kpakHed Mepe ONMH MHMHOD NOPAAKA P 3TOH MarpHibl
oTandueH OT Hynal).

(r) Ecmu  dyukumd (%, o Xpp)s e, 2,(X ol X,00)
uveT B & (%, ..., X,y HENPepHIBHLIE YACTHEIE MPOH3BOAHEIE MEPBOrO
¥ BTODOTO MOPAAKA, TO OHH (YHKUHOHAALHO 3ABUCHMEL B TOM Ciy-

0 (uy, ..., uy)

uae, KOrLa (YHKUMOHATbHAA MaTpHila B KaXI0# Touke

O{xy, oouy Xniy)
obnactu @ wumeer HamsbicurMi#t paur n— 1, T.e. KOraa Kawablih onpe-

JeauTenb nopsaxa 7 Bo Bcell obmacTH paseH HyJIo 2).

2.8, Fnasupiit uurerpan; pemenne 3agaun Komu, Bosspawasce
K o6uiemy ypasrenuio (1), npeanonoxum, yro dyuxumn f (x, y) u g(x, y),
KaKk ¥ paHblie, Henpepoubl B8 & (x, y) W, KpoMe TOro, HM B Kako#
noxobaacru obaactu & He o6pamaOTCs OZHOBPEMEHHO B HYJb.

(a) B stux npeanosoxenuax miobhle ABA uHTerpana Auddepenuuans-
Horo ypasHenus (1) ¢yHKUMOHaAbHO 3aBUCHMBl B obaactu .

(6) Haszopem 22a8num unmezparom B obnactu ® Taxkoit mHTerpan
ypasienus (1), kKoToph#t HH B Kako# moxoOAacTH 3TOH 06/ACTH He NO-
croaHed. BepHo crenylomee npenjomenune;

Ecim ¢ (x, y)-—rnasuuift unrerpa’d auddepenunanpHoro  ypasHe-
una (1) B obnactu @ (x, y), To MHONecTdO BCeX mHTerpanos B ® (x, y)
COCTOUT TOJILKO M3 Tex (yHKkuud y (x, y), xoropeie umeor B & uenpe-
pBIBHble YaCTHble NPOWSBOAHBIE NEPBOTO NOPAAKA M KOTOPhE QyHKUKO-
HalbHO BABHCHUMBI C .

Ecan & — xapakrepHucTueckoe none n Y, = 0, TO BCe uHTErpanmi

MOXHO MOJYYHTh M3 ¢opMyan Y (x, V)= {(x., ¥)), tae o)

) llpn p==g =n nepas 4acTh CAEAYIOLIEr0 paBEHCTRBA, COTMACHO ONpexe-
Jenn0 3, MMeeT [BOHHOe 3HaYeHHE — OHAa O3HAYAET, C OAHOH CTODOHH, (YHK-
IHOHAIbHYIO MAarpHuy, a ¢ APyroH, — ¢yHkuHOHAAbHEIH onpeaeantens. B moche-
AylolieM, OJHAaKO, BCeria OyleT SCHO, YTO HMEHWHO HMEeTCS B BUALY.

?) Cu. G. Doetsch, Math. Annalen 99 (1928), ctp. 590—601; A. B. Brown,
Transactions Americ. Math. Soc. 38 (1935), ctp. 379—394; A. Sard, Bulletin
Americ. Math, Soc. 48 (1942), ctp. 883—890; M. Kneser, Math. Zeitschrift
54 (1951), crp, 34—51, 55 (1951/52), c1p. 400; E. Kamke, Math. Zeitschrift 39
{1935), cTp. 672—676.
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npoGeraer Bce HenpepuBHO AN depenuupyeMbie GYHKUMU, OMPENENeHHbE
AJs1 3HaueHu# P.

(8) Ecom dynxuun f u g B oanocsasdo#t obaactu & k2 pas mempe-
puiBHO Auddepenuupyemu (R > 1) u ecom tam | f| 4+ |g] > 0, T0 B Kax-
no# orpanuuenHoli noaobaactu €@, He wuMewweidl o6wux TOex
¢ rpanuuedt ¢, auddepenumansHoe ypasHenne (1) uMeeT TaasHbIlt MuTe-
rpan Y(x, y); ¢yHxuns P(x, y) asagerca kK pa3 HeHPepHBHO AHpde-
peHunpyemolt n yLOBAETBOPSeT HepaBeHCTBY Y. |-+ |y, | > 0Y).

(r) Ecav oOTHCKMBAIOT UNTErpasbHYI0 NOBEPXHOCTb ypasHenus (1),
NPOXOASAILYI0 Yepe3 LaHHYIO HenpephBHO AH(dePeHUNPYEMYI0 HAYAMbHY IO
KDHBYIO

=u(s), y=v(s), z=w(s) (14

(3adaua Kowu), 10 (cM. n. 2.6 (6)) eauHCTBEHHOE peilleHle MOXHO
HaWT¥ JMIIb TOrjJa, KOrAa mpoekuns kpuBo#t (14) va nmaockocte X OY

x=u(®, y=v() ‘ (15)

HUrle He KacaeTcd HM ONHOf XapakTepUCTHyeCKON KpuBOH, T. €. KOraa
BBITOJHEHO HEPABEHCTBO

u' (s)g(u, v) —v (s) f(u, v) +0.

Ecayu 310 npeanostoxeHde BLIMOJIHEHO, TO HYeped KaMAYH TOUKY Kpu-
BoH (15) NMpoBOLAT XapaKTepUCTUYECKYIO KPUBYIO %)

X=q,(t, u(s), v(8)), y=q(¢ u(s) v(s)),

T. €. CTPOAT TO pelleHHe XapaKTepuCTHUecKO# cucreMsl (3), KOTOpoe
npu £ ==0 npoxoanT uepe3 TOYKY X ==« (), y=0v(8); 9TH XapaKrepu-
cTHdYeckle KpuBele 00pasylOT xapakTepucTHueckoe Ioje. Temeps Tpu
ypasHenus

x=q;(t, u(s), v(8)) Y= u(s), v(s)), z=w(s) (16)

JAIOT TApAMETPUYECKYI0 3aNuCb HCKOMOH HHTerpajbHOH IMOBEPXHOCTH
B YKa3aHWHOM XapaKTePUCTHUECKOM MoJie, ColepiallieM kpusylo (15). Ipa
nepBuix ypaeueHus (16) omnpernessioT HenmpephiBHO AMddepeHUHpyeMbie
$yHkiun f==f(x, ¥), S==8§(X, ¥); BTOpasi W3 HUX BMECTE C TPETbUM
ypasuexueM (16) naer gBHoe ypasHeHHe MHTErpajibHOH NMOBEPXHOCTH.

1) E. Kamke, Math, Zeitschrift 42 (1937), crp. 287—294, 41 (1936),
ctp. 56—66).

2) [CM. o6osnauenus B 1. 2.6 (a) nau Kamxe, c1p. 59 u 67. Ilockoanky
npasple 4acTH XapaKTepUCTHUECKOH cucTeMbl (3) He 3aBUCAT OT napamerpa f,
TO XapaxTepucTHueckue GHYHKUMH HMEIOT KaK Pa3 yKasaHuui 3jeck BuA (CM. pu-
meuanne 2) Ha crp. 52). Jas cnpaBefauBOCTH NPHBOAHMOrO B HACTOSIEM MYyHKTE
pesyab1aTa Haio DOTPe6OBaTh, UTOOM kedpOuIMenTH ypasnenus (1) Obian ne-
npepnisuo quddepennupyemsl. — [lpum. ped.]
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[Tpuwmep. Halitn unTerpaabHylo NOBEPXHOCTb ypaBHEHHH
yp+x9=0,
fIPOXOAAINYI0 Yepe3 HAYAALHYIO KPHBYIO
x=s, y=uas, z2=0/(5) (o 5= = 1).
W3 xapakTepHCTHYECKHX YPaBHEHHUH
A=y, yYM®)=x

HEMeJUVIEHHO HaXOIuM peileHue, kotopoe npu { = 0 npoxoxuT uepes NpOU3BOJb-
HYI0O TOUKY X =§, y=mn .

Etnd+§;nray=§;n¢_§;ne_

X =

IlostomMy nepsmie ABa ypaBHeuus (16) umeror BuA
X = 1+a set + I;a se~f, y= 1+a sef — Igase A

Orciona noaysaeMm x +y = (1-4o)sef, x —y = (1 — a) se~!, u, caen0BaTEALHO,
x2— y? = (1 —0?) s2 OxoHuateabHo, COrIacHo TpetbeMy ypasuenuio (16), no-
JdyyaeM mpu (y? — x2) (02— 1) > 0 ypaBHeHHe HCKOMOH HHTErpaibHOH NOBEpX-

HOCTH B BHUIE
y2 — x2)

0?~—1

2=(0(i‘

fpHyeM BepXHUH 3Hak ciexyer Opatb npH § >0, a HmxHUME — B NPOTHBHOM
cayuae.

(n) Juddepennuanpnoe ypasuenue ¢ ocoboit Toukoft. Touka (x, ¥)
HasbiBaeTcs 0co0od Aas nuddepenunanpHoro ypasuenus (1), ecaun B Heit
f=g=0, n perynspuo#t, eciu B He#t |f| 4 |g| > 0. Ilycro B He-
KOTOpo# oxpectHoctd U Hauala KOODAMHAT ONpeleseHbl M HENpepbiBHO
anddepernypyemsl dyukuun f u g. Hycrs f(0, 0)==g(0, 0)=0, no
|1+ |g] >0 Bo Bcex ocrampHbIX TOYKax oOkpectHocTH U/, TaK uro
HAYa/l0 KOOPAHMHAT fB/sETCA M30JMpOBaHHOM 0c000i# ToukoM mas audpde-
peHlHanbHOro ypasHeHus (1) u TOUKOH mNOKOR2) XA XapaxkTepucTaue-
ckolt cucremet (3). Ecam orTiM4HLIE OT TOUKM NMOKOS TPAaeKTOPHH CH-
crembl (3) B HeKOTOPOHU cmeimanbuo nogoOpansot okpectHoct U Hauana
KoopAuHat naockoctn X OV Bce Ge3 HMCK/IOUEHHS BaMKHYTH, TO AHd-
<pepenunanpHoe ypasHeHue B U/ umeeT riaBHbll uHTerpan P (X, y), npuuem
| W]+ 1Py | >0 Bue nauana xoopamuuar?).

1) CM. Takxke m. 8.6,

?) [Xapaktepuctuyeckas cucrema (3) ABASETCH ABMOHOMHOU, TOCKOMBKY
‘e MpaBble HacCTH f # g He 3ABMCAT SBHO OT HEBAaBHCHMOTO NEpeMeHHoro f.
Touroid noxoss 3T0H cucTeMbl (NIOJOKCHHEM PABHOBECHA) HA3BIBAETCHA TaKas
TOUKA IJIOCKOCTH X, ¥, B KOTOPOH 00e npaBbie 9acTH OJHOBPEMEHHO OOpalalorcs
B Hyab. Ecau pemenne x = x (f), y =y(f) aBTOHOMHOH cucTemsl H30GPA3UTDH
KaK KDHBYIO Ha IJIOCKOCTH X, ¥ (paccMaTpuBasi ¢ KaK mapamerp), TO 9Ta KpuUBad
HasniBaetc mpaexmopueid. lloppobuee cm. JI. C. Nonrparun, O6bkHO-
‘BEHHBIE ,undupepeﬂuuanbﬂue ypaBHenns, «Hayka», 1965. — ITpum. peo.]

3) Cm. Al Americ. Journ. Math. 56 (1934), crp. 593 — 612
E. Digel Math Zeltschnft 42 (1937), crp. 231 — 237.
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2.9. 3ameyannsa 06 MUCHONbL3OBAHHH pa3joxeuunit B paast, [as
A0KA234Te/IbCTBA CYLIECTBOBAHUS peHIeHWst MOTYT ObITh NpHBJEYEHB! CTe-
neHHble paibl WM psaibl Oonee obuwero Buaa (cM. am. 5.7 u 10.5).
OxaHaKo UTepalMoHHbHl MeTO, ¢ GOMbNINM YCreXOM HCHOJMb3yeMbilf B OOBIK -
HOBEHHLIX JauddepeHLHaNbHbIX YPABHEHUAX, 3eCh K UenH He Beler.

Crnenyer yNOMsiHyTh elle MeTOAB, paccMaTpuBaeMble nasee B nmn. 4.4
n 12.11.

.

2.10. MeTtoasl pewennd, Mmelorcs cielyolive MeTOAb pelieHus
ypastenud .(1):

(a) Merox xapaxtepucruk (cM. 1. 2.4).

(6) llonyuenne OTAEJbHEIX MHTErpanoB M, B YaCTHOCTH, TIJABHOTO
HHTerpa/ia MOCPEeILCTBOM KOMOMHMPOBAHUA XapaKTepUCTHUeCKUX ypasHe-
nafl (cM. n. 2.5). M3 HalneHHOTO I/IaBHOTO MHTErpana MOXHO, COTJIACHO
n. 2.8(6), NONAYUYUTb BCE HMHTETPANH.

(8) Ecamn Hano onpenennth MHTErpaibHylo MOBEPXHOCTh, NPOXOAALLYIQ
Yepe3 NAHHVI0 HAUATRHYIO KPUBYIO (T. e. Hamo pewints 3azauy Kowm),
TO MOXKHO, €CIH YKe HM3BECTeH IJaBHblff MHTErpan (MAM TaKoBOH 7nerko
HaX04WTCcK), NOCTYynaTh MO npuMmepy m. 2.5(r) WIH, ecaum Xapaxrepu-
cTHueckas cucteMa (3) JerKko UHTerpupyercd, MOCTYNarte NO NpUMEpPY
nn. 2.6(6), 2.6(8) n 2.8().

(r) Hcnoas3oBanue pasdnoxeHu#t B panw (cm. n. 2.9).

(n) Eciu UM OBMH M3 YKa3aHHBIX METOLOB He NDPHBOIMT K Heau
B CHJIYy HENPeOLOJMMBIX aHAJAMTHYECKUX TPYIHOCTEH|, TO MOXHO Xapax-
TepucTHyeckue ypasuewus (3) uau (6) pemrnTs npub/HKeHHBIM METOIOM,
a sareM, ciaenyq n. 2.8 (r), noayuyurh npuSAMNKEHHOE YMCIEHHOE PElleHune
JAHHOTO ypaBHeHusi (1) ¢ YaCTHBIMH NDPOU3BOLHLIMH.

§ 3. Jluueitnoe oaHOpOAHOE ypasHeHue

n
¢ 7 wesaBHCHMbIME nepemennumu: X f, (r) p,=01)
' v=1

3.1 Onpepenenust u 3ameuauus. Juneinoe o0HopoOHoe Ougpibe-
PEHUUAABHOE YPOABHEHUE B8 HACMHBLX NPOUIBOOHBLX NEPEOZO NopAdka
045 00H0l Heu3gecmHOU Byrryue z2=2(X(, ..., X,) N HE3ABUCUMHY
nepementnnx umeer pun (cp. ¢ n. 1.1)

N Fon en £) g =0 1)
v=1

1) Wanoxenue caenyer xuure K amk e, DGlen, crp. 321 — 330. [Cum. Takxe
auTepatypy, yxasawuyio nepes § 1. — Ipun. ped.]
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HIU, yn0Tpe6mm 0003Ha4YeHUss r BMECTO BEKTOpa C€ KOMIOHCHTAMH

X X, U p, = 0z
L] n v oxv »
n
2 fo@®) py=0. (la)
v=1
HOnddepennnanbioe ypaBHeHWe OyneT paccMaTpHBATLCH BCerfa TOJNbKO
B Tako#l obaactH & (#) npocTpaHCTBA nepeMeHHbIX Xys +es X, B KOTO-

poi#t xosduunents f, (r) HenmpepbHIBHHL.

Kaxnoe nuddepenuuansuoe ypasnenue (1) umeer, oueBHAHO, Tpi-
BHaNbHOE pelleHHe 2 == const; WHTerpaib, OTIMYHHE OT TPHBUALHOTO,
Mbl OyIeM Has3blBaTb HETPHBHAJbHBIMH.

Ecmn ¢, (r), ..., P, (#) —unrerpanst ypasHenus (1) B & u ecan
Q(uy, ..., u,)— dyHkuus, omnpelenensas Ha 06nacTH 3HAYeHHA (YHK-
unf , M HMEOWAd HeNpepLBHbLIE YacTHHE MPOU3BOIHEE NEPBOrO MNO-
paika, TO, KaK JIeTKO YCT4HOBHTb, CJOXHAa (yHKuUus

X(r)zga(lpl(r)r ey lpm(r))

TaKKe fB/AeTCA HHTerpanom ypasueHus (1).

3.2. XapaxkTepuCTHKH H HHTerpaJbHbie INOBEPXHOCTH,

(a) Xaparxmepucmuneckumu ypagrenuami {XapaKmepucmuiecrol
cucmemoti), coorsercryomelt anddepennuanpiomy ypasuennio (1), Ha-
3bIBAIOT CHUCTeMy OOLIKHOBEHHBHIX AH(QepeHUHaNbHbIX ypaBHeHUH:

nO)=f,r) v=1,..., n 2
Kaxnas wmurerpampHaa kpusas
X1=@1(8) -, Xy=0q, (9 3
9TOH CHUCTEMBl WM TaKxe COOTBEeTCTBYOIAA e#l Kpusas
X1=¢; (), ..., x,=¢, (), z=c¢ 4)

(¢ — Npou3BOIbHAS NMOCTOSHHAR) HA3LIBAETCA Xapaxmepucmurxoi') nud-
(depenunaspHoro ypaeHenus (1).

(6) Mexay unTerpanamn 1ugpgepesanbHoro ypasterus (1)—c oano#
CTOPOHEI, W XapaKTePUCTHKaMu — C JAPYro#, CyleCTByeT CcleAyollas
BaXXHas CBA3b:

dynkuus P (r), uMeiolmas HenpepeiBHble 9aCTHble NPOU3BOAHEIE mep-
Boro mopsiaka B @, Toria m TONLKO TOTAA SABJASETCS HHTErpajoM Aud-
(epenunanpuoro ypasuenus (1), xorsa oHa BAOJb KamIOH Xxapakrepu-
CTHUeCKOA xpuBolt (3) mocrosdda, T. e. KorAa (P (), ..., ¢, () ==
== const ang moGo# xpuso# (3).

') B oramume ot (4), uHTerpaabusle Kpusbie (3) Mbl 6yleM Ha3blBaTh TaKike
XQAPAKMEePUCULECKUMIL KPUEHLML.
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(8) Ecau 1Be wWHTerpanbuble NOBEPXHOCTH P, (r) M Py (r) ypaBsue-
Hua (1) uMeoT XoT8 Obl oaHy oOIyl0 TOUKY (ry, 2 ==(), TO OHH TaKKe
uMeloT o6uell M BCI0 XapaKTepUCTHKY, NPOXOAAILYId Yepes STy TOHKY.

3.3. Pemenue ypasHeHus HOCPEACTBOM KOMOUHHPOBAHMA Xapax-
TepucTHUecKHX ypasHernil, C nomoupio 3.2 (06) ynaerca B psle cay-
yaeB OTHICKMBATb pelIeHHE KOQHKDETHOrQ nn(pcpepeﬂunanbﬂoro ypaBHeHus
tana (1). DT10T MeTOoA MHl NPONEMOHCTDHPYEM Ha ABYX NpHUMepax.

o0
@) 204y %”;+(x2+y2>%%=0.

Uckomas byurnus 3nech @ = w (x, y, 2). XapakTepHCTHUCCKUE YyPaBHEHHA
UMEIoT BHI

() =x, yO=y, 2{)=x*+y%
M3 mepBbIX ABYX XapakTePHCTHYECKHX YpaBHeHuit ciaeiyer, uto

x
yx' — xy’ =0, Hm 5 == const,

. . o X
BIOML KawJOH XxapaktepuctHueckoll wkpunod. [Tosromy dyuxuua 113,—_.—.-5,-_-.

uHTErpan B Kawknod u3 noaymaockocredd y >0 u y < 0. M3 Bcex Tpex xapak-
TEPUCTHUSCKUX YDABHEHWH, anee, noaydaes:

2xx' - 2yy’ —22' =0, wum x?-} y? —2z == const,

BOAL Kax0H XxapakrepucTuueckofi kpupoil. [Tostomy ¢yukmusa ¢, == x? 4 y?—
— 22 — takxe uHrerpai. TakuM o6pa3oM, GyHKuHH P, U P, 00pPas3ylOT HHTE-
rpaasHbit 6asuc (cM. M. 3.4)

(6) xZ%ﬂ—yz%zz—+(y’—X)%=0-
Ileperie nBa K3 XapaKTEePHCTHYECKUX YPaBHeHHH
X y=xz y@O=—yz ZO)=y'—=x
Aai0T HaM COOTHOUIEHHE
yx' 4+ xy’ =0, unam xy == const,
BIOJb KawNOH XapaxTepHCTHUECKOil KPUBOH; BCe TPH ypaBHEeHHS NAWOT Apyroe
COOTHOIIEHHE:
X Fyy +22"=0 nm 2x-+4 y?+4 x?=const,

BAOAbL KaXNOH XapakTepHCTHYECKOH KpuBOH. [lostoMy Y, =xy H {;=2x
+ y? 4 22 — uHTerpaabl NaHHOro auddQepeHUHaNbHOrO ypaBHeHus, obpasyloue
6asuc (cm. 0. 3.4).

Kak nokasulRalOT NpUBENEHHLIC TIPUMEpH, WHOTAA MOXHO, YIAaqHO
KOMOMHHPYH XapaKTePHCTUYECKHE YDAaBHEHHsA, MNOJYYHTh HITErpHpPYeMylo
xombGunauuio, neppoobpasnas KOTOpO#fl He 3aBUCHT OT mapamerpa f.

3.4, dyHpamMeHTaAbHAA CHCTEMA HHTerpanos; 3agava Kommn.
(a) Cucrema n— 1 uuterpasos

IPI(I'), ey ‘pn-l(r) (5)
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aubdeperunansioro ypastenua (1) B obaactn & nasbiBaercs gyxoa-
MEHMAAbHON cucmemold VHTETpanoB (uHmezparbHblim Ga3ucoM), eCiu
¢yHKlIMOHanbHag Marpuua (cM. n. 2.7 ())

0 (Y1, -y Wn1)
a(th sy xn) (53)

B Kaxao# mnopobnacrn obnacru @& umeer panr n—1, T. e. eciu Tam
no kpafineft Mepe oaud onpeneautenb (n— 1)-nopsika xors 66 B 01HOH
TOYKE OT/MYEH OT HY.Ji.

B cuny n. 2.7(8) B kaxno#t nomobmactu obaactu & dyuxuun
Yy, - oo, g MexAy cobof dyHKuMOHATbHO He3aBuCHMb. OGpaTHo, H3
n. 2.7(r) caenyer, uto n— 1 IBaXAbl HEMPEPHBHO AUdEPEHUNPYEMbIX
MHTErPajioB, HE3aBMCHMHIX B KaX10# mopoG.actu, o6pasyor B obaactu &
WHTerpanbHblft Oasuc.

Ecan ¢ynxuun (5) obpasyior B obnactu (9 wHTerpaibHbit Gasuc
INdgepeHnnanbHOro ypasieHus (1), TO MHOXeCTBO BceXx HHTErpanos
ypasteHus (1) B 5TOH 06AacTH COCTOMT M3 BCEX TeX HENDEPHBHO AH(-
¢depenuupyemMex B (8 QyHKUMH, KOTOpBE (YHKUMOHAMLHO 3aBHCHUMBI
¢ ¢yuxkuuamu (5).

OrHOCUTE/IbHO BBIpANKEHHS JI000TO MHTerpaja 4Yepe3 MHTerpaabHEHIR
Gasuc B HEKOTOPOM XapaKTePHCTHYECKOM NoJe cM. m. 3.6 (6).

Ecin (5) — ¢ynnamentanbHas cucteMa wHTerpanoB ypasnenus (1),
79 KOTOpOo# ¢yHKIMOHANbHAs MaTpHua (5a) B K a x 1 0 #f Touke o6aactn &
MMeeT paHr n-—— 1, u ecaum P, IBaXIb HENpPEepPBIBHO AuddepeHunpyems,
TO

n-1
lp:g] av“pv_’_ an

-——NOMHBE# HHTErpan B cMmbicae m. 12.1.

(6) Ecmu tpeGyerca Haittn uuTerpas ypassenns (1), obpataiomutics
Npu X;==§ B HEKOTOPYI0 NaHHYIO (GYHKUMIO ©(X,, ..., X,) (3ada4a
Kowu) npu ycnosuu, 4To M3BecTeH MHTErpanbHbM Gasuc (5) 310r0 ypas-
HEHHA, TO Ppa3bICKHBAIOT HENPEPBIBHO IH(GEPEHIMPYEMYI0  (YHKLMIO
Q(uy, ..., u,_;) Takyw, 4TOOH

Qs ooy YD =0(xy ..., x,) 111 x =E,
Toraa (cm. n. 3.1)
B PO =2 @), .., Py (1)

ecTb uHrerpan tpebyemoro Buaa (cp. ¢ M. 2.5(r)). DTOT MeTOX MOKeT
OLITb TaKKe MCNOJb30BAH A4 ya0BJAeTBOpeHHs Oosee OOLIMX HAYATbLHBIX
yCJa0BHH.

Ecan B npumepe 3.3(6) rtpeGyercs Halitu wnterpan w (x, ¥, 2), HpUHH-
MayH 3HauYeHue

w(x, y,2)=y2—2? mpu x==y,
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1o ompefeasioT QyHkumio Q (#, v) TaK, 4TO6H

9(1171, ‘P2)=}’2‘—22 mpu x =y,
T. €.

9(”’: U)=}l2—22 AAf u=y2, v=2y+y2+22. (*)

Ecin paspeliiTh NOCAENHHE NBAa ypaBHEHHA () OTHOCHTEAbHO Y M 2 M NOACTa-
BUTb Pe3yabTar B NMEPBOE ypaBHEHHE (#), TO NOAYYHTCH BHIPAKEHHE LIA (yHK-
nuy &

Qu, v)=2@w+Vu)—uv

Vitak, uckomuiit munrerpan nas xy > 0 umeer BuA
w(x, ¥, 2) =00, v2)=2(xy £ Vi) —2x—y —2

3HaKu -+ uau ~— Tpebyerca 6paTh B 32BUCHMOCTH OT TOTO, IOJIOXKUTENEH HIH OT-
puLaTedeH Y.

3.5. Peaykuus ypaBHeHMst B cJayyae, €CJHH WM3BECTHHI YacTHbIE
unTerpaabi. Ecav yxe HaflieHBl HEKOTOpHlE 4YaCTHBlE WHTEerpasbl AH-
¢depenuranpHoro ypashenua (1), TO ero MOXHO CBeCTH K YPABHEHWIO
¢ MEHbHIUM YHCJIOM He3aBUCHMEIX NePeMEeHHHIX.

(a) IMycte B obnacth & wusBecTHO £ < 7 — 1 MHTErpanoB ypaBHe-

uus (1)
V() oos P (), ©
¥ HycTb B 9ToH o0nacTH (yHKUMOHAJbHBIN ONpENeNHTEN b
0(‘1’1, [RRE) ‘lpk)
T . 6
a(xl)"'t'xk)#o (a)

IpeoGpa3oBanneM He3aBUCHMBIX MepeMeHHBIX
=P (Xp oo vy Xp)y oo V=P (X1 <00y Xp), @
Ves1=Xpi10 2 oor Yp= X,

obaacth ® orobpaxaercs B3anMHO OLHO3HauHol) wa obaacte G (yy, ...
...y ¥,). Tlpn sToM oyukuwm fp.q, ..., f,, KOTOpHE 3aBUCENH OT Xy,

nepefinyr B dyukuuu fp,.q, ..., f,, SaBUCAILME OT y,.
[Mocne saMeHBl MOJy4aeTCsas ypaBHeHHe

S o
Y A0 ) =0 ®
v=k+1

OTHOCUTENLHO (DYHKUMU §, NPHYEM BIECh Yyiq1, -+ .y Y, — HE3ABHCHMHIE
nepeMeHHbe, a Yy, ..., Y, — Napamerpsl. Ecim

TP C OV V2 WP Y ¢ DR Q)]

1) BsauMHas OfHO3HAYHOCTb BriTekaeT u3 yciosus (6a).
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— uHTerpann ypasHernns (8) B (®, KOTOpHIe 1O BCeM CBOMM apryMeHTaM
WIMElOT HempepbiBHbiE YacTHble NPOW3BOAHbIE M [IJasd KOTOPHX B 3TOR
obaactu sxkobuax

a(IEIZ-{—II . ‘pfl-—l)
O (Yat1 +oer Ya—1i + 0,

TO yHkuur Py, ..., P,_;, noaydarommecs u3 ¢ynxuuit (9) npeodb-
pasoBanueM, oOparHbiM X (7), BMecTe ¢ ¢yHkuuamu (6) obpasyior B8 ©
vHTerpajbHuift 6asuc ypasHenus (1); ZpyruMm cinoBaMH, BO BCeX TOYKaX
obnactn ® saxobuan

USSR S0 I

[7] (xl’ veay Xp_y
ITo NOBOLY pEAYKUHH IPHU MOMOLIH MYJbTHUIIIHKATOPOB CMOTpH 1. 3.8.

Jw ow ow
(6) Mpumep. -0—x+szy-——xy-52—'-——0.
Bropoe u TpeTbe ypaBHeHHS XapaKTEPUCTHUECKOH CHCTEMBI
=1, y' =xz 2=-—uxy

AT HaM cOOTHolleHue yy’ -} zz' =0, KOTOPOE MOKa3bIBAET, YTO Y2 - 22 = const
BIOJb xa)xnon xapakrepucruyeckoit kpuBoil. Takum ob6pasoM, B cuay n. 3.2 (6)

P, = y?-} 22 — unrerpan.
CrenaeM, nanee, 3aMeHy nepeMenteix (cM. (7)):

X=x, y=y2422 Z=z
fIp1 3TOM NpeolpasoBaHHH HOJYNPOCTPAHCTBO y > 0 B3auMHO OAHO3HAYHO OTO-
GpaxaeTcs HA BHYTPEHHOCTb NapaGOJUYECKOTO UMAMHApA y > 2%, NpPHUEM TaM

01191

== 0. IToaToMy MOXHO NPUMEHHTb M3JOKEHHHH B (a) METOL.

YpaBHeHue (8) B maHHOM cayuae MpUHHMAET BHJ
~-—xVy—z2——o )

€r0 XapaKTepHCTHYECKOe ypaBHeHne (cM. 1. 2.6)

T—:_x V)’—22

(y — mapameTp) HeMEIVIEHHO MHTErDHPYETCA pasiesieHHeM NepeMeHHbX. Pemas
€ro, HaXOIMM HHTErpaJ ypaBHeHus (*):

Arcsin ——|— = X2,
y
B cuny n. 3.1, curyc stolf dyHKUuH — CHOBa HHTErparm T. €.

—_ r X2 =2 Y2
¢=L:cos-x2—+ I/ 1— 2 sin 2
Vy y 2

€CTh pEelleHHE YPaBHEHHA (x).
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Bosspamasich K NEPEMEHHBIM X, ¥, 2, MOJYYaeM HHTEerpa Aas NepBOHauafib-
Horo nuddepeHuuanbHoro ypaBHeHHd

11):

L ysin—'ﬁ-{—zcos—'ﬁ)
Vy2+z2( 2 2/

Coraacuo n. 3.1, mo6ag HenpepuiBHo nupdepenunpyemas QyHKuus HHTErpanos
Y H ; — CHOBa HHTETrpaJ;, B YaCTHOCTH,

—_ 2 2
\p2=\p]f1pl=ysin—%-—}—zcosx7

— TaK»Xe HHTEerpaj MCXOXHOro AH(PdepeHLHalbHOTO yPaBHEHHUS,
dyuxnun Py, Py, KaK JAErKO MOXKHO TOKasaTh, 00pa3yioT BO BCEM IIPOCI-
paHCTBe MHTErpaJbHbiff 6asuc jaHHOrO AuddEepeHuralbHOr0 ypaBHEHHS.

(B) Ilas mpakTH4ecKOro BbYMC/AeHM yiaoOuee apyrad c¢opma peiyx-
LUMOHHOrO MeToAda. MBI paccMOoTpuM €e  HCNOJb30BaHME HA TOM ke
npumepe, uto u B (0).

W3 xapakrepucTHuecknX YypaBHeHui Obl10 HaHzeHo, 4TO yQ—}—z?:c% et
KAWJOH XapakTepucTHUeCKOH KpDUBOH, T. €.

y=Vi—2~

Hanee, H3 TEPBOTO XapaKTEPHCTHYECKOrO YPABHEHHS MOXKHO MOJYUUTh f = X.
WUcnoapaya 310, HepenyiieM TPeThe XapaKTePUCTHUECKOE yPaBHeHne B GopMe
YPaBHEHHS ¢ Pa3lesIOMUMHICS NePeMEeHHBIMH:

2 = —x Vc%——zQ;

CJIe/I0BATENbHO,
2 X2
Arcsin — 4+ - =¢
g =6
BAOML KaXIOH XapaKTepucTHueckod KpuBoi, T. . (yHKuus
. F-4 x2
V' (x, y, 2) = Aresin ————x 4 -
Vyi+fz 2

TIOCTOSAHHA BIOMb KaXnoH xapaktepucruueckoil kpusoii, [Tosromy {* — uurerpan
npanHoro au(depeHunasbHOro ypaBHeHusa. Bumecte ¢ y* murerpasnom aBiserca u
byuknua

x2

xz
=sin{* = sin ~—— 4~z cos — 1},
¥ Y (y 2 + 2)

HailizenHas paubure B (6).

1
Vyire

n
3.6. YacTuwit cayuwaii: p- > f, (%, ¥)qy=0. Eciu Hexoropmi#k
v=1

Ko3¢duunenr ypasHenus (1) Bo Bcelt paccmarpuaeMofi o0JacTH He 06-
pauaerca B Hyib, TO TOCJTe JeJNeHHss BCeX YJCHOB YPaBHEHHS Ha 3TOT
KO3 pUUUEHT W HECYUIECTBeHHBIX mNpeo0pasoBanuii MOXKHO TIPHBECTH
Jupoepenunanpioe ypasHenue (1) x Buay

p+V§ folx. »a,=0; (10)
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0z 0z

anecy z==2z(x, — HCKOMas HKLMS, =, =
ht (*, ) bymiuns, p=<o. gy=4—, a2y
03HaYaeT BEKTOP C KOMIOHeHTaMH Y, ..., y,. CooTsercrsyiomas ypas-

sennio (10) xapaxTepucTuyeckasd CHCTEMA BHITJIALMT TAaK:
’

V) =f,x 3 (=1,..., n. (1n
B aroM myHkTe oT ko3pduunentos f,(x, y) Mu Gysem Tpe6GoBaTh,
4TO0H OHH MME/IH HEMpephIBHbIE YACTHbIE IPOU3BOLHBIE MO Yoo U=1, ..., n,

8 obmactn & (x, ).

(a) OcHoBHan TeopeMa cyuecTBOBauudA [Ipy HA3BAHHLIX
TNPENNOJIOKEHUAX XapakTepucTHyeckue oyukuuun ¢, (x, & 1My, ..., 1,)
cucrembr (11) wnMeoT!) B cBoe#t 001aCTH CYLIECTBOBAHUS HeNpepHIBHBIE
YacTHBIE NPOM3BOAHBIE NEPBOrO MOPHAKA MO BCeM 72 -2 aprymedram o,
cornacno Jlungengédy, yAOBAETBOPSIOT YpaBHEHMIO

O¢, < O,
T§+v§fv(§. Mo oo ) o =0,

npuyeM
0((])1, ey (Pn) O
0(“1»-'-’7]”) > )
Tlpn ¢uKCHPOBAHHOM X, 9TH XapaKTepUCTHYECKHE BYHKIMM
PYr (X0 V1o oos V) =0 (X, X5 Yo« s Yp) (12)
k=1, ..., n)

o0pasyoT wuHTerpanbHeiit Oastic  anddepenunanbHoro ypaeHenns (10)
B Kawa0# obmactu, B KOTOPOft 3TH (YHKUMM CYLIECTBYIOT 2),

Ecnu [ -— OTKpPHITHY CBASHBEI KYCOK NJIOCKOCTH X =X, LEIAKOM
qnexawnét B &, To obnacte cywectsosauus G () dynxuust (12) (asaso-
waaca monodnacteio obaactu @), koropas 06pasoBaHa NPOXOAALIMMU
yepe3 [ uHTerpasbHbIMH KPHMBEIMH cucTembl (11), Hasbisaetcs xapaxnie-
pucmuteckurm nosem ypasHenus (10).

(6) Banaua Komu B 3anaue Komu tpeGyercs Halitu uHrerpan
Z ==\ (x, ¥), NpUHUMAOLINA Ha RIOCKOCTH ) X ==X, 3a0aHHOE 3HAYe-
Hue o(y), T. e. P(x, y)=0o0(y).

Ecim  xapaxtepucruueckne o¢yuxunu (12) ynosaersopsor B 06-
aactu G (/) nepasenctsan A, << ¢, < B, 1 ecau ¢yuxkuus o (y) Henpe-

poiBHO anddepenunpyema aaa A, <y, << B, (v=1, ..., n), T0 B 06-
anactu G (f) cyliecTByeT elHMHCTBEHHOe petueHue 3anaud Komw, a MMeHHO:
b(x, ) =@ (x5, % ) -1 @u(X, X, 9)). 13)

) [Cu. Kamke, crp. 59. — [Tpun. ped.]

%) Bosee obmylo TeopeMy CyulecTBOBaHMS, Koraa koaddunuedts ypase-
HMA 3aBHCAT elle ¥ OT mapaMmerpa, CM. B I 4.3.

3) [ABTOp HasmiBaer Ty maockoctb Normalebene. — [1pun. ped.)
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Jlerko YCTAaHOBHTH aHaNMTHYeCKH, YTO TpaBasg yacTb paseHcTRa (13)
HenpepbiBHO IuddepeHunpyeMa Mo X U 00 Yy, U @, (X5 Xp ¥)= Yy,
a MOTOMY MpaBas YacTb STOTO PABEHCTBA X==X, IPHHUMAET 3HAYEHHE @ (Y).
TeoMEeTPUYECKY MHTErpajbHyl0 NMOBEPXHOCTH MOXHO MOCTPOWTL TaK: NPO-
BOAAT 4epe3 KaXAYI0 TOUKY HayajibHOH MOBEPXHOCTH

(Xo0 My o+ s N E=0 (N .05 1))
xapamepncmxn
Yy =y (X, Xg N -+ N v=1....n (14)
2=0Mp -+ s My

M MCKJIOYalT 1),. Il 9TOro u3 nepBhIX 2 ypasHeun# (14), onpenrensio-
IMX XapaKTepHCTHYECKHE KPHUBHE, HAXOAAT

nv=q)v(x0’ X, yl’ e yn):
YyTO MNOCJAe IMOACTAHOBKU B MNOCJA€AHEE YpaBHEHHE (14) KdK pa3 Hu naer

coorHowenue (13).
Ilycte ® — nonocal)

a<x<b! _Oo<y1' e y,,<+oo,

0f v
oyu
ABAKETCH TIOCKOCTBIO X == X3, & < X, << b, 1o G(I) cosmanaer ¢ (¥.
B 3TOM cayuae MOXHO 3alaTh B3HAYeHHe HHTerpasa Ha NPOU3BOJbHOK
TUIOCKOCTH X = X, @ < Xo< b, m on OyneT OINHO3HAUHO OnpeneneH
BO Bcelt nomoce .

() O cymwecTBOBaHHY HETPHBUANBHOTO HHTerpana
B Npou3BoJbHON o6GmacTu. [ AuddepeHunanbHOro ypaeHe-
mast (10) Bo Bcelt obOnacty (® Moxer He CYLIeCTBOBATb HeTPHBHAIBLHOrO
unrerpana. C Apyrofl CTOPOHELI, HMeET MECTO Cl/efyiouias TeopeMa cyie-
CTBOBaHH 2):

orpannuedst 8 &. Torza ecan !

U NycTh Bce QYHKIMH [, WM

Hycts ¢yuxwn f,(x, ¥) (v=1, ..., n) orpannyenrt B G (x, y)
¥, KpOMe TOrO, MMEIOT TaM HelpephiBHbIE YacTHbIE NPOM3BOLHBIE MO Y.
Iycrts @ — HuxHss, b — BepxHsas rpaud (caydan a@==-— oo, b=+ oo

nomyckawores) abcumce x Touek (X, ¥)E€®. Toraa B xaxno#t nonod-
nactn ¢ obnactn &, npuHaisexaiuet OTKPHITOH Nofgoce

o< x<b, —o0o <Y oo Y <F00,
cyulectsyet Last ypasnenns (10) uurerpanbusitt 6asuc py (X, ) (v=1, ..., n),
Ang KoToporo Bo Bcelt oGnacta @ QyuxuuoHanbHHE ONpenenuTeNb
by - W) < g . '
0()’1, ety )’n) > )
) Cayuan @ = —c0, b= -}- 0O JONYyCKAIOTCH.

2) CM. K am ke, Jahresbericht, DMV, 44 (1934), ctp. 156—161.
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3.7. Pemiente 3agaun Kommwm,
(@) Ona auddepenunanspHoro ypasHenus (1) B olueM ciyyae HeT
TeopeMbl CYILECTBOBAHMS, aHAJNOTHYHOH Teopeme m. 2.8 (B).

I1 puMep. Paccmorpum ypasuenue (cM. 4. II, 3.45)
Jw Jw Jw
2 2 2 2 —
[0+ yP =1 2+ 5] G+ (2 y? =) y — 5] G+ 2250 =0.

B omnoceazHoH obaacta &, mosyuamoweics U3 x, y, 2-IPOCTPAHCTBA HCKJKOYe-
HueM Touek 2 <0 ocu 2, Kosdduuuentsl auddepeHUUpPYEMbl CKOJBKO YTOAHO
Pa3 ¥ HUTIe OIHOBpeMeHHO He obpamailTcs B Hyas. Ho kawmpgas o6aacts, co-
Jepiamas XapakTepuCTHKy x2--y?=1, z==0, umeer nozobaacts, B KOTOpPOH
J060# uHTEerpaa 3azaHHoro auddepeHIHaNbHOr0 YPABHEHUS ABISETCS KOHCTAHTOM.

(6) O0GoOwennas 3anaua Komm (3a1aua ¢ HayanbHBIMH JAaHHBIMH)
COCTOMT B caelymloweM: Tpebyercs HaWTH wuHTerpan ypasuerus (1), Ko-
TOpHIl NpHHUMAaeT 3aLaHHOe 3HaueHHe

z2=u(ty, ..., £, (13)
8 06aacTH @ (r)., 3aNaHHONW MapaMeTPHYECKH
X, =u,(ly, ooy Lyl v=I1, ..., n.

3anaua paspeliuMa TpH CrefyiolluX NpenrnoJoxenusax 1), PaccMoTpum
xo3dduunentsl f,(r) B obractu & (r), u nyctb PyHKUMM &, W 4 He-
fipepuiBHO  AucddepenunpyeMel B obnacty  H (£, ..., £,_;). Touku
ofnaacT § JAOMKHB mnpuHannexaTh &, a B obaactu H onpepenurens

Jilay oo wy)s oo, fa(uy, oo, 1)

uy Ottn

722 +0. (16)
ou, ou,
Otg_y” 7777 Oty

Yepes Touxkn 00JacTH ( TMPOBOAAT XAPAKTEPUCTHUYECKHE KPHBLIE %)
Xy=@, ¢ T, uy, ..., uw), v=1, ..., n, (an
KOTOpLIE ONpenensioT xapakrepuctuueckoe nose G (H) B obaactn .

Ypaprennst (17) u (15) maor (B napamerpuueckofl ¢OpMe) HCKOMBIH
UHTEerpan B Kaxnol Tako#t wactu G (H), koropast congepxur obnacte @&

") Cu. Kypanrt, crp. 78—83. TaM xe wuccienyercs caydyai, Koria ompe-
zeautedb (16) obpamaercs B HYJb.

2) Mockoabky NIpaBhie 4acTH XapaKTEPHUCTHYECKOH cuctembl (2) He 3aBHCAT
OT £, noJydaeM cjelyiollee BHPAaKeHUe A1 UHTETPAILHOR KPUBOH 3TOH cCucTeMEL,
TpOXOAAmEH npu ¢ = Tt 4epe3 TOUKy (&, ..., &n):

Pyt T, &, o ) =0y (t—T, 0, &, ..., E), v=1...,n

(cm. Kamie, crp. 59 u 67). B zaabuefimzeM apryment 0 mul or6pachiaeM u
npuduMaeM T=0.
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H B KOTOpO# paspewenne ypasueHu# (17) maer ¢, £, ..., f,_, Kax
HenpephBHO AHddepeHunpyeMele GyHKUUA OT Xy, ..., X,. B cuay (16),
3TO 3aBeJOMO BO3MOXHO B LOCTaTOYHO Majo#t okpectHoctH obGaactu .

3.8. Muoxutean fAxo6u. Xora oOnuHo Teopus MHOMuTeneH AxoGu )
paccMarpusaeTca Ans AuddepeHuHasbHoro ypastueHus (1), TeM He MeHee
NpeafioiaraeTcd, YTo OAMH M3 KO3({HUUHEHTOB TOr0 ypaBHeHus He o6pa-
maercsd B Hyab. [losTomy c camoro Hadana Mul GyneM 3amuchIBaTh pac-
cMaTpuBaeMoe ypapHenue B ¢opme (10).

HenpepriBHad u He oOparuaioiascs B Hy b B HekOTOpo# obaactu ® (x, y)
dynkuna M= M (x, y) HasniBaerca muoscumesenr Sro6u nuddepeH-
umanbHoro ypasHenns (10), ecanm cyiiecTBylOT HenpephiBHO AHQdepeH-
uupyemele ¢yHxund P, (x, ¥), ..., $,(x, y) Takue, 4ro A awOok
HenpepbiBHO AnddepeHurpyeMolt pyHKIMH 2 (X, Y¥) cnpaBelIMBO PaBeHCTRO

n
ldz O 0z l__d(z, Py <oy Pr)

M‘ 0x +v;lfv(x’ y)a)’v i_-a(xt yly"'!yﬂ). (18)

Jlerko yGeauTbcs, uTO
__a(lplv ey "Pn) .
M— a()’l)"': yﬂ), (19)
a ¢ynxunu P, o6pasyiorT uHrerpanbHuii 6asuc ypasienus (10). OGparuo,
axkoOuan (19) aas kawnoro mHTerpaabHoOro Gasuca ¢y, ..., |, sABASETCR

muoxurenem flxobu ypasuenns (10), T. e. BepHo ToxmectBo (18).

Bre 3aBHCHMOCTH OT 3HaHUS MHTerpaibHOro 6asMca MOXKHO chopMy-
AMpOBAaTh CJAEAYIOIUHE NPENNONKeHHs O MHOXHTede $kobu auddepen-
uuanbHoro ypasuenus (10).

Ecau koadpduunentn f, (x, y) B obnactu & (x, y) HenpepuBHO U~
¢epeHUUpyeMb MO y,, TO YCIOBHE

oM | NN OMEY _
w g S ot @

ABAAETCA HEeOOXOAMMEIM [/ TOro, 4roObl HempepbBHO auddepeHuupye-
Mman B & ¢ynxuua M (x, y) Onina Tam MHONKUTeneM FlkoGH ypasHenus (10).

O0parno, ecan ko3¢¢uuuenTs f, BO BCeM X, ¥-NPOCTPAHCTBE Orpa-
HMYEHbI, HENpePHIBHBL M MO Y, ABAXKIb HENPepHIBHO AUddepeHurpyemsl,
TO mi0fad, BCIOAY HenpepulBHO AupdepenunpyeMan ¢yuxuna M (x, v)s+0,

1) Cm., Hanpumep, Serret-Scheffers, Lehrbuch der Differential- und
Integralrechnung, Bd. III, Leipzig und Berlin, 1924, a takxe E. Kamxke,
Journal fiir Math. 161 (1929), crp. 195—197. [ToCKOAbKY MHOWHTENH (MYAbTH-
IIMKATOPHI) SIKOOH He MMET GOJbIIOro 3dAaueHus AIf (aKTHUYECKOTO PEIIEHHS
nuddepenunasbHoro ypasHeHus (1), MBI OFPaHUYHMCH 3X€Ch JHIIb HECKOJIbKHMH
2aMeqyaHuAMH,
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yaosiersopniomas coorHomenu (20), sBasercs MHowuTeteM HAxobu
ypasenns (10). B uacrnocTh, eciu Ko3duuMeHTH [, HenpephBHO
aupdepenuupyemsl B obaactn @ no y, m ecaM B HEKOTOPOM XapakTe-

puctudeckoM nose G (f) ypashenns (10) BHINOJHAETCS paBeHCTBO
n af
3 ofy
2‘ Oyy =0,
v=1

10 ypaBHenue (10) umeer B G (I) mHOxurenp fxobu M—1.

3uaHne MHOuHTedelt HAxoOu MOXeT OLITh WCHOJb30BAHO AJ% HAXO-
JIeHHsl TOC/TeIHero HeJOCTAlOLIEro WHTerpana B MHTerpaibHOM Gaswuce.
He#crBurenbro, nycTs ') ana ypasHenuss (10) uaBecteH n— 1 unrerpan

0 s enes Wpo
Plx, 3, - P (9, FH-—:)L

M (x, y). Beerem noBrie nepemennne (cp. ¢ n. 3.5 (a)):

#+ 0 u wmHOMuTe L Hxobu

Z(x, )=2(x,y)., x=x,
V=P D s Ve =W (5, 9 V=Y
Torna ILupdepennuanbuoe ypassenue (10) npumeT creudanbHbIH BHL
0z - = 0z
- ’ —_— == 0
= T8y P

COOTBeTCTByIOlHee XapaKTEPUCTHUYECKOE YDPABHEHUE

Y (X)=g(x., 9)

V1 - -+ Yp_1—TAPAMETPH) HMEET MHTErpUPYIOUIHH  MHOXUTENb 2)
9 ey Yno -
M——(lp—‘——-‘—l]”—ﬂ- . Taxum 06pasom, nocne BBeleHAS HOBLIX IePEMEHHBIX Y.,

O v Yn—i)
ypasuenue (10) MOXeT OHTbL peuleHO KBAAPATYDAMH.

3.9. Meroan pemennda. liMeoTcs crenyiouiMe MeTOAB pelueHUs
ypasunenus (1): '

(a) lisyueHue HHTErpajJbHHIX MOBEDXHOCTEH MOCPelCTBOM Xapakre-
pucTuk (cM. m. 2.4).

(6) Tlonyuenue OTAEJBHHX HHTErpajoOB WM HHTerpaibHoro Gasuca
10CpenCcTBOM KOMOMHHPOBAHHA XapaKTePUCTHYECKHUX ypaBHeHuH (cM. 1. 3.3).
Ecau Hafiien oiuH Hau OoJjee He3aBUCHMBIX HHTErpajoB, TO, B CUIY
n. 3.5 (a), aupdeperunanibHoe ypaBHeHVe MOXHO pelYyUHMPOBATb K ypaB-
HEHWI0 C MeHbIUMM YHC/JIOM He3aBHCHMBIX TepeMedHulx. Mwuoraa nas
fojydeHuss MOJHOTO HHTerpaibHoro 0asuca yaaeTcd BOCINO/Ib30BATbCH

1) Tounsle npeamonoxenus 3feck He QOPMYIUPYIOTCH.
?) Cu. Kamxke, crp. 52.



44 1. 1. JUHEVIHBHIE U KBA3W/IMHEMHBIE YPABHEHHUA [4.F

MHOXUTeaaMu  Slkobu (cm. n. 3.8). M3 murerpanbHoro 6Gasuca MOKHO,
coraacHo n. 3.4 (a), NoAyYHTb BCe HMHTErpall.

(8) Ecam Tpebyercqa ompelesuTh HHTerpan ¢ IAHHBIM HaYa/lbHHIM
sHaueHueM (3azaua Kolm), TO MOXKHO, eC/M yxe H3BeCTeH MHTerpaibHbIlt
6asuc (mmn TaxoBOM MoxeT OHITb Jerko Hafilen), nocTynarb fo NpH-
Mepy n. 3.4(6). MoxHO BOCNOJbL30BaThC Takwke MeToAoOM nm. 3.6 u 3.7
(npuMepet cM. B mn. 2.6(6), 2.6 (), 2.8(r)).

(r) HcnoubsoBanne pasnoxeHu#t B paae (cM. n. 2.9).

(n) Ecnyi HM OZMH M3 YKA3aHHBIX METOMOB He BeleT K e, B CHIy
HENpeoNOMMMBIX aHAJIUTHUECKHX TPYAHOCTeH, TO MOKHO XapaKTepUCTHue-
ckie ypasHenns (2) umu (11) pemrats npubamxeHHBIMM METONAMH, a 3aTeM,
ACNOMb3Yd HAYaAbLHBIE YCNOBHS, TNOJYYUTh MHPHOJMKEHHOe UMC/AeHHOe
pellleHHe NAHHOTO YPaBHEHH € YaCTHBLIMH NPOM3BOLHLIMH.

§ 4. OGuee auHeiiHoe ypaBHEHHe: éff" ) p,+H@Ye=Ff(r)

4.1, Onpepenenus. OGuee (HeodHopoOHOe) aunelinoel) Ougdbe-
PeHyUaIbHOe YPOBHEHUE 8 HACMHBLX NPOU3BOOHBIX NEPE020 NOpAdK:
048 00HOU HeuzsecmHol pynKyuw z=2z(Xy, ..., X,) OT n He3asu-
cumblx nepemernsx wuMeer Bua (cM. m. 1.1)

Y Fo s S Gt fo G ey X Z=F (s ) (D)

v=1
HIH, PICrIOJIbSyﬂ coxpameHHme 0503Ha‘{eHHﬂ pv=§f— U r BMeCTO
v
Xy ooes X
n
.
zlfm Pyt fo) 2= f (D). (1a)
v=

Mu Gynem HasbiBaThb JHHefiHOe YpaBHeHHe YKOPOHeHHHM %), ecamn
f(@)==0. D10 ypaBHenne OylIeT Ha3HBATLCA OOHOPOOHBLM, €CIH, KpOMe
Toro, fo(r)=0 (cm. mn. 1.1 un 3.1).

QueBUIHO, BepHb CJeAylOliHe Tpelrjoxenua: ecaun Py (r), Py (r) —
mobuie aBa peluexuss ypasHeHust (1), TO 2 ==\ — P — pellieHre COOT-
BeTCTBYIOUIET0 YKOPOUEHHOTO YpaBHeHHA; eciu — Kaxkoe-1ubo0 pelire-
nue ypasHeHna (1) m ecim P mpoGeraeT BCe pPelICHHA COOTBETCTBYIOLIErO
YKOpOUEHHOr0 ypaBHeHHs, TO 2 ==\y—\ npoberaer BCe pelleHus ypas-
nenusa (1).

1) [Uuorpa, smpoueM, JuHEHHHM HEONHODOAHBIM YPAaBHEHHEM HAa3bIBAOT
ypasuenue TtHna § 5 (1); cM., Hanpumep, Ctenan oB.— [lpun. ped.]

?) Wuorpa noj yKOPOYEHHBIM yPaBHEHHUEM NOHHMAIOT OJHOPOIHOE YypaBHE-
Hue B Oojiee Y3KOM CMBICJE.
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4,2, CpenéHue obmero JHHEHHOro ypaBHEHHS K OAHODOXHOMY.
(@) CBenénue ¥k (n+1)-uneHHOMY OLHOpPOLHOMY ypasB-~
Henuw. [Tockonbky ypasBHeHue (1) fBAAETCH YACTHBLIM CJAy4uaeM KBa3u-
nuHe#HOro Iuddepenunaabuoro ypasHenns § 5 (1), ono, cornacxo m. 5.4,
npusourcst K (n -+ 1)-unennomy munefiHOMY OZHOPOAHOMY YpaBHEHUIO

Y fo O g1 () = for) 2 G- =0,
v=1

XapakTepuCTUYECKHE YDaBHEHHA
{ x;(t)=fv, v=1, ..., n,
ZO)=f—zf

9TOr0 MNOC/JeJHEro HashBAOT TaKkKe XAPAKMEPUCMULECHUME YPABHE~
nuamu ypasvenus (1), Ecam nepBele 7 9THX XapaKTepHCTHYECKUX YpaB-
HeHuli pa3pellieHB, TO DelleHHs NOCAeNHEer0 YpPaBHEHHS HaXONATCA KBai-
parypamu.

(6) CBegeHHe K n-4JeHHOMY OLHOPOJLHOMY ypaBHe-
HU 0. 3T0 n-4leHHOe JMHEeHHOe OIHODOJAHOEe ypaBHEHUE HMeeT BUIL

n
gl fy @ p,=0. (2)
B coorserctBuu ¢ § 3 a1 ypasHenus (2) B obaactu @ (r) moxer Gurth
noay4yeH uHTerpasbHeifi Gasuc P, (r), ..., P,_; (). Iockombky B 06-
nactn @ ()
o(lhv sy q’ﬂ—l)
0(xlr sy xﬂ—l) :# 0.

TO nocae npeoGpasoBanua (cp. ¢ m. 3.5(a))
=) oo Vo=V, (), y,=x, 3)

o6nacte @ (r) B3auMHO O0ZHO3HAYHO OTOOpasurcs Ha obaacts © (),
a unrerpanut ypaeHenns (1) Oyayt HempephiBHO IHddepeHunpyeMEIMu
no sceM Yy, ¢ymxuusmu z(r)={_(y), yL0BATBOpAOUNMU AuddepeH-
UMaJbHOMY YpaBHEHHUIO

g NEy,+LMNE=2g () €))

anecb £,, Lo £ — GOYHKUNHM, TIONydyeHHBIE npeobpasopanveM (3) u3 f,,
fo. f. Ypasuenne (4) — oOHKHOBEHHOe JHHeHRHOE HeOJIHOPOLHOE AMG-
¢depedunanbHOe ypaBHeHHe NepBOro NOPSIKA C He3aBUCHMOH NepeMeH-
HOW y, W napamMerpaMud Yy, ..., Y,.;; OHO MOMXET OHTb NPOMHTErpH-
poBaHO B KBaapaTypax.
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Taknm o0pasoM, B rnepeMeHHHX (3) fneBas vacTb ypasHenus (1)
¥MeeT BUI

n n-1 n
YO+ fo@ 2= N5, Ve, tak, +ek
v=1 k=1 v=1

NpUYeM BHYTPEHHSS CyMMa CIpaBa MoCJae OMpelesieHus 1, uMeeT 3Haue-
HHEe HYIb.
OrmernM, uto 00a Meronaa (a) u (6) CBOAATCA OLMH K APYromy.

4.3. Teopema cymecTBOBaHHSA M €IMHCTBEHHOCTH. Takas Teopema
BepHa B LeJIOM B HEKOTOpoH onpenenenno#f o6nactTu aumb B cayuae,
KOria OIMH "3 Ko3d¢duumenros f, He obpawaercs B Hym b !). Toraa
MOXHO, pas3je/nB BCe UJEeHbl YpaBHEHHA Ha 3TOT Ko3(ddUuMeHT, MOy~
YHTb ypaBHEHHE, MMelollee OAMH KO3d¢uunent, pasublit eaunuue. Cuu-
Tad, 4TO KO3((HUMEHTH 3aBHCAT elle M OT napaMmeTpa (Takue ypaBHeHus
MHOTa BCTpeYaloTcd; CM. M. 6.4), MOXHO 3amuCcaTe UCXOAHOe ypaBHeHHe
B Bule

—((;_/i__*—va(x’y’ ;‘)%%+f0(x:y, 1)Z=f(x,y, )u), (5)
v=1

3leChb y O3HAyaeT Habop ¥y, ..., Y, a A—Habop Ay, ..., A,.
ITpeanonoxenune. B obnacru

aLx <Y, —oo<L Yy oy Yo <F00, Ay A <AL Y

¢ynkuuu f, (v> 1) npu KaxaoM (QUKCHPOBAHHOM A OTPAHMUYEHH!, a Bce

f, m f nenpepuBHEl. J[lanee, wvacTHEHE IPOU3BOIHLIE g;", g{v
1 »

of  of
(v=0,1,...,nmu Dy Ohy CYLIECTBYIOT, HeNpepuiBHLI U B—1 pa3s

(R >>1) HenpepwiBHO auddepeHunpyeME MO BCeM CBOUM m—-n— 1
aprymentaM. HakoHeu, paccmorpum B o6.aactu

*

— 0L Y e Y <o, ApKh <A,

k pas HempephBHO AuddepeHuupyemMyio 1O BCeM m—n apryMentaMm
¢yHrumo o (y, A).

1) Cm., onHako, I. 5.6 (6) paa n=2.

%) B stom nepaBencrBe ofmH uiam 06a 3HaKa paBeHCTBA MOTYT OHITh ony-
LIEHBL; CyYad @ = — 00, b= -}-00 He HCKJIYaTCcs.

%) 3710 mpeAnoNOKEHHE MOXKHO 3aMEHUTH CJIELYIOIMM: TPH KauaAOM (HKCH-
v

POBAHHOM 3HAYCHUH A 4YacTHble [IpPOMU3BOJHBIC dy
kR

(v > 1) orpaunuenst,
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Yroepxaenune. Jas mobbx §, A u3 MHTepBanoB
6<E<h A< <ALY
ypasteHne (B) mmeer B obaactu
aLxKLh, —coLyp oo V< 0
€NMHCTBeHHHI nHTerpan
z=Y(x, % & N
C HAya/JbLHLIM 3HAYEHHEM
YE B M=o .

D1or uHTerpan k pas HempepHBHO AndpdepeHunpyeM no Bcem m4-n 4+ 2
apryMeHraM,
Ecan

yv=cpv(x! g! Tis o v ey n”, )\), V=1,..., n,

— XapaxTepucruueckne GYHKUuM 2) cucTeMst
yoxy=f (.3, ¥, v=1,....n, (6)
TO napaMeTpuvdeCkOoe NnpeicTaB/JeHUE HHTErpana TaxkoBoO:

Vy=0y (X, & My ooy M A), v==1, ... n,
[ : l
z=e-Fo{lco(nl, e Ny A)—}—ff(x, Fro eeer @ M) eF a’x|>.
13
rie
X
Fo=Fo(x, & My ooos My M= [ fo(%. @1 +oos @y N dx —
3
u3BecTHad QyHKuus ).

4.4. HepaBsenctBo Xaapa. Ilycte B o6Gnactu G, onpenensieMoft He-
paseHcTBaMK 4)

<< 0+ A —D<y, <hy—Ax—0Y v=1....n
By— 0, > 24 (c — ),

1) CM. moactp. mpuM. ?) Ha ctp. 46.

?) To eCT)b HHTErpaJbHbie KpuBble cHcTeMmbl (6), npoxoiduiHe Yeped TOUKY
G My .o Ma)e N

% Cu. E. Kamke, Math, Zeitschrift 49 (1943), ctp. 275.

4) [d1a 061aCTh HAMOMUHACT YCEUCHHYIO MHPAMULY, U aBTOP Ha3blBAeT ee
Pyramidenbereich, — ITpun. peo.)
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salaHa HenpepuBHO JuddepeHurpyemas ¢yHKkuua 2 (x, y), yIOBIETBO-
pAioL1as HepaBeHCTBaM
9yy

|E]<4)
U o<z <o,

npuueM ¢yHKuEa o () HenpephBHO Auddepenuupyema npu e, < ¥, < By
v=1, ..., n, ¥ TakoBa, 4TO

o> 0; myv>0, v=1, ..., n

d_zl_{_Ble-C, A>0, B>0, C>0;

Torna B obimactn G umeeT Mecto Hepa8erncmso Xaapal)
|2 (e, )| < 5 (B0 — 1) |- eB =0 (),
rae }vzyv—i—A(x—g), v=1, ..., n.
4.5. JlonoaHeHus AJNA cayyas n=2,
(a) Paccmortpum B mpsmoyroashuxe ABCD (puc. 12) co cTopoHamy,

NapajieNbHHIMK OCSIM, HENpepHBHO Aud depeHiupyembe GyHKIUN f(x,v),
g (x,¥), h(x, y), npuien f2>0(f<0).

[ycth, nanee, L -— HenpepuiBHO UG- 80
¢epenunpyemMas Kpupas ¢ OTpULLaTe/b-

D c )

Y a
L 0 T
A z 8 b
a
Puc. 12. Puc. 13.

HOM (TO/IONKUTEAbHOM) MPOWUSBOLHOM, COeNUHAOWAA TOUKH B H D (A
1 C), u nycrb Ha 3TOW KPHUBOH 3anaHa HEMPepHIBHO AMddepenunpyemas
¢dyukuusa o (x). Torna anddepeHunasbHoe ypaBHeHHe
pPHrx 9g=gx yzt+hix.y)

uMeeT B mpaMoyroibHuke ABCD eAuHCTBeHHOE pelleH¥e, NMPUHUMAlOlIee
Ha L sHaueHme o 2).

(6) Hycrb B Tpamewun 0 x <@, |y|+ Ax b (puc. 13) ¢yux-
win f(x, v), g(x, ¥), fy, &y HENpephIBHLL M TAKOBHI, HTO

Cx"® Dx! -
F1<A 1 fI<B gl <5 g <T (*& 1>0)

1) Cm. A. Haar, Acta Szeged 4 (1928), ctp. 103, Atti Congresso Intern.;
Bologna, 1928, III, ctp. 5—10; N a g u m o, Journal of Math. 15 (1938), ctp. 51—56;
J. Szarski, Annales Soc. Polon 21 (1948), ctp. 7—25, a rakwe m. 12.11
3 TOH KHHUTH.

2) Cum. A, Colucci, Atti Torino 64 (1928—29), crp. 219—234.
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Torza ') ypasuenue
p=f Ngt+gx

yiMeeT B 9TOH TpaneuuH eIMHCTBeHHBIN MHTerpas, oGpawaloluics B Hyab
npu x =0; Ang 9TOro MHTErpaja CNpaBelNuBAa OLEHKa:

Cxkl De%B x1+1
2S5BS T

(B) PaccmarpuBaercst ) ypasHeHue

flx, p-+glx, yyg=lpoh(x, )+k(x, vy, o)z

dynkunu f U g B HeKOTOPOH OKPECTHOCTH TOYKM X =a, y=»~ mnpea-
HOJIAraloTCH peryspHbIMH aHaauTHuecKUMU. KpoMe TOro, npeamo/oxuM,
4yTo’ QyHKuua R(x, y, p) pasnaraeTcs B ACHMNTOTHYeCKUH psan

(e o]
ke~ 2 v,(x, y)o¥

v=0
¢ KO3bhduureHTamu v, (x, y), KOTOpPEe B TOK e OKPECTHOCTH ABJAITCS
peryaspHbIMH anagutuiueckumu. Ecnu nosoxurs

z=u(x, y, p)e(P(X. e,
TO W3 [JaHHOIO ypaBHEHHA CllelyerT:
up (f@,+ 8oy — )+ fu,+ gu, — ku=0.

Ecan Buibpath B KavecTBe ¢ pellleHue JuHe#HOro auddepeHUNANLHOTO

ypaBHeHus
for+go,=",

TO MBHl HpPHIEM K yPaBHEHWIO
fux + guy = ku,

g pemeﬂnﬁ KOTOPOro MOXHO MOJYYUTb aCUMIITOTHYECKOE NMPEACTABICHHE.
n

§ 5. Kpasuanueiinoe ypasmenme: X, f,(r, 2)p,=g(r, 2)3)
v=1

5.1. Teomerpuueckas uHTepnperaums. Ksasuasuneiinoe®) Ough-
Pepenyuasbroe yYpasnenue 8 HACMHbX ~ NPOU3BOOHBX  Nepsozo

1) Cm. O. Perron, Math. Zeitschrift 27 (1928), ctp. 554.

2) Cm. W. Sternberg, Sitzungsberichte Heidelberg, 1920, ctp. 11.

3) Manoxenue caenyer kuure Kamke, DGlen, ctp. 330—341. [CM. takxe
JUTEpaTypy, Ykasauuyw nepen § 1.— Ipun. ped.}

4) [Muorna, BnpoueM, ypasHenue Tuna (1) HasbiBaloT noumu AuHEEHbIM
(ecan QyHKUHMH f, He 3aBHUCAT OT 2) HJAHM JaXe HPOCTO AUHeUHbM HeO0OHOpOO-
HuM; cM., Haupumep, [letpoBckud u CTtenmanoB. TepMuH «kBa3UAMHEH-
HOE ypaBHEHHe» YacTO HCHOJb3yercs Jjs o6osHauenus Gojee IIKPOKOro Kjacca
ypaBuenuk. — [Tpum. peo.]
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nopadka 0asn 00HOW Heuzsecmuol @YHKYLU Z=2Z(Xy, ..., X,) N He-
308UCUMBX nepeMennsx umeer Buf (cM. m. 1.1)

n
) 17}
va(xl, cons X, z)az—=g(x,, cee X, 2) (1)
v
=1
Y 0z

H/IY, HUCTIONbL3ys 0603HayeHus p,= WU r BMECTO BEKTOpa C KOMIO-

Oxy
HEHTAMH X, ..., X,

v=ZXJ'V(r. 2)p,=g(r. 2). (1a)

QueBRAHO, OHO JMHEHHO OTHOCUTENBHO TPOU3BOAHLIX HCKOMOHR dyHKUUH,
B TO BpeMs Kak caMa sTa (yHKLHS MOXET BXOINTb HeJHHeHHLIM 06pasoM.

Hupdeperunanpioe ypasHenve (1) Oyaer Bcerda paccMaTpHBATBHCH
avue B takoft oGaacty ®,,,(r, 2) (-4 1)-MepHoro r, z-npoOCTPaHcTBa,
B KOTOpO# kKo3d¢uuyenTl f, U g HENpepbiBHLL

JlocTaToO4HO HArAsiiHas TreoMeTpHYecKad MHTEPNpeTanHs BO3MOXHa
avme ans n=2. Ecau B 9TOM cayuae 3anucath anuddepenumanphoe
ypasuenue Tuna (1) B sune

f(x,y, @%—I—g(x. s z)%i—=h(x, y. 2, | fl+1g1>0,

TO KAXIOH Touke (Xg, Yo, 2o) MPOCTpaHCTBa Oyaer, B CHAy 9TOTO ypa-
BIIQHUS, COOTBETCTBOBATL IMMOCKOCTHO 3JEMEHT X, Yo, 2o, P, ¢, Ha-
npasasiome K03 UUUEHTH P, ¢ KOTOPOro YIOB/ETBOPSIOT YPABHEHHIO

f(xo Yo 20 P+ & (x5 Yoo 20)q==N (%0, Yo 20)-
Aro ypapieHde OnpelesseT MHOXECTBO MIOCKOCTEHd, MPOXOAALIMX uepe3d
npsiMyIo

x—xo=f (x5, Yoo 2)t, Y —Yo=8Xp Yo 2p)¢,

z—2p=h{(%y ¥y 2Pt
(f — napaveTp), 33 HCKJIOYEHNEM TJAOCKOCTH, OPTOrOHAJIBHON K JJOCKO-
¢ty x, y. B cuny auddepeHumansHoro ypapuewus, TakuM oOpasom,
kaxno#t Touke (X, V¥, 2, Oyler COOTBeTCTBOBaTh, Kak M B m. 2.1,
Ny4OK TJIOCKOCTeH, HO ofwas npamas 3TUX TJIOCKOCTeH Tenepb  yike,
pooOie roBopsi, He mapaJaJelbHa IIOCKOCTH X, Yy (B OTIM4YHE OT
n. 2.1).

5.2. XapakTepHCTHKH M HHTerpaJibHbie NOBEPXHOCTH.

(@) Tox xapexmepucmureckumn YPABHEHUAMU KBA3UTUHEHHOTO
ypaptennst (1) TNOHMMAIOT cucTeMy 72 - 1 OOHIKHOBeHHHX AuddepeHun-
anbHEIX ypaBHenutt °

x,(B=/f,(r 2, v=1, ..., n, }

@
2@ =g, 2).
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(Cnenyer 3aMeTuTb, YTO B TNOC/AEJHEM YpaBHEHMH CTOMT &, a He —g&.)
Kawaoe pelueHue 3TOH CHCTeMb

=@ @), ..., X, =@, (), z=0() 3
HasbiBaeTCa xapaxmepucmurxoli avddepenuvansHoro ypasdenus (1).
Kpupas B 7-npOCTpaHCTBe, ONpele/eHHas NEPBHIMU N ypasHeHusmu (3),
HA3LIBACTCA Xapakmepucmu4ecKold Kpusoi.

(6) Mexny uHTerpaJaMy M XapakTepHUCTUKaMH ypastenus (1) cyuwe-
cTByeT cuaenyiowas css3b (cp. ¢ n. 3.2). Paccmorpum B ®,(r) Henpe-
pHiBHO IuddepeHuupyeMy0 ¢yHKUHIO ¥ (F) U TOUKY r, 2 =1} (r), npu-
nanaexauyio @, . Ecau vepes moGywo Touky (§;, . . -, &p ) noepxHocTH
2 =% (r) NPOXOLUT NO KpaliHe#i Mepe HEKOTOPBIH KYCOK XapaKTepHETUKH,
1eJMKOM NPUHALJIEKALIMA NMOBEPXHOCTH, €CJH

PO =%(@1 (&), -+, (D)
LA HeKOTOPOTO KyCKa XapaxkTepHCTHKHW (3), mpoxoasiero uepes (§, ...
«eoy By ©), TO Oyukuua z2==y(r) B ®, ectb unrerpan ypassenus (1).

5.3. Pemenne ypaBHeHus nocpeacTsom xapaktepuctuxk. Cornacho
1. 5.2 (6), uurerpans ypasHeHus (1) ABAAIOTCA HenpepuiBHO AupdepeH-
{UPYEMbIMI MOBEPXHOCTAMH, KOTODBIE MOMHO TOCTPOWTh W3 XapakTe-
puctuk. Ec/i XapakTepUCTHKH HEKOTOPOrO ypaBHeHHs XOpowmo 0603pumel,
TO MOXHO Ha OCHOBaHHM 3TOFO HOMBITATHCH YXKe COCTABUTH NpencTaBie-
Hue 06 HHTerpajbHBHIX INOBEPXHOCTAX.
[MpouamocTpupyeM 9TC HECKOJIbKHMH

fIpyMepamu.

0z 0z
(a) aW"{—bW:C,

rne Jal+15]>0
XapaxkTepuCcTHYECKHE YPABHEHHSA

x'(B)=a Yy @O=0b 2Z({t)=c

NIOKAa3bIBAIOT, YTO XapakTepUCTUHKAMU siB-
JAI0TCA JUHHH Puce. 4.

x=CEt~+at, y=n-+b, z=(+tct

(¢ — napamerp), npuueM &, m, { MOryT GbiTb B3ATHI IIPOU3BOJBHO. Wuaue rosops,
XaPAKTEPHCTHKH OOpasyloT CeMeHCTBO mMapaiielNbHBIX NPSMBIX, KOTOphIE, B CHAY
ycaosusi ja|+-1b1>0, ne oproroHaabHpl INIOCKOCTH X, . CunenoBatensHo,
VHTETPAaJbHLIME TOBEPXHOCTAMH SIBJSIOTCA BCEBO3MOMNHBIE HENPEPHIBHO Xubde-
peHnupyeMble LUINHAPHUECKKEe TIOBEPXHOCTH, 06PasyioiHe KOTOPHIX NapaiebHbl
TakuM TpAMbIM ') (puc. 14); cp. ¢ m. 2.4 (a).

©) (=) Sy =) G =z,

XapaKTepHCTHYECKHE YPABHEHUS
Sy=x—a, Y @B=y—b ZH=z—c

1) [To ectb mapaanenbnbl BekTopy (@, b, ¢). —Ilpun. ped.]
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N30T HaM CJAEAYIOmHE XapaKTEPHUCTHKH:
x—a=Cel, y—b=Cupl, z—c=Cse

(rze C,, C,; C;— npousBoJibHblE IIOCTOSHHBIE), T. €. XaPAKTEDHCTHKAMH ABAAETCS

MHOKECTBO JAyueH, BRIxOAsIuX k3 Touxk (a, b, ¢). [losroMy unTerpanbHnie no-

BEPXHOCTH — BCEBO3MOXHbIE HENPEPLIBHO XH(GepeHuupyeMble KOHOHIH C BepInH-
HOH B TOuke (@, b, ¢) (puc. 15), cp. ¢ m. 2.4 (6).

0z 0z
(®)  (bz—cy) 5+ (cx—a2) o =

=ay—bx, la|+1b]+]|c|>0-
? , XapaxTepucTHYECKHE YpaBHEHHs
} X ) =bz—cy, ¥ (¢)=cx—az,
’ Z)y=ay—bx
TIOKa3biBAIOT, YTO BAOJbL KAXKAOH Xapakrepu-
y CTHKH

ax’ by’ + ¢z’ =0, HJIH
ax 4 by -+ cz= const

Puc. 15, xx' 4-yy' 4+22'’=0, wu

x24 y? 422 = const !).
CrepnoBatenbHo, KawAas XapaKTEPHCTHKA NPHHALMEKHT INJAOCKOCTH ax by -
~+ ¢z = C{ 1 OJHOBPEMEHHO IIapy x2+y2+z2==C§; TaKkuM o6pasoM, oua
npeacTaBager co60i Kpyr, Jexamui B 9TOH NJIOCKOCTH (KOTOPHIH MOXET BHIPO-
WKAAaThCA B TOYKY). VIHTerpa/ibHble NOBEPXHOCTH
NIPEeJCTABAAIT €000H BCEBO3MOMHBIE HENPEPHIBHO
nuddepennupyeMbie NMOBEPXHOCTH BpameHus (UIH
YaCTH TaKOBBIX), OCH BPAHIEHHH KOTOPHIX MPOXORAT
yepe3 HavaJdo KOOPJAHHAT U OPTOrOHAJbHBI ILIOCKO-
ctu ax -+ by +cz =02 (puc. 16); cp. c n. 2.4 (B).

" r—cy+ ALy

-}-(cx—az-l—B)—g%:ay-—bx—l—C.

Uurterpanbiple NOBEPXHOCTH — BUHTOBHIE TIO- Puc. 16,
BEpPXHOCTH; 3TO NMOK33LIBAETCA TaK XKe, KaK H B NPHU-
mepe (B). [lockoapky BbUHCJAeHME TpOWIE B BEKTOPHOH 3alHUCH, TO Mo

NOJIOXUM
2= (a, b, ¢), V= (Av B, C), =(x, ¥, 2).
Torza xapaktepucTHYeCKHE ypaBHEHHS NPHMYT BHI °)
ri)y=vV4oXxr. (*)

1) Orciona, B cuay m 5.2 (6), caenyer, uto 2=V C2— x2— y? n, ecan

C—ax—by
¢ = 0, Takke 2= ~—————— — HHTEIpalkl IaHHOTO ypaBHEeHH.

2) [VMnaue roBopd, OChb BpallEHHS HPOXOIHT YEpe3 HAYAJO KOOPAHMHAT Ia-

paaaeabHo BekTopy (a, b, ¢). — ITpum. peod.]
3) [3amuch @ X r o3HauaeT BEKTOPHOE NPOW3BENCHHES BEKTOPOB @ H r.

ITpun. ped.]
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Bynem cuuTath, 4TO OCOOLIE Ciyuad, paCCMOTpEHHBIE B mpuMepax (a) miu (),
HE HMeloT MecTa (3TOro MoxHo no6uThecs, mpeiamoaaras, uto 9 %0 u V 5= 0).

Hapno jokasaTh, 4TO KaX1asd XapakTepHCTHKa r = r () €CTh BHHTOBaa JH-
HHS, OCh KOTOPOH NapaiJtefbHa BEKTODY © M IPOXONHT YEPE3 KOHEUHYIO TOUKY &

oXV
HCXONAIIEr0 M3 Hauaja KOODAHHAT BEKTOpa !) %— (puc. 17). Iocrpoum nas

NpoU3BOJbHOR TOUKH P = P (r) XapakTEepPHCTHKH BEKTOD

—>
w=0P=r— 2XV,
Kpagpar paccroauus o= (f) or ToukH P 10 ykasaunoit Buiure ocu [ pasen
€ TOYHOCTbIO AO MOCTOSHHOTO MHOXHTEJS 2) N
2 X V\2
p?= (o X w)?= z:><r——'z:><—————’02 =
oXV X V2
—ox =20 XN (o X 25T JH{o X 2T | =

=@ Xr?—2@Xr) rea [o (oV) — Vo?] 4 const =
=(0 X r)242 (o X r) V+-const = (V-}oXr)>+ const.

