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MNPEANCJIOBHE

Kuura paccudtaHa B NepBYyI0 ouepefb Ha TO, YTOOB CJYXHTb
B KauecTBe Y4eGHOro nocoSus Npu NpoXokKAECHHH KYpca TEOPHH UHCEN
Ha ¢u3HKO-MaTeMaTHUYeCKHX (akyiabTeTaX NeJarorHdeCKHX HHCTHTY-
TOB H B YHHBEPCHTeTaX. 1€OPETHKO-YHCJOBBIE BOINPOCH BHI3BIBAIOT
VHTepeC He TOJNbKO Yy CHENHaJUCTOB MaTeMaTHKOB, HO H Y 3HauH-
TeJbHO GoJiee IIHPOKOrO Kpyra Jiofiel, 3aiyMbIBalOIIHXCA Hal OT-
JeJIbHBIMH apHPMETHUYECKHMH npo6JieMaMH, H aBTOP CTapaJcs Y4ecTh
HHTEpeChl YHTaTeJei B STOM OTHOIIeHHH, OXBaTbiBafd HOJHOCTHIO
y4eQHYI0 NpOoTrpaMMy NO TEOPHH YHCeJ, KHHIa COJEepPXKHT H AONoJ-
HHTeJIbHBIA MaTepHaJl, pasBHBAIOIIHH TOT HeGoJbHION 00si3aTebHBINA
KYPC, KOTOpHIH TPOXOAUTCH BCEMH CTYAEHTaMH-MaTeMaTHKaMH B neja-
rOrHYeCKHX HHCTHTYTaX. ITOT JONOJIHHTEJbHBI MaTepHall MOXKeT
ObITb HCIIOJIb30BAH PH OPraHK3anud paboTHl ClelCeMHHApPOB, a TAKKe
B KauecTBe OCHOBH JJifl psfia KYpCOBBIX paGoT IO TEOPHH YHCE.
Conepxanne KypCa TeopHM YHCeJ B NeJarorHyeCKHX HHCTHTYTaX
3aKJIIOUEHO B CJefylOmMX rJaaBax: 4 (m. 1), 5, 6 (o 2), 7, 8, 9,
10, 11, 13, 14, 15 (n. 1 u 3), 16, 17, 18 (m. 1), 19 (u. 1 u 2),
20 (m. 1), 21 (m. 1,2u3), 23, 24 (n. 1 mu 2), 25 (n. 1 u 2),
26 (n. 1), 28 (m. 1), 29, 30, 33 (u. 1), 35 (n. 1 u 2), 36.

ApTop crapanacs 1o06HTbCA TOro, 4ToObl UHMTATENb MOT B 3TOH XKe
KHHre HafTH BCe TQ, YTO HCHOJb3YyeTCs NPH JOKa3aTe/IbCTBE TEOPEM
Kypca. B cBsism c stuM B l-ii rsaBe cdopmysnpoBaH psan ofmux
MaTeMaTHUECKHX MNOJIOXKEeHHH, TeopeM BbiCilefl ajareOpnl W MaTeMaTH-
YeCKOro aHaJju3a, HCNOJb3yeMblX B JAaJjibHeHIIeM.

2-9 H 3-1 raBbl U3J1aTAIOT apUPMETHKY LeJbIX YHCeN. 3TOT pasjen
apupMeTHKH (GaKTHUECKH SsiBJseTcsi 06a3HCOM BCEro JajbHeHIIero
NOCTPOEHUST CaMoii TeopHHM uHceJl, B mefarorHuecKHX HHCTHTYTaxX
apupMeTHKa LEJbLIX PAallHOHAJbHBIX YHCEN MPOXOJHTCA B Kypce sJle-
MeHTapHOH MaTeMaTHKH H 3TH JBe IJIaBbl MOTYT OblTb HCTIOJb30BaHbI
IpH H3YYeHHH 3TOro Kypca.

B kHure BBeleHa CIVIOWIHAsE HYMepaluss TeopeM (apaGCKHUMH
nudpamMu). IT0 JaeT BO3MOKHOCTb 6oJee YI06GHO MOJb30BATLCS NMOA-
poOHEIMH cChliKaMH. B KOHIe kHurH (HauuHas MpuMepHo ¢ 31-#
rJaBbl) CCHUJIKH, KOLJAa OHH CBSI3aHbl C [PUMeHEHHEM 9JIeMeHTAPHBIX
TeOpeM TeOPHH JAEJHMOCTH HJIH TeOPHH CpaBHeHHH, HOCAT MeHee
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cHcTeMaTHYeCKHA XapakTtep. TeopeMbl, OTHOCHILHECH K XPYTHM Das-
JleJlaM MaTEMATHKH M TIOMeLleHHble B KHHTE TOJbKO B KadeCTBe Crpa-
BOYHOTO MaTepHajia, MepeHYyMEpOBaHbl PUMCKMMH uuppaMu. OCHOB-
Hasl 44acTb TeOPEM TEOPHH YHCeJl AaHa C MOJHBIMH A0Ka3aTebCTBaMHU.
Hexkotoprie TeopeMsl fatorcs Ge3 1okas3aTesnbCTB. ABTOD CUHTAJ, UTO
B TeX CJaydasX, KOTAAa BaXHBIA pe3ysnbTaT He MOxeT GOHITb AaH
¢ J0Ka3aTesJbCTBOM BBHAY €ro CJOXKHOCTH, MOJe3HO Mo Kpafined
Mepe chOpPMyNHpPOBATH €ro, BBOAA 4YMTATES B KPYT HHTEPECOB
COBpPEMEHHOH MaTeMaTHKH,

BoJsiblioe MeCTO B KHHT€ 3aHMMAIOT BONPOCH HCTOPUYECKOTO pas-
BHUTHA Teopuu uHcen. [loMuMo BBelenusi, paiwoutero OOLIHH OUYEpPK
Pa3BUTHSI TEOPHH YHCEJ, HCTOPHS MpPeIMETAa OCBELIAETCS H B CAMOM
TEKCTe, a B KOHlIle MHOTMX TJlaB [OMeLIeHH HCTOPHYECKHE KOM-
MeHTapHH.

ABTOop crapaicsi Be3lle, TAe 3TO BO3MOXHO, BBECTH UHTATeJs
B KYpPC COBPEMEHHOTO COCTOSIHUSI pacCMaTPUBAeMBIX BOTPOCOB H ATh
fpejcTaBJIEHHEe O TEODHH YHCeJ KaK O pasBHBamoliefics Hayke.

A. Byxwima6



OBO3HAYEHH ST

B cxo6kax ykasaWbl CTPAaHHIE, H4 KOTOPHX BBeleHH HIH BHEpBHe BCTpe-
qaloTCH 3TH 0603HAyeHH,

a€M —a snemeHT MHOKecTBa M (cTp. 15).
((ags g4 ..., a,))—Kommneke (crp. 17).
a —b penutenp a (crp. 19).
bfa —b we geantens a (ctp. 19).
| (x) ~ ® (x)—acumnToTH4ecKoe paBeHcTBO QyHKuUMA f(x) u © (%)
(cTp. 26).
0 (v (x)), o (@ (x))—(cTp. 26 u cTp. 27).
(a1, asy <« ,q,)—HaubonbmIuil OGULHA AENUTEAb YUCEA dy, oy +«« 5y
(ctp. 38).
lay, ag, ..., a,] —HanMeHbllIee ofilee KPAaTHOE YHCEN &y, dgy .. » Oy
(cTp. 41).
[@]—unenas uacts uncna @ (ctp. 48).
{a}—npobuas gacte uncna @ (ctp. 49).

au+—U a1+—Ua«;+...+ﬂas—K0HeqHaa uenHasg Apo6b (cTp. 59).
€¢—OCHOBAaHHE HaTypaJbHOH CHCTEeMHl JorapH¢pMoB.,
JU— OTHOIIEHHe JJHHH OKPYKHOCTH K AHAMETPY.
a == b (mod m)—a cpaBuuMO ¢ b no Moaymo m (c1p. 72).
{ —KJacc 1Mo paccMaTpuBaeMoMy wmoayawo m (etp. 77).
@ (m)—dyukuusa inepa (cTp. 89).
L (m)—o6o6umennas ¢yukuusa Diigepa (crp. §9).
P (a), P (a)—mnoxasatens a no Mozpynmo m (ctp. 140).
’ P (£)—4uyHCNIO KJaccoB N0 DACCMaTPUBAEMOMY MOLYJIO i,
nokasaresib KOTOPHIX paBeH k (cTp. 143).
ind,6—uHgekc b Mo paccMaTpuBaeMoMY MOAYJIO /1 H OCHO-
BaHHIO a (cTp. 152).

(—;—). (aa_) —caMBoak Jlexaunapa u Hko6u (ctp. 177 u ctp. 191).

ao+—‘-/a1+-1—/a,+...—6ecxoneqﬂaa HenHas apo6e (ctp. 210).
{a, b, c}—mmapﬂaﬂ KBajipatHyHas ¢opma (cTp. 278).
((;6) — yHEMOAyJAApHaa auHefinas moxcTaHoBKa (cTp. 279).
{a. b, ¢} {4, B, C}—okpupanentHocTs dopM {a, b, ¢} ¥ {4, B. ¢}
(cTp. 279).



¢ [n)—uucao menutenedt uucna n (crp. 316).

O (n)—cymma fenuTeneft uncena n (crp. 316).

p (n)—OyHkuus Mé6uyca (ctp. 319).

C (s)—nseta-pynkuns Pumana (ctp. 321).

Q (x)—uHclo HaTypalbHHX 9HCes], He MPEBOCXOARIIHX X H
CBOGOAHWX OT KBajpparos (crp. 329).

70 {X) — 9HCJI0 N POCTHIX YHCEJI, He PeBOCXOARIIHX X (CTp. 333).

v (n)-—HUUCNAO pPASIHYHKHX NPOCTHX JAeNHTeNed UHcAa 7
(cTp. 348).

o, (k, x)—YHCIO MPOCTHX YHCEN, He MPEBOCXOASUIMX X U NMPH-

HaaJeXamux nporpeccuu kf-1 (ctp. 358).

% (n)—XapakTép n nO paccMarpHBaeMOMY MORYJII0 &
(ctp. 356).



BBEJEHHE

1. NPEJIMET TEOPHH YHCEJI

TlepBoHaua/NbHblE 3JIEMEHTHl MaTeMAaTHKH CBSI3aHBl C NOSIBJEHHEM
HaBLIKOB CY€Ta, BO3HHUKAIOLIMX B NPHMHTHBHOH (opMe Ha cpaBHH-
TeJIbHO PAHHHX CTYIEHSIX Pa3BHTHSl 4eJOBEYeCKOro ofLIeCTBa B Npo-
necce TpyAoBo# AesTeasHocTH. [ToHATHE HATYpPaMbHOTO YHC/A, MOMB-
JSIOLIeECs] KaK pe3yJbTaT MOCTENEHHOro a6CTParupoBaHus, sIBJSETCS
OCHOBOH Bcero jajbHefillero pa3BHTHS MaTeMaTHKH,

Mayuyende CBOMACTB HATYpaJbHBIX YHCeJ, HauyaToe B IPHMHTHBHOHN
¢ opMe MaTeMaTHKaMH NaBHO YIIEANIHX IOKOJEHHH, 3aHMMaeT 60Jb-
nioe MeCTO B COBPEMeHHOH MaTeMaTHKE, COCTaBJIsisi OCHOBHOE cofep-
JKaHHe ONHOTO M3 ee Be[YIIHX pasfeioB, KOTOPHIE Mbl HasblBaeM
TeopHell uuces. IIpH paccMOTpeHHH HATypaJbHBIX UYHCeJ Mbl 3aMe-
YaeM, YTO CPefH HMX BCTPEYAIOTCS YHCJIA C BeCbMa pPa3snoo6pas3HBIMK
cBofictBamu. Tak, HanpuMep, CPeAH HATypaJbHEIX UHCEN Mbl BhJE-
JieM TpPOCThie YHCJa, H, €eCTECTBEHHO, BO3HHKaeT BONPOC, Kak
pacnpefiesieHbl 3TH UHCJAa CPelH BCeX HATypajbHBIX uHcea. Mei
MOXKEM TaKe 3aMeTHTb, HaPHMep, UTO CpelH HaTypalbHbIX YHCEJ
€CTb YHCJA, KOTOPble HeJlb3sl NpEeACTaBHTb B BHIE CYMMbl ABYX
KBaJpaToOB HaTypaJbHbIX YHCeJ, H NOCTaBHTb BONPOC O TOM, KakHe
HMeHHO YHcJaa o6JafaloT 3THM CBOACTBOM M KaK YacTO BCTPeuaiorcst
TakHe YHCTa,

B TeopuH uuces, €CTeCTBEHHO, BHIAEJSIOTCS H paccMaTPHBAIOTCS
B NIepBYIO Oouyepelb Te mnpo6JeMbl, KOTOPble TJy60KO H JOCTATOUHO
HENOCPEACTBEHHO CBf3aHBl ¢ M3yYaeMbIMH OOBLEKTaMH H BaXKHbl JJIs
NOCTPOEHHUS] MaTeMaTHKH B ee mesoM, HekoToprie TeopeTHKO-yHCIO-
Bble 3aJlaud BO3HHKAIOT YXKe B DaMKaX LIKOJLHOrO Kypca apugMe-
THKH. McTOpHUeCKH TeOpHSl uyMces BO3HHUKJA KaK HENOCPEACTBEHHOE
pasBuTHe apH(MeTHKH. B Hacrosiuiee BpeMsi B TEOPHIO YHCEN BKJIO-
Yal0T 3HAYMTEeJbHO GOjiee WIMPOKHA KPYr BONPOCOB, BHIXOASILIMX 3a
PaMKH HM3y4yeHHsl HaTypaJbHBIX uHces. B Teopuu uncen paccMatpu-
BaIOTCSl HE TOJbKO HATypaJbHbIE YHCJA, HO U MHOXKECTBO BCeX IeJBX
YHCeJl, a TAKXKe MHOMECTBO pallHOHAJbHHIX YHCEJ.

Ecan paccMaTpHBaTh KOPHH MHOTOYJIEHOB:

[X)=x"+ax""1+4...4a, (1



¢ OeABMH Ko3dbdumueHTaMH, TO OGHIUHHIE IeNble YHCHA COOTBETCT-
BYIOT cJqyyalo, Korja MHorouwiaeH (1) umeer cremenb n= 1. Bo MHO-
JeCTBe KOMINIEKCHBIX YHCeJ €CTeCTBeHHO BHAEJHTh TaK Ha3blBacMhle
uesble anrebpaMyeCcKHe ' UHCJA, INpeACTaBjsiomHe coGofl KopHH
MHorouJieHoB BHAA (1) ¢ mensiMu Ko3ddUIHeHTAMH.

Msyuenne CBOMCTB TaKHX YHCEJ COCTABJsIET COAEpPMKaHHE OLHOTO
H3 BaXKHEHINHX pa3fieloB COBPEMEHHOH TEOPHH YHCEJ, Ha3blBAEMOTO
anreCpauueckofi TeopHeH uuces. B Teopuio uucenm BKJIOYAIOT
TaKXe BOIPOCH, CBSI3aHHble ¢ NPHOJHKEeHHEM JefiCTBUTE/bHBIX YHCE
panHOHANbLHBIME Apo6sMH. Takue npubJHIKeHHS Has3HBalOT OGEIYHO
A41oaHTOBLIMH NPHOJIHXEHHSIMH, MO HMEHH BEJHKOrO IPeuecKoro
Matematuka Huodanra.

JIas1 coBpeMeHHOH TeOPHH YHCeJ XapakKTepHO NIpUMEeHeHHe BeCbMa
pasHooOpasHBIX MeTOJOB HCCJeNOBAHHUH; TaK, HanpUMep, MHOIHe
npo6JeMbl TEOPHH YHCEJ MOT'YT GbITb, €CTECTBEHHO, CHOPMYJIHPOBAHR
B reOMeTpHYeCKOH (opMe, H K pelleHHIO TAaKOro pojia 3ajay I[pH-
MEHHAIOT reoMeTpHUecKHe coobpaxeHHsl (PeoMeTpHUeCKas TeopHs
yuceJ). B coBpemeHHOH TeOpHH UHCeJ LIHPOKO MOJB3YIOTCS METORAMH
MaTeMaTHYeCKOr0 aHaJH3a; B YaCTHOCTH, NPH H3YUEHHH BOIPOCOB,
CBSI3aHHBIX C paclpefeseHHeM MPOCTHIX YHCeJ, OCOGEHHO UacTo
NPHUXOAUTCS TNPHMEHATb TEOPHI0 (PYHKUHH KOMIIJIEKCHOrO NepeMeH-.
HOro. TeopeTHKO-UHCJ/IOBBle HCCJELOBaHHS, B KOTOPHIX CYLLECTBEHHO
HCIOJIb3YIOTCA METOAR MaTeMaTHYeCKOTO aHaJjH3a, IBJSIOTCA COXep-
¥aHHeM BeCbMa 3HAUHTEJbHOI'O pa3fieJa TeOpHH uKceJ, MOJYYHBILETO
HauMeHOBaHHe ,AHaJHTHYECKass TEeOpHA 4ducen”.

Pa3sButue TeOpHH yHCeJ TEeCHO H HeNoCpeACTBEHHO CBSI3aHO C
pasBHTHeM IIeJIOTO Psiia pa3fiesloB MaTeMaTHUKH,

Teopuss uncesa He TONBKO LIHPOKO HCHOJb3YeT MeTOAb, paspa-
6oTaHHbIe B CMeXKHBIX MaTeMaTHUeCKHX JAHCLUMIJMHAX, HO H cama
BJIHsieT Ha (POPMHPOBaHHE 3THX AMCUHMINJHH, Tak, HanpHMep, Ha4Yalo
ry6GOKHX MCCAefOBaHMH B TeOpHH anreGpaHuecKHX uHcest OblJIO
CBSI3aHO C Tax HasbiBaeMoH npofaemoii ®PepMa O BO3MOKHOCTH
CYIeCTBOBAHHSA LleJIBIX TOJIOXKHTEJbHHX pelleHHH HeonpelelleHHOTro
ypaBHeHHst X"+ y"==2" uUpH n>2; pajbHeiilllee pPasBHTHe 3TOH
TEOPUH OKa3ajo pellalollee BJHSHHe Ha COBpPeMeHHYWO0 aJre6py,
a BO3HHKIIHE B TEOPHH UHCeJ MOHATHA ,KOJablia“, ,uieana* sBJASIOTCS
ONHHMH H3 OCHOBHHIX TIOHATHH Bcell MaTeMaTHKH Hallero BPEeMEHH.
Psax BonpocoB Teopuu uuces HaXoJHUT cefe npHMeHeHHe Ha NPAKTHKe,
HalpHMep B TeOpHH TeseOHHBIX ceTefi (KaGeseil), B KpHCTaJIOrpa-
(bHM, TNpH pelleHHH HEKOTOPHIX 3agay TeOPHH N PHONHKEHHBIX
BbiuHcJeHHH. COBDEeMEHHYI0 TEODHIO YHCeN MOXKHO B OCHOBHOM
pasOuTh Ha ClefyIOmHe pasfednl:

1) DaemMenTapHass Teopus uHCea (TeopHS CpaBHEeHMH,
TeOpus (popM, HeonpeleseHHble YypaBHeHHs). K B3ToMy paspeay
OTHOCSIT BOIPOCH TEOPHH UHCeJ, fBJSIOIHeCS HenocpeACTBEHHbIM
Pa3BHTHEM TeOPHH XeJHMOCTH, H BONPOCH O TPEACTABHMOCTH THCEN
B ompefejeHHo# ¢opme. DBosee ofwefi sBjseTCs 3ajlauya pelleHHs
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CHCTeM HeOoNpele/ieHHbX YDaBHeHH#l, T, €. YpaBHeHHH, B KOTOPHIX
3HAUEHHS! HEH3BECTHbIX AOJKHB! ObITb 06513aTe/NbHO UEJABIMH UHCJIAMH,
Heonpese/ienHble YpaBHEHHS] HA3hIBAIOT TaKXKe AHOGAHTOBBIMU Ypas-
HEHUsIMH, TaK Kak JlHodaHT Onli mepBbiM MaTeMaTHKOM, CHCTeMa-
THYECKH PacCMaTPHBABIIHM TaKHe YpaBHeHHS, Mbl YCJIOBHO HasniBaeM
3TOT pasfiel ,DJieMeHTapHast TeOpHS 4HCesa“, TMOCKOJBLKY 34eCh YacTo
NPHMEHAIOTCA OObIUHble apHpMeTHUecKHe H ajreGpaHuecKue MeTOZbl
HCCJIeJOBAHHUS,

2) Anre6panueckasa Teopus uduHcesa. K stomy pasgeny
OTHOCSAT BOMPOCHl, CBSI3aHHble C H3yYeHHEM Pa3JIMYHBIX KJaccoB
anrebpanyecKux 4HCEN,

3) Inodpantorel mnpubauxenusi. K 3TomMy pasgeny
OTHOCAT BONpPOCH, CBSI3aHHbIE € H3yueHHeM MPHOJHKEHHA AeHCTBH-
TeJbHBIX UHCEJ PalHOHaJbHBIMH Apo6samu. K auodpanToBEIM npHGIH-
JEHHSIM MPHMBIKAIOT TeCHO CBf3aHHBlE C 3THM Ke Kpyrom wujeii
BONPOCH H3Y4YeHHS apHpMeTHUeCKOfi HPHPOAL Pas3JHYHEIX KJacCOB
quced.

4) AnanuTtdueckas TeopHsd duceJs. K atoMmy pasgeny
OTHOCAT BONPOCHI TeOpHH UHCeJ, JJs H3YUEHHSI KOTOPBIX MPHUXO-
IUTCH TMPHMEHSTbH MeTONH MaTeMaTH4eCKOTO aHaliu3a.

KoHeuHo, paspgejieHHe TeOPHH 4YHCEJ Ha Takde pasfenbl He
siBNsieTcsl cTaHiapTHbiM, MHoraa BejensiloT kak oco6yi0 4actb Teo-
PHH YHCeNl TeOMeTPHUECKYIO TEeOpHIO HHCeJ HJH H3 ofllero kpyra
BOIIPOCOB TEeOPHH AHODAHTOBHIX NPUONHKEHHH BBIJENSIOT TEOPHIO
TpaHCueHAeHTHH X u4ucea. Hajo, kpome 3TOro, umeTs B BHAY, 4TO
4acTO MPHXOAHTCS HMeTb JeJOo € HCCJAefOBAHHSAMH, KOTOpble Helb3s
OrpaHHYHBATb PaMKaMH OLHOrO OMNpefesIeHHOro pasfesa.

B st1ofi KHHre Mbl 6yfieM OTHOCHTENbHO HOAPOGHO H3Y4aTb TeO-
PHIO cpaBHeHHH; 4TO e KacaeTcsl TeOpHH (OPM H HeompeleseHHbIX
ypaBHeHHH, TO 3Ta npobJeMaTHKa 3aTpPOHYTa 3[eChb B OUeHb HefOJb-
moM o6beMe. KHHTa JacT TaKxe HeKOTOpoe ofllee MpelcTaBjeHHE
O NMpUONHXKEeHHH JeHCTBHTeJbHBIX YHCeN palHOHAJbHLIMH Apo6sSMH
(nnodanToBBl NpHOGIAHKeHHs). B aHajuTHuecKOf TeOpHH 4HCeJ Mbl
OrpaHHUHBAEeMCsl PacCMOTPeHHeM HaHOoJiee MNPOCTBIX pe3yJ/bTaToB,
[OJIy4eHHbIX 3JIeMeHTapHBIMH MeTofamu. (OcTaBJeHbl B CTOPOHe
MeTOAbl, CBA3aHHble C NPHMeHEHHeM TeopHH QYHKUHH KOMIJIEKCHOTO
nepeMeHHOro. Ajre6panyeckas TEOPHS UHCEN COBCEM He pacCMaTpH-
BaeTcq B 3TOH KHHre,

2, KPATKHW HCTOPHYECKHW OYEPK PA3BUTHA TEOPHH YHCEJ

Ilpn u3/I0)KeHHH KOHKPeTHOro MartepHaja OYAYT NPHUBOAMTHCS
COOTBETCTBYIOLIHE HCTOPHUECKHe i GHoTpadHUeCKHe JaHHbe, 31ech Ke,
BO BBeJeHHHM, Mbl OrDAaHHUHMCS BeCbMa KPAaTKHM OOILIHM OYepPKOM
HCTOPHH Pa3BMTHS TEOPHH 4UHCeJ.

.PanHufi nepuop pasBHTHS apHPMeTHKH XapaKkTepH3yercs ‘TeM,
YTO MOCTENEHHO W NpHTOM = BeChMa MeJJIEHHO pa3BHBaeTcsl caM

9



NpOLLeCC CUeTa, BHIABJAIOTCS BO3MOXHOCTH HEOTPaHUYEHHOT O €ro npo-
JOJKeHHsI, CO3[aeTCsi MNpaKTHYeCKass apHPMeTHKa, B KOTOpOH
peluaioTcs OTHeNIbHHE KOHKpeTHble apH(MeTHUeCKHe 3ajiauH.

B Tpynax EBKaHAA TCOPETHKO-UHC/IOBBIE HCCJEJOBAHUS 3AHHMAIOT
- CpPAaBHHTEJIBHO He6oJIbllIoe MecTO, OZHAKO YXKe Y Hero Mul BCTpeyaeM
Psil OCHOBHBIX MOJIOXKEHHH TeOpHH HeJNHMOCTH M XOTH NPOCTOH, HO
upe3BbiYafiHO BAXKHBHIA pe3ysbTaT: 0eCKOHEWHOCTb MHOXKECTBa Ipo-
CTHIX HHCel,

I'pedeckuM MaTeMaTHKaM OblJl H3BeCTeH ¢noco0 BblJEJEHHS
NpOCTHIX uiices U3 HATYPaJbHOrO psifd, NONY4YHBHIHHA Ha3BaHHe
sparocgeHoBa pelteta. TeopHio uHcesa Kak ocolyio o6acTb MaTeMa-
THKH MOXHO paccMaTpHBaTb TOJbKO HauMHas ¢ pabor Muodanta
(BpeMsi ero XH3HM B TOYHOCTH HEH3BECTHO, no-supumomy, IIl Bex
Haweft aphl). JHobaHT paccMoTpes psiAi 3afad O INpPeACTaBUMOCTH
YHceJ B onpefeleHHOH ¢opme u Gosee ofuue 3ajaud pelleHHs
Heonpefle/IeHHBIX YPaBHEHHH B IeJhiX W palMOHAJbHHIX (TOUHee,
NOJIOXKHTEJbHBIX PallHOHAJBHBIX) uHcJaX. FIMeHHO 3TH 3ajauH siBH-
JIUCh MO3JHee OTTIPABHBIM NMYHKTOM BCel TeopHM ¢OPM U Toii 6asof,
OTKYZa BO3HHKJIA MPOOJEeMaTHKA TeOPHH JHO(aHTOBLIX NPHUOIHIKEHHH.

B nepuop ynajzka aHTHUHOH KYJbTYph pabots Juodanra OGeliy
moutd cosceM s3abbitel, B VIII—IX Bekax B apa6CckuX cTpaHax —
Ha Tepputopusx Ttemepeminero Mpakd, Cpennedl Asuu u Apyrux
ctpan bauxuero BocToka — Bo3HMKaeT cBoeoOpasHas MaTeMaTrHue-
CKas KyJbTypa. Apabckas MaTeMaTHKa, KYJbTHBHPYS HccJe[oBa-
HHS N0 aJjrefpe H TPHIOHOMETPHH, NPOSBJsJa He3HAUHTEJbHBEIH
HHTEpEC K TEeOPEeTHKO-YHCJOBHIM 3ajgauaM. Hekotopeie apaGckue
yuenble, HanpuMep Anbkapru (X1 Bek), KoMMeRTHpoBaaH lnodanTa,
HECKOJIbKO pasBHJIH €ro CHMBOJIHKY, paccMaTpuBajH apHMeTHuUe-
CKHe 3aJlaud TOro Xe THna, uto H JuopaHT, oOfHAKO HHYETO CYIilecT-
BEeHHO HOBOro HMH He OblJIO NOJYUYeHO.

B Espome, HauHHas#m C 3MOXH KpeCTOBBIX HMOXONOB BIJOTbh JO

XVII Beka, pa3puTHe TeOPHH uHCeJ, Kak, BOpoyeMm, M Bceil maTeMa-
THKH, GhlJIO OueHb MeAJIeHHHIM. MaTeMaTHKH OObIYHO paccMaTpHBAJH
TOJIBKO OTJAeJibHble KOHKPETHBIe 3aJaud TeopeTHKO-YHCJIOBOTO Xapak-
Tepa. OO6wue MeToAb OBLIH MOYTH HeusBeCTHu. B sToT nepuop
B OCHOBHOM pa3BHJACh INpaKTHYecKkas apudMeTnka neiictsuil. M3
pabor aToro BpeMeHH HauHOOJbIUHH cJjel B JajbHelllleM Da3BHTHH
TEOPHH YHCeJl OCTaBHJIH BeCbMa 3HauWTeJbHble AJS 3TOH 3N0XH
paborn Jleonapno ITusanckoro (ymep B 1250 r.) u pa6otm Pernuo-
MoHTaHa (1436—1476), koTophlll Hales TPyAs JlHodaHTa H Boep-
Bole B EBponme crajl CHCTeMATHUeCKH HX H3ydaTb.
" B XVI u B nauane XVII Beka Ha JaTHHCKOM H (DpPaHIy3CKOM
A3plKax OblJiH  M3JaHbi COuHHeHHA JiHodaHTa, H PSAA MaTeMaTHKOB
TOrO BpeMeHH, M3 KOTOPHIX B IePBYIO Odepelb MOXHO Ha3BaThb
Buera (1540—1603) 1 Bamé ge Mesuppsika (15681—1638), sansnuce
KOMMEHTHPOBaHHEM STHX COYHHEHHiH, HECKOAbKO JOMNOJHASL HX
HOBBLIMH pe3yJbTaTaMH, ' ‘ ’ ‘
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..B HacTosimeM CMbIC/Ie TEOPHIO YHCeJ] KaK HayKY HAJ0  CUHTaTh
-.Ha'-lHHaH ¢ pa6ot (hpaHIy3CKOro MaTeMaTHKa I1. ®epma (1601—1655),
MOJYUHBILEr0O OCHOBHOH De3yJIbTAT TEOPHH JAeJUMOCTH Ha 3ajaHHoe
TPOCTOe UHCJO U pPeIUUBIIero PsAf, BaXKHBIX 3ajau TeOPHH Heompe-
JeJleHHBIX ypaBHeHHH.

B XVIII Beke JI. Ditnep (1707—1783), Gonbmas uacts pabor
KoToporo 6bia HanucaHna y Hac B IleTepGyprckoil AkafeMun Hayk,
3HAUHTENIbHO NPOJABHHYJ Blepe] pa3BHTHe TeOpHH uucen. JI. Diyep
06061 U OCHOBHOH pesyJsbrar PepMa ajs cayuas AeJUMOCTH Ha
cocTaBHble YHCJa, CO2Aan OOMIYI0 TeOPHIO TAK HA3LIBaEMBbIX CTEIEH-
HBIX BBIYETOB, NOJYYHUJI oOdeHb O60JbIIOE YHCJAO0 pPa3sHOOOpPasHLIX
pe3yJIbTaTOB O NPeACTaBHMOCTH YHCeNd B BHAe ()OPM ONpeje/IeHHOrO
THIa, HCCJIeflOBaJ Psjl CHCTEM HeonpeleNieHHbIX YPAaBHEHHH H NOJY-
YHJI. MHTEpPeCHble pe3ysabTaThl O pa3OHEeHHH YHCeJ Ha CJlaraeMbie.
Y Diiiepa Mbl BniepBble BCTpeYaeMCsi C HIeell NPHMEHEHHS METONOB
MaTeMaTHYeCKOrO aHaJu3a K 3ajayaM TeopHH uucen. PaccMoTpenue
6eCKOHEYHBbIX pHAJOB H TPOU3BeNeHHUH SBHJIOCH Y Ofinepa AeHcT-
BEHHbIM OpYAHEM JJsi TOJYYeHHS TeOPeTHKO-UHCJOBHIX pe3yJib-
TaToB,

[Tocsie pabotr Dinepa moutu Bce Kpyuuole MaTematuku XVIII u
XIX BekoB B TOM HJIH HHOH CTeNeHH 3aHHMAIOTCSI TeOpHeH UHCe.
B uacTHOCTH, CYIIECTBEHHHIH CJiefi B Pa3BHTHH TEOPHH YHCeJ OCTa-
BHJ GpaHunysckuii mateMaTHk Jlarpamxk (1735-—1813), passuBmui
daJjblie MeTolnl Jiiyiepa. JlarpaHmxk paccMaTpuBaJ BOmpoc O Mpex-
CTaBJIGHHH 4YuCeJ B BrlIe OHHAapHOM KBajApaTHUHOH ¢opMbl ax? -
+bxy+cy?, nokasan TeopeMy O MNPEeACTaBUMOCTH 4YHCeJ] B BHIE
CYMMbl YeTbipeX KBaJpaToB M IIPOBEN CYIIECTBEHHBIE HCCJIENOBAaHHS
710 TEOPHH HENpephiBHEIX Apobedd.

Bonbitoe BAHsHHEe HA JaJbHefilee pasBHTHE TEOPHH YHCEJ OKa-
saan u paborel A, Jlexangpa (1752—1833) no Teopun Heompefe-
JIeHHBIX YpaBHEHH# BHICIIMX cTeneHeH. JleXXaHAp, MeXLy NpOYHM,
Halllel Takxe SMIHPHUecKYIo GOpMYJay JJs UHCJa MPOCTHIX YHCeN
B 3alaHHBIX mpefenax. Pa6orol Dinepa, .Harpamxa u JlexaHnnpa
co3faan 6asy AJs UeJNbHOH TEeOPHH, MOJYYHBIUHH MO3XKeE y Iaycca
HasBaHHe TeOPHH CPaBHEHHIH.

3aMeuaTenbHble paGoThl HeMenkoro MatemaTHka K. Taycca
(1777—1855) uMenn ocobeHHO GoJibLIOe 3HAYeHHe NJIst BCeH TeOpHH
yucea. Pa6otel 'aycca no Teopuu cpaBHeHHi# 2-B CTeleHH NPHAATH
eft 3akOHUeHHHIH BHJ, TaK YTO B HacTosllee Bpems BCcs 5Ta o6nacTh
TeOpHH uuces 6asupyeTrcss Ha pe3yJbTaTax, U3JOKEHHHIX HM B KHHUTE
,Disquisitiones arithmeticae“. B 3roli Kuure paccmarpusaetcs
TaKkKe TeOPHS KBaJpPaTHYHLIX OPM, B KOTOPOH HM OBLIH IOJNYUYEeHbE
¢yHLaMeHTalbHble pe3yJbTaThl. ['aycc Hapsigy ¢ u3yueHHeM OGBHIYHBIX
UenblX YHCeJ HayaJ paccMaTpHBaTh Takke H apudMeTHKY 4Hcel,
MOJNYYHBIIUX Ha3BaHHE MeJBIX TayCCOBBIX UHCEJ, & HMEHHO YHCesk
BHAAa a+bi, The a H b—oObIYHHE Lesble, DTH ero HCC/AeJOBaHUSA
TOJIOKHWIH Hauano ajre6paHuecKo#t TEOPHH UHCEN.
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Tlocne pa6or Taycca B Teyenuwe Bcero XIX Beka M Tenmeps,
B XX Beke, HCCIe[0OBaHMA MO TEOPHH 4YHCeJ HpHOGPeTalOT BCe
yBejuuuBatomuiics pasMax. Kpynnoie MateMatuku XX Beka: ko6,
Jupnxae, Kymmep, Yebrimes, Jluysunib, dpmur, Kpouexep, Puman,
Munkoscku#l, 3oxorapes H Jpyrie— paspabaTkiBaioT paaﬂoo6pasuble
npo6ieMbl TEOPHH YHCEJ.

B pa6Gorax Kymmepa (1810—1893) n Hupuxne (1805—1859),
PasBUTHIX sateM KponekepoMm (1823—1891), eaekuupom
(1831—1916) u E. U. 3onoraperniM (1847—1878), 6blya nocTpoeHa
Teopusi anrebpanyeckux uuceya, Paborn Jlnysuians (1809—1882) u
Spmuta (1822—1901) sBHIHCL OCHOBOH TEOpHH TpPAHCIUEHAECHTHHX
upceda,

B 1873 r. Opmuty yAasoch J0Ka3aTh TPAHCUEHAEHTHOCTh YHCA &,
a B 1882 r. 6blaa AoKazaHa TPAHCUEHAEHTHOCTb uYHcaa n (JIMH-
JeMaH).

Oco6enno Hano otMmeTuTb pabotel Jupuxse, I1. JI. Uebwiena
U PuMaHa TO TEOpHH [POCTHIX WYHCEN, sIBUBLIHecs (DYHAAMEHTOM
BCell aHaJUTHUeCKOH Teopuu uHceJs. [lupuX/je BhmepBble HAoKasan
CYyIeCTBOBaHHe GECKOHEYHOTO MHOXKeCTBa TPOCTBIX uuceal B apHd-
METHUECKHX NPOTPecCHsX oOmiero BHAA H JaJ aCHMITOTHUECKHe
OLEHKH pPsifla BaxKHEHIIHUX YHCJIOBBIX (DY HKUHH.

UpespbluaiiHO BaxKHOe 3HAUeHHe HMMeloT paboTbl BEJHKOro pyc-
ckoro mareMarika I1. JI. Ye6mmena (1821—1894). UeGbimen mnep-
BB AaJ OfleHKY pocTa GyHKIKH 3t (X), BEpaxalonlell YHCJIO NIPOCTHIX
YHCeJ, MeHbIHX WM paBHhX X. Ero paboThl 1O TeOPHH IPOCTHIX
YuceN SIBJISIOTCS OCHOBOM 151 1eJOoro psAfa NOC/JeAYIOIMHX HccJe-
IoBaHMi B 9TOH ob6aactu. B. Puman (1826—1866) mas ocHoBHbie
HJEH HCMOJb30BaHUA (YHKIHE KOMMJEKCHOrO HepeMeHHOro B TEOPHH
pacnpefieleHdss TPOCTBIX YHCEJ, H 3TH uied B paGotax Ajamapa,
Banne-Ilyccena u psija JApyrux MaTeMaTHKOB JasieKO npon.BHHme
3Ty TEOpPHIO.

Haupnas ¢ pa6or UeGniueBa, B Teopuy umces] GOJMBLIYIO POJb
cTanu Mrparb paGoThl PYCCKHX MAareMaTHKOB, Pa3BHBaBIIHX TEODHUIO
yuceJ BO BCeX ee HanpaBleHUAX., KpoMe YyxKe YIOMSHYTOro
E. H. 3omorapeBa, paspabaThiBaBLIErO TeOPHIO LEJNBIX ajreGpad-
YeCKHX umce], B NepPBYIO ouepelb HaJ0 OTMeTHTb pabotel A. A. Map-
Kosa (1856—1922) no TeopHM KBagpPaTHYHHIX GOPM H BBHIZAIOLIHECH
paGorel I'. @. Boponoro (1868—1908) no anaiautuueckoil Teopuu
uHceJ M TEOPHH KBaJpaTHYHBIX (OpM.

XX Bex jan cyIUECTBEHHBIE CABHTH B aHAJHMTHUECKOH TEOpHH
uHCeJl, pas’BHTHE KOTOpOH OBJIO CBS3aHO KaK C COBePLICHCTBOBA-
HHEM YK€ H3BeCTHHX, TaK H OCO0EHHO € CO3ZAHHEM COBEpPLIEHHO
HOBBIX METOJOB.

B navane XX Beka 3. Jlangay, I'. Bop, anrnufickue martema-
tuku ', Xapan n [Ix. Jlutasyn, a sateM E. Tutumapu, K. 3urens,
A. Tletiax, H. I'. Uypgaxos, A. Cennbepr u gp. noapo6GHO HcCJe-
JAoBanu A3eTy-pyuxuuio Pumana u L paam Jupuxae (cM, ruasb 33
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H 36), COBepIIEHCTBOBANH TEXHHKY NPHUMEHEHHS METOXOB TEOPHH
(YHKIMH KOMIJIEKCHOTO MEPEMEHHOT0 K HCCJIeJOBaHHIO pasHooGpas-
‘HBIX MPoGJeM aHAJHTHUECKOH TeOpHH WHCe.

B XX Beke cTajJH Takxke NPHMEHSTbCS (F Beiisib) Tak Ha3bi-
BaeMble TPHTOHOMETPHYECKHEe CYMMbl, NMPOCTeHllIHe H3 KOTOPHIX pac-
cMmaTpuBaJuch eme 'ayccom.

OcHoBHOe BJHSHHE Ha pa3BHTHe aHAJHTHYECKOR TEOPHH YHCeN
okasagun pa6Goter M. M. Bunorpamosa, ray6oko paspaGoraBuiero
METOJ, TPUTOHOMETPHUECKHX CYMM H CYMeBLIEero C IOMOWIbIO 3TOTO
MeTofla pellHTh pfAA 3ajady, KasaBLIHXCS JO 3ITOTO COBepIIeHHO
HelocTynHbMH. [IpHMeHeHHe 3TOTO MeTOfa HAILJO CBOE Pa3BHUTHE
B pa6oTax leJsoro psjga matematukoB: Ban KopnyTa, JI. Mopaeana,
I'. Haseunopta, T.3ctepMana, Xya Jlo-rena, H. M. KopoGosa u np.

B camble nocjefHHe TOAbl GOJIbLIHE YyCIeXH B aHAJHTHYECKOM
TEOPHUH uHcea OblJIH JOCTHTHYTH OGJarofaps TJy6OKHM HIesM,
BHeceHHbIM [O. B. JIMHHHKOM. 2TH HleH COJAMKAIOT HEKOTOpPble
pasiesitl AHAJHTHYECKOH TEOPHH YHCeJ C TeOpHeH BepOSTHOCTel.
Metoasl JIunHMKa HallJIH CBOe pasBHTHe B paboTax LeJMOH mJesjpl
€ro YYEHHKOB H B Ie/J0M 3HAYHTEJbHO YBEJHUHJIH BO3MOXKHOCTH
npuMeHeHHs1 L pajgoB JupHuXJe K PasiH4YHbIM npobaeMaM aHaJHTH-
YeCKOH TeOpHH 4YHCEJ.

Hapsany ¢ MeToJIOM TPUTOHOMETPHYECKHX CYMM H TEODHeH psjoB
[upuxse B aHaJHTHYeCKOH TeopHH uuces HauuHas ¢ 1918 r. Bee
B GoJbliell cTemeHd NMPHMEHSIOTCH 3JeMEHTapHblE METOHHL.

Meron spartoceHoBa peleTa Obl paspaGotaH B paborax Buro
BpyHa, a gpyras pasHOBHIHOCTb peulera B paborax A, Cenbbepra.
B nocnenymwmue rofel annapat Meroja peliera GblJ CYLIECTBEHHO
yCHJIeH.

Cosetckuil matematuk JI. I'. IllnupeabMaH B Hauaje TPHALATHIX
rogoB paspaGoras OOWHH MeTOL H3YdYeHHS AaJAUTHBHBIX CBOMCTB
nocnejopatebHocTel  HaTypadbHmx uuces. Waen, sanoxenubie
B pabGorax JI. I'. IlunpesbMaHa, He TOJBKO MPHHEC/]H €My ycrex
B pelleHHM psifia KOHKPETHbIX 3aJa4, HO H BHEC/]H B TEOPHIO YHCEN
HOBYIO MNpo6seMaTHKY, CBSI3aHHYI0 C aJAHTHBHBIMH CBOCTBaMH
MHOXeCTB HaTypaJbHBEIX YHCeJ,

[Ipo6nemel, BosHHKIUHe Ha 6ase paGor llnupenbmana, paspaGa-
THIBAJHCH B Hecaenosanusax A. 1. Xuuuunua, I'. Mana, H. I1, Powma-
HoBa, I1. dpaéma u Ap.

W3 siieMeHTapHBIX METOJ0OB HYXKHO OCOGEHHO OTMeTHTh pa3spalo-
TaHHBIA B KOHIE COPOKOBBIX rofoB Meton A. Cennbepra. B pa6o-
tax A. Cenpbepra OCHOBHble 3aKOHbl pachpeleJeHHsi MPOCTHIX
4yuceJl B HAaTypaJbHOM pPSAAY H B apH(QMETHUECKHX MNPOTPeCcCHsIX
Obiid moNyyeHpl Ge3 MPHMEHEHHS TeOpHH GYHKIHA KOMIIJIEKCHOTO
epeMeHHOTO.

Boabiine ycnexu B XX Beke O6bliu MOCTHTHYTH B TEOPHH
IAMoaHTOBHIX HPHOJNHMKEHHH M B TEOPHH TPAHCIEHJAEHTHBIX YMceJ.
HoBbie meToAB JOKa3aTeqbCTBA TPAHCHEHJAEHTHOCTH IIMPOKHX KJac-
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cOB yMceJs GuJH pa3paboTaHH coBeTCKMM MaTeMaTHRoM A, O. leas-
(OHIOM H HeMeUKMM MaTeMaTHkoM K. 3uresewm,

Bonpocel annpoKCHMauMu aJjreGpaHuecKHX YHCEJ palHOHalb-
HBIMH OblJIH CyLIeCTBEHHO NPOABHHYTH B Hauaje Beka A. Tya, a 3ateM
B DNATHAECATHX rosax B pa6orax K. Pora. 2th uccaefoBaHHA
NO3BOJIHJM M3YUHTb YHCJO pellleHHH HEKOTOPHX HeolpefeseHHHX
ypaBHeHHH BHCIIHX cTeneHed. O6umiue Bompochl AHO(PAHTOBHIX NPH-
6nmxeHuft paspabateiBajuch B paGorax A. SI. XuHumHa.

B nocnexznee Bpems Bce GoJsiplliee BHHMaHHE CHELHAJHCTOB MO
TEeOPHH UHCeJl NMPHUBJEKAeT ajrefpaHuecKkas TEOPHs UHCEJ.

3neck Hano Ha3BaTb paGotel I'. Xacce, E. I'ekke, a B ocobeH-
HOCTH (ppaHIy3cKOTO MaTeMaTHKa A. Beilnsi, pesysabTaThl KOTOpOro
ObLIH HCIOJb30BAHH BO MHOTHX TEOPETHKO-UHCJOBLIX HCCJIEA0Ba-
HuaXx, kak Hanpumep Jl. BeppxkeccoM B mpo6ieMe o HauMeHbIlUeM
KBaZpaTHUHOM HeBbIUETE.

K anare6panueckofl TEOpDHH uHCeJl OTHOCATCA H HMHTEpPecHbe
pa6oTel coBerckoro MaTemaTtHka K. P. IlladapeBuua, a Takke
pa6orel B, H. [lenoHe no teopun KyGHuecKHX (OpM.



rT1ABA 1
OBI{HE OCHOBbI TEOPHUH YHCEJI

1. MHO)KECTBA C OMEPALH IMH

BoickassiBaHHST ,,M —MHOXKeCTBO, a-—3JieMEeHT MHoxecTBa M“
(3anucuiBaeTct @ € M) paccMaTpHBAlOTCA KakK OCHOBHbE, He Tpe-
Oyiomue omnpeneseHHH HJAH KaKHX-JIHO0 nosicHeHHH, OGHYHO HaM
TIPHIETCS HMeTb Je/I0 ¢ MHOXKEeCTBaMH, B KOTOPHIX ONpejesieHa HEKO-
TOpast onepamnus.

Onpenenenue 1. Lydem ecosopums, umo 8 mroxecmee M onpe-
OeseHa Hekomopas onepayus™, ecau YcmaHoBAeHO Coomsemcmsue,
npu Komopom Kaxdol nape sremernmos a € M u b € M conocrnas-
Asemcs  Hekomopetli onpedenrenHolli sremenm ¢ € M, Hasvisaemeli
pesyrvmamom onepayuu Had a u b.

TakuM o6pasoM, cor/iacHo 3TOMY ONIpeJeleHHIO 3ajaHHe Olnepa-
IHH O3HauaeT B CYIHOCTH 3ajaHHe (YHKIHH [BYX apryMeHTOB
f(a, b), onpenenenHoii mast Bcex a ¥ b, BXogsfiux B M, 3HaueHHS
KOTOPOH TakXe TpelCTaBJifAOT coGON 3JeMeHTH 3TOTO MHOXeCTBa.

B GoabuinHCTBE ciyyaeB Mbl GyfieM HMeTh JeJO C MHOXKeCTBAaMH,
IJ1sT KOTOpBIX oOTpelelieHbl JBe OMepalHH: CJAOKEeHHST H YMHOXKEHHd.
Bynem, Kak 310 0o6menpuHHATO, pe3yJabTaT CJOXKEHHS a H b Hasu-
BaTb CYMMoOH cJlaraeMelX ¢ ® b M 3anucelBaTb B Bule a-+b, a
pPe3ynbTaT YMHOXEHHSI Has3hIBATh NPOHU3BelcHHeM MHOXKHTeNeH a u b
H 3amnHCBIBaTh B BHIAe ab.

ByneM cuHTaTh 3HAKOMBIMH HUHTATE/IO TAKHE OCHOBHBIE MaTeMa-
THUeCKHe NOHATHSA, Kak ,rpymnna“, ,aJjAuTHBHAas rpynmna%, A KoJaslo“,
Ho0je“, Kak 06bYHO, KOJIbIIO Ha3bIBAETCSt KOJBIOM C JeJIUTEJSAMH
HYJf, €CJH B HEM CYyImecTByeT XOTsi Obl OfHa mapa 3JeMeHTOB
au b, takux, uto az%0, b=%0 u a-b=0. Konabo HasmBaercsd
KoJblioM Ge3 pesauTesiell HyJas, ecqH I8 JHOOBIX JABYX €ro aJe-
MeHTOB a@ H b, Takux, uto a0 H b=0 Oyger Takke ab==0,

* Bo BceM pajbHefilleM pacCMAaTPHBAIOTCH TOJBKO TaK HasmBaeMhbe GHHapHHE
onepauny, T. €. ONEpPalkH C JABYMA 3JIEMEHTaMH.



ST 2, YHCHA

-CunTas M3BeCTHHIMH UHTATENIO Pa3jHYHEE KJACCH YHCed, pac-
cmanuBaebee B 3TOH KHHTe, a UMeHHO: UHCJla HATYpaJbHhHe, Heble,
palMOHaJIbHbIE, NeACTBHTE/IbHbIE, KOMIJIEKCHEIE, Mbl He 6yJieM faBaTh
orpeie/IeHHs! COOTBETCTBYIOMHX NOHATHH H OGOCHOBBIBATH JAeficTBUA
HaJg HUMH. B 3TORf rsaBe MBI OrpaHHYAMCS TOJMbKO HepeyHCTIeHHeM
OCHOBHBIX [OHATHH, Omepanuil M TeX HX CBOHCTB, ¢ KOTOPHLIMH MEI
6yneM BCTpedaTbCs B KHHTe.

Harypanpuwifi psig uncen G6GyneT, Kak oObiyHO, 0003HauaTbes
B BHae 1, 2, 3, 4, ..., a OTAeJibHbIe . €[0 3JIeMEHThl — HAa3bIBAThCA
HaTypajlbHbIMH uHciaMH. HaTypanbHbifi psaj d4Hces obaajaeT cCJe-
AYIOHMH OCHOBHBIMH CBOHCTBAMH, Ha3blBaeMbIMH aKCHOMOH HHIYK-
IHH H akKCHOMOH ApxHMesa.

AxcHoma uuaykuuHM. Ecau nexomopoe MHOMECMS0 HAMYypasbHoLx
uucen codepacum eQunuyy u smecme ¢ KAxCQoM HAMYpPAAbHOIM  YlC-
AOM, 8X00AuUM & Heco, COodepicum caedyroujee 3@ HUM, MO OHO
cofepacum ece HamMyparsvHovle YUCAQ.

Akcuoma Apxumena. [aa awbbix Hamypasorulx wucer a u b
Cywecmayem HamypaibHoe 4ucao ¢, maxoe, 4mo bc>a.

CyMmMa u npousBelleHHe JABYX HaTypaJbHHIX UYHCeJ— (QyHKIHH
ABYX apryMeHTOB, onpelejieHHble BO MHOMKeCTBe HaTypaJbHbBIX YH-
cen, Mol He GyjgeM HamoMHHaTh OOCIIEeH3BECTHBEIE CBOHCTBA omepa-
UUH CJoXeHH H YMHOXEHHs, a TakXe onepalMii co 3HaKaMd Hepa-
BEHCTB.

PacnpocTpands moHSTHS CYMMBI H NPOH3BeJEeHHS Ha IPOH3BOJIL-
Hoe lmc.no c.naraeMbe H MHOXHTeJsel, pacCMaTPHBaeM BbIPaKeHHUs

BHla Za " H Q;, B YacTHOCTH, NpH a,=
i=1 i=1

cjllefHee MpoH3BeleHHe oOo3HauaeTcsl B BHAe a® W HasblBaeTcs
s-H crenmenbio uucsia a. IlpousBeieHue ab MOXHO paccMaTpHBaTh
Kak CyMMy a--a-...-+a, B KoTopoll 4HCJO CjaraeMblX paBHO b,
HJAH Kak cym™my b-+b-4...+b, B KoTOpofi uuc/iO0 cJaaraeMmbix
paBHOo a. Kaxpoe uuc/i0O Mbl pacCMaTpHBaeM Kax CYMMY, COCTOS-
HLYI0 M3 OJHOro CJaraemMoro, ¥ mpoH3BeJeHHE, COCTOsIee H3 OJHOrO
MHOXHTENS. X

C noMomiblo HaTypaJbHBIX YHCEJ Mbl MOXKEM CYHTaTh TPeAMeTH,
T. e., BoifUpasi TOPsJIOK CJeJOBaHHf, NMPUMNHCHBATL COOTBETCTBYIO-
MYyl0 YHCJOBYIO XapakTePHCTHKY OTJAEJNbHBIM 3JE€MEHTaM JI060ro
KOHEYHOro MHO¥kecTBa. BMecTe ¢ TeM HaTypaJjbHble YHCJA NO3BO-
JAIOT NPujAaBaTh oNpejesieHHble UHCJIOBhHIE XapakTePUCTHKH KOHeu-
HbIM MHOXeCTBaM B Ie/IOM, NPHIHCHIBAS BCEM MHOXKECTBaM C OJH-
HaKOBLIM UHCJIOM 3JIeMEHTOB OJHY H Ty e YHCJOBYIO XapakTepH-
cTuky. JJas HaTypaJbHOrO . psaja  uuces, MOJb3YACh aKCHOMOH
HHIYKIHH, JOKa3HBalOTCA CJeAYIONIME TEOPEMH.

Teopema 1. Bcaxoe Henycmoe noOMHoNcecmeo HAMYPArbHOLX HUCEN
codepacum: Haumenbuiee HUCAO.

.=ag=a no-
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Teopema II. Bcskoe Konednoe nNOOMHONCECMEO HAMYPANbHHIX
ducesr codepycum naubosvuiee 4ucao.

T eopema [II. Ecau ussecmuo, 4mo Hexomopoe ymeepycderue:
1) eepro ‘828 1; 2) u3 npednonosenus, 4mo ymeepicderue 6epHO
npU HEKOMOpOM N, BblmeKaem, 4/mo OHO 6epHO 043 n-+-1, mo smo
ymeepacdetue 6epHO Oafl 6CeX HAMYPALbHYIX HUCeR.

Teopema IV. Ecau usgecmuo, 4mo HeKomopoe ymeepola?enue.
1) eepro 043 HamypaasHozo wucaa a; 2) U3 npeonooXceHus, 4mo
ymeepycOenue 6epHo 048 6CeX HAMYypaAbHblX wucea K, maxux, 4mo
a<< k<<n, evimexaem, 4mo ymeepscOerue 6epHO OAfL N, MO Ymeepoxc-
denue gepHO 0asL 6cex HAMYpPAAbHObIX 4Yuces k= a.

Ecan yTBepxkieHne chopMysnuHpoBaHO B TepMHHaX, HMeEIOIHX
CMBICJI TOJIBKO IJIsl HaTypaJibHHIX 4YHCeJ, He MpeBocxozAmux N, To
n3 noceiok 1) u 2), rme n<c N, crelyeT ClpaBeAJHBOCTb YTBEDXK-
JIeHHs1 JJisl BCeX HaTypajbHBIX YHCeN B, TaKHX, 4T0 a<<k<<N.
Mbl He GymeM NPHBOAHTH [0KA3aTelbCTBA 3THX H3BECTHBIX TeOpeM.
JlokasatenbcTBa, B KOTOPHIX HCIOJbB3yeTCs AKCHOMA HHAYKUHH HJIH
ogua u3 Tteopem: IIl wmam 1V, Mbl 6yJeM HasbBaTb J[0Ka3aTeJbCT-
BaMH METOJOM MaTeMaTHuecKOH HHAYKUUKR (MHAYKUHSA [0 n).

Hnsa gByX MHOMeCTB C OJHHAKOBBIM YHCJOM 3JIEMEHTOB HMeeT
MeCTO OOWHMA NPHHIHI, KOTOPbLIH Mbl CHOPMYJHpYeM, HasbiBas
YCJIOBHO 3JIeMEHTH OJIHOTO MHOMeCTBa ,SAIIHKaMH®, a BTOPOro —
HSIpeAMeTaMH", IDTOT npuUHUHN Mbl OyJeM HasbBaTb ,IPHHIHIOM
AMHKOB",

Teopema V (,npunuoun gmuxos®). [ycme umeemcs uexomopoe
4ucao  Aujuxkoe” w  npedmemos”. Ecau useecmwo, umo: 1) xaocdorld
npedmem Aexcum 8 KAKOM-mo AujuKke; 2) HU 8 O00HOM AujuKe He
sexcum 6Gosee 00no20 npedmema; 3) 4UCAO npPEOMEMO8 PABHO HUCAY
AUUKO8, MO 8 KAXCOOM AuyuKke Aexcum 0OUH U MOAbKO 00UH npedmem.

HokasateabcTBo., O6G03HAYHM YHCJO SIUKOB Yepes M.

Ilpn n=1 yTBepxKIeHHe OYEBHIHO.

Bo3sbMeM n > | u npelnoJoxHM, 4TO XOTS Obl OfHH AMUK MYCT.
Torga (ycaoBus 1 u 3) B ocrajbHHX n—1 ALHKAX JEXHT n Opel-
METOB, a 3T0 NPOTHBOPEYHT TOMY, YTO B H—1 smHKax MOXeT
Jexatbh (ycjosue 2) He Gosee n— 1 npenmera, Ilpeanonoxenne,
4T0 XOTA Obl OJMH SIUMK INYCT, IPHBEJO HAC K IPOTHBOPEUHIO;
3HAYUT, BCe SAMWMKKH He nycThl. IJocKOJMBKY cCOrJlacHO ycJOBHIO 2
B KaXKJOM SIIHKe JeXUT He Oojee OJHOTO MpeaMeTa, TO Mbl H
nojyvyaeM, 4TO B KaXJOM AlIHKEe OJIHH H TOJbKO OJHH

1peJMeT.
Onpenenenne 2. [Tycmo moe umeem n mroaecme M,, M,, ..., M,.
Komnaexcamu u3 sremenmos smux muoxcecms Gydem Hasvi6amo MHO-
acecmea ((a;, a,, ..., a,)), e0e ay, a,, ..., a,—31eMeHMol, 63Amoble
max, umo a, € M;, a, EM, ...,a, €M, nputtem 86100p SAEMEH-
moe moaicerr: 6birmb noGHUHER U KEKOMODOIM OONOAHUAIEAOHOIM YCAOBUAM.
‘B wacrHoeTH, MHoxkectBa M;, M,, ..., M, MOryT coBnajars,

H TOTrAa KOMNJEKCH NpeACTaBJAOT coboff 3aHyMepoBaHHble, HaGopHl
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H3 35JeMEHTOB OJHOrO H TOrO e MHOMKeCTBa. IJeMeHTH dj, BXO-
JAmHe B KOMIJeKc, OyleM Ha3blBaTh 3JAEMEHTAMH KOMIJEKCa.

Iisa xomnnekca ((a;, a,, ..., a,) Hu ((by, by, ..., b,)) Gyzem
CUHTATh PABHEIMHM TOTJA H TOJbKO Torja, KOraa a;=b,, a,=¥b,, ...
«e.y @,=b, Komniekc H3 1ByxXx sieMeHTOB ((@;, a,)) OOBIYHO
Ha3bIBAlOT NapoH.

- Teopema VI. Ecau snemenm a, moxcem Ooims evibpan s, cno-
cobamu, aremenm a, eolbpan s, cnocobamu u m. 0. 0o remenma
a,, Komopuil moxcem Ovime evtbpan s, cnocobamu, mo KOMNAEKC
((ay, a,, ..., a,)) moxem Goime 8bl6PAH §;-Sy-...-S, CHOCOGAMU.

IIpu n=1 yrtBepxkaenne TpuBuaabHo. IIpH n=2 yTBepkueHue
CHpaBeVIHBO, TaK KAaK YHCJIO KommiekcoB ((a;, a,)) momayuaercs
PaBHBEIM cyMMe S, -} ...-}s,, Tle YHCIO cJaaraeMoiX paBHO S,, T. €.
MBI JeHCTBUTEJBHO NOJyYaeM S-S, KOMIMJIEKCOB. AHAJOrHYHO JOKa-
3BIBAETCSI, YTO eCJIH YTBEpMXKJEHHe BepHO AJS 7, TO OHO BepHO H
das n--1, ¥ TOrja COTJAacHO NPHUHIHNY MOJHOH MaTeMaTHYeCKo#H
HHIYKLUHH 3TO yTBepXKIEHHe BepHO AJas Bcex n==1.

Teopemnl I, Il u IV copaBensuspl A/ MHOXKeCTBa LeJBIX HEOT-
pHIATeNIbHBIX 4YHCeN, ecliH B HX (GOpMyJHPOBKax 3aMeHHTb CJIOBO
»HATYPaJbHBIA" CIOBAMH ,lefibill HeOTPHLUATEJNbHBIH". Y HOpALoueH-
HOe KOJIbIO BCeX LiesblX YHceJ HaM npHAeTcss oco6eHHO 4acTo pac-
CMaTpuBaTb B KadecTBe O6bEeKTa H3y4YeHHS B 3TOH KHUTe.

