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JUist CTYICHTOB U aCIMPAHTOB YHHUBEPCUTETOB M (PU3UKO-TEXHUUECKUX UHCTUTYTOB,
a TaKk)Ke MHKEHEPOB, KOHCTPYKTOPOB U HAYYHBIX PAOOTHUKOB B 001aCTH MEXaHUKH.
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OT U3JATEJBCTBA

Aptop vroit Monorpadpuu Huxonait ypnesuus Ueraes (1902—
1959) — BHjaomuiics PYCCKHA y4eHWH, KPyMHeHUIMH cuemmamcT
8 001acTH AHATHTAYCCKOH MEXaHHKH, TEOPUH YCTOMINBOCTH JBUIKCHU A
H KadecTBeHHOH Teopum naddepeHiMaIbHNX ypasHennd. Ou BHec
OTPOMHBIA BRJIA/L B Pa3BUTHE TEOPUM YCTOHIMBOCTH ABMKEHHSA, CO3aH-
noit reauanbEEM A. M. Jlanysosum (1857—1918) 3 konne mpounroro
CTOJIeTHA.

Hccaenosannna JiamyHsoBa no Teopus ycToiMYnBOCTH ONEPEHIN CBOE
spemsa. [lpn :Ku3BM y Hero me OWJI0O YYEHMKOB M HocjaefoBaTeneill B
aT0H obnacTH HayKH, H TeopmA ycroitaupocrd JlanyHoBa gaureasHoe
BPeMA IocJie ee CO3AAHUA He TONBKO He Pa3BHBajach, HO W He IpPUMe-
HANAaCh CKOJbKO-HEOYAs cepvesHo. M- Tonbko B komue 20-x ropgos
BOSHHK B Halle#l cTPaHe WHTepec K JANYHOBCKOH TEOPHH ycToHumBo-
cru. [lo-pagumomy, H. I'. Yeraes oguuM u3 nepewx noHan ¢umamge-
CKYI0 CYmHOCTb Teopud JlanyHoBa, yBHJeJ ee OrpOMHO€ IPMHI{HIIH-
aJbHOEe 3HAYEHUE H BO3MO;KHOCTH TeXHMYECKHX NpUJIOkeHHmH. B Ha-
gane 30-X rogos OH yCTaHOBHJ CBOI OGLIYI0 TeopeMy O HeycTOHIH-
BOCTH [BH/KeHMs U IOJYYAJT neppHe mocie JianyHoBa pesyabTaTH mo
oGpaienuio 3HaMEHATOH TeopeMbl Jlarpaniia o6 ycToAIHBOCTH paBHO-
BeCHsA, OPraHH30BaJ MWHUPOKHE HCCACNOBAHMA IO PA3BATHIO TEOPHH
VCTOHYABOCTH M HPHJOKEHAAM €€ K PelNIeHAAM BAKHHEX TeXHATICCKHX
3amad, CTaB, IO CYINECTBY, HAYUHHM IPEEMHHEKOM M NPONOIKATEIEM
JanynoBa. Boapmyio poab B paspaboTke MeTONOB MCCIEXOBAHHA
ycToiaupocTH, B 0coGenHocTr MeTona pyuxiui Jianysosa, m pemenun
MHOTAX B)KHHX HPOGJeM YCTOHYHBOCTH CHIIPaja CO3JAAHHAA M BOS-
raasaasmanacs H. I'. YeraesnuM KazaHCKaA IDKoJa MEXaHHKOB.

B 1946 r. 6naa ony6amkosana momorpadusa H. I'. Yeraesa «Ye-
TOHYMBOCTE ABMKEHHA», ABMBIIAACA IEPBOH B MUDOBO# JmTepaType
mocne JlanynoBa KHHIO# mO TeopMH ycTOHYMBOCTH ABM:KeHHa. He-
Ooabman 1m0 0GbeMy, JaKOHHIHO HAUMCAHHAA, T8 KHHFA COJEPIKHT
CHCTEMATHYECKOC M CTPOTOE€ H3JIO}KeHHE TEOPHH YCTOHYUBOCTH M ee
veronos, B ocobenHoctn merofa Pymkmmit Jismyrosa. OcmoBHoe ee
coiep)KaHHe COCTABIAIOT MCCJICNOBAHAA N0 YCTOHYMBOCTH ABW;KEHHSA,
HauaTsle JIANYHOBHM M HPONOJIKEHHHNE aBTOPOM IPEMEHEHHEM H Pas- ‘
BHTHEM MeToxa GyHKumi JanyHoBa, NpHYEM aBTOD OrPAHMIMICA JHME



4 OT M3OATEJIBLCTBA

TeMH HCCJIeA0BAHASMH, KOTODHE HMEIOT HamGojbliee 3HAYCHHE I
npuiokennit. Baskayio pons mrpaor B KEATe MHOroYHCJIeHHHE IPH-
MepHl, PAX U3 KOTOPHX He TOJLKO HIJIIOCTPUPYET TEOPHIO, HO H COMEP-
'KHT ee PasBHTHE.

Monorpagua Yeraesa siBmiach LEHHHM HayYHKWM DPYKOBOJZCTBOM,
HOJyYMBIIAM mIHpoKoe npusHanume. Ilocxe ee onyﬁ.nm(onanna 3HAYH-
TE€ABHO BO3POC HHTEPEC K TNPOGIeMaM YCTOHYMBOCTH H IOABHJIOCH
Gonpmoe yncao paboT MHOTHX ABTOPOB IO TEOPHH YCTOHYMBOCTH J(BH-
eHHA M ee UPUIOKeHHAM K TexHHMKe. Bcien sa coserckuMu yue-
HEIMH TPOGJeMaMH TeOPHH YCTOMYHBOCTH MHTEHCHBHO 3aHANHCH MHO-
THe 3apy0esiHue Y4eHle.

Mupopasa BayuHas anTepaTypa Mo yCTOMIMBOCTH JBHKEHHA CONEP-
JKHT B HACTOAINEe BPeMA THCAYH NyOaMKanuil, B TOM 4HMCJIe COTHH
MoHOrpaguit m yseGHHKOB MHOTHX apropoB. Oma BechMa Gorara pe-
3yJABTATaMM KaK II0 Pa3BHTHIO TEOPHMH, TAK W 110 PasHOOOPA3HEM IPH-
JIO3KeHH AM.

PaspaGorka Teopus ycTOHYMBOCTH NBM/KEHHA BENETCH IO MHOTHM
HanpasJeHnsM. 3lech HaJl0 Ha3BaTh PA3BATHE ¥ NPHMEHEHHE MEPBOTO
1 oco6eHHo BTOPOro MeToxoB JIAmyHOBa, B TOM 4HCJIe METOJAa BEKTOP-
¢ynknmit JlaoyHosa, ycraHosieHHe HOBWX TeopeM, pPaCcHIMPAONIHAX
H YyrAyOAAOIIAX 9TH METOJH; aHAJJIH3 CYIIeCTBOBAHASA. d)ymcmm Ja-
OYHOBa M MX 3§PeKTHBHOTO HOCTPOCHHA; HCCIET0OBAHUA YCTOMYABOCTH
[0 IepBOMY HPHOIMKEHHIO H B KPHTHIECKHX CIYYafX, a TaK:ke IpH
TIOCTOAHHO NEHCTBYIOIMAX BO3MYHIEHHAX; MCCHEJOBAHHUA YCTOMIHBO-
CTH NEPHOJMIECKHX ¥ HeYCTAaHOBMBIIMXCA ABH;KeHHHE M yCTOHIMBO-
CTH Ha KOHEYHOM HHTepPBaJje BPeMEHH; PAa3BHTHE TEOPHM IPUBOTUMEBIX
M HPAaBUJIBHKIX CHCTEM, a TaKKe KadeCTBeHHOHX Teopuum auddepennn-
albHEIX YPaBHEHHH; UCCIAEAOBAHAA YCTOAYHBOCTH JABHKEHHSA IO OT-
HOINEHHUIO K JaCTH NEePEMEeHHHX, YCTOHINBOCTA TaMUIBTOHOBHIX CACTEM
H YCTOMYMBOCTH B CJIyJae BHYTPEHHHX DPe30HAHCOB; pazpaGoTka Me-
TOXOB HCCJIeoBaHUA ycToiumpoctd Ha IBM; pacmpocrpanenme Me-
TOXOB JlAmyHOBAa Ha CHCTeMH, ONMCHBAEMHE aNIapaTOM, OTIHUHBIM
- 0T OOHKHOBeHHHX AuPepeHHUATBHEX ypaBHeHMA (ypaBHeHHA
¢ mociaefeficTBHeM), Ha CHCTeMB ¢ PacupeeeHHHMH HapaMeTpaMy,
Ha CIUIOWHHE CPeNs ¥ MHOrHe apyrume. Meron ¢ymknmit Jiamyrosa
¢ ycoexoM NDEMeHAETCA TaKsKe BO MHOFEX o0JdacTAX aHaaIu3a, Ha-
upuMep, B IOJYYCHHHE OIEHOK NPHOIIKeHHWNX WHTeTPHDPOBAHHEMH,
B TEOPHH ONTHMAJHHOTO YHOPaBJIeHAS M OUTHMAJIbHOH cTabuaIM3alud,
B Teopnn AuddepeHUaNBENX HI'D, B TEOPHA HEJIMHEHHHX KojxeGaHUH
H BO MHOTHX JAPYruX o6JacTAX HAayKH.

HecMmoTpa Ha cymecTseHHOe pasBATHE TEOPHHM YCTONYMBOCTH 3a
HOCJHeXHAe COPOK ¢ JIMIIHAM JeT, NPOoMeJuide CO BPEeMeHH IepPBOTO
usnanga, Kaara H. I'. Yeraesa He yTpaTHia ¢BOOro Ba)KHOIO 3HAYe-
HHA IEHHOTO HAYYHOTO PYKOBOJACTBA, CONEP;KAMEro KOMIOAKTHO®
H ACHO® M3J0KeHHe OCHOB TeOpPHH yCTOHUMBOCTH ABm:;KeHms. Hapany
¢ «O0meit sagageit 06 ycroitumpoctr gpmxenns» A. M. JIanyrosa ona
HaBCEI'la BOIIA B COKPOBHINHANY HAYKH H CAYKHT X OYAET eqy:KUTh
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GoraTHM HCTOYHHKOM HJed NJA HOBHX NOKOJeHHH yueHmX. Kmmra
MOKeT OHTh HCIONB3OBAaHA B KauecTBe IOCOOHs IO OCHOBAM TeOPHH
YCTOHYABOCTH [BAKEHHA JIfi ACHHPAaHTOB M CTYJeHTOB CTAPHMHAX
HYPCOB YHHBEPCHTETOB.

Tperne naganue xuury, sumexmee 8 1965 r., socopoussoxnio Ges
13MeHeHHH BTOpoe, HCHpaBienHoe magamme 1955 r.

B mactosmem, ueTBepTOM, M3AHAE HCIPABJIEHH 3aMeUeHHEE He-
:HOTOYHCJIeHHNEe onegaTKH. HypcuBoM BLiteseHb (OPMYIHPOBKH OC-
HOBHEHIX Pe3yJbTAaTOB W OHpEjeJIfAeMble TePMHHE.

CymecTBeRHY0 IIOMOIb H3AATEALCTBY NPH HOATOTOBKE HOBOTO
u3naEMA oKasan wieH-koppecmomgear AH CCCP B. B. Pymannes.
iIM TOATOTOBJICHS! IOMEIMeHHEEe B KOHI¢ KHHTH IPUMEYaHHMA, CORep-
sRal{de HeKOTOpHe NOACHeHHA W CBefieREsA 00 ofpameHnd OCHOBHHX
reopeM Metofa (yHKImE JlAnyHOoBa, a TaK:Ke NONOJHEHHA HEKOTOPHIX
U3J0KeHHBIX Pe3yabTaToOB, ONy0JIMKOBaHHEE aBTOPOM MOCJe BHXOAA
nepsoro wusnasmsa Keurm (1946 r.). Ccebuikm Ha 2TH npUMevaHHA
B TEKCTe ./[aHbI 3Be3[0YKAMH. '

NPEINCIIOBHE ABTOPA
KO BTOPOMY M3JAHHIO 1955 r.

Bonpochl ycToHYMBOCTH HMEOT NPHENUNHAJBLHOE W IPHKIAHOE
snagenue. Ilepex Texnukoit m ¢usnkoil Bce yame BcralT 3agaun 06 yc-
TOMYABOCTH, NPH PelieHNH KOTOPHX HPAXOAHETCA NPAMEHATH TOYHHIE
Meronst JIanyHoBa, Tak kKak Gomee rpy0me moxxoAs K HEM He ABIfA-
I0TCA yAoBIeTBOpATeNbHEMA. M3yuenme Meromos JIsanymosa m mpu-
MeHeHHEe 3THX MeTO[0B CTAHOBATCA Bce Gosiee m Gosiee HEOOXOXMMBEIME
XA MOBCEXHEBHOH TeXHWIECKOH NMPAKTHKH.

YxasanHne coobpakeHns o6ycloBMIM OXHY M3 OCHOBHBHIX HeJeif,
TpecieflyeMHX COfep;KaHHeM KHUTH. B Heit manaraiorcs Te HCCIeRo-
saH#EA JiAnmyHoBa, KOTOpHE MHe NpeACTABAAIOTCA Hanbojee Ba)KHKEIMH
A OPUMKJIAJHHX 3aad 06 ycroiumsocTn nsmkennmii. OgEako A He
CTPEMEJICH NPH 3TOM K IIOJHOMY H3JIOKeHHI0 BCEX NOJYIeHHHX pe-
3yJABTATOB.

A crpemmaca m3noxuTH peayabraTh JiamyHOBa MpocTO, Ges 0K-
1OM MOJepHM3AaIWH; IPHBEJX HYKHHE CBEJeHHA H3 TEODHH - CHCTEM
JAHeHHHX AuddepeENHaTLHHX yPaBHEHHH C IOCTOAHHKME K03ddH-
NeHTaMH; M3JI0KHI HEKOTOPHE CBOM pe3yabraTti. Hexkoropwe H3 npu-
MepoB (0 MPOOJNBHOM YCTOHYMBOCTH CaMOJETOB H T. II.) HCXOLAT H3
H3BECTHOT'0 MOREJHMPOBAHHA CHCTEM ¢ (GECKOHEYHHM YHCJIOM CTemeHed
¢3060aN B npEBeeHH (e3 AUCKYCCHH O CIPABEAIHBOCTH M/M HeCnpa-
SEAMMBOCTH MOZEIHDOBAHHA. '
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Yro6H yupocTATh HETHPOBAHAE HCHOJbL30BAHHLIX MECT U3 COYMHe-
g Jlanynopa «O6mas 3agaua o6 ycTOHYMBOCTH ABHMKEHHA», HOCTe
HoMepa maparpada IOCTABJIEH B KBAaJPaTHHE CKOGKH HOMED COOTBETCT-
sylomero maparpada yKasaHHOTo TPyAa.

Bropoe m3janne KHUI'E OOBTOPSET MEPBO€; MCHPABJIEHH 3aMEYeH-
fible OmEYaTKH M HEKOTOpHe 3ajadd 3aMeHeHH JPYTHMH.

Ycmexu, AOCTHTHYTHIE B TEODMH YCTOHYMBOCTH [BHKEHHA IIOCJE
mepBOro M3JNAHNA KHUTHM, He HAILIM OTPaskeHHA B HACTOAIEM WM3Ja-
Hud. {19 UX HOJMHOTO OmMCAHMA TPeGyeTcH MHOTO KHHT H OHH He HC-
yepneBalOTCA npeKpacHsMu KHuramm B. B. Hememkoro u B. B. Cre-
narosa '), WM. T. Maakunma %), A. H. Jlypse 3), I'. H. Hy6omuna %),
M. A. Aiizepmana °), @. P. T'antmaxepa ¢), A. M. Jlerona 7). Hccae-
posanua H. H. Boromo6osa, K. II. Ilepcuackoro, H. Il. Epyruna,
M. I'. Kpeitna, E. A. Bap6amunma, H. H. Kpacosckoro u ap. sacuay-
‘REBAIOT OTHEJbHBIX KHHUT, HAIIMCAHHBLIX B CBOHCTBEHHOM aBTOPaM CTH-
e M3J0;KeHuA.

YHemmuxni B.B.,Crenanos B. B. Kavecrsennan teopus gud-
depennualbHEX ypaBHeHmil.— M.: Tocrexuspar, 1949.

) Maaxkund U I'. Metoau Ilyankape 7 JIanyHOBa B TEOPHH HeJMHeHHRIX
ronedauuii.— M.: Tocrexusnar, 1949; Max xk mu U. T. Teopusa ycroitumsoc-
TH JBukeHuA.— M.: Tocrexusmar, 1952.

) Typoe A. 1. Hexkoropele HeXHHeHHble 3affa4d TEOPHH ABTOMATHYe-
croro peryiauposanusa.— M.: T'ocrexmapmar, 1951.

) A y6omun I' H. OcHoBH TeOpHH YCTOHYHBOCTH ABH:KeHHMSH.— M.:
Usp-so MI'V, 1952.

8) Aiizepman M. A. Teopua aBTOMATHYECKOTO peryJHPOBAHHA /BH-
rareaeir.— M.: Tocrexmsgar, 1952.

Y TanrMaxep @. P. Teopua Marpumi.— M.: Hayka, 1988.

) dleros A. M. YcToiYHMBOCTE HETHHEHHBIX DEryIHPYeMHX CHCTEM.-—
M.: Tocrexmsumar, 1955.



TITABA 1
3ATAYM YCTONYHNBOCTHU

[IBa 3amevanus

1. [InumamMuka ABisercA HAYKOH O NEeACTBUTENHHHX DPABHOBECHAX
1 ABIJKEHHAX MaTepuaabHHIX cucTeM. 'aamnedt u HoloToH oTKpHIIN ee
HagdaJa ¥ HOKA3aJ¥ HX JOCTOBEPHOCTH ONHTAMHU HAJ HAJEHUEM TSKe-
JbIX TeJ M o0bAcHeHHeM ABm:ieHuid naamer. Ho He KaxkJoe cocroanme
MeXaHHYeCKOH CHCTeMHl, OTBeYaloniee MaTeMaTHYECKH CTPOroMy pemie-
HUI0 KaK ypPaBHCHHM PaBHOBeCHHA, TaK u HudPepeHnHaNIbLHKX YpaBHe-
HUI IBAKeHus, HaGmogaerca B ieiicTerrensHocTd. HukTo, Hanpuamep,
He BUfEN, 9TO0H TAKeAHA KapaHAanl CTOAJ BEPTUKAIBLHO HA IIATKOM,
rOpH30HTAJBHOM CTOJIE, OHHPAACH HA CBOH OCTPO OTTOYCHHHIH KOHEI.
HenabnonaeMocTs cOCTOAHHMI, OTBEYAIIIAX HOJOOGHHIM CTPOTHM pe-
IEeHNAM, OOBACHACTCA HEYIUTHBAEMHBMHA MAJKIMM CHJIaMM ¥ He3Ha-
9UTEeNHPHEHIMH OTKJIOHEHHAMH B HAYaJbHOM COCTOAHMH MAaTEepPHAJLHOH
CHCTEMHB, KaK#He B JeHCTBHTENbHOCTH HeH3(e;KHO CYmEeCTBYIOT M BO3-
MYIAal0T PAaBHOBECHA M [BH;KEHHA B ONHAX Ciaydasax ciabo, a B ApPY-
rux cnasHo. PaBHopecusi m [BuKeHHA, cja60 M3MeHAOHIAECA IIDH
BOBMYIEeHHAX, OHAM Ha3BAHH YCTOMUYMBLIMM, A HPOYHE HEYCTOHIR-
BbIMH.

O6mero npmAnmba [as BHOOpA pelleHWi, OTBEYAINHAX YCTOM-
YHBHIM COCTOAHUAM, B MeXaHUKe He OBJIO JaHO; OHA HPHUHAJA XaPaK-
Tep HayKH 00 HJeaJd3MPOBAHHHIX CHCTEMaX M JIS CBOEro CTPOTOro
NpuMeHEHUA K Hamle# NpEpoje NPHHIAIAAIBLHO KaKAKA pas Tpebyer
penienusa 3afa4 ycroiuuusoctn. Jlums Toppruensin B craTuke paccMat-
pUBaeMEHX B €ro BpPeMfA TMKENHX TeJ NpeiarajJ OPWHHHEI, KOPHHE
KOTODOTO TepAITCA B rayGoKOH APEeBHOCTH M KOTOPHH JaBaj JEIMb
YCTOHYUBHE HOMOKEeHHA PABHOBECHA.

Hpunauuny Topprueanu o6a3aH CBOMM HPOUCXOKIAEHHMEM APYToR
UDMHIHMI, KOTOPHM BOCHOJNb30BAJNHUCH AAA pemeHds ¢ Goapmoi jer-
KOCTBIO PA3JMYHHIX BOOPOCOB CTATHKHM. JTOT NPBHIAI 3aKJII0YAETCHA
B C/leyION{eM: B CHCTEME TSKEJHX TeJI, HaXONAIAXCA B PABHOBECHH,
eHTD TAKEeCTH 3aHAMAeT OTHOCHTEAbHO Hanbosee HE3KOE nonomelme,
KaKoe TOJBKO BO3MOXKHO 1), :

1y larpanmx /K. Asarurugeckan mexammka. T.1: Ilep. ¢ ¢p.— 2-e
wsn.-— M.: Tocrexmagar, 1950.— (Cm. 4.1, orgen 1, m. 16).



8 TJL {. BAJAYH YCTOHYHMBOCTHU

B nupaMaKe nOA0GHOro IPHHNMNA JUIA 0TOOpA CTPOTMX pemeHHH,
OTBEYAIOIMEX YCTOAYABEIM [BH/KCeHMAM, JaHO He GbITO, XoTa 3ajgaueit
yCTORYMBOCTH 3aHAMAJIACH MHOTHE BHAaomueca Mexammeda — Jlar-
pamx, aopn Heassmm, Payc, Hykosckmit, Ilyamkape. Jlarpamx
0606mu npurnuno Topuuennm, fokaszaB Teopemy 06 ycroifampocTH
H30JHPOBAHHOIO PABHOBECHS MeXAHHYECKOH# CHCTEMH, KOTJa CHIOBAA
PyHKOHA NAEACTBYIOIMEX HA CHCTEMY CHJ HMEeT MAKCHMYM B 3TOM IIO-
n0KeHHMH paBHOBecHa. Payc, passmBag MeTO[ HIHODHMPOBAaHAA IHK-
JAYeCKHX KOOPJAHHAT, IyTeM IPOCTOr0 IepeHoca YKa3aHHOH TeopeMHl
Jlarpam;ka HameJ KPUTePHHE YCTOHYMBOCTH JJA HEKOTOPHX IEKJIHYe-
CKAX [BWKeHHH. .

O6myio 3amgagyy 00 yCTOMYMBOCTH [BHKEHAA B €€ KJIACCHIEC-
KO ImocTaEOBKe paspemni JIADyHOB B cBOEM 3HAMEHUTOM COIM-
meann «O0maa 3sagaga 00 ycroiumBocTEm ABMKeHHA» (XapbBKOB,
1892) 1). v

2, Copnep:xanye WHKEHEPHOTO HMCKYCCTBA TAKKe CTABHT BOIPOCH
0 ReficTBETEIHHOCTH HAMEYEHHOTO K pPeaJTH3anud IPOoeKTa, KOTOPHIA
ONHMpaeTcA O CYMEeCTBY Ha HeKOTOpoe pemenne Ju6o ypaBHeHHH paB-
HoBecHs, anGo naddepeENUANBHKX ypaBHEHUN IBM;KeHHUA 3ajyMaH-
Hofi MexaHHMuYecKoil cmcteMsl. Heo0Xo{uMOCTh pemeHHA 3THX BOUIPO-
coB Hem30e;<HO NPHUBOAHMT M TeXHAKY K 3aAadaM yCTOMYHUBOCTH, NO-
CKOJIbKY peand3amuf NPOCKTA CONPOBOKAAETCA HEKOTODPHIMH JOIyC-
KaM® B M3TOTOBJEHHH, & CAMO MH)KEHEPHOEe COOPY;KeHMe BEHYKIEHO
paGorarh NOX BO3feACTBAEM CHJ, Be VIATHBAEMHIX IOJHOCTHIO
B IIPOEKTe.

Haopumep, eciu KOHCTPYHMPYeTCH NACCa;KAPCKHI CaMoOJieT, TO ero
HPOEKTHHIM JIBYWKeHAsM HY;KHO 00ecIeYnTh H3BECTHOTO POAA YCTOM-
YHBOCTH, UTOOH TEM CaMAKIM IOJYYATH MAIIUHY, CIIOKOMHYIO B IOJIeTe
# GesapapmiiHylo Ha B3jeTe W nocajgke. HoxeHUaTs# BaJd HY;KHO pac-
CYATATH TAK, YTOOH OH He MOJOMAJcA OT Bubpanmil, KaKkue MOryT BO3-
HAKHYTh B PEAaJbHHIX ycIoBAAX DPaboTh psuratena. Urobn obGecre-
9UTh aPTHJLICPEHACKOMY OPYAHMI0 HAHOOJBIIYI0 METKOCTH M KYIHOCTH
6051, HaZo CTPONTh OPYAUSA, CHAPAXL B MMHBI TaK, 1T00K OHLJIA M3BECT-
HOTO POfla YCTOWYMBOCTH TPAEKTOPHH W IMPABUJIBHOCTH HOJIETA CHAPA-
XOB.

MokHO mpHBECTH MHOTO IPHMEpOB, HO OHM HUYEro He NpuGaBAT
K TOMY, 4TO NPH PelIeHHH BONIPOCA O AeHCTBHTEJbHLIX JBHKEHUAX He-
00X0ANMO0 U3 BO3MOKHBIX pelleHHil ypaBHeHHH MEXaHHKW OCTaHAB-
AMBATHCA HA PENICHNAX, OTBEYAIOMMX YCTOHYMBHIM COCTOAHAAM, H UTO
B TeX CIydYafiX, KOTJA ;KeJaTeJbHO U30eKATh B JelCTBATENHHOCTH Ka-
Koro-ia0o pemmenus, pa3yMHO IyTeM HEKOTOPOro m3MeHEHHA B KOHCT-
PYKIOHH MEXaHAYECKOH CHCTEMHl [eJaTh O0TBeYaiomee 3TOMY PeleHHI0
COCTOAHME JBH:KCHHS HEYCTOMIYHBHIM.

HYJNManyu o A. M. O6man sagada o0 yCTOHYHBOCTH ABH:KeHHA.— M.:
Tocrexmagar, 1950.
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iiocTanoBKa Bompeca

3 [1]1%). PaccMoTpEM KaKyio-a#GO TONOHOMHYI0 MEXAHHIECKYIO
cuctemy. Ilyers ¢y, . . ., ¢, 0603Ha4YaAOT ee He3aBHCHMHE JaTPaHKeRH
KOODIMHATHL, & 4j, . . ., gy — 00OOmenHNe cxopocTH. B nEEaMAve-
CKOIl 3ajjaue, KOr[a CHJIH ONpefeJeEHKHM 00pa3oM 3ajaHH, IepeMeH-
HBIE ¢; YROBICTBOPAIOT HEKOTOPHM k& 00OHMKHOBEHHNM Au(deperRnuaib-
HHIM yPaBHEHAAM BTOPOro mopAfKa. YacrHOMy pemeHdIO 3THX ypas-

HeHril
gG=1fLH® (G=1,...,k

COOTBETCTBYET HEKOTOPOe OmpefeieHHOe ABHKEHHWe HANICH CHCTEMBL.
CpaBnmBas ero B H3BeCTHOM OTHONIEHHH C JPYTHMH JABHKEHHAMH, BO3-
MOKHBIMH [ Hee IPH TeX jKe CHJAaX, ABH:KeHHe 9T0 Gy/neM Ha3HBaTbh
HEBOSMYUWCHHBM, a BCE OCTAJIbHHE, ¢ KOTODHMH OHO CPABHHBAETCH,
B03MYUCHHUMU.

ITycrs t, ecTh MOMEHT BpeMeHH, YCJIOBHO NPUHEMAEMBI 38 HAYAIb-
HBH, & ¢jo M gjo 0603HAYalOT HAYaJAbHHE 3HAYCHHSA LOPEMEHHOH ¢;
u ee Npou3BoAHOH mo BpemenH ¢;. Ilycre As HeBo3MymeHHOTro ABH-
HKeHIA

250 = fj (to)s  Gio = fi (ty),
a IS BO3MYIEHHOTO
Q50 =[5 (tg) + €j»  gio = fi (to) + &5,

Iie €j, €] CYyTh HEKOTOPHE BeleCTBeHHbie NOCTOAHHHE, KOTODHE yC-
J0BMMCHA HA3HBATDh 603MYyWeHUIMUL. 3afaHNeM 3THX HOCTOAHHHX BO3-
MyIeHHOe JBW;KeHHE HOJHOCTHIO OIpeJie]ifAeTcsA, TAK KaK JMeHCTBYIO-
mue HA CHCTEMY CHJIH HPEANOJATAOTCH HEHM3MEeHHKMH.

I'oBops 0 BOBMYMEHHHX ABHIKEHHAX, GAH3KHX K HEBO3MYI[EHHO-
My, OyfeM pasyMmMeTh ABMIKEHHA, NNA KOTOPHX BO3MYHEHHS YACICHHO
JAOCTAaTOYHO MAJIH.

Iipn aTOM RiA BOSMYNEHHOTO JBHeHNA, 6IAZKOTO K HeBO3MYINEH-
HOMY, PasHOCTh MEXKAY 3HAUYCHMAMH KOODJAMHAT ¢; B CKOpPOCTe# ¢j
B OTHX JABYX JABHKEHHAX, OyAy9d Majiod IO onpefe/eHHI0 B HAYalb-
Hbil MOMEHT M IO HENPEPHBHOCTH IJA 3HAYEHHH {, MAJO OTIATHRIX
OT 1,, MOKeT He OHTh MAJIOH JAJIA MOMEHTOB BPEMeHH, JOCTATOYHO y[a-
JeHHHX OT HaYaJbLHOTO.