B cuay XapaKTepHCTMYECKOro ypaBHeHus (), nO-
aydaem: oV

d Nz 0
717(V+v><r)2=2(V+'v><r)(v><r’)= o ,
=2 (@ X r) =0; ue. 17.

STUM HEMOCPEICTBEHHO YCTAHABJIHBAETCS, YTO BEAHUHHA P? MOCTOSHHA BAOJL JIO-
6oit xapaxtepuctuiku. Taxum o06pasoM, BCe TOUKH XapaKTEPHCTHKH PpaBHOYIa-
aenst o1 ocu l. Janee, umeem:

r'? = (V49X r)?= const

or’ =90 (V-+ 0 X r) =2V =_const.
Takum o6pa3oM, kacateasHas B moGol Touxe kpupofl r (f) o6pasyer ¢ BekTO-
pPOM O MOCTOAHHHIA Yrod, T. €. XaPaKTEPHCTHKU — BHHTOBHC JHHHH C (UKCHPO-
BaHHOH OCbI0 [, TapalnenabHOR BEKTOPY ¥ M mpoxoismed uepes touky Q. Cue-
JOBaTENBHO, BCE HHTErpajbHbIE TMOBEPXHOCTH ABJAOTCH BHHTOBLIMH IOBEDXHO-
CTAIMH, KOTOPHIE MOXHO NOCTPOHTb M3 3THX BHHTOBBIX JHHHI.

)74

1) [Banucb 92 o3HauaeT CKAJAPHBHIA KBAajpaT BEKTOpa o, T. €. KBAApar €ro
aaunnl. — [Tpus. ped.)

?2) [Kak u3BecTHO, MOAYAb BEKTODHOrO NPOH3BEAEHHA JABYX BEKTOPOB 4YHC-
JeHHO paBeH INIOMANH Napalie]orpaMMa, CTOPOHAMH KOTODOrO fBJSIOTCA JaH-
Hble BekTOpH. CiaenoBaTelbHO, MCIONL3YHA IBA BHIpaXEHHs AAA KBAJpaTa Io-
manu napaixeaorpamma QUNP (puc. 17), Mbl uMeeM:

(v X w)* = p°0%

MHOXHTENb D2 GBJIAETCA NOCTOAHHLIM (HE 3aBHCANIMM OT mapamerpa f, T. €. OT
BeiGopa TOouku P). McmoassyeMmele HHXe CBOHCTBA BEKTOPHOrO H CKaaspHOro
NPOU3BENEHUH BEKTOPOB NOKA3HIBAIOTCA B NIOGOM Kypce aHAIMTHYCCKOH reomer-
pHH MM BeKTOpHOI aare6pst (cM., Hanpumep, H. B. E ¢umo B, Kpartkuit kypc
anatuTHUeCKOR reoMerpuu, «Hayka», 1965; SI. C. 1y 6noB, OcHOBEH BexTOp-
Horo ucumcaenusi, 4. I, Focrexuspar, 1950). 3anucb 9V o3HauaeT CKafiApHOe
Npou3BEACHHE YKA3aHHHX BekTopoB. Bce cuaraembie, He 3aBuCAUME OT Iapa-
MeTpa £, BKJIOUAOTCA B uJeH const, BHA KOTOPOro He HMEeT 3HAYCHHA H IIO-
TOMy He yTouHsercs, — I[Tpun. ped.]
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5.4. Cpejénne KBa3sHMJMHEHHOTO ypaBHEHHsA K JHHEeHHOMY oOJHO-
ponnomy. Creays merony m. 12.3 (a), muddepenunanshoe ypasuenve (1)
MoxeT OBITb CBeleHO K JMHEHHOMY ONHOPOAHOMY IuddepeHnHaTbHOMY
ypasHenHio 1)

n

Efv(r- Z)g%—%—g(r, Z)%ZL:.—_O 4)

v=1

¢ McKOMON ¢yukuuel w=w(r, 2). Ecin w(r, 2)-— uurerpan sroro
ypaBHeHHUsl, TO, paspeias ypashewue w==0 OTHOCHTENLHO 2, Mb MOJY-
yuM, NpH HeoOXOIMMBIX NPEANMONONKEHHAX, pelllenue ypasHenus (1).

TouHee, BepHO cJaeayioulee npertoxenue. [lycte w=vy(r, 2) —
uuTerpan oxHopoaxoro ypasseuns (4) B &, ;(r. 2). Hanee, nycts
¥ (r) — dyukuna B &, (r) co caeaywouinMy CBOHCTBaMMU:

@) oHa HempephiBHO auddepenuupyema B &,;

f) Touku (r, z==1y (r)) npunamnexar obnactu @,

v) b, (r, 1 (r)) =0 un B Kaxo# nomolnactu obaactn @,;

d) dpynxuus ¢ (r, ¥ (r) ) nocrosuna B o6aacrn ®,. Toraa yx (r) — unre-
rpan ?) kBasunuHelinoro ypasuenus (1) B obractn &,.

XapakTepUCTHUECKUMH  ypaBHeHUAMH AHddepesunansHoro  ypasHe-
tust (4) ABAAOTCA, coraacHo M. 3.2, XapakTepHCTHYeCKHe ypasBHeHus (2)
xpasunuHeftHoro ypasHenuns (1).

0z 0z
Mpumep. 2P ———x 22) — = xa.
puMep. (y+2)5o-—x(y+422) 5
TpeGyercs HafTH HHTErPalbHYI0 NOBEPXHOCIH, NPOXOAAUIYID Uepe3s KpH-
ayl0 2=x2% y=0
CHauana NONBITAEMCHS HOJAYYHMTH HMHTErpajd COOTBETCTBYIOUIErO JUHEHHOro
-OIHOPOZHOrO AudPpepennnalbroro ypaBHeHUs

5421 S —x (4 22) o4 52 G2 0. (=)
XapakTepuCTHUECKHE YPABHEHHS 3TOrO NOCJENHEr0 YPaBHEeHH:
ZO=0+t2a, YO=—x(y+22 Z({)==xz
HaM JAI0T COOTHONICHHS:
O+ + @ +2)2=0, xx'+yy' —22'=0,
“T. €., B CHaY M. 3.3, ypaBHeHue (+) UMEST HHTErpa’H
Yoy, =@+2z Y (x 3 2)=x2+4y?—22%

) O6parum BHuUMaHHE HA TO, 4TO (YHKIHSA ,é(r, 2) HamnHcaHa B JeBOH
YacTH YpaBHEHHS CO 3HAKOM ILIIOC,

2) Tlo Bompocy, MOXHO JH 3THM METOIOM MOAYYHTh B C€ HHTErpaabl ypas-
aienns (1), Bapbupys unrerpanst Y ypastenud (4), cv. Kamke, DGlen, ctp. 333.
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Boaee Ttoro, oun oO6pasyloT uHTerpagbHbifi 6asuc: A4ad NPOM3BOALHOH Henpe-
puBHO auddepennupyemoit gynkuuu Q (1, v) BHpaxenue

P(x, 3, )= (%Y, 2), $2(x, 5, 2)) (x#)

TaKKe ABAAETCH HHTErpajoM ypaBHEHHA (*).

Ecau teneps paspemuts ypaBHeHue W=10 OTHOCHTEIBHO 2 u €ro pemue--
HHE 2 = % (X, ¥) YAOBJETBOPACT YKa3aHHHIM BHIIE HPEANONOKEHUAM, TO ¥ — HHTE-
Tpaj HCXORHOTO KBAa3uAMHEHHOro AuddepeHnalbHOro ypaBHeHus. 3TOT HHTErpaa.
zomkeH mpd y =0 uMeThb 3HaueHue z = x2, NMpHYEM HHTErpai 2 AOJKEH YH0-
BJETBOPATL ypaBHenuio Q(x, v) = 0. CiexoBaTteabHO, 3T0 ypaBHEHHE, B 4acT-—
HOCTH, ROMKHO ObITb CHpaBejauBO HpU

w0, ) = x,  v=1p(x, 0, 4 =x2—x",

M3 3THUX COOTHOWIEeHHH caenyer: (u - v)2=u. 3uauur, Hanpumep, aid Q (g, v) =
= (4 4 v)? — u HayaJbHbIE YCJIOBMS BLINOJHEHBI U M3 (**) MNOJydYaeM:

Y= (x2+4y?4y2) —(y+2) 2

Paspemras ypaBueuue p = 0 OTHOCHTENbHO 2, MBI NMOJYUHUM HHTErpan HCXOLHOrO-
ypaBHeHHA.

n
5.5. YacTuuil cayuait: p+ 3 f, (%, 9, 2) q,= g(%, ¥, 2).
v=1

(a) Ecin no kpaliHe#l Mepe onmH u3 ko2dduuveHtoB f, ypaBhe-—
nua (1) BO BCcelt paccmarpuBaemoft obOnactH He oOpawaerca B HYJb,
TO JejieHHeM Ha 3TOT KO3(G¢HUHEHT Mbl TNOJYYaeM MOCAE HECHOKHBIX
BBIYKCAeHAH YpaBHenHe B Buie

n
0z 0z
T Ny =g =g(x 3, 2 @
v=1
31eCh Y 03HAYAET BEKTOP C KOMMOHEHTAMH Yy, ..., ¥, U 2==2 (X, §) —

uckomas Gynkums. XapakTepHCTHYeCKass cucTeMa IJs ypasHenus (5)-
3aMUCHIBAETCA TaK:

Vo()=f,(x, 9, 2, v=I1,...,n, }
2 (x)=g(x, ¥, 2

(31ech moJoweHo f = x),
(6) Mmeer mecro creayiomias TeopeMa CYlIHECTBOBAHMA ISl PeLICHHUS.
sanaun Kommu 1). B obGaactu

6y

|x —E&|<a; ¥, 2—npoussosbHble )

paccMOTPHM HempepuiBHO AnddepeHunpyeMeie ¢yskumu fy, ..., f,, & ¢
OrpaHHYEHHBIMH YaCTHBIMU TNPOW3BOLHLIMA MEPBOTO MOPAiKa MO Y, M 2.
[Tyctb aGCOMIOTHEIC BEJMUMHEl BCEX 9TUX HPOM3BOAHBIX OI'PaHHYEHH! B COBO-
KynHocty KoHcranroft A. Hasee, nycte o (y)—oyHkuus, uMelowas no
BCeM Y, OrpaHyuYeHHEIE HEPePIBHbE NPON3BOLHEIE IEPBOrO nopsika. [Tyctn-

1) Cu. Kamke, DGlen, crp. 335—340.
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abCcoMIOTHbE BEMMYMHLI BCeX 3TUX NPOM3BOLHBIX OTrPAHHYeHbl B COBOKYII-
#Hocta koHcTaHTo#t C. Toraa auddepedumanshioe ypasuenue (5) B o6aactu

|x —&| < min(a, @), y— npoussobHoe,
. 1 n+1
o=gaxna (I +aeEn):
WMeeT eNMHCTBEHHBIt MHTerpad 2z ==y (X, y) C HAYATLHBIM 3HAYEHUEM

X E, y)=0(y).

TIe

DToT MHTErpam B NApPAMETPUUYECKOR 3aMUCH BHITAAANT TaK (M), ..., 1, —
fiapaMeTpHl):

2=@(x, & My oo Mo 0, -0 -, 1M,)),

V=%, & N oovs My @My, --0, 1)), V=1, ...,
3nech

Yo=0u(x, & Ny ..., N, O v=1, ..., n,
2=, & N oo My )

— nmerpzm:uaﬂ kpupas cucTemsl (6), npoxoaamwas yepes Touky (&, 1, ...

ey Myo )

Ecan npusieus noaydaowmmecs B 1. 12.2 aaa auddepeHunamsHoro
ypaBuenus (5) 27 -1 XapaxTepuCTHYECKHX YpaBHeHHH, TO HeTPYAHO
NOKa3aTh, YTO BBeleHHOe Bbille
YHCJIO & MOMHO YBE/MUHTD, 2 UMEHHO
MOXHO TOJIOXHATH 1):

1
a—m, €eC/in n=l,

1 I n(C+1)
n—D4A “TacFT

ecin > 2,

g ==

Takoe uucao «, BooOilLe rorops,
IODKHO OBITb BBeA€HO, XOTS Xa-
PAKTEPUCTHKH, KaK JIErKO BUACTD,
B NpeLNOJI0XKEHHAX TeOpeMBl Cylie-

Puc 18 CTBOBAHWS WMeIOTCA BO Becelt obna-

ctv |x —E| <<a. B camom azene,

yxe B ciayuae n==1 XapakTepucTHUeCKas N0/0ca, KOTOPasd J0/KHA JIeKaTh

B IIOCKOCTH X, ¥, C ylaleHHeM OT TOUKU X == CKpyuuBaercda ¥ nepe-
CTdeT Nexarb B MWIOCKOCTH X, y (puc. 18).

) Cm. J. Perauséwna, Annales Soc. Polon. 12 (1934), crp. 1-5;

T. Wazewski, Annales Soc. Polon. 12 (1934), c1p. 6—15; E. Kamke,
Publications de !'Institut Math. de I’Acad. Serbe. 4 (1952), ctp. 61—68.
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(8) Ecan nuddepenimansioe ypasnenne (5) 3alaHo He B Cleluuadb-
HOH o6nacti (7), a B HekoTopolt Gosnee obmett obaactn G, ,(x, ¥, 2),
TO MOXHO, No o6pasuy n. 3.6 (B), paccMoTperb B KadecTBe 06JacTh
onpenesnexnst koappuunentos o6nacts Buma (7) MM Aaxe Bce X, Y, 2-
NPOCTPAHCTBO H, TakuM o00pasoM, ¢ noMouwpio (6) BHIBECTH TeopeMy
CyluecTBOBaHMA A nonobaacru obaactn @, , 7).

(r) Mpumenp.
0z 0z
o Ty ==

Tpe6Gyerca waiitn umuTerpan z(x, y) € HauaabHeIM 3uaueHueM z (0, y) = o (y)
npu 3afaHHol QyHknuM ©.

XapaxkTepucTuueckue ypasHenus y’ (x) =1, 2’ (x) = 2z xaioT HaM caexyw-
mmee BbIpaxkeHde AJA XapPaKTEPHCTHKM, Npoxonsmein yeped Touky (§, m, §):

Yy=¢ (55N D=x—E+1,
z=g(x ) =("""%
[oaToMy, B CHJY HayalbHBIX YCJOBHH,
y=x+4+mn z=¢o(n)

— MapaMeTpHYECKas 3amuCh HCKOMOrO uHTerpaaa. MoxHO eme HCKIOYHTD
mapaMeTp 1} BHPaXEHHE
z2=c*o(y —x)

JIaCT MCKOMbIH HHTErpaJ, Raxe eciad aas (l)yHKllPlPl ® BbIIOJHEHB! HE BCEC Npea-
MOJOXECHHA TEOPEMB CYLICCTBOBAHHUA.

5.6. Pemenne 3agauu Komu.

(a) Popmymmposka oGoOmwenHo#t samaum Kowm g auddepen-
umaabHoro ypasuenus (1) pocnoBHO Takas ke, kak M B nm. 3.7 (6)
B obsactu & (r), xoropas 3azaHa mapaMeTpUYECKH

X, =Uy(ty, «.., Ly 1), v=1, ..., n

Tpebyerca HalTu wuHTerpan ypashenus (1), npuHuMalowui 3amadHoe
3HaueHHe
z=u(t1, veay tn—l)' (8)

3anaua paspelunMa NpH CJAeAYIOIMX npeanoJoxkenusax 2). Iycts koad-
¢uunentn f,(r, 2) u g(r, 2) onpenenens B obaactu & (r, z), nycts
¢yuxuun &, u u B Hexoropolit obmactu H (¢, ..., ¢,_,) HenpepmBHO
muddepenunpyemer. MuoxecTBo Touek H(r, 2), rae re®, a =z

1) Cm. O. Perron, Math, Zeitschrift 27 (1928), ctp. 557.
?) Cu. Kypanr, crp. 78—83. Tam me uccaenyerca caysa#i, xoraa ompe-
Aeauteap (9) obpamaercs B Hyab.
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-onpenenserca no opmyae (8), aomkHo npuHasaexars &§. HakoHeu,
OnpeAenTeNb

Filay, ooy a0, oo, faluy, .. u,, w
Ouy duy,
oty T 04 =0 )
du, . du,,'
()tn——ll T aln-l
8 obaacrn H. Yepes Touku MHOKeCTBA §) MPOBOAIT XapAKTEDUCTHKHU
X,=¢@,(, uy, ..., u,, v, ~v=I1,...,n,
v " (10)
2=q(t uy, ..., u, w);

MepBHIe 1 U3 STUX YpaBHEHUH onpelesioT xapakTepucthyeckoe note G (H).
Ypagneuus (10) — napamerpudeckas 3anuch UCKOMOTO UHTErpaia B KawIioH
-rakoft uactu G (H), koropast coxepxur o6iaacte ®, kKoropas oGnanaer
TeM CBOHCTBOM, uTO Touka (r, 2) €M, u B KOTOPOH paspeluenue rep-
BuiX n ypasneuu#t (10) orHocuTensHo £y, ..., £,_, f{ 1OCTaB/iseT Ham
TlapaMeTpsl Kak HenpephBHO AH(depeHuUupyeMble GYHKIHU OT HepeMeH-
HHIX X, ..., X,. B cuay (9), rakoe paspellieHne 3aBefOMO BO3MOMKHO
B JOCTAaTOUHO Majoft okpectHoctu obnactu .
(6) Ias auddepenuanbHOrO ypaBHEHUS

0 0 h(x,
e D) gt gte p 5=

<rpaBelJIBO TaKue cJaelyioliee npenjoxene l).

[Mycte  xo3dpouunents  f, g, A nenpephiBHO AuddepeHIHpyeMbl
8 o6aacth ® (x, y), n nycts | f || g| > 0. Nanee, nycrb QpyHkunu A (&)
ang uy < u < u, npoberaer Bce AeficTBUTE/bHbIE YUCJIA H HMeeT OT/IHY-
HYI0 OT HyJs HellpephlBHYIO npoussoinyio. Torna ykasanHoe auddepen-
iMaabHOe ypaBHeHHe UMeeT UHTerpan B J00o#t oaHocBs3HOR monobaactu
©obnactu &, xKOTOpast He MMeeT B KOHEUHON 4acCTH NJAOCKOCTH X, Y OOILMX
TpaHuyHbX TOYeK ¢ & M B KOTOpO# GYHKUMH f M g OTpaHHYEHHI.

Hna A(u)=u, Inu, tgu, ctga npasaa dactb nanHoro Jnuddepen-
AMANBHOTO YpaBHeHHs COOTBETCTBEHHO paBHa h, zh, hcos?z, — hsin? 2.

5.7. Pasaoxenne B paasl. Ecan n0nycTHTh KOMIUIEKCHbIE NepeMeH-
Hble, TO CTAHOBUTCA COPABEANMBOM C/IRAYIONIad TEOpeMa CYLIECTBOBAHMA 2).
Tlycte B nuddepenunaibioM ypasuenun (5) koadduunents f,(x, ¥, 2)

1) Cm. E. Kamke, Math. Zeitschrift 41 (1936), ctp. 66; M. Cibrario,

Atti Accad. Lincei (6) 13 (1931), crp. 26—31.
2) [210 —uactubli cayuait obmeit Teopemsl KoBaaeBckoit, Cum., Hanpu-

mep, KypanT, crp. 50; Cremaunos, crp. 335 U. TI'. IletpoBckuf,
Jlekuu# 00 ypaBHEHHSIX C YaCTHBIMH Opou3BoaubiMH, Pusmatrus, 1961, cTp. 22, —

Jlpun. peod.]
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n g(x, ¥y, 2) B HeKOTOPOH oxpecTHOoCTH Toukd (&, Ny, ..., N, L)
AIBAAIOTCSA  PeryApHLIMH  QYHKUMAMH NEPEMEHHBX X, Vi, ..., Y, 2,
T. €. OHM pa3naraioTcd B 3TOR OKPeCTHOCTH B aGCOMIOTHO CXOAsIUMECT
pAnbl, KOTOPHIE, eCTeCTBEHHO, ABAAIOTCA CTEMEHHBIMU DAlaMM OT x —§,

v,—My» 2—L. Kpome Toro, nyctb @ (y)—AaHHAT QYHKUHES OT ¥y, . .., Yy,
peryisipHasl B HEKOTOPOR OKPECTHOCTH TOuUKW (1), ..., M,), H INyCTbh
oMy « ooy M) =2.

Torza augdepeHumnanpHoe ypasHeHue (D) 00/anaeT ¢AMHCTBEHHBHIM HHTE-
rpajoM, SBJISIOLIMMCI B HEKOTOPOH JOCTAaTOYHO Majod OKPeCTHOCTHE

Toukn (§, My, ..., M,) peryaapHoit QyHkuveR oT X, ¥y, ..., Y, KOTO-
pas npuHUMaeT ApH x = § 3HaueHue
z2(& y)=0(y).
Kos¢pdpuunenter HCKOMOro cTeneHHoro psna
2= B vy, =Y O G )™

10 VY

NOJNy4alpTCs TMOICTaHOBKOH 9TOrOo psafa B AudepeHUManbHOe ypaBHe-
nue (5) M NPUPABHHBAHWEM COOTBETCTBYIOUIMX cTeleHel ¢ yueTOM Hadab-
HBIX YCJIOBHiL.

5.8. Meroam pemenus, B psaie cayyaeB MOMHO TpuHTH K Lemwr
MeTOAaMH, YKasaHHBIMH B nn. 5.3 u 5.4. Ecau Ha 3TOM NyTH He YIaeTcs
HONYUNTh PEINEeHHMs, TO MOXKHO (B CJyuae, ecC/M 3a4aHO HauaiabHOe 3Haue-
HHe MHTErpajia) pellatb NPUOIMKEHHO COOTBETCTBYIOUIHE XAPAKTEPUCTH -
yeCKMe YPaBHEHHS M TONYYHTH 3ateM, cjeiys Metoaam nn. 5.5 mau 5.6,
npubanKeHHOE UHCIEHHOE pellieHue.

§ 6. Cucrema auneilinpix ypasHeumit ')

6.1. Yacruwit cayuaii: p,=/f,(r), v=1,..., n. Ilpocrefmas
cHucTeMa JuHeHHBIX nud¢epesunalbHEX ypaBHeHHH € YacTHBHIMM NPOU3BOJ -
HBIMH [1€PBOro nopsikKa 4jsa OAHOH HEN3BECTHOHN (I)yHKLlHPl 11 He3aBUMCHUMBLIX.
IIEPQMGHHI)IX HMEEeT BHI

0

—(%:fv(r), v=1, ..., n

rjile CHOBAa MNOJOXEHO P BMECTO BEKTOpa C KOMNOHEHTAMM Xy, ..., X,

) Uanoxenue caegyer kuuraMm A, R. Forsyth, Theory of Differential
Equations, Cambridge, 1906; E. Goursat, Lecons sur lintégration des équa-
tions aux dérivées partielles du premier ordre, Paris, 1921. [CM. Takxke aurepa-
Typy, yKasannylo nepen § 1. —Ilpum. pedl]



60 A, 1. JJUHEPHBIE U KBA3HMJIMHEWHLIE YPABHEHUSA 16.1

U 2z==2z(r)—uckoMas ¢yukuud. Ecmu ¢yukumn f, B obnactu © (r)
HENpepHBHO K@ pepeHUUpYEME], TO KaXI0e pelleHe STOH cucTeMb Oyzer
JBaX/bl HeNpepeBHO IuddepenuupyeMeM. Toraa, mockosbky 1)

0’z 0%
Oxy 0xy — 0Oxy0xy

»

JOMKHB OBITH BHITIOJHEHB! paBeHCTBaA

ofu _ Ofy -
—E—WV.' w, v=1, ..., n

{ycrosuss unmezpupyemocmi).

Ecan 370 ycnoBue BHINOJIHEHO, TO B KauAo#t 0ZHOCBA3HOH obnactu G
UCXOIHad CuCTeMa paspewnMa u, Gojee TOro, MOXHO €lue YIOBJETBO-
PUTH HAYANLHOMY YCJIOBHIO: QYHKUMA 2 B HEKOTOpO# Touke (§, ..., &,)
obnacti & npuunmaer snauenne {. PelueHne cucreMbl B 9TOM cayuae
BHIPJISLIHT  TaK:

(K oves Xp)
z=C4 f (frdx,+ ...+ f,dx,),
Gp o By)

npuyeM uHTerpaa Geperca no moCoH %) HenmpepniBHOH crnpsMaseMoft KpH-
BOM, uennkoM Jexawefl B & u cpasumBamiueft TOUKM (T
(X, -0, X))

B ciyuae xoHKpeTHO 3aZaHHON WCXONHOM CHCTEMBl MOMHO MOIXO-
AUTb K peIUeHHI0 HECKOJIbKO INO-MHOMY: CHAayana ONpeleJsioT BCe MHO-
WECTBO (YHKUHH, YIOBJIETBOPSIOUINX MEPBOMY YPABHEHHID CHCTEMBI, 3aTeM
OnpenessioT NOAMHOXECTBO 3THX (YHKUMH, YIOBAETBOPAIOIUHX BTOPOMY
YDaBHEHHIO, U T. 1.

MNpumep.
0z 0z

=T =Xy, ST =X

ox, 0x,

YC/0BHE HHTETPHPYEMOCTH BHINOAHEHO. W3 NepBoro ypaBHeHHs (cumTas x,
TIaPaMEeTPOM) HAXOMUM 2 == XXy - @ (X;), [le ¢ — NPOM3BOAbHAs, FAANKasA (yHK-
uust. Jlanee, M3 BTOPOro ypasHeHHR moayuaeM @' (x,)=20. Takum obpazowm,
Z=xx,- C.

') [B cuay uspectHo#i Teopembl ananusa, cM., HanpuMep, . M. Puxten-
roaby, Kypc nubdepeHunanbHOro u uuTerpaJbHOr0 McuucaeHus, T. I, Puz-
smartrus, 1962, — lTpun. ped.)

2) {3unauenue sToro HHTErpaja 3aBUCHT JuIIb OT Ha4aJbHOH H KOHEYHOH
TOYEK M HE 3aBHCHT OT BhIGOpa MyTH MHTErpuUpOBaHus; c¢M. I. M. PuxTeH-
roabn, Kype nubdepennnasbHoro n uuterpanbyoro kcuucaenusd, T. I, ®uz-
marrus, 1962.— Ipun. peo.)
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6.2, O6masa Jaumneiinas cucrema: onpeneqenns u o06o3HaueHHA.
(a) O6was auHeldnas cucreMa uMeeT BuAl)
n

MO g+ D=0, w=1...m Q)

k=1

TpHYEM CHOBA 7 O03HAYaeT BEKTOP ¢ KOMIOHEHTaMH X, ..., X,
a z==_z(r)—uckoMaa ¢yuxuus. Ecan mox F" nounmars oneparop ?)

n
n_ N e 0 1, 0
F—)lf o 7"
k=

TO CHCTeMy ypasuenu# (1) MOKHO 3amncarth Kopode:

Flz=g" p=1,..., m. (1a)
Ecau cucrema (1) Moxer GHTh paspelieHa OTHOCHTENLHO KAKUX -HUOY DL 12
TIPOU3BOLHBIX, TO, 0003Ha4ast HE3ABUCHMEIE TIEDEMEHHBIE YEPE3 Xi,. .., X
Yir «oes ¥ (M—-$=n), MBIl MOXKeM NepENHUCaTb CHCTEMY B BHIE
s
0z 'k 0z 1,0 n
= Y R D O ) a4 y) =1, ..., m.
n Ye
k=1
2
3necb # ¥y 00603HAYAIOT COOTBETCTBEHHO BEKTODH C KOMIOHEHTaMH
Xy vvvs Xy B Yy, ..., v, CHcreMa (2) Ha3biBaeTca ABHbLM WIH KAHO-

Huueckum 8u0OM CUCTEMBl JIHHEHHBIX IubdepeHUNaIbREX YPaBHEHUH,

Hnurerpanom cucremel (1) sBasetca nio6Goft wurTerpan, oOwWME nas
BCeX NudoepeHIManbHbX ypaBHeHu# CHCTeMbl. MHOXeCTBO MHTerpasos
€CTb, TaKUM 00pa3oM, NOAMHOXECTBO MHTErpalOB KaXIOrO0 ypaBHeHus
B OTHeNbHOCTH W MO3TOMY MOXeT OwTb moayueHo (cM. m. 6.7 (6)) kak
CyXeHHe MHOMECTBA MHTETPaNoB OTAE/bHEIX YpaBHEeHWH.

B nanpHefimiem xosgduuments cucremst (1) wmu (2) 6yayr npeamo-
JIaratbCsl HENPEPHIBHO AMddepeHMpyeMEIMU B paccMaTpuBaeMoli ofaactu
® (r) nam coorsercreenno B (r, y).

Ilag xaxnoro murerpana 2z cucrembl (1) uMeeM (npu MOOHX WU U V):

F'(F'z —g")— F*(F*z — g") =0 (3)

') B maparpadax, mnoCBAIEHHBIX CHCTEMaM ypaBHEHHH, INeaecoo6pasHO
yHKIHH CHAaGXATh HHNEKCAMM BBEP X Y, B TO BpeMs KaK BHH3Y CTaBHTCH Hepe-

MeHHasd, MO KOTOpoH mpouspogurcs AuddepeHurposanue; Hampumep, fi L
p
_ 9 Fid k
T 0x,
2) Ouesunno, uro F* (4, v) = vFPu 4 uFPy — % Oyg,
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(rak xak B ckoOkax, B cuay (la), croar Hyan). Ormerum, uto Jw00as
JBAXABl HENpephBHO ANddepeHunpyeMas ¢GyHKLUMA 2 NOCJEe TPUMEHEeHUs
K Helt oneparopa F" npespawaercs B HempepHBHO AnddepeHUMpyEMYIo
(oavd pas) ¢yskumio. YpasHeHus (3) mocje BBHINOJHEHHS HeOOXOMMUMBIX
(cM. (1)) omepaumit cHoBa npuoOperator Bun (1)

SRS

Ez (107 — 1o )i (101 — 12 1) 2 ]! =

———

2( S M = @

Mur GyneM roBoputb, 4To ypasHeHue (4) no.uyieHo npu nomouyu o6pa-
308aHus [, v]-cko6ok!) w3 p-ro w v-ro ypashenu#l cucremn (1).

(6) Vimeer MecTo crendylomuit ¢GyHAaMEHTAIbHEIR (HAKT 2): Kaobil
nHTerpan cucrembl (1) jo/mmeH Takke YIOBAETBOPATb ypaBHeHusM (4)
a1, vm.

Has cucremsl (2) ypasHenus (4) MMelOT BHA

‘!2 (73er — £y — f‘“’+f”"I g;
poi | ot ”l

{Z(f”" v f§°f“”)—~f}:°+f;°}z+
k=1 k v n

+k§‘1 (ggkf"k o g;kfuk> - giv'{— g;u—i— g —g' M =o. ()

6.3. UHBONIOLHOHHBIE CHCTEMBl M NOJHBIE CHCTEMBI,
(a) Cucrema (1) Ha3bIBaeTCHA UHBOAIOKUOHHONU, ecii COOTBETCTBYIOLIYE
el ypaBHenus (4) yIOBJETBOPSIOTCA AJf BCeX HenpephiBHO AuddepeHun~

1) Tak kax ypaBHeHHusl, noNyuaeMbie npu noMomH obpasoBanust [y, v]-cko6ox
u [v, pl-ckc6ok, OTAKYAWTCA JHUIL 3HAKOM, a YPaBHEHHE, TNOAydYaeMoe upu
NOoMOMHU oﬁpaaogauuﬂ [, n]-ckoboxk, ecrb tokaectBo 0 =0, To ypaBHeHus (4)
HMeeT CMBICA paccMartpuBarh Aid 1<{p <Ly m OrmeruM, uTO ypaBHeHus (4)
He SBASIOTCA MACTHHIM CAyuaeM ypaBhenuli § 14, (14); B TO e BpeMs INPUBO-
JMMBlE HH)KE ypaBHeHus (5) e€cTb uyacTHbi cayuaii ypasuenud § 14, (2). Ilpu-
mepst ¢M. B u. I, 5.6 u II, 5.11.

2) dror Q)axT BepeH He TOJBbKO HJA JIBaxAbl HENpepuBHO AuddepeHuupye-
MBIX YHKUMIA 2, HO M a8 QyHKuHi, JUIIb ONMH pa3 HenpepelBHO Auddepen-
nupyembix. Cu. E. Schmidt, Monatshefte f. Math. 48 (1939), crp. 426—432;
O. Perron, Math. Annalen 117 (1941), ctp. 687—693; A. Ostrowski
Commentarii math. Helvetici 15 (1942), crp. 217—221.
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pyeMbix QyHKum#t 2z, T. e. ecam Kodpduuments cucremsi (1) yaosaeTso-
PAIOT TaK Ha3LIBACMBIM YCAL0BUAM URMEZDUPYeMOCMU:

n
kzl (fi(;fwk__f:”(;fuk>=0, n, v=1, ..., m; p=0, 1, ..., n, }
= \ }
n

u vk__ v uk=u0 v __ V0 =1.“' ] f
(gt —e ) =r%" =1 g pv . m |

B uwacrHocT, cucreMa (2) UHBOJIOUUOUHA, €C/AW BHINOAHEHH ee YCJOBNA
UHTErPUPYEMOCTH:

»

2 (fupf\k f\;c;fuk>___fzz-—fzi, w,v=1, ..., m p==0,...,s,

k=

Q uvk__vuk__u__v uOv__vOu —
2 () " = /) =g~ + 10— =1

k=1

—

v ot e s et s’

(7)

Cucrema (2) B 9TOM Cayuae HA3LIBAETCA TaKWe Ax0Ouesod cucmemoi.
(6) Cucrema (1) HaswiBaeTcs n04HOH, eCAM KaxiAOe U3 COOTBETCT-
gyouux ef ypasHenuit (4) 119 moboH ¢ysxumM 2z dBAfgeTcCs ML
anHefHo# komOuHaume# ypapHeHu#t camo#t cucremsr (1), T. e. ecaum aaa
IpOU3BO/ILHON HeNpephBHO AM(depeHunpyeMoit dyHkunu 2

F*(F'z —g)—F'(F'z2 — g")= kgl A () (Ff 2 — g%)

¢ mnoaxodame nosoGpaHHnMu (He 3apUCAUMMH OT W U V) YHK-
uuaMa Ay, (7).

(8) Hns pemenus cuctemn (1) ee npeoOpasywor crexyomuM obpa-
B0M B INOJIHYIO CHCTEMY.

Ecan kakoe-imbo u3 ypasuenu#t (1) B & (#) mag npoussoabuoit
tienpepruiBHO AuddepeHunpyeMol GyHKuuu 2z asagercs audefinoft kombu-
nauMeH OCTajbHBLIX, Hampumep,

F'z—g'= 2 b, (") (F°z —g")
pFu

AR HeKOTOpBIX (YHKUMH A (r), TO 3TO ypaBueHME MOXHO ORYCTHT.
B stoM cayuae cucrema (1) CBOIHMTCA K CHCTeMe C MEHbUIMM YHCJOM
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(/MHEHHO-HE3aBUCHMEIX) ypaBHeHuH, KOTOPYIo Mb OyleM HaswBaTb TpH-
BeJlenHoM 1),

B cuny n. 6.2 (6), kaxnoe peuleHue cucTeMsl (1) ZOMKHO YAOBJIe-
TBopATL ypasuennaM (4). TIosToMy cucremy (1) MOXHO LONOJHHTH TeMH
u3 ypasHeHu#t (4), KOTOpble He MBAAIOTCA JMHEHHBIMH KOMOHHalUHAMH
ypaprenn#t (1). IToaydaerca cuoBa cmcrema Buia (1), HO yxe ¢ my
ypasHeHuamu. Ecam m; > m, TO Kk noaydyeHHOH cHCTeMe CHOBa mnpuMe-
HAIOT ONHCaHHble paccyxneHus (kosdduuments cucremu (1) npeanona-
ralorca NOCTaTOYHO Faaikumu) W T. A. Ecam nocie KonedHoro uucna
11aroB MBI Y)Ke He BCTPETHUM HOBBIX ypaBHeHu# 2), TO MOJyyeHHass cucrTema
6yner nonuofi. Aty cucremy, coraacHo 6.5 (B), MoxHO npeoGpazosaTh
B vHBOJIOUNOHHYI0, [Ipumepsr cM. B u. II, ra. 5.

Heo6xonnumoe ycaosHe pa3pemliMOCTH NONYYEHHOM TOJHOH M, TakuM
o0pa3oM, NMepBOHAYANLHOM CHCTEMBI COCTOMT BO BCAKOM cjydyae B 'TOM,
uyro0bl OHA, paccMaTpuBaeMass Kak aarebpamyeckas cucTeMa ypaBHeHuH

0z 0z
LJs BeAHYMH 2, ——, ..., 5—, Obua paspemwnmMa. Ecau npu stom
oxy ox,

paspelleHHH BCe 2y OKa3biBAIOTCHA PABHbL Hy/IO, TO. CHCTeMa He HMeeT
HYKaKHUX pelleHult, KpoMe TPUBHAJIbHBIX 2Z = const.

6.4. Meton Mailepa nas pemeHus saxkoGueBoit cucremwt. Ilycrth
B o0Jactu
a,<x, by p=1, ..., m?, y npoussosbHO )

1) B nureparype (cM., HanpuMep, E. Goursat, Legons sur lintégration
des équations aux derivées partielles du premier ordre Paris, 1921; C. Cara-
th éodory, Variationsrechnung und partielle Differentialgleichungen erster
Ordnung, Leipzig und Berlin, 1935) Bcrpeuaercs yrtBepieHue, 4TO Kamaas
NpUBEJICHHAA CHCTEMA COCTOMT He GoJsee ueM M3 n -} 2 ypaBHeuuH, npuueM 06
06aacTH, AAf KOTOPOH HOMKHO OBIThb BEDHO STO yTBEPWIEHHE, HHYErO HE IOBO-
putcs. B nokasatenncTBe OOBIYHO yTBEPIKIAETCH, YTO eCAH Kakue-HuGYAb 7243
YpaBHEHHS OXBaTHIBAOTCA MaTpuuei koaddunuentos

(fuojr fulx---; fﬂ”’ gu) ”=l,...,ﬂ+3

€ YHCJOM CTPOK, NPEBBINAIIMHM YHCAO CTONGLOB, TO HEKOTOPLIE CTPOKH HOJy-
4aloTCA M3 IPYTHX AuHeHHOH komOumarmeil w, TakuM oOpasoM, mis m>n-3
HexoTopuie CTpokn cucreMbl (1) MoryT ObiThb BBIMEPKHYTH. YTO A5 Kamaoi
(UKCUPOBAHHON TOUKH rg B 3TOM CJyd4ae HEKOTOpble CTPOKH €eCTb JHHeHHbHe
KOMOHHAUMH APYTHX, KOHEYHO, BEPHO, HO HEBEPHO, UYTO STO UMEeT MECTo Has
TEX XKe CTpOK BO Bcelt o6Jacty & (r) uam XoTs# Gl JUIIB B JOCTATOYHO Majoifi
OKPECTHOCTH (HUKCHPOBAHHOH, HO, BOOGIIE rOBOpA, NPOH3BOJABHOH TOUKH rg.
TNocaeanee, OIHAKO, CTAaHOBHTCH BCPHBIM, €CHH MaTPHLA HMEET B TOUKE I’y PaHT,
HAMBLICIIMH CPEJH PAaHrOB B HEKOTOPOH OKPECTHOCTH TOUKH ry.

) B aurepatype (cM. Kaurm, yKasauHele B CHocke !)) BCcTpeuaerca
YTBEPKAEHHE, YTO 3TOT Caywall Bcer/ia HacTylaer H YTO NMpPUBEJEHHAad HOJHas
CHCTEMA COCTOUT Beerfa u3 n--2 ypasuenuil. 3to 3abaymgenne NOKOUTCH Ha
TOM Xe OmHOOYHOM 3aKJI0OMEHHH, KOTOpPOe OblJO pasbACHEHO B NpHMEuaHHH '),

%) B sroM HepaBeucTBe OfuH uaM 06a 3HaKa PaBEHCTBA MOTYT OHTb Ony-
IeHbl; CAYHAH @y = — 00, by = -}-00 HE HCKMOYAOTCH,
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KO3 HLKeHTbI % B> 1, cucremn (2) orpanuvenni !), Bce f** u g*
HENPEepHIBHO NH(pepeHUHpyeMEl, U NYCTb YCJIOBUS WHTerpupyeMoctd (7)
BLIMOMHEHbE (T. e. cHcTeMa (2) aBaderca sxoGueBo; cM. n. 6.3 (a)).
Hanee, mycth 3amaHa ¢yHkuus ©(y), HeUPepHBHO aupdepenuupyemas
no smoGomy y,. Torma sxoGuesa cucremMa (2) B obmactu (8) mnmeer
CIMHCTBEHHbI UHTerpan 2z ==y (r, y), YLOBIETBOPAOWMA HAYAILHOMY
YCJIOBHIO

YEp --oh B M=0()

1781 nponssongﬂmx o  YAOBJETBOPAIOIAX  YCJOBHIO a, <& < b,
o=1, ..., m?.

Hloxasats sTO mnpowe Bcero npumeHenueM Meroxa Maltepa. Ilpn
STOM METO/le He3aBHCHMblE IePeMeHHble X, TPEICTABIMIOTCS KaK (YHK-

UMM OT m -1 aprymentoB &, u#;, ..., U,, @ VMEHHO:
Xo=E+uu, po=1,..., m )
(npeobpasosanue Madepa). Toraa wu3 cuctemnl (2) aas $yHKHUH
Z @ 4y, ...,un, Y)==2(r, y) N0AyYaeM ypasHeHue
s
o= D F 'Ry, +F %+, (10)
rie

p=1

r r
k R
F -—"‘E llpfp » k=0, 1, ..., s, & = E; upg”.

a U3 Ha4YanbHLIX yCJIOBPm g 2 CJAeRyeT, 4YTO
ZO up, .y ty )=0(y). (11)

Ypasuenue (10) sBnseTca AMHeHMHHIM AUDDEPEHUMAILHHIM YpaBHEHHEM
ans Z, MpUueM &, 3 BLICTYNAIOT B KA4eCTBe HE3aBUCHMBIX MepeMeHHbIX,
auy, ..., u, —xak napamerpel. Has pewenus 3agaun (10), (11) npu-
MeHaioTca Meronn M3 § 4. Ecan HaltneHo nenpephiBHO X¥ddepeHUupye-
MOoe no BceM 7 -~s-}- 1 aprymenram pewenve ¥ 3samaun (10), (11), To

z(r, =2 (4, xl“gl’ ) xr—gr’ y)

ABJAETCA MCKOMBIM pellieHHeM cHcTeMbl (2).
Takum oOpasoM, axoOueBa cucTeMa (2) npeoGpasoBanuem Maitepa
ONHO3HAYHO CBOIMTCHE K OLHOMY JMHefiHOMY  AMddepeHlHaIbHOMY

!) 310 npexmoaowenne Moxer GHTL SaMEeHEHO Takwe TpPeGOBaHHEM OrpDaHU-
YEHHOCTH BCEX NPOM3BONHBIX f';k s k> 1.
4]

%) Bonee o6myio teopemy cM. E. Kamke, Math. Zeitschrift 49 (1943),
crp. 275,



66 rJ. 1. JJUHEPMHBIE U KBA3HJUHEFMHBIE YPABHEHHUS 6.5

ypasHeHno. TeopeTMueCKH 5TOT METOA OueHb yA0GeH, IPH PElICHHMH e
KOHKDeTHHIX 341a4 MOXHO TOCTYNaTh Y 10-IPYroMmy.

0z 0z 0z 0z |
Hpumep.-ox—l_z—i--gy—, -o—xg-=z—|——07, uckoMas ¢Qyuxnus z = z (xy,

Xs, ¥). JlanHaf cucTeMa HUBOJIOLHOHHA.
a3 (u, uy, ug, y) nonyyaercs JuHEHHOS AudbepeHIratbHOe ypaBHEHHE

Zu=+u)(Zy+ 2). ()
COOTBETCTBYIOWHM TPEXWICHHBIM JIMHEHHBIM OIHODOJAHHIM ypAaBHEHHEM 1A
W=w( y, B) (cM. . 4.2 umn 5.4) ABAAETCH ypaBHeHHe
Wy— () Wy ()4 ug) Wy =0.
Jlns Hero QyHKuUM
Ze, (utu)uty

o6pa3yloT HHTerpaibHud 0asuc, U TakuM 00pasoM, pelleHUAMH 6YIyT ABAATHCS

$yHukuUH
W= 2" —Q[(u +u)u+ty]

(rae Q -- npousBoJbHA HENpepuiBHO Auddepenuupyemas dyuxuus). Jaxee, aas
YpaBHEHHS (%) PENICHUAMH CayxaT QyHKIUH

B =e7Q(u +u) uityl.
Haxowen, anst CXOJHOH cHCTEMBbI MOJydYaeM HHTErpajbl
z2=e"9Q(x;+x2-Fy)
B Cayuae, xoraa Bni6panbl & = E, = 0.

6.5. CpoiicTBa nosHoit cucrems?),
(a) Kaxaa nommas cuctema (1) (em. m. 6.3 (6)) npeoGpasopanuem

2(xp o X)) =80 s Ya)r Yo=Ay (X1, ..., X)), V=1, ..., n,

TIePEBOLHTCS CHOBA B NMOJIHYIO CHCTEMY, €C/iH (YHKIMH ), ABAMLE Herpe-
puiBHO Iupdepennupyems B obaactu B (r), s1a 06AACTL B3aUMHO OIHO-
3HAYHO TIEPEBONUTCA B HEKOTOPYK 006nactb y;, ..., V,-IPOCTPAHCTBA,
K eciu

4

O(Xh vy Xll)
0 (xy, ..., Xp) + 0.

Ecan cucrema (1) 6bina MHBOMOUMOHNOH, TO HOJydalWascs Mocie yKa-
3aHHOTO NpeoOpasoBaHus cucTeMa Takke OYIeT MHBOJIOUMOHHOM.

(6) Kaxnas cucrema, ajsreGpanyecky 9KBHBAJIEHTHAs NOJHOH CUCTeMe,
apagerca nmonmol. Tounee, mycth (1) — nonHas cucreMa, W NycTh (yHK-

') PesyabTaThl, TIPUBOJHMEIE 37eCh, MOXHO Haltd B kmurax: A. R, For-
sy th, Theory of Differential Equation, Cambridge, 1906; E. Goursat, Lecons
sur l'intégration des équations aux dérivées partielles du premier ordre, Pa-
ris, 1921,
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uan Ay, (1) (B, v=1, ..., m) Henpeprisro audpdeperupyems s G (ry
u det] Ay, |+ 0. Torna ecan onpenenuts onepaTopnl M (yHKLHU
m m
G'=D ALF" u )= A0, p=1, ..., m,
k=1 k=1
TO CHCTeMa
G'z=mw, n=1, ..., m
— MoJHad,

(8) Ilycts B o6nactu @ (r) sanana nosnas cucrema (1), npuuem m < n.
Ecan Bo Bce#t oBnactn @ nHexoTopuift HHUKCHPOBAHHbI MHHOP MOpsAKA M
MaTpUUE KO3 (HLUUEHTOB

() =1, ..., mv=1, ..., n
OT/IHYEH OT HYJ/s, HanpuMep,
det| V] 0 W, v=1, ..., m),
0z 0z
To cuctema (1) oTHocHTENBHO —— , ..., OIIHO3HAYHO paspelyma
ox, 0xp,

H B 3TOM paspeuwleHHOM BHAe HHBOJJIOLHOHHA.

6.6. Omuopoxubie cHctembl, Cucrema (1) HasbiBaeTcst 00HOPOOHOH
0
cucremoft, ecam Bce f =0 u Bce g'==0, T. e. ecan chcTeMa uMeer

BUI
n

quv(r) 0(35\, =0, wu=I,..., m (12)

v=1

Ilpu stom o kosdduumentax f* noka npennoiaraeTcd, 4ytTo OHH BCe
B o6aactu & (r) HempepbiBHLL

(@) Ecan $(r), ..., 1pk(r)—nHTerpanbl ypastenus (12), To nnsa
npousBo/bHOR an¢pdepennvipyemolt dynkunu @ (¢, ..., 4,), ONpeneseH-
HOH 1ns sHavenn#t P, caomuas odyukuus 9(11;1, cees ’lIJk) fBJICTCA

unrerpagomM ypasHenus (12).

(6) Ecmt m < n u panr Marpuubl KosdduureHros (f’”) HH B Kako#
nono6aacrtu obaacty ® ne mewbwe m, TO nAg MOGLIX n— m— 1 unTe-
rpanos P! (F), ..., V" "(F) cncremn (12) nee Onpe/leIUTeNM MopsaKa
n—m—1 Marpuun

o(wl ,lbn—mﬁl)

0 (xly ey xﬂ)

o6pawaorcs B obnactn & B Hyab,

(8) Ecim m < n w matpuua xospduumentos (f*¥) mu B xaxo#t mox-
obnactu o6aactu @ He uMeeT paur, MeHbUUHH M, TO A — M WHTErpason
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YL, ..., $"77" (r) cucteMnt (12) HAa3LIBAIOTCH URME2PAAbHbM OAIUCOM
(pyndamesmassnoli cucmemoli unmezpasros) cucreMsl (12) B ToM cay-
yae, ecau (pYHKUMOHA/JIbHA MaTpula

o, ..., p" ™)

0(Xxy, «v., Xp)

HH B kakoft nomoOnactu o6aactu (J He uMeeT paHr, MeHbIWH n — m,
(r) Ecan cucrema (12) umeer B obnactm & wuHrerpambuuit Gasmuc
Y., P"7™, To CyWecTByeT MHONECTBO HMHTErpajioB S5TOH CHCTEMb,
cocrodinee U3 HempepuisHO AuddepenumpyeMuix Qysxuuit P (r), nas
KOTODPBIX MaTpHua
o, ¥, ..., ¥ ")

0 (xlr ey Xn)

Bclony B ofiactu & umeeT paHr, He MPeBOCXOAALUH 72— m,

() Haa onnopontoh sxobuesor cucremst (2) (1. e, fM'=g" =0)
B npeanosnoxenusx n. 6.4 B oOnactu (8) cyuwecTByeT wuuTerpanbHbHA

Gasuc Y (r, ¥), ..., Y (r, ¥), 1. e. PpyHKUUORHATLHEE ONpenenuTeNb
oY .-., ¥
TG0 T 0 (13)

(e) Tlycre samawa onsoponmas sxoOuesas cucteMa (2) (1. e.

M =gh= 0) B npennonoxenusx n. 6.4. Ecau YL (r, 3), ..., $* (r, y)—k
pas HenmpephlBHO nubdepeRUNpyeMBIH HHTerpanbHHi 6asuc, Tak 4YTO
cnpasenauBo HepaBeHCTBO (13), M ypaBHeHus

=0 (e ¥, v=1,..., s (14)

ONHO3HAYHO PA3PEIMMbl OTHOCUTENBHO Yy, AN PUKCUPOBARHOTO Fo(Ey, ..\, &)
W A TPOW3BOJbHBIX 1), TO MHOXECTBO K pas HenpephiBHO AuddepeH«
UMPYEeMBIX HHTErpanoB P (r, y) 3TOH cucreMsl naetrcs ¢Gopmynofl

v =20, ..., V),

rne @ (uy, ..., u,) npoberaer Bce k pas HempephiBHO AuddepeHuupye-
Mble (YHKUMH, OnpeiefeHuble Ans 3xauennft . [Ipeamonoxenye o pas-

pemMocTd ypasHetu#t (14) BunoaneHo, B uactHoct, ecau P° (rg, y) = Vi
9TOT MHTErpan B IHaHHOM CJy4ae Ha3HIBAETC TaKKe 2.0BHHLM UHME-
2pasoM.

6.7. Pepykuus ORHOPOAHOH CHCTEMBI.

(a) Ilycte B obnacru @ (r) ana nauHo#t oaHoponHo# cucremur (12)
¢ HenpephiBHO AubdepeHuHpyeMbiMu Ko3dduunentamn f*V ussectHO ki
YaCTHLIX HHTerpanoB P! (7), ..., P* (), 1aa koTophIx

oG, ..., )
oy T
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MoxHO TBLITATbCA YHOPOCTUTH 3TY CHUCTEMY MNOCPEINCTBOM BBELEHHA HOBHIX
He3aBUCHMbBIX IEPEMCHHBIX

=), .., y,=v), Yee1=Xpi1s oo Yp=12%,. (15)
[Mpeo6pasoBanneM _(15) ob6aacte & (r) B3aMMHO ONHO3HAYHO OTO-
6paxaercsa Ha o6aacte ® (r); npu stom dyskumu f*V(r) nepexonsr s dyHK-

unn f"V(y). Torma pemenusmu cucremb (12) sBasiorcs HernpephiBHO
nuddepenuupyembie GyHkIME 2 (¥) = (y). YIOBIETBOPMIOUIHE CUCTEME

n

N\ Fuv 0;

L ST =0, p=1L....m, (16)

v=h+1
B KOTOpPOH y;, ..., Y, PaccMaTpuBAIOTCH KaK Mapamerphl.
Ecnu cucrema (12) — mosiHas WM WHBOJIIOUHOHHAS, TO TO K€ caMmoe

gepHo Aaa cucrembl (16) B cayuae, ecaum ¢yHKiiu 117” IBaMAB Hempe-
PHIBHO UG PepeHUINDYEMEL.

Ipumep. pi+ ps—2p3=0,
X1P1+ XoPs — (% - x9) p3s+ x40y = 0.

Cucrema noanas. Pyuxmus P = x;-} xy-} x; €cTb, OUEBHIHO, HHTErpa.

flocae sameHnbl mepeMeHHBIX
z(xh-~-,x4)=§()’h---,)’4), yl=xl+x2+x3)
Ya== Xy Y3=X3 Yi=X4
TIPHXOIUM K CHCTEMe
§y2—2§y3=07 y2§y2+(}’3—y1)€y3+y4Cy1=0

2 —
¥ A/ HEee HaxoauM (Hampumep, corjacHo (6) ) mHTerpan -—yz——t—)-’—a—y‘ Taxkum

4
06pa3oM, L NepBOHAYAJIbHOH CHCTEMbl MOJYUYeH HHTErpajbHbi#l Gasuc
Xy g+ x5,

X9 — X
X,

(6) Ilyctb nas kaxoro-uubynb u3 AuddepeHuranbubx ypasHenuit (12),
Hanpumep IJd m-To, M3BeCTeH MHTErpajbHbI#t Oasuc 1|>1 @), ..., \p"'l(r).
Torza WHTErpajoM >3TOrO Ke ypaBHeHHs OydeT Takwe (QYHKLHS
(;(lpl, lbn-l) Npu [POU3BOJLHONH HempepbiBHO IuddepeHuupyemMo
dyukuua L(Yq, ..., Yp_y)- MOXKHO NONBITATHCA TaK CY3UThb MHOXECTBO-
Takux QYHKOUR , yTOOB BHIpaMeHHs C(q;l, cees ll)n_l) yAOBJIETBODPANH
TaKXe OCTaJdbHBIM YypasHeHuaM cucrembl (12). C arto#f uemblo moiacra-
BAIOT 2 (r) =L (Y1 -+ s Yuo1) € Yo=V0" (r) B cucremy (12) u muccrue-
AYIOT MOJNY4alOULylOCcS TakUM o6pasoM cucTeMy AnddepeHUHAIBHEIX ypas-
Heun#t A L(¥y. ..., Yuoo)-

Bonee TounO, uMeeT MecTo caenylowm#t dakr. Ilycrb B 006na-
ctn @ (r) sazaHa uHBOJIOUMOHHas cucreMa (12), KO3(pHuyenTs KOTOpPOH
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HenpephiBHO IH(pepeHuupyemel, [TycTs, nampuMmep, Aas m-ro ypasHesust
IBaxXAbl HENpPEepHIBHO LH(depeHunpyeMbie QYHKUHN IIJI @*, ..., w”'l(r)
0o0pasyloT MHTerpanbHel 0asuc:

o', ..., v*~h

£ 0.

a(xlv ceey xn—l) ?l:

IlocpencTBoM 1peoOpasoBaHus IepeMeHHBIX

W=V =T, v=x, (17)
obnacts & (r) orobpaxaerca Ha ob6aacTh (E(yl, .., ¥,); npuH 3TOM
BMeCTe C JMIOOLIMH IBYMsI TOUKAMH (yl, e Y y”) n (yl, I T yZ)

K obaactn & npuHaniexur Takxe M coenuHsiomas mx kpusas!). Hako-
Hell, IyCTb HM B Kako# monoGaactu obmactu & xospduumentor f™* He
00palaioTcs TOXAECTBEHHO B Hyab. Torma uHTerpanamu cucreMbr (12)

ABJAIOTCA (YHKUUA z(r):;(lpl, cee, 1p"_1), rie L (¥, « -+ Y1) — pe-
LHICeHUA CHUCTCMHEI
n-1
g”k-;i-:(), =1, ..., m—1, (18)
Ve
k=1
npurueM
n
= v, * . FE—
=N =1 w1 k=1 ..., a1,
v=1
M 5TH (YHKIMH, NOCAE NOACTaHOBKH (17), BaBUCAT MWD OT Yy, ..., ¥, .

Cucrema (18), takum 06paszom, cHOBa HHBOMIOUMOHHA. B Kauectse Tpu-
Mepa cm. 4. II, 5.2.

(B) Ilyctb n3BecteH muTerpan Kakoro-HuOyAb M3 ypaBHeHHH CH-
cremsl (12). Torma MOXHO noNLITATHCA HalTH, COrJAacHo m. 3.5, uuTe-
Tpa/bHEM 6a3nC A1 3TOro ypaBHeHWst M Aanee TNPUMeHHTh MeTon (6).
Hpyroit BO3MOXHEI MeToX pelleHus nNpuHaAIekuT SIKOOGH.

Ilycts cucrema (12), sanucanHas B cokpaienHom Buie (cM. (1a))

F¥ =0, pu==1, ..., m, (19)
¢ oneparopem

n
TR w 0
P 0 g
v=1
HHBOJIIOIMOHHA, T. €. PaBeHCTBO

FPF'2=F°F’2 (1<o0, p<m) (20)

'} Ecan 310 He Tak, 1o ofaacts ® caenyer COOTBETCTBYIOIHM 06pa3oM
YMENbIIH D,
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CTpaBelJMBO AR BCeX ABaxibl HeMpephlBHO NuddepeHUHUPYeMBX (YHK-
wnit 2 (r). Hanee, nyctb P! (r) — LOCTATOUHOE YHUCAO pa3 duddepeHun-
pyeMui#i 1) unterpan nepsoro w3 ypaphenu# (19).

[TonbiTaeMcst Tenepb 0O MemoOy Sxo6u?) nonayunts ofllee pelneHde
JBYX TepBHX ypaBHeHn#t cucrembl (19), saTem oflliee pellieHHe NepBHLIX
Tpex ypaBHeHu#t 3TOH cucreMs! M T. A. 1O MNOJyueHHs oOllero pelleHus
cucrembl (19). B cuny ycnouit nurerpupyemoctu (20), nmeeM: FIFZpl ==
= F?FWY! =0, Tak kax no mnpeinojoxenuro Flpl=0. [TosToMy ¢yHk-
uust P2 = FAP! Takke yroBieTBOPSET IePBOMY U3 ypaBHeHui cucteMsl (19).
COOTBEeTCTBEHHO  YCTAHaBIUBARTCA, YTO aHAJOTHYHO KOHCTPYHpYeMble
GYHKUNH

11)3: FQIPQ, ‘p4 — 1:‘211)3’ e
BCe YILOBJETBOPSIIOT MepBoMy M3 ypasHenui#i cuctemsl (19). Ha ocHonanun
n. 6.6 (6) u (e) MOXHO 3aK/IOUHTb, YTO Halimercsa Takoe uucio j<n-—1,

uro ¢ynkuus |’ + MPENCTaB/AeTCs KaK HeMmpephBHO AuddepeHuupyemas
gynkuus or P, ..., ¢/, T. e.

VEO=UW", ..., ¥) @1
nipuyeM
oW ..., v
0(Xy, +v0y Xj) + 0.
Tenepr Taxk onpeldeldM HenpepbrBHO AH(¢epeHUUPYeMYI0 (YHKUHIIO
¥y, ..., y;), uT00b croxHas QyHKuus
=", ... V) (22)

yaosaetBopAna BTopomy u3 ypasHeHun# (19)%), T. e. urolm
n ) j
Y 0 _
2V X W =0.
v=1 p=1 [( 2
910 IuddepeHunaTbHOe YpaBHeHHe MOXHO fepenucath B Buie
J
2 Wy Ff =0,
p=1
unu, B cuny onpenenenus Y, B Buie

j
o+lyr  __ .
p;llp qyp-—O’

1y MToayuute Gonee TOuHYIO HOPMYJHPOBKY IPEANOJONEHHH, IPU KOTOPHX
ONUCHIBAEMbIH METOJ BefeT K uead, MoxHo 6e3 Tpyna.

2) Cm. E. Goursat, Legons sur l'intégration des équations aux dérivées
partielles du premier ordre, Paris, 1921, crp. 77—81.

3) Pynxuus y (r) yAOBIETBOpaAET MepBoMy u3 ypasuenudi (19), B cuay 6.6 (a).
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HaxkoHel, B cuay (21), umeeM OKOHUATENBLHO:
j-1
2, U@, .. )Y, =0
p=1 4 j
Ecnu nonaoxuthb
Y=y, ..., ‘I’j(r)=)’j’

TO 9TO ypaBHeHHe npuobGperaer BHA

j-1
> yp+l‘I’y +U (v oo yj)‘I’y.=O.
p=1 e J
Ecau Hatzeno nerpuBunancHoe pemenne ¥ (y,, ..., yj) 3TOro JHHeHHOTr O
OMHOPOLHOrO ypapHeHuda!), 10 ¢yukuua (22) ssaserca obmuM peleHyueM
JIBYX NepBHX ypasHeuu#t cucrems (19).

Ternepp nonsiTaeMcsd, 8sHas (yHKuMIO 7, noayunth obluee pelenue
Tpex nepBhiX ypaBHeuu# cuctembl (19). Kak u pauee, nepsuie maru ciae-
LyloT u3 coorHomenut (20): ¢yHkuuu

=1y w2=F3, y3=F%2 ...

YAOBJAETBOPAIOT OJHOBPEMEHHO JBYM IMEpBBIM ypaBHeHHAM cucTeMbl (19).
ITycte kR — Takoe HauMmeHblllee 4KMCIO, YTO

Xk+l =V(Xl, e, Xk)

-—— HeNpephlBHO IMddepeHuupyemas (GyHKuUA NepBHX £ HHTerpasos xP.
Hafinem ¢yuxumo @(y;, ..., y,) Takyo, uro @I (@), ..., ¥*(r)
YROBJIETBOPSET Takxe TpeTbeMy ypasreuuto cucremul (19). Has @ noay-
4MM CHOBA HEKOTOpPOE OLHOPOAHOE /HHEHHOe AUdpepeHIanbHOe Ypas-
HeHue, U T. L.

Ecan npouecc npexiaeBpeMeHHO He o6opBercd, MOJYYalOT, HAKOHEL,
HETPHBHA/bHOE pellleHHe cHCTeMbl (19). BTOT MeTOX IPOMO3LOK, HO BCE e
BO MHOTHX CJydasX OblBaeT 1oJie3eH, HANpHMep, KOrAa HM3BECTHO JHIIb
HEKOTOpOE uacTHOE pemlieHne cucreMbl (12).

ITpumep. Ilycts nana uuBOMOUMOHHAA CHCTEMa

P3tx1p4=0, py+xop, =0, p1+(3xf+x3)p4= -

HenocpencTeenno BHAHO, UTO (GyHKHuA P! == X, x3— X, SABIAETCHA pemenuem
nepeoro ypaBHenus. Jlanee, umeem:

V=Pl = —i, P =P =

1) Ero xapaktepHcTHueckas CHCTEMa
NO=Yn BO=Ys-.0, Y1 OV=Y; 9;O=U¥p.... ¥))
SKBHBAJCHTHA OJHOMY XnddepeHnuaibHOMY YPaBHEHMIO Nn-rO NOPAAKa
WO =U(y yisoenr 7Y).
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caepopateabio, j=2, U = —1. Tem cambnm maa ¢yuxour ¥ (v, ¥2) nonyqeﬂo
aubdepennuanbioe  ypasHenue yo¥, ~¥, =0 c pemenuem ¥ =2y, 4 yz.
[osTomy O6LIMM peLHeHHEM nByx nemex ypaBHeHuen 6yner

L= x =9 (x1x3—x4)+x2.
Jlanee, HAXOILHUM:

P=Fl=—bx), P=F=—12x,=— V —oax;
nostomy k=2, 3=V (!, ¥ =— V =24x2, a naa @ noayuaerca nuddepen-
nUaabHoe ypaBHEHHE
990, — )/ —24y,®
¢ pellleHHEM

D(y, y)=n 3V6 (—)’2)

Takum o6pasom, obwee pemenne cucremsl umeer Bug @ (x', x%), 1. e.
2 3
2 (xyx3 — xg) + 22 + 241

6.8. Penykuus obmeii cuctemsl, [Tycrs ofmas nmuuelinas cucrema (1)
umeet B obnactu & (r) HenpepniBHO AuMpdepeHUnpyembie KO3(OUUMEHTH,
¥ MycTh OHa TaM mojsas (cM. m. 6.3 (6)). Ilyctb Ana cooTBeTCTBylOLueH
AvHefiHo#t onHopoxHOR cucTeMbl (12), KOTOpas TaKke MOJHA, W3BECTEH

unrerpambuuit Gasuc PV (P), ..., V()
(U 1|)")
O (X1 +e o x,,)
[Mycts o6nacts & (r) npeoGpasobarneM
V=Ep o Yn=%m Y =V"T O s 9=V (23)

B3aUMHO OIHO3HAa4HO oTOOpaxaercsd Ha obmacte & (y). Hakoweu, mycts
B o6aactu & (r)

det| )l +£0 @ v=1, ..., m. (24)

Toraa uurerpanbl cucrems (1), Gyayum HempepruBHO IuddepeHIn-
pyeMbiMH ¢yHKuMAMH 2 (r) ={C(¥), YAOBIETBOPAOT CHCTEME

Eg”v(y) ;3%%—+g“°(y)i=h”(y), n=1, ..., m (25)

v=1

3necy g", A" — @yuxuun, noayuennsie ws fV m g% coorsercrBenHo

sameno#t mnepemennbix (23). Cucrema (25) B ciydae, ecian P aBaxabl
HenmpepbBHO AuddepeHunpyems, B cuay 6.5 (a), cHoBa mojiHa M MOXeT
OuiTh 3amncana, coraacuo (24), B ¢opme

=vV'WMI+" W, w=1,..., m
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B cuny 6.5 (8), 9Ta nocjaenuds cucTeMa MupomouronHa. Ecau sece yw =0,
TO MOJyvaercs

C=fi6u(y)dyu+g(ym+l' D] yn),

u=1
rie @ — npou3Bo/AbHA HEMpPEepPHBHO AAddepeHunpyeMad ¢yHKUMA.

6.9. Mertoxsl pemenus. Ecmu 3azana cucreva (1), To mpemie Bcero
Halo yCTaHOBWTb, moJHa Ju oHa. Ecam 3To He Tak, TO ¢e NOMOJHAWT,
cornacHo 1. 6.3 (B), Zo HEKOTOPOH mNOMHOH CHCTeMH. 3aTeM pewialT
COOTBETCTBYIOLIYI0 OXHOPOIHYIO cHcTeMy. Jlag 3TOro B HameM pacmops-
WeHUd WMeTcs Meronw n. 6.6 wau meros Mafepa (cM. n. 6.4). Jror
nocnelHu# 0COOEHHO TNoOJe3eH TOrAa, Korxa TpefyeTcs HaliTu peuleHue
¢ 3alaHHBIM HAuaJbHBIM ycaoBvem. Ecnu naHHas cucreMa He OIHOPOIHA,
TO MOXHO, COTaacHo 1. 6.8, UCMo/Ib30BaTh pellleHHe OAHOPOIHOM CHCTEMBI.

§ 7. Cucrema KBa3WJHHEHHBIX ypaBHEHHi

7.1. YacTamii cayuaii.,
(a) Tlycre Aaf QyaxuMd 2 =2 (r) LaHa cucreMa

—;f;:f"(r, 2, v=1, ..., n M

3necy r cuosa obGosnauaer Habop Xp, ..., X,, KOIQGUUAEHTH fr
npennosaraiTcs B paccmaTpuBaeMolt obnactu  (r, 2) HempephiBHO Au-
deperuupyembivi ). Torna kaxabi#h urerpans (1) 1B ax 1 bl HEMPepHBHO
Zud@epeHUMpyeM, a NOTOMY HMMEeTCH COOTHOLIRHME
A i
Ox, 0xy ~ 0xy0xy

v, p=1, ..., n.

Orciofa BbTekaeT, INPHHMMAd BO BdHMaHue ypasHewms (1), 4ro nas
KaXA0ro uurerpana 2 cucremer (1) crnpaBenuBhl paBeHCTBA

fo, F R =1 A 1< v @

1) Cucrema (1) MHOrIA 3anUCHIBAETCS TaKke B Bule oHOro nudpdepeHuuans-
HOI'O YDaBHEHHA

n
dz = 2 Y A(r, 2) dxy.
v=1
OnHAKO CAefyeT WMETh B BHIY, UTO 3TO YPABHEHHE OCHLIYHO NOHHMAIOT KaK CO-
KPaleHHyI0 3alHCb YPABHEHHS

n
dz Y v dxy
T =Nl
v=1

AX KOTOpOro Tpebyetcs ompeieautb Gyukuuu 2 (f), xi (¢), ..., Xx(f), yroBae-
TBOPSAIOLINE 3TOMY YPaBHEHHIO,
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Ecan 3T paBEHCTBA BBINOJHAITCH TOMXAECTBEHHO OTHOCHUTENbHO F H Z,
1o (1) Ha3bLIBACTCA UHBOLOUUOHHOI cucmemold. PasenctBa (2) Hasbl-
BAIOTCS YCA0BUAMU uHmezpupyemocmu cucreMu (1).

Ecan ¢yuxunn f° B obnactd
lx, — & <a<Loo (v=1, ..., n) lz —g| <b<L oo,

rae (&4, ..., Ep &) — GUKCHDOBAHHAS TOYKA, HENPEpPBIBHO NH(pdepeniu-

pyeMbl B OrpaHuuenbl, HampuMep |f"|<A, W ec/M BHINOJHEHBl yCJIOBUA
nHTerpupyeMoctd (2), To cucrema (1) B obnactu

lx,—&l<a (v=1,..., n),
rie
o ==min (a, —n%)
uMeeT MHTerpan 2 =1 (#) ¢ HaYaJbHEIM 3HaueHUeM
Yy - ED=C". (13

(6) Vinrerpan 3T0T MOXeT OHITh MOCTPOEH, HANPUMEDP, 70C2e008a-
meavHblM pewieduesm Vpassenutf. Jna 3TOro cHayaza paccMarpuBaioT
nepeoe u3 ypapdenuit (1) B cneunansHo#l Qopme

_gxilzfl(xl, §2, ey En' z)

C HAua/lbHLIM YCIOBHEM
2En & oo ED=EC

Ao obHKHOBeHHOe AH(¢epeHNuaILHOE YpaBHeHHE; MYCTh €ro pelleHHe
2z =! (x,) HafineHo. Bropofi mar COCTOWT B pelleHHH ypaBHeHWd

%:fQ(xh X9, &30 « vy By 2)

€ HauaJbHHIM YCJOBHEM
2(xy, & B3 o0 es ED =0 (X,
npuYeM Tenepb X; PacCMaTpUBAETCS KaK mapamerp. 310 cHOBA OOBIKHO=

BeHHOe AupdepeHIHaNbHOe YpaBHeHue; MycTb 2 == (X}, X,) —ero pe-
menne. Ha crenyiowem miare peliaeTcs sanaya

0z 3
o (%1, X9, X3, Bg0 - -y Epo 2),

z2(xy, Xo By o s E)=@% (%1, Xo)

) Cm. A. J. Macintyre, Proceedings Edinburgh math. Soc. (2) 4
(1935), erp. 112—117; L. Bruwier, Bulletin Liége 8 (1939), ctp. 105—116;
T.Y. Thomas, Annals of Math. 35 (1934), ctp. 730—734; W. Mayer,
T.Y. Thomas, Math. Zeitschrift 40 (1936), crp. 658—661; P. Gillis, Bul-
letin Liége 9 (1940), ctp. 197—212; W. Wirtinger, Monatschefte f. Math.
34 (1926), ctp. 81—88.
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NpHYeM X;, X, DPACCMaTPHBAIOTCE Kak mnapameTpd, u T. X. I[lociennum
HIArOM fIBJSleTCA pellleHUe 3aKauM

0z
=S X s X 2,
2(xy, eey Xpop E) =0 N(xy, ..., X)),
rie Xy, .... X,_y—nmnapamerpsl. Ee pewenne 2z=v(x;, ..., x,)

AB/AETCSA, KaK YCTAHABAMBAETCA C TMOMOIIBIO YCAOBHM HMHTErpUPYEMOCTH,
HUCKOMBIM HHTErpajom cucteMsl (1).

(B) HMnrerpan cucremnt (1), ynosierBopsiowu#t yciosuio (la), MoxHo
UCKaTh, caeays memody Maidepa (cM. n. 6.4). Ecan momomurs

Z(u, uy, ..., a,y=2();
x,=E,+‘an, v=1,..., n,

TO 13 cucTeMbl (1) nosayuaeM ypasHeHue

S =Yus @

v=1

4 M3 HavYajibHBIX YCJIOBMH cJlenyer, 4To

ZO, u, ..., w)=2¢L. “4)
YpasHenue (3) MOXHO paccMaTpHBaTh Kak OOGHIKHOBeHHOe AuddepeHInaNb-
Hoe ypaBHeHWe ¢ mNapamerpamu &, ..., &, Eciu Z —ero pemenue,
VAOBJIETBOPAIOIIEe HAYaAbHOMY yciaosuio (4), To
2=2Z 1, x1—& ..., x,—&)

-— HCKOMBLI/t uHTerpan cuctemul (1),

7.2. O6mwaa xBasuauHeiinas cucrema. OHa nMeeT BHJ
Zf”v _g r. 2, nu=1,..., m, (5)

W ABJAETCH YACTHBIM caydaeMm Teopuu § 14. CrenoparenibHo, cnpabed-
JIMBO NpHBeleHHOe TaM yrTsepxdense. IlpeoOpasoBaHueM, YKasaHHBIM
B 1. 12.3 (a), cucrema (5) Moxer ObITb NpHUBEIEHa K ONHOPOIHON cHCTeMe

Zf'”(r D gt DI =0, p=1....m (6

v=1
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Mycrs dynkunn f*V(r, 2), g (r, 2) HenpepuiBiitl B 06nacTh © 4 (7, 2);
nycts @ = \p(#, ) — unrerpan oaHoponano# cucremsl (6) B @,,,. Hazee,
nyctb y(r) HenpepuiBHas ¢yHxkuus B &, (r), 115 KOTOpOH TOuKa
(r. 2= (r)) nexur B §,,;, KOAb CKOpO 7 mnpuHaltexut ®, u naa
KOTOpOH

p(r, % (r))==const;

U, (r, ()0 nu B Kako#t monoGractu obracti ©,.

Toraa z ==y (#) — unrerpan cucremst (5) (cp. ¢ n. 5.4). HMuave ro-
Bops, wMHTerpaja cucrteMst (D) moayuaerca wu3 HuTerpana w=\y(r, 2)
cucrems (6) paspelexneM ypasHenusi Pp==0 OTHOCHTENBLHO 2.



FTABA Il

HEJVHEWHBIE YPABHEHHSI C JBYMSI HE3ABHCHMbIMU
INEPEMEHHbIMH

§ 8. OOmue nonATusA, o603HAUEHUA U TEPMHHOJOrHA

8.1. Teomerpuueckas uaTEpmperanus ypapHeHus. OGujee (neau-
Helinoe) Oupgbepenyuaavroe YPaBHEHUE B8 HOACMHLX HNPOU3BOOHBX
nepgozo nOpAdKa 048 O00HOU nHeu3secmuoli ynryun z=2z(x, y)
08YX HE3NBUCUMBX HEPEMEHHbIX VMEeT BUIL

F(x, v, z,—(%—i—,%):O 4 (1

0z 0z
WU, €CJH CHOBa MCI0JAb30BaTh 0003HAueHua p=-5;, q=~‘F,

F(x, 9, 2, p, 9=0; (la)

npu stom F=F (x, y, 2, p, g) — nannaa QyHKuus, KoTOpas Npernona-
raercsl uMeioweit B obaactu ®(x, y, 2, p, q) npoctpaucTsa x, y, 2, p, q
HenpepuBHbBIE YaCTHRlE MNPOH3BOJAHBIE TepBOTO TOPAAKA O BCeM NATH
NepeMeHHEBIM.

YpaBuenue, pa3peurernnoe OmuocumeavHo 00HOL U3 NpPou3sodHuLx,
WMeeT BMJ,

p=f(x, ¥ 2 9 wm g=f(x,y, z, p) 2

ypasnenue (1) Ha3biBaeTCA YPABHEHUEM, He PAIPEULEHHBIM OMHOCUMEAbHO
npou3sooHol.

ITo moBony onpeneneuus unmezparsHoli nosepxnocmu cM. nm. 1.1
u 8.8.

Huppepenunanstoe ypasnenue (1) xaxao# touke (Xo, ¥, 2,) npo-
CTPAHCTBA X, Y, 2 CTABUT B COOTBETCTBME CeMeHCTBO IJIOCKOCTHBIX 3Je-
MEHTOB  X;, Vo 25 P, ¢ (cp. ¢ mn. 2.1), panpasasolive Kod¢du-
HHMENHTH P, § KOTOPHX CBf3aHH COOTHOIIEHHEM

F(xy ¥ 25 P, 9)=0.
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[TnockocTHEIE 3/1eMeNTH, COOTBETCTBYIOUIME B CHJIY STOF0 ypaBHEHHst
Touke (Xp, Yo, 2p), ONpENesAOT OAHOMAPAMETPHYECKOE CeMeHCTBO MJ/O0-
cxocTelt, oruGawoliet KOTOpOro fBJdeTCsl, BOOOWE TOBOpS, HEBLIPOK=
AenHas!) KOHMYECKas MOBEPXHOCTb € BepWIMHOK (X, V,, 2,) (puc. 19).
3T0oT KOHYC?) HaawBalT Kowycos Moraca (HanpasatOUuM KORYCOM,
Kouycon T) andoepenunansnoro ypassenus (1) B maHHOH Touke.

\’

Puc, i9. Puc. 20.

CrnenoBatenibHo, B cuay auddepennanbHoro ypapHenus (1), Kax-
no#t Touke (x, ¥, 2) (pasymeercs, B cjayuae, ecad ypaBHeHue (la) aas
3TO# TOUKM MMeeT BeleCTBEHHBIE pelleHUs p, ¢°)) CTABHTCA B COOT-
BeTCTBME Ranpapiswounit konyc. CaMo anddepeHuuanshoe ypasienne (1)
NpeicTasigercs TeOMETPHUYeCKM NMOJeM KOHYCOB B MNPOCTpaHCTBe
X, ¥, z (aHANOTHUHO TOJIO HAMPABJIeHH# HA MJIOCKOCTH B ciydae OOBIK-
HOBeHHOro auddepennnansHoro ypassenus) (puc. 20).