Kak u3BecTHO, Bce YHC/IOBBHIE KOJIbLA MPEACTABASIOT COO0H KOJbLA
6e3 jgenHTesell HyJs, NOITOMY IJIs1 MHOMKECTBA LEJBIX YHCeJ Crpa-
BeJJIHBA TeopeMa,

Teopema VII. Eciu ak=0bk, 20e a, b u k (ks~=0)—yeate
yucara, mo a=y>=.

MHoXecTBO UeNBIX YHCEJ AHCKPETHO, a8 HMEHHO HMeeT MeCTo
cllefylomlasi Teopema.

Teopema VIII. IIycms a u b—yeavle wucsa u a>>b, moeda
a=b-1.

PaccmarpuBas cTeneHH UeJBiX YHCe], MBI, IO ONpEIENCHHIO NpH
a =0, cuntaeMm a’=1.

OcHoBHYIO posib BO Beell apH(MeTHKe LeJBIX YHCEJ HMeeT Teo-
pemMa o JeNieHuH. ‘

Teopema 1. [Jas w6020 yeaoeo a u yearozo b >0 cywecmayrom,
u npumom eQuncmeenusie, yeme ¢ u r, maxue, umo a=bg-r,
O0<<r<Cb. :

Yuco ¢ Ha3BIBAIOT TOJHLIM HJIH HENOJHBIM YacTHHIM, B 3aBHCH-
MOCTH OT TOTO, PaBHO JIH r HYJIIO HJIH HET; r Ha3blBalOT OCTaTKOM
OT JleNieHHsT a Ha b. :

JlokaszaTenbCTBO. Bo3pMeM uHchaa:

b-1, 5.2, 6:3,... (1

[Ipu a=0 paccmorpuM -MHOXecTBO M Tex uucen B (1), korto-
pHe Gonbmwe, dem a. CorsnacHo akcuome ApxuMena M He mycro,
a, cnenoBaTesNbHO (TeopeMa l), Bo MHOXecTBe M HOMXKHO OHIThb
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HaHMeHbIIlee UHCJIO, KOTOpoe Mbl 0GO3HayHM uepes bs". O6osnauym
Yepes § UYHCJIO, HA eJWHHNY MeHbilee, ueM §'; Toraa s+ 1=s" &
bswa<<b(s+1).

INpu a<<0, —a>0 M MOXeM B3ATb MHOXKecTBO M Tex
yucea us (1), KOTOpHie GoJibile, YeM —a, HIAH paBHbl —a, H 060-
3HaYHTb Yepes bf’ HaHMeHblllee M3 HHX; Torja mpH {=¢'—1 Oyzer
bt <—a=<b(t+1), tak uto

b(—t—1)<<a<<b(—?).

Mbl BuzauM, YTO BO BCex cayuasx Aas au b(b>0) cyuecTByeT
LeJIoe ¢, TaKOe, YTO
bg<a<<b(g+1). 2)

O6o3Hauas uepes r pasHocTb a—bg, U3 (2) moayuyaeM
r=a—bg<<b(g+1)—bg=b u r=0,

Tak u4T0 a=>bg+r, 0<<r<Cb.
JlokaxkeM Tenepb €IHHCTBEHHOCTb TakHX ¢ H r. IlycTsb

a=bg+rua=>bg +r, rne 0<r<<b; 0<r’<<b.

IIpeanonoxuM CcHadaja, 4TO r’'>r; TorAa bg-+r=bq' +r’,
r'—r=b(qg—q’), tie 0<<r<<r’'<<b, TaRk U0 0<<r'—r<<b, ¢g>q"
H, cyenoBarenbHo (teopeMa VIII), g=q '+ 1, T. e.

r'—r=b(g—q’)=".

Mb! MONYYHJIH MIPOTHBOPEUHE C TEM, UTO NEpe] STHM HMeNH r’' —r < b,
TOUHO TaKHM 3Ke myTeM Mbl NoJIy4aeM NPOTHBOPeUHe, MPEANOJIOKHB,
uto r>r’, T. e, AOJIKHO 6bITb r =r, u Toria b(g—q’)=0; a
NOocKOJbKY b0, t0o g—¢q' =0,

Onpenenenne 3. Ilycme a u b(quO)—ue/tbze qucaa. b Hasvi-
saemca OJeAumenem @, €CAL CYWECMBYEM yei0e 4UCAO q, MAKOE, MmO
a=>bq. B amom cay4ae a wasvlieaemcs Kpamuoim b; a q—4acmuoim
om Oeserus a Ha b.

CoorHowleHHe «b Aenutedb a» Mb OyJeM 3anHCHBaTH A Kpart-
KOCTH B BHJe b|a, u 3Ta 3amHChb Bcerja colepxHT B cefe npezmno-
JoxkeHHe, 4T0 b550. Ecau ke b He aBAdercs AeJuTes]eM @, TO MbI
6ymeM nHucatb b4 a. lenutenb HasbiBaercsi COGCTBEHHBIM, €CJH OH
OTJIHYEH OT CaMOr'0 UHCJA,

Teopema 2. IIpu b>0 b ssrsemca Ogaumenem a moz0a u moabKo
moeda, koz6a ocmamok om Oeaenus @ Ha b pasex Hyo.

Ilo KaszaTteabctBoO. [Iycts a=bg+r, O0=<r<b.

1) Ecan r=0, to a=bg u b]a.

2) Ecan b|a, to cymecTByeT ¢’ Takoe, uto a=bq’', H B cHIY
TeopeMbl 1 0 €JHHCTBEHHOCTH TDEACTaBJIEHHA @ B BHJe a-bq—i—r
noayauM g=gq’, r=0. :

‘3anvmeM’ psj NPOCTHX TeOPEM O AeJIHMOCTH.
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Teopema 3. ﬂ/m 106020 YeA020 a=,é0 umeem ala (ped).nexcnn-
HOCTb OTHOLIEHHA AEeJHMOCTH),

JokasaTeascTBO, a=a-l.

Teopema 4. [laa 106020 yeno2o a umeem 1]a.

HokasareabcTBoO, a=1-a.

Teopema 5. Ecaub|a, mo npu aobom couemanuu 3naxos == b| 4 a.

JNlokasaTeabcTBo. Ecam a= bg, 10 a=(—0b0)(—q),
—a=0b(—q), —a=(—>b)g, rie BMecTe C ¢ 4YHCJO —q TOXe€
uesoe.

Teopema 6. Ecau c|b, b|a, mo c|a (TpaH3UTHBHOCTb OTHOLIe-
HHS JIeJIHMOCTH).

HokasartenoctBo, Ecau a=bq,, b=cq,, tie ¢, H q, le-
Jble, TO a@=cq, TAe §=q,{, TOXKe IeJoe.

[Mpumeuanue H3 TeopeMu 6 HeMocpeACTBEHHO cieayer, 4TO, €CIH C|b,
cka, 0o bka

Teopema 7. Ecau bla, mo npu awobom yeaom k=0, kb|ka.

JokasarenvctBo. Ecnu a=bq, 10 ka=(kb)q.

Teopema 8. Ecau kblka, k%0, 10 bla.

HlokasareabctBo. Ecau ka=kb-q, rae k#:O TO COTJIACHO
teopeme VII a= bgq.

Teopema 8. Ecau bla, mo npu awbom yeaom ¢ bjac,

HoxasateabctBo. Ecin a=bq,, rae g, uenoe, 1o ac=bq,
rle g =cg, ToXe ueJoe.

Teopema 10. Ecau cla u c|b, mo cla+b u cla—b.

HlokasatenbctBo. Ecau a=cq,, b=cq,, rie ¢, H g, ue-
nvie, To a+b=cq, rae.q=q,+ g, nenoe. Auanornuno a—b=cq’,
rae q’—ql—q2 enoe, :

Teopema 11. Ecau clay, clay, ..., cla,; by, by ..., b,
aobsie yeavie, mo clab,+a,b,+ ... +ab,.

L[oxasaTe.anTBo Ecnn clal, clay ..., cla, TO, NpH-
MeHs s TeopeMbr 9 1n 10, no.nyqaeM nocJe0BaTeNbLHO ¢ | a b, c]a2 -
- c(a w Clad,+azb,, clab,+ab,+-agh,, ..., clab+

+azb +.. . dab,.

MMpumMeuyanne. U3 sroit TeopeMbl HENOCpENCTBEHHO cJeRyeT, 9TO €C/IH

clay, ....clag 1, bl, veey by_q, b, M0Gbie Heable B ¢ X (@yby+ ... G _1by_1F
+a b,,) TO c X d,
Teopema 12. Ecru b,|a,, b,la,, ..., b,]a, 71O b:-b,
obglaya, . ay.
Hoka3zatenbcTBO. Ecau a,=b,9,, a3=0,4,, ...,a,=b,q,,

rae BCe g; Lesble, TO a,a,...a,=bb,...b,q,T0e9=44,...q, TOXKe
nesoe.
Teopema 13. Ecau b|a, mo npu robom yerom n =0 umeem b"|a",
,U,oxasaTe.nI:CTBo Ecanu n=0, To 1|1, a npu n=1 umeem
YacTHBIA cayuyall npeAbiiyileH TeopeMHl, Tje @, =...=4,=0a H
by=...=b,=b
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Teopema 14. [as /uo6b¢x yeavix wucer a==1 u g>1 npu Hexo-
mopom s=0.

1) Cyuwjecmsyem npedcmasacrue a 8 6ude

a=cg'+¢c_ 18+ ... +cg+¢p, (3)

20e O0<<cicg—1 npu ecex i=0,1,...,s—1 u0<<c,<<g—1;

2) npu 3a0aHHOM g U HAMOMEHHDIX HA yeavle ¢; YCA0BUAX nped-
cmasienue a ¢ eude (3) edurcmeernHoe.

HdokasarteabcTtBo. 1)CymecTBOoBaHHe. BosbMeM moboe
g>>1 u npHMeHHM MeTOJ MaTeMaTH4eCKOH HHAYKIlHH,

IIpu a=1, B3aB s=0, ¢,=1=<<g—1, nmonyyaeM paBeHCTBO (3)
B Bule l=c,. [lpeanonoxuM, uTo0 paccMaTpHBaeMble NpeAcTaBJe-
HuA (3) MMelT MecTo AJs BCeX HATypaJbHbIX YHCEN 4, MEHBIUHX,
yeM n. CorjacHo Teopeme | A n M g MOXKHO HAaWTH lieJible HEOT-
pHHATeJbHBIE YHCAA N, H F, TaKHe, UTO

n=gn,+r, 0=<r<g—I1.
Jlerko BuAeTb, UTO n; <n. HeficTBHTeNbHO, ecau Owl OblJIO Ny == 1N,
TO, NOCKOMBKY g>1, r =0, Mbl HMeau Obl n=gn,+r > n.

PaccMoTpuM JIBa BO3MOXKHHIX CJyyas:

a) Ecan n, =0, T0 n=7, T. e. paBeHCTBO (3) OCYylIleCTBJsETCS
npH s=0, ¢,=r.

6) Ecau n; =1, 10 l<<n,<#n, H COTrNACHO NPeANOJOXKEHHIO
O CcYUleCTBOBAaHHMH NpelcTaBjeHHd (3) AJad Bcex 4dHCeN g=<n, T. €.,
B YaCTHOCTH, H ANS 1,, HMEEM:

ny=rg gt .+
IPH HEKOTOPOM t u O<sri<<g—1 (i=0,...,¢), r,>0. Toraa
n=gn, +r=rg*" +r,_g+...Frg+r,

T. e. npeicrasJjeHue (3) ocyllecTBasieTcs Npu s=1t--1, ¢,;=r,,...,
€, =Ty, Co="r. COrjlacEO NPUHIUNY MOJHONK MaTeMaTHUYECKOR HHAYK-
nuu (TeopeMa IV) cyilecTBoBaHHe paccMaTpUBaeMblX NpelcTaBJAeHHU
JIOKa3aHo AJs BCeX HATypaJbHBEIX 4Hcel.

2) EpuscTBeHHOCTDb. Ecimn

a=cg'+...+agtc=cg+...+cg+c,, (4)
The Bce ¢; U c; Takue, uTo O0<<¢;<<g—1, O0<<cr<<g—1, ¢,>0,
¢ >0, 10, 3anucas (4) B BHZe:
a=g(cg '+ ... +c))tco=glcig ... +¢;)+co,
MBI [OJIy4aeM paBeHCTBO ABYX NpeACTaBJeHHH a BuAa:
a=gg+r, O<ssr<g—1.
CorniacHo Teopeme | 3TO BO3MOXHO TOJIBKO NPH
Co=Co, Qy=Cg* '+ ...+, =cg'" "4 ... F¢,.
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TIposona AN @y TO e PACCYKACHHE, MONydaeM Cy=Cy, 3aTeM
‘€;=C, U T, 5. Tenmepb JIeTKO BHAETb, YTO S=1. lIeHCTBHTeJIbHO
ecJH, Hanpumep, Gblio 6bl s<<f, TO, MOJNYUHB Cp==Co, C3=Cj,--»
C4=Cs, MBI MOTJIH Obi- COKpaTHTb 00e YacTH Ha ofmiue CcJaraembie
Cor €18, -« .,Cs8° H, TIOCKOJDbKY ¢: >0, nonyuusan 6bl B npapon 4a-
CTH (4) NOJIOXHTEJNBHYIO BeJHUYHHY, PaBHYIO HYJIO.

Onpenenenne 4. Ilpedcmasserue a 6 eude (3), e0e npu ecex i
0<<c;<<g—1 u ¢,>0, Hasvisaemcss npedcmagreHuem 4ucaa 8 cu-
cmeme cqucredus ¢ ocroeanuem g. Hucaa ¢, ¢,_q, ..., €, Ha3bl8a-
omes yuppamu wucra Q.

Ilns KpaTKOCTH BhIpaXeHue (3) 3aNHCHIBAIOT TaK: & =C,C,_, . .
WK Jaxe MPOCTO Cls_q - . . Cp

Koo uenbix yucest paccMaTpHBaeTCs Kak NOJANOJE MOJs Paluo-
HaJIbHBIX YHceJl. PalHoHaJbHbie YHCJa Mbl GyJieM 3aNHuChIBAaTh B BHE

%, rie a u b=1 nenwe, T. e. daxkTHuecKH OYyAyT paccMmarpu-

BaTbCsl KaK Mapa UeJblX WHCEJ, Y KOTOPbIX 3HAMEHaTesab Bcerja
MOJIOKHTEJIEH,

YnopsaouenHoe noJie AeHCTBUTEIbHBIX YHCeN He ABJsieTcs o6bex-
TOM CNeNHaJbHOrO H3YueHHs B 3ToHl KHHTe. Kak yXke oTMevasoch
paHbllle, BO BBEJEHHH, TEOPHS UYHCEN H3Y4yaeT TOJBKO BOIPOCH,
CBSI3aHHBIE C apH(MeTHYeCKOH NPHPOXOH AeACTBHTENbHBIX YHCEN], a
HMMEHHO TakHe BONIPOCHI, KaK, HanpHMmep, -CYI{eCTBOBaHHE ypaBHe-
HHSl C IeJBIMH KO3(HUHeHTaMH, KODHEM KOTOPOTO SIBJIAETCS AaHHOE
JeACTBHTEIbHOE YHCJIO, NPHONHIKEHHEe AeHCTBHTEJBHBIX YHCeJ PalHO-
HaJBHBIMH H T, I,

IleficTBUTeNIbHBIe YHCHA MBI OylieM OOLYHO 0603HauaTh GYKBaMH
rpeueckoro andasuta o, B, Y, ..., HO HHOTAA, XKeJas NORIEPKHYTh
TO, YTO BeJHUHMHA pPacCMaTpPHBAETCS KaK NepeMeHHast,— MOCJeAHHMH
6YKBaMH JaTHHCKOro aadaBuTa X, Y, ... .

ByzneM cuuTaTh H3BECTHHIMH IIOHITHA CYMMbl, IIDOH3BeReHUS,
Pa3sHOCTH, YACTHOTO, CTeNeHH AeHCTBHTeNbHBEIX YHced. Kak o6biuHO,
HOycTyio cyMMy GyJeM CUHMTaThb paBHOH HYJIO, a mycToe INpOH3Beje-
HHe —DaBHBIM EJMHHIIE,

HmMess B BHAY HHTEpNpPETALHIO AeHCTBHTEJbHHX HHCEJ HA YHCJO-
BOf1 OCcH, MBI 6y JieM AeHACTBUTEJbHbBIE YHCJIA HHOTAA Ha3biBaTh TOYKaMH,

Monyab, unH, Kak HHaue TOBOPAT, abCOMIOTHAS BEJHUHHA, JehACT-
BHTEJBHOrO qucia o oGo3Hauaercs |o| u onpenensiercst hOpMyaMu:

.Cos

{ o Tnpu a=0,
o= —a npH a<<0.

Hnsa Moxyneft npUMEHSIOTCH H3BECTHBE COOTHOIICHHS:

s
da
i=1

é1=21 [a;] (5
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8 8
ITo;|=1Io:1, (6)
i=1 i=1
cnpaBelJiuBHE NpPH MoGOM s, T, e. NpH JoOOM YHCJAE CllaraeMuix
B ¢opMyJae (5) u MHOXuTesel B ¢popMyne (6). OcTaHOBHMCS, B 4acT-
HOCTH, HA HEKOTOPHIX BaXKHHIX CBOMCTBaX MOJAyJEH HEJhX YHCeJ.

Teopema I1X. Ecau a—uyenoce wucao, ne pasuwoe 0, mo |al=1.

Teopema X. Cpedu yeavix uuces, modyss KOmopuix MeHouie, Hem
m, moavko 0 Jeaumcsa nHa m.

Bo MHOXKecTBe wesbIX YHCEJ HMEET MECTO TeopeMa, aHaJorHyHas
Teopeme 1.

Teopema 1'. Bcakoe wnenycmoe nodmrooncecmso ueablx Hucea co-
Oeporcum HauMmerbuiee no a6COAOMHOL BeAULILHE YUCAO, NPULEM MAKUX
Haumenovwiux no abcosmomnol Gesudure 4uces moxcem Oboimo Au60
000, aubo dsa.

3. NOCJNENAOBATEJIbLHOCTH. ®YHKUHH

Byzem cuHTaThb H3BECTHHIMH YMTATeJIO He TOJbKO OCHOBHBEIE MO-
HATHA ajre6pel H MareMaTHYecKOro aHaJjM3a, HO H BaKHeHIIHe HX
csokictBa. CpeaM TakHX NOHSTHH y Hac OYAYT BCTPEYaTbCS MOHSTHA:
HHTepBalla, CerMEHTa, MOCJeJ0BaTeNbHOCTH, CUETHOrO MHOXKECTBA,
KOHTHHYyMa, npefiesia, HelpephIBHO#H (YHKIHH, OrpaHHYEHHOH yHK-
LUHH, jorapudma, cHHyca, MHOTOYJIeHAa, KOPHS MHOrOuJieHa, MHOTO-
YJieHa HelpPHBOAMMOTO HaJ HAHHBIM T0JeM, CHMMETPHYECKOro MHOTO-
4JIeHa, CXOASALErocsl ¥ pacXoAsierocs psaia, NpoH3BONHOM, HHTErpa-
Ja u T. A. HamoMHuM ToabKO onpefieieHHe NepHORHYECKOH NOCJIERO0-
BaTeJbHOCTH.

Onpenenenne 5. 1) Ilocaedosamervrocmo vucen

Qg Ay, Ggy eovy Gy ™

Hasvieaemcs nepuoduyeckol, ecau cywjecmeyrom k=1 u s=0 ma-
Kue, 4mo a,, ,=a, npu écex n==s.

2) Ecau kB u s—Haumenvuiue qucia, Yoo6aemsopaouyue mum
ycaosuam, mo k Haseigaemcs 0aurnoii nepuoda, a s—Oaunoi nped-
nepuoda.

3) lIpu s=0, m. e. ecau cyujecmsyem k =1, makoe,umo a,, ,=a,
npu ecex n, nocredosameavrocme (7) Hasviéaemcs wucmo nepuodu-

YecKkoll.
Ilepuoauueckasi nocnefOBaTeNILHOCTD HMEET, TaKUM 006pas3oM, BHA

Qgy o oo 3 Qsyy gy on ey Boyp 1y Gy ooy Qoppgs vend

rae mocae mnpexnephona a,, ..., ad,_, NEPHOAUYECKH MNOBTOPAIOTCH
OIHH H Te e 3JIEMEHTH &g, ... , &gy g1
Uucro nepuoguyeckasl NocJef0BaTeNbHOCTL HMEET BHA:

aoyu..,ak_l,ao,... ’ak‘1|°"'



TIe € CaMOro Hawajla MepHORHUECKH TOBTOPSIOTCH JIEMEHTH 4,
[ )

[Tpu paccmoTpeHHH AEACTBHTEJNBHHIX YHCEN HAM NPHAETCS MOJb-
80BaTbCl M COOTBETCTBYIOUIMMH TEOpDEMaMH, H3yYaeMbIMH OGLIYHO
B KypCax MaTeMaTHYECKOr0 aHajuza H BoiCWel ajreGpui. [Tepeusnc-
JIUM HECKOJIbKO OCHOBHBIX TOJIOXKEHHH ajre6pbl H MaTeMaTHYECKOro
aHanu3a, Ha KOTOpHe Mbl OyAeM OmHpaThCs B JaJbHeHILEM.

Teopema X1. [lasn aobox Osyx mHozousenoe f(x) u g(x) nad
nosem P cyuwecmsyom 08a mHozourena Had smum norem q (x) u r (x),

makux, 4mo
f(x)=g(x) g (x)+r(x),

npudem cmenend r(X) mexbuie, 4em Cmenensv g(x).
Teopema XII (Besy—Topuep). [dan ao6oeo muozourena f(x)=
=apx"+ax""14-... 4a,(n=1) u wucra o

f(x)=(@x—a)g(x)+r,
20e g (x) =bx"" 14 ... 4+b,_, by=a,, b,=0ab,+a,, by=0ab; +a,
cesh,y=ab,_,+a,_,, r=ab,_;+a,=f(x).

Teopema XHI (dopmyna Teinopa). JLas 1106020 MHOZ04ACHA F(x)
FOebny=F )+ F (0 o 0+ ... 20 [ ).

Teopema XI1V. Jlw6oid muozouren nad notem P cmenenu n=1
Mmoacem Goimb npedcmasiet 8 gule npoussedenus HenpusoOUMbLX
HaQ 3mum nojem MHO20MAEHO8.

Teopema XV. Hycmes F (ay, ..., a,, By, ..., B,)—mHo20416H HAD
nosem P, cummempuueckuii no omuowleHuio K dsym cucmemam He-
U3BECMAHBIX Qyy o ooy, U By, oo, By To20a

F(ay, ...,o, By, o, B)=@ (0, ..., 0,7y, .o, Ta)s

2de M (04, ...,0,,Ty, ..., T,)— MHO204AEH C Koahpuyuenmanu us P,
0y ..., 0,—31EMEHMAPHbIE CUMMEMPUYECKIe MHOS0MACHb. Om
Qys ve ey Oy

Tys o o0y Tpy—3NEMEHMADHBLIE cummempu4ecKue  MH0204AEHbL om
oo B

Teopema XVI. ITycme o, ..., a,—KopHu muozourena f(x) cme-
nenu n., Tozla 3sremenmapHbie CUMMEMPUHECKUE MHO20MALHbL OM
Oy, .- ., 0, GLLPANCAIOMCA PAYUOHAALHO Hepe3 Kodpguyuermor f(x).

Teopema XVII. Cymma cuemuo20 MHONCECMBA CHEMAHbLX MHONCECMS
npedcmagasem cob0il mMaKe CHEMHOE MHONCECMBO.

Teopema ‘XVIIL. [Tocaedosamesbrocme Cmpo2o 8AONCEHHBIX dpye
8 dpyea unmepeanod, OAUHbL KOMOPOLLX CMPEMAMCA K HYMO, umeem
O00HY U mMoAbKO 00RY MOUKY, OOWYI0 6CEM LHMEPSAIAM U ABASIOULYOCA
obugum npederom Aesbix U NPABHIX KOHY08 IMUX UHMEPSAAOS.
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I pyrum# cJioBaMH, eCJiH JBe NOCJ/eJ0BATEIbHOCTH ASACTBHTENbHBIX
gucen «, H B,(n=1, 2,...) TaKoBH, uTO

oy <o, <oy <<... <P <Py<B,

i lim (f,—e,)=0, 1o cyumecrByior limea, u limf,, npuuem
. 1->am . n—» o n -

lim e, =llmB

n-—>o0

N
Teopema XIX. ITycmo [(x)—wnenpepwsras e ceemenme [a; b]
Pynrxyus; moeda:

1) f(x) oepanudena na smom cezmenme.

2) Ecau f(a) u [ (b) umerom pasnbie 3HAKW, MO 8 IMOM CE2MERME
nexcum no Kpaigreil mepe o0un Kopews f(x).

3) Ecau c—npocmoti ropens f[(x), maxod, aumo a<<c<<b, mo
8 Jocmamouno Mmanoil okpecmHocmu c, caeea u cnpasa om ¢, f(x)
npuRuMaem NPOMUBONOAONCHBIE NO 3HAKY 3HAYEHUS.

Teopema XX. ITycme f (x)—nenpepoignasn 6 cezmenme (a, b] Pynr-
yusa, m u M—coomeemcmeeRHO HauMenbuiee U Hauboavuiee 3Haue-
Hua f(x) 6 amom cezmenme; moeda

b
mb—ay<{j(x)de< M (b—a).

Teopema XXI (Dfnep).
1) e =cosx-isinx; 2) %(e’“'—{-e""'):cosx.

HeficTBUTE/IbHOE YHC/O O MOIKHO MPEACTaB/AATb B BHAE CYMMBI
6ecKOHEUHOH cucTeMaTHuecKO# ApOOH ¢ OCHOBAHHWEM CHCTEMH CYH-
CJIeHHS, pPaBHBIM HeKoropomy nejoMy g>1, T. e. B BHJE:

o= ao—{- + cees 8

TAe Bce a;—ueable uHcsia Hnpu i=1 O0<<a; <<g—1. Coxpamemlo
dopmyna (8) 3amlHCbiBaeTCs B BHIE O=a, 0,4, ..., [Ie d;, d,...
HasblBalOT UM(ppaMu ApOOGHOH UYaCTH o, a4, HA3BIBAIOT UEJIOH 4acThlo &
H 3aNHCHIBAIOT TaKke B BHAe a,={a]. Mb paccmorpuM [a] Kak
¢GyHKUHIO OT o B IyaBe 4. B KauecTBe OCHOBaHHSI CHCTEMbl CYH-
cienust Gouabuteli uacTeio Oepercs g==10. MapectHsl cnexywomue
TeopeMbl.

Teopema XXII. JlroGoe Oeticmsumensroe 4ucio o eOUHCMBEHHOIM
o6pasom moocem Gvime npedcmasaeno 8 eude (8), mak umo npu écex
i0<a;<<g—1 u cywecmeyrom a;=g—1 co cxoab yzo0uo 6orb-
wunu .

Becxone'mas{ CHCTeMaTHuYecKas Apo6b (8) HasnlBaeTcs nepHOmH-
YeCKOH, eCcJH nepnonuqecxoﬁ ABAAETCA MOC/IEA0BATENbHOCTD Lubp
ay, Qgy .. .
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Teopema XXII. [edcmeumenbroe uwucao o ssasemcs payuonass-
Hoim moeda u moabko moeda, Kozda npedcmasrexue o ¢ eude (8)
ecmob nepuoduveckas dpobs.

dra TeopeMa, B YaCTHOCTH, 03HAayaeT, YTO €CJAH IpeACTaBJIeHHE
Q B BHJE CHCTeMAaTHYeCKOA APOOGH IO HEKOTOPOMY OCHOBaHHIO g > 1
SIBJAETCH NEePHOAHYECKHM, TO MNepHOAMYeCKOR Oyler H cucreMaTH-
yeckas ApoOb, MOJYuYaOmasicd NPH PAasjIOKEHHH O C APYTHM OCHO-
BaHHEM CHCTEMbl CUHCJICHHS.

Ham yacto npupmerca paccMaTpuBath ¢yHKUHH NPH HEOTPaHHUYEH-
HOM pOCTe apryMeHTta, T. €, pacCMaTpPHBaTb NPOLECC, NPH KOTOPOM
apryMeHT CTaHOBHTCS 6oJiblue Jiio60ro (UKCHPOBAHHOTO HaTypab-
HOro uHcJja.

Onpenenenne 6. Dynxyus f(x) nasvieaemca acumnmomudecku
pasnoll pyuxyuu o (Xx), ecau npu x— o0, M. e. NpuU HeOZPaHU1EH-
HOM pocme X, cyuwjecmsyem npedes OMHOUIEHUR f-n—%)) u amom npe-
Oen pasen 1,

AcuMNTOTHYECKOE PaBeHCTBO (QYHKIMHA f(X) U © (x) 3anuckHBaeTCs

(%)

3HAKOM ~, TaK 4TO f(X) ~ @ (x) osHavaer, yro lim ) =1,
X —> @ (] (x)

Ilpumepn. 1) B2V x ~ 2% 2) sinl?.v%;

3) n(x+42)—e"*~Inx.

AcuMnTOTHYECKOE PaBeHCTBO [(x) ~ ® (X) MOXKEeT HMeTb MeCTO
TOTA4, KOria pPasHocThb [(X) H @ (Xx) pacTeT 1O MOAYJIO C yBeJH-
YeHHeM X, OfHAKO pocT |f(x)— o (x)| MeAsnenHedi, yem pocT |f(x)|
nle @l f0) oy f)

HeficTBHTeNbHO, ecnnxgqlm= I, Y 1+6(x), rae npu
x—o00 8(x)— 0, orkyaa cxeayer, uto f(x)=0(x)+ 6(x)w (x),
[f(x)—o(x)|=]8(x)|-]o(x)]. Hecmorps ®a 1O uyto &8(x) cTpe-
MHTCAL K HYJO, npousBefenue |6 (x)||w (x)|Moxker HeorpaHHUEHHO
yBeNHUMBaTbCA, XOTA M MeAJeHHeH, ueM |o(x)| u |f(x)|. Tak,
B TOAbKO 4YTO JAaHHOM mnpuMepe f(x)=x+2x2+V'x, ©(x)=2x%,
a lf(x)—m(x)[=2x2+1/x—->oo OpH HEOrDAHHYEHHOM YBeJHye-
HHH X,

Onpenenende 7. ITycms f(x) 1 @ (x) (o (x) >0)—dse pynxyuu,
paccmampusaemole Ha HeKOMOPOM MHOJNCECTEe SHAYEHUL apeymMenma X,
makom, 4mo x— oo. Pasencmso f(x)=0 (@ (x)) (wumaemcs .f(x)
pasro O Goavwoe om o (x)“) osnaugem, wmo Cywecmeyen nocmosn-
nas A>0, maxas, umo (f(x)|<Am (x) Oan ecex Qocmamoyro
boabwux x, m. e. npu X> x,.

Takum o6pasom, O (@ (x)) MOXKeT 03Ha4aTh N0GYI0 ¢pyHKUHIO [ (X),
YIOBJETBOPSIOULYI0 NpH x> x, ycaouio |f(x)|<< Awe(x), rre A
H X,, BooOuie rOBODS, PasjHYHH AJA Ppa3aHyHbX [(x). Mel MomeM
Bceraa sanucath O (o (x)) < Aw (). :
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MpuMepn. 1) (x—1)2sinx =0 (x%); 2) V3 F1+Inx=0(x%;

3 In(1—4)=0(1).

Teopema XXIV. 1) Ecau f(x) =0 (o (x)), g(x) >0, mo [ (x)g(x)=
=0 (0 (x) g (x)).

2) Ecau f(x)=0(w(x)), mo O(f(x))=0 (o (x)).

3) O (o (x) £ O(@(x)) =0 (o (x)).

4) Ecau f(x)=0 (0 (x)), mo O (f(x))-0 (o (x)) =0 (@ (x)).

5) O (o (x)) 0 (g (%) =0 (o (x)g(x).

HokaszarteanctBo. 1) Ecaun f(x)=0(o(x)), T. e. cymecT-
Byer A >0, Takoe, 4TO NpH x > x, uMeeM | f (x) | << Ao (x) u g (x)>0,
T0 lf(x)g(x)|<Ag(x)m(x)

2) 3anuck O (f(x)) o3nauaet, 4TO f(X) MONOXKHTEJNbHA XJsi pac-
CMaTpHBaeMblX 3HaueHu#i apryMenta. Ecau f(x)<<Ao(x), TO
[0 ()] <AJ(¥) < AjAe (x), T.e O(f(x))—O(ﬁ)(x))

O6o3uauus O (f (x)) uepe3 F (x), Mbl MOXeM 3aNHCATb 5TO CBOH-
CTBO B CJefyiolleM BHIe:

Ecnn F(x)=0 (f (%), [ () =0 (0 (®), To F(x)=0(o ().

Takum 06pa30M cumsoa O o6/1afiaeT CBOACTBOM TPAH3HTHBHOCTH.

MoxHo BMecTe C TeM OTMETHTb, UTO 3TOT CHMBOJ He o0jajaer
CBOHCTBOM CHMMeTpHUYHOCTH. U3 f(x) =0 (o (x)) He ciaepyetr o (x)=
=0 (f (x)). Hanpumep, Inx=0 (x), HO x5=0 (In x).

3) Ecam ans mnepBoit H3 paccMaTpHBaeMBIX dyuxuui O (o (x))
uMeeM |0 (o (x)) | << A,0 (x), a ansa BTopoil |0 (0 (x))]| << A,0 (x), TO
10(0 ()0 (0 ()| <100 (1) | +]0 (0 (1) | < (Ay-+ Ag @ ()

Ecau f(x) =0 (o (x)), To, NIpHMeHsis CBOACTBA 2 H 3 IaHHbIe
B 3TOHl TeopeMe, MoJyuaeM

O (F(x)+0 (0 (%) =0 (o (x))+0 (o (x)) =0 (@ (x)).

5) [0 (@ (x))0 (X)) |=[0 (e (x))]-]0 (g x) |< A0 (x) Ag (x)=
= Ao (x) g (%).

[Mpumep. f—x—?g—]n (1—}-—}‘—)—}—0(%):0(%)—0(%)—{-

ro()=o(#)+o(2)=o({).

Onpeneaenne 8. ITycme [ (x) 1 o (x) (o (x) > 0)—adse pynkyuu,
paccmampusaemble HQ HEKOMOPOM MHONCECTNGe 3HA4eHUll X, MAKOM,
umo x— oo. PaseHcTBO f(X)=o0(® (X)) (uutaerca ,f(x) paBHO o

MajieHbKOe 0T ® (x)“) o3nawaem, umo lim m(x)) 0.

CHuMBOJ 0 (@ (X)) MOXeT 03HauaTh, TaKUM 06pa3oM, JoOyio GpyHK-
LHI0O BHIa & (x)® (x), Takywo, uTo &(x)— 0 npH x— oo.

IMIpamepn. 1) Inx=o0(x); 2) e"‘—}—x'*'l o(—l——).

x?

27



YacTHMHE caydasMu onpefeneHut 7 u 8 spasorcs pyHRnuMH
puga O (1) u o(1). O(1) o3mauaeT QyHKUHIO OT X, OrpaHHYEHHYIO
N0 MOAYJIO NpH BCEX X>>X,, a 0(1) Q)yﬂxumo OT X, KoTopas
OpH X — 00 HMMeeT mnpefed, sanﬂbm HYJIIO.

Opumepn. 1) (1+-} T—0q): 9 BX o).

TJABA 2
NPOCTBIE YUCJA
1. IPOCTHIE H COCTABHBIE YMCJIA

Kaxpoe HaTypaJbHOe 4YHCJO n KHMeeT IO KpaiiHeli Mepe ABa’
N0JIOXKHTeJNbHEX fenutens: | H n. CylecTBYIOT HaTypaJibHble YHCMA,
KOTOpble He HMEIOT IOJIOKHTEJbHBIX JeJHTeNeH, OTJHYHEIX OT | H
camoro ceb4.

Onpenenenue 9. HamypasbHoe 4ucao p HQ3bBAEMCA NPOCHIbLLM,
ecaw p>1 u p He umeem noAOKHCUMebHbIX Oeaumened, OMAUYHBLX
om 1l u p.

Mb Gynem ofbiuHo mpocThle uucia o6osHauaTh Gyksoi p. Ilep-
Bble IPOCTHIE YHCJIa B HATypaJbHOM psny:

2,3, 5,7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47,...

Onpeneneﬂue 10 Hamypaﬁbnoe yucao n>1 Hasvieaemcs co-
CMQBHBIM, eCAl N umeem no Kpatxell mepe 00UH NOACH UIMeAbHOLE
0e/zume/zb, omauynowi om 1 w n, CorjnacHo 3TOMy ONpeneleHH!O,
eciiu  n-— CocTaBHOe 9HCJIO, TO Y A HMeeTcsl JEJIMTENb @, TaKoH,

n
4T0 n=ab, rie b“? TOXe Takoe, uTo 1<<b<<n.

Bce ueTHne uncaa, kKpode 2, cOCTaBHBIE, TaK Kak npu n=_2k,
k>1 Oyner 2{n u 1<2<n

Coraacro onpesenennam 9 # 10 MHOXKECTBO HATypaJbHLIX YHCEJ
pasbuBaeTcs Ha TpU MOAMHOMXKecTBa: 1) mpocTuie yHesa, 2) cocTas-
Hble yucaa H 3) uhcsao 1, Koropoe He NPHYHCAAETCS HH K NPOCTHIM,
HU K COCTABHHIM YHCJIAM.

Teopema 15, Ecau p u p,—npocmole 4ucia & p = py, mo p4 py.

HoxasaTtedbcTBo., TIOMOKUTENbHBIMH JeJHTENSIMH [POCTOrO
p, ABasgercs Toabko 1 u camo p,. Ilpoctoe uncyao p=~1 (no ompe-
JIeNIeHHI0) U p 5= p, (o yc.nOBmoﬁ, TaK 4T0 p 4 Pi.

Teopema 16. [Jaa 06020 Hamypassroeo yucaa n>1 Haumexs-
wiul, omaudHbil om eQuHUYbL NOAOKCUMenbHbill Oeaumenb sceeda
npedcmasasem coboil npocmoe HucAo.

HokasatenbcTso. PaccMOTpHM MHOXKeCTBO M TIOJIOXKHTe/Ib-
HbIX, OTJHYHEIX OT 1 gesuTesielt yncyaa n. Muoxectso M He mycro,
TaK Kak n € M(n|n u n>1). Cornacio teopeme 1 B MHOXKecTBe
M pomxHo OHITb HauMenbllee uHcygo ¢>1. Ecau OB ¢ He 6blI0
NPOCTLIM YHCJOM, TO CYIIeCTBOBaJo Obl @ Takoe, 4T0 1 <<a<(q H
alg; HO Tak Kak ¢|n, To Toraa (reopeMa 6) Oblio 6w a|n, 4TO
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NPOTHBODPEUHT TOMY, YTO §—HAHMEHLIUHA, OTJAHYHEIA OT eJHHHIHI
NONOXHTeNbHBH Zenutens n. Ilpeanosoxenne, uto ¢ He sABJsAETCA
NPOCTHIM YHCJOM, MNpHBEJO HAC K TNPOTHBOPEUHIO, CJeJ0BATENBHO,
g—1poc Toe YHCJIO.

Teopema 17. Kamcloe namypaiasbroe wucio, omausroe om 1,
MO%CHO npedcmagums 6 éude npoussedeHus NPoCMbLX 4ucea.

HJoxkasaTteabcTBo. Kaxjaoe npoctoe uncjao Mel paccMaTpH-
BaeM B BHJIE MNpPOH3BElEHHs, COCTOSIIEr0 H3 OJHOTO MHOXHTENA,
Tak YTO /Il BCeX MPOCTHIX YHCeJl, H B UaCTHOCTH JJSl 2, yTBEpXK-
IeHue TeopeMbl BepHO. IIpeamosioxuM, uTO yTBepXKJAEeHHE TeOpeMb
BepHO /s BceX k, TakHX, uTo 2<<k<n. O6o3nauuM uepe3 p
HaMMeHBIIHH, OTJMYHBLIH OT | NOJOXKHUTeJNbHBIH AEJHTENb N, KOTO-
pBIfi COrIacHO NMpeABAylied TeopeMe JOJXKeH GBITb NPOCTHIM YHCJIOM.
Torna n=pk’. Eciu k'=1, To 11 n=p yTBepKJjeHHe TEOPEMH
Bepuo. Ecan &' >1, To 2=k’ <n u, cornacHo HameMmy mnpeino-
JIOXKEHHIO, k', a CleloBaTeJbHO, H N NPEJACTAaBHMHl B BHJE IPOH3-
BeleHHSl MPOCTHIX YHCeJ, T. €. H B 3TOM CJiydyae Halle yTBepXKIeHHe
Bepho Jusi n. CorsacHo TeopeMe IV yTBepXKjeHHe TeopeMbl BepHO
JJIf BCeX HATYPaJbHHX UHCeNa n = 2.

JIBa pa3yioXXeHH HA MPOCTbIE MHOXKHTEJH HA3bIBAIOTCH OAMHAKO-
BbIMH, €CJIH OHH OTJHMUAIOTCS TOJIBKO MOPARKOM 3THX MPOCTHIX MHO-
XKHTejel; Hanpumep, pasjoxenus 30=2.3.5 u 30=5-2-3 cun-
TaloTcA oJvHaKoBBIMH. Cliepyiomasi TeopeMa SIBJSIETCS OCHOBHOH
TeopeMoil apU(PMETHKH HATYpPaJbHBIX UYHCEJ.

Teopema 18. [aa xancdozo Hamypasstozo wucsa n>>1 cywecm-
syem eOUHCMEEHHOe DPQ3AONCEHUE HA NPOCHIble MHONCUMEAU.

310 3HAYHT, YTO AJs JIOGOTO HATYPAJBLHOTO 71 [Ba PasJOKEHUS
Ha NMPOCTHIE MHOXHTEJNH MOTYT OTJIMUAaTbCS TOJBKO MOPSAKOM 3THX
MHOXKHTeJEH,

HokasateanbctBo. [Ipeanosioxum, 4YTo MHOXKecTBO M Ha-
TYpaJIbHBIX YHCeJ, IJ51 KOTOPHIX eJHHCTBEHHOCTb PasJioXKeHHS Ha
IPOCTble MHOXKHUTEJIH HapYyIIeHa, He mycTo. Torja coryacHo TeopeMe |
B MHOXecCTBe M HMeeTCss HaHMeHblllee YHCJAO 1, LA KOTOPOro
HMeIOTCS] J[Ba Pa3J/IHYHHIX Da3JIOKeHHs] Ha INPOCTble MHOMHTEJH:

n=py... Ps=q1 ... 4;. (1

Cpenn mpoCcTHX YHCET Py, ..., Py, Gy, - .., §; BHIGEepeM HaHMeHb-
mee: nyctb 310 OyneT, Hanpumep, p;. YuCa0 p; OTaHuaeTcst oOT
BCeX ¢, (1<Cj<f), TaK kaK ecau 6bl p; =g;, T0, COKpallas paBeH-
ctBo (1) ma p,, nNoayunaH Obl ABa pa3/iHUHBLIX pa3JOXKEHHS Ha

n
MPOCTEIE MHOXKHTENH JUISl MHCIA —- , KOTOPOE MeHbIle, HeM n. py < g,
1
npu Bcex j=1,..., ¢t u (reopema 15) p, ¥ ¢q,.

Mbr MoxkeM, NpeiCTaBHB ¢, B BHIE §,=pR-+r, Toe k=1,
1 <<r <p,, NOACTaBUTb 3TO BhlpaxeHHe BMecTo ¢, B (1). TMonyuum

. R=pipy...py=pikq,y...0+R, ‘ (2)
e R=rq,.. .4, : :
29°



Hs (2) Bpmﬂo (teopema 10), uto PllR
‘ . R=rq,...q=pil, ; (3)
T. e. 1 <<p;<<§;, R<<n, 1ak 410 R, COrIaCHO NpPEANOJOKEHHIO,
MMeeT TOJILKO eJHHCTBEHHOE NpEJCTABJCHHE B BUJC NPOU3BENCHHS
NPOCTHIX MHOMHTeJeH, KOTOPOE MOXHO MOJYYHTH, pasjarasi B ¢op-
myae (3) r u [ Ha npocthie MHOXMTend. [Josyuaomuecss Torna U3
(3) nBa pasnokeHHS R Ha NMPOCTHE MHOMHTENH JROJIKHH COAEPKATb
OJIMHAKOBHE MNPOCTHe MHOMXHTEJH, a CJeJOBaTeJNbHO, [OCKOJIbKY
P15Gs, -« -, P14 P17, UTO NPOTHBOPEUUT YCNOBHIO 1 << r << py,

[Mpeanonoxenne, 4TOo MHOXKecTBO M He mycTo, NpUBEJNO HAC
K TNpOTHBOpEHMIO, clefoBareqbHo, M nycro, T. e. Kaxkjoe n>>1
HMeeT eJHHCTBEHHOe DPa3JoMeHHe Ha MPOCThle MHOMKHTEJH.

B pasyiokeHHH N = p,P,...P, CPENH UHCEN Dy, Py, - .., Py MOTYT
ObiTb OAMHAKOBLIE MPOCTHIE MHOXKHTENH, H €CJH, HampuMep, CpelH
HHUX MepBble £ Pa3/HYHbl, Mbl MOMKEM 3aMIHCaTh 1L B BUAE = pi'...pL"
Ecnu uenoe uucio n<<0, o —n>0 H, UpPeACTaBUB — N B BHJE

—n=pi...p%¥, roe Bce p,——nonapﬂo pasNHYHbIe NPOCTHIE YHCHA,

Gynem umetb n=—p7'...p%*. Takoe mnpeicTaBieHHe, KaK 3TO
clefyeT U3 TeopeMbl 18, Toxe oOsanaer CBOACTBOM €IHHCTBEHHOCTH.
Onpenenenne 11, KaHOHu%‘CKuM pasLodceHuem Uero2o uucaa

a>1 naseleaemcs npedcmasrenue a 6 eude a=pi'...pi, 20e
Pis -+ .y Pp—RONAPHO DA3AUYHbLIE NPOCIbIE YUCAQ, Oy, ..., X,—HQ-
mypaserele 4ucaqa, Kanonuueckum pasaoscenuem yeaozo 4ucia
a<<—1 Haszvieaemca  aHAA02UMHOe — npedcmasaerue 6  6ude
a=— pl . .pk . . :

Ipn o, =... —ak-—l T. €. @=p,...P; YHCJIO @ HAa3bLIBAIOT
cBOGOLHEIM OT KBaJparToB.

KaHoHHueckoe paznoxeHue n=a,...a,=b,...b; MOXHO no.uqu'b,
NnepeMHOXKAasi KAHOHHYECKHE Pa3JIOKEeHHS YHCeN Qy,..., d, HIH YHCEJ
by,..., b;. Teopema 18 nokaseiBaer, 4TO pe3yJibTaTt HOJIyllHTCSI OIUH
H TOT XKe. B wacTHocTH, TaKHUM o6pa30M cripaBejJINBa CJeayiomast
TeopeMa.

Teopema 19. Ecau p—npocmoe wucro, pfa, pXb, mo pkab.

Teopema 20. Ecau a= 4 pP...pr—KaroHu4ecKkoe npedcmas-
ACHUE YUCAQ a, MO ROAONCUMENbHOE uucxzo d ﬂexmemm Oeaumenem
a mozda u moasko mozda, koeda d=p...pf, 0<P, <oy, ...,
0 = Bk = ak' ) )

HoxkasaveanbctBo. Ilycte d]a u nmpocroe p|d, Toraa pla
cJle[loBaTe/IbHO, COTJIAaCHO TeopeMe 18 p N0OMKHO COBNAJaTh C ORHUM

H3 YHCeN Py, ..., Pp. Takum o6pa3oM, B KaHOHHYECKOE pasJjioxe-
HHe d He MOXKeT BOHTH HPI omm NPOCTON MHOMKHTEJIb, OTJIHYHBIA
OT D1, eues Ppy T. €. d= p1 oo pi

Ecam npu Beex i 0<<f,<a; TO a=py...p%" =ph ...pkq,
rae g=p=~B  plP_nenoe uncno, T. €. d|a.
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Ecau xe xotra Obl OJ.'lHO B; >a,, TO M3 NPeAnoNOKeHH a dq,
T. €. H3 a= pY. . .p¥=pf . phq, nocne cokpamenus Ha p M

MOy HHIH 6b1 NS LeJIOro YHCJa fa-‘ IBa PasJAMUHLIX PAasJIOKEHHS
I3
HA OPOCTHle MHOMXHTENH.

TakuMm o6pasom, d= p1 . .pk ABJseTca JeJHTelieM @ TOrxa H
TOJILKO TOTJAa, KorXa JAas Beex { 0<< P, <a,.

[TocnenoBaTeIbHOCTL TPOCTHIX YHCeJ HeOTpaHHueHHa. JTOT pe-
sysabTaT Gul1 mosydeH eme Epkangom u nomemen B IX xHHre ero
,Hauan“ B kauectse 20-#i TeopeMsl.

Teopema 21 (EBxann). Mruoscecmso npocmeix uucer beckoxedno.

HokasateabcTBo. [IpeamonoxnM, yTO MHOXKECTBO NMPOCTHIX
YHCEJl KOHeYHO M COCTOHMT H3 yHucen 2, 3, 5,..., p, Trle p--nociel-
Hee, camoe O6O0JblIOE NPOCTOe uHCHI0. PaccMOTpPHM HaTypalbHOe
gqucao N=2-3.5...p+ 1.

2%N, 3YN,..., pfN, Tak Kak HeNnOCPeACTBEHHO BHJHO,
gTo mpH jenenun N Ha Bce uHcaa 2, 3, 5,..., p TNoayuaerca
OCTaToOK, paBHHH 1 (Teopema 2). Takum o6pasom, N He jenHTca
HH Ha OJHO NMPOCTOe 4YHCI0, T. e. (Teopema 16) N=1; a BMecTe
C TeM HemocpeicTBeHHO BHAHO, uTo N > 1. [Ipeanonoxenue, urto
MHOKECTBO MPOCTHIX UHCeJ KOHEUHO, MPHBEJI0 HAaC K MPOTHBOPEUHIO,
T. €. TIPOCTbie YHCIa 00pasyioT 6eCKOHeuHOe MHOMKeCTBO.

B naneuefimiemM GymeT NOKa3aHO, YTO NMpPOCTHIE YHCAA, XOTH HX
H GeCKOHEYHO MHOrO, COCTaBJSIOT HeGOJbLIYIO 9acTh BCeX HaTy-
pajbHBIX uHceJ. MOXKHO JIeTKO JOKa3aTb, YTO B HATYpaJbHOM psLY
CYIIECTBYIOT CKOJIb YTOAHO GOJIbIIHE TPOMEXYTKH, 3alOJHEHHBE
CNJIOWIb OAHHMH TOJBKO COCTABHBIMH YHCJIAMH.

Teopema 22. Kax 6oL eeauxo nu 6vlno yenoe wucao k=1, 6 Ha-
mypaibHom pady MOXCHO Halmu k cocmasHwix uucen, uenocpeacm-
eeHHO caedyowux 0pye 3a Opyzom.

HokaszatenbcTBO. Hueno (B4 1) =2.3... (k1) nenurcs
Ha Bce umuchaa 2, 3, ..., k-1, Tak 4TO CpeAu uHucen

(D12, (D143, ..., (B4 DI (k+1) 4)

nepBoe JeaHTCA Ha 2, BTOopoe Ha 3 ¥ T. A. [0 mocjaeasero k-ro,
Koropoe nenuTcs Ha k--1. Taknm o6pa3oM, Kaxkjoe H3 3THX UHCeJN
HMeeT IO0JIOXKHTEJbHOTO JeJNHTeNsI, OTJHYHOre OT 1 W caMmoro ceGs,
T. e. Bce uucaa (4) cocraBHhle.

Caenyomasi TeopeMa JaeT KpHTepHil, MO3BOJSIOMHA CYIHTB,
SIBJIAETCH JIH HATypaJbHOE HHCJO N HPOCTHIM MJIH COCTaBHEIM.

Teopema 23. Ecau namypaireroe wucao n(n>>1) He deaumcs
Hu Ha .00HO npocmoe wucao, He npesocxodauwee V' n , mo oo npocmoe.

HoxasarteancTBOo. Ecam 661 n 6HJIO COCTaBHEIM, TO n=ab,
rie l<<a<<n, 1 <<b<<n. Yucna a u b He MOTYT OBITb OJHOBpe-

MeHHO Gosbuie, ueM V'n, Tak Kak Torga ab Omo 6w Gosblie,
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yeM n. Ilyctb, HanpuMmep, a<<Vn. Ilockosmbky @ > 1, y a Ro/keH
CyIleCTBOBaTh IO KpaifiHeH Mepe OAHH MpPOCTOH JeJIHTeNhb p H TOTAA
pln, tie p<<a<<V'n, 4T0 NPOTHBOPEUHT YCJOBHIO.

OueBHHO, YTO eCJIH 7 JeJIHTCA XOTs Gl Ha OJHO NPOCTOE YHCJIO,
MeHbilee WJK paBHOe VN, TO OHO SABASIETCH COCTABHBIM.

Ina toro utoGbi K3 MHOMKECTBA HAaTYPaJbHHX YHCEJ BHJIEJATDH
NpOCThie YHCJia, MOMKHO B3ATh BCe HATypajbHbIE YHCJA JO 3aJaHHON
TPaHMIb H, MOJb3ysich KPHTepHeM TeopeMbl 23, ONpenesuTb AJs
KaXJOro M3 HHX, fIBJSETCS JI OHO IPOCTHIM MJH COCTaBHHIM. bo-
Jee ynobGeH cnioco® OTCEMBAHMS COCTaBHHIX YHCEJN, H3BECTHBLIH elne
rpeYecKOMy MarteMaTHKY 2partocheHy (276—194 rr. jpo Hamed
3pHl).

1ot cnocob, NONYUYHBLINH Ha3BaHHe pellieTa DpaTocdheHa, OCHO-
BaH Ha cJjejpylollel MOAH(HKAaLUH TeopeMnl 23,

Teopema 23', 1) FEcau 8 MHOMcecmée HQMYPALbHLLX 4YUCEA
2, 3, 4, ..., N sauepkryme 4ucia, Kpamueie nepeoim r NPOCMHIM
wucaam 2, 3,..., p,, mo nepsoe (HaHNMeHbLIee) He3a4epKHYMOe
qucao 6ydem npocmoim.

2) Ecau eviiepkuyme 8ce 4UCAQ, KPAMHble 6CeM RPOCIbIM YUCAAM
00 V'N, m. e. soibpame r max, 4mo p,<VN<p,+1, mo ocmas-
wueca yucaa 6yoym cosnadame ¢ MHONCECHBOM BCEX NPOCINGLY HUCEA P,
makux, umo VN <p<N.

JloxasareabcTBO. 1) Kaxjioe cocTaBHOE UHCJO A JEAHTCA
1o KpaHHe#i Mepe Ha OJFHO IPOCTOE YHCJO, MeHbllee, YeM n. Eciau
YHCJIO 1 He AEeJHTCA HH Ha ORHO MPOCTOE YHCJO, MEHbIilee, YeM 71,
TO OHO AIBJISIETCS MPOCTHIM.

2) Kaxnoe cocTaBHOe YHCJO 1, TAKOE, UTO VN <n<N, zenutcs
(TeopeMa 23) no kpaiiHefi Mepe Ha OfHO npocToe piél/nél/w,
T. €. Ha ojHo M3 uHcea 2, 3,..., p,(p,éVN <<p,,1), H, caeno-
BateJbHO, OYyJeT BHIUEPKHYTO.

IlpocTeie 4mncJa p>VN He JeadATcq Ha 2, 3, ..., p, H, TAKHM
obpasoMm, He 6YXYT BHIYEPKHYTHI.

Teopema jaer cienyioliuii aJdrOpATM HAXOXJIeHHs BCeX IMPOCTBIX
yuceJ << N: B MHOXeCTBe HaTypaJibHHX YHCeN

2,3,4,5,6, ..., N

fepBoe 4YKHCAO 2 mpocToe. BriuepkuBaeM Bce YHCJa, KpaTHHE 25
TOrJa NEPBOE HEBHIUEPKHYTOE YHCAO 3 mpocToe. BriuepkHBaeM Bce
YHCJ/Ia, KpaTHble 3; mepBoe HEBBHIYEPKHYTOE YMCJIO 5 MpocToe H T. 1.
ITponoJkaem 3TOT mpoliecc, MoXa He BbiYePKHeM BCe YHCJa, Kpar-
Hble HafilcHHBIM MPOCTHIM 4YHCJaaMm 2, 3, ..., p,, [Ze p, TaKoe, 4TO
p,<VN, a caenyomee mpocroe p,,;>V N. Bce ocrasmuecs
HEBHYEDKHYTHMH 4YHCJA JAAYT HAM MHOMECTBO IPOCTHIX YHCeN,

sexamux Mexay VN u N (Bkmowas N, ecau OHO mpocToe), a
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BMecTe C paHee HafIlecHHBIMH NPOCTHIMH 2, 3, ..., p, Mb noJydaeMm
BCe NMPOCTHle YHCJA, He npeBocxojsdilne N.

Mpumep. Ilyctb N =50. IlocnenoparesbHbie BhIYEPKHBAHHS
JaioT (pHC. 1)

X&“a‘iﬁ‘l&&?ﬁﬁ 13,8 18,16,17,18,
19,20,84,22,23,%,24,26,27,28,29, 38,31, 32,33, 3¢,
35,36, 37,38,39,.50,41 ,0R,43,44, 55, 46, 47,48,49,50.

Puc. 1.

[TonuepkHyTsl mpocTee uucaa p;<< V50 (2, 3, 5, 7). Ocranuce
HEBBMEPKHYTHIMH NPOCTHIE uYMCHa, Jexamue mexay 1V 50 u 50.

2. PAKTOPH3ALIKUSA

Hpouecc NpeacTaBJcHHA YHCEJT B KAaHOHHUYECKOM BMJIAC MhbI 6yJ16M

HasbiBaTh (akTopu3auvesi. OOIWHH MeToZ (AKTOPH3aLUHH 33JaHHOTO
4HCJa 3aKJI0YaeTCsi B TOM, YTO 1 N POOGYIOT HeNUTh NOCJENOBATEJIbHO

Ha mpocThle yucaa 2, 3, 5, ..., p,<]/n- JO TexX mop, HoKa He
HalileTcsi MpOCTOe YHCJO p, Takoe, YTo p|n. Ecan Takoe p Haxo-
INTCSE, (haKTOpHU3aLHUs 71 CBOZUTCH K (paKTOPHU3aLHH MeHbIIETO YUCJIa;
€CJIH Ke CPefH 3STHX BCEX NPOCTHIX YHCeJd HeT HH OAHOTrO Leju-
TeAs n, TO COrJacHO TeopeMe 23 caMo n HpPOCTOe.

Hnsi 60JBIIHX A 3TOT AJATOPUTM TpeOyeT ROJNTHX BBIUHCJEHHH.
Hmerorcst TaGaHLbBl, € IOMOIIBIO KOTOPHIX MOXKHO INPOH3BOJHUTH
tdhakTOpH3aLHI0 uHCes, JeXamHX B JOCTAaTOYHO IIHPOKHX Npejesiax.
Taxk, nanpumep, Tabaunun Jlemepa, cocraBjenHble HM emé B 1909 r.,
JAIOT JLJd KaXJ0ro HatypaJbHOro yucaa n<s 10000000 Bennuyuny
€ro HaWMeHbIIETo MNPOCTOrO AEJNHTeNsi, TaK YTO C HOMOUIbIO 3THX
Ta0JIMI, MOXHO HAiTH KaHOHHYECKOEe DPAa3JIOKEHHE Ha NPOCThie MHO-
XKHTeJH JAJs Jo60ro 4YHCJA, JeXallero B INpefelax MNepHBIX
10 MHJITHOHOB.

Muorue maTeMaTHKH JaBajin PsfJi CHOCOOOB, pPacCUHTAHHHIX Ha
yMeHblleHde 00beMa BLIKJAJOK, HEOOXOAHMBIX AJs1 (haKTOpH3ALHU
OTIEABHBIX KJaccoB 4HCed. HekoToprie M3 3THX NpHEMOB OCHOBAHH
Ha NpHMEeHEeHHH NPOCTHIX ajJre6panYecKHX TOXKIECTB.

Ecan mHorouNeH f(x) mpeicTaBjieH B BHJAE NPOH3BEACHUS ABYX
MHOTO4JIEHOB P (x¥) B ®(x) ¢ meJnMH KoabduilmeHTamu, TO NpH
J1060M LeJIOM n, TaKoM, 4T0 Y () >1 u @ (n) > 1, f(n), oueBHIHO,

NpencTaBasieT coGofi cocTaBHOE HYHCJIO H (akTopusamus f(n) cBo-
IuTCs K (pakTopH3amHH Y (1) H o (n).
ITpuMep (tak HasnBaeMad. TeopemMa Codu Kepmen).
Yucno n*4-4 npu n>1 Bcerga cocraBHoOe.
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210 cneayer u3 Toro, yro nt+44=(n*+2n--2)(n*—2n-+2),
rjge npu n>1 oba MHOXHTens Goubiue .

dJaK'roppraaumo YHCeJl MOXKHO OCYHIECTBJATH C TOMOLIBIO Cle-
Ryloumedl TpPOCTOH TeOpeMEl. |

Teopema 24. Paccmompum Npu Heuemnom n=9 4ucia:

Ny=n, N;=No+1, Ny=N;+3, N;=N, -5, ...
Ne +2 [2=0] —1, (5)
(2] Ve P2 1)
mak, umo 8oobuie
N,=N,_ +2—1, <1<s<[";9]);

n 6ydem cocmasnuim moada u moasko moeda, Koada e evipasie-

Huu (D) mexomopoe N =12, m. e. npedcmasasem coO0t nOARbLLU

Ksadpam, nputem & smom caysae n=(t—s)(t+s).
HokasatennctBo. M3 (5) noayuaem:

Ny=nd-(1434... - (@2s—1)=nts <o<s<[";‘9]).

Eciu Ny=n-4s2=12?, 10 n=1t*—s2=(t—s) (¢t -+s).
1) Ilpu s<< ngg nMeeM n=6s4+9>2s+1, 2=n-4s?>
> (s+1)?, t>s+1, f—s>1, TaK UTO nN—COCTABHOE YUCJIO.