OTRIIOHeHHs BO3MYIIEHHHX ABHKeHAH OT HEBO3MYIIEHHOTO MOTYT
6mTh 3aMeyaeMH B JeHCTBHTEJILHOCTH 9epe3 PAasHOCTE B 3HAYCHHAX
HEKOTOPHIX M3MepAeMHX B HaGIIOeHMH MJIM ONHTE BeJHYHH, 3aBHCA-
mux or gemxennii. Mimes B BuAy He omycTuTh cayuam, Korja maGmio-
RawTcd BeAMYAHH, OTIMYHHE OT KOODAHMHAT ¢; B CKOpocTel gj, pac-
CMOT[)HM HEKOTODHe JaHHLE HempepPHBHHE BeIeCTBeHHHEe QyHKOAH
Qs . . ., Q, BexEUEH g, ¢; ® BpeMeHH {.

}) Rax yme yKaauBanoch B IPOJHCIOBHHN, HHPPH B KBagpPaTHHX CKOGKax
03HAYal0T CCHUIKA HAa COOTBETCTRYIOINHE Naparpadm couumerms A. M. JianyHoBa.
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Jlas HeBo3MYINIeHHOTro JBH:keHHA (yHKIuM @, mocae 3aMeHBI
q; = 1; (t) u ¢j = f; (t) obpaTaTcA B HeKoTOpHe M3BecTHHE QYHKIHH
t, KoTopsie 0603HAYHM COOTBETCTBeHHO Yepe3 F,, . . ., F,, a nas Bos-
MYIIEHHOr0 JBH;KeHUA (COXPAaHMM 3a HHMH Ipe;kHee oGosmauenme Q)
oEm OydyT HEKOTOPHMHA (YHKIMAMA BPeMEHM | W BO3MYIMEHHH
€, 8;’. ,

Korja sce BO3MyIeHNA €;, €; PABHL HYJI0, PasHOCTH

xs:Qs'—’Fs

OyAyT TaK:e paBHB HyJio Aaa Beakoro t. Ho ecam posmymennsa e;,
&;, He Oyaydnm HyJIAMH, OPEI0JAraloTCA BCe NPOM3BOJBHO MAaJIBIMH,
TO BO3HMKAaeT BOLNPOC, MOJKHO JHM HA3HAYATh TaKHe IPOM3BOJIBLHO Ma-
Jpie TOCTOAHHbIE, KOTOPHX abCoJMIOTHEIE BEJUIMHH Pa3HOCTeH T, HM-
KOrja He HpeBOCXORHIM Oml.

Mu GygeM 3aHUMATBCA MCKJIOYMTENBHO TeMM CJAYYadaMH, KOTAA
pelreHre PaccMaTPUBAEeMOro BOIPOCA He 3aBHCHUT OT BHIGoOpa MOMeEHTa
ty. B KOTODHI cOOOMIAIOTCA BO3MYINEHHA.

TIpumem caenyroomee ompeneseHve JianyHosa.

Ilyers Ly, . . ., L, cyThb NPON3BOJbHO 3aJaBaeMble IIOJOKUTEJb-
aole uncaa. Ecau npu Beakux Lg, Kak O MAaJsl OHM HM OBIIM, MOTYT
ObTh BHIOMpaeMHl TOJORUTENbHbIe umMcaa E,, ..., E,, Ei ..., Ex
TaK, YTO0H OPH BCAKHX BO3MYMEHUAX &;, €;, YIOBIETBOPAIOIUX yC-
JOBHAM

le; I<Ej g | <Ej
W [P BCAKOM ¢, IPEBOCXOAAIEM ), BEIIOJHAIUCh HEPABEHCTBA

le—Fs|<st

0 HeBO3MYMEHHOE [BU;KeHHe 10 OTHOIIEeHUIo K BeanduuaM Qy, . . . Q,
ycmotlinueo, B NPOTHBHOM ciaydae — Heycmolinugo *.
Mosker CJOyYHUTHCH, 9TO YHOBJIETBOPAIOIUX 3TOMY OIpPEeXeIeHHIO

npenenos E;, E; Heab3a HaliTH, eCJH pacCMaTPHBATh BCAKHE BO3MY-
IeHMA, M YTO TAKHe Tpeliejtbl BO3MOKHO HAATH IJIA BO3MYIIEHHH, MOJ-
YMHEHHLX HEKOTODHIM YCJIOBHAM BHIA

f=0mumm f >0,

rae f ecThb HexoTopas QYHKIMA BO3MyHIeHU# &;, €j, obpamjanmasnics
B HyJb, KOT/a BCE BO3MYINEHHS I10JArajoTcA PAaBHBIMHU HyJl0. B Takux
cay4gaax OyneM TOBOPHTH, 4TO HEBO3MYIIEHHOE ABUKEHHE YCmouiuueo
das 603mMywenull, MONIMHEHHBX TAKHM-TO YCJIOBMAM,

B ompepenenum ycroiiuusocTd JIAOYHOB HCHONB30BAJ IOHATHE
yhcaa, a He GeckoHeYHO Masoil Besuuunsl, [losromy cymecTBo moHATHA
yeToHumBOCTH 10 JIAMyHOBY Je;KAT He CTOJBKO B XapakTepe M3MeHe-
mna Beauunn | Q; — F, | npu cTpeminenun BosMymeHHH £j, €; K Hy-
JI0, CKOJIBKO B OYEHKAT YUCACHHHLT 6eAUMUN BO3MYIICHH IpH 3afaH-
HBIX YHCJeHHHX OIeHKax pasHocredr | Q. — F; | ana ycroitamsoro
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no OTHOMEHHI0 K JyHKRIuAM @, HeBoaMymMeHHOro asmueHusa. Cieno-
BaTeIbHO, HEJb3f YTBEPKAATh, YT0 YCTORUYABOCTH B cMbicae JlanyHo-
pa HMeeT NPefeJbHHA CMHCI HEQUHHTE3NMAIbHOH YCTONIABOCTH IPH
6GCKOH*e'IHO MaJHX BO3MYMEHUAX, KOTAA YAcAa €, &; CTPEeMATCH K
gy ¥,

YpaBHeHNA BO3MYHICHHBIX [BH}KEHHMI

4. Pemenne Bompoca o6 yCTOHYMBOCTH 3aBUCHMT OT HCCJEJOBAHHA
nudPepeHNAANBHAX ypaBHeHHAH, KOTODHM YROBIETBOPAIOT PA3HOCTH
z; = Qs — F,. YpaBHeHHA 3TH YCIOBEMCH HA3HBATh YDASHEHUIMU
803MYyujerHo20 Oéudcenus, a nx oueBuaHoe pemenne ry = 0, . . ., 1, =
= 0 — HesosmywennuM OSUNCEHUEM.

Ecan Bompoc 06 ycTo#YMBOCTH HM3y4aeTcs IO OTHOMMEHHIO K He3a-
BMCHMBIM NePeMeHHLM MeXaHAYeCKON cucTeMsl, To KuddepeHIHaIbAbBIE
YpPaBHEHHA BO3MYINEeHHOTO ABY)KEHHS JAIOT 3aKOH U3MEHEHHH OTKJIO-
HeHNHHl. WM Bapuauuid, 3THX mEePEeMEeHHHIX.

IpepcraBuM Jas IprMepa HEKOTOPYIO TOJIOHOMHYIO MexXaHMYe-
CKYIO CHCTeMY, HaXOAAINYIOCA HOJ AeHCTBHEM CHJI, JONYCKAIOMUX CH-
nosyiwo pyrrnmio. Ilycts gy, . . ., ¢ — ee KoopAMEATH, Py, . . ., P —
umnyJabce, a H (¢, q4, . . ., @y, D1y « - +» Px) — QyRKIAA 'aMBABTORHA.
YpaBHeHHAA JBMKEHAA MOMKHO B3ATh B M3BECTHOH KaHOHMYECKOH
dopme:

dg; 9H 4p;  oH
a dp;’ dt 6qj'

[TpenmosnosknM, 9T0 MH HaMepeHH H3YYHTh II0 OTHOUICHHIO K mepe-
MeHHBIM ¢, p; YCTOHYHMBOCTH NBU/KEHHS, OTBEYAIOIEro HEKOTOPOMY
JaCTHOMY PpellIeHWI0 KAaHOHMYECKHX YPaBHEHUI

9 =¢;(t), p;j=p;@.

3HaueHUA KOOPIMBAT ¢; ¥ MMIYJbCOB p; AJIfA BO3MYMEHHOTO [ABHIKe-
HUA nycrs GymayT

g; =q; () + &5 p;j=p; (@) +n;°

rae §;, 2); CyTh OTKJIOHEHHMsd, HJIH BADHALHH, COOTBETCTBEHHO ¢j, Dj.
O6osnauan pan npocrorn dymxmmm g; (t), p; () wepes g;, p; B 3aMe-
qas, 4T0 BO3MYI[eHHOE ABH;KEHHE NPEACTABJACT ONHO M3 JBHKEHHH
Hamed CHCTEMHI IIPH TeX jKe CHJIaX, HMeeM Cjefylomue yPaBHeHMs:

dt - op; ’
d(p;+m;) 0H (t,q, -+, p,-+n,)
J ITT e 9
dt 6qi

I'ne pisic: ¢ coxpamemm IIOJMOMEHO
H(t, q; 4 &, p; + n;) =
=H@t ¢+ & .. g+ E Pr+ Ny ooy D+ M)
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Paszzaras OpaBble YacTH 3THX ypaBHeHEH B paAan Teisopa mo MaaniM
orknoHeHHEAM Ej, 1); W HCHOJB3YA YPaBHEHHA IJIA HEBO3MYI[EHHOIO
ABWKEHHA, HMeeM

dg; PH *H
— = A . ! g -
dt 2 ,(Bpiaqi 5 0p;0p, n‘) +Xj,

- i

dv; *H . *H
a Z ( aa o+ 94;9p, ni) o
1

rixe X;, Y; 0603HavaioT 4ieHs, 3aBHCAMHAE OT OTKJIOHEeHMH §, ) B cTe
HeHH BEIIEe NepPBOd. JTO — YPAaBHEHHS BO3MYNIEHHOTO JABHKEHHA.

Ecau B mociegHHX ypaBHeHHAX oTGpocHTh 4ieHH X;, Y;, To oc-
Tajoleecs NMPH 3TOM NepBoe NpUbIMKeHHe HOCHT TAK)Ke HAa3BaHHE
ypasnenuil 6 sapuayusx IlTyanxape.

Korga crour Bompoc 06 yCTOAYUBOCTH OTMEYEeHHOI'O HEBO3MYIECH-
HOTO JBH;KEHHSA MEXaHMYECKOH CHCTEMH 10 OTHOINEHHIO K HEKOTODHIM
dyrruuam Qy, . . ., Q,, 3aBucAmMuM oT £, ¢, p H TOIOMOPPHLIM OTHO-
CHTeIbHO ¢, p, TO M3 SBHOTO BHIPAKEHWA PpasHOCTeH

' 9Q, 9Q,
e =Qu(thq + & P+ M) — Qs (9 p)) = Z (‘a_q;‘ &+ op, 7]:')‘*‘- .o

ciexyer

dz, /90, oQ,
@ =t

rae Qs o6o3HavaeT MONHYI0 IPOU3BOARYIO O BpeMeHH 0T GpyHrumum Q,,
B3ATYIO COIJIACHO YPABHEHUAM JBMREHHSA:

Q; = aos = (..a& f—--j&?-)
} E .
ot ; 9¢; dp; dp; 9¢;

Ecan ¢ynximuu @, He3aBHCHMHI MeKAYy €000i0 H MX YHCIO PaBHA-
erca n = 2k, 70, BeIpaskas §;, 7); COIJIACHO HPEALAYMEM COOTHOIIE-
HHAM 4Yepes I, Mo;keM AuepeHIHaNbHIEe YPABHEHAA BO3MYIEHHO-
ro ABM)KEBHA IPUBECTH K HOPMAJBHOMY BHIY

dx

"d_ts =X3,

rre ¢ysxnum X,, YHHUTOKAIOmMUeCHd, KOTAA NepeMeHHHe I, CyTh
BCe HyaH, Oyayr roxoMopduHIMA QYHKHHAMH BeJIWYHH Z4, . . ., T,
¢ KoappunueRTaME, ABIAOMAMACA H3BECTHHMH QYHKIAAME BPeMeHH.

Mosker cayauThCHA, 4TO K HOPMAJLHOMY BHAY BO3MOXKHO HPHBEC-
TH ypPaBHEHAS BO3MYMEHHOTO ABHIKEHHA, €CJIH YHCIO 1 MCCHeyeMBIX
¢yaxknmit Q, MeHEBIIE YABOCHHOTO UMCJA cTeleHeH CBOGOAN MexaHHYe-
ckoii cacrembi. Mu1 GyneM mpeamonaraTh 9ACAO n ¥ QyEKnmm Q, Ta-
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KEME, 9YTOON ypaBHEHHA BO3SMYM[EHHOTO JBHKGHHA HPHBOLHIHCH
K YK&3aHHOMY HODMAaAbHOMY BHJY.

5. [2]. B ganpHeiimem MHu Gyxem 3aHEMaThCA NA(depeHnHANLHB-
MH YDAaBHEHHAMH BO3MYIIEHHOTO ABHKeHHH

,dxs
W:X‘a (S'—-: 19."""’)7' (1)

OTBJIEKAfACh OT MCXOJHHIX YPAaBHEHHH [BW)KEHUS MEXaHHYECKOH CHC-
TeMH H OT BBja QyEKOui (;, B HPEAII0J0/KeHNH, ITO BCAKOH CHCTEMe
BEINECTBeHHHIX 3HAUCHMH BOBMYINEHHH €;, £j, IMCICHHO NOCTATOYHO
MaJbX, Oy/JeT coOTBeTCTBOBATH HEKOTOPAs CHCTEMA BEHmIeCTBEHHEIX
HaYaIbHHX 3HAUYCHHA mepeMeHHHX Iy, 4, Kak OH HH OHJ0 Majxo XaH-
HOe NOJIOMKHTENbHOe YHCI0 A, 3TH mocieqHHe BCerga MOKHO Oyner
cjesarh yXOBJIETBOPHIOIAMU HEPABEHCTBY

2 $§o < ‘47

HOAYHHAA BO3MYIIEHHA £;, &; YCJIOBHIO, 4TOOK OHM 10 aGComOTHOM
BeTHYAHEe He NPEBOCXORHMJIH MOCTATOYHO MAJBIX, HO OTJHYHHX OT
ryas E;, E;.

Myl mpeRmoNo;RKMM TaKiKe, YTO, KaK Gbl MAXK HM OBIM JaHHEe
0.10;KATeNIbHEE Tncaa Ej, E;, BCerja BO3MOKHO HAiTH TaKoe mOJo-

/HTeNBHO® A, YTOOH BeaWumHE I3y + ... - 25, He IpeBHmAme
A, oTBeYAJM ONHA MJIM HECKOJABKO CHCTEM BeI[eCTBeHHHX 3HaYeHMH
€j, €;, abCOJNIOTHHE BeJHYABH KOTOPHX | &; |, | &j | Gham G coor-

BeTcTBeHHO MeHbme E;, E;. Ilpu sroM ycioBrH HaualbHbE 3HAYeHHA
MEPCMEHHMX Zs MOTYT HIPATh TAKYlo jke POJIb IPH DElIeHHH BONpOCa

00 VCTOHYHMBOCTH, KaK W BEAMYUHH €, €;, CJH TONBKO 3aJaHHEM Zgo
nepeMeRHHE z,, yJoBIeTBopsiomue ypaBHeHHaM (1), ompemensmmworcsa
BIOJIHEe. JTO HOCIeNHee YCJIOBHe MH OyaeM IpenosaraTh BCeIna
BHIIOTHeHHHM; IO3TOMY Jiajiee BMeCTO BeJW4MH €;, &; GyaeM Bceraa
paccMaTPHBATh Zgy, NEPEHOCA HA IOCJIeHHHAE M Ha3BaHHe BO3MYH[CHHI.

Mur mpeamono:xmM, uTo nmpaBhe wacTH AuddepeHIHANLHEX ypaB-
HeRuii BosMymieHHOTo AsmkeHusa (1) maa BcAxoro ¢, mpeBocxopsme-
ro i,, pasjaraioTcsi B CXONAIHECA CTENEHHHE PANH IO IEJbIM CTele-

HSM HepeMeHHHIX Zy, ..., I,, KOTAA IOCJeXHAE YAOBIETBOPHAIT yC-
JOBEIO
2
2,:1:3<A,,
s
¢ xoaddmomerTaME pg,, Pf,’"""mn), ABIAIOMUMUCA OIpefeJeHHHNMHA

BEI[eCTBEHHKMH HENPePHBHHMA QYHKOMAME i
X, =PpaZi+ -« + Ponn + 2 P ™0 g™, | zn

Irjle CyMMEPOBARHHE PacOpOCTPaHEHO Ha BCE IeJbie HeOTPHIaTelbHHE
YECIa My, . . ., My, YROBJCTBOPAINIHE YCIOBEIO

my+ ...+ my, >1.
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Onpenenenue ycroitumpoct Jlamynosa nepedpasupyerca B Te-
PeMeHHBIX & CJeNYIOIHM oGpasoM.

Ecian npm BcAKOM mpoU3BOABHO 3ajaBaeMoM umcae A, Kak 6w
MaJo OHO HH OBIJI0, MO;KeT GHTh BHOHPAEMO IOJOKHUTEIHHOE TUCTAO A
TaK, YTO6H OPH BCAKHUX BO3MYINEHMAX Tyy, . . ., X, YAOBICTBOPHIO-
WX YCJAOBHIO

2 x§0<}‘~

U NpU BCAKOM !, NPEBOCXOAMEM ,, BHOOJHAIOCH HEPABEHCTBO
2
> 22 < A,
$

TO HEBOSMYIICHHOEe ABM;KE€HHe — YCTOHYHMBO, B IPOTHBHOM Cjydae —
HEYCTOHYHBO.

B onpenmesennu ycroiiumsocTH mpeamosaraercs, UTo BO3MYMA0-
{UX CHJ HeT B TOM CMHICJIe, 9TO BOBMYM{EHHbIE [BUKEHMA IPOHMCXO-
AAT WO feficTBHEM TeX ;Ke BHEIIHHX CHJI, KOTOPbe YINTHBAJIKCH OPK
onpefiejieHMH HeBO3MYINEeHHOTO JBH:KEHHA, a YACI0 A HTPOA3BOJIBLHO
M MOKeT OHITh CKOJH YrOZHO MAaJjbIM.

Eciu HeBoaMymieHHOe NBHM:keHMe YCTOHYHBO, TO YCJIOBHA, KOTO-
pble UMEIOTCA B ONPEeNeJeHUH YCTOMIMBOCTA, OYAYT BLHINOJHATHCH,
HaYdHAA, OBITh MO;KET, ¢ MaJbiX, HO BCe ke KOHeYHHX 4 u A.

JIAyHOB He WHTEPECOBAJCHA BONPOCOM, CKOJbL BEJHKO MOKeT
OHITH 3HAYEHHE A, XOTA B [[OKA3aTeJhCTBe CBOEH TeopeMH 06 ycTOii-
YUBOCTH OH JaJ IPAKTHYECKH NOJIe3HHH cHoco6 mOCTpoeHHMs A A
OIlpeie;IeHHOr0, OTPAHWYEHHOTO CBepXy dmciaa A*.

3anava 06 yCTOHYMBOCTH NpPH BO3MYNAONIMX CHJAaX HE HMeeT
CMBICJIA, €CJIM NOCJHeHHEe HUYeM He cTecHeHH. Ecau BosMymawomue
CHJIBI MEHSAIOTCA OT cJydYas K CAy9ai0 TaK Majio, 4T0 X H3MEeHeHde
He BJIMAeT HA JUHEHHEIC WICHH B QyHKIHAAX X ;, T0 BO3SHHKAET HPaKTH-
YeCKH BajKHAf 3a7ja9a 00 YCTOMYMBOCTH IO NEPBOMY NPHOIMKEHHI)
He3aBHCMMO OT YWJIEHOB BhINEe HepBoro mopsagka B QyEKnuax X..
Banagy 3Ty paspemny JIamyHoB, IpMYeM B ee PeNIeHUHM OH BHEN CBOE
TJaBHOE JOCTHKEHHE.



T TABA 2
OBIME TEOPEMBI IIPAMOrO METOJIA JIAIIYHOBA

HekoTopbie onpenenenusn

ti. Paspurhiit JIAnyHOBHIM npAMO# METOX M3yYeHHA YCTOHIMBOCTH
COCTOUT He B HHTerpupoBaHuu auddepeHMaTbHHX ypPaBHEHHH BO3-
MYOIeHHOTO JBHKEHHWA, a B OTHICKAHWH HEKOTOPHIX GYHKUUH mepeMeH-
HBX f, Xy, ..., X, TNOJHBHE HPOH3BOAHbLIE KOTOPHX II0 BpPEeMEeHH
» cnay ypasHeHuit (1) 064aZaiT HEKOTOPHIMH CBOMCTBAMH.

[To npuananuio JIanyAoBa Ha 3TO MeTOJ ero HATONKHYJIO H3yde-
rine sakHoro Memyapa Ilyamkape «O kpuBbiX, ompemeasieMbix Rudg-
depeHAAJBHBIME yPaBHEHHAMEY 1),

-7 (153]. Ms GymeM paccmaTpuBaTh BelleCTBEeHHble (YHKLUH Be-
UICCTBEHHBIX [EPeMeHHbX &, Zy, ..., I,, NOAYAHEHHHX YCJOBHAM

t>tyn Q< H, ()

rie ¢, u H cyts nocroanusie, npndeM H Bcerga Gyxer npeanoaararhes
oTanynoir ot Hyas. IIpm sToM Mbr Bcerga GyaeM mpeimosaraTh, 4TO
OVHKIIMM 3TM HeIpepHBHbI, OJHO3HAYHH M YHHUYTOKAITCA, KOIAA
nepeMeHHble I; CYTh BCe HYJIH. o

Rorpa nmpu ycaosusx (2), ecaim B HHUX {, cHenaTh HOCTATOYHO
doapimuaM, a H pocrarouHo .MaswbiM, paccMarpuBaeMas (GyHKuua V
NMpHHIMaeT, KPoMe HyJeBHX, 3HAYEHHA TOJbKO OJHOrO 3HAKAa, TO
Takyio QyHKIUIO OymeM HasbBaTth snakonocmosawroii. Horpa ke mo-
/Re.1acM OTMETHTD ee 3HaK, TO GYAEeM rOBOPHTH, YTO OHA MOJOKUTEN b-
Had HIA OTPHUIATEIbHAA.

Fean 3sHakomocrosnHas ¢yHkuua V He 3aBUCHT OT {, a TOCTOSH~
Hast // MoKeT OHTH BHIGpaHa KOCTATOYHO MAJOH IUIA TOro, YTO6H mpy
veaopngax (2) gyrxuua V. yHMuTO:RaNach JAMIIL TOTHA, KOTAA BCe
nepeMeHHBE Ty CYThb HYJH, TO Takylo QyHKnuio V 6ymeM HasnBaTh
MarooOpefieleHHOH, a sKesad o0parMTh BHHMAHHE HA €€ 3HAK,—
(1 [ 07 AEHHO-NOA0NCUMEALHOL UM 0npedeleHHo-0mpPUyameabholi.

(Dyaknuo V, 3aBAcamyo ABHO OT £, GyfeM Ha3HBaTh 3HAKOONpe-
1e1¢0HOH TONBKO IPH YCJAOBAM, €CJIH JJA Hee BO3MOKHO HAHTH TaKyio

“Wilyanmkape A. O KpusbX, onpejenseMbx judpdepeHnnaiLAEME ypan-
aennnywit: Ifep. ¢ gp.— M.: Tocrexmspar, 1947. '
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He 3aBHCAIYI0 OT ¢ ompeleleHHO-NOJOKUTeNbHYI0 ¢ynrpmio W,
91006 OXHO U3 [ABYX BHpasKeHWH

V—W wm —-V-—-W

OpefcTaBAAN0 (QYHKIHIO NOJOKHTedbHyl. Tak, kaskmasa u3 QyHK-
11§50%)
i + 23 — 2xgx,c08 t, t(2f + 2i) — 2z, cos t

nono;kuTeabHa. Ho mepsas ecTh TONBKO 3HAKONOCTOAHHAM, a BTOpasA
OymeT K ToMy e 3HAKOOIpe[elleHHOH, ecaM B 3ajade HeT JPYTHX,

’ : 2
KpoMe I, U x,, mepeMeHHHIX; 3a pyHKnui W MoikeM NpuMHATH I

+ a3, Tak Kax UpH £, > 2 W IPOM3BOJBHOM LOJOKHTeasHOM H . pas-
Hocth V — W npm ycaosuax (2) uuxorga He OyJeT OTpHMIATENbHOWY.

B npocrpancTBe mepemennsix zy, . .., z, B 061acTH, OrpaHHYEH-
HOH BTOpDHM M3 HepaBeHCTB (2), ypaBHenusa V = c¢ = const mpesn-
CTaBJAIOT HEKOTODhie HeNpPePHBHEE IOBEPXHOCTH, MONBHKHBIE, €CIIH
V 3aBucuT ABHO OT {; IPUTOM Yepe3 HA4aJ0, B KOTOPOM BCE IMEPeMeH-
HEI€ I, IPEAXOJAraloTCA PABHEIMH HYJI0, OPOXOTAT HOBEPXHOCTH

Ecxum ¢pynkuma V — sHEAKoonpenenenHsas u He 3aBHCAMAA OT f,
TO HOBEPXHOCTH V = ¢ 061aJal0T TeM CBOMCTBOM, YTO He CYH[eCTBYeET
HAKAKOrO HEHDEePHIBHOIO OYTH H3 HAYaJa B NPOH3BOJIBHYIO TOUKY
chepbr (A4)

2
dazi=A4 (A<H),
8

He HepeceKalolero HOBePXHOCTH V = ¢, ecid 9HCJI0BOe 3HAYEHHE C
He NPeBOCXOJAT HaMMeHbINeTo 3HaUeHua Moxyuas | V | Ha aroil cdepe.
I'eoMeTpryeckoe MecTO mepBHX TO4eK NOBEPXHOCTH V = ¢ Ha BCex
BO3MOKHEIX HeOPepHBHHX IyTAX ¥M3 Havaxaa (z; =0, ..., z, = 0)
K TouKaM cdepsl (4) mpeAcTaBiAsfeT OPH 9TOM HEKOTOPYI 3aMKHYTYIO
IIQBEPXHOCTh, KOTOPYI0 YCJAOBHMCA HaskBath (rn — 1)-MepHuinx yux-
aom V = ¢. Ilpu HenmpepHiBHOM M3MeHEHMHM ¢ K HYJI0 IHKAH V = ¢
OpPeCTABAT 3aMKHYTHie HOBEPXHOCTH, BJOKeHHHE APYF B APYyra M
CTATHBAOIAECA K Hayajly B 0o061acTd 9HCICHHO HOCTATOYHO MAJIBIX
3HAYCHAA mEepPeMeHHKX Z,. '

Ecan ¢yaxmua V onpeneseHHO-IONO;KATENbHA H 33aBHCAT SABHO
OT {, TO IO OMpPEJEJeHHI0 CYH[ECTBYeT He 3aBUCAMAA OT ! OHmpeJesieH-
HO-moJIo}KATexAbHAsA QynRmua W rakas, wto V — W mpexpcrasaser
mOJIOKATENbHYI0 QyHKHI0. Ecim ¢ me mpeBOCXOAWT HIPH ITOM Hau-
MeHbINero 3uavenus ¢pyuxuua W Ha cdepe (4), T0 M0G0 Henpephs-
HHH OyTh, NPOBeJeHHbI M3 Ha4YaJa [0 NPOU3BOJLIHOH TOYKH LIHKIA
W = ¢, oGasarensno am60o mo MeHbmeill Mepe OXHEH pa3 mepeceder
noBepxHocTh V = ¢, au6o o Ha Heir oxoHunmTcA. Hasmsan yuxion
V = ¢ reomerpuueckoe MecTO HEepBHX TOYeK IoBepxHocTH V = ¢
IJIA HEKOTOpOro { > f, HA HEOPEPHBHHX NYTAX M3 HaYajJa X0 TOUEK
maraa W = ¢, sameuaeM, 910 npH 3ToM IHKX V = ¢ cojepmurcsa
BHYTDPH HJH OXBaThBaeTca uuxaoM W = c.
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Ecnu npu ycnosmax (2) amauenna | V | He npeBocXOAAT HEKOTO-
pOTO XOHEYHOIo MHCIA, TO dyaxnuio V 6yneM HA3LIBaTh 02PAHUYEH-
noti. 1lpn gocrarouno manoM 3Havenmd A Takod Gyjger B cHIy Hempe-
PHIBHOCTH BCAKasA He 3aBucAman or ¢ ¢ymxmua V.