B 3T0#f reoMeTpuueckOH HHTepNpeTalyu 3ajada pelleHHA ypaBHe-
Hus (1) osuauaer caenymoiiee: TpeOyercd HalTH TAKYI0 HeNPepHBHO nud-
(epeHunpyemyio noeepxHocTh 2 =W (¥, y), B KaXKIOH TOuKe KOTOPOH
NIOCKOCTHOM deMeHT X, ¥, 2=V (x, ¥), p="y,(x, y), ¢=1{, (x, y)

'y [Ecan odynknus F ampeilna mo p wm g, 1. e. B cayvae xBasuauHeliHoro
ypaBHeHHS, noJydaeTcd My4OK MJIOCKOCTEH, HPOXOAAIUUX Yepe3 MPAMYI0, Hashl-
BaeMylo «ocplo Momxma» (e, mn. 2.1 m 5.1). Ecau dyuxuust £ Henaudedua, t0
noayyaercd obmu#t cayuail: BOSMOMWHBIE KacaTelbHble IJIOCKOCTH K HHTErpalb-
HOH NOBEPXHOCTH B TOUKE (Xg, Yo, 29) OUPENEAAIOTCA OZHOBPEMEHHO NBYM#
ypaBHEHHAMYU

F(xm Yor 20y Py q) =0,
2—2¢=p(x—x0) +g(y— Yok
T. €. onu c6pasyloT ceMeHCTBO MAOCKOCTEH OT OXHOrO IapaMerpa, MPOXOAAIMX
uepes QuxcupoBanHuyl Touky. Orubaomedf Takoro ceMelicrBa #BAAETCA KOHYC.
— Ipunr. ped.]

?) [Tounee, paccMaTpuBaeTCs AOCTATOYHO MaJjas 4acTh NOJOCTH KOHyCa,
COOTBETCTBYIOIIAs AOCTATOYHO Majoi obracTu m3MeHenus p u g. B nenom
KOHYC MOHXKa MOXET COCTOATh H3 HECKOJAbKHUX OTIENbHBIX  NOJOCTEH.
— [fpun. ped.]

%) Ecau, nanpumep, F = p24-92-}1, To He cyuectByer (BEIECTBEHHOIO)
NIOCKOCTHOTO~ 3J€MeHTa, yaoeaersopsiomero ypasrenuo (1). Tlpu Harasawom
HCTOAKOBAHHH OGBIYHO OTKa3BIBAIOTCH OT Takux cayuaeB. Ho ouu, nomumo ciay-
HaiHbLIX OrPaHUYEHUH W3 CAELYIOUEro MyHKTa 3TOH IIaBbl, KOTOPHE HH B KOEM
clyuae He COAEpXKAT TeopeMbl CYHIECTBOBAHHSA, OTHIOLb He UCKAoueHbl. [Ipumew,
JAaaee, BO BHMMaHHe, 4TO Takke chiydait F =0 10 cux Hop He uCKMOUYaJCH.
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ynopneTsopseT ypasHenuto (la). Jpyrumu caosamu, B kawao# Touke
(x, ¥y, 2) vHTerpansHoi MOBEPXHOCTH 2 =1\ (X, y) ee KacarTejpbHas N0~
€KOCTb OIHOBPEMEHHO MHOMKHA OBITh KacaTeJbHOH MIOCKOCTHIO Hampas-
JIAIOLIEr0 KOHYCa, COOTBETCTBYIOLIErO paccMaTpuBaeMolt Touke 1) (puc. 20).
Mycty naunoe mndgepenunansuoe ypasueHue (1) KBasuianHe#HO:

. 9. 2)p+gx, v, 2)g=h(x, 9, 2, |[f|+]g]|>0 &

TOrAA HANPABARIOWMA KOHMYC, NpuHAANEKAWME TOuKe (X, ¥, Z,). BH-
poXaeTcsi B NPAMYIO JAHHYIO

x—xo==fof, Y—Y,=8f 2—2zy=hyt, (3a)

rne f-—mnapa™Merp, a f; &, Fh,— 3navenus dyuxunt f, g, 7 B TOUKe
(%4 ¥y 2p). CeMeHcTBO KacaTelNbHBIX MJIOCKOCTeH HANPABIAIOILETD KO-
Hyca mpeBpalllaeTcs B MAHHOM CJydyae B NMYYOK MNJAOCKOCTER, APOXOJd-
IMX Yyepe3 STY NpAMYI0, KpOMe IIOCKOCTH, MepNeHANUKYAIPHOH K MIO-
ckocTH X, y (eM. mm. 2.1 u 5.1).

8.2, l'eomeTpHuecKkas WHTEPNpeTALUs XapaKTEPHCTHK. JInHeHHLIe
W KBa3n:inHeHible YpaBHEHMA C YACTHHIMM IIPOU3BONHBIMH NEPBOTO MNO-
pAAKA MOMHO CBOIWTb K CHCTeMe OOBIKHOBeHHBIX Au(epeHnrabHbIX
ypaBHeHu#l NMOCTO/MbKY, MOCKOJNbKY HMX UHTErpa/bHbE MOBEPXHOCTH MOTYT
ObITh MOCTpPOeHbl M3 XAPAaKTePUCTHK. AHANOrMuHOEe CBel&HHE BO3MOXHO
TakKe IJs ypasHenus (1).

Hna xpasuauHefiHoro audgdepenunassHoro ypasHeHus (3) Kamaas
XapaKTepHCTHKA B KaXAOR cBOeH TOUYKe MMeeT KacareJbHOH OCb my4ka
IVIOCKOCTEeH, MOCTPOEHHOro AJa JaHHOM TOYKH, T. e. KaXIOH Touke
npocTpancTa (X, v, 2) MOCTAB/IEHO B COOTBETCTBHE ONpeleleHHOe Harl-
paBjeHue, TreOMETPHYECKH 3aJaHHOe OCbI0 COOTBETCTBYIOIEro Myuka.
9r0 noje HanpasieHnft aHAAMTHYECKN ONMCHIBAETCA XaPAKTEPUCTAUECKOM
cucremoit 3). Ilpu meperoce sToro 06CTOATEALCTBA Ha IHddepeHUMATb -
HOe ypaBHeHHe (1) cpasy e BO3HHKAeT OCJ0XKHEHHE, COCTOSIEE B TOM,

') [Takum o6pasoM, HHTErpanbHas OBEPXHOCTb B KaAOH TOUKE Kacaercs
COOTBEeTCTBYIOHIErO Koxnyca Momxa. Cp. ¢ reoMerpuueckofi wHTepmperanvei
HHTETPANbHOH  KpUBOH  OOBIKHOBeHHOro  AuddepeHUUasbHOTO  ypaBHEHHS.
— pun. ped.]

?) [B camoM jene, XapakTepuCTHUecKass cuUCTeMa ypaBHeHus (3)

x’(t)=f(x, Y, 2), )" (t)=g(x> Y, 2), z’(t):h(x, ¥, 2)

TOKa3blBaeT, YTO B NMPOU3BOJIbHOH TOUKe (Xg, Yo, &) XaPaKTEPHCTHKY HAMPaB-
JAI0MUM BEKTOPOM KacaTeNbHOR K XapaKTEPHCTHKE CHYKHT BeKTOp (f (X0, Yo, Z0)s
g (X0, Yo, 20)y h(Xg, Yo, 2p)), ABIKIOWUACA OXHOBPEMEHHO HANPABAAIIAM
BEKTOPOM OCH (3a) nhyyKa NJIOCKOCTEeH, COOTBETCTBYIOIIEro naHHOA Touke.
— ITpum. peo.]
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YTO KAXKIOH TOUKE MPOCTPAHCTBA 31eCb COOTBETCTBYeT HANpaBAsoUUi KO-
Hyc ¢ 6eCKOHEeUYHHE M MHOXEeCTBOM 00pasylowumx !).

OnHAKO €CAM yiKe MMeeTCs MHTerpajbHas MoBepXHOCTb z =y (X, ¥)
HennHe#Horo ypasnenms (1), To TOuKe (X, Vg 2, 3TO# MNOBEPXHOCTH
OLHO3HAUHO COOTBETCTRYeT HEKOTOpOE HanpapieHue, WMeHHO, Ha-
fpaBjeHHe TPAMOH, MO KOTOPOH MAOCKOCTh, KACaTeJbHAs K NOBEPXHOCTH
z=1(x, y) B Touke (X, ¥, 2,), Kacaercs koHyca Mona, mocrpoet-
Horo B 1o Touke, CreloparesbHO, STO HAMPaB/leHWE Wrpaer 31ech
PO/ib, AHANOTHUYHYIO POJM HaNpasjieHus XapakTepPucTUkW B  JauneiHOM
cayuae, Ilpamas, uMelolas JaHHOE HAMPAB/EHHE, OMNpEAe/AeTCH TOJIbKO
TOTHA, KOPAA H3BECTHH HAMpasasiouine Kodpguuuents p =\, (X, ¥y
u g ==y (X, ¥p), naM, B oOilemM ciyyae, 1B HAMPaBJAOLINX K03 dn-
uMeHra p, M ¢, COOTBETCTBYWOLME TOUKe (X, Y, 2p). OTH Hanpasisio-
we KO3pUUMEHTH B CaAyyae HenuHeRunoro ypasHenus (1) rakxe noa-
JeKaT ONpeleneHuio, T. e. Hapsaay ¢ TpeMs ¢yHkumsmu x (£), ¥ (¢), 2 (%)
HeoGxonumo elue Hafitw nse ¢yHxumu p (f), q (%)

Itu naTh QyHKUHMHA .

x=x(), y=y@®, z=z@®, p=p®. g=q90 &
#WrpaoT B ciayuae HeauHefiHoro ypasdenns (1) posb, aHANMOTHUHYIO POJIH
xapaxkrepuctuku ypashenua (3)2). duaa unx onpereseHus HeOGXOLUMO,
COr/IACHO MpedbiAyIeMy, VAOBJIETBOPUTbL CHACLYIOLIUM YCIIOBUSAM.

(@) B xaxao#t touke x,==x (), yo=Yy ({,), 2y= 2 (f,) npocrpan-
CTBEeHHOM KpuBolt x = x (£), y=y (), 2==2(f) ee KacateibHas NOJKHa
6uTh 06pasyoielt kouyca MoHka, NpUHALICKAWEro TOUKe (Xg, Yo, Zo) 3)-

(f) Tax kak wuHTerpaibHas TNOBEPXHOCTb JAOMKHA Oyner CTPOUTHCH
U3 XAPAaKTePUCTHK, TO MNAOCKOCTHbe 3JieMeHTH (4) AomxHb OHTb ILIO-
CKOCTHBIMH S/IeMEHTAMH HMHTerpajbHOH noBepXHOCTH (T. €. RpuHnadae-
JiLams VHTErpaibHO#l MOBEPXHOCTH).

1) [HanmpaBaenus obpasyjomux koHyca MoHxa, COOTBETCTBYIOIEro HeKo-
TOPOil TOUKE, Ha3LIBAIOTCH XA PAKMEPUCIMULECKUMY Hanpasterusmu. Ecau
B Cayuas KBaswaune#Horo ypasHeHua (3) KaxJoH TOUKke MPOCTPAHCTBA COOT-
BETCTBYET €IMHCTBEHHOE XaPAaKTEPHCTHYECKOE Hampas/ieHne — HalpaBJeHue ocH
Mouxa, T0 B cAyuae HeauHelnoro ypasHenus (1) kamJoH TOUke NPOCTPAHCTBA
COOTBETCTBYET OJHONAPAMETPHUECKO2 CeMEHCTBO XaPAaKTEPUCTHIESCKUX HAMpaBJe-
Huit. — [Tpunm. ped.

2) CHauaJsa, GbITb MOMET, HECKONbKO MeIlaeT, 4T0 2, p, § BCTpEHaloTcs
B PasIMyHbIX 3HAYEHWAX, MMEHHO, BO-NEPBHIX, B KaueCTBE HE3aBHCUMBIX Oepe-
MEHHBIX, OT KOTOpHX 3aBucut dynxkuus F (x, y, 2, p, ) waa paccMatpuBaeMas
obaactb & (x, y, 2, p, ); BO-BTOPbIX, CHMBOJBL 2, p, § MOTYT 0603HaYaTh QyHK-
1wy ot X, ¥y B Adddepenunanvuom ypaphenuu (1), npuseM p == 2z,, g=2y 4,
HaKOHell, B-TPeThHX, CHMBOAB 2, p, § MOIyT OHITb (YHKIHAMH HE3aBHCHMOH
nepeMenHo#t ¢ B ypapHenwusx (4). OnHako, kKax Bckope OyIeT BHAHO, HE CO-
CTaBAsieT TPYJAa TPUAEPXKHBATLCA 3STHX PA3NMYHbIX 3HaucHuiH, ¥ MOITOMY 060-
3HAYEHHE HMX DA3JINUYHBIMH CHMBOJAAMH NPHHECIO Obl HEHYHKHbIE YCAOMHEHHS.

3) [MpoctpancTeennas KpwBas, HMEOWAs B KaXIOH cBOed TOuKE XapakTe-
pUCTHUYEcKOe HamlpaBicHue (T. €. B Kam[OH ee TOuKe kacaTejbHaa asaserca 00-
pasywomell cOOTBETCTBYlomero koHyca Mouika), Ha3biBaeTCs goxaasnod Kk pu-
6ol unu Kpusoii Mownxca.— [Ipum. ped.)
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(B*) Iro nocrennee TpebopaHue OyieT, OAHAKO, 3aMEHEHO B aHaIH-
THUeCKOR (OpMYJHPOBKE ONpeNeaeHUst XapaKTepucTHK OoJee Caa0BIM:

[MaockoctHbie aneMeHTH (4) RO/MKHBI NPHHALIEKATH TNOBEPXHOCTH
2=\ (x, y), 41a kotopoit F(x, y, ¥, P, P,) nocrossual).

8.3. Onpenenenve nonaocwl. IlycTb MAoCKOCTHEIE 3JeMeHTH (4) npu-
Hangewar xakoi-uuOylb HempepbiBHO IMddepeHuupyeMoit TOBEPXHOCTH
z==1p(x, y). [oncrasum ¢ynkuun (4) B papeHcrso 2z =1P(x, y):

2O =P (x @), y(®),

U npoanddepeHHupyeM HOMyuuBlIeecs TOxAecTBO no £. Torxa mbl npu-
IeM K C/elylouleMy PaReHCTBY, HA3LIBAEMOMY YCA08UEM NOAOCHL:

ZO=p®OxBO+q0) Y ®. ()
3710 NpUBOAWT HAC K ONpeleeHHI0 MOJOCH, He 3aBucslIeMy yike OT
kakofi-mbo nosepxHoctn 2 =1 (x, y). [lon nosccod nonumaercs oxn-
HONapaMeTpHUYeCKoe CeMeHCTBO TJIOCKOCTHHIX 3JeMeHTOB (4), 3anaHHBIX
B uHTepBane @ < f < B HenmpephiBHO JAuddepeHUpYEMbIMA GYHKUHMAMHU,
s KOTOPLIX BhMoaHstercst yciaosue (5)2). [IpocrpaHcTBeHHas KpuBad,
onpenesieHHast TpeMsl MepBBIMU GyHKUMAMH (4), HA3HIBACTCH HOCUHLEACHM
nosocsl. KpuBas-HOCHTEAb MOXET B YAacTHOM cJy4de BBIPOXIATbCA B
TOYKY.

8.4. BriBox xapaxTepHCTHUECKOH CHUCTEMBI,
(a) Paccmorpum ofwee audpepennyiansroe yoasuenve (1) npu Heob-
XONUMBIX 1751 JajbHeRllero NpeaNnoJIoMeHUsX O AuddepeHunpyemMocTd u

1y [MMaockoctHele 3aemeHTH (4) MOpHHATACKAT HEKOTOPOH MOBEPXHOCTH
2 =1 (x, y), €cJu BBHIIOJHEHbI CJCLYIOIHE yCAOBUA:

O=Pp(x @), y®)), b (x@®), y®))=pr@),
Yy (x (), ¥ () =q@®.

Wuaue rosops, xpusas x (f), y(f), 2 (f) AexuT HAa NOBEPXHOCTH Z ==V (X, ¥),

a KacaTeJbHas MAOCKOCTb B KAWIOH TOYKe STOH KPHBOH K HOBEPXHOCTH UMEET

\ HaMPAaBAAOLIIMHU Koa[q])cpnumeHTaMH 3Haue-

- N uua p () u g ). — pun. peo.

(pito). 91%),77) \L\?"\ 2) [Papenctso (5) noxasbu]saeT, 910

5)\&\»‘3 sekTop (p (¢), ¢ (), —1) oproronaxed

Bektopy (x' (f), y’ (¢), 2’ (f)), xacareab-

} , HOMY K TNPOCTPAHCTBEHHOH KpuBOH x (f),

(*T’(tu}'_‘/ Vtol, 2125 y(t)},, z (t).pCJlep;LOBaTeJlbﬂo, HF.)HOCKOCTH(bI)e

jeMeHTn  (4) onpeneasioT INpOCTpaH-

Puc. 21, CTBeHHyl0 KpuByw x (), y (@), z()

M Kacawllyocs ee B KaxIOH TOuke

IJIOCKOCTh € Hampapasioummu Kosddunuentamu p (f), ¢ (f) (cM. moacTp. npu-

meuanue !). Takum oOpasoM, aHanuTHUECKH TMOJOCY MOXHO ONpEeNeanTh Kak

COBOKYNHOCTh TMJAOCKOCTHBIX 3JEMEHTOR, VAOBJAECTBOPSIOMINX JIONOJHATEALHOMY

ycaosuio (5). 'oBopsl reomerpuueckd, 104 MOMOCOH MOHMMAIT KOHPUIYPaUMIO,

COCTOSIIYI0 M3 KPUBOH M ceMEHCTBa Kacalomuxca ee MmIockocreit (puc. 21). —
Ipus. peo.)
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YCAOBHH lel-HF,,l > 0. U3 TpeGosanus (a) n. 8.2 moayyaeMm coorT-
Houreuue 1):

x’(t):y’(t):z'(t):Fp:Fq:(pr—{—qu),

npuuem B F,, F, noicrasnens ¢ydxuuu (4). Ecam 310 cootsowenue
BRIMOJIKEHO, TO KacarelbHas K KpusoH x (f), y(f), z(¢) asaserca obpa-
syiouieft coorBercTByowero xouyca Momnxa. Orcioona nyrem Hamnesxa-
uero Bubopa mnapamerpa £ mojyuaeM MepBbie TPH ypaBHEHHS (6). Us
TpeboBanua (f*) 119 HeKOTOPOH MOBEPXHOCTH 2= (X, V), L9 KOTO-
poi F(x, v, ¥, ¥,, Py) == const, 4YacTHEIM AupPepeHUHpOBAHEEM 110
X Wy nojayyaeM IBa NOC/IelHHX ypaBHehus (6).

ITO NPUBOINT HAC K ONpeledeHHI0 XapaKTepHCTHUeCKO# MOJ0Ch, He
3aBUCALIEMY OT KaKHX-JIn0O WSBECTHLIX NPOCTPaHCTBEHHBIX KPHBBLIX U
nosepxvoctel. Ilycts ¢yukuma F(x, y. 2, p, ¢) umeer B oGaacty
&(x, y. 2, p. q) npocrpanctsa x, y, 2, p, ¢ HelpephLIBHblE YaCTHHIE
NPOU3BOALlIBIE [TEPBOTO Nopaaxa. Pynxunu (4) co 3HaueHuavu B ob6nactu &,
HenpepsiBHO aubdepenuupyembie npu o < £ < f, ONpeleisoT XapaK-
mepucmuveckyio noaocy (xapaxmepucmuxy) ypasHenus (1), ecam
OHU  YIOBJIETBOPAIOT CcUCTeMe OATH OOBIKHOBEHHLIX AHQdepeHInatbHbX
ypaBreHu#

X' (O)y=F, y(t)y=F, 2/(t) =p () Fo+q®)F, }
pV)y=—F,—pWHF, ¢ )=—F,—q®)F;

TIpH 3TOM ¢yHKuuM (4) noxcrTasieHHl B MpousBofHbe OT F B KauecTse
aprymentos 2). ¥ pasueuns (6) HasnBalOTCA XapaKmepucmuieckumu ypas-
HeHuaMU (Xapakmepucmuieckol cucmemoil) Inddepenuuanbioro ypas-
HeHud B YACTHREIX npousBoaHmix (1).

Tlockosbky B npeanonoxenusx o6 F nosyuaercsd, yTo npasbie 4acTu
cucteMsl (6) aumb HenpepbBHEI, TO cucTeMa (6) MOWeT umerh Gosee
oxHoro peuweHusi. Ecam ke norpeGomare, utobn ¢ynxuua F Oraa
L BaX bl HEeNnpephBHO AvddepeHunpyeMa, TO XapaKTepUCTHYeCcKad TO-
moca OyneT nuubs oxHa (cM. maee n. 8.6).

(6) Ecan nano nuddepenunansuoe ypasHenne Tuna (2), HampuMep

p=f(x, ¥, 2, q, )

TO CHCTEMA MATH XapaKTepPUCTHYECKMX ypapHenu#t (6) csoautcs k Tpem
ypasuenusM. IlepBoe xapakrepuctuueckoe ypasuenue x’ ()= 1 noseo-
J9eT HAM TOJOXMTh: f==x. Tak Kxak B JaibHefllleM 19 NOCTPOEHMA
WHTETPaibHBIX TOBEPXHOCTER M3 XapaKTePHCTHYeCKMX nojoc Oyayt pac-
CMarpuBaThCd  TOJLKO TaKMe [JOCKOCTHBle 37MeMeHTH (4), KOTophie

(6)

') [HoxasateanctBo MoxmHO HaliTh B kuurax CTenanoB mwin K YPaHT, —
ITpun. ped.)

?) [OtMetuM, uTO Kamas noaoca (CM. o 8.3), YLOBAETBODAIOIAA NEPBBIM
TpeM u3 ypaBHeHu# (6) m coorHomenwo F (x, ¥, z, p, q), HasbiBaerca @orans-
Houi noaocod. — Ipun. ped.]
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yAOBJETBOPAIOT UCXOAHOMY AuddepesuuansioMy ypasuenuio (7), 10
B TpeTheM ypasHenuu (6) Moxio 3amenuTh p Ha f. OkoHyaTenbHO A%
onpenesenus GyHkuui y(x), z{x), g(x) NOJyuaeTca TPH YpaBHEHWUs:

Y =—f, Z=f—qf, §@)=f,+qf,. (8

Ouu  HA3LIBAIOTCH XQAPAKMEPUCULECKUME YPABHeHUAMI IRppepeH-
unanbHOro ypastenus (7)

Ina onpenenenns xapaxmepucmuteckofi no40cst 100aBASIOT eule
OLHO YypaBHEHHE

p()=f(x, y(x), 2(x), q(x)). (9)

(8) Ias xBaswamueiinoro auddepenunanbioro ypasnenus (3) nepsble
Tpu u3 ypasHeuu#t (6) umeloT BUI

XM=f y@®=g, 2ZO=pf+ 8.

B nocnenneM us 9TMX ypaBHewul pf - gg MoxeT OniTb 3aMeHEHO Ha &,
TaK KaK AJ8 TOCTPOEHHS MHTerpatbHOR HOBEPXHOCTH H3 XapAKTEPUCTHK
PaccMaTpUBAIOTCSt TONMBKO TAKHE 3JIEMEHTH MOBEPXHOCTH, KOTOpHie y10-
BAETBOPAIOT YpaBHEHNIO (3).

8.5. Jipyrue BbIBOABI XapakTepucTuyeckoit cucrempl. [loayuenne
XapaKTepPUCTUK € MOMOLIbiI0 Tpebosanuit (a} n (8) mam (B*) m. 8.2 umeer
npeuMyiuecTso B Harjsasoctu. OAHaKo HELOCTaTOK TAKOTro OMpeleseHus
XapAKTEPUCTHYECKOM CHCTEMBl COCTOMT B TOM, 4TO STOT METOL C TPYAOM
IONyckaeT nepenecenHe Ha oOumifi ciyuatt (Gonblie MCKOMBIX (yHKUuH,
He3aBHCHMBIX TlepeMeHHbIX Oonblue ABYX, AudpepeHunabHbie ypaBHEHUs
Gonee BhicOKOro mnopsinka), [TosToMy siech HaMeueHb! eille TPU APYrUX
merona. TpeTH M3 HUX — caMbf KODOTKHH ¥ jerue BCero nepeHocim
Ha ofiHe cayyau.

(a) Muyrcs nIOCKOCTHBIE 9aeMeHTH (4), KOTopble NpHHAalnexar
OAHOBpEMEHHO HECKOJLKNM HHTerpaibHbiM TNOBEPXHOCTAM, HAIpUMED

==y(x, y) u z2=4(x. y). ITH UHTErpajbl APELNOJIAraloTCcs NBAXILI
HenpepbBHO AndpepeHnnpyeMeiMH. KpoMme TOro, uim B KakOM MOABIHTEp-
Baje uHTepBaia o <t < B BCe TPH Pa3HOCTH

Peye = Ay lpxy — Xxyr 1pyv — vy

nocje NOACTaHOBKM X (£), y(£) He momxiisl OBITh TOXICCTBEHHO PaBHH!

HY 110,
Torma u3 ypasneHus (1) mocie NOACTAHOBKM HHTErpanos M Indde-
PEHIMPOBAHNA MO X M MO § CJAENYIOT 1B YPaBHEHHA N9 (PYHKUKH :

Fx+Fz1px+Fplpxx+Fqlpyx=0’ } (10)
Fy‘*'Fz‘Py“"Fp‘bxy"i"Fq‘pyy:O’

a Take IBA aHANOTMYHBLIX ypaBHeHHst ¢ ¥ BMecTo . IloxcraBuM Tenmepb
c04a GyHKUMH (4); TOTAA TMO TPEANOJONKEHHIO KOIPOUIHEHTH Fu Fy,
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F,, Fp, Fq, Py, Py ypasHeHnH (10) coBnanamoT C COOTBETCTBYIOLIMMK

KOSCbCpI/ILlV(eHTaMI/I, KOTOpbIE NOABJARAIOTCA B YPABHEHUAX HJA Y. HonyqaeTcn
IIO3TOMY CHCTEMA

Wex — Xw) Fp+ (Bye — %y ) F=0,
(ay — L) Fp (byy — Ayy) Fy =0 } ah
¢ moicTaBiAeHHbIMU ciona ¢yuxumamu (4).
C npyro#l CTOPOHH, Mbl HMeeM:
2@ =y (x @, y®), } (12)
PO=P(x(®), y@®)), @)=, (x(@), y(©®)),

¥ aHaNOTHUHBIE YPABHEHHS OCTAIOTCH CNPABEIJHBRIMU IJA ) BMECTO 1.
Orciona crenyer nocie AuddepeHUMpOBaHUS YCIOBHE MOJOCH

2 = px'+qy’, (13
TaKiKe elle YeTHiPe COOTHOIIEHHA: ABA IJS P
Pr="0 %+, @ =y x" by (14y

U OCTaJbHbie ABA C j BMecro . M3 stux yeThpex ypasHeHHH crenyer:

(B = A x4+ (Ipxy - Xxy) y' =0,
(lpyx - ny) x’ + (Wyy - ny) y/ =0.

Tak xak HU B Kako# uwacTu wuHTepBana (o, B) Bce cKkobOku # 0 m Tax
KaKk Py ==1YPy,, Xy =7Ayy TO CPaBHEHWE OTUX ypaBHeHHH C ypaBHe-
Huamd (11) naer

7 ’ —

VF,—x'F,=0.

Ecau |x’| 4+ |y’| > 0, 10 BHIGOpOM HameNKAIIETO NMEePeMEHHOrO MOMXHO:
BOoCTHYb TOrO, 4TOOH OLUM ylOBJAETBOpeHH 06a mepBHX ypaBHeHus (6).
Ho roraa, B cuny (13), ymnoBieTBOpUTCH Takwe M 3-¢ ypaBHEHMe CH-
creMul (6). Hakoneu, ypasnenus (10) nocse noactanoBku ¢yHxuuit (4)
JanyT COOTHOUIEHHsS

PO="2 (). y()=-—F,— pF,

¢ O=—r 0, (O, y(O))=—F,—qF,,

a 3TO — B4 TOCJEeNHUX YpaBHEHHS cucTeMHl (6).

(6) Ilycts z2=1p(x, y)— NBaOXAH HempephBHO aHpPepeHuHpyeMas
HHTerpajbHas NOBEPXHOCTh JAH(PPepeHuHanbHOro ypassenus (1), nycre
(4) — nIOCKOCTHEIE 3/1EMEHTH, NMpHHALIEKAIHE 3TOH MHTerpasbHOH mo-
BepxHocTH. Ecim B ypasnenue (1) mocraBute 2z=1, TO noayuyaiorcs,
Kak ¥ B (a), coorHowenus (10) u (12) — (14). IToacrasum Teneps B (10)
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dyukiuu (4), a NOTOM YpPaBHEHHA (14) npubGaBuM K COOTBeTCTBYIOLINM
ypasuenusm (10); Torza nonydum:

p,—‘—Fx_‘_ sz=1pxx(xl'—Fp)_i_lpxy(y,_Fq), }
g Fy 4 qF, =y, (' — F ) 4y, (v — F)).

Vpapuenus (13) n (15) cnpaseluBH 118 KaxIoH NOJOCHE, mpuHaiie-
wauel MHTerpanbHoft mosepxHoctu. OO6a ypashenus (15) cyluecTBeHHO
yHpOWAIOTCS, KOTrAA M0J0Ca BhOupaercs Tak, 4TO

(15)

x’=Fp, )»’;—__—Fq,

T. e. KOUZa TOJyYalOTC Kak pa3 XapakTepHcTuueckue ypasHenus (6).

(B) Tlyctb naua npOCTpaHCTBeHHas Kpusads X = x (f), y=y (),
2 = z(t). Bosuukaer Bompoc, KOraa oOHa eJAHMHCTBEeHHBIM 00pasoM
MOxeT ObITh IOMOJAHEHAa 10 Takol oOIHOmapamerpuyeckod COBOKYNHOCTH
TIOCKOCTHBIX 37eMenToB (4), Kawabi#i u3 KOTOpOH YIOBJIETBOpAET ypaB-
nennio (1)? Ot0 kaxk pas TOT cayuai, xoraa p(¢), ¢(f) Moryr Owto
BHOpaHEl eIMHCTBEHHBIM O0pa30M TAKUMI HENpephBHO Iuddeperuupye-
MBIMH QYHKUMAMH, YTV BHITIOJHAETCS yCJIOBKE NOJOCH

px' +qy —2'=0
¥ YLOBJAeTBOPAETCH ypaBHeHHe
F(x) y; 27 pv q)=0'

Ecmu uucaa py==p ({y), Go==q(f;) YLOBAETBOPAIOT 0060UM TOJBKO
YTO HAMHCAHHBIM YPABUEHHAM, TO, B CHJIY TEODEMbl O HESBHBIX QYHKUMAX,
CYWeCTBYIOT (B HEKOTODOH OKPeCTHOCTH 3HAUeHHd {,) HempepHBHLIE
¢yuxkunn p (¢), ¢ (£), yLoBIeTBOpsIOLLIE 0o00NM STHUM YypaBHEeHHSIM, eCH
TOJbKO (PYHKUHOHANbHBIA Onpelenure/lb

4 4

y
# 0. (16)
F, F,
OO0parHo, eCJau 3TO YCHOBME He BBIOJHEHO, TO
x/ y/
=0 (17)
F, F,

IAs HEKOTOpO# mosockl (4); ecnu, Kpome Toro, {Fpl+1F,| >0 nm
| %' |41y"| >0, 10 npu nanzexawenm BHOOpe mapamerpa f

x'=F, y'=F,

Cren0BaTenbHO, yCIOBHE, NPOTHBONOJOXHOE HepaseHcTsy (16), mpuBoaut
HEMOCPEeACTBEHHO K TIePBLIM IBYM W3 XapaKTePUCTHYeCKHX ypaBHeHuH (6).
“Tperbe w3 ypasHeHuH (6) ABAAeTCA He YeM HHLIM, KaK yCIOBMEM MOJOCEHL
QO6a nocielHMX ypaBHeHHs TOJY4aloT, Kak B M. 8.4.
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8.6. OGeikHOBEHHBIE H OCOObIE NAOCKOCTHBIE 9JeMeHThl. IliockocT-
HOM 3JeMeHT X, Yy, 2, Py, ¢, Ha3bBAeTCS OCbLIKLHOBeHHBM (pe2yaap-
HOLM, NpABUNbHOLM) WIN 0COObM (HepeeYyAApHBLM) LIS LuddepeH-
unajabHOTO ypasHenus (1), cMorps mo tomy, Gyaer au lel+qu| >0
Han ]Fp]—{—qu|=0 B TOuUKe (Xo, Yo, 20, Pgs Go)-

Ins xaxao#t xapaxTepHCTHUeCKOR MOMOCH, cOfepkaiuiel mo Kpalivei
Mepe OJMH OOBIKHOBeHHBIH IIVIOCKOCTHOH 9/eMeHT, HH KPHBasi- IIOCHTED,
HM ee MPOEKUMS Ha NJOCKOCTb X, y He COCTOST TOJbKO H3 OAHOH TOUKHU.
Ecau xapaxrepucruyeckas nojxoca colepxut ocoOBH MAOCKOCTHOH 3ie-
MEHT, TO OHa MOMeT MMeTb pAas3JndHble CBOHCTBA, KaK [1OKA3LIBAIOT
NPUBOLUMEIE MPUMEPH.

B caeayomux npumepax 0, 0, 0, 0, 0 — 0coOH#H NIOCKOCTHOH 3JaEMEHT;
MCCHENYETCd XAPAKTEPUCTHUECKAA [MOJO0CA, KOTOpad MPOXOLUT UEpPe3d HEro HpH

(a) PP-g?=x-y.
XapaKkTepHCTHUECKHe YPABHEHHSA TaKOBHL:
x'=2p, ¥y =29 2 =2p242¢ p =1 g =1

M3 1Byx mocnenHux ypaBHEHMH cieyer p = g ={, I0CAE UErO U3 ABYX NEPBHIX
HaxopuM x =y =={2, KpuBas-HOCUTENb COCTOUT, CJEIOBATEJbHO, HE TOJMBKO W3
OAHOH TOUKH.

(6) rP+Dx+@+Dy==z
XapaKkTepucTHUeCKHE YPaBHEHHS TAKOBHI
X=x, y=y, Z=uxp+tyq, p=—1 ¢g=—1

M3 asyx mepBbIX ypaBHEeHuH ciaenyer x = y = 0, mocJae 4ero 13 TPEThEro HaXo-
auM 2 =0; B TO xe BpeMs 00a NOCIENHHX YPABHEHUS AAKOT p = g = —f. Kpu-
Bag-HOCHTEAb COCTOUT 31€Ch TONbKO H3 ONHOH TOUKH, HO eif cooTBeTCTBYeT Gec-
KOHEYHO MHOr0 HaNpaBJAKIHX KO3(GPUUHEHTOB.

(8) P4 —xp—yqgt+2=0.
XapaKTepucmquKHe YPaBHCHHS TaKOBBbI:
X' =2p—x ¥y =2q—y, 2 =2p242¢*—xp—yq, p'=0, ¢ =0.

Us aByx mocaeHAX ypasHeHu# creiyer p = g = 0, NOCJE 4Ero U3 Ipex IepBhIX
HaxoguM x = y = z = (. Xapakrtepuctdueckas NOJAOCA COCTOUT M3 €IHHCTBOH~
HOTO IJIOCKOCTHOTO 3JEMEHTA.

(r) P+e¢+ x4y =0
XapaKTepHCTHYECKHE YPaBHEHHUS TAaKOBHI:
x'=2p, y =2q, 2 =2p242¢, p'=—2x, ¢ =-—2y.

Ws nux caexyer coornomenne xx’—yy' —+pp’'+-qq =0, wiu x4 y2--
+p?+q2=0 1. . x=y=p=¢g=0. V3 Tpetbero XapaKTepuCTHIECKOTO
ypaBHenus HaxoguM: z==C npu awobom C. [109TOMy OCOGBHIMH MJIOCKOCTHBIMH
aleMeHTaMu OyayT:

x=0) y20) 2'=C, P_—'O: q=0'
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OnHOBPEMEHHO 9TO H €AUHCTBEHHBIE HHTETpaJbHble sleMeHTh. CJefoBaTeNbHO,
KaK HENOCPeNCTBEHHO BHIHO M3 IuddepeHnHaJbHOr0 ypaBHEHHS, HHTETPaJbHOR
4IOBEPXHOCTH HE CYLIECTBYET.

8.7. Unterpajbubie NOJOCH M MHTErpajbHble moBepxHocTH. Ilro-
CKOC1HOH 3neMent X, y, 2, p, ¢ HA3bIBACTLA UHMEZPAAbHLIM 3AEMEH-
mox nuddepenunancoro ypasHenus (1), ecmm F(x, y, 2z, p, 9)=0.
[Tonoca (4), (5) naswiBaeTcs uUHmMe2paAbHOl noA0COH, €C/AH OHa COCTOUT
TOMLKO W3 MHTETPajibHLIX SJIEMEHTOB.

(a) dyuxuua F(x, y, 2 p, g) TNOCTOsSHHA BIOJNb KawIOH xapak -
TEPHCTHYECKOHN MOJOCH auddepeHunanbioro ypasHenus (1), T, e.

F(x@®, y@®), 2(®), p(). q())= const;

f109TOMY XapaKTePHCTHYECKAd M0J0CAa HABJAAETCA WHTErpanbHOH moJocol,
-eCJI1 OHA COIEPKHUT XOTS OBl OAMH HHTErpaibHBIN 3IEMeHT.

Ilns paspellieHHBIX OTHOCHTENbHO NPOM3BOIAHON AU pepeHUnalbHbIX
ypasueHu#t (7) Kkamnad XapakTepHUCTHUECKas TOJIOCa BCerAa #BAAETCS
UHTErpasbHOR MOJMOCOH: B STOM Clydae CMpaBejJMBO ypasHeHHe (9).

(6) Ecin ¢yuxumst 2 =19 (x, y) B obnactn @ (x, y) ABIAETCA ABANKABI
HenpepLIBHO ANGQepeHUHpyeMbIM HHTErpaaoM AnddepeHunanpHOro ypas-
Henua (1) n ecau

X0 Yoo V(X0 ¥o)» Wi (Xa Yoo Wy (Xo: ¥o) (18)

— n0o00# MJIOCKOCTHON 3JeMeHT 3TOH HHTErpajbHOU NOBEPXHOCTH, TO
aobas xapakrepuctuyeckas nosocal) ypamuenus (1), xoTopas coaepikur
3TOT IUIOCKOCTHOM 3/eMeHT, TpPUHAIJIEKUT NOBEPXHOCTH 2=y (X, ¥),
KOJIb CKOpO JiBe NepBbie KOOPAHHATH X, Y 3TOH NONOCH SBJSIOTCHA TOU-
xamu o6aactu © 2).

CrnenoBaTenbHo, ABaWAB HeNMpepHIBHO IH(depeHIpyeMble UHTErpalb-
HEle MOBEPXHOCTH MOTYT OBITH MOCTPOEHB M3 XapaKTePUCTHUUECKHUX MOJIOC.

(8) Ecim z=1Y(x, y) u 2=y (x, y)— OBe ABAXIbl HENPEPHBHO
nuddepenunpyemsie B obnactm G (x, y) uHTErpasbHbIE [OBEPXHOCTH
ypaBhenus (1) ¢ omuuM oOLIMM MJIOCKOCTHEIM 3JiementoM (18), 1O BCE
XapaKTepucTHYeCKye TMOJOCH ypasHeHna (1), KOTOpble COIEPHKAT STOT
IIIOCKOCTHOM 37eMeHT, OJHOBPEMEHHO MpPUHAIAEKAT O00euM HHTETPaNbHBIM
TIOBEPXHOCTAM, €CMH TOAbKO (x (£), ¥ (£)) — Toukn oGnactu (.

Ecau 3ToT 06LIMi INOCKOCTHOH 3JeMeHT — OOBIKHOBeHHEIH, TO 00e
MHTerpanbHbe TOBEpPXHOCTH, B cuay n. 8.6, nmenoT o0LIyl0 KPUBYW,
He BHIPOMKIAAIOULYIOCH B TOYKY.

1y Ecam ¢ynxuus F 1B a3k AB HenpepuBHO AuddepeHuupyema uam xe
Haarofaps KakuM-in6o YCIOBHAM TIapaHTHPOBAHAa OAHO3HAYHAS DPA3PEIIHMOCTH
XapaKTepPUCTHYECKUX YypaBHeHuil (6) NpH 3aJaHHBIX HAYaJAbHBHIX YCJOBHAX, TO
-CYIECTBYET JNHIIb €IMHCTBEHHAR FOJOCA TAKOro poja.

2) OTHOCHTEJLHO ochabaenns ycaoBul o  nuddepennupyemMocta  CM.
A. Haar, Acta Szeged 4 (1928); 103—114; T. Wazewski, Annales Soc.
Polon. Math, 13 (1934), 10—12; Math. Zeitschrift 43 (1938), 521—532.
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8.8. YacTHbiil, 0ocobGbiit, moaHblii U OOMHA HHTErpaJsl.

(a) Yacmuuli unumezpar ypasHenns (1)-—He 4TO MHOe, KaK HeKO-
TOpHIAt MHTerpan Iu¢@epeHInasbHOr0 ypaBHEHUs, T. €. KaKasg-TO ¢YHK-
uust z ==\ (x, y), yIoBiaersopsiowas ypasuenuio (1). ITostomy repmun
UaCTHHIH HMHTErpas» o3Hayder, Kak MNPaBUIO, TO Ke, 4TO H HPOCTG
«MHTErpains.

(6) Vnrerpan auddepeHunanpioro ypastenus (1) z =1 (x, y) Hass~
BaeTcsl 0colblM, €CAH OH COLEPKUT TOJNBKO OcoOble HHTerpajbHLle 3Jje-
medrnl (cp. ¢ nn. 8.6, 8.7), T. e. KOria TPU ypaBHEHHUH

F(x,y, 2, p, =0, F,=0, F,=0 (19)
OJHOBpEMEHHO CnpaBel/NBbl IJd
2=y, p=Y, g=1\,. (20y

Ecan mnoncrasuts (20) B (19), T0 mocte vyacTHOro And¢epeHUUpOBAHUS
NoJyuyaercs, 4YTo JJsl JNBaXIbl HeNpPepHIBHO Au(depeHUHpyeMbX 0COOBIX
HHTErpajoB HMeIOT MeCTO COOTHOIIEHMS

F,+pF,=0, F,4-qF,=0. (21}

Wurerpana, KOTOPHIH He COLEPKHUT OCOOBIX MHTErpajbHBIX 3JIEMEHTOB,
MOXKeT BIOJIHE Ha3bIBATbCS O0biKkHOBeRMbtM. IlponasoabHBIA HHTErpai
MOXS€T, €CTEeCTBEHHO, COJepKaTb KaK OOBIKHOBEHHBIE, TaK W OcoOHe IJIO-
CKOCTHBIE 3JIEMEHTHI.

Oco6ble uHTErpasel AaHHOro AudpepeHUNaIbLHOro ypasuenns (1) noay-
yaioTca, Korza w3 ypasHeHu#t (19) mam (B cayuae, ecau HILYT IBAXAL
HEfpEPEIBHO IH(depeHUNPYeMYI0 HHTerpaibHylo NOBepXHOCTb) u3 (19)
n (21) onpenenslOT BCe WUHTErpajbHHIE JMEMEHTH X, Y, 2, P, ¢ # HCcle-
JLYIOT, MOXHO JM H3 HHMX COCTaBUTb HeNpephBHO AHMdepeHUNpyeMble
NOBepXHOCTH 2 =1 (x, ¥).

[Ipumep. pg=-=z.

Ocobble MIOCKOCTHBIE 3JEMEHTHI noJayyvamwTca H3 COOTHOWEHHH

z=pq, q=0, p=0;

CJe0BaTeNbHO, 2 = p = ¢ = 0 npu mo060M X, y, U 3TH dJeMeHTH O06BEAUHAIOTCSE
B 0COGyI0 HHTErpajbLyio NMOBEPXHOCTh 2 = 0,

(B) IHoansi unmeepanr auddepernnanpuoro ypasHenus (1) ecto asy-
napaMeTpHuecKoe CeMelCTBO MHTErpajos

z=1\)(x, ¥, a, b), (22)

npuveM ¢ynxkuus § Bvecre ¢ P, P, B HeKOTOpOR obiactn mpocTpaH-
cTBa X, y, &, b nomkua ObiTb HenpephiBHO AuddepeHmUpyeMa MO BceM
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YyeThipEM apryMmeHraM, a (pyHKLlI/lOHaJIbHaﬂ Marpuna

0 (%, Vo Py)
d(a, b)
B KaxJ0# TOuke 3TOH 06/1acTH IOJ/:KHA MMeTb paHr 21),

Poab noaHoro uurerpana, KOTOpGbi, BIpoueM, onpelensercs Rudde-
pPeHUHAJbHEIM YpaBHeHHeM OTHIOAb He OAHO3HAYHO, OCHOBAHA HA TOM, UYTO
U3 Hero OJHHM TOJbKO npoueccoM AuddepeHUUPOBAHNA H UCKJIOUEHUS
MOHO BLIBECTM BCe HHTerpanbl ypasHenus. ['oBops rpy0o, NOJHBIA WHTE-
rpajd npubJIUSHTE/ILHO COOTBETCTBYET HHTerpasbHOMY 6Gasucy auHeHHOro
OJAHOPOAHOrO AU(ppePEHUHANLHOTO YpaBHeHus (cM. n. 3.4).

(r) O6ujum unmezparom Ha3blBaeTCA UHTErpas ypasenus (1), xoTo-
prifi 3aBuckT OT OAHOM mpousBoJLHOH (yskuuH. [IpH 9TOM 3aBHUCHMOCTH
NOHUMAETCs TAK, 4TO B (B) BXOAIMT b= (a) C NPOU3BOJbHON ¢yHK-
unet ¢. Ormerny, uro GoJee NOAXOAAIMM OblA0 Obl TpeGOBaHUe, HTOOLI
HHTerpasl 3aBHCeJ OT NPOM3BOJIbHOH NLAHHOH HAya/lbHOW MOJOCH.

§ 9. Merton Jlarpanxa

9.1. llepssie unTerpaas. IlycTb 3aiaHo KBasuiaMHeHHOE ypaBHeHHe
fx, 9, )p4g(x, y, 2)g=nh(x,y, 2) ()

ecan w=1\y(x, ¥, 2) — HHTErpaj COOTRETCTBYIOLIEr0 OJHOPOIHOrO ypaB-
HeHHUs

Feoy D5t v D5 hn y, DT =0, (s0)

TO, COIacHO M. 5.4, uHTerpan ypaBHeHUs (%) MOXHO MOJYYATH, pas-
pewas ypasuedne P =C oTHocuTeJbHO 2. [Ipu 9TOM MHTerpasns | ypas-
HeHua (##%) SABAAIOrCA HempepbLIBHO AdddepeHunpyeMuiMi  (QYHKUUAMU,
NOCTOAHHBLIMH BAOJL KaXAOW XapaKTePUCTHMKH yDABHEHHS (##), MM, 4TO
TO e CaMoe, BLOJb KaXKI0W XapaKTEePHCTHKY YpPaBHEHHSA (#).

Memod Jlaepansca?) nis ypaBHeHus

Fx, v, 2, p,9=0 )

COCTOMT B peaju3allid aHaNoruuyHoro mnoiaxoaa And AuddepeHuuaibHOro
ypasHenua (1).

(a) O ¢pyukumax F(x, y, 2z, u, v), G(x, v, 2z, u,v), H(x, y, 2, u, v),
KOTOpble BCTpeuaioTcs Hike, OyiaeM Mpeino/aratb, Y4TO BCe OHH HeMpe-
puiBHO auddepenunpyemel B obaactn & (x, v, 2, u, v).

1) Taxe eme tpebyerca, urobn uepes x, ¥, P, Py, Py AOCTABAAAUCH CPA3Y
BCE MHTErpajbHbie aJeMeuTn ypaBHenus (1). Oaxnako sto Tpe6oBaHue, moxanayi,
HUIJE TOC/Ief0BaTeAbHO HE NPOBOXUTCH, baarogaps eMy npaxkTuueckas I[oJjes-
HOCTb HOJHBIX MHTErpaJoB CTAaHOBHJAACh Obl U3JMHIIHE OCJOXHEHHOM.

2) [dror Merox mHOraa HaswBawT Memodom Jaepausca — llapnu; cM.
Crenanos, crp. 381—392. — [Tpum. ped.]
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dynxuua G(x, y, 2, #, V) HABIBACTCA NEPBHLM UHMEIPAAOM YPaB-
HeHnst (1), ecn OHAa MOCTOfAHHA BROJbL Ka)AOH XapaKTepHCTHKH ypaBHe-
Husg (1), T. e. BIOAL KaXAOTO peileHHs x (£), y(£), z(f), u(t), v(f)
XapaKTepUCTHYECKON CHCTeMEl ANddepeHanbHEIX ypasHeHuR (cM. 1. 8.4)
xX'®)=F, yt)=F, 2 t)=uF,+vF,,
W(t)=—F,—uF, v ({#)=-—F,—vF,
Coraacuo n. 3.2, aro o3HauaeT, 4To ¢yukuus G aBasercd uHTErpa-
JIOM JIMHEHHOTO OIHOPONHOrO AHpdEpEHIHAILHOTO YpaBHEHHH

dw
4 0x

(2)

ow A ow
F +F7}-07+(uf'u+‘vf‘z;)ﬂ_—

ow : dw
-(Fx_'_qu)%—_(Fy_*_‘sz)%':O (3)
IMoncrapasg B ¢3) unrerpan G, MB HPHUXOANM K COOTHOLICHHIO
[F(x, 9, 2,u,v), G(x,y, 2, u, v)]=0 8 G; (4)

BHIpaXeHHe
IF, Gl=—1G, Fl=(F 4 uF)G,+

+(Fy +’UFZ) Gv'—(Gx"{'—uGz) Fu - (Gy +sz) Fz; (3)
HOCHT HasBanue cx000k Srxo6u. O ¢yukuuax F u G, yA0BIETEOPAIOIIMX
COOTHOLICHKIO (4), TOBODAT TAKXKe, YTO OHU HAXO0OAMCA 8 UHBORIOUUIL
dpye K Opyey.

B caay n. 8.7 (a), pyukuua F(x, y, 2, #, U) — OYEBHIHBIH TepBLIK
unTerpast ypasienua (1)1). s mosyueHHs OCTaNbHBIX erO NEPBHIX MHTe-
rpajsioB Hai0 pelIUTh Juieiiioe OLHOPOAHOe AH(epeHUMANLHOE ypaBHe-
Hue (3) (cM. § 3).

(6) Ina nanpHefilltero OKasBIBaeTCH OYEHb MOJE3HO BBECTH ellie OJHO
NOHATHe  uHTerpana AuddeperunasbHoro ypasHenna (1). @Pynkuus
G(x, v, 2, u, v) OyaeT HA3HBATLCA CHEYUANLHUIM NEPBHLM UHME2Pa-
4om?) ypasuenHs (1), eequ OHa MOCTORHHA BAOML KaXAo# XapakTepH-
CTHYECKOH uHTerpanpuoft noaocel ypasHeHHs (1). ®yuxuma G torna u
TOJILKO TOTAa fABJSETCA CHEUHatbHbIM TNEPBHIM HHTerpajioM ypasxenus (1),
KOT[a COOTHOWeHHe (4) BBIMOJHAETCS A/ KAXIOTO HHTErpajbHOrO 3ie-
MeHTa X, Yy, 2, 4, U 9TOr0 ypaBHEHHS.

ITpumep. (xp+yqg—2)?=(p*+ ¢ f (x?-+y?).

XapakTepHCTHYECKHE YPAaBHEHHA TAKOBBI:

x'=2x(xp+yq—2)—2pf,

y =2y (xp+yqg—2)—2f,

2 =20p+yq) (p+yg—2)=2*+ ¢/,
pPr=2x(p*+) 75, ¢=2y@*+¢)f".

!) Dto, BHpOUEM, BHIHO M HENOCPELCTBEHHO U3 ypaBHeHHd (3), pelIeHHeM
KOTOPOro gBiasgerca w = F.
%) [B nonaunnuxe ~— Vorintegral im weiteren Sinne. — [Tpun. ped.]
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W3 1Byx nepBbix ypasHeHmil caenyert:
yp—x'qg=2(yp—xq)(xp+yqg—2),
a Hu3 llByX NOoCACIHUX —

yp'—xq"=0.
<CknanbiBasg aTH IBa YPaBHEHHS, MOoJaydacM:
Gp—xq) _ o
= X —_ .
VP —xq (xp+y9—2) (*)

OrpaHuuuBasich TOAbKO XaPaKTEPHCTHUYECKHMHU MHTErpaibHbIMU MOJOCAMH, MOMXHO
TipuBAeYb K Mpeo6pa3oBaHUI0 XapaKTePUCTHYECKHX YPaBHeHMH emle H UCXOIHOe
IuddepeHuuaibioe ypasHeHue. MiMeHHO, HCXOIHOE ypaBHEHHE M TPEThe Xapak-
TEePUCTHUECKOE YPaBHEHHE Jal0T COOTHOLIEHHE

2/ =2z(xp+yq—2).

TakuM o6pasoM, ypaBHeHHE (*) NDHHHMAET BUL
p—xq)' _ 2

yp—xq 2

OTKyZa BUAHO, uTO In|yp — xq|—In| 2| man, 410 TO XKe camoe,

IP—*q
V4

— cnenuanabHuli nepsbiii  HHTErpasa (MOCKOJABKY A ero obpa3oBaHust G6bLIo
UCNOAB30BaHO caMo auddepeHnyanbHOE ypaBHEHUE).

(8) Ecan ¢yuxuus G sBAsercs cChneuMaibHbHIM MEePBRIM HMHTErpajsoM
auddepenunansHoro ypasHenus (1) u ecam p=U (x, y, 2), =V (x, y, 2)
B obmactu @ (x, ¥, 2)——o6uee HenpepbiBHO IH(depeHpyemoe
pelueniie OXHOBpeMeHHO obGoux ypashenu#t F=0 u G=0, TO

[F, G]=0 38 &,

ecan ckobka $lkobu BuiuncieHa aas p==U, ¢=V. Ecau G u H—cne-
uManbHble NepBble MHTerpads AuddepeHunasbHoro ypasnenust (1) m ecan
dyakunn z=Y(x, ¥), p=U(x, y), g=V (x, y) apagiorcsa oOwuMH
pewieHnsiMu B obaactu & (x, y) onHOBpeMeHHO Tpex ypaBHenu#t F =0,
=0, H=20, 10

[F, G]=0 wu [F, Hl=0 8 @&,

ecan ckoOku $Iko6u Bhuucaenw ang z=y, p=U, ¢=V.

Taxkum oOpasoM, pewarh AnddepenunasbHbie ypasHenus (1) moxuo
110-pasHOMY, B 3aBUCHMOCTH OT TOrO, IBAa WM TOJbKO ONWH CHELHaJbHbIH
TIepBLI MHTerpan yuaercss pasbiCkaTb (KPOMe OUEBMAHOTO IMepBOro MHTEe-
rpana F).

9.2, Cayuail AByX HEOYeBHIHLIX HePBBIX MHTerpaJjos. Ecin, kpome
OUEBUIHOTO MNepporo uiterpana F nud¢epenuuansHoro ypasHenus (1),
¥3BECTHH elle ABa CleUuaJbHBIX liepBeix uuterpana G w H, o, co-



9.2] § 9. METOH JIATPAHXA 93

r/1acHO MeTondy, HameueHHOMY B m. 9.1, Mbl OyleM ROCTynarbh C/elylOLIHM
obpasoM. Paspemnm ypaBHeHHs

Fx,y, 2,u, vy)=0, G(x,y, 2z, u, v)==0, }

H(x, vy, 2, u, v)=0 (6)

OTHOCUT@NLHO 2, #, v. Ecan npu 3ToM nosyuaiorcs HelpepbiBHble (hYHK-
wn  u=u(x, y), v=v(x, y) W HenpepuBHO JAHup¢epeHUHpYyeMan
¢yHkuMa 2z ==2z(x, y), To nposepum, Oyrer o z,=u, z,=wv. Ecan
3TO Tak, TO (QYHKUM# 2 (X, y), OYEBMIHO, fABJSETCA, pellieHMeM ypaBHe-
#usi (1, M, Oojee Toro, — oOLIMM pellleHMEM TPeX ypaBHeHHH

Fix, 9,2, p,9=0, G(x,9, 2, p. q=0, }

7
H(x, vy, 2, p, 9=0. M

(a) IBa ypasuenua Buaa (1) He Bcerga umeloT onHO obulee pelieHMe,
KaK T10Ka3biBaeT TpuBManbHbik mnpumep p =0, p=1. Cnpasennvsa
cienyiouiag Teopema: ecau ¢GyHuusa P (x, y), onpenenedHas B obaacrtu
& (x, y), — OBaWIH HemnpephBHO IMQdepeHuupyeMslt uHTErpan 0060UX
dupdepeHUranbHEIX ypaBHeHnit

F(x, 3, 2, p. H=0, G(x, y. 2 p, 9)=0, 8)
T0  yanosaersopseT B & m auddeperinasbHOMy ypaBHEHUIO
(F(x, 9,2, p, 9, G(x, 9, 2, p, PI=0. &)

Taxum 06pasoM, HeOOXOAMMBIM YCJIOBHEM ONHOBPEMeHHOH pa3pelIiMOCTH
ofoux ypasueHu#t (8) saBmdercs uasuuue OOLIEro pelreHus LI Tpex
ypasuenufi (8), (9)1).

(6) Ina mnpoBeneHHs HAMEYEHHOTO BLIIIE METOAA HALO ellle TOTpe-
0oBaTh COOTBETCTBYIOIUX ycnoBui nas ¢ywkun#t F, H u G, H-(auano-
rHuHBIX ycnoBuio (9)), a rakie (YHKUMOHAIBHON He3aBUCHMOCTH Tpex
ypasHenu#i (6) B TOM cMbICTe, UTO (PYHKUHOHAJBHBIA ONpenenuTeNb
dynkunu F, G, H ornocurensHo 2, u, v oriuden oT uyas. Toraa
MMeeT MeCTO CJelyiollas TeopeMa:

[Tycts ¢yHkuum

z=YP(x, y), a=Ux,y), v=V(x,y) (10)
HenpepuiBHO Audgepenuupyems B obaactu & (x, y) U yLOBAETBODSIOT

Tam ypasienusm (6). Hanee, nycte nas ¢ysxumit (10) ckobru $kobu
paBHbl HYJIO:

[F, Gl=0, [F, H|=0, (G, Hl=0 8 ®(x, y), (1)

) ¥Ypasuenne (9), tak ke kax H oba ypasHenus (8), oTHIOAb He OyAyT
HOBBIMH ychioBuaMH. Ecau, HanpuMep, G siBasie1cd NMEPBHIM UHTErpajoM ypaBHe-
Hug (1), 10, B cuny 9.1, ypaBHeune (4) BHIIOJHAETCS Hake TOXIESCTBEHHO AJAf
BCEX NATH NepeMEeHHBIX.
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a B Kaxiao# morofaactu obaactu &

0 (F, G, H)
d(z, u, v) # 0. (12)

Torna
UCe, )=, (x, ), V(x, y)=1{,(x, y),

crenoparesibno, ¢Gyukuua P (x, y) apasercd o0LIMM HHTErpanoM ypasie-
nui (7) B obnactu (¥, y) W, B YAaCTHOCTH, MHTerpanoM Iuddeper-
uuaabLHOro ypasnenus (1).

[Tpexnonoxenus (11) u (12) coxpanaiorcs, ecad Mbl 3aMEHHM (YHK-
uvt G v H wa G—a, H— 0, tie o, b — NpousBo/ibHBE NMOCTOSHHELE.
$ynkunn (10) MOXKHO B 3TOM CIyYde MOJYUUTH NYTEM PEleHUd ypaBilenuh

Fx,y,2,u,v)y=0, G(x, v, z, u, v)=a,
g } (13)

H@x, y, 2z, u, v)==0,

¥, TakuM o00pasoM, B HEKOTOpPOH 06JaCTH MOJydYaeTcs MO HL U HHTE-
rpan z2==y(x, y; a, b) ypasuenusa (1).

(8) Ilpn npumenennn (6) K pelleHNI0 KOHKPETHOTO anddepeHinals-
Horo ypastenws (1) cHauana COCTaB/IRIOT XaPAKTEPUCTHUECKHE YPaBHE-
Hug (2) (koTopeie THWyTcs Tak ke, kak B § 8, (6), ¢ GyxkBamn p, ¢
BMECTO &, v). Jlanee cTapaloTcsl, KOMOMHMDYS 9TH YPaBHEHWs, NOJIYYHUTD
Takve IBe HenpepnBHO Audepenunpyemele ¢yuxkumu G u H, xoropbie
HNOCTOSHHEL BAOJb KAXIOH XapaKTEPHUCTHKH WM BIOJb KaxA0#H Xapakre-
PHCTUUYECKON HHTErpasbHOH MOJOCH, T. €. MOJYYUTL ABA NEPBBIX HMHTE-
rpajna — coOCTBeHHBIX MM cMennasphbnix. ITpu stoM nymuo o6paturhb
BHUMaHWE HA TO, uyToOM Tpu dyukuun F, G, H Gpiam QyHKUMOHAALHO
HesaBucuMbl  apyr oT apyra. O06a mnepBeix ypasHeuus (l1) sasesomo
BHITIOJHAKTCA (TOKICCTBEHHO 10 X, y, 2, 4, U) A COOCTBEHHRIX TEePBLIX
UHTErpanoB ypasHenua (1), a Takke M AJA CNEUHMATbHBIX NEPBLIX HHTE-
rpaioB. Hakoneu, paspewaior ypasHenus (6), nau Gonee obwee (13),
OTHOCHTEAbHO 2, #, v. IloncranoBkofi nafizenno#t dyukunu z =1\ (x, y)
B ypapnenne (1) may npoBepKOH BHINOAIIEHHT BCEX OCTANbHBIX TPERNIIO-
daenuit (0) MOXKHO oOnpelesuTb, dABASETCa AN QyHkuma 2 =\p(x, V)
uHTerpasoM IAudgepenunansHoro ypassenus (1).

Mpunmep.

pg =z (14)

Hna nero xapaxiepucTHYeCKMMHM OYyAyT CAEAYIOME YpPaBHCHIU:

X W)y=v, Yy {@)=u 2 {)=2uv, v {)=u v ({)=uv.
M3 Hux ciaeiyoT COOTHOIIEHHS
w—y =0 v —x"=0, uv'v—uv =0,
a no3roMy OQYHKUMH 4 — Yy, U-— X H, €CAM MOXHO OTpaHHUHTbCA 00/acThlo,

. u
B K010poii v == 0, o ABAAOICS HENpepriBHo M pepenuupyemMbiMy GyHKUMAMY,
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NOCTOSHHBIMH BJIOJb KaXAOH XapakTepucTuku ypaBHenus (14), T. e. atu Tpu

dyHKIUN ABAKIOTCA HEPBBIMH HHTerpaiamu. Ypasnenue (14) umeer, KpoMme TOro,

OueBUTHbIH NepBHE MHTerpan 2 = uv. Jlio6as HenpepblBHO gudibepeHuupyemas

$yHKIHS OT YKa3aHHBIX NMEPBLIX WHTErPajoB CHOBA €CTb HEPBbiH HHTErpal.
Ecau Tenepb MOJOMHTH

F=2z—uv, G=u—y, H=%——l,

T0 ypasHenus (6) uMeOT pemeHue 2z = y2, He fBJAIONIEECH, OIHAKO, HHTErPANOM
ypasuenus (14). drto, BupoueM, He MpOTHBOpeunt TeopeMe (6), MOCKOABKY 31eCh
u

{G, H]= -7 =+ 0.

Ecau nonoxurn

F=z—u, G=x—v, H=y—u,
T0 n3 ypasHenuit (13) moayuum moJHbIH HHTErpax
2=(x—a)(y—0>).
Ecau Mpl BhiGepeM NepBbE HHTErPaJsl

F=z—uv. G=a(x—v)4+y—u H=%.

T0 u3 ypaBueHnuil (13) Hoayuaem MOAMBIH HHTErpax

1
z=n(ax—{—y—b)2.

9.3. Cayuaii 0OJHOro HeOYEeBUAHOTO mnepBoro MHrerpana. Ecau nix
andodepeHunansHOro ypasnenus (1) Hafiien TOJNLKO ONHH NepBLIH UHTE-
rpan G B cOOCTBEHHOM WM CNEHNMAJbHOM CMBIC/Ae, HE3aBUCHMBIH OT oue-
BUIHOrO HHTerpajsa F, TO Takxe yiaeTcd NOJYYHTb NOJHBIH HHTErpas.
C sT0if UeMbl0 pasperarT ypaBHEHHS

F, v, 2,u, v)=0, G(x,y, 2, u, v)=a (15)

TpY NPOW3BOJBLHOM @ OTHOCHTENbHO U, ¥; 3TO Jaer, Booblie rosopd,
YHCNOBYIO CUCTEMY Xy, Vg, Zg Uy, Uy KOTOpad yaoBaeTsopser ofouM ypas-
F, G)

0 (u, v)
HOCTH 3TOH Touku. B 3TOM ciydae oGa ypaBHenusi (15) uMel0T B OKpecT-
HOCTH TOYKHM (X, ¥, 2,) HenpepuBHO auddepeHuupyemMoe pelieHue
u=U(x,y 2), v=V (x, y, 2). Hcnonaysa sro peuenne, obpasyior

cucreMy aud@epeHUMaNbHEX YpaBHEHNR
0z

i =U(x, ¥, 2),

HeHMaM, NMpuueM (QYHKUMOHAJLHBLIR OnNpele/uTeNb #+ 0 B okpecr-

%;—_—_V(x, y, 2) (16)

W niyT ee peiuenne 2Z==1y(x, y). Tak Kak U3 NpeAno/oxeHU# creryer
yC/IOBHE HMHTerPHPYeMOCTH
Uy+4-VU,=V,4- UV,

B OKPeCTHOCTH TOUKH (X, Yo 2o)» TO (cp. ¢ . 7.1) Takoe peluenue
CyLWIeCTBYeT, ¥ MNpPA 3TOM MOXHO BHOpaTh Aag P (x, y, eule OIHO
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pOU3BO/IbHOE 3HAYEHWe b B JOCTATOUHO Majioi OKpecTHOCTH Zj. Torxa
¢yukuns z=1y(x, y; a, b) Oyner oOuuM HHTErpajoM ypaBHeilnH (16)
M ToaHbM wuHTerpanoM ypasHewns (1). OO6aacTh CylecTBOBaHHA ITOTO
pATErpana, BooOme FOBOpS, OKa3biBaeTca OGoablle, 4YeM O0XUIAN0Ch 1O
NPearnoNOKeHUAM,

Npumep L. pg==2.
B n. 9.2 (8) Onau nafinedbl neppbie HHTErpannl # —y, v — X, % Ecan

nonowuth G =1u—y, 10 ypasuenus (15) npuobperanr B I9TOM Cayuae Cae-

aywoumyi Bal:
uww=2z u—y=a>,

T. €. Hano pewnth cucremy (cM. (16))

0z 0z F4
o =0t Sy =35

ee peliesue
2= (x42) (y ).
Totr e pe3yabTar IOJYYaloT CO BTOPHIM H3 NEPBBIX HHTETPANOB; C TPETHHUM
NOAYYaI0T NOAHMINH HHTErPak B BHAC

z=—}1—(ax+7>;—+b)2.

Mpumep 2 (xp+yqg—2) = (p*4-¢°) f (x*+ ¥?).

B 1. 9.1 (6) 6ma naiiles cneuuafbHeLR NepBbiil uHTerpan (yp — xq)/z. Ecan
npupasHaTh €ro k A, TO, paspemas 9T0 U UCXOIHbIE YPABHEHUA OTHOCH-
TEJABHO p, ¢, TIOJyuaeM:

dlnz Ay X X —
ax = T—F T = VR,
dlnz

Ax y y
5 =~ mtaspErEe=p R

e ri=xt-4-y% R= (A2-r?) f— A2f% Orcioga Moxuo Haiitu lnz, BBens
BMECTO X, Yy NOJSPHbE KOOPLUHATHI

9.4, MoayuyeHHe oOxHOUAPAMETPHUECKOTO CEeMeHCTBA HHTErpaJoB
M3 JABYX HEOYEBMIHLIX MNEPBbLIX HHTETpPanoB. Mower cayynTbCd, 4TO
Hapsny C OYEBHIHBIM MEPBBHIM MHTErpAIOM [0JYYaloTCd 1BAa CHEUHaNbHBIX
nepsuix uurerpana G, H, xoropule, OQHAKO, He HAXOMAATCA B MHBOJIOUUH.
Torna nyTeM creunanstoro BuiGopa B (13) xoncraur a, O uxoraa ynaercs
JNOOGHTBCH NONYUeHNs 0JHONapaMeTPHUeCKOro CeMelicTBa NHTErpaioB HCXOL-
Horo ypabuenus (1).

Mpumep. pg=x-y- 2.

W3 xapakTepuCTHYECKHX ypPaBHEHUH

X' =q, y=p 2=2pq p=pr+l, ¢=q+1

HAXOANM NEPBLIE WHTETPAJbI

.y PT1
pP—q4+x—) PERT
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KOTOpBIE, OJHAKO, HE HaxoaATca B nuBoJionnd. Ecan manucarts, necMOTPS Ha 370,
ypasnenusa (13):

Pg=x+y+2z p—qtx—y=2a pt+l=bg+1,
TO MOJyUHM!
b—DHp=by—x)+2ab—b+1, ¢—Dg=y—x+42a—b+1. (%
Tax xaxk p =z, g=2zy, T0 JOAKHO GHTL py=¢,; 3TO yCAOBUE, NPUMEHEHHOE
K ypaBHeHHAM (*), NOKasbiBaeT, 410 b= —1. [lng 3TOoro suaueHus uMeeM:
2y =y—x+2a—2 2zy=x—y—2a—2,
cJaen0BaTeNbHO,

e LT s S o gy gy g

Tem caMpiM HaiineHO oAHOMapaMeTPHYECKOE CEMEHCTBO MHTErpanoB 3a1aHHOroO
ypasucHust.

9.5. lloayuense 4acTHBIX HHTETPaAJOB H3 IMOJHOrO HHTErpaJa.
(a) ITycts
2=Vy(x, y; a, b (1n

— NOAHHA uHTerpan AuddeperiunansHoro ypasuews (1) B okpecTHocTH )
TOUKM (Xg, ¥y, @y, by). MeTOA, KOTOPBHIM K3 Hero MOXHO 00pasoBath
CliennanbHble WHTErPanAbl, T€OMETPUUECKH CBOAMTCH K KOHCTPYHDPOBAHUIO
oruGaioliet NOBepPXHOCTH KO BCEMY MHOMXECTBY WIH K HEKOTOPOMY NOA-
MHOXECTBY UHTErpa/bHBIX IOBEPXHOCTeH, BXOAAIMX B MOJHLIA MHTerpad.
AHannTHYeCKH STOT MeTON peanu3yeTcs BapualueH MOCTOAHHBIX.

Ecan

a=a(x, y), b=B(x,y) (18)

— HenpephiBHO AHpdepeHunpyemble ¢yHkund, 10 u3 (17) nocsae dact-
HOro AudgepeHUUpPOBAHUA CllelyeT:

2, =P+ V0, 1 bBye zy=lpy+1paay+%ﬁy,
n ecan
o0y -+ PB, = 0, lpaay -+ Ipbf’y =0, (19)

TO 3Tu nAse ¢yukuun (18), Oynyun nomcrasiensr B (17), malOT MHTerpan
JuddepeHunanbHoro ypassenuns (1).

(6) Ypasuenns (19) ynoBieTBOPAIOTCS TPHUBHAJLHBIM 06pasoM, ecan
P,=1V,==0. Ecin xe 3Td ypaBHeHUS TOWIECTBEHHO YIOBJICTBOPSKIOTCA
N0 X, y, TO MOJY4YalOT O0CO0O0yI0 HHTErpalbHYI0 NMOBEPXHOCTb KAK OTHU-
6aI0lLyI0  COBOKYNHOCTH HHTErpaibHEIX TNoBepxHocTelt. Bmpouem, nns
NOJydYeHHusi 3THUX MHTErpaJbHLHIX NOBEPXHOCTeH ecTb mpAMOH Meron (cM.
n. 8.8 (6)), B ofumem, Gonee ynoOHBI.

") Ilpeanoaaraerca, 910 BCce AajbHefIIME paccyxieHus HPOBOATCA B He-
KOTOpOH HOCTATOYHO MaJOH OKPECTHOCTH 3TOH TOYKH.
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(8) Bonee BawubM aBaseTca chaenylomuit cayuail). Ecan @ (a, b),
a(x, y), B(x, y)— HenpephlBHO IUddepeHLHpYeMble (YHKIUUM H eClu
BLIMOHAIOTCH YCAOBHS

@, 4+ |D,] >0, D(a(x,y), p(x, y))=0,
o (x, v5 a, D, (a, ) — Py (x, y; a, p)D, (a, p) =0,

TO (pyHKLUA

} (20)

z=10P(x, y; a(x, ), p(x, ¥))

— Takwe MHTerpan ypasHenma (1), saBnawwmitca orubawoedl nopepx-
HOCTbI0 K moBepxHocTsM (17) ¢ gomonnutenabHeiM ycaosueMm @ (a, b) =0.
Ecan ¢ysknns @ nasa, to 00a ypasuenus (20) caymar mis BLYHCACHNA
¢yHKUMA O, B, ecay, KOHe4HO, pelieHHA STHX YpaBHeHMH CYILUECTBYIOT.

MMpumep. pg=2z.
Coraacho 1. 9.2 (8),

= (x—a)(y—"b)
— noanbiii uHrerpad, Ecam B3atb
O©(a, ) =ha+tnwb  (J2]4]u]>0),

TO mepBoe 3 ycaopuit (20) Beinonugerca. Ypasuenus (20) uMeioT B JaHHOM CJy-
qae BHJ
rAtup=0, A(x—a)—p(y—p =0,

OTKyJa NOAyYaeTcs
Ax—uy 5=_Mc—uy
24 o

Takum o6pasom, ecau Ap == 0, To moayuaercs MHTErpana

(1 1

—— 1 2
2~m(kx+uy)-

(r) Ilycte % (x, y) —unTerpan nuddpepeHunansioro ypasnenus (1),
Ou, B cuay (a), nojaydaercss u3 nosnxoro uurerpana (17), ecan subpats
noaxonasumM o0pasoM HenpepulBHO Audpepenuupyemble GyHxuuun a (x, y),
B(x, y)

Plx, 5 @ B =% Ve=%p Wy=1y @n

lPaax _*—lpbﬁx =0, lpaay -+ ‘Pbﬁy =0. (22)

') K aTomy cayuaio MOXHO npuiitTu caenyomum o6pasoM., Ecan . fy—ayf =0
10 u3 (19) caenyer, 4to P, = Yp = 0, TaK UTO UMEET MECTO NPEABIAYLIUH Cayuai.
Ecau e, HanpoTus, ¢yfy —ayf, = 0, T0o Qynxnuu e (1, y), p (v, ¥), B cuny 2.7 (a),
3aBucuMBl. Ecan 3Ta 3aBHCHMOCTD OCyInecTBASETCS MocpeAcTBoM byHkuuu @ (a, b),
TO Mbl NPUXOJHM Kak pa3 K cayyaio (B) ¢ npeamoJoxenusmua (20).
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IMpakTuyecky ANsl BBIUMCAEHHS (QYHKLHH o, § HCHONB3YIOT COOTHOLIE-
Hug (21), a 3areM MNpOBepSIOT, YIAOBJETBONAIOL JM 2TH (YHKUUM ypasHe-
HusM (22).

PaccMorpum yxe pemaBuuiics s (6) upumep. Doaoxum:

Ax - py)?
V(e Y @ b) = (x—a) (y—b), % (x y) = LETRD?
4Ap
Torna ypasHenus (21) mpuoGperyT csuayloluit Buu:
) (y — by P WY)? . hx+oy rxtpy
C—a—h="p= yolb=Tpr Fme=
B urore moayuaem:
= My _ My—hx
a=a(lx,y)= 2% ’ b_ﬁ(x7)’)————2r.

Jdag stux QyHKl ypaBHenud (22) Taxkike BLITOJHEHDI

9.6. Pemenne 3agauu Komu, ITycTe B OKpecTHOCTH TOUKH T, 3azaiia
MHTerpajbHag 1oJjoca
x=0,01), y=00(1), 2=03(1), p=04(1), §=0;(1), (23)
9TO 03HAUdeT, YTO CIPaBEANNBH C/elyIOUIMe paBeHCcTBa:
W, = 0,0 - @0, (24)
(ycioBre TNOJAOGCH) H
F (o ..., 05=0. (25)

Tpebyercsa HalTH HHTErPa/IbHYIO OBEPXHOCTD, COAepIKALLYIO ronocy (23) 1).

[MonbiTaemecd NOJIYY4UTh 3TY MHTErpajibHyl0 IMOBEPXHOCTb H3 BhIpaxe-
Hus (17) nns kaxaoro unrerpana. Bsedem dynkuuio £(x, y) Takyl, 4to
a=a(t), b=p{), t=17(x, y); 3nech Bce (YHKUUA HENPEPLIBHO AH-
tdepenuupyemble. PyHkuua Y (x, y), KoTopad mosaydaercd us (17) nocsae
AOACTAHOBKM 3THX (ynkuu#t, sapaserca (cp. ¢ n. 9.5) cHoBa uHTErpanoM
ypasuenus (1), eciau

Po(x, ¥; 0, B’ 1, (x, y; @, p)p' =0 (26)
nas o (t), p(t), t=1(x, y). OHa corepKuT HayanbHYyIO mojocy (23),

eCn
o3 (V) =P (x, y; a(1), (V)
0, (D=1, (x, y; a(D), (V). (27)
05 (D) =1, (x, y; (1), f(v))

1y Ecau 3agath BMECTO HauaJbHOH TOJOCH HEKOrOpPYy HAUadbHYI0 KPUBYIO
IS HHTETPaJbHON HOBEPXHOCTH, TO €€ MOXHO JOIOJHUTD A0 HadaabHOH noxockl (23),
IJasi KOTOpOil crpaBeiauBsl paBeHcTBa (24) u (25).
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11 X =@ (1), Y=, (1) n
t (0, ) =T. (28)

Ypasuenus (27) cayxart anas onpereienns dynkun#t a(¢), p(¢); ypasHe-
aus (26) m (28) — naa onperneneHus ¢yHkuHn f(x, ¥).

Ecau coorrHomennd (27) BHNOMHEHB! 1J5 T == Ty, X = 0; (Tp), ¥ = 0, (Tp)
¥ TOJNBKO IJs IBYX 4YHcen &, by BMecTO ¢ (T), B (T) M eCciH, KpOMe TOro,

Fo(@g(t) «+ -y 05(7))#0, P, =0, ¥, 0, Yoy, — by, 0
WK
Folo(tg), -+ s 05(7)) =0, ¥, %0, P, %0, P — Yy, +0

npu X =0(Ty), ¥y=0,(T), a=a, b=0b, 10 pyHkuMn 0. (), B (¥
onpelensiOTCA OAHO3HAYHO u3 (27) Kak HempepsBHO AMddepeHUUpyeMbie
B OKDECTHOCTH T, GYHKLWH, YIOBJASTBOPSAIOUME YCJAOBUAM O (Tp) = a,,
B (ty) = by Ilanee, ewe nymuo onpepeauts f(x, y) u3 (26); roraa (28)
yIOB/IeTBOpAETC €amo cOGOH.

[Tpumep 1. pg==z.

B cuay m. 9.2 (B), 2= (x —a) (y — b) —noannii unterpat. Mmercs unre-
rpajbHas HOBEPXHOCTb, KOTOpas COICPHKHT HHTETrPAJbHYIO NOJNOCY

x=0, y=t =z=1% p=%, q=2¢

CootHomenust (24) u (25) yaosaeTBOpsaiOTCHA, a ypaBHeuus (27) uMe0T BuR

£=—a(t—0b), —;——_—t—b, %U=—aq

H RaloT.
a(f)=—2¢ Pp@)=

o =~

Ypasnenne (26) umeer Bux

Q(y——%)——%-(x—{—Qt):O

¥ JaeT:
X
t= y— 71-.
Takum oGpasoM,
=X __ =2 %X
o= 2 va ﬁ - 2 8 1
QTKYAA MOJAYyYaeM MCKOMBIH uuterpan
X 2
2= (y +T) .