2) Ecnu n HewerTHoe cocraBHOe, TO n=gab, I'lle @ ¥ bH— HeYeTHEIe

— b—a
uncna, Takue, uto 3<a<¥'n, Vn<b<y. Ipn s="5- ro-

ayyaeM N —n+52-—ab+<b—a)2=<b_'gﬁ) , re O
<—2—<§——3) , TaK 4TO IeJoe b‘;a < ["_6'9] .

ITpumep. Ha#ith pasjoxeHHe Ha NpOCTBIE MHOXHTEJH
gucaa 391.

HaxoxiM nepBuie umncsna Buga (5):

Ny=391, N,=392, N,=395, N;=400=20%
3necp s=3, t=20, tak uro 391=(20—3)(20+3)=17-23.
Npumeuwanue. Ecan OpuMeHATb TeopeMy 24 iias uucna n, He JeJd-

merocst Ha 2, 3 W 5, 70 B (D) MOXKHO OFpaHHYHTHLCA 3HAYEHHAMH §= _1_449 .

Lekcrautensio, Torna n=ab, rre T<<a<Vn, Vi<t< —;— H
b—a 1/n
5 ==—2——- = 7 <7_ 7) .

Cpean OTZeNBHBIX KJAaCCOB MPOCTHIX YHCEJ B CBOE BpeMs 3Ha-
THTENbHBIA HHTepeC BHI3LIBAJ BONPOC O NPOCTHX YHCJIaX BHJIA
2"—1. Huatepec K 3TOMY BONpOCY - BO3HHK B CBSI3H C H3ydYeHHeM
TAK Ha3biBaeMblX COBepUICHHBIX YHcen (cM. ruasy 33). IIpoctoie
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iypcna Buiga M,=2"—1 paccmaTpuBajuch, B YaCTHOCTH, (paH-
uy3ckuM MateMaTHKOM XVII Beka MepceHHOM, H TakHe YHCJa IO-
JYuuJH Ha3BaHHe NPOCTHIX uHces MepceHHa.

Ecaum 4Hcno n HeueTHoe cocraBHoe, To 2°—1 Oylner TakKe
COCTAaBHBIM YHCJIOM, TAK KaK U3 n=ab, 3<Ca < n, 3=<<b<n cnenyer

290 —1=(2°—1)(2°®-v 200 4 2°41).

n n

[Tpu mo6oM yeTHOM 1 = 4 uncaa Buga 2" —1 = (22 - 1> (2” + 1)
COCTaBHBIE.

Takum o6pasoMm, 2"—1 MoxeT ObITb MPOCTBHIM YHCJIOM TOJBKO,
ecau caMo n=p mnpocroe. [Ipu NpPOCTBIX 3HAYEHHSAX N ==p YUCJIO
2P —1 MoXeT 0Ka3aTbC MNPOCTHIM, HO MOXET ObiTb H COCTaBHBIM.

Hanpumep, npu p=2, 3, 5, 7, 13, 17, 19 M nosyuaem npocteie
uuciaa Mepcedna 22—1=3, 22—1=7, 25—1=31, 27— 1 =127,
218 —1=8191, 21"—1=131071 u 21°*—1=>524287, a npu p=11,
23, 29 uncaa 27— coctaBHblE.

[Ipu GoabluHX 3HAUEHHSX p ompejeseHHe Toro, OygmeT au 2F—1
IPOCTBIM HJH COCTaBHBIM, TpeGyeT OOJBIIMX ~BHYHCJACHHH. Bruio
BHISICHEHO, uTo 231 — 1 (Diaep, 1750 r.), 261 —1 (TlepByxun, 1883 r.),
2% —1 u 219—1 (Tloyspc, 1907 u 1914 rr.)—npocTele uucaa,
Jlo 1952 r. campiM 6OJILIIMM H3BECTHBIM NPOCTHIM YHCJIOM MepceHHa
ABJJ0Ch YHCI0 2127 — |; npocToTy aToro 4Hcaa, uMeromero 39 uudp,
ycraHoBua Jlioka B 1876 r,

[NpumeHenne OLICTPOJEHCTBYIOIIHX CYETHBIX MALIHH M03BOJIHJIO
3a mOCJefHHE ToJbl HaHTH 3HAUUTENbHO GOJblIHE NPOCTHE YHCIA
Mepcenna. B 1952 r. 6wno ycranoBjeHo, uto 27 —]1-—mnpocroe
yHeso npH p=>521, p=607, p=1279, p=2203 u p=2281.
B 1957 r. Obio HaiiieHo mpocToe uucao Mepcenna, 23217—],
ameromee 969 nudp. B 1962 r. Owmm  HaiileHH [Ba INPOCTHIX
yucsia Mepcenna 24283 —1 g 244231 a B 1965 r. ewme Tpu npoc-
TBIX UHcJa MepceHHa, a umMeHHO 29689—], 29941 | y 2112181 Upycgo
211213__ | pmMeeT 3376 uHPp M sBAdeTCA BooOLle caMblM GOJIBIIEM H3
H3BeCTHHIX HaM NpOCTHX dHcesa. CymiecTByeT JiH 6€CKOHEUHO MHOFO
NPOCTBIX uHceq MepceHHa? JTOT BONPOC He pelleH A0 CHX NOp H,
NO-BHAMMOMY, fBJSETCS YPe3BHYAHHO TPYAHBIM.

Uucaa Buga 2"+ 1 MoryT 6bIThb NPOCTEIMH TOJBKO NpH n= 2%,
Ecnu n umeer XoTs Obl OQMH He4eTHHH Jeautenb a>> 1, To

2"+1=(2%+1)(2 +...—2£‘+1),

rje, Kak JIeTKO BHIETb, NOCKONIBKY #1== 3, a =3, ob6a MHOxuTead
6oapine 1, Tagk uto 2"+ 1—cocTaBHOE YHCIIO.

QPepMa BHiCKa3aJ nNpellOJOXKeHHe, YTO BCe UHCJa BHAA F,=
=22 L | npoctsle; 3T0 Kak OYATO MOATBEPXKAANOCH TeM, YTO NpH
k=0, 1, 2, 3, 4 gjelicTBUTEJbLHO ROMy4ajiich MNPOCTHIE YHCHA
3. 5, 17, 257, 65537, Caeayiollee YHCAO Takoro Buia 22° -1 6bo
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y)Ke HaCcTOJNbKO BEJHKO, 4To PepMa He cyMmesa OmpejesiuTb, HpOCTOe
OHO WAW COCTaBHOE.

B 1739 r. Dilnep nokasaj, 4TO 3TO YHCJIO COCTABHOe, M TEM
caMeiM onposepr runoresy ®PepMa. Jinep ykasan o6wWwui nyte AN
(hakTOpH3aLMH YUCEJ TAKOTO BH/A, JOKA3aB, UTO BCe JCNUTENH YHCAA
BuAa 2:* 41 nosKHB MMeTb BuA m2° -+ 1.

IlpocTthie uucsa BHAA 22 4 |, KaK H3BeCTHO, CBSI3aHbl C 3ajaueil
MOCTPOEHUS NPAaBUJIbHBIX MHOTOYTOJbHHKOB C MOMOIILbIO LHPKYJs H
nuHedKd. Taycc JoKasaJj, YTO NpaBUJbHBIA MHOTOYTOJIbBHHK MOMKET
ObITh MOCTPOEH C MOMOLLbI0 LHPKYJS W JHHEHKH TOrJa H TOJbKO
TOrja, KOrja 4YHCJAO €ro CTOpPOH n paBHO 2°p,-p, ... p,, TAe Bce
IpocTble 4Hcia p; HMEIT BHJA 2 1. Cpenu nepsuix 1000 anaue-
Huil n(n> 1) uMeercs Bcero TOJILKO 54 YHCJAA TaKOro BUAA.

HeonpaspaBieecs npeanosoxedue @epMa, 4TO BCe YHCJA BHAA
22 ] NpocThle, eCcTeCTBEHHO CTAaBHT 3ajJadyy MOCTPOeHHS JAPYTrHX
¢yukuuii f(k), 3HaYeHUSIMH KOTOpBIX IPH BCEX HaTypafbHbIX &
SIBJAJMUCH OBl TOJBKO MpocThle uucia. PDyHKUHH, KOTOpble IPHHH-
MaiT MOAPSA MHOTO IPOCTHIX 3HayeHHH, OblJIH H3BECTHHl JABHO,

Dhinep ykasaJa HHTepecHHH MHorouJeH x2—x-41, kKorophifi
npH Bcex wednlX x oT O g0 40 BK/IIOYHTeNIbHO NPHHHMAET TOJbKO
npocTeie 3HaueHHs. IIpm x=41 U x=42 3HaueHHs 3TOr0 MHOrO-
ynieHa OyayT, OJHAKO, y»e COCTaBHbIMH 4YHCJAaMH. JIerko BHAETD,
4TO0 BOOOINE MHOrOWJeH ¢ LiedbiMy Koa(ppHIHEHTAMH HEe MOXKET NpH
BCeX HATypajbHHIX 3HAaUEHUsIX apryMeHTa NPUHUMATL TOJBKO Mpo-
CThie 3HAYEeHHH.

Teopema 25. Jlo6oi mHozouren ¢ yervimu Koddduyuenmany npu
HeKOmopoM HAMYPALbHOM 3HAYEHUU AP2YMEHMA NpUHUMAem 3Ha4e-
Hue, npedcmasasoujee coboll coCmasHoe 4ucao.

HokasarteabctBo. Ilycts [ (x)=aux"+ax""1+...+a,,
rle Bce g;—ueJble uYHciaa. [IpeamosiouM, YTO NMPH HEKOTOPOM
[ (k)=p, the p—rmnpoctoe 4ucjo. i3BecTHO, YTO MHOTOUJIEH CTENEHH
n NpUHHMaeT OfHO M TO JKe 3HayeHue He OoJibllle, YeM B 7 TOUKaX,
TaK 4TO Haiizercsl Takoe mesoe f>>1, urto f (k- pt)s=p. Pasnaras
f (k- pt) mo cremensM pt, moayuaem:

[ (k+pt)=f (k) +c,pt+cy (pt)*+ ... +c, (pt)", (6)

rge Bce ¢;—uedule unucna. [lockoawvky f(&)=p, us (6) noayuaewm,
uto p|f(k+ pt), Tak uto f (k- pt)-—cocraBHOe YHCJIO.

Ilpumep. Muorounen x2-4-3x-+1 npuHHMaeT mnpocTble 3Ha-
yenus npu x=1, 2, 3, 4, 5. Oxnako nockoasky f(1)=5u f (6) =45,
To f(6) corsacHoO J0OKasaTeJbCTBY TeopeMbl 25—COCTaBHOE YHCJO.
JelictButeanHo, f(6)=5b. Touno Tak xe u3 f(2)=111 f(13)5411
caepyer, uyto f(13)==209—cocraBHoe uucIO. o

- B Teopeme 25 npeanoJioxende, UTo paccMaTpusaemas GyHKIHST —
MHOTO4JI€H, CYIIECTBEHHO.

~HUs Becten BHJ HeKoTOpHIX dYHKUHMI f(X), NPHHHMAIOWMKX MpPU
BCeX HATypaJbHBIX 3HAUEHHAX APryMeHTa TOJbKO NPOCThie 3HAUEHHH,
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Tak, nanpumep, Muanc B 1947 r. nokasa, 4yto cymiecTByeT jeit-
CTBHTEJIbHOE YHCJO o, Takoe, 4to f(x)=[a3®] npH Bcex mHeaHIX
x > | npuUHUMaeT 3HaYeHHd, NpeAcTaBJsouHe cO60H NpOCThe YHCIA,
B 1951 r. HuBeH HecKOJBKO YTOWHHJ 3Ty TeOpeMy, [0KasaB, YTO

8
1A Jgoboro ¢>> - CYLWECTBYeT &, TaKoe, 4TO [@¢"] npu Bcex meabX
x> 1—Bcerja npocroe 4YUCJIO.

Hcmopuneckue xommermapuy ko 2-it zaase

1. EBkAuL—BeJMKHH [peBHerpedecKui MaTeMaTHK, XHBUIUH
okoso 300r. po Hame#t spel. ,Hauana“ EBgauga-—saxuefinee
poU3BegeHHe Bceli JpeBHerpedeckOH MaTeMaTHYECKOH KYJBbTYpHI.
OcHoBHOe ero cofiepxaHnie — H3JOKeHHe CHCTeMbl TEOMETPHH, OAHAKO
B HEM PacCMaTPUBAIOTCS H HEKOTOPEIE TEOPETHKO-YHCJ/IOBbIE 1POGJIEMEI.

Teopema 19 B Heckonbko apyro# ¢opme umeercs B ,Hauamax“
EBkaupa.

2. Teopema 18 no cBoeMy COIepXaHHIO RaBHO H3BECTHA H 4YacToO
HeOCHOBaTeJLHO paccMaTpUBasach KaK OYEBHAHOE IIOJIOMKEHHe.
Tounas ¢opMyJaHpOBKa ¢ J0OKa3aTelbCTBOM STOH TeopeMbl Obljia
BnepBule gaHa IayccoM.

3. Dpartochen (276— 196 rr. po Hawiedt 5ph) OB TIABHBIM 6146-
JHOTeKapeM 3HaMeHUTOH AJieKcaHADPHHCKOH O6ubaHoTekH. IloMumo
HCCJIEJOBAHUS PAaCHOJIOMEHHUs] NPOCTHIX YHCEJ B HaTypaJbHOM psny,
3aHHMaJICl H3YUEHHEM TaxK Ha3blBAEMBIX MHOTOYTOJBHBIX YHCEJ.
dpartocten Obl1 Gojee H3BeCTeH He KaK MaTeMaTHK, a Kak reorpad
H acCTpPOHOM, CHeJaBlid#i, B YAaCTHOCTH, Ha OCHOBAHHH H3MepeHH:
IJUHE Mepumuana Mexny Aunekcaniapuefi ¥ AccyaHoM J0OBOJIBHO
TOUHBIE pacyeT BeJWYHHB 3eMHoro mapa. OH 3aHHMaJCsl TakXe
XPOHOJIOTHeR ApeBHeHl HCTOpHH.

4. ®ubonavuu (Jleonapao [lusanckuit) Obi nepBHIM MATEMATHKOM,
YKa3aBILKMM, YTO IJifl HAXOXKIEHHUs JeJHTeselt 4HucCJa 1 JOCTATOUHO

HCIIBITaTh JEJUMOCTb 3TOTO YHCJA Ha YHCJA, HE NPEBOCXOASIIHE

5. Teopema 24 ocHoBana Ha Hjee crnocoba daxtopusanuu Pepma.

6. Mepcenn (1588—1648) paccMarpuBajl npoCThle YHCJA BHJA
2" —1 B cBoeM counnenun ,Cogita physico-mathematica®“. Tor ¢akr,
uto wmeaa 217—1 u 219—1 NpOCTHe, OB YCTaHOBJCH HTAJbAHCK HM
MaTteMaTHKoM Kataabgu (1552——1626) 1o Mepcenna. B cymHocTH
NpocThie Yucha, Hocsimue MM% MepcenHa, BCTpeualuch emle B TPy-
Jax JpeBHErpeyecKHX MaTeMaTHKOB. ’ »

Ecan B3aTb noCAeROBaTEJIbHOCTD S;. Sg, ... ,S84..., 00 §; =4,
Sp=Sk-1—2, T0 (kpuTepui JloKa) M = 2¥—1 npu npoctom p Gy-
JeT . mpOCTBIM YHcJoM MepcenHa 'ror,u,a H TOJbBKO TOrja,. Korja
S,-3==0 (modp). B HacTosimee BpeMsi uncaa MepcenHa Haxozsdr,
NpuMeHAsl OHCTPOAEHCTBYIOMHE .3JIEKTPOHHO-BLIYHCIIHTEABHbIE -Ma-
mqul '06BLIYHO - HCTIONIB3Yst MPH 9TOM KpHTepHit Jlioka.
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Tlo-suaumMoMy, Oogblnas uacTb uHcea BHAa 2P—1 cocTaBHbIE;
HanpuMep, NMPH NPOCTHIX 3HAYEHHSIX p B npeneaax 2300 < p < 3200
Bce uHcJaa BHa 27— 1 oxasajuch COCTaBHBIMH.

7. B HacTosimee BpeMsi H3BeCTHO, YTO YHCJIA BHAa 221 cocTas-
Hble npH k=5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 18, 19, 21,
23, 25, 26, 27, 30, 32, 36, 38, 39, 42, 52, 55, 58, 63, 73, 77, 81,
117, 125, 144, 150, 207, 226, 228, 250, 267, 268, 284, 316, 452, 1945.

Heautenn GosblinHCTBA M3 3THX Yuces Pepma Outin HaligeHH!
TOJIBKO B CaMoe IOCJeJHee BPEMS C MOMOINBIO 3JEKTPOHHBIX BHIYHC-
JIUTeNIbHBIX MampH. Jlo cHX mnop He OOHapyMeHO HH ORHOrO Mpo-

croro umcna euga 221 npu k==5.

8. Tlepeule Tabmuubl ans GaxkTopu3lauuu uuced Ouliu onybau-
KoBann eme B XVII Beke. Ogna w3 HuX, cocraBjeHHas [leqjem
(1668), maer BO3MOXHOCTb NPOH3BOANTh (AKTOPH3ALHUIO YHCEJ B
npepenax go 100000.

Tabnuua, ony6auxoBannag Jlemmepom B 1909 r., paer mns
KaXkJOro HaTypaJbHOro 4YHCJA, JeXallero B INpefiesax IMepBhX
10 MHJAJHOHOB, HAHUMEHBIUHH MNpPOCTOH peautesb. llonbcKuil MaTe-
matuk §1. Kymuk (1793—1863), paGorapinii B ITpakckoM yHHBep-
cuTeTe, COCTaBHJ Tabauubl IJ9 (aKTOPH3aLlHH HHCEJa B Ipefenax
no 100000000, no 3Tk Tabnuusl 10 CHX NOp He HaneyaTaHbl.

Napana Tabauua NpoCTbIX YHCeJ, JeXallUX B IpeleJax IepBbiX
11 MHANHOHOB HaTypaJbHBIX YHces. Tab/uua nepBbIX IIECTH MUJIH-
OHOB HPOCTHIX YHces, HanboJjbliee H3 KoTophix paBHo 104 395 301,
sanucasa B 1959 r. Ha MHKpOINJecHKe.

TJAABA 3

HAHUBOJILLIMHA OBLIUA JEJMTEJIb.
HAWUMEHDLIUEE OBHIEE KPATHOE

1. OBIUHUE AEJIMTEJIN H OBUWHE KPATHBIE LIEJIBIX YHCEJ

Teopema 26. Kascdoe yeaoe uucaro a=£40 umeem moabKko KoHeuHoe
MHOdiCecmBo Oeaymenell.

HokasateabcTBo. Ilycts d|a, torna a=dq. Tlockonbky
a0, To g0, u, caenosaresbHo (teopema [X), wesoe wumcio
lg1=1, la|=|d|-[q|=]d|.

CymuiecTByeT TOJbKO KOHEUHOE MHOXeCTBO LeJblX d, TaKHX, 4TO
ldi<|al.

Onpenenennn 12. 1) Obujum Oeaumenem yesblx wucer a, ... ,a,
Hasvieaemca aoboe yeroe d, maxoe, umo dla,, ... ,d|a,.

2) Hauboavwum obuwjum Oesumenem yeavix uucer a, ..., da,
Ha3bieaemca Mmaxol noroxcumeavrbil obuuli Oeaumenrs a,, ... , a,,
womopsili deaumcs Ha 40606 Opyeoli obuuli Oeaumenrdb smux wucen,

HauGonbmuil o6mui fesiHTeNs Yucia 4, ..., a, o603Havaercs

(a, ..., a,).
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TakuM o6GpasoM, (a,, ..., a,)=d o3Hauaer:
1) d>0 nenoe

2)d|ay,...,d|a, ] N
3) ecu blqa,, ..., 8]a,, TO 6]d
Teopema 27. 1) [laa aobux yeavix uucen a,, ... ,a,, U3 KOMOPLIX

xoms 6bt 0OHO OMAUMHO OM HYAR, Cyusecmsyem Haubosowuil obujuil
Odeaumens.
a a .
2) Ecau ay==4pY ... ps*, ..., a,==pf ...p¥, 2de p,, ...
«.., Ps— PpQ3AUYHbIE NPOCHIbIE HUCAQ, MO

min(@g, ...,¥y) min (g, «.. ,¥s)
(@, ...,a)=py "™ VoL pg i tGeee ¥ 2)
HorkasateabcrtBo. PaccMoTpuM cHayana caydal, Koraa
Bce a;=%0. O603HauuM vepes p;, ..., p, MHOXKECTBO NPOCTHIX
YHCeJl, KOTOphle SABJSIOTCA JAEJUTEJNSAMH XOTs Obl OJHOTO M3 YHCEJ
a,,...,0, TOrAA a,,...,Q, MOXHO 3aNucaTb B BHJE
a a
a==4+py...ps% ... a,=x£pl...p¥, (3)
rae Bce a; =0, ..., y; = 0—HeKkoTophe uesble yucaa. Ias storo

JOCTaTOUHO 3allHCaTb Kaxaoe ;== 4 | B KaHOHHueckod ¢opMe H
J00aBHTh HEJOCTaloUlHe INPOCTble MHOXHTEJNH B HYJIEBOH CTeNeHH,

a ecau a;=4-1, To B3ATDL a;=+ py...pd. JlokaxeM, uTO

d_:pll'nin(a,,....y.) p;nin(as,....ys)
IBJI€TCS HAHOOJbLIHM OOGMM JeJHTesIeM YHCel ay, ..., a,. 7
Heitcrsutensho: 1) d> 0. 2) [Tockoapky oy = min (&, .., ¥1),- . »
., ag=min(a,, ...,Ys), TO cormacHo TeopeMe 20d|a,, H co-
BEpIUEHHO aHaJOTHYHO nojy4yaeM, uyTto d|a,,...,d|a, 3) Ecau
8la,,...,8|a,, To B pasnoxeHHH O Ha NIpOCTbie MHOXKHTENH He
MOTYT conepma’rbc;{ NpPOCTble MHOXHTENH, OTIHYHBIE OT Py, ... , Ps»
Tak yTo & MMmeeT Bum S6=pi ... p", rme
Ry<oy, ...,k <<y,, Tak 4TO k;<<min(a, ..., Y1),
ks<ocs,...,k <ys, Tak 4To k mln(as,...,ys)

u corjacHo Tol ke Teopeme 20 §|d. [lockosbRy mnsa d BelIOJHEHH
Bce ycuoBus (1), onpelensiomue HauOGONbIIMH OOMMH JAeJHTENb

JaHHBIX uuced, To d=(a;, ...,a,).
Ecau a,-£0,...,a,5%0 1n (a;,...,a,)=d, To 1
(@ eeera, 0,...,0)=d.
HeiicrButensno: 1) d>0; 2) d|a,,...,d|a, u d|0,...,d]|0;
3) ecam O—penuTenp Bcex uMced a,,...,d, 0,..., 0, 10 §,
B 4acTHOCTH, AeJHTENb 4y, ...,a, H &|d.

Takum oépasoM Hauéonbmuu oOIMHI  JeJIHTeNb cymecmye'r
H TOrja, KOrjAa 4acTb YHCeJ paBHa HYJIO. .
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Teopema 27 naeT BROJMHe onpeleJieHHbIH ANTOPHTM AN HaXO0X-
JeHHs Haubojbllero obmero aenutens d KOHEYHOTO MHOMXKECTBa
neabix 4ucesa a;, ..., a,. ECHM CDelH 3THX 4uces ecTb XOTd Ou
ofHO, paBHoe £ |, 1O oueBuMpHO, yTOo d=1. EcaH Bce OHH OTAHYHDI
oT &1, TO ocTaBiafieM TOJBKO Te H3 HHX, KOTOPHE OTJIHYHMB OT
Hy/d, 3aMHCbiBaeM HX B KaHOHHYeCKOH dopme, a 3aTeM AOIHCHIBaeM
HeJOCTalOIHe [POCThle MHOXKHTENH C [0KasaTeJsMH, DPaBHbIMH
Hymo, T. e. OepeM HXx B BHue (3); HauGoJbIUMH OOIHH JEJHTEND
Haxoxutcsi Torga no ¢opmyae (2).

Ecau Bce q; paBHBI Hy/mo, TO JI060e OeJoe YHCa0 & OyrmeT HX
ofIHMM JesuTesieM, H He CYILeCTByeT LeJjoro d, KOTOpoe IeJHJOChH
6br Ha Bce 3TH 8, T. e. B 3TOM cJydYae HauOOJbLIEro OGILErO NeMH-
Tesil He CYILEeCTBYyeT.

[Tpumep. Hafitn wnanGonpmui oOWUA JeJHTEAb YHCEN
a=1000000001 u b= 1000000000000001, sanucaHHHIX B ABO-
HYHOH CHCTeMe CUUCJEHHS.

Ilepexons K [AeCATHYHOH CHCTeMe, MOJydyaeM:

a=29f 1=(28—25+1) (25 +1)=57.9=23%.19,
b=215 | | = (21025 4 1) (25 4+ 1) =993.33 =32.11.331,

TaK 4to d=232=09.

Teopema 28. Hauborowiuid o0bujuil Oeaumers uwucer a, ..., a,
sce20a boastiie M06020 Opyeo2o0 0bujeeo Oeaumenrs amux 4ucen.
HoxasarteasctBo. Ilycts d=(qa,,...,a,). Bo3sbMeM moGoil

apyroii ofmuit nenurenr § stux uncesn (8=4d). CorsacHo onpepe-
JeHMo Hauboabwero obwere pfeaurens ((1), ycmosue 3) §|d, rak
4to d=48¢, 4 nockoabky d >0, {d!~[6! g1, [q]540, 1. e.
lgl=1, d= =18|=08-~d, Tak uT0o d>6

Teopema 29, Ecau (ag, ..., a")— , bjd u b>0, mo

(_1 ap\__ @
A =T

a
NMpumeuanue. U3 b|dud|a; cneayerb|a;, Tak uto BCe UMC/Ia —éuenble.

JokasateabcTBoO. 1) d >0, b>0 TaK 4TO %>O.
2) U3 d|a; cnenyer (teopema 8), uro l npu Beex (=1, ..., n.

3) Ilyctp 6,7’ npu Beex f=1,...,n;Tormadb|a; (i=1, ..., n);

0b—o06wuit peautenb uucea a;, a, 3HauyuT, Ob— genuTeNb HX HaH-
6oJbuiero obwero ﬂenme.nﬂ d, 1. e. 6b|d, a caemoBaTenbHO, MO

Toﬁ xe Teopeme 8, § , 5 b yHOBNETBOpSieT ycnoauﬂM 1), onpene-

a, -
JAOMHAM HaHGOAbIIUA oﬁuu{ﬁ Jxe.rm're.nb qHcea b peee g
Teopema 30. (a,, ..., @y, @) =((ay, .., Byi), Q).

Taxum o6pasom, nauborswul obugud 0e/mme/tb n qucen (n 3)
MOOKHD. Halimi, HAlldR. CRAEAR -Haubonsusut 06uud denumers n—1-
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qycen U 6378 3amem Hauborbuwiuld obuwjull Oeaumenv om NOAYHEHHO20

maxum obpasom wucra d’'=(ay, ... ,a,_,) u nocrednezo 4ucra a,.
Hoxkasareascrso. Ilycre p,,...,p,—npocTeie uHcaa,
JensimiHe XOTst Gbi ONHO M3 4YHCeN ay, ..., Q,.
v v
ay==pi...p" ... By =prt . P, a,=pyt .. st
rae Bce a;=0,..., p; =0, v, =0 nenste,
min (@, ..., pvy) =min(min(e,, ..., 1), vy),
min (g, ..., U, V) =min (min (e, ... ,Hk) V),

YTO COrJIaCHO (2) M NOKAa3blBaeT Haly TeopeMy.
[MocnenoBatespHO nNpUMEHAS TeOpeMy, [OJyYaeM, 4YTO ecC/H

(a,, az)=d,, (dy, ay)=d,, ..., (d,_9, a,)=d,_y, 10O d,_; Oyner
HAHGOJIBIIMM OOIMUM JejiuTeNeM 4ucel dy, 4,, ..., d,.
. Onpepeaenune 13. Ilycme a,, ..., a,—omaudtoie om HYas yeavie

yucra. Haumenoswium 06Lt§uM KpAMHOIM  3mux 4uces Ha3bLearom
HaumeHnbUiee NOAOHCUMEAbHOE UHUCA0, KPAMHOEe 68Cem IMUM HUCAAM.

Haumenblree ofiee kpaTHOoe uucea a,,...,a, o6o3Hayaercs
la,,...,a,)
Takum obpasom, |ay,...,a,]=m o03HauaeT, UTO:
1) m>0 uesoe
2) aylm,...,a,|lm L@
3) ecnu M>0u a|M,...,a,[M, o m<M )
[MonoxuTeabble KpaTHple JIOOBIX TaKHX 4ucen 4, ..., 4, o0pa-

3YI0T HEKOTOPOe IMOJAMHOMXKECTBO HATVPAJBHOI'O psifa TaK, 4TO (Teo-
pema I) cpenu HHUX wumeeTcst HauMeHbluee. TakuM o6pasoM, st
JI060ro KOHeYHOro MHOXKECTBA (1e/IblX YHCeJ, He coflepKallero HyJeH,
CYylLllecTBYeT HauMeHbliee ofilee KpaTHoe.

Teopema 31, Ecau a, =4 p¥ ... p%°, ..., a,=+p* ... pd, 20e

ace a; =0, ..., v; =0—yerbie uucaa, mo
m=[a1, e, n]_ max (Qg, +.., Y1) . p;nax(a,,....v,). (5)

Hokasareabctso. 1) m>0 uenoe,

2) o, <<max(y, -..,%v1), --., %< max(a,, ..., Ys), TAK 4T0 CO-
raacuo teopeme 20 a, | m. AHaJIOrHYHO NOJIYYaeM, YTO dy | M, . . .,a, | m.

3) Iyctre M >0 uenoe u a,|M,...,a,| M.

M pi ...ps‘N (l; = 0 npu scex i).

U3 q|M,..., ,,|M CTEAYyeT, 4TO &) < ll, cees Yi<<Uy, TEK 4TO

L=max(a,, ..., V1)
~ Ananoruuso nonyqaeM'

ly=max(a, ..., Yz)v veesls >f.m‘ax (% Sees (AR



Tak uro m|M, H, cleloBaTeJbHO, NOCKOJNbKY m H M nonoxwu-

TeqbHH, M << M.
J1a m BRINIOJNIHEHH BCe YCJIOBHA (4), H, 3HA4YUT, M — HakMeHblliee

ofiee KpaTHoe 4y, ..., Q,.
ITpumMep. HaliTh HauMeHblllee obLiee KpaTHOe yHcea a = 333 333,

b=420 u c=—312.
HaxonuMm KaHOHHYECKHE Pas3JiOKeHHs a, b u c:
a=3-111111=3.111.1001 =32.7-11.13.37,

b=22.3-5.7, c=—2%.3-13.

ITo dopmyae (5) moayuaeM:
[a, b, ¢]=2%.3%2.5.7-11.13.37=40a= 13333 320.

Teopema 32. Haumenouiee obujee Kpamroe 08YX UL HECKOAbKUX
yucen sceeda aeasemcs OJeaumenem a06020 Opyeoeo o6uyezo KpamHozo
smux ucea, m.e.ecaum=|ay, ...,a,),a,|M,...,a,|M, 10 m| M.

JIloka3zaTenabCTBO, m>0 Tag uTo MMO}KHO NpeACTaBUTEL
B BHIe M=mqg-r, the O<r<<m. U3 allM H a,|m caenyer,

4TO @, | 7. AHANIOTHUHO NOJYyYaeM, YTO a, |7, ..., G, |7, T. €. r KPATHO
BceM 4HCaAaM 4, ..., 4,. [lockojbky M—HauMEHbIEE U3 BCex
NOJIOXKHTENBHEIX YHCeJ, KPaTHBIX &y, Gy, ..., Q,, H r<{m, TO r He
MOXeT ObITb NOJOXHTeJbHBIM, T. e. r=0, M=mq, m|M.
Teopema 33. [a;, ..., 4,4, a,)=[lay, ... ,a,_4], a,], m. e. nau-

MmeHouiee o0ujee Kpamroe N uuces (n=3) MOKCHO Halmu, Halds
cHayaia Haumensuice obujee kpamroe n—1 4ucer u 6388 3amem
HauMmerbluge obujee KPAMHOe OM NOAYHEHHO20 MAKUM 00DA30M wuciq
m'=lay,...,q,_,] u nocaedreeo wucia a,.

JlokasaTeaAbCTBO COBepIEHHO aHAJOTHYHO NOKA3aTeJNbCTBY
teopeMbl 30. J[0CTaTOYHO B NPOBeJEHHOM TaM PacCyXAeHHU BCIOLY
3aMEHUTb B3fITHe HaUMeHblUel BeJHuYHHE — HauboJbllel, T. e. Besje
BMecCTO ,,min“ Hamucartb ,max*.

Teopema 34. IIycmv a>0, b >0 yeawe, (a, b)=d u {a, b]=m
moeda dm=ab, m. e. npoussedenue Hauborouiezo obuieeo Oeaumenn
U HauMmeHblie2o o6Uiec0 KPAMmMHo20 08YX NOAONCUMENLHBIX HUCEA DABHO
UxX npouseederur.

HokazateabcTBo. Ilycts a=p™...pk, b=ph . .  ph
(Bce a; =0, B; =0 uenne); Torna (Teopemnl 27 u 31):

d= pmin(u..ﬁ.) p;nin(a..ﬂa)

m = pmax«zx,ﬂx) _.pmax«la.ﬂa)

min (a,, B;)+ max (e, ;)= a1+ 51,

min (asx ﬂs)’!'max (as’ ﬁs)“a’ +Bm
Tak uto dm=ab.
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MMpumep,a=132=22.3-11,6=90=2.32.5, rornad=2-3 =6,
m=22.32.5.11 =1980 u, meficrsurteabno, 6-1980=90-132.

Teopema 34 moxasbiBaeT, YTO HaHMeHbIUee ofllee KpaTHOe ABYX
MOJIOXKHUTE/IBHBIX YHCeJ a H b MOXHO HalTH mo ¢opmyJie

b
[d, b] =a m .
M3 nokasaTeJbCTBa JeErko BHIETb, UYTO €CJM B3ATh He JBa, a
6osablre yHcesa, T. e. B3ATh a; >0, ...,a,>0, rie n=3, To mpo-

H3BEJEHHE @y ...d, MOXET 0Kas3aTbCs GOJblle, YeM NPOH3BEACHHE
dm HanGoJbiero obIIEro e UTeNs1 H HAUMEHbILIEr0 06GLIEro KPaTHOro.

2. AJITOPUTM EBKJIHRA

Haxoxzaenne Han6osbuiero c6mero feautens no gopmyse (2)
BO3MOXHO, €CJH NpeABapHTeNbHO HaHJeHBl KAHOHHUECKHE pasJioxkKe-
HHAl paccMaTpuBaeMblx uucesa. JJjd od4eHb OOJBIIHX YHCEN HAXOXK-
JeHHe TAKHX pAa3JIOKEHHH CONPsKeHO C OOJbIIUMH TPYLHOCTSIMH.
Insi HaxomAeHHS HaHGoabllero ofwlero Ae/HTesss [ABYX YHCeNa Cy-
HIECTBYET elle APYrcd aJropuTM, KOTOpHA Obl1 gaH EBKauzom,
Anroputm EBknuaa 6asupyetcs Ha TeopeMax 35—37, B KOTOpHIX,
He OroBapWBasi 5TOTO KaxKABIH pa3, Mbl GYJeM BCe paccMaTpHBaeMbie
BEJHUHHBl INPEANoJarath LUEJbIMH YHCJIaMH.

Teopema 35. Ecau bla u b>0, mo (a, b)=0.

HokasateanctBo. 1) 5>0; 2) bla'u blb; 3) ecau Sla u
8|6, 1o, B uwactHoctH, 6]b. ITockoabKy Aast b BHITOJHEHE! BCe YCJI0-
Bun (1), onpefensiiomue HauboAbLIHA OOLIHH JesnHTeJb a U b, TO
(a, b)=>b.

Teopema 36. Ecau a=bg+r, mo (a, b)y=(b, r).

IHokasareanctBo. Ilycts (a, b)=d; torma: 1) d>0; 2) u3
dla, db uw r=a—bg cnenyer (teopema 1l) d|r; 3) ecan b|b, §|r,
1o O8la; 8§—o6wui nenutenv a u b, H, caefoBateabHo, O[d.

Taxum obpasom, BCe YCJOBHs, onpelenasiiomue d B KayecTse
HauGoJpliero obiero JeJuTeNass 4YHCea b W r, BhimoJHeHH: (@, b) =

=d=(b, r).

Teopema 37. [lna aw0buix yertix a u b >0, ede bta npu He-
KOMOpPOM S CYLeCMBYIOm yeasle 4UCAQ Gy, Gqy « oo G B Ty, Tay ooy g
makue, 4umo b>r; >r>...>r, >0,

‘ a=>bq,+ Iy )

b=rg,+r,

ri=rys+r;
Tsmg=Ts 151+ T |
Fs-1=T1s4;s /
u(a,b)=r,
Hoxkasareanctso. CoraacHo Teopeme 1 aag a u b>0,
Fhe bYa, MOXKHO HafTH gy H ry, TakHe, UTo a=bq,+ry, 1 0 <r, < b.

(6)
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Jdns b v ry MOXHO HAaHTH UHCHA ¢y W Iy, TAKHE, WTO b=r,q;+ 1y,
rie 0<<r,<<r,. Ecau r,=0, M 3aKkanuuBaeM Hall NPOLECC, eCaH
x)e ry>0, To AJiA ry H ry HAXOAUM §, H 'y, TAKHE, YTO ry="Tryfy+ I's,
0<r3<r2 HT A

Boobme Mbl Aas ry_y M r, (0<<r,<<r,_,) HaXoBHUM @, H I'y.j,
TaKHe, UTO ry_;=Tip~+Tpey, OSrp <<rp, mecad rp, =0, 10
TpollecC 3aKaHUuWBaeTcf, a ecdM rj,, 50, npotecc NpoOROKaeTcs
TakHM ke nyTeM. IlosyyaeM cCOOTHOlLIeHMS BHAA:

a:b%‘\[‘rl
—’141+r2
ry=rys-+ry

L.
rie b>r1>r2 - 0)

TIpouecc noctpoenust paseHCTs (7 ) He MOKeT ObITh OECKOHEUHBIM,
TaK KaK TOTJa CYILecTBOBaJO Obl 6eCKOHEUHOE MHOMKECTBO pa3Jjuu-
HBIX HATypanbHBIX YHCEJ r,, Jexamux mexjy 0 u b. BMmecre ¢ Tem
MO YCJIOBHIO CaMOro IOCTPOEHHsSI MNpOLeCC 3aKAHUHBAETCH TOJBKO,
ecqin Hekotopoe ry,;=0. TeM cambiM JN0Ka3aHO, YTO HPH HEKOTO-
poM s Gyzer r,,,=0, Tax uro (7) 3aKaHUHMBaeTcsi COOTHOlIEHHEM
rg_y=ry, U Mbl noiydaeM (6), npuueM b >r  >r,>...>r, >0,
Tloassysick TeopeMamu 36 H 35, nosayvaem:

(@, by=(b, ry)=(ry, ry)=...=(r,_y, ry)=r,.

Tlpu b<C0 MOXKHO BOCIOJIB30BATLCA OYEBHJHBIM COOTHOIIEHHEM
(a, b)=(a,—b), Tagk uro TeopeMa 37 BMecTe ¢ JONOJHAOLEH ee
TeopeMoii 35 jgaeT aJropHTM, IO3BOJISIIOMIMI HAXOAUTb HAHUGOJbLIUH
o6muil genurtesib ABYX JIOOLIX UEJNBIX WHCEJ, H3 KOTOPBIX XOTS OB
OHO OTJIHYHO OT HYJIA.

[Tpumep. Halith nanboapmuit obmuil gejaurennp uHcea 1173
B 323.

INocaegoBarelibHEIM JeJleHHEM HaXOLUM:

1173=323-3 4204
323=204-1+4+119
204=119-1485
119= 85-1434
85= 34.2+417
M= 17.2,
Tak uto (1173,323)=17. ' ,

IMosb3ysicb aaropuTMoM EBRJAHAa, MoxHO HaliTH Hau6oJbUIHH
o6IHuA JeuTesNb JIOO0Or0o KOHEUHOTO MHOMeCTBa LEJblX IOJ0XKH-
TeJAbHBIX WHCeN &y, G, - .., 4d,. Jnst aToro, noab3ysch aJIr‘OpPlTMOM
NIOCJIElOBATE/IbHO  HAXORMM: dy = (a4, G,), dy=/{(d;, ag)y v, 1=
=(d,.s a,) 1 coraacHo Teopeme 30 d,_ 1_(al,ag, RN ,,). B cay-
yae XKe, KOT/ia HaCTh 4; PaBHA HYJIO MJH OTPHUATE/IbHA, IOJB3Y-
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. R :

10TCSl TeM, 4TO (a4, Qy, ...,a,)=(|a;|, |a],...,|a,]) (Teopema 5),
npHYeM, KakK OBJIO yiKe OTMeUeHO, NMPU BBLIYUCJEHHH HaHGOJbILEro
obiero AeNuTeNs, YHCIA, PaBHBlE HYJIO, MOXKHO BoOOIe He NPHHH-
MaTb Bo BHHMaHue., Ajroputm EBK/HIa JaeT BO3MOXKHOCTh HaXONHTh
HauMeHblllee ofillee KpaTHoe MIOGOro KOHEUHOrO MHOXKeCTBa M0JIO-
JKHTeJIbHbIX YHCeN a,,d,, ...,d,. i 3Toro, mosb3ysach TeopeMaMu
34 u 33, mocneloBATENbHO HaXOJHM:

a;a
d, = (a,, a,), my; = f: (a1, @], dy=(my, ay),
m;a
m2: dlz = [ml’ (13]: [al’ azv 03], . dn -1 (mn -2 n)
m, oa
Mp—1= ﬁ:ﬁz [, a,}= [alv gy oo+ an]'
Ecau dyacte 4ucen @; orpuuatesbHa, TO, NMOJb3ysiCb TeM, YTO
lay, ...,a,)=[la,|,...,]|a,|], Boluuc/eHHsT TPOBOAAT HJS UHCE]
la,l,....]la,]|.

[Tpumep. Hailltu HaumeHnbimee obmee KparHoe uucea 1403,

1058 u 3266.
Anroput™ Epkgaupa past uucea 1403 u 1058 umeer Bua:

1403 = 10581+ 345, 10568 =345.3+ 23, 345=23-15,
TaK 4TO

d, = (1403,1058) = 23, m, = [1403, 1058] = 1403 10°

=64 538.

. Ilpumensin  aaroputm EBkauza, HaxouuM Tenepb  d, =
= (64 538,3266) =46 1, HaKoHerl, m,=1[1403,1058 3266]

— [64 538,3266] — 64 538 . 2220 — 4 582 198,

3. BBAUMHO TNIPOCTBIE YHCJIA

Onpeaenenne 14. Yucaa a,, ..., a, Ha368a0MCA 63AUMHO NPO-
cmolmu, ecau (@, ...,a,)=1, m. e. ecau Hauboavwud obuyuti Je-
Aumenv 3mux duces pased 1.

Onpenenenue 15. Yucaa a,, .. ., a, HA36/8a00MCA NONAPHO 83AUMHO

npocmuimu, ecau (a;,a;) =1 npu ecex iz=j(lisn, 1<<j<n).

[Ipumepsnl. 1) 15, 21, 77—B3auMHO MPOCTHle YHCJA, OJHAKO
3TH 4YHCJa He SBJISIOTCH NONapHO B3aHMHO NMPOCTHIMH,

2) 34, 53, 99, 115—nmnonapHo B3aHMHO INpOCTble YHCJA, CJeA0-
BaTeJbHO, TeM GoJiee B3aHMHO NPOCTHIE,

Teopema 38. [lsa 4wucaa a u b, omauunsie om 0 u A= 1, 83aumno
npocmet mo2da u moabko mozda, Ko20a UX KAHOHUYecKue pasiojce-
Hua He cofdepocam OOUHAKOBLLX NPOCMBIX MHOXNCUMerel.

HokasateabctBo. 1) Ilycrs (@, b)=1. Ecau 60 mas we-
KOTOPOro npocToro 4Yucaa p 6uiao pla H plb, To p siBJasI0CE Gbl
oGuJ,nM AequreneM a ¥ b, a nockoaery (@, b)=1, T0 6le10 6ol
I'=p=2.
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2) Ecau KaHoHHuYeCKMe pasjioeHHs a u b He cofepxar ofmux

NPOCTHIX MHOXHTeJefi, TO @ ¥ b MOXKHO 3anucaTb B BHIE:

a =p1111 .. pga’ b= ppl . p?",
rie B Kaxno#d nape a;, B; GyneMm UMeTb OJHO YUHC/]IO, PaBHOE HYJIO,
T. e. mpu Beex =1, 2,...,s umeeM y;=min(a; B;)=0 u (reo-
pema 27) (a, b)=1.

Teopema 39. Ecau p— npocmoe yucio, mo pfa mozda u moarbko
moeda, koeda (a, p)=1. '

HokasateabcrBo. Ilpua= 41 310 ouesuano. Ilpn a=+4 1
pYa o3Hauaer, YTO KaHOHHYECKOe pa3JoKeHHe Q HE COREPKHT
IPOCTOr0 MHOMUTENSI p; COIJIACHO HpeAnAyinedl Teopeme 3T0 GyAer
TOTZa M TOJbKO TOrja, Korja (a, p)=

a " ooa
Teopema 40. Ecau (ay, ...,a,)=d, mo 4ucia —d! ) . .,7” 83a-

UMHO npocmble.
JokasatenbcTBo, TeopeMa sBasieTcs YacTHBHIM CJydaeM
Teopemnl 29 npu b=d.
Teopema 41. Ecau clab u (a, c)=1, mo clb.
HokasaTenbctrpo. B caydae c=41 ¢b ana mobGoro b,

[Tpu c541 paccMOTpHM KaHOHMUYECKOE Pas/OXeHHe ¢= -+ pit,..pd,
ITo ycnoBuI0 NpH HeKOTOPOM lieJloM g

ab p1 .« ps , (8)
(@, ¢)=1, TaK uTO MHOXKHUTENH p;*, ..., Pi’ He BXOAAT B KAHOHH-

necKoe passiokeHue a (TeopeMa 38), a TOoria, mOCKOJABKY KaHOHH-
UYeCKHe pasJiokeHHs JIeBOH M NpaBoil yacTu paBeHCTBa (8) ZOJXKHH
coBnajath (reopema 18):

py...p¥lb, 1. e. clb.

MNpumeuanne. Iloabsysach 3Tolt TeopeMoii, serko A0Ka3aTh, YTO H3 pa-
BEHCTBA JBYX HECOKPAaTHMHIX ApoGell cJelyer paBeHCTBO MX UMC/AuTeNed M 3Ra-

MeHaTeseH, T. €. ecyid (g, &) =1, (¢, d)=1, %:%, b=1, d=1, 10 a=c,

b=d.

Teopema 42. Ecau (a,, b)=1, ..., (a by=1,mo(a,...a,b)=1,
m. e. npouseedenue 4ucer, Kancooe U3 KOMOPHLX 63AUMHO NPOCMO
C OCHUM U MeM He HUCAOM, MAKNE B3AUMNO RPOCMO C JMUM HUCAOM.

HdokasarteabcTBo. PaccMOTpHM TpH BO3MOXHBIX Cjaydas:

1) b=0. Hs ycaoeusa (a;, 0)=1 nonyuaeM, YTO OpH BCeX §

=414 toraa (a,...aqa, b)=1.

2) b=+1. B TOM ciayyae (@;...Qq, +1)=1 npu mobux
LeJabX ay, ..., 4a,.

3) b0, b;&:}:l PaccMorpumM B 3TOM Cjyuae KaHOHH®ECKOe
pasnoxenne b= pl*... p¥.TlockoabKy (a,, b)=1,..., (a,, b)=1,
MHOXHTENH pY', ..., p¥ corjacHo TeopeMe 38 He BXOAAT HU B OJHO
M3 KaHOHHUECKHX Pa3JIOKEHHH 9HCed @y, ..., d, a CJICAOBATEJBHO .
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(nprMeyanue Ha CTp. 30), He BXOAAT U B KAHOHHYECKOE pPasJjioKeHHe
HX NPOU3BEJeHUS a; ... Qa,, TaK 4TO IO TOH XKe TeopeMe 38 HMeeM
(a,...a,b)=1

Teopema 43. 1) Ecau (a, b)=1, mo npu aobeix yeaotx neompu-
YameavHoix n U M Umeem:

(a*, ™) =1.

2) Ecau npu Kakux-aubo 08YX UYeiblx NONONCUMEAbHbIX 3Hade-
Husx n u m (a*, b™")=1, mo (a, b)=1.

HokasarteabctBo. 1) U3 (a, b)=1 coraacHo npeanaymeit
Teopeme mpH a;=...=a,=a(n>0) nonyvyaeM (a”,b)=1, a or-
cioja TakuM e obpasom npH m >0 noaydaeMm, uro u (a”, b”)=1.
Ecnun xorsi 6bl OXHO H3 uucea n,m paBHO 0O, TO YTBepXJIeHHe
OYeBHJHO.

2) Ecau (a",0")=1, n>0, m>0 u (a, b)=d, 1o u3 dja, djb
nocjefoBaTesbHO Toayuaem: dla®, d|p”, d|(a”, b™), d|l, d=1.

Dta TeopeMa, B YacTHOCTH, NOKAa3blBaeT, 4To ecqH (a, p™) =1,
rge p-—-mpoctoe UHcao, TO (a, p)=~1, a cJaenoBaTeabHO (Teo-
pema 39), pla.

Teopema 44. Ecau py, p,—npocmete 4ucaa u p,==p,, mo npu
Mobuix yeavix n=0, m=0 (p%, p3)=1.

IDokasarteabcTBo. Jlaa ABYX pasHbIX NMPOCTBIX UHCEN p, H
p, umeem (teopeMma 38) (p;, p,)=1 u, TpHMeHAd HPEALIAYLLYIO
TeopeMmy, nonaydaem (pi, pa)=1.

Teopema 45. Ecau yearoe noaoxcumeavHoe uucao d— deaumeas
npoussedenus 08Yyx 63aUMHO npocmsix 4uces a u b, mo d moocem
bbime npedcmagieHo & npumom eQUHCMBeHHbIM 06pasom 8 eude npo-
u3sedenus dsyx nososcumersvusix wucea 8, u 6, maxux, umo 8,a, 8,/b.

IlokxasateabcTBo. IIycTh pIt... ps*—KaHOHHUECKO® pa3Jo-
keHHe d. [TockoMBKY a W b—B3aHMHO MNpPOCTHle YHCJA, MPOCTOi
JeJuTeNb p;, BXOIAAIHA B KaHOHHYECKOe pasjokeHHe d, He MOMKET
OHTb OZHOBPEMEHHO JlenuTeNeM a u b, T. e. nuGo p;ta, aubo p;{b.

PaccMoTpuM cHauasa ciayuwait, korna pifa. Hs3 pfa cuenyer
(a, p;)=1, (a, pi’)=1 (teopembl 39 u 43), ¥ TOTAA, MOCKOJBKY
pild, dlab, umeem pHlab, pib (Teopembt 6 u 41).

TouHo Tak Xe B caydae p;4b moayuaeMm piija.

TakuM 06pa3oM, Kax[blfi MHOXKHTeNb d BHAA pi' ABAsAeTCS JIHGO
IeJHTeNeM a, nubo IeautedeM b, T. e. d=pii... ps = §,8,, rae
d.a, 6,)b. : ;

Ipencrasnenve d B BHIe §,8,, rme &,)a, 6,)b, (a, b)=1,
€IUHCTBEHHO, TaK KakK mHHaue OwbJjio Obl JBa PasJIHUYHBIX
KaHOHHYECKHX DAa3JIOXKeHHs JJs1 4yHCJa d (CM. mpHMeuYaHHe K olpe-
Jenenuio 11 ma crp. 30). '

Teopema 46, Ilpoussedenue 08yx 63aumHO NPOCTILIX NOAOKCUMENb-
Hbix 4qucen pasHO Keadpamy Yeaozo ducia mozda U moAbKo moeda,
Ko2da kasxcOolll u3 COMHOXNCUmened ecmb K8a0pam yeaoz0 4ucida.




INokasateanctBo. 1) Eciu a=s?, b=1#2, To ab=(st)%.

2) INycts ab=n?, (a, b)=1. Ecian xaHOHHYecKoe pa3soxKeHHE N
MMeeT BHI n=pi'... ps', TO KAHOHHYECKHM pasfoxeHHeM ab Gyger
ab=n?=p3™... pi™. TlockonbKy (@, b)=1, Kaxauii nenutean ab
BHAa p;¥ apasercs JAuGO HenuTeseM a, JHOO HesaHTeseM b H, TaKHM
o6pas3oM, a H b—TakxXKe NOJHbIE KBaAparhl.

Teopema 47. Ecau ay, ..., Q,—NoNapHo 83auMHO npOCHIbIE HUCAA,
mo [a,,...,a,)=a,...a, m. e. HauMenvuiee 00ujee KpamHoe no-
NAPHO 83QUMHO RPOCMULIX HAMYPAALHBIX 4UCEA PAGHO UX npousse-
denur.,

DokasarennctBo. [lpu n=2 yreepmreHHe TeOpeMH BepHO,
TaK KakK H3 (aq, a,) =1 caenyer (reopema 34):

a18a
Ay, Gy = —2=
[ 1 2] (al’ aa)

[peanonoxuM, 4TO YTBEPIKJAEHHE BepHO A4 JIOOHIX n nomapHo
B3aHMHO TNpOCTHX uucesa (n=2). BosbmeM nwoGrle n--1 monapHo
B3aHMHO NPOCTHIX YHCJA Gy, ..., G, Q,.1; Q,,q, OYLyuH B3aUMHO
IPOCTHIM CO BCEMH UHCJAMH &, . .., G,, B3aHMHO NPOCTO C HX Npo-
u3BelilcHHeM (TeopeMa 42), ¥ TOrjJa COTJAECHO CHEJaHHOMY HpeAano-
JIOXKEHHIO H TOMY, 4YTO IpPH n==2 yTBepXKJEHHe TeOpeMbl BEpHO,
noJyyaem: :

[al’ e ’an’ an+1] = [[al’ A | an]’ an+1] = [al e an’ an+1]=

=0y ...0,Q,,,.

CorylacHO NpUHLHNY IOJHOH MareMaTH4ecKOH HHIYKLHU YTBep-
JKJeHHE TeOpeMbl BepHO IpH JMio6oM n = 2.

Teopema 48. Ecau ay, . .. , @,—NONAPHO 63AUMHO NPOCHIbie HUCAG
u ab, ..., alb, mo a,...alb.

Hokxasarteancrtso. [loycnoBuio b—obwee KpaTHoe @y ,. . ., Q,.
Haumenbiiee ofmee KpaTHOe NONAPHO B3aHMHO NPOCTHX YHCE]
a,,...,a,, papsoe (Teopema 47) a,a, ... a,, COIjJacHO Teopeme 32
JOJKHO OLITh Jile/uTesieM Jw060ro o6IIero KpaTHOTO STHX YHCeJ,
T. €., B 4aCTHOCTH, JeJIHTejeM b.

= a,a,.

FJ1ABA 4
SYHKHHSA [x]
1. PA3JIOXKEHHE n! HA TIPOCTbIE MHOXHTEJIH

Onpenenenne 16. Llerod uacmew Oelcmeumenbroz0 4ucAq o Ha~
avléaenca HAuGoAbUICE Yeaoe HUCAO, He npesocxodaiuiee a, m. e. ye-
A0e wucao n, maxoe, umo n<<a<<n-+ 1. llenas yacth uncia o

o6o3nauaerca [a]. CaegoBarelbHO, .
[o] <a<[o]+1. (1)
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Onpeneaenne 17. [pobuoild uwacmero Oedicmeumenrbrozo 4Hucia o
Hasvieaemces passocms a—[a].

Jlpo6uasi ugacTb uncia o« o6o3Hauaercs {a}. CiexoBaTelbHO,
{a}=a—[a] 1 0< {a} < l.

ITpumepn. [58]=5; [3]=3; [a]=3 [—7,39]=—8;

[—e]=—3; {4}=0; {n}=0,1415..;
{_2_3}=P_
7 7"

Teopema 49. [Iycme o — deiicmeumersHoe noAOKUMENbHOE HUCAO,
d—uyeaoce noaoxcumensvroe. Jucao noAOHUMENbHOLX HUCEN, HE Npeso-

a
cxodawux o u Oerswjuxca Ha d, pasHo [3] .

HJokasarteabcTBo. PaccMOTpUM TMOJOXKHTENbHbBE YHCJA,
KpaTHbe d U HempeBOCXOASIIHE o; TYCTh HauGoJbllee U3 HHX Oyner
paBHO sd, Tak uTo (s+1)d yXe Oojblle, ueM «; HYHCIO TaKHX
yucen

d, 2d, 3, ..., sd

PaBHO 8, rje sd << o << (s+- 1) d, claegoBatebHO, § << —Z— <s+1, 1. e.

s=[2].

Teopema 50, [aa awboco Odedcmsumensrnozo a>>0 u yerozo

- CRE!

JlokasaTeanrcTBo. Mexny [a] H a HeT Ueabx uHceNd, H
NOSTOMY YHCJO YHCeJ, KpaTHHX d, B cermenre 1, [a], paBHoe co-
IJIaCHO DpeAbifymel Teopeme [LZ—]] , PaBHO TakXe BeJHUHHE [—‘;—] ,
BbIpaXamomel YHC/IO YHces, KpaTHHX d B cermenre 1, a.

Teopema 51. [laa awboeo Oelicmsumenrbroeo HUCAG O DPA3HOCTb
[} —2 [%] Mooicem pasramoca moavko 0 uau 1.

HokasateabcTBo. Husa moboro a umeeM a—1 <[a]<a,
TaK 410 e '

-2 (5] <a—2(3—1)=2
W—2[5|>a—1—25=—1,

a
T. e. nenoe yucao [a]—2 [5] MOXeT  PaBHATBCA  TOJAbKO 0O

_uau 1,



Teopema 52. ITycms p—npocmoe wucao, n=1 yeasce. [aa no-
Kasamean o Haussiculeld cmenenu p, deasujed nl, umeem:

el e

m. e. npu a, passom cymme (2), p'n!, no p*tifnl.

Mpumeuanue, Pag (2) npeacraBasier co6ofl KOHEUHHWH PAK, TAK KaK,
ecJIH B 3HAMEHaTeJe MORBJASAETCH cTenenb p’, 60Mbliag YHCIMTENS n, ClAaraeMule
B (2) o6pamalotes B HYJH.

HdokazateanpcTso. Ilpu n<Cp Bce charaembie B psaje (2)
PaBHBI HYJI), H BMeCTe C TeM JeHCTBHTEJBHO B 3TOM cJyvae IMoKa-
3ate/ib HaWBbICIIEH CTeNMeHH p, Jedswiell n!, paBeH HyJ0, Tak 4TO
IV TaKUX p U A YTBEPKAEHHe TeOPeMBl BEpHO.

Bo3bMeMm Temepb NPOH3BOJIBHOE TNPOCTOE YHCAO p M NPHUMEHHM
Metos HHAyKuUEM no n. [Ipw n=1 Teopema Bepna, Tak XakK B 3TOM
ciyuae n=|<Cp. llpeanonoxum, 4To yTBepKAeHHe TEOPEMbl BEPHO
HNpH BCEeX A, TaKHX, YTO '

l<=n<{N, rae N neaoe {N=2).
Ecnn N <Cp, To yTBepiKJeHHe TeopeMbl BepHO Aas N, Kak 370

OBLJIO OTMEUYeHO BhIlIE.
Ecan N = p, 10 cpenu muoxuteneit 1,2, ..., N npoussegerus N!

YHC/IO JeNsUUXcs Ha p OyAeT paBHO (Teopema 49) [%] . Ilpous-

BeJeHHe BceX OCTaJbHBIX MHOMHTeJeH umcaa 1-2... N ob6ossayuMm
yepes M.
Torpa

‘Nz=p-2p.....[%]p-M.:p[%]. [%]! M, tre ptM. (3)

N
U3z N = p creayer lg[?]<N. _
Taxk 9ro corjlacHO IpeANOJIOMEHHIO TOKa3aTelb HaMBHICIEH cTe-
. [N
eHd p, AeJidAmeH [—;] !, paBeH:

e lf - e+

(teopema 50). M3 dopmynsl (3) mosyuaem, 4T0 HAHOOJBIIHA IOKa-
o N N N
3areJib CTeNeHH p, Jensmiell N1, paseH [F]—{— [17] -+ [F] +...
TakuM 00pasoM, yTBepXKAeHHE TeOpeMnl BepHO Aast N H B 3TOM
cayuae. CorsiacHo ofHO# u3 ¢opM NPHHNUNA MOJHOA MaTeMaTuye-
ckoll muayxuuu (Teopema IV) TeopeMa npu npoH3BOJLHOM MPOCTOM P
BepHa IJs Jo60ro HaTypajbHOTO n. -
ITpumep. Halitu nauGonbwee o, Takoe, uro 3%1000!
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[To ¢opmyae (2), nmeeM:
oo [0 2] 1) 9]+ 5] 1) o0
TaK uro 34¢|1000!, HO 399X 1000!.