Ecna orpannuennan ¢ynknusa V taxoBa, uTO [AJA BCAKOrO HOJO-
;KATeAbHOTO !, Kak O Majio 0HO HEH Onio BHOpaHo, HaljeTcsa Takoe
OTJIHYHOE OT HYJA YHCIO A, 9TO LPH

>ty m Naril A

GyIIGT BBINOJHATHCA HEePABEHCTBO
Vi<l

to OyneM rosopuThb, at0 V donyckaem GeckoHeuHO Maablil 6wCWLULL npe-
dea. JToMy TpeboBaHMIO YXOBJIETBOPAETr B CHAY HeOPepPHBHOCTH BCH-
Kas He 3apucaman or ¢ pynxuua V. Ho ¢ysxnum, sasucamue ot ¢,
xoTa GH M OrpaHWYEeHHbe, MOTYT eMy He ynosiaersopAaTs. Hanpumep,
H3 PyHROAK

sin?[(zf 4 ...+ 22)¢t], (2F+ ...+ 2})sint

JHIOb BTOPAfA AONYCKaeT GeCKOHeYHO MaJBHH BHICIIMI IpeRes; KCTAaTH,
HA OJ[HA M3 3THX NOJOKHTEeAbHHX QYHKIWHE He ABIAETCA anaxooupe-
IIE.*IGHHOE.

Fcaw ¢pyuxmusa V momyckaer GeckoHeYBO Majni BHCIIME mpepen,
TO B IPOCTPAHCTBE HEPEMEHHHIX Z HH OJHA TOYKA NMOBEPXHOCTH
| V| =, ckoap 661 Mano ! HE OO0, HAKOTAA INA t > I, He BOHAeT

3 o0.JaacTh
Nat <A
8

e A ecTh HeKOTOpas 3aBHCAIAA OT ! IOJIOKATeNbHASA NMOCTOAHHAA.

Ycnopme 3HaxKooupeneneHHocTd QyHKuuu V CONepKHAT H3BECTHOE
orpanmueHMe [JA WM3MEHEHHA ¢ TedeHHeM BpeMeHM IuKia V =c¢
Hapy:Ky B TOM CMHCIe, 9TO0 UMKI W = ¢ unpepcraBisier HAPY;KHYIO
rpapuny obaacty W < ¢ npocrparctsa (zy, . . ., Z,), BEYTPH KOTO-
poit gexut EKa V = ¢ B Ji060if MoMeHT BpeMeHm i > I,.

Yecaosue cymecrBoBaHHA OECKOHEYHO MAJIOTO BBHICHIETO Ipefesa
y dyarnua V copep;kuT orpammuenme JJAd M3MeHEHHMH HOBePXHOCTH
| V | = |l BOBHYTPH B TOM CMHICHE, YTO AJA BCAKOTO HOJIOMKUTEIHHO-
ro I, ¢cKoxb OB MajJo OHO HM OHJIO, CYI{ECTBYeT OTJIHMYHOE OT HYJA .
OJG;KUTENBHOE YHCJIO A, oupemeixsaiomee 06JACTbH

DEAYE

BHYTDH KOTOPOH HH n:m KaKOro ¢ -1, HEeT TOYEK, NPHHANICIKANAX
nopepxHoctd | V | =
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OnuospemenHo ¢ QynKiuedr V OGymeM paccMaTpPHBaTh ee IOJHYIO
HPOM3BOJHYI0 10 ¢, B3ATYI0 B NPEANOJOKEHHH, YTO IIepeMeHHbIe I,
yAOBJAETBOPAIT AH(PepeHuaTbHBIM YPABHEHUAM BO3MYMEHHOTO ABH-
JKeHn A

oV 71% Vv
= 2 x o, 2 x,
V=Gt Xy — X,

Teopema JlanynoBa 00 ycroiiunsocTn

8 [16]. Teopewma. Ecau ougfpepenyuarvrvie ypasnenus 6os-
MYUWEHH020 OBUNCCHUS MAKOBHL, YMO B03MONCHO HAliMU 3HAKOOnpede-
aennyo gyuryuio V, npoussodnas komopoi V' e cuay smux ypashe-
Hull 6bvlaa 66 uUAL 3HAKOROCMOAHHOU PYHKYUED NPOMUBONOLOICHO20
3naka ¢ V uau moxcdecmeenHo pasnoil HYA0, MO He803MYyUeHHoe J8U-
JCeHue Ycmouuueo.

Hdorkasareavbcrso. Ilyers V — onpegeneHHo-non0x&u-
TeapHad GyHkuua, a V' — orpuyareabnas wim nyas. [lo ompenmene-
HUIO 3HaKoompefeleHHOH (YHKIMM, HaHReTCA He 3aBUCAMIAA OT |
OIIpefiesIeHHO-TI010kuTeJibHad GyHknusa W Takas, 4To 0pu HOCTATOY-
HO OouabinoM !, ¥ HXoctraTouHo MajoM H B oGiacTH, ompeleleHHOH
ycaosuamu (2), 6yayT HMeTb MeCTO HepaBeHCTBA

V<0, VW 3)

Hamo mokasath, 4T0 Il HPOM3BOJBHOIO HOJOMHUTEABHOrO umcaa A
HAUeTCA TaKOe NOJOYRUTEJIHHOe YHCJIO A, YTO NPH HAYAJBHBIX BO3-
MYIEHMAX Iy, YAOBJETBOPAIONMMX HEPABEHCTBY ) 2i)< A, 3HAYe-

s
HUA OEepeMeHHBIX Iy, HavYaBlIue CBOe HM3MEHEeHHe COlJacHO ypaBHe-

HHAM BO3MYIIEHHOTO ABH/REHMSA B MOMEHT { = [, ¢ HAYaJbHBIX 3Ha-
YeHUH Iy, MIA J000ro MoMeHTa ! > t, OYAyT YAOBJIETBOPATH He-
paBeHCTBY

S < A

[Iycts A ectTh HEKOTOpPOE OTJAMTHOE OT HYJIA, NPOM3BOJBHO MaJjoe
OOJO;RUTENbHOe YHCA0 (KOTOPOoe BO BCAKOM cliydae OyneM HpeamoJia-
rarh MeHbinuM H); nyerh [ ecTh TOYHAA HU3MIAA rpaHuna GyHKuuu W
Ha cdepe (A4):

z,xng.

Yucno [ HeoOXo0nuMO OTIMYHO OT HYJs M NOJO/RMUTENbHO, TaK Kak W
npeicTaBafer OmpefeaeHHO-TOMOKHTeIbEYI0 QyHKnuio. PaceMorpum
¢oynkuuw V (t,, x4, ..., x,); OHA, KaKk He 3aBUCANAA HBHO OT i,
AonyckaeT OeCKOHEYHO MAaJbid BHCINMH npedes; u CJeN0OBaTeNb-
HO, masA [ Haligerca Takoe A, 4TO IJaA 3HA4eHHil NEPEMEBHHIX I,
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yIOBJICTBOPAKIAX  YCJOBHIO Zz§ <A, 3HaveHHsA =~ QYHKOAH
&

V (t5 Zyse + +« ;) OYAYT YROBNETBOPATH HEPABEHCTBY
’ Vg, 2y, - .., x,) < L.

Eciau HagajgbHEIE 3HAaYeHAA Ig, NEepeMEHHHX r; BHODaTh COrIacHO
HepaBeHCTBY

2 1520< 7‘-9

TO 13 COOTHOIIEeHHUA

t
v—v,={va,

1o
rae
Vo = V (L, Zegy - - -» Tpo) < 1,

corjacHo (3) BHBOAUM, YTO HEPEeMEHHEE I, IPH CBOMX H3MEHEHHAX
B cuay panddepeHNHANBHBIX YPaBHEHUH BO3MYMEHHOTO ABH)KEHUA
OynyT YHOOBJIETBOPHTH YCIOBUAM

WSVrv, <L
a TeM CaMBIM H YCJOBHIO

Dl 4,

Tak Kak ! ecTb TouHasa Husmaa rpamuna ¢yuxkmuu W ma cdepe (4).
Teopema morasamua.

DOyuxynio V, yAoBIeTBOPAWINYIO YCIOBHAM 3TOH TEOpeMH, yCilo-
BHMCS HasHBaTh pynryued Jlanywnoea ).

B noxasareabcTBe TEOpeMH, BHIOOJHEHHOM B JyXe &-A0Ka3a-
TeJBCTB, CAEAYeT OTMETHTh HpPeIoAeHHbH JIANYyHOBHM HPAKTHYECKH
T0JIe3HNH cmoCcO0 HAXORAEHHA [JIA 3aJaHHOTO IOJOKHTEJNHHOTO THUC-
na A, mensmero H, ¢ momompsio ¢ymknuit V m W nonoxmrenpuoro
guciaa A, o6Nafalomero CBOMCTBOM: €CHM HAYaJbHHE 3HAYEHHA Ty,
CTeCHeHH HepaBeHCTBOM

2 xgo < }",1,

TO BO BCE IOCJeRylouiee BpeMs 3HAYCHHA IEePeMEHHHX I, OyAyT YAOB-
JeTBOPATh HEPABEHCTBY

Da< A

15 Bompoc o cymecTBoBaHME QyHKUEE JIANMYHOBA HJIA BCAKOr0 YCTOMYHBOTO
HeBO3MYMIeHHOTo [BM;KeHMA paspemma npodeccop K. II. Nepcmpackmii (II e p-
caugcrkuEi K. . O6 oxmoit Teopeme Jlamywosa // JAH CCCP.— 1937.—
T. 14, N 9.— C. 541—544). ‘
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JIAnyHOB HCHOJB3YyeT JAMIUbL HY;KHOE eMy o0CTOATeInBCTBO, UTO
IJIA OPOHM3BOJIBHOTO IOJOKHTEABHOro 4, cKoab Ob Majic OHO HA GH-
110, COOTBETCTBYIOIEEe A CYM[ECTBYeT, M He OCTAHABJUBAETCA Ha BO-
npoce o HamGoJpmieM 3HAYEHAM A AJNA 3aJaHHOTO A*.

Il pumep. PaccMorpuM ypaBHEeHAA BOSMYMIEHHOIO ABHKEHHASA
B BHJeE

dzx
@ = —@—By) (1 —az*—by?),

%:T—(y + ar) (1 — ax? — by?)

¢ IOJIO)RUTEJIbHBIMH HOCTOAHHHIMEA o, f§, a, b; mycrh Ajas ompexejeH-

HoctH a < b, o < B.

OnpeneaeHHO-TION0KUTEAbHAA QYHKIHUA
V = ax® + By®

yIOBJETBOPAET YCJIOBHAM TeODEeME; ee IOJHAA IPOU3BOTHAA IO Bpe-
MeHH, COIJIACHO 3aAaHHBIM YPABHEHHMAM, SBJIAETCH OTPUIATENLHON
B 00JaCTH MOCTATOYHO MAaJHX 3HAYEHWHE T, Y:

V' = —2(az® 4 py*)(1 — az® — by?).

3HauuT, HesoaMymenHoe apmxenue r = 0, y = 0 ycroiiguso.

Uanroctpupyem rokasareabetso. Obnacts 2 4 y? < H, rae pyHK-
uaa V onopesieleEHO-IOJIOKUTENbHA, a NpOM3BOfHaA V' mMeer oTpum-
HaTeJbHBE U HyjeBble 3HAYEHUA, ONPENeNseTCs COOTHOIMEHMEeM

1

=

PaccMOTpHM HEKOTOPYI0 OKPY:RHOCTH 22 -+ y® = A; ee KacaeTca u3-
HYTPH BJUIANC

az® + fyt = Aa.

Ksagpar paguyca HauGosblmeidl OKPY;KHOCTH, BOMCAHHOH B 3TOT 3J-
aunc, ects A = Aa/P. Ecmu A < H, To aBu:keHHe, HAUaBIIeecsa M3
NPOM3BOJIBHON TOUKHA Ty, Yo, J€KaIed BHYTPH INOCJTEAHEH OKpY«-
HOCTH

z3+y3<7~;

He BHIBEfET ABHKYIMYIOCA TOUKY ¥, ¥ 3a OKDPYKHOCTb 22 - y® = 4,
TaK KaK B paccMarphBaeMoil 00JacTd 3HAYCHHA NPOM3BORHOH V'
OTpHHATEJIBHE H, CJAeJ0BaTe]pHO0, IPH ABAKEHHHA COTJIACHO 3alaHHHM
ypaBHeEuAM Touka P (z, y) B ToJe MOROOHEIX M mOROGHO pacmouo-
JKeHHBIX 3JMncoB V = const AOMIKHA HEPEXOAUTHL HA BHYTDPEHHHE
3JAENOCH. A 3T0 H JOKasbsiBaeT, 9TO, HCXOJA M3 YKa3aHHOIO Hagalb-
HOTO HOJOKEeHHA (T4, Yo), nnmﬂyﬂlaﬂfﬂ TOYKa HAKOTIJIAa He MonajeT Ha
smmune ax? + Py® = Aaq, ;eKamluM BHYTPH Kpyra a2 4 y® < A.
Tak Kak HpHEBefeHHoe ompeAeTeHHe A BO3MOMHO nua Beakoro A,
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cxoab OB MaJo mociefHee HM OBIIO, 3aKa4aeM 06 ycToiiumpocTm
geBC3MYIERHOTO ABMKeHHS.

9 [16]. CaemcrBue. Ecau daa dudpepenyuarohnz ypasne-
nuil sosmyuennozo deuncenus cywecmeyiom unwmezpasw Uy, . . ., U,,,
YHUNM ONCAIOUUECR, K020Q 6Ce nepeMeHHWe I CYMmb O0OHOBPEMEHHO
nyatv, 4 ecau waldena gynryus V, ydoearemsopaiowas ycaosusm (3)
npu npexciem 3navenuu W moavko 0ia nepemennwr, 0af Komopwx
U =0,...,Up =0, mo mo sarsionusu 6w, umo Heeosmyujennoe
Qeudicerlle YCmoUuUeo NPU B0IMYUEHUAT, CMECHEHHWT YPASHEHUAMU
Uy =06, ..., Up=0.

YacTHHM CJIydYaeM 3TOTO CJIERCTBHA ABJIAETCA OfiHA TeopeMa Pay-
ca l). B camoMm pgene, mycTh ¢y, ..., g, — HE3aBUCHMEHIE JarpamKe-
BH KOOPAAHATH HEKOTOPOH TOJOHOMHOM MeXaHHYECKOH CHCTeMH, JJif
koronod T — sxuBas cuia,-a U — cmimosan ¢yuxknma. IIpeamono-
JKAM, YTO IEPEMEHHBIE (giy, . . ., Gy (S < k) ABAAIOTCA HUKIAHYECKHA-

MK B TOM CMBICJIe, YTO AJHA HHX
oL
a—q;:O (a=s~}—i,v...,vk),_

rae L. := T 4- U oGo3nadaer Tak Hasusaemyl gyuxyuio Jazpanaa.
YpanueHHA JIBH/KEHHA TAKOH CHCTEMEH

d (oL oL .

_——,———-—:0 L-——1..-k

umewr k — s NepBRIX HHTErpajion
oL

=7 = Pas
dq,,
rae B, CyTb HDOCTOAHHDIE.
Ecun ssectn pynkuuio R, onpefeleHHYI0 PaBEHCTBOM

R=L~§¢m,

H B Hell 3aMEHHTH ¢, Yepe3 MX BHPaKEHHUA, HOJNYJCHHHE U3 BHIHUCAH-
HBIX NCPBHX HMHTErpajoB, TO MIA R 1ojyYuM BHpa’KeHHE B BHAE

'3 ; ’ ,
(bynm(x{u OT &, gy« « oy Qoy iy « + «5 Goy Botrs - - - Px- Bapuanusa mo-
cnenzel ecth, ecad j=1,...,s;,0=s+1,...,k,

_NVR g L VORI g
GR—‘S:‘% q'+‘S:0q; Gq’+;"ﬁa O

Baprandd Tol ke pynkian R coraacHo fopmyie, ee ompemesiomei,

eCTh
dL oL ’ ’
5}2:2:_ . 2’_5_2‘ )
- ag; q; -+ ia q; a_‘]aaﬁa

') Youth E.P. The advanced part of a treatise on the dynamics of
a system of rigid bodies; 4th ed.— 1884.
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Cpasuenue Ko3(QuIHeHTOB IPH ONNHAKOBEX BApHANMAX B 3THX JABYX
BHPQKEHHAX IPHBOJAT K COOTHOLIEHWAM

L R dL _ 9R ./ _ 4R

AT T AT . T T Ty, '_'q'].:_'
691 59_; qu 6q3- aﬁa
COTJIACHO KOTOPHIM YPpaBHEHHUA JIaI‘paH;Ra OIA HEIINKJINYEeCKHAX KO-
OpPIMHAT NPUHMMAIT BHI

d (R oR
W(a_q.;) 0‘1] =0 (j=1,...,9).

@Dyurnua R He 3aBHCHT OT IMKJINYECKUX KOODAMHAT ¢, ¥ MX CKO-
pocreit q,. [locnenane ypaBHeHUA KaK OB HTHOPHPYIOT IHKJIHYECKHe
KOODAMHATH ¥ CBOAAT [AAHAMHYECKYI0 3aflaudy K 3aflade O JBIKEHHM
MeXaHMUeCKo# cucTeMH ¢ HoBoi GyHKuumeit Jlarpamka R M ¢ MEeHBIIHM
gpcloM CTeneHed cBoOORB. JHAUeHMA IMKIMICECKHUX KOODAMHAT (o
ocJje TOro, KaK NPONHTEerPUPOBAHHI TOCJIEAHNEe YPaBHEHHA, ompene-
JAOTCA KBaJparypaMu

Qo = — S dt.
0ﬁd
IIpexcraBum ceGe, 4TO NPHM HEKOTOPHIX 3HAYeHMAX P, ypaBHeHUs
JBUKEHNA NOIMyCKaloT dacTHoe pemenme ¢; = 0 (j = 1, ..., s). 9ro-

My pelIeHMI0 OTBEYaeT CTAMOHAPHOEe ABIIKEeHMe, B KOTOpoM OymyT
M3MEHATHCHA OJIHA IUKJIWYECKHEe KOOPAWHATH gy. Y PABHEHMAMH BO3MY-
IeHHOTO0 NBM/KeanA (npn PUKCHPOBAHHKX 3HAYCHHAX IMOCTOAHHBIX i)
OyAyT ypaBHeRHA A HENHKJINYECKHX KOODAMHAT ¢; ¢ QyHAKImei
Jlarpamxa R.

Ecan R He 3aBHCHT ABHO OT f, TO 9TM yDaBHEHHA MMEIOT HePBLIA
UHTErpajl, COOTBETCTBYION{MI WHTETPANy FKHBBIX CHJI:

H= 2 i— R = h.

Teopema Payca cocrour B ToM, 9To ecau (bymuum V=H-—H,
Gyner sHaKooIpeeJeHHOH OT MepeMeHHHIX ¢;, ¢j, TO (comacHo Teope-
me JlanynoBa, Tak kak V' = 0) cragunonapHoe ABm;KeHHe Oymer yc-
TOMYHUBHIM IPH YCJAOBAM, €CAM 3HAUEHAA NOCTOAHHHX Py He BO3MYINA-
wrea; H, o6ospagaer pynkumio [, Koraa B HocjaefHeH Bce HEIMKIHIE-
CKHe KOOPAMHATHL ¢; M WX CKOPOCTH ¢; IOJO/KeHH DPaBHHEIMHU HYJIIO.
I/In'repecuo 3aMeTHTh, YTO CTAliHOHADPHOE ABWKEHHE MOKeT OBITh ye-
TOHYABHIM, KOTAA (I)ym(umi H — H, ue apasgerca 3HAKOONPeeJIeHHOMH.

10. II p u m e p. PaccMorpuM TsKes0oe TBepHoe Tejlo ¢ OXHOM He-
moxsmwkpoit toukoit O. Ilyers moppm:xHbe ocu KoopamHaTr Oryz co-
BIAJAOT C IJIaBHHIMHA OCAMH JJIMNCOMAA MHEPI[HM Tesia, OCTPOEHHOTO
JUIA HeNOABHKHOM Touku. MOMeHTH MHEPHMHA TeJla OTHOCHTENIBHO OCeH
Z, y, z o6o3paumM cooTBeTcTBeHHO Yepes A, B, C.
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Cay4ait Jlarpamxa npeacrasures, korfa 4 = B, a koopauEaTh
jleHTpa THAecTH Teda cytb £ =0, y =0, z > 0.

Ilycrs p, ¢, r — HIpoeKOUH MITHOBEHHOH YriI0BO# CKOPOCTH HA TJIAB-
gple OCH &, Y, Z BINMICOMJA WHepHHH; Y, Y, ¥’ — HaupaBaAomue
KOCHHYCHl BePTHKAJIH Z; C HOXBM:KHBIMH OCAMH Z, Y, Z.

ITpakTHyecKkuil mHTEpeC HMeeT 3afAada 06 YCTOMIABOCTH BEpPTH-

Ra.1bHOTr0 BpameHUuA:
p.—_-O, q:O, r =r,, 'Y—_—O, Y':O, v”:j_

Jroil 3aave MOCBAIIEHO MHOro McciaeloBaHuii. MB HM3yuum Bompoc
00 YCTOHYMBOCTH IO OTHOWIGHWIO K HepeMeHHHM p, ¢, I, ¥, ¥, ¥".
O6o3naunM BapHalMM NePeMeHHEIX IJIA BO3MYIIEHHOIO [BMKEHH S

TaR: ‘ .
p=8%g=mr=ro+§y=0a 9y =58y =143

YrobOn pemurh mocTaBaeHHBbIH Bompoc 00 ycToidmBocTH, OyAeM mc-

kaTb QvHKIUIO JlanmyHoBa cpegm MHTErpajioB ypaBHeHMH BO3MYIIeH-
HBHIX JBH/REHHM.

B caywae Jlarpan:ka u3BecTHB! CJieAyOUiUe MHTETPAJH:
A (p? + ¢%) + Cr® + 2mgzy” = h,
A (py + ¢v') + Cry" =k,
A+t =,
r=r,.

Orcona ypaBHeHUA BO3MYIIEHHBIX JBU/KEHUI HMEIOT TaAKNe WHTEr PaJbl:
Vi = A (8 + ) + C (8 + 2rol) + 2mgad,
V, =4 (B -+ np) + C (8T + rod -+ D),
Vi = a? + B2 4+ 6% + 26,
V, = L.

®ynrimo Jianysosa Gynem ucKath B KBaZpaTHYHOM CBA3Ke MHTerpa-
J0B

VooV, + 20V, — (mgz + Croh) Vy + uVi — 2 (Cry + CA) V,=
= AE* 4 204 Ea — (mgz + Cryh) a* +
-~ An? 4 20AnB — (mgz + Croh) B + (C + p) §® -+
+ 2MCE — (mgz -+ Cry)) §2.
Yrolpr mepsrie xBe opHOTHIHBIE OPMBI GHUIA NOJOKATENBHKIMA,

. geciXOXMMO M JOCTATOYHO BHIGPaTh TaK, YTOGH WX AMCKPAMHHAHT
Ol DONOMATENBABIM:

A A
Ah  — (mgz | Crgh) >0,
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Aau
AN+ Crogh + mgz < 0.

Hocnennee HEepaBeHCTBO BO3MOKHO, €CJIH HOJHHOM HMEET NBa pasjHd-
HHX BCIeCTBCHHBIX KOPDHHA

Cr,
4 =
Cr <0’
2 M

WA
2 ~.
Cre — 44Amgz > 0.
Hocnennan ¢opma Oymer mOTOKUTEIBHOH, €CIAM NOJIOKHTEeH ee
JKUCKPUMHHAHT

C - Ch
\ — (mgz - Cryd) >0,

HIN

(CJ )x2+0rox+mgz<o

Yro6Bl 3TOT BOIPOC CBECTH K YK€ PACCMOTPEHHOMY, BhibepeM M
TakK, 91o0bl
Cﬂ

C—{—p:A'
WIK
C(C—A
M '(A )
ITpu srom
C?
C+p=—=2>0.

HUrax, ecan
Cry — 4Amgz > 0,

TO0 A MOKHO BHIOpAaTh TaK, YTOOH KBajpaTHYHHIA mHTErpas V Ghia om-
peeIeHHO-N0NOKHTEAbHHM OTHOCUTEIBHO BCeX HEPeMeHHHX p, (¢,
r, a, f, 6. A aro coraaceo  Teopeme JlanyroBa 06 yCTOMYHBOCTH 3aCTaB-
JAAeT 3aKJIIOIATH 00 YCTOWIABOCTH BEPTHKAIBLHOTO Bpamemm BOJYKE
Jlarpamska *.

11 [16). lonmoanrmenne 006 AaCHEHMOTOTHYECKOIH
veToligusoctTu. £Ecau amaxoonpedesennas gPynryus V do-
nyckaem Oeckoneuno Maawii eucwuli npedes, a ee npoussodnas V'
npedcmasasem sHarxoonpedeschnyio GYHEYUIO NDOMUCONOAONCHOZO 3FHA-
Ka, mo 6écaKoe 603MyweHnoe dsudcernue, Gocmamouno 6auskoe K Heeos:
Mywennomy, 6ydem npubAUNCAMBCL K HEMY ACUMNMOMUNECKU.



TEOPEMA JIANIVHOBA OB VCTOMYHUBOCTH 25

NNokasatrenbcTBo. Eeanm dpyaxkomm V m V' cyrp 3mako-
onpejeleHHNe, TO 0 OHpefie/IeHHI0O CYIecTBYeT TaKoe £, H TaKoe II0-
noxuTeAbHOE ncio H, aro pua t > ¢, u ANA 3HAYCHEH HepeMeEHHX
x,, YAOBJETBOPAIOIIHEX YCIOBHIO

2z§\<__H,
8

CyIecTBYIOT He 3aBHCAIN[AE OT BPEMEHH OIpefeIeHH0-H0J0KETeIbHbE
pynruaa W, W’ rakme, gro, eciu V moloskurennHa,

V—W>=0m —V' — W >0. (4)

Onpegennm o0nacTh HAYaJbHHX BO3MYHICHHIM 2x§0< A, mas
KOTOPHX 3HAYeHHA NEPEMEHHHIX T, He NOKUAalT obaacta ) 2: < A,
KaK yYKa3aHo B JOKAa3aTeJbCTBE OCHOBHOM TeopeMnl JlamymoBa 06 yc-
roiunsocTH (m. 8). Ilyers ! ecrb Toumas mmsmas rparmua QyEKIHE
W na cgepe (A). Torna 3a A Mb BHGUpaeM umcClo, ompejeasiomee

oGnactb Dy < A, B KOTODPYI0 He IPOHMKAET HH OJHA TOUKA nosepx-
HOCTH

Vo, 2y - . . ) = L.

Jlerko ybeamThcs, 4TO AAA JIOGHX BO3MYIUEHHMH T4, JEKAIUX
B obGxacru (M),

21 $30<%

GpY YKasaHHHX cBodcTBax QyEkimmid V m V' menbss mailTH Takoro
HOJIO;KUTEIBHOTO YNCIA €, KOTopoe (b0 OB MeHbIe BCeX 3HAYEHHI,
nonyyaeMuX Qysknueir V B COOTBETCTBYIOMIEM BOSMYINEHHOM JBH’Ke-
Hum upn t 2> t,. B camMoM pene, ecam OH A HEKOTOPHIX HAYAJBHEX
3HaYeHHH s CYHIECTBOBAXO TaK0€ IHCJIO €, TO IO CBOMCTBY PYHKINH
V kax ¢yHknuu, gomyckaomeii GeckoHeuHo MaJwii BHCHIME Tpemes,
CymecTsoBaso Gbl TaKoe 9HCJIO &, ompefeaAiomee o6aacTb (&)

e,
8

N5 106BX TOYeK KoTopoit 3Hadenns V Goiru On menbuie e. CiremoBa-
TeAbHO, eclIH OH TaKoe e CYmECTBOBAJNO, TO 3HAYCHHA DEePeMEHHBIX
s acxaxam Ou rae-ambo B obaactm

e< QL A

OGospaumm gepes I’ Tounyo Huamylo rpasuny PyEKium W B srom
3aMkeyTod obmactm. I'pammnma ara Hem3bexHo Oymer HEKOTOPHM
H0JI0;KUTENBHEM uAcaoM, #Go W’ npemcraBasier ¢yEKuuio onpepe-
TeEHOo-I0N0KATeAsEYI0. OTCIONa, COrTACHO BTOpOMY W3 ycxoemit (4),
s mioboro ¢ > t, spavenma Qynxumu V' B sroit obaactm Gymyr
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YAOBJETBOPATE YCJAOBHIO
V' Z2W=U>0
U3 yYPaBHEHHA .
v—v,={va
BbIBOAUM
V<V =t —1,).

A 3T0 HEBO3MOKHO, N00 JieBad YacTh HEPABEHCTBA €CTh OMPENeJeHHO-
TOJNIO;KATEAbHAA QYHKIHWA !, a NpaBaA OPH JOCTATOYHO 0OABIIOM ?
HeNaercsa OTpHIATEIbLHOM.