MpuMep 2. pg=axy.
JupdepernuaibHoe ypaBHEHHE JONYCKAET Ppasjel]eHUE NEPEeMEHHBIX (CM.
n. 11.5); aTHM MeTOZOM MOXHO HafTH MOJHBIH HHTErpa’

z—_—-—sz—{-ﬁy?—{—B. *)
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Mmerca uHTErpaibHast MOBEPXHOCTb, KOTOPAS COAEPXUT HAYANLHYIO KDHBYIO
x=% y=1 z=o(), —co<n<+oo,
g, CICNOBATENbHO, (CM. npuMeuanue ') Ha crp. 99) Rauasbuyio noaocy

x=F y=m z=o0(), p=m—‘f§(:]‘—), g =o' (1),

npHueM Ipeanoaaraercs, 4ro @ (n) = 0.
Ecau nocraBute A, B BMecto «, §, TO ypasHenus (27) NPUMYT BHX

000 = A8+ B =248 o ()= 55

U, CJAe0BATEJIbHO,

__a _ 4  1n .
A—Q—&)'m’ B=a(n) W 5 © M), (%)

a ypaBHeHHe (20) mepenuchHiBaeTcsl Tak:
(mo” — ') [an? (x? —£2) — (y2 —1?) @"*] =0. (rir)
Ecan Mo” — o’ 5= 0, TO HYXHO ONpPeNeNUTE 1 KaK (YHKIHIO OT X, y:
om? (x? —E%) = (y2 — 0% o',
# [OICTaBUTh B COOTHOWEHHS (x+) u (*). Tak, Hanpumep, 1as @ (1)) == 1} MOAYIAIOT:
z=yVa(@—8)F1L

Ecmn we m0” —0' =0, To 0 =an?+f ¢ NPOU3BOJLHHIMH KOHCTaHTaMd o, B.
Jupgepennnaibible ypaBHeHUs (++x) 31eCh HE MOFYT CJAYXHTh 1S ONpeAede-
HHEAl 1) =1 (X, ¥), HO Tenepp u3 (%) MOJAYYAIOT:

A=, B=B—Ls,

40’

¥, TAKHM O6Pa30M, HCKOMBIM HHTETPAiOM, KaK MOATBEPMHAAET HPOBEPKa, CAYKHT
dyHkuA

2= (x*— ) +ay? f.

§ 10. Hekotopsie apyrHe MeToxbl pemIeHHs

10.1. HopmaasHaa 3apaua Kown'!). Ion 3adaued Kowmu nna nud-
<depeHUHaNbHOIO YpaBHEHHS

F(x,y, 2 p,¢=0 ¢y

AOHMMAIOT 33144y HAXONIEHHS MHTErpaibHOM moBepXHOCTH 2z =1\ (X, V),
cogepxalledl NaHHYI0 UHTErPaJbHYI0 NOJOCY

X=0.(5), Yy=0(5), 2=05(5), P=04(8) g=05(). (2

') Cm. E. Goursat, Lecons sur I'intégration des équations aux dérivées
partielles du premier ordre, Paris, 1921, crp. 20.
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3nech @, (S) — HenpepuHBHO AHUdhEpeHUUPYeMble NPH O <8 <P ¢ynk-
uu. O ¢yskuuu F CHOBA 1e/AIOTCA MpPeAno/oMKeHHus, yxe chopmynu-
posannbie B m. 8.1. Janee, nyctsh

Fp(‘”r cee (od)mé—Fq(ml, s 0)o 0, (3)

9TO HEPABEHCTBO O3HAYACT, UTO €CAH KPHBag-HOCHTE]b TOMOCH (2)
KpHBas-HOCHTENb XapaxKTepUCTHYeCKOH nonocsl § 8, (6) mpoektupyerca
Ha IIOCKOCTb X, y, TO TMPOGKUMA NepPBO# He AOMKHA KACaThCa NpoeK-
unu propo#t. Haxouen, ycinosumca 0603HauaTh HHTErpajibHEI S/eMeHT,
onpele/seMbiii 0JI0COR (2) AN §==15,, uepe3 Xo, Vo, 2o, Po» o

Hs ycaosust (3) caeiyer, B €ACTHOCTH, WTO MOJAOCA (2) conepur
TOJIbKO NpPaBUJIbHEIE HHTETPaJibHbIE d/IeMeHTHl (CM. 1. 8.6) n,co{,«{— ' o, |>0.

B cayuae, ecmn w;(s) 4 0'), sTo Hepapeucrso CHPABEIMBO TaKXe H

B OKpEeCTHOCTH 3TOH TOUKH; B 3TOM Clyuae MOXHO NpeoGpasoBaTb 3asauy
Kown (1), (2) B «nopmarsuyo 3sadauwy Kowu» cneunanbioro siia 2):

p=f(xy. 29, x=0, y=n, 2(0, y)==0. (4)

Hdnst BLINOMHEHHA 3TOrO NpeoGpasoBaHus ypaBHeHue N=w,(s) pas-
PEIAloT OTHOCHTEJbHO § M BHIOMPAIOT 1) B KauecTBe HE3aBMCHMOIO Mepe-
MenHoro. Torxa HauanbHele yCJ0BMA (2) MepenHCLIBAIOTCA B BHie

Xx=pM), y=1n z=0(Mm), p=1(), ¢g=o). (3)

Ecan Tenepp MoABEpPrHyTb HempeprhiBHO AHdEpeHIHpPYEMYIO (yHKUHIO
z(x, y) npeobpas3oBaHuIO

ZX, =z(x, )—o0(@), X=x—p(y), V=y,
TO M3 Nu¢pdepeHunanbHoro ypasHenus (1) MOJyYUTCA YpaBHeHHe
F(X+40o®M), Y, Z4o(Y), Zy, Zy—Zyp' V)40 (¥))=0

aas Z, xoropoe, 6aaronapss yc/ioBuio (3), MOKHO paspeliuTb OTHOCH-
TeMbHO Zy. Ilpn 3TOM 1OJYUHTCS MepBoe M3 ypaBHEHMH (4) ¢ 60/blIUMHK
OykBaMu BMeCTO MasieHbKMX. M3 Tpex NepBhLIX ypapHeHui (5) nonyyawrcs
nocnelnne Tpu ypashennst (4); mociennee ypasHeHne (5) nepexoLuT
B ypasHenne Z, (0, ¥)==0, pumTexawilee H3 NOCJIeAHErO ypaBHeHus (4);
npeanocetee ypapHeHue (5) MpeAcTaBaseT coGof CeACTBUE TEPBOrG
ypanuenus (4).

Y Ecan col' (S9) # 0, a @2' (50) =0, TO caexyer NoOCTymarb aHaJOTHYHBIM
06pasom,

?) Nox HopMaabHOM 3anaueil MoOHMMaeTcs HauafibHas 3a1aya, KOTopas BKJIO-
uaer B ce6s auddepennnanbioe ypaBHeHHE B ABHOH tdopmMe p=f(x ¥, 2 q)
M HEKOTOpOC HAYaJLHOE yCaOBHE x =&, y =1, 2(f 1) = (1) npu PuHKcUpO-
BANHOM § W MEPEMEHHOM 1] , MK Xe § = f (X, y, 2, p) 1 X =E, y=mn 2En=
= @ (§) NpH QUKCHPOBAHHOM 1| H NEPEMEHHOM E.
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10.2. O6mas Teopema cymecTBOBaHHA. MeToa XapaKTepHCTHK
Kown'). B § O Obimu yxe HBNOMEHB HEKOTODHIE METOIb, C HOMOLIBIO
HOTOPHX B Dfle CJAyyaeB MOXHO peIIUTb JAaHHOe AHpdepeHunaTbHOE
ypasienue (1). OnHaKo Tam HWYero He CKa3aHO O TOM, NMpPH KakkX obumx
yCIOBUAX MHTErPaj NaHHONO YpPaBHEHHS CyuleCTByeT.

Cneaylouias TeopeMa CYWeCTBOBAaHMS OTHOCHTCS K 3alaue
Komwn.

ITycty aesas wacts F (x, ¥, 2, p, g) ypasHenud (1) — aBaxan Hemnpe-
puBHo auddepenunpyema B obnactu G (x, y, 2, p, g). llycrs npu
a<ls<P

x=Xx(8), Y=Y5(8), 2=25(8), P=po(s), g=go(s) (6)
— uHTerpasbHas nojoca auddepeHunansioro ypaeHeuus (1)2), aas ko-
TOpO#

F 35(8)—F x5(s) #0, Q)

npuuem B F, u F, noncrasaenn ¢pyuxunu (6)3%). Torna sanaua orpicka-
Hid MHTerpanbioM mosepxXxHOCTH ypasHenud (1), colepxaielt noaocy (6),
paspeluMa «B MajgoM»; Gonee TOro, MOJNYYEHHBIH HHTErpan Jae ABaXIbl
HenpepuiBHO Anddepennupyem 4).

[Toayuurs 3TOT HHTerpat— peuieHHe 3azaun Ko — MOxHO cue-
AYIOWIMM TIyTeM: NOCKOJbKY GyHKuMa F aBaxabl HenpepblBHO audie-
peHuupyeMa, TO TpaBble HACTH XapakTepUCTHUECKOH cuctemsr § 8§,
(6) venpepbiBHO AvddepeHuUUpyeMBl; CASJOBATE/ILHO, ee pelleHWe OAHO-
BHAYHO OMNpeleNeHO HEKOTODLIMY HAYaJbHBIMM 3HAUGHHAIMU Xo, Yo, Z0s
Po. 9o npu £=0. Tlycte 31uMu peenuamu OyayT:

x=x(, Xp ..., Gp) .- q=q (&, X5 ..., Q).

B kauecTBe YHOMAHYTBIX HAuanhbHBIX 3HAYEHWU BBHIOHPAIOTCA DJAEMEHTHI
JAaHHo#t wHTerpansHOR nosock (6), T. e. CTpoATCa (PYHKUUK
X (s, H)=x(E xo(s) --., go(8)), .., Q(s, t) =

=q(t, xg(8), ..., ().
3™ $ynxuun B 00NACTH WX CYWECTBOBAHMA [AAIOT  MCKJIOYHTENLHO
yHTerpasbHbie 37eMeHTH AuddepeHunatpHoro ypasHenus (1). Baarogaps
yeaosuio (7), ypasHeHus

=X (s, 1), =Y (s, )

) [Cum. Kypaur, c¢1p.88—91; Crenmasnos, crp. 393—406. — ITpun. ped.

?) MoxHO TaKkke HCXOZHTb H3 HEKOTOPOH HenpepniBHO AuddepeHunpyemoit
TIPOCTPAHCTBEHHOR KPHBOH X == X (S), ¥ = ¥ (S), 2 = 24 (S) H — KOJIb CKOPO 3TO
BBIMOJHEHO — TaK A00aBHTh HenpephBHO RubpdepenuupyeMmnie QGYHKIHH p, (S),
qo (8), uTo6b QyHkuuu (6) yn0BJAETBOPSAH YCJAOBHIO MOJAOCH M ypasheuuio (1).

3) Ortnocutenbno reoMmetpuueckoit mutepnperamum (7) cm. 10.1. U3 nepa-
BeHcTBa (7) caenyer, 4To HayaabHag mNojoca (6) coaepmuT JMUIIb peryaspHbie
HNIOCKOCTHBIE DJEMEHTHL.

4) CywecrByer A TONBKO O XM H HMHTErPaji — 3aBHCHT OT BHAA O6GJaCTH.
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B KaXAOM noinHTepBane o < @) S Py <P Moryr OHTb OLHO3HAUHO
paspewieHsl OTHOCHTE/IbHO §, ¢ A/ BCeX HNOCTaTOYHO Ma/blX £; NMOJyuaem
ape QyHKuuM S=s(x, v), £=t¢(x, y). Tloncrasnas sru zagse bYHKUNM
B COOTHOIWUeHHe 2z ==Z (S, f), Mbl TIONY4HM MCKOMBIH MHTerpan aucddepen-
LManbHOrO ypasHeHus (1).

MMpumep. pg=1.

Iycte mas atoro nuddepeHnuadbHOro ypasHeHHA 3akaHa HavadbHas HHTE-
rpajbHas noJoca

x=8 y=53 2=22 p=s, q=—;— (s >0).

M3 xapaxTepHCTHYECKMX ypaBHEeHHH
X @)=¢q, yY@O=p 2Z@)=2p pB=0 ¢ E=0
6es Tpyla ONpejeJseTC XapaKTEpPHCTUKA C HAYaJbHLIM 3HAYECHHEM X, ..., o
npu ¢ ==0:
x=Xo+qot, Y=yo+pot, 2=2pyqt+20., P=ps §=4qo
Hocne NOJACTAHOBKH ypaBHeHnﬁ HavYafbHOH NMOJOCH nony!{aeM:

x=-§-+s, y=st+5 =z=242s? p=s, q=%~.

M3 BToporo u TpeTbero ypasnenuil moiyuaeM CoOTHOmEHne 2z = 2 %, a u3 IByX
NEepBBIX ypaBHEHUH caenyet, uto y = xs? Takum 06pasoM, HCKOMBIM HHTErpa-
Jaom Gyner:

=2Vxy amm x>0, y>0.

10.3. Yactumii cayuaii: p=f(x, y, 2, ¢). Ecan nano nuddepen-~
HHaJbHOE YpaBHEHHE, paspeuieHHOe OTHOCHTE/NIbHO OJHOH us npouns-
BOAHBIX:

p=F(x, 9, 2 9 ®

M L9 Her0 HIUIETCS HHTerpanbHas MOBEPXHOCTb, KOTOpAs NPOXOIHT
yepe3 NaHHY0 KDHBYIO, JIeKaulyio B IIOCKOCTH, TNapanienbHOM mo-
CKOCTH y, 21), TO mpHM HAAACKAIUKX NPEANOJNOKEHHAX MOXKHO Halb
OUeHKY O0/acTH ONpelefeHus MHTerpana.

(a) Iycts B obaactu

lx—El<a, y. 2z, g— nmobue, Oy
¢yukuus f(x, y, 2, @) nBawab HenpephiBHo Inuddepenunpyema. azee,
NyCTb €€ YacTHHIE NPOU3BOLHBIE He NMPEeBOCXOAAT NO abcoJIOTHOR Beu-

une uncna A (A > 1). Ilycrb, Hakomen, ¢yHKums ©(M) onpeneneHa
Ijs BCeX 1], ABAXIAM HENPepHBHO Au@depenuupyeMa U yAOBAETBOPAET

HepaBeHCTBY
lo" [+ |o" )| < B.

') ICm. n. 2.6 (6) u npumeuanne ') Ha crp. 23.— [1pun. ped.)
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Torna anpepedunanbuoe ypasHeHue (8) ¥Meer POBHO OLHY HHTerpaibe-
#y!I0 NMOBEPXHOCTb Z =1 (X, y), COAEPMHAUIYI0 HAYANBLHYIO KPHBYIO

x=f y=1 z=o@m) —ooIn4oo.
Dra NMOBEPXHOCTH CYIIECTBYeT NO KpakHeft Mepe B obaactu

]x—§|<min(a, ﬁl—))' — o0 Ly < 400,

9 TaM IBaXb HenpepuiBHO AnddepeHunpyema,
3Ty mHTerpajbHyl0 NOBEDXHOCTb IOJYYalOT METOLAOM XapaKTepHCTHK
Komwn. OnpenenseM 18 XapakTepUCTHYECKHX YDaBHEHHH

YX)=—f, Z&)=f—qf, ¢®=f,+qf, (10
MHTeI‘paJIbeIe KpHBbIe
y=Y(xn, z=Z(x M ¢=Q(x, ), (11

fipoxoisune 4epe3 HavadbHHEe TOukM (x=E, y=1, z=o0(),
g=0'(n)), u paspewmaem nepsoe u3 ypasHenu#t (11) oTHOCHTENbHO 1)
noayyaeM QYHKUHO ==y (x, y). Toraa z==Z (x, (%, y¥))— UCKOMEI}
#HTErpas; CJAef0BaTe/NbHO, MHBIMM C10OBaMM, 006a mnepBbiX YpaBHenus (11)
JaloT 3TOT MHTErpan B NapaMeTpHYeCKOM TNpeacTaslieHun!),

(6) Ecan ¢ynxuua f samasma He B obaactu (9), a B Kaxo#-HMGYAb
KOHeuYHOH o6nactu, TO yAaeTCA JNOKA3aTh AaHAJOTHYHYID TeopeMy
CYIIECTBOBAHNS B CAYYae, KOraa o0nacTb OonpeAeNeHHS QYHKUUM [ MONHO
TaK TNPOLOMKATL 10 obnactu Buma (9), urToGel TaM OBIIM BEIMOJHEHE!
TIpelno/oKeHUs Teopemsl (a)?).

(B) Bo MHOrMx cayyasx MeTOIOM, H3/JOMEHHEM B (a), NOAyualoT
uHTerpan naxe B GoJsee WHPOKOH o6nacTd, HECMOTPA HA TO, uYTO AO-
BOJLHO CHJIbHLIE OTPaHMYEHHS OTHOCHTEJbHO NPOMU3BOIHHX (YHKUUR f
# ® VHOTJAa He BHINOJHEHLL.

Mpumep 1. p=¢% o(n) =n%
M3 xapakTepHCTHYECKHX ypaBHEHHH

y=—2 2=—¢q%, ¢ =0

) Kamxe, D. Glen, ctp. 352—358; TamM npexnmosaraercs eme, uto | f | < A;
9TO NMPEANOJOKEHHE HE ABAAETCH HEOOXOAUMBIM, TOCKOJbKY (YHKUHA f OLEHH-
BaeTCq MO TEOpEME O CpelHEM yepe3 NPOH3BOJHBIE.

Jpyrue pesyabraTol OTHOCHTENbHO OGAACTHM CyINECTBOBAHHS HHTErpaga CM.
T. Wazewski, Annales Soc. Polon Math. 13 (1934), crp. 1—9; 14 (1935),
<1p. 149--177. Io mosoxy npepmoaoxennii o auddepenuupyemoctn dynxuuii f
# o cM. tam xe: 13 (1934), crp. 10—12; Math. Zeitschrift 43 (1938),
€1p. 521—532. OtHOCHTENbHO OnHMO3HAuHOCTH MHTerpana cM. A, Haar, Acta
Szeged 4 (1928), crp. 103—114. Ucropuueckue 3aMeuanns conepxarcs y Serret-
Scheffers, Differential- und Integralrechnung III, S. 719 f.

2) Cm. Kamke, D. Glen, ctp. 359—362; T. Waze wski, Annales, Soc.
Polon. 14 (1935), crp. 149—177.
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ciaenyer:
g=2n, z=nm—4(x—Fn, y=n—4x—Hn.
12K} nocJaenHero ypasHeHusn l'lOle‘IaEM:
_ y el
"=1—ge—=g M i<y
TaxK 410

y2
z=1(x, )’)=m~

lMpumep 2. p=1Ing(g>0); o) =1n%(n>0).
M3 xapakTepucTHUECKHX ypaBHeHHI

y’=——;—, 2=Ing—1, ¢ =0
caenyer:

—x
2n

g=2n, z=Un2n—1Dx—§-+n2 y=§ +.

M3 nocaexgnero ypaBHeHusl moayuaem:

Y ¥y x=t 22
n_.2_|_“/4+ 5 g x—E< 5

(xBagpaTHbIH KODEHb Hamo O6paTh MOJOXKHTEAbHBIM, UTOOB y =1 i x =E).
2

Or1cioa HAXOLUM Aaf X — & < yT HHTErpaJ B HapaMeTpHYeCKOM HpPeICTaBAEHHH

£ —

z=nM—Dx—n+n% y=-5

<Ry

10.4. TlpepcraBaenne pemeHHs CTeNeHHLIM pPsAOoM B cJayyae
aHaJauTH4YecKHX ¢yHKkumiil). PaccMoTpuM CcHOBa 3ajauy € HAyagbHBIM
ycaosueM Aaaa  auddepenunansHoro ypasuenus (8). Bcerpeuamowmuecs
GyHKLMHM H nepeMeHHble MOTYT OBITb Tenepb KOMIIEKCHBIMHU,

ITycts B OKPECTHOCTH TOUYKH (Xg, Yo, 20, 9o) QyHKIMA f (X, ¥, 2, ¢}
BJISIETCA AHANMTHYECKOH QyHKUMEN KOMIJIEKCHBIX NepeMeHHHX X, ¥, 2, {4,
T. e. OHAa pasjaraercs B a0CONIOTHO CXOAALUHCA CTeneHHON psn

FE 2= D 8, E—x) (V— )" (2 — 2" (¢ —q0)°-

%, A R,V

Hanee, nycts o( B OKPECCTHOCTH 3HAUYEHHUA == — peryJjdapHas
0
Cll)yHKLll/ISI KOMIIVIEKCHOI'O TNIEPEMEHHOro y H

o (Yo) =25, & (o) = go-

Torma B 10CTaTOYHO MAMOR OKPECTHOCTH TOUKM (X, Yo) AMddepeHuyans-
HOe ypaBHenue (8) MMeeT POBHO OZHO peulenne 2z =1\ (x, V), KOTOpoe

) Cm. J. Horn, Partielle Differentialgleichungen, Berlin und Leipzig,
1929, crp. 161—166; O. Perron, Math., Zeitschrift 5 (1919), ctp. 154—160.
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B 3TOH OKPEeCTHOCTH fB/eTC aHa/JMTHYeCKOH ¢yHKuMe#dt, T. e. npencra-
piseTcd a0COMOTHO CXOASIIMMCH PRIAOM

P(x, y)== uz ey, v (X — X" (v — yo)"s

# KOTOpOe NpH X = X, NPUHUMAeT 3HAYeHHe
P (xg, )= (y). (12)
Koagpduunenrsr ¢, ., MCKOMOH (QYHKUMM 2 MOKHO 3aNUCATL TaK:
1 oMVz

rie uHiexc «O» o3Hayaer, YTO MpPOM3BOJHAT BBIUMC/EHA INPU 3HAYEHHAX
X ==X, ¥=1Y,. Ho u3 navanpHoro ycnosus (12) caeayer, uro

0vz ™)
— ] =0 ,
(55) =o" w0
4 u3 ypaBHeHus (8) HaxXOoUM:

[TARY

), n,v=0,1, 2,3, ...,
0

0
(%)02][()‘70’ Yo 20 90),

#WiM, T0CJAe V-KPAaTHOro auddepeHUUpoBaHus 1o y,

1 .
(0+Vz) =(av f(x, v 2(% V), M)) v=1, 2, ...
0 0

ox dy" oy" dy
Jnddepenuupysa coorHomeHre (8) Mo x M 3aTeM vV pas mo y, NOJAyYaeM
0%tvz
(—2——) v=0, 1, 2, ... Takum 00pa3oM, Mbl MOXeM MOJy4UThb
dax* oy"

3HayeHHs] BCEX INPOMBBOAHLIX (QYHKUMHK 2 B TOuUKe (X, V,) 4 TEM CaMbiM
Ha#Th BCe KOS(PUUUEHTH c, , Pa3/NoNeHHs WHTerpana $(x, y).

10.5. Boaee o6uine pasnoxeHus B pajbl!), Ilepemennnie Teneps
CHOBA mNpeanonaraiorcs fefctBurenbHuMH. Ilycth nano auddepenunnans-
HOEe YypaBHeHHWe, paspellleHHOe OTHOCHTe/bHO OLHOW H3 MPOU3BOJNHBIX:

p=2 2 fuv(x 02" (13)
p=0 v=0

OTBICKMBAETCA MHTErpan 3TOTO ypaBHeHus, KOTOPu#t mpu x =0 pasen
NaHHOH GYHKUMH ® (V).
dopManbHO Npouece peleHus NpoxoAnwT Tak. Ilomcrasum

z:p_glcpp(x, y) (14)

) CMm. O. Perron, Sitzungsberichte, Heidelberg, 1920, Abh. 9.
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B auddepeHunansHoe ypasHenue (13); npu atom myctsb
@0, W=0@) ¢, =0 nm p>2; (15)

tToraa (pyHKUMS z 3aBellOMO YIOB/IETBOPsieT HauajibHOMy ycaosuio. [Tocne
noxcranoBku (14) B (13) u npoBeldenns HeOOXOAMMBIX BHIKJANOK NOJY-

yaeM:
oo
0 n! v! dg,\"1 0.\ Vs
y e _ W\ oot ”r(&) .(is) . (16)
ox T R N R Al r \0y dy
p=1
31ecb CYMMMpOBaHHE TIDOW3BONUTCA TO BCeM uucaaM U >0, v >0,
i+ ... +Hu,=n, v+ ... v,=v. Ilpasasa yactb ypaeHenus (16)
10C/ie YNOPANOYEHUs] NPUBOLUTCH K CJAEAYIOLIEMY BHIY:

‘%—Zm . 3), (17)

p=1

IpY 3TOM B KaMIOM CJIaraeMoM @, IO/KHO OblTb COGpaHO KoHeuHoe
uian OeckOHeYHOE WYMC/JIO U/IeHOB TipaBoli wact ypaBHenus (16) Takum
00pasoM, 4TOOB @) He COLEPHKANO QYHKUMHA @, 8 KaXA0e ©, COAEPKAT
Wb QYHKUMH @1, ..., @p_p.

Ypasuenne (17) (a Bmecte ¢ HuM H ypasHeHue (13)) dopmanbHO
BBINOJIHAETCH, KOTAa (YHKUMH @, BBIOpaHBI TaK, 4TO

Opp
W=(Dp, p=1, 2,...
[Tpexne Bcero mmeem:

‘;(p‘ = (x., ), rie 0¥, Y= fe(x. y)

0

otkyaa, B cuay (15), moayuaercs:

015, = [ foo(x. Ydx+0().
0

Tenepp Ha ocHoBaHuM (16) Moxer OwTb HailleHa YHKUMA @y; OHA 3a-
BUCUT TOJBKO OT ¢;(X, ¥) W INOTOMy LaeT BO3MOXHOCTb ONpEIeNuTb

Py = fco2 dx.
0

Ilanee mMoxeT OHITb BHUMCJEHA @4 TAK KaK OHA 3aBHCHUT, camoe Goubluee,
OT yXe M3BECTHHX TeNnepb @, Py, TO MONKHO HafiTu

X
Q3= f Wz dx.
0
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[Mponomxas Takum oOpasoM, MH mNoayuyuM ¢opMaabHOe pelle-
Hue (14).

DTOT MeTOJ MNPHUBOIAT K HCTUHHOMY pelllenuio, T. e. paa (14)
paBHOMepHO cxoiutcal) B ofnacTu

0<xs<a, 0Ly<Ld (18)

¥ YyIOBiEeTBOpseT TaM YypaBHenuio (13), ecnu BHINOMHAOTCA Credylouiue
ycaoBus:

(@) dynkuwun f, ,(x, ¥), F, (%, V) HenpephiBHH B obnactu (18),
HMeIOT TaM HellpepHIBHBEIE YaCTHBlE NPOW3BOAHBIE JMIOGOro MmopsAaka no ¥,
npuyeM L5l HUX BHINOJHEHH HEPaBeHCTBA
0"fu, v O"Fy, v

0yn = oyn
CToslllMe CIPaBa NMpPOM3BOIHBIE PACTYT (MAM MOCTOAHHE) MOHOTOHHO IO X
npu (PUKCHPOBAHHOM Y;

() dynxkuin o(y), S (y) HenpepHBHO AHddepeHUHpyeMl CKOJBKO

yroaxo pa3 npu 0y <Cb ¥ yNOBJAETBOPAOT HepPaBEHCTBY

0™ ()] <" () (=0,1,2,...%

(v) anddepeHumasbioe ypaBHeHHe

(n=0,1, 2, ...)%

(] (9]

2%=2 P v y)z"(gi)

p=0 v=0

nveer B oOaactu (18) wuHrerpan 2(x, y) ¢ HenpepeIBHbIME Y4aCTHBIMHA
NPOH3BOLHBIMU
"z 0" oz .
9 Oy Ox (rn=0,1,2,...),
VAOBJETBOPSIOINH YCIOBUAM

o'z or
z2(0, =2, W}Q ay,,o >0 (n=0,1,2 ...).

B uyacrTHOCTH, AJf CNeUMadbHOTO BUia (YHKUMH

_(w+ A
e =(13)

1) BuinoausoTCca Takwe PaBEeHCTBA
otz A ontiz ~ 0"+,
Ty = 4d 7' TyTOx . ked Oy Ox
0 e

CTOAIME B HX IPABLIX YaCTAX PAINBl CXORATCS TAKKE PABHOMEDPHO.
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nojyuyaeM: ecan Kosdpduuments f, (X, y) HenpepriBusl H obGaactu (18),
HMEIOT TaM HelpephIBHble YACTHble NPOM3BOAHBIE 060ro Mopsiika 1o y
u ecad, Kkpome Toro, nas ¢ >0 u A >0 cnpaBenquBo HepaBeHCTBO

0" fw v -+ V) (H—n) Ant 6V

oy" v n J. (1 _ l)u+n+l ’
b

<

TO OmvcaHHbI# BHie MeTol Aaer npu o (y)==0 unurerpan (14), obpa-
wawiuitcs B Hya: npu x =10 u cyiecTByolwuit B obsactu

I<xe <o), a(= min{a, ﬁ(l —%)2}; 0Ly <b.

YrnoMsHyThle Bbliie NPeldNONOXKEHUs BHIOMHAIOTCA, B YaCTHOCTH, eC/H
a9 K03(duUKEeHTOB f, , CyIEeCTBYeT pas/ioxeHHe

Fun e )= 30,98, [0, < (M) () A2k
k=0

MMpumep. p=g% 20, y)=2%.
Ecau uckarh uHTErpad 2 B BHIE

©0
7= 2 ay (y) £ eg=¢’
v=0
10 NOAy4aeTcs pAld
[ee]
2= 2 cyx VeVt (19)
v=0

31EeCh
—c =1 Co=9  Ca== 16 _ 0
Co=Cy == 1, 2 (] 3 37 c4—3y---v

OF Doy 1= ¥ +D+Dec,
T+s=v

P 1
Pan (19) cxoautcsa mo kpaiinell mepe mas |xe¥ | < 3

10.6. MeTtoasl pewmenus.

(a) Ecau HMKAaKMX HAvadbHBIX YCJOBUH He JAHO, TO IJf OTHICKAHUA
WHTerpanoB ypasHeHus (1) MOXHO NpuMeHMTb MeTol JlarpaHxka, KOTOpHH
COCTOUT B TOM, YTOOB NOMNBITATLCA NOMYYUThL HETPUBMATLHBIA TepBBIK
uHrerpan (cM. n. 9.1) u ImeficTBoBaTh Aajblue, cornacHo n. 9.3, uam,
eC/iM yAaeTcs NMOJYYNTb IBA TaKMX MNepBHIX MHTerpajia, corsiacuo m. 9.2,
Ha »>ToM mnyTH MOXHO MOJYYWTHL Jawe NOJHbLIA uHterpan. Hns ypashe-
HH} ClelMaJbHBIX BHIOB MOXKHO HCMOJb30BATH METOLB, M3/1araeMbie
B § 1L
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(6) Ecan tpebyercs HaliTh NMOBEPXHOCTb, NPOXORAWLYIO Yyepe3 AAHHYIO
HauYaJbHYI0 KPHBYIO MM Yepe3 LaHHYI0 HAuaJbHYH MOJA0CY, TO MOCTynawor
clenyoumM obpasoM:

(1) ec/am u3BeCTeH MOJHbIN H'HTerpan, TO AEeUCTBYIOT COrJacHo M. 9.6;

(f) MOXHO HCnoab30BaTh MeToR M. 10.2; nNpu HM3BECTHHIX YCAOBHAX
MOHO OTpaHMYMTbCH NPUOTHKEHHBIM pCIICHHEM XapaKTepPHUCTHYECKHX
ypaBHeHHH W TOJYYMTb HCKOMYIO HHTErpajibHYI0 TOBEPXHOCTh MNpUGJH-
WKEHHO; ,

(y) ocoBele WHTerpasibl HAXOAATCA B coorsercTBuu ¢ 1. 8.8 (0);

(0) npubamKeHHOe peilleHHe MOKeT OBITh HAHIAEGHO TaKMe UCNOMb30-
BaHueM paspuroro B nn. 10.4, 10.5 meroda pasfioxeHHs B pALBL.

§ 11. PemeHnnez 4acTHHX BHIOB HeJMHeHHHIX ypaBHeHuii
C ABYMS He3aBUCHMBIMH INEpeMeHHbIMH

11.1. F(x, 9,2, p)=0 u F(x, 9, 2, g)=0. C nepsuM ypashe-
HHeM MOXHO 0O0pawmarbcs Kak ¢ OOBIKHOBEHHBIM JAudepeHIHaNbHbIM
ypaBHenueM 1) ¢ He3aBHCHMOM NepeMeHHOH X W mapameTpoM y. Bmecro
NOCTOSHHOM MHTErpUpOBAHUS B STOM Ciyyae B OTBeTe IOABHTCA NPOU3-
BOJIbHAA HENpPEPLIBHO IuddepeHunpyeMas ¢yHKuus ot y. Bropoe ypas-
HeHHMe paccMaTpUBaeTCs aHAJTOTHYHO.

11.2. F(p, q) =0. Jas kaxnoi#t napel uucea @, b, Koropnie ynoBJe-
TBOpAIOT ypaBHeHuio F (a, b) =0, ImI0CKOCTb

2=ax-+by-+c

npu nodoM ¢ sBAseTcs MHTerpajsoM. Ecam dynxuma F ABawaH Hempe-
pHIBHO AU depeHUnpyeMa B OKPeCTHOCTH TOUKH p ==&y, §=by u ecny,
xpome Toro, |F,| 4 |F,| > 0, To 911 nuoCcKoCTH A/ BCeX 3HAYeHUH a, b,

JeKalmux [10cTarouHo 6iu3ko K Touke (@, by), COCTABAAIT NOJHBIA
WHTErpasj paccMarpupaeMoro axpdepeHUUanbHOr0 ypaBHeHUS.
M3 xapakTepHCTHUECKHX YpaBHeHWH

¥ (B)=F, Y @O)=F, 2/ (&)=pF,4qF, p =0 ¢@®=0
HAXOAUM XApaKTePUCTUKY, NPOXOAAWY0 mpH £==0 dyepe3 MJIOCKOCTHOH
BJEMEHT X, Yg. Zg, 4. b:
p=a, q=0b,
x—xo="Fp(a, b)t, y—y,=F,(a,b)t, ¢))
2 —z2y=(aF,4bF)t.
Ecm |F,(a, b)| 4 |F,(a, b)] >0, 1o 5Ta XapakrepucTHKa — npsamas

1) [He paspelieHHbM OTHOCHTEJbHO HPOU3BOIAHOMH; cM., Hanpumep, CTema-
noB, crp. 104—139. — ITpum. peo.]
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JMHUSA, TPUHAJIEeKAIAs MAOCKOCTH
Z—2zy=a(x — X0+ b(y — yol.

Takum 06pa3oM, pery/isipHbIMM HHTErpPA/bHLIMH NOBEPXHOCTAMH 5B~
JISIOTCS1 BCe HENpEephIBHO AH¢pdepeHUMpyeMbie MOBEPXHOCTH 2 ==Y (X, V),
KOTOpHE MOryT OHTh MOCTPOeHH W3 TaKUX NMpPAMBHIX (1), NpuueM BRINOJA-
HeHO jonoJHuTenpHoe ycaosue F (a, ) =0. ITu unrerpanbHbie mosepx-
HOCTH — Pa3BepTHIBAIOIIYECA IOBEPXHOCTH. Ecnyt OorpaHuuuTLCA A B 3 3K A bl
HenpepHBHO ANQdepeHIHPYEeMbIMH HHTEr DAMbHEIMU IOBEPXHOCTAMU, TO MBI
He [MOJNYYHUM HUKAKMX ADYTHX DeryJdapHLIX NOBepXHOCTel.

Hakonen, namo eme wnccrenoBatb, MMeEIOTCH /¥ OCOGHIE MHTErpasb-
Hbl€ TNOBEPXHOCTH, COLepiKaiuye OTAe/bHble 0COObE 3JIEMEHTEHI.

11.3. F(2, p, 9)=0. [dna npoussomunx a, b, |a|-+|b| >0,
cle/1aeM TNOACTaHOBKY:

z2=C0(), &=ax-Dby.

Torna p=al’(§), ¢=>03"(E), u, Takum oGpasoM, u3 XuddepeHLnalb-
HOTO YpaBHEHH C YACTHBIMH IPOM3BOLHBIMHM MOJy4aeTcs OOBIKHOBEHHOE
dugdepeHunanbHoe ypaBHeHHe

F@E, o/, bty=0.
Paspemnm ero orHocureanHo &' :&' = f (); Torza npun f +#0

A —
f(C) _§—+—c—-—ax—|—by—{—c

— MONHBIH HMHTErpan MCXOLHOTO ypaBHEHMS.

[Moayuawoupecs pellleHust — UHNMHIPHYECKIE TMOBEPXHOCTH, 06pasyio-
IMe KOTOPHX NapaaienbHbBl MJIOCKOCTH X, Y, NOCKOJBKY pellleHne 2
eCTb (YHKLUHMA TOJbKO ax -+ by.

Mpumep. 9(p2z+¢q2) =4.
YkasaHHas BbllIe MOJCTAHOBKA NaerT:

&' Va o= +2

OTKYyla mojayqaem:
3
(@4 +6)° =xa?(E+c) npu a0,
_ L% -
==+ %—}—-c npu  a=0,

H, CJICAOBATEAbHO, DEIICHUA HUMEIOT BUA COOTBETCTBEHHO

@2+ 0P =a'(ax+by-t+c) z==

ol ro

yte
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11.4. p=f(x, q) w g=g(y, p). Ecau B nepsom ypapuenuu pac-
CMOTpeTb ¢ KaK NnapavMerp: ¢==a, TO NOJYYHTCA MOJHHIHA HHTErpan

z=ff(x, a)dx+ay-4-b.
AHanoruyHO MOJHEI MHTErpanx BTOPOrO YPaBHEHHA S3aNMCHIBACTCA TaK
z=fg(y. a)dy-+-ax +-b.

OTH TOJHBIE MHTErpajel SBJAAIOTCA UMIAMHIPAMA ¢ O6pasyOMMH Ma-
pasie/bHHMH MAOCKOCTAMH Y2 M X2 COOTBETCTBEHHO.

11.5. f(x, p)=g(y, 9) n FIf(x, pp(2)), g(y, 99 (2))]=0.
Ot auddepeHLHaNbuble YPABHEHUA — C  pa30esomumucs nepemen-

HbI ML,
Ilpu pewenun nepsoro AuddepeHuHalLHOTO VPABRHEHHA NOJaraioT:
fx.pp=a, gy, 9)=20a

anq ao0oH MOCTOAHHOH @ M pelalT 3Ty CHCTeMY AuddepeHuuanbHbX

ypasHeHu#i; moayvaerca NOJHLIA MHTerpaj HCXOLHOrO ypaBHeHws. Jlpyras

¢opma 3TOro Merona: BHLIOJHAETCH MOACTAHOBKA 2 = « (x) - v (y); Torua

AN 4, U MOAyyaloT OObIKHOBeHHble AnddepeHiHaNbHble ypaBHEHUS
fx, v)y=a, g(y v)=a.

Meron n. 9.3 npHBOLUT K TAaKOMy e pe3yiabTaTy.
O pewenun Broporo, Gonee o6uero aud¢epeHIHaILHOIO YpaBHEHHs
<M. m 13.3.

11.6. f(x, p) -+ g(y, g) = z. Tlocne noacranoskn z == & (x) 4~ v (y)
1101y4aI0T:

fx, d(®)—u@=v@m—gH v).
Pemus oObIKHOBeHHble AMdepeHUnaIbHbE YPaBHEHUS
. ) —u=a, v—g(y v)=a

€ NPOW3BOJbHBIM &, Mbl NMOJYUYHUM I/ A3HHBIX B,qu)(pepel{l.lﬂaﬂbﬂblx yYpas-
feHul noJiHble HHTErpasbl.

11.7. p=f(—;‘c'—, q) n F(—i—, D, q, xp—l—yq—z)zo. epsoe
u3 3TUX AuddepeHuNaNbHEX YpaBHeHUH — yacTHEIM cayuait BTOpOro.
M3 xapaxTepucTHueCKUX ypaBHeHM#l clenyeT:

xp'O+yq )=0
M, naJjee,

d —
@ —xp—yp=0,
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T. &. 2— Xp—yg—nepsuit uxrerpan. Ilosromy, coraacdo m. 9.3,
NOJIy4aioT MHTerpatnl AaHHHIX IHddepeHunasbHbX ypasHeHu#, paspeuias
o6a ypaBHeHHd

xp+yg=z-+a, F(L p g a)=0
OTHOCUTEJbHO p, ¢ M BBIYUC/AS O HUM 2.

11.8. F(xp-+yq, 2, p, ) =0. V3 xapakTepucTHUCCKUX ypaBHeHui
crenyer, uro ¢/p — nepsblit unTerpan. CrenosarenbHo, corsacio m. 9.3,
noJyuaeM TOJHHIA HHTErpan AAHHOTO AW(depeHUHalbHOrO  ypaBHeHns,
pemias CHCTeMy AnddhepeHUnanbHbIX ypaBHeHUH

F(p(x--ay), 2, p, ap)=0, g=ap.
11.9. p* + ¢ =f(x>*+ %, yp — xq). VI3 XxapakTepuCTUUECKNX ypaB-

HeHu#l BoblTexaeT, 4TO yp — x¢ — NepBuil wHTerpan. B cuay n. 9.3,
nonaras yp — X¢ == @&, MOXHO ONpeleNUTb 2 H3 COOTHOUIEHWH

a xR ax R
PZTy—F*',.—x (I=“T+'y,—:

rae

r=x2+y?: Ri=rf(r, a)—a’

Orciona mnosydaercsl TNOJHBIR HHTerpan
z=—-aarctcr—+ f ——dr+b

PaccmarpuBaemoe IH¢gepeHLHaTbHOe YpaBHEHHE MOMXKHO Takke mpe-
o6pasoBaTh K NOJSPHBIM KoopAaunaTam o, O, MONOUB

z(x, =C(@, 9), x=pcos®, y=psind.

Toraa moayuaercd AuddepeHunansnoe ypaBHeHue

& = f (o>, — &)

tuna 11.4; orciona npn {y== —a Haxomum:
f=—ab = f %VW(@K a) —a*dp +-b.

11.10. F[f(x)p, g(y)q, 21=0. [Tocae samen:l B 9TOM ypaBHeHUH
nepeMeHHbIX

(e =0, b= [ A, a=[ 2 @
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fIpUXOIUM K IAH¢depeHInalbHOMY ypaBHeHuio tuma 11.3;

F@. L, =0.
n
(@ - U@ ath, @) =0.
V=
3aveHolt nepeMeHHHIX (2) 3T0 ypaBHeHHe NPUBOIUTCA K BULY
n
a,,sfB .
vzzl Civcnvhv ©=0.

ac

a b
Mpumep. ( px) —}—( g ) Z¢=2Za-b,

cos? sin? y
3aMeHa mepeMeHHBIX

1 . 1
2(x, y)=C(E ), §=g—+?sm?x, n=—§———zsm2y

TNPUBOJNUT K YPaBHEHHIO

ac
Ll =", ®)
© X ap g2 =0.Y @b+ 1)k —(,+p) =8
119 QUKCHPOBAHHBIX (HE 3aBUCALIMX OT V) uucea A u 0.
dro — 00nopoonoe ypasrneHue. 3aMeHa z==u* B cayuae, eciu Ece
@, == const, NpuUBOAMT K ypasHeHuio tuma 11.2:

n
a
Z a Z,av_'_ﬁvuavuev: 0.
v x Ty
v=1
Ecin xe a,=a,(x, y), TO Ta Xe 3aMeHa MPHUBOAUT K YDPABHEHMIO
Tuna 11.13.

[Tpumep. Hanucannoe Buime puddepennuansioe ypasuenue (3) kax pas
paccmarpuBaeMoro rtuma. Jas A= a—b 0= ac u g=ut
’ a—b—c¢’ a—b—c¢

noayuaem:
Aug - Abug = 1.

(8) Ecmu nas nuddpepenuuansHoro ypasHenust (6) uMeeT MecTo ycmo-
Bue: av—{—ﬁv—{—y\,:é—qucnpOBaHH(l)le (He 3aBucslllee OT V) uucho,
TO 3TO ypaBHeHHe TOACTAHOBKOH 2 = ¢” mpuBoAMTCA K Tuny 11.2:

ay B _
> au ey = 0.

1.11. f(p, 9) = xp—+yq; f oxHoponna no p, q. Tlycts f(p, q) —
oanoponHas ¢GyHKUUS n-# cTeneHw.

') O6ofmenuem sroro ypapHenuus ssasercs chayuai 13.4,



116 TJ1. 11. HEJUHEVHBIE YPABHEHHA C ABYMS NEPEMEHHBIMHU f11.12

IlBa mnocJAelHUX XapaKTepucTHueckux ypaBHenus § 8, (6) manHoro
JuddepeHIManbHOr0 ypaBHEHNS HMEIOT BHI p'=p, ¢ =q. Orcona

cjaelyer, uTo —g————nepabm unrerpan. aa g=ap u3 Audoeperunas-~
HOTO ypaBHeHI/lﬂ l'lOJIyllaeTCﬁ COOTHOIIEeHNe
f(p, ap)=xp—+ayp,

P, a)=x+-ay,

Hu, CJe10BaTedbHO,
1
o . x4-ay\ -1
g=apr ”—(fa,“a)) y

Takum oOpasoM,
n

=2 (ST 0, 0k

n

— MOJHLIA HHTErpas.

11.12. z2=xp+yq+Sf(p,q) n F(p, q, 2—xp—yq)=0.
D10 — duppeperyuasvrvie ypasnenus Kaepol).

Ecau ¢yskums F (u, v, w) onpelejeHa B Touke (a, b, ¢) u paBHa
B Helt Hymo: F(a, b, ¢)=0, To 2=ax-} by} ¢, oueBunHO, ABIAECTCSH
peliieHHeM BTOPOro AMdgepeHunalsHOro ypaBHeHus.

Ecnun Bropoe nuddepeHunalbHoe ypaBHeHHe DaspelinTb OTHOCHTE/ILHO
2-—Xp—yq, TO TeM CaMHM OHO CBeleTcCsl K NepsoMy AuddepeHumnans-
HOMY YpaBHEHHIO.

In¢gdepenunanshoe ypasHeHue

z2=xp+yq+ f(p. 9 (4

UMeeT A KaWAHX JABYX uucen @ v b, Takmx, uTo 3HaueHne f(a, b)
OnpejesieHO, MHTerpan

z=uax—+by+f(a, b). 6)

Ecm ¢yHkuus f ABaxAbl HenpepblBHO AnddepeHunpyema, TO STH MJIO-
CKOCTH COCTaBJ/AIOT MOJIHLIK HHTerpas.

(@) Ecau npn ¢ukcupoBanHoM @ npowusBoisas f,,(a, v) == 0 B He-
KOTOpOM HHTepBate Uy < U < Uy, TO

y=—"/fy(a v), z=ax+ovy+f(a v)

— napaMeTphuecKOoe npelcTaBleHHe wuHrterpana. Ecam npu (HKCUPOBaH-
HOM b npomussonHas f,,(u, b) %= 0 B HexOTOpPOM uHTepBale u&; < & < U,
TO MHTerpas HMMeeT BUI

x=—f,(u b), z=ux—by-+ f(u,b).
) [Cm. Kypaur, ctp. 102—103. — pus. ped.)
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(6) Ilyctb ¢yHxuus f (2, v) HenpeprBHO nu¢depeHLnpyemMa B 06—
aactd ® (u, v); nyctb, nanee,

0 (fu, fo)
) T
n obnactb @ (2, v) omHosHauHo oTOGpaxaercs Ha obmacts O (x, y)
pyHKUHAMU

x=—f, (2 v), y=—f,(u v).

Torna anpdepenunamsuoe ypasHenue (4) umeer B obaactu & (x, y)-
HeJIMHERHLIR MHTErpaj, KOTOPHR NapaMeTPHUYeCKH 3a1AeTCsl YPaBHEHHAMU

x=—f,@ ), y=—Ff,@ v), z=ux+t+vy4 f(u, v)

(0ocoGu#t murerpan). OH, OAHAKO, HMHOTIA He CYWECTBYeT (CM. MpHu-
Mep, u. II, 6.7).

Kaxnad passeprhiBalolnasicss NOBEPXHOCTb, MMeIOLlas Ha Kamao# cBoelt
NpaMofi TOUKy KacaHusi ¢ 0cOOOH HHTerpajbHOH MOBEPXHOCTHIO, ABJSETCA
MHTErpajbHOH NOBEPXHOCTHIO. [TOBEPXHOCTL, NMPOXOAAILYIO Yepe3 AAHHYIO-
HayalbHYI0 KpHUBYIO, TreOMETPHYECKH TOJNYdYalOT TaK: ONpele/siioT IIOo-
CKOCTH, KOTOpLIe ONHOBPEMEHHO KacaloTcs HayajibHOH KpuBO# u ocoboit
TOBEPXHOCTH, M 3aTEM CTPOAT Orubamiuylo MX NOBePXHOCTL.

11.18. F(x, y, p, ) =0. Xapakrepucruveckue ypashenus § 8, (6)
6e3 «yCJOBMS TOJOCH» HMEOT BHUI

xl(t)=Fp’ y,(t)=Fq, p'(t):—Fx, q,(t)=_Fy- (6)

3T0 — Tak Ha3hiBaeMble KAHOHMYECKHe ypaBHeHusa (cM. n. 12.10); oun
o6pasylor paspewnMylo cucteMy. Ecau pelieHue stux ypasHenuit (6)-
HallJeHo, TO U3 YCJOBHA NOJOCH

ZO=pO)x O+q@O)y ®)

MOXHO 3aTeM NOJYYHTb HedoCTalomylo ¢yHkuno 2z (f) KBaipaTypamu.
Ecmu uaBecTHO OnHOMapaMeTpHueCKOe CEeMEeHCTBO WHTErpanoB 2z —
=y (x, y, @), KOTOpHE IBaXKAbl HENPEPHIBHO AnddhepeHIupyeMEl N0 BCeM
TPeM apryMeHTaM, H eCiH, KpoMe TOro, |P,, ||,y >0, To ¢ynk-
una 2=y (x, ¥, @)+ b apaserca NOJHLIM HHTerpajoOM, a XapaKrepu-
CTHYeCKHe KpHBHe X = X (f), y ==y ({) yLOBJETBOPAIOT YPaBHEHHUIO

P, == const. (7

Ceoi#tcTBO (7) HAaXOIMT NpUMEHeHHe IPH DPEIUEHWH YPaBHeHHH JBHKEHUS.
Mexanukn (cM. 4. II, 6.65).
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11.14. F(x,y, 2, p, q) =0, TIpeoGpasosasue Jlexangpa !). Ilycrts
¢byHKuuA 2z (X, y) ABAXKAbl HeMpepbhBHO XuddepeHunpyema B obnactn
®(x, y), nycThb

miO HH B KakO#i mnonoGaactu obaactu & 8)
0(x, ) '
u nyctb obaacts & (X, V) B3auMHO 0AHO3HAUHO OTOOpaKaeTCs PYHKUMAMU
X=z,(x,9)., Y=2,(x,9) %)
wa obnacts ® (X, Y). Ecan crenats 3ameny
Z(X,V)=xz,+yz,—2, (10)

10 7 mno-mpewseMy OyreT uMeTb B ofOsacte (9 HenpephiBHbie YacTHbIE
nipousBoLHbe BTOporo mopanka. IIpeoGpasosaiue

x=Zy, y=2y, 2=XZy+VYZ,—Z (11)

wasbiBaeTca npeobpasosaduen Jlexcandpa (0yaasnolm npeolpa3o-
saniem).

C ero moMoupo0 (NOCKOJAbKY AJA MHTErpana BHINOJHSAOTCA YKa3aHHble
1Ipe ANOM0KeHHA) NudpepeHunaibHoe ypaBHeHne

F(x,y, 2, p, =0 (12)
TiepexXOduT B ypaBHeH©e
F(Zy, Zy, XZy+YZ,—2Z, X, Y)=0, (13)

KOTOpOe MHOTJa TNpolje NMepBOHAYANLHOTO NuddepeHUUasbHOr0 ypasHe-
una (12). Ecmu Z=Z (X, YV)— wurerpan ypasuenus (13), T0 cOOTHO-
wenua (11) nalor mapaMeTpuyeckoe MNpeACTaBlieHHe COOTBETCTBYIOLUETO
gnterpana z (x, y) anddepenuansioro ypasuenus (12).

[pu npeobpasoBanun (11) HEKOTOpHIE HHTErpafgsl MOTYT NPOMNAaLaThb.
Hanpumep, B Anddepenilnansiom ypasuenun Kaepo (4) nponanaiot mnio-
CKWe MHTerpaibHble TOBEPXHOCTH (), MOTOMY 4YTO I HUX He BHION-
usieTcss HepapencTBo (8). [lo 3TOM ke npuumbe mponanaiT %) passepThi-
paiolecs nosepxwocrn B m. 11.12 (a). Hanporus, B n. 11.12(6)
npeoGpasoBatne Jlexanapa npumenumo. I[IpeoOpasoBaHioe ypaBHeHHE

Z=—f(X,Y)

yie He sBAseTcA AnddepeHuynanbHbM, OIHAKO, HEMOCPENCTBEHHO N2eT
pewenne. [lepexons x mepBoHAYa/IbLHBLIM TEPEMEHHBIM, NOJyyaeM pelueHne
auddepeHnnatbHOro ypasHenns Knepo B mapameTpH4ecKOM BHIe

x=—fxX, V), y=—fr (X, V), z=xXA4yr4f(X. 1)
coBnanaioiee ¢ ykasaHweiM B m. 11.12 (6).

"y [Cm. Kypaur, ctp. 43—49. — [Tpun. ped.]
2) O TOM, KaK mOJyuaTb WHTETpaJbl, TEPAWINMECH NPU ITOM METole perre-
#Hus, e u Il 635
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11.15. F(x, y, 2, p, q) =0. Ilpeo6pasopaune D3iigepa. Ilycrn.
¢GyHxuua 2z (x, y) ABAXAH HenpephBHO IHpdepeHunpyema B obaacTu
G(x, y), nyctb 2., %0, n nycrb obaacte & (x, y) Moxer ObITH MO~
CDeNCTBOM B3aUMHO OLHO3HAYHOTO NpeoOpasoBaHus

X=z,(x,y), Y=y

oToOpaxena na obaacte ® (X, V). OupenenuM ¢GyHKUMIO
Z(X, V)y=xz,—z;

OHAa ABaXIbl HENpepnBHO nuddepeHurpyeMa B obaactn ®. [Tpeo6pa-
30BaHKe

X=2,, V=Y, Z=xz,—2, Zy=—z2,
u obGpaTtHoe eMy npeolpasoBatue
x=LZy, y=Y, z=XZy—7Z, zy==—27,

HA3LIBAKOTCA npeobpasosanuen 3Jiisepa.
C mnomowsio 3toro npeofpasoBaHus AudQepeHUNaAbHOE YpaBHEHHE

F(x, y, 2z, p,g=0
nepexoant (KOJb CKOPO HHTerpajbl YAOBAETBOPSIOT YKA3AHHLIM MPEfo-
JoxKeHuAM) B AuddepeHuuanbHoe ypaBHEHHE
F(Zy,V,XZy—2, X, —Z,)=0,
KOTOpOe HHOTrAa Mpolle NMepBOHAYAILHOTO.
Eciv 310 mpeoOpasoBanne TNPHUMEHUTb K IM(p¢epeHUnansHOMY ypas-
Henuio Knepo (4), To nnockue wuHTerpajbHele nosepxHoctd (5) mpona-

LawT, MOTOMY YTO IJIS HHX HE BBLINOJHACTCH HEPABEHCTBO Z,, = 0 (nau
2y, # 0). Hanporus, npeo6pasosanue diinepa B n. 11.12 (a) npuMennmo

M NepeBONMT ypabhenne Knepo B aMddepeHmHansHoe ypaBHeHue
Z=YZ,— f(X,—2Z)),

KOTOpOE MOMeT OHTh PacCMOTPeHO Kak OOLIKHOBeHHOe InddepeHuyans -
HOE ypaBHeHHe C napaMeTpoM X M KOTOpOEe MMeeT pelieHHe

Z=—bY — f(X, b),
HpI/IBOﬂﬂLU.ee K Bb]pa)KEHHlO
2=xX4+bY 4 f (X, b), x=— fy(X, b),

Iss wHTerpana ypapxenus Kiepo, TOXAECTBEHHOMY CO BTOPLIM M3 pellle -
HuH, ykasanHolXx B m. 11.12 (a).
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11.16. F(xp—2, vy, p, q)==0, [loncranoska z =Cx -} u (y) npu-
BOAUT K OOBIKHOBEHHOMY AHddepeHunalbHOMY YpaBHEHHIO

F(—u@), y.C,u'(y)=0

ana ¢yHKUun # (y).

Ilna peiienudt 2, yHOBAETBOPSAIOWMX YCIOBHIO 2., + 0, nuddepeu-
1lya/bHOEe ypaBHeHUe MepeBOAMTCA npeobpasoBanneM Jiliepa B ypaBHeHHe
FZ, YV, X, —Zy)=0

Tuna 11.1.

1117, xf(y, p, xp—2)-+qg(y. p. xp—2)=h(y, p, xp—2).
TIpeo6pasosanueM Oitepa U3 AAHHOTO HenMHeHHOTO AuddepeHHaTBHOrO
ypaBHeHMA MONYYai0T KBa3uauHeHHOe ypaBHeHHe

fV. X, 2)Zy—gW, X, Z)Zy=h(Y, X, Z).

1.18. qf(e)=xp—yq; xqf(@)=xp—yq; xf(u. p. q)+
—+yeg(u. p. q)=h(u, p. q), rae #=xp-+4yqg—=2z. Ilpeo6pazosa-
#ueM JlexaHnapa M3 3TUX HeJuHeHHHX AWddepeHunanbHEIX ypaBHeHuit
JIOJTy4aloT KBa3W/MHeNHble ypaBHeHUS:

Yi(Z)—XZy+YZ,=0,
YZf(Z)— XZyx+YZ, =0,
f(Z X, VNZy+g(Z X, V)Zy=h(Z X, V).



FTABA III

HEJUHENAHLIE YPABHEHHUSI C n HE3ABUCHMbIMU
NEPEMEHHbIMH

§ 12. Heanneiinoe ypasnenue
¢ n He3aBHCHMBIMM nepemennbimu: F (r, 2, p) =0,

12.1. O6mue nousTHa, obo3naueHHs M TepmuHOJOrHA. Obuee
(Heauneiinoe) Ougighepenyuassroe ypasnenue ¢ HaCMHbLML NPOU3800-
HolMU  nepsozo  NnopAdxa O0an  00HOL  HeusBecmHold  PyHKyuw

2=2(Xy +--2 X,) N HE3ABUCUMBX NEPeMEHHULX umeem 8ud
oz 0z
F(xl, ey Xp Z, E, ey OXn)=0, (1)

a ypaBHenue, PA3PEULEHHOE OMHOCUMEAbHO O00HOA U3 npou3sooHbLX,
sanucelBaeTcss B (opme

0z 0z 0z
W= (x) yl:--'s )’,,, z, 'o_y—l'l DR m’)- (2)
C noMOlWbI0 COKpALIEHHBIX O0O3HAYEHUH
__ 0z 0z __ 0z
P=7gx+ Pv= oxy' v =3y,
a TaKKe r AJA BEKTOPA C KOMMOHEHTAMH X, .., X,y Y—IIA Y1, «ovs Yo
p—2Li P ..., Py W q—A Gy, + .., ¢, ypasHeuns (1), (2) MOxHO
sanucaTh Kopoue:
F(r, z, py==0 (la)
7
p=f(x.y. 2, 9)=0. (22)

O ¢ynxkunsx F ® f npeanmonaraercs, 4YTo OHM B PacCMaTpuBaeMoi
obnactn cpoux 2n-+1 (coorsercTBeHHO 2n--2) mMepeMeHHHIX Henpe-
prBHO IH(pdepPeHLnpYEMEL. '

Tlon nAOCKOCMHBM 34eMeHmOM 30ech TIOHUMaeTca CHcTeMa 21 -1
qucen

Xis +ves X 2, Pia ooy Pp WM, KODOUE, 1, 2, P; )
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fiepBble 72— 1 udCen Ha3LIBAIOTCA HOCUMeeM TAOCKOCTHOLO 3JeMeHTa,
MOCNeHNEe 7 YHCeN HA3LIBAIOT HANPABAAOWUME KOIPPuyuenmamn
{cp. ¢ n. 8.2).

TlnockocTHO! 3eMenT (3) Ha3biBaeTCl O6biKHOBEHHBIM (pezyasp-
HOLM, NPABUAbHBLM) WIN 0CO0BIM (Hepe2yASipHLLM) TIO OTHOLICHUIO K nud-
(epedunanbHOMy ypasheHuo (1), B 3aBucumoct OT TOro (¢p. ¢ u. 8.6),

n
Oyier au B TOuke (r, z, p) ZIF,,VI>O Un F”l:"‘:FPn:O'
v=1

OueBuano, uto aaa NuddepeHuHalbHOrO ypasHeHus (2) UMEIOTCS TOAbKO
ApaBUJbHbIE NIOCKOCTHBIE SJIEMEHTHI,

[TnockocTHOM 3/eMenT (3) HA3LIBACTCHA UHMEZPAABHOM 3AEMEHMOM
ypasuenus (1), ecan on (cp. ¢ n. 8.7) yaosaersopser ypasuenuio (la).
bynxuua z=1yP(x, y) ecrb unmezpar ypasHenus (1), eciu oHa memnpe-
pHiBHO An¢depeHuupyeMa ¥ eCIM BCe IIOCKOCTHHE 3/JEMEHTHI, KOTOphie
MOXHO € €€ TOMOLIBIO CKOHCTPYHPOBATh,

i X U Y e Ve, 4)

un, Kopouel),
r, p, grad, ¢ (4a)

ABJISIOTCA VHTErpaNbHLIMH 3JieMeHTaMu ypasuenus (1).
OG onpeneneHuax 4acmuo20 uHme2pare, O6We20 UNMEZPAAQ CM.
n. 8.8. ,
Hurerpan 2 =1y (r) ypasHenus (1) HasuiBaeTCa 0co0bi#M, eCAU OH
COEPXKUT TOMLKO 0COOBle HHTErpaflbHble 3/MEMEHTH MOBEPXHOCTH (4),
T. €. eC/H BeJuuuHpl (4) ONHOBPEMEHHO YIOBMeTBOPSOT 7+ 1 ypasue-
HUW 2)
F=0, Fpl=0, Fpn=0. (5)

ToscraBum  ¢yHKumio P B ypasHenue (1) u mpoauddpepequnpyem mnoay-
uuBlIeeCs COOTHOLIeHWe YaCTHLIM O0pasoM No Xx,; TOrLa MOJYYHTCH, 4TO
{ABa¥Ibl HempephiBHO AudpepeHunpyembifi) OCOOBH HHTErpan, KpoMe
n—-1 ypasdenus (5), KOMKeH TaKKe YIOBJCTBOPSATH elle 7 YPABHEHUSM

Fy +p,F,=0, v=1,..., n (6)

CrnenosatenbHo, 0coOble MHTErpajbl AHdQepeHuranLHoro ypasieuns (1)
MOXHO MOJYYMTb, HaHIsd HenpeprelBHO AMddepeHUnpyeMble (GYHKLHHA
2z ==1, YLOBJeTBOPAOWINE ypaBHeHuaM (D), MMM ABAXKIB HeNpepHIBHO
Anpdepennnpyemeie  GYHKUKM, yAOBReTBOpsiowMe ypasHenuaM (5), (6).

) [Ecan nana dynknua F (x, ), 10 grad, F = {Fr (6, 3), 00, Frp (%, »}
‘€¢ BEKTOP-TPafueHT no x.— [Tpun. ped.)

2) Otcona acko, uto Jaa AuddepeHnuansHOro ypasueHnus (2) oco6HX HHTE-
TPaJOB HE CYIIECTBYET.
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[loanvid unmezpas ypasieuua (1) ects n-mapameTpuyeckoe cemeii-
CTBO MHTErpanon

z2=P(xy ..., X, G, ..., a)=VY(r, a), 7y
3leCb @ O3HAYaeT BEKTOP C KOMIOHEHTAMHU &y, ..., @,) TAKHX, UTO
¢ynxuua P BMecTe C IIPOU3BOAHBIMK lpxu B HeKOTOpOH obnactu npo-

CTPaHCTBA 7, @ WMeeT HeNpepuiBHblE YACTHHE NPOM3BOIHBIE MO BCeM 27
apryMenTaM x,, @,, ¥ (GyHKUMOHAIbHAR MaTpHLA

d(wr ‘qjxlv ] ’lp»\' )
d(ay, ..., a,l)n ®)

B KaXi10# TOuKe paccMarpuBacvoit oGJacTH WMeeT paHr n.

12,2, XapakTepucTHUECKHE TNOJOCH W HHTerpaJbHbie NOBEpPX~
Hocti. Ilon mosocod (cp. m. 8.3) noHMMAlOT OXHONApaMeT pUYeCKOe
CeMefiCTBO MJIOCKOCTHHX 3JIEMENTOB

r=r(), z==z(f), p=p(), (9

TAKUX, YTO 3TU BEKTOP-(YHKUHWA HEnpepriBHo AndQepenuupyeMs no ¢
B unrtepsane o < ¢ < f M BHIOJHAETCH YCA08Ue NOAOCH )

ZO=r®-p@® (10)
uau noapolHee

7= x,Op,®. (10a)

Tlonoca naswBaetTcs wunmezpaabuoli noocod JwuddepeHuUHanbHOro
ypasiienus (1), ecaum ona (cp. ¢ n. 8.7) COCTOHT TOJBKO M3 MHTETpa/ib-
HLIX 3JIEMEHTOB.

Xapaxmepucmuneckoii nosocol (xapaxmepucmurod) Iuddepen-
uuanbHoro ypasdenus (1) HaswmiBaetca (cp. ¢ nm. 8.4, 8.5) nosoca (9).
KOTOpasl YAOBJIETBOPSIET XAPAKMEPUCMULECKUM YPOABHeHUAM (Xapar-
mepucmu4eckoi cucmeme)

r¢y=~r, 2{t)=pP, pt)=—X—F,p; (11)
31ech

P=(Fp, ..., Fp)=grad,F, X=(Fy, ..., F,)=grad F. (12)

IlepBele 7 3TUX ypaBHeHM# oO6pasoBanbl no asasorun ¢ § 8, (6);
(n—+ 1)-e ypaBHenue ecth yciaosue mnoaockl (10); mocnennne n ypasHe-
Huit monyuvatorcs (cp. ¢ n. 8.4) u3 ycnosus, utoGb nonoca (4) npunan-
JiexKala HHTerpajbHON NMOBepPXHOCTU 2 = .

) D10 ycnoBue sABAsercds HEOGXOAMMBIM Aad TOro, 4TOSH NJAOCKOCTHOM
snemeHT (9) DpHHAJENKaN HEKOTOPOH HenpephiBHO auddepeHHUpPYeMOH NOBepx-
HocTH 2 =Y (r). [CuMBOX @ b oO3HAuaeT CKaJfApHOE IMPOH3BEAEHHE BEKTOPOB
a u b.—1Ilpun. ped.)
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Ilas auddepeninaibHOro ypasnenus (2) B KayecTBe XapaKTepHCTH-
YeCKUX ypaBHeHMH OGepyTcs ypaBHeHus

YX)=—Q 2ZxX)=f—qQ ¢ x)=Y+f.q; (13)

31ech
Q=(fop - fo)y=guadyf. Y=(fy. .. fo,)=grad,].

(a) ¢yuxums F(r, z, p) BIOJb KaXIOK XapaKTEePUCTHUYECKOHR
noJjockl ypabHenus (1) MOCTOAHHA; XapaKTeDHCTHYECKass MOJOCA ABJAETCA
WHTerpajbHOW NMOJAOCOH, eCM OHA COAEPHMT XOTA OBl ONUH HHTErpas-
Hetfl  anement (cp. ¢ m. 8.7); dyukuus F ectb (OueBMAHEIM) nepBLH
unrerpan (cp. ¢ n. 9.1) ypasHenus (1).

(6) Eciu z=1\(r)—zBaxan HenpephBHO AuDDepeHUNpyeMbIH
B obnactu & (r) unrerpan ypasueuus (1) u ecan

ro 2= (r). Po=(grady),_, (14)

— TIPOU3BOJILHEIA IJIOCKOCTHOR 9JIEMEHT 3TOrO0 WHTerpaja, TO Bce Xapak-
TePUCTMUECKHE IIOJIOCH, COAEPKAIUME 3TOT MAOCKOCTHOH 3JEMEeHT, Tpu-
HaAJIe AT MHTErpajbHOH MOBEPXHOCTH, KOJb CKOPO TOUKH ¥ 3TOH Xapax-
TEPUCTUYECKOH TosoCH NpHHaitexar obaactu & (r).

Taxum 00pasoM, ABaxAb HeNpepHBHO AH(QEpeHIHpyeMble HHTErPab-
Hble TIOBEPXHOCTH MOTyT OHITb MOCTPOEHH M3 XapaKTEPUCTHK.

(B) Eciu 2=y (r) u 2==y(r) B obnactu @ (r) — aBa uHrerpana
nupdepeHunanpHoro ypasHenus (1) ¢ o6LIUM MJIOCKOCTHEIM aJeMeHToM (14)
¥ ecan GYHKIUMH P, ¥ IABAXAB HENPepHBHO AHGdepeHIUpPYEMb, TO BCe
XapaKTepUCTHYECKHe MOJOCH ypaBHeuus (1), colepaliue NMIOCKOCTHOH
ajeMenT (14), onHOBpeMeHHO NpHUHALIeKaT 0OEUM HHTErpPaNbHBIM HOBEPX-
HOCTAM, eClU TOJbKO TOYKa r (f) mpuHanexuT obaactu ©.

Ecnu stoT o0t MIOCKOCTHOR 3/1eMeHT pery/spHbifi, TO 00e MHTe-
TpajbHbie MOBEPXHOCTH HUMEWOT OOWIYI0 KPHBYIO, He BHPOMIAOLIYIOCH
B TOYKY.

12.3. CBenénne ypaBHEHHMS K TAKOMY, KOTOpOE COAEPKHT JHIIL
TPOU3BOJIHbIE HCKOMOH QYHKIMM.

(a) Ilycts w =@ (r, z) — HenpepHBHO Auddepenunpyemas GyHKUHA
n -1 He3aBUCMMOTO MEPEMEHHOI0 X, ..., X, 2 W z=1V (r)—Henpe-
puiBHO AH(pdepeHuHpyeMas GYHKUMA, LI KOTOPOR

e, v(N)=0 u @ (r b(@))+0.
Ecan z =1 (r) — unrerpan auddepenumansioro ypastenus (1), to us
coortnowenust @ (r, Y(r))=_0 nocne 4acTHOro AH¢pdepeHUHPOBAHNS Cle-
LyerT:
(va"]’_cpzll}xv:o' v=1,...,n

1y lng xaxjoro udrerpana 2 =1y OQyHKIHA C TaKMMH CBOHCTBaMHu Bcerjaa
CywecTByet, HanmpuMep, ¢ = 2 — ).
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T. €. 4af Z==1 CNpaBelJUBO DPABEHCTBO
¢
F(xli---n xnt z, — XI’ ---n'_(pxn)zo.
Pz Pz
Ecin, ofpatho, w=¢q(r, 2) npu ¢, + 0 — unrerpan JuddepeHnuans -
HOrO ypaBHeHHUs

= (15)

Wy wx,,)

F(xl,..., X, z,—wz,..., w,

W eclM paBeHCTBO @==0 CNpaBeinMBO A/ HENpPepPHIBHO AupdepeHLH-
pyemo#t oyukuun 2=y (r), 1. e. @(r, P(r))=0, 10 Y — nHTerpan
ypasuenus (1)1).

Wrak, naxons murerpansl ¢(r, 2z) ypasueuus (15), ynoBaeTBOpsio-
LHe YCMOBUIO @, <~ 0, M paspewias OTHOCHTENbHO 2 ypaBHeHue =0,
MBI TOJIyuaeM WHTerpanbl ypasHenus (1)2).

Hugpdeperunansuoe ypasenue (15) ywme Goiblle He COZEPHKMT camy
HCKOMYI0 (QYHKUHIO w@.

llpumep. xypg=-=z.

IIpeo6pasorannoe auddepennuansuoe ypasuenue (15) uMmeer Bux

Xyw w, — zwﬁ =0.

s XaPaKTepPHUCTUUECKUX ypaBHeHm‘«’x NOJy4YaloTCsA MNEPBbIC HHTErpabl XW,
#u ywy. C.HelIOBaTe.'leO, MOXHO COCTABHTb HHBOJIOLUOHHYIO CHCTEMY

A B "AB
Yy =7 w”:_y_' 'wz=]/ -
U3 KOTOpPO# HaXOJMM
w=Alnlx]+Bln}yH—2V71Tz—{—C.
CaenoBaTenbHO, UCKOMBIE MHTErPAIbI

1
z=m(Aln|x|+Bln|y|+C)2.
(6) Ilyctb #=u(r, t) — uenpepriBuo auddepeHuupyemas dyHxuys
OT 7~ 1 HE3aBHCHMOrQ HEPEMEHHOTO, YIOBJETBODHIOMIAN COOTHOLICHHIO
u=tu,—+tc (¢ — KoHcTaHTa), (16)

M u,= 2z —wuHrerpan ypasuenus (1)3). Toraa ¢yskuus & ynosnerso-
paeT aud@epeHinaibHOMy ypaBHEHHIO

u u
xl X
F(xly'--' xn- ul! _'t_'» v e sy tn)zo,

1y Jlas mpumepa cM. 1. 5.4.

) MoXHO N 3THM CHOCOGOM MOJAYYHTb BCe HHTErpabl ypasHenus (1) —
3aBHCHT OT TOTO, CIpaBenJHuBa Ju i ypaBHeHus (15) Teopema CymectsoBanms,
B Cuily KOTOpO# sl Kas0# HempepuiBto AuddepeHnupyeMoll GyHkuun z = 1 (r)
MMEEeTCA uHTerpan w = ¢ (r, 2) ypasueHus (15), koTopniii obpauiaercs B Hyab
A8 3THX 3HAYEHHH.

%) Ecim  z (r) —unterpan ypaBuenus (1), TO OuEBHAHO, UTO (yHKHHA
4=tz (r) -4 const ob6xagaer TpeGyeMbIMH CBOHCTBaMH,
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B KOTOpoe cama ¢yHkuud z He BXoAHT!). OOparHo, eciin u — HHTErpan
9TOr0 ypaBHeuus M eciau ypaBHenue (16) umeer HenmpepniBHO Auddepen-
uvpyemoe pelleHne =¥ (*), T0 Z=u,(r, y, (¥))—unHrerpan ypaBHe-
Husa (1).

Mpuwmep. [ag npusenenHoro B (a) npuMepa npeobpa3oBaHHOE ypaBHEHUE

BBIMMAJIMUT TeNepb TakK:
xyuyuy —t2u;=0.
OHO cHOBa HMeeT NepBHE HHTErpalbl xiy, yuy. CJAel0BATEABHO, MOKHO COCTa~
BUTb WHBOJIOLHOHHYIO CHCTEMY
_ A _ B __AB
W= WL WE T
13 KOTOPOH HaxoAuM:
AB
u=Alnlx|—|—BIr1Iy|——-t——i—C.

Ypasuenue (16) umeer BHA

AB
Alnlx|+B]n|y|+C=2——t .
o AB
Ecau Temeps HalizeHHoe oTciofia ¢ NOJCTABHTb B COOTHOMIEHHE 2 = Uy = >

TO JJiSl 2 CHOBA NOJYy4YaeTCd BHIIMCAHHOE BbllIe B (@) BHIpa)XeHre.

12.4. IlpeacrtaBienHue pelieHUss CTENEeHHHIM PsIoOM B cJjayuyae
aHaJuTHYecKHX ¢ynkuuid. Ecan Bcrpevawouimecs ¢GyHKUMM M nepe-
MeHHble —KOMIUIEKCHBIE, TO AJd InddepenlnasbHOro ypasnenus (2) nMeer
mecTo 060061weHne Teopembl n. 10.4.

[Tycte B OKpecTHOCTH TOYKH (X, Yo, 20, §o) SalaHa aHANUTHYECKas
¢yukuus  f(x, v, 2, ) csoux 2n—2 nepemeunnix. Ilycrte nanee,
® (y) — aHanMuTHYecKas (YHKUMS B OKDECTHOCTH 3HAYeHUs Y, M TyCThb

2o=0(), go=~(grad (D)yzyo’

Toraa aud¢eperunanbioe ypasHenue (2) B ROCTATOUHO Mano# OkpecT-
HOCTH TOYKH (X;, ¥;) VMMeeT DPOBHO OQHO dHAMIMTHUECKOE pelleHHe 2 ==
=1 (x, y), KOTOpOE NPH X == X, NpUHNMAET 3HaueHHe P (X, ¥) = o (¥).

Kos¢gduuuentsl creneHdoro psia aas Y MoryT OwiTh MOJyYeHbl NpU-
MeHeHHeM K 1p OOBIYHOrO MeTOAa CTENEHHHIX pAJ0B M TPUPABHUBAHHEM
KO3¢(UIHEHTOB TPH COOTBETCTBYIOUIMX CTeNeHAX C YYeTOM Haua/bHbIX
ycaonuit 2).

12,5. O6waa TeopeMa CymecTBOBaHHsA., MeToja XapaKTepHCTHUK
Kown, Jns nuddepenunaisHoro ypasHenus (1) MoxHO Hokasath o0Liyio
TeopeMy cylecrsoBaHus (cp. ¢ n. 10.2) ¢ nomomplo wemoda xapax-

')y dtor Metox cBenénus ypasHesuf (1) K ypaBHEHHIO, He COAepiKalleMy
HensBeCTHOH GyHKHHMHM, WU3BECTEH NOX HasBaHueM uemoda Sko6u — Maiiepa.
2) Cm. O. Perron, Math. Zeitschrift 5 (1919), crp. 154—160.
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mepucmur Kowu'). Jlaa 3roro noaesuo o606UTb MOHATHE HOJOCH,
naHHoe B m. 12.2.

(a) Tloa k-meproid noaocoid (k< n) noHnmaercs k-napameTpuue-
CKOe CeMelCTBO NMJOCKOCTHHX S3JCMEHTOB

r=rty, ..., ), z=2z(, ..., t), p=p{t, ..., ty, (A7)

KOTOpOE HMeeT Clelyiouive CBOMCTBA:
(o) pyHxuuu r, z, p wvenpepeiBHO AuddepeHuupyeMsl B obaacTu

H=H{({t,, ..., t,)
(B) cnpaBenauBO YCIOBHE MOJOCH
o p ., v=1 ks (18)
) v v
(y) marpuua
0(xy, vuuy Xp)
0ty - Ip)

yuMeeT B KaxaoR Touke obaactu H pawr k.

HocnenHee yc/ioBHe ecTb BHIPAXEHHE TOTO, 4YTO TNOJOCA JeHCTBH-
TeMmbHO k-MepHa. Ycaosue (18) sBnsierca HeoGXOAUMBIM A7 TOro, uTOGHI
110CKOCTHEIE d/eMenTl (17) mprHanjexand HenpepuBHO Auddeperuu-
pyeMoit TOBEPDXHOCTH 2 ==2(r). k-MepHas II0JIOCA Ha3LIBAETCA HHME-
2paabnoll k-meproli norocoi ypasHenus (1), ecan oHa COAEPMUT TOIBKO
uHTerpajsbHLie 9JeMeHTH ypasHenus (1),

(0) n-mepHas MHTerpanbHas I0JOCA ONpelelseT (B ManOM») ABAMIHl
HeTIpepHIBHO IH(depeduupyemuitt nuterpan ypasienns (1). Tak kak nns
Hee onpenesuTelNb

0(xy, ..., Xp) £0
o(ty, ..., ty) !

TO nepBbie # W3 ypasHenuH (17) MOTYT ObiTb OZHO3HAYHO pa3pelleHEbl
OTHOCHTE/IbHO £y, ..., £, B OKPECTHOCTH KawAOH Touxu (fg, ..., £,),
a noroMy dyukums z(fy, ..., £,) NpPEBPAUIAETCA B HeMPEPHIBHO 1vd-
¢epeHiUnpyeMy0 (YHKUMIO OT Xy, ..., X, C YACTHBIMM NPOM3BOAHLIMH
D1, -+, P, KOTOpHE B CBOW Ouepelb TaKike HeNmpephBHO IHpdepeH-
uppyemsl (B cuay (18)).

Takum ofpasom, s auddepenunansuoro ypasnenus (1) cymectso-
BaHHe MWHTErpaga «B MalOM» BHTEKAeT M3 CYIIECTBOBAHHA A-MepHOH
UHTErpaabHOR 1OJOCHI.