Teopema 52 JaeT BO3MOXHOCTb HAaXOJUTb KAHOHHYECKOE pasJio-
XeHue n!, a UMEHHO, TMOCKOJBKY Ka¥J0€ NPOCTOe P BXOAUT B Ka-
HOHHUYECKOE Pa3JIOKEHHE nl ¢ mokasareJeM, paBHBIM

5]+ 2o
oo V) 0
Haa ¢yukuuu T (x) = Zlnn Ha OCHOBaHHH paBeHCTBa (4) H

[ e x

paBeHCTBa [%]] = [%] , ClpaBeJJIMBOro AJs Jioboro meqoro d >0,

T(x):ln[x]!:Zln,o([ﬂ+[g§]+...). (5)

B ¢opmMyne (5) MOXKHO OrpaHHUMTLCS NPOCTHIMH YHCIAMH P << X)
NpPH OCTAJIbHEIX p cJaraeMsle PaBHbL HYJIO.

nosyyaeM:

2. TOYKH C UEJOYUHCJIEHHBIMH KOOPAHHATAMH

BosbMeM Ha MJIOCKOCTH pelIeTKY, 06pa30BaHHYIO BCEMH TOYKAMH
(¥, ¥) ¢ IEJOUHCJICHHEIMH KOOPAHHATaMH X, y. PyHKuus [a] Hrpaer
GoJIbLIYIO POJIb NP MOACYETE Ta-
KHX TOUeK, JeXallHX BHYTPH Y
HEKOTOPON 3aMKHYTOH KDHBOH.

Teopema 53. ITycmo [ (x)—
HEOMpuUYamelbHas U Henpepols-
Haa npu a<<x<<b ynxyua.
Yucro moveKk ¢ YerO4UCICHHOIMU
KOOPOUHAMAMI, AEHAUUMU 8
Kpusoauneldnod mpaneyuu a<<
sx<<b, 0<<y<cf(x) (uckmo-
yas, makum obpa3om, mouKu,
Aexcaujue HA OmpesKke ocu X),

pasHo
3 _iw. ® . 2
as kR<Ib

HokasarteancTso. [Ipn Jobom UenoM k(a<<k=<b) AnuHa
oTpeska M’'M (puc. 2) paBHa [ (R). Yncao Touek ¢ ueaLIMH Koop-
IMHaTaMH, JieXaliuX Ha 5TOM OTPesKe (MCKJiouYas TOUKY Ha OCH X),
PaBHO yuCJy HeNbiX 3HaYCHHH ¥, TaKuX, yro 0y << f (k), T. e. paBHO
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[f (k)]. TlockonbKy BCce TOUKH C LlesibIMH KoopauHaTaMu B A’AMBB’
pacrniojaraloTcs Ha TaKMX OTpe3Kax, Ilie a<<k <<, o obuiee 4ucjI0
3THX TOYEK paBHO cymme (6). ‘

Ecau xpuBas AB 3ajlaHa ypaBHeHHEM C [apaMeTpPoM, T. €.
fx)=f(N,x), 1 npu H3MeHeHWH 3Toro mnapamerpa N wujouwansL
kpusoauueiinof Tpanenud A’ABB’ HeorpaHdyeHHO BO3pPACTaeT, TO,
eCTEeCTBEHHO, BO3HHKaeT Bompoc 06 OlleHKe NOPsiKa pocTa yHcja
TOYEK C MeJOYHCTIeHHBIMH KOODIHHATaMH, JeXalllHX B 3Toft o6aacTH.
HVIHTYHTHBHO $ICHO, YTO €cJH KpHBast AB He sBJseTCs CJHILKOM
H30THYTOH, TO YHCJIO TaKHX To4deK OJIM3KO K nJjowmaiu (GUrypsl;
OIHAKO BOMPOC O TOM, KaK CHJbHO MOXET OTJIHYaTbCs paccMaTpu-
BaeMOe YHCJO TOYeK C LEeJOYUCJeHHBIMH KOOPAUHATAMH OT IJIOWany,
06HYHO BHI3BIBAeT Cephe3Hbie TPYAHOCTH.

Ocobnifi HHTEpec A/ TEOPHH UHCeJs NPEACTAaBJASIOT clyyaH, KOTAa

n
Kpusasg AB ectb gyra rumep6oJnl Y= HIH OKPYKHOCTH y=
=V r*—x%. Ilpn pacCMOTPeHHH HHC/IAa TOYEK C MeJOYHCICHHHIMH
o o n
KOODAHHATaMH B 06/1aCTH, OTPaHHYEeHHOH runepGo/iof y=—, HaM

noHagoOHTCH chaexywomas Teopema.
Teopema 54,

3 ,i—:lnx—}—C—}—O(—i?), (7)

1<l h<lx

\

20e C—Hexomopas HOCMOAHHAR.
JlokasaTenbcTBO. 3aMEHSS TOABHTErPANBHYIO (QPYHKILHIO €e

HauGOJbIIHM H HaHMEHbIIUM 3HAYEHHSMH, rnoJiy4aem:

1 a
k+1< ST<?’
TaK 4TO *
k41 dt | |
0<%—§ <t—T

e -
1 1
Hs cxonumoctu psna _S_ (—,—z‘-—k——*_l_l) COTJIACHO U3BECTHOMY TMpPH-
k=1

3HAKY CpaBHEHHs PSNOB CJAelyeT CXONHMOCTb pAia @;+dp+ ...,
k+1

dt .
rue a,,=—,1a-— S ~+ . O6osnauasa cymmy storo psja uepes C, mo-
3

= (1={#)+(

JydaeMm:
3 4

fHrE-{Hr. o

2] e



Ecau B cymme (8) B3ATb 4neHu HauwHas c (N 4-1)-ro, To

o< 5 (b= 14 = 3 (-eh) sk

k=N+1 k=N+1
TaK 4TO
S dt 1 (dt R /1
o=(1=§F)+(a=f5) (= F)rols).
1+§+...+%=1§%f+c+o(;~>=m1v+c+o<%).
1

Takum obpasoMm, cootHomeHnue (7) AOKA3aHO AJs1 LeJNHX 3Ha-
YeHHH X.
[yers [x}=x—9, rpe 0=<<8 << 1; TOrHA

1n[x]=1n(x~9)=1nx+1n<I—E>=lnx+0<—i~).
> 4= L =In[x]4+C+ o( ) 1nx+c+0(-i—).

1<Sk=x 1<Ch=([x]
Uueso C HaselBalOT NOCTOSAHHOH 3igepa. M3 (7) caeayer, uro
C= lim (1+~;+ —}———lnN) ©)
N->®

Buiuncaenust paior, uro C=0,577215...
Teopema 55, Yucao S(N) mouex ¢ YeAOUUCAEHHbIMU NOAOKHCU-
meAbHbBIMU KOOpOuHamamu 8 obaacmu, o2parutennol eunepboiroll

Y =% U KOODOUHAMHOIMU ROAYOCAMU, DPABHO
S(N)=NInN+(2C—1)N+0(V'N), (10
2d0e C—nocmosannas Jiisepa.

puMeuanue, JInA TAKMX TOUEK C UEJNOYACTECHHEIMH KOOPIHHATAMH
aMeeM l<Cx<C/V, Tak uwro S(N) (puc. 3) corsacHo Teopeme 53 Moxer OHTb

3aluCaHO B BHJEC:
S<N>_=Z %]

- Hasa noayuenusa ouneskd (10) safo mpefiBapuTeNbHO TPEACTABUTHL S(IV) apy-
roit dopmyJoi.

N
HoxkasarteabcTBOo. BosbMeM Ha runepbone (puc. 3) y= =

“rouxu D (V'N, VAL) A(,N), B(N,1) u ux npoekuuu Ha OCPI
koopamHar: D’ (V'N,0), D"(0, V' N), A’ (1, 0), B" (0, 1). (Byksu
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C OJHMM WITPUXOM O3HAYAIOT
NPOEKIIMH  COOTBETCTBYIOMIHX
TOYEK HAa OCh X, a C JABYMs
WTPHXaMH—H2 OCh 4.)
Bauny cuMmerpum runep-
60Ji6l OTHOCHTEJIBHO GHCCEK-
Tpuch OD KOOpAMHATHOTO yTia
YHCJIO TOYEK C NeJOYHCJIeHHI-
MH KOOpPAHMHATaMu (HCKJIOYasi
TOYKH Ha 0CHX) B KPHBOJH-
Hefinpix Tpamenusix A’ADD’
u B'"BDD" opunakoBo H CO-
I71acHO TeopeMme 53 paBHO

X %]

1<k<sVN

Puc. 3 Yygcno ToOUEK € UeJouH-
CJIEHHHIMH KOODAMHATaMH B
RKBajgpate OD'DD”, uckJap4asi TOUKH Ha OCAX, PABHO

2 [VN]=[VN].

1<k<VN
Taxum ofpasom, past S(N) nonyuaem dopmyay:
N
swm=2 X [F]-VAT (11)
1sk<VN
Or6paceiBas CKOGKH BO BCEX CJaraeMbiX CYMMBl MpaBofl YacTH

N
paseHcrsa (11), 1. e. 3aMeHMB [T] YHCNAMH ——, Mbl H3MEH7eM

KaxJoe cjaraeMoe MeHblue, YeM Ha 1, a BClo CYMMY-—Ha BeJHUHHY,
menbiiyio, uem 2V N. C gpyroii croponm, [V N]|=V'N—8, rze
0<8<1, rag uto [V N|*=(V'N—8)*= N+0(V~)

M3 pasencrsa (11), nons3ysce Teopemoil 54, moJjyuaem

S(N)=2N Y. -——N+0(V“) 2N<1nVW+c+0<V_>>

k<VN
—N+O(V/N)=NinN+@2C—1)N+0(VN).

Bonpoc o Touynok omenke yncaa S(N) moxer OHITh 10CTaBieH
B BHJe caexyouledt npobieMs: B dopmyse

S(N)=NInN-+(@2C—1)N+O0(N?) (12)
NOJYYUTh Mt § BO3MOXKHO MeHbIree 3HadyeHHe,
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Teopema 55, JoKasaHHas Y
B 1849 r. [Inpuxne, aaer pna 8 3ua-

1
yeHHe 6=—2—. 3HaunTenbHO GoJiee

TOYHHI pe3ysabraT Obll HOJYYeH
B 1903 r. pycckuM MaTeMaTHKOM
I'. ®. BopousM. CylecTBeHHO
yCOBepILEHCTBOBAB MeTOJ [OJACYeTa
YyHCJTa TOYEK C IeJbIMH KOOpAHHA-
‘TaMH, Bopono#i nomyunn mas 8

B (12) 3HaueHue § =%+e, rge g —

CKOJIb YrOAHO Majasl TNOJOKHUTENb-
Has BeqWyMHA. MCTHHHOe HaWMeHb-
mwee sHaueHue & B dopmyne (12)
Jo cux mnop neussectHo. Co Bpe- Puc. 4.

MeHH MNosBJeHHs paboTbl BopoHoro

6blJIO TIONy4eHO MHOTO pe3yJbTa-

TOB, NIOCTENEHHO YMeHblIaBIUUX O; OAHAKO 3TH YTOYHEHHs OKa-
3aJIUCh He CAMMIKOM 3HayuTesbHbiMM. Hanpumep, B 1959 r. pasa

13
ObLIO TOJyYeHO 3HAYeHHe 716+8‘ BmecTe ¢ TeM H3BeCTHO, 4TO

1
627, TaK 4TO <6< 0—}—8
Paccmotpum eme 3ajady IojcyeTa 4HCJa TOYEK C ILEJHIMH KOoOop-
IMHATAMH, JeXAalliX B Kpyre ¢ IeHTPOM B Hayaje KOOpJIHHAT,
paauyc KOTOpOro r HEOrpaHH4Y€HHO YBCJIHYHUBACTCA.
Teopema 56. Yucao A(r) mouex ¢ deaumu KoopouHamamy

8 Kpyee x®+ y*=r? soupamcaemcsa opmyaol
A(r)y=art40(r). (13)

HoxasaTenbCTBO, PaccMOTPHUM TOYKH C LEJBIMH KOOpAH-
HATaMH, Jexamue B cekTope 0=<<x<<r, O0<<y<<Vri—x%, T. e.
(puc. 4) B MON, BxJwouas TOUKH, Jnexamue Ha orpeskax OM,
ON u nyre MN. O6Go3HauuM 4YHCJO 3THX TO4YEK 4epe3 B (r).

Jaa xaxpoft Takof TOYKH BO3bMeM KBajpar CO CTOPOHOH, pas-
Hoii 1, JeBasd HHXKHAA BepllHHA KOTOPOr'O COBMAjJaeT C JAAHHOMH
Toukoil. Bce aTH KBajpaThl 3aKJUeHbl B ceKTope M’ON’, orpanu-
YeHHOM OKp Y2KHOCTBIO:

XB4yt=(r+2)2.

JelicTBUTEIbHO, JeBasi HHXKHAA BepllHHA KBajpaTa 10 YCJIOBHIO
yAajieHa OT Hayasla KOODAMHAT Ha pacCTofiHMe, He OOMNblliee, YeM r,
a rnepellBMXXeHHe B INpefesax KaajpaTa cO CTOpPOHOH, paBHOH 1,
MOXXeT H3MEHHTb pPacCTOsiHHe OT IEHTpa He _60J1bu1e, yeM elle Ha
ABE eIUHHUIHL.
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C mpyroii CTOpOHBI, YaCThb MVIOCKOCTH, 3aHATast 3THMH KBaApaTaMH,
sakmoyaer B cebe cekTop MON, orpaHHUEHHbI OKpYIKHOCTBIO:

X2 yt=r2,

IleficTBATENILHO, €CJH TOYKa (X,, Y,) JIEXKHT B 3TOM CEKTOpe, TO
OHa YJaJIeHa OT Haua/ld KOOPAHHAT Ha PacCTosiHue, He 6oJbiiee, YeMm 7.
TTockoabKY [%,] << X4, [Yo] <<Yy,, Touka ([x,], [y,]) TakXKe ynajeHa
OT Hayaja KOOpPAWHAT Ha paCCTosiHHe, He OoJsipiue, €M f, T. €. OHA
IBJSIeTCS JIeBOH HHXKHEH BepINHHOH OQHOrO M3 pacCMaTPHBAeMbIX |
HaMH KBaApaToB.

Ha  [xl<<xo<<Ixo]+ 1, [yol<yo<<lyel-+1 sakmouaem, uro
TOYKa (X, Y,) NPHHAJJIEKHT 3TOMY KBajnpary.

Uucnao B(r) Touek C HeJOYHC/IEHHHIMH KOOpAMHATAMH B cemope
MON paBHO cyMMe mJomafefi BCeX 3THX KBajpaToB, T. €. Npen-
crapsier cobofi BeNHYHHY, 3aKJI0UYEHHYIO MeXIY MJ0Lafblo CeKTopa
MON u nnomansio cekropa M'ON':

1

Tar<B()<-pn(r+2)n.

Mnl nosyuaem orciopa, uto
< B(r) —%nr2< —i~n(r+2)2——}1—nr2=nr+n,
B(r) =5 art+0(r).

4B(r) paBHO 4YHCAY TOYEK C MEJAOYHC/CHHBIMA KOOpAMHATaMH
B Kpyre x*+4y?<<r® ecJH cUMTaThb KaxXAyI TaKylo TOUKY, Jiexa-
IYI0 BHe OCeH KOOpPAHHAT, OAMH pas, TOYKH, JEKallHe HA OCHAX
KOOpAHHAT,— ABa pasa, a Toyky (0, 0)—uernipe pa3a.

Orcrona caenyer, 4TO

A(r)=4B(r)—4[r]—3=nar?4+0(r).

Ouenka (13) Gbia #u3BectHa eme Iayccy. [Ipumenss - Meroz
Boponoro, noabckuii MateMaTHk Cepnuuckuii B 1906 r. mokaaad,
470 hopmyaa

A(ry=nr*+0(r)
. . : 1
BEpHA IIpH v=%. Bbuto  oKasaHo TaKXe, uTO V== =3, T.e
L<v< %— B nacrosimee BpeMmsi H3BeCTHBl OLCHKH A(r) €O ‘3sHa-

2
YeHHSIMH -V, MeHbIIJHMH ueM: -,
ugna v B 3TOH cbopmy.ne 0. cHx nop HeusBecTHa,’

ozuraxo TOYHAs HalflMEHblllaH 'Be.)IH-

b6 .



Hcmopuseckue xommenmapuu k 4-it zaase

1. Teopema 52 BrepBhHle BCTpedaeTcss BO BropoM H3januH 1808 r,
kuurd Jlexanppa ,Teopus uucen“. OCHOBHble pe3yJbTaThl HCCJIe-
posanuii I1. JI. UebbileBa N0 TeOPHH MPOCTHIX UHCeJ 6a3UpyOTCS
Ha 3TOH TeopeMe, ToYHee Ha ¢dopMyJe (D), KOTOPYO OGBLIYHO Ha3bi-
BalOT TOXjaecTBoM YeGrileBa.

2. Teopema 55 Guiia onmy6ankosana upuxne s 1849 r. Hemen-
kuii MatemaTHk I1. Jlexen-Hupuxae (1805—1859), ceMbsi KoTOporo
npoucxoauaa u3 ®paHuuH, GONBIIYIO YacTb MH3HH NMPOBeJ B Bep-
auHe. JlexeH-IIupuxjie-—ofHH M3 KPYNHeHIIHX MaTeMaTHKOB
XIX Bera, okasapiiuil GoJblIOE BJAHSHHE HA pPa3BUTHE MaTeMaTH-
YeCKOr0 aHaJiH3a H TeOpHH uducesa. B aHa/n3e ocoGeHHO 6oJiblioe
BHAUEHHE HMEIOT ero paboThl M0 TEOPHH TPUTOHOMETPHUECKHX PSJIOB
H JnubdepeHIHANbHEIM YpaBHEHHAM MaTeMaTH4YeCKOH ¢u3nku. B teo-
pHHM uYHCeJ OH J0KasaJ OCHOBHYIO TeopeMy O MpPOCTbIX YHCJAX
B apudMeTHueckoi nporpeccuu. IlpuMeHeHHble HM MpPH 3TOM psibl
MONYyYHIH Ha3BaHue psajgoB Hupuxye (cM. 33-0 u 36-10 riaBbi).
Jupuxje moayuua GhyHIaMeHTAJbHBIH pe3yJabTaT O YHC/E eIHHHLL
3aJaHHOTO 10JI a/jrebpaHyecKHX 4YHCeJ M ONMpejeJsHJ YHCJI0 OHHap-
HBIX KBaJpaTHYHBIX (OPM € 3aJaHHBIM JHCKPHMHHAHTOM.

3. ®opmyaa (11) Boepsbie BcTpeyaetcs B pabotax llapast pmura.

4. Teopruit ®enoceeBuu BopoHoit (1868—1908) —3ameuarenbHbIH
PYCCKHH MaTeMaTHK, PaboThl KOTOPOTO MOYTH LEJHKOM MOCBSIIEHBI
teopud yuces. [. @. BopoHo! OCTaBHJ CPaBHUTENBHO HeGOJbINOE
yucjao pabor, OJHAKO OHH NPeACTABJSIOT CYIIECTBEHHBIH BKJAaJ
B Teopuio yucen. Ero pa6orsl, NOCBAIEHHBIE TEOPHH KBaJpaTHYHbIX
¢dopM, HAIOT cyllecTBEHHOe pa3BHTHe TAK HAa3bLIBAEMOTO MeToJa He-
MpepbIBHLIX mapaMeTpoB. BOpoHOH HOCTPOWI aJrOpHTMBI JJA  Bbl-
YHCJIEHHS] OCHOBHBIX €IHHHI, KYOHUecKOro MoJisl.

Mewmyap I'. @. Boponoro 1903 r. ,,O6 oxgHo#l 3ajaue U3 TeopHH
aCHMNTOTHYECKHX (YHKHUMA®, B KOTODOM OH TMOJYYHJ OLEHKY

2 [%]A, MOCJAYKHJ OTHPABHBIM MYHKTOM HCCJeJOBaHUN acUMNTO-
E=1
THYECKOTO NOBelleHHsl Pa3JHYHbIX YHCJOBHX (yHKIHH. B uacTHOCTH,
sTa pabora OKasaja 00JblIOe BAHsIHHE Ha (HOPMHDPOBAHHE METOJOB,
Pa3BHTHIX B MePBbIX TEOPETHKO-UUCJOBBIX pab0Tax HALIEro BHIJAIO-
merocs cospeMennuka M. M. Buuorpazosa.

OueHka 3To#l ()YHKLHH HMeeT 4Ype3BbUailHO O60JiblIOe 3HAYEHHE
B TEOPHH YHCeJ M PAacCMaTPHBAETCs KaK OJHA U3 IEHTPAJbHBIX ee
3anau (cM. 34-10 raaBy). Haunuasa c¢ Jdupuxae, BopoHoro # BmJOTH
JI0. HaWlero BPEMEHH HCCJAeHOBAHHIO 3TOH (PYHKIHM, 0603HAUYECHHOH
y Hac uepe3 S (N), nocesimeno odyeHb 6oJblloe Yucao paGoT.

Pa6oTbl -BopoHOro o :aHaAMTHYECKOH TEOPHH YHCEN KacalTcs -
Takxe OGMMX BONPOCOB O MeTOJAX CYMMHPOBAaHHS (yHKIHI; OAUH
H3 3THX METOAOB MOJYYHI B maremaTHKe uMa Bopowuoro. N
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TM1ABA 5
KOHEYHDBIE LIENMTHBIE APOBH

1. NIPEJCTABJIEHHE PALHOHAJIbHHX YHCEJ
LENHBIMH APOBSAMH

PauuonajbHble YHCJA MOXHO 3aJaBaTh B pa3HOH ¢opMe, HANpH-
Mep, OKHO H TO Xe YHCJAO MOXHO 3afnucaTb B BHJAE OTHOWEHHSA
IBYX IleJBIX uHcea —;1 HIH B BUJE CHCTeMaTHueckol Jpobu no He-
KOTOPOMY OCHOBaHHIO g, IpHUEM 3Ta CHcTeMartHyeckas Apo0b MOKeT
ObITh KOHeuyHOH WM GecKOHEUHOH, B 3aBHCHMOCTH OT BbI6Opa OCHO-
BaHHS CHCTEMBbl CYHCJeHHs. 3anuCh B BHUAE CHCTEMaTHUYeCKOH ApPoOH
HMeeT pfJ CYIEeCTBeHHHX NpeHUMYIlecTB 0CO0eHHO NpH NpuOIHXKeH-
HblX BLIYHCJEHHAX, OJHAKO CYHIECTBEHHEIE HeYZ0OCTBAa BO3HHKAIOT
H3-3a TOrO, 4TO (popMa 3alHCH 3aBHCHT He TOJBKO OT paccMaTpH-
BaeMbIX BeJHUMH, HO H OT OCHOBaHHS CHCTE€MBbI CUMCJEHHS.

B aToii rnaBe MBI paccMoTpuM JApYrylo ¢OpMy 3anHCH pamuo-
HalbHBIX UMCeJ, a HMEHHO NpPeJACTaBJEeHHe HX B BHJE TaK HasbiBae-
MbIX HeTpepHIBHBIX HJH LeNHHX Apobed. BosblinM npenMymecTeoM
anfiapaTta uHenHblX Apobell sBjsieTcsi TO, YTO BhipaXeHHe J060TO
PaLlHOHAJBHOTO YHCJA B BHJE LEeNHOH ApOCH HE 3aBHCHT OT KaKHX-
Jau60 IApYruX BEJHYHH, KPOMe caMoro sTtoro uucaa. Jlpyrue gocro-
HHCTBA, a TaKXe H HeJOCTaTKH 3TOr0 anmnapara no CpaBHEHHIO
C anmnapaToM JeCSiTHUBbIX H APYTHX CHCTeMaTHYeCKHX Apobel 6yayt
PacCMOTPEHH! TO3XKe.

Onpeneaenne 18. Koneunod HenpepoisHoli O0pobuto  Hasvieaemcs
H1CA0, 30NUCAHHOE 8 8ude

"
ag +-—t—p—
1
a,+
.
L]
b
4%
ag’
20e ay, @y, ..., a, by, by, ..., by—uyeavte wucia.

Mub G6yzeMm, koneuyno, npeamnoJaratb, 4YTO BCe 3HaMeHaTelH,
BCTpeualomuecss B 3TOH APOGH, OTJMYHBE OT HYJst. OUeBHIHO, 4TO
BeJIHYHHA TaKoH HeNpephIBHOH ApoGH MoxeT ObITh 3alHMCaHa B BHAe
P

T rae P v Q—uesele yHcaa.

Ecnu by=b,=...=b,=1, ;=1 npu Beex i=1,2, ...,s—1
H a,>1, TO Takyi0 HenpepuBHYIO Apobb Ha3HBAT OGLIKHOBE H-
HOH HenpephBHOH ApOObIO HJIH LEeNHOH APOObLIO.
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Onpeneaenue 19. Koueurnod yennod 0Opobsio HA3LIBALMCR 4UCAO,
sanucaxnoe 6 aude

ay -+ i
a
1+a2+
. (D
' 1
+ T
as-1+'a—s
rie a,, a,, ..., G,—Uease 4Hcaa, a, =1, ..., a,_, =1, a;>1.

Mpumeuanne. Ilpn s=0 g5 = g, MOXKeT GHITb JIOOLIM UEJLIM YHCJOM.

Byzem ans yno6cTBa 3amuchiBaTh UenHyio apobs (1) B BuIe

g+ Ya, +¥ay+ ... +Ya,_,+Ya,.

Yucna a4, a;, ..., a, OyleM HasbBaThb 3JeMEHTaMH [EMHOM
npobu.

Teopema 57. Jliwboe payuoHarbHOE HUCAO DPABHO HEKOMOPOU Ko-
HeuHol yenHod Opobu.

HdoxaszateabcTBo. Jlioboe palHOHAJNBHOE THCJIC MOXKHO

NpeACTaBUTL B BHIE —g—l, rie P u Q uenawe, npudeM Q=1. Auxro-
put™ EekJuaa ans takdx uuces P H Q JaeT Lenb PaBEHCTB:

P=Qay+r,

Q=ra,+r,

riy=ryl;-r;

........ T (2)
Frs—g=Tr;_10 1t

Fsc1 =71l /

e Q>r,>r>...>r,>0.
PaBenctBa (2) MOXHO 3anHcaTb B CJEAYIOLEM BHJE:

Pl Qg1
B ) MO Y
L6 T 1 ’s_—3=a;_l+__1._ fo~1__ -

fz—a’_l_m""’fs_: (r’__l), A
o rg

En



OTKYXAa NOJyuaeM:

£
Q

!
£
_|_

HJH B COKpalleHHOH 3allHCH:
P 1 1 1
—6—=a0—|—-ua1+-la2+...—)—Jas_l—{——jas.

Has nenoro yuena, T. e. B caydae Q=1, B papeHcTBax (2) Gyjer

TOJIBKO OJHO nepBoe paBeHcTBO P=1-P+0, u uenHasa zapo6b

oboppeTcs Ha a,=P.

EctecTBeHHO NOCTaBHTH BONIPOC, ABAACTCH JM TAKOE pasnoxe-

HHe B UENHYI0 JpoOb €AMHCTBEHHBIM, T. €. MOXET JH CYIIECTBO-

P
BaTb KOHeUYHas HeNnHas IIpO6b, pasHas T, C 3JeMeHTaMH, OTJHY-

HBIMH OT HeMOJHBIX YacTHBIX @;, TOAYYECHHBIX B  aJrOpHTMe
EBkaupa (2). Mbl poKaxeM, 4TO KaXjOe pPanHOHAIbHOE UHCJIO
MOXKeT ObiTb €IMHCTBEHHbIM 00pa3oM INpeJCTaBJEHO B BHAE TaKoM
uenHofi Apo6H. ITOT (aKT CylmecTBEeHHO 33BUCHT OT TOrO, 4TO
B OnpejesicHNe KOHEYHOH IenHOH JApo6H BKJIOUEHO YCJAOBHE, UTO
nocnexHuil snemeHT a,>1(s#%0). Ecau Om Mbl, paccmarpuas
BeIpaXKeHHe BHZa (1), AonmycKajam sl mOCJEJHEro 3JeMeHTa 3Haye-
HHe, paBHOe 1, TO €JHHCTBEHHOCTb MpPEACTABJEHHS YKe He HMeJsa
6bl MectTa, HanpuMmep:

94 Yg V394 Vg Vo, Uy

Teopema 58. Cywjecmsyem o0Ha u moavko o0Ha KOHeYHAR yen-
Has Opobb, PasHAA OAHHOMY PAUUOHAABHOMY HUCAY.
HAokasateabcrtBo. [lpeamosoXkuM, YTO CYIECTBYIOT JBe

P
pasJiuyHble KOHEYHbI€ LEITHbIC J.'lpO6H, paBHble T' T. €.

p
;, ?=a0+ﬂa1—|—ﬂa2+...+1’a,=
= A 4
=a,+"a,+7a,+... +7a, rae t =s. 3)
Ecau Owl 6biJIO ao—-ao, al—al, ceey Qg =a,, TO, ITOCKOJIbKY

3TH IBe LeNnHHe APOOH NPeanoJarajTcs pasnnqnbmu t>s.
OrtuuMeM u3 obGeux uacrefi pasenctBa (3) ay=4a,, TPHpPaBHAEM

SHAMEHATeJH NOJYyYalomUXCa TMocJe 37Tore ApobeH (YHCAHTENH Y HHX

OIWHAKOBRIE), OTHHMEM IOCJIe 3TOIQ H3 ODEHX vacTeil a, =a, HT. 1.,
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TaK YTO B KOHIE KOHIIOB NOJYYHM aQ,=a -|——’as+1-|— ...+yat'.q-ro

NPH a,=a; H TNOJNOKHTEJbHHX G541, ..., G; HE MOXKET HMETb
MECTO.
Takum 06pa3oM, HafileTcst TaKoe R(0<k=<s), uto
Ay=0a,, G, =0y, ..., Qp_;=0r_; H Q,F~a}. :

ITocTynas, kak u Bbiue, T. €. OTHHMas B (3) q,=a,, NpUpas-
HHBas MOCJIE 3TOrO 3HAMEHaTesJH H T. J., A0 TOTO Kak B (3) HcCues-
HYT @,=da,, a;=0a;, ..., @,_y=0a;_, U 06o3Hauas a,+a,, K +

+ ... -|—ﬂaé. yepes R, MOJyuHM:
R=ak+yak+l+...+ﬂas=a;+ﬂa;+l+... +ﬂa;, 4

Ecau s=k, t0 a,=R=]R].
Ecan s=k-+ 1, TO, NOCKOJNBKY COTJIACHO ONpeJeJeHHI0 HemHOoH

Apobr  a,. ., =a,>1, GyzeM HMeTb El— <<1 ua,=[R].

Ecau s> k41, 10 ak+1+...+—/a >1 ®u B 3TOM CcJyuae

TakXe a,=][R].
Mpr BuzuM, 4TO BO Beex caydasx @,=[R]; coBeplieHHO aHajo-

THYHO U3 ¢opMyanl (4) nmonywuaeMm, UTO ak—[R] T. €. a,=ay,

B TO BpeMsi Kak £ GbiIo BHGPaHO TaK, 4TO a, 5 a,. IIpeamonoxe-
HHe, 4TO CYINEeCTBYIOT JBe pasJiHuHble KOHeUHbie LenHble Apobu,
p
paBHble -5, MPHBEJO HAaC K NPOTHBOPEUHIO, T. e. Jio6oe pamuo-
HaJlbHOE YHCJIO TOJbKO €JHHCTBEHHBIM 00pasoM MoxeT OHTb pasJo-

KeHO B KOHEUHYIO UENHYI0 Apobb.

Teopembr 57 u 58 ycraHaBIMBAIOT B3aMMHO OJHO3HAYHBIE COOT-
BETCTBHSl MeXIY PalHOHAJbHBIMH YHCJIaMH H KOHCUHBIMH HEMHBIMH
IpO6SIMH.

-

2. MOAXOASAUIUE APOBH

ﬂﬂﬂ'ﬂaHHOﬁ LIEAHOH ApOGH
ao—l—ﬂal—l—yaz—l—...—l—ﬂas (5)
6yneM paccMaTpUBaTh TaK HasblBaeMble NOxXOAsimHe APOOH:
Ay=a,, A,=a,+Va,, Agzao—l—yal—l—yaz,...
ooy Ag=ay+Ya,+ Ya, + ... +Yg,

Onpene.neﬂne 20. n-i nodxodaujedi dpobosro (0 <<n<<s) K Koueu-
nau yennod Opobu (5) Gydem Hasvigame eeAuUdUNY

Ay=ay+¥Ya, +Ya, 4. 4, ()
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PaCCMOTpPIM TENnepb ABE nocjeAoBaTeJJbHOCTH 4YHCEJ:
PO’ Pl’ ""PsHQO’ le sesy Qs’
onpejesieHHble pEKyppeHTHHMH COOTHOINEHHUAMMU:

Pn=Pn—1an+Pn—2’
2<<n<s )
Q =Q -18, +Qn—2
H HaYaJIbHEIMH YCJIOBHUSIMH:
Py=a,, Q,=1, Pl—aoal—i—l Q,=a,. 8)

HenocpenacTeeHHo BHAHO, YTO COOTHOWeHHs1 (7) BMecTe C YcJio-
BHAMH (8) npu JaHHHEX a,, &y, ..., 0, OJHO3HAYHO ONpeRENFIOT
BeJINYUHHBI:

Py, Py, ..., Py Qy Qy ..., Q.

Teopema 59. Ecau ay, ay, ... . a;—2aremenmst yennot Opobu (5),
mo nocaedosameavnocme uucer P, u Q. (n=0, 1, ..., s), onpe-
Oeaennan opmyaamu (7) u (8) obaadaem mem C80LCMBOM, HIMO
npu ecex Imux n OMHOWERUE 5_ pasro n-ti no0xodsued dpobu (6).

n

HokazateabcTBo. IlpUMEeHHM MeTOX TMOJHOH MaTeMaTrHue-
ckoil mHAaykuud nmo n(0<<n<<s). daa n=0, n=1 u n = 2 Heno-
CPeJCTBEHHO [1pOBEpseM, UTO

Py Pl_aﬂa1+l=ao+l/a1, Py __Pya, 4+ Py

1

-Q—o_ao' a‘;—' a Q2 Q. a2+Q0—a°+ /a1+ —a,
COBNAJAIOT ¢ HYJEBOH, nepBOdl H BTOPOH nojxojsamed ApoGblo.

IlpeamonioxuM, UTO yTBepxKAeHHEe T€OPEMhl BepHO AN n(2<<n<s),
T. €. 4TO NOopxoasinas Apobb (6) paBHa:

P, Pu_18,4Pn_,s
A Qn Qu-18,+Qp_s’ (9)

Bo3sbMeum (n+-1)-10 moaxopsmylo apobe A, ., H 3anuilleM ee

B BHJe:

1 ;
An+1=a0+ﬂ—— !

a,+
" apey

HenocpeJcTBeHHO BHIHO, YTO €CJH B n-ii NOAXoAsAImeiH Apo6H
. 1
A, BeMYUHY a, 3aMEHMTb BeJHYHHOH a"+?1,._+_1 , TO moayduMm A, 4.

P, iy Py.g Q,._1, Q,.; BHIPaXawTC DPEKYPPEHTHHIMH COOTHOLIE-
nusamu (7) u (8) uepes a,, a;, ..., @, ¥ He 3aBHCAT OT Q,,;.

1 ,
3amenns B (9) a, Ha a"+a_,.+—1’ nonydaeM A, T. €.
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1 ‘ P
P, (an+an+ 1)+ P'j\_ P,_1a,+ P""+a:+1 _
Qn-1
Gn+1

An+1=

Qnos (“+a—l;) £ Qnis  Quor@nt Quost

P
P n-1
nt ayey _ Prturi+ Puoy__ Ppaa

Qu_1 Quont1+Qnr _ Qn+1’

Q"+a,,+1

CoraacHo NpHHOHDY HOJHOH MaTeMaTHYeCKOH HHAYKIHH COOT-

: p
HOlLIeHHe A,,:—Q—" BepHO npu Beex n=0, 1, ..., s

Onpeneneﬂne"21. Yucaumesramu u 3HAMeHamesamy nodxods-
wux dpobed K Koweunoil yennold OpoGu (D) HaA3LIBAIOMER 6EAUHUHLL
P, u Q,(n=0, 1, ..., s), onpederennsie peKyppeRmMHOIMU YCAO~
suamu (7) u (8).

OTu HA3BaHUS ONpaBRaHH TeM, 4TO OoTHoweHue P, K Q, coraacHo
TeopeMe 59 paBHO n-fi nopxoxsimed xpo6u. Mbl OyneM NoaToMy

n

B AanpHeilllleM n-10 NOAXOAsILYIO ApobbL (6) obo3HauaTe yepes q.-
n

[MTocnenoBatenpHOe BHIUHC/AEHHe YHCAHTeNeHd P, W 3sHameHatened Q,
NOAXOAAIIHX npobefi no ¢opMmynam (7) yao6HO pacnojarate mno
cxeme

21} 231 ag vee ag
Pn 21 aoal+l ves cee oo
Q,l 1 & ‘ee see .o

Kaxnas cremyomas nycras KjeTKa 3amoJiHsSeTCs Pe3yJIbTaToM ome-
panuft Haj YHCJAaMH ABYX NpeRbAYIIHX 0O TOPH3OHTAJHM KJETOK H
COOTBETCTBYIOLIHM &,,y, CTOSIIIHM Haj 3TOH NYyCTOH KJETKOH [cM.
dopmyaut (7)].

ITpumep. HaiiTn noaxopsimue ApoOGH K HeMHOH IpoGH

o4 Vo Vi V34 Vi Yy gy Vg

P, 2 5 7 26 33 59 | 269 | 866

Q. 1 2 3 11 14 25 114 | 367




Tonxonsmee Apobu g-” (0<<n<T7) paBHH COOTBETCTBEHHO
n

2 7 26 33 B9 269 866

5
T2 3 1 W % 16 5

Mocnepnss noxxonsmas 1po6b, O4UEeBHLHO, paBHAa BeJHYHHE BCel
KOHEYHOH LEenHOH ApobH. /

PaceMoTpuM pax cBOHCTB MOAXOASMMX Apoleli, MX YHCIHTENEH
H 3HaMeHaTtejel, :

Teopema 60. [Ipu n=1, 2, ..., § e6noiHAemca paBEHCHIBO

PnQn—l_—Pn—lQn=(_'l)n—1' (10)

JokasateanbctBo. [IpoBezeM uuaykumio no n. Ilpu n=1
paBenctBo (10) cnpasepnupo. llefictButensHo,

Pi=aa,+1, Qu=1, Py=a,, Q,=a,, 1aKk uto P,Q,—P,Q,= 1.
Iycers (10) Bepno npu nekoropoMm n (1 <<n<<s—1); roraa

Pn+1Qn—PnQn+1= (Pnan+1+Pn-—1) Qn—Pn (Qnan+1+ Qn-1)=
= —(PnQn—l_Pn—lQn) = _(_—' l)n-1= (_' l)n:

T. e. paseHctBOo (10) BepHo u mnpu n-+1. CorjacHo nNpUHIHMY
NOJIHOH MaTemMaTHueCKoH HHIYKIHM paBeHcTBOo (10) BepHO mpH Bcex
n(lsn<s).

Teopema 61. Yucaumeav u 3namenameis /uo6ou nodxodsauwed
dpobu—e3aumHO npocmbie 4UCAd.

JokasarenbcTBO. Ilpp n=0 P, =a,, Q0=1, TaK 4TO
(Py, Qo)=1.

[Tycte n>0. O6o3Hauum uepe3 d HanGobIIHHA OGLLUH NeJHTEND
P,uQ,t.e.(P,, Q,) =d. WUspasenctsa P, Q,_,—P,_;Q,=(—1)"""
(TeopeMa 60), DOCKOJBKY d(Pn, d|Q,, nonyuaem dl(——l)” 1 rae
d>0 Hu, ciaeroBaTeJbHO, d=1

P
Ecan panuoHasbHOe 4YHCIO - PasJIoXHTL B UENHYIO apobb, TO

P a
nocjelHsis NMopxoxsmas apobnb Q—’ npeacrapaseT coboif Hecokpa-
$

TUMYIO Apo6b, PaBHYIO %. TaxuM 06pa3om, passioxeHHe B LENHYIO
Jpo6b MO3BOJSET OCYIECTBJAITh coxpam.eﬂue xpobefi. '
2227
~Hpumep. Cokparutb ApoGb ga75-

IpeactaBass a1y JApo6b B BHAE KOHeYRHOA IenHo#t ApoGH,
HaxoauM:

2227
9911

64 -

— 0 Y4 Yoy Vg 1)y Yy 4 Ve,



Haxoaum noxxonsiuue npo6u:

P, | o 1 2 9 1| 2 131

Q. 1 4 9 40 49 89 583

2227 13 131
9911 — 583 ' TA€ 5g3

Teopema 62, Ilpu l<<n<s

—Yy®e HecOKpatumas ApoOb.

in__ Prz--l__(_l)n_1 .

1) Qn Qn 1—_ QnQn—l ’ (ll)
P, P,a|_ 1

2) Qn Qn—l(h—QnQn—l' (12)

- HNoxkasateasnctBo. P,Q,_,—P,_,Q,=(—1)""1, oTkyza
.noayuaem (11) u (12).

Teopema 63. 3uamenameru nodxodawux 0pobeii Kk yenHod
Opobu (5), rauunas c nepeoeo, 06pasyiom MOHOMOKRHO B03PACTAOULYIO
nocaedoeamenvHocmes, m. e.

l:Q0<Q1<Q2<--- <Qs'

HoxasaTteanctrso. Q,=1, Q,=a,=1=Q,, Tax uro Q,

H Q; nojoxuTeabHb. COOTHOILEHHe

Q=0Q,18,+ Qrp C=n<5) (13)
MOKA3bIBAaeT, 4TO H BCe CJAEAYIOLLHE 3HaMeHaTeJH Q,, Q,, ..., Qg
noJioxHurenbHnl. Ilpu n =2, nockosnbky Torpa a,==1, u3 (13) no-

Jyudaem:
Qn > Qn—l' 1 +0: Qn—l'

MMpumeuaunune, Ecny uendas Apo6b MOJMOKHTENbHA, TO, Kak 5TO HEHOC=
pencTBenno caepyeT #3 dopmya (7) u (8), UHCAHTENW ee NOAXOLAWMX ApoGed
TaKKe 06pa3yl0T MOHOTOHHO BO3PacTaKIIYI0 MOCTeJ0BATETLHOCTh.

Teopema 64. lipu n=2
P,Q,-:—P,_»Q,=(—1)"a,. k (14)
HokaszateabcTBO. 3aMeHsas B JeBo#t uactd (14) P, u Q,
no dopmyaam (7) H ucOoJab3ysa Teopemy 60, mosayuaewm:
Poue—PpsQu=(P,10,+ P, 5) Qus— Py s (Qnoa8, + Qul) =
. =0, (P Quy— P 3 Q) =(—1)"2a,=(—1)"a,
Teopema 65, Yemwuoie nodxodauyue Opobu o6pasyrom gozpacma-

WY, a Hedemuole noOxodauue Opobu — ybusarouyro nome&oea-
menbrocme.
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HokasareancTBo. U3 (14) mosyuaem:
Pn Pn 2 (‘—l)nan

Qn Qn—a QnQn—n ’

TaK 4YTO IIpPH n YEeTHOM HMeeM Q >Q » @ IPU N HeYeTHOM
n n-

Py —Pn_s

Qn Qn 2

JBe moaxonsmue apobu Q" =y % Yy KOTOpDBIX HOMep OT/]H-
n-1 n

yaeTcsl Ha eAMHHIY, OyAeM HA3LIBATbL COCEIHHMH,
Teopema 66. /3 Osyx cocednux nooxodawux Opobed uemnas
0pobb 8cec0a mewolie HedemHOL.
JlokaszarenbcTBo. CorjacHo TeopeMe 62 HMeeM:
Pn Pn—l (—l)n—l

Qn Qn-l Q Qn 1

P, P
ITpu n yerHOM < , @ IpU 1 HEeYeTHOM —° Z8=1 = raK u4ro
Qn Qn-— p p Qn Qn—l A
u3 JIBYX CocefHHX ApoGeit == u —I ueTHad BcerjJa MeHblIEe He-

o Qn»—l Qn
UeTHOH.

Teopema 67. Jlwbas uemuas nodxodsujas dpobs mersvlie w060l
HeuemHol Opodu,

HoxkasateabctBo. Ecnu O6b xoTh 0OHA uYeTHast Apolb Oblna
GoJbllle WJIH paBHAa HEUeTHOH, TO COIJIaCHO TeopeMe 65 mocJegHsis
yeTHass ZpoOb Toxe Oblia Obt GoJgblie mnocjaegHeit HeYeTHOH, UTO
NPOTHBOPEUHT TeopeMe 66.

Teopema 68, Paccmosnus (moOyau pasHocmeid) mexcdy coced-
HUMU  NOOXOO0AWUMU OPOBAMU  YMEHBLUAIOMCR C YBEAUUCHUEM UX

HoMepa.
JlokasatenbcTBo. CorjacHo TeopeMmam 62 u 63 umeeM:
Ppoy  Pp|_ 1 -1 Py _Pn_,
Qn+l Qn+1Qn Qn-lQn Qn Qn—l

Mpumeuanne. Teopema 68 sBaseTcA TaKxe HeMOCPeACTBEHHHIM Clel-
crBuem Teopem 65 u 67.

ATH TeopeMbl IIOKA3BIBAIOT, 4YTO MOAXOAsIIHE ApOGH C YETHBIMH
W HeYeTHHIMH HOMepaMH SBJSIOTCS JIeBLIMH M [paBbiMH KOHIAMH
BJIOKEHHBIX APYT B Apyra WHTEpBaJoB, T. €.

Py

Po
< Q <q <" e<g<g
npudeM HOCAenHsAsA LenHas ApPolb %‘ coBMajaer ¢ BEJIHUHHOM Bcei
§
HenHo#i ApoOH. ‘ '
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FTNTABA 6
HPPALIHOHAJIBHBIE YHCJIA

1. KPUTEPMH HPPAHHOHAJILHOCTH

MHoxecTBO AefiCTBUTENBHLIX dHCeN 3aK/jiouaeT B ceéfe, B 4ACT-
HOCTH, BCe pallHOHaJbHblEe YHCJ4; BCE OCTajlbHble JEHCTBHTENbHBIE
YHCJIa HA3blBAlOT HPPALHOHAIbHBIMH.

Onpeneaenne 22, [edcmsumensnoe 4ucio o HA3bBAEMCS uppa-
YUOHAAbLHLIM, €CAL OHO OMAUYHO OM 8CeX PAYUOHAALHUWX HUcenr,

s (
m. e. ecau ocséF npu gcex yeavix a u b.

CyLILECTBOBaHI/Ie HppallHOHAJBbHbBIX YHCEJ OblJIO  IOKa3aHo ellle

rpedecKUMH MaTeMaTHKaMu. MppauumonanpHocts umciaa V2 Gbiia
H3BeCTHa ellle B V Beke IO Halled 3pbl MaTeMaTHKaM nudaropos-
CKOH ILIKOMBI, a J0Ka3aTesbCTBO 3TOrO YacTo mpunuceiBaercs [Tuda-
ropy, XOTSl TOYHO HEHU3BECTHO, ObIJAO JIH OHO HOCTPOEHO MM CAMHM
HJIH KeM-1HOO H3 erTo yueHHKOB. [IOCKOJNBKY MHOMKECTBO BCEX pallHO-
Ha/bLHBIX YHCEJ CHETHO, OCHOBHYIO Maccy JAeHCTBHTENbLHBIX udHCeJ
COCTaBJAOT HPPAlLHOHAJbHLIE UYHCJA.

B sroft rnaBe MBl paccMOTPUM NpocTeilliHe METOAb!, M03BOJAI-
IlHe YCTaHaB/HBaTb HPPaLHOHAJbHOCTb HEKOTOPHIX KJAACCOB YHCEJ,
a TakxKe JOKaXXeM HPPAllMOHAJBHOCTD HECKOJbKHX BEJAMUMH, 4acTo
BCTpeuawlluxcsd B MareMaTuke. Ha mepBblit B3arsaj kaxercs He-
ONpaBAaHHLBIM TO, YTO 3ajaya JOKa3aTeJbCTBa HPPaIllMOHAJMbHOCTH
Kakoro-au60 JefCTBHTENbHOrO YHCJa & OTHOCHTCH K TEOPHH YHCes,
OJIHAKO BKJIOYEHHe TakoH npobseMaTHKH B TEOPHIO YHCeJ CTaHO-
BHUTCSl Cpa3y SICHBIM, €eCJH [OCTaBHThb 3TOT BOMPOC B CJeLyiomei
cdopme: IOKasaTh, YTO HE CYIIEeCTBYET LeAbX YUcesa a H b, TakHux,
uto ba=a.

Hanum cHayana ofHYy TeOpeMY, YCTaHABAHBAIOLLYIO HPPallHOHAb-
HOCTh JOBOJIBHO IIHPOKOTrO KJjacca JeHCTBUTENbHBIX uHdces, BCTpe-
yapluxcd O0COOCHHO 4acTo B WIKOJBHBIX Kypcax adare6pol H
reoMeTpui.

Teopema 69. [Iycmb [(x)=x"+cx""14 ...+ ¢, — MHO2044EH
C Yearoimu Kodppuyuenmamu, Oeldcmeumenbroe HUCAO O.— KOPEHb
f(x). Teoeda o aubo yeaoe, b0 UpPAYUOHANbHOE HUCAO.

HoxasateanctBo. 0—uesoe 4dca0, TAK YTO MBI PaCCMOTPHM
ToNbKO cayuaii a=~0. Ilpeamosoxum, uTo « He sBJAseTcs Hppa-

a
OHOHA/JMbHBIM YHCJAOM, T. €. YTO O -— pallMOHAJbHOE YHCJIO, OL=7 ’

rie ¢ u b neawe, b=1, (a, b)=1. Iloacrasnss oc=% B ypaBHe-
Hue f(x)=0 n ymHoXasi o6e 4acTh ero Ha b", noaydyaem:
—a"=ca"" W+ ... +c,ab"" 1 b"

3* ' o o7



M3 23T0ro COOTHOIEHHS HemoCpeACTBEHHO BHAHO, uTO bla”.
IMockoabky (a, b)=1, 1O (Teopema 43) (a*, b)=1 u bja" Moxer
OBITb TOMBKO NpH b= 1, T. e. = a—wUeJg0e YUCJO. .

ITpuwmep. Ecin HaTypalbHOe YHCIO @ OTJHYHO OT BCEX A-X
CTeneHell HeJbiX 4nced, TO 3/ @ — HPPAUHOHAJNLHOE YHCJIO.

- JleficTBuTensHO, 3/ a €cTb KopeHb ypaBHenus x"—a=0. Ecan
yueao 3/a He sBASETCH LeJbIM, TO COTJACHO TeopeMe 69 OHO
nppauronaptoe. Hanpumep, V2 — HppaunonaibHoe YHCIO, TAK KaK
nocJeoBaTebHOCTb KBaApaToB lebix uncea umeet Bun0,1,4,9, ...
M HH ONMH M3 3THX KBajapaTtoB He paseH 2. Uueno /21 uppanmo-
HaJIbHOE, TaK Kak MOCJeJ0BaTeIBHOCTh IOJOXKHTENbHBIX KYOOB Ie-
JBIX 4Hcen umeeT BHUA 1, 8, 27, ... H HU OJHH H3 HHX He paBeH 21.

UppanuoHnanbHOCTh HEKOTOPBIX JEHCTBHTENBbHBIX YHCEJ MOMXKHO
YCTaHOBUTh C IOMOLLBIO KpHTepHeB, CHOPMYJHPOBAHHEIX B CJeAylo-
LIHX ABYX TeopeMax.

Teopema 70. Ecau o.— payuonasbHoe 4UCAO, MO cyuiecmsyem

¢ >0 makoe, umo 0aa 060l payuoHareHoi Opobu g—¢a 6yner

CnipaBeJInBO HEpPaBeHCTBO:

a c
[w~4>7. (1)

HdokasaTteabcTBo. Ilycts a::%, raie (=1. Bo3bMmeM
c#% . Jlos n060i pauuoHaJbHOR ApoOH -—Z—#% 6yner kb—al=£0,

a caepoBaTeNbHO (Teopema 1X), wenoe uucio |kb—al| =1, u Toraa
a

=3

kb—al| _ 1 ¢
== =B =b"

|k a
!
Teopema 71. Ecau 0aa 106020 nOAOHUMEABHO20 HUCAQ C ClYUje-
: a
cmayem xoms 6o. 00HQ napa yeavix ducer a, b, makux, 4mo 5o U

a c
la—¢| <%, @)
mo o.— uppayuUoOHaAIbHOe YUCAO.
JlokasateabcTBO. Ecau 6ol oo Ob10 panHoHaJbHBIM, TO 10
o a
TeopeMe 70 Hamsock 661 ¢ >0 Takoe, uTo Jis1 J1060i JpobH b—%a
BHINOJIHAJOCE OBl HepaBeHCTBO (1), a 2TO NPOTHBOPEYHT TOMY, YTO

a
COrJlaCHO HallHM YCJOBHAM JJd 3TOro € CyUIeCTBYeT F%a TdKoe,

4TO HMeeT MeCTO HepaseHcTBO (2). Ilpeanojoxenue,  uto a— pa-
IHOHANbHOe YHCJIO, MPHBEJO HAC K MPOTHBOPEYHIO, 3HAUHMT, & Hppa- -
ILHOHAJIBHO.
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ITpuwmep. JoKkasaTh HPpPaUHOHANLHOCTD YHCNA o

=ty L 1 (="
a=l—gtm—gt+.. .+ 53+

BosbMeM nponsBo.anoe ¢ >0 u BriGepeM n HAaCTOJBKO GOMbUIMM,

yto6H OBLIO 22"+’>-— Ho.nome,
2 2 1 1 (—-ns
b=2" q=2" <1—§+§;—..‘+ — )
a u b—uenvle uncnaa. Ilpu Takux a u b
a i | 1 c

a—7F

G g "'I<Q(n+1>2 T
TaK UTO ¢ HPPanUoHAJBHO.

Teopema 72. Ecau npu Hekomopom g>1 pasioscerue o 6 cu-
cmemamuueckyto Opobe ¢ OCHOBAHUEM CUCMEMbL CHUCACHUS, PASBHbIM g,
codepxcum CKOAb Y200HO OMLHHbIE KOHEHHble Yenouku, COCMoAujue U3
00HOL u moil xe yuppel, mo o — uppayoHALbHOE YUCAO.

HHaue roBopsi, ec/iH B pasJioKEeHHH

OL=CO+%+Z%+ oo O=c<g)
040 4106020 Ny HAUOYMCH Cpoq=Chpn= ... =Chp, (B>N,), NpUtem
CoFChi1 B Chip FChinsrr MO O UPPAYUOHAABHO.
HokasateabcTBo. Ecan 6wl o O6BJIO palHOHANBHEIM, TO
pas/ioxeHHe o B CHCTEMaTHueCKyio Apo6b ¢ OCHOBaHHeM g ObLIO Gbl
nepruonnueckuM (teopema XXIII). Takoe pas/okeHHe He MOXKeET
HMETb OJHOH Nu(DpBE B mepHolie, TakK Kak s GecyHCJeHHOro MHO-
HKeCTBA N Chyp F Chins1- 1IpEANOJONKEHHE K€, UTO NEPHOAL COCTOUT
N3 HECKOJIbKHX LH(P, TaKXKe NPOTHBOPEUHT HALIHM YCJIOBHSIM, TaK
KaK B 3TOM Clyyae He MOIIH 6Bl CyIlecTBOBaTh LENOYKH H3 ONHOM
nudpsl LiHHOA GoJsbllie, YyeM 4YHCIAO LUHDpP B mepHOAE.
Ilpumep. UHcno @, 3anuchiBaeMoe B JECATHUYHOH CHCTeMe
cuucjeHus B Bujge a=0, 121122 ... 11 ... 122 .,.2 ..., uppauno-
N—— e’

N e e
n ejHHWL, 1 ABOEK

HaJIbHO.

2. HPPAHHOHAJIBHOCTb € u» 7%

Teopema 73. Yucro e uppayuonarvro.
HoxasaTtedbcTBO. [IpeanosoxuM, uto ezg, rle a ¥ b—
HaTypaJbHbie uncja. HagectHo, 410
o : 1,11
-1__1__. = —
et=l—qptg—gm+t. ..

69



a e : . .
Hs e=;- ClelyeT, uTO ale”l—mnenoe uKcno, TaK UTO OENBIM

6yner H 4HCNO

A=allet— (1= 45— A+

al

1 ]

V —m— e — ———

a (Gryi—arm* )
Mnb nonyuaem otcroma

1

@+
T. e. Mexkay O u 1 nexur nenoe uucsao. [Ipeamosoxenue, 4To e
palHoHaJbHO, MPHBEJAO HAC K NMPOTHBOPEUHID, 3HAYHUT, € HPpalHo-
HaJbHO.

Teopema 74. Yucsro a1 uppayuonasbro.
HokasatenbcTBo. IlpeamonoxuMm, uYTO 7 panHOHAJNBHO,
a
T. & fi=-, [le a H b— narypanbHele ydcna. [Ipu yBeauueHHH n
1 /a?
BeJMYMHA — |
nl

1
0<<A<al a+1<1,

n
) —0; IMO3TOMY MOXHO HAWTH 7 TaKoe, 4YTO BHl-

b
TNIONHAETCA HepaBEHCTBO
n [a®\"? 1
a(3) <z &)
PaccMoTpuM aas Takoro f QYHKIHO
bn n n
Fx) =2 xm (i — 0. )

3aMenss n Lxepe3 5 ¥ pasiarag (n—x)" =,z (a—bx)" no cre-
neHsiMm bx, MOXKHO npeﬂCTaBHTb f(x) B BHUme:
1 .
f(x)= o1 (X" e X" L+ x?), )]
tak uto f(0)=f" (0)=...=f""1(0)=0. Ecan paBencrso (5) mpo-
aubpepeHHPOBATL § paa rie s=n, TO NMOJYYHUM:
1 s!
f“‘) (O) = mcs—nSI = Cs—n(s ﬂ) PINTY (s—-n)l
. s!
Bunomuanbubiii KoshduunenTt ATG—m) — Uenoe UHCIO, TaK 4TO

f(0), "t (), ..., f®» (0)—uenwvie uyucnaa.
W3 pasencrBa (4) BuiHO, uto f(x)=f(n—x), Tak 4ro, HH(D-
(epeHnHpys, moaydaeM AJs Bcex R

FE@=(=D P (—ux), f"”(ﬂ)—(—l)kf"”(o)

H, cnenosaTeano fr)y=f(m)=...=f""V(@)=0, a f™(n),
, [ () —uensie uncha. . ; _
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Harerpupys f(x)sinx no wacram, noayyaem;

Sf(x) sinxdx:f(O)—|—f(n)+Sf’ (x)cosxdx=

= [(0)+ f (7) — S " (x) sin x dx

{7 (x) sinxdx=f" (0) + ' (m)—§ 79V (x) sinxdx |, ©)

n
{ fom (x) sin x dx = f@ (0) + @ ()
0
TaK Kak Cjeiyouiasi npousBopHas f(27+2) (x) TOXKHeCTBEHHO paBHa
HYJIIO.
W3 paeeHcrBa (6) noayuaem:
1

(7@ sinxde=(F )+ F (@) — (" Q)+ () + ... +
+ (— 1P (0) + e () = 4, (7)

rie A—ueqoe uyucao. [ockoabky B uHTepBale (0; ) MOAHHTErpab-
Has ¢yHkuus f(x) sin x mojsoXurtejabHa, HHTerpan B JeBoil yactu (7)
6onbuie Hyas U A== 1. C gpyroii cTOPOHbl, U3 paBeHcTBA (4) BUAHO,
uyTo npu 0= x << 7 uUMeeM:
b L [/ a2\"
Zoqpn—_—_{ 2.
[ <gpn n!(b)

U MOCKOJbKY sinx=< 1, To mpu HaueM BuiGope n (cM. (3)) umeeM:
n
. 7 [a?\" 1
Azgf(x) sin xdx < -5 (?> <5
0

1
T. €. 7>A> 1. Tlpeanosoxenune, 4TO N paLHOHAJBHO, IIPHBEJO
Hac K NpPOTMBOPeUYHIo, CJeJ0BaTeJbHO, JI— HppalHoHaAbHOEe YHCJO.

Hcmopuueckue kommenmapun k 6-it 2aase

1. Teopema 69 npunamnexur Iayccy.

2. HppanyonaiabHocTh uncaa 1 6blia f0KasaHa BuepBeie B 1761 r,
¢pannysckum MatemaTukoM JlambeproM. Ilokasareabctso JlambGepta
OCHOBAHO Ha NPHMEHEHHHM HempephBHHIX ApoGeii. Jlokasarteanctso,
MpHUBeZeHHOe B 3TOH KHHre, Obljio jaHo Husenom B 1947 T,
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3. Apudmernueckas npupoja MHOTHX BeJHUYHWH JO CHX HOp He-
n3pectHa. COBpPEeMEHHBIM MaTeMaTHKaM IIOKd HE YAaJ0Ch YCTAHOBHTb,
SIBJISIIOTCSl  JIH PAallHOHAJBHBIMH HJKH HPPALHOHAJBHBIMH HEKOTOpBIE
YacTo BCTpeyalolHecs: NOCTOSAHHble. Tak, Hanpumep, HEH3BECTHO,
ABJSETCS JIH pallHOHAJbHBEIM HJH HppalHOHAJBHBIM 3HJepoBa MHO-
crosinHas C (cM. Teopemy D4).

[JTABA 7

CPABHEHMHUHA

Bo Bceil stofi rjase ™Mbl OYyJAeM paccMaTpHBAaThb TOJBKO MHeJIbeE
uyncaa H ob6o3HAYaTh HX JATHHCKHMH OYKBaMH.

Bo3bMeM npoH3BOJIbBHOE (PUKCHPOBAHHOE HATYpaJibHOE YHCJO M
u 6yleM paccMaTpHBaTk OCTATKH NpHU JeJeHHH Ha M Pas3jHYHHIX
enplx 4yHcesn. Ilpu paccMmoTpeHUM CBOHCTB 3THX OCTaTKOB M TIPO-
BeJeHHM onepalud Hajg HUMHU YJZOOGHO BBECTH MOHSITHe TAK Ha3blBae-
MOTr0 CpPaBHEHHSI O MOJAYJIO,

Onpepenenne 23. I[eavie uucia a u b Hesviearomes cpasrumbimy
no modyaro m, ecau pasHocms a—b Oeaumcs Ha m, m. e. ecau
mlja—b.