Hrak, xak 651 Mano Hu OBLIO YMCIO e, BCerja HACTYIHT MOMEHT,
Korga ¢ynknua V coenaercAa MeHbIne e. A Gynyum yGOniBalomei ¢yH-
Kuueii ¢, oHa 3aTeM Bcerja 6yjer octaBaTbesa Menbure e, CrenoBaTeabHo,
eclIu 3a e MBI IPHMEM TOYHYIO HH3IIYI0 rpaHuny ¢ynkuuu W B obaa-
CTH

p< Das < A4,

TO BCeTJa HaCTYIUT MOMeHT, Korja ¢pynknusa V caenaerca u Gyner 3a-
TEM OCTABATHCA MeHbllle ¢; HAYMHAA 0 KpailitHel Mepe ¢ 9TOTO MOMEHTa,
3Ha4YeHHA NMEePeMeHHBIX T; OYNyT BCEera ocTaBarhcsA B 00JacTH

§x§<u-

Orciona 3amMedaeM, 4T0 NpH BCAKAX HAYaJbHLIX BOSMYIEHHAX Tgq, Je€-
KamuEx B obaactu (M), 3HAYeHMA IEPEMEHHBIX Z; ¢ OecripeenbHBIM
BO3pAacTaHMEM ¢ CTpeMATCA K HyIIo *,

12, Ecau ougdepenyuarvnble ypasneHus 603Myujenno20 Osuicenus
maxoss, wmo cywecmayem Pynryus V (¢, x,, . . ., T,) maxas, umo gynr-
yuas V—0(@) W (0 (%) = 1) asirsemcs nocmoanHo-nOAONCUMELb-
HOUL npU ONpeQeseHHO-NOAONCUMEALHOT U He 3agUcCAujell 0m epemenu
dynryuu W u npu mornomonno eoapacmarwweti 0o Geckonetnocmu éme-
cme ¢ pocmox t pynkyuu 0 (t), a ee noarnas npousgodnas no épemernu V'
ABAAEMCR NOCMOAHHO-OMPUYAMEALHOLL UAU HYAeM, TNO HEGO3MYUjeHHOe
dsudcenue ACUMRIMOMUYECKU YCMOLiNUEo, a 064aCMb GOSMONCHWNT 3HA-

YCHULL NePEMEHHWT Xy, . . ., L, Onpedeasemcs HepaseHCMeoM
Vo
W < _ﬁTt) .
6 Komopom V, o6osnauaem anawenue Gyrxyuu V 6 Havasvhuii momenm
ty NPU HAYAALHBT SHAYCHUAT NEPEMEHHBT Tyg, . « ., Tpg.
HauGonee npoctrie onpepenenns 001acTH BO3MOKHHIX 3HAYeHHH
Zy, . .., T, moaydaorcd, ecau 3a Qymkumio W npmmara Qymxums

p(zf 4- ... + 2%), rme p — DONOKHTeNbHAA MOCTOAHHAA.
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TeopeMa 0 HeycTOHYHBOCTH

13. Uro6H 06HAPY:KHUTH HEYCTONINBOCTH HEBOZMYIEHHOTO JBH’Ke-
HEHMA. KOCTATOYHO 3AMETHTH BCEI'0 ONHY TPAGKTOPHIO, BHXOAAmYIO 3a
3alaHHYI0 06JacTh (2), IPpH CKOJb YroAHO MAJHX YHCAOBHX 3Hade-
HUAX BO3MYIEHHH Tgq.

CoBoKynHOCTh 3HAYEHHH MEPEMEHHMIX Ts, Y/OBJICTBOPAIOIHAX LIPH
npennoixokenud (2) HepaseHcTBy V >0, ycroBEMMCA HasHBaTh
oGaacmuio V> 0, a nosepxuocts V =0 — zpanuyeii nocnenueii. Ecan
¢yuxuma V sapucur fBHO OT ¢, TO Npn maMeHeEmH ! o6aacts V > 0
OyaeT TaKiKe M3MEHATHCH.

Ecau orpanudennas B o6aactm V > 0 ¢yuxkmua W rakoma, uro
A8 BCAKOTO MOJOKATEAbHOro [, KaK GH Malo oHO HE GHLI0 BHGpaHO,
HafileTCA TaKoe OTJAMYHOE OT HYJA THCIO A, YTO LpH

t>tp <A V=0
8

6yner BHIIOJHATHCA HEPaBEHCTBO
(W<l

10 Oy/ieM roBoputh, uro W nomyckaer Geckoneuno maawiii ewcwuli npe-
dea ¢ obaacmu V > 0. Iromy TpeGoBaHMIO YAOBIAETBOPAET BCAKAA
HonycKaomas OecKOHeYHO MaJjhil Becmuil mpefgen ¢pymxrums W.

QOyaxmmo W (¢, x,, . . ., x,) OyAeM Ha3HBaTh 3HAKOONpedeseHHOLL
B obaactu V> 0, eciu oHa MOKeT 00paImaThbcA B HYJIb B 3TO# 06gacTm
Julip Ha rpaHune V = 0 ¥ ecilu AJAA NPOM3BOJBHOTO IOJOKHATENH-
HOrO €, KaKk On MaJjo oHO HHE OBUIO BHIOpaHO, HaMJeTCcA TAKOE OTIMY-
HOe OoT HYJA 4HCIO [, 9T0 NPH I;, YAOBJIETBOPAIOMIMX YCIOBHIO
| V | > e, m qaa BcAKoro ¢ > t, UMeeT MECTO HEPaBEeHCTBO

IWi|>1

OueBunHo, YT0 3HaKoonpepeaennod B obxacru V>0 Gyner Pynk-
nus

AV + W,

ecau W npefcrapiser PYHKOMIO NOJMORATENBHYIO WM TOMAECTBEHHO
PaBHYIO HYNIO, a A €CTh OTIMIHAA OT HYJAA IOJOKHUTEIbHAA IOCTOAH-
Has. Ecnu V me 3aBucHT 0T £, To 3HaKOONpeeNenHOl B o6nactu V > 0
Oyner BcAKada He sasucAman or ¢ pyaxkmua W, ecan mocinegass HATKE
He yAmuToxkaerca B o6macrm V °> 0, a Ha rpanune obGxacth, T. e. IpH
V = 0, Moker yamaroxarbesa. Beakan dyaxnua V onpenenenHo-mo-
No:RuTeJbHA B cBoeil oGmactm V > 0.

Beakasa smakoonpepenenHas ¢pynkumsa U Gymer smakoompeneieH-
Hoii B oGaacta V > 0, ecan pynkuua V monyckaer GecKOHeIHO MaJbik
B npeften B o6nactn V > 0. [leiicrBureasno, ecnm V gomyckaer
OecxoHeYHo MaiWii BHCIIEHE Opefex B obxacTn V > 0, To coraacHo
Onpe e IeHUIO IJIA 3aXaHHOTO &, CKOJb G5l MaJio oHO HE OblJI0, HaliieTCA
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TaKoe IHcIo A, 4ro oGxacth V > e Gynmer jeskaTh BHe chepsl 2 2=
=A. Ecam U ecrp 3HaKoonmpegeleHHas, NYCTh NOJOKATETbHAA,
{yHKIUA, TO H0 OnpeAelennio Gyaer CyIeCTBOBAaTh He 3aBUCANAA OT
t ompenenenHo-nonokuTenbHaA Pyskuusa W, takan, 910 QyEKmua

Uv—w

Gyner meorpumuarenpHoii. IlostoMy TouHas Hu3mas rpaHuna (Hews-
GesxHo moJiokuTedbHadA) dyaruuu W B obaacru

A A< H

Gyxer musulel rpannueit ausa 3uavenuii ynkumau U B obnactn V > e.

Teopewma. Ecau dufgepenyuarvhbie Yypasnenus 60aMyuennozo
dsudiCCHUS MAKOshl, WMO 603MONHO Haiimu Pynryute V, ozpanuen-
ryto ¢ obaacmu V > 0, cywyecmesyoujeli npu scakom t > t, u 048 ckoab
Y200H0 MaANL NO abCOAIOMHOU BeAUNUNHe 3HAHCHUU NEPEMEHHBT Is,
npoussodnas komopoii V' 6 cuay smux ypaenenuli 6viaa 6w onpedenen-
Ho-noaoxcumeavrnoli ¢ obaacmu V >0, mo neeosmywennoe dsuzcenue
Heycmou4ueo,

Hoxasareabcrso. [ua orpannuennoi pysknuu V paii-
KYTCH TaKHe HOCTOSHHEIE 2y ¥ ], 910 TIpM BCeX 3HAYEHHAX NEePEeMEeHHHX
zs B obmacta V > 0, ynoB:ierBopsoliux KpoMe Toro ycxosuaM (2),
Oynaer BHINOTHATHCA HEPABEHCTBO

V<L (5)

Hano mokasars, uro mias taxoro H me HaijleTcs €TOJNb MaJIOro mo-
J0KUTEJIBHOr0 A, 4TOGH HpH JIOGHIX HAYAJBHHX BOBMYMIEHHAX Zsq,
CTECHEHHBIX PABEHCTBOM

Zx?0= ;v,

HM IS KaKoro ¢ >> ¢, BTOpoe M3 HepaBeHCTB (2) e 6O HapyIieHo.

JTloxasarenbCcTBO GyNeM BeCTH OT NPOTHBHOrO, Ipefnojaras, 4ro
TaKoe A cyuiecTByer. BrifepeM HauannHble BOBMYMEHHA Tso Ha chepe
(A) Tak, uTo6H HauandbHOe 3madeHnme QyHKHUE V, OBLIO OTIHMYHO OT
Hyad u noioxurensso. Kak 6u mano V, 5a Geuto, fasa V', onpenenen-
HO-IOJIOKHTEeNbHOA B obfxactu V > 0, Haliferca Taxkoe OTIAHIHOE OT
HYJIsi 9ucio ', 4To QA nMepeMeHHbIX X5, YAOBIETBOPAIOMMX YCIOBHAM

V=V,

sHauenna Qynkuumm V' GyayT yhaoBIeTBOPATH HepaseHcrBy V' > I,
IToaromy, moka He Gno Hapylneno HepaseHcrso V 2> V, naa Bcex
3HaYeHH# ¢, GouasmuXx I, COTJACHO yPaBHEHHIO

t

V—V,=\vat

Z
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BHBOTAM
VZ=Ve+ 1T (@ —t).
HepaBeHCTBO 3TO MO'KeT CYHIECTBOBATH COBMECTHO C HEpaBeHCT-
oM (D) TOJABKO NPM 3HAYEHMAX [, MCHBIUMX BEJMIMHLL

L—V
ty + =52 .

Hapymenne jxe HepaBeHCTBa (D) TOBOPHT B 9TOM CJIyYae 0 Hapylue-
HAY BTOpOTOo M3 yciosmil (2). A sruM oGHapy;KmBaercd HeycTOHUn-
BOCTH HEBO3MYMICHHOTO JBHIKEHHA *.

14 [16]. Jlanymos npemmoskumi HBE TEOpEeMEH O HEYCTOHYHBOCTH,
KOTODHE BecbMa IPOCTO HOJYYAIOTCA M3 NpeRb ymiei.

IlepBan Teopema: ecau dugigepenyuarvuie YpasHenus 603MYujeH-
K020 OBUNCEHUR MAKOBH, MO 603MONHCHO Halimu gynkyulo V, xomopas
o6aadasa 6w 6 cusy amux ypaswenuii 3HAKOONDedeseHHOlE NPOU3BOIHOT
V', npumom donyckasa 6w Geckoneuno Maavii swcwuii npedea u 6vlaa
6w maroea, wmobs. npu 6caxom t, GosbuLeM HEKOMOPOU NOCMOAHHOL,
HadreHcaujuM u.60POM BEAUNUH Is, AGCONIOMHO CKOAL Y200HO MAABLT,
ee MONCHO 6blA0 cOeaamb 6eAUNUNOL 00UHAKOB0Z0 3HAKA ¢ ee NPOou3s0d-
HOUL, MO Heeo3MYywennoe OGBUNCEHUE HeYCmOliNueo.

s noxasarexscTBa KOCTAaTOYHO 3aMeTuTh, 4To pymkuums V aroro
TIpeNJIoKeHus YROBJIETBOPAET YCJHOBHAM, CPOPMYIAPOBAHHLIM B T€O-
peme n. 13, 6o sHaKoompededeHHas, NIYCTh NOJOKHUTENbHAA, HPO-
n3sonEan V' Gyner ompenesnenHo-nosiokATenbHOM B o6nacta V > 0,
TaK Kak V Jomyckaer GeCKOHEYHO MaJBiii BHICHUIHIT Ipee.

Bropas reopema: ecau dugfepenyuaavrvie ypasnenus 60smyujer-
HO20 OBUINCEHUA MAKOBHL, YMO 603MONCHO HALUMU 02PAHUNEHHYIO PYHK-
yuio V, npoussodnas Komopow € cuay smMuxr YpasHeHuli npueodusacw
owu % eudy

av
- =MW +W,

2de A — noaoxcumenvras nocmosarwnas, a W uau moncdecmeenno pasna
HYa10, UAU npedcmaeisem HEKOMOPY BHAKONOCMOAHHYI PyHKyUI,
U ecau 6 nocaednem cayuae Havdenwas Pynryus V maxoea, umo npu
6CAKOM t, 60AbUIEM HEKOMODPO2O WUCAR, HADAEHAUUM GHOODPOM 6eAU-
UK s, CKOAb Y200HO HUCACHHO MAAWT, €e MONCHO cOesamb 6eAUdu-
Holo 00unarogozo snaxa ¢ W, mo nesoamywennoe deusicenue neycmovi-
4u6o.

B camom nene, nporssonuan V' ecth 3maxkoonpenenennas QyHKIEsA
B oGnacTH, rae V mMeer 3HaueHAA 3HAKAa, COBIAJAIONIETO CO 3HAKOM
W, ecnu W He ecth To:xAecTBenno Hyab. Ecam W paBHa To:ecTBeH-
HO Hymo, To V' Gymer 3amakoompemeieHHOH Kak B o6macrm V > 0,
Tak m B ofaacra V << 0%.
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Bo Bcex caydasax, KOFJa 3T0 OVIET BO3MOAKHO, JAJA 0KA3aTeAbCTBA
HeycTOHIMBOCTA MHB OyJeM NOJB30BAThCA TeopeMaMm Jlanysosa !).

15 [16]. TI p m s e p. IlycTs ypaBHeHEA BO3MYINEHHOTO HBHKE-
HUS CYTh

& Tor, G=hoan)

rae V ecTb He saBucAmAA OT ! rojomMopdHas QYHKIMA NePeMeHHHX
Zs, Pasio;ReHHe KOTOPOH HAYMHAETCH YJEHAMH He HU:Ke BTOPOTO
HOPAJKaA.

Hmeem

v () s ()
dry " \ozx,

lloatomy Becsakmit pa3, Koraa V ecrs QyHKuMa onpefesenHo-oTpuna-
TelbHaA, HEBO3MYUIEHHOE NBU;keHHe Oyner ycrodumsniM. Hamporus,
oHo Oyner HeyCTOHYMBEIM, ecid V MO;KeT HpMHHEMATH MOJOKATEIbHEE
3Ha4YeHHsA B CKOJb YTOXHO MAaJOH OKPECTHOCTH TO4YKH r, = 0, ...
.o Z, = 0 M ecan TOABPKO MB He mMeeM JIeJl0 cO CcJAydaeM, KOTJa
cHcTEMEe YpaBHEHHH

BO3MORHO Y/OBJIETBODUTH He PAaBHHIMH OJHOBPEMEHHO HYJI0 BEmIeCT-
BeHHHIMM 3HAUCHHAMH IIeDeMEHHBIX 25, CKOJb YrOAHO MaJHMH IO
abcomorHoli BenmuuHe. Cnydai 3ToT, HaBepHOe, He NpeJCTABATCA,

21"
eC/Id onpeneMTh Wll HE o6pamaercn B HYJb, KOria BCE€ II€peMeH-
s

Hble 25 CYThb HYJH.
IIpuwmep. Pacemorpum cuctemy nuddeperuuasbHEX ypaBHe-
HU#H

dx

L i '
Td-!- - pslxl e e T psnxnt

r/le HeIpephBHbIE OFPaHMYCHHBe QYHKUUN p,, (!) HpAM r, He PABHOM
s, 0061aal0T CBOMCTBOM D5, = —p,s.

- Ecan npu atoM Ko3UUHEHTH pss aubo cyTh HyAH, JAGO MOryT
oGpaTuThCA B HYJAb JJA HEKOTODHX 3HAUeHHUi ! > t,, 0CTABAACh AJIA
APYraX 3Ha49eHWH oTpumaredbHEMM, aubo AJIA t > t, BCe OHA CYTh
OTPHIaTEJbHHE, TO YCTOHYNBOCTH HEBO3MYU[EHHOI'O IBUKEHHA CIENyeT

1
M3 TOT0, 4YTO ONpeJeJeHHO-NOA0KATeNbHAaA QyHKuus V = E z?
AMeeT, COrJAcHO 3afaHHBIM YDPaBHEHMAM, OTPULATENABHYI0 MM

1) MoskHO OTMeTHTH ellle OfHY TeOpeMy o HeyCTOWIMBOCTH, Ife¢ BBOJATCH
ase pypkuun (Y etaes H. I'. O meycToitunBocTH paBHOBECHS, KOTAA CHIOBAR
dynrKuua me ecTh MAKCHMYM // Yuen. 3an. Kazan. yu-1a.— 1938.— T. 98, No 9)*,
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fO;KCCTBEHHO PABHYI0O HYJI0 HOAHYI0 NPOH3BONHYIO N0 ¢
’ 2
V= z’. Psy Ty =2pasx8'
8, K 8

Ecau nas ao6oro ¢ 2> t, HEMEIOT MECTO HEPABEHCTBA Pss << — h << 0,
rié Ik — nmonokMTeNbHas NOCTOSHHAA, TO NpoW3BogHasa V'
OyaeT IPH 3TOM OIpe/ieIeHHO-OTPHHATEe]bHOH; B 9TOM cJydae HeBO3-
MYHEHHOe JIBH;KeHMe yCTOHYMBO, a 6iM3Koe BO3MYHIEHHOE [BHKEHHE
OyIeT CTPEeMATHCA K HeMY aCHMITOTHYECKH.

Ecmu pss ynosiersopsaioT ycaosuaMm pss >k > 0, rae k — me-
KOTOPO€ MOJO/KMTeJbHOE YHCJI0, TO B DTOM CIy4Yae HEBO3MYIIEHHOE
ABIDKEHHE HEeYCTOHYMEBO.

Ipamep. Vcemotuusocmv nocmosnwsiz epawyenusi. Cryuait
Jdilaepa B J(BH;KEHNHN PBEPAOr0 Teaa ¢ ONHON HENOABHKHOH TOYKOH
OPEACTABUTCH, KOT/A LIeHTP TAKECTH Tella cOBHIafaer ¢ 3aKpenjeHHol
TOUKOM. M3yd4uM ycTOMYMBOCTH YAaCTHOTO pemeHHA

Po=0,q,=0, r=ry>0.
Bapuanun nepeMeHHHX 0GO3HAYMM Ml BOSMYLIEHHOTO ABUKEHHA:

p=5§gqg=mr=r,+ ¢
YpaBHeHHs BO3MYIIeHHHX ABH/KeHHMt OyayT

AZ = (B—O)n(ro+ 1)
B =(C— A+ DE

d
& =(A—B)tn.

Bonpoc 06 ycToHuYMBOCTH IOCTOAHHOIO BpPAIIeHMs BOKPYr Ham6oib-
meit (A >> B > C) u manmensmeit (4 < B < C) noayoceit aianmn-
coMIa HHePLHHU Pa3pemmaercA M3 CYNIECTBOBAHUA 3HAKOONPEREIEHHOTO
HHTETpPaJia ypaBHeHH# BO3MYINEHHOTO JBHKEHHA

A=Ce B Cop g fag + B+ 20r L + CT).

HeycroitanpocTs Bpamenns BOKPYT cPefiHei OCH 3IHICONA HHEPIHH
(A < C < B) pokaswBaeTcA paccMOTPeHMEM QYHKIHH

V=28
Ee npomssopnas

V= +D [T+ S e

Ecim § - r, yauuro:xaercs, To HEYCTOMIMBOCTE oOueBHAHA. Ecam
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£ 4 re >0, T0 V' Gyler OIpeleNeHHO-NONOKETeILHOE B 007aCTH
V> 0. V, Kax He 3aBUCAMAA ABHO OT [, JOmyckaer 6e§1<one'mo
mazsit BHCIIAR HpPefes; HAa OCHOBAHHH TEODEMH 0 HeyCTOHIABOCTH
(z. 13) BHIBOAHM, 9TO BpalleHHe BOKPYI' CpejHeR HOJYOCH HEycTOoH-
9HBO.

Mpuamep. O6aacts V > 0 Mosker pacmajiathes Ha OTAeABHEE
nosxocra. [{ns npumenenua Teopemn n. 13 Hac Momer mHTepecoBaTh
BCETO KakaA-aubo ofma ceasHas monoctb C ofmactm V > 0. Haa
ompenexenus C ogaum HepaseHcTBoM W > 0 Kocratouno paccMOTpeTh
Henpepusayo ¢ynxkumio W, pasayo V B momcern C ® PpaBHYO
—| V |sme C.
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YCTONYHNBOCTH PABHOBECHH
P NOTEHIUAJBHBIX CHUJIAX

Teopema Jlarpam:ka

Toppnqennn B (bopuynnpomca\ CBOCH SMOXH yCTAHOBHJI TeopeMmy
00 yCTOHYMBOCTA UOJOKEHAH PABHOBECHA TAKENAHX TeJd, KOTOPYIO
Jlarpamx 060611111:1 b8 ¥ nponanonbnux JIOTeHIAANLHNX CHI. Han
Hanboaee 2TEMEHTAPHHX CIyTaen .Hanynon Aax oﬁpamenue TeopeMu
Jlarpamxa. PaccMaTpuBas caydaii, KOraa moTeHuManbHAA QyHKmEA
3aBHCHT OT nexoroporo napamerpa, Ilyankape LOQJIOKAT HAYAIO Teo-
PHH Da3BeTBJICHAS PaBHOBECHH.

16. Boo OPa3uM MeXaHHYeCKYI0 CHCTeMY, CTECHEHHYI0 HEKOTOPHMH
rOJI0HOMHKIMA ¥ He 3aBHCAIMMHE OT BPEMEHU CBA3AMM H HAXOJAIYOCH
B I0T0KeHHN DPaBHOBECHA HOX [HCTBAEM NOTEHIHAJBHKX cua.

OGoapauum wepes 15 - -+, Qi ©€ HEIABHCHMHEIE JaTPAHKEBH  KOOP-
aunaret. He ymempmasn oﬁmnocm [BCEIJIa MOKHO MPeNHONOKHTS,
410 JJIA PAcCMATPHBAEMOTO HOJI0’KeHHA PABHOBECHA MaTePHANbHOM
CHCTEMB 3HAYGHHMA BCEX HEPEMEHHHIX ¢s PABHH HY.IIO. Hyc'rb T o6o3-
HAYAET JKABYI) CHAY, a U — CHJIOBYIO (bymcumo AeHCTBYOINHX Ha
cucremy cui. [Ipu He 3aBHCAmMEX OT BpeMeRu CBA3AX ;KMBaA cuaa 7
opesicTaBiAAeT onpenenenno—nono,ﬁmenbuym KBaJIpaTHURYI0 Qopmy
oT cxopoc'ren a1, - - -, gi. CanoBana ¢ynrnma U npeamoaaraercs sa-
BHCAMIEH# TOJBKO OT KOOPAHHAT. ¢y, . . ., g, IPHYEM €e MK YCJOBHM-
CA CYATATh PABHOM HYNIO0 JJIA MOJOMKEHHA PABHOBECHA. |

[Ipn 3tAX npemumonoseHmAX M(bd)epeuunanbumnn YPaBHeHHAMH
BO3MYIMERHOTrO ABHKeHAA OyAyT yPABHEHASA NBU;KEAMA PacCMaTPHBae-
MOH MeXaHHYeCKOH CHCTEMH, ecJH BOHPOCH 00 ycroiumpocTd Hccaiae-
AYIOTCA IO .OTHOMIEHHIO K KOOPIHHATAM Gy, . .., §; M K CKODOCTAM
91, [RIRE) qh-

Teopema Jlarpaunska. Ecau 6 nosoxwenuu pasnosecus
cuaoean gynryus U umeem U304UPOGAHHWI MAKCUMUM. MO makroe
NOAQHCEHUE PABGHOBECUR YCMOLHUSO.

Hoxasareascrso. Ecau cuxosaa ¢ymxuua U mumeer
B IOJIOKeHHH pannonecnﬂ M30TAPOBAHHKI MaKCHMyM M PaBHseTCHA
Hymio, To 10 KpaiiHe# Mepe B 10CTATOUHO MAJIOH O0JACTH JUIA MAJIHX
10 alCOMIOTHOM BeJMYMHE 3HATCHAN MepPEeMeHHHX (; 3HAYCHUA PyHK-

2 H. I. Yeraes
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nuE U GYAyT OTPELATENbLHH. ITO 3HAYMT, 9TO B 061acTH MAJHX 3HA-
wemmit mepeMemHHX ¢s QyHkmua U npepcrasiser onpepereHHo-0T-
PHNATeAbHYI0 QYHKIHIO JarpaHiKeBHX KOODJHMHAT ¢, . . ., gy. Ilo-
9TOMY TIOJHAA ODHeDPTHA MeXaHWdecKoi cmcremst H — T — U Gyaer
HPEeACTABJIATH ONPe/IeTeHHO-IO0I0KATENbHYI0 GYHKIHIO 10 OTHOMEHHIO
K KOODAHHATAM (), . . ., §x B CKOPOCTAM -qi, ..., q:r. Ee moxmas
HPOM3BOHAA IO BPEMEHM paBHA Hymo, H' = (, Tak kak Aas ypas-
HEHWH [(BU/KeHHA IPH He 3aBHCANEX OT BPEMeHH CBA3AX CYMECTBYET
HHTErpax ;kuenx cuia. CaemnosarennrHo, H YAoBIeTBOPSET BCEM YCIO-
BEAM TeopeMul JIamyHosa 06 ycroiumBoCTH, 9TO M HOKa3MBAaET TEO-
peMmy.

17. Paccmorpam remepsh caydaii, Korjga B oiacTa MAJIHX IIO
a0CONIOTHO! BeMYMHE 3HAYCHHI NEPEMEHHHIX ¢ j CymecTByeT 00xacTh,
rae cunoBas GyHKiuA U (o6pamasnch B HyJb, KOTAa BCE ¢, — HYJIH)
HMeeT NoJoKuTeNbHEe 3Havenns. Cunosas Pyuxuua U fomsxHa ompe-
ATATH NeACTBYIONHEe HA MATePHAJBHYI) CHCTMY CHIIH, IIO3TOMY
OHA JOJLKHA MMeTh BCIOAY B paccMaTpHBaeMoil o6nacta (DycTh Hempe-
PHBHHE) 9YacTHHE HPOU3BOJHEHE.

Huddepennuanbubie ypaBHeHNs BO3MYIIEHHOIO [BHKEHHSA BO3b-
MeM JUIA OPOCTOTH B (opMe KaHOHHIECKHX ypasHenmil 'amMmasToHa

dg; _oH dp; 4R
dat — Gp;’ At T~ 9y’
rjie AMLCYJBCH p; ONPEefeNATCA POopMYyIaMu
py =T
i T .
aqj

YpaBHeHHA 3TH HMEOT WHTerpai KuBHX caa H = T — U = h.
Orpanmuumcn ciydaem, Korfa cminosas Gynxuaa U npexcrabiaser
HEKOTOPYI0 OJHOPOAHYI0 (PYHKIMIO CTEXeHH M OTHOCHTEIbHO Hepe-
MEHHHIX (s
U=U,

H KOI/]a OPH 3TOM /1A CKOJIb YIOJHO MAJKX 10 aGCONIOTHOM BeJHYHHE
3HaYeHHH NEePeMEHHHX ¢; OHA MOKeT NPHHAMATH IOJIOKHTEJbHHE
3HAYeHM A,
Hoaoxcenue pasnosecus seasemcs npu smom HeycmouuuGHM ).
JeiicTBATEIBHO, DPacCMOTPHM (PYHKIHIO

W = — H 3\ pyq;.
3
B o6nactm Mannx mo aGcomOTHOH BeNMUMHE 3HAUEHHE KOOD/IH-

HAT ¢y, . . ., §y H HMIOYIBCOB Py, ..., Py BHIEIHUM CYIIECTBYIOILYIO
OPH HAIIMX OPeANOJIOKEHHAX JUIA CKONb YrOJHO MAJHX 10 aGcomior-

!) Yetaes H.T. Sur la réciproque du théorém de Lagrange // Comptes
Rendus.— 1930.— V. 190.

Yeraes H.T'. O HeycToHYHBOCTH PaBROBECHS, KOIfla CHIOBAaf PyHKIHEA
He ecTb MaKcHMyM // VueHn. 3an. HKazam. ym-ra.— 1938.— T. 98, N 9.
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HOH BelWYHHe 3HAYCHHH IEPeMEHHNX ¢, p; o6macts C, ompejesnen-
HYI0 TAKEMH COBMECTHHMH HEPAaBEHCTBAMH:

HLO = 'Zp;q:> 0.

Honnas npoussopnas mo.? or ¢ynknuum W nmeer B cuay naddepen-
I(HAJBHEX YPABHOHH BO3MYIEHHOIO nnnmennn mm

—-H[pr 71?""2 9 dt

HOJICT&BJIFIH CI0fa ABHBHEC BHRPAKEHHSA

H=T—-U, »n p,-r—g,

6q,~
COIJIACHO YPAaBHEHMAM IBH/KEHHA H TeopeMe Jiixepa 06 OXHOPOAHHX
OYyHRIEAX AMeeM

W =—H 2T + mUm_Z‘f,_:'jqj] :
i

B paccMatpusaemoit o6nactn C 3Ha9eHHA HONHOM sHeprun H moisx-
HE GHTL OTPHIATENbHK no onpepenesnio obaacta C: a Tak Kak H —
= I — Um, To B 310il 06mactu C fomxuo 6T Uy > 0. Beaencraae
TOT0 YTO CBA3H, HAJIOMKEHHHE HA MATePHAIBHYIO CHCTEMY, IIpefmoa-
raIOTCA He 3aBHCAIMME OT BPeMeHH #, sKHBas CHJa cHCTeMW I’ mpen-
CTABAAET OHPENEJEHHO-IONOKATeALHYIO q)ym(nmo OTHOCHTEJIHHO
HMIYJIBCOB Pj ’

T = szrgarpspr

¢ KodppunmeHTaMH g;., ABIAIIMMMACA HEKOTODHMH QYHKIMAME
KOODAHHAT ¢y, . . ., ;. J{IA BCeX BO3MO)KHHX 3HAYCHHH KOOPAHHAT
¢; Bce IJIaBHHE NHATOHAJIbHHE MUHOPH [ACKPHMHHAHTA KHBOH CHIHN
| g-s || ROMKHEN GHTL HONOKATEIHHHMH; B NMOJOKEHAH PABHOBECHA,
T/le BCe KOOPAHHATH ¢; PaBHH HYJI0, 5TH IJaBHHE MHHOPH DABHH He-
KOTOPHM  IOJOKHTEIbHHM BeNHYAHAM, OrPAHMYCHHHM CHH3Y.
ITosroMy raaBHHe AuaroHaJbHHE MHHOPH JMCKPAMHHAHTAa KBajpa-
THYHOX OTHOCHTENBHO p; $OpMH

og
2, (2g.r — 2 7;;- q,-) PsDr
-

& r

I JOCTATOYHO MAJXHX 1m0 a0CoMoTHOK BeJMYRAHEe 3HAUYCHWH
KOODIAHHAT (s TaKiKe OYAYT BCe IOJO)KATEJILHHMH, a caMa ¢opMa
ar : . .