(8) Ilycto dynkuus F(r, z, p) ABawIb HelpepsBHO AuddepeHLn-
pyema B obaactu & (r, z, p). Ilycrs, nanee,

r=r0 (tl’ “ o ey tn—l)' z=20(t1, ey tn—l)’ p:po(tl’ “ ey tﬂ—l) (19)

) [Cm. Kypanr, crp. 105—111; Crtemaunos, crp. 406—420, —
ITpun. ped.]
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— nauHas (n — 1)-mepHas moJsoca auddepenunaisHoro ypasHenus (1),
onpeleneHias B obnactw H, ,=H, (¢, ..., £,_)); no’dyyenHte,
coraacHo ¢opmyaaM (19), Bearunubl LOKHB OpHHALAekKaTh 00aacTH .
Hakonel, nycTb onpenenntelib

Fpo -ovn Fp,
Oxg Oxg,
o, T T o4 + 0; (20)
0xyy _0x5,

Otp_y " 777" Otgy

3nect B (PyHKUMH va nepsofl Crpoku mnoacrapneHsl Gyaxuun (19),

a X,, — KOMIOHEHTH BEKTOpa ro(fy, ..., £,)==(Xo1. «+ s Xou)-

Tak kak ¢yukuus F JBawabl HenpepbiBHo AuddepeHUHpyeMa, TO
npaBble YACTH XapaKTepHCTHYeCKMX ypasHeHult (11) HempepsiBHO AHG-
deperunpyemsl. MIx pelenne r(f), z(f), p(f), crenoBaTe/bHO, OLHO-
3HAYHO OMpEIe/eHO HAYANbHBIMU BHAYEHUAMH P, Zo, Po. NPUHHMAEMBIMH
npu £==0. Onpenemnm, nanee, ¢yuxunu (Gynem nucate £, BMeCTO f):

Bty onos t) =Pt Polt < ens Eaos Zo(Er v nes EoD),
Pty -ovs Ly
Lty onr =2t Poltrs v Eus)s Zg(Ers + s B,
Polty, «ovs £,
2K RPN E TCAN /Y (EIFRET ) N 71 YRR SR
Doty ovny Bl y)).

2D

St ¢ynkunn &, F, & 00pasyioT n-MepHYI0 HHTErpajbHyi0 MoJ0Cy
B obnactu M, (¢, ..., £,), xotopas cosnanaer ¢ oGnacrbio H,_; npu
t,==0. O6nacts H, onmpenenena, TaK Kak M9 Kaxaoh Toukd (¢, ...

., t,_1) W3 H,_; MOXHO oOnpele/MTb MHTEerpal H3MeHeHus mNepeMeH-
HOH £,, KOTOPHH colepuT 3Hauenue £,==0 H B KOTOPOM CylUECTByeT
peierue (21) xapaxktepucTHueckynx ypasueHmi#t (11).

12.6. Yacruuit cayuaii: p=f(x, y, 2, ¢). Ecan nano nuddepen-
UMaaLHOE ypaBHeHHe (2), TO NPU HALIKAMX NPEINOJOKEHUIK MOXKHO
yKa3aTh HEKOTOpHIE OUEHKM I3 06NacTH CyIeCTBOBAaHHA peulenus (cp.
¢ n 10.3).

(a) Myctb Qyukumna f(x, ¥, 2, ) B obnacta

|x —&|<a, ¥ 2, q—NpON3BOLHEI, (22)
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ABaXIH HENpepLBHO AuddepeHurpyeMa Mo BceM 2n -+ 2 aprymeHrawm,
U OycTb B 3TOH 06JAacTH CHpaBel MBI OLEHKH

TANTARIANEN
lfyuyvl- l'fyu-Z" |fyuqvl’ Ifzzl: Ifzqvl, lfquqvl

Iycte, nanee, gynxuus o(y) ABaMIbl HENpPepBBHO Au(pdepeHuUrpyeMa
MO BCEM ), W Y/IOBJCTBOPSET HEPaBeHCTBY

<A (23)

,myul‘*‘\g]lwyuyvl<3» w=1, ..., n 24)

Hakoneu, nycte onpeneseHsl uucna
1 In3 .
O<ﬁ<7h’l<l+m) u o==min(a, B). (25)
Toraa anddepenunaipioe ypasHeHue (2) uMeeT B o0.jacTi
[x—t|<a, y— npousBoaLHO, (26)

POBHO OIWH [IBAXALl HeNPepHBHO AudgepeHUUpyeMblll HHTErpan 2z ==
=1P(x, ¥), KOTOPHH Npu X ==§ mnpHHUMAeT 3HAYeHVe

YE »=0(y)- @7

IlokasaTesbCTBO 13aeT OIHOBPEMEHHO MeTOlN A/ (haKTUYECKOTo MO-
cTpoeHns HWHTerpata. Haxoaum xapakrepuctuku AHQdEpeHIHaIbHOTO
ypasuenus (2), T. e. HHTerpa/ibHble KpHBBle cucremel (v=1, ..., n)

n
’ . 7 . . ’ —
nwO=—f, . FO=f—=Zaqf, . @,0=7/ +af,.
KOTOpble TIPU X ==§ MNPOXOMAT Yepe3 TOUKH
(nl, cees M, w(nl, ceey M) D oo mn,,)'
ODTH XapaKTEPUCTHKU CYLIECTBYIOT /s JI0J0T0 1), B HHTepBae | x —§|< a;
0608HauMM HX uyepes
Yo=Y, (%, My ..., M), Z=Z(%, Ny, --es Ny
quQv(%) ’rll7 L nn)'

MoxHo noxasatb, 4TO NMepBhe 1 U3 ITUX YPaBHEHHH ONHO3HAYHO Pas-
PeLIMMBl OTHOCHTENIbHO 1), st mioboro y, U 4t0 910 2n -1 ypasHe-
HUe laer, TaKuM 00pasoMm, IJs HCKOMOro MHTerpansa z==1y(x, ¥) 4 ero
NPOMSBOIHEIX Py ==Qy NapaMeTPUuECKOe NpelcTaB/eHHe (c napamer-

paMu My, ..., My
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(6) Eciu f ynosnetBopsieT npeanonomeHnsM He Bo Bcel 06aacTH (22),
4, HampuMep, B KOHEYHOM KyOe, TO MOXKHO HOCTYNMHTb, K4K HAMEYeHO
B n. 10.3 (6)1).

() Cnenannvie B (a) MpeanoaokeHns o ¢yHkuugX f u ® Moryr ObiTh
ocnabieHsl 2).

(r) Eciv dyukuuu f, o 3aBucAT ewe ot napaMeTpos A,, p=1, ...

., M, TO MOXHO JI0KasaThb cjelyiouiee 3),

Iycrs  @ynkuua*)y f(x, y, z, g, L) B obaactu’) [x—E|<a; y,
2, g — nwbble; Au<7m\<A: k> 1 pas wempepuiBHO nudbdepeniy-
pyema no BceM 2n - m -2 aprymenram x, y,, z, 4y, A, Hanee, mycro
BHIMOJIHEHO ycaoBue (23), u B o6Jgactu

*

y—amoboe; Ay, <Ay <A, (28)

¢ynkuns o (y, A) k pas HenmpepbiBHO audoeperunpyema no y,, A,. Ha-
KOHEl, MyCThb CNpaBeiInBO HepaBeHCTBO (24) W uwwcia o, B BHOpaHbI
coraacHo (25).

Toraa anddepenunansioe ypasuenye

P=f(x, 9 2 9 1

umeer B o6nactn (26) npu NaHHOM A POBHO OIMH ABANCIHI HeNnpephIBHO
AnddepeHuupyemMbiit unterpan z = (x, y. A), xoropui#t npu x =g
ipuHuMaeT sHavenne Y(§, ¥, M) =w(y, A). dyukuns P (x, y, L) B 06-
JaCTH

[x—¢t| <o; y— moboe; Au<7“u<Au 29)

k pas HenpepeiBHO IuddepennupyeMa no BCeM CBOHM n—m-1 apry-
MEHTY X, Y, A,.

12.7. TloaHeili HHTErpasn; mMOJMy4YeHHEe YaCTHBIX HHTErpaJjioB K3
NOJIHOTO,

(@) CywmecTBoBaHME THOMTHHX uHrerpanos®. Iycrms
¢yHkuua f(x, v, z, g) ABaXIAb HenpepbIBHO aupdepeHuupyema B 06-
nactn |x —E| < a; 9, 2, ¢ — n06He, ¥ NyCTh BHIOJHAOTCS HepapeH-

) Cu. T. Wazewski, Annales Soc. Polon 14 (1933), ctp. 149—177.

2) Cm. T. Wazewski, Annales Soc. Polon 14 (1935), crp. 149—177;

T. Wazewski, Math. Zeitschrift 43 (1938), crp. 521—532; E. Dige! Math.
Zeitschrift 44 (1938), crp. 445—451.

% Cu. E. Kamke, Math. Zeitschrift 49 (1943), cTp. 256—284,

*) B cooTBeTcTBUM C NpUHATHIME paHee 0603HAYCHUAMH A O3HATACT BEKTOD
€ KOMITIOHEHTAMH A, ..., Ay

%) 3necnb, a Takke B HepaBeHCTBAaxX (26), (28), (29) 3nak paBeHCTBA MOXeET
OuiTh onylieH 6e3 BCAKHX AONOJHHTENLHBIX OTOBOPOK,

%) Cm. L. Bieberbach, Theorie der Differentialgleichungen, Berlin,
1930, crp. 301—314. -
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crea (23). Toraa aas moboro b > 0 nakgerca « > 0 Takoe, uTo AHP-
¢epeHuyanbHoe ypasHenue (2) B 06aacTH

lx—g|<a, |y, 1<, v}:l,...,n,

UMeeT MNOJIHBIR MHTerpals.
dro caeayer u3 n. 12.6 (r), ecam cuurTaTh QYHKUMIO f He 3aBUCA-
we#t OT A, W NOJOXKHUTH

0@, M="ho—+ 2y,

Ecmm {(x, y, A) —uHTerpan, cymecrtsyommi 8 cuay n. 12.6 (r), to
B TOUKe X =§

1
0(117' lpyl’ e, wyn) yl yn

={01 ... 0 |=1;
0 (hgy, Ayy ovey Ap)
00 ...1

TakuM 0O0pasoM, sxo6HaH OTJAMYEH OT Hy/aAd Takxke MW B HEKOTOPOH
OKPEeCTHOCTH 3HAaueHus x = §.

B rtom cayuae, xorma o QyHKuMH f H3BeCTHO JHMLIb TO, UYTO OHa
B OKpecTHOCTH TOukd (&, ¥, 2o, @) ABAXAb HENPEepHBHO IAudepeH-
UMpyeMa, TAKXKEe MOXHO A0KasaThb, uTo IM¢depeHuuaibHoe ypaBHeHue (2)
B IOCTAaTOYHO MajoH OKPeCcTHOCTH TOYKM (&, y,) MMeeT MOJHBIH HHTerpan.

Has nnddepenunansuoro ypasHenus (1) MOJHBIE wuHTErpan Cyle-
CTBYET B OKPECTHOCTH KaXKAOrO PEeryJfapHOro IJIOCKOCTHOIO 3JIEMEHTa,
ecau ¢yHKuMs F B 9TOH OKPECTHOCTHM IBaxIbl HEeMpephBHO AuddpepeH-
uMpyema.

(6) IMMonyuenHune YacTHHX MHTErpajnoB H3 MNOJHOTO.
Nycte (7, @) — noausit wurerpan uddepenuuansioro ypasienus (1);
srecb @ ==(a;, ..., a,). llogcTaBuM BMECTO KOHCTAaHT @, HelpepHBHO
ancdepeHunpyeMble GYHKUMH @Y (#)1) U nosnoxum 2)

Wry=v@, at @), ..., a"()).

Torna
n
V¥V =4 -+ 2% o v=1,...,n
*y Xy k§1 G Ky
Y Has syMmepauuu HCIOAb3YIOTCA BEPXHHE HHACKCHI, BHHU3Y NMHUIIETCA apry-
ook
MEHT, [0 KOTOPOMY IpousBoautca nubdepeHunpopanue, HalpuMep: afé =ai—.
v v

2) Pesyabtat Oyaer COpaBeiMB B JOCTATOYHO MaOH OKPECTHOCTH HEKO-
TOPOH TOWKHM; B KaXKOM KOHKPETHOM IpHMepe 064acTb AOMYCTHMBIX 3HAYCHHIE

byuxmuit o (r) Tpe6yeT OTIEAbHOrO H3YUeHHS,
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Cuaenosareabio, W — udrerpan ypassenus (1), ecau

n

Elnpakaf,v:O, v=1, ..., n, (30)

IpuyYeM B TPOH3BOAHBIE wak NMOACTaBNeHb (QYHKUMM @, == af (r). Taxum

06pa3om, ecau BOHparh HenpephiBHO AnddepeHunpyembie dyskuny of (r),
yiopaeTsopaomive ycnosuio (30), To yxaszauHn#i cnocol® naeT Haum
YaCTHblE HHTErpasl.

Ecau nna Bcex k=1, 2, ..., n

Vo, (1 @), . @) =01 @31

10 W — 0coOub nHTerpan ypasHeHus (1).
Mycrs ans m (m < n) wenpepniBHo AuddepeHunpyeMux Qynxuni

D°@), p==1, ..., m u n HenpepuBHo AnddepeHUUpYeMEX (yHKIUM
av(r), v=1, ..., n cnpaBeiuBb DaBEHCTBAa
o, ..., =0, p=1, 2, ..., m, (32)
¥, CJIel0BaTelbHO,
n
3D at =0, v=1, ..., n, (33)
h=1 kR 7y
npuyeM B GYHKUUU (I)‘,‘,k NOACTaBNeHB 3HaveHHs @, =aF. Tanee, myctb
ans m Qynkunit A, (r), p==1, ..., m cnpaBeluBb paBeHCTBA
m
P, (r, ol ..., M):}}A@ﬁk, k=1, ..., n. (34)
-4 o=1

Torna ypashenus (30) sBasioTcs caeiactBusmu (33), H, claenoBarefibHO,
¢yukuna ¥ ects wnrerpana ypasuenus (1).

Mpaktuuecky npu nanumx D° wucxomar w3 n-4+-m ypasnennh (32)
u (34) n1a n-m dyukunt of, Ao, Ecim w3 oTMX ypaBHeHwd Hafinesi
HenpephiBHo NnddepeHunpyembie GyHkuun of, TO UX HAZO TONLKO NOA-
CTaBUTb B (PYHKUHIO { BMECTO apryMeHTOB Q.

Mpumep. Paccmorpum chosa npumep n. 9.5 (B):

pg=2 b=(x—a)(y—0).
Nycte m=1 u @®(a, b)=aA+ b8, rie A, B —npoussoabHble NOCTOAHHBIE,
He paBHbie HyJM0. B aToM cayuae ypasHenus (32) u (34) umeloT BuA

aA+pPpB=0, P—y=2r4, a—x=AB

) Ycaosue (31) cnpaBenanso, ecan umeer Mecto paseHcTso (30) u ompe-

d(at, ..., o™
—— " . == 0, oanako ycaosue (31) npome, 4eM 3TO KOMOHHH-
O(xy, ..., xp)

poBaHHOE ycCJIOBHE,

AenuTens
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#, CJAelOBATEAbHO,
_ Ax—By B — Ax — By
o=z Bb=—"p—
Taxum obpasoM, uHTerpa’

1

() O CywecTBOBAaHMM JaHHOTO MHTEerpana cpenu
WHTErpamnoB, ONpelelleHHBHX HNOCPENCTBOM TMNMOJHOTO
uirerpana. Ilyctb 2=y (r) — duxcupoBaunbilt untTerpain angge-
peHunanbHOro ypashenns (1). Ecian nna BHIGPaHHBIX COOTBETCTBYIOILHM
o6pa3om HenpepbiBHO anddepeHuupyemMbix GyHkuni o (1) CrnpaBelJIMBbI
COOTHOLLIEHHS

Y, al, ..., Y=y
1 ny __ — 395)
Y, (roal, oo, 0=y, (1, v=1I1, ..., n (
v v
TO STOT MHTErpaj HaXOLHMTCS CPeAM YaCTHBIX MHTErpanoB, ONpeleseMbX
MeToA0M (6) M8 MOJHOrO uuterpana V(r. a).
[TpakTHyecku mocTynaiT Tak: M3 ypaBHeHuH (35) BHIUHCASIOT (PYHK-
unn of W MCCAeRYIOT, BLIMOJHSETCS AW AAd HHX ypasHenus (30).

12.8. Meton Slko6u'). Ilycr F!— nepas uacts nudbepeHunas-
HOTO ypapHeHus (1) — ABaXIbl HempephiBHO Auddepenunpyema. JLononanum
9TO ypaBHEeHHe «He 3aBUCALIMMH® LPYr OT APYra YPABHEHHAMH TOTO IKe
THIA

F2=0, ..., FF=90

Z0 HHBOJIOUMOHHOM cucteMbi?) £ ypasmenuit. B obuiem cllyyae mnoJy-
yaercs R==n wm R==n-41. (Ecau 2z camo He BXOIUT B CUCTEMY,
T0 k==n.) 3JTa cucTeMa CTPOMTC CcNOCOGOM, W3NOKEHHBIM B § 14.
INo cpasuennio ¢ m. 14.9 (r) B paccmarpusaemom C/lydyae OIHOTO AUG-
¢depeHuuanbHOro ypabHenusi (1) HeT HMYero HOBOrO, TOJNBLKO uayuaeMas
TaM MNEPBOHAYANbHAA CHCTEMA M  ypaBHEHWH 31eCb COCTOMT TOAbKO
93 OQHOTO YpaBHEHMUs.

Hro6bl MOJyuMTL CHCTEMY 2 YpaBHeHUH, PAa3bICKUBAIOT MpeXIe BCETo
LBaX1bl HEMpPepHBHO AHddepenunpyemyio ¢yHkuuio F2, KOTOpas COCTOMT
B WHBOMIOUMH c ¢yHkuued F!, T. e. sBaseTcsa pelleHMeM MHHERHOTO
OAHOPOLHOrO AMdQepeHUHaNbHOTO ypaBHenns (cM. nn. 9.1 u 14.4)

[FY, Z} =0,

!y Bonee moapo6ho cM. B § 14.
?) Onpeaeacuue cM. B 1. 14.1 (6).
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WK, YTO TO Ke Camoe, TOCTOAHHA BHOJb KaxXAOH XapaKTepHCTHUeCKOH
nojocsl ypaHenus (1). Taxue (QyHKUMA HA3LIBAIOTCA NepsumMi unmezpa-
aanmu ypasdenus (1). Mx wacro ynaerca Habti, KOMOMHUpYs XapakTe-
pUCTHYECKHE YpaBHEHHA, KaK STO BCEria NBTAOTCA leJaTh NpH pele-
HUKM IUd@epeHUNaNbHEIX YPaBHEHHR € YACTHHIMM TNPOM3BOAHBIMH. Ecan
Npu STOM yAaeTcd MOJAYuYUTb Raxe GoJblie TakuX GYHKUMHA: F? ..., F",
HAXOAAIMXCA B HHBOJIOUMYM IPYT K JPYry, TO BCE ITH (PYHKUMA MOKHO
HCMONb30BaTh IJsi TMOCTPOEHUS MHBOJIOUMOHHOH CHCTeMBI!).

Ecau Haizedn ¢ynkuuu F2, ..., F* (tne k=n wan k=n--1),
10 Kaxiylo dyukmmio F' Anf v>> 2 MOXHO B3aMEHHTb uepes F'— A,
C NpoM3BOMbHEIMM KOHcTauTamu A,. Toraa na ocuosanuu m. 14.3 noay-
yaeTcs laxe MOJHBIA MHTerpan ypasseHus (1).

12.9. YacTtHeil cayuaii: p=f(x, ¥, q).
(a) dns nuddepeHunanbHoro ypaBHeHUS

p=rf(x. 3 q. (36)

B KOTOpOM y ONgTh O3HA4Ya4deT COBOKyHHOCTb yl, ey y,,; q—COBO-

KYNHOCTb g1, ..., Gy p=—gz—; qv=§f—, a caMa MckoMas (YHKUMS
X Vv

2==2z(x, ¥) OTCYTCTBYeT, HNOHATHEe IOJHOTO HHTETpana MoOeT ObiTb
ycuseHo. Vmenno, Nox noaxsim unmezparom 31eCh NOHMMaeTCAd MHTe-
rpan. 3aBHCALUMA OT NapaMeTpoB @ U @==(@;, --.. Q)

z2=vyP(x, ¥y a)+a,

KOTOpHH B paccMaTpHBaeMO#l 06/aCTH ABauibl HenpepbiBHO Auddepen-
ugpyeM no BceM 2n-1 1 aprymventaM X, y. @ ¥ YIOBJCTBOpfeT le-

paBeHCTBY
OB

3@ ey 7 37y

(6) Ecu ¢ynxuns f(x, ¥, @) B OKPeCTHOCTH TOYKH (X5 Yo ¢o)
ZBaXIB HempepwBHO IMddepeHnnpyeMma, To ypasHenuwe (36) umeer
B OKDECTHOCTH TOYKR (X, ¥,) MOJHbIH MHTErpan B YKa3aHHOM Bbille
cMbICTE.

Ero MOXHO noJyuyuTb cieiyioluM nyTteM. Hafliem pewseHust xapakre-
pucTHuecKO# cucteMbl ypasHenus (36) (em. § 12, (13)):

@D ==Ff, (%9 @ ¢O=F, (x.3.q) (=1 ... m; @38

dO=r— 24.],; (39)

) Eciu TOAbKO BCe OHH (DYHKIMOHAJNbHO HE3ABHCUMBI, T. €. BBINOJHAIOTCH
neobxonnmeie ycaosua § 14, (21) u (24).
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Ilycte (b, @) — npoussoibHas Touka B LOCTaTONHO ManOM OKPECTHOCTH
TOYKH (Yo, qo). Pewenue ypasuenus (38), koropoe aas X = X, npu-
HuMaeT sHaueHue (b, @), umeeT BHI

yWw=VY,(x. b a, ¢,=Q,(x, b, @), v=1, ..., n (40)

Ecan nonoxuts z(xg)=a-b, 10 us (39) caenyer, uro

z=Z(x, b, a)=ab-+ f(ZQquV—F dx, (41)

Xo v=1

npuuem OoJsibmive OGyksel F, qu O3HAYAIOT 3HadeHdd OYHKUMH f, fqv

nociae NMOACTaHOBKM B HMX V., Q.. Paspemas nepsvie n ypasnenust (40)
OTHOCHTE/ILHO b, MBI NOMyuMM (118 3HaueHMH X, y, @, NPHHALNEKAUIHX
AOCTATOYHO MAJOH OKPECTHOCTH TOYKHM (Xo, Yo, o)) BIOJHE ONpene/eH-
HYI0 IBaXKIBl HENpephBHO auddeperunpyemyo dyukunio b =B (x, y, a).
C ee nomowsiwo us (41) HaXoZuM NOJHBIA WHTerpas ypasHeHus (36)

2=Y(xy @)--a=2Z(x, B, a)+a,

g Kotoporo P (xy, ¥, @)=a + ay.

(8) Ecom nns nuddepenunanbuoro ypasHenus (36) Hatlien noaHHIff
MHTerpanl), TO pelleHMs XapaKTePHCTMYECKHX VPABHEHHH (38) MoxkHO
TIOIYYUTL M3 HEro TOJLKO € NOMOWbIO IHddepeHIUpOBaHNS H HUCKIIIO-
YeHH .

Hycts f(x, y, @) — dynkuus, nsaxas HENpepHBHO AuddepeHuUpye-
Mas B OKDECTHOCTH TOYKH (X, Yo, §o); nycte z=v%(x, y, @)+ a
B OKPECTHOCTH TOYKM (X,, ¥y, @) — MOJHHH MHTErpan ypasHeHHs (36),
JBAMAbI HENMPEPHIBHO NMdpepeHUnpyeMblit 0 X, ¥, @, ¥ NycTh B TOYKe
(X, Yo, @) BHINOJHSAITCA YCIOBHS

Oy, -+ by )
—_ o . 1 n
by, =y v=1,.... 1 @, ey T O
Paspemmm ypasnenus

\pav(x,y, a)=bv, v=1, ..., n 42)

OTHOCHTE/ILHO ¥ B HEKOTOPOH OKPEeCTHOCTH TOUKM (Xo, @, by), rie
bo\;:‘l’av(xo’ a, bo), v=1, ...,

fiycTe pesyabrar Oyrer y=1Y (x, a, b). [lonoxum, nanee,

Qy(x. a, b) =1, (x. Y, a).
Toraa ¢yuxunu :
y=Y(x, ab), ¢g=Q(x, a,b

') Yro uHorza ymaercs caenats Ges pellieHus] XapaKTePUCTHUECKONR CHCTEMBL.
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ABNAIOTCA pelleHuaMyu ypaBuenuit (38). Taxkum oOpasoM noayuaworcs
BCe MHTerpajbHble KpuBble CHCTeMH (38), npoxoasfuie B IOCTATOYHO
Manol OKPEeCTHOCTH TOUKH (Xg, Vo, o).

12.10. Ipuiaokenue K Mexanuke!), B MexaHuke KOHEUHOro uucia
MaTepUaIbHLIX TOYEK XapakTepHCTHUeCKue ypasuenus (38) (HasbiBaeMbie
ypasHenuamy FamMuisbmona WM KAKOHUMECKUMU YPABHEHUSMU) 3d-
AHUCHIBAIOTCA B Buie %)

dqy __ 09¢ dpy 03¢ L
dt - 0p'v ] dt —_— aqv L V—l, A ) ny (43)

rie gyurxyun Fanuremona
%:%(t: gy v os Gps P v ey pn)

—anHas ¢yHkuud, a g,==q, (¢}, p,=p, (¢) — uckombie ¢yHukuun. B cuay
n. 12.9 MOXHO NOJYYUTb PelIeHHss KAHOHHYECKHX YPaBHEHHH U3 MOJHOro

HHTerpana 2= Z(ql, ey (]n) COOTBETCTBYIOLUETIO YpaBHCHUA C YaCTHBIMMK
NPOU3BOLAHBIMH

0z 0z 0z

'57+Q%7(t, g1s « v o5 Gy —o—q—l-,..., m)=0. (44)

dr1o nuddepeninajibHoe ypaBHeHHe Ha3bIBATCA B MeXAaHUKE YpasHeHuem
Famusrbmona — Slko6u, B reoMeTpHuecKO#  ONTHUKE — ypasHeHleMm
silikonara.

[Mpumep. Ilycts MarepmanbHas Ttouka (X, y) JABMNKeTCAd B ILIOCKOCTH
X, y Toj NeHCTBHEM CHJB TATOTEHHA €O CTOPOHBI MAacCChl, 3aKPEMACHHOH B Ha-
yaje KoopiauHat. JIBMxeHHE NPOMCXOAHT COFJACHO YpAaBHEHHSM ?)
k2
x" (t)=Ux, y” (t)=U , rae U=-——rx¢=—.
g Viify?
C momomplo QyHkuun I"'amMuabTOHa
1
gy D=5 P +9)—=Uxy)

3Ty CHCTEMY MOXHO CBECTH K KaHOHHUECKOH cHCTeMe
X O)=0p Y O=8 P O=—0n ¢ =—0ky.

VpaBheHde B  UYACTHBHIX [OpPOU3BOAHMIX (44) ana ¢ymkumn 2 =2z (¢, x, y)
vMeeT BUJL
k2

1
zt+—2—(zi,+z§,) =-—;;Vﬁ~,

1) [Cm. Ctenanos, ctp. 412—416; KypauT, crp. 111138, a rakwe
$. P.Taurmaxep, Jlekuun mo anaauTHueckod Mexanuxe, Pusmarrus, 1969;
U. M. Teabdpaupg u C. B. ®Pomun, DBapuauuonnoe wucuuciaeHue, Pus-
matrus, 1961. — ITpum. ped.]

2) 3pech OYKBBL py, gy HMEIOT YK€ HE TOT CMbICA, KaKOH MBI NpHIaBaIH
UM 0 CUX TOD.

3) [Maccel npeanoaaraloTcs eauHuyHbIMU. O603HaUEHHS NEPEMEHHBIX B 9TOM
NpHMEPE OTAMYANTCH OT 0603HaUeHHH, MPUHATLIX N0 Beel Knure, — I1pun. ped.]
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Had, ecad moacTaButb { (£, p, ) =2 (¢, x, y), rae x=pcos ¥, y=psind,
1 g ) £

2 G ) -

§,+72-(§p+ i

Has storo aubdepeHnuaAbLHOrO ypaBHEHUsA, COrAacHo m. 13.3, mMeeM TNOMHBIA
gHTerpan

o
2 2
§=—At+80¢f]/2A+ 25__% dp +C. )
0o
Pemas tenepb ypaBHeHus

9
0A
tiofy4aeM NCKOMbIE (YHKIUH

ag
= const H BB = const,

x(#)=pcos®, = y()=psind

Ecau B Bhipawenun (x) 14s § B3ATb 3HAK -, TO KpHBasd, MpOXondlas npu f = £,
uyepes TOUKY (0, Vo), 3aMHIIETCA B CJAEAYIOLIEM BHIE:

[4 0
dp dp
t—t=J—, o —1 =BJ. —,
"= J VR ’ VR
0o (V)
2 B

—oa4 2B _ B
e R=24+=7"—"5

Bropoe u3 3TMX ypaBHeHMil omnperneJserT TPAEKTOPHIO MyTH, a NEPBOE —
ppems aBmkeHHs. ECAY TNPOMHTErPHPOBATH BTOpPOE ypaBHEHHE, TO mas B =~0
IOy UHM:

1 (B2
b — Oy = arcsin? (—% — 1) - const,

3 2AB? o

rae e?2=1-- Framt CrenoBaTenbHO, TPACKTOPHEH fABAACTCA KOHHUECKOE Ceye-

Hue

B2
P =M Fesin@—109]

12.11. Onenka Harymo?). Tlycts dyuxuns f (x, y, 2, g) onpe-
nenena B obmacth & (x, y, 2, g) n ynoBierBopsieT TaM ycaoBuwo Jlum-
AE]

[fx, oz, 9—f(x 2z, PI<A V§I|Ev—qv|. (45)

Ilycrs anma Becex v=1, ..., n dyukunu a,(x), b,(x) B uHTEpBaJIE
& < x < ¢ HenpephiBHO nupdepeHunpyeMs, a,(x) < b, (x) u?)

a)>A, b<—A

) CM. M. Nagumo, Journal of Math. 15 (1938), ctp. 51—56; J. Szarski,
Annales Soc. Polon. 22 (1950), ctp. 1—34.
2) CywecTBEHHO, YTO 3LeCh CTOMT KoHCTaHTa Jlummuna A wu3 (45).
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O6o3uaurM uepe3d ¢ obiaacTb
ECx <o g, (0)<<y, b, (x), v=1, ..., n. (46)

Mycte ¢ynkumn #(x, y), v(x, p) HenpepniBHO IHdDepeHURpYeMbE

B { M CHCTeMBl 3HauYeHMH x, 3, 2, ¢ nupuHaanexar obaactu & npm

2==u, q,=u, WIpH z2=0, ¢, =7 . HakoHeu, npeinonoxu™, yro
v v

a2 f (%0 w oty iy UK 9V Ty, Ty ),

npuyeM B KawIoH Touke obnactu ¢ 8HAK pPAaBEHCTBA MOXET HMETb MECTO
camoe 6ojbllee B ONLHOM M3 3THX ABYX HEpAaBEHCTB, W, KpOme TOro,

v N>vE y e, @)<Y, <b(®).

Torna
u(x, ¥)>v(x, y)
BO BCe#t oOaactu g.

910 Hepasencmso Hazymo MoxeT ObITb MCTNOMB30BAHO S OLCHKH
pellenus IuddepeHUnanTbHOro ypasHenus (2).

ITycTb mpaBas 4YacTh 3TOrO ypaBHeHHA oOnpeledeHa B obaactu @,
VIAOBJMETBOPSIET TaM HepaBeHCTBY (45), M mycTh obmacTb ¢ OmpeneleHa
ycaosusmn (46). Tlpexnonoxum, uro B & cymectByer ueterpan §(x, y)
€ HavanbHBHIM 3HaueHueM P (§, ¥) = (P), HO caMy PYHKLMIO | BLIYHCIUTH
CJIOXKHO MM OHA HAM HEH3BECTHA

Ecmu Ham ynacres 3akiounte (yHkumm f, @ MemLy KBYMS (yHK-
uaamu fo(x, ¥, 2, q), ©,(y) Tak, uTO

H< < o o<o <oy,

W ecan s auddepeHunanbHeX ypasHeHuit p = f,, p == f, MOXHO BLI-
4uCANTh  MHTErpannl P (X, 3), WPy(Xx, ) C HaYaNbHLIMM 3BHAYCHHAMK
P E =0, Y&, ¥)=0,(¥), TO B 006acTU § WMeeTCa OLEHKa

P 9) <P (x. 3) < (x, )
Orciona nonyuaercs HepasenctBo Xaapa n. 4.4.

§ 13. Pemenne 4acTHHIX BHAOB HEJMHEHHEHIX ypaBHeHMIl
C 72 He3aBHCHMBIMH NepeMEHHbLIMH

13.1. F(p)=0. Eciu xoucranto A, TaKkoBb, 4TO
F(A, ..., 4,)=0,
n
ecan F unenpepniBHO IDHddepeHunpyeMa u ecau Z]valqé 0, To
v=1

z=Ay+ A+ ... +A4,x,
— MOJHHHA HHTErpai.
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13.2. F (2, p)=0, Ecau caenatb noiacTaHOBKY
Z=€(§)' §=A1xl+ C +Anxn'
TO M3 NaHHOTO YpaBHEHUA C YaCTHHIMM NPOM3BONHLIMU TOJYYaeTCA JLis

{=UC{ (k) oOnkHOBeHHOe NuddepeHLHaNTbHOE ypaBHEHHE
FE& AL, ..., AL)=0.

18.8. Flfi(x1, p19(2)), - -, Ju (Xn, P9 (2))] =0. 310 — dugh-
PeperyuarvHoe ypasrenue ¢ pasdersiowumucs nepemesnomy. Iycrs
nocrtoaunbie A, TAKOBH, YTO

F(A, ..., 4)=0.
Paspemum ypasHeHue
fv (xv’ pv(P) = Av
OTHOCHTENILHO P, @:
pv(P (z) = gv (xv’ Av)
Torzna

[oe@az=Y, [ g,(x, 40dx,+ 4,

v=1
~— WHTerpas IaHHOTO AHpdepeHInaNnbHOrO ypaBHEeHHs.
PaccmoTpuM 4YacTHBIE CAYUaH.
(a) Fi(x PO fa(%e P oo frn(Xp p)=a.

Mpu a==0 nuddepeHunansHOoe ypaBHeHHe CHPaBeIJIMBO I/ BCeX
TAKUX 2, KOTOpHie YAOBJETBOPSIOT XOTA OBl OJAHOMY W3 ypaBHeHu#H

Fr (X Pp)=0. (H
Ecau 9T0 ypaBHeHHe pPa3pellUTb OTHOCHTENLHO Py
Pr=@p(Xp)
TO
2=f(Pk (xR dxp+ R (X o0 o Xpte Xpyre oo o0 Xp)

— peutetue ypassenus (1), npuueM @ — Npou3BO/bHAA HENPEPBIBHO UG-

depenuupyemas GyHKUMS.
[pu a + 0 noabepem xoucraurel A, Tak, 4ro A; ... A,==a. Eciu

ypaBHeHUs
fo(xy py)=A4,
paspeunTb OTHOCHUTEJbHO P!

pv == (PV (xv‘ Av)'
TO

z=A0+2fcpv(xv, A)dx,
‘V:l

— MOJHBIY HHTErpan.
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6 fi(xy pO+ fo(xp P+ - (X, P)=0.

n
Tlycrb noctossHble A, BHIOPaHBl TaK, YTO ZIAV=O. Torma, paspe-
nias ypaBHeHus '
fv(xv' PV)=AV
OTHOCHTEJIbHO P,
Py=0y (%, A

MBIl nonayvyaem MOJIHBI# HHTErpan B BHIAE
n
= f @, (X, A)dx,~+ A
v=1

13.4. Onuoponneie ypaBHenus. llycrb nesas uactb ypasuenwus
F(r, z, p)=0

CTAHOBUTCA ONHOPOIZHOH WO 2, Py, ..., P, €CIAH 2 3aMeHHTb BHIGpaH-
HOM HaajexaluM o0pasoM CTeneHbl0 29,

a
Ecau a < 1, To noacraHoskoft z=w", rie A= 2 Mbl OpH-

1 i
BeleM ypaBHeHHE K BHLY

F(x], [ T k_a’ w'xl’ e .y wxn)zo,

He CcOoIepiKalleMy Heu3BeCTHOH (YHKIHH.
Ecmu a==1, 10, monaras z==e¥, Ml Nnojy4aem:

F(xl, cewn Xng Lowr, wxn)=0.

Ypasuenune F(r, p)= 2°, rie JeBasg 4acTb — OAHOPOAHASA 1O Py, ...
...» D, OYHKUHS CTeneHH m, eCThb YaCTHHIA Cilyyal ONHOPOLHOrO ypa-
BHeHHs TpH a=£:—.

18.5. F(r, 2, p)=0. MpeoGpa3opaune Jlexanapa. Ilyctb B 06-
nact ® (#) dyuxuus 2z (#) ABaXAH HENpepHBHO AH(epeHuUpyeMd.
Nycte aaa 1 < k< n obnacts & (r) MoxHo mnpeobGpasoBaHueM
Xi=x1, ..., Xp_1=Xp_1, szzxk(r)....,X,,=zxn(r) 2y

B3aMMHO OIHO3HAYHO 0TOGpa3uTh Ha obnactb ®(X). Haxoseu, nycrs
B oGractn ®
det|zxuxvl$0 (., v=> k.

Ecnn nmonowuth

Z(X)y= X x,z,, —Z(r). (3)

P~
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TO, Hapsly C yXe NpuBeleHHbIMH COOTHOWEHuAMH (2), (3), moayuawrcsa
TaKKe YpaBHEHHUS

2xv=_ZXv' v=1, ..., k—1, 4
x,=X, v=1, ..., k—1; xvszv(X)' v=k, ..., n
n
2(r)= %XDZXD—Z(X). ®)
p=

Tlpeo6pasosanne (4), (8) nasmBaerca npeobpasosanuer Jlexcandpa.
C nomowmplo 3TOr0 mMpeobpasoBaHus (KOJMb CKOPO MHTErpajH yIOBJe-
TBOPAIOT YK43dHHEIM [PEINOJNOXKEHUAM) nubdepeHUUa/IbHOe YpaBHEeHHE
Fr, z, pp=0 )

nepexojiuT B ypaBHeHHe

n
F(Xl, coes Xecr Zxy oonn Zx s kapzxp—z, —Zx, ...
p:

\

o = Zxy o Xk e X,,)==0 @)

KOTOpOEe MHOTLA Mpolle NMepBOHAYaJbHOrO ypaBHeHud. Ecam MoxHO HaliTy
unterpan Z (X) ypasuennsa (7), to (B) — napaMeTpnueekoe mpeicTasie-
HHe MHTerpasna ypasHeHus (6).

Ilpu stom npeoGpasoBanum HEKOTOPEIE HHTETPatbl MOTYT NpPONAcThb
(uMeHHO Te, IJi KOTODHIX YKasaHHbIe BHAuajde IPeANOJONKEHHS He Bbl-
noausiorea). CnenosatensHo, Tpefyercs elle HCCIeN0BaTb, UMEIOTCA JH
nonoOHble MHTErpasbl.

Ecau Bmecto (6) paccMotperh nuddepeHunanbHoe ypasHeHHe

F(r, pp==0,
B KOTOpOe Heu3BeCTHasas (YHKUMS 2 He BXOAMWT, TO COOTBETCTBYIOLLCE
npeoOpasoBaHHOE ypaBHeHHe MMeeT BHI
F(Xl, v Xp_1, Zxk, cees ZXn’—le'
LECE ) _ZXk—l’ Xk, ey Xn)zo,

k-1 n -
13.6. levf\,= kava—f,m, rae 1I<kE<n u
v= v=

A\

n
fo=Fr (xl, cevs Xy_1o Pgr - o> P v%xvpv—z). Ipu npeoGpaso-

Banuu Jlewannpa (4), (5) nannoe auddepenunanbioe ypasHeHue nepe-
XOIMT B KBasujHHeHHOe IuddepeHuHanbHOe ypaBHeliue

n
oz .

EFV-EX_VEFH+1’ rie Fv=fv(X1’ R Xu’ Z).

v=1
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B uwacTHOCTH, BCe CKasaHHOe CnpaseiquBO AJs1 YpDaBHEHHUHA

\

n n \
levazfn+1’ fv:fv(pl’ coes Pps Vglxvpv—z) ’

v= \ /

npeacrasigomero co0o#t uacTHHf caydalt ypasHenus 13.6 npu k=1.

B7. z2=xp+ ... +x,p,+f(p ..., p,) O10 — dughtpepen-
yuaavnoe ypasrenue Kaepo. Ecim f onpenenena n ABaXIb HENPEPLIBHO
nugdepeHunpyema B touke (A;, ..., A,). 10

z=Ax ... A, f(An ..., Ay

— TIOJIHBI MHTErpaJ.

§ 14. CucTema HeJMHEHHBIX YpaBHEHMH

14.1. YacTtastii caywaii: p,=f"(r, y, 2, q), v=1, ..., m. lycts
HaHa cHcTeMa r AuddepeHUNaIbHEX YPaBHEHHH, paspellleHHBIX OTHOCH-
TEeJbHO BCE€X 7 NPOHW3BOAHBLIX:

po=r(ry 2 q, v=1, ..., m (N

3nech F=(Xy, ..., X)), Y=y ..., ¥, ¢q=(1, ..., q,), rie

0z 0z
P, = T g, = By’ 2z=2z(X, y) —HenspecrHas ¢yukuua. (Cay-

yafi $ =10 nonyckaercs.)

(a) Ecan ¢ynkumm f° B paccmarpusaeMoit obnacta ® (7, y, 2, q)
HenmpephIBHO NMQdepeHUnpyeMbl MO aprymeutaM X, ¥,, 2, ¢,, TO KaXiblf
JIBAXIL HeNpepuBHO AupdeperuupyeMult unterpan z ==y (r, y) yaonne-
m(m—1)

2

Po A S B (1) g f) =

TBOpAET ypaBHeHUAM

=fi HOAR 2 Fafs). a<m v<m), @)
w og=1 s} [y

Kyla caelyer MOACTABUTL 2 ==\, qq=1|3y0.

CnenoparenbHo, AJA8 NaHHOH cucTeMbl (1) Bceraa MOMHO Hamucarhb
ellle HeCKOJbKO ypaBHeHu#t (2), KoTophe Takxke OO0d3aHB YIOBJETBO-
PSTbCA, €CNM CHUCTeMa HMeeT IBaXXAbl HeNpephBHO AHddepeHUnpyemMoe
pellienye.

(6) Ecmm ypaBHenus (2) cTaHOBATCA TOMXIECTBAMH TPH NOLCT3HOBKE
BeAWYHWH r, ¥, 2, ¢, TO COOTEeTCTBylomas cucreMa (1) HasbiBaeTcs
UHBORIOYUOHHOU cucmeMoli U AKOOue80H CUCTEeMOR WU 8NOAHE UHME-
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2pupyemoil cucmemoli. YpaBuenus (2) HasblBATCA YCA0BUAMU UHMe-
2pupyemocmu cucteMb (1).

14.2. Teopema CymecCTBOBAHMA H €AHHCTBEHHOCTHM AAA sAKoGHe-
BOfi CHCTeMB B OGJacTH aHaANTHYecKHX Oyukunii. Ilycte dyHnkuun
fU(r,y, z, @) ABASIOTCA PETYNAPHBIMH AHAJMTHYECKMMH B Touke (r0, 37,
2% @% ¥ B OKPeCTHOCTH 39TOH TOUKM YNOBJETBOPDAWTCS YCJIOBHS HHTe-
rpupyemocr (2). Jlanee, myctb naHa QyHkums @(y), peryaspHas aHa-
JUTHYeCKad B ToYke y°, mpuyeM CrpaBelMBB COOTHOLUEHHS:

(o(yo):zo, (oy (yo):qa, w=1, ..., s.
"

Torza cucrema (1) B A0CTATOYHO MaJOH OKPeCTHOCTH TOuku (r°, y9)
MMeeT POBHO OIWH peryJspHEI aHanuTHYecKu#l mHTerpan z=1\(r, y)
¢ HayaAbHBIMM 3HaueHUAMH P (r0, y) = (y).

14.3. TeopemMa cymecTBOBaHHS W EIHHCTBEHHOCTH AJA AKOOHe-
Boif cucTembl B o6Gmactu aeiictBuTenbHbix ¢ynkuuii. Meron Maiiepa
JJA pemieHust AKOOHEBOH CHCTEMEL.

(a) IlycTe npu  (HUKCHPOBAHHLIX gv dynxumn [V (r, y, 2, q) ABaKIH
HenpepLIBHO AHpdepeHlupyeMsl B obaactu

lx, —E&,1<a; 3. 2, g — mobnie, 3)

.

H l'IyCTb Cl’lpaBeIlJIHBbI HepaBeHCTBa
0 0 D Y
EAEARrAnEAL
0 D ] ) t]
]fyuyv]’ |fsz SN A

TTpeanonoKuM, YTO BHNOJNHEHH ycaoBust wHTerpupyemoctu (2). Ilycts,
nanee, ¢yHkuus o (y) HenpepbiBHO audhepeHuHpyeMa no awbomy y,
H YLOBJNETBOPSAET HepaBeHCTBY

€]

0
2q,,

Yudy wiv

s
lwyu|+v§1|myuyv|<3, p=1, ..., s (5)
Hakouen, nycTb BEIOpaHbl 4ucia B, G, YLOBETBOPSAIOLIHE YCIOBUAM
1 In3 S
O<ﬁ<mln(l—{-m) W o—min(a, f). (6)

Torna cucrema (1) mmeer B obnacTu

|x,—E&, | <a; y— moboe (7
POBHO OLMH ABAXCIE! HenpepHIBHO AuddepeHUNpYeMblit HHTErpan 2 = P (r, ¥)
C HavaJbHBIM 3HaueHueM Y (&, ..., Ep V=0 ).

1) Cu. E. Kamke, Math., Zeitschrift 49 (1943), crp. 267—275.
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(6) Ina ¢axrHyeckoro pellieHus NaHHOH cucTeMul (1) uacro c ycme-
XOM MOXKET HCNOJb30BaThe memod Maidiepa. Ilpeoépasosanue Maiepa
(cM. 1. 6.4) COCTOMT B C/IEAYIOLIEM: /2 He3ABUCHMBIX TMIePEMEHHBIX Xy, +.., Xy
NOCPencTBOM COOTHOLIGHUHA

xp~§p=uup, o=1, ..., m, 8)
NPeACTaBAAIOTCd Kak (GYHKUMH OT m — 1 He3aBUCUMOrO IepeMeHHOro
u, uy, ..., Uy npuiem |u|<1, |u,|<a; ouesunno, uto X, MpHHHU-

MaioTcs BCe 3HaueHus B oOaactu |x,—E,|<Ca. Bmecro cucremsr (1)
Tenepb PacCMaTpHBaeTcd O L HO YypaBHeHUe

m
oz oz

o0z
T:Eupfp(uul—i—gl, con, Ul R, ZE)T’ cees 73—)7;)' 9)
o=1

B KOTODOM %, Yy, ..., ¥, SBJAIOTCA HE3aBHCHMBIMM TePEMEHHBIMHU,
aug, ..., U, —napaverpamn. Ecnu Z=W(a, y; u,, ..., u,)— unre-
rpan auddepeHunanbHoro ypasnenns (9) ¢ Haya/JbHBIM 3HAYEHHEM

YO, 9 a ..., ap)=0),

He 3aBucamuM (310 BaxHol) or u,, To
2, =", 9 ;=8 ..., X, —En)
— HCKOMBIH MHTerpan cuctemsl (1).

(8) Npumep. pi=g"+y, py=q>+y.
Cucrema HHBOJIONIMOHHAA. Ecau Bubpath & = £y = 0 M NONOKUTD X, = Uiy,

TO ypaBHeHHe (9) npuHMMaeT Bul
2
Zy='(t,+uy (Zy +y)

Jas storo auddepennranbHOro ypaBHEHHS M3 COOTBETCTBYIOUIMX XaPaKTEPHCTH-

YEeCKUX YpaBHEHHH HAXONMTCA MHTErpal
3

Z=A(u,—|—u2)u——(A—-y) + B.

Ecau A, B He 3aBHCHT OT Uy, u;, 10 Z, kax 3ro u Tpebyercd, He 3aBUCHUT
OT uy, uy npu u==0. Ecan mnoacraBurb uu, =Xy, TO A HCXOJAHOH CHCTEMbI

IIOJAYy4YaeTCHA HHTErpan
3

c= At x)— 2 A=y’ +B.
(r) Hycre dyuxumn f (2, 9, 2, ¢. &) (Brecs A=A, ..., Ap))
B oOJaacTH
|, —t |<a; 9, 2, g—nobue; A <ku<A;

% pas HenpepslBHO Nuddeperunpyema (k > 1) no sceM m 284 k-1
apryMveiTaM X,, Y., 2, ¢y, A, 9THM e CBOHCTBOM IO NPEANOJOMeHHIo
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v
obaaaaior pynkumn f1, f), f; . Ilanee, myCcTb BHIMOMHSIOTCA HepPABEH-
M m

crBa (4) w ycnosua unrerpupyemocts (2). [lpennonoxum, uto PpyHK-
unst @ (y, A) B obaactu
*

y—moboe; A, <A <<A, (10)
k pas HenpepuiBHo AHddepeHuupyema 1o y,, A,, TaK Ke KaK H ee NPOU3-
BOIHLIE @y . Hanee, nycts BuinoaneHo (5). Haxoweu, mycts §, o cHoBa
BbIOWpaoTCcd B cOOTBETCTBUH C (6).

Torna cucrtema

o=y, 2. q. L v=1, ..., m

TIPU PUKCHPOBAHHLIX A, MMeeT B o6sacTH (7) POBHO OLMH NBAXKIbI HeNpe-
pBiBHO AuddepeHurpyemoiit unrerpaa 2=y (r, ¥, A) ¢ HavaALHBIM 3HA-~

UeHHEeM
Y&, oo gm' y. k)=(o(y, A).
bynkuna Pp(#, y, ) BMecTe C ee NPOM3BOLHBIMU P, . ‘l[Jy B ofJaactu
v v
2, —&, | <o y—moboe; Ay Ay < An (11)

& pas HenpepmnBHO IAd(depeHunMpyemMa 1no BceM m -+ k apryveH-
TaM X0 Yo Ay
(n) Ecan

s
oy, A= 7~o+02_]17~o)’a-

TO, npuMenss (r) k cucreme (1), npaeble uyacTu KOTOpPOH He 3aBUCAT
OT A, Mbl NOAYYHM IJs1 STOH cHUCTeMBl mOJHBHA uHTerpan 2=\ (¥, y, A)
B IIOCTAaTOYHO Mano# OKPEeCTHOCTH 8HaueHu#h x,==§; T. e. HHTerpan,
A4 KOTOpOro

O (b Pygo -ves Vyy) £0

0 (Ao, Apy oo Ag) :

(e) Ecmu cucrema (1) samana ne B ofaactu (3), TO NHITAIOTCA TaK

paciunputb 061acTb CywecTBoBanus GyHKUMR f° U ©, 4TOOH Teopema (a)
Oblna TpUMeHHMa

14.4, Cxo6xu Sko6u mn Ilyaccoma. B OGonee ofuwux cucreMax
gejMHefiHbIX ypaBHeuutt (12) posb ycnosu#l MHTerpupyemocTu (2) urpawor
ypaBuenns (13). Hekoroprie cBOHCTBa 9THX ypaBHeHuit OyayT cefuac
NpUBEIEHHL.

IMycte ¢ynxkuun F(r, 2z, ¥), G(r, z, v), H(r. z, y) — HenpepuIBHO
nnddeperuupyemole  gyHkuun cBoux 2n -1 nepemeHHHX r, 2, y 1)
B obGaactu G (r, 2, y).

") 3necw cHOBA F=(Xy, ..., Xp), ¥ = (Y1) +ee» V)
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(a) Crobxa Sxo6u [F, G] onpenensetcss Tak !):

n

[F, Gl= 2 {(F""v + vaz) G—"v _(va+yVGz) Fyv}'

v=1
WJIH eC/IM HCNOJb30BaTh coxpalheﬂﬂoe o603Hayenue

daF
Ty = Py 00

n
aF aa
7, Gl:z(m%—rxv Fy,)-

v=1

TO

(6) OuepunHo, uro [F, C]=0 gas moGo#t nocrosmuon C:
[F, F1=0, [F, G]=—|G, F].

(B) Ilna aBaxcAbl HENpepLIBHO AudepeHuupyeMblX (yHKUMA cnpa-
BelJIVBO COOTHOLLEHHE

L[F, Gl. H]4-(1G. H], F14[[H, F], G]=
=F,[G, Hl+ G, [H, F]-+H,I[F, Gl.

(r) Cootnomwenve [F, Z]==0 mnpu nanno#t ¢yskumn F ecTb muneH-
HOe OAHOpOIHOe AHddepenunanbHoe ypaBHeHHE 11 HEH3BECTHOM (yHK-
v Z=2Z(r, 2, y).

(n) Ecan dynkuun F, G, H wue 3aBucaT OT nepeMeHHOH 2z, T. e.
peub uier o ¢ynxunax F(r, y), G(r, y), H(r.y), To ckobka fxobu
[F., G] nepexonut B ckobxy [1yaccona (F, G), KoTopas onpegensercs Tak:

a(F, G)

n n
n
(F, G)= L (Fx,Gy, — Fy Gx )= 4 Ty, )
v=1

(e) YIa (B) nonyuaercs coorHouieHHe
((F, G), H)y+((G. H), F)+4((H, F), G)=0.

(%) Eciu F — npaxabl HenpephBHO AuddepeHunpyemas (yHKUMS K
ecan Py (r, ¥), Py (r, ¥) ~— ABaOXAL HENPEPHIBHO AudhepeHUUpyeMEle HHTe-
rpansl aunddepequnansioro ypastenua (F, Z)=0, 1o cxo6ka [Tyaccona
(P;. Py) — TaKxKe uHTErpas 3TOro AHQGEPeHUMaNbHOrO YpaBHEHUs.

14.6. O6mas xeauneiinas cucrema. Ilycte 1aHa HeauHeHHas
cucreMa AnddepeHUHaTbHEX YpaBHeHRM#H

F'(, z, p=0, v=1,..., m (12)

') [Muorna sTo Bhipamenne HOCHT HasBanue cxko6ox Maiepa; cm. CTena-
H 0B, cTp. 385—387. — ITpun. ped.]
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{kaK BCeria, siecb r= (X, ..., X,), p=(Py ..., py), 2=2(r) —
MCKOMbIt OOuwwi mHTerpan m ypassenu#t (12)). OrHocutensno ¢ymk-
uuit FY mpeanonaraetcs, 4To OHM B paccMatpusaeMolt obnactu ® (r, z, p)
HenpepuBHO AnddepeHUnpyeMbl Mo CBOMM 21 —- 1 mepeMeHHBIM.

Kaxnpih  aBaxinl  HenpepbiBHO AudipepeHUMpyeMbl uHTerpan  cu-
cteMbl (12) yaoOBJAeTBOPSieT TaKe YpasHEHHAM CKOOOK

[F* Fl=0. 1< v<m; (13)

apu stom FMV(r, z, p)=[F", F’| — ckobxu $lko6u, onpenrenenpic
s 0. 14.4 (a). Cnenosarenbno, AaHHOW cucteMe (12) MOXHO Bceraa
MOCTaBUTL B COOTBETCTBHE ypaBHeHns (13), KOTOpble HEOBXOAMMO LOMMKHBI
YIOOBJETBOPATLCA, €C/H CHCTeMa BOOOlle paspeliuMa.

14.6. UHBOMIOUUOHHBIE CHCTEMbl M NOJHBIE CHCTEMBI,
(a) Cucrema (12) HasblBAeTCA UHBOAOUUOHHOE cucmemol, ecnu

[FY, Fll=0, 1< vm, (14)

Ans BCeX 3HaueHWd r, 2, p. Ypasuenns (14) Ha3bIBAOTCA yCcA0BURAMU
unmezpupyesmocmu cucrems (12). las cayuas cucremer (1) sto ompe-
JiesieHde TOJIbKO TOFLA COBNALAeT C OMpele/eHHeM JanHeM B nm. 14.1 (6),
KOTLa BCe TpaBble YAaCTH CHCTEMBl He 3aBUCAT OT MepeMeHHOH 2.

(6) Cucrema (12) nasbiBaeTcsl noaHoi cucmemod, ecau

[F*. Pl=0, 1< v<m,

Ans BCeX CHUCTeM unced (r, 2, p), KOTODHE YAOBJIETBOPAOT m ypas-
Henusam (12).

(8) Has Toro 4roObl NMOJAYYHTH HHTErpannl cuctemsl (12), sty cucremy
JOMOHAT 10 TNOMHOW cucteMbl (cp. ¢ m. 6.3 (B)) ypasueHusmu (13)
{Tounee, anmb TeMu u3 ypaBHeHH# (13), KOTOpble He HABAAIOTCA «ajre-
OpauyeckuMu CcJaelcTBHAMU» ypasHeHu#t (12) B cmwbicne (6)). K nonoi-
HEeHHOH Tak CHCTeMe MOTOM CHOBA NMPUMEHSIOT MeTo] 00pa30BaHMA CKOOOK,
n tak nanee. HeoOxoaumoe ycnosue AAst Pa3pelliAMOCTH IaHHOH CUCTeMbl
COCTOMT, OUEBMIHO, B TOM, YTO KaAasl pacliMpeHHas CUCTeMa «aJre-
Opanyeckd paspelinMa», eCld F, 2, P PaccCMaTpUBAIOTCA KAaK yucaa.

MTpumep. pps= x3x4 P3Py = XX,

Ciona uckoman dyuxuus 2 ne Bxoaut. flyrem o6pasoBanus ckobox Ilyac-
€OHa TOJYYal0T ypaBHEHHe

X1 P14 XoPy — X3Py — X4y = 0.

CucteMa Tpex ypaBHewuil Temepp mojHad. Ecam Bce e NPOXOMKUTH Mponecc
Hampwe M oOpasoath, HanpuMep, ckoOxu IlyaccoHa mepsoro u Tperbero
ypaBHeHHH

2 (x3x4 — p1P2) =0, .
T0, KaK AErKO BH/ETb, 3TO yPaBHEHUE ABJAETCHA CJAEACTBMEM NEPBOrO ypaBHEHHS.
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(r) Tycrs cucrema (12) ¢ m<n noswas. Tlycrs ypasuenus (12)
yAaerca paspelintb OTHOCHUTENBHO Py, ..., P, T. €. CUCTEMA DYHK-
uvf py:

Pu=Jfur. 2, Pryrs oos D) u=1,..., m, (13)
KOTOphie CyliecTByioT B obaactu & (r, 2, p,,y, ..., p,) ¥ TaM Hempe-

puiBHO Andpeperunpyemsl, oGpauiaer ypasHenus (12) B Toxaectsa. lanee,
MyCcTb OfNpeLeuTeNb

o(F!, ..., F™)
0Py -1 Pm)

(nocne MOACTAHOBKM B Hero BbipaxceHu# (1B)) Hu B kako#t nomobaacth
obnactu & wHe pasen ToxmeeTBeHHO Hymo. Toraa (15) — uHBOMOUMOHNAS
cucteMa B cMbicae n. 14.1 (6).

() Ecan cucrema (12) B obnactn G (r, 2, p) uHBOMOUMOHHA

B cMbicie (a) m ecan ¢yHkumu F¥ B obnacth ® asaxabt HETPepLIBHO
andpepeHunpyemsl, TO  JMHeMHBle  OJIHOPOXHBIE  AuddepeHunalbHbEIe
ypaBHeHus

[F*, Z]=0, p=1,..., m,

00pasyloT HOJHYIO CHCTeMY B cMbicae m. 6.3 (6).

14.7. Meton SIkoGM NJis MHBOJIOLMOHHOH CHCTEMbl, He 3aBHCSH-
meil or 2. Peub wmuer o cucreme

F'(r., pp=0, v=1, ..., m, (16)

m-<n, B KOTOPYIO MCKOMas (YHKUMS Z SBHO He BXOAHT W KOTOpas
B obaactu & (r, p) nuBOMOUUOHHA. TIpenno/ioxuM, UYTO HaM yaAanoCh
LOMOJHUTL STy CHUCTEMY 7 — £l ypaBHEHHUAMU

F" ', pp=0, ..., F"(r, p)=0 (17)

TaK, 4YTO TIO/y4eHHAsl CHCTEMa 1 YPaBHEHUH SBJISETCH MHBOJIOUHOHHOM
cucremoit. ITyctb 3ta HoBass cuctema (16), (17) moxer OniThb paspelueHa

OTHOCHUTENLHO TIEPEMEHHLIX Py, ..., P!
py=1" v=1,...,n (18)
npuyeM OMpelesnTesb (B KOTOPHH HOACTaBieHH Bhpaxcenus (18))
O(F', ..., F™) -
—_— S £ 0
O(P1y -vs Pr) * (19

HH B KakO# monoGractu paccmaTpuBaeMoft 06JacTH 7-NpPOCTPAHCTEA.
B cuny n. 14.6 (r), cucrema (18) sBJIfleTCA MHBOJMIOLMOHHOM, Cleno-

BatenbHo, f" = f' mu, Takum oGpasoMm, npumenuM Merod m. 6.1. Torza
xv xu
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Kaxcioe peleHue cucTeMbl (18) ecTb, B uacTHocTH, pelienne cuctemsl (16).
Tax kak ypaBHeHHus

Fm+1=A , Fn=A”,

mAr

rie A, — npousBo/bHbIE NOCTOSHHBIE, BMeCTe ¢ ypaBHenusmu (16) ofpa-
3YIOT MHBOJIOLUMOHHYIO CHCTeMy, TO BMecTO (18) noayuyaem 3asucsuiyio-
or A, cuctemy

pvzfv(r; Am+1' e eey An), v=1, ..., n, (183).

WHTErpajbl KOTOPOH 3aBMCAT OT A,, M3 3THX HHTErpajioB MOXIIO MOJy-
YnTb MOJHLIA HHTerpan cucrems (16).

CrenoBarenbHo, TO CYWECTBY HalO JMIIb HaHTH ypaBHeHus (17),.
T. e. NoX00path IBAXIbl HEeNpephiBHO nUddepeHmupyemMbie  BYHKIME

F™1 ..., F". 310 zenaercs NOCTENeHHO. (Hpn 3TOM IpenmnoJaraercs,

yro F" aBawani HenpephiBHO ﬂuq)Q)epeHunpyeMbl.) IMpexne Bcero Hano-
1

pasbickaTh Takoe Z == F™"' 4ro6u YC/OBHA WMHTEr pHPYEMOCTH

(FY, 2)y=0, ..., (F", 2)=0

ObliM TOXIECTBEHHO BHINOAHEHH MO 7, p. B cuay n. 14.4 (r), stu ypas-
HeHHs 0OpasylOT JMHEHHYIO ONHOPOIHYIO CHCTeMY AMQQepeHIHaNbHEIX
ypaBHeHuH, a nmMeHHO (cM. 1. 14.6 (1)) nmoauyio cucremy. Yrobm mosy-
YNTb HETPHMBHAJLHOE PellleHHe STOH CHCTEMBI, MOXHO HCTO/b30BAT METOLBI

u3 § 6. Halina Takoe pemenne Z = F™*! pelaT JuHelHble ypaBHeHHs:
(F*, 2)=0, u==1,..., m41,

u r. 1. Ilpu sroM mHano creauts 3a TeM, uTOGH ycaosue (19) Guino-
BBITIOJIHEHO.

Hpumep. B n. 14.6 (8) 6bi0 ycraworaeHo, 4to cuctema

Pl.Pz—xax4=0, PaPs— X1x3 =0,
X Py + Xopo— X3p3 — X4py = 0

noxna. Paspemas ee otHOCHTENbHO Py, p,, P noayuaeM (cM. 1. 14.6 (r) u (a) )-
HHBOJIOIHOHHYI0 CHCTEMY, a HMEHHO:

XoX3 X4P4 X1 X2
Pr=——, Po=—"—7, pP3=-—=, (=¥
Pa X Pa
a Takxe M BTOPYI0 CHCTEMy, KOTOpas creiyeT u3 (x) sameHOH x,p; Ha xp,,.
u HaoGopor. Ciiex0BaTeabHO, NOCTATOYHO PACCMATPHBATh YKA3aHHYIO Bhillie:
cucreMy (#).
Wrak, pemnm auuelinbie auddepenuuansubie ypasHeHs

X9X3 XaPs X1 Xy
— %3 Z)_—-O, ( _ ZaPs z)__o, ( - ,Z):O;
(Pl 7 P2 X3 1 & 7a
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“OHA UMEIT BHl
XgX3 X3 X3
Zx,+ p2 Zx‘+;—zp7+—zpa’_0y

4 4 Py
X KP4 Ps
Z itz A7 27 =0,
Xa x2 Xq xg ﬂ2+x2 Pa
XX X x
Z 422z 42z L7 =0
X3 pg X1 P4 P Pa P2

‘Unterpan 51O JMHeHHOH CHCTEMH, OYEBHJHO, Z=%—A. fIpucoenuuss
2

BrITexawllee OTcloaa ypaBHeHue Z ==0 K TpeM ypaBHeHUAM (+), HOJyUaeM:
Pl=%’ pa= Axy, Pa_—"i‘}l‘, Pi= Ax,
a OTCI0NA, HAaKOHEl, HaXOAUM MOJHbIH HHATErpan
2= Ax;x;+4 % X9x,+ B,
A TaKxe MHTErpaj, MOJAyUalOMHUHACA [OCAe 3aMCHBI X; HA X H Xp Ha Xy

14.8. Mpumenenue npeoGpasopanus Jlexkanppa.
(a) Vvoraa HesaBHCHMble NepeMeHHHE U TPOW3BOLHEIE MOryT 6HITH
TIpY Hai/Mexaulell mepeHyMmepauuH Tak MOAPasfe/ieHbl HA ABA K/aacca

Xis ooy Xpets P+ oor Ppe1 M Xpo ooos Xpo Ppo -+ o5 Do
YTO 3aBMCHMOCTb JeBbix uactet F° cucreMst (16) oT pp, ..., Pp_y
Ipolue, ueM 3ABUCHMOCTb OT Xy, ..., Xp_i, M, HANPOTHB, 3aBHCHMOCTH
OT X, ..., X, Tpole, YeM OT Py, .-, Pp B TakoM ciaydae pexo-

Meniyercs npuMensrts mnpeoGpasosanue Jlexaunnpa. Ilocie npumeneHus
ero cucrema (16) nepexoauT B cHCTEMY

F*(Xps ooos Xoops P ooos Py — P ooy — Py Xy o, X ) =0,

W 9T ypaBHeHHUH Temepb 3aBHCAT OT npoussoiHbx P, 6oJee NMPOCTHIM
.0f0paszom, ueM OT X,.

(6) Tlpu pemennn metonom flkoGu (cM. . 14.7) MB TpelnoJarasu,
uro onpeneauteab (19) ve obpaiaerca B HYJb. B paze cayuvaes ObiBaer,
4TO NpY PEAYKUMSIX K WMHBOJIOLMOHHOW CHCTeMe 7 YPaBHEHHH ¢ NMOMOUIbIO
-ypasHenus (17) 3TO mpeAnoJoXeHne HapyUIaeTcs. Onnako ecau xora Obl

o(F, ..., F™)
0(p1, - s Pm)
10 cuctemy (16), (17) MOXHO HHOTZA NepeBeCTH C TMOMOLIBIO npeobpa-

sopanns Jlexauapa (cM. n. 13.5) B Takyi, Aas KOTOPOH MpEANo/owe-
sine (19) BHIMOIHEHO.



14.8) § 14, CHCTEMA HEJIMHEWMHbIX YPABHEHWI 151

ViMeHHO, ecin 471 BHIOPaHHOTO HaljexaliuM 06pasoM k> m cnpa-
BEAJIMBO HepPaBEHCTBO

o(F, ..., F™)
9(py e Py p Ky aen X))

10 cucrema (16), (17) nepexomnt nocne npeoGpasosauus Jlexanapa
B HMHBOJIOUHOHHYIO CHCTEMY

D (X, P)=0, ..., D"(X, P)=0,

+0,

AJid KOTOpO#H

I, ..., O
TP Py 7O

(8) Mpumep.
ypP -t xp+3yqg=0. (=y

Nuddepennuansioe ypasneHHe MONKET PaCCMATPUBATLCA KK CHCTEMA (16)
¢ m=1n=2 B cuny 0. 147, MOXHO pasbicKaTh BTOPOE YpaBHCHHE, HAXOAS-
meecd € NepBHM B MHBOMONHM. M3 XapakTepHCTHYECKOH CHCTeMbl JaHHOTO-
YpaBHEHHd (*) IOJYWaOTCHA NepBbie HHTErpanabl (cp. ¢ m. 12.8)

X
yp?
H Kaxj0€ M3 3THX ABYX ypaBHeHHi oOpasyeT BMecTe C NaHHHEIM, B cuay n. 12.8,
HHBOJIIOHHOHHy!O CHCTeMy.

Ecan BbIOpaTh Nepsoe M3 MOJYUMBIIHXCS COOTHOMEHWH (#+), TO MH IPHIEM:
K CHCTeMe

yp®=const u — y = const, (%)

A A -5 A&
P=l—3/tr §g=—73* " ——3
y

M, TaKuM o6pa3oM, HalneM NOJHHA HHTerpan AaHHOrO mHddepeHIHaIbHOrO:
ypaBHEHHS:

_._l. AS
2= Axy 3——3—-y-|—B.

Ecau BhiGpats BTOpOE M3 MOAYYMBIIMXCA COOTHOMIEHMH (#+), TO Ml HpUAEM.

K CHCTeMe
x
y_pf—y =A, y?p®+ xp-t-3yqg=0. ()

3rech paspeiieHde OTHOCHTENBHO p, ¢ caowHee. Ecam BBectn noCpeacTBOM
npeoﬁpasosan—ma J'Ie)xaHJIpa P, § KaxK HOBBI€ He3aBHCHMLbIE NEpEeMEHHbIE, T. €..
NOJAOXHUTH

X=P, p=X, y=Y, =—Q, 2=XP—Z,
TO M3 YDABHEHHMH (##%) MOJyUHM:
£
Xy
Orciofa HaXORUM:

—Y =4, VX34 XP-—_3rQ=0.

P=XY (Y+4+4), Q= é—xs @ + 4. (455
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413 mepBOro ypaBHEHHAl (xx#%) HMeEeM:

Z=Ltxvy 4+,

3
.4 U3 BTOPOro YpaBHeHHA (x##%) caenyer, uto Q' (¥) =0, caezosareanHo,
Z=%X3Y(Y+A)-|—B, x=P=XY (Y4 A).

#akouen, nerast o6parHoe npeoGpa3oBaHHe, HAXOLHM OKOHUATENLHO:

o

1
em s () T4 B

14,9. Merton fAxo6u njasa obumieit cHCTeMBbI.
(a) Ecau nana oflwas cucrema

Fv(r, z, p)=20, v=1, ..., m, 12)

TO ee MOXHO npeoOpasoBanveM n. 12.3 nepesecTH B CHCTeMy, B KOTO-
pyl0 McKOMas (YHKUMA He BXOLMT, M 3aTeM IOC/Je HEKOTODHX Mpeol-
pasoBanui Tuma n. 14.5(8) npumenuts Metod n. 14.7. Tor ¢akr, uro
ucKkoMass (yHKUMs caMa B MOJy4YalOlUMecs YpAaBHeHMs He BXOIMT, HeceT
¢ co0OM TOT HEMOCTaTOK, YTO YMC/AO He3aBHCHMBIX IepeMeHHBIX BO3pa-
C€TaeT HAa elHHHIly.

(6) IpennonoxuM, uro cuctema (12) noanas, m nyctb m=n-1.
{lyctb, nanee, cucrema (12) yaomnerBopsercs (QYHKUHSIMHU

z2=p(r), p,=\, (). v=1, ..., n (20)

xotopule B obnactu & (r) wenpepniBHO AudpepeHunpyeMbl ¥ A9 KOTO-
PHIX OnpelenuTe/b (MOc/e MOACTAHOBKM Bhipaxcenuit (20))

a(F, ..., F**1)
0(2’, Pty ooy pn)
#n B Kakoht nopo6nacti obiactu . Torza ¢yukuma | ABaxAL Hempe-
PBHIBHO IHGdepeHurvpyemMa H q;xv:q;v (v=1, ..., n), clenoBarejbHo,

‘p — uHTerpan ypasHehus (12),
Mpu m n-+1 umeer mecro caenyiollee obobuenne!), Ilycrb
-cuctema (12) noanas u yaosnaeTBopsercd (QyHKUHUAMH

#=0 @n

z2=9(@), py=V, (" Pp - -, P, b=1 ..., m—1,  (22)
xoropsie B obracty & (r, p,. ..., P,) HenpepbBHO ANbdepeHUHpyeMbl
s LI KOTOpHIX OlNpelennTelib
o(F, ..., F™
0 (Z, Pty oves pm——])

) Cm. C. Russy an, Communications Kharkoff (4) 8 (1934), ctp. 57—60.
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focle YMOACTAHOBKYM Bepawenu#t (22) Hu B kaxo#t noxo6aactu obaacru &
He paBeH ToOXIecTBeHHO Hymo. Torna 2z =1\p(r) — unTerpan ypasHe-

Hus (12).
(8) Mycrb cucrema (12) nomnas u m ==n. Ilycts cucrema ¢yHxunsk
py=rf,(r 2, v=1, ..., n, (23)

KoTtophie cyiwecrsylor B obaacth & (r, 2) u TaMm HenpepuBHO audde-
peHunpyeMbl, oOpaiaiotr ypashenua (12) 8 Towdecrsa. [asdee, mycTh
onpeleuTenb (MOCIe MOACTAHOBKH Bhipamenudh (23))

A(F, ..., Fm) ‘
a(plx seey pn) $ 0 (24)

Hn B kaxko#fl monobaactu obiactu &. Toraa cucrema (23), B cuay 14.6 (),
WHBOJIIOIIMOHHA, 4 VIMEHHO uMeeT CrneuwanbHoif Bua m. 7.1,

(r) Nycts cucrema (12) B obnactu G (r, 2, p) UHBOMIOUMOHHA W
m < n. IlycTb BO3MOXHO 3Ty CUCTeMY TaK IONOJHHUTbL ypaBHEHUSIMU

F(r, z, p)=0, v=m-+1, ..., n wm n-+1, (25)

4TO MOJYYamolascsd WHBOMIOLMOHHAs cucreMa (12), (25) umeer n wau
n-1 ypaBHenue. B arom ciyuae, MOXHO MCNOJb30BaTh MeToAH (B) U (6)
(pasyMeeTcd, B cayuae, eC/lHM OCTajbHBIE NpUBeleHHble TaM INpPeLNOJOXKe-
HMS BBIMOJIHAIOTCS). [Ipy 3TOM MOXHO ellle 3aMEHHTb HYJM B IIPaBbiX
yacTAX (25) NpOUBBOJBHBIMU KOHCTAHTAMM M NOJYUHTH TMOJHHN HHTerpan
cucreMbl (12).

CrnenoBare/ibHO, NPH 3TOM MeTOJe CYIUECTBEHHO CyMeTb HallTH 1 — m
Wi n— m -+ 1 neBHx uacTet ypaBHenu#t (25). 1o nenaerca war 3a
InaroM, Kak onucauo B n. 14.7 (6), TOJAbKO BeTpevalouidecsi TaM CKOOKH
Ilyaccona nHazo sameHuTh ckoOkamu $koGu.



YACTb BTOPAf
OTAEJIbHBIE JHPPEPEHLHUAJIbHbLIE YPABHEHHH

NMPEABAPHUTEJ/IbHLIE 3AMEYAHUS

[TpuHuun IOBOJMBHO CTPOTOH JeKCHKOrpauyeckol ymopsimOYeHHOCTH,
€TOML HeOOXOAUMBIN B cnpaBoyduke NO OOLIKHOBeHHHM AuddepeHunab-
HBIM YpaBHeHHsM, 31eChb He HyxeH. OH 8aMeHseTcs CJelyIOLUMM I[pHH-
uunoM: auddepeninanbHbie YpaBHeHHA B YACTHBIX MPOU3BOAHHIX 00beau-
HeHbl B OTJMYAKOLIMeCd APYT OT ApYyra FPYMMNBI, U 3TH TPYINLl YIIOPSIOYEHb!
C y4eTOM IpexHero JeKCHKorpaduyeckoro npuHuuna. ng aubeHHHIX
nugdepeHUHaIbHHIX YPaBHEHUH yKasbiBaeTCA MHTerpasbHb#t Gasuc (rias-
HeIl MHTerpan), I HeJHMHeHHBIX -—— NOJHBIM HHTerpan.

Bripaxenuve @ (#y, ..., #,) Bceria 03HA4aeT NPOU3BOJbLHYIO Henpe-
PHBHO Au(epeHurpyeMyio GyHKuMoo. Y JuHefiHBIX W KBa3uAMHeHRHBIX
ypasHeHu#i Ajs GOYHKUM# OT TpeX HEe3aBHCHMBIX HepeMeHHBIX MNOC/elHHe
0003HavanTca uepes x, y, 2, a UckoMas (QyHKuus vuepe3d w(x, y, 2).
B npyrux cayuasx He3aBuCHMble NepeMeHHble 00O03HAYalTCA yepe3 x, y
WIH 4epe3 X, ..., X,, HCKOMaa QyHKLUUA — uepe3 2, a ee MNPOHU3BOI-
Hble — 4epes p, ¢ WAM COOTBETCTBEHHO Py, ..., P,

[boaee moapobubie 06 bSICHEHHS METOAOB PELIEHHst KOHKPETHBIX ypaBHEHHI
MOXHO Haittu B uactd | U PyKOBOACTBAX, yKa3aHHHX TaM B NpHUM. Pel., a Tak-
xe B caeiylomux paborax: . Adfinc, OOwbkHOBeHHune nuddepeHuuasbubie
ypaBaenus, Xapskos, 1939; H. M. MarBeen, Meroan MHTErpupoBaHus
of0pikHOBeHHBIX Aupdepennuanpubix ypasuenud, Jl, 1955, U. M. TiouTtep n

O. Kysbmun, COopHuk 3agau mo seicmell matemaruxe, T. II, M. 1959;
JAVl. @, Puaunnos, COopHuk 3agau no AuddepeHUUaJbHBIM ypPaBHEHHSAM,

. 1961,

IIpx cocTaBjeHHMH HACTOALIEr0 CHPAaBOYHOrO OT/ENa ABTOPOM ObIIH HCHOJb-
30Banbl paboThr
A.R. Forsyth, W, Jacobsthal, Lehrbuch der Differential gleichungen,
2 Aufl. Braunschweg, 1912; A. R. Forsyth, Theorie of Differential Equations,
Bd. 2—4, Cambridge, 1900 —1902; E. Goursat, Lecons sur lintegration
des equations aux dérivées partielles du premier ordre, 2 Aufl.,, Paris, 1921,
Q. Julia, Exergices d'Analyse t. 3—4, Paris, 1933, 1935, M. Morris,
O. E. Bro wn, Differential Equations, New York, 1935, a Takike MHorue gpyrue
3apyGexHble H31aHHs, NOBOJBHO CTapbie M MagojocTynHble. CCHUJIKH Ha 9TH
KHHTH W CTaThbH, KaK NPABHAO, OlycKaauch. — ITpus. ped.]



FTABA I

YPABHEHUS, COAEPXAIUHE JHUUIb OJHY YACTHYIO
npPOM3BOJHYIO

1.1. F(x, y, 2, p)=0.
Tak kak B 3T0 YpaBHeH¥e BXOAMT TOJbLKO OJHAa 4dCTHasg NpoOUs~
BOIHAad Z,, TO 3T0 AudpdepeHUMaJbLHOE YpaBHEHYE MOXHO pac-
CMATPUBaTh KaKk OOHKHOBeHHOe audpdepeHuratbHOe ypaBHe-
HHMe Ia4 QYHKUMM 2z (x, y), TAe y WUrpaer-pojb fapamerpa.