Takum obpa3oM, cpaBHeHHe IpeicTaBJasieT Co00H COOTHOLUEHHE
MeXJAy TpeMsl uyuciaaMM a, b UM m, TpuueM m, Urpamwuee poJb
CBOEro poja 3TajoHa CpaBHEHHS, Mbl Ha3biBaeM MoayJeM. Ilas Kpart-
KOCTH Mbl OyJeM 3TO COOTHOWIEHWe MeXAy a, b W m 3anucLiBath
clle AyIOMHM 06pa3oM:

a= b (mod m),

a U b O6yleM Ha3biBaTb COOTBETCTBEHHO JieBOH U MpaBod YacTIMH
cpaBHeHHs. UHCJ0 m, cTosiilee NOJ 3HAKOM MOAyJsi, 6yleM Bcerma
CUHTaTh HOJIOXKHTEJBHBIM, T. €. 3anice modm OyjeT 03HA4YaTsk, UTO
mz 1.

Ecau pasHoctb a—¥b He peauTcs HA m, TO MbL OyJEM 3aNuChIBATh
3TO Tak: a == b (mod m).
CornacHo onpepejienno a == 0 (mod m) o3Hadaer, 4TO a JeJHTCSH
Ha m. \

IMMpumepn. 101 =17 (mod 21); —5=28 (mod 11).

Teopema 75. a cpasnumo ¢ b moz20a u moasko mozda, Koz0a
a u b umeiom o0uHakosvle ocmamsu npu OereHuu Ha ni.

HokasatenbctBo. 1) [lyetb a=b(modm), 1. e. mla—b.
Ilpeactasum a u b B BUKe a=mqg,+r, b=mg,+r,, rIE
O<<r,<<m, OD<<ry,<<m. V3 stux npexcrasneHuil a u b nonyvaem
a—b=m(g,—4q,)+r,—r, HO mja—b, Tak uTO Mo Teopeme 10
OyneM uMeTb mlr,—r,. [loCKONBKY — M < r,—7ry,<m, a cpein
yuces, aGco/loTHAs BeJHUHHA KOTOPBHIX MEHble, YeM m, TOJbKO 0
JeJIMTCA Ha m, TO moJiyyaeM ry—r,=0, r;=r,.



2) Ilycte ocTaTKHM OT JefleHHS a@ W b HWa m paBHH, T. e.
a=mg,+r U b=mqg,+r; tormza a—b=m(g,—gq,), mla—b,
a=b (mod m).

CornacHo 3Toff TeopeMe CpPaBHHUMOCTb @ H b 1O MOIYJIO M
5KBHBAJIEHTHA YTBepPXJIEHHUIO: ,d U b HMeT OJUHAKOBHIE OCTAaTKH
npu aeneHud Ha m*. IlostoMy B KauecTBe OnpejeJeHUST CPaBHEHHS
MOXHO OblJI0 B35ITh CJefYIOLLee.

Onpenenenue 23', Lleawe uwucra a u b Hassiearomes cpasHumbimy
no mMoOyat0 m, ecAu OCMAMKL om OeAeHUS JMUX YUCEL HA M PABHYL.

CornacHO TOJNBKO YTO CHEJNIAHHOMY 3aMeuaHuio ompeleneHust 23
U 23’ sKBUBAJEHTHH. YCTaHABJIHBAast CBOHUCTBA CPaBHEHHH, Mbl GyaeM
3TUM 1OJb30BaTbCA JJIs YHPOILEHUS] HEKOTOPHIX J0Ka3aTeJbCTB.
Teopembr 76—91 pawT OCHOBHBIE CBOHCTBA CpaBHEHHH, KOTOPBLIMH
Mbl OyJeM MOJIb30BATBCS BO BCEM JaJjibHeiileM.

Teopema 76. PegaexcusgHoctmnos omHouleHUs CPABHUMOCIU

a=a (mod m).

JloKkasaTeabCTBO. @ H @ UMeIOT OJHHAKOBHE OCTAaTKH MPH
JleJleHHH Ha 1.
Teopema 77. Cummempuqnocmes OMHOWEHUA CPABHUMOCTIL: eCAl

=b(mod m), mo b=a(mod m).

JlokasaTeabcTBo. Eciu a U b UMeOT OJUHAKOBLIE OCTATKH
NpH JleJleHUH Ha m, TO OCTATKH OT JeJileHHss b H a Ha m Takxke
PaBHHI.

Teopema 78. TpaHsumuenocme OMHOWEHUS CPABHUMOCMU: eCAU

a=b(modm), b=c(modm), mo a=c(modm).

JoxkasateanbcTBo. EciH ocTaTKH OT JeJeHHs Ha m OJHUHA-
KOBBl y uHcesq a H b, aTakxke y b U ¢, TO @ U ¢ TOXe HUMEIOT
OJMHAKOBble OCTATKH MPH JeJIeHHH Ha M.

M3 Teopem 77 u 78 Jerko mosyuydTh, YTO ABa UHCJIa, CPABHHMBIE
C OJHHMM H TE€M Xe TPeTbHM, CPaBHHMBl MexAy co0ofi MO ToMy Xe
MO IyJIIO.

3anuch BHIA

a,=a,=...=ay{modm)
6ymer osHauaTb, 4YTO JoOble JBe H3 BEJHYHH: @, Oy, ..., g
CPaBHHMH MeXJay coOo# Mo MOAyJIO .
3amnuce BHUIA

G=...=0,=0,,,="...=4a,(mod m)
OyneT osHayaTh, 4TO BCe @, ..., d, CPABHHMbl MeXIy co0od mo
MOAYJIO M, TpPHUYEM 4, H Q,,, COBINAJAIOT.

Teopema 79. Ecau a=b(modm) u k—npousgorsroe yeaoe

YUCA0, MO
ka= kb (mod m).
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JdoxasatenbctBo. Eciu a=b(modm), T10 mja—Db,
mlk (a—b), mlka—kb, ka= kb (modm).
Teopema 80. Ecau ka=kb(modm) u (k, m)=1, mo-.
a=b (mod m).

JdoxkasarteabcTBO. Ecan ka= kb(modm) T0 mlka—kb,
mlk (a—0b), Ho Torga corjacHo Teopeme 41 yeaopue (k, m)=1
zaet mja—b, 1. e. a==b(mod m).

Ecan ka = kb (mod m) u (k, m) =~ 1, To MoxeT ObTb @ = b (mod m),
a MoxeT ObTb a % b(mod m), Hanpumep, 3-14=3-2 (mod 6) u
14 =2 (mod 6), 3-10=3-.2 (mod 6), Ho 10 = 2 (mod 6).

Teopema 81. Ecau a=b (modm) u k—npoussoisroe Hamy-
paavroe yucio, mo ka= kb (mod km).

JdokaszareanctBo. Ecan a=b(modm), 710 mla—b
kmlka—Fkb, ka= kb(mod km).

Teopema 82. Ecau ka= kb (mod km), e0e k u m— npoussoivrsie
HamypasbHole yucaa, mo a=>b (mod m).

HokasateabcTBo. Ecan ka==kb(modkm), 10 km|ka— kb,
kml|k (a—0b), k—mnartypanvHoe, T. €. k=0, 1 Torza

mla—>b, a=0b(mod m).

Teopema 83. Ecau a=b(mod m), c=d(modm), mo a-}c=
=b-4}d(modm) u a—c=b—d(mod m).

Hoxasateanctso. Ecan a=b(modm) u c=d(modm),
T0 mla—b u mlc—d. Ilpumenssa Teopemy 10, nonyyaem

mli{a—b) 3= (c—d), ml(axc)— (b d), atc=b4d(modm).

Teopema 83’ (00oGmenne teopeMur 83). Ecau a,==b, (mod m),
a,=b,(modm), ..., a,=b, (modm), mo a,+ta,+...4+a,=
=b,+ by, + ...+ b(mod m,).

okasaTenbcTBO MOXKeT ObITh 1POBEJEHO aHAJOTHYHO MperbIAylle-
My, npHyeM BMecTO TeopeMbl 10 MOXKHO NpHMeHHTB TeopeMmy 11.

[lepexon ot cayuast ABYX cpaBHeHuii (Teopembl 83) Kk sGoMy
yHcsy n cpaBHeHHH (TeopeMbi 83) MoxeT ObiTb, KOHEYHO, TaKiKe
OCYymeCTBJIEH NpHMeHeHHeM IPHHIIHfA MaTeMaTHYeCKOH HHAYKLIHH.

Teopema 84. Ecau a=b(mod m), ¢=d (mod m), To

ac = bd (mod m).

Hokasateanctrso. Ecau a=b(mod m), c=d(modm), o
coryacHo teopeMe 79 ac = bc(mod m) u bc= bd (mod m); Teopema 78
(TpaH3UTHBHOCTL cpaBHeHHH) naeT Torja ac=bd (mod m):

Teopema 84’ (0GoCiienne TeopeMbl 84).

Ecau a,=b,(modm), ..., a,=b,(modm), 10
a,...a,=b,...b,(modm).
JokasaTteabcTBo. IlocnenoBaTesibHO NpUMEHsA TeopeMy 79,
noJyyaem:
00,0, . .a,=ba,a,...a,=b,b,0,...0,=...=b,b,b,...b (mod m)-
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IlokasaTenbCTBO MOKeT OBITH TaKkKe NPOBENEHO I1pHUMeHeHHeM
MPHHUKINA MaTeMaTHYECKOH HHAYKIHH.
Teopema 85, Ecau a==b (mod m), mo npu awbom yeiom

n=0 a"=>b"(mod m).

Hoxaszatreasctso. [lpu n=0 yTBepkjaeHnue BepHO COTJIACHO
TeopeMe 76, a npu n>=1 OHO BepHO corjacHo TeopeMe 84', no-
Jarasg Tam

a,=...=a,=a ub=...=b,=b.
Ilepexon oT cpaBHeHui
a=b (mod m), c==d(modm)
K CPaBHEHHAM
aF+c=0bdd(modm), ac=bd (modm), a"=b"(mod m)

OyzeM HasblBaTb COOTBETCTBEHHO CJIOXKEHHEM, BHIUHTAHHEM, yMHO-
*eHHeM, BO3BeJieHHeM B CTeleHb CpPABHEHHH.

IMockonbky M3 cpaBuenus ¢==d(modm) crepyer d__c(mod my,

TO M3 cpaBHeHuH a=h(modm) u c=d (mod m) caenyer Takxke,
uT0 @ +=d="b 4+ c(modm) u ad==bc(mod m).

Teopema 86. Ecav a=b(modm) u f (x)=c,+cx+ ... +c,x" —
NPOU3BONGHOLE MHOZ04ACH C UeAbimu Kodpduyuenmamu, mo
[(a) = [ (b) (mod m).
Hokaszateasbctso. Ecaua==b (modm), To cormacHo Teope-
MaMm 85 u 79 umeeM:
a’=b°(modm), c,no’=cb’(modm) npu s=0,1,...,n,

HO Torja mo TeopeMe 83’ mosyuaem:

Cteat...+ea"=c,+cb+...+c,b" (modm),
T. €.

[(a) = f (b) (mod m).

TeopeMmy 86 MoXHO 0606WHTL H FaTb B CijeAyloWeH ¢opMe.

Teopema 86', Ecau a,=b,(modm), ..., a,=b,(modm) u
F(x(, oo, X;)— MHO0uNEH C Yervimu Kodppuyuenmamu, mo
flay, ...,a)=f(b,...,b,)(modm).

HdokasaTeaAbCTBO COBEPIIEHHO aHA/JOTHYHO A0Ka3aTeabCTBY
TeopeMbl 86.

Teopema 87. Jlwboe crazaemoe aesoll uau npagoll 4acmu cpase-
HUA MOJCHO Nepenecmi ¢ NPOMUBONOAONCHOIM 3HAKOM 8 OpYeyro 4acme.

JdokaszaTeabCcTBO. BBULY CHMMETPUYHOCTH OTHOLICHHHA
cpaBuenus (TeopeMa 77) J0CTaTOYHO- pacCMOTpeTh Cayuad, xorpa
JaHO CpaBHeHHe

RS a-+b=c{(mod m).
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CxaagpiBasi 3TO cpaBHéHHe CO CpaBHCHHEM

—b=—>b(mod m),
HoJIyyaeM:
a=c— b(mod m).

TIpocTbiM cleacTBHEM 3TOH TeOpeMbl SBJSETCH TO, YTO B JIeBOH
W NpaBoH 4acTAX CpaBHeHHA MOXKHO H006aB/AATbL HJAH 0TGpachHBaTh
OJHO U TO XKe cJiaraeMoe.

Teopema 88. B cpasuenuu moscHo ombpacoisame uau 606agAsmb
caazaenvie, Oersujuecs Ha MoOyae.

HoxasartenbcTBo. Ecnu a-+c=b(modm) u mlc, 1. e.
—c¢=0(mod m), TO, CKJaIelBass 5TH CpaBHeHUS, MOJyYaeM
a=b(mod m). AmnanoruyHo uz a=b(modm) ¥ m|c mnoayuaeMm
a -+ c¢=b(mod m).

TlockonbKy JieByI0 H MpPaByI0 YAaCTH CPaBHEHHS] MOXHO MEHsThb
MeCTaMH, YTBep:KIE€HHEe BEDHO H AJS cJaraeMblXx NpaBoH YacTH.

Teopema 89. Lcau a=b(modm) u d|m, 10

a=b(mod d).

HokasaTteabcTBO. Ecnn a=b(modm), o mja—b. U3 djm,
mla—b B cujy TPAH3HTHBHOCTH OTHOILUEHHS IEJHMOCTH (TeopeMa 6)
nonyuaem dla—b, a=b (modd).

Teopema 90. Eciu a=b (mod m), mo mHosxcecmso obujux Oesume-
feli a u m cosnadaem ¢ MHOdcecmeom obuux Oeaumeneti b u m.
B wacmunocmu, (a, m)= (b, m).

HokasatenbctBo. Ecan a=b(modm), 10 mla—>b,
a—b=mg, b=a—mq, mobofi ob6mMuH nenuTenb § uucea a W Mm
sipjisteTcsl oOIUM JesidTesleM uuces b W m, H, HaoGopor, ecan OJb
u §m, 10 §ja.

Tlockosibky nmapa a, m u napa b, m UMeIOT OfHH U Te Ke obIye
Jeadtenun, To H (a, m)=(b, m).

Teopema 91. Ecau a=b(modm,), a=b(modm,), ... ,

a=b(modm,), mo a=b(mod m), ede m=[m,, m,, ..., m].
JdokasaTenabncTBoO. Ec.rma_b(modml) a==b(mod m,), .
... ,a=b(modmy), 10 myla—b, myla—b, ..., mla—b u COr1aCHO

CBOHCTBaM HaHMMeHblIero obmero KpaTHOTo (Teopema 32) mla—b.

CpaBHeHHs] B TaKOM BHJE, KaK HX 3JeCb paccMaTpHBaeM, Gl
BPeJleHbl BriepBhie ['ayccoM B ero 3HaMeHuTOH KHHre ,Disquisitiones
arithmeticae“ (,VccaenoBannda nmo apupmeTHre").

Hcmopuueckue Kommenmapuu K 7-it 2aa8e

Kapn ®punpux T'aycc poaunca B 1777 r. B BpayHmseiire. B4ub-
WyI0 4acTb CBOeH XXKU3HM OH NPoXHJ B ['eTTHHreHe, rjae oH B 1795 —
1798 rr. Obl1 crygmeHTOM, a ¢ 1807 r. jgo koHma xu3HH (Iaycc
ymep B 1855 r.)—nmnpodeccopom TeTTHHreHCKOro yHHBEpCHTeTa.
C 15 nmer Taycc Hauan paGoraTh B o6sacTd Teopuu uucesn. CHauaga
OH CaMOCTOSITE/IBHO MOJIYUHJ BaxKHeHlIHe pe3yabTaTbl B 3TOH 006-

76



JIaCTH, H3BeCTHBle YXKe €ro npelulecTBeHHHKaM, a 3aTeM OTKpHI
psil HOBHIX (haKTOB HCKJIOUHTEJNBbHOH BaXKHOCTH.

laycc mavan nucath ,Disquisitiones arithmeticae* B 1796 ., u
3HAYMTeNpHAdA YacThb TOTO COUHMHEHHs UM Oblia HamnHCcaHA B CTyHAeH-
ueckpne rogpl. Ilewatanach 3Ta KHHra KpafiHe MeJUIeHHO H IOSIBHJIACD
tonbko B 1801 r. B mepsom oThesne kuuru laycc BBORMT MOHSITHE
CpaBHeHHs. DTO [OHSATHe (PAKTHUYECKH B HESIBHOM BHJE yNOTPeb.asa0Ch
MHOTHMH MaTemaTHKaMu Jo [aycca, ognako Tosapko Iaycc Touno
oIpee iU ero ¥ CHCTeMaTHUECKH Pa3BHJ COOTBETCTBYIOMLYIO TEOPHIO.
Hanprefimne (ynjamenTanbHble pe3yJabTaThl [aycca, H3/OXKeHHDbIE
B 3TOH KHHI€, H3 KOTOPbIX 0COOEHHO Haj0 BBIAENUTH KBAAPaTHUECKHH
3aKOH B3aUMHOCTH, SIBHJIHCh OCHOBOH BCero IOCJAEAYIONero pas-
BUTHS TeopHH uHces. boabuwas uvacrts ,Disquisitiones arithmeticae®
nocpsumieHa pasButod IayccoMm apudmernueckoili TeopHH KBanpaTH-
4eCKHX (POpM.

B cnenyomue roppi, 3aHUMAasch pAas3JHYHBIMH BOIIPOCAMH MaTe-
MaTHKH W ee NPHJOXKEHHAMH, [aycc He Tepasa nHTepeca K TEOPHH
yHces H HalucaJ JBe O4YeHb BaKHBle paboTh B 3Tol obJjacTH
MaTeMaTHKH. B nesom HayyHoe Hacaepue [aycca odeHb BEJNHKO.
[Tonnoe co6panue counnenufi aycca Owiio usgano eme B XX Bexe
['eTTHHTeHCKHM HayuHBIM OOLLEeCTBOM.

I'TABA 8
KJTACCBI
. PACOIPEJAEJIEHHE YHCEJ B KJIACCAX N0 3AJAHHOMY MOAYJIIO

Onpenenenue 24, Kaaccom no O0amHomy moOyao m Hasvieaemcs
MHOGKCECMBO  6CeX YEAbLX HUCeA, CPABHUMbBIX C HEKOMOPOLLM OQHHOIM
Heaslm HUCAOM a.

byaem oGo3nayaTb Tako# Kaacc 3HakoM a. Takum obGpasoM, a
o603HauaeT MHOMXECTBO BCeX TeX X, KOTOpble yHOBJETBOPSIIOT YCJO-
BUIO X == q (mod m), Hanpumep, nomoayso 10 umeem 73 € 13,—17 € 3,
8€ — 2. B cuny cpoficTBa TpPaH3UTHBHOCTH CpaBHeHHH Bce 4HCaa
KJlacca CPaBHHMBI MeXJIY coOofl, T. €. HMeIOT OJAHHAKOBBIE OCTATKH
NpH JeNeHHH Ha MOAYJb.

Teopema 92. Kaacc uucen, CPABHUMBLX € a NnO mo0yaio m, cosna-
daem co 3HavenusMu auMedrnol ynryuu a-+mi npu yeaoix 3Ha-
YeHusx apeymenma t.

HoxasateabcTBo. [IadKaxaoro x €a umeeM x=a (mod m),
mlx—a, x—a=mt, rje {t—uenoe, T. e. x=a-+mi, rae {—OJHO
3 uncen: 0, 41, i2 . TakuM o6pasoM, 3HaueHHsT X HAXOAATCH
CpelH 3HaueHHH JmHeﬁHon (bym{mm a -+ m¢t. TTockonbKy NpH JI060M
¢t umeeM a- mt =a(mod m), TO 3HaUYCHHS 3TOH PYHKLUHH NIDH LEJBIX
3HaueHHdAX [ COBMajaloT CcO MHOMXECTBOM YHCeJ, CPABHHMHX C @ MO
MOAYJMIO M, T. €. C YHCAAMH KJjacca a.
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Sra TeopeMa, B YaCTHOCTH, TOKa3blBaeT, YTO KaXKJblH KJaacc
cojiepKUT GeckOHeuHoe MHOMKECTBO YHCeJ. ,

[Ipumep. Ilo Moayawo 8 kiaacc 11 COCTOHT W3 yHCeJ:
vew —21, —13,—5, 3, 11, 19, 27, ...

Teopema 93. a=b mozda u moasko mozda, Koeda a==b (mod m).

JNokasateabcTBo. Ecau a=b(mod m), To ans a06oro x €a
Oyaer x = a(mod m); noab3ysACh TPAH3HTUBHOCTBLIO OTHOIEHHST CpPaB-
HeHHd, noayyaeM x:=b(modm), x€b. B cuny cuMmerpuu a u b
(Teopema 77) pas Joboro x € b takxke OyieM uMeTb x €a. Kuacchl
a u b, TakuM 00pasoM, COBNAJAIOT.

O6paTHoe yTBepkjeHHe oueBHAHc. Ecau a=», TO 370, B yacrt-
HOCTH, O3HayaeT, uTo a€bh, 1. e. a==b(mod m).

Beesenue kjaaccos no3BoJsieT, TakuM 00pasoM, 3aMEHATb Cpas-
HEHHE pPaBEHCTBOM COOTBETCTBYWIOULUX KJACCOB W, Hao0OPOT, papeH-
CTBO KJIaCCOB— COOTBETCTBYIOILUM CpaBHEHHEM. JTa TeOpeMa BMecTe
C TEM I[IOKA3bIBAE€T PABHONPABHOCTL BCEX YMCE] KJacca. 3aMeHss
B HEKOTOPOM KJAacce a YHCJAO a JoGbIM YMCJOM b, NpUHAaLJeXKalluM
TOMY K€ KJacCy, T. €. CPAaBHUMbIM € @ [10 PaCCMaTpHBaeMOMY MOJY.JIO,
Mbl [I0JYyYaeM TOT e KJacc.

Teopema 94. Ecau dsa xaracca umeom xoms Ovi 00un o0bujuil
JAEMeHm, MO OHU cosnadarom.

Hoxasateawctio. Ilyctb c€au c€broraa, c =a(modm),
¢=b(modm), Tak uto (Teopema 78) a=b(mod m) u no npeiplLy-
med TeopeMe a=1b.

Teopema 94 nokasmiBaer, 4TO JBa KJacca N0 MOAYyJdl m JHOO
He HMeloT OOUIHX 3JIEeMEHTOB, JHOO MOJHOCTbIO COBNANIOT.

Teopema 95. Ecau Kakde-mo 4ucio Kaacca no modyawo m umeem
npu JeaeHuu HA M OCMAMOK, PAGHLIL r, MO 6Ce HUCAQ KAACCA UMEN
8ud r--mit, ede apeymenm  npunumaem aoGvle yeable 3HACHUSA.

Hdokasatennctro. [lycth a—uncio HEKOTOPOTO KJjacca
no moayao m u a=mq-+r, rae 0<<r<<m. Torma (reopema 92)
BCE YHCJA 3TOrO Kjacca HMMeET Bul:

atmt=r4+m(t+q)=r-+mt,

rie ¢'=¢-4+q¢ u f’, Tak e KakK H f, NpuHHMaeT Jio0ble IneJble
3HAYEHHS.

Teopema 96. Jucro xaaccos no modyrio M KOHEUHO U PABHO M.

JJokasaTtedbcTBO. Bpimie OBJO 0OTMEYEHO, UYTO BCE UYHCJa
KJjacca HMelOT MpPH JeJIeHHH Ha MOAYJb OJHH H TOT e OCTATOK.
IlockoabKy, Hao60poT, KaXKAOMY OCTaTKy 7 COOTBETCTBYET ofpefie-
JIEHHBI KJ14CC YHCEN r, CPaBHUMHX € 7, TO KJacCHl IO MOAYJAIO m
MOryT OhITb B3aHMHO OIHO3HAUHO COIOCTABJEHBl OCTaTKaM 7.
OcraTkamu npd JeJeHdH HA m siBasorTcd uucaa 0,1, 2, ..., m—1,

78



T. €. YHCAO pPAa3NHUYHBIX OCTAaTKOB, a 3HAYHT, M YHCJO Pa3/IHYHBIX
KJacCOB paBHO m.
ITpumep. Ilo Mmopymo 6 umeercst Bcero 6 KJaccoB, a UMEHHO:

0{...—12, —6, 0, 6, 12, 18,...}
1{...—11, —5, 1,7, 13, 19,...}
2{...—10, —4, 2, 8, 14, 20,...}
3{...—9, —3,3,9, 15 21,...}
F{...—8, —2, 4,10, 16, 22,...}
5{...—7, —1,5, 11, 17, 23,...}

Onpeaenenune 25. Bowemom Kaacca Hassigaemcs atoboe u3 4ucen,
rpunadiencawux amomy Kaaccy.

Cpenu HeoTpHUATENBHBIX (MOMOKHTENLHBIXK) BHIUETOB KJjacca,
00pa3yioiHX YacTb MHOMXECTBA HEOTPHUATEJNbHBIX UHCEJ COTJacHO
Teopeme |, comepKHUTCS HaHMeHblee UHCJI0, KOTOpoe MBI Oynem
Ha3blBaTh HAUMEHBIIHM HEOTPHIATENbHBIM (TOJOKHUTENLHBIM) BEIYETOM
knacca. B knacce (TeopeMa 1’) umeeTcss HaUMeHbLIHH 110 aGCOJIOTHOM
BeJIHUHMHE BbIUET KJacca.

Teopema 97. Haumenvuwiuli HeompuyameasvHsid gutem kaacca a
no modyaw m pagen ocmamxy om OeleHus a HA M.

HoxaszatenanscTBo. O603HauMM Yepes r OCTATOK OT JENEHHUA a
Ham,T.e. nojJoxuma =mqg-+r,rae 0 <<r<m. Torga a==r (mod m),
a=r. Jlioboe x €a umeer Buj x=r--mt (Teopema 95). Ilpu uennix
OTpHLATeNbHBIX { OyleM HMeTb 7+ mf<<r—m <0, T. e. 10JO¥KH-
TeJIbHBIE YHCJA KJacca MOJYy4YawTCs TPH HEOTPHIATEJIbHBIX 3Hade-
HUSIX {, a HaHMeHbllIee cpefid HUX, noJyyaromeecd npu ¢ =0, pasHo r.

Teopema 98. Obosnatum uepez r ocmamox om OeseHus a Ha m,

moeda Haumenbliill no abcoaOMHOL sesUdLre 8bMem KAacca a paseH:

1) r, ecau O<r<%;2)ir,emur=—'§;3)r»—m, ecﬂu2E<r<m.
JokaszaTeascTBo. Ecau a=mg-+r (0<<r<<m) u x€a,
To x=r-mt, rae f Mmoxer paBHarscs 0, =1, =2,... . Haw-

MeHblllee HEOTPHIATeJbHOE 3HauyeHHWe X DaBHO 7, a HAHMeHbLIee IO
aGCoJIIOTHON BeJIHUKHE OTpHIlaTeJbHOe 3HaueHHe X DPaBHO r— .
Ecau npu sTom:

m . o o
) 0<r<g, 10 r<<|r—m|. Haumenpuui 1o aGCoMOTHOH
BeJIHUHHE BHIUET PaBeH 7.
m
2) r= (910 MOXeT OBITH TOJIBKO MIPH YETHOM M), TO F=|r —m|.

MMeloTct /IBA HAHMEHBLIMX 110 a0COMOTHOH BeJMYHHE BhiUeTa r
Hr—m=—r.

no . - ,_, w»
3) "5"-<r <m, 710 |r—m|<r. Haumenbliuii 1o a6CoMoTHOH

BeJIMYMHE BBHIUET paBeH r—m,
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Crnepywomas TeopeMa Oyler HMeTb CYUIeCTBeHHOE 3HaueHHe LA
RaJibHeliliero.

Teopema 99. Jucra kracca a no modyao m obpasyiom k Kiaccos
no modyaro km, a UMEHHO KAQccbi:

a,a+m,a+2m, ..., a+k—1)m. 9]
Hpyeunmu caosamu, 3sHavenus X, yoosremeopsrouiue CPAsHeHUo
x=a(modm), cosnalarom co 3na4eHUAMU X, Y0061eMEOPAOULUMU
COHOMY U3 CAEOYIOUUX CPABHEHU{L:
x =a (mod km), =q-+m(modkm), x=a+2m(modim), ...
., x=a+(k—1)ym (mod km).
HdokaszartenscTBOo. BosbmeMm HerkoTOphlil KJjaacc 4 1O MO-

ayao m. Uneaa storo kKaacca uMeloT BuZ a-+mf, rpe =0, 1,
+2, ..., T. e.

., a—2m, a—m, a, a-Fm, a+2m, ... (2)
IlokaxeM, YTO HaxOAAIIMECA CPEIH HHX YHCJA
a, a+m, a+2m, ..., a+(k—1)m 3)

NONAPHO HeCpaBHUMbI MO MOAYJO km, T. e. NpHHaZJex)aT pasJnd-
HBIM KJaccaM MO 3TOMY MoAyJaio. JelctBuTeabHo, abcoqioTHAas
BeJHYHHA PasHOCTH MexXAy ABYMs H3 uucesa (3) OyaeT NOJOXKHTENb-
HOH M BMecTe ¢ TeM He OoJbllie, 4YeM pa3HOCTb MeXAY CaMbIM
6osblIMM M3 HHX a—+ (R—1)m B caMbIM MaJeHbKHM @, T. €. He
Gousbie, yeMm (k—1)m. Takass pasHOCTb He MOXKET AeJHTbCA HA km,
a cJIefloBaTeIbHO, CPEAH ITHX YHCEJ HET CPABHHMBIX 1O MOAYJIO k.
Takum o6pasom, kJaacchl

a,a+m,a+2m, ..., a+k—1)m
no MOAYJ/IO km DasJUYHB, NpPHYeM OYEBHAHO, YTO BCce UHCJA Kaxk-
JOTO TAKOTO KJacca LeJHKOM BXOAAT B MHOXKECTBO (2).
Hoxkaxem Tenepnb, uto Jwb6oe ducao u3 (2) CPaBHAMO C OJHHM

u3 yucea (3).
HefictButenbHo, moboe unciao us (2) mmeer Bug a-+ Nm. Ilpea-

ctasuM N B Bufie N=kg+r (0 <<r<<k—1). Torza
a+Nm=a-+rm+kmg=a-+rm(mod km),

rie a-+rm—opHo u3 yucea MHoxectBa (3). Takum obpa3om, Bce
qUCJIa KJlacca @ 10 MOAYJIO m MPHHALJIEKAT K PA3JHYHBIM [0 MOAY-

Jio km Kjaaccaum (1), He cofepKamuM Kakux-au00 yuces1, OTJIHYHLIX OT
yuces Buja (2), U TeopeMa TEeM CaMBIM JOKa3daHa MOJHOCTHIO.
2. KOJIbI{O KJIACCOB

BBeJleM B MHOXKeCTBe KJacCOB MO MOAYJIO m JBe OlepalHuH,
KOTOpbIe 6y)1eM HaspBaTh CJIOXKEeHHEM H YMHOXEHUEM KJ/acCCOB.
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Onpenenenune 26. Cymmod KAQCCO8 @ U b Haswsaemcs kaacc m,
m. e. Kaacc qucea, codepycaujuti 4ucio a--b.

Onpenenenue 27. I1poussederuem xaraccos a u b Hasegaemcs Kaacc
ab, m. e. Kaacc wucen, coaepofcawutz qucao ab. '

[TockoabKY KamAblil KJacc COAEPKHT GeCKOHEUHOe MHOXKECTBO

ukceJ, TO NpPH CJOXEHHH M YMHOMEHHH KJAaccoB @ H b uucaa a
H b MOXHO 3aMeHsTb JIOOBIMH uucJaMu @’ W b', mpHHAANERAILHMH
5THM Xe KJaccaM. BosHHKaeT Bompoc, MEHSIOTCS JIM NMPH 3TOM Omnpe-
JeJleHHbie HaMM CyMMa M NpOH3BeAeHHEe KJIACCOB.

Jlerko Jokasarb, uTO onpejeseHHas] HAMH CyMMa KJacCoB €JMH-
CTBEHHA M He 3aBHCHT OT BhIOOpa OTAEJBHBIX NpeACTABUTEJEH KJjac-
COB, UCHOJb3YeMbIX NPH COCTABJEHHH CYMMHI.

HeficTBUTENBHO, ecnua’ €a,b’ €b,10a’=a(mod m), b’==b(mod m)
U, TpHUMeHss CBolcTBa cpaBHeHUH (Teopemel 83 u 84), nmoayuaem:

a' 4+b =a+b(modm), a'b’ = ab(mod m),
T. e. (Teopema 93)
a’ +b =a+b, a'b’ =ab.

Met BHaMM, TakuM o6pa3zoM, YTO CyMMa M TpOH3BejleHHe KJac-
COB He MEHSIOTCS OT 3aMeHbl a M b uucaamu a” u b’. CyMma Kaac-
COB @ H b COZEPKHT CyMMy JoGoro uucia a’ €a M b’ €b, a npous-
BeleHHEe KJAacCOB @ H b CONep:KHT IpOM3BeAcHHe JIOOHIX TaKHX

upcen a” u b’.

Hns cyMMBbl KJ1acCOB BepHO M oBpartHoe, a HMeHHO Jiofoe UHCJI0
c€a-+b MOXHO TpPeACTaBMTb B BHAe c=a b, rje a’ €a, b’ €b.

JefiCTBUTEbHO, ¢ € a + b= a + b o3HauaeT, uto c=a -+ b (mod m),
c—a=b(mod m), c—aEb T. €. € MOXHO NpPeJCTaBUTb B BHUJE
c=a-+(c—a), rie a€a, c—a€b.

Hanpumep, B Koabue KJgaccoB mo Moxaymaio 6 (cMm. ctp. 79)
KJaacc 2 _npeAcTaBJsier colofi CYMMY KJ1accos 3 u 5. JlioGoe uncao
KJacca 3, cJoxeHHOe ¢ JIOGHIM UHCJOM KJjacca 5, JaeT HeKOTOpOe
UMCJIO KJacca 2, H KamIoe YHCJO Kjacca 2 sBJSeTCS CyMMOH HEKO-

TOPHIX IBYX 4HCeJ H3 KJacCoB 3u5.
Hdas npousBelleHUH MOJIOXKEHHE MEHSETCs . Boo6iite roeopsi, He

BCAKOE UM CJIO M3 KJjacca a-b MOXKHO NpeACTaBHTL B BHAE NPOH3Be-
JeHHs ABYX UMCesJ H3 KJaaccoB @, b. Hampumep, nmpu m=7 npous-

Beflenye 5-3=1, HO | HeNb3ss NpENCTABHTb B BHjC NPOH3BEJeHHS
JBYX 4uceJ, AAIOLIUX NpH JesJeHUH Ha 7 ocTaTk 3 ¥ 5. CooTHoWeHHe

3.5=1 o03Hauaer 3jeCh TOJbKO TO, 4TO JIOGOE UHCJIO W3 KJacca 3,
YMHOXeHHOe Ha Jioboe YHCJO U3 KJacca 5, JaeT HEKOTOpoe UYHMCJ0

3 kKJjacca 1.
Cpeau kJjaccoB ocofoe MeCTO 3aHHMAaeT HYJIEBOH KJacc, COCTOos-
WHH H3 YHCeJN, OCTaTOK OT JeJIeHHs KOTOpblX Ha MOAYJb paBen
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HYMIO, T. €. U3 UHCeJ, ReNsTuHuXCs Ha MORY nb. Mb uMeeM xas aoGoro
KJacca a:
a+0=a+4+0=a, a-0=a-0=0.

Teopema 100. Mrooecmso Kaaccos no OGaunomy modyao npeod-
cmasasem coboti adoumusHiyro 2pynny.

HoxasatenncTno. [IpoBepum xa1s MHOXKECTBAa KJacCOB MO
HEKOTOPOMY MOAVJIO M CNPaBelJHBOCTb YCJIOBHH, ONpeRessiomux
alJUTHBHYIO TPyOmy.

Ycnosne | (3aMKHYTOCTb ONepanH{H CJIOMXKEHHS).

IleficTBUTEIBHO, TIO OMpeAEeseHUIO CyMMa KJ/1accos a ¥ b no mo-
Y0 m TpeacTaBJsieT coDOH eAHHCTBEHHBIH, BIOJIHE ONpeieseHHBIH
KJlacC MO 3TOMY e MOJIYJIO,

Ycnosue 2 (coueTaTe/bHbifi 3aKOH IS CJIOMKEHHS).

JedcTBUTeNBHO,

at+(b+e)y=a+(b+c)=at(bto)=(a+b)+c=
=(a+b)+c=(atb)+tc.
Ycaosue 3 (cyuleCTBOBaHHe_HyJIeBoro saementa). Poab uy.ne-

BOTO 3JleMeHTa BhinoJHseT kiaacc 0.

JleficTBHTeNbHO, Bbile GBIIO MOKA3aHO, YTO a--0=a.
YcaoBue 4 (cyilecTBOBaHHE [/ KaXJAOTO 3JeMeHTa TPOTH-

BOTIOJIOXKHOTO eMy). JIns Kjaacca @ TPOTHBOTOJIONKHBIM KJACCOM

ABJAETCA KJdacC —a, T. €. Kjaacc, COofepkamuilt uucio —a.
HehctBHTENBHO,

at+(—a)y=a+(—a)=0.
Ycaosue 5 (nmepeMecTHTEbHbLIA 3aKOH A/ CJIOXKEHHS).
HedicTBUTENIBHO,

a+b=a+b=bt+a=b-+a.

MoOXHO OTMETHTb, YTO HPH TNPOBEPKE BHIMOJHUMOCTH YCJIOBMH
1—5 ans KJaccoB CYIIECTBEHHO HCOOJIB30BAJaCh CIPaBeJIHBOCTh
THX Ke YCJOBHH /s MHOXKeCTBA HeJbIX 4HCel.

YCTaHOBHB, YTO MHOMECTBO KJ/AaCCOB €CTb ajjMTHBHAas rpynna,
MbI MOXEM CYHMTATb JOKa3aHHBIMH IJIST KJAcCOB BCe Te CBOHCTBA,
KOTOpble BepHBl AJS BCeX alQMTHBHBIX TPynm, Hanpumep: 1) cyire-
CTBYET eJHHCTBeHHHIH HYyJMeBO# 3seMeHT (Kjacc) 0; 2) Aas Kaxaoro
KJaacca a | CymeCTBYeT €AMHCTBEHHBI NPOTHBOMONOKHBIH 3JEMEHT
(knacc) —a; 3) omepauust BHIUMTAHHA BCErRa BBIOJNHUMA M €XHH-
CTBeHHa, npuieM a—b—=a - (—b).

Teopema 101. Muroocecmeo kaaccos no OanHOMYy MOOYw nped-
cmagasem coboll KomMmymarnueroe KoAbYo. '

HoxazatenbcTso, IIpoBepuM BLIIOJHUMOCTD YCJOBHHA, Ollpe-
JeNAIOHX KOMMYTaTHBHOE KOJbUO, MNOAb3YACb TEM, YTO CAMO MHO-
KECTBO UeJbiX YHCeJ OpelcTaB/seT cob6ofl KOMMYTaTHBHOE KOJbBLO.
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Ycnoeue 1 (MHOXKeCTBO mpeAcTaBaseT co60H ailMTHBHYIO
rpynny).

Cum. Teopemy 100.

Ycnopue 2 (3aMKHYTOCTb ONEpaiuu YMHOMKEHHH).

HeHcTBUTEPHO, NO ONpeje/eHHI0 NPOH3BeLeHH e KJIaccoB @ H b

npeacTaBaAeT o060l eIMHCTBEHHbIH BHOJHE OnpeieseHnbil Kaace ab.
YcnoBue 3 (coueraTeJbHBIE 3aKOH AJs yMHOxeHus). Jleict-
BHUTEJBHO,
a(b-c)=a(bc)=a (bc) = (ab) c=(ab)c=(a-b) c.
Ycnosue 4 (nepeMecTUTENbHBIH 3aKOH A YMHOXKEHHHA).
HedicTBUTEIbHO,

ab=ab=ba=bh-a
YcaoBue b (pacnpeneduTeNbHBIN 3aK0H). HelcTBUTEabHO,
(a+b)c=(a+b)c=(a+b)c=ac bc=ac-+bc=ac+ be.

[TockOMIBKY JAJ11 MHOXKECTBA KJAacCOB NPOBEPEHAa BhIOAHHMOCTb
BCEX YCJOBHE, ONpelefsIOMX KOMMYTATHBHOE KOJbLO, TeopeMa
JoKa3aHa. ¥YCTaHOBHB, 4TO MHOXKECTBO KJ3aCCOB— KOMMYTAaTHBHOe
KOJIbILO, MBI MOXKEM CYMTATbh JOKA3aHHBLIMH JUJIA BCEX KJaccoB BCe Te
CBOMCTBA, KOTOPBiE BEPHBl AJs BCeX KOMMYTATHUBHEIX KOJeH, HanpH-
Mep npaBHja JAeACTBHH CO 3HAKaMH, CNpaBeJJMBOCTb COYETATEJb-
HOrO 3aKOHA NPHU CJI0KEHUH H YMHOXKEHHH HECKOJbKHX KJaCCOB U T. [,

Kosbio kJaaccoB npeicraBiaseT co6oit Koabuo ¢ equuuueil. Poab

eJIUHHUYHOIO 3JeMeHTa BHINOJHseT KkJacc 1. HefictBuTeabHo, NI
ae6oro KJacca a:

l.a=a-1=a-1=a.

O6LiuHBIM 71 BCeX KoJjen o6pa3oM BBOAATCSA ONpejeseHHst Npo-
H3BeJleHHs na u crenewu (a)", a HMeHHO:

Onpenenenne 28. Ilycme yeaoe wucao n>0 4 — KAGCC N0 HEeKo-
ropomy modyao m. Ilpouseedenuem na Oydem Hasvieanms Kaacc,
pasHed cymme a—}—E +...4a, e0e a nosmoperHo carazaemsts n pas.
I pouaeedeuue—na onpede/tum paeeucmeom—na-———n(—a) a nod
npousgederuem 0-a Gydem noHumamo Hyaesol Kaacc 0.

Onpenenenne 29. [Iycmo n >0 yeaoe, a—Kaacc nNo Hexomopomy
modyao_m. Cmenentio (a)* Gydem Hasvisams Kiacc, pasweul npousse-
denuro a-a...a, ede a nosmopeHo muoscumesem n pas, Cmeneno (a)°
6ydem cuumamo paswol Kaaccy 1.

Teopema 102. 1) Hdaa wo6020 yerozo ¢ u 4106020 Kiacca @ no
Mmodyao m ca=:ca.

- 2) dan A100020  yeroeo n =0 u wobo2o Kiacca a no Mmooy
m umeen (a)" =a".
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NoxkaszaTeabcTsO. JIerKo BUIEThb, UTO KJacChl ¢a H €@ HMeloT

obuuii aMeMeHT ca, a KJaacehl (a)® v a®—o6wuil saeMeHT a®, Tak:
4TO COTrJIaCHO ONpelesieHHIO KJjaccos (ompejenense 24) umeeM:

ca=ca w (a)* =a"
Onpenenenne 30. [lycmo [(x)=cox"+c,x" "1 4. .. +¢,— mroeo-
YAeH € UEALIMU KOIPEDUyUueHmamu, a— HeKOmopsit Kaacc no modyro

m; 3HaeHueM BFMO20 MHO2042eHa no MOOYyAo m npu Xx=a 6ydem
HA3618AMb BbLPAKCERUE

f@=c, (@" +¢, (@ "+...+c, 1
Teopema 103. Ilycme [(x)—mrozourer ¢ yeavimu Kospuyuen-
manu, Haa awboeo Kaacca a no paccmampusaemomy Mooymo m

fla) =F(a).
NAokasateabcTno. Mycts i(x) = X" o X" L+
+c¢,_x+c,. Toraa, nmoab3ysaco Teopemodt 102, mosyuaem:

fla)=c, (@) +eya) '+ ... +e, 1E+c d=a@ o™ 4L
4, - l=ca"+c, a1+ ... +c,=[(a).

Jas Kosell KJIacCOB €CTECTBEHHO IIOCTABHTb BONPOC: MOTYT JIH
TAaKHe KOJblda uMeTb JejuTenu Hynaa? OkasbiBaeTcs, HTO KOJbILO
KJ1ACCOB MOMKeT OHITb KOJBLOM C JEJHTEIAMH HYJ, 2 MOXeT OblTh
U KOJbIOM 6e3 JenuTtesiell HYJs, MPUUEM JIETKO YCTAHOBUTD, B KAKHX
cayuasax GyjeT TO WJIH JApyroe.

Teopema 104. Koastyo KAaCCO8 NO COCMABHOMY MOOYAD npeod-
cmasasem cobod KOAbYO ¢ CeAUmeramu HYAA.

HoxkaszateanwvctBo. [lyeTs Moaynb m-—cocTaBHOe WUHCJIO,
T. . m=a-b, rae 1<<a<<m, 1 <b<<m. Us ycaosus 1 <<a<<m
noayyaem a # 0 (mod m), a0 u ananoruuno b < 0. Bmecre ¢ TeM
a-b=ab=m=0, T. e. @ u b—JenuTenu HyJs.

I[Tpumep. Ha crpanune 79 sanucannl KJaccel no mouayJo 6.

B stom cayuae 2.3=0, 2 u 3—jenurtenn Hyaa. [lockonabky
uMeeM 3-4==0, To 4—Takxe JenuTe/b HyJ.

Teopema 105. Koasyo xaaccos no npocmomy modyaw npedcmas-
Asem coboi Koavyo 6e3 Oeaumeneil HyAs.

HJokasatennctBo. [lycTh MOAyab m = p—IpocTOe HHUCHO,
a0, b5~0. Tornga a % 0(modm), b # 0 (modm), T. e_._;l»ra, pib,
W Torja cornacHo Teopeme 19 p & ab, ab # O(modp), a-b=ab==0.

TakuM o6pasoM, NpoH3BeleHHe KJacCOB, HEPABHBIX HYJEBOMY,
Bcerjla OTJHYHO OT HYJEBOTO KJaccd, T. €. KOJbIO KJacCOB B 3TOM
clyuae—KoJabuo Oe3 menuteeil Hysas. Ilng NOAHOTHI MOXKHO OTMe-
TUTH, UTO TPH M=1 KOJbIlO KJaccOoB He HMEET JeJiuTesieH HyJs.
B sToM cayuae KOJIbIO KJIACCOB COCTOMT H3 OJHOrO HYJEBOro KJacca.
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Kak Grino orMeueno B TeopeMe 93, cooTHOUIeHHe paBeHCTBA A8
KJacCoB MOxeT ObITh 3anuCaHO B BHJE CpaBHeHHs JAJs YHcea (Bbl-
yeTOB) 3THX KJaccoB. Ilostomy Teopemnbr 104 u 105 MoXHO 3anucarb
efie B ApYyroM BHJE.

Teopema 104°. [lo cocmasHomy MmOQyA0 M CYeCHByrOm Hucia
aub, macue, umo a % 0 (mod m), b %= 0 (mod m) u npumom, oduaxo,

ab == (mod m).

Teopema 105'. [lo npocmomy modyaww p u3z az 0(modp) u
b # 0 (mod p) caedyem, umo a-b % (mod p).

Taxkum o6pasoM, npousbefleHHe IBYX 4YHCeJ CPAaBHHMO C HyJeM
0 MPOCTOMY MOAYJIO TOJBKO TOrJA, Korja Ho KpadiHell Mepe oIuH
H3 COMHOXHTeJeH CPaBHHM C HYJEM HO 3TOMY MOLYJIO.

Meton maTemaTHuecKOW HHAYKLIMH MO3BOJSIET PacipOCTPaHUTD
NOCJIeIHee TOJIOKCHHE Ha MPOH3BOJBbHOE uMcao MHOxHUTesed. (I1po-
U3BeJieHHe § 4YHces MpeAcTaBjaseTcs B BHJE NpOH3BejeHHs S— I
NEPBBIX YHCEJN M elle OAHOro nociaenxero.) Takum ofpasoM, uMmeer
MecTo cJhaejyomas ofmasi TeopeMa.

Teopema 105". [1poussederie HECKOAbKUX HUCEA CPABHUMO C HYACM
no npocmomy modyao moavko moeda, koeda no Kpaiiwet Mepe 00ux
U3 COMHOMCUMenel CPABHUM C HYyAem NO 3momy moOyar.

OtMmeuenHas 37eCh pasHULla B CBOMCTBaxX CpapHeHUil 10 COCTaAB-
HOMY M [POCTOMY MOJYJIO SIBJAETCS OCHOBHOH JJIs BCell TeOpHH
CcpaBHeHHU U onpejesseT TO, YTO MHOTrHe TeOpeMbl 3TOH TeOpHH,
cnpaBel/IUBbIE JJs1 NMPOCTHIX MOAYJel, GYAYyT HeBepHBIMH NpH Hepe-
XO0Jle K COCTaBHBIM MOAYJISM.

rJIABA 9
NOJIHAS W NPHUBEJAEHHAS CHCTEMbI BbiYETOB
1. NIOJIHAS CHCTEMA BBIUETOB

Onpenenenue 31. Iloanod cucmemod 6et4emos8 RO HEKOMOPOMY
MOOYAI0 HA3LIBAEMCS CUCHEMQ HuCen, 83AMbIX NO 0OHOMY U3 KamcO020
Kaacca no 3momy Mooyar.

IMTpuwmep. Hucna 12, —23, 2, 63, —2, 5 o6pasyioT NoJaHyIo
CHCTEMY BBIUETOB N[O MOAyJIO 6.

[TocKoabKY B MOJHOI CHCTEME BBIYETOB HYHCJO BBMMETOB JOJKHO
paBHATBCS YHCAY KJAccoB, DOJHAS CHCTEMa BHIYETOB IO MOZLYJIO m
COCTOMT M3 m umces. OOHYHO B KauyecTBE MpejicTaBUTeJeH KJaccoB
GepyT HaHMeHbUINE HEOTpHIATE/bHbC, HAUMEHBIIHE MOJIOXKHTENbHbBIE
WM HauMeHblIHe 1o abcoJOTHOH BeJHUYHMHE BBIYETHI, TaKHe NOJHBIE
CHCTEMBI BBLIYETOB HAa3BLIBAIOT COOTBETCTBEHHO: TMOJHOH CHCTeMOM
HAHMEHbIIHX HEOTPHULATEIbHEIX BBIUETOB, NOJHOH cHCTeMOH HauMeHb-
WHX MOMOMKHTEJbHBIX BBHUETOB, NMOJHON CHCTEMOH HAaHMEHBLIHX TO
a6CcoMIOTHON BeJHYHHE BBIUETOB.
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Cornacio ‘Teopeme 97 nonHo# cHCTeMOH HAWMEHBINHX HEOTpH-
DATeNbHLIX BHIYETOB MO MOAY/IO m SIBASETCST cHcTeMa uucena: 0, 1,
m—1, a MOJMHOU CHUCTEMOH HAaHMEHbIUHX NOJMOKUTEAbHBIX BbI-
YeTOB — cHCTeMa uucedi: 1, 2, ..., m.
Cornactio Teopeme 98 mnpn HedeTHOM /m HaUMeHbUIMMH 1O a6co-
o = T 5 1—1
JIOTHO# BeJHuMHe BbIUETAMM Kjaccos O, 1, 2, ..., ”T ABJISIIOTCS
m-—1 m--1 —_— T
upcaa: 0, 1,2, ..., —5—, a Ui KJiaccos ;— s e, mm—2 m—1—

m—1 o
Yuchaa: -——2~, P -—'2, -——1; NO3TOMY NIPH HEYETHOM 1 MTOJHOM

CHCTeMOH HauMeHbINHX TO abCoATHON BeJlHUHHE BBHIYETOB SIBJAETCSH
CUCTeMa vucen.

m—1
—t =2, —1,0, 1,2 ..,

m—1
5 -

my . .
Ilpu wetHoMm m ans Knacca <7> HauMeHbIH i 1o abCcoMOTHO Be-
m
JHYHHE BbIYET DaBeH o -5} €CJH LJSt 3TOTO KJAacea, KaK 5To 00BIYHO

m
IIPDAHATO, B3ATb BBIYET —-, TO Mbl NOJAYUYHM CJACAYIOULYIO CHCTEMY

HauMEHBLIUX M0 abCcOoIOTHON BeMHUHHE BHIUETOB YETHOTO MOAYJS m:
m m
—-7—1“-1, ey —2, ——-1, O, 1, 2, oy '—2—
Mpumepn. 1) 0, 1, 2, 3—nonHas cucreMa HaUMEHBIIHX He-
OTpHUATEeNbHEIX BBIYETOB MO MOAYMO 4;
2) 1, 2, 3, 4, b—nosdaa cucTeMa HaUMeHBUIUX TIOJOXKHUTEAbHBIX

BBIYETOR MO MOAYJWQ D;

3) —4, —3, —2, —1, 0, i, 2, 3, 4—nosHasi cHcTeMa HaH-
MEHbIIHX 110 abCOMIOTHOH BeJIHYHHE BbIYETOB no MOAyMo 9;
4y —2, —1, 0, 1, 2, 3—nmoaHast cucreMa HaHMeHbLIHX NoO ab-

COJIIOTHOH BeJIMYHHE BbIYETOB MO MOAYJ0 6.

IMonuyio crcTeMy BBIYETOB IO MOAYJIO M Mbl OYJeM 3aNHChIBATh
B BHIE X;, X,, ..., X,, I[pHYEM, IOCKOJbKY B TNOJHOH CHCTeMe
BHIYETOB H3 KakJOTO KJjacca MoxeT ObITb TOJAbKO OJIHH MHpejacTa-
BATENb, BCe X; MOMAPHO HECPABHHUMBI MeXJy COCOH, T. €. NpH [ 7= j
x;# x; (mod m). CnpaBelduBO H ofpaTHOe  YTBepXKJeHHe, a
UMEHHO HMeeT MecTo CJeayioillad TeopeMa.

Teopema 106. Jrwobue m uaucen: xy, X, ..., X,, HORAPHO He-
cpasgrumolx mexcdy co6oti no modyar m, npedcmasinom cob0LL NOARYO
cucmemy 8biMemMos.

Joka3zareJabcTBO NOJy4aeTcsl HENOCPEACTBEHHDIM [PHMEeHeHHeM
SJIpHHIMIA siuKkoB® (Teopema V). ByleM paccMaTpuBaTh KJ/acChl
KaK ,fAIMHKHY, a YHCc/a Xy, Xy, ..., X, KaK ,JIDeAMETHI" JekKalHe B
COOTBETCTBYIOILHX siHKax”. Toraa:

1) Kaxaoe W3 3THX HHCeJ NPUHAAJEWHT HEKOTOpOMY K.naccy,
T. €. Ka¥Abli ,peAMeT” JIeXKHT B ONHOM M3 ,SIUIMKOB",
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2) IlockonbKy mo6ble 1Ba M3 3THX 4YHCeJ X; H X; HeCPaBHHMBI
Mex Ay coOoli, HU B OZHOM ,AuiHKe" He JexuT Oojiee OZHOIrO ,Hpex-
MeTa“,

3) Ywucao uyucen m paBHO HHUCAY KJAcCoB, T. €. YHCAO ,Ipel-
MeTOB" paBHO uHcay ,AnKHKOB“. CorslacHO ,IpUHUMOY SIIHKOB
B KaXJIOM ,slIIIHKE" JIeXXUT OAMH W TOJbKO OAHH ,NpeimMeT", T. e,
KaXJOMY KJaccy NPHHAJJNEXHT OJHO H TOJbKO OJHO M3 3THX UYHCeJ,
Uncna x;, x4, ..., X, 00pazyioT MOJHYIO CHCTEMY ELIYETOB.

Teopema 107. Ecau (a, m)=1, b—-npouseoivuoe yerce U Xx
npobeeaem NOAHYIO cucmeMmy ebliemos no Mmolyaro m, mo ax—+b
maxogce NPUHUMAEM 3HAYEHUA, 00 PA3YIOULLE NOAHYIO CUCTIEMY 6bI1em08
no 3momy MoOYa.

HJokasarteabctBo. Ilycrh x npuHUMaeT 3HaueHHS X, X,,

.. X,, o0pasyoliie TMNOJHYI CHCTEMY BHYETOB [0 MOAYJIO M.
CocraBuM uucaa ax;-+b, ax,+b. ..., ax,+b. Jlobue nBa u3
3THX uHced ax;+b u ax;-+b (i) HeCpaBHHMbI 10 MOIYM0 #1.
JelicTBUTENBHO, €CJH OBl 6bmo ax; +b=ax;+ b (mod m), To orciona
clie10BaJio Obl ax; = 0, (mod m), u nocxo%xy (a, m)==1, T0 Coraacuo
teopeMe 80 x; = x; (mod m). [Ipu i =~ 5TO HPOTUBOPEUHT TOMY, 4TO
X1y Xoy vy Xp eCTb NOJHAs CHCTEMa BHUeToB. CHCTeMA dHCelT
ax,=-b, ax,+b, ..., ax, +b, cojepxanias 7 NONAPHO HECDABHU-
MBIX [0 MOAYJ0 m uHWces, corJacHo Teopeme 106 mpexactaBJjser
o060 MOJIHYI0 CHCTEMY BBIUETOB 110 ITOMY MOAYJIO.

Ota TeopeMa ABJAETCS YACTHBIM CJyyaeM cJiaedyiolleii 6osee obmei
TeopeMbl.

Teopema 107'. Ecau (a, m)=d, b—np0u380/leO€ yeaoe, x npo-

bezaem noAHYr0 cucmemy 8biemos no Mooyaro d , TO %x+b makoce
npuHuMaenm 3Haienus, 00pasyruiue ROAHYID CLCMeMY 6biernos no
Mooy a0 —’;—1 . |

JokasaTteanrcTBo. JTa TeopeMa NoayyaeTcsl U3 NPeAbIAYIIEH,
eCJIM IPUHSATbD BO BEUMAaHHeE, 4TO U3 (@, m)=d cjaefyeT (%, %) =1.

Teopema 108. Ecau (a, b)=1, x npobeecaem noanyro cucmemy
soiiemos no modyawo b, y npobezaen NOAHYIO CUCMEMY 8bi4emos8 NO
mooyaro a, ¢c—amoboe yucao, mo ax--by+c¢ npunumaem 3HaveHU,
o0pasyroujue NOAHYIO cucmemy evitemos no modyawo ab.

HokxaszateabcTBo. [1ycrs X TPHHUMAET 3HAUECHHUS Xq, Xg, -+ . s
Xy, 00pasyiolllie NOJHYWO CHCTEMY BbIYETOB HO MoAyJio b, y HpH-
HUMaeT 3HAYEHHUA Yy, Yy, ..., Y,, OOpa3yoOlHEe MOJHYIO CHUCTEMY

BLIYETOB NO MOAyJal a. CocTaBUM u4HuclIa BHAA aX; +by +¢, Tae
l<i<bh, l<j<a, COOTBETCTByIOI_lLI/Ie BCEBO3MOXHbIM pasJIPIlIHbIM
KOMILIeKcaM ((X;, Y;))-

Uncsno Takux KoMmnjekcoB (teopeMa VI) paBHo a.b. Jlokaxewm,
YTO BCe MOJIyYaIOWMECs HPH 3TOM 4HCJa BHAA ax;—+by; + ¢ nonapHo
HECpPaBHHMBL -MeXay coGod Mo Moaymo ab. lIeHCTBHTe.ano €CJIH
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ax; +by - c=ax, + by, +c¢(mod ab), To cornacHo cBoficTBaM cpas-
HeHHH (TeOpeMbI 87 u 89) ax;-by;=ax,+ by, (modb). Or6pacsl-
Basg (Teopema 88) csaraeMbie, Je/smlHecss Ha MOAYJb, HoJydaeM
ax;=ax, (mod b) u, NOCKOJLKY (a, b) =1, nonyuyaem x; == x,, (mod b);
Xy, X3, ..., X,—T1IOJIHAA CHCTEMA BBIYETOB [0 MOAYMO b H X;==
=x,(mod ) MoxeT OBITb TOJABKO NPHU X;=X,. AHAJOCHUHO HMeeM
Y=Y,
Taxum ofpasoM, cocTaBuB ab BbipameHu#t Buaa ax-by--c,
COOTBETCTBYIOUMX Da3/HUHBIM NapaM, X=X;, y=y;, Mbl IOJYUHM
CHCTeMY ab momnapHO HeCpaBHHUMBIX IO MOAYJIO ab uuced, T. . corJjac-
HO Teopeme 106 MOJIHYIO CHCTEMY BBLIYETOB MO 3TOMY MOAYJIO.

Jra Teopema MOKeT ObITh 0000UlEHA HA NPOH3BOJLHOE UYHCJO
HONapHO B3aHMHO HPOCTBIX MOAYJeH B cieaymouied ¢opme.

Teopema 108°. [Tycme A=a,-a,- ... -a,, edeéce a; NONAPHO 83AUMHO
npocmeot, A,-::% (i=1, 2, ..., s), c-——npoussoaeHoe yeaoe, X; Npo-
Geaatom COOMBEMCMEEHHO NOAHLIE CUCTHEMOL 8LIMENIO8 1Mo MOOYAAM a;.
Toeda Ax,+ Apxy -+ ... Agx,-+-c npunumaem 3uadenus, obpasyro-

wue NOAHYIO cucmemy 8bl4emoe no modyso A.
JloKasaTeNbCTBO [IPOBOJHTCSl COBEPILEHHO AHAJOTHYHO J0Kasa-

TespcTBY TeopeMbl 108. CocraBuM a,-@,-...-a, yncen Buga A, x;+
+ A,x,+ ... 4 Ax,+ ¢, COOTBETCTBYIOUINX BCEBO3MOXKHBIM Pa3JHy-
HbIM KoMmmJjekcaM ((X;, X,, ..., X)), THe KaxJIoe x; [PHHHMAaeCT

COOTBETCTBEHHO @; HeCPaBHHMBIX MO MOAYJIO a; 3HaueHuil. [lsa
TaKHX uucaa BHAA AyXy 4 ...+ Axdc v A ... Axc,
COOTBETCTBYIOUMX pasinunbiM Komraekcam ((xy, ..., x))u (x5, ...,
xs)), HecpaBHUMBbI 1o Monydio A. JelicTBuTesabHO, eciH Obl Oblj0

Alx'1 4 ... +Asx;+c—:EA1x; ..o Asx:—]—c(mod A),
To (Teopembl 87 H 89) ObL1O Obl Takxe:

Axi4 ...+ Axs=Ax;+ ...+ Axs (mod ay).