27 — Erat'] Gymer onpeAeNeHHO-IOJTOKATOIBHON OTHOCHTEND-

j
HO p,;. Urak, crosmee B W’ B KBajpaTHHX CKOOKax BHpasKeHHe
B obaacta C Oyaer NOJOKHTeNHLHO;, HHEIMH cjJoBamd, B o0aacte C

2‘



36 I, 3. YCTOWYUBOCTh HPY NOTEHIOMAJIBHBIX CHIAX

JUIA YACJAeHHO AOCTATOYHO MAJHX 3HAYeHMH KOODPAMHAT ¢ 3HaYeHHA
nponssogHoit W’ GYyAyT NMONOKATENABHH, T. €. OJHOTO 3Haka ¢ W.

B o6nacra C ¢pynknua W y/IoBIeTBOPAET BCEM YCIOBHAM TeOPeMH
0 HeycTOHYHBOCTE I. 13, 4TO M JOKa3HBAeT HEYCTOMIMBOCTH PaccMa-
TPHBAEMOTO IOJIOKEHHS MaTepHaNbHOH cucremn. Tak ske mpocTo,
HCXO[A M3 Hpe;kHEro onpenenennasa dyHrkuun W m obgactu C, MOKHO
JIOKA3aTh HeYcmouLugocms nNOAOKCEHUA PABHOBECUS, K020a NOMEHYUAb-
rnas @dynryus umeem e6ud )

U= Um -+ UnH—1 + e

npudem das ckoab yeodno maswr q, gynxyus U moxem npunumams
noaoxcumeavrvle 3naienus, u ¢ obaacmu C snax ewpagcenuii U, -+
+Upa+ oo comUp +(m 1) Upyy + ... onpedeasemca_gop-
moti U,,.

Cryyait, Korga m = 2 ¥ KOTAAa 3HAK CHJOBOI $¢yrknun U onpe-
nelxAercA YieHaMHd BTOPOro mopanka, 6e3 Heo0XOAUMOCTH paccMAaTpH-

BaTh WIEHH BBHICHIMX IOPAAKOB, GBI HCCie0BaH BHepBHe JIAmyHO-
1)%*
BBIM 1)*,

Korddummentnt yeroiiunsocrn Ilyankape

18. JlnaA KOHKpeTHHX LpPHUIOKeHHH TeopeMH Jlarpamika IOJE3HO
3HATh KPHTEPpUH MHHHMYMAa NOTeHIUAJdbHOH ¢yHKumE V = — U,

B o6aacru, 61u3koll X IONOKEHHIO DaBHOBeCHA MAaTepHAIbLHOM
CHCTeMB, T/i¢ HePeMeHHHe ¢s; BCe MMeI0T HyJeBHe 3HAYeHHA, Pasjio-
‘keHue Qynkumm V B pax Makiopena maummaercs B obmem caydae
¢ KBaJpPaTUYHHIX YJICHOB

A
V= E—Za,jq,qj + s
i' j
Tak Kak csoGopumit wien V (0, . . ., 0) o6pamaercsa B HyJib COTIACHO

ycaosuio nm. 16, a auHefHWe WIeHH pa3loKeHHA YHHITOKAIOTCH
B CHJy ypaBHeHHH paBHOBeCHA

(g;"-)0 —0.

CyMMEpOBaHHE pacHpOCTPAHACTCA II0 BCEM BO3MOKHWM B3HAUYCHHEAM
HMHAEKCOB i, j = 1, ..., k; 4epes a; j 37iech JUIA COKPamleHHA HHEChMA
0603HAYEHH BTOPHE JaCTHHE IIPOM3BOJHHE OT V B IOJIOKEHAH pas-
HOBeCcHA

~ (22 ) —a
4= g, )y =

HJdTanyros A. M. O meycToiuHBOCTH paBHOBECHA B HEKOTODHX CHy-
9aaXx, Korga QyHKIHA cHX He ecTb MaxkcEMyM //Jlamymnos A M. Obmasn
sanaua o6 ycroitumpocTH nsmKenmsa.-— M.: Tocrexmapgar, 1950,
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JlanelinnM npeo6pazoBaHHeM NePEMEHHHX ¢s KBapaTHiIRan gopma
2f = ) a,5q,9;
L)

MosxeT OHTh NpHBeeHa K cyMMe KBajpaTtoB. [leficTBuTenbHO, B k-Mep-
HOM BCHOOMOTATEeABHOM EBK/H/I0BOM NPOCTPAHCTBE IPOBEieM B3AHMHO
OPTOTOHAJIBEHE OCH ¢y, . . ., x W PACCMOTPHM YDaBHEHHE KBaJDHKH

2f = D aiq,9; = 1.

Ero nesag 4acte OyAeT B BHJEe CYMMH KBaJPaTOB, €CJH OCH KOODHH-
#aT OyayT COBIAATh C COOCTBEHHHME OCAMH KBaapuKd. Ochio KBaj-
PHKH, IO OHpe/le/IecHHIO, ABJIAETCA NPAMaA, NPOXOAAIAA TePe3 NEeHTP
B BePIIHHY, HJN HHAYE Yepe3 Ty TOYKY KBaJPHKH, I€ PAJAAYC-BEKTOP
COBOAJlaeT C HOPMAIBIO.

Ycnopde KOMIMHEAPHOCTH HOPMAJM K KBaJIpHKe W PajHyca-BeK-
TOpPa HMeeT BHJ

rjae X — HeKOTOpHﬁ OOKa neoupenenennuﬁ MHO?I{HTGJII;I; HJIN B ABHOM
BHIE: :

%axi%’ = %q; (l =1,... k) ‘ (6)

Jdra cHCTeMa Oy/eT MMEThb OTIMYHOEe OT HYJEBOTO PemeHue, €CJH On-
pejiesATe b, COCTABACHANWE H3 KoapHIUeHTOB, PaBeH HYJIO:

Gy — % ... alk

A(X)z:.:.......‘._-—_,mo.

L I

ak1 e akk-——x

YpasHeHHe 3TO HOCHT HasBaHHE 6eK08020; OHO OIpefelseT k Bemlect-
BEHHHX KODPHeH %,, . . ., ®;, TeCHeAmEM o6pasoM CBA3aHHHX C Beld-
YHHAMHE NOJYOCeH paccMaTpHBaeMOH KBaJpPHKH.

Teopema Cuasnsecrtpa. Kopuu eexosoeo ypasnenus éce
8eULECTNOCHHH . .

Moxasarteanbcrno. Ecim x aABIserca KopHeM BeKOBOTO
YpaBHeHHS, TO cHcTeMa (6) mMeeT AuA ¢s pemenne, OTIHYHOE OT HyJe-
Boro. Ecim 3T0T KOpeHb % KOMIIEKCHRIA, TO KOMILIEKCHHME GYAYT A ¢s.
Iycrs gs oGozmauaer BeAMUERY, CONPMKEHHYIO C (s.

YMHO;KEM ypaBHEHHA CHCTEMH (6) COOTBETCTBEHHO Ha § ; H CJIOKHM:

Z @;4.g;= "% ZQ@G
ij i
CONPAKeHHOE BHPa)keHHAE OyAeT HMeTh BH

‘E’_I a;q9; = % gql’la'



38 1. 3. YCTOXYHUBOCTD IIPH MNOTEHIIMAJIBHBIX CHJIAX

Orciopa, ecam ydecTh CHMMETPHYHOCTH KoaQduumerTos a;; = aj;
paccMaTpEBaeMOd KBa/[paTHIHOM (GOPMH f, HeHmOCpeJCTBEeHHO mOJIy-

q3eTCA COOTHOMEHne
Eau"?iqj . Zajtqiql__—-
¥ = = = L =%,
Eqiqi quqi
KOTOpOE MOKa3HBaeT BEI[eCTBEHHOCTh KOPHA %, HGO TOJBKO Bel[ecT-
BeHHHE KOJIAYeCTBA PAaBHAIOTCA CBOUM CONPA;KeHHHIM.

YroGn onpefesnTh FeOMETPHIECKHN CMBICI KOPHS BEKOBOTO ypaB-
HeHUA X, YMHOKUM ypasHeHHs (6) COOTBETCTBEHHO HA ¢; H CJIORHEM

2f: %Eq,?.

Ecam KopeEb % HOJOKHTeJeH, TO (¥3-3a TOro, 9TO pemenna gs
cacreMu (6), ynosiersopaAlmEe ypaBHeHHIO KBaApHKH 2f = 1,

IPEACTABIAKNT KOOPJHHATH BePIIAHH) BHpaykeHHe ) ¢ HpPeCTaBIAET
KBaJIpaT COOTBETCTBYIOIIeHl HOJYOCH KBajpHKH. EcJH KopeHh X OT-
pHnaTeseH, KOOP/AMHATH BEPIHIMHH, OTBEYAOIEH IOJYOCH, B CHIY

IOCJTIe(HeI0 COOTHOMEHMA, GYAYT YHCTO MEEMHMH, a ) ¢f 6yaeT npen-
CTaBIATh €000# KBajgpaT MHEMOH mOJOycH KBaapukm 2f = 1.

B ofonx cayvasx cornacHO HOCIEZHEMY COOTHOIIECHHIO YHCIOBOE
3Ha4YeHHe X PaBHAETCA O0OpaTHOH BeJMYHHE KBAajpaTa COOTBETCTBYIO-
meH I0JYyOCH KBA3JPHKH.

Myers %, ..., %; — KOPHH BEKOBOFO ypaBHEHHA, a @, ...
+ - +y @ — OTBEYAIOIHE HM IOJYyOCH KBAAPAKHA, BEI{ECTBEHHHIE I 10JI0-
'KHTEJbHHX KODHEH H MHHMHe AJsa oTpHpateabHNX. M3 masecTHOTO
KaHOHHYECKOT0 BUJA YDaBHEHHSA KBAIPHKA B ee OCAX

1

BHTEKaeT, 4T0 3aJaHHYI0 ¢opMmy f myreM JuHeHAHOro npeoGpaszoBaHHSA
K HOBHM IEPEMeHHHM Z; BO3MOKHO IPHBECTH K BHAY

2f = 2 Xﬂ%.

Hoprr BexkoBoro ypasHeHMsA %y, ..., %; OIPeNeNAAT XapaKrep
dopmut f. Ecan onm BCce moaoxaTeabEN, To PopMa f, a BMecTe C Heit H
OOTeHNHaJbHAA 3Heprua V = f -4 . .. OyAYT onpeseseHHO-IOI0OAA~
TeABHHMHA B Gy[yT UMeTh MAUHHAMYM B IOJOKeHHH paBHOBecHA. Ecim
cpenn KopHe# % HalilercA XoTa OW OJHH OTPENATEABLHHHA, TO HOTEeH-
nEaibHas oHepraa V = f -4 ... upm coorsercrByiomeM BHOOpe
9HCACHHO CKOJIb YFO[HO MAaJIHX 3HAYCHHH HePeMeHHHX ¢s; MOKeT OHThb
caenana orpunarenbnoi. Ilyankape npemnoKux HasLIBATH KOPHH %
xoapPuyuenmanu ycmoiuuocmu, a UACIAO OTPHIATENBHHX Hs —
cmenenbio Heycmouxugocmu.
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B sTax repMmBax Teopemu Jlarpamxa m JIanysosa MoKHO BHCKa-
3aTh CJAOBAMH: €CJIH B IOJOXCHEMH DABHOBECHS Bce KodpPnumenTH
YCTOMYHBOCTH IIOJOKETEJBHE, TO PABHOBECHE YCTOMYHBO; €CIm mMe-
erca Xord OH OxXMH oTpMNaTeabHHl Koaddmmmenrt ycroiiumsocTH, TO
paBHOBECHE HEYCTOHIHBO.

19. I pume p. Onmoponmnit TAKeNWH TPeXOCHWH BSIIHICOHA
eKUT HA TOPH30HTANbHOH miockoctd. Onpenennts Kozhpdmmumenrts
ycrodunsoctr Ilyamkape fiA ero HoJoKeHHH pPaBHOBECHA. '

IHycts ypaBHeHHE 5AJUNCOMA OTHOCHTENBLHO €ro oceit 6ymer cie-
Ayiomee:

Ax? 4+ By® 4 Cz22 — 1 = 0.

Ilono)xeHnAMA DaBHOBECHS TPEXOCHOrO 3iimncompa GyayT Te mo-
JI0)KeHHA, B KOTOPHX HOPMaJNhb K 3JVITAICOMAY B TOYKe KacanHa Oy-
AeT KOJJHHeapHa C PajAycoM M3 I[eHTPA B TOYKY KACAHHUA; JPYTHMH
C0BaMH, TIOJIO’KEHHSAMH PaBHOBECHA GYAYT IONOKEHHMA, B KOTOPHX
TOYKA KaCcaHUA ¢ HENOABMKHOH HJIOCKOCTHIO COBOAZAET C BepIIHHOHR
KaKoH-1m60 u3 moayocei.

RacarenpHas IJIOCKOCTH

AzX + ByY +CzZ —1 =0
B TOYKe KacaHusa (Z, ¥, 2) OTCTOMT OT HEHTpPA (T/AKeCTH) Ha paccTof-
HHHA
1
VA’J:“ + Bzya + C32

Orcioga, ecam sTa KacaTeJbHAasd IUIOCKOCTb €CTh Ta TOPM3OHTAIbHAA
IJIOCKOCTH, Ha KOTOPOH JIEKAT AIMNCOMA, TO NOTEHIMAJABHAA QyBK-
nusa B obnacTu moxoxkenus pasuosecusa (r = 0, y = 0) mMeer BHA

e = = mg- ==
e TV By Y ES TV Et g p

_mg _i A(4—C) B(B—C) a\

_ﬁ[1 2( - x? 4 T y) ],

¥ CJe{0BATeNbHO, KOIPPHINMERTH yCTOHUYHBOCTH IOJIOKEHHA DAaBHO-
Becua r = 0, y = 0 cyrs
o — & A(A—C) " — — 8 B(B—C)
U2y €t 2yt ©

Orciona, ecas »/MOCOMT JEKAT HA BepmmHe Majoil moayoc: (A <
< B << (), T0 370 mosoKeHHe PaBHOBECHA ycToiumpo (x; > 0, %, >
> 0); ecaE DANHNCOMA JEKHT HA BepIIHHE cpenueit moayocn (A <
<< € < B), 10 TaKoe paBHOBeCHe HeYCTOHTHBO ¢ OJJHOH CTEHEHDIO He-
YCTOHYBBOCTH; ec/A SJUIAICOMJ JIeKHT HA BepmuHe GoabmIOH mONY-

oca (A > B > C), To paBHOBecHe HEYCTOHYHBO C ABYMA CTeNCHAMH
HeyCTOHIHBOCTH.
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KpurepHii 3HaK0ONPeReIEHHOCTH KBafparsunnx dopm

20. ns 3aga¥ yCTOHYMBOCTH MMEIOT 3HAYEHHE HE CTOJIBKO BeJH-
guEn KoaQpunmentos ycroiumsoctn Ilyamkape, CKOJbKO HX 3HAKH.
Jlns ompefeseHnA ke 3HaKa KOPHeH Her HEOOXOAMMOCTH paspemaTsh
BEKOBOE YpABHEHHE; JOCTATOUYHO 3HATH HEOOXOMHMBIE M JOCTATOYHHIE
yClI0BHSA, IPA BHIIOIHEHAA KOTOPHIX NOTeBHMaAbHAH (YHKIHA Oyner
olpeNeIeHHO-I10I0/KATeIbHOM.

Jlnn pelueAHsA mocJefHeH 3ajadYHd MOKHO HCHOJAb30BATh H3BECT-
aui kKpurepuii I'ypBulia oTpHIlaTeAbHOCTH BEMECTBEHHBIX 9acTe Kop-
Hedl ajnre6pamdecKoro HOJIHMHOMA, B JAHHOM cJIydae mojuHoMa A (—A).
Hanb6oaee npocrsiM 1 yIoOHHIM RJIA BHYUCIEHUH ABJAETCH MeTop Jlar-
pam)ka, 3aKJ0YA0MUACA B IOCTEHEHHOM BHIeJeHHHM NOJHBIX KBaj-
paroB u3 KBaaparuyHod Gopmu. UnTepecen meron Hpomekepa mpuse-
XeHHA KBajgpaTHyHod PopMBI K cyMMe KBAaJparoB, TAK KaK OH HPHBO-
IHT K HepaBeHCTBaM, KOTOPHIE BechbMa HPOCTO CBA3AHHI C KpUmMepuem
Cuaveecmpa.

Bewecmeennas ksadpamuunas gopra

(P:chij%xi (cij = ¢j1)
1j
moeda u moabko moeda Oydem onpedeaeHHO-NOAOHCUMEALHOU, Ko2da

8ce 2AasHble JUaAZOHAAbHbLE MUHOPBL €e c')ucnpu.nuuanma NROAOHCUINECALHBL:

Cly + o« clﬂ

S0,c0] ... >0

C"l eee €

€11 12
C2y C22

¢y >0,

nn |

Hokasareanbctso. [[aa cokpamennda nucbMa 0603HAINM
rJAaBHBC IMaroOHAJbHBIE MUHODH AHCKPHMHHAHTa Yepe3

ey - €

Cr::"""t

a yepe3 C,; oGosnaguM MuHOpP (co 3HakoMm) gucKpumunanta C,, oT-
BEYAIOIUNA DIEMEHTY €.
IlpeoGpasosanneM mepeMeHHBIX

+

: in . P
T = Uy Uy (i<n), x,=u,

nn

$opMy @ IPUBOAUM K BHAY

n—1 v
— ) ; (’n 2
= CyUbilly - Un,
&i=1 n-1

B YeM MO}KHO yOeIMThCA HemocpeiCTBeHHON nojcraHosKoif. Orciona
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OTHOIICHAE — Z_ paBHAETCA OGHOMY B3 KO3GPHUACHTOB YCTOAYHBOCTH

n-1
$opMH ¢ B NHePEeMEHHHIX U, . . ., Uy,.
ITpomomxaa aToT mpolecc Aaxbmie HaR Qopmoit
n—1

2 Cijuyl s
1

ybe:xaeMcA B JOCTaTOYHOCTH YCJOBHH TeopeMel.
Heo6xoxamMocTh ycunoBHH TeopeMel JoKa3piBaerca mnpocro. Eciam

dopma
2 a
2(9 == '5‘;2 I,
1- L]

ABJIAETCA oupenenenno—nonomnrenbﬂoﬁ, TO YpaBHEHHA

:—;f‘-: C”.’Ej:O (i:i,...,n)
HeoOXOMUMO JOMKHB COBMECTHO YXOBJIETBOPATHCA JMINb HPH HYJe-
BHIX 3HAUYEHHAX BCEeX mepeMeHHHX s == 0 (s = 1, ..., n); orcioga
Heo6XoAuMo, 4T00B ompenedHTe]b B3 KOIPPHIHEHTOB C;; HOCHefAHeR
cacTeMH Ghit 6u orimuer ot Byasa: C, = 0. Ecama ¢ (xq, . . ., Tpoq, Z)
ABJIAETCH ONPERETCHHO-IIONOKATENbHOH, TO ONpeReJeHHO-HOJI0KHA-
TeJBHOH IO OTHOmEHWI® K I, ..., I,-, OyAer Tak:ke H ¢opMa
¢ (xgy -+ .y Zy—y, 0), a orcioma caenyer C,_, 7= 0. Ilpopomxana arTm
pacCy:KJeHHA, BHIBOAHM, YTO0 €CIH ¢ OHpejle]eHHO-NOI0KATeIbHAA
¢opMa, To BCe rIaBHHE NHATOHAJIBHBE MHHODH €e NHCKPMMHHAHTA
HeoOxoxaMo oTanunst or Byaa: C, =0 (r =1, ..., n), 1 TeM caMbIM
yKasaHHOe nmpeoGpasoBaHme JOPME @ K CyMMe KBajJipaToB BO3MOKHO
Ha KaK[JOM IIare; a M3 HPHBEeAeHHOH K CyMMe KBagpaToB ONpexeleH-
HO-IIOJIOKHUTENbHOR GopMBI @ ciaefyeT HeOGXOXHMOCTh YCJIOBHH Teo-
peMsL. ,

3amMewanue. B pansmeiimem Mbt GyaeM paccCMaTpEBAThH HHOI-
Ia Gonee o0mme KBagparHIHbie GOPMEL OT KOMILIEKCHBIX IIEPeMEHHHX
I; ¢ KOMILIEKCHHMH KoapduiumenTaMu

@ = Z ciiflxjv
1) .
AXA KOTOPHIX C;; == C;;. Takdae oOpPME HOCAT Ha3BAHHE IPMHTOBHIX.

YenoBas 3HAKOONPEACICHHOCTH M HMEHHO TOJOKATEILHOCTH POPMEI
¢ HMEIOT TOT ’Ke BHH, 4To M B Kpurepun Cuassectpa’l)..

1) JloKa3aTeabCTBO 3TOr0 IpEJIOKEHHA YHTATEAb MOMKET HAHTH B KHET®
N.A. Ml npoxosa «Tensoproe ucumcaermes, 1. I, § 25 (M.: I'TTH, 1934),
rae B § 20 MoKHO TaKiKe HAHTH H Goslee PasBepHYTOE JOKA3aTENLCTBO KPHTEPHA
CansBecTpa.
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2. I pumep. MarepnanbHasg cmcreMa C TpPeMH CTENEHAMH
cBooAs HAXOAATCA IOJ JeACTBHEM CHJ, HOTeHOHAJbHAA QYHKIHA
KOTODBIX HMMeeT BUJ :

1 2 ] !
V = o[a® (a1 + ¢2) -+ 2095 (9:+92) + b3,

rAe ¢, CYTh He3aBHCHMbie KOODAHHATHL MATePHAJIbHOR CHCTEMEI, @, b,
0. — HEKOTOPHE BelleCTBEHHBIE TOCTOAHHEIE.

ITycre mososkenme, OIS KOTOPOTO BCE ¢s CYTh HYAH, ABJAAETCA
H30TMPOBAHHEIM MOJO}ieHMeM paBHOBecHA. Tpebyerca ompemeanThb
YCJOBHA YCTOMIHBOCTH ITOr0 IOJOKEHHS PABHOBECHA.

CoriacHo TeopeMe Jlarpanka 8T0 ImoJsoskenwe paBHoOBecHa Oyner
YCTOMYHBEIM, €CIM B HeM IOTeHIHHATbHAA QYHKIHUA V HMeeT MUHBMYM.

M toro grobst V Oblia ompeneiemmo-IOXORUTEIbHONR, ee JUCK-
PHMHHAHT

a* 0 a
0 a* o
o o b

OJHeH MMeTh BCE TJiaBHbIC TMarOHAJbLHBIE MUHODBI HOMOKUTEJIbHBIMH.
OTCIOII& BBITEKAIOT YCJOBHS

@ >0, a*? — 2a2™> 0.

Il puwmep. CpoGomsas MaTepnaJbHAA TOYKA MACCHI M JBHKETCH
B IIPOCTPAHCTBE MOJ HedcTBHEM CHJI, MOTEHIHAaXbHAA QYHKIUA KOTO-
PHIX B UMAMHAPHICCKHX KoopauHarax r, 0,-3 umeer sug V = ¢ (r, z).
AuBas cuia

T = % (r'* -+ r20'2 - 2'?)

W HoteHuuaabHad QyHKuA He 3aucAT AsHO orT 0; mostomy 0 aABaA-
eTcH IMKJINYecKol KoopauuHatod (H. 9), KOTOpo# oTBeYaer mMHTerpaJ
mr2@’ == f, Orcona ¢yukuua Payca uMeer Bux

m 2 2 ﬂ‘;
=g () —e—50.

HJUI CTAMOHAPHOI0 JBU;REHHUA MOJIKHBI BBINOJHATHCH YCJIOBHA

R oR

0r:0' bz

0;
NYCTb ITHM YCJIOBHAM YROBJIETBOPAIOT I' = Iy, Z = Z,. JTO CTALHO-
HapHOe ABHWKeHHe OYyAeT ycToHYmBHIM corjgacHo Teopeme Payca, ec-
JIH M3MEeHEHHAS NOTeHU@AaJbHaA QyHKIHA

ﬂﬂ
W =04 5 7

2m
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uMmeer AnA Hero MmEMMYM. llycte r = ry + &, 2z = 2z, -+ 7); TorAa
- 1 3
“, (I‘, Z) - W (rO’- Zo) = '2" [(Prrg2 + 2(P1'Z§n + (pzznz '1'_ ;: (Prgz] + MRS

rae ¢,., ¢,, — 3HaATeHAA JACTHHX IIPOM3BOJHEIX OT ¢ II0 YKA3AHHHM
TIepeMEeHHHM I PAacCMATPHBAEMOI'0 CTallMOHAPHOTO ABMKeHHA. Ilo-
3TOMY B Clydae ero yCTOHYMBOCTH BCe IJIaBHHE IAArOHAJbHHE MHHO-
PH JACKPHMHHAHTA

3
Prr + 7O @r:
)

(PTZ (pZZ
ROKHEL OBITH TOJOKHATEIBHHIMH. JTO JaeT HBa HEPaBEeHCTBA

3 3
o (cprr+,—oq>r) Pz — Grz > 0.

IHpumep. Ilycrs nmoremnmuanpHasgs GyHKOuA V HEeKOTOPOH Ma-
TePHAJbHOM CHCTEMBl 33aBACAT OT KOODJAMHAT I, J, OIpeAeIAIONIEX
NOJIO’KeHHe CHUCTeMbl, ¥ HMEeT MAHAMYM B HOJIOJKEHHH PABHOBECHA
Loy Yoo

av
Beepem o6o3zmauenma X = (‘;—V) , Y = (——-) , TXe MHIAEKCaMHA
z Jy 6y x

0003HaYeHs! BEJNMUNHH, IPH IOCTOSAHCTBE KOTOPHX GepyTCA 9aCTHHIE
npoussonunie. M3 ycroBAA yCTOHYHBOCTE paccMaTpHBaeMoro HOJO-
/ReHUA DaBHOBeCHMA B CHAY Kpurepua CHiapBecTpa mMeeM B 3TOM IO-
JIO)KEHHH !

&) >0 @)L (FL-EL>0 (Fh>o

Boo6pasnM, uro yciosme pasnosecua X = ( mapymaercs 3a cuer
HEKOTOPOro M3MeHEeHHA BEJWYMHHBI T; €CHH NPH ITOM BeJIMYHHA ¥ OC-
Taercd NOCTOAHHOH, To H3MeHeHne X onpefesifAercH IPOHM3BOXHOR

X
(E)u- Ecim sxe BenuumHa Yy M3MEHAETCHA, BOCCTAHABJHMBAA APYroe
ypaBHeHHe paBHoBecda Y = 0, To mameHenme X npm 3TOM onpeaeas-

eTCH IPOU3BOTHON (a_X)Y :
=0

” a(X,Y) 09X \2

X\  _ dXY)  To(zy __ (X ('@‘)x
((?::)Y:O— d(z,Y)y = 4(X,Y) ‘(’5?),,_ DAY
3 (z, y) ('5;):

aX
Cnenona'renbno, eCcJIn (_6;/) HEe paBHA HYJ1I0, TO
x

0 < (%)Y=o < (%)y‘

Hepanencrsa arn Brpaaor HeKoTopHit WacTHHI caydail npmENEDa
Jle-Illateane — Bpayna.
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Badypxaunsa paBHOBecHii

22, Bo MHOTHX 3afavYaX MeXaHHKH NOTEHIHAJBHAN SHEDPTLHA MaTe-
DHAJBHOH CHCTEMH 3aBHCHT He TOJNbKO OT IePeMEHHEIX, OIpeAessio-
MIAX IOJI0;KeHAE CHCTEMEl, HO emle W OT HeKOoTOpHX nmapaMerpos. Ha-
npEMep, B 3ajaue O CKATOM CTePiKHE NOTeHNHa bHAA $ymxkmms V
3aBHCHT He TOJbKO OT HepeMeHHHIX, ompefeanomax GopMy crep:kEs
B BO3MYIIEHHOM COCTOAHHE, HO M OT IPONOJAbHOHR HArpyskm P,

Ofmy TeOpHIO NOJOKEHHH pPaBHOBECAA TAKHX MATePHAJBHEIX
cucTeM IPH Pa3jIUYHRIX 3HAYEHAAX MapaMeTpos npenioxui [lyankape.

IlycTh moTeHNUMA bHAA IHEPrAd V HEKOTOpoH MaTepHaJbHOH CH-
CTeMBI 3aBHCHT OT KOOPIHHAT Iy, . . ., I, ONDPEAENAOINAX I0J0Ke-
HAe CHCTeMEl, U OT OJXHOI0 HePeMEeHHOTo mapaMeTpa «.

Ilaa puKcHpOBAHHOTO 3HAYCHHS NapaMeTpa G NOJOKeHHS PaBHO-
BecHa ONpedesadAloTCA ypaBHEHMAMH

(7:: =0 (s=1,:..,n).