[das pemieHuss Heo6XOZMMO NPHBJAEYb METO/AB HCCAEJOBaHUA OGBIKHO-
BeHHbIX AH(depeHHabHbLIX ypaBHeHHIl epBOro NopsjKa, HepadpelleHHbIX
oTHOCHTEeAbHO TpousBogHoH. CM. Kamke, w. I, § 3; u. U, ra: I — MTpuns.

peo.]
1.2. p=f(%).
= [ fmdc+ ).
1.3. p=r(©).
z=xfWM+LW.
[1.83a. p=Ff(x, y, 2).

Pemenne cBOAMTCS K HCC/e10BaHHI0 OGBIKHOBEHHOTo Indde-
PEHUHANLHOrO ypABHEHHs NepPBOro MOPsAAKAa, pa3pelleHHOTO OTHO-
CHTENbHO INPOU3BOAHON; y CJelyeT pacCMaTPUBaTh Kak mapaMerp.
Pewenne yaaerca BHIIUCATb ABHO, e€C/AM YpaBHEHHe

7‘,1%=f(x» y. 2)

yaaeTcst TIPOMHTErPHPOBATb B KBAZPATYPAX MM HM3BECTHBIX (YHK-
UMAX.

Cm. Kamke, u. I, § 4 u. HI, ra. I. —Tpun. ped.}
[1.36. p=Sf(x, y).
z=[f(x. wdx+Q(),
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NpH MHTETPUPOBAHMK Y paccMaTpHBaeTCA Kak napametp. — [Tpun.
ped.]

1.4. xp=y.

z=ylnx -+ ().

1.5. (ax+ by cz2+ d) p=ax—+ By 4 vz -+ 0.

[Cvm. Kamke, 4.1, 0.46 (B). —/1pun. ped.)

1.6, (ax+by+c2)"p=1; a=+0, ¢+0, n> —1,

Hiuercs uHTerpan, KOTOPHI npH !x|+ly|——>0 TaKXke cTpe-
Murcs K Hymo. Ias HOBOH HeusBecTHOH ymxkumu u (x, y)=
=ax-+by-+cz(x, y) u3 naHHOro ILudepeHInanLHOro ypaBHe-
HUSI MOJy4aeTCss ypaBHeHHe

'y, —1
au®-Lc¢
13 KOTOPOro MoJy4YaeM, €CJAH MPUHATb BO BHMMaHUe HayajbHble
ycJa0BuUs
u

[t — c 0y, )
0

rne D (y) — npoussosbHas HenpepbiBHO AuddepeHunpyemasn ¢yHK-
uus, yaosaersopsioulass ycaosuio @D (0)==0. Ias roctatouno ma-
abX || pasnoxenne NOABIHTErpPadbHON (GYHKUMH B psi M MOC/e-
Ayiolilee HHTEr pHPOBAaHUE [3ET:

utt1

m+...=x+q)(y)

O1ci00a BUAHO, YTO (%) — B CAMOM Je/le HHTETPaJbl KeJAaeMoro
8U1A.



2.1.

FTABA I

JMHEWHBLIE ¥ KBASWJIMHEAHBIE YPABHEHHUS
C ABYMSt HE3ABUCUMbBIMH NEPEMEHHbIMH

1—12. f(x, y)p+g(x, )qg=0

ap—+ bg=20.
Pewenne cm. 4. 1, n. 2.4(a). MoxHo Taxkke cienarh npeo6-
pasoBaHUe

2(x, =LE W), E=ax+by, n=bx — ay;
TOTa NOJyyaercsi ypaBHeHue (g ==0 H, cnenoBaTe/bHO,

=R, 1. e. 2=2(0x — ay).

2.2, axp-}-byg=20,

Z=|x|bly,_a—-l‘llaBHbIﬂ uHTerpan cM. 4. I, mn. 2.4(6),

2.5 (6).

2.3. ayp+ bxg =0,

Z2=bx?— ay? —raapuuift wmurerpas; cm. uw. I, nm. 2.4 (a),

2.5(a).

24, (mx+by—+ec)p+(ax+b.y+c)qg=0.

XapaKTepuCTHUECKHe ypPaBHEHHS:
¥ (O)=axt+bytec, y ()= ayx by 4+ c,.
Otciona aas moGHX uucen A, W caeayer:
A’ py' = (@A ag) x + O 4-ba) y +- ek e (1)

Yucaa A, w mMOryT OmITh OmpedesieHB TaK, YTO A MONXOLSLIErO
YHC/IA § OHH SBJSIOTCH HETPUBMAJIBHBLIM DPelleHHEM CHCTEMbI

a1+ agu == sh, b+ by = sp., 2)
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Torza u3 (1) noayuaercs:
Ax’ +4-py’ = s (hx 4 py)+ A 4 cu. (3)
Yucao § NpH 9TOM Hago BHIGpaTh TaK, YTOOB OHO SBJANOCH KOp-
HEM YpaBHeHWs
a;—S  a
by by—s
(A) (ay —by)? + 4asb;+ 0. Torna ypasHenue (4) uMmeer 1Ba

Pa3JMUHEIX KOPHS §;, Sy M KaMIOMY M3 HUX COOTBETCTBYeT pelle-
Hue Ay, W, cucremul (2). Hanee, ecnu

(Aa) aby—azby+0, 10 s+0 u 5,+0, u us ypasuenuit (3)

=0. (4)

caenyer:
Ax’ =y’ — Agx" - poy’
sy (Agx ) 4 Ay - oy Sg (AgX - May) € R Fcopty |
D10 ypaBHeHHe MOXHO NPOMHTErPUPOBATb M TIPHATH K YHKLMH,
KOTOpaH NOCTOHHA BAOJb KaxIOoH XapaKTepHCTHKH; noaydaercsa
WHTErpan

P |81 (Ax - my) 4 Aoy - pacy | )
| 52 (hoX 4 Wo¥) 4= Aoty - ola |
(AG) aby— a,b; =0, TO ypaBueHnue (4) WMEET KOpHU §| ==
=a,+by, 1 $,=0, a ypaBHenus (3) uMeIOT Bul
Mx" Ay = sy (A + yy) + A6+ 16y, }
Agx” - Lyy” = hoCy — Ngly.
Ecnn Agey -+ Ugcy == 0, TO mnoc/ennee ypasHeHUe NaeT WHTErpaj

2= Ahox -+ Woy.

Ecan Aqc; -+ Mycy =0, TO 06a ypaBHEHHS (5) MOXHO TNOXSNUTH
Ha 9TO BhHIpaM(eHHe; TOTIAa HOBHlE JeBhle YaCTH COBNALyT M 0Opa-
BYI0T MHTerpupyemoe YypaBHenue. V3 Hero noayuaercd uuTerpad

Aox
2=5 '}WQCT—%"'_]nlSl(;\‘lx'{"uly)"*_;"lcl'*"ulc?l'

B) (a;— by)? + 4a,b, = 0. YpasHenne (4) mmeer ABOHHOH KO-

()

peHb § == (@; —+ by); 1A% ITOTO 3HAYCHNA S MMeeM ypasHenus (2)

u (3) ¢ COOTBETCTBYIOUYMHM uHCAaMH A, [, HE pPaBHBIMH HY.JIO
O1HOBDPEMEHHO,

(ba) s+ 0, Torma MOXHO TaK BHOpaTb JMHEHAHYIO (YHKUMIO
ax 4+ By 4+ vy, 4TO LAs Kax10A XapaKTepUCTHYeCKOH KPHUBOH

d ax By 4-v =1 )
dt s (hxtpy)fedtap




2.6]

1-12. f (x, ) p +g (x, y) g=0 159

Beneactsve (3) B maHHOM cayuae
(x" -y’ (0x” 4= By") — s (ax 4By 4 ) (Ax’ 4 py’) =
= (Ax" - uy") [s (A% 4 1Y)+ ¢, = coul;
3TO COOTHOILEHHE CIPaBeMJHBO, €CJH
ax’ 4By’ — 5 (0 +BY + V) = 5 (Ax = py) -+ ;4 - cop.
Tlocsie MOACTAHOBKM XapaKTEepUCTHYECKHX YPABHEHHH MOMyuaem:
afa;x b,y -t-c) 4B (agx 4 byy +¢y) —s(@x 4By —+vy) =
=5 (Ax =4 py)+ e+ eop.
Orcona aas «, B, y WMeeM ypaBHeHus
(a1 —3s)a+ a)p=As, :
bio = (b, — $) = ps, : (7)
€10 - €of — sy = ¢1A - cyu.
Tak kak s++0, To U3 MOC/EAHErO ypaBHEHHA MOJyuaeM Y, ecan
©006a npelIIeCTBYIOLINX ypaBHeHUs paspewmuMbl. Onpeieautes KO3(-
($ULHMEHTOB JIeBBIX YacTe# ABYX MEPBLIX ypaBHEHUH (7) paBeH nyao,

U MEXy KO3(@HUUHEHTaMM JNeBHX YacTeH CYLIECTBYET Ta XKe camas
3aBHCHMOCTb, YTO H MEXIY NPABHIMH YaCTAMH, a MMeHHO

(@ —s)u=>bk,  amu=(hy—Ss)A.

Bcaenctsne Toro, uro 2s=a,;-b,, 31n 06a YPaBHEHHA SIBJSIOTCH
IpOCTO ypaBHeHUsMu (2). Tlostomy umcna a, §, Y MOXHO BHOpaTh
TaK, YTOOH OHH He GLLIM HYJIMH UM yAOBJETBOPSIIH ypasHenusam (7);
cJje10BaTebHO, H3 (3) u (6) umeem:

Ax’ A py’ -4 ex+py+vy
SAxt+uy) fer+ep  df s(xtpy) ek fem
a noToMy

e=lnfsdrt-py) ted+ o] —s orm i"uﬂim o

— HHTErpa.
(b6) s=0. B stoM cayuae raaBHbit mHTErpa ypaBHeHns —
JIETKO HAXOLMMBI{ NMOMMHOM He BbLILE BTOPOH CTeMeHM.

2.5, x’p—+y%q=—=0.

=t 1
2= >

‘<I»—ﬂ

2.6, (x2—y?) p+2xyqg =0.

XapaKTepuCTHYECKHE YPABHEHH — OKPYXHOCTH x2 + y?=cy.
x?+4y?
y

FnaBHbIft uHTErpan 2z =
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2.7. (Aix—A) p+ (Ay —Az)g=0.
A,=a,~+bx+c,y; em. 4.9.
2.8. axmp-+ byrqg=0.
['naBHLI# uHTErpan

z=bn—1)xt-m—a(m—1)y-" g m=+1, n1;

z=bln|x|+—

n—1

yl—n

s m=1, n=1, u coorsercrsento g m=+1, n=1.
2.9. pcosy—+¢gsinx=0.
2==cos x}+siny.

4
2.10. VF(®) p+ V7 ¢=0, f(t)=§0avtv-

Yacthbifl cayuaht ypasmenuit 2.11, 4.12 (cm. taoke Kawmke,
y, [II, 1.71).

2= (YLELEVIOVY g, x4y — 0y 4+ ).

XYy

Bawena z(x, Y=L W, E=—, N=7

HenMe B TaKoe e ypasHenwe ¢ &, M, § BMecro x, y, z A
¢ f(H)==agt*+ ... -+ a,. Tloatomy

z= (x2 V@’(;l—12yl)/m )2 —a ('lx‘ -+ )1,—)2 —n (‘}E + %)

nepeBOAUT 3TO ypas-

—TOXE MHTEerpaj MepBOHAYAJILHOrO YPaBHEHUs, KOTOpHIH, ecTecT-
BEHHO, 3aBUCHT OT INpPelbAyulero.

2.11. f(x)p+g(y)g=0.

{ dx J dy

= | ———— | =+ 0 .
=) rm— gy M S0 g #0

2.12. fp—F,9=0, f=Ff(x ).

1o ypapHeHHe O3HAyaeT, UTO HILYTCA Te HeNpephiBHO Aud-
depeHnupyeMble (GYHKUHH, A48 KOTOPHIX (YHKUHMOHAJAbHBIR ompe-
JdeanTedb

2@ ) o
0(x, ¥) '

Cornacuo 4. I, m. 2.7, 310 ¢yHKuuM, (YHKINOHALHO 3aBUCSILHE
or f, T. €. Bce ¢yHkuun Buza 2 (f(x, ¥))
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B-19. (e, W ptglx, YVigmhix, ¥ 161

13—19. f(x, y)p+g(x, Y)g=h(x, y)

2.13. ap+ bq=c; Iuddepenunansuoe ypasHeHHe UMAHHADHYECKONR

nosepxHocT® (cM. 4. I, m. 5.3 (a)).

2.14. ap+ bg=x2—12,

Ecin, cornacio wmerony wu. I, n. 5.4, nocrpouts cooTser-
CTByIOlllee TPeXwWIeHHOe OAHOPOAHOE YpaBHEHME, TO

bx —ay, 3abz—bx3+ ay?

—ero Gaguc. OTciona nosiyuaeM WHTErpan AaHHOTO HEOXHOPOLHOIO
ypaBHeHus

z =—3‘11—b(bx3—ay3)+ 2 (bx — ay).

Ecmm, cornacio merony u. I. m. 4.2 (6), moctponts cooTser-
CTByIOllee IBYY/eHHOE OLHOPOAHOE ypaBHeHHe, TO HX — ay — ero
rnaBHblfl MHTerpan. Ecaum Tenepb npumennts npeoGpaszoamue

z(x, )=0(x, ), x=bx—ay, y=y,

TO TMONy4aeTcd OOBIKHOBEHHOE NupdepeHInaIbHOe ypaBHeHne

— xtay? -
b%— _b_z_—‘ - y2-

OTKyIa
=LEBN X 1o,

b2a

YTO MPUBOAMT K HaHIEHHOMY BHILE WHTErpa.y.

2.15. ap+ bq=f(x).

z=% J.f(x)a'x—{—-g(bx—-ay).

HHrerpan, xoTopui#t npu x ==y paseH Hymo:
X
=1 f f (@ dt.

br—ay
b—a

2.16. xp+yq=—ax.

2:=ax-|—52(%).1

2.17. xp—4-yg=a V' X*+ y% uacruntt cayvait ypasHeHus 2.18.

Xapaxrepuctuku — npampe y=Ax, z2=a x>+ y2 -+ B.
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Hurerpanbieie NMOBEPXHOCTH MOJYYalOTCA, HANpUMEp, BHHTOBLIM

npmieHHeM Kaxof-uuGyIb M3 STHX NPSAMBIX BOKDYr ocu 2:

z=a\/x2+y2—|—9(—§).
2.18. xp+yg =YL (V5 +5).
XapaxTepUCTHKH
y=A4x, z=f(V 2+ y)+B;

.PIHTel‘paJIbele MOIePpXHOCTU HUMEIT YypaBHeHHe

e=f(VFFP+2(L),
2.19. yp — xq = ye<'+¥’,

[peoGpasosaunem z(x, y)=C(E, 7).
E=x243y% v==y ¥3 JAHHOTO YpaBHeHWS NOJyuyaeTcad OOLIKHO-

BeHHOe IH(¢epeHUnaIbHOe YpaBHelne
b= —

VE—n

z=xeXt¥ 4 Q(x24 y?).

20--31. f(x, y)p+g(x, y)q="h,(x, y)z2-+h,(x, ¥)

egv

OTKyIa

2.20, p-+qg=az.
Ecin noctpouts, coraacHo metoay 4. I, m. 4.2 (a), coor-

BeTCTBYyIOllee TpPeXWIEHHOe YpaBHeHHe, TO Zze~9%, ze~ %Y —ero
6asuc. ITo3TOMy pellleHHs NAHHOTO HeOIHOPOAHOTO YpaBHeHHA TO-

Ay4aoTCs NMyTeM paspelleHHs ypaBHeHHd
Q(ze—2*, ze~w)y=0

oTHOcHTe bHO 2. Hampumep, moayyaioT A48 KOHKDETHHIX CAY4Yaes:

ecmn Q(u, v)=£——{——f——l, TO 2= Ae?* - Be®,

ecrh R, v)=Au-+Bv—1, 1o %:Ae“”—i—Be‘W.
Ecan npumennts wmerod 4. I, m. 4.2 (6), To c momouwpio pe-
WeHUs X — Y COOTBETCTBYIOLIEr0 OLHOPORHOTO YPaBHEHHS U mpe-
o0pasoBanus
z2(x, )=C(x, ¥), x=x—y, y=y
fIPUXOIUM K OGBIKHOBEHHOMY AHddepeHUnaIbHOMY YpPaBHEHUIO
L=al, 1 e L =Q(x) e

OTKYyZa
2= (x—y)ew,
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2,21,

2.22,

2.23.
2,24,

2.25.

2031 f(x, Y) p+gx, M a=h, (X, ) 2+h (1, 3) 163

P —3yq = —2; yacTHuft cayyalh ypasuenus 2.23.
HHrerpanbHas noBepXHOCTb, NMPOXONAIIAR Yepe3 KPHUBYIO
200+ 2chx=x2+y?4+1, 2(y+2)shx=x24y2—1,
WAH, YTO TO XKe camoe, yepe3 KPHBYIO
yz=0, y+4z=¢",
uMeeT ypasHenne z=0.
2p —yq = — 2; 4acTHH# ciyualt ypasHeHus 2.23.

Ecmn nocrponts, cnenys wmeromy u. I, m. 4.2 (a), coorer-
CTBYlOLIee TPeXU/JIeHHOE ONHOPOAHOE YPaBHEHHE, TO e¥y2, e*22 — ero
Gasuc. PeuleHne 1aHHOTO ypaBHeHHs IOMY4aeTCs paspelicHHeM
ypaBHeHud .
R (e*y?, e29)=0 )]
OTHOCUTEJILHO Z. '

Ecau wmuercs mHrerpanbhas NOBEPXHOCTh, NPOXOAAIAS yepe3
KPHBYIO '

y=x2, x==lny, 2).
TO ypasHeHue (1) AOMKHO, B YAaCTHOCTH, BHUIONHATLCA A9 KPHUBOR
(2), T. e. nomKHO OBITH

Q(y3, 3In~2y)=0. 3)
B uacrHocru, eciau

Q (u, v):—S]/—Z————{—lnu,

TO U3 ypaBHeHusa (3) noayvaercs

3y
2= x+2Iny "’
ap +yq = bz. .
2=y’ 2(|y|%*).
x(p—q)=yz.

Ecau, cneaya meroay u. I, n. 4.2 (a), mocTpouts cooTser-

CTBYiOLlee TpeX4JeHHOe OJHOPONHOE ypaBHeHHe, TO
¥4y, zexplx—(x—+y)lnx]
—ero Gasuc. [lostoMy uHTerpasamu NaHHOTO AHdepeHIHATBHOTO
VDPaBHEHHSA ABAKIOTCS (QYHKUUAN
2=2 (x4 y)exp[(x 4 y) Inx — x].

Xp —+yq = az; 1uddepeHuMaNbHOe yPaBHEHHE OLHOPOAHDIX PyHK-
un#t MopaaKa @ OT IBYX HE3aBHCHMBLIX NepeMeHHbIX (Cp. C ypaBHe-
Huem 4.8).

Has a=2 uurerpanamu asasorca pyukuun z=Ax2--Bxy+Cy?,
a4 TaKXe, Hanpumep, TOJLKO OAMH pas HenpepuBHO Luddeper-
uupyemasi yHxuus

! £y A x2-4+y2 £ 0;
2 =

x4 y?

0 g x=y=0.
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2,26, xp+yg=2—x*—3y*+ 1.
Ecan nocrpouth, cieays Meroiy 4. I, m. 4.2 (a), cooTser-
CTBYIOlEE TpeXuJeHHOe ONHOPOIHOE ypaBHeHHe, TO

y z4x*4yi41 ( 2+X"'+Y’+1)
=, UM
x x y

—ero muterpasbHbifi Gasuc. CnenoparenbHO, AaHHOE YpaBHeHHe
¥iMeeT MHTerpan

z=—x2-—y2—l+x9(-i—).

2.27. (x—a)p-+(y—b)g=2-—c; muddepeHunassuoe ypasHeHHe
KOHHYECKOH TNOBEPXHOCTM ¢ BepunHo# B TOouke (@, b, ¢). Cwm.
gy, I, m. 5.3 (6).

2,28, x(y+ 1) p+ (»*—x)g=y2; cM. ypasienne 4.9, npumep 2.
2.29, x(2y—x+1)p—y2r—y-+1)g=(y—x)2.

Ecau moctpoutb, MOMbL3YACH metogoM 4. I, m. 4.2 (a), coor-
BETCTBYIOlIEE TPEXUNECHHOE OIHOPOAHOE YpaBHEHHe, TO

2 (xt+y—1)
x+y—1° xy

—ero Gasuc., Orcrona 10Jy4YaeM MHTErpanbl AAHHOTO YyPaBHEHHS:

z=(x+y—1)9(-‘x—‘*‘x¥y:i).

2.30. xy’p-+ x%yq = (x*+y%) 2.
XapaxkrepucTHueckue ypaBHEHUs:
' @)=xy%, Y )=x%., ZH=x+y)z.
Ecmu, caenys Merony 4. I, m. 4.2 (a), nOCTPOMTB COOTBETCTBYIO-
liee TpexwieHHOe OLHOPONHOE YpaBHeHHe, TO
2 ___ 42 o

X ¥v?, PV
— ero Gasuc. OTclona noayyaeM ypaBHEHWe WHTErpanbHOH nosepx-
HOCTH, AAf KOTOPOH XapaKTepHCTHKH — aCHMITOTHI:

z2=Cxy(x2—y?.
2.31. x(x2-+3y%) p+y (¥ -+ 8x?) g =22 (x* 3.

Ecan, cnemys Meroxy 4. I, m. 4.2 (a), NoCTpOMTb COOTBET-
CTByIOIlge TPeXuAeHHOE OIHOPOIHOE YPaBHEHLE, TO

Xy X2 y2
22’ z
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2.32.

2.33.

302-43. f(r, Nptglx, Nag=h{r,y, 2 165

— ero Gasuc. Hurerpansl nauHoro nuddepeHUManbHOr0 ypasHeHHs
NMOAYYaIOT, paspellas ypaBHeHHe

o, £2)0

OTHOCHTE/ILHO 2.

IOns Toro uyroGel HAWTM MHTErpaJbHYI0 MOBEPXHOCTb, MPOXO-
auyo yepes kpyr x24-y?=r?, z=a, ¢yukuuio L (2, v) HyxHO
ONpeneNnTb Tax, 4TOOH

Q(u, v)=0
ansa
X2 y2

X
u—_—?{—, v="", X4 yi=rt z=a.

Orciona Haxonar Bun ¢ydkuud L (¢, v):
Q2 (u, v)==4a*? 4 a%v? —r,

1 Aad NONY4YeHHA HMCKOMOr0 MHTErpaja ocCtraercs paspelinTs OTHO-
CUTCAbHO 2 YypaBHeHUe

32—43. f(x, ) p+e(x, ¥)g=h(x, Y, 2)

p+g=e*sin(x+y).
Ecmu, cnenys metoay 4. I, m. 5.4, nocTpouts COOTBETCTBYIOILEE
OIHOPOIHOE YpaBHEeHHe, TO

x—y, 2e7%—cos(x-+y)

—ero Gasuc. nterpansl ZaHHOro ypaBHeHMS MOJAY4AKTCA paspe-
LIeHAEM YpaBHEHUA

2¢~7=cos(x + y)+Q(x — ).

HurerpansHas NoBepXHOCTb, NPOXONALIAA Yepe3 KPUBYIO X -y == 0,
e?cos? x = 1, mMeeT BUI

e~%==C0Ss X COS y.

p+2q=1+4+Vy—x—2.
Ecmu, cneays wmeromy u. I, m. 5.4, nocTpouTs COOTBETCTBYIO-
Hiee ONHOPOAHOE ypaBHeHHE, TO

Pi(x, ¥, D)=2x—y, P(x, ¥, 2)=x+2)y—x—2z

— ero HHTerpasbHuift 0Gasuc.
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Ecmi nas pandoro auggepeHunanbHoOro ypaBHEHMA Hano HalTu
uHrerpan z=7y;{(x, y) ¢ HayanbHbIM sHaueHHeM YX; (¥, x)=0, 10
onpeneaseM ¢yHkiuuwo Q(u, v) Tak, 4robn

Q(u, ‘0)=0
JaL
u=yP (X, x, 0)=1x, v=P(x, x, O=x.

Taxo# ¢yHkuuel asaserca € = v — #. YToGH NOAYUHTb HCKO-
MBIt HMHTETpaj, COOTHOLIeHWEe

==y —x+2)y—x—2z=0

paspeiiaeM OTHOCHTENbHO 2.

—x\2
K p=y—x—(LFE).
Ar1a pyHKu¥A Aas X > Y AeHCTBUTE]bHO eCTh HHTerpaa TpebyeMoro
BUIAa, XOTA BLIUKMCJIEHWS, B dYeM Jerko yOeIuTbcsl, mpexiae BCero
TpebyloT x > y.

Ecam ans naHHOrO ypaBHeHusl MILETCS MHTErpan Y, (X, y) ¢ Ha-
4aJbHBIM 3HaueHHeM Y, (0, y)==y, TO ero roAyyawT, paspeuias
ypaBHenue P, ==0 OTHOCHUTENBHO Z2:

2
%o (%, Y)—’:y—x—-ij an x <0.

Ho B of6oux cayuyasx uHrterpan y(x, y)=y— X Tak¥e y10-
BaeTBopser TpebyeMbiM ycaoBuaM. Hrax, B 000MX Cayuasx HMEIOTCS
ABa pasaMMHBX HHTerpasa tpebyemoro Buma. OlHako 3To
He npotuBopeunt oblumM TeopeMam m3 u. I, nm. 5.4—5.6, Tak kak
TaM Tpebopanoch, YTOOH HavajbHble 3HAYeHMd W caMa (GyHKIUS
z=1(x, y) npuHaanexanu Tto# oOaacTH NpOCTpaHCTBA X, Y, 2,
B KOTOpO# KO3¢¢HUMEeHTH LaHHOro IuddepeHinanbHOTO YPaBHEHUSR
MMEIOT HenpephIBHBlE YaCTHHE TPOM3BOJHBEIE NEPBOro mopsika. ITH
yC/NOBMSl 31eCb He BLIMOJIHEHH.

2.34, p-+ kg = (ax—+ by +c2)".

IMoacranoska u (x, y) = ax -+ by -+ cz(x, y) IpUBOAUT K AN~
¢epeHUNaNbHOMY ypaBHeHuo 2.35

u,+ ku,=cu" 4 a—+b.

2.35. ap+bg=2"+4c.

Ecan nocrpouts, coriacHo Mertoay 4. I, m. 5.4, cooTsercTByio-
mee oaHopoaHoe AuddepeHnnan HOe ypaBHeHHe,TO

”~

bx —ay, aJ z,,d—j_c-——x
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—ero Oasuc. Ecam 2z =@ (x) — HenpepuiBHo AutdepeHuupyesoe-

pelueHHe ypaBHeHUs
z

dz
a J -ér{_—g- = X, (1)
Y]
TO
z2=¢(x+2(x —ay)) (2
— peulenne  paHHoro  adddepeHumansnoro  ypassewus. Ecan
m == — n — 4eTHOE NONOWKHUTebHOR yucao U ¢ > 0, 10 n3 (1) cne-

IyeT, 4YTO X eCTb (yHKuust OT 2, IPOM3BOLHAA KOTOPOH OT/IMYHA
or 0 u xoropasa npu z =0 npuHuMaeT Hynesoe 3uaueHue. Creno-

Bareabto, ¢ (0)==0.

[TostoMy mnoaxonsunM BbiGOpoM QyHKuMM @ MOKHO M3 GopMY-
apt (2) MOMYYHTL MPOH3BONLHO MHOTO HHTErpafioB, KOTOpHE IpH
|x| 4+ {y|—>0 crpemarca K Hyaio.
xptyg=2z—aVIZ—x—y, £2+y <22

M3 xapakTepuCTHYECKHX YpPaBHCHMH

W =x, yO=y, 2ZH=z—aV2—x2—y
crenyer: —)’;—:Cl. [ToacTaBuM 3TO COOTHOWEHHE B TpeThe ypaB-

Henue; toraa npn x > 0 umeem:

dz 2 () __ 2 1/(z 2 2
x o T % ¢ 7) I—Ci,
M oTCI01a A48 QyHKuMY & (X) = z/X TmonydaeTca oObIKHOBEHHOE AN~
(epeHUMAILHOE ypaBHeHME € PasAe/AOUIMMUCS 1€ PeMEHHbIMA
xu’—)—aVuQ——C%— 1 =20,
HMHTErPUPYS KOTOpOE, HAXOILMM:
x"(u +Vu2—C%—— 1 )=C2.

TToncrasus cwoaa Beipaenus aas C; ¥ 4, HAXOIHM A/ COOTBET-
cteyioutero no 4. I, m. 5.4 oAHOPOAHOrO YpaBHEHHA MHTerpasbHbIR

Ha3uc
h=2. b= VAT PR)

Kpusue P, =0C,, o ==C, — XapaKTePUCTHKH AaHHOTO AHu(de-
peHlmambHOro ypapHewus. llpy a=1 310 napaboaw, KOTOpbie
xacaloTcsl koHyca 22= x2-} y% caM 3TOT KOHYC TaKxe ABIAETCSH
HHTErpaibHOM NOBEPXHOCTBIO HAHHOrO AuddepeHUUAILHOTO ypaB-
HeHUA, HO He npuHangexur obaactu 22> xZ-}-y%, B KOTOpOH
KO3((UUMEHTH HMMEIOT HerpephiBHble YacTHbie MPOH3BOAHBIE,
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2.37. 2 (p—q)=(2—x—y)
Ecau moctpoutb, coraacHo merory 4. I, m. 5.4, coorBeTcTBYyIO-
mee ONHOPOAHOE AM(pepeHHuanbHOe ypaBHEHHe, TO

xX(2—x—Y)
X+, z 9% —y
— ero unTerpanpHuit Gasuc. CrenoBaTenbHO, HHTErPajibl LAaHHOrO
QuddepeHUHanbHOrO ypaBHeHUs — QYyHKUHN

_ @0t —xty),
QN —* '

KpOMe TOro, Takke 2==2Xx- Y.

(#+1)p+ P+ 1)g=—y(P+1)2%
Ecnu nocTpouts, coraacHo Meroxy 4. I m. 5.4, coorsercrsyio-
lee OJHOPOLHOE YpaBHEHHe, TO
x—y 2 2
1+xy' =2 Y
"— ero uHTErpanbusiit 6asuc. Murerpann nanHoro andepeHunansb-
HOFO YpABHEHHS TIOAYHAlOTCA W3 COOTHOLIEHHH

2o (i)

ax’p -+ bylq =c2?, abe+0.
Ecau NMOCTPOUTH, COrJIaCHO Merony 4. I, m. 5.4, cOOTBeTCTBYyIO~
Iee OXHOPOAHOE ANUddepeHUnanIbHOe ypaBHEHHe, TO

1 11
' oax cz

ax ~ by

z

2.38

2.39

.

— ero HHTerpaibubit 6asuc. CienoBare/bHO, MHTErPANaMH JaHHOTO
nuddepenIaIbHOro ypaBHeHUs ABASIOTCH (YHKLNM

1(1 1 1\\7!
r=z(mt+eloy—w) -
(A — Ax) p+ (A — Avy) g = [(2), A,=a,~+b,x+cyy.
Onnoponxoe auddepeHunanbHOe ypaBHeHHe, COOTBETCTBYIOLLEE
LAHHOMY ypaBHeHWIO B cMhiCAe 4. I, m. 5.4, ectb ypasuenme 4.11.
xy’p+2y°q =2 (yz — %%)".

Cootserctayiouiee (8 cMbicie 4. I, m. 5.4) oasopoanoe ypas-
nenue 3.47 uMeer MHTerpanbHbfl 6asuc

2. yexp—2
’ y pyz__xﬂ'

2.40

2.41
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Paspemas ypasHeHue
Q( , Y exp _—x_f) =0
OTHOCHTEJIBHO 2, NMOJAYYaloT peuleHHs RaHHoro AuddepeHunansLHOro
2
ypaBHenud. KpoMe Toro, pelieHreM ABASETCH TaKKe QYHKUNS 2 == ’;

2.42. (xy -+ a?) (xp—yq) =a (x*+y?) 2%

Ilaa coorsercTByWOEero (B cMbicae 4. I, m. 5.4) omnopoaHoro
nupdepeHuna bHOTO YPaBHEHNA HHTErpa/bHbIM 6a3ucoM ABAAIOTCA

¢pyHKunu
+ a x?—y?
2 xyFaf i
UHTEerpajibl JNAHHOTO YPaBHEHHS NOJMYYAIOT U3 COOTHOIUEHUS

1 2
g zy—|—a2 -+ 2 (xy).

HinTerpasnbHas NCBEPXHOCTb, NPOXOAAILAs Yeped Kpyr x24-y?=r2,
2=1¢, ¥MEer ypaBHeHHe

1 __ a y?—x? pramyys
?—7+2 xy 4 a2 + 2(xy+a2) Vri—4xly

243, fp-+ gqg=A2>+B2+C, rae f, g, A, B, C— nauuvie Ppynx-

UMY OT X, V.
Ecmu 2y, 25 23, 2Z,— ueTbipe pa3JHUHBIX MHTErpana, TO HX

JABOHHOE OTHOIUeHHE
Zp=—2y [ B2

23—2y " 23—2,

W =
€CTh peUIeHHE ypaBHEHUR
S, + Wy = 0.

44—59. f(x, 9, 2)p+g(x, 9, 2)g="h(x, y, 2);
¢yHKuHH f, g auHeHHH OTHOCHTENBHO 2

244, p+29=0.

Ina coorBercTymoero (B cmuicie 4. 1, nm. 5.4) oaHopoaHoro
ypaBHeHHs (YHKUMH X2 —Yy, 2 COCTaBAAIOT HHTErpaibHbLIA Gasuc,
Pemienust nanHoro nudpdepesiunasLHOr0 ypaBHEHNS MNOAYYalOT U3
COOTHOUIEHHS

R(xz—y, 2)=0.

Hanpuwmep, ecin (4, v) =av —u —b um L, v)=v?-} 4,

TO HHTErpajbl COOTBETCTBEHHO TAaKOBHI:

y—b )
=1 z-_-—-—+ Vx —+4y.
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2.45. zp+q=a.
XapakTepuCTHKM STOrO ypaBHeHus — napaGon

z—ay=A, 2?—2ax=28.
Hnrerpans moayualor, paspelllas OTHOCHTENbHO Z COOTHOLIEHHe
Q (22 —2ax, z—ay)==0.

Hanpumep, nna nunefinoft gynxuun £ (2, v) 0TC0Aa NOMYHAIOT
B KauecTBe IOJHOrO HMHTerpana napaboauyeckuil LHAMHAD

(z+ AP =2a(x+ Ay)+ B.

2.46. z2p+ aq = x.

Ilas coorsercTBylomero (B cMbicae n. I, m. 5.4) oaxopoaxoro

YPaBHEHHA (PYHKuUUM
y y

(x+2)e 9, (x—2)e®

COCTAaBAAOT MHTerpa/ibHbt 6Gasuc. MHTerpansl XaHHOrO ypaBHEHH:
NOJAy4aioT M3 COOTHOLIEHHS

-y Y
Q((x—}—z)e 4, (x»z)ea)=0.
2.47. (1 —2)p+ (1 +2)g=0.

XapaxTepucTHKY — TpAMEIE
A+Dz4+A—1Dy=B, 2z2=A
Hnrerpansl noayuaior Metonom 4. I, n. 5.4, paspewasi cooTHoUEn e
Q(z, x(z+ D4 y(z—1))=0
orHocuteabHo 2. Marerpanamu GyAyT, HampuMep, QyHKUMH

y—x+C
y+x
248, (z+e*)pt+ (2 -+ e¥)g=22—e"ty,

TMoxcranoska 2z (x, y) ==L, M), E=e¢*, n=¢’ npusonur
K anddepeHunassHoMy ypasnennio 2.56.

BG4 D+ nC+ ) ge =T —in
2.49. (bz —cy-+ A) p+ (¢ex—az+ B)g=ay—bx + C; andpdepen-

HMaILHOE ypaBHeHWe BMHTOBOM NOBEPXHOCTH M TIOBEPXHOCTH Bpa-
uwenua cM. 4. I, m. 5.3 (8), (n).

2 ==



2.53) 4-59. f(x,y, Dptg(x y, 2Yg=h(x, y 2) ' 171

250. [b(x+9)—c(x+2)p+lc(y+2)—a(y+ ) g=
=a(z+x)—b(z+y).
Lins cootBeTCTBYyIOWerO (B CMBICAR 4. I, 1. 5.4) ogHoponHoro aund-

¢epeHuHMaTLHOrO ypaBHeHns gynkunn ax 4 by 4-cz, xy+4-yz—+4zx
COCTaBARIOT UHTErpanbhbif 6asuc. Pewenns nanHoro nggepenunans-
HOTO ypaBHeHHS TOJY4aloT, paspewlas OTHOCHTE/IbHO 2 ypaBHeHue

Qax-+by—+cz, xy+yz—+ 2x)=0.

2,51, p—4xzq==2x,

Jlan coorsercTByiowero (8 cMbicie 4. I, n. 5.4) oauoponHoro
ypasnenns ¢yukuun y -+ 22, x2 — 2z cocrasasior HHTerpanbHblf
Gasuc. PelueHust IaHHOTrO ypaBHeHus INOJy4alOT, paspewas OTHO-
CATENbHO 2 ypaBHeHue

Ly 22 x?—2)=0.

Haltnem wunTerpasbyio MOBEPXHOCTb, NMPOXOAAULYI0 Yepe3 I'H-
nepbony y—+2=>5, x?—22=9. Tax kax rumepGona K0o/mKHA
YAOBAETBOPATL ITOMY YPABHEHWIO, TO NOAYYaEM COOTHOLIEHHE

RQ(22—245, 22—249)=0,
KOTOpOe BhNOJHSAeTCA A9 2 (#, v)=v —u — 4. Hckomoe peure-
HHe 2z ONpeleAseTCd M3 ypPaBHEHHUs

¥ —22—y—2z:=4,

2.52, x2p + yz2q = xy.

Has coorserctsyiomero (8 cmbicie u. I, m. 5.4) omxnopoaworo
pa
x ’
Wurerpansl AaHHOr0 ypaBHeHHs NMOJAYYalOT M3 COOTHOIIEHUs

ypaBHeHUA (QyHKLUU 22— xy coctaBnalT HHTErpansHbift Gasuc.

z"’=xy+9(%).

— 2
xXzp +y2q =—x*—y2
Hnan coorsercTyiowero (B cMuicae 4. I, m. 5.4) onHoponxoro

2.63

ypaBHeHust GyHKUUH %, X2+ Y24 22 COCTABAAIOT MHTErPaAbHbLH

Gasuc. Muterpansl 1aHHOrO ypaBHeHMs NOJy4aiOT, paspellas OTHO-
CHTENLHO 2 COOTHOLIEHUE

x4y 422=Q ({—)
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2.54, xz2p+yzq= x>+ 4 2%

Jlns cooTBeTcTByIOWEro (B cMuicae 4. I, m. 5.4) omHopoaoro
ypaBHEHNsa (yHKLHH

By D=2, By D= (P2 ) Inx)

COCTABJSIIOT MHTErpanbHbIfl Gasuc.

Yro6bl NOJYYNTb HHTErpad INAHHOrO YpaBHEHHMS C HauaibHbIM
sHaueHueM z=y? npu X = 1, TaKk Conpene’sioT ¢yHKUuUio R, v).
uro0b!

R, v)=0
s
a=P (1, y, Y=y, v=P( y y)=y*
Takum o6pasoM, 2 (4, v)==u'—7v, ¥ N03TOMY
22x2 =yt 4 2x% (x2 4 y)Inx

-— UCKOMBLII MHTErpal.

2,55, 2x2p -+ 2929 =2 — X —y%

Ilas cooTBeTcTBylOWEro (B cmbicae 4. I, m. 5.4) omnopoaxoro

xﬂ 2 22
ypaBHeHns QyHKUMK %. —i—y?i—— COCTABJSIOT WMHTerpaibHbH

6asuc. PeuweHns naH#oro AudipepeHUMaNbHOrO ypaBHeHust Hoay-
Yal0TCs U3 COOTHOIIEHUS

x4 y2 4 22=xQ (—)’;—)

2.56. x(z+x) p-+y(z+)g=2"—xy.

Ilas cooTsercTyiowero (8 cmuicae u. I, n. 5.4) onsoponHoro
z 4
ypaBHeHus GyHKUMH ;—{»ln]y{, —}7+ln{x[ COCTaBAAIOT HHTErpab-

nuift Gasuc. Vinterpannl IaHHOTO ypaBHeHHs MOJY4aloT, paspeluas
OTHOCHTENbHO Z COOTHOIIEHHE

e(Z+mlyl, -;-+1n|x;)=o.

2.57. (Aux— A1) p+ (doy — A2) g = Aoz — Ay,

A,=a,+bx+c,y+dyz; cu. 4.10.

2,58, x%zp -+ yerq =20,

Ilns cootseTcTBylomero (8 cmbicae 4. I, m. 5.4) 0AHOPOAHOrO
ypaBheHus (QYHKUHU

ex
z, zlny—-—f?dx
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COCTaBAAIOT WHTerpabhnit Gasuc. VHTerpanasl DaHHOrO ypaBHeHuUs
NONyuaioT, paspelias OTHOCHTENBHO 2 YpaBHeHHe

Q(z, zlny——J i—:dx)=0.

2.89. #2(y—2)p+y*(z—x)g=22(x—y).

IOnst coorsercreyouwero (B cMuicae 4. I, m. 5.4) oanopoanoro
YpaBHEHUA QYHKUMM Xy2, XY Y2 - 2X COCTABAAIOT MHTErpasb-
Hblft Gasuc. Murerpann AaHHOTO YpaBHeHMst MOJAYYalOT, paspeuwas
OTHOCHTEJILHO 2 ypaBHeHue

Q(xyz, xy+yz+2zx)=0.

60—65. f(x, 3, 2)p+g(x, ¥, 2)g=h(x, 9y, 2);
¢ynxnnau f, g no 2 He BHIe BTOpPOil cTeneHu

2.60. (29> +2) xp—(2+ 3x%) yqg = (8x32 — 2y 2.

M3 xapakTepuCTHMYeCKMX YpaBHEHHH Jerko mnoJaydaercd, 4UTO
BIOJb K2KIOW XapaKTepUCTHKH Bhipaenue x3— y2 — 2 NOCTOAHHO.

[TosTomy iy —c
z2=x3+y?—

— MHTerpaj JaHHOTO YpaBHEHHS.
Huterpan, npoxoasiwuii uepes napabony x =a, 2 ==y?, noay-
vaercss M3 obwe# ¢popmyan npu C = a3

2.61, (x?—y?—2?) p- 2xyq = 2x2,

Hast coorsercrsyiowero (8 cmpicae 4. I, m. 5.4) onHopoaxoro

x?2 2422 z
ypaBHeHHa (YyHKUUH -——+Ly—_t———. 3 COCTaBJAAIOT HHTErpaibHbLIR
6asuc. Murerpansl naHHOro ypaBHeHus NOJMY4alOT, paspelias OTHO-

CUTEJbHO 2 ypaBleHHe

of5. erE2)

2.62. (3x%2+3y*"+ 2 yp —2x(x2+4 2?) g = 2xy2.

Hurerpanbubii Gasuc #, v coorpeTcTByiowero (B cubicse 4. I,
n. 5.4) OZHOPOZHOrO ypaBHEHWA TpHBeleH NPH PACCMOTPEHUH
ypasHenua 3.44. Hnrerpansl NavHOro ypaBHeHMs MOJyvaloT, paspe-
mas OTHOCHTEJbHO 2 ypasHetine 2 (¢, v)=0.

2.63. (xy —yz —2%) p+ (X2 — xy—y?) g = xy + x2 -+ y2 4 y*—x%

Ins coorsercTByloutero (B cMeicie 4. I, n. 5.4) ozHopoaHoro
ypaBHeHus ¢yukuuu x2 4 y2 - 2yz, x2-4 22 2xy cocTaBasioT



174

2.64.

2.65.

2.66.

2.67.

rJ. I1. JUHEVHBIE YPABHEHHS C IBYMS NEPEMEHHBIMU 2.64

naterpaabueil Gasuc. MHrterpannl NaHHOTO YpaBHEHHS MOAYYAlOT,
paspelnasl OTHOCHTENbHO 2 YypaBHeHHe

R (x?+ y2+2yz, x2+ 224 2xy)=0.

x?z2p _,{__y?z?q — x2y2'
Wurerpaisl nosyyaloT, paspelas OTHOCHTeNbHO 2 ypaBHeHue
1 133 y X . , y (1 1
{2 2V _a9f)__2X Jl—0ollt __ 1
z(x y) 3(x y>+61n x‘ oy y)'

Jlepag uacrb STOro ypaBHeHHMS M apryMeHT ¢YHKUMA & cnpasa
00pasyloT HHTerpaibHeff 0asnc Aas COOTBETCTBYIOIUErO (B CMBIC/E
y. I, n. 5.4) onHoponHOro ypaBHenus.

xy (xy +-22%) p+y2 (yz2 — x%) g =22 (yz — x?).
I/IHTel‘paJIbI nonyqaxo'r paspemeHHeM OTHOCHUTE/IbHO 2 ypaBHeHym
2z 22 xz
o3, S+5+y)=0

O6a aprymenra c¢ynxuun R o0pasyioT uHrerpanbHbiff Gasuc ana
COOTBETCTBYIOLIEr0 (B cMbicae 4. I, m. 5.4) ofHOPOIHOTO ypaBHeHHUS.

66—71. Ilpoune xBasuJHHEHHBIE yPABHEHHS

(+Vz—x=y)p+qg=2.

Hurerpans mosyuwaior, paspelnas OTHOCHTEJBHO 2 ypaBHEHMe
Q(Qy—z, y+2]/z—x—y)=0.

Ins coorsercrsylomero (B cMuicae 4. I, m, 5.4) oanopoaxoro
ypasuenusi uHrerpaibHeit Gasuc oGpasyior 06a aprymeHta QyHK-
unn L. Pemennem GyneT Takke QyHKUMA 2 ==X - y.

(*+2—D)p+(+VI—22VFy 22 —1)g=0.
Kosdduuunenrs onpeneneHsl U HENpephiBHO AH(pdepeHunpyeMbl
B obaactu

x24y222> 1, 22«1, )]

Has coorsercTByiomero (B cmsicae u. I, n. 5.4) oanoponmoro
ypaBHEHUS (YHKUUN

By, D=2 Wylx v = 2LEVI=ZV AT P T

.
obpasylor uuTerpaabHbifi 6asmuc. :

Ecin Hano HaHTH WMHTErpajbHYl0 MNOBEPXHOCTB, MNPOXOIALLYIO
yeped OKPyKHOCTb x==0, y?2-4 22=1, To npumeHenue merona,
H3/M0XMEHHOTO B mnpuMepe 4. I, m. 5.4, HeBO3MOKHO, TaK Kak 3Ta
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2.68

2.69.
2.70.

2.71.
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OKDYXHOCTb RpuHaAJexur rpanuue obaactn (1). Ecau Bce-Taku
JeRCTBOBAaTL MO 3TOMY MeTOLY, TO (MOCKOJLKY NMOBEPXHOCTH Yy =
YAOBJETBOPAET HAYAJIBHLIM 3HAYEHHAM) IJIS HCKOMOTO MHTerpana
u3 ypaeHeHus P, ==0 noayuaercs ypaBHeHHe

22=1—y? npu xy<O0.

PelenneM 3anauy sisasercd Takme 22==1—x2—y2

p+(az"+b)g=c.
Hurerpanm nosywaloT, paspeuiass OTHOCHTENbHO 2 ypaBHEHHE

n+1

=4
Q(z—-cx, ¢TI —l—bz——cy):O.

Ias cootsercryiolero (B cmuicie 4. I, m. 5.4) onuoposHoro
ypaBHeHH HHTerpaabHulit 6a3nc obpasylor o0a aprymenta ydxuunn Q.

HccaenoBanue cayuas c=5& cM.: S. Finsterwalder, Zeitschrift
fiir Gletscherkunde 2 (1908), crp. 81 — 103.

(P -+ Q) (ax—+ by +c2)" =1; cM. ypasnenne 2.34.
f(2) —xl p+yq=0.
Uuterpanbl nosiyualor, paspemas OTHOCHTEJIBHO 2 YpaBHEHHE
Q(z, 2xy —yf (2))=0.

Ilns coorsercTBylomiero (B cmuicie 4. I, 0. 5.4) omHoporHoro
ypaBHeHHst HHTerpanbHuif 6asuc o6pasyior 06a aprymenta gpyuxumn Q.

fy(x, 9, 2)p—F. (%9, 2)qg=0, |f |+]|f,|>0.
Hurerpans noayuaior, paspeirass OTHOCHTENbHO 2 ypaBHeHue
Rz f(x,y, 2))=0.

Iaa coorBerctsyiomero (B cmmicae u. I, n. 5.4) oaHopoaHoro
ypaBHeHHs HMHTerpaibHhft 6asuc oOpasyior 006a apryMmenra ¢yHK-
i

Moxuo npensiomuts uHo# nyts pemenus. CornacHo u. I, n. 2.7,
JaHHOE YypaBHEHHE 03HaYaeT, uTo pyHKIHuK 2 (X, y) ¥ f(x,y, 2(x, ¥))
Bt MCKOMOro HHTerpana 2 (X, y) IO/DKHB OBITb (YHKIMOHANLHO
8aBHCHMBIMH, TaK Kak

FED =2,y fu2) — 2yt fi2) = Fy2— a2y

Ilpu 3TOM CHOBA MOJMyYaeTCs yKe HAHNEHHOE BHIpPAMEHUE A/ HHTe-
rpajos.




3.1.

3.2.

3.3.

3.4.

3.5.

3.6.

FJTABA Il

JUHENRHBIE U KBA3W/IMHEAHLIE YPABHEHHSA
C TPEMS HE3ABHCHMbBIMU NEPEMEHHbBIMH

1—19. f(x, 9, Qw4+ g(x, ¥, ) wy+k(x, y, 2)w.=0;
¢yuxkunn f, g, h cTeneHn He Bhime NepBOi
1—6. OnHounenHbie KOSPDUUMEHTH
aw, -+ dbwy + cw, =0,
bx —ay, cx — az — unterpanpHbift Oasuc.,
awy + bywy + c2w, = 0.
yle~%*, 2%¢=¢¥ — ynrerpanbHuifl Gasuc.,
Wy + bzwy + cyw, = 0.
Murerpanbuuit Gasuc: cy? — b2? u, kpome toro, (cy + Az) e~4%,

A=Vbc, ecmn bc>0; cycos Ax—+ AzsinAx, A=Y —be,
ecan be < 0.

xw, + bywy + czw, =0.

Hurerpanbueift 6asuc —J—;-:i. %c_ Ecan, B uactHocTH, b=c=1,
TO 3TO YpaBHeHHE IJIf ONHOPOLHLIX (hYHKLUMH HYy/NeBOro mopsanka;
uHTErpanbHbif 6asuc B 9TOM clayuae: -;1, —)z;
XWy—+ bzwy - cyw, =0,

cy —az
HMnrerpansuniét 6asuc: cy?— b2% u, xpome TOrO, Lr=—2z

x° '
o= Vﬁ ecnn be > 0;
x%exp (—-— arctg —g) , a== V——bc, ecnn  be < 0.
Wy — XWy -+ yw. = 0.
XapakTepucriueckue ypasHeHHs:
W=z Y@®=—x Z{t)=y.
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Xapaktepucrudeckult onpeaeanTeNs

—s 0 1
—1 —s 0|l=—s3—1
0 1 —s

UMeeT pasaHuHble KOpHu: —1, —;~ + %Vﬁ, MOITOMY STO ypaBHe-

HHEe MOXeT OhlTb DelleHO TeM Ke MeTOLOM, YTO M ypasHenue 3.19,

7—I11. Isyunenube KOS GUUUEHTH
3.7. yw, - xwy — (X +y)w.=0.
Hurerpanbupiit Gasuc: x 4-y -2z, x2— y2,
3.8. xw, 4 (y-+2) (wy — w;)=0.

Huterpampanitt 6asuc: y -4~ 2, xexp (—— 3 _T_ z) .

3.9. xw,+(y+2)wy+ (y—2)w,=0, uacTHu# caydalt ypasHe-
Hus 3.19,

XapaktepUcTHUeCKHe ypaBHeHHS:
O =x, yYO)=y+z ZO=y—z
XapakTepUCTHUYECKHA oOnpelenuTeib
1—s 0 0

0 l—s 1 =(1—35)(s*—2)
0 1 —1—s

HMeeT TPHM Pa3NHYHBIX KOpDHA. MeTonOM, KOTODHIM pelIaeTcs ypas-
HeHue 3.19, Moxer OnTh NOJy4eH UHTerpa/bHuI# Oa3uc:

[y+WV2—-1Dx"2 [y—(V2+1) 2]+
Wnrerpanom Oyzer, B 4acTHOCTH, QyHKuMA W =y?—2yz — 22,
3.10. (y —22) wy+ (32 — x) wy +- (25 — 3y) w. =0,
Hurerpanbueit Gasuc: 3x + 2y 42, x2 y?+ 22
3.11, be(y —2)wy+ca(z—x)wy+ab(x—y)w. =0,
I/IriTerpam,Hbm Gasuc: ax by —+cz, ax?-4by?+c22

12—19. TpexuneHHble KOIPPUUUEHTH

3.12. xw,+ (ax-+ by) wy -+ (cx+ dy 4 fz) W = 0; vactunit cayyah
- ypasuenus 3,19.
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3.13

.

3.14,

IJ1. 111, JUHERHLIE YPABHEHHSAI C TPEMY NEPEMEHHLIMU 3.13

XapaxTepucTuvecKHe ypaBHeHus:
x()=x, yO)=ax-+by, 2Z{O)=cx+dy+ fz.
XapaxTepHCTHUeCKHR onpenenTenb
l—s 0 0
a b—s 0 [=d—=80—(f—29)
c d f—s
umeetr kopuu 1, b, f. Ilanee cm. 3.19.
2wy -+ (ax-- by) wy + (ax -+ by - c2) w. = 0; uacruuft cay-
ualt ypasuesns 3.19.
XapakTepucTuueckne ypaBHeHus
x'(B)=cz, y{t)=ax+0by, 2 {)=ax-+by-+cz.

Hs uux creayer, uto x' + 3y — 2z’ =0, 1. e. py=xFy—2 —
MHTerpas HaHHOTO ypaBHeHus, g TOro 4ToGb NPUMEHUTL HM3J0-
weHnoe B 4. I, n. 3.5 (8B), noaowuM 2z2—x —y=C. Toraa us
HANMVCAHHBIX Bhlle XapaKTEPUCTHYECKUX YpaBHeHUH nony4aiorcs
ClelyIoLIne YpaBHeHHs:

' =c(x+y+0), y=ax-+by,

ABJIAIONINEC XapPaKTePUCTUYECKUMH AJ IMpdepeHUnalbHoro ypas-
HeHus

0(x+y+C) +(ax+by)

Ecm ux pewwrb, cormacuo u. I, n. 2.4, ¥ noicraButh B pellieHue
eme C=z-— X —y, TO Mol NOJYYNM elle OIWH, He B3aBHCALIMHA
OT \p; mHTerpals.

Ecan p?=4ac—+ (b — c)? = 0, TO HAXOANM, HATPHMEp, YTO

__2acz+(b—c—p) (ax -+ by)
V= Gacz ¥ G—c o @r oy 4% T

]
+ (b —¢) (ax +by) 2z — (ax 4+ by)?} o+,
ecnu a=£b, u
cy —ax

1 1
l|)2={a(x—|—y)-+—cz}exp{(—5+-E—)-Z__T§}, ecau a==>b.
2(x—Nwy— (X —y—2)wy — (¥x—y—32) w,=0; uacr-
Hblt cayualt ypapHenus 3.19.
XapaxTepucTHueCcKye YpaBHEHUS:

s W)=2x—2y, yO)=—x+y+2 2 =—x+y+3z
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Xapakrepucruueckufl onpenenuTenb
2—s =2 0
—1 1—s 1 =—8(s—2)(s—4)
—1 1 3—s
uMeeT TPH pasauuHeix KopHA. Ilanee cm. 3.19,
3.15. 2(y—2) wy— (4x—3y —2) wy 4 (12x — 3y — 92) w, = 0;
yacTHRI caydaft ypasuenns 3.19.

Uurerpanvunift Gasuc:
(8x — b5y — 32)?
2x—y—2z °

(6x —4y 4 22) w, — (4x — 10y 4 62) w, +
-+ (2x—6y 4 112) W, = 0; yacTHu} cayyall ypasuenus 3.19.

XapaxTepHCTHYECKHe YPaBHEHHS:
x' ()=6x—4y+2z, y ()= —4x-+ 10y —62,
2 (H)=2x — 6y} 112,
XapaxkTepUCTHYECKUR ONpeseiuTe b
6—s —4 2
—4 10—s —6 |=—(s—3)(s—6)(s— I8)
2 —6 I1—s

uMeeT pasnudHele Kopuu. A KamAOro U3 STUX KOPHEH § MOMKHO
TaK ONpEAeNUTb YHCAA O, B, Y, 4TO M3 HANMCAHHLIX BbILIE XapaK-
TEPUCTUUECKHX ypaBHeHHH OylerT cC/relOBaTb PABEHCTBO

= (@x By +v2) = s (ax + By + y2).

Taxum 00pasoM, NONyYaeM CUCTEMY OGBIKHOBEHHBIX dH¢depeHnvanb-
HbIX ypaBHEHUMH:
242y 2 2 4y 422 X —2y 22
3@x+42y+4-2) 7 6(—2x+y+22)  18(x—2yF22)°
Hurerpuposannem stux ypassenu#l noayuaior uHTerpanbHbolit Gasuc
Cx+2y42)?  Qx—y—22)°
26 —y—2z "’ x—2y 422

3.17. (ax+y—2)we— (x+ay—2)w, + (a — 1) (y — x) Wz = 0;
qacTHelft ciyya#t ypasuenmus 3.19.

3x—3y—2,
3.16

XapakTepUCTHYECKUE yPaBHEHUA:
¥ O)=ax+y—z y@EO)=—x—ay+e,
dO=(1—a)x+@—1)y.



180 rJ. Hl. JMHEMHBIE YPABHEHHA C TPEMS TNEPEMEHHBIMH [3.18

XapaxTepucTHUECKHH OnpeneanTeb

a—s 1 — 1
—1 —a—s 1 {=—s[s?—(a-}3)(a—1)].
1l—a a—1 — 8

Ianee cm. 3.19.
MokHO Take WCNOJb30BaTh TO, YTO BhIpameHHe 24y 4 x —
HuTErpas, M NPHMEHUTb PeAyKumio, coraacho 4. I, m. 3.5.

3.18. (Ax—+cy—bz) Wi+ (cx—+ By-+-az) wy—+ (bx+ay-+Cz) w. = 0;
yacTHHA cayuait ypasnenns 3.19.
XapakrepucTHyeCKe YDaBHEHHS:
X )=Ax+cy-+bz, y ({)=cx+By+az,
2 (@)=bx—+ay-+Cz.
XapaxTepucTHueCKkiil onpenesuTe b
A—s c b
¢ B—s a =(A—8)(B—95(C—s)—

a C—s
— [a2 (A — 5) + b (B — )+ ¢* (C — 8)] + 2abe.

Hanee cm. 3.19.
3.19. (a1x + by + 12 4 @) Wy - (azx+ b2y + €22 + d) Wy —+
~+ (asx + bsy + €2 +ds) w-=0.
Cp. ¢ 2.4. XapakrepucTnueckas CHUCTEMa:
' )=ax+by+cz+d;,
V' (8) = apx + by + €32 + 4,
2/ () = ayx +byy -+ €32 + d.
Pemenus 9Tofl cHUCTeMHB! 3aBUCAT OT KOpHeR XapaKTepHCTHUECKOro
onpenesnurens )
ay—s by ¢
a, by —s €y
a; by €3 ~—§

)[Cm. MMeTpoBckui, ctp. 170—174; Crenan os, crp. 283—297;
Kamke, crp. 90. — ITpunm. ped.}
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3.20.

04l fix, ¥, Dw,+g X Y D@ HRIx Y, 2w, =0 18k

Ecau s — ero KopeHb, TO MOXHO HaliTh uucaa o, B, y, He paBHbie
ONIHOBPEMEHHO HYJIO, A KOTOPHIX

oa, +-Ba, -+ ya; =as,
aby + Bby + vby =ps,
acy -+ By + ve3 == vS.
Toraa u3 XapaKTepHCTHYECKHX YDPaBHEHHA CJAELyeT, uTO

ax’ 4y -+ v2' =s (ax +py +c2)+D, 1y

D = ad; +pdy +vds.

Ecau s=D =0, To orciona noayuawT uHrerpan ax -y - vyz
ypaBHEHHs B YACTHBIX NPOH3BOAHBIX.

Ecau xapakrepucTuueckuft onpee/ute/b HUMEET 1Ba OT/AUYHBIX.
IpYr OT ApYyra W OT HyJs KODHA Sy, Sy, TO MOJy4aioT ABA ypas-
HeHus Ttuna (1), a ¥3 HUX — COOTHOIIEHHE

ax’+ By 4 vi2 — x4 Bay” + ¥22
sy (x4 81y +v12) -+ Dy Sy (0gX 4 Boy 4 v22) 4 Dg °

KOTOpOe Aaetr

rae

(a,x By +viz + Dy/s)™
(@x - Bay + v22 -+ Dafsy)™

neBasd 4acTb B STOM paBeHCTBE — HHTErPaj ypaBHEHHS B YACTHHIX
NpPOU3BOLHBIX.

Ecau xapaktepucTiyeckufi onpenenTe]b MMEeT TPH pPasnuy-
HE X KOpHS, TO MOXHO TakuM o0pasoM NOAYYHTb HHTErpa/bHbifk
Gasuc. Ecsan MMelOTCA KpaTHHE KOPHH, TO B 3TOM CJyYae MOMXHC
npuMeHuTh Merod 4. I, nm. 2.4. Bmpouem, B STOM ciyyae MOMXHO
peuiath CHCTEMY XapaKTepHCTHUECKHMX YpaBHEHIH M HCKJIOueHueM &
W3 pellleHMH HaXONUTb WHTerpansl ypaBHeHHs B YaCTHHIX NpPOU3-
BOIHHIX.

== const;

20—4L. f(x, 9, 2) W+ g(x, 9, 2) Wy + (%, y, 2) W, =0;
¢ynxuun f, g, k creneHn He Bbilie BTOPOM
20—27. OnHouneHHEHEe KO3 pHUNENTH
aw, -+ XeWy — XYW, =0,

C nmnowmousio Mmerona, npupenenHoro 8 u. I, m 3.5(6), moay~-
4aloT WHTerpasabHuit 6asuc:
2 2 . x?
V24 22, ysmﬂ-—l—-zcosg—a.

Bropolt uHTerpan Tak:Ke MOXHO 3aMeHHTb Ha x2-}-2¢g arctg§9
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3.21.

-3.22.

3.23.

3.24.

-8.25.

3.26.

3.27.

-3.28.

3.29,

3.30.

-3.31

-3.32.

3.33

IJ1. HI. JITHEMHDIE YPABHEHUS C TPEM$ NEPEMEHHBIMH

X, — xyw, — y*w, =0.
Huterpanbuuitt Gasuc: xy, 3xyz —y3,
ax’w, + by’wy + c2’w, —=0.
JlioOnie nBe u3 Qynkuut
1 1 1 1 1 1

by ax’' ¢z by ' ax cz
006pa3yloT HHTerpa’buuift Gasuc.

X, 4 2"wy + 2x2w, = 0.

x2
HurerpanbHuft 6asuc: < Y—52-

XYWy —+ y2wy + 2w, =0,
Unterpanbusili Gasuc: y? — 22, y_—){c—_z
X2Wy, + y2w, + xyw, =0.

Vnterpanbuuiit 6asnc: 2, 22—xy.
X

Yw, — xyw, + 3xzw, =0.
Huterpansnmft Gasuc: x2-4 y2, ydz.
Y2w, — 2xzwy — 2xyw, =0,
WUuterpanbuwit Gasnc: 2x2 -+ 92, 2x2 4 22,

28--38. IlsyunenHble KOIpOHUUEHTH
XWy —+ YWy + (£ 4 y?) w, = 0.
Hurerpanbupt 6asuc: x2 4 y?2 — 22, % .
32w, — (2x— 1) ywy + (2x — 1) 2w, = 0,
Wurerpanbueiit 6asuc: yz, x? —x — 3z,
XYW, + x’wy — (2x+ 2) yw, = 0. '
HMuterpanbunifi Gasuc: x2— y2, 22 %2z

XYW +y(y—a)wy+2(y—a)w,=0.

Huterpanbunifi Gasuc: %. —y—;—a—.

X2W, 4+ 2xyw, — (2x+ 2) 2w, =0,
Hurerpanpueift Gasuc: x (x 4 2), xyz,

X2Wy — Y2Wy + (2 — X)W, =0; cm. u. I, m. 3.3 (0).

[3.21
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041 f(x, ¥, D@ gl y, Dwyth(x, Y, 2)w,=0 183.

3.34. 2xzw, — 2y2wy + (89> — x) w, = 0.

Unterpanbhuift Gasuc: xy, 2x - 3y?4- 222

3.35. x(y —2)w.+y(E—x)wy+2(x—y)w.=0.

Huterpansubift Gasuc: x -+ y- 2, xyz.

3.36. (xz + %) we+ (y2 — 22 wy — (2xy +2*) W, = 0.

Wnrerpanshuit G6asuc: 2xz — y?, x2 4 yz.

3.37. bc (x*— a?) wy + ¢ (bxy + acz) wy, + b (cxz 4 aby) w. =0.

Hurerpansueit 6asuc: bytez = by—cz
X — x+a

a
XapakTepHCTHKH  3a4alOT  AByXmapaMmerpuueckoe —CeMeHCTBO
NP SAMBIX

by +cz=C (x —a), by—cz=Cy(x-+a)

B NpPOCTpAHCTBE X, ¥, 2.

3.38. a (y2-+ 2) W, + x (b2 — ay) wy — x(by +-az) w.=0.

Uuterpansubiit 6asnc: x2-4 y2+22, 2a arctg % 4+ bln(y2+4 22

39—41. TpexuneHHHEe KOO P PUUNESHTH

3.39. xzw, -+ yzw, -+ (ax’+ ay’ -+ b2*) w, =0.

M3 xapakTepucTHUECKMX YpPaBHeHHH CJAELYIOT COOTHOLIEHHA

xx' 4yy 2z
xy —x'y=0 u T yr o axitay’ bz

’

Bropoe u3 9THX ypaBHeHHH MOXKHO JETKO NPOUHTErpHpOBATH, eC/H
cienarb moiactanoBky x2—--y2==u, 2?=v. Ilna ucxoaxoro ypas-
HeHuss B YAaCTHHIX TPOM3BOLHBIX II0/yYaeTcs WHTerpaibHslil Gasuc
y ax*4y)4(—12?
x’ (24 y?2) ’
Bo BTOpOH ¢yHKUMH 3HaMeHaTe/lb MOKeT OHTb TaKXKe 3aMeHeH
20
Ha X2,

3.40. 2x2w, -+ 2y2wy -+ (22 — x2— y?) w, = 0; vactHull cayvait ypas-

3.41

Henus 3.39.
x4 y? 422
" .

2yttt
X

HurerpanpHuift Gasuc:

. (Aox — A) Wi + (Aoy — Ar) Wy + (A2 — A3) w, =0;

Ay=a,+b,x+c,y+d,z v 4.9.
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42—59. f(x, 3, D) w.+g(x, y, 2) Wy +-h(x, y, 2) W, =0;
npouHe caydau

3.42. yew.+ 22wy, — xy’w, = 0.
Hurerpanpubit Gasuc: x2 422, y34 28,
3.43. x(by? —c2) w,+y (c2* — ax’) wy -+ 2 (ax® — by?) w, =0.
Wnrerpanbunit 6asuc: ax? 4-by?4-c22, xyz.
3.44. 324y’ 2?) yw, — 2 (£*+ 2%) xw, + 2xy2W, =0,
2x2 4 y?
22

x2 2 22
Hurerpaneuuift 6asuc: +’;+ ,

3.45. [(#*+y* — 1) x+y] we 4 [(#*+ 9°—1) y— 5] wy -+ 22, =0,
ODTOT npmMep HMeeT NpPHHHMNUMANLHOE 3Hauenuwe. Ilosyuaercs

HeGoMbIIOE (OpMaNbHOE YNPOIIEHHe, €CAM YPABHEHHE YMHOXHTD
Ha —1. XapakTepucTHuecKue ypaBHEHMs II0C/AE STOTO NPUMYT BHA

O =(1—=x2—y)x—y, YO =(1—x2—y)y+x,

2 ()= —2z. M

Touxka nokos sTolt cucremb: x==y==2z=10. Kpome srtoro tpu-
BHaJbHOrO pelueHus, cucteMa (1) mMeer, Hanpumep, peleHus

X=y=0, z=Ce™%,

T. e. 00e nosnosunbl ocu 2. Ecam or6pocurs Bce Tpu ot cayuad,
TO M9 KaXAOrO peweHus OyAeT CHpaBeRr/MBO HEPABEHCTBO
X2+ y2=£0.

Bpenem mnonspHele KOOpAMHATH, T. €. BuiGepeM AAS KaKAOroO
pewenus x(f), y(f) aByx nepBrix ypaBHeHnft cuctemb (1) Hempe-
pHiBHO AudidepeHuupyemuie dynkuun r (£) > 0, & (¢) Takue, utobul

x==rcos®, y=rsin?.

Toraa us cucremul (1) nosiyuaem HOBYIO cCHCTeMy
r=Q0—r)r, =1, 2/=-—2z 2

OueBnaHo, uto MoxHO BrOparh O ==f. Bce pewenus cucremus (2)
TOTAa HMEIOT BHZ,

1
| — b =Ce z=Ce,

Iaa C;=Cy==0 910 OKpy)HOCTb r==1, 2==0. Ilna C, =0
KaX1ad M3 KPUBHIX ACHMNTOTHYECKH CTPEMHTC K 9STOH OKpYyK-
HOCTH NpH {->0CO KAaK BHHTOBas /MHHHA WIM CAMpans. Kpusbie,
y koropux C; <0, C, > 0, HeorpanuueHHO NPUGMMIKAOTCA K MO=
JIOXKUTENbHOU moayocu 2 mnpu £ -—»— co,
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3.46.

3.47.

3.48.

42.-59. f(x, ¥, 2) 'wx+g(x, ¥, 2) wy+h x v 2 'wz=0 185

Ecan W3 BCero mnpoCTpaHcTBa X, y, 2 BHIHYTa OTPHUATEJLHAST
NoNyoCch 2 BMeCTe C Hy/eBOH TOYKOH, TO Hcxoanoe auddepen-
UHaJbHOE yDaBHeHHe C 4acTHHIMH MPOW3BOAHLIMH He HMeeT OCOOBIX
TOYeK, T. €. BCE TPH ero Ko3¢¢uuHeHTa Hurle He obpamaloTCs
B HyJb ONHOBpeMeHHO. TeM He MeHee 9TO AuddepeHunanbHOe ypas-
HUe, KpOMe TPHBHA/BLHHIX MHTErPaJoB 2 == COnst, He UMeeT HU OAHOTO
uHTerpasa, KOTOpH cymecTsoBan Ol BO Bcel TOJBKO 4TO yKa-
3aHHON OJHOCBA3HOH oOnacTH.

B camoM gene, KaXIBHt HHTErpan NOCTOSIHEH BIOJb KaXAOH
xapaktepucTuki. Ecau uHTerpan umeer Ha OKPYXKHOCTH r =1 3ua-
yenue C, TO, TAK KaK BHHTOBHE M CNHPa/JeBHIHblE KPHBEHIE NPOHM3-
BO/MLHO O/M3KO TMOAXOLAT K 3TOMY KPYTy, OH JOJIKEH HMETb TO e
sHauenne C TaKKe M Ha BCEX STUX KPHBHIX, M TakuM 06pasom —
TaKXe Ha NOoJ0KHTeNLHOH mnoayocu 2z, Cnenosare/bHO, OH HMeer
auayenne C Ha BCeX XapaKTepHCTHKAX B PaccMaTpuBaeMol obaacTi
U, Takum o0pa3oM, BO Bceit 9TOi obaacTu.

Artor npuMep, aBTopoM xotoporo aBaserca E. Digel, 6ua ony6auko-
pan E. Kamke, Math. Zeitschrift 42 (1937), ctp. 288. Ananoruunsiik

npumep nocrpoun T. Wazewski, Mathematica 9 (1935), crp. 179.

2x2We+y(2 + 1wy +xy (24 1) 2w, =0.

Monowum w(x, y, 2)=~L(x, s, 2), rne s=xy. Toraa nu¢p-
depenuMalbHOe ypaBHenue ILJa { uMeeT pemenne z-—s. Meron
peaykuun 4. 1, m. 3.5 Temepb NaeT IJA HCXOINHOTO YpaBHeHHs
UHTerpasibHuift 6asuc:

2—X XY XY 1 1
Vo T+ "zFl GFDG—wmFD 2
xy’w, + 293w, + 2 (y2 — x?)?2w, = 0.

x2
YacrtHoe peuienue: —y-. Ecm VPaBHEHUIO NPHUMEHUTb METOLN

In x.

peaykuun 4. I, m. 3.5, moacrasuB w(x, y, 2)=v(x, 1, 2),
2
n=-;—, TO OHO IMepelier B ypaBHeHHe

xv,+2(z—nPv,=0

¢ peweHueM x?exp . Ilostomy naHHOe ypasHenue uMeer

2
UHTerpapHell Gasnc
x2 y
y ' Py
2 (3 —20%) e+ (29° — #°) wy + 92 (+° — %) w, = 0.

X
Hurerpanbuuit Gasuc: x3y3z, —;2—-{——;'—5
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3.49.

3.50.

Ir'a. 111, JUHEVIHBIE YPABHEHHUS C TPEMJ NEPEMEHHBIMH [3.49

x? (xy — 2) W+ xy (xy — 2 Wy +y2 (y2 + 24%) W, = 0.
Uurerpanbubift Gasuc: b , Xytyrztzic .
x yz
x(2 =y we+y (st —22) wy+ 2 (2y —x) w. =
Warerpanbieft Gasuc: x*-+ yi-+ 21, x?yz.

3.5l x(yt—2)w,+y (2" —x") wy+ 2 (%" —y*) W, =0.

3.52.

3.53.

3.54.

Hurerpanbueift O6asuc: xyz, x"-- y*4 2",
xswe+ywy,+aV 2243y w,=0.
VnTerpansuuil Gasic: > <. a Vet yl—z.

sw,+ywy+ (2 —a VX + %) w, =0.
IlepBrie nBa M3 XapaxTepPUCTHYECKUX YpaBHEHWH
L =x, Y=y, 2ZO=z—a) 2ty + 2

Aai0T l =C, T. e. = L—IAHTerpam Ec/in MOACTABUTb B TPeThe

xapamepncmqecxoe ypasneuye y = Cyx, To ana x > 0 nonydaem:

dz __ 2/ (b)
dx X () ;—a]/CH—l—{—

¥ oTcloaa, mojaras 2= xu(X), HaxoauMm 06LIKHOBeHHOB Inpde-
peHliManbHOE YDaBHeHue

xu' +a VW =0.
M3 3TOro ypaBHCHMA HMEeM:

x“(u—{—VW):CQ.
[MoncranoBka BHpaweuu#t 118 C; W u NPHBOAUT K HHTETpanmy

b= 5o (4 VT T 2)
P; u P, obpasyior unTerpanbunifi Gasuc.
VY FAw,+azV 2+ 2wy —

—(VFTFP+ayVFT ) w =0,
M3 xapakTepuCTHYECKHX YPaBHEHWH HAXOLMM, 4YTO
xx' 4 yy 22/ =0,

¢aea0BaTeJbHO,

Vi (x, ¥, 2)=x2+y -+ 22
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2-5. fx, y, Dw +glx, v, 2 wyth(r, y, D w,=0 187

—unrerpan. Ecan tenepp samenuts x% 4 y2- 2% ==r? (cM. 4. |,
n. 3.5 (B)) ¥ MCKJIOUHTH 2 M3 XaPaKTEPUCTHYECKUX YDABHEHWH, TO

NOAY4YHM

ypaBHeHue

’

ax y’

Vi—x  Vrieyt'

a OTCl01a — UHTerpan

y

. X .
== ¢ arcsin = — arcsin =, rae r?=— x2 24 22,
2 r r

O6a na#zenselx uurerpasna P, u |, oGpasyior Gasuc.

3.56. wy —ywyctg x+ 2w, ctg x =0.
Hurerpanbubiit Gasuc: yz, ysinx.

3.56

Hurerpanbueit Gasuc:

Wetgx+ wytgyw.tgz=0.

sinx siny
siny ’ sinz °

3.57. wyctgx + wyctgy-+ w, ctgz=0.

Hurerpanbuuiit 6asuc:

3.58

COSX  COSy
cosy ' cosz '

XWe YWy -+ [2 + f (%, y)] w. =0.

W3 xapakrtepucruueckux ypaBHeHuH

x' ()= x,

Y®)y=y, 2Z@O=z+4f(x, )

y

TpeXxae BCEro nonyyaeM - = C,. CaexoBarensHo, P, (x, ¥, z)=)y7 —

HHTerpal.

HMEeM:

Toria u3 Tperbero XapaKTepHCTHUYECKOrO yPABHEHUS

4

"®O=2z+f(x. Cix),

a 110C/e TNPHUCOENVHEHHS K STOMY YPaBHEHWIO NePBOro XapaKTepH-
CTHUYECKOTO YPABHEHHMS NOJydaeM AvHeHHOe n1uddepeHuInanbHoe ypas-

HECHHE

Orcioza

2@ = f(x, Cix)
= t—= -

ot o 16,504,

CrenosaTenbHO, ecH MOACTaBUTb BbpaxeHwe Aaa C;, TO

X

z=C2x+xff(t, %t)t'zdt. (1)
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byukuna Py (x, y, 2), noayvawouasca mnocjie paspenieHus STOro
ypaBHeHHs! OTHOCHTENbHO C,, ABAAETCH BTOPHIM HWHTETPaJiOM HCXOI-
HOTO YpaBHEHHs.

Ecan, Hanpumep,

flx, )=

cxy
VieE+(@+yn

10 npu a==0 ypasuenue (1) umeer Bux

X

i} z=CQx+cyf «

V 419 (02+ y;t:)

HIM MOC/Ae 3aMeHbl NepeMeHHBIX £== x{

dt
=C
F=Car sy Of V@ +28) @+ %)

9TO SMIMNTHYECKMH HHTErpa’ € MOCTOAHHBLIMHM IIpelejaMH HHTerpu-
poBatus.

(y—2) VF(®) we+ (2—x) VF(3) wy+ (x—3) V F(2) w. =0,
6
f @ =v§0 at’.

Pyuxnus

( y—z)Vf(x)+(z—x)Vf<y)+(x—y)Vf(x>)
y—2)(@—x)(x—y)
— ag(x+y+ 2P —a5(x+y+2)

ABJISIETCA UHTErpasnoM. 3ameHa

3.59

w(x, 3 H=WE MO E=5, A=y, {=

=

HCXONHOE ypaBHeHHEe TMNepeBOJUT B TaKOe Xe YypaBHeHHe OTHOCH=
TeMbHo E, M, &, W BMecto x, ¥, 2, wunc f* O = aut®+ ... + ag
ITostomy ¢yuxuma

(y?z? Y= VF@+22x2 =) Vit (=N VF (z))
xXyz (y—2) (2 —x) (x— )

1 1 1

—'ao(;—i-—y-—l—;) — o (;;+ 7+g)

fpAgerca Takxke (BooGie TroBOpS, He 3aBHCALIMM OT NpPEXHEro)
MHTErpanoM iuddepeHunanbHOro ypaeHenus; B sToft dopmyne f(f)
CHOBa WMMeeT NepBOHauaibHOe 3mawenme. Cum. Taxwe 4.12.
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3.60.

3.61.

3.62.