Tak xax a,1A4,, ..., a;]|A,, 10, oTOpaceBas 4jeHH, AeJsllHecs
Ha MOAYJb, HMeJH Obl A,;x; = A,x; (moda,). Torna nocxonb}(y U3
(ay, a a,)=1, .. » (a1, s)~1 caenyer (Teopema 42) (a,, A) =1, 10

x; ==x, (mod al)' X, ¥ X, —JBa 3HAUEHUS U3 NOJHOH CHCTEMB! Bbl-
YEeTOB MO MOLYMO a;, TaK YTO CPABHUMBIMH 5TH UHCHa MOTYT 6bITb

TONBKO HPH Xy ==X;. AHAJOTHYUHO TOMYYAEM Xp=Xq, ..., Xs=Xq,
YTO [IPOTHBOPEUHT TOMY, uTo KoMmaekenl ((x7, .. ., Xo)) u ((x1, . . ., xs))
pasjuuBbie. IJTO JOKa3kBaeT HECPABHHMOCTb 110 MOAYJIO A uHcen
Ax,+ ..+ Ax+c.

A uyHceMl TAaKOro BUAZ, TNONAPHO HECPABHUMHIX 1O Moayaio A,
cornacio Teopeme 106 o06pasyoT HOJMHYIO CHCTEMY BHIYETOB O

3TOMY MOZLYJO.
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2, MIPUBEAEHHAA CHCTEMA BBIYETOB

B rteopeme 90 MBI BHJEJH, UTO BCe yHCJa JaHHOrO KJjacca, T. €.
BCE YHCJIa, CDABHHMBIE C HEKOTODHIM @ 110 MOJAYJIO /M, HMEKT C m
ONMH H TOT XKe HauOoablInH OOIHH JenuTenb, paBHbIH (@, m).

Onpenenenne 32. Haubossbuium ceiumensem KAacca HA3618ALMCs
rauborbwunll obujull Oeaumens Kaxkoec=aubo 4UCAQ IMO20 KAACCA U
MOOYAS.

Onpepenenne 33. Kaaccamu, 63cUMHO RPOCOIMU € MOOYAEM,
HA3HIBAIONCA KAQCCH, I KOMOpolX Hauboasuiuli Oeaumeab pasex edu-
Huye.

CornacHo 3THM OmIpefefleHHsIM KJaccbl, B3aHMHO NpPOCTble C MO-
JlyJieM, COCTOSIT H3 B3aHUMHO IIPOCTBIX C MOJYJeEM uYHcell.

Onpenenenuve 34. [lpusedennol cucmemoti 8bI4emO8 RO HEKOMOPOMY
MOOYAI0 HA36IBAEMCS CUCMEMA HUCeN, B3AMOLX N0 00HOMY U3 Kad0020
KAQCCA, B3AUMHMO NPOCMOZ0 € MCOYAeM.

MMpumep. 1, 29, —5, 71l —npuBeaeHHast CHCTEMa BbIUETOB IO
MoAyJo 12, Tak Kak u3 12KJ1aCCOB 10 3TOMY MOJYJII0 HMeeTcs 4 Kaacca
ynceJi, B3aHMHO MPOCTHIX C MOAYJIEM, H N3 BCeX THX UETBIPEX KJIACCOB
3leCh B3SITO MO OZHOMY INpeACTaBUTENIO.

Teopema 109. Eciu 8 noaroti cucmeme goiemos omépocums nped-
cmagumeneli 6cex KAQCCO8, HE 63QUMHO NPOCMbLX € MOOysem, Mo
ocmaswiuecs 4ucaa obpasyrom NpueedeHHY CUCIEMY BLI4EMO8.

JefcTBuTeNbHO, B IIOJIHOH CHCTeMe BBIUETOB HMeEIOTCSl IpejcTa-
BUTEJN BCeX KJIacCOB, B TOM UHCJie 1O OJHOMY IpeJCTABHTENIO
KJIacCOB, B3aHMHO NPOCTHIX ¢ MoayJeM. Bce ocranbHble yHcaa moJ-
HOH CHCTeMBbl BBIUETOB MO YCJOBHIO OTOpachlBalOTCsl, T. €. OCTaeTcH
NpHBeJeHHAs] CHCTeMa BbIYeTOB. B uacTHOCTH, ecaH B MOJHOH CH-
cTeMe NOJOXHTebHBIX BbhlUeTOB 1, 2, ..., m OCTaBUTb TOJIBKO UHCJIA,
B3aHMHO [POCTble C MOAYJeM #i, TO Mbl MOJYUHM TMPHBEJEeHHYIO
CHCTEMY HAUMEHbIUHX IIOJOXKHTEJABHBIX BBIUETOB.

TakuM o6pas3oMm, OUEBHIHO, UTO UUCJO KJIACCOB, B3aHMHO MpO-
CTBIX C MOJAYJiEM m, PABHO UHCJY LeJIBIX YHCeJ, He MPEBOCXOASUHX
M H B3aUMHO MNPOCThIX € m. HUHCAO TaKHX KJacCOB 3aBUCHT OT Be-
JIMUHHBI MOAYJisl H BJSIETCS, TaKHUM 06pa3oM, hyHKUIHeHd OT MOIYJid.
ATy QyHKOHIO OOBIUHO HA3BIBAOT (hyHKHHedl DHMepa H 0003HAUAOT
yepes ¢ (m). Mbl MOXeM, TAKHM 00pa3oM, JaTb ABa SKBHBAJEHTHBIX
onpejeieHHss 3TOH (DyHKUHMH.

Onpenenenue 35. DPynxyued 3IJidarepa ¢ (m) Hasveaemca 4ucio
KAQCCO8 RO MOOYAIO M, 63AUMHO NPOCMOLX C IMUM MOOYAEM.

Onpepenenne 35'. Dynkyued Iisepa ¢ (m) Hasvieaemces 4uc-
A0 HAMYPAAbHLIX 4YUCeA, HE NPesocX00ALyuUX m U 63AUMHO NPOCHOLX
cm. _

ITpumep. Ilo Moxyaw 1, oueBHAHO, HMeeTCs OJMH Kjacc 1
yHceJ, B3aMMHO NPOCTBIX € MonyJaeM, mostoMy ¢ (1)=1. Ilo mMony-
a0 12, Kak 6BJIO yKas3aHO BhILIE, HMeeTcs 4 Kjacca UHCes, B3aHMHO
npocTeix ¢ mMoxyneM 12, 1. e. ¢ (12) =4. Urobw onpenenuts @ (24),



BHIIMCEIBAGM HAaTypaJbHBIE YHcaa oT | go 24 ¥ BhuepKHBaeM YHCJa,
UMeIoLlHe He paBHble elHHHUE obmue JeanTenn ¢ 24, T. e. uucJa,
Jensmuecs Ha 2 W 3. OcraBwHecs yucaa 1, 5,7, 11, 13,17, 19, 23
00pasyioT TNPHBEIEHHYIO CHCTEMYy BBHIYETOB 10 Moaymo 24; ¢ (24)
PaBHO YHCJY 3THX 4HuCeJ, T. e. ¢(24)=§8

ITockoabKy npHBeleHHasT CHCTeMa BBIYETOB COJAEPIKHT IIpeacTa-
BHTeJIH BCEX ¢ (m) KJIAaCCOB, B3aHMHO MNPOCTHIX C MOAYJEM m, TO
NpHBEJEHHAs CHCTEMa BBIYETOB COCTOHT M3 ¢ (m) uucen. Jlwbas
NpHBEJCHHAsA CHCTEMa BbIYETOB IO MOAYJI0 /M NpeAcTaBasieT coboH,
TakuM obpazowm, CHCTeMy @ (m) uucen ry, 1y ..., Iymy» THE
ri=r;(modm) npu i=<ju aas Beex i (r;, n) = 1. CnpaBeiIHBO U
o6paTHoe yTBepK JeHHe.

Teopema 110. Jlwboie @ (m) nonapro HeCcpPasHUMbLX MO MOJYAD M
It 83QUMHO NPOCINOIX ¢ IMUM MOOYsem wucea npedcmagaswonm cobod
NpUBEOCHHYIO CUCMEMY 8bI4EMO8.

Hoxasateancrso. Ilyerb ry, 1y, ..., 7o, — 100 @ (m)
YHCENl, OTHOCHTENbHO KOTOPHIX H3BecTHO: 1) r; 2= r; (mod m) npwu
i==j, 2) (r;, my=1. Tak ®e Kak ¥ B Teopeme IOé NpHMeHSsIeM
LIPHHIMD gHKoB”. Kiacckl, B3aHMHO NpOCThle € MOAYJeEM 71, pac-
CMaTPHBACM KaK ,AHKH", @ UHCAA Iy, Iy, « ., [ yy — KAK IPEAMETHI".
Torga:

1) nockoJbKy BCe r; B3AHMHO TMPOCTHL C 771, BCe TH uHCJa NpPH-
HajJJieXXaT KJjaccaM, B3aHMHO NPOCTHIM C MoOAyJleM, T. €. KaXAblf
LIPEAMET JIEXKHT B OJHOM H3 3THX , SIIHKOB;

2) Bce 3TH uyHCJa IOMAPHO HECPAaBHUMbl Mexay coboi, T. e.
HH B OIHOM ,alHKe" He JeXUT Gojiee OAHOIO ,mnpeamera‘;

3) umucao  npeameroB* (uuces) ¢ (m) pPaBHO UHCAY ,ALIHKOB®
(x1accoB, B3aHMMHO nNpoOCThIX ¢ MoAyaeM). CoriaacHo ,NPHHIHIY
AIMUKOB" B KaXKAOM KJacce, B3aHMHO NPOCTOM € MOAYyJeM, JEMHT
OIHO U TOJIBKO OJHO H3 3THX HHCEJ, T. €. YHCIA Iy, Ty, ...y Fygm,
00pasyioT NPHBEAEHHYIO CHCTEMY BLIYETOB.

Teopema 111. Ecau (a, m)=1 u x npobecaem npusedeHryio
cucmemy BuMemos no MoOYyalo m, mo ax Mmaxoce NpPLHUMOEM 3Hade-
HUA, 06pasyowjue npuBeOeHRYD CUCTEMY 6blMemos No Smomy Mooy,

Joxazateabctso. [IycTh X NPUHUMAET 3HAUCHUA I, 1y, .. .,
7 o(my» OOPasylolllie NPHBEACHHYIO CHCTEMY IO MOAYJIO m. IDTH YHCJA
COCTABJAIOT 4aCTh NOJHOH CHCTEMbI BBIYETOB, M NMO3TOMY COIJIACHO
Teopeme 107, rie Mel B gaHHOM ciyuae OepeM b=0, MOXKHO cpasy

yTBepXKIaThb, YTO YHCJA ary, ry, . . ., @y, HECPABHHMBI 1O MO-
LYJTI0 M.
C apyro#f CTOPOHH, NOCKONBKY ry, Iy, - .., Iyim— IPHBEJICHHAS

CHCTeMa BHIYeTOB, (r;, m)=1 npu Bcex 1= L<q>(m) CoraacHo
teopeme 42 H3 (r;, m)=1 u (a, m)=1 caenyer (ar;, m)=1. Uucaa
ary, ary, ..., Qry, OOpasylT, TakUM 0GpasoM, CHCTeMy @ ()
NONMapHO HeCPaBHHUMBIX - 110 MOAYJIO /1 H B3aHMHO IIPOCTHIX C 3THM
MOZYJIEM 4KCeN, T. €. corjacHo Teopeme 110 NpHBEEHNYIO CHCTEMY
BLIYETOB.
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dra TeopeMa sABAAETCH YACTHHIM CJyuaeM cJjeayloileil, 6oJiee
o6mel - TeopeMbl.
Teopema 111°. Ecau (@, m)=d u x npobecaem npusedennyro

: m a
cucmemy eviiemos no Moay/zto—— , mo z—x npurumaem 3HaueHUs,

obpasyrouyue nPuUGeOEHHY CUCMEMY 8bMMEMO8 NO IMOMY MOOYAL.

Teopema 112. Ecau (a, b)=1 u x npobezaem npugedenryro cuc-
memy sudemos no modyao b, y npobezaem npusedennyro cucmemy
suMemog no Moy a, mo ax -+ by npurnumaem snadenus, obpasyouiue
npusedeH Yo cucmemy 8vl4emos no Modyaro ab.

Hoxasartenscrtro. IlycTs x npuHEMaeT 3HaueHus 7y, 1y, ...,
7oy OODA3yIOLIHE TPHBEJEHHYIO CHCTeMY BBIYETOB TO MOAYJO b, y
IPHHUMAET 3HAYEHHA S;, Sy, ..., S,y 0ODa3yiolllle NpHBEJCHHYIO
CHCTEMY BbIYeTOB 1o Moiymw a. CocTaBUM 4YHCaa BHAa ar;-+bs,
rme 1<<i<<g((®), l<j<<@(a). Yucna ry, ry, ..., I,y —YaCThb
HEKOTOPOH MNOJIHOA CHCTEMBI BBIYETOB X,, Xy, ..., X, IO MOAYJIO b,
YHCJNIA S;, Sy, + ., S,(g)— HACTb HEKOTOPOH MOJHOH CHCTEMbl BBIYETOB
Y1+ Ysv -.., Y, N0 MOAyJIO @. Uncaa Buia ari—{—bsj(1<i<(p(b),
1 << j << ¢ (a)) cocTaBAsIOT TOr @ 4acTh YHces BUAa ax; -+ by (1 <i << b,
1 =<<j=<a), xkotopele coraacHo TteopeMe 108 o6pasyoT NoJHYIO
CHCTEMY BBLIUETOB mo Moaymio ab. PasoGbem uucna Buia ax; by,
Ha JBa NOJAMHOXecTBa. llepBoe NOJAMHOXeCTBO COCTaBHM H3 TeX
yuces ax;-+-by;, y xotopuix (x;, b)=1Hu (y;, a)==1, 1. e. u3 uncer
ar;- bs;, BTOpOe —H3 BCeX OCTaJbHBIX YHCEJ.

[fokaxeM, UTO uic/ia BTOPOrO MNOJAMHOXeCTBa SIBJSIOTCA MNpef-
CTaBHTEJISIMH KJ1aCCOB, HE B3aHMHO NpocThix ¢ ab. [leificTBHTeJbHO,
eClH ax; -+ by; IPHHALIEKAT BTOPOMY TOJMHONKECTBY, TO 3TO 3HAUHT,
YTO BBIMOJIHEHO XOTs 6bl OJHO M3 YCJOBHiL: (X;, b) =1, (y,, a)+~ L.
B cayuae (x;, b)=d>1 noayuaem (Teopemsn 11 u 9) d|ax;-by,,
dlab, 1. e. (ax;+ by;, ab) > 1. Ecau xe (x;, b)=1, 10 (y,, a);&{,
M B 3TOM CJlyuae aHaJoTHYHO ToJyuaeM (ax;-+by;, ab)>1.

[lokaxeM Tenepn, 4TO cpelil 4HCeJ BTOPOTO MHOXKECTBA HMEKTCH
NpeJCTaBHTENIM BCEX KJACCOB, He B3aHMHO TNpOCTHIX ¢ ab. eicTBH-
TeJIbHO, €CJIN aX; - by, — NpeJCTaBHTe/Nb KJacca, He B3aUMHO POCTOTO
c ab, 1. e. (ax;-+by;, ab)=d>1, 10, B3siB (TeopeMa 16) mpocroe
uncyio p |d, Gynem umeTs p|ax;-+by;, plab, u Toraa p— fenuTesp
no xpafinedl Mepe omHoro u3 coMHoOXKuTened ab. Ecam pla, 1O u3
pla, plax;-+by; cnenyer p|by; nockonbky (a, b)=1 u pla, 1o
p { b. Haxoneu, cornacHo Teopeme 19 u3 plby; u p{ b cnenyer
ply;, T. e., TakuM oO6pasoM, p—OOLIHKIA JenuTesb a H §;, a 3HAYHT,
(ij a)# 1

Auanoruuno, ecan plb, nonyuaem (x;,, b)==1, 1. e. ax;+by,
NPHHAANEKHT BTOPOMY MOAMHOXKeCTBY. UHucna ar;+ bs; (nepsoe
NOAMHOXKECTBO), MoJyuallikecd noche oTOpacbiBaHHS B TMOJHOH
CHCTeMe BLIUETOB TMpejicTaBUTesiell BCeX KJaccoB, He B3aHMHO Mpo-
CTHIX C MOAYJ/ieM (UHCeJl BTOPOTO NOJMHOXKeCTBa), 06pasyioT COryiacHo
Teopeme 109 npHBelleHHYIO CHCTEMY BBIYETOB.
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TJIABA 10
®YHKLUHSA SHJIEPA

B srtoil raaBe 6YXyT paccMOTpeHLl OCHOBHEHIE CBOficTBa (hyHKIHH
dilaepa ¢ (m). B cooTBeTCTBHH C ompelie/leHHeM 3TOH (PYHKUHH ee
apryMeHnT OyjeM Bcerja CUHTaTh HaTypaJdbHbIM uHcjoM. Haina ocHos-
Has UeJb—MOJYUnTb YH0OHYI0 (GopMyJy JIJasl BbUHCJIEHHS 5ToH
(DyHKIHH.

Onpenenenne 36. Dyuxuyus [(n), onpedesennas Ha MHONCECTEE
HAMYPAAbHOLY HUCEA, HA3bIBAEMCS MYALIMUNAUKAMUGBHOL, ecau OAfl
21006LX 83QUMHO RPOCIGIX HAMYPAAbHOIX ducer a u b:

fla b)=[(a)] (). (1

Onpenenenne 37. Dynkuyus [(n), onpedeseHHAs HA MHONCECIEE

HAMyparbHoLx 4UCes, HA3b8ALICsl 6NOAHE MYAbMUNAUKAMUBHOU, ecal

pasercmeo (1) soinoaunsemesn 04n A0OBIX HAMYPAALHOLLX 4ucer a u b.

OueBUAHO, YTO MHOMKECTBO BIIOJHE MYJALTUNNAHKATUBHEIX (BYHKUHA
€CTh 4acTb MHOXKECTBA MYJBTUMNJIUKATHBHLIX QYHKUUH.

pumep. dysguuga f(n)=n® BOojHe MyJBTHIJIMKATHBHAA,

TaK Kax :
[ (ab) = (ab)* =a”b* = [ (a) [ (b).

Teopema 113, Ecau  [(n) — mysomuniukamueras QyrKyus,
ay, a,, ..., Q;,—HONAPHO G3AUMHO APOCHILIE YUCAA, MO

f(alaZ' . 'as) :f(al) f (az) *. 'f(as)-

HoxasatenwvctBo. llockomeky (a;, a;)=1 npu Beex i=j,
TO (@ ...-a,_y, ) =1. Cornacro onpelesicEHio MYJbTHINJIHKATHB-
HOH (DYHKUMH HMeeM:

fla, ...a,_,a)=F(a, ... a,_y) [ (a,).
ITpogomkasi TOT XKe MpolLecc, MoJaydaeM:

fla, ... a,_a)=f(a, ...a,_;)f(a)=
=f(a, ... a,_)f(a,.)fla)=...=[(ay).. -f(as—1)f(as)~

Teopema. 114. Pyuxyus Jirepa MyrbMURAUKAMUBHA, M. €,

¢ (@b)=q(a) ¢ (b) npu (a, b)=1.

HanuM JBa J0Ka3aTesIbCTBA 3TOH TEOPeMLI.

l-e norasateabctBo. Ilycts x mpoberaeT 3HaueHHsl 1y,
Tas - s Ty sy, OOPA3YIOLLHE PUBEEHHYIO CHCTEMY BBIYETOB 110 MOAYJIIO
b, a y npoberaer 3HAUYEHHS S;, Sy, ..., Sy O0OpasywoIHe MNpHU-
BeJIeHHYIO CHCTeMYy BHIYeTOB Io MoAyJiwo g. CocTaBHM BCEBO3MOMKHEIC
yucia Buja ar;+bs;, COOTBETCTBYIOWIHE DpA3JIMYHLIM Mapam r;, S;
YHCJIO TakHX uHces (Teopema VI) Gymer pasHO @ (b) ¢ (@).

C npyrofi CTOPOHBI, IOCKOJIBKY (@, b) = 1, To corqacho Teopeme 112
3TH 4HcJa 00pas3yIoT NPHBELEHHYIO CHCTEMY BBLIUETOB IO MOAYJIO @b,
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T. €. UYHCJIO TAKHX YHceNl NO/IKHO paBHsiThest @ (ab). Tlpoussenenue
o(b)p(a) v @ (ab) BHIpaXKAaWT OIHY H TY XKe BEJHUHHY, T. €.
@ (ab) = ¢ (a) ¢ ().

310 J0Ka3aTeJIbCTBO CYIIECTBEHHO HCHOJB30Bajo TeopeMy 112
0 3HaueHHdX JHHeAHOH ¢opMbl ax—+by. laguM Tenepp Jpyroe
HernocpeACTBEHHOE JOKA3aTesIbCTBO TEOPEMbI.

2-e noxasaTtenbcTBO. CocTaBuM Tabauuy:

1, 2, 3, e, B
b1, b+2, b+3, oo 20|

ob 41, %42 % -+ 3, . 3b; I} (2)
(@—1)b-+1, (a—1)b-+2, (a—1)b+3, ..., ab )

— U OllpeJieJIUM UHCJIO YHCel B 3TOH TabJiHLe, B3aHMHO NPOCTHIX C ab,
(kb+r, b)=1 (Teopema 90) Toraa u TosmbKO TOTAA, Koraa (r, b)=1.
Taxum ofpasoM, uHcaa, B3aHMHO MpOCThle ¢ b, a TeM GoJiee H ¢ ab,
MOTYT OBITH TOJIBKO B CTOJIOLAX C HOMEpaMH r, TAKHMH, uTto (r,b) =1,
rie | =S r=Cb. Yueno Takux cTog61oB N0 onpefeseHuio pasHo ¢ (b).
Kaxapifi Tako#l crojber, COCTOUT U3 YHCeJ:

r, b-tr, 2b4r, ..., (a—1Db+r, (3)

T. €. M3 4Hces BUAA bx +r, Tie x npoberaeT MOJHYIO CUCTEMY BBIUETOB
no moaymio a. Ilockoaeky (a, b)=1, To cornacHo Tteopeme 107
yucaa (3) o6pasyioT TakkKe MOJHYI CHCTEMY BBIUETOB MO MOAYJIO &,
H, cleloBaTeJibHO, B (3) cOiepXKHUTCA @ (@) 4Hces, B3aHMHO MPOCTHIX
¢ a. Mer umeeM, TakuM oOpasoM, B Tabauue (2) ¢(b) cronbuos
yyces, B3aUMHO NPOCTBIX ¢ b, mpuueM KaxJblli Tako# croJsber
COLEePXKHT ¢ (a) 4yucesa, B3aHMHO NPOCTHIX ¢ a. EcaH YHCI0 B3aHMHO
npocto ¢ b u ¢ a, To (Teopema 42) OHO B3aHMHO HpocTo ¢ ab.
Takum obpasom, Tabanua (2) comepxkut ¢ (b) ¢ (@) uucen, B3auMHO
NpocTHX ¢ ab.

C mpyro#t cropoHml, 3Ta TabJjuna CcONepXKHT Bce uucaa ot 1 Jo
ab, u, TakuM o0pasoM, B Hell ¢ (ab) unces, B3aHMHO OPOCTHIX C ab, T. e.

?(a) ¢ (b) = ¢ (ab).
ITpumepsol.
D 9(3)=2, ¢(10)=4, ¢(30)=8;
2) ¢(5)=4, @(8)=4, ¢(40)=16:
3) 93 =2, ¢(6)=2, ¢(18)=6.
B nocaemnem npumepe @ (3:6)=~¢ (3) ¢ (6), Tak Kak (3, 6)=2.
Teopema 115. [Tycme p—npocmoe uucao, o= 1— woboe namy-
paasroe, moeda @ (p*)=p*~(p—1).
HdoxasarteapcTso. Uncao B3aHMHO MNPOCTO ¢ p* TOrga H
TOJIBKO TOTJAd, KOTJa OHO He JeJHTCA Ha p (TeopeMnl 39 u 43). Cpenu

T
nepBbIX p” HATypaJbHHIX 4YHCEJ HMeeTcs (Teopema 49) jz—=p°"1
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qHCeJ, AeUHXCS HA p; OCTaJbHble p*— p*~ ! yHCes B3aMMHO NpOCTHI
¢ P Toe p(pf)=p*—p*” ‘-p““(p—l)
Teopema 116. Ecau m=pi'p3...pe— kanonuueckoe pasioxncerue
wucaa m, mo
a; -1 a,—l

o(my=py p L pdT (e = Dipe— DL (ps— D

HoxaszareabcTBO. Py, Pa, ..., Py B KAHOHHUYECKOM pas-
JIOXEHUH 0603HaqamT pasJjuuHble OPOCTblE YHCJA, O03TOMY (Teo-
pema 44) pft, p3*, ..., PS-—rMONAPHO B3AMMHO NPOCTHIE YHCAA H
corsnacuo teopemam 114, 13 u 115 umeem:

Q(PUP . PS) =@ (P1) @ (PF). . . ¢ (p5*) =
=pr T (D =D P2 T (P~ D Ll P8 T (p—1).

[Ipumenp
) 9(270)=¢(2-32-5)=32Q2—-1)B-1D{(-1=72;
2) @ (700000) =¢ (25-5%.7) =2%.5¢ (2—1)(5—1) (7 — 1) = 240 000;
3) (45375) = (3-5%.112)=52.11.2.4.10 =22 000.

Teopema 117. ITpu m>1
1
w(m)-mH(l—;).

3nax p ] m O3HauaeTr 3Jecb TO, YTO MHOXHTEJH [IPOH3BEACHHgH
ﬁepyTCH NPH BCEBOSMOXKHBIX IIPOCTHIX JeJUTENAX UHe€aa /1.
ﬂ 0Ka3aTeJabCTBO HENOCPEACTBEHHO BHITEKAET M3 OPEAbIAY-

meli TeopeMel. Jli1o60e m > 1 MOXKHO NpejCTaBHTh B KAaHOHWHYECKOH
dopme m=p§*...ps* n Torja
@ (m)=py " ..o T (= 1) (p— D)=

st (1) (=)= L (=),
Teopema 118,
2 @ (d)=
dim

CyMMHpoBaHHe B JIEBOH 9acTd [POM3BORHTCS 1O BCEM [OJOMKH-
TeJIbHbIM JequTenadaM uucaa m. Hanpumep, npH m=20 umeem:

d 4 20

5’10

N

DB

.;%-(p(d)sw(1)+(p(2)+(p(4)+(p(5)+fp(10)+<p(20)=
=14+1+2+4+448=20.



HDoxkxasartenbcrBo. O6Go3HAUUM Hally CyMMmy, 3HaueHHe KO-
TOPOH, OYeBHAHO, 3aBHUCHUT OT m, uepes F (m), tak uto F (m) —d;,cp (d).

HokasarenbcTBo paszobbeM Ha TpH 4acTH. CHayana HOKaXeM, UTO
F(m)-——mynbmnnnxamm{aﬂ GYHKIHA, 3aTeM BHYHCJIEM F (m) npH
=p" H, HaKoHel, AOKaxeM, uto F (m)=m
1) HYCTb (a, b)=1; Torga ans mobuix §|a, 5’ |b 6ymet (8, 8')=1,
TaK YTO, MPUMEHSS MPABHJAO YMHOXKEHHS CYMMBL Ha CyMMy, T. €.
NpaBHJIO DACKPBHITHA CKOGOK M TeopeMy 114, mosnyuaem:

F (a) F (b) =% ® (6)6%} 9 (8= % ;bw (8) ¢ (8% =é} g]bw (88”).

[Tonyuennass cymma paBHa Zq)(d). JeficTBUTEILHO, MPOU3 BeAe-
dlab

Hue 88', rme 8]a u 8'|b, oueBUAHO, PABHO HEKOTOPOMY OMpeJeJieH-
HOMY gHenutenio d npoussegenus ab. C Ipyroifl CTOPOHEI, eC/IH B3AThb
HEKOTOPbIH JeauTesib d nNpousBeleHUss ab, To (TeopeMa 45) Mbl
HMeeM [ JAHHOTO d BIOJIHE ONpeieseHHOe MpeNCTaBJeHHE B BHIE
d=200", rne 8|a, 6'|b.

Pagencrso
.} 66/ — N d
MZH, gﬁ,‘” ) d% @ (d)

Telepb HEMOCPENCTBEHHO cJellyeT W3 TOTO, UYTO MeXIy DPAaBHLIMH
cJlaraeMbiMu JIeBOH M NMpaBOH yacTed MOXKHO YCTAHOBHTb B3aHMHO
OIHO3HAYHOE COOTBeTCTBHE, comocTaBasa ¢ (88) ~¢(d), ecau
86" =d, 6|a, 8 |b. Takum oGpasom, nosayuyaem:

F (ab) =;%;7(p(d)=F(a)F(b).
2) Ilycts m==p*, Torga
F(py= Yed=o()+o (P +e(H+... +o ()=
djp®

=14+(p—D+(P*—=p)+ ... +(p*—p" H)=p

3) [Tycrb m = p*p3 . . . p3* — KaHOHUMYeCKOe pasJokenue m. Torja
corsacHo teopeme 113

F(m)=F (pT") F (p3*)...F (p5°) = pY'ps:. . .p*=m.

Hcemopuueckute kommenmapunt « 10-it zaase

1. Jleonapa Jitnep (1707—1783) ponuncs B Illsefinapun. B
1727 r. ou Obut npuraaltex B [lerep6ypr B CO3XaHHYIO TaM HE3aJ0JT0
no toro Axajemuio Hayk. Dinep xkujg u paboran B [letepbypre ¢
1727 no 1741 r. u ¢ 1766 r. 10 KoHHa CBOeH KH3HH.

Cpenn. Benukux MarematikoB XVIII Beka, cosjaBumiix OCHOBHI
COBPEMEHHOTO MaTeMaTHUYECKOro aHaju3a, DHJep BblAessieTcs CBoefl
HCKJ/IIOUHTE/NbHON HHTYHIHel; Aaxe Korfa Diiep, HaXOoAs HOBLIE
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pe3ynabTaTel, OOOCHOBEIBAJ HX He BCerja elle crTporo paspaboral-
HEIMH B €ro BpeMsl MeTOJaMM, KOHEUHple BEIBOABI €ro, KaK 3TO
BBISICHUJIOCh 11033Ke, Oblld Bcerga BepHbl. B caMbiX pasJHYHbIX
06/1aCTAX MaTeMaTHKH H ee MPHJIOXKEeHHH ¢ uMeHeM DiJjiepa CBSA3aHO
ype3BLIMalHO GOJbIIOe KOJHUECTBO HOBLIX IJYBOKHX pPe3yJbTaTos,
SBAAIOIMUXCA OCHOBOH BCero AaJjbHefllero ee pasBHTHS.

B 1729 r. D#inep nmauan nepenucky c ujenoM IlerepSyprckoi
Axanemny mayk XpuctHaHoM IoababaxoM, NposBASBUIMM OOJbIION
HHTEPEC K TEOPETHKO-YHCJAOBLIM 3ajauyaM. JTa mnepernucka H Hpo-
6ynuna, no-supuMomy, uaTepec JI. Diinepa x Teopuu uucea. Ha-
ypgad ¢ (732 r. U HO KOHUA CBOCH KU3HU Diljfep 3aHumMaJcs pas-
HOOOPA3HEIMH BOIIPOCAMH TEOPHH YHCeJ W HamHcaJs cBhiue 100 pabdor
B 3T0#l obsacTi.

Pa6ornt Diinepa no TeopHH 4Hces NOCBSIIEHL BeChbMa pasHoobpas-
HLIM BOIpOCAM, B TOM 4ucJe npobjeMe paclpejieneHlss MPOCTLIX
YyhcesJ B HaTypaJbHOM PsAy, pPa3/HYHLIM 3ajauaM TeOpHH (oOpM,
pasOHeHHI0 uHcesJ Ha cJjaraemble. B cBoux paborax Diijep He
ynoTpebas/ TepMHHOB TEODHUH CpaBHeHHH, OJHAKO pAJ BaxHeHIIUX
ee pe3yJabTaToB, cHOPMYJAHPOBAHHBIX B TEDMHHAX TeOp UH AC/JIHMOCTH,
Oblin nosydyeHbl HMeHHO UM. s pador JI. Diimepa B Teopuu uucen
XapaKTepHO CTpeMJIeHHEe HCI0Jb30BaTb METOAbl MaTeMaTHUEeCKOTO
aHaJH3a. DTO NPOSiBUIOCL He TOJbKO B padorax no paclpejeneHHio
NPOCTHIX UHMCeJ, ABUBIIUXCA, Kak ObUJIO OTMEYeHO Bblllle, HAYaIOM
AHAJHTHUECKOH TEOPUH uuces, Ho M B paborax no teopuu pasdue-
HHUf UYHCeN HAa cJaraemble.

Tpyzaot Ditnepa no teopun uyHces Ol M3jaHel y Hac B Poccuu
Axanemue#t Hayk B 1849 r. Ha JaTHHCKOM s3blke. JIBa TOMa 3TuX
TpyzoB mox HasBauueM ,Commentationes arithmeticae collectae®
cojepxar 1235 crpanun. PyHkuusa ¢ (m), noJayuupiiasg B JaJbHel-
lneM ero uMs, Oblia BBelleHa HM B ORHOH pafore, onyOJHKOBAaHHOM
B 1760 r.

2. ToxpecrBo Teopembl 118 BcTpeuaercs Bnepsble y I'aycca.

CJIABA 11
TEOPEMbI ®EPMA ¥ 3HJIEPA
1. OCHOBHBIE TEOPEMb!

BosbMeM HeKOTOpOe HaTypaJbHOE UHCIO @, B3a¥MHO UPOCTOe
¢ MONyJieM m, U pPacCMOTDHUM NOC/eNOBaTe/bHble CTENeHH a:

a, a2, a®, ...

Bce uncna storo GecKOHEUHOrO MHOXKeCTBa pacnpeje/ieHol B m
KJaccax, cJaelloBaTeJbHO, IO KpaiHeH Mepe OAMH H3 3THX KJaccoB
JOJ/DKEH cofep:KaTh GecYHC/IEHHOE MHOMEeCTBO cTen eHen a. BssaB u3
3TOrO KJacca JBe CTENEHH 4 H 0603HaunB UX a*u @', e s>t =1,
6y aem uMeTb a’= a' (mod m).
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IMockoabky u3 (a, m)=1 caeayer (a', m)=1, 10 (Teopema 80)
a*~'=1 (mod m). Takum 06pa3oM, An51 HEKOTOPOro k = §——¢ HMeeM
a*=1 (mod m), npudeM NOocKOABKY $>>f, To k= 1. Bmecre ¢ TeM
TorAa W mpH Jo60M HaTypanbHOM n GyjeM uMeTh a®’== 1 (modm),
YTO JOKA3BbIBAET CYLIECTBOBaHKE GeCKOHEYHOTO MHOXKECTBA CTeneHed a,
npuHagnexauux kiaaccy . KoHeuHo, MNOCKOJBKY MBI ¢ camMOro HayaJjla
HMeeM H3BECTHBIM NpOu3BON B Ebl6ope uHcea &® W a', TO COOTBET-
CTByIOLlee %k He onpejiesiseTcs eAMHCTBeHHbIM ofpasom. Hanpumep,
npu m=43, a==06 umMeeM:

68 =62 (mod 43) u 612 = 67 (mod 43),
TdaK 4YTO
6%==1(mod43) u 69==1 (mod 43).

[1. ®epma pns npocroro MoxyJsi, a JI. Diinepy Aas aw6oro
MOAYJA yAaJioCh yKa3aTb 3HaueHHusl B >0, npH KOTOPBIX HMEET MeCTO
cpaBuense a* = 1 (mod m). CoOTBeTCTBYIOIIUE TEOPEMBI, MBI HX OyJIEM
na3eiBaTh Teopemamu Pepma—Dijepa, SBASKTCA OCHOBOH BeceH
TCOPHH CpaBHEHHH U HaXOAAT IIHPOKOE NpHMEHEHHe KakK B Teo-
PETHYECKHX UCCJAEeJOBAHUAX, TaK H B apUQMETHUECKHX TMPUJIOKe«
HHAX,

Teopema 119 (depma). [aa aobozo npocmoeo p u aoboeo a=1,
He OJeanuje2ocs HA P, CNPasedAuso CPasHeHue

aP-l==1 (mod p). ' (D

Teopema 120 (Diinep). Laa amobozo modyan m u aoboeo az==1,
83QUMHO NPOCHIO20 € M, CAPAsedAUBO CPABHEHUE

a®™ =1 (mod m). @)

CpaBnenusi (1) u (2) Mbl OymeM Has3bBaTb COOTBETCTBEHHO
cpaBHenusamMu Pepma u Dijepa.

Jlerko BHOeTh, uro Teopema PepMma sIBJISETCH YACTHBIM CJAy4aeM
TeopeMbl DiJepa. [leHCTBHTENBHO, ecaH B TeopeMe Jiljepa B3ATb
m=p, rje p—IpOCTOe UYHCJO, TO ycJoBHe (a, p) = | sKBHBaNEHTHO
VCJIOBHIO p 4 a (teopema 39), a ¢ (p)=p—1, TaK uro npu m=p
TeopeMa Dijiepa CBOZUTCS K yTBepXKAEHHIO, UTO NpH p 4 a cnpaBex-
JIHBO cpaBHeHHe aP~'=1 (modp), T. e. Kk TeopeMe Pepma.

[TockosbKy HOKa3aTesbCTBO TEOpeMBl Diljlepa He CJOXKHeH, ueM
I1OKa3aTeabCTBO TeopeMbi Pepma, NpHBeJEM LOKAa3aTe/ibCTBO TEOPEMEL
Dfinepa. TeMm caMbiM 6YJeT IOKasaH M ee YaCTHHIH clyuail — TeopeMa
Depma.

HokasaTtenbcTBO Teopembi diinepa. IIyctbry, 7y, oo oy Fogm—
IIeKOTOpasl NpHBEJEHHAA CHCTEMA - BHIUeTOB N0 Moayaw m. Ilpm
(a, m)=1 cornacHo TeopeMe 111 wwcna ary, ary, ..., G, TAKKE
06pa3yloT NpPHBEJEHHYIO CHCTEMY -BBHIYETOB. Y CTAHOBHM B3aHMHO
UJHO3HAYHOE COOTBETCTBHE MEXAY STHMH ABYMS CHCTEMAMH, CONIOCTABHB
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KaxXJOMYy H3 4HCeN ar,, ary, «.., ar'o(m) CpaBHUMOE C HHM YHHCJO U3

CHCTEMBI Iy, Fyy o.+y Foim TAK, UTO
ar, =r,(mod m)
ar, =r, (mod m) ’ 3)

* s s e « e e

ar o, =r, (mod m)

THe 7y I3, +.., [,— HEKOTODEIM 00DA30M MNepecTaBJIeHHbIE YHCIA 7y,
oy wovs Tomy To € Tolg oot IUS=T1 Ty oot oy
Ilepemuoxas Bce cpaBHeHHs (3), noJydaem
af ™ ry . o =T 1, (mod m). 4)
Ilockonbky (r;, m)=1 Aag BCeX {, TO (ryry ... Fyim> M) =1
(reopema 42) u ofe wacTH cpaBHeHHS (4) MOXKHO COKpaTHTb Ha
Fyofos e Toimy TaK 4TO a *™M =1 (modm).

ITpumepsnt. Tlpu p=7 umeem 2°=64=1(mod7), 3*=729=
=1(mod7); npu p=11, a=2,21=1024=1 (mod 11); npu m=29,
a=>5 nmeeM ¢ (9)=06, 56=15626=1 (mod9); npu m=21, a=2
umeeM @ (21) =12, 212 =4096== 1 (mod 21).

3anumem teopeMy PepMa elie B Apyro#l copme.

Teopema 119°. [Iaa .woboeo npocmozo modyss p u ao6oeo Hamy-
PAABHO20 HUCAQ @ UMeem MECMO CpAsHeHUe

a” =a (mod p). )

HokasareabcTBo. Eciu pfa, 10, yMHOKas HA @ obe yactu
cpaBreHus (1), moaywsaem a’==a (modp). Ecau pla, 10 p|a’—a,
TaK 4YTO TaKikKe :

@’ =a (mod p).
Taxum obpa3oM, cpaBHeHue (D) uMeeT MeCTo IHpH JwOOM HATY-

paJbHOM a.
Teopemnsr @epMa—DIiinepa NO3BONAIT YacTO HAXOAHTh OCTATKH

OT JeJIeHHst Ha MOAyJb GOJbIIMX creneHefi sajaHHOro yucnaa. [efi-
CTBHTEJIbHO, €C/IM HAM HAaj0 HAWTH OCTATOK OT JejeHHs aV Ha m,
rae (@, m)=1 u N =@ (m), To MOXHO npeacTaBuTb N B BHJe
N=g(m)qg+r, 0<<r<<op(m).
Torna
a¥ = (a*™)?.a"=a" (mod m),
rae @ Moxer GHITb 3HAYUTEJBHO Meublie, uem aV.

Ecmu (a, m)==1, 1. e. (a?¥, m):kd> 1, To HalileM HaHMeHb-
wee k, Takoe, uro d|a®, Tak uro a"=a,d, m=md. O6oznauas
MCKOMBIH OCTAaTOK OT JejieHHs a¥ Ha m uepe3 x, HMeeM:

==aV = aMN—*a, d (mod m,d)
M, CJeJ0BATe/bHO, X =X;d, TaK 4TO
% =aN—*a, (mod ny). -
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X; MOKeT GbIThb HalJleHO NyTeM BBIYUCJIEHUS NPOH3BeJeHHsT 0CTATKOB
OT JesMeHusi Ha m,; udcen a®* u a@,. Ias OTHICKaHUs OCTaTKa
OT JesneHHss a®—* Ha m, MOXHO HCNOJb30BaThb TeopeMy Jfijepa.
ITpuwmepw. 1) Haiitu ocratok ot genenus 171%'%7 na 52,
O603HaunM UCKOMBIN ocTaTOK uepe3 x. HMmeem: ¢ (52) = 24.
x= 1712147 = |524-89+11 = |511 = (3375)3.225 = (—5)* - 17T =
=—21.17=7 (inod 52).
2) Hafitn octatox or jzeseHus 1261920 ga 138,
3necy (126, 138)=6. Ecan x==1262% (mod 138), 10 x=61x,,
X, =21.1261019=2].112246+7=_2.117== ]19=6% = § (mod 23),
x=>54=2mod (52). Octarok paseH 2.

2. OBOBILEHHUE TEOPEMbBbl 3UJIEPA

Oyuknua disepa ¢ (m) He BcerAa SBJSETCS HAUMEHBIUMM MO-
JIOXHUTEbHLIM 3HAYEHHeM 2, TaKuM, 4To a*== 1 (mod m). 1 Hax0X-
JeHus 3HaueHUH £, MEHbIIUX, 4eM ¢ (m), YAOBJCTBOPAIOLIUX 3TOMY
CPAaBHEHHID, MMEET CMBICJI BBECTH B paccMoTpeHHe o0600LIeHHYIO
¢yukuuio Sfnepa L (m).

Onpenenenue 38. O6obwennoil ¢»ymcweu Jiiaepa L (m) Ha3e-
saemca yHKY UL, onpedeseHHaR 048 6CEX HAMYPAAbHLIX 3HA4EHUL m
caedyroujum obpasom: L(1)=1, a npu m>1

Lm)=[py=(pr—1), ps~" (p—1), ..., pi=t (p,—1)], (6)
20 m=p%hpl% . . p% —KAHOHUYECKOE PABAOXCeHUE M.

ITpumepwr.

1) L(360)=L (2%-32-5)=1{4, 6, 4]=12.

2) L(735)=L (3-5-7?)=[2, 4, 42]=84.

3) L (45551)=L(11-41-101)={10, 40, 100]=200.
Ilpu m=p* ¢ynruun L (m) u ¢ (m), oueBHAHO, COBNAJAIOT,
Teopema 121. [Tpu mobom modyse m u (@, m)=1 numeeT mecmo
cpasrerue
atm =1 (mod m).

HJoxrasarteanbctso. [lycrs m=p% % ... pls—KaHOHHYECKOe

a;—1
o p; (pi—=1)
pasnoxenne uucaa m. CorjacHo Teopeme Oiinepa a ' =

=1 (mod pit) npu i=1, 2, ..., s. Bospoas obe uactu storo cpa-

L (m) r L(m)
pi=1(p—1)’ P M pi—1)
Tak Kak no onpepenennio L (m) xparHo p%i~!(p;—1), nomyuaem
at ("‘)—l(mod p). Hs cpasnumoctu at™ u | mo mopyasm p3,
p%, ..., p% corjacHo teopeme 91 ciefyer CpaBHUMOCTD ITHX uuces
no MOﬂ,YJIlO m, T. e. a-m =1 (mod m).

4 99

BHEHHSA B CTENCHb —eJjioe 4ucJao,



Mpumepeu. 1) m=546, a=>5; umeem L (546)=L (2-3-7-13) =
= |1, 2, 6, 12]=12; 5'%=1 (mmod 546). [eficTBHUTE/NbHO,

512 = 6258 =79% = 1 (mod 546).

2) m=1360, a=3; 3aecs L (1360) =L (2*-5-17) = [8, 4, 16] = 16;
31 =1 (mod 1360). HdeficTBHTeJbHO,

316 =65612=11212=1 (mod 1360).

Corsiacuo Teopeme ®epMa ecau m—TnpocToe 4uucao u (a, m)=1,
TO0 @™~ 1:l(mod m). EcTecTBeHHO TIOCTaBHTb BONPOC: MOXKET JH
cpaBHenue a” ‘=1 (mod m) uMeTb MeCTO AJisi COCTABHOTO M MNpH
BCeX a, TaKHx, uTo (@, m)=1, HJIH e 3TO CpaBHEHHE SIBJIsSIETCS
XapakTepHOH 0COOEHHOCTBIO TOJNBKO NPOCTHIX MOy eli? OKasbiBaeTc ,
4YTO CYINECTBYIOT COCTaBHBIE MOJYJM M, TaKHue, 4TO NPH BCEX @
B3aUMHO TIPOCTHIX C M HMeeT MeCTO CPaBHeHHe

a™ =1 (mod m).

HeficTBHTENLHO, €CJH B3STh m=p;-p .-pg, TaKoe, 4TO
L (m)|(m—1), o cornacao teopeme 121 6yneM HMeTb al-(m=] (mod m)

m—1
H, BO3BejsA ofe vacTu CpaBHeHHusi B CTENelb L( ), NoJNyYuMm

a” !'=1(modm) npu Bcex a, Takux, 4uro (a, m)=1. Herpyauo
nopo6paTh TaAKHe 2HAYEHHS /. Hanpmvxep 3To 6yeT HMeThb MeCTO IIpH:

m=3.11.17=>561, L (561) =80, 80|560;
m=5-13.17 = 1105, L (1105) =48, 48|1104;
m=5-17-29 = 2465, L (2465)= 112, 112|2464;
m=7-13-19=1729, L (1729)=36, 36|1728.

CorsiacHo Teopeme ®epMa npH p4a ocraTok OT jefeHHss af !
Ha [NPOCTOe HHCAO [ BCerja paBeH efHHHUE. MOIKHO [OCTaBUTH
BOMpOC: ObIBaeT I OCTATOK PAaBeH eJHHHIE NMpH AejeHuu a?~ ! (a> 1)
Ha Oosiee BHICOKYIO cTeleHb p, HalmpHMep Ha p2, T. €. MOMKeT JH
npH KakoM-aubo a>>1 W TNIpOCTOM p HMeTh MeCTO CpaBHEHHE
a?~1=1(mod p?)? Oka3sbiBaeTcsi, YTO TAaKHE 3HAYEHHS a H p Cylie-
cteyior. Hanpnmep, MoxHO B3aTh ¢ =3, p=11 u Toraa 3¢ =2432%=
=1 (mod 112).

Onno BpeMsi HEKOTOpble MaTeMaTHKH MOpeAnoJarald, 4YTo cpa-
BHenMe 2771 =1 (mod p?) He MOXKeT MMETb MeCTO JJIA NPOCTHIX YH-
cesl p. DT0 NpeANONOKEHHe 0Kas3anoch HeBepHbBIM. MOKHO mpoee-
pHTB, uTO, HampuMep, 2° =1 (mod p?) npu p= 1093, xorss 1093 —
[IPOCTOEe UUCJIO.

Hcemopuuecrkue kommenmapuu x 11-it 2aase

1. Ilbep ®epma (1601—1665) —u3BecTHBI!I B CBOe BpeMsi IOPHCT
M COBEeTHHK cyje6Horo napJaMenta B Tynyse —HHTEHCHBHO H ¢ 60Jib-
LHHM YCIIeXOM 3aHHMAaJICA PA3JHYHBIMH MaTeMaTHYeCK HMH BOIPOCAMH.
I1. ®epMa sBAsieTC OAHMM M3 TBOPLOB AH(HEPEHIINAaNLHOTO HCHHC-
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JIEHHS1 U TEOPUH BepOATHOCTEH, HO 0COOeHHO OoJiblIoe 3HAYeHHe
HMelOT ero paboThl MO TEOPHH UHces. DOJBUIHHCTBO TEOPETHKO-
YHCJIOBBIX pe3yJbratoB II. Depma sanuchiBaJHCh HM Ha IOJSIX
sk3eMrafapa coudHenufi [luodbanta ,ApudMmerHKa“; PepMa 0OBLIYHO
He 3amnuchiBajl JI0Ka3aTesdbCTBa, a JaBaj TOJbKO KpaTKHe YKasaHH$
0 MeTojJie, KOTOPHIH OH NDHMeHAJ AJA HOJYUYEeHHS CBOEro pesy/ib-
tara. Counnenus Pepma noa HassaHueM ,Opera Varia“ OuliiM H3faHbl
BriepBble B 1679 r.

Teopema ®epMa, H3JNOKeHHas1 B 3TOH riaBe, Oblja BelCKa3aHa
B ONHOM M3 IHCeM, NocjJaHHOM uM B 1640 r. ®penukay. B stom
nucbMe ®PepMa MUUIET, YTO OH MOJYHYHJ HOKa3aTesbCTBO 3TOH Teo-
peMbl; OfHAKO CaMO J0Ka3aTeJbCTBO He OGBIIO MM OnyGJHKOBaHO.

IlepBoe u3 m3BeCTHBIX AOKAa3aTeslbCTB TeopeMbl Pepma NpHHAEA-
Jexut Jleli6unuy (1646—1716). HokazaTtenbctBo JlefiGunna 6o
OCHOBAaHO HA PACCMOTPEHHH CpPaBHEHHA:

(ay+a,+ ... +a,)=a’+4a5+...+a?(mod p).

Ditjiep faJl HECKOJIbKO Pa3JIHYHbIX JIOKa3aTeJbCTB TeopeMbl PepMa,
H3 KOTOphIX mepBoe oTHOocHTcA K 1736 r. B 1760 r, Diinep 0606mun
TeopeMy, npunaae el Buj teopemnl -120, wHocsme#t ero umsa. Hano
IpH 5TOM HMeTb B BHAY, YTO TEDMHHOJIOTHA U 0603HaueHHa Yy Pepma
H Yy DHijepa coBepleHHO OTJHUHBEl OT coBpeMeHHBX. IlpuBeneHHoe
HaMH JI0Ka3aTeJbCTBO TeOpeMH Jiljlepa mnpejcTaBjseT coboH Heno-
cpeficTBeHHOe 0000LIeHHe A0KasaTesbCcTBa, jaHHoro B 1806 r. pis
teopembl Pepma MaTemaTHKOM AfiBOpH.

2. Bmecto ¢yukuuu L (m), onpenesnenHo#t popmyson (6), MOXKHO
paccmatpuBaTh GyHKIHIO [ (m), Takywo, 4To

L(m), npu 84 m,
Hom) {éL(m), npu 8|m,

¥ JI0Kas3aTh CHPaBeJJIMBOCTh cpaBHeHus a! (™ =1 (modm) npu
BCEX 4, B3aHMHO [IPOCTHIX C M.

Oyuknuo [ (m) paccMaTtpuBas (paHuy3CKHH MaTeMaTHK Jlloka.

3. Hokaszano, uto Ajas J000To HaTypaJdbHOr0 4YHucjaa a cylie-
cTBYeT GECKOHEUHOE MHOXKeCTBO COCTaBHBIX 4YuceJ /1, TaKHX, YTO
a”™~1=1(modm) (Qionapk, 1955 r.).

HensBecTHo, GECKOHEUHO JIH MHOMKECTBO COCTABHBIX YHCEJ M1,
Takux, 4to @”~!=1(modm) aas Bcex a, B3aMMHO HPOCTHIX C M.

‘ TIABA 12 _
rPYMMNA KJACCOB, BBAUMHO NPOCTLIX C MOAYJIEM
1. TPYNINA KJIACCOB

Bo MHOXeCTBe KJjaccoB Mo Jio6OMYy MOAYJIO /. BCerja BLINOJ-
HHMB! OIepalHH CJ0XeHHs], BEIYHTAHHUS, yMHO)KEHHﬂ B atom mHo-

JKecTBe €CTb €AMHHYHBIH 3JIeMeHT, a UMeHHO KJacc 1. EcrecTBeHHO



MOCTABUTL BONPOC O BHINOJHUMOCTH OMNepalny JeJeHus, T. e, BBISIC-
HUTH, ABJAETCS JU MHOMKECTBO KJIACCOB TIpynno# OO OTHOUIEHHIO
K BBEJEHHOH 3Jechb OnepaluH YMHOXKeHHdA. JlerkKo BHIAETH, UTO MHO-
JKeCTBO BCeX KJacCOB NO MOAY/HO M He SIBJASETCS Tpynmnod. Ito
cjefyeT xotsl OBl M3 TOro, YTO JUISI HYJEBOTO KJacca He CyIIecT-
ByeT 0OpaTHOTO 3jeMeHTa. JleficTBHTENBbHO, NPH JI060M X NpPOH3Be-

Jenre 0.x=0s5£]1. Takum o6pa3oM, H3 YCJIOBHH, onpeessfOIIUX
rpynny, oJHO YCJOBHE 3Jech HapylueHo. BMecre ¢ TeM ecaH
U3 MHOXKeCTBAa BCeX KJacCOB BbIJEJHTb TOJbKO KJACCHl, B3aHMHO
NpoCThIE C MOAYJIEM,  TO HMeeT MeCTO cJeAyiomas TeopeMa.

Teopema 122. Mwookecmso Kaaccos, e3aUMHO NPOCMbIX € MOOYACM,
npedcmasasem coboli epynny.

HoxasarteasbctBo. Ilyets ry, r,, ..., Fem-—KJacch,
B3aHMHO MpOCThie ¢ MoxyJeM m. IIpoBepuM, UTO B 3TOM MHOMKECTBe
BBIMTOJIHMMBl Bce YCJOBHsSI, ONpefe/fionide rpynimy.

Ycnoeue [ (3aMKHYTOCTH oOmepalHM YMHOXKEHHS) BbIIOJHEHO,

TaK_Kak eciH (r,-,*m)=1, (rj, m)=1, 10 (rir;, m)=1 u riry=
=r;r;=ry The (ry,, m)=1, T. e. Ipou3sBeJleHHe KJIacCOB, B3aHUMHO
NpOCTBIX € MOAYJeM, TaKiKe MpelcTaBiaseT coboél Kjacc, B3aHMHO
IpOCTOH ¢ MOAyJeM.

Ycaosue 11 (coueTaTeNbHBIH 3aKOH) BHINOJHEHO NMPH YMHOMEHHH
MobLIX KJjaccoB (reopema 101).

Ycnosue I1I (cymmecTBoBaHHe €IMHHYHOIO 3JIEMEHTA) BBINOJIHEHO,

TaK KaK KJacC 1 B3aUMHO INpPOCT € MOAYJEM H IOTOMY BXOIHUT
B Hallle MHOXecTBO. HakoHell, BBIOJNIHEHO H ycaoBue IV (cymecr-

BOBaHHE 00paTHBIX 3JeMeHTOB). Eciau B3sTh moGolt KJaacc r, B3aUMHO
npocTofi ¢ MOfyJeM m, To obpaTHeM KJaaccom (r)™' 6ymeT xmacce
ro (m-1" TaKiKe B3AUMHO NPOCTOH ¢ MompyJeM. [leficTBHTENBHO,

7 i =1,

TaK Kak COrJlacHO TeopeMe Diuyepa r®™ =1 (mod m).

Kaacc, ofpatHbii knaccy r, Mbl OyJeM 3amucChiBaTh TaKKe
1 1 -
B BHJe —, TaK UTO :=(D 1
r r

I'pynna kKaaccoB, B3aHMHO NPOCTHIX C MOJYJEM m, NpeAcTaBaseT
coO0H KOMMYTAaTHBHYIO KOHEUHVIO Tpynmy, M TOpAJOK ee, T. €.
YUCJO 3JIEMEHTORB, pPaBeH @ (m).

B Teopuu rpynn u3BecTHa TeopeMa Jlarpamka, coTJIacHO KOTO-
poit anast JioGoro siemeHTa A KOHEUHON Tpymmbl NMpPU A, PaBHOM
HOPSIAAKY TPYNIel, HMeeT MecTo paBeHcTBo A”=E, rne E—exuHHIa
rpynnel. Teopema Dfinepa fABJASETCS YAaCTHBIM CJydYaeM 3TOH Teo-
"pembl JlarpaHxXa njs Tpynnsl KJacCoB, B3aHMHO INPOCTBIX C MOZY-
JeMm m. Jlag 3To#l rpynnbl TeopeMa JlarpaHxa NPHHHMaeT BHJ
(r)°™ =1, uto B Apyrofi samHcu M jaeT TeopeMy Diinepa rem =
=1 (modm) npu (r, m)=1.
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2. NOJIE KJIACCOB N0 NMPOCTOMY MOAY IO

B xommyratuBHOH rpynne ajsi JioObX ABYX saemedtoB A u B
MOXHO HafTH 37emeHT X, Tako#l, uto A-X = X-A=B. Ias takoro

B
3jleMeHTa X MOXHO NpHHATL 0003HaueHHe X=-. B uwacrroery,
paccMaTpuBasi TPYMNNY KJA4CCOB, B3aHMHO MPOCTHIX C MOAYyJeM

b
MOXHO, TakHM 00pa3oM, BBeCTH JApo6d —, y KOTOPHIX UYHCJAHTENb
a

M 3HaMeHaTe/Jb— KJacChl, B3aHMHO NpocTeie ¢ MoayJteM. Mbl gaaum
GoJiee ofiee onpejescHHe, [03BOJSIONIEE PaccMaTpHBaTh B Jadb-

. 3 —
HefimeM ApoOH BHAA — M TOTJAa, KOrja KJaacc b ke B3aHMHO NpoOCT
a

C MOAYJeM.
Onpenenenune 39. [Iycmo a u b—kaaccer no modyato m. Yacm-

b . — .
Hoim — Hassvieaemces a060d Kaace x (ecau O cyujecmsyem), maxou,
a

4mo

) Zi="h

b
3anuce k€= OyleM NOHHMATb B TOM CMEICJE, UTO £ BXOAHT
a

B HEKOTOpBIA KJace x = CorjaacHo omnpegenenuto 39, ecan a

&y

" b
M b—KJaccel N0 MOAYJIO M, 3alHChb k€ = 03HAyaeT, uTo
a

ak="b (mod m).

Teopema 123. [lisn awboco kiacca b u xaacca a, 63AUMHO npo-
CMo20 ¢ MOOYyAeM m, cyujecmeyent, U NpuUmom eOUHCMBEHHOE, 4acHi-
b
HOE — .
a
HdokasarteannctBo. Ilycts (@, m)=1. Torga ¢— sjement
IPYNibl KJIAcCOB, B3aHMHO NMPOCTBIX € MOAYJEM, H JJIS HErO cylie-
cTByeT o6paTHull KJaacc (a)~!
B‘ —_ - —
Ecay cyliecTBYeT 4acTHOe X=—, TO @ X=>0, H, yMHOXas ofe
a

acTH 3TOrO paBencTsa Ha (@)~1, nomyuaewm, uto x = b(a)~1, 1. €. 3Ha-

Yenye X MOXKeT ObITb TOJBKO eJUHCTBeHHBIM. HerocpeacTBennas
nposepka nokasbiBaer, uto a (b (a)~)=b a (@)~ =0b-1=b.

&l >

Taxum 06pa3oM, eJMHCTBEHHOCTb H CYIIECTBOBaHHE KJjacca

IOKa3aHkl, MPUYEM YCTAaKOBJEHO, UTO —= b (@)~ 1=b.q® m~1,

al]w



[Tpumepr. 1) Ilo Moxymio 8 uactHoe % 1.5 =Fmmeio
oy
9) IMo moxyaio 14 wacrhoe = =3.11  =3.11° @0-1—"3-118= [3.

ITockonbky ApobH BHAAa — NPEACTAaBASIOT cOGOH KJacchl, HpH

a IQ'I:” |

onepanHax Hajg TaKAUMH ADOGSAMH MOKHO NMPUMEHSITh ME€PEMECTHTEb-
Hblll, coueTaTeNbHBIH W pacnpeaesuTesbHbIA 3aKOHBI.

b d
PaccMarpupast gpo6u — ¥ — cO 3HaMeHaTeJsIMH, B3aUMHO Npo-
a c

b
CTLIMH C MOAYJeM, Mbl OyleM, Kak OOBIUHO, PaBEHCTBO —==
a

b d
HHIMATb B CMBbICJIE COBIIaAeHUST KJACCOB — H — .
a [%

Teopema 124. ITycmo a U C—KAQCCHL, 63AUMHO MPOCMbIE C MO
d
c

D
Oyrem m. Pagercmso — == umeem mecmo mozda u moavko mo2oa,
a

Koeda
ad == bc (mod m).

SIEN

Bosbmem umncao k,

ol

HoxasateascrtBo. 1) Ilyers

npHHajjexaiee 5ToMy KJaccy. llockonabky kei— u kg
a

o[ &

, TO

.

JOJKHDBl BBITOJIHATHCA CPaBHEHUA:
ak= b (mod m), ck=d (mod m). (H

OGosuayum (&, m)=0, toraa cpaBHeHusa (1) nOKa3wBaOT, YTO
6lb ud|d, 1.e. k=k0, m=m8, b="0b,8, d=d,5, rne (ky, m)=1.