ITycrs
) = o’ (@), ..., 2 = ¢} (@)

npeacTranBiafdoT JWHEeHHBE I10CJHeJOBATEJIbHOCTH BeIeCTBEHHBIX KOp-

Hell ypaBHeHHM# PaBHOBECHA; MK DpexmosaraeM, 970 GyHKIHH ot ()
ABJAIOTCA HeNpepHBHHIMA QYHKIHAMH HapaMeTpa o.

B (n -~ 1)-MepHOM HpPOCTPAaHCTBe NepeMeHBHIX (&, Ty, ..., T,)
nocJjefHAe ypPaBHEHHA onpefendoT auuun C;, COCTABAAIONIAE B COBO-
KYIHOCTH HEKOTOPYIO BeIECTBEeHHYIO KpuBYI0 B, pasimumbie TOUKE
KOTOPOH OTBEYAIOT BO3MO;KHBLIM Pa3iIHMYHKM COCTOAHHAM DABHOBECHA.

Orgensasie BeTsu C; mepeceKaloTca Mekay co0o# B ToUKax, Ine
MMeeTcA COBHAJCHHE II0 MeHbINeH Mepe ABYX BeleCTBEHHHIX KOpHeH
ypaBBeHHit pasBHOBecuA. B okpecTHocTH TaKod TOYKM ypPaBHEHHA

0:,*“0( 1,...,n)

He MMeOT OJXHO3HAYHOTO peHmeHmf; B TAKHX TOYKAX JOJKeH YHHY-
ToRaThcA (QYHKIMOHAJBHBIA oONpeleanTeNs 1)

< av /1'% )
A— 2R Fti%e
G (x1y . oy :cn) B:iézi

JlpyraMu cloBaMu, eciE B HeKOTOPOi Touke M Kpupoidl B reccmad mo-
TeHNHAJAbHOH sHeprmu A ofpamaercs B HYJNb, TO TaKad TOTKA MOeT

) Pypca 3. Kype marematrueckoro amanmsa. T. 1, u.1: flep. ¢ ¢p.—
M.: I'TTH, 1933.— (Cu. § 38).



BHOYPKAIIMA PABHOBECHA 4

OHTH TouKoOi mepecedeHEA Berbeil C;; ToUKE M Ha3HIBAOTCHA Kpumuye-
cRUMU, HIXH mouxamu Ougyprayuu (eemeseHus).

HexoTtopne Touku KpuBoH B 0TBEYAalOT YCTORYHBHM COCTOAHH AM
paBHOBecHA, a HEKOTODhie — HEYCTOHYHBLIM. (MeHa ycmolinusocmu
na eemsaxr C; Mmoxem npouczodumes auwd 6 moukar Gudyprayuu,
B camom nmene, ana onpenenennoll BersH C; KOOPAMAATH T, ABIAAIOTCH
HeKOTOPHMA QYHRKIHAME mapaMeTpa a, I, = ¢4 (@) H, CJiexoBaTein-
Ho, Aas BerBE C; ompefeNHTeNb TAKKe ABAAETCA QYHKUMeH a, ecim
B A 3amemnth I, = ¢\ (2). IIpz mepexome mo Bersum C; oT TOUKE
K TouKe GYAYT M3MEHATHCH 3HAYCHHA A.

Has onpeneseHHsoro COCTOAHHA PaBHOBECHA, OTBEYAIOUIETO HEKO-
TOpOi#l TouKke BeTBH C;, YCTOHYHBOCTDH ompefeiaserca Kodd@nnuentaMs
[lyankape, miam, mAavYe, KOPHAMH OTBEYAIOIEr0 BEKOBOTO ypaBHe-
HAsA

oW
6.1:561].

A(x) = —b,%] = 0.

3nech u Bo BceM faxbHeimeM §;; ectb cumBon Kponekepa; §;; pasun-
eTcHd HYJIO, eCAH [ M j Pa3jd4Hbl, H paBHAercA 1, ecadm [ ¥ j paBHH.
Pasnoskenme monmmoMa A (x) Ha JwHeHHEle MHOKHTEAHM: A (%)=
= (% — %) . .. (%, — %) HEHOCPENCTBEHHO Haer

A=A@0) =% ...x%,

Tak kak B Touxe OGudpyprammu A == 0, To B.Helt mo Kpaiineit mepe
ofuE u3 Kodppmuumentos ycroitampocTu Ilyamkape x; oGpamaercs
B Hyab 1 HaoGopor. Ho xopum BekoBoro ypasHenusa A (x) — 0 Bcerna
pemecTBeHHH. IloatoMy Ha BerBm C; ycTOMIHBOCTB JAMHEHFHOH mocie-
AOBATENLHOCTH PABHOBECHH MOKeT NpomajfaTth (AN NOABJIATHCA)
JHUb B TOYKaX OudypKanum, Tak Kak npu Horepe (uiu npuobperennn)
YCTORYHBOCTH 10 MeHblIeH Mepe ONHH W3 KO3PPHUIHEEHTOB ycTOHuM-
BOCTH, MEHAS CBOH 3HaK, GyJaer mMpPOXOMUTH Yepes HYJb.

IIycte M ecrbp HekoTOpas TouKa Gmdypkammu; orBevaiomee eif
3HaYeHHe NapaMeTpa ¢ IPHMeM PaBHBIM HYJIO.

B pasamvBEIX 3aJasaX MEXaHMKH HHTEPECYIOTCH NpeuMyllecTBeH-
HO peaJbHHMH BeTBAMH KpmBoii pasHoBecma. OrMerum Ges - okasa-
TeIbCTBA [ABA NPENJIOKeHHS, OTHOCAMHECH ciofa '),

Ilpencrasnm ceGe, 9To Kak-1u60 BHACHEHH peaibHbie BeTBH C, . .
. . ., Cx XpnBoii B, mpoxopamue Yepes PacCMATPMBAEMYI0 TOYKY Om-
¢ypraummn M. IIposenem nme miaockoctd & — ¢ =0 u a + & = 0,
apuveM € NPeAnoJIaraeTca CToMb MaJA0H HOJORHTENbHOHR MOCTOAHHOM,

arobu Kaskaaa m3 BetBed C,, . .., C; mepeceKajsa ILIOCKOCTH o3 —
— €2 =0,

YPoincaré A, Sur I'equilibre d’une masse fluide animée d’un mou-
vement de rotation // Acta mathematica.— 41885.— V. 7.

Yeraesn H.T. Ueber die von den Ellipsoiden abgeleiteten Gleichge-
wichtsfiguren // Uas. Kasan. ¢u3.-mar. o-pa.— 1929—1930.— T. 4.— C. i.——g;.
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ITycrs maBectHHe BeTBH C), . . ., C; IepeceKalT mIOCKOCTH O —
— ¢ = 0 B rouxkax P;, a mnockocts o - & = 0 B Toukax Q;. [aa to-
qex P; u Q; MOKHO oIpeJeJuTh 3HAKM reccmana A.

ORaaHBaeTcﬂ, 910 Yepe3 mouky M OonoinumesbHo K GHLACHEHHHM
semeam C,, . .., C, npotidym no Menvwel Mepe ewe I peaibHux 6em-
sell xkpuseoil pasnoeecus B

r=7| a1 — 3141,

%0e cymmuposarue DacnpOCMPAHIEMC NO 6CeM YKAIAHHBM MOYKAM,
a [f] o6osnavaem 41, ecau f > 0, u —1, ecau f << 0.

Pacupenenenne ycToOHYHBHX W HEYCTOMIABHIX HOJOKGHHH PaBHO-
BecuA AJA QUKCHPOBAHHOIO 3HAYCHHA O MONYHHACTCH 3aKOHY CMe-
HH YCTOHYMBOCTH, COCTOAINEMY B CielylolieM. ¥ paBHeHHSA PaBHOBe-
cuA AaA QHKCHPOBAHHOIO 3HAUEHWA HmapaMerpa o == § oupexeaAloT

B maockoctn o — 8 = 0 mpocrpamcra (e, 24, . .., Z,) OTBEYAI-
mue COCTOAHUAM PaBHOBECHA TOUKH P. YpasHenus
v av
2=8 5=0 =

ONpPENeNAIT HeKOTOPYH JAMHHI0 L,, JIeKAamyl B HIAOCKOCTH O —
— 8 = 0 u mpoxomamyio wepe3 Bce TOUKM paBHOBecuii. BriGmpasn
Kaxkge-1u00 HanpasieHAA 06Xofa CBA3HHX B 06e3 JBOMHBIX TOUEK Jac-
Tel JuEmM L;, MBI MOKeM 3aHyMepoBaTh TOYKH P;'B HOpPAJIKe X BCTPe-
au. Ilyers P; u P;,; npunajiexar HeKoropoit cBA3HOM, Ge3 ABOHHBIX
To4eK, dactd dmaHE L,. Oxasmsaercsa, uro

[Ap] + [Ap, ) = 0,

{41

a TaK Kak A = %, ... %,, BAAEM, 9T0 nPU nepezrode om pasHOBECUS
P, x pasrosecuro P, cmenend Heycmoiivugocmu MeHAEMCA Ha Hedemuoe
wuca0.

23. Jtm obuue TeopeMbl 0 YHCie peanbHBIX BerBedf, NMPOXOAAMHAX
9epe3 TOYKy GudypKanmum, . O cMeHe YCTOMYMBOCTH HMEIOT BechbMa
TPHBHAJBHHIA CMBICA IS TOF0 NPAKTHYCCKH HHTEPECHOTO Ciaydasd,
Korjga B o0nacTd TouKA (GAypKAnEH OTIMYEH OT HYJIA OOPENEIAMTEND

(-
A 9 0.7:3""’0.1:"/'
1 6(1,,...,:&:") :

B sroM caydae B6am3H ToYKE OGnypKanuu BO3MOMKHO Pa3pelIATh Of-

HO3HAYHO OTHOCUTEJBHO nepeMeHme .Tz, ..oy .'Cn CKCTeMy ypaBne—
HAHR
oV v
=0 =0
2 n
HOJYIHTh

z; =z;(r, ) (E=2,...,n)
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¥, DOJB3YACH ITHM pelleHHeM, HCKIIOYHTH HePeMeHHBIe T, . . ., T,.
ITocie Takoit 3aMeHE MH GYJEeM HMETH BCET0 ONHO YPABHEHHE PAaBHO-
BeCHs

4 )
Fr =f(z2) =0.

H3o6paskaromnee BCIOMOraTe;IbHOE IPOCTPAHCTBO OyAeT OpPA 3TOM IJIO0C-
Koctbio (@, z;). Ha xpusoit paBHOoBecmit B, ompemensiemMoil B aToit
naockocT ypasaenueM [ — 0, Omdypkanum onpepensTcs TOYKaMH,
rjie YHHITOIKACTCA

IIycrs npamas o = const ceuer junMI0 pasHoBecui f = 0 B TouU-
Kax P;, Kakue MBI 3aHyMepyeM IIOCJe[0BaTeIbHO NPH 06Xoxe npAMoi
o = const ciesa HampaBo. Bripaskenme §, oueBmaHO, MeHAeT CBOH
3HaK OpW nepexofe oT Toukd P; K Touke P;,,, ecim HA OJHA M3 ITHX
TO9eK He ecTh ToUKa Gudypkaiuu. CMBICT § HeTpyAHO OIpEXENHTbH.
Korga MexaHm4ecKas cHmCTeMa MMEET. BCETO OXHY CTeHNEeHb CBOGOXSI,
T0 § HemoCPeACTBEHHO ABJAETCS eAMHCTBEHHBIM Kod(PunmenToM Yyc-
toitamsBoctu Ilyamkape. B obmem ciaygae umeem

kg
oV o 0z
0= — + — -2,
axl = dxy 0.1:3 0xy
Ecau pemenma z; = z; (z;, @) BCrasurh OGPATHO B HCXOJHBIE

VPABHEHHA, TO IOJYYAM TOKAECTBA, KOTOpHE BO3MOKHO Auddepen-
IAPOBATH L0 NEPEMEHHOH 2,:

n
0 - v AV dx
oz 0z, v 0z, 0z, 31,

i=2,...,n)

ITpemmecTsyiomee COOTHOHMIEHWE ¥ 3TA CHCTEMa ypaBHEHHH GyayT
HMeTh HETPMBHAJBHOE peLIeHHe '[JIA

1 dzs Ozn
"611" AL ERE ] a-l’

KOra OupexeSuTeNb, COCTABICHHHIE M3 HX Ko3PuuuenToB, paBeH
HYJI0

T e T gz,
i e =0,
o o

oz dxy """ axﬁ
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OTKYJa

A
§= v

CorsacHo npuBeleHNI0 KBaAPATHIHLIX GOPM K KaHOHHYECKOMY BM-
Ry no Merony Hponexepa 3amedaeMm, ure § B cooTBeTCTBYWOIHUX Hepe-
MEHHHIX paBHAETCA ORHOMY H3 Ko3addmumentoB ycrodumsoctu. M3
IPeANnoao/KeHHoro coornomenusa A, == 0 ciaexgyer, 4To KaKIoH TOUKe
Oupypranun A = 0 B moaHOH cHCTeMe HepeMEeHHBIX (&, Iy, . . .
-+ ., I,) oTBedaer TouKa Oupypranum § = 0 npupesenHON CHCTEMBI
# Haobopor. Ilpu 37oM B Touke Gupypraumm OGylaer YHHUTOATHLCA
OQHH H TONbKO ofMHE Ko3dpduuuenr ycroiumsoctu §. B camom peue,
€CJIM YHHUTO/KAIOTCA ABa KodpdHnueHTa ycTOHIMBOCTH, TO KaHOHHYE-
CKHHl BHI KBaJpPaTHIHOH (OPMH B Pasio:KeEnA V [oJKeH CBOXHTHEH
K CyMMe n — 2 KBaJpaToB, H HO3TOMY BC€ MHEODHI HEPBOro HOPAAKA
ompeaennTean A mo/rxkeb Gran Ge 06pamarsca B HYJb, 9T0 NPOTHBO-
peuHT npegnoaokesuio A, % 0.

PaccMoTpHM HHTepecHBE HJA NPHIOKeHHH caydall, Korga Ipu
OpHBEeHHH KBaApaTHYHOM PopMbl V K e¢ KaHOHHIECKOMY BHAY IO
merony Kporekepa Bce KoadummenThr nmpupefeHHOHR (GOPMBI, KpoMe
8, Bcerga noxo:xarennns. Torxa ycroMYMBOCTH MM HEYCTOHYMBOCTD
paBHOBecHA Gyner 3aBACETh JUIMIb OT 3HaKa 6; IpH § NOJNOKHTEIBLHOM
PaBHOBECHE YCTOHYHBO, IPH OTpHLaTe bHOM §—Heycroituuso. B nioc-
KocTH (z4, @), Ile OCb I, HAET FOPHU3OHTANLHO CJIeBAa HANIPaBo, a OChb
@ CHH3Y BBepx, ycToiuuBrIMM OyAyT Te BeTBH paBHOBecum# f = O,
CHpaBa OT KOTODHIX 3HavyeHmsa [ moxo:kaTeabHu (8§ 7> 0).



TIHTABA 4

O JIMHENHBIX JTUOOEPEHIMAJILHBIX YPABHEHHAX
C INIOCTOAHHBIMH KO3PPHIIMEHTAMHA

YacTHoie pemenns

Ecam B ypaBHeHHMAX BOSMYINEHHHIX ABHKCHHH NpaBhe YaCTH
3aBHCAT ABHO OT BPEMEHH, TO COOTBETCTBYIOIIEe HEBOSMYIEeHHOE
nemxesne Payc Dpefiocmy HA3HBATL HEYCMAHOGUSWUMCA; KOTRA
’Ke OHH He 3aBHCAT ABHO OT !, HEBOSMYIIEHHOE [BH;KeHHE Ha3KBaeTCH
ycemanosuswumcs. B mociexseM ciayyae ypaBHeHHN B BapHanHAX
6yayT NONYYaTBCA C IOCTOAHHBIMH KOd(pPuImeHTaMH.

24, PaccMoTpuM cHcTeMy amHeiinpix AAGOEpERIUANBHEIX ypPaB-
HeHHH C NOCTOAHBHIME Kodddmouentamu p;;
dz, .
’J{'zpilxl'tl‘“’"{”pinxn,(l*—"lx"'vn)'

ByneM‘ HCKAaTh YaCTHOe pelieHrue BHA
-1

I; = (Ali jm_' + Ay; m—1i et Am+1.i) eM,

rae A;; m A CyThb HEKOTOpHle IOCTOAHHHE; CPefH MOCTOAHHBIX A,;
HEKOTOpPHe JOJKHH OHTHh OTIMYHLIME OT HYJA; HOJOKHTEAbHYIO

nenayo CTeneHb m TpebyeTcA oUpeNeanTh AJA KaKIOT0 A BO3MO;KHO
"Hanboabniei.

Ecam 310 BHIpaKeHHe HOXCTABHTH B 3aJAHHYI0 CHCTeMY Rudde-
PeHNRANBHEIX YpaBHEeHHH, TO Hocje COKpameHmsa Ha ofmuit MHO-
JKHTeNDb eM mnoxyamm

tm—l

m m-1
(Axe boysng 1 I R Ami) +A (An -tm—, + Ay é’:‘ﬂ e Am+1.{) =
’ m M1
= Epii(Ali',‘nT + Ay g+ -+t Am+1,j) .
i

CooTHOmeBMA 9STH JOKHH HEMETh MECTO IPH HPOHM3BOIBLHEIX
JHAYEeHAAX {; MO3TOMY KOIQPMIAEHTH IPH OXMHAKOBHIX CTEHEHAX !
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AOMKHH OHTH PaBHH MERILY coboii:
;(Pu—ﬁiﬂv) 4,5 =0,

%(Pii‘—ﬁiﬂv) Ay = Agis
%)
% (pij— 0iA) Amr, j = Ay

i=1,....n)

Iepsas m3 atux cucrem ypasHenuit (7) Oymer Torga mMeTh He-
TPEBMAJbHOE pemeHue AiA A,j, KOTAA PaBeH HYJIO OIpefexdTeNb
u3 ee koapdunuenToB

m—A  pr ... Pin ‘
A (7») — P21 D22 — AL Pyp = 0.
’m Prg pnn——‘)"

KopHu 3TOro xapakTepHCTHYeCKOT0 ypaBHEHHS ONPpefeadAloT 3Ha-
YeHHS OOKasareas A.

ITyects A = A, ecTh HEKOTOPHE KOpeHb XapaKTePHCTHIECKOTO
ypasuenus. Ilepas us cucrem (7) ompenessier OfHO HeTPHBHAIbHOE
peumenne JJIA IIOCTOAHHHEIX A,;, €cad OTIMYeH OT HYJAA IO KpaiHer
Mepe OQMH W3 MHHODOB NEPBOr0 NOpsAAKa ompefexuteas A (A,).
Ona onpepmenser k NuHEeHHO He3aBHCHMHIX pemeHHE 1asa A,;, ecau
KOpeHb A, ofpamaer B Hyab Bce MHHODH oupeneauteas A (A,) xo
popagka k — 1 BRiuoYATENBHO, He Oo0pam@as B HYJh IO KpaiHel
Mepe OJHOrO0 M3 MWHOPOB k-ro mHOpAAKA.

25. CHavasa OCTAHOBHMCA HA cJydae, KOTAA KOPeHb A = A,
He ofpamaer B HyJb 10 KpaiiHedl Mepe OJHH U3 MHHOPOB IIEPBOTO II0-
panka. He yMenpmmas o6muoCTH, JOIYCTHM, 9TO IOCHETHHA ecTh Ay,
Torna pemenne mepsoii m3 cucteM (7) Mosker GHTH 3amucaHO (ec.H
yd9ecTh, YTO HAC WHTEpecyeT YacTHOe pelleHue ¢ TOYHOCTHIO 70 06-
mero BceM A,; MHOKHATeJNA) M3BeCTHHMH QopMyTaMu

A=Ay G=1,...,n) (8)

rae A;; o6osmauaer MuHOp (co 3HaxoM) ompepemurens A (A), orse-
YalmAl JeMeHTY -l CTPOKH M j-H KOJOHKH, IIPDH 3TOM NOJaraercs
A = A, Cpenm mocToaHHBIX A,; Haliflerca NpPH CHEJIAHHHX IpeQIO-
JO;KeHMAX XOTA OH OfHA OTJIHYHAS OT Hyas, a HMeHHO A 4.

Ecau A octaerca mepeMeHHHM IapaMeTpoM M He NPHUHANO 3HAYe-
HESL OTMEYeHHOro KODHA A = A, MM Kakoro-iuGo Apyroro ¢mkcu-
POBAHHOTO 3HAYEHHA, TO cooTHomeH:s (8) ompemensior A,; B BEAE
HEKOTODPHX NOAWHOMOB OT A. Ecam 3t moamHoMm A,; HOACTaBHTH
B ypaBmenusa (i =2, ..., n) nepsoii u3 cucrem (7), TO HOJIYIHM COOT-

HOmIEHAA
;l(pij —8;;A) 4,; =0,
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KOTOpHe GyAyT yAOBIETBOPEHH TOKASCTBEHHO OTHOCHTENBLHO A, TaK
KaK JIeBbe JacTH NPeACTABASIOT ONPEACIHTENH N-TO HOPHIKA C BYMA
OXMHAKOBHMH cTpouKaMd. ToskAecTBa 3TH BO3MO;KHO Auddepennn-
poBaTH IO A CKOJBKO YroXHO pas.

Judpdepennupys mX nocremosateabHo k pas (k =1,2,...),
3aKJII09aeM, YTO IIOJIHHOMEI

1 o
A, = A, 9)

e Ag’,‘f) o6o3Havaer k-10 NPOM3BONHYIO OT A,; IO A, YAOBAETBOPAIOT
ypaBEeHuAM (i = 2, ..., n) moboit cucreMsl (7) He3aBACHMMO OT
3HAYECHHAHR A.

ITopcranoBka ke moamHOMOB A,;, ompexeieHHHX gopmyaamu (8)
IpA NPOM3BOJBHOM A, B HepPBOE ypaBHEHHE NHepBOi u3 cucteM (7)

naeT COOTHOMIEHHE
?I(Pli — 8,0 415 =A ().

CorsacHo 3TOMY -COOTHOIMEHHI0 nepsBod cucreMe (7) GymayT ymos-
NeTBOPATH 3HAYEHHA HOJHHOMOB A,; Npu A, PaBHOM KOPHI0 XapaK-
TepucTRIecKoro ypasHenusa A (A) = 0.

IIycrs A = A, ABAAETCA HPOCTHM KOPHEM XapaKTePHCTAYECKOTO
ypasHendasa. Torga monmeoMn Ayj, ompefgesienHHe d¢opmynamn (8)
H (9), OpE 3HaYeHAHA A, COBIAJAKI(EM ¢ KOpDHEM A,, He MOTyT YyHOB-
JeTBOPATH BTOpOM cucteMe (7), M, cJeROBaTejbHO, HAWBHICHIAA CTe-
IeHb M PAcCMaTPUBaeMHIX HAMH pemeHHd paBHA Hymo. JleiicTBu-
TeJBHO, €CIM A = A, ABISAETCH NPOCTHIM KOopHeM ompenenntean A (1),
TO 3HAUYeHAEe NEepPBOA IpOM3BORHOHE mo A or A (A) momkHO OHITH IpPH
A = A, oraugHo or Hyasa. Ilosromy, ecam oxuH pas npoxmdpdepeHnu-
poBaTh IOCJIeflHee COOTHOIMEHHE M MCIOJb30BATH onpefeneHHe A,;
mo dopmynam (9), moayyum upm A = A,

A (A) = % (P1j — B15hg) Agj— Ay 7= 05

TakaM oGpa3oM, mepBoe ypasHeHHe BTOpoit cucreMul (7) He yxoBJje-
tBopaerca. Ilycrb Temepb A = A, ABAsAETCA KOpHEM KpPATHOCTH M.
Ilpn TakoM npeAmoNO;KeHHH 3HAYCHHA BCEX HPOM3BOXHBIX OIpefe-
aatens A (A) mo mopsaka p — 1 BRANYATENbHO GYAYT HYJAMH HPH
A = A, a OpoOHU3BOAHAA W-TO HOPAAKA OPH A = A, Oyjer OTIHUHA
or Hyaa. [(updepennupys npennmocieHee COOTHOIEHHE IIOCIHEHO-
BateabHo &k pa3 (k =1,2,...) m nconoawaya ompegenemns (9)

1
A )= Y (P — 818) Aus, 5— Aui,
i

3aKJII09a€M, 49TO 3Ha4YeHHAsA mnojauHOMOB A.; (r=1,..., pn) npu
A = Ay OyRyT yHOBIETBOPATH | OepBHM cHcTeMaM (7) W He yROBIe-
TBOPATH (B - 1)-#. CaenoBatensno, HamGonbmasn cTemens m Gymer
B 9TOM CjydYae Ha OJIHHAIY MeHbIle KPATHOCTH KOPHH m = pu — 1.
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Haiilennnie 3HaYeHEA NOCTOAHHKX Ay ; YAOBIETBOPAIOT HE TOABKO
nonaroit cacreme (7), Ho ® JI060H ee wacTH, MOJYydYalOMEHCH HCKJIIO-
JeHAeM HEKOTOPOTo Ydcja cucTeM CHE3Y. OGCTOATENLCTBO 3TO HOKA-
3HBaeT CYIHECTBOBAHHE YACTHHIX PEMICHHH HCCAEAyeMOro BHIA, B KO-
TOPHIX CTeIeHb BCKOBBIX WJIEHOB HAaYUHAETCA C HPOHM3BOJHLHOIO YHC-
n1a, MeHbIero 4ueM m. J[pyruMH CJ0BaMH, OJHOBPEMEHHO ¢ MCKOMEIM
TacCTHHIM peHICHAeM HamBHCHIeH CTeNeHH m JJIA OTMeYeHHOIO KOPHA j},

Ty = fi (t)eltv
rae

t'ln
fi@) = Ay oy -+ oo - - Amio
CYIEeCTBYIOT NPOM3BOJHbIE OT HETO, YACTHbe PEMIeHHA BHJA
o (8
z; = fi (t)elt’

rre 1 () o6osmauaer k-0 HPOMIBONHYI MO { OT MOJMHOMA fi (©
(k =1,...,m). Takum o6pa3oM, AiA paccMaTPUBAeMOro Xapak-
TePHCTHYECKOI0 KOPHA A == A, KPaTHOCTH p = m -+ 1 Mul ompegenum
HOJEYI0 TPYINy M3 | YaCTHHIX PemeHdd, OYeBH[AHO, JHHEHHO He3a-
BACHMBIX Me;Ky c000#, NOTOMY 9TO HaMBHICHIME CTENeHH { B BEKOBBIX
WIeHAX JTHX pemieHWH BCe pa3JIHYHbI.

26. OcramoBuMca Temeph Ha o6meM ciydae, KOrla KOpeHb A = A,
obpamaer B HyJb BCe MEHHODH onpenenuteas A (A) xo mopanka k — 1
BKJIIOYMTE]bHO, He ofpamas B HyJb N0 KpalHeil Mepe ONHOro H3
MHHODOB Kk-TO HOpAAKA.

B aroM caywae nmepsas u3 cucteMm (7) onpeneaser k imHeiiHO He-
3aBHCHMBIX pemieHHE M A ;. OTH & nTHHEHHO HE3aBHCUMHIX pelmIeHHi
MBI ompejeianM ciaeayiomuM obpasom. Ilyers (A — A )'r aBagerca
MHO/KATeJeM HauBhiclIed cremenAm p, Aas obmero mamboabmero Je-
autenan D, . MEEODOB r-ro mopsapka oupeneautens A (A) (r =1, ...
. . ., k). PaccMarpuBas npousBojfHse OT 3TAX MHHOPOB IO A H 3aMe-
yag, 4YTO OHH BHIPA)KAIOTCHA JHHEHHO 4epe3 MHHODH HA eJHHHLY BHC-
mero NOpAAKA, yOeknaeMCA B CYI[ECTBOBAHAH HEPABEHCTB

B>y > > ey > g =0,

rie p o603HawaeT KPATHOCTH KOPHA A = A, ANA XapPAKTEPUCTHIECKOTO
onpefenurenas A ().
Cpemst MHHOPOB r-ro HOPAAKA BHIXEAMM MHHOD (co 3HakoM) 1)

Ai,...'lr, PR

noJydaiomuiica mocjie BhHYEPKUBAHMHE M3 OmpefeauTeasi A CTpoUex
ity « + ., I, @ KOJIOHOK jy, . . ., j,, KOTODHH Ob HMex A == A, KOopHeM

1) Muropy A M0JAyYeHHOMY BHYCDKHBaHHEM H3 OIpefeluTe-

fgeeripy Jroned)?
JA CTPOK C YKa3aTeAAMH iy, . .., ir H KOJOHOK C yKasaTedAMH jy, ..., js, YC-

[N A IE e |
JIOBHMCA (PHIHMCHBATL 3HAK (—1i)' r ™0 rpe 0 oGo3HAYAeT CyMMy
HapyHIeHAUd HOPANKA B PAXAX i, ..., ip B jy, .. ., fr.
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TOYHO KPaTHOCTH M., 8 MHHOD A; . . j,..j_, #BMex 6w A = A,

KODHEM KDaTHOCTH W, ,. IIpenmonaras A oramumbiM ot A,, cocraBmm
BHIDA’KeHHA

Aoty Juoeedpoy g
(A — At

Onm onpenensior A,; (s =r, ..., n) B BUAe HOJMHOMOB OT A, u3
KOTOPHIX HO KpaiiHeH Mepe ONMH H HMMEHHO A,; He YHHYTORaeTCH
npr A = A,. He somenmme B 370 ompemenenmme Ay, . . Ay
MOJO0KHM paBHLIMH Hyalo. Buipaskemma A,; (K = 2,3,...) onpe-
meJqMM TpH 3TOM coraacHo Qopmyne (9).