3.63.
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60-—64. O6mue auHelHbIe W KBa3HAHHEHHLIE
anddepennnanbibie YpasHeRus

2xW, 4 3yw, 62w, = 6.

YactHoe pewenre: In|z|. Ilpucoeamnsa k HeMy BCe pemeHus
COOTBETCTBYIOIEr0 OXHOPOAHOrO AMGPepeHunanbHOr0 YpaBHEeHHS,
MOAY4al0T BCe PEUICHHMS; MHTerpanbHuM 0a3UCcOM OJHOPOILHOrO ypas-
HeHMs SABAAIOTCA (PYHKUUK

X0, + y*w, + 22w, = xyz.
Hurerpanbheift 6asuc COOTBETCTBYIOLIErO ONHOPOAHOrO YypaB-

HEeHus:
1 1 1

1.1
x y x z’

Cornacvo u. I, m. 4.2, uactHoe pelseHde JaHHOTO YPaBHEHWUH
HMeeT BRI

xInx yliny zlnz ) (1

w=uxyz (=5 G=aTT=Ao=a T E=nE—»

Bce peurenus maHHOrO ypaBHEHUS MOJy4aloT, NPHCOEXMHASA K pelle-
Hu1o (1) Bce pelueHHA OAHOPOLHOTO YpaBHEHHA.

XWy —+ yWy -+ 20, = aw - f (%, ¥, 2).
Jlnst COOTBETCTBYIOLIETO OLHOPOIHOIO YyPaBHeHHd (YHKUUH
—3’;, % o0pasyior uHrerpanbueit Gazuc. Ecaum (cp. w. I, n. 4.2)

NpOU3BECTH 3aMEHY

w(x' y’ Z)=W(§, 7]» C)' g'_:x: =l| C=;—i—,

X

TO U3 [NAHHOTO YDAaBHEHUA MOJAYuYHMTCA OOBIKHOBeHHOe HudidepeH-
MaJbHOE YpaBHeHHe

We— £ W =1/ I 8.

H, CJeAOoBaTe/bHO,

w=sgr{em b+ [/ @ . Wae}.
(9+2+ W) et (2 + 5+ W) wy + (x+y+ w) w, =0,

Coorserctpylomee (8 cmeicne 9. I, m. 5.4) onHoponHoe nud-
¢epenuvansroe ypasHeHve nas W =W (x, y, 2z, w) umeer Buxn

O+ 2+oW,+@+r+)W,+(x+y+w)W,=0. (1)
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3.64

.

FJl. NI IAHENHLIE YPABHEHUS € TPEMS NEPEMEHHBIMH [3.64

Ero xapakTepucTnueckue ypasHenus
dO=ytztw yYO)=z+xtw,
) =x+y+w @ ({F=0

IA0T HHTErPUPYEMYIO CUCTEMY

z ’ ’ 3 7
Kty 2tz e

_ x/__yl_ y,—Z, 1
3 — - —_
itytetgw = Y=

Tak xak ouesnmuo, uro W =w — unurerpan, T0 HHTErpajiaMu
OZHODOLHOTO ypashenus (1) aBnsaoTCa QyHKUUHA
W:Q(;:g , w, (x—y)?(x—{—y+z+%w>).

Paapewas ypasrenne W =0 oTHOCHTe/IbHO W, MONYYAIOT pelleHus
MCXOJHOTO ypaBHEHWI.

(2w — xy?) W, + yew, + 2w, = 2w,

Coorsercrsyomee (B cmbicae u. I, m. 5.4) onnopoanoe ypas-
HeHue ectb ypasHenne 4.5. ITostomy unrerpan nanuoro ypasnenus
NONYUMTCH, eClH paspeluyTb YypaBHeHMe

w oz 2w 2
9(~—, -, (x ———z)expy—)=0
y y y 2
2
OTHOCHTENIbHO w. MuTerpanoM sBIsSeTCS Takxke (ynKuns w=-’%’-;
oHa 0o0pawaer B Hyab TepBhift KOS(QHUHEHT ypaBHeHHs,



'TABA IV

JUHEAHBIE M KBA3SWIMHENHBIE YPABHEHUSA
C YETbIPbMSI U BOJIEE HE3ABUCHUMbIMU NIEPEMEHHBLIMH

4.1 pt (6 —x) o, (%, + %, %) b+ (%, + X, -+ x,) p,=0.
Hurerpansuniit Gasuc:
Xy— X3+ Xy (X3—x)e™ R,
(X X3— XXy — X1~ Xy— x,— 1) e~ "4,
4.2, x,p, + (.x:3 -+ x4) P+ (x2 —+ x4) P+ (Jc,2 -+ x3) p,=0.
Hurerpanbinifl 6asnc: x, (xy— X3), X;(Xy — X,), M

3
X1

4.3. (x2+x3—|—x4) P, —i—(xl -+ x3+x4) pz—l—(xl -+ x2+x4) P+
+ (%, + %+ %) p,=0.

Xy — Xg Xy — X3 3
. —x
Hurerpanbuuit  6asuc: Y —x ' ri—x o ° X
X (%14 %9+ %34 ).
2 [
4.4. xx,p, + Xy XaP, + X.p, - (.x:lx2 —+ ax3x4) p,=0.
. X2 X3 1—a X2 —a
Hurerpansusift 6asuc: % w M ‘lx—a—-I-(a—l)x“x1 .

4.5. (%6, — X,%3) p, + x,%,p,+ x2p, + x,x,p, = 0.

X X

=2, =%, Jlanee, MeTOZOM pelyKuHH
Xg Xy

u. I, n. 3.5 HaxoauM murerpan

Ouesunnsle HHTErpamb:

PR x5
X —— ) exp—.
x x

\ 2 3
Tpu Hafinennbix uurerpana o6pasyior Gasuc.

4.6. x,x.x,p, + x,x,%,p,+ Ha Xy Xy -+ X, %, %0, = 0.
Huterpanbubit Gasnc: x3 — xJ, x2— x2, x2—x2,
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4.7. (%, X+ %+ X5) b+ (%5 %, + x5+ x,) o+
+ (%4 %5+ %+ 5) Pyt (%5514 + x5, x) p, -
-+ (%, + %, + X+ x,) p;=0.

Wurerpansuuiit 6asuc:

__fi, v=1, 2, 3, 4,
§— 5%y
rae s=x;4 ... - x;. Cm. Taxxe 4.3.

n

4.8. E X, P, = aZ; ypaBHeHNE ONHOPOMHBIX q)yukunﬂ.
v=1

Wurerpanyt B obnactu G (xy, ..., x,)— OAHOPOAHHE mO-
paika @ ¢yHKUMH 2=\ (X, ..., X,) C HENPEPHIBHLIMH YaCTHHIMH
NIPOU3BOIHHIMY HEPBOTO IMOPAAKA.

Kak wussectno, ¢ynkuus P(x;, ..., x,) B obaactn & nasu-
BaeTCA OOHOPOOHOL nopadxa a, ecnu AN KAKABX NBYX TOUYEK
(X .o, X)) m (fxq, ..., tx,), npuHainexamux obaacthn @
BMeCTE C COCIMHAOLIYM KX OTPE3KOM, MOXHO HANMMCATh PaBEHCTBO

Y(txy, .., Ex)=1t(xy, ..., X,).
IlpumMep o0nHOpPOXHOH GYHKUMH NEPBOrO NOPAAKa, KOTOpas He
SBJSETCH NMOJHHOMOM: P (x, y)=xsin%.

m
4.9, 2 (Ax,—A)p,=0, A, =a | Z a.x,; ypasHenne Xecce.

910 ypaBHeHWEe MOXHO CBeCTH K YpaBHEHHIO ¢ m - 1 Hesapu-
cuMOft mepeMeHHOM, HO ¢ JnHeHHBIMM Kod¢pduunentamu. Mmeuno,
cnenaeM sameny (BeelleM 00HOPOOHBIE KOOpOuHambt)

z(x1 ooos Xp)=LCo Eis -y En)s

rie
& — Em .
Xy Xp= ¢y
Toraa
0z . 0f —
—a;c—_go-ag;, V—],..., m, vaax gﬂago

H, CJEeAOBaTeJbHO, HMCXOAHOE€ YpAaBHEHHE TPUHHMAET BHJA

m m
\ a . :
) 4 =0, e Av_éavxgu. @)

v=0
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Kaxnoe pewenne wucxoanoro ypasHeuus naet Takoe pelietue
£, ---» &) ypaBHeHHs (2), UTO M3 GYHKUMH { MOACTAHOBKOM (1)
NoAy4aeTcs PyHKUHA OT Xy, ..., X,, T. . §— oanoponHas ¢yHk-
uus  Hysesoro nopsaka. HaoGopor, kaknoe peienne § ypase-
Hud (2), koTopoe o06ianaeT STHM CBOHCTBOM, NdeT B peay.bTare
MOACTAaHOBKH (1) HHTErpa NepBOHAYAALHOTO ypasHenud. O peurednu
ypasuenus (2) cm. 3.19.

Mpumep 1.
x+Dyp+(y2—x)g=0. 3

Brecr wy==x, xy=y, Ay=uxy Aj=—ux, A= Xy, H ypaBue-
Hue (2) uMeer Buj

og ¢ o¢
= — = - E == =0.
B TR Thg
Ero nHrerpaanumit 6asuc: g+ &1 gf -+ gg; HHTErpalaMu AIBAKIOTCA BCe

bynxuun §=Q (5 + &, & 4 Eg)

Teneps uyxuo Tax Bu6path GyHxnuIo Q, 4To6sl H3 { NOACTAHOBKOI (1)
u
noayuuaach QyHKUHS TOABKO OT Xy, Xz 3TO BBHINOJHEHO Aaf & (1, U) == -

OxoHuaTeabrEo foayuaem;

P c2 5
g T ALY
Mpumep 2.

@+ p4+*—x)g=y2

Coorserciaywowee (B cmbicae u. I, m. 4.2 (a)) OIHODPOJHOE ypaBHEHHE,
€CIH BMECTO X, y, 2 MHCATb X), X5 X3, HMECT BUJ

X1 (x2+ 1)?‘1‘(/“%—"1)& +xpx3p3=0; (4)
910 ypaBsHenne tuna 4.9 ¢ Ay =x,, A =—x, A;=x, A;=0. Ypas-
nenne (2) sgecb uMeeT BuL
48 og 48 0z
— 0. =0
§2 0&) gl agl +§l 0§2 + oga

M3 ero xapaxtepuctuueckux ypasuemuii moayuaem HHTETpadbHBIH Oazuc
G=8 G=bL+E L=b—&+E+E)Inlgl

Kawnas nempepeisno auddepenuupyemasn Gyukuua §=Q (&, & &) ecTn
CHOBa HHTErpan.

Tenepe Hano Haiitu takyio QyHkumo Q, 4To6H apu noacranoske (1)
NOAYUMAACh (YHKIMA TOABKO OT Xy, Xp X3 3TO BHUIOJHEHO, HANPUMED,
B Clyuae, eCAH

_§_1= Es =%

Ce Ei+& x4x
B cayuae

L E—G

G T nE
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4.10.

4.11,

rJ. Iv. JHUHEFHBIE VPABHEHHS C UETHIPbMA TTEPEMEHHBIMH [4.10

5TO HE 1O0CTHraeTcsd u3-3a JorapHdpmuueckoro uwieHa. Ho ecam mobasurb
ciona ewe Inlgy |, To moayuutcs uHTErpaln

&1 —5% +1n Gtg | -l —|——ln' X1+ X3
Si+& 3 X+ X, X
OxoHuateabHo, a8 ypasHenns (4) umeem Oasuc
z x—1 X
, +m| +y )
Xy x+y x
a A#f HCXOIHOTO HEOMHOPOIHOrO yPaBHEHUA — MHTErpansl

z=(x+y)9(ﬁ;; —|-Inl x—j:y )
m—1

m-1
D (Ax,—A)p,=Ag—A,, A=a,+ 21 ax +a,z.

v=1

Coraacto 4. I, n. 4.2, 3T0 HEOAHOPOLHOE NHMHEHHOE YypaBHeHHe
MOHO TpeoGpasoBaTh B OAHOPOAHOe ypasHenHe 4.9.

m n

0 N 0
EI(AV—AOxV)—E—sz—i— va(yp vey .V,,) ‘0_"’2“::0,
v= v=1

m
Y

A =uap -+ 2& Qe Xpe
k=1

Merorom Xecce (cm. 4.9) asmecb Takke MOXKHO HOOUThCA,
yTOfL NepBbie KOIDQHUUUEHTH CTaau inieHHbMA. Ecau MoaoxuTh

Z(X1s eeer Xy V1o ooen YD) =80 +ovs Ems Y10 v o0 Yu)o
rae
& Em
Xp==ge oo Xm= 5

TO M3 JAHHOTO YpaBHeHHS TOJNYUHTCA

n n

Y Lt O \" g

v}‘-?Av OE—*_%R(% e 30 gy =0

riae
. m
Ay = 2 a\mgw
%#=0

Eciu, B wacthHoctd, n=1, fy=1, T0 B XapaxTepUCTHUYECKUX
ypaBHeHHAX MOXeT OnTb BHOpaHo B KaueCTBE HE3aBUCHMOrO mnepe-
MEHHOTO Yy ==y,; TOTla XapaKTepucTHueckue ypasHeHus oGpasyior
JUHERHYI0 CHCTEMY

E=A% v=1, ..., m

R.H J. Germay, Annales Bruxelles 59 (1939), ctp. 139—144,
pacnpoCTpPaHHA H3JOKEHHbHIH METO] Ha Ccayyaidl, KOria day, SBJIAETCH
dyukuuaMa xp.
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en

4.12. );‘ ’if((;‘vv)) p,=0, f(t)—Za &, F(t)—][(t-—x,,)

[pu npeoGpasosaniu
1
2%y, ooy X)=LCp +ver Eps L=+
v
LaHiOe YpaBHeHHe MepeXOAMT B TaKoe ke ypashennme ¢ &, §
BMECTO X, 2 U C f*(f)=ayt? 4 ... +a,,. Ecan ans nepso-
Hauaj bHOTO0 YypaBHEHUS! HaWleH KaKoMH- Hn6y11b HHTerpan, To BTOpPOH

WHTErpan noJiyyalor, 3aMeHdad X HA — ® 45 ..., 4 Ha
v Xy 0 2n

an, Caay ao.
Wuterpanamm cnymaT ¢$yHK1Iun

i\ . (Vo). V..
(2 TFxy) Q2n va a?u—lzxv:

\v=1 v=1 v=1

= ViGy
:=VF (G)F(ﬁ)zl(xv—a) Gy —B F Gy *
Ve

ecau @, p-—aBa kopHs f(x);

n 2
_ Vixy £
e=Fe (21 C—m F @y | T @ el ©
V=

aas awoboro ¢.




THABA V
CUCTEMBI JMHEUHBIX U KBASWJIMHENWHBIX YPABHEHMI

1—2. JlBe He3aBHUCHMBIE HEepeMEHHbIE

6.1. yp=1xq, xp-+yq==z2.
Paspemas ot ypaBHeHH OTHOCHTEJLHO p, ¢, TMOJYYHM
. g__r _.
z7T xrtytt 2 x4y

CIe10BATEbHO,
zZ=¢ Vx2 -+ y2.
2. x(xr—a)—z—clpt+y(x—a)g=(x—2a)2 —cx,

X(y—8)p+Ily(y—b—2z—clg=(y—2b)z—cy.

3Ty crcTeMy MOXHO 3anucath ellle ¥ B APYrOM BHIE:

(x—a)(xp+yg—22)=(2+0)(p — x),
(y—8)(xp+yg—22)=(2+0)(g— . } W
Otcona cnenyer, 4TO .
E+)ly—bp—x)—(x—a)(g—N]=0.
ITockoabky 2==—c¢ npu ¢ =0 He sBAsSETCH peIlIEHHEM CHCTEMHI,

TO JOMKHO OBITh pABHO HYJIO BEHPaXEHHE B KBaIPAaTHHIX CKOO-

Kax, T. e.
(yYy—0b)p—(x—a)yg=ay—bx.

Hicxonnas cucrema moxeT OBITH 3aMeHeHa 9TUM Y NEpPBEIM ypas-
Henuem (1).

Tenepp nepexonuMm K cOOTBETCTBYIOLIMM (B cMmbicae 4. I, n. 7.2)

OIHOPOJHLIM YPaBHEHUAM:
y—bw,—(x—a)w,+(ay —bx)w,=0, @
[x(x—a)—z—clo,+y(x—a)w,+

“4+(x—2a)z—cx]w,=0. (3)
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Ilas ypaBHenus (2) M3 XapaKTepHCTHYECKMX ypaBHeHUH mOaydyaercs
uHTerpanbHut Gasuc:

x—aR4(y—0b2 z—ax—ay.
Eciu mb, caenya merony 4. I, m. 6.7 (6), caenaem saMeHy
w(x, ¥, 2)=L¢; & 8, Ei=(x—a)+(y—0)0
Lo==z-—ax—>by, E&i=z2,

TO ypasHenue (2) mepefiner B ypaBHeHHe [, = 0. Dra e 3ameHa
fipeBpawiaeT ypapHeHue (3) B ypaBHenue 2.4:

—_— — g2 e p2 —_— —_—
2 —H— =) (5, — )%, =0,
15 KOTOPOrO JEerKO HAXOAMTCH HHTErpabHbf Gasuc:

i —2%y—a-—0?
Ea—0)* )

Takum o6pasoM, pellleHHe HCXOAHOR CHMCTEMbl NOJyuYuM, pas-
pelias OTHOCHT@JBHO 2 COOTHOILEHHE

Ci(z—ax —by —c)2=0C,(22 — x*— y%).

3—9. Tpu He3aBUCHMbIe NEepeMeHHbIE
5.3. py—p,=2. p,— p;==2; ¢M. 4. I, m. 6.4.

6.4, x,p,—+ xX,p,+ x,p,=0, x,p, — x,p,— X0, = 0.
310 MHBOMIOUMOHHAA cucteMa. JlaA nmepBoro ypasHenust yHK-
X X
1N —x—‘, x—’ COCTaB/AIOT MHTerpadbHbIft Gasuc. Ecam, cnesya me-
3 3
tony 4. I, m. 6.7 (6), M crenaeM 3aMeHy
X X
Z2 (% X X)=C(Y1. Yo Y2y M= M=, V3= s,
3 3
TO NOJYYHM YpaBHeHHe
(y2+yl)€)h+(y2-yl)c)'z=0
€ WHTErpanoM
{ = arctg %—{— In Vy%—{— vi.
Tlo3TOMy HHTerpanbHuM GasHCOM ZaHHOM cucTeMmbl Oyxer:
2 2
1 x1+x; .
—_—

)
z=arctg — -+ —1In
xl 2 x3
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5.5. 3x,p, + 4x,p,+ bx,p, = 0, x,p,+2x,p,=0.

1o noaxas cucteMa. Jna mepBoro ypaBHeHHA (YHKLMH
4 5

X%, %, xx 3
COCTABAAIOT HMHTerpanbHbift OGasuc. OTcioaa ana caMoi  CHCTeMbt
metonoM 4. I, nm. 6.7 (6) nonyuaeMm unTerpanbhbifi Gasuc:
3
(%%, — x3) %, 3.
5.6. (x,— %) P+ (%, — %) P, + (¥, — %)) P, =0,
Xy Xo) -+ Xg%, P + XX, p3 =0,
Tpun o6pasoBaHnH cKOOOK BO3HMKAET elle OLHO YypaBHeHHe:
(g — X3) (Xg— X3 — 2x1) p1—+ (X3 — X)) (¥3+ X — 2%3) py+
—+ (%] — Xp) (¥ + x5 — 2x3) p3=0.
LleTeDMUHAHT BCeX TpeX ypaBHeHni paseH
3 (X1 — X) (g — %3) (363 — X1) ()%, + Xo X3+ X3%1)
M HH B KakoH OOGMAaCTH HE paBeH HYJI0 TOMKAECTBEHHO; MOITOMY

P1== po==py==0, ¥, cJen0BaTeJbHO, NaHRbE yPaBHEHUA UMEIOT
AWLIb TPUBHANBHOE pellieHHe 2 == const.

5.7. (%, — %) p, — 2 (%, — %) p,+ 3 (x, + %, + 2x) p, =0,
(xl—{-xa) p,+2 (2.1::l —3x, —-x3) p,—3 (2xl + x, 4+ 3x3) p;=0.
970 nonuaa cucrema. Ijas mepBoro ypaBHeHus ¢yHxuun
2x;+x2. x1 4 2x, 4345

(%) — x5)?

COCTaBJSIOT MHTerpanbhbil Gasuc. Ecam npumenuts wmeron u. I,
n. 6.7 (6), T. e. MOACTABHTb BO BTOpOE yDaBHEHHE

Z(%y, X9 X3)=C(Y1, Y2)» M1 =2%1+ Xy Y=
TO TOJYHaeTCs ypaBHEHHE
2 —
%y, — ¥k, = 0.

X1+ 2x,+43x,

(x—x2)® 7

OTKyla 0
E=y— T

CnenoBarenbHo, A/ NAHHOM CHCTeMBI MHTer padbHuifi 6asuc moay-
yaeM B BUIE
8y 4 2x0x5 + xpxy
x1+2x2+3)£'3 ‘
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5.8. % (%, 4 %) P+ (X% + X5 — X)) Py +2 (%, + 1) =0,
X (% + %) p,+ (x5 + xf-—xg) p;+2(x,+ 1) =0,
Aro noawasa cucrema. Kaxioe u3 coOTBETCTBYIOWHX (B CMBIC/]E
u. 1, n. 6.8) omHoposHbX ypaBHeHHH MOKHO Jerxo pewuts. Ecmu

npumenuts Metod 4. I, m. 6.7 (6), TO AnA OZHOPOAHOH CHCTeMHb
noJuyuaercs 0asuc

(x+ x2 -+ x3) (x4 xy) ]

XX
Ecnu ucxoamyio cucteMy pelyuMpoBaTh € MOMOUIbIO fipeobpa-
sopanust 4. I, nm. 6.8:
Z(xy, X3 X)) =L (¥1, ¥y ¥
(o X34 x3) (21 + 1)

X X9

W=Xpn Vo= Xy, Y3==
TO MO/YUYaeTcss CUCTeMa
Y&y, +2=0, yiL,+2=0,

OTKYIa §=-——In(y"l’y§). Takum oOpasoM, peuenns sananuoft cu-

CTeMLI NPEeLCTaBJAAIOTCA B BuUle

— 2,9
z=—1In (x1x2)+ pelieHuss ONHOPOAHON CHCTEMLL.

5.9. x,p,+ x,p,—x,0,+2=0, x,p, — x,p,+ 2p,+ x, =0,

CootserctByomas (B cMbicie 4. I, m. 7.2) oaHopomsas cu-
cTeMa At GYHKUMM W (X, Xy, X3, X,), THe X,==2, SARIACTCH
MOMHON:  X1Wy, - XoWy, — X3Wy, — X4W,, =0, XoWy ~— X Wy, +
4 XqWy, — X3wWy,= 0. ITO ¢ TOUHOCTHIO 1O 0GO3HAUCHHUH — CH-
creMa 5.12. lns nee uHTErpaibHeIM GasuCOM CAYXAT (YHKUMH

XXy XoXy,  — XgXg— X X4

Pellenns HCXOZHOK CHCTEMBI TMOJYUAIOT, Pa3peilas OTHOCHTENLHO 2
ypaBHeHHe

Q(x12 — x9%5, X952 4 x,x5) = 0.

10—17, Yernipe He3aBHCHMbIE NMEpeMeHHbe W [BA ypaBHEHHA
5.10. p,+p,—2p,=0, xp,+ x,p,— (%, + %,) p,+x,p,=0; cm.
g. I, m. 6.7 (a).

8.11. XDy +x2p2 =0, Py +P2+ X (p3 +P4} == 8.
[lpu obGpasosanunm ckoGOK BO3HHUKEET ypaBHEHHe
Pi+ Pr— % (ps+ py)=0.
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rJ. v. CUCTEMbI JIUHEPMHBIX U KBA3WJIMHEMHBIX YPABHEHHM [5.12

KomOuHnpoBaHueM BCeX TpeX ypaBHeHMA mojyuaem:
P1+ Pr=0, Xx;py+ Xpp=0,

n xpome, Aad x; 7 0
P3+ py=0.

M3 1ByX nepBbIX MOJYYEHHBIX YPaBHeHHH creayer p;== p,=0 aia
X, 7 Xy, T. €. UCKOMOE pelleHHe He B3aBHCHT OT X;, X,. Tperbe
NOJyYeHHOE ypaBHEHME MOXHO Jerko pewnTb. OKOHYATesbHO,
B KauecTBe pElUeHUs VICXOLHOH CHCTeMbl NOJyuYaeM:

2=R (x3— x,.

X, Py — X,y X3P — X, 0, =0, X,p, +X,p, — X, p;—X%,p, = 0.

D10 NHBOMIOUMOHHAA cucTeMa. Has mepBoro ypaBHEHUS (GYHK-
UMM XXy XoX3, X3X, COCTaBASIOT MHTerpaibHeifi Gasuc. Ecau,
cnenys meroay 4. 1, 6.7 (6), cmenarb 3ameny

2(Xy ooy XY=LV -0 Yah V1=X1Xp Y= XX,
V3= X3Xy, Y4=X4
TO nepsoe ypasHeHue npumer BUA Ly, ==0, a BTOpOE —
(¥34 v195) €, —L,) + 9o (¥s— ¥1) &, =0.
Bto nocieldHee MMeeT MHTerpanbHbit Oasuc

YiYa
Y2

CaeloBaTeALHO, MCXOMHAs CHCTeMa MMeeT B KAYeCTBe MHTETPa/bHOrO
Gasuca cienywomue (GyHKUHH:

¥+ ¥s — Y

XiXg X4X3 XXy X9Xs

5.13. — X, p, + x,p,+-x, P34 X, =0, 2 (x,+%,) py+x, (Ps+P)=0.

D10 MHBOJIOUMOHHAA cucTeMa. [lnd BTOpPOro ypaBHeHus JIerKO Ha-
XOAWTCA MHTerpanbHbifl 6asuc: Xy X3— Xy xg— 4x3x4. Ecau npu-

MeuuTth Meton 4. I, m. 6.7 (6), T. e. NOLCTaBHTL B MepBOe ypaB-
HeHHe

2(Xy, «os X) =001 Y2 Y3 Yo I1=X1 Yp=X3— Xy
V= X3 —4X,%, y=x,

T0 nonyqae'rcn ypaBHeHne
Yiby, ity + (495 — 2¥5)&, =0
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Y 2 2
¢ Gasucom Ak yl(y3—y2). [1pu 5TOM A/A MEPBOHAUANLHON CHCTEMBI
floNydaeTcs MHTErpanbHuit Gasuc:

S G SR

Xy, X, — X, P3—X, 0, =0, X0, X, — X,p3— X Py ==0.
D10 MHBOMIOUMOHHAS cMcTeMa. Dasucom sBASIOTCA (yHKUMU
X%, X%, X34 x4 X34 X
(%1 X,%) p,+ (x3x4 — X, %,) Py — (x% + x%) p,=0,
(%, + X, %5) p,— (% + x3) P+ (%, — x,%,) p,=0.

Ecau yMHOXUTb IlepBOe ypaBHEHHWE HA X, BTOPOE — HA — Xy W
3aTeM CAOXUTb 00a ypaBHeHHs, TO, C TOYHOCTHIO NO MHOXHUTES
X1%, ~}~ X3X3, MOJydYaeTCA MepBOe M3 ypaBHEHUH 5.12. Ananoruuso
M3 NAHHOM CHCTeMbl nojyuaerca u Bropoe ypasuewue 5.12. Cue-
IOBaTe/bHO, HANUCAHHAA BHIUIE CHCTEMa Moxer ObTb 3aMeHeHa
cucremoft 5.12.

(x} —_ x;) P, (X6 — x2x4) P+ (x2x3 —_ xlx4) p,=0,
(xi— x3) Pyt (Xt — x,%,) Py (%% — x.%) py=0.
Mpu x]— x5+ 0 9Ta cucTeMa IKBUBANEHTHA CHCTEMe 5.14.
P+ (5t x— 8x)) py+ (%%, + %%+ %3) Py=0,
e X,) Pyt (X1 X%y + Xy — X%,) py=0.

OGpasoBanne CckoO0OK mocne OTOPACHIBAHWSA JIHMLIHETO MHOXH-
Tess NPUBOLUT K YPABHEHHIO

P+ x1py=0.
TeM caMbIM JAHHLIE YPaBHEHHS MOXHO YNPOCTHTb:

p2+x2p4:0: p1+(3x%+x3)p4:0-

Stn TpM BHNMCAHHBIE ypaBHEHHA oOpasylor cucremy 5.18.

18 — 23. YeTnipe He3aBUCHMBIE NEpeMEHHBIE U TPH ypaBHeHUS

5.18.

P+ (35} + %) p,=0, P, %,p,=0, py+5p,=0.
Ato uHBOMOUKOHHAA cucTeMa. [Ipumenss npeobpasonanua Mailtepa

xlzuUI, x2=uu2, x3=uu3,
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5.19

5.20.

7. V. CUCTEMB! JIMHEFIHbIX U KBASHJIMHEFIHBLIX YPABHEHHI1 [5.19

APUXOIUM K JHMHeHHOMY AW(GhepEeHUNaIbHOMY YpaBHEHHIO I3
byukunu 2(xy, ..., X))=2Z(u, u,, ..., u,):

2,3 2 —
Z,+ (3u ul + 2uulu3 -+ uuZ) Zx4 =0,
MurerpanamMu 910ro ypasHeHus ABASIOTCH (GYHKUMH
i
O [ 43,3 2 29,2
Q (u ud 4 wlau, - 5 uu; x4),
MOSTOMY HCXOLHAs CMCTEMa MMeeT HWHTEerpaibl
1
3 2
Q (x1+x1x3+ 5 X5 x4).

X,Py — X0y + X3Py — X0, =0, x,p,—x,p,=0, X,p,—x,p=0.

910 nuBOMOUMOHHAA cucTeMa. Jlns nepBOro ypasHeHMS (yHK-
UHH X X5, XoX3, X3X, cocrasagior OGasuc. Ecam, creays uq. I,
n. 6.7 (6), cienarb 3aMeHy

Z(Xp, oy X)=0(y1, - s Y9y VIT==X1  Yo== X1 Xy,
Va==XoX3 Y, == XgXy,

TO TMepBOE ypasHenue nepexoiumT B [, =0, a ABa Apyrux—coor-
BeTCTBEHHO B

Y&y, — ¥k, — Y96, =0, vy &, + vyl — ¥k, =0.

Jlag nepporo u3 oTHX ABYX ypasuenn#t umeem Gasuc yi— yZ, %—3- .
4

Ecau ewe pas mpuMeHHTb TO ke npeoOpasoBaHHe, TO A17 UCXO.-
HOH CHCTeMBI MOJYHaeTCsl, HAKOHed, MHTerpa/bHEIft 6aauc:

(%74 x3) (x5 + «3).
2x,p+3x,p,+ 4x,p, +5x,p, =0, p,-+4x,p;-+6x,p,=0,
X,p3+ (2%, — 4%7) p, = 0.

310 nosnuas cuctema. s BTOPOro ypaBHeHHs HAXOILWTCSA HHTE-
rpancHeift 6asuc (aanblte OH 0003HAaueH vepe3 y,, Vi, ¥,). Ecan,
caenys merony 4. I, m. 6.7 (6), BBecTH

2(xq, ooy X)=LV1, -+, Vo)
YI=X Y=y, V3= —2x% Y =x,—5x %,

TO U3 BTOPOTO ypaBHeHHsl CHCTeMH moJaydaerca [y =0, a u3 AByx
ApYyTHX

3yL, 4y, +5vL, =0. vl 2L, =0,

T. €. Mhl NpuXoauM k cucreme 5.5 ¢ {, y, BMecto 2, x,_;.
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5.21. x,p,+ x,p,+x,p,+ x,p,=0, x,p,+2x,p,+3x,p, =0,

8xip, -+ 10x,x,p, 4 (15.x,%,+ 10x3) p, = 0.

Cucrema noanad. i mnepBoro ypaBHeHHA GYHKUHA Xof/X,,
Xs/X,, X,/%X; COCTaBns0T Huterpabuuifi Oasuc. Ecmu nonoxurnb

(coraacwo u. I, n. 6.7 (6))

2(Xp ooy X =0(yp .. Yo
X X Xy
=X )’2='ﬁ- )’3=7?‘- )’427:’

TO TepROe ypasHeHHe cucTeMsl nepefiner B L, =0, a aBa Apyrux—s
¥.5,,+2y 8, +3y L, =0, 8L +10yL +(15y,4-10y5) ==0. (1)
Jlas nocnennero u3 moayueHHbx ypasneuuét (1) ¢pyuxunu 3y,—5y?2

9y, — 45y,y, 4 40y] cocraBasior uuTerpanbubift Gasuc. Ilpumennm
eue pas npeobpaszosanue 4. I, m. 6.7 (0), UMEHHO, NOJIOKHMM:

E=u(sy 8y 83 8) s;=y,, §=y, $=23y,— 5y
$, =9y, — 45y, + 40y,

Toraa us nocneanero ypasseuus (1) nonyuaerca u#,=<0, a u3
NpeanocaeHero — ypasHeHue

28315, - 3S,15,=0
¢ unrerpanom s3/s3. Ilpn 9TOM 191 HCXOLHOH CHCTEMbI MOJy4aeTcs
6asnic

(9x3x, — 45, x5x05 + 40x3)
(8x x5 —5x3)°

5.22. 2x,x}p, + XX, P, = X3, 24,0, — X,p, =1,

X%, p, + X, x,%,p, = x,x,. Cm. 5.23.

5.28. 2x,xip, + x3x,p, 1 x32, 2x,p, — x,p, = 2,

2 _
XX Py X, XX, P = X, X,2

Cucrema monnas. 3amenoft u (xy, ..., x)==In|z| oua mepe-
BOAMTCA B cHCTeMy 5.22 c HeussecTHOH & Bmecto 2. Ilia peie-
HHSl CHCTEeMbl B KamIOM ¥3 OOOHX BHIOB MOC/TEe TOrO, KaK OHa pas-
pellieHa OTHOCHTE/NBLHO NPOM3BOAHBIX, HMeeTcs Metox Mallepa u. 1,
1. 6.4 perykumu K OqHOMY NH(pEpPeHUHANLHOMY YPABHEHNIO,

CucreMy MOXHO pemaTsh TaKKe METONOM TMepPBBIX HMHTErpaoB
fAxobn.

Ecnu nmannas cucrema nepeseneHa (corazcwo 4. I, n. 7.2)
B OIHOPOAHYI0 CHCTeMy, TO noJiyuaerca cucrema 5.30 ¢ z, w,
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BMECTO X5 Ps; DeIleHHs NepBOHAYaJIbHOR CHCTEMbl MONYYaloTCH
¥3 ypaBHeHns W (X, ..., X4, ) ==0 paspelueHueM OTHOCHTEJBHO Z:
e 2 2
2z = x,%,Q (x,x; — %,X7).

24—29, Ilatp He3aBUCHMBIX NMEPEMEHHLIX H ABA ypaBHEHHS
5.24. xip, — 2x,p, + (¥7%,—2%;) p,—2%,%,p,=0, 2x;p,+ xip;=0.
O6pasoBanne CxOOOK MPUBOIMT K YPaBHEHHIO
%P+ %, (1 — %3) py+ 25,9, + *{p; =0,
alecb OMNylleH MHOXHUTENb 2x;. DTO ypaBHeHHe, B CHIy BTOpOro

IAHHOTO YPABHEHHs, MOXHO 3aMeHHTb Ha Po—t+ (1 — x) p3=0, u,
TakuM 00pasoM, BCIO CHCTEMY MOXHO 3aMEHUTb Ha

xipy - (x3%, —2x2) p, —2x,x,p,=0,
2x.p,+ x2p, = 0, p2+(1———x5)p3=0.
Teneps o0Opa3oBaHue CKOOOK NpPHBOIUT TOMLKO K ONHOMY Cyile-

CTBEeHHO HOBOMY ypaBHeHHIO, a uMeHHO, K p;==0. Cnenosare/bHo,
BOMKHO OHTL Takxke p,==0, M ocralorca ypasHeHus

x,p,—2x,p,=0, 2x,p,+ xip;==0,
KOTOpHe O06pasyloT MHBOJIOUMOHHYI0 CHCTEMYy M WMelOT 6asuc
xix, — x;.
[(*%s+ Xy¥Xg) X5+ xz] b — [(x1x4 -+ £,%5) £+ x| P, +
+ (X% — X1%) Py =0, X,p, — x,p;= 0.

5.26

O6pasoBanneM CKOGOK NoJyuaeM:
(%35, X55) (%,0, + X,P,) — (% + X3) Py —
— [(%1%4 - x0%5) £, + %] g — (%1%, %,%5) X5+ X,] py=0.

Cucrema, cocrosuiasi M3 STHX Tpex ypasHenmfi, nosHas. Jnd mep-
BOTO YpaBHEHHS MOMKHO OOBIYHHIM MeTONOM HafiTm Oasmc:

2 2
XX, XX, — x5, (%%, £,%:) + X7+ X3

OH, KaK 71erko NMpPOBEPUTb, fABJAETCA ONLHOBPEMEHHO HHTErpPajibHLIM
6asucoM 148 Bceft CHUCTEMBl.

X,y XD, + (%%, X %5) P, =0,
[(x1x4 -+ xzxs) x,+ x,] P+ [(x1x4 -+ xzxs) x5+ x2] ps==0.

ITocne o6pasoBanns ckoOOK, e€caM NMPHUHATL BO BHHMAHHME BTO=
poe ypasHeHne, nosyuaercs pg==0. Jlerko nposepursb, 4r0 p3==0,

5.26
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%X,P1=- XoPy==0, u BTOpPOE W3 LaHHBIX ypasHeHuH oOpasyer mo.-
HYI0 CHCTEMY, ypaBHEHHs KOTODOH MOKHO peuwath nopoaub. Dasu-
COM IJA HAHHOH CHCTeMBl CaAyXaT ¢(yHKUAK
X1 (raxe— xyx5)?
1 5
x, X441
5.27. [(x1x5—x2x4) x5+x3x4+x1] pl—{—[(x2x4—x1x5) x4+x3x5+x2] Pt
2 2 — —_—
-+ [(x4+x5) x3+x1x4+x2x5] p;=0, (x3x4+x1) p4+(x3x5+x2) p,=0,
OO0pasosaiie ckoGoK M NMpHOABNEHHE MEPBOro ypaBHEHUs, YMHO-
MeHHOTO Ha 2x4, KO BTOPOMY, YMHOXEHHOMY HA —(xZ—}—xg—{— l),
naer:
(0,4 — X1X5) X = (3%~ X1) X5] Py~ [(%1X5— Xo%y) X1+
2 N p ==
+(%X5 xz) xs] Py— [(x1x4 + x2x5) X, -+ X+ x?] py;=0.
Cucresa, COCTOAWIAS M3 9THX TPeX ypabHeuwuii, Mojuad, caerosa-

TeqbHO, 0GasMC COCTOMT W3 ABYX ¢yHxuum#t. [laa Broporo ypasue-
HUS JIETKO HAXOAUTCA HHTerpal

X34 -F Xy
XgXs Xy
OH y0BeTBOPAET IEPBOMY YPABHEHHUIO, 4 CIEN0BATeIbHO, A TPETHEMY.
Ecan Temepb NpUMeHHTh MeTON peaykumu u. I, m. 6.7 (a), To Haxo-
DUTCH elue OXHH MHTerpan:
X1 X5 — XXy
XaXs 1 X2
Dru ABe BHMMCAHHBE YHKUNM COCTABAAIOT WHTErpaibHbilt Gasuc.
5.28. (xy%5 —+ X5) Py — (%3%, + X)) P, -+ (%% — x,x;) py =0,
[ (eaes— 1 5) - X5+ %] Py %5 (15— %5 %,) X%, + %] p;=0.
O6pasosanne ckOGOK M BhIUMTAHME NMEPBOrO, YPaBHEHHs, yMIO-
MEHHOTO Ha (X X5 — XqX,), LaeT:
(X3%4 - X1) X3Py~ (X3 PgtXg) X3Pyt (XoXy— X1 X5) (X3P — X P2)—
2 2 2 2
—[*i+x+ (%%, + XyX5) x3] py—(xi+ 23+ 1) X
X (2354 = x0) g+ (X354 x9) psl =0.
Cucrema, COCTOSIIA® M3 HTHX TPex ypasHeuuit, mosHad. nasa mep-
BOTO YpaBHEHHS JeTKO HaXOIATCA pelledus
2 2 2 —
X{ 4 x5+ X5, XX, X0 — Xy,
JJs BTOPOro — pelleHne
(x1xy + XaX5 — X3)°

xiHxs+1
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310 nocnelnee yIOBAETBOPAET TaKkKe NEpPBOMY ypasHenuio, [Tosromy
HCXOIHas cHcTeMa WMeeT Gasuc

— 2
x2+ x?’-{—x?, (XX, F X205 — x3)
P it x5 +1
5.29. x,p, —x,p,+ 2x,p,+ (*; — %) p, — 2x,p,= 0, x,x,p, +
-+ (x;+ 1) p,+ (2%, %, + x,%,) Py + (25,%,+ %,%,) p, + 3x x,p;==0.
Oo0pazoBanue CkOOOK MPUBOIUT K YPaBHEHUID

(fo+ )p, + %,%,p,+ 3x,x,p, -+ (2%, %, + X X)) p,+

—+ (2xyx, 4 x1%;5) ps=0.

Cucrema, cocrosiiasi M3 STHX TpeX ypaBHeHu#, nossdas. Ias mep-
BOr0 ypaBHEHHA (GYHKIHU

2 2 2 9 2
X{F Xy Xyt Xy XX — x5 XX, 2x,%,x, + X%,

COCTaBAAI0T MHTerpanbnbift Gasuc. Ecam npumenuts npeoOpasosa-
ne u. I, n. 6.7 (6) U NONOKNUTH
z(xl’ c e x5)=§(yl! rey y5)’
V=X, V=X X5 yy=Xb kg 9= XK — X,
V= xix, 4 2x %%, + x3x,,

TO M3 TpeX ypasHenu#i moayuaworcs: f, =0,
259 (V2 -+ DLy, -+ [2 (3124 + x205) 4+ %2931 Ly, +

+ 4x59 8y, [2 (o2 - x5x5) (9,4 1)+ Bx,351Ly, =0, (1)
21 (924 D&y, 12 (05 4 x3x) + X151 Ly, +

—+ 41y Ly, [2 (0054 x2,) (Vo + 1) 4 3249518y, = 0. (2)

YMHOXUM cHauana ypasHeHue (1) ma x,;, ypasmeuue (2) Ha — X,
M cnoxuM pesyabrarel. Jlanee, ymuomnmm ypaphennme (1) Ha x,,
ypasuenue (2) Ha x; ¥ onath caA0kuM. OKOHUATENLHO MNOMYUMM:

Ly + (2 + D&y, =0, &)

W eC/d W3 BTOPOTrO YpaBHEHMSA Mbl BHYTEM ypaBHenue (3), ymHo-
XeHHOe Ha 2y;, TO NpUieM K YPaBHEHUIO

2 ())2 _j‘_ 1) C)@ + ySC)’a + 4y4§y, + 3)’5Cy5 =0, (4)

Jas Hero nonyuaercs Gasuc

i ¥, ¥

)’2:}‘1’ G+ D" (13
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a oTCi01a, ¢ NoMoulbio npeobpa3osannd 4. I, m. 6.7 (6) ana cucremul
ypasHenuit (3), (4), — basuc

¥4 , ys(yz—i-l)—ys_
2+ 1)? Viy,+ D3

CaeioBaTeqbHO, ¢GYHKUUH
Xy — X (o 4 1) x5 4 (e + 1) 25 — 2120014
(F43+1) V4541

gapasiorca 6a3ucoM JAaHHOH CUCTEMBL.

30--32. MaTh He3aBUCUMBIX MepeMeHHbIX
M TPA WJIH 4eThipe YpPaBHEHHA

~

5.0, 20 p, —xp, =0, 2x5,p0,—x,p,—+ X0, =0,
2 2 2 —
2x,x,p, + X3%,p, + x;%:0;,=0.
Cucrema moaxafi. IS nMOACHCTEMBI, COCTOsileH M3 IBYX mnep-
BHIX VpaBHeHuH, C MOMOUIbIO XaDAKTePHUCTHYECKHX ypasHeHH# no-
nyuwanT Gasuc X x2, x,x;, x,x;. Ecan moaciasure Tenepsb
— e 2 . 2 —
2=5(yp Yo Vo) N TEH X 9T XN YT X
B Tperbe ypaBHeHHe, TO TOJY4YHTCA YpaBHEHUe
Yo Gy, 4+ Ly) =+ ¥iby, =0
¢ 6a3suCOM Y; — Vg, Y3/Vo. I103TOMY MCXOAHAs cucTeMa uveer Gasuc
x . x2— x,x? i
173 2774 XoX, *
2 ) 2 . —
5.81. 2x,xip,+x;x,p+x3x,p,=0, 2x,0,—X,p,+ X;P;=0,
2 —
X, X3Py + X, XX, P, X X, %, 05 = 0.
Cucrema nosuas. Jlune#no#t xkomOuHauuefl mepBOrO M TPETbEro
ypasHeiuit MOXHO TPHBECTH CHCTeMy K Buiy 5.30.

5.32. p,+ 2x,p,+3x,p,4-4x,p,+5x,p;=0,
x,p, +2%,p,+ 3x,0, + 4x,p, + 5x,0,=0,
x,p,+ 3xip;+ (Tx,%,—x;) p,+ (8%, —2x, + 4x}) p; =0,
p,+3x,p,+(4%,+ 2x7)p+5 (%t x,%,) ps = 0.
Cucrema noaunasn. JlJas NMepBoro ypasieHUs MOMXHO JETKO HaWtH

6asuc y,, ..., ¥;. Jlasee, MOXKHO MPHMEHHUIb METOM Y. [, n. 6.7 (6).
HMeHHO, ec/iv NMOOXHIb
_ _ 2
z(xl, xs)—é(yl, yS), V=X Y= X, — X,

V=X, —3x,%,-}2x}, y,=x,—4xx,+ 6x%x, — 3x],
==X, — 5x,x,+ 10x3x, — 10x3x, 4 47,



208 rn VvV CHCTEMB! JIHHEMHBIX U KBASUJIHHEWMHLEIX YPABHEHIM 15 3%

To mepBoe ypasHene npumer Buld Ly ==0. Ilocne ynpoueHus
OCTA/bHBIE YPABHEHHS TNPUBOIAATCH K BHLY

2958y, -+ 3938y, - 4Ly, + Bysty, =0,
L A0l 5L, =0, v, +(@y— 4L, =0.

Takum o0pasoM, noayuaercs cucrema 5.20,

33—36. Tlpoune cucremu

5.38. (x, —x) P+ (%5— %) P, + (¥ —*%;) Ps=0, (x,—x5)p, +
+ (5 — %,) P, (% — %5) Ps =0, (%3 — %) P+ (%5 — %) P, +
+ (X% — X5) B, =0, (%, — X¢) P, + (%; — X)P, + (% — %) ;= 0.
Cucreva noJnaa; ee Gasuc:
X1 o0 Xg XX XoXg - XgXy
5.34, x,p, + X,p,~+ X0, + X, Py~ X5 P5 + XePs =0,
X,P,+ 2X,pg + 3x,p, + 4%,p5 1+ 5x.p = 0,
X,P,+ 2X,py + 3%,p; + 4%,0; 1 54,9, = 0,
X, %, + 843P, (TX 65 — X,%,) Py —+ (84,6, — 24, x+- 4x3) py=0.

CkoBKM BTOPOTO M 4YeTBEPTOTO YDPABHEHMH MPHBOAAT K Cylie-
CTBEHHO HOBOMY YPaBHEHHIO, a WMMEHHO, K YPaBHEHHIO

x2py+3x,%,p + (4%, %5+ 2x§) ps+(Bxyx,+ 5x,%5) pg =0.

CucreMa, cocToAllas U3 9THX NATH ypasHenu#t, nomHas MoxHO
peluTh €e NOBTOPHHIM mpuMeHerneM Meroza 4. I, m. 6.7 (6). Ilna

Xy
mepsoro ypaswemns Qymkumn —*-, v==2, ..., 6, cocrasasior
1

6asuc Jlanee, ecau MNOJOKHUTD
z2(xp0 .., X0 =85 ---, Yo

y\,:—éi—‘l’(v:?, ceey B), oy =x,,

TO M3 aHHOH cucTembl nosydaeM: Ly =0 n
Ly, + 2958y, - 3938y, + 49,8y, +5¥sLy, =0,
Yaby, + 29y, + 3y.&y, + 4ysly. +5ysky =0,
by, 4 3, (79,9, — ¥9) 5, + (8Y.y, — 2y + 4¥3) 5, =0,
C}'s + 3y2€y4 + (4y3 -+ ng) Cy= + (5y4 + 5y2y3) CY& =0,

T. e. cucremy 5.32.
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n n
5.35. X p,=0. > x%p =0.
v=1 v=l

Obpasosanne ckoGoOK MPUBOIHT K cucTeMe 5.36.

n n n
5.36. Jp =0, Xxp =0 x2p =0.
v=1 v=1 v=1

Ora cucrema nonxas. s mepsoro ypasHenus GasucoM cayxar

¢yukuun x,—x,, v=1, ..., n—1. Ecmu, coraacmo u. 1,
n. 6.7 (6), NOAOKUTE:
Z(Xg o X)) =Y s Ypo1) Yy X, — Xy,
TO M3 BTOPOrO YPaBHEHMA NAHHOH CHCTEMb TNOJAYYaeTCHd ypapHeHue
n-1
2)’\:” =0;
v=1 Vv
ero Gasuc: y,/y,.;, v=1, ..., n—2. BasucoM AByX nepBHX
ypasHenu#t OyayT ¢yHKuun
Xy — X
v _n_ v=1, ..., n—2,
Xp—1—Xn
Ecnu Teneps MOJMOKHTH
Xy —Xp

2%y oo X)) =8 ..., Euod)s &y

TO M3 TPETbero ypaBHECHUS TOJIydaeM:
n-2

See —5,=o

Jlag aroro ypasHenus ¢pyHxuun

gv—l §n-—2
—_— v=1, ..., n—3
&  Gp—2— 17 ’ ’
obpasyior Oasuc.
Taknm oGpasom, s naHHOH cucTembl Gasuc oGpasylor aurap-
MOHHMYECKHE OTHOLUCHHS
Xy—Xp_1 , Xn_9— Xpn_y

: . v=1,...,n—3.
Xy-—Xp Xp—9g—Xp

Ecan x pawnoit cuctemMe nNpHCOENMHHTH €INE OAHO YpaBHEHHE

n

Exf,p\,:O, TO TOJAyYHBUIAACA CMCTEMa YETHIpEX YypaBHeHHH Oyner
v=1

HMMETb TOJbKO TpHBHAMbHBLIH uHTErpan z==const. Cm. G. Pfieiffer,
Giornale Mat. 69 (1931), ctp. 232—236.



IF'TABA VI

HEJIMHEAHBIE YPABHEHUS
C ABYMS HE3ABUCHMbIMH NEPEMEHHBIMH

1—13. ap*+} ...
6.1. p’=aq—+b; ypasuenwe tna F(p, 9)=0.
z:Ax—“—Az‘b Y+B-

a
OTHOCHTENBHO TIOAYUEHUs] WHTETPANOB K3 STOTO NOJHOrO UHTErpana
cM. 4. I, n. 9.5.
B cayuae a =1, b=0 uepes napaboay z=x?, y=10 npo-
XOLWT VHTEerpajbHas NOBEPXHOCTh

x? 1
z—m, riue y<T.

6.2. p>+q—+2-+x=0; ypasuenne Tuna u. I, n. 11.3 ana ¢yHk-
uuu 2 -+ x.
Ecnu crenath nOACTAHOBKY

x+z(x, y)=LE), E=x-+24y,
TO TMOJyunM OObIKHOBEHHOE AH(depeHunanbioe ypaBienne
Ul — At VA —2A=F
OTCIONA AAs Onpeie/eHds TNMOJHOTO MHTErpana noJjyvyaeM ypaBHEHHE
R+(A—Dln |1 —A+R| + 5+ Ay=5,
rie R2=A?—24A —2—x.

6.3. p*—+ ag=bx-cy;, ypasnenue C pasiessIOUIMHCA NEPEMEHHBIMH.
[Toanwiit unTerpan

z:i%(bx+A)”/’+%:—§y+B, ecam b =£0,

z2=Ax —{—%yai————g—y-{—B, ecin b=0.
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6.4. p’=axq 4 bxy; ypasHenue ¢ pPa3neAAOUMMUCH NEPEMEHHbIMHU.
2% s 24y — by*?

6.5. p’+ xp=q; ypasHeuve c pa3ieNAOUUMUCT HEDEMEHHBIMHU,
A? x? A? X
Z=y — * 4\/x2—+—A2 TArsh-I—{—B

uoam (x| >A>0.
A2 2 -3 . A2 x
z=—-Fy —-%— * {-Vﬁ_A? F (sign X)—- Arch |7|+B’
npuyeM 3HayeHue Arch i%l I0/MKHO OBbITb BHIOPAHO MNOJONKHTEb-
HOE.
6.6, p*+xp—yqg+422=0.,
M3 xapakrepucTuueckMx ypaBHeHHH NOAyYalOT NepBuit HHTer-
pan p=2Ay3 orciona crenyer: z=2Axy34 ¢(y). Ecau noa-

CTaBUTh 3TO COOTHOLIEHHE B JAaHHOE ypaBHeHue, TO ONPENENSeTCs @
H, TakuM o0pasom,

z2=2Axy3+ A?yS 4| By
IToAHLIM MHTErpaNoM SBAAETCS TaKke

z=Ay2—(x+§)2.

6.7. 3p>+ xp+ (y+2) ¢ = 2; ypasuenne Kuepo.
[Tonuui#t wHTErpan

z=Ax -+ By -+ 3424 28B.
HHTeraJIOM TAK¥Ke gBadAeTCH

t=—3 4 Bu+2.

Ocoboro uHTerpana 3iech Her.
6.8, p’+ayp-+bg=c; ypaBHerme tuna 4. 1, m. 11.4.

p=Ax S50y — Ly +B.
6.9. p°+ay’q +ayz + by'=0.
[Monaran u(x, y)==yz(x, y), NoayyaeM ypaBHeHHe C pasae-

JNAILUMACA NEPEMEHHBIMY

' 4 4
Upy=—ayu, — by
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H OTCIONA — NOJHBIR HHTErpan

vz =— < '+ Av+ 5oz -+ B.
HonnbiM uurerpanoM Oyxer Taixe
yr=— oyt — & 32 (x4 AR B.
6.10. p®>-}- ay’q = b; ypaBHeHHe ¢ pPa3NenAIOIIAMUCA NEPEMEHHBIMH.
p=Ax 2= ” 4+ B.

6.11. p?—33q = x? — y% ypaBHeHHe € paaneNAOIMMUCH TIEPEMEHHLIMH.
[Monuwi#t uHTErpan

e=% (5 VAFA +50@) — 57 +lnly|+B,

rie
’ Arsh V{CT na A>0,
P (%)= signxArchvl% s A<0u |x|>]4],
0 g A=0;

npu aToM nof Arch # HaAO TOHUMATb TOJOXUTENLHYIO BETBb.

6.12, p*-} azq = b2% ypasuenwe Tuna u. I, m, 11.3,

z=Bexpl(x+ANIR], me R=—2L 41y @214,

Hurerpanom Oyaer Taxmxe ¢yHKuUUS
z=Aed”’.
6.13. p*+az(yg —2)=0.
[Monaras
Injz(x, )|=C(x, W, n=Inlyl,
M3 LaHHOI'O YpaBHEHMsl NojyyaeM ypasHeHde Tuna 4. I, m. 11.2
G+aly—1=0
¢ TOJHBIM HHTErpaaoM

§=Ax+(1—§)n+3.

14—20. f(x, vy, 2)p*+ ...
6.14, xp*=q; ypaBHenHe C DA3NEJAIOLIVMHCA NEPEMEHHLIMH,

z2=2V Ax 4+ Ay -+ B.
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6.15. x?p?— y?%q ==2; ypasuenne tHna 4. [, n. 11.6.
INonaras 2 ==u(x) 4 v (y), noayuaem:

2
X' — g ==y’ 4+ v,

VpasHeHHe HMeeT pellleHWe, €CJaM JeBas W TNpaBag YaCcTH PAaBUbL.
Hymo. Taxkum o0pasoM, HaxoAuM NOAHBIH HHTerpan

z——:Aexp—;T—{—%(ln x 4 B)2.

6.16. (xp+ 2)'=gq.
Monaras w(x, y)==xz, noayuaeM ypaBHeHue 6.14

2 ey *
X, =w;

A | Ay+B
z=2y/ 2 4 A L8
— noauu#t uETerpan. Ecau B naHHOe ypaBHEHHE MOACTABUTHL

z2=u(x)+v(y),

clie1oBarebuo,

TO MOJYYUTCH YpaBHeHUe

v (9) =[x’ (X)+u (%) +v (NP

KOTOpOE YIOBJETBOPSETCS MPH
xe/ +u=0, v =12

OTclona mosaydaeM MNOJHHHA MHTerpan
_ A1
=X TyTBe
6.17. £2p*+ ayzq = b2,
[Monaras z(x, y)==C(, n),
ypasHenue 6.12

~ &+ ol = b2,

=Inx, m=Iny, nonyuaem

6.18, x(x—+4 1) p?—2x2p —y¥g + 2° =0,
IMeperpynnupyeM uieHH ypaBHeHHs
(xp— 2+ xp*— yg=0;
CJ/leNoBaTesbHO, 9TO ypasHeHne Tuna 4. I, m. 11.17. C nowmopios
npeo6pasosanna Iftnepa (cm. 4. I, n. 11.15) us nero moayuaercs.

KBasuauHelHoe ypaBHeHue
X2Zy+V2Zy = — 22,
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6.19.

6.20.

6,21,

. VI. HEJMMHEMHDIE YPABHEHHA C JABYMSA NEPEMEHHBIMU [6.19

pelueHUd KOTOPOro mnO/Ay4aloTCda paspelicHueM YpaBHeHuUs
1 1 1 1
r=—x%+2(x—+)
zZ X X Y )
Orciona ana HHTErpajia 2z nepBOHAYAJILHOrO YpaBHEHWs NnoJayyalot
fapaMeTpHUyeckoe MnpencrasjieHue

VA A1 1
z2=xX—Z, x= 77{9(7“7)—1}’
1 1 1 1y -
z=—%+2(x—7)-
HOas Q@)y=(A+ 1)u + B, B 4acTHOCTH, MNOJNYYAIT HOJHbIH
MHTETpa
(Aj%_@zzoivmﬂy
Yy@PP+Dxp—2) 4+ x(pP+1)=0u"+1)gq.

[IpeoGpasosannem Ditnepa u. I, n. 11.15 u3 sroro ypasHenus
MoNyuaeM KBa3WIMHEHHOe ypaBHeHHe

X D) Zy+ (V2 1) Zy=—V (V24 1) 22,

W3 pemenntt

I

="+

9TOro ypaBHEHUA NOJYyHaeM pelieHue nepBOHAYaJLHOI0 YpPaBHEHHA
B MapaMeTpuvyecKoM IMNpencTaBAeHUN!:

—_ 204y —
x_—Q—U—-—WQ ), z2=xX-—2,
rie
—__ 2 = Xy
Z__y—z—_—“— J Q@) b=TTxy

2’p*+azq =bx-cy.
[Tonaras #(x, y)== 2%, nonydaeM ypaBHeHHe C pa3AeAIOUIH-
MHCH TePeMEeHHBIMH
2
Uy — 4bx = 4cy — 2au,,.
W3 Hero HaxoIMM noJIHHIA MHTErpan

3
1 o A
2= g (4bx + A)* +—(i'y2-% y—+B.

21-33. apg+ ...
pPq=a.
XapakTepUCTHKYM 9TOTr0 ypaBHeHHs — npaMble JuHUH. IloaHbift
HHTErpan

z=an+%+B.
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6.22.

6.23.

6.24.,

6.26.

6.26.

21-33, apg+ .. 215

pg=axy—+b.
M3 xapakrepucTHyeckux ypaBHeHui NOYYAIOT NepPBbie HHTEIPaIbK
pPr—ay? ¢?—ax? Us ¢2—ax?= A umeem:

z=yVax?4 +bJ‘V =

B cayvae b=0 cm. u. I, n. 9.6, npumep 2.
Pg = 2%; ypasneuue THnma 4. I, m. 11.3.
[Mosun#t uurerpan

+B

2
2;_111 (A% 4+ y+B)2-2, ecan a +2;

z=Bexp(Ax+74)-'), ecin  a=2.

B cayuae a=1 cM. Takke u. 1, mn. 9.2(8), 9.3, 9.5(n).

pq = Ax?yP2¢; o1HOpPONHOE YpaBHEeHHE.
IMonaras 2(x, y)={E&, m) n

[ xa+1 1 , yb+1 b 1:
£ ] d+1,ecmia#— 0= b+1,ec1m %= —1;
| 1n x, ecan @ ==—1; l Iny, ecad b= —1,

noayuaem p == x, q=yb2;n 1, TakuMm obpasom (cM. u. I, n. 11.3)..
Ly = AL,
2

Hanee, eci ¢ = 2, 310 ypaBHeHHe 3aMeHOH [ ==u2-¢ pepeso--

aatcd B ypaBHeHue 6.21:
2

ugun=A(I —%) .
Ecim ¢==2, 10 mnocne samennt #==In{ noayyaem ypasHehHue.
ugll,n: A.
pq -+ ap=bz; ypasuenue thma u. I, m. 11.3.

Honarasa z(x, y)=C(¢), £ =x-} Ay, noaydyaeM OBLIKHOBEH—
Hoe nudepeHunansHoe ypaBHeHHE

QAL = — a* V2AK 1 a?,
U OTCIONAa — MOJHBIA MHTErpan
b(x+A)+B=R-+aln|R—a|, rae R2=4Abz-+} a2

pq =ap -+ bq; ypasHeune tHna F (p, ¢)==0.
z2=Ax+By—+C, rae AB=—aA-{bB.
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6.27. pg=xp-+yq.

W3 xapakTepuCTHYeCKHX YypaBHeHHft HOJYYalOT MNepBble HHTE-
rpans

< PP —2yp. ¢ —2xq, (pPEPE2(xEy) (PEY),
a OTCI0Ja — MOJHBIE MHTErpasbl B PasjHUYHHX (opMax
=t B 2= xy+x VI A+ B
z=xy+y1fx2+A+B;
1 2 1 2
z=xy+5 | VEFAdi+5 | VO Adn+-B,

rae
E=x—+y, n=x—y.

pg -+ xp--yq=2; ypasuenune Kiepo.
[TonHbi#l MHTETpAJ

6.28

z=ax -+ by - ab,
0coOhift MHTErpan 2 =—-— Xy.

6.29, pqg+ayp—+bxqg=0, ab =+ 0.

(a) B nanHoM ypaBHeHMM MOXKHO pasfenuThb mepeMenHwle. Ilpu
9TOM MNOJCTAaHOBKA

prbox 4 g+tay __ 1
bx ’ ay A
NPHBOAUT K HHTErpany

A
2 ==

L (bx"’-——-%;ﬂ)—{—B.
(6) Ecan panHoe ypaBHeHHMe 3alucaTb B BHIeE
p q a4 4 .P + Pxa q —0,
TO 3aMeHOH .
z(x, =CLE ), E=x% n=y?
MBI TIOJY4YHM M3 Hero ypasHeuue 6.26
QC‘ECn + an —+— b;”ﬂ =0.
[lonydaerca monHulél uHTErpan

z=A(x2— b+a2A y2)—}—C,

T. €. TOT Xe caMbifi, 4T0 u B (a).
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(8) Eciu ab >0, TO MOXKHO TaK ONpeneNuTh uucia o, B, uio
a—=— ta2 b= %P2 npuuem o06a pasa OGepyTcs BepxHHe M 00a
pas3a HHXHMe 3HAKH. Ecan MonoHTh

z(x, =CE M. §=px+oay, n=px - ay,
T0 moayuaercs ypasHenue 6.85.
et =Lt by
Taxum 006pa3oM NPUXOAUM K [IPYroMy MOJHOMY HHTerpany.

6.30. (p +a)(q + bz) =C; ypasuenue tnna u. I, n. 11.13.
MOXHO TaKme BOCMO/b30BATLCA TEM, YTO ¢/p — MepBHH HHTE-
rpan, a fanbue AefictBoBaTh corjiacho 4. I, m. 9.3.

6.31. p(q —siny)=sinx; ypaBHeHHE C pa3[eNsIOLIUMUCH INEPEMeH—
HBIMH.

z_—_—Acosx——cosy—-——;——}—B.

6.32. 2(pg—+yp—+xq)+ %" +y'=0.

M3 XapakTepuCTHYeCKHX YpaBHEeHMH MONYuMM NepBLIM HHTerpask
p-+qg-4+x-+y u sarem OyaeMm npumenars 4. I, n. 9.3. Ecam
MOJIOKUTD

SR ARTD L YU b A -
C(g’ n)_z+ 2 + ’ g V'g- * n .'/-2— *

TO mojyuaercd ypasHenne 6.74.
G—t=2t"
6.33. p(kg+ax+-by+c2)=1, ¢+ 0.

[Monaras u(x, y)==— —%’1 —+ax by -4cz(x, ¥), noayyaem

ypasHenne 6.30
(u, — a) (cu+ kuy) =2

34—42. f(x, y)pg+ ...

6.34. 2xpq — 2q = a.
22=2(y — A)(Bx — a).
6.35. 2xpq — zq+ap=0.

Vla xapaxTepuCTHYECKHX YpaBHeHHH NOJMYYalOT MEPBHHA HHTer-
pan pg. Ecan paspewnte ypasHeHns pg==A W LaHHOe OTHOCH-
TEJbHO p, ¢, TO MOJNYYUM:

ap=—Ax—+ VaAzF A%,  z2g=Ax+ Vadz+ Ax2
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TJl. VI. HEIMHEMHBIE YPABHEHHMS € NBYMS MEPEMEHHBIMU 16 36
OTM ypaBHEHHS /eTKO DElWaloTCs MONCTAHOBKOH 2= x2u (X, y)

u sateM v?=aAu—- A?. B wurore no.ayvaeMm COOTHOlueHHE AJA
NOJIHOTO MHTerpafa

3
(aAz 4 A2 — 2 022 (k2 4 ay) = 43531 B,

6.36. ypqg —2p+aq=0, a -+ 0.

(a) HamuiueM XapakTepHCTHUECKHE ypaBHeHus
{x’(f)=yq-—z. YO =yp+a, e}
2/ ()=2ypg—zp—+aq, p'(t)=p% ¢’ () =0.

M3 nux noayunM nepswi# uHterpan g. Ecin nonowxuts g = A,
onpeiaeauTh p U3 JAHHOTO YpaBHEHHA M 3aTeM INIPOHHTErpHPOBATh,
TO NOJY4YaeTCs NMOMHHIN HHTErpan

} 2=Ay+ V2 Ax+ B. 2)

(6) TIpumenum npeo6pasosanne Jlewanapa u. I, m. 11.14; npu-
leM K OOLIKHOBEHHOMY JuHe#iHOMY muddepeHunanbHOMy ypaBHe-

HUO Aad Z:
V4 atl

Ly X =%
(Y — mapamerp). Hatinem Z, a 3zarem, ofpamas npeoGpasoBanue
Jlexanapa, Mbl MOJYYAM NapaMeTpUUeCKOe MPeCTaB/eHHe
aYy a aYy
= 7D = XQ —_= == ! -
x =0 +gp Y=XQ V) =g, 2=XVL M)+ 5. ()
[lpu atom, pasymeercd, npeannoaaraercs, uto X == 0, T. e. uro
z,#+ 0. Ecim xe ana pemenns 2z,==0 B KOHeuHO# O6uacTH, TO
n3 anddepeHUnatbHOTO ypaBHEHHS CJEAYeT TaKkKe, YTO z,=0,
H MOSTOMY MNOJIyYdeTcsl JHLIb TPHBHAJLHOE pelleHHe 2 == const.
Hanee, npeanosaraercs, 4rto npu npeoGpasosannu Jlewanapa

0(zy, 2y)

A y 2

TxY) #+=0, T e. 22y T 20y + 0.

] - S . 6

Ecmn xe 2%y zxv—O B KOHe4YHOH 0086JacTH, TO M3 ILAHHOrO

ypasHeHHs Mnoc/ie RuddepeHUUpPOBaHAT 1O X U Y ciaenyer:
— 52
z,, (yzy —2)+ 2z, (vz,+ a) = 22,
Zry ()’Zy —2)+ Zyy (yzx+ a)=20,
2, — 2, — —
u OTCI0fA 232, = 0, 2%z ,=0. Ecin B oGnactn z,== 0, 10 310 y3Ke

XXy
paccMOTpeHHbt paHblse YacTHHIA cayuad. Ecam, nanporus, 22 = 0,

TO, CACNOBATEMbHO, 2y =2, =0, un oTcioaa z,==const, T. e.
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z2=Ay - @ (x). Ecau noacrasute 970 B IM(¢epeHuHaibHoe ypas-
HEHHE, TO MOXHO ONpeleJuTh ¢ H CHOBA MOJYYHTb NMOJHEIA MHTe-
rpan (2).
A
Ecm B (3) nonoxntb 9(Y)=—2- Y 4 B, T0 MOXHO HCK/MO~
yuthb u3 (3) mapamerpul X, Y ¥ noAyuuTe MOJHBIR HMHTErpan

z=2=L (y£ V7 ad).

(8) IlpeoGpasoBanue Dinepa u. I, n. 11.15 npusomur x unean
B o0eux ¢dopmax —H

x=Zy, y=VY, 2=XZy—2Z, z,=X, zy=—2y (8))

"
x=X, y=2Zy, z=YZy—Z 2,=—1Z7y z,~=Y. (Byy
Uﬁ) C noMoulpbl 3TOro ﬂp606pa3OBaHHﬂ U3 AAHHOIO ypabBHeHus
noJyuaetcs JuHelHOe ypaBHelue
X2Zy+ (XY 4 a)Zy=XZ

7= xo(22ta),

¢ HHTerpanamu

C nomouwpio o6parsoro npeoGpasoBaHMs 1A% NepBOHAYAILHOTO
ypaBHEHH MONYYalOT HHTErpajhl B NapaMeTPHYeCKOM NpeicTaBie-
HUH

x=9(u)——-(u+;2)9’(u), 2=xX — X2 (),

Ecan uccaenosath, kakue WHTErpaisl NponasaloT u3-3a npei-
nonoxenntt X =0 (7. e. u3-3a 2, = 0) u 2,, 5 0, TO BHACHSeTCA,
YTO TAKOBBHIMH SBJAIOTCA JAHIUL TPHUBHANbHBIE MHTErpanbl z == const.

Ecau, B uactHocTH, noaoxute L (u)= A (u#)-+ B, To cHOBa
no/iyyaioT noJHsih unrterpan (2).

(B;) B sTOM cayyae Rannoe ypaBHeHMe NpeBpallaeTcs B ypas-
HeHHe

ZZy=aY,
cJ/Ie 1OBATEbHO,
Z?=2a XY + 22 (V).

OGpartHbiM npeoGpa3soBaHueM NPUXOIAT K MapaMeTpHYecKOMY npel-
CTaBJEHHUIO

‘ (1))
(z—yYyP=2ax¥ +22(Y), y'= _:gf;i)jq—gzs(a ())1) :
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[Monaraa 2 (4)== Au — B, nonyyaeM noiubi mHTErpan
By ax- A

ax+ A 2y

(r) YroOw nmOAYyuHTL KHTErpajbHYI0 NMOBEPXHOCTb, MPOXOAALLYIO
yepes NaHHYI0 HAvyaibHY0 MOJIOCY, MOXHO IJS XapakTepucTHue-
CKkuX ypasHeHn# (1) omnpejeanTs pelleHHs, KOTOphie OpH £==0
COIepKAT MHTETPANbHBINL 3JEMEHT X,, Y. 20, Py 0, g5 M3 mByx
NOCNEAHAX XapaKTePHUCTUYECKHX YpaBHEHHH M NepBOHAYaJIbHOTO
ypaBHeHust uMmeeM:

1 1
q9=4qy, ;=;;—-—t, ypqg—zp-+ag=0, (0))

Ecau nmoncrasuth 5T BhHIpaXeHHs B ABa NepBHX XapaKTepuUCTHYe-
CKHX YPAaBHEHWS, TO MOJNYYHM ypaBHEHH:

2 =

r__ 49 _ Py ___
=t (et —1), Yy =a
OTKyIa
— £2_t — 2PYota | a —
x_x°+aq°(2 Po) Y= =S toi =D T 2p Pf 1)
®
3areM M3 TpeTbero ypabHeHust (4) nonyuaem:
2 a
po=— g (Blohl y oyt — 1) ®)

Taxum 06pasoM, XapaKTepUCTHYECKHE YPAaBHEHHS MPOMHTErPUPO=
BaHbl.

Ecmn Tpebyercd MOMYYNTb HHTETPabHYIO MOBEPXHOCTb, NPO=
XOLAULYI0 Yepe3 HAYAIBbHYIO 1O0JOCY

X=0.(8), YyY=0(8), Z2=03(5), p=0,(5), g=05(s), (7)

TO (YHKUMH ; JO/UXKHB YAOBJETBOPATh AHbihepeHunaNbHOMY ypaB-
HEHHIO B YaCTHHIX NPOM3BOILHHIX M YCJOBHIO MOJOCH

[ ’
W, == 0,0, - 0.0,
Ecmu noxacrasuts B coorHowenus (5), (6) BhipaxeHus
xO = (Dl, yO = 0)2, ZO == 0)3, po = 0)4, qO = 0)5,

TO TOJYYAETCH WHTErpajbHad NOBEPXHOCT B MaPaMETPHYECKOM
NpeiCTaBleHUH C HapameTpamu S, f£.

6.37. p(kyg+ax+by+4-c2)=1, k+0,

M3 xapakTepHCTHUECKUX ypaBHeHMU crenyeT:

f/ ql . .
T EToeEs =0 M
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(@) k¢ =+ 0. Torza monyuaerca u3 ypasuenus (1)

1=

b
g=—g3s+4 &
M, ClefOBaTeNbHO,
Z=—'m)""“14)’ ¥ —+ @ (%).

Eciu moOACTaBUTL BhipaxeHwe AN 2 B UCXonHOe AuddepeHuuans-
HOE ypaBHEHHe, TO MNOJy4aeTcsl COOTHOIUeHHE

(co+ax)¢' =1, 0)]
nm, ecmu u(x)=cep—+ax,
un’ 1:
autc
3lech HYXKHO pas3auyarth caydam a =0 n a=0.
(6) k-+c¢=0, 1. e. k= —c. Toraa us ypasuenus (1) nony-
yaercs
b
g=7lny+A,

#, clnegoBaTeNbHO,
b
z=—y(ny —1)-+ Ay +4-¢(x),

flppyeM A ¢ CHOBA nojyvaercd ypasHedue (2).
Ecan k-4 ¢+ 0, To npeob6pasoBanuem

be
ax+k+cy+cz=g(§' ’f]), §=x,"r]=lny
MOXHO CBECTH IaHHOE ypaBHenue Kk Tuny 6.30
@G — a) (kG- ) = c%.

6.38. (x—y)pg+(x—2)p+(2—y)g=0.
Tocsnie npeoGpasosanns Jlexanapa npuXonuM K AndepeHuuanb-
HOMY ypasHeHuio 2.29
0z 0Z
X(2Y—-X+I)W—Y(QX—-Y—{—I)—(W--_—.(Y—X)Z
¢ MHTerpasamu

Z=(X+Y—1)Qw, ua=Err=D%

X7y M

Otciona nas nepBOHAYAABHOrO YDaBHEHHA nonyqaeM HHTErpaIbl
B NapaMeTpHuecKoM Buie

z2=xX-+4yY —2, x_._Q(u)+X(2X——Y—|—1)Q’(u)
y=2W+4 @ —X+D2®

(Cloja HALO NPHIMEATb elle ypasHeHus (1)).
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6.89. xypq = |; ypaBeHue C pa3neNsiOUIMMUCS TNIEPEMEHHBIMH,

Monaras z(x, y)=C(E, v, E=Inx, n=Iny, nonyuaem
anpdepennnanvhoe ypashenne 6.21 Ll ==1. Taxum o6paszom
HAXOAMM MOJHLIA HHTErpan

z=Alnx 4+ 4B

6.40. xypq — 2% oaHopoiaHOe ypaBHEHHE.

TNonaras
z=tet® M E=Inx, n=lny,
noayuaem ypasnenne 6.21 Ll = 1.
6.41. (x*+ 1) p(qg— 1)+ xy’q=0.
MoxHO pasaenuTb nepeMesHrie
241 v
x P=

1—¢q

noJyuaercs NOJHBIR BHTErpan
l A- arctg% NpH BepXHeM 3HaKe;

z= i-%z-ln(ﬂe{— H+B+14.: Arth—% n A Arcth—%
NpH HIXKHEM 3HaKe.
6.42. [(1—x)—yl{(1—x)(1 —p)—2lg=a(l —x)%
Mocae samennl z==(1 —x)Z(u), u== Tl—_—fxT NOJyuaeTcs

oGuikHOBeHHOe Anddepenunansioe ypasrenne and Z (u). Tlostomy
MHTErpansoM, peryaspsuim B Touke x =0, y==0 u pasHuM uymo
npu y==0, 6yaer

u
z=(1—x)J%(l—-—1/l—- 18_a_uu)du.
0

43—48. f(2)pg+ ...
6.43. 2pq =ap + bz; ypasnenue tHma u. I, n. 11.3.
—aln|atV4Abz? - o | £V 44622 + a?=2b(x + Ay + B).

6.44. 2pg = xp + yq.
M3 xapakTepHCTUueCKHX YPaBHEHMW TNOJyuyaeTcd nepBHA uH-

Terpan—z- u (cM. 4. I, n. 9.3) noanuit uurerpan

2=z (Ax + Byy+C.




.49}

6.45.

6.46.

6.47.

6.48.

4954, (..) P2+ () pgt ous 293

2pq 4 x’yp + xy*q = xy2.
Monaras 22=05(&, 1), §=x2, m==y% noaydaem nuddepen-
unanbHoe ypasHenue Kaepo

L =&0s + 1y + &k
a OTCIoNa — NOJHBI! HHTErpas
22= Ax*+4-By?+ AB.
Gyukuuas 2 =0 sBnseTca O0COOBIM HHTErPa/OM.
(2 -+ a) pqg = b2z?% ypasuenwe Tuna u.l, m. 11.3.

Monaras z(x, ¥)==C(8), ¢ = x -+ Ay, nonyyaeMm OGbIKHOBEH-
Hoe nuddepeHunansHoe ypaBHeHUE

AC+a)l? =1

U3 HEro HaxoduM: s -
=2y § [ a

Wnterpan nerko Oepercs, eClM CAeNath 3aMeHy TePeMEHHBIX
£+ a = u®. Pemennem Takxe spaserca z=0.

(a + b) z2pq + axq - byp = 0; onxoponnoe ypasHenue.
Ilonarasn

2 2

2(x, )=C0@E M E=5, 1="%,

nonyuaem ypasuewne thma 4. I, m. 11. 3.
(a+0)T:ly + ol +- 0L =0;
W3 HEro HAaXOLWM TIOJHBI MHTErpan
9____ aB-1-bA
‘ #2=C— 5 AB
2’pg=xy—+a.
Monaras 2u (x, y)== 2%, moaydaem ypasuenue 6.22
U, ==xy—+a.

Ilna pelenns NAHHOTO YPABHEHMT MOMKHO TAKKE BOCMONL30BATHCSH
TeM, uTO OHO WMeeT mNepBbie uHrerpans 22p?—y?, 22q% — x2,

(xp—ygp 2.

(Ax? -+ By?).

49—54. (L) P+ )pg+ ...

6.49. ap’ - bpq = cz? ypauenws Tuna 4. 1, n. 11.3.

. —_
z=Cexp[(Ax+ By)R], rue RZ'—A(aA-l—b‘B)'
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6.50. xp*— pg +ay*=0,

W3 xapakrepucTyyeckux ypaBHeHHH TNO.yuaeM nepBhft HHTe-
rpan pe—Y. llajiee, paccMaTpHBaeM CHCTeMY

a
p=A4¢%, ¢= 5 yie '+ Axe’
U OTCIONAa HaxOLMM MOJHBIA HMHTErpan

2=Axe’ — 2 (y2+2y+2) -5+ B.