Cokpamas (teopema 82) o6e uaCTH 3THX CpPaBHEHUH U MOAY/b
Ha §, mojiyuaem:

k, = b, (mod m,), d,=sck, (mod m,).
[Tepemuoxas 3TW CpaBHeHUS U COKpauiasg Ha k,, B3aHMHO mnpo-
CTOE C MOAYJeM m,, NOJyYaeM I[OCJeN0BaTebHO:
 akydy=b,ck, (mod my), ady = b;c (mod m,).
YMHOKan Tenepb O6e YacTH M MOAYJAb Ha 8, mojayuaem:
ad == bc (mod m).
2) Mycrs ad=bc(modm), (a, m)=1, (¢, m)=1. BosbmeM

kei, T. e. k Takoe, uro ak=b(modm). YMHOKasa ofe uvacTu
= ;
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3TOro CpaBHeHHsT Ha ¢, TnoaydaeM ack=bc(modm), T. e.
ack =ad (mod m). Hakonen, coxkpamasi Ha @, B3aHMHO IpocToe
C MoOJiyJieM, NpPHXOAHM K CpaBHEHHIO ck== d(mod m), T. e. moJay-

yaeM kei.
c

u onpefe-

oo
ofla

[Mockonbky (a, m)=1 u (¢, m)=1, Kaaccu

JCHB OJIHO3HAYHO M HMEIOT ofllee YHCIO R, a CJel0BaTesbHO
(reopema 94), —_—=i
a 4

Cnpeneaeune 40. llpu (a, m)=1, .(c, m)=1 0dse Opobu g—u%

HA3bIBAIOMCA  CPABHUMbBIMU N0 MOOyamo m, ecau be=ad(modm).

b d
Mrul GyneM B 3TOM cayudae mucaTb TE— (mod m). Coraacuo stomy

b d
onpelesIeHHIO CpaBHEHHe FE?(mod m) ©6yler o03HauyaTb, YTO
(@ m)y=1, (¢, m)=1 u uro bc=ad(modm), a CJIe|0BATENLHO,

b d
no teopeme 124 Mnl 6yneM B 3TOM CJydae HMeTb: — = — .
a c

Taxum obBpasoM, cpaBHUMOCTb JBYX JApoGeli mo paccMaTpuBa-
€MOMY MOAYJII0 O3HayaeT cOBMajeHHe COOTBETCTBYIOUIMX KJacCOB.

B uyactHOM cayuae, ecau S—Ek(mod m), To ak=0b(modm), T. e,

ke_,==E

Teopema 125. Ecau
b d d
E:—:Er(mOd m), —~ = — (mod m),
mo:
1) bc + ad _bc _}:ad (mod m),

ac

bd _ b'd
2) o= - (m mod m).

Joka3aTedbCTBO.- 1)—2—52—,(m0d m) u —f—z% (modm) o3-
HAyaioT, YTO
ba'=ab’ (modm) u dc¢’ = cd’ (mod m).

YMHOXan ob6e uacTu epBOro U3 3THX CpaBHeHHH Ha CC a BTO-
poro—Ha aa’ u CKJanniBasi, MNoJyuaem:

(be+ad)a'c’ = (b’c’ +a’d") ac (mod m).

[Tockonsky mpu stom u3 (a, m)=(a’, m)=(c, m)=(c’, m)=1
_ clefyeT Takxke, 4ro (ac, m)=(a’'c’, m)=1, TO nocregHee cpa-
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BHeHHe MOXHO 3amHcaTb B BHJIE:
bet-ad ___ b'c' $-a'd

= (mod m).

Jnsi pasHOCTH J0KAa3aTeJIbCTBO COBEPIIEHHO AHAJOTHYHO.
2) Ilepemuoxasi cpasuenus ba’ ==ab’ (modm) u dc’ =: ¢d’ (mod m),
noJyuaem:

d

ba'dc’ =ab’cd’ (mod m), bd (mod m).

Takum ofpazoM, corjacHo 3TOH TeopeMe OmepaiHH CJAOKEHHS
! YMHOXKEHHS CpaBHeHHH C JPOOHLIMH UJEHAMH [POU3BOLSITCSA
0O TeM Xe 3aKOHaM, KakK onepauHH ¢ OObIKHOBEHHBIMH JAPOCSIMH.

Crenyiomast TeopeMa fBJSCTCS . HENOCPEICTBEHHEIM CJELCTBUEM
teopembl 101 mua cayuas, korja MopyJb—InGpoCTOE YHCIHO.

Teopema 126. Mnroocecmso 8cex Kaaccos 1o NPocmomy Mmooy
npedcmasasem coboi nose.

HokasaTeabcTBO. ¥YXke panbme (Teopema 101) Obu1o jnoka-
3aHO, YTO MHOMXKECTBO KJAacCOB 1O JIIOOOMY MOAYJ/IO TpeACTaBJIseT
coBoll KOMMYTaTHBHOE KOJbIIO MO OTHOLIEHHSIM K BBeJeHHBIM HaMH
OmepauusM CJOKEHHS M yMHOMeHHs. Ecau Moayae p—rnpoctoe
YHCJIO, TO, OYEBMAHO, CYINECTBYET MO KpajiHed Mepe ONMH KJjacc,
Hanpumep 1, oTaHuHBI OT nynesoro. Eciau kiacc a=~0 u b—rpo-
H3BOJIbHHIH Kaacc, To p4 a, (a, p)=1 H, crefoBaTesbHO, COTrNacHoO
Teopeme 123 cyuiecTBYeT elMHCTBEHHOE BIOJIHE OlNpejeIeHHOE YacT-

b
HOE X==—, T. €. a4 x=0.

a
ITockoJbKY YCJIOBHe, NPH KOTOPOM KOJIBLIO sIBJsIeTCs HOJIeM,
BHINOJIHEHO, TeopeMa J0Ka3aHa.
ITo coctaBHOMY MOAYJIIO KOJBLO KJAcCOB HMeeT AeJHUTeJH HYJd
{Teopema 104) u, cjaenoBaTeJbHO, 3aBeAOMO He SBJSETCS ILOJEM.

FJTABA 13
CPABHEHHA C HEW3BECTHOH BEJIMYHMHOH

1. CPCABHEHHY C OJHOW HEW3BECTHOH

Bo3bMeM MHOTOUJIEH ¢ IeJIBIMH KOB@)(}JHHI/leHTaMH:
[lx)=cox"+cx"" 1+ ... e,

Paccmorpum cpanenue f(x)=0 (mod m), koropoe OyzneM Ha-
3BIBATb CpPaBHEHHEM C HeH3BecTHOH BennuuHoii x. Ecau. mpr 6yaem
B 3TO CpaBHeHHe BMECTO X MHOACTABJAATb PasJHUHbBIE HeJibie YHCJa,
TO, BOOOHIe TOBOPsI, HEKOTODbiE 3HAa4YeHHs X MOTYT YJOBJIETBODATH
CPaBHEHHIO, T. €. COOTBETCTBYIOIIHe 3HAUeHHs [(x) MOTYT OKas3aTbCs
Jdeasimumucs Ha m. IlocTaBuM 3ajauyy OTBHICKAHHA MHOMKECTBa BCEX
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TaKUX 3HAUEHHH x, NMpHUeM He HCKJIOUeHa BO3MOXHOCTb H TOrO,
UTO 3TO MHOMKECTBO MOXET OKa3aThCs NYCThIM. Jta 3ajaya aHaJo-
ruuga aJnreGpanueckoil 3ajaue HAXOXJeHUsl pellleHHH ypaBHeHHUS
[(x)=0. B anrebpe mul HIlleM 3HaueHHs X, NPH KOTOPHIX [(x) 06-
painaetcss B HyJab. Pemas cpasuenue [(x)=0(modm), Mbt HileM
3HAUEHHMS X, H NMPUTOM LeJble, NpPH KoTopuiXx f(x) Jeaurtcsa Ha m,
T. €. UMeeT IIpU JeJeHHH HAa m OCTATOK, PaBHBI HYIO.

OxkasbiBaercsi, 4to cpaBHeune f[(x)=0(modm) Jaubo BooOme
He HMeeT MecTa HHM IpPH KaKHX 3HayeHHAX X, JHOO CYILECTBYeT
OeCKOHEYHOe MHOMXKECTBO LICJBIX YHCeJ X, YJOBJETBOPAIIIUX Cpas-
HEHHIO, IIpHYeM BCe 3TH 3HaYeHHs x o6pa3yloT HEKOTOPOE YHCJIO
KJIACCOB 110 MOAY/IIO M.

Teopema 127, Ecau wHekomopoe wuucao a ydosacmsopaem cpa-
BHEH U

[ (x) =0 (mod m),

Mo 8eCb KAQCC @ COCMOUMm U3 4ucen, yoo8AemeopAUUX IMOMY cpa-
BHEHLIO,

HokasateabcTBo. IlycTb a yHOBJETBOPsieT CPaBHEHHIO
f(x)==0(mod m), 7. e. f (a)=0 (mod m) u b €a. Torna b =a (modm)
u cornacHo teopeMe 86 [(b)=f(a)==0(modm). Takum oGpasom,
BMecTe c a moboe YHCJ0 b Kylacca a TakkKe YIOBJIETBOPsieT JaHHOMY
CPaBHEHHIO.

CornacHo 3Toil TeopeMe eCJH B KJjacce HmeeTcsl XoTs Obl OXHO
UHCJI0, YIOBJAeTBOpSomee cpaBHeHHwo [(x)==0(modm), TO Bech
KJacCc COCTOHUT H3 UHCeJ, YJIOBJETBOPSIOMMX CPaBHEHHIO, a4 eCJIH
B KJlacce UMeeTcsl XOTs Obl OJQHO UYHCJIO, He YJAOBJETBOpSMOILee cpa-
BHEHHIO, TO U BEChb KJIACC COCTOUT H3 YHCEJ, He YAOBJETBOPSIONLHX
cpaBHenuo. TIpHHEMasi 3TO BO BHHUMAaHHE, €CTECTBEHHO pelEHHSMH
CpaBHEHHS Ha3bIBaTb He OTHeJibHble YHCJA, YAOBJETBOPSIOLIHE Cpa-
BHEHHIO, a COOTBETCTBYIOUIHE KJacChl.

Onpenenenne 41. Pewenuem cpasnenus [(x)=0(modm) na-
3618AEMCA KAQCC NO MOOYA0 M, COCMOAUL U3 uuce, yaoexzemeopﬂfo-
wux smomy cpasHenuro.

Ecnu xJace a yncesn nmo MoayJio m ABJASAETCS pellieHHeM cpa-
BHeHHS f(x) =0 (mod m), To roBopsAT, UYTO KJacc a YIOBJETBOpPSET
JaHHOMY cpaBHeHHI0. COOTBETCTBEHHO onpeliefieHHio 41 uucoM pe-
mieHuii cpaBHeHuss [(x)=0 (mod m) Ha3LIBAIOT HYHCJO KJIACCOB
O MOJIYJIO f1, YAOBJETBOPSIILHX 3TOMY CPaBHEHHIO.

3anaua HaxOXJEHHS 4HCeJ, YJOBJETBOPSIOUWIHX CPaBHEHHIO
f(x) =0 (mod m), cBomgUTCS K HaXOXKJAEHHIO KJACCOB, yIOBJIETBOPSIO-
LHX yDaBHEHHUIO f(x)=0. [elicTBuTenbHO, €cnH f (@) =0 (mod m),
10 f(a)=0; Ho Toraa corsacHo Teopeme 103 f(a) =f(a)=0. Jlerxo
BHIeTb, uTo H, HaoGopor, u3 f(a)=0 cmenyer f(a)=0(mod m).
Peuense cpapHenMsi npejcTasiisieT Cco00H uacTHHIH chaydail ofmiei
3ajayH pemleHHd ypaBHeHHH. OcoO6EHHOCTbIO 3TOrO YACTHOro Clyyas
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ABJSETC TO, YTO 3HAYEHHSIMH HEHM3BECTHOIO SABJSIOTCH KJacChl
[0 HEKOTOPOMY (GHKCHPOBAHHOMY MOAYJIO.
Yuc0 KJIaCCOB 10 JAHHOMY MOAYJIO KOHEYHO, a UMeHHO 110 Mo-

AyJa0 m MBl uMeeM m Kjaccos: 0, 1, ..., m—]1. Ecnu Ham pano
cpaBHeHHe [ (x)=0(modm), To MBH MOXeM, nepeGpas BCe 3TH
KJ1aCChl, BBISICHHTb, KaKHe KJAaCChl YJOBJeTBOPSIOT 3TOMY CPABHEHHIO,
a Kakue HeT, T. €. HAHTH BCE ero peuleHus.

CoraiacHo Teopeme 127, njst TOro 4ToGnl y3HaTh, yAOBAETBOPSIET JH
KJIaCC CPABHEHHIO, AOCTATOYHO B35Tb Kaxoe-jub0O 4vucjao0, npHHAA-
Jexaiee KJaaccy, H [pOBepHTb, YJOBJETBOPSIET JIH OHO 3TOMY
CpaBHEHHIO.

Taxum o6pasoM, uToSpl pemluThb cpaBHenne f(x) =0 (mod m),
MOMXKHO B3SIThb JUOOYIO MOJIHYIO CHCTEMY BBIUETOB IO MOAYJIO 1
Xis Xy -..y X,, BBHUHCIHTb [ (%), [(xp), , [(x,) n oTOGpaTh
Te X;, IPH KOTOpHIX f (¥;) AensTcs Ham, COOTB(—‘:TCTBy}OHlHe KJAacChl X;
JajyT Bce pelleHHs 3Toro cpaBHeHHs1. OGbIYHO B KAUECTBE Xy, X, ... x,,,
6epyT MOJHYI0 CHCTEMY HAHMEHBLIHX [0 a6COJIOTHOH BeJaHyHHe
BBLIYETOB.

Ecnu cpaBHenue HMeeT HECKOJIbKO peilleHHHl a;, ..., @, HHOrZIA
ITH PEHIEHHs 3allUCHBANT B BURE X=a,, ..., 4,(mod m). Takum o06-
pasoM, x==a,, ..., G,(mod m) O3HAuaeT, 4TO X MPHHHMAIET JIOGbIE
3HAYEHHUs, CPABHHMBIE C OJHHM H3 UHCEN 4y, ..., Q4.

[Ipumepn. Halltu Bce pemteHus caeiymoUHX CpaBHEHHI:

1) ¥®—2x+46=0(mod 11). HenocpencteenHass mnpoBepka Io-
Ka3nBaeT, YTO B [OJIHOH CHCTEMEe - HAMMEHBbIIHX 10 abCOJIIOTHOH
BeJIMUHHE BLIUETOB

-5, —4, -3, —2, —1,0, 1, 2, 3, 4,5

CPaBHEHHUIO YJOBJETEOPsIET TOJbKO OAHO uucao 5. Peurenne sanu-
celBaeM B Buje x==>5(mod 11).
2) x*-2x%4+6=0(mod 8). B noaHoit cucTeMe BLIYETOB

—3, —2, —1,0,1, 2,3, 4

MM OJHO UHCJIO He YJIOBJETBOPSIET CPABHEHHIO H, CJeJ0BaTe/ibHO,
CpaBHEHME He WMeeT peHleHRi.
3) xt—x%—x?4+5x—2=0(mod 6). B noJsHO# cucTeMe BLIYETOB

-2, —1,0,1, 2,3

CpaBHEHHIO YIOBJETBOPAIOT 1Ba uHcsaa: —1 u 2. CpaBHeHHe HMeeT
aBa pemenusi: x=—1(mod 6) u x=2 (mod 6).

Mbp  BHAMM, UYTO 3ajaua pelleHHs CpaBHeHHH Bujaa [(x)==
=0(mod m) ropasjo npoiue, yeM paccMaTpHBaeMasi B aJjrefpe 3a-
Java pewenHs ypasHeHu# f[(x)=0. Pemas ypaBHenne f(x)=0
Mbi QOBIYHO HILEM pellleHHs B HEKOTOpOM 6GeCKOHEUHOM 110JIe, Ha-
ApuUMep B TOJie JeHCTBHTEJbHHX HJH KOMIJIGKCHBIX YHCed, H He
MOXEM NyTeM HCNHITAHUH nepeGpaTh BCE YMCJa TAKOTO 1Ojsl. Pemas
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cpaBHeHHe f(x)==0(mod m), Mbl HILEM pelIeHHe B KOHEUHOM KOJblle
KJAacCOB MO MOZXYJIO M H TNO3TOMY MOMXeM C HOMOHIbIO KOHEUHOro
uycJa onepauuil HafiTH Bce pelleHHs. TeopeTHUeCKH 3ajaua pelile-
HHA cpaBHeHnuil Buga f(x)=0(modm) 3THM pelleHa NOJHOCTHIO.
BMecte ¢ TeM Halo UMeTh B BHJY, 4TO HAXOXJeHUE pelUeHHH ny- -
TeM TAaKHX HCNBTAHUH mpH OGOJBIIMX MOAYJAAX AOBOJBHO 3aTpPyA-
HHUTEJBHO,

HanbHefimas TeopHsA TakKHX CPABHEHHIH HMMeeT IEJbI0 IaTb Cro-
cofbbl, TO3BOJISIIOILME ONpeledaATh UYHCJAO pelleHHH, a HHOTAA H Ha-
XOLHTb STH PelEHHT ¢ MOMOLIbIO BO3MOXKHO MEHBIIEro 4HCJa olle-
puHI/IH

Idaa cpaBhenu#t Bupa [(x)==g(x)(modm) MOXKHO copmyTH-
poBaTh TeOpeMy, COBepLIEHHO aHAJOTHUHYIO Teopeme 127.

Teopema 127'. [Iycme [(x) u g(x)—MHO204AeHOL C YeAbIMU
Koappuyuenmamu., Ecau  Hekomopoe 4ucio a  yoo8iemeopsern
CpagHeH IO

f(x) =g (x) (mod m), (N

mo eco KAacc @ no modyaw m cocmoum u3 ducea, yoo8aermeopAaouux
SMOMY CPABHEHUIO.

HokasateabctBo. Ecau a ynosjerBopser cpasHeHuio (1),
TO OHO YAOBJIETBOPSE€T M CPABHEHHIO

f(x)—g (x) =0 (mod m). 2

BMmecTe ¢ a mo6oe b€a Takxe yAOBJETBODPsAET CPaBHEHHIO (2),
a cJjefoBaresbHO, H cpaBHeHHIO (1) (Teopemn 127 u 87).

Onpenenenne 41'. Pewenuem cpasnenua (1) Haseisaemcs kaace
no molyao m, CcocmoAwjuil u3 4duces, yO08AEMEOPAIOULUX IMOMY
CpasHenum.

Onpenenenne 42. /lsa cpasuerus

[1(x) =g, (x) (mod m,) (3)

f; (x) = g, (x) (mod my) 4)

HO36I8AI0MCA  IKGUBANEHMHLIMU, ECAL MHONCECMS80 ducer, ydosaemso-
PAIOUUX 00HOMY U3 HUX, C0BnaAdaem ¢ MHONCECMBOM Hucen, YOo8ae-
MeopAoUUX OPY20MY CPOBHEHUID.

Ecnn m; = m, 1 cpaBHeHHA (3) K (4) UMEIOT OZHHM H Te Xe pe-
IIEHHA, TO Mbl, OUEBHJAHO, 6yJeM HMETb [BAa 3KBHBaJIEHTHHIX CpaB-
HeHHUsl MO0 OZHOMY H TOMY K€ MOAYJIO. '

Teopema 128. 1) Ecau Kk obeum uacmam cpaswenus f[(x)=
=g (x) (mod m) npubasum 060l MmHO204sEH ©(X), MO HOAYLUM
CpasHerue, 3KEUBANEHNMHOE NEPEOHAYANIbHOMY.

2) Ecau obe wacrmu cpagrenua f[(x)==g (x)(modm) ymHoxcum
HQ OCHO U MO e 4UCA0, 83AUMHO NPOCIOE C MOOYAEM, MO NOAYLUM
CPAsHeHUE, IKBUBANEHITIHOE NEPBOHAHAALHOMY,

u
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3) Ecau obe wacmu cpasHenus u MOOyae YMHONCUM HA 00HO u
mo oce 4ucao k>0, mo noaysum cpasHenue, IKBUBAAEHIHOE NEPEO-
HAYAA6HOMY.

HJoxkasareapcTBo. 1) Ecau npu nexoropom x,

f (x0) = g (%) (mod m),

f(x0) + o (x,) =g (%) + @ (x,) (mod m)

u, HaoGopoT, M3 f(x,)+ o (x,) =g (x4} + @ (%,) (mod m) caeayer
f(xo) =g (x,) (mod m).
2) Ecnn NIPH HEKOTOPOM X,

f(x) =g (xo) (modm) u (k, m)=1,

TO

TO
kf (x5) = kg (x,) (mod m),
a u3 kf(x,) =kg(x,) (modm) caepyer f(x,)=g (x,) (mod m) (reo-
pemer 79 u 80).
3) Ecau npH HEKOTOPOM x,
f (o) =g (%) (mod m), (5)

kf (x,) = kg (x,) (mod km), (6)
a u3 (6) caeayer (5) (reopemnr 81 u 82).
N3 teopemur 128 (1) HemoCpeICTBEHHO CJEAYET, UTO CPaBHEHHE
f (x)=g (x) (mod m) MOXKHO 3aMEHUTb SKBHBAJCHTHHIM CpaBHEHHEM
f (x)—g (x) =0 (mod m),
Mo3TOMY B JlaibHEHIIEM JOCTaTOYHO pacCMaTpPHUBaTh CPABHEHHs BHJa
F (x)=0 (modm) (F(x)=f(x)—g (x)).

Teopema 129. Ecau co==c,(modm), ¢,=c,(modm), ...,
c,= ca(modm), mo  cpasHenus  f(x)=cx" X"t ...+
+c¢,=0(modm) =u g(x)=c:,x"—|—c'1x"‘1+...—|—c,'1§0(modm)
IKBUBACHNIHDL.

JdokasateabcTBO. 1) YMHOKHMM CpaBHEHHA

TO

COEC; (mod m), ¢;=c; (modm), ..., cna—tc',,‘(modm)

COOTBETCTBEHHO Ha Xg, Xo ~, ..., 1, TJe X,—HEKOTOpOe Ienoe
yncao. CkaajpiBas MOJy4eHHbie CPABHEHHS, HMeeM:

f (o) =g (%) (mod m).

OGe yacTH 3TOrO CpPaBHEHHSI MOTYT TOJILKO OJLHOBpPEMEHHO OHITh
CPaBHHUMBI C HyJIeM 1O MOAYJIO m, W, TaKHM 0oOpasoM, cpaBHeHHs
f(x)=0(modm) u g(x)=0 (mod m) >5KBUBaJEHTHHI.

CorjacHo 3TOI TeOpeMe, B UYACTHOCTH, CPaBHEHHE 3aMeHHTCA
9KBHBAJIEHTHLIM, €CJIH OTGPOCHTH MM JXOGABHTH CJaraeMmele ¢ KO03d-
thunHeHTaMH, JeJSALILUMHCA Ha MOAYJb.
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Onpenenenne 43. Cmenenvro cpaguenus f(x)=0(mod m), ede
f(x) —mrozousen ¢ yeaoimu Kosgppuyuenmamu, Hasvieaemcs cmeneub
mrozousena [ (x).

CornacHo 3TOMY Omnpefe/ieHHI0 KBUBAJEHTHBIE CPABHEHHS MOTYT
HMeThb pasHywoo creneHb. Hanmpumep, cpaBHenus 2x+ 1==0(mod 3)
# x3 — 1=0(mod 3) skBuBaneHTHb. CTeNeHb NEPBOrO0 H3 HUX paB-
Ha 1, a ctemexr BTOpOrO 3.

2. CHCTEMbI CPABHEHHH

Donee ofueii siBaseTcss 3ajauya pelleHHA CHCTeMbl CPaBHEHHI:

fl (x) =0 (mod m,)
fa (x) ———O (mOd mz) 1

(7)
J, () =0 (mod m,)

rae f;(x), f, (%), ..., f.(x)—s3amanuble MHOTOUJEHB C LEJBIMH
KO3(pHIIHEHTAMH.

Ecan HEKOTOpPOE uWCJO 4 YAOBJETBOPsieT 3TOH CHCTEME, T. €.
ecs mylfy (@), mylfy(a), ..., mdfo(a) m M=[m;, my, ..., m]—
HaWMeHbllee KpPaTHOE my, M,, ..., M, a b—moboe YHCJO, Takoe,

uto b=a (mod M), To (reopema 86) aas Bcex i(l<Ti=<Ts),
f: (b =F; (a) (mod M), a, cregoBaTeJIbHO, COracHO TeopeMe 89
f: (0)=[;(a) (mod m;), T.e. f;(b)=0(mod m;) (1 <<i<s).

Mbl BHAHM, YTO BMeCT€ ¢ KaXIbIM UYHCJIOM d, YIOBJAETBOPSIO-
mHM cucteMe (7), 3TOH e CHCTEMe YIOBJIETBOPSET H Jofoe YHCJIO0

KJaacca a no monynwo M ={[m,, m,, ..., m]. EcrectBeHHO Bech 3TOT
KJAacC YHCeJ paccMaTpuBaTh KaK OJHO pelleHHe 3TOH CHCTEMBI.
Onpeneanenne 44. Pewenuem cucmemsr cpaguerutli (7), e0e
L), ..., [o{x)—mnocounenor ¢ uyervimu xosgppuyuenmamu, Ha-
3vieaemca Kaacc wucea no modymo M =[m,, m,, ..., m;], cocmon-
wul u3 wucen, yoOBACMEOPAUUX 6CeM CPABHEHUSM CUCIMEMDL.
CoOTBeTCTBEHHO 3TOMY YHCJO pemeHHH cHcreMsl (7) O3Hayaer
YMCJO0 KJAcCOB MO MOAY/O M, yIOBNETBOPSIONIHX BCEM 3THM CpaB-
HenmsiM. Tlo Mougymo M HMeeTcsi BCEro TOJNBKO KOHEUHOE UMC/IO
KJaccoB. B3sB MOJHYIO CHCTEMY BEIYETOB IO 3TOMY MOJAYJIIO, MOXKHO
TIpoBEPUTh, KaKHe HUMEHHO YHCJA 3TOH CHCTEMBbl, a 3HAUHT, U COOT-
BETCTBYIOIME KJjacchl yrosjersopsitor (7). Iloctymast TakuMm o6pa-
30M, MBI MOXKeM IJs J00# CHCTeMBl CpaBHeHHUH HaHTH Bce pelue-
Husi. B uacTHOM cayuae, KOrjja MOAYJM BCEX CPaBHEHHI OJHHAKOBEHI
M paBHBl M, PEIUeHHSIMH ABJSIOTCH KJacchl IO TOMY 3Ke MOJYJIO.
Ilpumepsnl. 1) Halitu peileHue cucreMbl CpaBHEHHIl:

xz—l—x+7_=_0(mod 9), x¥®*—x+3=0(mod9).

B nojnoif cHcTeMe HaMMEHBMIMX 1O aGCOJIOTHON BeJHUHHE Bbil-
YeToB 10 MoAymio 9 cucreMe YIOBJETBOpSET TOJbKO uHCIO 4.
Pemenne cucremsi—kiaace x =4 (mod?9). -
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2) Halitn peweHusi cHcTeMbl CpaBHeHHH:
—3x+2=0(mod6), 2x%*+ x+2=0(mod 4).

3nece M =[6, 4]=12. B nosHOii cHCTeMe HaHMEHBIIMX MO
a6CcoMOTHOH BeJHYHHE BBIYETOB N0 MOAYJIO 12 cucTeMe YAOBJIETBO-
PAOT JBa YMCJAA, a UMEHHO == 2. Peruenus cucreMbl—JBa KJacca no
moaysmio 12; 1.e. x== 4 2(mod 12).

Eme Gosee ofmedi siBasercss 3ajaya pelleHHS CHCTeMbl CpaBHe-
HHA C HECKOJNIbKHMMH HEH3BeCTHLIMH:

fl (xlr KXoy vy xt) =0 (mOdmI)
e e 1, ©
f (%4, xz, ey )—~O(modm5)
vre fi (X, Xg0 oooy Xe)y wuey [o(X5, Xy oo oy Xy) —MHOTOU/ICHBI C ILle-
AbiMH KO3 bHUILHEHTAMH.
Ecau ((a,, a5, ..., 04)) —KOMIIEKC 4YHCeJ, YIO0BJETBOPSIOMHUX
CHCTEME, T.e€. eCJiH
filay, a, ..., a,)=0(modm,), ..., f(a, a,, ..., a)=0(mod m,);
M={my, my, ..., mg] u b =a, (mod M), by,=a,(mod M), ...,

..., by=a,(mod M),

10, MOJB3YsICh TeopeMoll 86° W paccyKjas COBepIIEHHO TakK ke,
KaK B CJy4de CHCTEMBI C OAHHM HEH3BECTHBbIM, I[OJAYYHM, UTO
komiJjeke ((by, b,, ..., b,)) Takxke ynoBJeTBOpseT cHCTeMe (8).
EcTecTBeHHO MO3TOMY peIIeHHSIMH cHCTeMbl (8) Ha3kbIBaTh COOTBET-
CTBYIOILHE KOMILJIEKCBI KJaccoB no Moayaie M.

Onpeneneune 45. Pewenuem cucmemot (8) Hasvlsaemcs Komniexc
kaaccos ((ay, @y, ..., ay)) no modymo M=[m,, m,, ..., m],
yOosaemeopsrouyutl scem amum cpasreruam. CoomsemcmseHHo 3Momy
qucao pewienuil cucmemor (8) NOHUMAEMCA KAK 4UCA0 MAKUX pa3-
AUMHBLX KOMAACKCOB.

[Tockoapky no Monmymwe M Kampuas u3 f KOMIOHEHT KoMIJekca
MOXKeT TnpuHHMaTb M pasJIHUHbIX 3HaYeHHH, HCKOMbIe peIIeHHUs
NPUXOAUTCS OTOUPATH CPEAr M xoMiaexcor. [lpoBepsis, yaoBier-
EOpAeT JH KOMIJIEKC ((ay, az, RN at)) CHCTeMe, U3 KaXXJoTo
KJaacea a,, d,, ..., 4;, 0OblYHO OepyT HaHMeHblIHe MO abCOMOTHO
BeJIMUHHE BbiUeTbl H [OJCTABNAIOT HX B pacCMATPHBAaeMble CpaBHe-
uus. INockoabky M' naxe npu HebGosbmux M U ¢ MOXKeT 0KasaTbcs
CPaBHHTE/IbHO 0OJbIUMM YHCJIOM, BBIYHC/IEHHS OOLIYHO MOJYYalOTCs
JUTHHHBIMH.

ITpumep. HaliTh Bce pelieHHs CHCTEMBL:

x2—y24-2=0(mod6),
B+ x+y+1=0(mod 3).

3pece M =6, 3]=6. Cpeau 36 xoMnjekcoB Yuces BHAA ((a, b)),
e —2<<a<c3, —2<cb<<3, uMeerTcad TOJLKO JABa KOMIJIEKCa:
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((—2, 0)) u ((1, 3)), yrRoBaeTBopsOWHX o0GOWM cpaBHenusM. CH-
CTeMa HMeeT JBa pelleHHs:

1) x=—2(mod6), y=0(mod6), 2) x=1(mod6), y=3(mod 6).

I1 puMeuaHHue. CpaBHel-me Ha3blBAeTCs TOXKAECTBEHHEIM, €CJH OHO Clpa-
BEAJIHBO NPH NPOU3BOJBHEIX 3HAYCHHSX HCH3BECTHLIX.

TJIABA 14 ,
CPABHEHHUSA 1-A CTEHEHHU

1. CPABHEHHUE 1-U CTENEHH

PaccmorpuM cHayazna ciayyail opHoro cpaBHeHust l-fi cremenn
C OIHHMM HEU3BECTHHIM, T.€. CPaBHEHHA

¢x + ¢, =0 (mod m).

Takoe cpaBHeHHe ynoGHee 3amucarhb, IePeHeCs ¢; C OGPaTHBIM
3HAKOM B IIpaBYIO 4acTb B BHJie ax = b (mod m).

Teopema 130. Ecau (a, m)=d u d4fb, mo cpasrenue
ax ==b(mod m) ne umeem pewenuii.

HoxkxasarteabctBo. IlpegnosoxkuM, YTO CyIIeCTBYeT XOTs Obl
OJIHO YHCJIO X,, YAOBJCTBOPSAIOWIEe CPABHCHHIO, T. €. ax, = b (mod m).
Torpa mockosbky dla u djm, to (teopema 90) djb, HO 310 mnpOTH-
BOpEUHT ycJoBHio d{ b. Ilpeanonoxenue CylmecTBOBAaHHA XOTS OL
OJIHOTO YHCJA, YIOBJETBOPAIOUWEr0 CPaBHEHHID, NPUBEJIO K NPOTH-
BOPEYHIO, T. €, TAKUX HUHCEN HeT.

CoryiacHo 3TOHl TeopeMme pellleHHst cCpaBHeHHs ax=b (mod m)
OYAYT pasblCKHBaTbCcA TOJABKO B caydae, korga d|b. B stom cayuae
uMeeM a=a,d, m=ind, b=b,d. 3anucaB cpaBHeHHe B BHJE
a,dx =b,d (mod m,d), ™Mb MoxeM (Teopema 128) 3aMeHUTb ero
SKBHBAJICHTHBIM )

a,x=b, (mod m,),

rae (a;, m,)=1. Mbl BUjuM, 4TO H3yuCHHe CpaBHeHHH l-i crenmeHu
CBOJHUTCS K YaCTHOMY CJydaro, Korja Kos(huiuueHT NpH HeH3BecCT-
HOM H MOJYJb— B3a¥MHO IPOCThie YHCJA.

Teopema 131. Ecau (a, m)=1, mo cpasHerue

ax=b(modm) (15

umeem OOHO U MOABKO O0HO pewieHue.

' JaxuM JBa ZOKa3zaTeJbCTBA 3TOH TeopeMnl. B mepBoM JoKkasa-
TeNbeTBe MBI 06xoauMcst 6e3 TeopeM ruasbl 12. Bropoe nokasartesnb-
CTBO KOpOUe, TaK KaK OHO OCHOBAaHO Ha TeopeMax rjasbl 12.

l-e fokazaTteabcTBO. Bo3bMeM MOJNHYIO CHCTEMY HaHMeHb-
MUX HEOTPHUIlaTe/IbHBIX BHIYETOB MO MOAYJMO m, T.e. yucaa 0, 1,
2, ..., m—1. Ilockoabky (@, m)=1, To corsacHo TeopeMe 107
uucaa a-0, a-1, a-2, ..., a(m—1) Takxe 00pa3syoT NOJHYIO CH-
CTeMy BHIUETOB, a SHAUHT, CPel¥ HUX HaHJeTcss ONHO H TOJbKO
ORHO, NpHHAJJIeXKaillee TOMY Xe KJaccy, YTo H yHcao b. OGo3HauuB
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9TO mnpou3sBelleHHe uepe3 ax,, rle O<<x,<<m—1, 6yneM HMeTb
ax,=b(modm), T.e. Kaacc x, ynoBiaerBopser cpasHeHuio (1).

J10 pelleHHe eIHHCTBEHHOe, TaK Kak cpead umcen 0, 1,2, ...,
m—1, Kpome x,, HET YHCEJ, YJOBJETBOPSIOUINX STOMY CPaBHEHHIO,
a 3HauuT, cpeau knpaccos 0, 1, 2, ..., m—1, Xpome x,, Her pe-
weHu# cpasHenus (1).

2-e foxasaTtenbcTBO. Ecau (a, m)=1, T0 Kaac¢c a mnpu-
HaJJIexkUT (TeopeMa 122) rpymnme KAaccoB, B3aUMHO NPOCTBIX C MO-
IyJeM, a mo3toMy (teopema 123) cyiuecTByeT €IHHCTBEHHBIH KJjacce

f— b o R —
Xo=—, TakoH, uTO ax,=>b, T. e. cpaBHeHHe ax=0b (mod m) umeer
a

OJHO H TOJBKO OJHO pelleHHE.
,HJ'I'H HAaXO0XJeHHA 3TOro pelicHus MOXKHO MOJIb3OBATHCA CJENYIO-

med TeopeMoi.
Teopema 132. [Tpu (a, m) =1 peweruen cpasrerusn ax ==>b (mod m)

Asagemes Kaace
x=ba® m-1 (mod m).

HoxaszatenbctBo. Ilpumenssi teopemy Pepma, noayuaem
a (ba® (M=-1) = pa®(m =p (mod m),

H Torga corsacHo Teopeme 131 x=ba®{™ -1 (mod m)— elHHCTBEH-
Hoe pelleHHe cpaBHeHHs (1).

I[Tpumep. Pemuth cpaBHeHHe 9x=8 (mod 34).

3nech (9,39)=1, ¢ (34)=16 u MBI nomyyaem:

x=8.9%=8.30=8.3"=8.(2187)*=8.112= 16 (mod 34).

[Tpu Gosbwiom m u (a, m)=1 HelenecooOpa3HO pa3bICKHBATH
pelueHHe cpaBHeHUss ax==b (mod m), NoOACTaBAsS BMeCTO X HHCJIA
MOJTHOH CHCTEMB! BBIUETOB, HJIH HCKATb €ro no ¢opmyse

= ba® (™ -1 (mod m);

OOGHIYHO 3HAYUTEJBLHO mpoue ObiBaeT BOCHOJL30BATLCA CJACAYIOMEH

TEOpeMOH.

P, P P P, m
opema 133. Ecau =2, =L, ..., &=t —S=— — nocredosa-
Teope Q’ Q Qsn’ Qs

o m
meabHocms nodxodaujux Opobell pas3AosterHUus — 8 yenuywo dpobe

u{a, my=1, mo peuweruem cpasrerus ax=b(modm) s8rsemca

Kaacc
x=(—1)°bP,_, (mod m),

HoxasatensctBo. Ilo ycnosuio (a, m)=1, a coraacso
P, m
Teopeme 61 (Ps, Q;)==1; nostomy Q.= a ©CTb DaBeHcTso IBYX
s
HECOKpaTUMBIX jApobell, Tak 4TO (npnMeqa}me K Teopeme 41) Py=m,
Q;=a.
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CoraacHo Teopeme 60
Ps—le'_P;.'Qs—l =(—1)%,
aP,_;=(—1°+mQ,_,, aP,_,=(—1)* (mod m).
YMHoxKasi 3T0 cpaBHeHHe Ha (—1)*b, moaydaem:
a((— 1)°6P,_,) =b (mod m).

Takum o6pasoM, uhcto (—1)HP,_, ynoBJerBopsieT cpaBHe-
uao (1) u (teopema 131) coorBeTcTByIOUIME KJace IMpejicTaBasieT
co00H eIHHCTBEHHOE pellleHWe 3TOr0 CpPaBHEHHS.

[Ipumep. Pewuts cpaBHenue 55x =7 (mod 87).

TaK 4TO

Pasnoxense 55 B LenHywo Ipobb jaeT CJeRYoUYK Tagauuy

3/JIeMEeHTOB @; H 4ucaurtesnedl P; NoaxoAsuux Apodeii:

NN ENER RN
Mk

N

|

1
|
\
]
{
3 8 19‘87

3gech s=6, Tak ut0 Kaacc x==(—1)°.7-19==46 (mod 87)—
HCKOMOE pellleHHe.

Teopema 134. Ecau (a,m)=1, a|b+ sm, mo xz?%n(modm) —
pewierue cpasrerus ax=0b(mod m).

"JlokaszaTedbCcTBO. @ (b+sm) = b+ sm =5 (mod m).

TToabsysice a10# Tedpemoil, cpaBHeHHe ax==b(mod m) nocaeno-

BaTeJbHO 3aMEHAIOT KBHBAJIEHTHLIMH (TeopeMa 129) cpaBHeHHsMH:
ax="b -+ m(modm), ax=b 4 2m (mod m),
ax=b4+3m(modm), ...,

[oKa He ronajercs cpaBHEHWe, B KOTODOM JIEBYIO H NPABYIO 4acTd
MOXKHO COKPATHTb Ha a.

TTockonbky yecaoBue al|b-4-sm. npu a==0 o03Hauaer, uTO
ms=—b(moda), rae (m, a)=1, T0o s MOKer OBITb HaiileHO
B MOJVIHOH CHCTEME BHLIUETOB [0 MOAYJIO @, T. €. UHCJO HCIHITHIBae-
MBIX cpaBHeHHH OyJleT He GoJiblue, YeM a.

Atot crocol ocobeHHO Lenecoobpasen npu Hebosblnx a. Hanpu-
Mep, MJIsi cpaBHeHHH Buja 2x=b (mod m), rae 2fm npu 2|b peule-

HHeM OyneT x:i(modm) a npu 246 Gyper x=b~+—m(mod m).

ITpumep. Pemmb cpaBHenne 3x.= 20 (mod 161).
ITpu a=23 uucao s MOXKHO BHOpaTh cpepu uucen —1, 0, 1,
B gpannoM cayuae 3|20—161 cpaBuHenue 3x=20 (mod 161)

115



S5KBHBaJeHTHO CpaBHeHHIO Jx=— 141 (mod 161), Ttak ut0o x=
=—47 (mod 161).

Teopema 135. Ecau (a, m) =d u d|b, mo cpasnernue ax =b (mod m)
umeem d pewenul. Bce amu pewenus obpasywom o0un Kaacc no

m
modyno —.
JdoxkxasateabcrtBo. Bwme (cTp. 113) 6bs0 nokasano, 4To Mpu
(a, m)=dud|bcpasrenue ax = b (mod m) 3KBUBAJEHTHO CpaBHEHHIO
=b, (mod m,), rae my =7, (a =1
Bula a;x=b; (modm,), rae my= -, (a, my) = 1.
CorsnacHo Teopeme 131 Takoe cpaBHeHHe HMeeT pellleHHe,

OpeAcTasafiouiee cof0fl OHH KJacc Mo MOL4Y IO T. €. 3TOMY

m

‘d— ’
m

CpaBHEHHIO YAOBJETBOPAOT YHCJ/IA BHJIA xE(Z<m0d 7), rme o

Mo¥eT ObITb HalCHO NMPHMEHEHHeM CMoco00oB, H3JOKEHHBEIX B TeEO-
pemax 132—134.

} . m
Yucsa aToro kJacca Mo MOAYMO —- 06pasyT d Kjaccos no

mopymo m (teopema 99), u pelllenuss cpaBHeHus ax==>b (mod m)
MOTYT OBITh 3anKCcaHb B Byme'

x=a (mod m), x=a+ -5 2 (modm), . ,xza—i—(d—l)%(modm).

[Tpumep. Pewnrs CpaBHeHHe 20xE44 (mod 108).

3nec5 (20, 84)==4 u 4|44. Coxpamas obe 4acTy CpPaBHEHUH U
MoayJb Ha 4, moJyuaeM 3KBHBaJeHTHoe cpaBHeHHe bx = 11 (mod 27)
unn 5x =65 (mod 27), 1. e. x==13(mod27). MHOXeCcTBO TaKuX X

o6pasyer no moaymo 108 ueTwipe kaacca: 13, 40, 67, 94. Cpasue-
Hue 20x =4 (mod 108) uMeeT ueTnHIpe pelleHHs.

2, HEONPEAEJEHHOE YPABHEHHE 1-H CTENEHH

[Tosb3ysich TeopeMaMHu MpeAbIAYILEro pasjena, MOXKHO AJs Jio-
f6oro cpapHeHusi 1-fi cTeNeHH BbIICHHTH, HMEET JIH OHO peIleHHs
WAM HET, U €CIM HMeeT, TO ONpENEJNUTh WX UYHCJA0. DTH TeopeMbl
MOXKHO IIPUMEHHUTb K pelleHUI0 HeOMpeJeseHHLIX, HIH, KaK HX HHaue
Ha3hIBAIOT, JUOPAHTOBBIX, ypaBHeHHH l-# cremeHH.

Onpenenenve 46. Juopanmosoim ypaswenuem 1-0 cmenewu ¢ n
HeU3BECHOINI HA3LIBAENCA YpasHeHue sula

Ay +apXy+ ... +a,x,=b, (2)

20e ace rcoa(p(puuueumbz U Heusgecmmble—yeabie 4ucaa . xoms 6ol
odno a; 0.
Onpeneneﬂue 47. Peuteﬂuem 6uo¢aﬂmoea YypasHenusn (2) naser-

8QeMCA KOMNAEKC UeAblx uqucen ((xl, Kay vens x,,)), ydogaemeopsuo-
Wil amomy YypasHeruw.,
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Teopema 136. [Ipu e3aumuo npocmoix Kosppuyuenmax a,,
a,, ..., a, Ouogarnmoso ypasHexue

G tax,+ .. Fax, =1 ) 3)

UMEEN PeuleHUe 8 Leablx HUucAax.
HokaszarennvcTBo. O603naunum uepe3 M MHOXKECTBO TexX
NOJNOXKHUTENLHBIX YHCea b, AJNs KOTOPHIX YpaBHEHHE

X + %+ ... +a,x,=b

HMEeT pelleHHe B LeJbX uHcaax. A, oueBHAHO, He MYCTO, TaK Kak
IPH 3aJaHHBEIX @Q;, &5, ..., @, MOXKHO NOJ0OOpATh ULeJbE 3HAUEHHS
Xy, Xsy ..., X,, TakHe, 4TOOH 4,X;+ Q,X, - ...+ a,x, 6blIO 1HOJIO-
MHTEJNBHBIM YHCJIOM.

. B muoxecree M (teopema I) cymecTByer HauMeHbllee YHCJIO,
KOTOpOe MBI o6osnaunmM uepe3 d{(d € M). O6oznauum uepes
X1, X4, «.., Xn LEJHIE UYHCJA, TAKHE, UTO

ax;+ax+ ... Fax,=d.
[Myets a, =dg+r, rae 0<<r <<d; Torzma
=a;— (A X1+ Xy + ...+ a, %) g=
=a;(1—gx)+a,(—gx,)+ ... +a,(—gx).

Mbl nofio6Gpanu nessle SHaueHUS: X, = | —qx{, X,= —qgX;, ...,
ve., X,= —(qX;, TaKHe, UTO QX;+QX,+ ...+@a,x,=r, HO
O0<<r<<d, a d—HaHMeHbIllee IOJIOXKHTEJbHOE uHCIO B M, T.e.
r ne Moxer ObITb MOJOKHTEJNbHBIM, r =0, a;=dgq, d|aq,.

AnasoruyHo mosnyuaeM: d|a,, ..., d|a,.
Mbl BHAHM, UYTO d—OOGMHH JNEJNHTENb HHCeT @y, Gy, ..., Q,,
C/leI0BaTeNbHO, NOCKOABKY (@p, ..., a,)=1, d]1l, d=1, 1e€M,

T. €. ypaBHeHHe (3) paspelluMoO B LeJbiX YHCJaX.

Teopema 137. Hycmb d—rnauborewiui obuud Oeaumend tcosd)
¢uyuenmos ay, a,, ..., a,. Juoganmoso ypasnerue (2) umeem pe-
werue mozda u moneko moeda, Koeda d|b. Yucaro pewenuii makoeo
ypagrerus pasno aubo Hymo, aubo beckonewHocmu.

JlokaxeM mnocsefoBaTeJbHO BCE TPH YTBEDXKJEHHS TEOPEMBL.

1) Iycty d|b. Iast ypaBHeHUs

ax a,

a
et

rie (%‘ , d"‘ veeer g ) == 1, CYWeCTBYIOT LieJIble YHCNA:! Cy, Cg, + . ., Cpy

yloBJeTBOpsiolue eMy (TeopeMa 136), T. e. Takue, 4TO
a a a
?101 ‘*’Ezcz‘*’ R "I'F"C,.: 1.
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Torpa
a, (cl %) +a, (c2 %) +...+a, (c,,%) =b,

b b b 9
T. €. Cig 1 Cags «v+s Cog ) ) —PCUICHHE yDABHEHHH (2).

2) Tlycrb Tenepn dfb. Torna nesas wacTb ypaBHeHHs (2) npH
JOOBbIX. LeJablX Xy, X, ..., X, AeJHTCA Ha d, a mpasast Ha d He
JeJUTCs, TAK YTO PABEHCTBO (2) PH LeJbIX 3HAYCHHAX Xy, X5, « - -, Xy
HEeBO3MOXHO.

3) Ecan ((xy, ¥s, ..., X,))— KOMILJEKC YHCe], VJOBJETBOPsIO-
WHH ypasHeHUIO (‘), TO, HalpHUMEp, BCE KOMILIEKCHI

(%1 + ayt, Xp—ayt, Xgy e, x,)) mpu =0, +£1, £2, ...

TaKXe YJOBJETBOPSIOT TOMY ypAaBHEHWIO M, TaKuM 00pa3oM, y Hac
anbo cosceM He OyaerT peileHnil, Jau6o ux OyneT OecKOHeuHoe
MHOXeCTBO.

Ecau xorsi 66l 0AHA napa Ko3(GhHILHEHTOB B3aHMHO MpOCTas, TO
d=1, u ypaBHeHHe (2) uUMeeT OeCUHCJEeHHOe MHOXKECTBO peIIeHHH.

[Mpumepsr. 1) duodaHToBO ypaBHeHHe 9x,—21x, - 6x,=100
He uUMeeT pelueHHil, Tak Kak 3xecb d=3 u 34 100.

2) HuopantoBo ypaBHenue 20x, -+ 6x,— 15x,+ 35x, =12 umeer
f6eckoHeynoe MHOXKECTBO pelleHHil, TaK Kak 3Jech d= 1.

Teopema 138. Ecau x, ydosaemsopsiem cpasreruro ax == c (mod b),

c—ax,
A ecmos pewlerue OUOPAHMOBA YPABHEHUA

Mo Komniexc ((xo,

ax-+by=c.
c— ax,
HoxkasateabcTtso. M3 ax,=c(modbd) cnenyer, uro -——2°
€CTb IIeJI0e YHCJIO, W HenocpelCTBeHHas MPoBepKa NOKa3biBaeT, uToO

ax,+b ( ax°> =c.
Teopema 139. [Tycme d—rnauboavund obuud Oeaumens a u b,

20e a=0, b=%0, dic u ((x,, Y,))—Hexomopoe pewerte Ouoparmosa
YPasHerua: ax+ by=c. . @)

Toeda mroomcecmeo pewenuil ypasHenus (4) & yeawx ducarax cosna-
Odaem co mHoxmecmeom komnaekcos ((x', y')), rme x’ =xo—% t,
y':yo—i—%t, a t—aboe yeaoe wucao.
HJokasatenbcTBO. HyCTb ((x’, y'))—upou3BONBbHOR pelle-
HHEe JauodaHTOBa ypaBHeHHA (4), T.e. NYyCTb
ax'+ by =c. : (5)

[To ycaosmo, x,, Yy, YHAOBIETBOPAIOT YypaBHeHHIO (4), T.e
ax,+ by, =c. Beluntas paBeHcTBO (D) M3 NoCcJeAHEro paBeHCTBA H
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AeJisl BCe YJIeHbl Ha d, nojayuaem:

’ b,
S =X ) =7 (' — ),

a b al|b ,
rae - W -r—Ilejble 4Yucia. Torna vl F(y —1o), Tpudem (Teope-
b ,
Ma 40) (%—, F) =1, TaK 4TO corJacHo teopeme 41 HMeewm:

a a a
ﬂy’—yo, YV'—to=731 Y =uv+7l
rge {—HekoTopoe nejoe unciao. IloacTtaedassi nalijeHHoe sHaueHue
y’ B (5), moayuaem:
a . ab
ax' =c—b (yo—}— 7t> =ax,— 1,

, b
OTKyJa X =x0——gt.
Takum ofpasom, Jawfoe pelneHHe ypaBHeHHs (4) OyneT uUMeTh
BUJ:
b , a
X'=xe—-t, Y=y,+1,
rje !—HeKOTOpOe LieJioe YHCJO.
OGpaTHoe yTBep:kAeHHe Takme BepHO. [lycets ((x', y'))—Komm-
JeKC, TakoH, 4To

X =x0—%t, y’:yo—}—%t.
HenocpejpcTBeHHass npoBepka NOKasblBaeT, UTO
b
a<x0—7t>+b<y0+ %t>=ax0+by0=c,
T.e. ((x', y')),—pewenne auodaHToBa ypaBHeHuUs (4).

[MTpuMmeuanue. TeopeMa BepHa H TOTZa, KOTFAa a WJH b paBHH HYJIO.

Hanpumep, npu @¢=0, T. e. B cayuae ypaBHeHus 0.-x-+4 by=c, noayuaem d=

c

=(0, by=>5b n npu b|c gnd y uMeeTca eIHHCTBEHHOE 3HaueHHe Yo=7

NpousBoJbHOe uenoe. Jlo6oe peuleHne 3TOrO ypaBHEHHSA MOXMHO NPEACTABUTL B

Bufie x =x4—1:t, y'=y,+0-4, ¥ npu mobom { Taxiie x’ U Yy’ yIOBNETBOPAIOT
ypaBHEHHUIO

, a X

0-x+by=c.
[Ipumep. Pemnth ypaBnenue 50x—42y=34.
3aece (50, 42)=2, 2]34. PaccmaTtpuBas  CpaBHeHHe
50x = 34 (mod 42), HaXoJAuM NOCJEJOBATEJILHO:
4x=17 (mod 21), 2x=19 (mod 21),
x==20(mod 21), x,=20,
Tak 4yto 25-20—21y,=17, y,=23.
Jlio6oe pelleHHe RaHHOTrO JHOGAHTOBA ypaBHEHHA HMeeT BUA:

x=20+21¢, y=23+25(, ‘
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3. CHCTEMA CPABHEHHN 1-H CTENEHH

ITepeiinem Temepb K pacCMOTpeHHMIO CHCTeMBb CpaBHeHuil 1-i cTe-
NeHH ¢ ORHHM HEHW3BECTHbIM. PacCMOTPHM cHayaJjla CHCTeMY BHIA:

x=¢; (mod m,)
x=c, (mod m,) } ©)

Has kpaTkocTH OyJeM Ha3bBATH 3TH CPABHEHHS COOTBETCTBEHHO
NEPBbLIM H BTOPHIM.

Teopema 140. [Ilycme d—nauborvwiud obujuii Oesumers, a
M —Haumenbuee Kpamuoe my u m, moeda eciu dfc,—c;, mo
cucmema cpasHenutl (6) wHe umeem - pewenul, a ecau d|c,—cy, Mo
cucmema (6) umeemn 00HO pewenue, npedcmaersroujee cobol Kaace
qucea no modyaro M.

HokasatenbcTBo. M3 mepBoro cpaBHeHHus (6) mnonydaeMm
x==c¢;+ m;t. Tlpu mmoboM nenoM { TakHe x YAOBJETBOPSIOT Iep-
BOMY CpaBHeHHul0. 3ajaua HaxOXKJAeHHs pelledHil cuctemnl (6) cBo-
JHUTCSI, TakHM ob6pasoM, K TOMy, uToObl BHOparb Takde f, TPH
KOTOPHX X YAOBJIETBOPsieT H BTOPOMY CpPaBHEHHIO, T. €, HAHTH BCe
ueJsble !, TaKHe, 4YTO

¢+ myt =c, (mod my).

OtpickaHHe TakHX ! CBeJIOCh K pellleHHIO CpaBHeHHs 1-H cTeneHH

C HeU3BeCTHOH f: ,
myt =c,—c, (mod m,). )

Ecau npu (m,, m,)=d O6yper dfc,—c,, To (teopema 130)
cpaBHeHHe (7) He uMeeT pelleHHH, T.e. CPelH BceX 3HAYEHHH x,
VAOBJECTBOPAWOIIUX CpaBHeHUO x==c, (mod m,), HeT HHU OJHOrO,
KOTOpOe Y/MOBJIETBOPANO Obf CPaBHEHHI0O X==c¢,(mod m,), H CH-
crema (6) necosmectHa. Ecau dlc,—c¢;, TO pemeHue cpaBHeHUd (7)

m
MOXHO 3anucatbh (TeopeMa 135) B BHAe KJlacca IO MOAYJIO 72'
T. €. B BHJE:

t=uo (mod’g—z), =oa—|—%2y (y:O, 41, +2, ...)

MOJACTaBJIsAA 3TH 3HAuYeHUA ! B ypaBHEHHe X=cC;+ m,f, BbIEJsAEM
U3 MHOMeCTBa 3HAaYeHHUH X, YJOBJETBOPSIONIHX NePBOMY CpaBHe-
HHIO, TE, KOTOpPbie YAOBJETBOPSIOT -H BTOPOMY:

mytmy m1m2

x=cl‘|—m1<“+dy)—‘cl+m1a+ y= B’I‘ y.

(y:O, :,:lv :,:21 "')'
OTH 3HaueHHsi x¥ 06pa3yioT KJacc MO MOAYJIO m—T—”=M (teo-

pema 92), 1.e. x=PB(mod M), rae no Teopeme 34 M =[m,, my).
B coorBeTcTBHE ¢ onpejeneHHeM 44 cucTeMa HMeeT OAHO pe-
ILIeHHE,
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IMMpumeuanue, Ecau m; u m, B3auMuo npocTH, To d=1, M=mym,;
MOCKONBKY B STOM Cayyae npH JoChX ¢; H ¢ Gyper 1|cy—cy, cucrema (6) naa
TaKHX MOAyJeH Bceria HMeeT OJHO pellleHWe, NpejcTaBjsiomee cobofi Kaace
N0 MORYJIO myMmy. :

IIpumepn. 1) HccnemoBarb, HMeeT JH pelleHHe cHCTeMa:
x==9 (mod 34),
x=4(mod 19),
H ecJId HMEET, TO HafiTu ero.
[Tockoabky (34, 19)=1, cucrema umeer pewmenue. Haxonaum:
x=9+34f{=4(mod 19), 15 =—5(mod 19), It =—1=
=18 (mod 19), =6 (mod 19), =64 19y.
[ToacTaBaas 370 3HaueHue { B BbIpAXKEHHe JJS X, HMeeM:
x=9-+34(6+ 19y) =213+ 646y; x=213 (mod 646).
2) HccnenoBath, MMeeT JIH pelieHHe CHCTeMa:
=29 (mod 63),
x=9(mod 3b),
H ec/ii HMeeT, TO HAaHTH ero.
(,Hocxonbxy (63, 35)=7 u 7429—9, To cucTeMa He HMeeT peuie-
HPm’i‘eopema 141. Cucmena
x=c¢, (mod m,)
ot ®
x=c;(mod my)
Aub0 coscem He umeem peweruil, aubo umeem 00HO peulerue.

[IpuMmeuanue. B cooTBeTcTBHH C onpejenexeM 44 pelueHHe MOHHMAETCH
KaK KJacc N0 MOJYJ/0, PaBHOMY HAHMeHbIIEMY KPAaTHOMY HHCEM:

my, Mma, ..., M.

IokasaTenbcTRO npoBefieM HHAyKnHeHd mno s. Ilpu s =2 yTBepxkK-
JleHHe TeOpeMbl BepPHO B CHJY NpeAblAylied TeopeMbl.

IMpeanonoxum, 4TO yTBepXKJAEHHE TEOPeMbl BEPHO AJsl JIOOGBIX
s cpaBHeHHH BHJA (8), H BO3bMeM S | NMPOH3BOJBHEIX CPaBHEHHH:

x=c, (mod m,)
R IR IURIRICIE I O 9
x=c,(mod my) ©)
X=Cs41 (mOd ms+1)
O6osnauum: M=[m,, ..., m] u M'=[my, ..., m, m.,]
HssectHo (teopema 33), uro [M, m, ,]=M". Cornacso npexnoo-
MEHHIO MOTYT NPEJCTABHTHCS TOJBKO c/eAylollHe JBe BOSMOXKHOCTH:

1) IlepBrie s cpaBHeHHI He HMeIOT peilleHHH. B aToM ciydae u
cucteMa (9) He HMeeT pewleHHH.
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2) IlepBhe s cpaBHeHHH MMEKT pelleHHe, MpeicTaBJfOLEe
coboil knacc mo Moayaw M. Torja sHaueHHs X, YJOBJNeTBOpSiOlHe
NepBHIM S CpaBHeHHSIM, COBMNAJalOT €O 3HAUEHHSAMH X BHJa
x=a(mod M), rge a-—HeKoTopoe nenoe, u cuHcreMa (9) 9KBH-
BaJIeHTHA CHCTEMe:

x=oa(mod M),
X=cg,q (mod my,,).

Ecau 8= (M, mg,,) 1 84c, ;—a, TO cucTeMa He HMeeT pelue-
HHsA, a ecau O|cg,,—®, TO CHCTeMa HMeeT OJHO pelleHHe, Tpef-
cTaBasiiomee coboit Kaacc no mopymwo [M, m, . ,|=M’.

TaxkuMm oOpa3oM, H3 CHPAaBEJJNHBOCTH YTBepKAEHHS TeopeMbl A5
JMOGEIX S CpaBHEHHH paccMaTpuBaeMOro BHIA CJeAyeT clpaBelJH-
BOCTb YTBEDXKJEHUS TeopeMbl Jasi JobbX S+ 1 Takux cpaBHEHUH.
CornacHo nMpHHUMNY MaTeMaTHYeCKOH HHAYKLUMH YTBepXJEHHe Teo-
peMbl BepHO AJsl BCeX S = 2.

Ecau cucrema (8) uMeeT pelleHHsl, TO HX MOXHO HaHTH, pelluB
CHayasja NepBble 1Ba CpPaBHEeHHs, A0OaBHB IMOTOM MOCJEA0BATEJLHO
TpeTbe U T. A., NOKa He OyJeT HcuepnaHa BCsl CHCTEMA.

Teopema 142. Ecau my, m,, ..., mM,—NONAPHO 63QUMHO NPO-
cmole vucaa, mo cucmema (8) coemecmua u umeem 00HO pellierue,
npedcmasasioujee coboli Kaacc no modyao M=m,-my-...- m,

HoxasateabcTBo. Ilpy s=2 yTBepXIeH4e BepHO B CHAY
TeopeMul 140 (cm. mpumeuanue Ha crp. 121). Ilpemnmonoxum, uto
yTBepKJeHHe TeopeMbl BepPHO JJist JOObIX S cpaBHeHU# BHAa (8),
rae (m;, m;)=1 npu i==j, ¥ BosbMeM s+ 1 Takux cpaBHeHH# (9)
C MONApHO B3aHUMHO NPOCTHIMH MOAYJSIMH.