Tak ompenesneHBbie nOIUHOMB A,; IONCTABAM B NEPBYIO CHCTEMY
a3 cucreM (7)

1
§ ij— O Ay = ———— Ef(pi-s—ﬁrs% Biiips iy iy
- (p J J ) 17 (A.._},O)ur js J J ) rJ Ir-13,

Croamagn 3fecs B IpaBoii YacTH cyMMa GyJAeT TORAECTBEHHO HyJIeM,
KOJIb CKOpO i = i, a k> r, noroMy uTo TOraa ona Gymer mpomop-
IMOHAJbHA ONPE/eaHTeNI0, y KOTOporo GyayT XBe OXHHAKOBHE CTPOY-

kn. Ecom i = i, a k< r, 1o, ocraBaaa Ge3 BHACHeHHA 3HAK,
AMeeM

Al\fs“-:

(s=r.r+1....,n). (10)

Z(pi i85, k) Ay = iA"l--'"‘k—xik+1-~",, Freevdipey )
i ot g (A,__;‘o)“'r

Coraacuo BmGopy! Ai..; . ,,..j, B UPaBOE UaCTH ITOT0 COOTHOUICHMS
CTOMT IOJHHOM OT A, HMemHEA A = A, KODHEM KPAaTHOCTH, IO Kpaii-
Hed Mepe, He MeHbmIeH .., — W,, ecau k< r, © TOYHO PpaBHOH
ey — Pyy eCaE k=T,

Urar, npumeaTteiMu BhipaskeHuAMH A,; B nepsoit us cucrem (7)
OynyT TOKNECTBEHHO YROBJIETBODEHH BCe YPaBHEHHA i == i; He3a-
BHCHMO OT 3HQ4eHMH A, ecam k > r, a ypapEenuanpu k =1, ..., r
6yRyT YMOBJIETBOPEHHI COIJACHO HOCJEAHEMY COOTHONIEHHIO, €CJIH
WOJNOKUM A = A,.

Auddepennupys no A TOAECTBEHHO YAOBJETBOPEHHKE ypaBHe-
aua (i = iy, k> r) nepsoit u3 cucrem (7), 3aMeyaeM, 4T0 NPH HAMIHAX
onpefejgeHHsX BeJqHuEH A;; OyayT ynoBaeTBOpeHW BCe HONOGHEIE
ypaBHeHHA (i == iy, k > r) Bcakod mu3 cmcreM (7) HE3aBHCHMO OT
3HAaYeHAA A. A TAaK KaK IpaBbie TaCTH HOCJAEAHHX COOTHOmeHmi (i =
= i, k< r) aMe0T A = A, KOPHEEM BO BCAKOM CIyYae KPaTHOCTH
He HIKe M,y — H,, TO 3HAYEHASA BCeX NPOW3BOJAHBIX OT 3THX BHIpa-
JKeHHH 10 HODHAAKA W,y — M, — | BKIKumTENbHO GyAyT PAaBHH HYJIO
npm A = A, a 310 corsacHo (9) oGozHauaer, 4To OCTABIIEECH ypaB-
senns (i = iy, k < r) mepso#, BTopoH, . . ., (4,4 — P, )i cHCTEMH
(7) 6yayT ynomnaerBopaThCA 3HAYCHAAMH HOJMHOMOB A ; OpE A = A,.
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B cucreme ke (B,—4 — W, - 1)-E He Gymer yHOBAETBOPATHCA HO
KpaiiHel Mepe ee i == i,-e ypaBHeHHe, TaK Kak (#;-y — MU,)-2 mpo-
M3BOJHAA OT

A'irnir—l' jx---.ir—]
(A — lo)ur

OTJIMYHA OT HYyJf OpA A = A,.

Hrak, opu B3ateix ounpegenenuax (10) m (9) smavenus moamuO-
MOB Ay; npH A = A, YHOBIETBOPAT WN,_; — W, cucreMaMm (7),
M, CJe[0BATeAbHO, HAHBHICIIAA CTENECHb /M HPH TAKHX ONpPeJe/eHUsAX
6ymer m = p,y — p, — 1.

Ilpumensas s1or mpueM K MuHOpaM mopsagka r =1, ..., k, Mu
mMoJyYnM % 9acTHHX PEMIeHHil ¢ HAMBHCIOIAMH CTENEHAMHE M = W,_; —
— u, — 1. Kaknoe ma sTuXx pemenmit, Kak OHJIO 3aMe4eHO pamee,
JaeT TpPymmy ®3 M, 4 — W, pemennmii myTeM nuddepeHIHPOBAHAA
0o ¢ NOJMHOMOB, CTOAIAX B IPOM3BONANIEM DeMeHHH MHOKMTEIAMH
upu e,

Hrak, nna paccMaTprBaeMoro xapaKTepPHCTHIECKOTO KOPHA A == A,
KDaTHOCTH W HaiifeHo k rpynn pemenmit (r =1, ..., k), xaxnan
43 KOTOPHIX COCTOMT M3 i,y — W, pemenmit. Obmee uncI0 HalfenH-
HHX pelleHAWil PaBHO, OYEBHAHO, KPATHOCTH KOPHA

k
2 (ya — i) = e

IlosygenHsle pemieEHsa JHHEHHO He3aBHCHMHL Me;KAYy coboif. B camom
ReJie, MBl BHJEJH, 4YTO pemIeHHsA KaKoH-iubo oOTAeJbHOH TIpynnoH
MeKAy co0010 JMHEHAHO He3aBHCHMbI, TAK KaK HMEIOT PasJnYHLE Ha-
MBHCIINE CTEIeHM ! B CBOHX BEKOBHX wieHaXx. IIycTs uenouxa mcxog-
HHX MHHOPOB

A

onpeneasieTcd KaKUMH-TAGO OXMHAKOBHMHE BEAeKcaMu mpa r = 1, . . .
.« «, k. IlepeMennoe z;, BX0[s BO BCe PeMieHHs I'DYNIK, OTBeYaMER
MEHOPY r = 1, Gyier HyJeM 10 ompeJesIeHAIO A BCeX APYIAX rpynn
qacTHHX pemwenmit. [loaToMy ecam eymecTByer Kaxas-aaGo anHeH-
Hasi 3aBHCEMOCTH MEKAY HAHXEHHHIMH PEHICHHAMH, TO CPeNH HOCJe.-
HAX He MOKeT HAXOAHTHCA IO KpaliHe#i Mepe HH OXHOTO peHICHHA
H3 rpynns r = 1, rak xak Ge3 Toro ycaosus He GyJer CymecTBoBaTh
JHHEHHOA 3aBHCHMMOCTH YAaCTHHIX PpemeHHH s NepeMeHHOH I;,.
HMopo6umME coobpaskeHEAME MOKHO HOKA3aTh, YTG B JMHEHHYIO 3a-
BHCHMOCTh YACTHHIX PeINeHHA He MO)KeT BXONHTH TaK)Ke HH OLHOTO
pelleHEA TpynnH r = 2, TaK KaK I;,, BXOXA B 9Ty I'PYHNHY PemeHHH,
He BXOJHT IO OHPeJeJeHH0 HA B OXHY u3 rpynn r > 2. IIpomokan
3TO pacCcMOTpeHHe AAJbIle W HCKJIYadg INar 3a IMaroM M3 IPeanoio-
’KeHHOH JIHHeiHO# 3aBHCHMOCTH rpynuow pemenmit 1 = 1,2, ..., k,
TeM CaMHM J[OKa3hBaeM JIHHEAHYI0 HE3ABHCHMOCTH MEKARY coboio
BCOH CHCTeMH H3 |\ HaJeHHHX A KODHA A = A, YaCTHHX pelIeHAMH.

il,"'ir’jl“‘jr
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PaccmarpmBas Temepp BCe Da3NMYHEHE H HEOAHHAKOBHE KODHH
XapaKTepUCTHIECKOr0 ypaBHEHHA, MH HOJYYHM YKa3aHHHIM IPHEMOM
CHCTeMY M3 1 JaCTHHX pelleHHi, JHHeHHAaA HE3aBHCHMOCTh KOTODHX
OYeBHIHA, €CJHM IOCJHe JOKa3aHHOTO OOpaTHTh BHHMAHHE HA DPa3iH-
qHe MHOKATENEd e*! B pemeHHAX, COOTBETCTBYOIHX HEOJHHAKOBHIM
KopHAM A.

3amMedanne MoHO nNpuBecTd MHOrO APYIHX CIOCOGOB om-
pelleneHus 4acTHHX pemenmii. He Hapymasa mpusefeHHBIX paccy:k-
fennit, MBl MOKeM OIpefenuTh NONuHOME A; BMecro (10) caenyio-

muMu  fopMynaMu:

B iy 4y

D 3

n-=r

Ay =
rae D, ecTh o6muii HaubobIINE feanTeab MUHODOB r-I0 HOPANKA.

3nemem'apnue REITHTEINH

271), Ilna ompenenennsa oOmuX HauGoJBIIAX JAeAUTENeH MAHODPOB
XapaKTepHCTHYECKOTo ompefeaurens A (A) BeipaGoraHH dieMeHTap-
HEe TpPHeMbl, HA OXHOM M3 KOTOPHX Mbl OCTAHOBHMCH.

JaeMeHMAPHBMU  npPeo6pa3céanuamy A-MaTPHIH 2) Ha3HBAOTCA
cjeqylomue omepanun:

1°. IlepecTaEOBKa JBYX CTPOYEK MHJH ABYX KOJOHOK.

2°. YMHO)KeHMme BCeX 3JEMEHTOB KaKOH-IH60 CTPOIKH (KOJOHKH)
Ha OAWH M TOT K€ OTJIHYHHA OT HYJIA NOCTOAHHHN MHOKHTEIb.

3°. CaoskeHme 3JeMEHTOB HEKOTOPOH CTPOYKH (KOJOHKH), YMHO-
JKeHHHX HA OAMH M TOT >Ke MOJAMHOM OT A, C COOTBETCTBYIOI[AMH 3Je-
MeHTaMM JPYTOH CTPOYKH (KOJOHKH).

9T 3aeMeHTapHHe HpeoGpa3oBaHHA 00JA/JAI0T CIAEAYIOIHM, Bask-
HHM JUIA Hamieldl 3a/adM CBOHCTBOM: €CJH BCe OIpeleaHTeNH i-Io
OOpAKKA A-MATPHIE, B 4YacTHOCTH MHHODH oupexenurens A (A),
HMET MHOKATEJeM HOJMHOM @ (A), TO 3THM MHOKHTedaeM OyayT
obrafaTb BCe ONIPefeJHUTENN i-TO NOPANKA KaKHOM W3 A-MATpHI,
IojydJaeMod M3 HavaJbHOH IyTeM dJeMeHTAapHHX IpeoOpa3oBammii.
HeiictBurenpuo, naa mpeoOpasosammit 1° m 2° 3ro ofcroATeancTBO
ogesupiHo. UTOOH mOKa3aTh, 9TO OHO COPABENJIHBO M AJA mpeoGpaso-
BaHUH 3°, NPUCOEMHUM K 3JIEMEHTaM p-i KOJOHKH A-MAaTPHIH COOT-
BeTCTBYIOIAE 9JEMEHTHl ¢-i KOJIOHKH, YMHOKEHHHE HA IOJHHOM
Y (A). Beaxmii ompefennTendb i-ro HOPAAKA A-MATDPHIb, B KOTOPHIA
He BXOAUT p-fA KOJIOHKA, PABHO KAK M BCAKHHA oOmpefeaHuTe]b i-To
HOPARKA, 3aKJIIYAIOMEE KPOME p-H KOJOHKH TaK)Ke M -0 KOJIOHKY,
ocraerca Oe3 uameHeHusa. Ompefenmrensb i-ro mMopsAgKa, 3aKAI0YaI0-

) Boxep M. Beegenue B Bhcurylo aareSpy.— M.: I'TTH, 1934.— (Cm.
ra. 12).

3) To ects MaTpHIH, JJeMEHTAMH KOTODOH ABIAIOTCA HOAHMHOMH OT A.



56 TJI. 4. O JIMHEAHBLIX JUOPEPEHIIMAJIDBHBIX YPABHEHUAX

mEH p-10 KOJKOHKY, HO B KOTOPHIA He BXOJHAT ¢-f KOJIOHKA, IOC.]e Ipe-
o6pa3oBagAd NOpPHHEAMaeT BHN

A 4 VB,

rie A m B ApadATcA’ ONpPEAEJATeNAMH i-I0 IOPAXKA HAYAJIbHOR
A-matpuns. OTc00a HENOCPEACTBEHHO CIeAyeT COPABEIJIHBOCTE BHCKA-
3aHHOTO NPENJIOKEeHAHA.

deMeHnTapHHe npeofpasoBaHds He MOTYT H3MEHHTEL ofmiero Ha-
gboabmero genmrensn D; ompeneamtened {-ro MOPHARXKA HAaYajbHOH
A-marpuns. Cornacuo npefgsymeMy, OHE MOTIH Obl JIMIMIE yBEJIHMIUTDL
Ha HEKOTODHIH MHOKATeXb ofmA#l HanGoabmmMi JeJHTeNb Onpenesid-
TeJel i-ro MOpAAKa B mpeobGpasosaHHON A-Marpuie; HO yBeJIHYATEL
3TOT 00| AeJHTENb OHA He MOTYT, TAK KaK 3JieMeHTapHbIe oIepan#y
oGparamsl, a ofparrHoe npeofpazoBanme BpeoGpa3oBadHOE A-MATPHIIH
K HavaJbHOM TOTAA Hano O mHOe BHIpaskeHEme miaA D;. '

JdueMenTapHEE NpeofpasoBaHUA NEHHK TeM, UTO, COXPaHAA olmue
HambonbmIAe JENHTeNH ONpefesHuTe]ed i-ro NOPAAKA A-MaTpHIHI,
OHH MOrYT NPHBECTH HOCJIETHIOW K TAK HA3HIBAEMOMY KAHOHUHECKOMY
6udy, I KOTOPOTro He NMPEACTABIsAeT HAKAKUX 3aTpPyAHEHHH ompeje-
aaTh ob6mue HamGoJbIIEE [AeJMTeNH ONpedeanTeneit Jo6oro mopsaaxa.

Ecanm nepsuit saemerT A-mMatpuun f (A) He obpamaercs TOMKIECT-
BEHHO B HYJb M He ABIACTCA MHOMKHTEJIEM BCeX OCTAJBHLIX 3JeMeH-
TOB, TO MOKHO IOJYYHTh 3JIeMEHTAPHHIME IPeo6GpasoBaHMAMHE TAKYK
MATPHIy, HEPBHIHA 2JEMEHT KOTOPOH He paBeH TOKIECTBEHHO HYJIIO
u Gymer Menbmeil crenens, He:kean f (A). JledicTBuTeNIBEO, MpEAmONO-
JKAM, 9T0 B UePBOH ke CTPOKe HAXONHUTCA Ha j-H KOJOHKE 3JeMeHT
fi (A), ne menamumitca wa f (A). Ecan f, (A) mMeer cremeBb MeHLIIYIO,
Heskend f (A), TO }KeIaeMOro MOKHO JOCTHYL IPOCTOH IEePecTaHOBKOM
mepBoit M j-t kKoaoHOK. Bo Bcex npyrmx caywasx

fo Q) = q W) (A) + 1 (),

rie r (\) mpeactanifder NmOAMHOM CTeNeHH HE3meH, Hexean f (A).
Torga, UpHCOeRWHAA K DIEMEHTaM j-H KOJOHKH 3JIeMEHTH IepBOiM
KOJIOHKH, YMHOKeHHHEe Ha — ¢ (A), moiysaemM B mpeoGpasoBaHHOH
A-MaTpuie sneMenT r (A) B mepBoi CTpPoKe M j-H KOJOHKe, €cAH dTOT
9JIEMEHT NEPEeMEeCTHTh Ha MECTO IEPBOTO, TO HOJYYEM TpebGyeMmi
pesyabTar. ‘

Paccy:xaeHas 5TH IEePEHOCATCA B Ha TOT cJydad, Korga He JedA-
muicsx Ha [ (A) DJieMEHT HAXOAUTCA B IePBOH KOJOHKE.

IIycts Temeps me measugaiica Ha f {A) saeMeHT CTOHMT B i-H CTPOKe
H j-ii Koaouke. Ilycts 3iiemMeHT EPBOA CTPOKH M j-H KOJOHKH €CTh
P (A) f (A). Ilpucoegmanan Torpa MeMeHTH 1-H KOJIOBKH, YMHOMKEHHBIE
Ha — P (A), K dieMeHTaM j-# KOJOHKH, B 1-if cTpoke H j-H KOJOHKe
noxyunM (. Ilpmcoenmmsas j-10 KoXOHKY K mepsoit, moayumm f (A)
B KauecTBe mePBOTO 3JIeMEHTa, a B IEPBOi KOJOHKe H i-# cTpoke Oyner
CTOATH JAEMEHT, He Aedamuics Ha f (A), moaB3ysaAch KOTOPHM, MH YiKe
yMeeM YMEHbHIATH CTeHeHb HEPBOTO DJIEMEHTA.
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TaxkeM myTeM MH Bcerga MoKeM C/leJlaTh HEPBHM 3JIeMEHTOM
A-MaTpPHIH 3JIeMeHT ¢ HAaHHH3IIEH CTeNeHbI0o A B IPHTOM He oGpamaro-
mA#CcA TOKAECTBEHHO B HYJb, €CHH HCXOOHAaA A-MATPHMLIA HE COCTOMAIA
ciutomb u3 HyJeid. Ecam ator anemenTr He ABafercsa o0muM MHOKHTe-
JeM OCTAJbHHX, TO IOBTOPSEeM CHOBA YKa3aHHHH Opomece, Kaskmmii
pa3 OOHHKAA CTeleEh MEePBOTO 3JEeMEHTa, TaK UTO HOCAe KOHEYHOTro
9HCcJa oNepannil BO3MO;KHOCTD IPAMEHEBHA YKAa3aHHOTO IPHAEMA JOMK-
Ha IPEeKPaTHTHCA (2 HMEHHO, KOTAa NMepPBHH 3JeMEHT cTaHeT o0muM
MHOKHTeJeM BCeX OCTAJBHHIX).

IIpeoGpasopanuama 3° Bce dIeMEHTH HEPBOH CTPOKH M mePBOi Ko-
JOHKA MOTYT OHTE TOrga OPHBEJEHH K HY.IO, 32 HCKJIOYCHHEM mep-
Boro auementa E,, m mHTepecylomasa Hac KBajpaTHas Matpuna A (A)
paEra n IpuUMer BHAR

Ey 0 ... 0
0 bm ... b,
0 b, .. b,

apu 3toM E, (A) == 0 AaBaserca penmtenaeM Bcex b,,.
IIpomoiskaa 23T0T mpomecc JajdbHIE IO OTHOINGHMI0O K MATpPHIE
| b;; | 1k naapHelimaM, MBH IpEBeAeM HCXOZHYIO A (A)-MaTpHIY K BHAY

Ey 0 ... 0 l
0o E ... 0
¢ 0 ... E

#1060 paHr HCXOXHOH MATPHOH B HHTEPecyOIEeM HAac caydae XapaKre-
PHCTHYECKOTO oupemeiauTess A (A) paser n. B Kamugom moampome
E; (A) ro>pdmmmenT mpd BHCImER CTeHeHH A cHesiaeM DaBHbIM efH-
aune. Iloammom E; (L) cormacHo npoueccy cBoero o0pasoBaHHA
Asiserca neanteneM E; (A), ecam j > i.

28. OGmu#x HauGoNbIIHH AEAATENAb ONpefeHTeNel i-ro IOPANKA
IOCJIefHEH MATPHIK DPaBeH

Di(}) =E, (). ..E; ().

Ecam okoHwaTeJbHAsA MAaTPHOA NOJYYMIACh OT JJEMEHTAPHHX
npeoGpasosanmit A (A)-MaTpHUN, TO KOPHAMEH mHoauHoMos E; (A)
ABIAIOTCA KODHH XapaKTepHCTHYecKoro ypasHemus A (A) = 0, mGo
3HaueHne ompegeaureas A (A), 0OYeBHAHO, IPOLOPNUOHAIBHO IPOH3-
BEICHAIO

E,(M...E,(d).
O6o3mauum dgepes
Ms oo Ay

pasjHYHBEe H HEOJAWHAKOBHE KODHHM XaPaKTePUCTHYECKOIO oIpeNe-
aarenan A (A), a pasnoxenme moaunoMa E; (A} ua ajleMeHTapHHE
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MHOKHTEJIH 3apameM QopMyJioi

E,(\) =} — xl)“%. . .(x—xs)‘; (i=1,...,n).

Bxogamue B dyakuun E; (M) MHOKHTENR
i
(—2)"

¢ OTJIHYHHIMH OT HYJA ICKa3daTeaaMu 82 Ha3HWBAKTCH IALeMEHMADHbL-

Mu deaumesnmu. A KaKIOTo KOPHA A; OTBedalollMe NoKa3aTead e
YROBJIETBOPAIOT HEPABEHCTBY

eji,/\/eg—l (l = 27 LR ] n)y

Tak Kak npu upmsegerdd A (A) X KaHOHAYECKOMY BHAY IOJHHOM
E; nonygancs menmreneM Bcsakoro E;, eca:m j > i.

dieMeHTApHHE JenETedH A (A) OmpeNeaA0T CTPYKTYPY UYacTHRIX
pemeHdAR MIA AAHeHHENX KuddepeHINHaIbHHX YPAaBHEHUHE ¢ HOCTOSAH-
guMH Koaddunuentamu. [ledcTBUTebHO, HYCTh HAC MHTEPECYIOT pe-
IeHHs, OTBeYalol{de KOPHIO A == Ay, IJIA KOTOPOIO 3JIeMeHTapHEEe
NeJATeNH HMEIOT BHJ

(A — Ag)i.

Munop mopsgka r ABIAAETCA ONpPefeJHTe]eM HOPARKA i = n — T.
Orclona KpaTHOCTH W, KOPHA A = A, Aus obmero Hau6oabmero jen-
teasn D,., MAHROpOB mopaAgka r Gygmer

Br =6+ .o+ lppy

H, CIe0BaTeJbHO, PAa3HOCTH W, ; — M,, ONpefexuBmas B m. 26
9ECA0 YACTHHIX PEIeHHAN B COOTBeTCTBYWINEH rpynme KOPHA A =
= hoy €CTB Py — Py = € pyy. .

ITEM YCTaHABJIUBAETCA, UTO NOKAAMEAU €] IACMEHMADHWL deau-
meaeil PAGHAIOMCA HUCAAM DPellenuli 8 coomeemcmeyowel zpynne,
npunadaexcoueiic KOpHIO Aj;.

29. Il p n M e p. 3anaguMca cucTeMoit AuddepeHNEAILHHNX ypas-
HeHA#i

dz , dz’

‘37:33, th—-*x——'z.'[,
dy ;o ay '
F=Y, G =—y—2%+tn@E+r).

Ecau yrogHo, mpumep 3TOT BO3MOKHO MOJEIHPOBATH JABYMA Mexa-
HAYeCKAMH CHCTEMaMH C YKa3aHHHMHM CHJaM#d, H3 KOTODHX nepsas
Yepe3 IOCPEACTBO HEKOTOPHX CJeJAIdX CHCTeM CO3JXaeT CHJIH
B (z + z'), neiticreyomue HA BTOPYIO CHCTEMY.

Bynem caegosars mpasmay m. 25, 26.

1°. CHagasa HY;XHO BHACHATH DJEMEHTapHHE AEJAHTE]IH XapakTe-
PHCTHYeCKOH MaTpuuu A (A).
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2°, Jlas HEKOTOPOTO KOPHA A = A,, HAaUYMHAA C OTAAYHOTO OT
HYJAA P A = A, MMHODPA TOYHO HAHBHICIIETO HOPsANKA k, ONpeXeauTH
IeN0YKy MHHOPOB (CO 3HAKOM)

A

fgeens ir, Jeedp

C KakEME-THOO OJMHAKOBHIMH HHJeKcaMH npd r = 1, ..., k Tak,
4To0H mpu mepexofe oT I K r — 1 KpaTHOCTH KOPHA A = A, moBHma-
Jach AJA ITHX MAHOPOB TOYHO HA BEeJHAYAHY

Cn—ri1s i
H flajiee 1A KQKI0To U3 3Havenmd r = 1, .. ., k onpegeints ne,_,,,
OOJIAHOMOB
4y = Ai i, j,...j‘,‘._ljs L Ay = A_%")_
(A—Ay™ b
p=1,...,eppn—1; s=r,...,n); Bce Ay;, upn s <<r mouo-

KHTHh PaBHRIME HYJI0. [lo 3THM monmHOMaM, mOMOKHB B HAX A = A,
onpefendTh 9ACHA A H COCTABHTH HOPOKIAOIIEe PemeHHe ¢ HAWBHC-
el CTeNeHbI0 BEKOBHX WIEHOB m = e, .., — 1 rpynum (r)

tm

T = (Ali i + e 4 Apn, i) et (A = Ag)-
Jla1a onpene/eHAA 3JIeMEHTADHHX JeTHTeN e MATPHIK

1 0 o
-1 —2% 0 0
AM=| o o _3 1

i) w o —1 =23

npu6aBEM K HEPBOH KOJOHKE BTOPYIO, YMHOKeHHYK Ha A, W mepe-
MeCTAM BTOPYIO KOJOHKY Ha MECTO NepBOM

1 0 0 0
—2-A —(--12 0 0
0 0 —x 1 |

w pA+1) —1 —2—h

Bce aiemeRTH mepBo#l KOJIOHKH, KpoMe IepBOTO, 3JieMEHTADHKIMH
onepanmdfAMHA CO CTPOYKAMH MOMKHO CHeJaTh PaBHHMH HyJ0. Ilpexmo-
JIarafg 3T0 BHIIOJHEHHHM, YMHOKEHHYI0 Ha A - 2 TPeThI0 CTPOUKY
OpubaBEM K' YeTBEPTOR CTPOYKe, IOCJHE Uero HEePeMeHHM MeCTaMH
BTOPYI0 H TPeTHI0 CTPOYKH, A YeTBEPTYI0O KOJOHKY IepefBHHEM Ha
MecTO BTOPOH, OTTECHHB TPETHIO KOJIOHKY Ha MeCTO 4eTBePTOH, a BTO-
PYI0 Ha MeCTO TpeThei:

0 0 0

1 0 —A

0 —+i® o |-
0 (1) —(4 1)

(=R =i
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Bce 927eMEHTH BTOPOH CTPOYKH, KDOME BTOPOTO, NejaeM HYJAMH.
B mexanoBusnpoBaHHOM gacTH MaTpHOH A - 1 gBasercsa o6mEM MHO-
JKHATEJNEM BceX ee anemeHToB. Ilpexmosaras p ornuumniM or Hyas,
. 9eTBePTYIO CTPOUKY, YMHOKEHHYI Ha A -+ 1/u, nprGasum K Tpernei
H IOMEeHfeM HX MeCTAMH:

10 0 0
01 0 0
00 A1 0
00 o (A1)

Caegosateasno, anemMeHTapHHMH feauteasMu A (A) GynyT
(*+1), A+ 1)

Xapaxrepuctuyeckoe ypaBHenne A (A) = (0 uMeer ONHH KOpeHbH
A== —1 derBeproit KPaTHOCTH; KOTOPOMY, COIJaCHO CTPYKType
3IeMeHTAaPHHX [eJHTe]ed, B CHIY DaHee H3JI0;KEHHOro, OyayT oTme-
9aTh [iBe IPYNNH YaCTHHX PelleHHi: OJHA ¢ OXHEM, & APyras C TPeMA
9aCTHHIMA PeHICHHAMHA.

Pasymeercs, B HPAKTHYECKHX BHUMCICHHAX, KAK TOJHKO BHACHEH
MHOKHTeNb E,, MaTpUIy Halo cpasy COKpPAIIaTh 70 ee HEKAHOHHAH-~
POBaHHOH YaCTH.

Onpenennm Teneps YacTHHE PelieHHA. B cOOTBETCTBHNM ¢ BHsCHEH-
HOH KaHOHHYecKo# ¢opMoii Marpmmm A (A) 3axia0uaeM, 4TO Bce ee
MHHOPH LepBOT0 NOPARKA OYyXYyT YHHUTOKATBCA npd A = —1,
a cpefE MHHOPOB BTOPOr0 IOPAAKA HAHAETCA OTJIHYHHHA OT HYIA
npr A = —1. Cpeam MuHOpoB A (A) BHAETAM IeHOYKY o6I(AX Had-
Gonpmux peiantesed (mpasuao 2°), Hampmmep

Mg =1, Apg=—p @A +1).
Ipynny wacTHHX pemermii r = 2, OTBEYaOIIYI0 DIEMEHTADPHOMY
peaurtearo A -4 1, Buamcasem coraacso 2°. Yucaa 4,; cyts
All TR e 1, A12 = 1, A13 = 0, A14 = O;
OTCIONa TPYHNA I' = 2 COCTOMT M3 YACTHOIO PEemeHHs
z=—€', ' =¢" y=20,y =0.

Yrobs onpegenuts rpynnmy 4acTHRX pemenEil r = 4, orsewai”
myio 3neMentTapHEOMy Aexanrenio (A + 1)%, caegyem mpasmay 2°; mo-
JAHOMH A; ; MJIA ITOH IPynusl HMEIOT BHJ

Ap=—Rh+2)(A+1), 4 =1+ 1,
Ay = —p, Ay = —ph.
Orciona nuddepennuposannmeM noayuaem
Ay = —2h — 3, Ay =1, 435 =0, 43 = —p,
Ay = —1, Az =0, 435 =0, 45, =0.