6.51. xp®+ypg =1; ypaBHenne C pasneATOUIMMUCA TEPEMEHHEIMA.

M3 cucremst ypapnenuit
1

*p—o =4, y=—4

NOJyyatoT MOJHBIA HHTErpan

z=VIxF A+ Al YL;‘?_—A— +B.

6.52. axp®— (ay -+ b) pq + cy(ay+ b)*=0.

M3 xapakTepucTHueCKMX ypaBHeHHWH MOJy4al0T NepBHHA HHTe-
rpa:n W‘I_)Tb-. M3 nero u M3 HAaHHOTO ypaBHEHWA COCTABAAIOT CH-
cTemy

p=A(ay+b)., g=adxt-—y,

KOTOpas onpelessieT NOJHBIE HHTErpan

z=Ax(ay+ b+ 4B

6.53. (22 1) yp®+ x2pg = 4x%y; 06o6wenHoe ypaBHeHHe.

Iloacranoska 2z (x, y)={ (&, M), £==x2, n==y? cboaur naH-
HOe ypaBHeHME K ypasHeHHWIO Tuna 4. I, m. 11.3

@+ DL 4Lt =1.

6.64. P>+ 2°pg=2% Tunm u. I, n. 11.3.

Monaras z(x, y)=={ (&), £¢= Ax -+ By, nonysaeMm OGLIKHO-
BeHHOe AuddepeHnanbHoe ypaBHeHue

(A2 ABR =2,
M OTCIOAa — MOJHBIH HHTerpaJI

R—A
z H

T (Ax+By+C =R+ Aln rie R?==ABz?- A2
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556—68. ap®+bg’=Ff(x. ¥, 2)
6.55. p®-1 ¢®= a? uacTHb#t cayualt ypasuenus 6.56.
Hurerpanamu OyayT, Hanpumep, MIOCKOCTH
z2=Ax +By-+C, rae A?4+ B?=qa2
XapaxTepucTHKH, NPOXoisilde uyeped Kawayio touky (8, m, &),
00pa3yioT npsMoHt Kpyroso#ft KOHyC, OCb KOTOPOro napajiejbHa
OCH 2 U KOTOpHI{l cam fBJASETCA WMHTErpajbHOH MOBEPXHOCTHIO.
Ecan uMeercsd uHTerpajbHas MOBEPXHOCTb, 2 (X, y), KoTopas
A (PUKCHPOBAHHOTO X == COIepPKUT KDUBYIO
x=E§ y=1, z=0( amm —oo N +00,

0 2(5, M=om), 1. e 2z, n)_.(o (1), a noToMmy, c1eiOBa-

TeJbHO, HOJIKHO OHITH lw (n)| @, TOria, B CWIY YpaBHeHud,
2, (8 == V —@'". M3 xapaxTepUCTH4YECKMX YpaBHeHHH
x'(#)=2p, y’(t)=2q, Z(t)y=2p"+2¢% p'®)=0, 4 ()=0
HAXOIHuM:

p=xVa—0’, ¢=0o,
x=t+2%Va—0’, y=nt2, z=o0m)-+ 2%

Tpu nocienrnux ypaBHeHHWs MOXHO paccCMarpuBaTh Kak mapa-
MeTpHYECKOe MpeacTaBleHne HCKOMOro uHTerpana. Mckmouad nmapa-
METPH { M 1), MOJyyaem:

ecan o (M) =c, 0 2z=c* a(x—L);
ecin o) =0a-+pn, 10 z=a-py L (x—5Y e —ph
ecan o (M =y-+¢ V T+ @+ pn?

TO

z=v+—§ VII4-8(x — O+ (@ +py)*

6.66. ap®’}-bg?=c; ™ u. 1, n. 11.1,
[Tonuwiit muTErpan
z2=Ax+By-+C, rie aA2LbB?2=—c,

HIH

—_ 2 I
T x A)+(y

6.57. p>-} ¢>=ay -+ b; vacthuit cayuait ypabHenus 6.74.

B)?

3
2= Ax + 2 (ay+b— AT 4 B.
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6.58.

6.59.

6.60.

6.61.

6.62.

6.63.

6.64. p

ra. vi. HEMMHEVHBIE YPABHEHUA C IBYMS NEPEMEHHBIMU 16.68

PP+ q*=x—y; vacTHh#t cayuaht ypassenusa 6.74.
2 5 2 <
=g+ AT H3— AT 4B

P*+¢* = x% 4 y% uvacTHu#t ciyuait ypasuenus 6.74.

Arsh
— 2+ 42+ A2 2 2
2z=x) 2L A2t A {Arch}A—{—yVy A

_ A?{ Arch } y
+ Arsh 7+B’

npudeM aprymedt ¢yHxuun Archa Gosbume 1.

P+ =x+xy+y

Momaras z(x, y)=L(, M), 25==x+1y, 2n=2x—y, nony-
YyaeM ypaBHEeHHe C pasiesiOLINMHACA NepeMeHHbIMH

& —6g2=2n—L
OTciona HaxooUM MOJHBIE MHTerpai
z=f1/6g2+Adg +f1/2n2-—Adn+B.

ATH uHTErpassl MOXKHO euie npeoOPa3oBaTh NPH MOMOLUM THAEP=-
0oanyecKux (GyHKunH.

P*+ ¢*=ax™ -+ by" -+ c; vacTHH#t cny4a#h ypaBHeHus 6. 74
z==t f\/ax’"—kAdx + f}/by"—f—a—Ady.

2 2 = '——_q:_..‘— b.
Pre=ya=
Monaras z(x, y)==((@, 8, x==pcos®, y=—psin?, noay-
YaloT ypaBHEHNE C PasenloUUMUCS TNepeMeHHbIMH

0% —bp* —ap=—1§,

a4 W3 Hero — MoJHbIH HHTErpan

1=+ f]/ b+%_::2idp+A0+3.

P2+ q?=f(x); yactHuit cayyafi ypasueuns 6.74.
z=Ay+B* [VF()— A dx.

2 L g% == f(x* +¥?); ypaBuenve [aMuabTOHA AAA MJIOCKOTO ABU-
MEeHUs1 TOUKYM MOoA NeACTBHEM LEHTPANbHON CHJBL
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M3 xapakTepucTHYeCKHX ypaBHeHHH credyeT:
(x9)) —(yp)) =0 wm xqg—yp=A.

O603Hauum r?= x? 4 y% M3 STOrO ypaBHeHWs W M3 NEPBOHAYA.TH-
HOTO CcJjielyeT, 4To

A —
=T TR VI = A

Ax y S g
4= T 5 Vrfh— Az,
WId Tpu e® = r?

z=—Aarctg—;c— + % f Vet f (e?) — A2 dp +-B.

6.65. p>+qg>*=f(x, y); Tun u. I, n. 11, 13.
Ecan mpencrasuth ypaBHeHHe B BUIe

P LU, w=c, (1)

TO 3TO ypaBHeHMe [aMM/IbTOHA IS MJOCKOrO ABMIKEHWS TOUKH.
Xapakrepuctnueckas cucrema ypasnenus (1) Ges cpennero ypa-
BHEHHsl, T. e. 6e3 YC/JOBHA NOJOCH, UMEET BHA

X ®=p, yYt)=q, pPO=—-U, JO=—-U,.
Orcona
') =—U,(x, ), Yy @O=—Uy(x, ).

CrnenoBatenbHo, ypaBHeHHst X == X (f), y == y (£) MOXKHO paccMartpu-
BaTb KaK ypaBHeHHS IBMXEHHA TOYKHM ¢ Maccoft, pasHo#t 1, mpouc-
XOAfllero mnoi IefcTBHeM noTeHuuanbHoW ¢yuxkunn Ux, y).
M3 xapaxrepucTHYecKHX ypaBHeHM§l clenyer:

PET Ly, y)=C.

3HauuT, BHIpaNEHHE ﬁ‘gﬁ-—xuuemqecxaﬂ SHEPrHA, 4 HATHCAaH-
HOe BbHIllE YpaBHEHWE €CTb BBLIPANKEHHE N/ 3aKOHA SHEPIHM.

Ecan HafineHo oJHOMApaMeTpHuecKoe ~CeMefiCTBO HHTerpanos
z=1y(x, y, A) ypasuenus (1), npuuem [P, |+ |¥ay|>0, T0
TPAeKTOPHAMH 3TOrO NBHXEHHA OYAyT KpHUBbE, YAOBJIETBOPAIOUINE
YPaBHEHVIO

P, = const.

Ypasuenne (1) uMeer 6oJblIOe 3HAUEHHE I TEOMETPUUECKOH
ontuku. Ecau umeercs neomsopomHas (HO M30TponHas) cpela
¢ kxo3pduuuesTom npesomaenus f(x, y) B TOuke (X, ¥), TO



228 [J. VI. HEJIMHEVHBIE YPABHEHHS C [IBYMs NMEPEMEHHBIMUH 16.66
XapaKTePUCTHKH YpPAaBHEHMS — MYTH CBETOBLIX Jyued, M ypaBHeHHe

2 =const 3anaer (QPOHT BOJHBHI.
6.66. ap*+ bg®>=cz; t™an u. I, m. 11.3.

= W(M%—Byﬁwﬁ; z=0.

6.67. p*>—+ q*= (x?-{y?) 2; ooHopoiHOe ypaBHeHue.

Ilonaras u (x, y):?]/;, MOJIy4al0T ypasBHeHHe C pasiae.so-

HIUMHUCH NEepPEMEHHBIMH
2.

2 o 2 y2
u, —xt=y u;

CeJ10BaTeNLHO,
u:f]/x2+A dx+f]/y2—A dy—+B.
6.68. p?+-g*=az?+b; tan. 4. I, n. 11.3,
Noaaras z(x, ¥)=C(¢), £ = Ax -+ By, noayuaem

EVITE | g =t

B uactHoctH, ecii a=1, b =0, 10

Ax+ By
Va1 B

69—74. f(x, y) P*+ g (%, ¥)@*=h(x, y, 2)
6.69. xp? —yq®>— x-}y; vactuunlt cayualt ypasneuns 6.74.

g= (V—’_x(x+A)+_g;m VIZFAL +VIx] )i
7)1 s

Vix+AT —Vix]
(Vy (A—y)

ecin x(x+A)>0, y(A—y)>0; sHaku nepeu CcKOOKaMu

MOryt ObiThb BHIOpDAaHBI HE3aBUCHMO APYr OT Apyra.

z=Cexp

6.70. ax?p®+ by%q® = z¢; onHopomHOE ypaBHeHHe.

[Monaras z(x, y)=C(E, n), E=Inx, n=Iny, noayuaem us
JNAHHOTO ypaBHEHHUS
Al b2 =1,

a OTCl0Ja 3aMeéHa MNEpPEeMEeHHBIX

2
b= {[uﬁ, ecIn ¢ #+ 2
[ e, ecin ¢=2
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6.71.

6.72

69—74. f (x, Y PP +g (X VPP=h(x. ¥, 2) 229
NPUBOAHT HAC K ypasxeuulo 6.56
2—c\2 .
(-—2—) , ecad ¢ F 2;
aul +bul =1
l 1, ecan ¢ =2,
(x+ar) (x+a2) PP —(y+ a1) (y+ @) ¢ =aVr+a +

+ o VJ’ —+ a2 +¢(x—y); ypasHeHMe ¢ pasiedOLIMMUCA Tepe-
MEHHBIMH,

[Monuniit uaTETpanN

z=f]/l AtcxtaVxta dx

(4 a)) (x+ay)
At —6Vyta
+[V OFa ot PTE
Ecnu ypassenue Iamuabrona 6.65
pHq = —th _ "
——+Ux »=c U——*—al——';zl

(ypaBHeHHe IBHXKEHHsl TOYKM C Maccoil, paBHOR !, B MJIOCKOCTH X, ¥
Nox AefCTBHEM I'DaBUTALUOHHBIX CHJ, CO3LaBAeMBIX MaccaMmu my, M,
HaXOJAMMUCA B TOUKax x = X 1,

y = 0) npeo6GpasoBarb K 3JIHNTU- g

YeCKMM KOOpIMHATaM, TO TOJYy- (%9

YUTCH NaHHOE YpaBHeHHE C 24 = A

=my—-my, 20 =my; —my U C Ay, m, i\m,

Ay BMecTO X, y. Ilpm sTOM Touke -7 0 +/ T
(X, ¥) COOTBETCTBYIOT KaK SJIHM- %

THYECKHEe KOODIMHATH TNapaMeTpsl

A Ay (A <Ay, ompelnensioline
x2
al—*—l
+ —=— 7 —{-A ==1 (puc. 22), KOTOpHE NPOXOLAT 4Yepe3 TOUKY (¥, ¥)

npu QUKCUPOBAHHOM @y > @y >0, @y —ay==1.
4y(a—x)(b—x)(c—x)p*—4x(a—y) (b —y)(c =) ¢ =
=(x—Jy) xy.

Ecan nopenwTs ypaBHeHHe HA XYy, TO MOMKHO DasIENUTh Mepe-
sennbie. Torza nonyuaetcs MOJMHBEIR MHTErpan

= VIR e} [V 40

N@x)=(@—x)(b—x)(c—x).

IB4d KOHWYECKHX CedeHHd + Puc. 22.

rue
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DTO ypaBHeHMe BCTpeuaeTcs IPM OTHICKAHMM Tleofe3nyecKux
JAMHUHA HA JUIMACOMIE C NONyOocsMH a, b, .

6.73. (p®— 1) sin?x -} g2 = 0; uvacTHuil ciyuyaft ypasuenus 6.74.
/ A?
Z=Ay+8if], 1——'sin—2xdx.

D10 ypaBHeHMe BO3HMKAET NPY BBEAEHUH OPTOrOHAMLHBIX TeOle3u-
YeCKHX MapaMeTpuyecKUX JHUHUH HAa eIMHNYHOM Iuape.

6.74. f(X) PP+ g(¥)?=¢ (x)+ P (¥); ypaBHeHHe C pa3le/ifOLH-
MHCS TIepEeMEHHLIMH.

Y V== V==

Ypasuenne BcTpevaeTcd B IAHdepeHlalbHOR reoMeTpun Npu
u3yueHUM nosepxHocTeRt Jluysuana.

75—80. f(x, v, 2) P+ g (%, 9, 2) > =h(x, ¥, ?)
6.75. ap® -+ bzq®=c% ypasuenne Tuna u. I, m. 11.3.

] o

T (Ax+By+0))° .

pB2y — — aA2+(

6.76. 2 (P2 —g®)=x—y.
[Monaras z(x, y)="C(¢, n), E=x—y, 1= x -+ y, noayuaor
ypaBHeHHe
4Ll =8,

a VM3 Hero NOAcTaHOBKOH §==u (§) v (1) HAXOAAT HHTErpan Mnepso-
HauyaJbHOTO YpaBHEHHS

823=[3 (x — y)*-+ Al [3 (x + ) + Bl
6.77. xzp*—y2q°® == x-}- y; ONHOPOAHOE yPAaBHEHHE.
3avena HeusBeCTHOM (yHKLMH

2] co

2
3 z
NPUBOAWT K ypaBHenuio 6.69 ¢ paszesdiOLMMHCH NEPEMEHHBIMH
X (ui —1) =y(u§—{— 1.
6.78. 2% (p®-+ q?) = x>+ y?; OOHOPOINHOE YPaBHEHHE.
3amena neuspecTHOH (yHKuMH 24 (¥, y) == 2% MPHBOAMT K ypas-

HeHuo 6.59
W - ud = %2+ Y2

u(x, y)y=
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6.79.

6.80.

6.81.

6.82.
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22 (ap? -+ bg?) = 22 4¢; ypauenne tuna u. I, n. 11.3.

[Mpumenenue metosa 4. I, m. 11.3 NpHBOAMT K NOJHOMY HHTe-
rpany
(aA?+-bB?) (22 +4-¢) == (Ax + By +C)*. (1
Ecmu noactaeuth 22 ==u(x)-+ v(y), TO MOXHO paslel]dTb
nepeMeHHble H MOJAYYUTb MOJIHEIK HMHTErpajs B Buie

—— e B A OB @)

Ecan a=—1, b==-—1, ¢c=—r2< 0, 10 cooruotuenue (1)
OMHCELIBAET LMAMHAPHUIECKHE TOBEPXHOCTH, COOTHOIIeHHUE (2) -— Cdephi

(x— AP (y—BR 22 =1
VuTterpaiaMu s8sioTCS B 9TOM CJydae Takxe orubanouine noBepx-
HOCTH, €C/AH OHM €CTh, K TeM M3 3THX cdep, UEHTPL KOTOPHIX
IBHXKYTCH B IIOCKOCTH X, y BAOJML OAHOH KpuBO# (IIpY 9TOM MOryT
nosBasATbCA pebpa Bo3BpaTa), T. e. TpPyOuarele M KAaHANOBbIE
NIOBEPXHOCTH.

22 (2p® -+ x2q%) == a’x%y% onHOpOIHOe ypaBHeHue.
3aveHa mepeMeHHbIX
LE =2, 2u=x% 2=y
NpUBOAUT K ypaBHeHuio 6.55
& +n=ad"
81—88. (.) PP+ (INE+(C)p+()g+ ...

P+ q*+ xp+yq =2z — 1; ypassenue Knepo.
TToaublit uurerpan
z2=Ax+By -+ A2 - B2 1;
ocobmilt mHTerpan 4z -+ x4 y?=4.
P+ q* —2xp — 299 + 2xy =0.

M3 xapakTepUCTMYeCKHX YPaBHEHHH MOJyuaercs mepBbli HHTE-
rpan p-g— X —y U 3areM NOJHbIA HHTErpaJ

%=xHﬂW+mx+wtw—wn/ﬁiiﬁ—%1¢

Arch X — y'VQ 4B,

V*

npuueM |x — y| > —— u dyukuus Arch nmeer 3aech 3HaK X — .

V"
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Ecan npumenuts npeobpasoBanue

A —x—) _x+y
C(g’ n)—_z 2 2 4 g .V'-g 4 = VQ ’

TO TOJYYaeTCd YPaBHEHHWE C PAa3AefsIOUUMUCT NePeMeHHBIMU
2 2 2
& +In=2¢"
KOTOpOE CHOBA NMPHBOAMT K HAMHMCAHHOMY BHIIIE MOJIHOMY HHTErpaly.

6.83. PP+-q2—29p—2xg=1—x2— 32 uwn (p—y)?2+(g—x)2=1.
M3 xapakTepuCTHueCKHMX ypaBHEHWH MOAYYAlOT IepBEIE MHTE-

rpaisl p—y U ¢— X 4, TakuM o0pasom, HaXOI[ﬂT NOJIHBIA HHTe-
rpan

z=xy-+Ax-+By-+C, rae A’ BZ=—1,

6.84. p* 1 ¢?=4 (xp-+yq — 2); ypasuenne Kiepo.

2 2
[Moanwift uHTErpan z:Ax-{—By——A—i;é——; ocoOni#t uuTe-
rpan 2z == x2-} y2. YacTHele MHTErpajs:
B? A?  (Ax - By)?
2 _. L2 2 — 2 AAxT By
CABy—Z. VAAY— G .

6.85. ap® + bqg*+2cxp+2dyqg=~, ab>0; ypasuenne ¢ pasge-
NAOUIMMUCA TlepeMeHHbBIMH.
IMoauuit uHTErpan

z=u(x)+v(y)+ B,

rle 4, U YAOBIETBOPSIOT OOBIKHOBEHHHM AU (hepeHNaIbHEM ypaB-
HEHUAM

au’ +2cxu’ = A, bv’+2dyv=~F— A.

Ectu A=0, to m6o u=0, mubo u=—Z—x2, 60 pyHKUMA

# (x) onucelBaeT KOMOMHALMIO STHX [BYX KDUBBHIX.
Ecan ¢=0, TO HyxHO Taxk BHOpaTh 3Hak uyuciaa A, uToOn

aA > 0; roraa u:x]/-g—.
Eciu A+ 0, ¢+ 0, To nMeeM:

=t 24 L 2| 2
b= —5-X% iaf]/ + dx
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6.86.

6.87.

6.88.
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Tpeo6pasoBanye HHTerpata MPUBOAMT mpu @ > 01) K BHpaXEHHAM:
f Vel dx:i VxQ--{—a?—}—giArshi,
r]/xQ—anx———Vﬂ IXIA hlxI g | x| >a;

npud ToM mox Archu ans z > 0 moHuMaeTca NOMONKUTE/NbHAs BETBb
3TOR (yHKUUH.
Taxkum ke o0pa3oM HCCACLYETCA YpaBHeHHe mid .

p?—q*—22p - 2*=1; ypasueuue Tuma u. I, m. 11.3.

[Tonaras 2z (x, y)=C((), ¢= Ax -+ By, noayyaeM OOBIKHO-
BeHHOe nudpepeHLinalbHOe ypaBHEHHE

(A2 =B = AL+ VD + 4 — B
L HAXOXKAEHWA TOJHOTO MHTErpana Hai0 paspeliuTb YpaBHeHHe
2__pge
Ax+ By +C— f Azﬂ/g_?éii_w_z dz.
(87— 1) [# (xp —2) — £ — @] + 22 =0
TMonaras z=u(x, y) Vix_L:T—] noJjyuaeM ypaBHEHHE
x(x?— 1) u —ul=0.

Ipu x2 < 1 nomkno Owith &, =u,==0, ¥, Clel0BaTeIbHO, HHTE-
rpan z=CV 1 —x% Ilpu x2> 1| nuddepenunai-Hoe ypaBHeHUe
MOXHO 3alHCaTh KaKk pachaiaiolleecsi ypaBHEHHe

2 __ g — =0

(xV=x lux—{—uy)()on lu, uy)___O,

KaXIbli M3 MHOWWTede#d NaeT JauHelHoe ypaBHenue. Jlns 9TUX ypa-
BHEHMH B KauecTBe MHTerpajpHOro 6asmca HaXoAuM (GYHKUHM

arctg Vx2 — 1 v;
C/Ie10BATe/IbHO, MHTErpa/isl JaHHOTO YPaBHEHHAA
2=V x*—1Q(arctg Y x2—1 £ y).
(zp +x)*+ (2 +y) —a*2? (P’ +¢*+ 1) =0.

M3 XxapakTepUCTHYECKMX YPABHEHHH IOJYYalOT INEpPBLIE MHTE-

rpaasl Zp—-x W 2g-+y. OHM J1aOT JABAa YPAaBHEHUS, KOTOpHE
COCTOAT B MHBOJIIOLUMH He TOMLKO C JAHHBIM yDAaBHEHHEM, HO W ApPYT

]

1 [I‘ﬂ,e uepes a?
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¢ apyrom. Ilostomy MoxHO npuMenuts meton u. I, m. 9.2 u no-
Ay4uTh B KauecTBe TOJIHOTO MHTErpana CeMeHcTBO noaycdep

A? +B (z=0).

(6 — AR+ (y — BR 422 =
IIpu a2 > 1 umeeTcst 0coOOLI HHTErpan
(@2 —1) 22 = x4 y2
89—111. (. P+ )¢+ Ipg+ ...
6.89. p*--q*=apq; ypasuenue tuma u. I, n. 11.2.
2= Ax -+ By+C, rie A2+ B>=aAb,
6.90. xp?+ yq*=2pq.

M3 xapaxkTepHCTHUECKUX YpaBHeHMH TMOJyuyaloT MEepBHA MHTErpan

1 1
;I————. Ecan no:10xuTh ero paBHbIM a A HUCNO0/Jb30BaTb MA4aHHOE

ypaBsHeHue, TO HaXOAAT:

p_lox Ly 1= 4 _y=l lyr—%y
T= ]/1 Xy, F="3 _yVl Xy

W NpA DTOM NOJHBIA HMHTErpan

z2=AQY—x)+
Al Zl+aleyT= 1 ﬂl_“‘—él B.
+amn] £ | (2v xy+nl+V1_xy)+

91. 2(p —q)*-+a(p-+ q)*= b; ypaueune Tvna y. I, m. 11.13.

2
A+ B — (3 (Ax-+By+C)\7
)+]/ ( S A—F) ) , ecm A<B.

e=—a (4T

6.92. (p*+49*)ch®y—4pgchy -shy=1.
Paspemasi ypaBHeHMe OTHOCHTENLHO p, MNOJYYalOT ypaBHEeHHe
C pasacidrlLUMUCA NepeMeHHBIMU

— Vi—ig®
pP == 2(] th v i T ’
a OTCI0Ia — NOJHBLIH HHTErpan
e=Ax+ 4 Inchy L VT—Aarctgshy -+ B.
6.93. (yp—xq)*+a(xp+yq)=0>.

N3 xapakTepHCTHYECKHX YpaBHeHMH TOAy4aioT MNepBbie HHTe-
rpannl xp -+ yq, yp — xq. Ecnu Tenepb NOJOKATE yp — Xq == A4,
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6.95.
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89111 () 2+ (--) @2+ () pr+ .. 235

TO W3 9TOTO M MCXOAHOTO YPAaBHEHUR MOXHO HAWTH p, ¢ M 3aTeM —
NMoNHbIA MHTErpan

A 2 7y I
= In(x2+4 y2) Aarctgx+B.

Ecnun npumenuts npeoOpasosanue

z(x, =0, ¥9), x=pcos®, y=psind,
TO MOAYYAeTCH ypaBHEHHE C PAZAENAIOUIUMHCH NePEeMEeHHbIMU
CQﬁ = apgp + bs

b— A?
a

L= AD

Inp+ B,

YTO NPUBOLMT B CTapHIX HEPEMEHHBIX K YXe HaflAeHHOMy Bolille
BRIPAMEHUIO,

. (yp—xq)+az(xp+yqg—2)=0,

3aMeHa nepeMeHHbX 2 (x, y)={(p, §), x ==pcos ¥, y=psind
NPHUBOAMUT K ypasuenuwo 6.13

&+ ak (0, — ) =0.

p—xq)=p'+ ¢+ 1.
W3 xapaxkTepucTHYECKMX YpaBHeHMH HaXOANT NMepBLIft MHTErpan
p*—+ ¢2. Tlonaramwort:

z(x, =L@, 9), x==pcos?, =psind
M MOAYyYaloT ypaBHEHUe ¢ pa3fesioUMUCSA NepeMEeHHBIMU
2
2@ 2
Cﬂ—' p2"—1 (Cp—*_ l)’
a W3 Hero — NOJHHHR unHTerpan

L=0—Aarctg -+ AD+ B, e o2=p?(4—1)— A2

(yp — xq)=a (£ +3°) (P*+ ¢*+ 1).
3ameHa nepeMeHnbx
2(x, =@ ), x=pcos?¥, y=psind
NMPHUBOJNT K YPABHEHHIO C Pas3ae/sdolUMHCA MNeDEeMEeHHBIMU

G=0@G+ 1)

paspemnMomy Toabko aas 0<{a < 1. Ecian oT6pocuth TpMBHAML-
Hpifi cayvah @ =0 M npupasHATb JEBYIO U NPaBYd 4acTu Moc/en-

l—a
a
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6.97
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HEro ypasHeHus k A2, TO noayvaeTca NOJHHIA HHTerpan

C——A]/ 1‘)—{—0—{— 1n|0+A|—{—B rie o2=A2-—p?
(cnenosaresbHo, HeoGxomumo TpedoBanne p? < A?).
(xp+y97=(1—2%) (P>+¢°).
Oco6uie uuterpans: 2 =const u ofe mnoayceepst
x2ty2 4 22=1 (z=0).

D710 ypaBHeHHe WHTEPECHO TeM, YTO TeEPBHIA MHTErpan p/q
HAXOAUTCA JeTKO, HO MeTox Y. [, m. 9.3, HecMOTpA Ha 3TO, He NpH-
BOOMT K NOJHOMY uurerpany. Ieno B ToM, 4TO ykasaHHeie B 4. I,
. 9.3 yc/i0Bust 145 GyHKIMOHAIBHOTO ONPEE/ATENS He BHIIIONHAITCS,
TaK KaK ypaBHeHHe ONHOPOLHO OTHOCHTENbHO p, ¢, TO NPH MNOXL-
cranoBke p==Aq o06e mnpousBosHbHe mnponagainT. OAHAKO TaKUM
METOLOM TOJYYAIOT elle ceMefCTBO HHTErpajoB

- tAxt By)?
= TA BT

Yrofpl MOJAYyYATh TOJHBEIA MHTErpaj, MOXKHO clenaTh mpeobpa-
30BaHue

z(x, V=0, ¥, x=pcos® y=psind.
Toraa ToJyyaeTcst ypaBHeHHe
1 —PB =@ @+ — D,

Us ucxom—xoro ypaBHeHust BhTekaer, uro 2?2 1; craeposarensHo,
2 a oTCi0Ha, B CWAY HANHCAHHOTO BHILE YpaBHEHHA,
CQ—{—pQ—l > 0. TlosToMy HarnMcaHHOe BhIlUEe YypaBHeHWe pacna-
JaeTcd Ha 1Ba KBa3WIMHEHHEIX ypaBHeHus

VIi—Gt o VBT P —18,=0.

Iast coorserctByiomero (B cmeuicae 4. I, n. 5.4) oaHopoanero
ypaBHeHHst NOJYYaiOT HMHTerpal

ofz, (arctg ]/ —1—1)).

CiienoBaTelLHO, MHTETPABl NEPBOHAYAAbHOTO YPABHEHUS HAXOLATCsh
paspeluieHnHeM OTHOCHTENbHO 2 YDaBHEHUS

Q (z V (a ctg'l/- 1_22 1 —arcig —i:—)):O
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6.98. (xp+yq)*=2(pg+-1).
V3 XapakKTepHCTHUECKUX YPaBHEHHUH HAXOLUTCA NEPBHIH HHTe-
rpan q/p; Temeph MOXKHO IHefcTBOBaTh nO Metoxy 4. I, m. 9.3,
Ecnn noaoxuts

z(x, =L, E==Ax- By,

TO LAHHOE ypasHenue nepeizeT B OOBIKHOBeHHOe AuddepeHIuab-
HOe YpaBHeHUe

§2€/2 =2 (ABC’z T 1),

SIBJAOLIEECT OLHOPOJLHBIM. M3 Hero caeayer:

£+ 2 _ AB??)| = C — 3 .
In|¢@ = VEE— ABD)| POy v

OTClola, MOoc/je BO3BpAlUeHUA K CTAPBIM TEPEMEHHBIM U pa3peuieHua
OTHOCHTEJbHO 2, NOJyydaeTcd MOJIHBI A HHTErpas.

6.99. (xp—+y9) —z (xp-yq) =pq.

Hocpeacreom npeoGpasosanus Jlexaunapa u. I, n. 11.14 noay.
4aloT KBasuauHelHoe nuddepeHunanbHOe ypaBHeHHe 2.52.

XZZy+VYZZ, = XY.
VinTerpaibl 5TOr0 ypapHeHUs NMOJYYAlOT M3 COOTHOLIEHHS
y
2 —
22— XY 4-Q ( X),

4 WHTETPpaJbl NEepPBOHAYAABHOrO YypaBHeHHs 3alanTcs napamerpu-
YeCKH:

e=—32(%). zxz.:y—-%sz'(-;),
2yZ=X—{—~)1752’(7);—), z2= XY +2(%).
6.100. (xp+yq)*—a?(p*+-q*+1)=0.

M3 xapaxkTepuCTHYeCKUX ypaBHeHUH NOJMYYAIOT TNepBHIH HHTe-
rpan g/p. Ecid nonoxuts ¢==ptg A, TO M3 DaHHOrO ypaBHEHHS

NOJIyYaeTcs:
P4 _ 4 a
cos A sin A ¥V (x cos A F ysin A)7 —a?
ClIeI0BaTe/IbHO,

z=aArchXCOSAi_ysmB

+B.
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MoxHO Takxe nonoxuTs z(x, y)=~0(p, ¥), x=pcos?*
y=opsin® ¥ npuiTH K ypaBHEHMIO C PAa3NENAIOUIUMHUCS NEPEMeH-
HbIMH

L@ —ad g —a? =15,

Eciu B 5TOM paBeHCTBE MOJIONMTbL JIeBbie W NPAaBhle YaCTH PaBHLIMU
A2, T0 nonyuaercs:

C:aangfl Aarctg S A9+ B, rae 02=p2:i—_A.2.

6.101. (xp+yq)*+p*+q*—2(xp-+yq)=0.

C nomouplo npeoOpasopauus Jlexanapa u. I, m. 11.14 noay-
yaioT KBasuMnHeHHOe NWddepeHunabHoe ypasHenne 2.53

XZZy+ YZZy=— X2 —VY2,
W3 pewenuit
X4V 2=0W), u=— (1)

storo ypasHeHuss (rie @ (#)— Takas NPOU3BOJbHAS HEMPEPHBHO
Y
anddepenupyeMas GyHKIusA, 4TO Q(Y) > X?--¥Y?2 B KoHeuHOH

o6nactu X, V) moJyuaeTcs pelileHde IePBOHAYANLHOIO YpaBHEHH#A
B NapaMeTPHUYeCKOM MpenCTaBJeHNN:

. X
2=xX YW —2Z, x=—=— X2ZQ’(u)

y=—% X 2xz 2 @).
KpoMe TOrO, WHTerpaiamu sBAKIOTCA QYHKUHH 2 == const.
6.102. (xp+yq—2)*=pg.

HuddepeHunanbHoe ypaBHEHUWe pacnanaerTcss Ha J1Ba ypaBHEHHs
Knepo

z=xp-+ygtVpg
C TIOJIHLIMU HHTe[‘paJIaMH

z=Ax-+By £ VAB, AB>0
6.103. (xp+yq —2)*=ap*+ bg*-}-c.
YpasHenue pacnajgaercsi Ha JABa ypaBHEHMH Knepo
z=xp+yqt Vap+bgtc
¢ MOJIHBEIMYM MHTErpajiaMu

z=Ax+By* VaA?+ B2+ c.
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OcoGhie I’lil;l‘erpa./lbl l'lOle‘lalOTCﬂ H3 COOTHOIIEHUsa

=1

6.104. (xp+yq—Z)"=xp-+yq-
C nomoisio npeofpasoBanus Jlexmanapa noayyamwT KBasUIHHEH-
HOe ypasHenue 2.39

X2Z V22, =22, )

€ro peleHus—QyHKUIM

X—Y
z=[x+2 (%)
XY
Mpu sTOM pewenus NepBOHAYaNLHOrO ypaBHeHWs MOMYyYalOT B napa-
MEeTPHYECKOM NpelCcTaBNeHHN ¢ napamerpamu X, V:

2 =={uQ (1) — L (w)] Z?, x=—.f(;—2 11— @] y== )Z,: Q" (),

rne

u=2=r Z=[71(—+9(u)]-1

Ecau paccvarpuBate ypasuenne (1) kax onwopognoe (4. I,
n. 11.10), 7. e. NOJOXKHTH

ZX. =L W t==. n=+,

TO NoJAyuYaercd ypaBHenue Tunma 4. I, m. 11.3
b+ g+ 02 =0.
Hdas ypapuenus (1) nony4aioT moJHbI HHTErpan
c=44+21cC me AaB=1,
# OTCIONa — MOJIHBIA HHTerpan MnepsoHAvYaJbHOTO ypaBHeHus
V—Cz=VAx+ VBy—1.
6.105. (xp+yq —2)=[a*(F*+y’+ 22+ 1) — 1] (p*+¢*+ 1).

Ecau nepefitu merosom u. 1, n. 12.3 (a) x anddepeHunarpHoMy
YPaBHEHHMIO, KOTODOE HE COLEepMKHUT UCKOMOH ¢yHKUMH, T. €. Olpe-
nemTs GyHKUMO Z (x, ¥) u3 ypasHeHus w (x, y, 2)=0, To g w
noayvaercs ypasHenue 7.20
(xw,+yw,+ 2w )=

=[a?(x?+ Y2+ 22+ 1) — 1](@}, + ] + w2)-
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6.106. (xp—+yq —2)*=a?(+3*+ 2 (P’ + 4>+ 1).
ITonuwft UHTErpaa HOAYYAOT U3 COOTHOLIEHUS

(x— AP+ (y—BR+ (2 —Cf =gz

npy YC/IOBHH, 4TO
A B4 C =
ocobuiil HHTErpan

1
B4yt =

6.107. (xp +yg —2)t= f(£2+ ¥ (P*+ 4.

M3 xapakTepuCTHYECKHX ypaBHeHu# nonyyaeM, uto (y p—xq)/z—
crieuHanbHbA uaTerpan. Ecan monoxuTh ero paBHnIM A M HCNOMb-~
30BaTh NepBOHAYAJIBHOE YPaBHEHHE, TO MOXHO ONPeleNuTh P, g U
aateMm, mpouHrerpuposas, Hafitu 2. Cp. ¢ 9.3, npumep 2.

Ecan nonoxXurb

In|z(x, y)|=C(@, %), x=pcos®, y=psind,

TO ypaBHeHHe NepeXOANT B ypaBHeHHe
2 1 .2
0L, — 2= f @ G+ &)
B KOTOPOM MOXHO DPa3AeAUTb TePEeMCHHBIC.

6.108, x> (xp-+yq —2)?=y%q; ™ u. I, n. 11.7.
V3 xapaxkTepHCTHYECKMX YPaBHeHHH MOJYY4iOT NEepBEIl MHTErpan
(%)2% Ecau mnonoxurb ero pasHeiM A2 (Tak KaK M8 ypaBHeHus
caenyer, 4to g > 0), TO, MCNOAb3Ys HAYa/IbHOE YpaBHEHHE, MOXHO
NOJTyYurb ypaBHeHUd

Ax )2 Ax?
=i, X —_— 2= A
q ( y P+ 5 .
OTKyIla, HpOHHTerI/IpOBaB, HMeeM:
242
r—— A;‘ 4+ A Bx;

3T0 — KOHYCBI, BEDIUUHH KOTOPHIX Jexar Ha OCH 2.

6.109. (22 — 1) [(xp+y9 —2) — (P*+ )] +2>=0,
IToncranoBska
z(x, )=CE M), x=pcos®, y=psind®
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NPHUBOANUT K ypaBHeHHIO 6.87
ot — 1) [o? (05, — & — 0% — &+ % =0.

6.110. f(x, y) p*+g(x, y) pg + h(x, y)g>=Fk(x, y).
B nuddepenunanbHoit reoMeTpunt ypaBHeHHe BCTPEUYAETC B Clle-
LylolleM BHe:

9% 90 0b ,
E(W) —oF 2 0U+G( ):EG—F?,

np¥ 3TOM 3azaloTcd OCHOBHele Beauuuuwnt E, F, G.
6111 (fop+Sfq—L )= (2422 —1)(PP+ g+ 1),
f=Ff(x, 9, 2).

Feomerpuueckyio uHTepmperaunuio sagauu c¢uM. S. Lie, Math. Annalen
5 (1872), crp. 198.

112127, YpaBHeHusl TpeTbeii H yeTBepToll CTeMeHH
OTHOCUTEJBHO p, ¢

6.112. p>=—aq -} bx; ypasuenve ¢ pasﬂ.enmomumucsl nepeMeHHBIMH

z=4—,,(bx+A>‘3'+7;y+B-
6.113. 5p3 4+ (x—2) p+ (v — 1) g = 2; ypasuenne Knepo.

ITonuw#t uuTerpan
2=Ax-+By-+543—2A4—B.
WurerpanaMu Takxe SBASIOTCA:
—10( 2"‘) +Cy—1).
Oco6oro uHrerpajia Her.
6.114. p?> — y3q = x® — y?% ypaBueHue c pasie TIOLUMACH NEePEMEHHBIMH.

z=In|y| — 2y2+f1/x2+Adx-|—B
6 115, p*==2¢q; ™ u. I, m. 11.3.
=2 (x4 Ay -+ BR.
6.116. p>=az2%g; tun u. I, n. 11.3.

z=Bexp [*% V—a—Z(x—{-Ay)].
6.117. pP=¢q-; Tun u. I, n 11.2.
2= A%x 4 A%y + B.
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6.118. y’p*+xp-+3yqg=0 cm. u. 1, 14.8 (»).
6.119, p?q:.x:2 ; ypasHeHue C pasne/IfIoUMHCH MepeMEeHHLIMU.
o Ax ¥ 1B
t=—gtm B
6.120. (p?—l-a)q——(bz—{-c)p; tunm . [, m. 11.3.
B—-A
2= o (Ax 4 By +Cp 22
6.121. p*(qg+a)=(bz—¢c)q; mn u. I, n. 11.3.
bB (Ax + By +C)= AR+ aA’In|R — aA4],

rie
R?=4bB?z + a?A? + 4cB%.

6.122. (xp-+yg+2)q*+ p*=0.
U3 xapaKTepUCTHYECKMX YpPaBHEHMM HAaxOAAT TNepBelfi uuTe-
rpan § ECJIPI NOJOXKUTb €ro paBHBLIM A, TO IIOJIy‘lalOTCFl yYpaBHeHUa

. 2 A? A
p=—Ary 1T Tty
oTcrIa U U3 HCXOLHOIo ypaBHeHl/lﬂ nonyqaeTcx MONHBIH uHrerpan
B
—— A2 4
=t TmEy

6.123. (xp + yq — 2)* + 27pq = 0; ypasuenne Knepo.

[onnuift unrerpan z = Ax -+ By 3 13/171_5; ocol0uit urerpan
yzx =1,
6.124. (xp+yq) pg—xp*—yq*—(x+y—+2—1) pg+2(p+ ¢ =0.
YpaBHeHne MOKHO 3amucaTh Kak ypasuedue Knepo

z—-xP'FW—FW‘%Z_—qy

ecq 3HaMeHarenb ==0, T, €. €ClU HCKJIOYeHE TPUBHANbHLIE HUHTE-
rpanst z=C. Tlonuw# uHTErpan

AB
p=Ax+By+ap——p

Wk, TpH ApyroM 0603HAYEHMM KOHCTaHT,

e=@A+B—D(5+%—1);

0cOoOLIH uHTErpan

2=V +Vy + 1)
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6.125, 9 (p*—22)*=4q% Tun u. I, n. 11.3.
YpaBHeHHe MOXKHO pelaTh M C NOMOLILIO 3aMeHbl 2 ==u (X) -}

+ v (y)-
[Moausift uHTErpan

A, (y+B)
— 2 + 3 ?

2
ocoOble HHTErpasbi;

2
z2=0 u z=£c—_*_2—/—l—)——.

6.126, 22p%g?=3’p’ -+ x%q?% oxuOopOLHOE ypaBHEHHE.
Ionaras
z(x, =8¢ M, E=x% =)y’
NoJy4aeM YpaBHEHUE
W =8 +4,
Orcrona HaXOMMM TPHBHAAbHBIN MHTErpan 2 ==C ¥ MOMHbIA UHTETpan

z2=K£2jj-—1-(x2—§—Ay2)+B.

6.127. (xp-+yq —2) (xp*+3¢°) = p*¢".
[Mocne npumenenunss mpeoOpasoBaxus Jlexaunpa u. I, m. 11.13
nosyyaeTcd KBazuaumHedHoe IMddepeHunanbHoe ypasHeHue 2.64

X2Z22Zy Y2227, = X2,
ViuTerpansl 3TOro ypaBHeHHs NOJYYAOT U3 PABEHCTBA
1 1)3 Y X Y 1 1
sf{d VW __afr A& Tl ol 2
2(x—v) —3(x—¥)Totoe| x|=2(x—¥)-
OTH ypaBHeuus BMECTe ¢ COOTHOLLUEHHUSAMH
x=Zy, y=Zy, 2z=xX-+y—2

JAI0T NapaMeTpUYecKoe MpeacTaB/ieHie HCKOMBIX HMHTErpanos z (x, v).

128—139. Ilpoune HequHeiiHble ypaBHeHHUSA
6.128. Vp + V g = ax; ypasuetue c pasiensOUMUMUCH TIEPEMEHHBIMA.
z =ﬂ3;i—§— A’y 4+ B nas ax > A

6.129. Vp*+ q®+ 1 - xp+yq = 2; ypasuenue Kaepo.
IToansit uurerpan

z=Ax+By+V A2+ B 1;
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ocobuiit MHTerpasn — BepXHaq noJoBHHa (z > 0) chepwl
x4ty 22=1.

I/IHTeI‘pBJIbI — T€ I'JaiKHe NMOBEepXHOCTH, BCE Kacare/JbHble TAOCKOCTH
K KOTOPHIM OTCTOAT OT Havyajsa KOOpIMHAT Ha pacCToAHHE, paBHOC
€IHHHLE.

6.130. V\/E — p -+ xp-+yq = 2; ypasHenne Knepo.
[Monnei vinrerpain

z=Ax+By+VVB—A
WIH, TpY IPYrHX 3HAUYEHHAX KOHCTAHT,
2=(A—BY) x4 Ayt B;

ocoOnift unTerpan
1
) 4x 4y
6.131. (pq)* =xp—yq.

VM3 xapakTepucCTHYECKHX YpaBHeHHH MNOAYyYalOT NepBhd HHTE-

rpan pg. Ecim nonoxuts pg=A, TO, HCNO/Ib3yst HCXOIHOE
ypaBHEHHe, MOXHO TNOJYYUTb YpPaBHEHHS

A® 1 s A
pz—gigvélxy/l—{—/l?a, q:-;,

¥ OTCi0Aa HaliTH NMOJHLI{ WHTerpan

z= o x>0, y>0.

A—“z—_—%m\ﬂifei %mlg—;%HB,
raoe
R=VaxyA ™ 1.
6.132. (p*+ ¢%)"=xq —yp.
M3 IBYX NOCAENHMX XapaKTePHCTHUECKHX YPaBHEHMH MOJAY4aioT

nepsui unterpan p?- g2 Ecin nosoxuTh ero pasHbM A, TO LA
OTpele eH!s MONHOTO MHTErpaja NOJyyaloTcs 1B ypaBHEHHd

— A% + xR A%x R

—xﬁ-—%—’ By = —xz—i—y—yg rae R?= A(x?-}yH— A%,
MoxHO TakKe HpuUMeHHTh TpeoOpasosanue

z(x, y)=C(, ®), x=pcos®, y=psind,

X

TOraa NoJydaeTcss ypaBHeHHE
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TonHni#t uHTErpan

1 2
¢ =AY+ B+ f I/A7——§2— dp.

6.133. (p*— ¥ =yp— xq.
[Mocne 3aMeHbl NepeMEHHbIX
z(x, =8¢ m, 2&=x+y M=x—y
ypasHeHne nepexoiut B ypasHeHme 6.131
Cel)® = ELs — M5y
6.134. (xp —yq)* = pq; cm. 6.131.

ac

a b
6.135. ( p2 ) -{—(——q——) 2=2ge~bs cMm. u. I, n. 11.10.

cos® x sin’ y

6.136. ¢’ = x(q—+y); ypasHeune C PpAa3Te/ITOUIMMHUCH MEPEMEHHBIMH.
Zz = Ay—%z —+x1n(Ax)— x -+ B.

6.137. Inp-+ay*(p-+q) —2ayz —2Iny=>=.
W3 xapakTepUCTHYECKHX YPaBHEHHH MOMYyyaloT MepBulft MHTErpas
p/y?. Temepb MOXHO ZHelictBoBaTh no Meronay 4. I, m. 9.3. Moxwo
TaKKe MNpUMeHWTb mnpeobpasoBanne 2z = y’u(x, y); A & nony-
yuTca AuddepeHInanbHoe ypaBHeHHe

__b—lnu,

Uy = — 4

X

C nomowpbio 06oux MeTONOB MOJy4YaeM TOJHBLI MHTErpan

InA—b

2= Axy2— Ay3 —*————g&-‘)"_—‘—‘B)’?.

6.138. In (pq) + xp -+ yqg = 2; ypaBHenne Knepo.
TTonuui#t unTerpan

2=Ax-+By-+1n(AB), ecm AB>0;
ocoOwift MHTErpan
z2=—2—In(xy), ecm xy>0.
6.139 p—=sinxg; tun. u. [, n. 11.4.

z:%cos Ax —Ay-+ B.



F'TABA VI

HEJIMHENHBIE YPABHEHUSI C TPEMA
HE3ABHCHUMbIMH NEPEMEHHBIMH

1—7. YpaBHeHna ¢ OAHMM HJAM JABYMA KBagpaTaMH NPOU3BOJHLIX

7.1. pi+2x,x,p, 4 2x,x,p,+2p, =0,

M3 xapakrepHCTHYECKHX YpaBHeHMH MOJYYalOT MHepBHE UHTE-

rpantl
2

2
*3 *3
(1t pJexpo  u (P — pyexp (——2—)-

Ecnn nonoxuth uX pasHbiMH 2A, 28, TO NOJAYyYalOTCsd ypaBHEHWs
2 2

JCB . .’63
py= Aexp (—-——)q—B exp —5-,

2 2
pg——Aexp(—————> Bexp = 2 .

KOTOpHE BMecTe C HCXOIHBIM ypaBHeHWeM 00pa3yiOT MOJHYIO CH-
cteMy. M3 aTux Tpex ypaBHEHHH MOXKHO OIpele/lWTh TaKXe pg W
NOJYuYHTb, TakuM 006pasoM, MOJHHEIH MHTerpan

z2=A(x,}x)e X~ B(x;— x;) eX — ABx; —
—-—21- J (A2~2X | BeXydx, 4+-C, rtne  2X = &L
7.2, ap}-- bpl=xip,; ypasienne C pa3TeNAIOWKMMNCA TlePeMEHHBIMH,
2= Ax;+ Bx, — ﬂi—m—"+ C.
7.3. p}+pi=2p,+2% tun u. [, n. 13.2.
IoncranoBka

z=C0(), E=Ax;+Bx,+2Cx,

NPHBOAMT K OOGBIKHOBEHHOMY AMQdepeHIMalbHOMY YPaBHEHHIO

(A2 B) 0" = 2CLL 4 12
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¢ peuleHueM

In|{]= g C £ VA B +C)+D.

7.4. p}— p,p;= z(p2+p3); an 4. 1, n. 13.4.
IMonaran {=1In| 2|, noayuaem ypassenue 4. I, m. 13.1
8 =58, 15, +5
NOJHLI{ MHTErpan
In|z|= Ax,+ Bx,+Cx3;+D, e A'=BCHB+-C.
7.5. a (pl —_— p2) P+ bxs(pr, -+ xlpg) =C.
M3 XapakTepucTHuecKUX YPaBHEHH#H MOJYYaIOT NepPRHE HHTErPatbl
2a (pl - pQ)“bxg’ pi—p; (xl -+ x2)(p1 —+ Py)
YpasHeuna, o0pasoBaHubie H3 NePBLIX IBYX HHTErpasion
2a(p,—p)—bxi=A.  p{—p;=B,

HAXONATCS B MHBOJIOUMM KaK C NAHHBIM yDaBHeHUeM, Tak W Ipyr
¢ apyroM. ITosToMy, eciu 9TH TpH ypaBHEHHS pa3pelIHTb OTHO-
CHTENLHO py, Do, P; M 3aTeM MNPOHHTErPHPOBATHL, TO MH NONYUUM
HHTErpasbl MCXOLHOIO ypaBHenus

— d
z:%"‘_ﬂX—{—aBﬂ.}x_z_*_Qc f —)'(x—a—{—C, rae X = bx)-+A.

7.6. 2p, (%30, 4 %,0;) + 24, + x;=0.
C nomowpio npeobpasosanus Jlewanipa
xy=2x =P, py=2X,
nonay4aior ypasHenue 7.1.
Pi+ 2X1 (X3P XoPy) 4 2P =0.
7.7. x2p, (%0, + XoPy) =@ (xlpl +22).

B ypaBHeHMM MOMHO pasiesuTb TNepeMeHHule. EC/AH MONOXKHTH
2=u(x)v (x5 X3), TO NOAyYaeTca
a xu' 420 4,
X, aw A==v(x50, + X,0, ).
IlepBoe paBeHcTBO Iaer

u’(Au -—a—) —2a ,

u X,
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Ce10BATeIbHO,
Au?
exp 5 = Bxlu.

Bropoe paBeHCTBO MPHUBOLMT NMpH @ == v® K JUHeHHOMY Iuddepen-
UKATBHOMY YPaBHEHHIO

w, ~+ X, = 24
¢ MHTerpanamu
v?=2A1n|x,+ %, |- xz—xz)

8—14. Bosee ABYX KBajipaToB HPOM3BOAHBIX
¢ NOCTOAHHBIMU Ko3dduuuenTamMu

7.8. (pl+p2)2=2p3+z; tan. 4. [, o 13.2.
INoxncranoska
2=0(), E=Ax +Bxy-+Cuxs
MpUBOAUT K OOLIKHOBEHHOMY IMpdepeHuralbHOMY YpaBHEHHIO

(A BRU*=2Ct +¢;

ero pelleHnue
2u—2Cln|u+C|=t-+D, rie wl= (A B2L-C2
7.9. ap?+bpl+cpi=1; tan u. I, m 13.1.
[ToaHbllt MHTETPaAN
7= Ax,+Bxy+Cx3+ D, rIe aA?-+bR24-cC?==1,
7.10. ap,p,+ bp,p,—+cp,p,=d; tan u. I, m. 13.1.
IMonuwiit HHTErpan
2= Ax,+Bxy,+Cx;+D, rne aBC4bCA+cAB=d.

7.11. alp'f—!—a2p§—|—a3p§=z; tan 4. [, m. 13.4.
3 \ 2
, Ayx +A) 3
_ (v2=1 v 2 ——Av)2
2= 3 win
4241\,14% v=1

7.12. pP+pi+pi= x"+ x2-1- %7 ypasueHue C pasienAIOMUMUCS
TlepeMeHHbIMH.

=Y [VEFA dx, 44, me A-+A,+A4,=0.

v=1




7.15)

7.13.

7.14.

15—21. OCTAJIbHBIE YPABHEHHMS C KBAIPATAMH TIPOM3BOIHBIX  249.

P+ Pi+ PR = X2 X2 ] - XX, - XXy - XX

V3 XapaKTepUCTMYECKHX YPaBHEHHH JIErKO IOJyvaloTcs NepBble-
WHTErpadbl M C MX TOMOILbI0 O0pasyloTcs HaXOAALIMEeCs B WHBOMIO-
UMM ypaBHEHHd

2(py— po)* —(x; — Xt = 4,
(p1+ P2+ PP — 201+ X, x5)* =B

M3 Bcex Tpex ypaBHeHHH HAXOMAT py, Py, P3 W 3aTeM ONpPelensioT 2.

P+ P+ 05 =2 (1P, 5Py %aPy)-

V3 xapaKTepuCTHYECKUX YPaBHEHMH MOJy4aioT, HAlpuMep, nep-
Bble WHTErpaibl po/p;. pPs/p,- Ecau Tpm 3TOM NOJOKHThH:

Ap,=Bp,, Apy;=Cp,,

TO MOJy4aercsd IOJHasd CHCTeMa TpeX ypaBHeHWH. M3 3TOH cucTeMbh
HAXOIUM:
24 (Ax,+ Bx,4Cxy)
pl - A? + B2 + C2 4

CcJe10BaTeJAbHO,

. (Ax; + Bxy+ Cx;)?
- A2 B2 C? :
VpaBHeHHe MOXKHO pelIHTb u JApYruM crnocoGom. Hampumep,.
JaHHOC ypaBHEHHe UMeeT HHTErpaJg

15—21. OcTannHbie ypaBHEHHS C KBajgpaTaMH NPOH3BOAHLIX

7.16.

p(p+ P,) +x,P, (5,0, + P;) = ax,.

s xapakTepucTHyeCKMX ypasHeHHH TIOAYUYAOT NepBble MHTE--
rpanbl P, P3—+ X3Py. EcCIM MX TOJAOKHTL COOTBETCTBEHHO pPaB-
HeME A, B, TO BMecTe C NaHHBIM YPaBHEHHeM MOJyYyalOTCs TPH
HAXOASILIMeCs B MHBOJIOUHH YPaBHEHHs

po=A, py=—Ax,+B, p=— 4%} @—AB)x,+5
KOTOpHE JaloT;
3
A 2 AT
z=—gxnt 3 (a— AB) ((“_AB)x1+T)2+

+Ax2-i;—x§—§—3x3-}—6'._
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7.16. p, (P, + P;) + 5,0, (%0, + P) = x,2; i u. I, n. 13.4.
Moxacranoska 2 == E w? npusoaur x ypasnenuw 7.15

X

wxl (wxl + wxz) + xlw-xz (xswxz + wx:) ==* 4

717, p}+ x,p,0,+ X, X, 0, + X, X}%,p3=x,2; tan u. 1, n. 13.4,

[Moncranoska 2= I #? NPHBOLNT K YpaBHEHHIO

X
91 90,0, X, %,050, ~F X %3005 = £S5
31eChb

q = U .
v X,v

B stom ypaBHeHHH MOXHO pa3ie/uTb NepeMeHHble. EcC/AHM M0J0XHUTH
Xo@y=A. g3+ Axy;=258,

TO NOJY4aeTcs elle COOTHOUIeHHe
g+ Ag,+ ABx, = = It

Vs Bcex sTHX ypaBHenuii nojyuaem:

— 4 v Ala| Br,— 24
”———7-’51—m+ n| x|+ Bxy— 5 x5+ C,

rae
V2= A?— (4AB £ 1) x,.
T.18. @, (x,py — X,0,)* + @, (X,0, — X,P3)*+5 (%,0, — X,p,)* = 1.
W3 XapakTepUCTHYECKUX YpaBHeHM# TMOMY4alOT NepBHE HHTe-
rpajiul
2 Xxp,. Apl
7.19. 2°p,p,+2p,p, 4 p,py==1; Tun u. I, m. 13.2.
f VABZ+ BCz + ACdz = Ax,— Bx,+Cxy -+ D.

7.20, (X, + X,0, - X,0,)" =
=[0G +H+ 5+ 1) — 1] (7 A).
3aMeHa nepeMeHHbIX
2 (xy, X9 X3) =00, @, V),
x;=psingcosy, x2=psin(psinll>, X3==0COoS

NPUBOIAHUT K YPaBHEHHIO

G o’ (0’ + 1)

2
Gt smig =0 — @) grra—15
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DTo ypaBHeHHe ¢ pasie/sOLMMACA NepeMeHHbHIMU. Ecau nonoxunrte
JeBYI0 W TpaByl0 uYacTu paBHbIMH A2, TO MOJYyYaiOTCAd ypaBHeHHs

— 1 a1 .
C"-V1~aﬁp] ey @

C% =(A? —C?p) sin’ . 2)

B rnocjenaneM YpaBHeHNMH HepeMeHHBle pasiieneHH. Ecau monoxuurs
JdeByl0 M NpaBYl0 uacTH paBHHIMH B2, TO moaywaloTca elle JBa

ypaBHeHHA
L=t 1//12_~ Sif;@ ) (4

CnenosareabHo,

A

§=—V—_—_‘7[1+B‘P+[2+C’

rue
h=[1y/ e —tia

_—ln Z+d ———Vl—a"’arctg———l—o——z,

—a l’ —a
npuYeM
1

242

=TT
a

9 arcsin Yy archCOS(p

npHYeM
u?= A?sin? ¢ — B2,

7.21

2zexa(e—x1pl+e*x2p2)2=p3; Tunn 4, I, n. 13.4.

3ameHa w == 22, 9,=w, TPUBOLT K ypasHeHHio C pasie-
AMIOLMMHUCA TlepeMeHHBIMH

(e=Mg,—+ e~ %:qp)* == e~ Foq,.
Orcoaa NOJMHLIA HHTErpan

2?=Ae5+ Be*+ (A+ B)2en4-C.
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22—31. YpaBHeHHS ¢ NMPOU3BOZHLIMA B 60Jee BLICOKHX CTeMeHsaAx

7.22,

"7.23.

7.24

'7.25

7.26

PP, Py == X X,X,; ypaBHeHHe C pasiensOUMUCH TiepeMEHHbIMH.
2=Ax?+Bx34-Cx24D, rae B8ABC=1.

PPyPy == %Py X, Py~ Xy Py

M3 XxapakTepUCTHUECKMX YypaBHeHWH HAaXONMM TiepBbie HHTE-
rpanst po/py. ps/p,. Ecau monoxuthb

Ap,=Bp;, Ap;=Cp,,

TO MOMyuaeM TPH ypaBHeHUs, o6pasyowye noanylo cucteMy. Orcioaa
HaXOLHUM:

p1= ]/-_Bi&_ V Ax;+ Bxy+Cuxs
U 3areM \
2= 31/% (Ax; 4 Bxy 4 Cxp)? 4 D.
PiPP;+ X, P+ X,P,— XyPy = 2; ypasHennue Knepo.
[Tonduilt MHTErpan
z2==Ax;+ Bx,-+Cx;—+ ABC.
Oco6uit unterpan 22=—4x,x,X;3.
PADPy = %P} X, 05+ Xy 5
V3 xapaKTepHCTMYECKHX ypaBHeHuH JIeTKO MOJyvaloTcs nepBble
unrerpansl. Ecaum ¢ ux nomolibio 00pasosath ypaBHEHHS
1 1 1 1

P P2 ’ ’
TO MOAYYAIOTCA TPH YPAaBHEHHS|, COCTAaBAAIIHE WHBOJIOUMOHHYIO
CHCTeMY, a M3 HUX MOXHO ONpEIEeNHTb Py, Py, P3 ¥ 2. C momoumsio
npeofpasosauus Jlewanapa x, = P,, p,= X, ypaBHeHue mHepexo-
IMT B JuHefinoe AudgepeHunanbioe ypabHenne 3.61

XiPy - X3Py + X3Py = X1 XXy
p\p,py— (xzxspzps -+ X3X103P, -+ X XoP 1p2) -+
—+ Xy X%y (xlpl —+ x,0,+ xapa) =0.
M3 xapaKkTepuCTHYeCKMX YPaBHEHHH TMOJy4aloT TNepBble WHTE-
FPaNBl X p; — XoPg, X1P;— X3P3. ECHH NPH 3TOM ypaBHeHHs
Xopy=X1p1+ A, xXz3p3=x,p+B

NPUCOEAUHAT, K LaHHOMY, TO 00pasyeTcd HHBOJIOLMOHHAS CHCTEMA.
Hckiouenne NPUBOAUT K KYOHUECKOMY YPaBHEHHIO AJd py.
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7.27, (a}p1 —2) (112p2 —2) (@303 — z) == P\ PyP,.

;

7.28.

7.29.

7.30.

7.31.

Oas §(xy, Xy, X3)=1In|2| u3 nuddepenunanbuoro ypaBHEHHUsE
roJiyuaetcs ypaBHenue thna 4. I, m. 13.1

(a'];xl - 1)(a2cx2 - l)(a3€xs - 1) = CJHCX;CX;
¢ NOJHBIM HHTErpa’jioM

E=Aix;+ Ayxty+ Agxs+ A,
rie

(a14; — D(ayAdy — 1) (a3A;— 1) = A A4,
2P,P, Py = X, X, X,; Tun u. I, m. 13.4.

Mycts 2=u* Torna
3,4h—3 —
Au uu =X %X,

3
CJAed0BaTEAbHO, Ha4 h:z nojay4yaercd ypaBHEHHE C pasgensio-
INUMHACHA NEpPEMEHHBIMU

3
Up By Uy 4
Xy X3 X3 '

OTtciona noassifl MHTErpan

4
3 S = A4 B4 CH+D am  ABC=1.

azp, + b2°pl - c2®pl=1.
IOns w==2? noayyaior ypasuenwe THna u. I, m. 13.1
a b c
sh+THTghR=

(npu ITOM qv=wxv). [TosToMy noOJHBLIA MHTerpan NAHHOTO ypaB-
HEHHA| UMeeT BUA

22= Ax,~+ Bx,—+ Cxy—+ D,
rac

Lavlpi Lo
pi-+2pi+22p}=2%p,p,p,; 510 ypashenne Tuma u. I, m. 13.2
23
ABcf A2+322‘+C22—2 dZ:Axl—i—Bx2+Cx3+D.
P+ pi—+pr=1; n u. I, . 13.1,
2=Ax+Bx,+Cx;+D, rae A"4+B"4C'=1.



FTTABA VI

HEJMHEAHBIE YPABHEHHSI C BOJIEE YEM TPEMS
HE3ABUCHMbIMH NEPEMEHHbIMU

8.1, p,p,—+ PP, %0, + X,p, -+ X0, + x,p, = 2; ypaBuenye Knepo.
ITonnwiit unterpan
z== 2 A, x,+ (4,4, + A,A).
Ocob6nift unrerpan
2= XKy XXy
8.2, p,p,PPy= X P+ X,P, | X,0;—+ X, P,; uaCTHHIR cayuait 8.13.

M3 xapaxTepucTHYeCKMX YDaBHeHHH# NOJYYalOT MepBLe HHTe-
rpaiel p,/p; U U3 HHX — YPABHEHMS

Ap,=A,p; v=2, 3, 4,
KOTOpBIE BMECTC C JaHHBIM YpaBHenueM OOGpasylOT MOJNHYI0 CHCTEMY.

Yervipe ypaBHeHUs MOMKHO Pa3pelinTb OTHOCHTENBHO p., NMPH STOM

noaydaercs
4

(Axs + ... +Al4x4)§ A,
(A ... A3
8.3. (Py— 1) (Ps+ %) (Pt %) + %, + 5,0, = 1.
[TepeMenHsle pasneNsioTCH, MOC/E Yero ypaBHeHMS

Pst+ %) Pyt x3)=A,  xop1+ X102+ A(py— py)=1

MOXHO pelluTb C TpOM3pOJbHOM Koncrawto#ht A. Jlaa mepsoro
ypaBHeHNs JIErKO HaXoouTcs MOJHBIH MHTerpai

.3
4

A
2= — XgXy By F X,

Bropoe ypaBHenne nuHe#HO, ero MHTerpagaMu SBASIOTCH
Zg==In|x; 4 x5 |+ Q [(x; + Xx9), (x; — x3— 24)],
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rae @ — npousBoNbHAS HeNpepHBHO AHpdepeHuupyemas ¢Gynkuus.
Wurerpanamn nanvoro ypasnesus OyayT oyukumn 2z ==z, -+ 2.

8.4. piplpip}= x,p, -+ x,p,+ X,p, 4 x,p,; vacTunii cayvan 8.13. Mpo-
necc pelueHus cm. B 8.2

:l (Axi 4 ... +A4x4)8/7+A0.

2
8 (A ... ApY7

8.5. (Pl + x4P3) p4 + (pz + x5p3)p5 =0.

Tak kak x;, X, X3 He BXOIAT B ypaBHEHHE, TO MOXKHO NpPO-
M3BECTH 3aMeHy

z2==Ax,4 Bx,+Cx;-+u(x,, x5).

Toraa uans u noJjayvyaercsa JuHeHuoe OAHOPOILHOE YpaBHeHWEe C raas-

HLIM HHTETpajaoM
__Cx,+ A

L=Tx,TB"

B Gonee oOumieM BuAe HHTerpatbl LAHHOIO ypaBHeHWT — GYHKUMME

| C A
2 = 9 (/lxl—{—BxQ—"— ng, 'Ej—‘:i-ﬁ') N

rie € — NpOU3BO/bHAA HENPephBHO AupdepeHUnpyeMas GYHKUK.
HHterpasamMu sBASIOTCA Takke (QyHKUHH

2= Ax,-+ Bxy—+ (AD — BC) x;+
+ (Cxy~+Dxy+E)(Bxy— Axg) + F.
8.6. p, [ps—+ 5 (X.2y+ X5P5)| — P, [Py % (%004 + %505)] +
Py (X405 — X;0,) = 0.

Tak kax X1, X9, X3 HE BXOAAT B YypasHeHHE, TO MOXHO Npo-
H3BECTH 3aMeny

2=Ax+ Bxy+ Cxs+ u(xy, x5).

Torna ans u IOJy4aeTcs JivHefiHoe OAHOPOLHOE ypaBHeHHe C rJjaBs-

HBIM HMHTErpajioMm
- (Ax, -} Bx; — C)?

7 .2
X x5 41
B 6onee oOwem Buae HHTerpananl JaHHOTO YpaBHeHHA — (QYHKUMH

(Axs+ Bxs— C)?
x4 x5+1 )

2= (Ax1 4 By Cx,,
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rie @ —— NpOHM3BOJbHAs HenmpephiBHO Aupdepenuupyemas GyHKIHS.
Wurerpanamu sBASIOTCA TaKke (GYHKUAH

2= 8 (XX, X3X5— X3, X4, X5).
8.7. p,p,+ (8, 2%;) p,p,+ (4%, -+ 5%,) pyp, +
§
+ [x4 +x5(p,— ps)] pP;+ %0 =0,
IIpu nmeseHnd Ha p, TOJyYaeTCH:

P+ (Bxy—+2X3) po+ (4xy—+ 5x35) ps—+

2
P
L x5 (1 — POl P+ %552 =0 (D)
M3 XapaKTepUCTMYECKHX YpaBHEHMH clenyer:
x,-41In| py— py|=const,  Tx;+4In|py+2p;|= const,

T. €.
py=2Ae~*1 4~ Be~T%,  pi=— Ae~*1—-Be~'n, 2)

Jlanee, M3 XapakTepUCTMYECKHMX YpaBHeHu#l cremyer:

In’&
P

= 3Ae~* —+ const,

ps;=—Cp,exp(34e~*),

Y, TakuM 0oGpa3oM, ecau ellle pas oOpAaTHTLCA K XapakTepuCTHYe-
CKUM YPaBHEHHSAM,

py=Dexp (C f e3‘4°’_x‘dx1) ,
ps=—C De3A¢™Mexp (C f e3Ae"x‘dx1) . 3)

"Tak kax ypasHeHus (2) u (3) mno/yyeHsl M3 MNMePBHIX MHTErpasoB
ypasuenus (1), to ouu c (1) B unsoxwouun. Kpowme Toro, oue-
BUAHO, YTO OHU B MHBOJIOUMH M IPYr ¢ apyrom. [losToMy ypasne-
wus (1), (2), (3) mmewor o6mue pewenua. Iloacrasnas (2) u (3)
B (1) w wudrerpupys, mnoaydaem 2z = A (2x, — x;) e~ -
+ B(xo—+x3) e~7%1 - D (x,—Cxzed4e™)exp (Cfe3Ae_x‘dx1)—|-E.

MOXHO TNOCTYmWTb W TAK: M3 XAPaKTEPUCTHUSCKMX ypaBHeHu#

ClIeAyeT TaKxe

X4P4 -+ X5p5 == const, %4_ ol
5

T. e. BMecre ¢ (2)

= const,

C Py — CD exp34e™™
X4 Dxgexp34e™ 1 ' 5 %¢+ Dxsexp3Ae™*t '

by =
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O0a 3TH ypaBHeHMs, BMecTe C YPaBHeHHeM (2) M IaHHBLIM, HAXO-
AATCA B HHBOJIOUMH JADYF ¢ APYroM. M3 MaHHOTO ypaBHEHHA MOKHO
ONpENe/UTh p; U NOJAYUHTh HAKOHEL

2=AQ2xy— xg) e~ + B (x5 x) e" ™+
—|—C1n|x4—{—Dx5exp3Ae—x1|_CD fexp3Ae“’ldx1—{—E.

C nomowblo npeoOpasoBanus JlexaHapa ypaBHeHHe TepeBOAMTCA
B JuvHelHOe AuddepeHlUalbHOe ypaBHEHNE.

8.8. (x,0, 1+ x,p,) %+ (P, — P,) P3| Pi 1 (%41 P5) (%6 + P5) %] = @,

a+0.
Pemras ypasueHus
p3+(x4+ Ps)(x5+P5)P6=A, (1)
(%91 X1P9) X3+ A(py— py) p3=a, (2)

MOJMYyYaloT WHTerpansl A8 NpPOU3BOJbHOM KoHcTaHThH A, Ecnu
u(xy X5 Xg) U U(Xy, Xy X3) — MHTErpajbl 3TUX ABYX YpaBHEHHH,
TO u# - v — uHTerpa’1 aawsoro ypasHenus, Tax kax (1) He 3aBuCHT
OT X;, TO DEIUeHHA NOJAYYalOTCH, eCliM py==B CunuTaTh KOHCTaH-
to#i. Toraa (1) — ypaBHeHMe C pa3iefSIOIUNUMHICT NEePEeMEeHHBIMH, H

3
U= o [AC (x,+ BN + Bixs — Cln (x4 B).

Peurenust (2) noayuatorca ua 7.5.
8.9. pp, ... P,= XX, ... X,; ypaBHeHue C pa3leNAOLUMUCA Tepe-

MEHHEIMM.
n
_ 3 2 —
2z_v};,lAvxv+Ao, rie A ... A =1,

HIH
(z—0"= (%)” lI (x% —&,) ana mobbix g, &,
v=1

8.10. b1p2 cee P,=Xp+Xp,+ ... +X,p,; 9T0 YACTHBIH cay-

uaft 8.13.

M3 xapakTepuCTHYeCKMX YpaBHeHHH INOJy4aioTcsi NepBhle HHTE-
rpaiast p,/p. Ecau npu srom nonoxurs Ay p, = A,p; (v==2,...,n),
TO IOJyuaeTCs MMOJIHAad cHCTeMa n ypaBHeHuU#, a U3 Hee — MOJIHLI]
HHTErpan

1 n
—1 — _n_
z_A°+nn (A AT (A = Apx )l
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8.11. p‘pz T pn=(a\pl—z)(azpl——z) e (anpnhz)'

IaaZ(x,, ..., x,)=In| 2| nonyuaerca ypasseuue 13.1 us u. It
(@le, — 1) - (anbe, — )=, ... L, C NOMHBIM HHTErpaioM
= Ay + A+ ... + A0, a8 (@A —1D ... (@,4,— )=
_— 1 “ 5. n-

1

8.12. z= X xp +(n +1)(pp, ... pn)m; ypasuenue Knepo.
v=1

n 1

Moaumt wmurerpan 2z = 3y A,x, 4 (1D (A, ... A)*T;
1

v=

(=hH"
oco0Oblii mHTErpaad z=—————.
1 e x"
8.13. f(pl, p”)=x‘p1+ ... +x,p; f-—onHoponHas cre-
neHu m QyHxuus.
Ma nepBHIX WHTErpaaos —’;]l (v==2, ..., n) noayuaworcs
t
A
ypasiienus pv=7"—p1 (v=2, ..., n), ofpasywluue BMecTe C
1

JAHHLIM  ypaBHeHueM ToaHyo cuctemy. Ms  oTO#  cucTemumt
1

MAax i
— A NN
Py= AV(f(AI, o A,,)) '

o m —1 ( ( Avxv)m

m=1
Fldn A,,)> +C

v=1,...,n CJer0BaTe/ibho,

m
n
8.14. f(py, .-, b,)= Z} x.fo(P)

Mepprie unterpaist — gyukunn F,(p,) — F(p;), rae F, (p) ==

d
== J‘ 7—(%; Cuctema, cOCTOsHIAs M3 LAHHOTO ypapHeHus u ypas-
HeHUH Ig‘v(pv) —Fi(p)=A (v=2, ..., n), paspewaercd OT-
nocuteabio  p,. Ecam p =P, (xy, ..., X,)— pelienus, TO

Ko Xy
|\

2 == f 2 P, dx,— unterpajs JaHHOTO ypaBHeHwHs.
‘él, gn v=1



rT1ABA X
CUCTEMbI HEJMHEHHBIX YPABHEHMA

9.1. F(p, q, 2—xp—yq)=0, G(p, q, 2—xp—yq)=0.
Ecru F(a, b, ¢)=0G(a, b, ¢)=0, 10 2=ax-+4by-+c—
ofiiee pelueHue. :
9.2. pi+ pi+ pi=r (x4 %3+ X3), X.p,— x,p,=0.

Cucrema uHBOJIIOUMOHHAA. Bropoe ypasnenne nuuefinoe, ¥ petue-
HYsA ero BOOJHE OYeBMAHB. 3aTeM M3 HuX BHIOMpAIOTCA Takwue,
KOTOpBie YIOBJETBOPSIOT TaKXKe IepBOMY YPAaBHEHHUIO.

HurerpansheiM  6a3ucoM BTOPOro ypasHeHHs OyIeT, OYEBHIHO,
x] 4 x3, x,. [losToMy HHTerpanamu STOro ypapHeunst SBAKIOTCS

TaKKe BCe HenpephBHO Audepenuupyemple ¢yakund § (&g, &),

rie glz\/x%—}-x?, g,=x, Ecau st¢ QyHKUMH Y1OBIETBOPIIOT

H NEepPBOMY YPaBHEHHIO, TO LO/MKHO ObITb §§]+§§2=f(§'{+gg).
O6 sTOM nHppepeHLHanbHOM ypaBHeHuu cM. 6.64.

9.3. p\p,== X%, p.p,= XX,.
OO6pasoBanye cKoGOK MNPHBOLUT K YPaBHEHHIO
X191+ XoPy — X3Pz — X4py = 0.

Tpu ypasHenus o6pasyiT notdyio cucremy. Paspemnas ee OTHOCH-
TENbHO Py, Pg» Pa NOJYHAIOT:

XgX3 X4P4 Xy,
——— e — 0 _————— Q E— Ty
7 2’ 2 X, Ps 7
HIU
. XaP4 __ *1X3 __ X1%e
p] X ' pZ D4 ’ p3 Ds

Tenepb Kaxaasa u3 obeux CHUCTeM HMHBOJOUMOHHAA. Bropas mony-
4aeTCs M3 NepPBOH MOACTAHOBKOH x| BMECTO Xy (& TAKWE p; BMECTO py).
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[Tpeobpasonanve A. Maﬂep:i
2(xq, X9 X3 X)=2Z (U, t;, Uy, U3 Xy,
Xy=uuy, Xy—E&=uau, Xz=uiy
JaeT AJs nepBOH CUCTEMH
7 e 2uuug (uuy 1 E) —+ Uy
“ Z,, un; 4 £
(Tak xak # noyxso mpoGerats wmnrepsan [0, 1], To Tenepb fCHO,

yTo BBeleHHe ycJaoBusi &y %= 0 Ouiio Heo6xonmMo.) Tak Kak u#;, Uy,

U, &y~ napameTphl, TO 3TO -— AHdpepenunanmtoe ypaBHeHns, 6.52.
U

TlosTomy anech noayuaercas Z= A (uty—&) X4+—7—+B,

X4Zx,

XX
Clel0BaTeNbHO, 2= AXy,xX,—+ ;13 -+ B. loacraHoBka X; BMECTO

X2 X
X, NaeT MHTerpanbl Zz = AXX;— 2‘43 -+ B. TlonHelMH wHTerpa-

NaMK  ABJSIOTCS TAKIKe
2=2V x1%3 (%0, — A)+B, 2V xy3(x1%,— A)+B.
TIpumenenue npeobpasosaius flkobu cm. B u. 1, m. 14.7.

9.4. PPyPy =Py X D= 2p2+x4p3+p4x3°
O6pazoanye CKOGOK J1aeT YpaBHEHHE PPoPy= P3. Ecm
pp;=0, TO oOTCioa crleayer, uto BCe p,==0; Torna moay-
yaercs marterpan z=C. Ecan py==0 nm p,=0, 10 coorser-
creento p,=0 nam p;=0. Toria ocraercd ypaBHeHHE X;P;==
=z XyPy C T3BHBIM HHTErpajioM X;X,.
Iycrw Bce p,, == 0. Toraa u3 Tpex ypasleHu#t crepyer:

pipy=t1, py=1tp, x\p,=x,py+ (X3 %) Py
D10 UHBOMIOUMOWHAS cHcTeMa. Jlad moc/aenHero ypaBHeHMsd, B 3aBM-
CHMOCTH OT BHIGOPA BEPXHHX /M HIKHHX BHAKOB X Xy, X (X3 X,)
WM XXy, Xg(X3—— X,)— MHTErpanbubiit 6asuc, ¥ OH YAOBJETBO-
pseT Takxke BTOpoMy ypasHenmio. OCTaercss TaK ONpENEanTDb
T, B, Tme E ==xyx, u Ey=x;(xX3-} Xx,) (COOTBETCTBEHHO
Xo(x3—x,)), uro0bl { yROBAETBOpsIA W [ePBOMY YypaBHEHKIO.
Monyuaerca ypasHennme (cp. ¢ 6.51) (Bl 4 &e, )8, = +1
¢ nepBuM wunHTerpanom (g, /Ly, . Y3 CE~=AC§11 M TpenblLyLIeTo

ypasHenus noayuyaercs Ly, ==[E(E1- Az)] ?; caenoBaTeabho,
E=2y G+ Am)+Bu

2=2V %%+ Ax, (x3+ x) + B,

2=2 Y Axy(x;,— Xx3) — %1%, B.
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