CornacHO MpeanmoJioXKEeHHI0 3HaueHHsl X, YAORJETBOPSIOILIHE
IepBbIM S CPAaBHEHHSIM, COBNAJAIOT CO 3HAUeHHsIMH x = o (mod M),

rie M=m,, ..., m,, U cucTema (9) 3KBHBaJeHTHA CHCTeME:
=a (mod M)
_ . (10)
X= oy (mOd g 1)

Ilockonbky mg,, B3aHMHO NPOCTO C KaXJbHM H3 MOAyJaed: my,
..., Mg, OHO B3aHMHO TIPOCTO M C HX NPOH3BEJEHHEM, TAK UTO
M, mg )=1. =

Cucrema (10), a cnefoBaTenbHo, H cHcTeMa (9) cormacHO K Teo-
peme 140 umeeT pelieHue, mpeAcTaBasioulee coboll KJaacc 1o MoAy-
mo Mmg, ,=m,...mgn,,,, K, TAKUM 00pa30M, yTBepXKJeHHe BEDHO
I4ast Jo0blXx s-+-1 cpaBHeHHH paccMaTpHBAEMOro BHJA € MONApHO
B3aMMHO IPOCTHIMH MOAYJAsiIMH. CorJjlacHO MPHUHLUNY HOJHOH MaTeMa-
THYECKOH HHIYKUHH YTBEpKJeHHe TeopeMbl BepHO NpH Jwo60M s.

Ilpumep. PewrnTnb cucteMy cpaBHEHHI:

x=2(mod 7),
x=>5(mod 9),
x=l1(mod 15).
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PeitaeM cHadaja cHCTeMY, COCTOSINYIO H3 JBYX nepsslX cpaB-
HEHHIA:

x=5+49t=2(mod 7), 2{=—3(mod 7), ¢=2(mod 7),

t=2-47y, x=5-+4+9(2+4T7y)==23(mod 63).

Takum 06p33OM, AanHasi HaM CHCTeMa 3KBHBAJICHTHA CHCTEME:

x=23 (mod 63),
x=11(mod 15).
3pece (63, 15)=3 u 3|23—11, Tak 4TO CHCTeMa COBMeCTHa.
Peutaem ee: ,
x=23+-63y=11(mod 15), 3y=23(mod 15),
y=1(mod 5), y=1-52, x=23--63(1-52)=86-315z.
OrBerT. x=86(mod 315).

Jlns HaxoxIeHHsi pellleHHs CHCTeMbl CpaBHeHMH 1-# cremeHu
C B3aHMHO NPOCTHIMH MOAYJSIMH MOXKHO NMOJb30BATbCH CJACAYIOLLel

TeopeMOH.
Teopema 143. ITycme my, m,, ..., M;—NONAPHO B3AUMHO NPO-
cmote uucaa, M =my,my. ..M Y1, Yo, -« » Ys N0C0Opars mak, 4mo
M M
—- pp=1(mod my),——y,=1(mod m,), ..., ——y;=1(mod m,),
t ma Mmge
M
xo:“‘yx 1+ !/2 2t - ’*‘_ms—!/scs'
Tozda peiwenue cucmemol
x=c¢, (mod m,)
X=c, (mod m,)
x=c,(mod m,)
6ydem umems 8ud: x=x,(mod M).
M
HoxaszateabctrBo. Ilockoabky my N
my mg
M M
—— Y= 1(mod m,), nonyyaeM Xx,=-—y,¢; =¢,(mod m,). Aua-
1 L
JOTHYHBIM 00pa3oM mpoBepsieM, 4UTO X,=C,(mod my), ... , x,==

=c (mod m,), T.e. X, yIOBJETBOPsieT BCeM CPABHEHUSM CHCTEMBI.
CorsacHo Teopeme 142 pemeHHe 3TOH CHCTEMbl NpPEJACTaBJAACT
cobofl KJaacc mo moaymo M, T.e. x=x,(mod M).
I[Ipumep. Pemnth cucremy:

x=6(mod 17),
x=4(mod 11),
=-—3(mod 8).



Haxonpnu:
11.8y,=1(mod 17), 3y,=1(mod 17), y, =6;
17-8y,=1(mod 11), 4y,=1(mod 11), y,=3;
17-11ys=1(mod 8), 3y;=1(mod 8), y,=3;

xy=11.8.-6-6-4+17.8.3.4—17-11.3.3=125 (mod 17-11.8);
x-_:125(mod 1496).

PaccMoTpiM Temeph CHCTeMY cCpaBHeHHH - cTemeHu obuiero
BHJA:
a,x=b, (mod m,)
a,x = b, (mod m,) . (11)

Eciu xota 6m npu onnoM i(l <Ci<Cs) pas (a;, m;)=d; 6yzer
d;fb;, 10 (TeopemMa 130) He cywlecTBYyeT 3HaueHHH X, YAOBJIETBO-
pAIOIHAX (-My CpaBHEHHI, a, CJeJoBaTeJbHO, cucreMa (11) He nMeet
peleHui.

Ecaun xe pas Beex [ d;|b;, To Kaxjoe cpaBHeHHE MOXHO pe-
IMATL OTHOCHUTEJBLHO X H 3aMeHHTb cucteMy (11) skBHBajeHTHOH

CHETEMOI:

Xx=q (mod dl)
X=c, (mod'Zi)

Takas cucteMa corjacHo teopeMme 141 nu6o He uMeer pelleHuH,
au6o, eciu pelleHHsl ecThb, TO 3HAUEHHS X, YNOBJETBOPSIOLHE eH,
my  my ng
06pa3y10T KJace 1O MOAYMMO |-—=, —=, ..., 5=
1 2 §

ITpumep. Pemurs cucTeMy cpaBHeHHH:
7x=3(mod 11),

15x =5 (mod 35),
3x =2 (mod b).

Pemas xkaxpoe CpaBHeHI/Ie 3aMeHAeM 3Ty CHCTeMy SKBHBAJICHT-
HOH el cucTeMoil CpaBHeHHH

x=2(mod 11),
x=5(med 7),
=4 (mod 5).
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[MpuMenss teopemy 143, Haxomum:

7-5.y,=1(mod 11), y,=6; 11-5y,=1(mod 7), y,= —1;

11.7.y,=1(mod 5), y;=3;
Xo=7:5-6-2—11.5-5+11.7.3.4=299 (mod 11.7.5).

Oreer. x=299(mod 385).

Hcemopuseckue xommenmapun xk 14-it zaase

1. HeomnpegeseHHple ypaBHeHHsS 1-H cTeleHH Hadajd paccMar-
pHBATBCA ellle MHIYCCKHMHM MaTeMaTHKaMM INpuMepHo ¢ V Beka.
HexoTopele TakHe ypaBHEHHS C JBYMSI H TPeMsl HEH3BECTHbLIMH MO~
SIBHJIUCb B CBSI3H ¢ Npo6jeMaMH, BO3HHKIIHMHM B acCTPOHOMHH, Ha-
npUMep, NPH PAaCCMOTPEHHH BOMPOCOB, CBSI3AHHLIX C ONpefeseHHeM
[IepHOJHYECKOr0 MOBTOPEHHs HeGeCHBbIX SIBJIEHHH.

2. Bo 2-M M3paHHH KHUTH (pPaHLY3CKOro MareMartuka Darue ge
Mesupbsika ,Problémes plaisants et delectables qui se font par les
nombres“, BoieAweM B 1624 r., peiaercs HeonpejeseHHOe Yypab-
Henne ax—by=1. DBawme gne Me3upbsk (aKTHUECKH NpHUMEHsET
NPOLECC, CBOAAULHACA X MOCHEAOBaTebHOMY BLIUHCJAEHHIO HemoJ-
HbIX YaCTHBIX H DAacCMOTPEHHIO NOAXOASMMX ApOOeH; OMHAKO OH He
paccMaTpuBaJ HelPePLIBHLIX JApoOel, KaK TAKOBHIX, H HE YHOTpebJasil
ob6osHaueHu BuAa (1) -t rmaswl. [lonyasipuoe counHeHnne Bawe pe
Mesupbsika okasano 0oJiblIoe BJAHSIHHE HA pa3BUTHE TEOPHH YHCe,
TaK Kak crnoco0CTBOBAJ0 BO3HHKHOBEHHIO HHTepeca K 3ToH objactd
MaTeMaTHKH.

Dame pe Me3upbsik H3BeCTeH M KaK [03T, MUCABIUHA CBOH
CTHXH Ha MHOTHX sI3blKaX. B 1621 r. oH BEINYCTHJ H3JaHHE COUH-
nenuit [{vodanTa co CBOMMH IpUMEUAHUAMU.

3. Nocne Bame pe Mesupbsaka B XVII u XVIII Bekax pas-
JHYHBlE MpaBHJa s pelieHHS HeOolpeJeJEeHHOro YpaBHEHHs
1-fi crenmeHH ¢ JBYMsl HeH3BeCTHbIMH fAaBaiu Poanb, Dinep, CayH-
JIEDPCOH M Jpyrue MareMaTHKH.

[lenHbie Apo6H K pelleHHIO TAKMX YPABHEHH{ ObINH NpPUMEHEHDI
JlarpauxeM, KOTODHIA, OJHAKO, 3aMedaeT, 4TO (PaKTHUECKH 3TO TOT
ke crnocob, Korophlfi 6b gaH Bame ne Me3sHpbAKOM U ApyrHMH
MaTeMaTHKAMH, PacCMATPHBAaBLIMMH HeolpeJieleHHble YPaBHEHHA A0
HEro.

‘Heonpenenennole ypaBHeHHs 1-i CTemeHH CTAJIM 3aMHCLIBATHCSA
H pewathcss B (OpMe CDABHEHHS] 3HAUMUTENBHO MO3XKe, HauWHas C
Taycca.

4. 3amaud, CBOAfAmMMeCcsT K DPACCMOTPEHHIO CHCTeMBl CPaBHEHHH
1-ii cTeneHu, paccMarpuBaIuch B apudMeTHKe KHTAHCKOro Marema-
tuka CyH Tay, XuBllero nNpuMepHO B HauaJjie Hailed 3pu. ¥ Hero,
KaK Yy UeJOro psiia KHTAHCKHX, MHAYCCKHX, apa0CKUX M eBponeH-
CKHX YYeHblX, PemlaBHIHX TaKHe 3aJjauy HocJje Hero, BOMPOC €Ta-
BHJICA B . clefyowme#i Qopme: HaHTH 4YHCJIO, Jjaloulee 3ajaHHbLE



OCTaTKM NpPH JeJieHHU Ha 3alaHHble uucaa. CyH Tsy jgaer cnocoG,
(akTHYeCKM 3KBUBAJIEHTHBIH TOMY, KOTOPHIH JaH y Hac B Teopeme
143, u nostoMy TeopeMy 143 HHOTZA Ha3pBalOT KUTAHCKOH Teo-
pemoii 06 ocrarkax. PaGora Cyn T3y crana usBectna B Espoue
B 1852 r. He3aBHCHMO OT KHTAHCKHX MaTeMaTHKOB CIoco6 pelile-
HHsl 3aJlay TaKoro poja Obli JaH HHAYCCKUM MaTeMaTuKoM Bpame-
rynra (588—660).

Jleonapno Pubonayuu B cBoe# kHHre ,Liber abaci“ paccmar-
puMBaJ 3ajayy HaxoxjeHMs uHcaa N, Jeasuerocs Ha 7 H HMeOUIETO
OCTaTOK, paBHBIA 1, npu memenuu Ha 2, 3, 4, 5 u 6.

5. Cucrema neonpejie/leHHbIX ypaBHeHHH 1-fi cTemedu BnepBhie
BCTpevaeTcss Y KHTAHCKHMX MaTeMaTHKoB VI Beka. 3azauu, npuBoO-
ISIlHe K TAaKMM CHCTeMaM, BcTpeuaiorcs Y Jleonapao ®ubonayuu u
y Baue ne Mesupnsika.

CHucreMa n cpaBHEHHH C £ HEM3BECTHHIMH H3yuajach [ ayccoM.
[MToaHnoe wuccaefoBaHHe CHCTEM JHHeHHBIX cpaBHeHHH Obllo 1aHO B
paGorax ®pobenuyca u Crefinnua B Kouue XIX Beka.

Fr1TABA 15
CPABHEHHA MO NNPOCTOMY MOAYJIIO

1. CPABHEHHE nO TNPOCTOMY MOAYJ/I0O C OJHUM HEU3BECTHbLIM

[Mepexoas or cpapuenuit l-fi cremenM K cpaBHeHHAM OGoJee
BbICOKHX cTeneHel, Lenecoobpa3Ho CHayasa pPaccMOTPeTh TOT -CJy-
uaf, Korja MOAYJb— IIPOCTOe 4HcJa0. B 3ToM caydae nmMeercd pafg
BecbMa BaKHLIX TE€ODeM, KOTOpHie, BooOine roBopsi, HeBepHHB AJs
cocTaBHBIX MoAyJaeli. BMecre ¢ TeM Teopus cpaBHEHHH 1O NPOCTOMY
MOJYJIO sIBAsieTCd OCHOBOH, Ha KOTOPOH CTPOHTCS H3ydeHHe Cpas-
HEHHH TO COCTABHOMY MOJAYJIO.

Bo Bcelt aToit riaBe 6ykBoi p 6yAeM 0603HauaTb MOAYJb, Npej-
CTaBJASIOMHKI COGOH IpoCTOe YHCJIO.

Teopema 144. Ecau p { c,, mo cpasuerue

cx*+e X"+ ... +¢,=0(mod p)

Mmosicem Gblmb 3aMEHEHO IKBUBAACHMHBIM CPABHERUEM C KOIPPuyuen-
MmoM Npu cmapuiem 4aeHe, PABHOM eOUHWUUeE.

HJoxasaTteabcTBo. PaccmorpuM cpaBHeHHe 1-#i  cTemeHu
coy =1 (mod p); HOCKOABKY p4{ ¢y, TO (¢, p)=1 u (reopema 131)
cpaBHeHHe HMeeT pemende. Haiigem uHcno y,, YAOBIeTBOpsiOllee
5TOMY CPaBHEHHIO, T. €. Y, TAKOe, 4TO Coyy=1{(mod p).

Toraa cpaBHenue c¢ox"+¢x"" '+ ...+c¢,=0(mod p) 3kBUBa-
JeHTHo (TeopeMa 128) cpaBHeHHIO

(Coo) 2"+ (C140) X~ 1+ . . . + (C,¥0) =0 (mod p),
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a cJlejoBate/ibHO (TeopeMa 129), cpaBHeHHIO
X"+b x4 ... 4+b,=0(mod p),
rae b, =c,y,(mod p), ..., b,=c,y,(mod p).

[TpuMep. 3aMeHUTb CpPaBHEHHE
27x% 4+ 14x*—10x 4 13 =0 (mod 59)

SKBHBAJICHTHEIM CpaBHEHHeM C KO3(GhHIIUEHTOM IIPH CTaplieM 4YJeHe,
paBHbIM 1.

Pemaem cpasuenue 27 y,= 1 (mod 59) u Haxozum y,=35. laH-
HOe HaM CpaBHeHHe 5KBHBAJICHTHO CPaBHEHHIO

x34-14.35x2—10.35x - 13-35 =0 (mod 59),

T. €. cpasHeHHio x3-- 18x2+ 4x— 17 =0 (mod 59).
Teopema 145. Ecau f(x) u g (x)— mHo204AeHbL C Yeavimu  KOag-
puyuenmamu, Mo cpasHerus N0 RPOCIMOMY MOOYALO

f (x) =0 (mod p) (1)
u
f (%) —(x7 —x) g (x)=0(mod p) @
IKBUBANEHITIHSL.
JoxkasarteabctBo. [lycTh x, yaosaersopser cpasHenuio (1),
T. e. f(x,) =0 (mod p). TTockonbky npHu JO60M x, COIJIACHO Teo-

peme ®epma (Teopema 119°) x{—x, =0 (mod p), T0
f (%0) — (x5 —x,) g (x4) =0 (mod p).

[Toab3ysach Toil ke Teopemoli Pdepma, mnosyyaeM, 4TO €CJIH X,
YIOBJeTBOp fieT cpaBHEHHIO (2), TO f (X,) = (x5 — X,) g (%,) == 0 (mod p),
u, fakum ob6pasom, cpaBHenus (1) H (2) >KBHBaJEHTHBHI.

M3 sToii TeopeMbl HemocpeJCTBEHHO BBITEKAeT CJeAyIOIas.

Teopema 146. Cpasuenue no npocmomy MoOysi0 p, cmenews
Komopozo Goablue, Yem IMOM MOOYAb UAU PABHA emy, Moscem Obimb
3AMEHEHO IKBUBANEHIIHOIM CPABHENUEM CMenenu, MeHouwleld wem p.

HJoxaszateabcrBo. Ilycts f(x)—MHOrowjeH ¢ meJbIMH KO-
spbunme Htamu creneHH n=p. llpu genenuu f(x) Ha xP—x co-
TJIaCHO H3BeCTHOMY croco6y JeJleHHs MHOrouJieHa Ha MHOrO4YJIEH
HeIIOJIHOe 4acTHOoe g (X) M OCTaToK r (x) 6YAYT TaKkxKe MHOroYJeHaMH
C LeJBbIMH KO3(pdHIHEeHTaAMH:

f(x)=(x*—x) g (x)+r (x),

rie cTeneHp r (X¥) MeHbIle cTeneHH x”—x, T. e. MeHbIIe, 4YeM p.
CornacHo  npepbiaymeli Teopeme cpaBHeHHs [(x)=O0(modp) u
r (x) =0 (mod p) 3KBHBaJEHTHHI.

Mpumeuanne. I[Ipakruuecku yaoGHelt mosb3oBaTbes Teopemoli 145, same-
HSISl KAXKAOE CJaraeMoe MHOrouieHa x°, TAe $==p, CJlaraeMbiM

15— (1P —x) 2P =x5"(P-1)
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cTenenH, menbuiel uem s, CaepoBarensho, ecan s=(p—1)g+r(l<r<<p—1),
10 x® MOXHO 3aMeHMTb Ha x. l'lponenbuaaﬁ 3Ty ONepamnMio JJisl BCEX CJaraeMbx
MHOrouJieHa, JOCTHTHEM TOTO JKe pe3yJbTaTa, YTO H NpHMeHeHHeM TeopeMnl 146.

[Mpumep. CpaBHenue x'®-4-3x8—5bx?—x*+6x—2=0(mod7)
3aMeHHTb SKBHBAJEHTHBIM CpaBHEHHEM CTENeHH, MeHbluiel ueM 7.

Pemenune. CornacHo npHMe4yaHHio K TeopeMe 146 Mrl mogay-
YHM 3KBUBAJIEHTHOE CpaBHeHHe, ecjH 3aMeHuM x1% Ha x16-2-%=yx*,
x8 Ha x?, x? na x. TakuM obpasoM, 3aJlaHHOe CpaBHeHHe SKBHBaA-
JCHTHO CpaBHEHHIO

(x*4 3x*—Dbx)—x* 4 6x—2=0(mod 7),

T. e. cpaBHeHUIO 3x%+x—2=0(mod7).

Teopema 147, Ecau [(x), g(x), A (x), r (x)—mHozo4renot ¢ ye-
avimy koappuyuenmanu: [ (x)=g(x)h(x)-+r(x), u 6ce xoappuryu-
enmol r(x) Oeaamcs HA NPOCHMoe 4uciAo p, mo aroboe peulexue
CPABHEHUS

f (x) =0 (mod p) (3)
ABASEMCA pellerHuem No Kpailineld mepe 00H020 U3 CPABHCHULL:
g (x)=0(mod p), h(x)=0(mod p). 4)

JlokaszateabcTBo. IlycTs x,—pelleHHe cpaBHeHHs (3),
T. e. f(x)=0(modp). Ilockoabky Bce KO3POUIIHEHTH r (x)
Iensitcs Ha p, OyleM Takme HMeTb r (x,)=0(modp), a nosTomy

g (%) (x0) = [ (xo) —7 (x0) =0 (mod p).

Coraacno teopeme 105” H3 CpaBHHMOCTH NipoH3BeAeHHUd g (xy) /1 (X,)
C HyJeM IO MOAYJIO p clenyeT, 4TO NO KpaiHeH Mepe OIHH H3
3THX MHOXKHTeJeHl CpaBHHM C HYJEM MO 3TOMY MOAYJIO, T. €. Xo—
pellleHHe NO KpaHHeH Mepe OLHOIO M3 cpaBHeHMH (4).

[Tpumep. B cpaBHenun x*-18x24-5=0(mod 31) nesyio
4acTb MOXKHO MNpeACTaBUTL B BHie (x2—4)(x*—9) - (31x2—31),
H Mbl HaxOJHM BCE pelleHHs 3TOrQ CpaBHEHUA, pellas CpaBHEHHS:

" x2—4=0(mod 31), x2—9=0(mod 31), 1. e. x=4 2(mod 31)
u x=+3(mod3l). Bce 5Tu ueTbipe KJacca YJIOBJETBOPAWOT Ha-
lLIeMy CpaBHEHHIO.

JInsa coctaBHEX MojaysaeH 3Ta Teopema HeBepHa. Hanpuwmep,
cpaBHeHHIO X%+ 4x=x (x+4) =0 (mod 12) yjpopneTBOpsieT KJacc 6,
He SIBJIAIONHACA pelleHHeM HH OJHOro U3 cpaBHeHHH: x = 0 (mod 12),
¥+4=0(mod 12).

Teopema 148. Cpasrnenue cmenenu n 1o APocmomy molyao p
C Koapuyuenmom npu cmapuiem 4ieHe, He OCAAWUMCA HA p,
Moxcern umems He Ooabuie vem N petleHull. )

JokaszaTesbCTBO. YTBepkKAcHHE TeopeMbl BePHO NpH n=I.
JleficTBHTENIBHO, B 5TOM CJiyYae Mbl HMeeM cpaBHeHMe l-H cTeneHu:
CopX+c,=0(mod p), rae p{c, T. €. (€, P)=1, a Takoe cpaBHe-
HYMe (Teopema 131) HMeeT B TOYHOCTH OAHO peweHHe. Ilpumenum
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Tenephb AJsl AOKa3aTeJdbCTBA TEOPEeMbl METOJ MOJHON MaTeMaTHYeCKOM
HHIYKIHH, ..

ITpeanonoxuM, UYTO yTBepXKJEeHHE TeOpeMsl BepHO JJsl Bcex
MHOTO4JIeHOB (71— 1)-i cTeneHH CO cTapmWIUMH Ko3bhdHuiHeHTaMH, He
AENAMHUMHCS  HA npoctod Moaynab p. BosbMmem Temepb mpousBoJib-
HBIH MHOrouJjieH n-d cTeneHu:

f(x)=cox"+cyx" "1+ ...+,
rie p{c¢,, U pacCMOTPHM CpaBHeHHe
f (x) =0 (mod p). )

Ecnu 310 cpaBHeHHe He MMeET HH OJHOrO peLIeHHs, TO YHCJO
pelleHH# MeHblle 4eM 7.

Eciim ke 370 CcpaBHeHHe HMeeT pellleHHs, TO Bo3bMeM JioGoe
YHCJIO X,, YJOBJETBOpSIOlee eMy, H pasienuM [(x) HA X—x,.
CoraacHo teopeMe Besy (reopema XII) Gymem umers:

f(x) = (x—%0) & () + [ (%,)-
KoatpdurueHTn MHOrodseHa (n—1)-it crenenn
gx)=byx""t+...+0b,_

MOryT OblTb, KaK H3BeCTHO, HalmeHbl no cxeme ['opHepa W mpen-
CTaBJSAIOT co60H Uesible yHca, NpuYeM b, =c,.

[Tockosbky X, yzoBJerBopsieT cpaBHeHHIO (D), p|f(x,), T. e.
3jecb NpuMeHMMa TeopeMa 147, To Bce peueHus (D) HaxomsaTcd
cpenu pelueHuil cpaBHeHHA x—x,==0(modp) u g(x)=0(mod p),
YIOBJIETBOPAAAL JIUOO OJHOMY H3 HHUX, JHO60 oGouM.

CpaBHenue x—x,=0(mod p) uMeeT OAHO pelleHHe, a CPaBHe-
uue g (x) =0 (mod p), npeacraBasiomee coboit cpaBHeHHe (n— 1)-i
CTENIEHH [0 MNPOCTOMY MOAYJIO € KO3hdHUUIHEHTOM IMpH CTaplueM
ujieHe b,=c,, He JeJsimeMcs Ha p, COrJacHO TPeAnoJOKeHHIO
MOXKeT HMeTb He OoJblle yeM n—1 pemeHuit. TakuM o6GpasoM,
cpaBHeHHe (5) Hmeer He GoJibuie yeM 14 (n—1), T. e. He GoJblle
YeM n pellleHHH.

YTBepxaeHue TeopeMbl Oblio npoBepeHo npu n=:=1. M3 cnpa-
BEIJIMBOCTH yTBEPKAEHUS AJisI MHOTrO4JIeHOB (n— 1)-ii cTeneHH ciie-
IyeT CNPaBelIMBOCTb STOrO e YyTBePKAEHHS JJis MHOrOUYJIeHOB
n-i crenenu. CorJiacHO NPHHIUNY HOJHOH MaTeMaTHYECKOH HHAYK-
WM CNPaBelJHBOCTb TeOPeMbl AOKAa3aHa,

[Tpumep. x,=31 ynosnersopser cpaBHeHuio 11x2 =65 (mod 103)
HaiiTh Bce pelleHust 3TOro CpaBHeHHS.

OueBHIHO, YTO BMeCTe C KJjaccoM 31 3TOMY CPaBHEHHIO YJOB-

netBopsieT H Kaacc—31. Koaddunuent npu crapuwem uniede 11 we
AeJIUTCS HAa MNPOCTOH MOLYJIb 103, MO3TOMY CpaBHEHHE HE MOXeT
HMeTbh GoJiblle ABYX pelleHHH.

OrserT. x=z 31 (mod103).
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Ina. cocTaBHbIX MOAyJAeH STa TeopemMa HesepHa. CpasHeHHe
CTeneHH n 110 COCTaBHOMY MOAYJIO ¢ KO(D(HUHEHTOM OpH CTapiuem
uJieHe, He JeJsmeMcs Ha MOAYJAb HJH Jaxe B3aHMHO HPOCTOM
C MOAYJeM, MOXeT HMeTb Gojbiue 4eM n pemenHii. Hanpumep,
cpasieHne x2—3x+2=0(mod6) umeer 4 pewenusn: 1, 2, 4, 5.

Teopema 149. Ecau cpasuenue cmenenu n no npocmomy modyao
p umeem 6osvwe 4em n peulenuli, mo 6ce Koappuyuenmor cpasue-
Rus Oessmca Ha p. ‘

HoxasatenbcTBO. BoabMem so6oe npocroe uucyio p. Ecan
CpaBHeHHe Cyx-+c¢,=0(mod p) uMeeT Gosblle uyeM OJHO pelLEHHE,
TO corjacHo Teopeme 131 (¢, p)==1, T. e. plc,, a Torma u p|c,.
Takum o6pasom, npu n=1 Teopema Bepua. Ilpeanosoxum, yTo
YTBepXKJeHHEe TEOPeMn! BEDHO JAJI MHOTOWIEHOB CTENEHH, MeHbIueH
ueMm n, T. e.. NPeANoJOXKHM, YTO YHCHO pelleHHH CpaBHEHHS CTe-
MeyH, MeHbLIEH YeM 7, MOXET NDPEBOCXOJHTb CTeNeHb CPaBHEHHA
TOJIbKO TOrfa, Korja BCe KO3b(HIHEHTb JeJIiTC Ha MOAYJb p.

BosbmeM n060e cpaBHEeHHE CTENEHH n:

CoX"+Cx""1+ ... +¢,=0(mod p), (6)

HMejolllee Gosbiie deMm n pemlenHHi. CorsiacHo Teopeme 148 B Takom
CPaBHEHHH C, AeJHTCS Ha p, a TOrfa CpaBHeHHe

X"~ 1+ ... +c,=0(mod p), Y

sKBHBaJeHTHOe (TeopeMa 129) cpaBHenHuO (6), TakiKe HMeeT GoJbuie
4YeM n pelleHHH.

B cpaBHeHuH (7), CTeleHb KOTOPOTO MeHbllie 4eM 1, a YHCJO
PellieHHli TMPEeBOCXONUT CTeNeHb COrJacHO MpPeANOJOXKeHHIO, BCe
KO3(pHUHEHTH JOJIKHBI JEJHTbCS. HAa p, T. e. plcy, ..., plc,.
ITockoabKy yxke paHbile ObIJIO YCTAHOBJIEHO, YTO p|c,, YTBepXie-
HHe TeopeMnl BepHO aast n. CorjacHO NPHHUHNY MOJHOH MaTeMa-
THHECKOH HMHAYKUHH CpPaBeXJHBOCTL TeOpeMH JOKa3aHa.

Teopema 150. Tycms f(x)=x"+4cx" '+ ... c,—MmHozouren
¢ yemimu Kosppuyuenmamu u c80600H6IM urenom c, Z 0 (mod p),
20e p—npocmoe 4ucro, nputem p = n. Cpasrerue | (x)=0{(mod p)
UMeem n peulenuli moz0a U moAbKO moeda, koeda ece Kosduyuernmot
ocmamka om desenus xP~1—1 na f(x) kpamuot p.

JoxkasateabctBo. Ilyets xP~1—1=F(x)g(x)+r(x), rie
g(x) H r(X)—MHOTOWJEHBI C LeJbIMH KO3hhHLHEHTAMH, MNPHUEM
cTeneHb r (X) MeHbILe 4eM A.

1) JlokaxeM JOCTaTOYHOCTb YycyoBHs. IlycTb kovpduUHEHTH
r (x) .peyiaTcd Ha p.

O6o3nauum yepe3 S # T COOTBETCTBEHHO YHCJIO PEIUEHHH Cpas-
HeHHHA

f(x) =0 (mod p), ' (8)
g (x) =0(mod p). 9
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CpaBHenne xP~1—1=0(mod p) no Teopeme Pepma nmeer p—1
peutenuii. Kaxnoe M3 3THX p— 1 pemeHuii corsacHo teopeme 147
sIBAsICTCH pelleHHeM XoTs O ONHOro u3 cpaBHeHHi: (8) uaum (9),
T. ¢. S+ T=p—1.

CpaBHenne (9) creneHd p—1—n HuMmeer KoadpuitHeHT TpH
cTapuieM YJeHe, paBHAIN e[HHHIE, TaK uTO (TeopeMa 148) T<< p—1—n
H, CJeloBaTeJbHO,

S=z(p—1)—T=p—1—(p—1—n)=n.

ITocKoabKY TIpH 3TOM B cUJIy TOH e TeopeMbl 148 S<tn, mno-
JyyaeM S=n, T. €. U3 JeJHMOCTH K03(hdHUIHEHTOB r (x) Ha p cJe-
JyeT, 4TO YHCJIO pelleHHH cpaBHeHHs (8) paBHO n.

2) Jloxaxem HeoO6xoguMOCTb YycaoBHsA. IlycTe cpaBHeHune (8)
HMeeT n peweHudl. Ecam x,—peuleHHe cpaBHeHHs (8), TO
[ (x,) =0 (mod p) u BMecTe C TEM, TOCKOJABKY P 4 C,, TO P { X4, @ CAEHO-

BaTebHO, corJjacHo Teopeme ®epma x5 '—1=0(mod p), Tak uTO

r (%) = (x5 7" —1)—] (x,) g (xo) =0 (mod p).

Takum o6pasoM, Kaxjoe H3 n peuleHHH cpaBHeHHUsd (8) ABaAgeTCS
peulesdeM cpaBHeHHA r (x)= 0 (mod p), cTemeHb KOTOpPOro MeHblIe
yeM n. CorsmacHo Teopeme 149 Bee KoathduIiHeHTH r (x) AendTcs Ha p.

ITpumep. Cpasrenno x?==1(mod 13) yjOBIeTBOPSOT KJac-
col 1 u 3. MMeer in 5T0 cpaBHEHHe ellie OJHO pelleHHe?

Henst x1?2—1 na x*—1, Haxoaum:

x2—1=(x3—1)(x®+x+ x4 1),
Tak 410 r (x)=0, H, cJaefoBaTeJbHO, 3TO CPaBHEHHE Jﬂme‘ef . TpH
pelileHHs. '

2. CPABHEHHE MO APOCTOMY MOAYJIO
C HECKOJIbKUMH HEH3BECTHbIMH

HekoTopble U3 pacCMOTPEHHBIX HAMH TEOPEM MOXKHO -Jerko 0606-
OIUTh ‘Ha cJyyail cpaBHeHUH € HECKOJbKHMH HEHM3BECTHBHIMH . BHJA

Flx, Xg5 o0vy %) =0 (mod p), (10)

rae [(x, X3 ..., X,)—MHOTOUJIEH C UEJBIMH KO3(hhHIHEHTaAMH,
a p—nmnpocroe uyucio. HemocpeacTseHHBIM 0600ImeHHEM TeOPEMEL
146 aBaseTcsa caexymromas.

Teopema 151. Ecau 6 aegod wacmu cpasnenus (10) nexomopsie
U3 Heu3BeCMHbIX BCMPEdAOMCa 8 6ude cmenexl ¢ nokasamesem == p,
mo cpaeterue (10) MONHO 3aMeHUmMb IKBUBANCHMHLIM CPABHEHUEM,
8 KOMOPOM Cmenent Kanc0020 U3 HeusseCmubix He npesocxodum p—1.

JoxasareabcTBo. PaccyXnas coBeplIeHHO Tak ¥e, Kak H
NpH JOKasaTedbeTse TeopeMu 145, yGenumest, urto cpapienue (10)
S5KBHBAJIEHTHO CPaBHEHHIO

F(xy, x5, ... x,)—(xfé—xi)g(xl, Xz «vey %) =0 (mod p),
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rae-g(xy, X3 ..., X;)—IPOU3BOJbHHIA MHOTOWEH C MEJNBIMH KO-
apduumenTamu. . :
Ecau cpeanm chnaraembix f(xy, X5, ..., X;) €CTb uJieH BHJA
Axft o xF L s (1l<<i<s), thme k;=p, To MB MOXeM, B3SB
g Xy, Xgy ooy x)=AxE . xF7? . xF*, aamenuts ero ujenom
AxFo o xbim-D ks satem AxfroL L xRmRmD gk oy o1
Ecnu ky=(p—1)q,+r;, The 1=<<r;<{p—1, TO B nokasarteje
A x; MOXHO OT6pocuTh (p—1)¢; W NONYYUTb SKBHBaJIEHTHOE
CpaBHeHHe, B KOTOPOM cJiaraemoe AxP . xB L xP Gyper sa-

MeHeHo Ha Ax™ ... x['... xF. Tlponesas Takme omepaunH AJs BCeX
cJlaTaeMblX N0 OTHOLIEHHIO K KaMJOMY M3 HEeH3BEeCTHBIX, BXOJSIIEMY
C ToKasaTesjeM ==p, NOJYYHM CpaBHeHHMe, 3KBHBAJIEHTHOE IepBO-
HadaJbHOMY, B KOTOPOM CTeNeHb I10 OTHOIIEHHIO K KaXKJOMy HeH3-
BecTHOMY OyneT He Goabine uem p—1.

Teopema 152. Ecau cpasuenue f(xy, X5, ..., x,)==0(modp),
CMeneny KOmMopoz0 No KanOOMy Heu38eCMmHOMY MeHbuie ueM p,
yoosaemsopsemcs Rpu 6CeX UEAbIX Xy, Xy, ..., X5, MO 6C€ KO3P-
Guyuenmor mroeodnena [(xy, %, ..., X;) Oeasmca Ha p.

HokxaszatenbctBo. [IpoBeleM HHAYKUHIO 1O YHCJAY HEH3-
BeCTHBIX §. IIpn s=1 yTBepxJeHue TeopeMn BepHo. IlpeanosoxuM,
4TO yTBEPXKIEHHE TeOpeMbl BEpHO INpPH S=n, H BO3bMEM IPOH3-
BOJIbHOE TOXKJECTBEHHOE CpaBHEHHE [ (X{, ..., X,, X,,1) =0(mod p),
CTENEHb KOTOPOro MO KaMAOMY HEH3BECTHOMY MeHblle YeM p. Ecin
k—mHaunboJablmnf NOKasaTeNb CTeneHH HEH3BECTHOIO X,,,, TO CpaB-
HEHHe MOXHO NpPEACT2BHTb B BHJE:

Go (X vy X)Xbia @ (Key ovy X)) Xh T g o g (Xyy ey X)) =
=0 (mod p),

rae Bce g; (%, ..., X,)—MHOTOUJIEHB ¢ LEJBIMH KO3(hHIHEHTAMH,
CTENEeHH KOTOPBIX MO Ka)IOMy HEH3BECTHOMY MeHblle ueM p. Ecin
BMECTO X, ..., X, [OACT2BHTb JiioOble LeJHe YHC/I2, TO NOJYyUHM
TOXAECTBEHHOe CpaBHEHHe C HEH3BECTHOH X,,, CTeneHH k<p.
CorsacHo TeopeMe 149 Bce xo03hOdHUHEHTH 2TOr0 CpaBHEHHS:
o Xy, - ovs %), ovvy &x (X4, ..., X,)—ROKHH IIpH JICOBIX 3Haue-
HHAX Xy, ..., X, JeJUTbcs Ha p. [loCKOMIBKY coryacHo npeanoJo-
JKEHHI0 AJis1 MHOTOUJIEHOB OT 71 aprYMEHTOB YTBEPXKJeHHE TeOpeMbl
BEepPHO, BCe KO3(h(DHIHMEHTH ITHX MHOIOUJEHOB, a CJel0BaTeJbHO,
¥ MHOTOWIEHa f(Xy, ..., X, X,.;) AOJIKHB! NEJHTbCS Ha p.

CorsacHO NMpHHUHMNY TNOJHOH MaTeMaTHYeCKOH HMHIYKUHH YTBep-
KJEHHe TeOpeMbl BepHO IJs M06Oro YHC/Ia apryMeHTOB.

3. MPHJIO)KEHH S1: TEOPEMA BHJIbCOHA, TEOPEMA LIEBAJILE

B kauectBe npusoMeHUs TeopeMbl 150 JoKaKeM HHTepecHoe
CBOHCTBO IIPOCTHIX YHCEJ, KOTOpPOoe OOLIYHO Ha3HBalOT TeopeMoil
Buabcona.
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Teopema 183. [Jas aoboeo npocmozo wucaa p umeem mecmo

cpasrerue:
(p—1 14+ 1=0(mod p).
HoxkasatenbcTBo. Ilyctb p=3, T. €. p HeyeTHO H
(—1y-1=1,
CBoGOAHBIH 4JIeH CpaBHeHHS
f()=(x—1)(x—2)... (x—(p—1)) =0(mod p), (11)
pasubit (p—1!=1-2...(p—1), ne geaurca (treopema 105") Ha p.
Kaacen 1, 2, ..., p—1 yZzOBJeTBOPAIOT 3TOMY CPaBHEHHIO, T. €.
uncjao peweHHH cpaBHeHus (11) paBHO ero creneHd. Paccmorpum

PaBeHCTBO
xPT1 1 =f(x)-147r(x),

rie r (x)—ocrartok or genenusi xP~'—1 Ha f(x). Torma coraacho
TeopeMe 150 Bce KO3(hdHIHEHTH oOCTaTKa

r(x)=E"1—)—(x—1(x—2) ... (x—(p—1))

JensaTcss Ha p. B yacTHocTH, Ha p AedHTCs CBOGOAHBIH 4YJeH r (x),
paBHbIE MO abcomoTHOHR BenuyuHe (p—1)!+4 1. Ilpu p=2 yreepx-
JeHHE TeOpeMbl NPOBepsieTcsl HENOCPEACTBEHHO.

I[Tpumeph.

1) p=5, 414+1=25, 5|25.
2) p=7, 61 +1=721, 7|721.
Teopema 154. Ecau n—cocmagnoe 4ucao, mo
(n—1)! 41 == 0 (mod n).

HoxaszartenbcTBo. [lycTh n cocraBHoe, T. €. n=a-b, rae
l<<a<<n, l<<b<n; rtorma a|(n—1)! H, -caeloBareabHo,
af(n—1)!4+1, HO Torga M momaBHO (mpuMeuyaHHe K TeopeMe 6)
nf(n—NHl41.

Teopembr 153 u 154 nokasweiBaioT, YTO HeOGXOXHUMBIM H JAOCTa-
TOYHBIM YCJOBHEM TOTO, UTOGH YHCJO 1 >> | GBLMIO MPOCTHIM, ABJIAETCS
penumocts (n—1)14+1 Ha n.

HHorna npocroe uucao p mMoxeT Obith JeauteseM nl41, npu
3HaueHHsIX n<<p—1, Hanpumep,

181+ 1=0(mod 23), 61!+ 1==(mod 71).

Caenyromasi TeopeMa Gnlia fokasaHa Bnepere Lllepanbe B 1936 r.

Teopema 155. Ilycmo f(xy, X4, ..., X;)—MHO204AEH C YerbIMLL
Ko3hpuyuenmamu co C60600HbIM HAEHOM, PABHOIM HYMo. Ecau cmenens
9MO020 MHOZOYACHA MEHblUe YeM HUCAO Heu3BectmnHblx, mo CpasHeHue
no npocmomy mooyao p

f(xy, x5, ..., x)==0(mod p), (12)
kpome ouesudnozo pewenua ((0, 0,..., 0)), umeem no Kpaiined
Mepe euje 00HO petuenue.
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. dokaszateascTtBo. Ilyets [(x;, %5, ..., _,)—Mnoroq.neﬂ
CTeNneHH n< s co CBOGOAHBIM YJIEHOM, PaBHBIM HYJIO.
PaccmotpuM cpaBHeHue

(F(xys Xgooous 2P =1—(1—x"H)(1—227Y...
.. (1—x2~*) (mod p). (13)

Cornacao Teopeme 151 cpaBHenHe (13) MOXKHO 3aMeHHUTBH 3KBH-
BAJICHTHBIM CPaBHCHHEM

F (x,, xz,...,x)_l——(l—x” Hl—x2"Y ...
. (1—x27%) (mod p), (14)
B KOTOPOM H JIeBasi 4yacTh OYAeT MMETL M0 OTHOLIEHHIO K KaKIOMY
HEH3BeCTHOMY X;, X,, ..., X, CTelleHb, MEHBIUYIO 4YeM p.
Crenens F(%y, X5, ..., X;) He Oojblie 4YeM CTelleHb
(F(xy, %4, ovy x))P7L, 7. €. He OGosbue 4eM n(p—1), H, caeno-

BaTeNIbHO, MeHble YeM s (p—1). CTapuuM uyjleHOM B cpaBHeHHH (14)
SIBJISIETCA uJieH (—1)’+1x” ‘x5, ..xf7', KoTopeli He MOXKeT Cco-
KPAaTHTbCS C JIeBOH 4acTeio, TaK KakK ero creneHeo s(p—1) Goabiue
CTeMeHH BceX 4ieHOB JieBo# uyacTH. KoaddHuueHT npH 3TOM cTapiieM
ujieHe He HEJIUTCSI HAa p, M, CJENOBATeNbHO, COIVIACHO Teopeme 152
cpaBHeHHe (14) He sBasercs ToxAectBeHHbIM. CpaBHenHe (13),
9KBHBaJIeHTHOe cpaBHeHHo (14), Takxe He OyJeT TOXAECTBEHHEIM,
TaK 4TO CYHIECTBYET CHCTeMa 3HAUEHHH X; =0, X, =0y, ..., X, =g,
He yjoBJeTsopdmoumas cpaBHenuio (13), T. e. Takas, 4To

(Flog, gy evv, o)) tEI—(1—a Yy (1—az ...

: . (1—af71) (mod p). (15)
[MTockonbky cBoGomumiit useH f(x,, X;, ..., X;) paBeH HYJI0,
HeNnoCpeNCTBeHHa s MPoBepKa mokKaselBaeT, 4to Komnaekc ((0, 0,. .., 0))
yIOBJAeTBOpsieT cpasHeHHI0 (13), a 3HAUYHT, Bce 3TH O, Oy, ..., &

He MOTYT OJHOBPEMEeHHO NpHHAalJeXaTb HYJeBOMY KJaccy, H CpelH
HUX HalJeTcss MO kKpafiHed Mepe ONHO a;, TakKoe, uTo p} ;.
[To Teopeme ®epma (teopema 119) npu pf o; uMeeM:

1 —af ™' =0(mod p),
TaK YTO H3 cpaBHeHus (15) monyuaeM:
(g, g, ..., )P~ = 1 (mod p).

Cornacno Toii ke Teopeme ®PepMa 3T0 MoXeT OBITb TOJBKO,
ecJiu
fey, o, ..., a;)=0 (mod p),
T. €., KPOMEe OYEBHIHOrO HYJ/IEBOTO PEUIeHHS (0, 0, ..., 0)), cpas-
HeHHe (12) Hmeer 'mo Kpaiineil ‘Mepe ellle OXZHO, OTJHYHOE OT HYJIe-
BOro; pellleHHe. .

134



[Ipumenp. Hpn .moéux ‘nenvix a, bH ¢ CpaBHEHPle no I]pOC'l‘OMy
MOLYJO p :
ax? —|— by? 4 cz* =0 (mod p)

HMEEeT pellleHHe, NPH KOTOPOM MO KpaHHed Mepe OJHO HEHU3BECTHOE

He JeJUTCS Ha p.

Hcmopuuecrue xommenmapun « 15-it 2aase

1. Teopema 148 6nina gokasana Jlarpanxem B 1768 r. Jlarpanx

He paccMaTpHBaJ KJacChl pelieHHW, a ¢GOpMyJaHpOBal TeopeMy,

roeopsa o HanboJbIeM YHCE HeJablX X, JexXalmux Mexay — -g— H -g— s

IpH KOTOPHIX f(x) meantcs Ha p. JloKasaTeabCTBO, NPHBeleHHOE
y Hac, 6MH3KO K J0KasaTeJbCTBY, JaHHoMY [ayccoM.

2. Bapuur B cBoeM counHeHHH ,Meditationes Algebraicae“,
BoimeaiiemM B ceer B 1770 r., npnsonm 6e3 JMOKasaTeJbCTBA TeO-
peMmy 153. BapuHr nuimer, yTo TeopeMa NPHUHAIJIEKHT €ro yUEHUKY
JxoHy Buabcony. HepBoe J0KAa3aTeJbCTBO TeopeMul BHJbcOHa
610 gano B 1771 r. Jlarpamxkewm. laycc o6o6uina teopemy Buabcona
Ha cjyyad cocTaBHOro Mmoiynas (reopema 198 20-#i raaBm),

F'JIABA 16
CPABHEHHA MO COCTABHOMY MOIIYJ"O

B srofi raaBe GysyT paccMOTpeHbl cnocobbl npuBeneHmi cpaB-
HEeHHH N0 COCTaBHOMY MOAYJIO K CPaBHEHHSIM IO NPOCTOMY MOAY.JIIO.
Crenyiomass TeopeMa NOKasbiBaeT, YTO pelleHHe CPaBHeHHH MO

MOAYJII0 m=p}* ... ps’, Te p;—NpPOCTble 4YHCAA, MOMeT OHITb
NpHBEJEHO K pelleHHI0 CpPaBHeHHWH Mo MOJYJIM pi'. Bo Bceil sTOM
raaee f(x) Gyner o6o3HayaTh MPOHM3BOJIbHBIH MHOTOUJEH € IEeJBIMH
K03(dunueHTaMH.
Teopema 156. Ecau m=p} ... ps*—KaHoHu4ecKoe pa3I0dceHLe
mo0yas m, mo cpasHeHue
f(x) =0 (mod m) (1

3KSUBAACHMHO CUCMEME CPABHEHUT:
f(x)=0 (mod p}")
.......... . )

HokaszartenbctBo. PemeHns cucremol (2) (onpesenenne 44)
NpeACTaBAsIOT cOG0OH KJacCh 10 MOAYJIO /7, PaBHOMY HaHMEHb-

uieMy oOmeMy KpaTHOMY uuced pt', ..., ps’. Eciau. Kaace a no
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MOAYJI0O m  YIOBJETBOpSeT cHCTeMe (2), . T. e. ecau
1f@), ..., ps*|f(a), To cornacHo Teopemam 32 u 47, f(a)

IeJUTC Ha m,
f (@) =0 (mod m),

T. €. a IpeactaBisier coboil peiueHHe cpaBHeHus (1).

HaoGopor, ecan ksacc g yHoBJeTBopsieT cpaBHeHuio (1), To
m|f (a), u nockoabky pit|m, umeem: pf| f (a), f(a)——O(mod pt') npu
i=1,2,...,s, T. e. Q— pellleHHe CHCTEMBI 2)

ﬂJIH HaxXoXJeHHsl pelleHHi cHcTeMEl (2) 00BINHO NMpeABapHTENIbHO
pewlaloT KaxJoe H3 cpaBHeHHH 5ToH cucTeMH. Ecin xoTsi 6B OfiHO
H3 cpaBHeHHH (2) He HMeeT pelleHHH, TO H BCA CHCTeMa HeCOB-
MecTHa, T. €. B 3ITOM cJyuae - cpaBHeHHe (1) He MMeeT pelIeHHH.
Ecau kaxjoe H3 cpaBHeHHH HMeeT XoTd OH OIHO pernieHHe, TO
HaXOJHM HX B BHJIE:

e o 3)

x =a, (mod pg)

3HaueHHd X, YAOBJETBOPSIOIIHE BCEM S5THM CpaBHEHHSIM C B3a-
MMHO TIPOCTHIMH MOJLYJSIMH, CYIIeCTBYIOT U o0pasyloT KJacc o
MOLYyJ/IO m, SIBJAAIOMIHACA pewleHHeM (3), a CJeJOBaTeJbHO, peile-
HHeM HCXoAHOH cucteMnl (2) m cpaBHeHHusa (1).

Ecan HekOTOphle H3 cpaBHeHHMH (2) HMeloT GoJblle 4YeM IO OJI-
HOMY pelleHHI0, TO MBI IOJYYHM HECKOJbKO cHcTeM Buia (3), a
HMEHHO, €eCJIH cpaBHeHHe [ (x)=0(mod p}*) umeer k&, peweHui,
[(x) =0 (mod p2 *) uMeeT R, pewmienHi, ..., f(x)=0 (mod p5*) ume-
eT kR, pelleHHH, TO MbI MOXKEM COCTaBHUTb Kk;-ky-...-kR, CHCTEM
Buia (3), kKaxknas H3 KOTOPbIX JacT IO ORHOMY peHIeHHIO CH-
cTeMH (2), u Toraa cucreMa (2) u cpaBHeHHe (1) HMeloT Ry-ky-.. .-k,
peLeHHH.

MoxHO chopMynupoBaTh MOJYYEHHHI HaMH pe3yJabTaT B BHIE
ClefyIomell TeopeMHl.

Teopema 157. Hucao peweruti cpasnerusn (1) pasHo ky-ky-. .. -k,
20e ky, ky, ..., kR, cOOMBEMCMEEHHO pABHO wUCAY peulerull Kadic-
foz20 u3 cpaeueuuu 2).

ITpumep. Peumnts cpaBHenue x%— 3x-23 =0 (mod 63).

CpaBHeHHe 5KBHBAJIEHTHO CHCTEMe:

—3x+423=0(mod7),
x2—3x+23=0(mod9).

Jas cpaBHeHHA x2—3x+4 2=0(mod7) HaxoiHM JBa pelliCHHA:
x=1(mod7) u x=2(mod7), a Aaa BTOPOr0 CpPaBHEHHS:
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x2—3x 4 5=0 (mod 9) — zxBa pemenns: x=4 (mod 9) u
x==8(mod 9). Pemaem ueTblpe CHCTEMHI: :
1) x=1(mod7), 2) x=1(mod7),
x==4(mod 9); x=8(mod9);

3) x=2(mod7), 4) x=2(mod7),
x=4(mod 9); x=8(mod9)

H HaxoJuM cjenyiomue peieHus: 1) x= 22 (mod 63),
2) x=8(mod 63), 3) x=58(mod 63), 4) x=44 (mod 63).

PaccMoTpuM Tenepp cpaBHeHHe MO MOAYJIO p°, TAe p—IpPOCTOe
uyucso. IlokakeM, 4YTO HAXOXKJEeHHe pelleHHH TAKWUX CPaBHEHHI
CBOAMTCS K pEIUEHHIO CPABHEHHH MO MPOCTOMY MOZYJIIO.

Teopema 158. B kascdom Kaacce a no npocmomy modyro p, ydos-
semgopsrowem cpaswenuro f(x)==0(mod p), makom, umo pif’ (a),
wucaa, ydossemsopsrowue cpasnenur | (x) =0 (mod p*) (k= 1), obpa-
3yrom Kaacc no modyato p*.

JNokasaTeabcTBo. [IpUMeHUM MeTOA NOJHOH MaTeMaTHYe-
CKol HHAYKIMH 1o k. IlycTb [ (x) —OpOW3BOJIBHBIA MHOTOUJIEH C
ueJbiMd KoadduiHeHTaMu H a, Takoe, uto plf(a), p4{f’ (a). Cre-
nenb f(x) obossauuMm uepes n(nz==1). [lpu £=1 yreepxkienne
BEPHO 1O ycJjoBHIO. lIpennosioxHM, UTO YTBEP:KIEHHe BepHO NpH
HEKOTOPOM R, T. €. NPEANoJOXKUM, UTO CPelH UHCe]

.., a—p, a, a+p, a-+2p, ...
4KCa, YAOBJETBOPSIOIIHE CPaBHEHHIO

f (x) =0 (mod p"), “4)
06pasyioT OJHH KJacc No MOLYJIO p* Buna
x=b (mod p"). (5)

Yncaio b € a, Tak uto b=a (mod p), ' () ={’ (a) (mod p) (Teope-
Ma 86) u u3 ycaoBus p{f’ (a) caenyer p{f’ (b). Ilockonpky b ynos-

JeTBopseT cpaHenHo (4), 10 f (b) = 0 (mod p¥), f—’()%) —1IeJ10€ YHCJIO.
CpaBHenne nepBofi creneHu |’ (b)-t+[’§—i)-50(mod p), y Korto-

poro ko3gdHIHeHT NPH HEWSBECTHOM ¥ MOAYJib B3aHMHO MNPOCTHI,
HMeeT pelleHHe, TAK UTO MOXHO mnopo6patb 4HCIO [,, TaKOe, UTO

f’ (b) p*o+ f (b) =0 (mod p*+1). (6)
Toraa kJjacc uHcea no Mogymo p*+1 ,
x=y (mod p**1), (7
rfe y=b-+ p*t,, VIOBJeTBOPSET CpPaBHEHHUIO
' ' f (x) =0 (mod p**1), 8)
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Ile#cTBHTENbHO, B Da3iOXKEHHH f(b-l—p‘?t) N0 CTeneHAM p*t
(reopema HbloToHa) '

Fb+pte) = FO)+ [ 0P Mo+ ca(P*Lol+ . ..+, (M)

s
BCE cs=f—s](—b)—ue.nb1e YhcJa, M NOCKOMbKY npu k=1 Oyjer

2k =k 41, To Bce cnaraeMble, HauHHAsi C TPeTbEro, JeJATCA Ha
p*+1, tak uro

F(y)=F(b+p¥t) =F (b) + p*t.f’ (b) =0 (mod p*+2).

Takum ofpasoM, kJaacc (7) mo mopymo p**l yposneTsopser
cpasHeHHO (8).

Iokaxem, uTo cpelu uHucea Buga (D), Kpome Kujacca (7), He
CyeCTBYeT APYTHX KJAacCOoB MO MOAyJ0 p**l, ynoBJeTBOpSAIOMUX
cpaBHeHuo (8). 3aMeTHM npeKJge BCEro, 4TO MNOCKOJbKY y=b=
=a(mod p), To p{f (y). BosbMeM cpegn uHcen BHAa (D) KaKoe-
aubo udcao y, =a- p*t;, yIooBjeTBOpsioliee cpaBHeHHo (8); Torja
Y.—Y=p*(t,—1,), Tak uTO, pasmaras no ¢opmyae Teiaopa,
HMeeM:

FOv)=F(v+p* (ti—to) =T (V) +p*(t1—1o) [ (v) (mod p**?). (9)

Tlockoabry p**1|f(y,), p**1|f(y) u Bmecte ¢ Tem p{f’ (y), TO
(9) nokaswiBaer, uTo p|f,—1,, TaK 4TO M3 Y, —Yy=p* (¢, —1,) no-
aydaeM vy, =7v (mod p**1); y, NpHHaANeKHT O MOLYJMO p**1 TomMy
Ke KJjaccy, 4To U y. ' '

Mbl BHAHM, YTO M3 CNPaBEeIJMBOCTH TeOpeMH i K cjejyer
CNpaBeIHBOCTb YTBepKACHHA ans k- 1. CornacHo npHHUENY HOJ-
HOH MaTeMaTHu4eCKOH HHIYKIIMM TeOpeMa BepHa NpH JwoboM k== 1.

Mul BUIHM, 4TO AJS TOTO, YTOObl, 3Has peuieHHe x==b (mod p*)
cpaBHenus (4), Takoe, uto p{f’ (b), HakTu peitenue x ==y (mod p**1)
cpaBuenus (7), Hajmo B3ATb y=b-p*t,, rme ¢, yHoBreTBOpseT
cpaBHeHHUIO (6). ‘

JlokasaTenbCTBO TeopeMbl TakuM 006pasoM 3((EeKTUBHO M HAeT
BO3MOXHOCTE JJI1 KaXJOTo pellileHHs a cpaBHeHus f (x)==0(mod p),
TaKoro, uro p4f’(a), HalTH NOCJENOBATEJbHO PEINEHHS CPABHEHHI
f (x)=0(mod p?), ..., f(x)=0(mod p*) npy Mo6OM CKOJb YTOAHO
60aBLIOM «.

[Tpuwmep. Peruurs cpasrenre x — 2x2 — 30x 441 =0 (mod 125).

3nece f(x)=x3—2x2—30x+41, 125=05%. Pewmaem cHauana
cpaBrernue [ (x)==0 (mod5), sxBHBaJICHTHOE CPaBHECHHIO Xx3—2x2-}-
+ 1=0(modb), u HaxoxuM aasa Hero pelieHHe x==1(mod5). Co-

CTaBJisieM CpaBHEHHe f’(l)t-}—“%*:*O(modS), T. €. —3li42=

=0(modb) umn t=2(modb). DBeps ?¢,=2, HaxoauM pelieHHe
cpapueHust f(x)=0(mod25) B Buie x=1+2-5=11(mod 25).
CocraBnsem cpaBrenue {'(11)¢ +ﬁ—(—2151150 (mod 5), T. e. 289¢ -+
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'+-32=0(mod 5), pemenneM Kotoporo sBiasercsa ¢==2(mod?5),
T. €. B KayeCTBe {; 3MeCb TakxkKe MOXKHO B3fTb f,=2.

Pemenne cpaBHeHHs f(x) =0 (mod 125) 6yaer HMeTb BHE X==
=114 2.25(mod 125), 1. e. x=61 (mod 125).

Teopema 159. ITycme p|f' (a)u

x=a (mod p*) (10)

peweriue cpastenus f(x)==0 (mod p*).

1) Ecau p**1¥f(a), mo cpedu uucer (10) Hem wu 00HO20 4ucaa,
y00BAEMBOPAIOULE20 CPABHEHUID

f(x) =0 (mod p*+1). (11)

2) Ecau p**'|f(a), mo sce uucra (10) ydosremeopsrom cpasue-
Huro (11

JokaszatenbcTBo. PasnoxkuM f(a- p*t) no crenenam p*t:

fla+p*)=Ff(@)+F (@ p*t+c, (P"t)+ ... +c, (p*),  (12)
rae n—crenedb f(x), cg=£(%@—uenbxe yucaa (2<<s<<n). Ilo
ycaosuio p|f'(a) u npu k=1 2k=k+ 1, Tak urO BCe cuarae-
Mble mpaBoit yacTu (12), HauMHast CO BTOPOro, AenasATCH Ha p*+l,

1) Ecan p**14f(a), To npasas uacTs pasenctBa (12) He geautcst
Ha p**1 (npuMeuanHe X Teopeme 11) HH NpH KakoM f, H H3 3TOrO
paBeHncTBa moayuaem p**lYf(a--p®t), T. e. cpeau umcen (10) mer
HH OJHOro, YHIOBJETBOpsIOmero cpastenuo (11).

2) Ecau p**1|f(a), 1o npaBas uacTh (12) npu moGoM mesom ¢
menutcs Ha p**l; p**1|f(a+ p*t), T. e. Bce uncaa (10) ynosmer-
BOpAIOT cpaBHeHHIO (11).

Teopema 159 nokaswiBaer, uro B cayuae p|f’(a) cpemu 3Haue-
HHA X, YIOBJCTBOPSIOMHX cpaBHeHHIO f(x)=0(modp), MoKeT He
ObITh YHCeJN, YAOBJETBOPSAIOULHX CPaBHEHHIO

[ (x) =0 (mod p%), (13)
HO MOXKeT ObITh H HeCKOJIbKO KJaccoB M0 MOAYJIO p°, SBJAIOIMXCS
petleHHsaMH cpaBHenusa (13).
TTABA 17
CTENEHHBIE BBIYETbHI
1. MOKA3ATEJIH KJIACCOB MO 3AJAHHOMY MOAYJIO

B s3Toii rsiaBe MBI pacCMOTPHM BOMPOC O pacnpefesieHHH B
KJlaccax Mo MOZAYJIO 11 MocheZOBaTeJbHOCTH:
a, a2, a3, ..., (1)
rie a— HEKOTOpOe YHCJO, B3aHMHO NPOCTOE C MOAYJIEM.

B Havane raaBul 11 6blio NMOKa3aHO, YTO CPefH 3THX CreneHed
HOJKHBI CYIECTBOBAaTh CTeneHH a®, CpaBHHMbe ¢ eNMHHIeH [0
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MoayJsio m. Mu OyzeM paccMaTpHBaThb HaMMEHbIee IOJIOKHTe/b-
Hoe k, npu kotopoM a*=1(modm), ¥ HasHBaTb €ro MoKasaTejieM
a 1o MonyJso m.

Onpepenenne 48. IToxasamesem a no modymo m (6ynem oGosHa-
yath ero uepes P, (a)) Hasvieaemcsa HaumeHswul NOAOKHUMErbHOLE
nokasamens cmeness a, cpasHumot ¢ eduruyell no modyaso m.

Ecan Monyne m ¢ukcupoBaH, TO MNokasareab P, (a) 3aBHCHT
TOJILKO OT BHIOOpa a, B 3TOM cJjyuae Gylem 0603HAUATb €ro A