Honcrasaaa B oTh monmmoMH A = — 1, HaxXOREM HOCTOAHRHE A,
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H COCTaBJAeM HPOM3BOJAAINEEC PeIeHHe IDYIIH:
r=(—t—1)et, 2’ =tet,

y=—nget, yi= (u 5 — ut) et.

OcranbRHe ABAR IOPOH3BOMHBIX YACTHHX PEmEeHHA IPyOUH 7 == 1

noxyInM nyreM auddepeBHupPoBaHMA NOJHHOMHAABHKX MHOKHTEIEH
B IPOH3BORANEM PemeHAR

’

z=—e"', o' =¢€', y=—utet, y' = (ut —p)e’,

x =0, =0, y=—pet, y = peth).

Kanonnuecknii By nepsoro npuéamkenun

30 [18]. Jlaa msyuaemoit cucTeMH auddepennmanbHHX ypaBHe-
BHH C IOCTOAHHHMH Ko3(drigmenraMu
d.t3 , r
ar D1y T - -+ T Psnly
OyaeM HCKaTh n He3aBHCHMHX HHTErPajoB BHJAA
U=yx + ... yazp,

T7e y¥; CYyTh HeKOTopHe GyHKNun ¢. YPaBHEHHs, KAKAM YAOBIETBOPAIOT
¢yuknun y;, moxyvamorca guddepeHnnapoBaHAeM

av dyi ) t H
9 T Lu%igr T 2 Vi Pty A - pinty) =
q 1

_F dyi N ' _O
- '.‘in ‘gt-"{"pliyl T T Pailfn | =V

Tak Kak 3to TOKAECTBO TO/LKHO HMeTh MECTO HPH IPOM3BONABHHX
HaYaJbHBIX 3HAYCHHAX IEePEeMeHHHX r;, 4 3a HAaYaJbHHHA MOMEHT MBI
BOJIBHH UPHHATH BCAKHHA, B TOM IHCJIE M paCCManHBaeMHﬁ, TO

dy.
Ttl + P1ily + ek PrilYyn = 0.

JTa cucrema AupdepeHHEaNILHNX YPABHEHNH HA3HBACTCH NPUCOe-

Ounennod k ucxogHod cmcreme. Ee xapakTepmcTHuecKoe ypapHeHHme
HMeeT BHJ

D (P) = || Pji + 61:‘}1 Il = 0.

1) HeoGxopuMo 3aMeTHTH, WTO €CJIH IIpeioKeHHHIi NpHMep pa3spelnath
HepeAKo NpHMEHAEMHM METOAOM OrYJIbHOT0 HCKIIOYEHHs HePeMeHHMX, NPHBOAK
d

d
CHCTEMY K ypaBEeHHEI0 A (7> v = 0, B xoTOpOM cTemenu omeparopa 3¢ 00603-

HAYal0T OOPANOK NPOH3BOAHHX, TO HeH30EKHO HPHAEM K OMHEGOYHOMY pe3ylib-
TaTy O CYMECTBOBAHHE YaCTHOrO DEMICHHA C BEKOBHIM WICHOM f3, KOTOPOTO B 3a-
dave Ha CaMOM fele HeT.
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C0BOM, XapaKTePHCTHIECKHH ONIpeJeaHTeNb npncoennnemmn cHCTe-
MH TOJydaerca M3 HcxogHoro A (A) samenoi A ma — p H 3aMeHOR
CTPOUEK Ha KOJIOHKH, a KOJOHOK Ha cTPoukH. [loaToMy xapakrepmcra-
gecKHE KOPHA NPHCOSAHEHHOH CHCTEMH |1 OTJIHYAIOTCA JIHIb 3HAKOM
0T XapaKTePHCTHIECKHX KOPHeR A; MCXONHOH CHCTEMH.
ITycrs
(B + As)™ (s = 1, .. k)

HpPeICcTaBAA0T Bce 3JIEeMEHTapHHEe HXeJUTeJH XapaKTePHCTHYECKOR
smatpansl D (W) HIA DpHCOeAHHEHHOH CHCTEeMH B IPeNNoJIOKeHHH,
9T0 Ka:KAHHE KOPeHb DOBTOPAETCA CTOJBKO pa3, CKOJIBKO COOTBETCT-
BYeT eMy rpynn pemeHal. CTemeHb ng COOTBETCTBYIOIIETO dJeMEHTap-
HoTo neamrelds 0603HaTaeT, KaK MH 3HaeM, YHCJIO PeHMeHHH B rpynne,
OTBEYAIOINeH KOPHIO p = —Ag; YACJHA 1, HepeGHpaloT BCe MOKA3aTeNR
aneMeHTapHHX pgeamteier Marpmom A (A). Ilycrs rpymma wacTHRX
pemieHuil UPHCOeHHEHHOR CHCTEMH IJsA ReIHTENsA (S) ecTh

y = (A‘S’ in, e Aszin) T (m=0,1,...,n,—1),

rae AY) cyre mocrosHENe, ompeseneHme KOTOPHX BHsacHeHo. Ilox-
CTaBJAA ITH YACTHHE PENIeHHAA Y; B BHPa)KeHHe MCKOMOTO MHTErpala
U, HaitneM ns caefylOIAX MHTErPAJIOB CHCTeMH YDaBHEeHHH B BapHa-
UAAX:
" —A t
v = (d”m et zﬁfllx)e ¢ (m=0,1,...,n,—1),

rae 27 cytb auBeiENe (OPMH OTHOCHTENBHO HEPEMEHHHX Iy, . . .
<+ ey T, C DOCTOAHHERMY KO3pPHIueHTaMH:

2 = 2 AQz;, (r=1,..., ny). (11)

Bee n = n, 4- ... + nj HHTErpanoB, KOTOPHE MONYIHM, NaBAA §
sce 3HaYeHHA oT 1 o K BKIIOYHTENHHO, GYAYT JIMHEHHO He3aBHCHMHMHE
o noc'rpoenmo. OTciofa He3aBHCHMEIMH OyAyT n JHHEHHRX QopM

2 (r=1,...,n;s=1,... k), KoTopHe, cief0BATEIbHO, MOIKHO
OPHHATH 32 HOBHE HepeMeHHHe BMECTO Iy, . . ., Z,. J\ndpdepernupysn
maTerpax U® ¢ HagBHCIeR cTemennlo m = ns — 1, uMeeM

dz( 8_1 dz (S) t‘ns—2
eyt [( 1 (s)) t ( — A2 4 20
: M) —qy + R ey

it
(& )
fet \— 2 + 2] | =0,
OTKYZA
)

dzl A z(s)

dt — Tt

32 (12)

di = }‘sz§8)—zgs—)1 (s=1,.-u ky j=2,... 1)
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Wrak, npr moMomum meocoGoro ') ammeiimoro mpeoGpa3oBanms ¢ mo-
cToAHHHME Koapdunumentamn (11) cmcrema nrpdepennmanbERX ypaB-
HEHH# B BapHAREAX npeobpasyeTcs K xawoHuueckomy sudy (12).

Kanomugeckue nepeMennsie z§s) Pa3bEBalOT NPOCTPABCTBO (Ty, . . .
e..s Z,) Ha k monmpoctpamcree (2, .. ., z.ﬁf:), rae s=1,..,k

B TOM CMBICJE, YTO HAYaJbHOC BO3MYNIeHHE Kakoi-1mbo ogmEOM nepe-

MeHHO 2 He 3aTparmBaer nepeMeHHHX z mpm B, oramanoM oT s,

Huapu P =s, a<<j.
B caydae cymecTBOBaHHA KOMIJIEKCHHX XAaPaKTePHCTHUCCKHX

KOpHell A; OTBeUalr(He MM KAHOHMYECKHE IeDPeMeHHHEe z,’ GyayT

TaK;Ke KOMIIIeKCHRMH. Ecixm jkeraeM mMeTh [eJ0 ¢ BEemECTBeHHHIMHA
IepeMEeBHHMH, TO CJejyeT IPOHM3BECTH NOMOJHHTEIbHYI0 3aMeHY
TIepeMeHHHX.

HomycTuM, 9T0 COOPAKEHHBIM KOPHAM

M=h+pV =1 dp=k—py—1

COOTBETCTBYIOT CJACAYIOIHEe BeJIHYAHH 2!

) Y )
7z’ =u;+v; Y —1,
2 w7 .
B =u;—v; V=1 (j=1,...,n,=n,).
3a HOBHe IepeMeHHEe BMeCTO z5", 7, MOKHO NDHHATH BEJHIMEH
4j, Vj, KoTopue 6ynyr IAHeHHHME JOPMAMH BEeJMYHH Is C DOCTOAH-
HEMHA  BemecTBeHHNMH  Koddpdnmmentamun. Iuddepennumansune
YPaBHEHHA, KaKHM Y/OBJIETBOPAIOT U}, Uj, MoJdydalTcA U3 (12) myTem
OT/leJIeHHA BeIeCTBeHHHIX M MHEMBIX dJacTei:
‘ dl&]‘
dt
d1)1
=7 = My + pyy,

du, :
i_
5 = M — oy —uyo,
dv, '
—F =M+ pu;—vii (=2,...,1m).
dt

= huy —pvj,

Taxue rpynnsr ypaBHeHHHE HOJYYHM JIA KasKHOH Hapl KOMILIEKC-
HHX CONPMKeHHHX KopHei. I BemecTBeHHKHX KOpHeH GyaeM WMeTh
rpynos suga (12).

31. I pumep. Paccmorpum ypaBEeHms

dl’] d.’t4
G T U Ty g =X+ Ty — T,

!) Hon meocobum nwmeiinuM npeoGpasopaHEeM NOHAMAETCA TaKoe, ONpefe-
JAHTENb U3 KODPPHIHEHTOB KOTOPOr0 OTJIHYEH OT HYJIA.
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dIg dIg
—d—t‘:-xz"r‘xay, -a-=$l+$5—i—xd,
dzg dzg
Gt =T Tt Ty oy =T+ T — x5+ 27

Y1o6m: oOpee;JMTh KaHOHHYECKHE IepeMeHHbe ng), BBIIHIIEM

MATPHANY NDHCOCIAHEHHON CHCTEMH

[0 0 t 1 1
0 t+p —1 0 0 0
o 1 1 o 0 0
Dw=)_y o 0 14tp 0 1 |-
0 0 0 -1 1tp —t
—1 0 0 0 1 2-p

JneMeHTADHKE HEeNHTENH HTOH MATPHOH CYTh
B 2 2, (P - 20 - 2)%

CaepgopatejJbHO, XapaKTepHCTHYeCKOe YPaBHEHHEe TPHCOEIHMHEHHON
cacteMn D (n) == 0 @MeeT JBa KOMIJCKCHHX CONDSA/KEHHHX KOPHA
u=—1-4+iun p=—1 — i, Rakjoe TpPeTbed KPATHOCTH; XapaKTe-
PHCTHYECKOE jie ypaBHeHHe 3anaHHOH cmcreMH A (A) = 0 6Gynmer
H03TOMY HMeTh KRopuH A =1 — i m A = 1 4 { TO# ;Ke KPAaTHOCTH.

Jlaa onpefeieHMA NOCTOAHEMX Al), BXOXAMEX B BHPAKEHAA
KAHOHHYECKHX IIePeMEHHHX Zi) H B BHPXKeHHA DemeHHHA IPHCOeNH-
HeHHOM CHCTEMBI, PACCMOTPUM TAKYI NEIO0YKY MHHOPOB

Dy, 53 = —p (2 -4+ 1)y, Dyy=n@ -+ p) (n* -+ 2p + 2),

VAOBJIETBOPAIOMUX Npasuay u. 29 aaa moboro KOpHA XapakTe-
PACTHYECKOI0 YpPAaBHeHHA NpmcoefuHenHoi cmcremsr D (p) = 0.
CHawazna ompejgendM HOCTOSSHHBE Aj;, CBA3AHEME |B H3BECTHOM
cMBlciIe ¢ MPOCTHM adeMeHTapHmM jaeanteneM (p -+ 1 -F i), Corxac-
g0 dopMmyre
Ayj = Day,s

OTpeReNUM HOJHHOMBI
Ay =0, Ay =p (1 +p) 2+ p) 443 = —p @ -+ p)
Ay, =0, 4, = 0, A =0,
OTKyZa MIA BHOpaHHOTO KOPHA p = —1 — i mMeeM
Ap = 2i, Ay = 2,
M cJaeoBaTeNbHO, coriacHo gopmyne (11)
XN = 2 (25 + izy).
OnpejeanM Temeph KaHOHHUECKEE IePEeMEHEHE JPYrod rpynns

toro ke KopHA. IlocKoapKy BCe MHHODH OEpBOro IOPALKa onpe-
penatens D (p) mmeior obmmit MEOmHTENb p? + 2p + 2, MH MOMKeM
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onpelesATh MONHHOMH A,;, caefya 3aMeyannmio B 1. 26, mo Gopmynam

. D..
_ 4
Ay = TEE 2;:~L2
Hmeenm
Ap = — @2 + ), 4y =0, 4,3 =0,
Ay =+ p)- 0+ 20+ 2) Ay =p 2+ p), 4 =
= —2(1 + p).
Orciona mo dopmyrae (9)
Ay = —2(2 -+ p), 4y =0, Ay =0,
Agg = (W2 + 20 +2) - 21 + p)’, Ay =21 + p), 4y = —2.
ITopcraBisia B 3TH MOJMHOMBI 3HAUEHHME KODHA W == —1 — i, mMeeMm
/411 = Zi. A12 = 0, .’113 = Og
A, =0, A = —2, A,s = 2i,
A21 = —2 + 2iq -422 = 0, ¢423 = Q,
Ay = —2, Ay = — 21, Ayg = —2,

OTKYJ3 KaHOHMYECKHe mepeMeHHBe ?ToH rpyuus onpeieasaioTca 1o
dopmyaan (11)

2 = 2i (z, + 1 + ixg), 3 =

= —2(x, + x4 -I- izy) + 20 (z; -+ izy).
Kanonmyeckde nepeMeHHBE s CONPKEHHONO KOPHA MOJYIAIOTCHA
1 —~
mepexofoM k compsennny gopmanm 7iV, 7, 72,
32 (17). YacTunie pemenrs ypaBHeHMHE 0. 24 HAHM Jerko moay-

qalOmMUAeca Hoc/ie MX HOACTAROBKH B ypasHenus (11) pemenms kawo-
uddecKuX ypapmernit (12)

2§ = P! (95 (t) — mosumoMBI)

NPHBORAT K HEHOCPEeACTBeHHEM BhIBOZaM 00 YCTOHYMBOCTH B IepBOM
UpHOIHKEHIH .

Ecan cpemu kopmeit A; = ez, + if; XapaKTepHCTAYECKOTO ypaB-
seHns A (A) = 0 nmeercs XoTs O OOEH KOpPeHbH C II0JOKATEIBHON
BEIECTBEHHOM YACTbI0, TO HEBO3MYINeHHoe nBH:kemme (z, = 0, . . .
.+ ., I, =0) Heycroiuupo B uepsoM npubnm:kenna. Ecam Bce 3tm
KOPHH MMEIOT OTPHUATeJbHbl¢ BelecTBeHHbIE YacTH, TO HeBO3MYINeH-
Hoe NBH;KeHHe yCTOHYHBO B mepBoM npubamxkennu. Ecam gacTb kop-
Heil MMeeT BelleCTBeHHbIE YACTH PABHBIME HY.0O IPA OPOYAX KOPHAX
¢ OTPHOAaTeNbHHIMH BeDIECTBEHHBIMH 4YaCTAME, TO HEBO3MYMICHHO®
npaxeEne GyaeT yCTOMYHBLIM WJIA HEYCTOHIMBHIM B HEPBOM upubinm-
JKeHHH, CMOTPA 0O TOMY, GYAYT /M BCe dJeMEHTAPHbIe NeJdTe;H, OT-
BeYalolHe HYJeBBIM M YACTO MHEMBIM KOpPHAM onpepeantens A (A),
OpoCTHME (C HOKasaTelfAMH e, He IpeBOCXonsmuMu 1) mIE cpemm
HEX Ha#lercsa XoT# Obl ONMH He mpPOCTOi (C moKasaTesneM e;, GoabmmM,
gesxean 1).

3 H. T. Yeraes
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Jlaa ynpaskKHeHHA BCE 9TO MOKHO JIOKAa3aTh TAKIKe NPAMBIM METO-
I0M, paccMarpuBaf QyHKIHIO

V= 2 (s — &) [Z(S)-(s) L (ot — 8)22(8) (5)+ + (@ — 8) 2(n -1) (3) (3)]
3

rfe € — HeKOTOpas OTJIMYHAs OT o, BemecTBeHHasA HocrosiHHasg. Iloa-
Has NPOH3BOJHAA 1O ¢ OT BTOH $yakner V B cmay KaHOHHIECKHX
ypaBrenm# (12) ecrs

== 26V + D) (otg— )2 [2297 + 2 (o, — )22028) + ... +
8

+ 2(a,— &) VID — (@ — o) (27 + 22 — ... —

2n -3 5 L
— (et — &) (228 + 2 a2l
JlackpuMBEHAHT KBajgpaTHuHO# dopMB JpMHTA, CTOAINEH B KBaj-

PATHHX cKobKax nojJ 3HAKOM HOCJeMHEH CYMMBI, €CThb

2 1 ... 0
1 2 ... 0
o 0 ... 2|

eCIH 3a NepeMeHHHe IS OPOCTOTH HPHEATH (a; — €)* 2.
Tnapebie guaroHaJbHBIE MHHODH A, 3TOr0 XHECKPAMHHAHTA BCe
HOJIOSKHTEJNBHHL 1), M03TOMY CTOAIMME B KBAaJAPaTHHIX CKOOKax (opMbI
G6yayT onpejeNeHHO-IOJOKUTEIBHEME KajKAasd OTHOCHTENBHO CBOMX
HepPeMEeHHHX 2., . . ., z4), a BCA cyMMa GyNeT TeM CaMbIM ompefe-
JeHHO-HO0JIOKHTEJbHON OTHOCHTEJBHO HEPEMEHHBIX Iy, . . ., Zp.
Ecau cpeam xopHe#t A, = o, -+ iffy XapaKTepHUCTHIECKOTo ypaB-
perEA A (A) = 0 mmeerca xorsn GH OAMH, HOJOKEM KODeHb A, C HO-
JO)KATENBHOH BemecTReHHO# wacThio (ay > 0), To, BHOHpas & pas-
HHM HEKOTOPOMY NOJIO;KHTEJILHOMY YHCIYy, He NPEeBHINAOMeMy HaH-
MeHbINEeH INOJOKETEJILHOH BEMECTBeHHOH 4YacTH KOpHEH, 3aMedaeM,
910 ¢yHKnEA V npm TakoM BHGOpe £ YIOBIETBOPAET BCEM YCIOBHAM
BTOPOH TeopeMmu JIAnyHOBa 0 HeyCTOMYMBOCTH, TaK KaK mpd BHOGOpe

IePeMeHHBIX Zy, . . ., T, COLIAcHO ycioBuaM z3) = O (s > 1) 3Ha-
gemua ¢ymxnnm V 6yayt moxommreabHhiMH. HeBoamymennHoe gBH-
skenme Oyner mo3TOMY neycToﬁqnan.

Ecam Bce KopuE A, = a, + iff; MMel0T OTPHIATeJbHLIE BeHECT-
BeHHHEe JacTH oy < 0, To, BHOHpasA & COrJacHO HePABEHCTBY &g <
< ¢ < 0, zameuaeM, uro ¢ymkmusa V Oynaer Ompe/ie/IeHHO-OTPANLA-
TeNLHOH, A ee MPOM3BOJAHAA onpefeienHo-noa0kuTeabHOM. CoraacHo
tTeopeme JlanyHoBa HeBOSMYIeHHOe [BH:KeHHEe Oy/feT YCTOHYMBHIM,
a OaM3KHe BO3MYINEHHBIE ABH:KEeHAR OGYAYT CTPEMHTHCA K HEMY acHM-
NTOTHYECKH.

1) Paznosennme A, eclm r > 3, 10 2JIeMeHTaM IOCAeXHEH KOJOHKH IPHBO-
RAT K COOTHOWNEHHIO A, — Ap_y = Ar; — A, ,;, OTKyAA IOCAEC BHYHCIECHHA
Ay = 2, A, = 3 monyuaerca Ar = r -+ 1.



TEOPEMA T'YPBUIIA 67

WssectHHit H1pon3Bos B BEIGOpPe & YKa3HBAECT, 9T0 IPH MOCTPOCHHEH
¢ysxnua V, paspemalomelt BODPOCH 00 yCTOHYHBOCTH HJIH HEYCTOM-
9HBOCTH B NEePBOM HpHOIH;KeHHH, TOYHOe 3HAHHE KODHeH A, m Kamo-
HEYeCKAX NepeMEeHHHX 2z  He ABIACTCA HeOoGXOXHMEIM. Ilpakruue-
CKOe HCIOJb30BaHHE 3TOro 00cTOATeNbCTBa OyNeT NIOKAa3aHO HEKE.

Teopema 'ypemna

33. Bo mporux 3amauax, xoraa tTpebyerca HaiiTM JRmMEb yCJIOBHA,
KOTODBIM JIOJKHEL YHOBJETBOPATH KO3QQHIHEHTH p,;, 9TOOH obecme-
9ATh YCTOHYMBOCTh HJIM HEYCTOMYMBOCTH HEBO3MYIEHHOTO ABHKCHHSN
B IePBOM NpHG/IHKeHHH, HET CMBICJIA BHYACIATH KOPHH XapaKTepHc-
TAYecKoro ypasHemms A (A) = 0; mocrarouso 3HATH JHIDG 3HAKH
uX BEmeCTBEHHLIX YacCTeH.

Heo0GxoauMbie ¥ 0CTaTOYHbIE YCJIOBHA OTPANATEIbHOETH BEIIECT-
BeHHBIX 9YacTeil BCeX KOPHe# IOJMHOMA ¢ BeH[eCTBEeHHHIMH Ko3(dm-
uueAraMua Obnn maifens Bmepsnie PaycoM. Bosee maBecthn ycio-
BHA, Ipexxo;keHEble ['ypsunem.

Ioauuom

f(z)=2"+a;z" 4 ...+ a,

C BEIHECTBEHHHIMH KOIQQHIHEHTAME ¢ Ha30BEM 2ypEUYEEHLM, €CIIH BCe
€ro KOpHH MMeIOT OTpHHaTe]bHbe BemeCcTBeHHEE YacTH. B miockocTm
KOMIJIEKCHOTO IEPeMEeHHOT0 2 == I 1- i}/ BCe KOPHH I'y PBHI[EBA IOJHHOMA
aekaT BHYTpH obnactm @, orpaHMYeHHOE MHHMOH OCHIO J M JIeBOM
HOJIYOKPY}KHOCTBIO [0CTaTOYHO Goabmoro panmyca R ¢ OeETpoM
B HavaJe KOODAMHAT.

Iycrs

@) =z"—az"" + ...+ (1) a, = (—1)"f(~2).
PaccmorpaM mosmHOM cTenend n -~ 1
FO = (z+c)f(z),

Ifie ¢ ecTh HEKOTOpasa NOJOKATEIbHAA NOCTOAHHAN, €CJH IIOJMHOM
f(z) ABAAeTCA rypBHUEBHIM, TO TAKHM ke Oyler, OYeBHAHO, M IOJM-
sOM F .

HoamaoM (n -+ 1)-K cremenn

Fy = (z+ ¢) f(2) + pzf* (2)

Opu HeNpepeHBHOM HM3MeHeHMH mapaMerpa p or 0 go 1 mamemsaerca
or Fy no mommuoma Fy = (z + ¢) f (z) -+ zf* (2).

Ecam nonmmom f (z) ects rypsunes, 1o moawrom F, mpm Hempe-
pHIBHOM n3MeHeHmm mapamerpa | oT O go 1 Mosker mepecrath OHITH
TYPBHIEBEIM, €CJIH [JA KaKOro-nuGo 3HAYeHAs mapaMeTrpa |L Ha HH-
tepsaie (0, 1) no kpaiineit Mepe ofun n3 KopHeit noauHOMa F,, mepeii-
mer vepes rpammny obaactu P manyrpu mapyxy. Ho nmpm yxasaHHBIX
3HAYeHHAX mapaMeTpa . noamHoM F,, He mMeeT KOpHeil Ha JeBoil HO-

3s
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JAYOKPYKBOCTH I0CTaTOYHO Goabmoro pagmyca R, Tak Kak, moJaras
ga Heill z = Re'®, mmeem:

p = (1 + p) R7Hpi(n+1)8 -

floaromy, ecam Hekotopsie kopHE F, mokmpalor obaacte @. To aTo
MOKeT NPOK3OHTH JMImb NPE Iepexofe KOPHA d4epe3 MHEMYIO OCh.
Ho m sroro me Mosmer 6uith npm O < p < 1. [eiicTsaTensHo0, pasaa-
raA noaumEoM f (z) HAa JAEHEHHHIE MHOKMTENH, OTBEYAIOMHEE €ro KOp-
HAM @, a NOJINHOM [* (z) — Ha JAVWHEAHBIe MHOKHTENH, OTBEUAIONHe

KOpPHAM oy = —@;, HEmoCpedcTBeHHO YO0esKnaeMcA. 4TO HA OCH Y
(ectm moamuoM f (z) ecTh TypBHUEB)
flz) | P2 -0y —1
= "= ® - 1
*(2) plp;. N
rae
pr=1lz—a |, pk=|z—oak]|=1[2-+ &l

u60 Ha ocu ¥y (z = iy) mMeeM py = pf.

Ilpu mammx ycnosuax ¢ > 0w 0 < p < 1 moamnoM F), He Mosker
OBITH HyJeM Ha OCH Y (z = iy), TAK KaK B TaKOM ciaydae Owa0 Gbl

(-4 1(2) z+c

\ nzf¥* (z) e

HJIN

=)yt =0,
9T0 HEBO3MOKHO.
Hraxk, ecam -f (z) mpexcrasisier IypBANEB HOJHHOM, TO TypBHIe-
BEIM Oyler W IOJAHOM

Fy=(z+ ¢c)f(z) + 2/* (2) (€>0).

O6parmnii upomecc mOKa3niBaeT, KaK JAJA TI'yPBEIEBAa IOJHAHO-
mMa F, cremenm n - 1 cTpomrca rypBHIeB moamBOM [ (Z) cTemeHH n.
B camom pene, paccMOTPEM DOJHHOM

w = (2 — 2ay) f (2) — pzf* (2) (ay > 0).

rie mapameTp p m3mensercs or myas no 1. Ecau f (z) mpeacrasiaser
IryPBHIEB NOJHHOM, TO mojmbHoM D, = (z — 2a,) f (z) OGymer mmeTsh
n KOpHeA B NIeBOM DOJYONCCKOCTH II6PeMEHHOTC z B OJUH KOpeHh
z = 2a, >> 0 B npasoit. IIpn oroBopeHEHOM WBTepBAaJe H3MEBEHAA [
Y ofimH u3 pojaHOoMoB B, He MO:KeT MMeTh YHCTO MHHMHBIX KOpHeR
(moxasmBaeTCH TOYHO TAK >Ke, KaK 3TO AOKA3BIBAJOCH JUIA IOJHHOMA
F,). Iipn p —~ 1 nonmeoM

O, =1 —p) 2" — (1 —p)agz" + la, (1 — p) — 2af] 2" 1+ .

6}7}16'[‘ HMETh [ABA BEIMECTBEHHBIX H YAAJAKMNMAXCA B 6eCKOHEZHOCTh

KODHA BHAA - a; 1/ 1i m (1+...), rie HeBHIOHCAaHHHE YJACHH NPH
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4, CTPeMAMEMCA K e[HHANEe, CTPeMATCA K HYJI0. JTH KODHH PasHBIX
3HAKOB; NO3TOMY noamHOM (n — 1)-ii crenenm

Oy = (z — 2ay) { (2) — zf* (2)

BCe CBOH KODHM MMEET B JIeBOH HOJYIJIOCKOCTH, H CTajJ0 OHITh, €CJAH
f (z) mpexncraBiaAeT rypBEIEB NOJHHOM, TO TYPBHIEBHM GymeT m mo-
amaoM @,.
Temeps BO3MOKHO mepeliTH K H3J0:KkeHAI Teopembl I'ypsmua. Us

KoappunmenToB noimHOMa f (z) cocraBuM TabamUKy

agy 1+ 0 0 0 O ...

ag a3 az 1 0 0 ...

as ag az a3 a; 1 ...}’

e 4 s e e e s s o« e

B KoTopoil Bce a, = 0, ecim m > n. Ha ee rnasmoil guaroHaim

CTOAT HOCAE0BATENbHO a4, Ay, Gy, . . . 1 JIABHBIE JHATOHAJIBHBIE ME-
HOPH 3TO# Tabimukm 0603HAYEM dUepes
— a1 —
Al - aly Ag - ay ap r v ey An - anAﬂ—l'

Teopema I'ypsumna. Heobrodumum u docmamounum yc-
ao08uem dan mozo, wmobul noaurom f (z) umea éce Kopru ¢ ompuyamens-
HBMU 6EUJECTNOEHHBMUL HACTMAMU, AGAAIOMCA HeDASeHCMea

Ay >0, A, >0,..., A >0.
HoxaszareasctBo. Iyers ¢ = 2e¢>0. Torga
F, = 22 Az,
rae
24, =1 + (—1)] a, + 2aa,_,.
O6osmauum wepes A, onpepenurenn I'ypsuma mrs nonmmoma f (z),
a uepes D, ompenenmrenu I'ypsBuma mjas moiamEoMa %F 1+ HMeem

a 1 0 0 e
D, = | @ aay +-a; a 1
aay daag-}-a; aay aay-+-az .. '
BuﬂeceM A3 HEYEeTHHIX KOJOHOK MHOKUTEJIb a, nocJie 9erc KaKaQyl aTy
KOJIOHKY BbBIYTEM H3 YeTHOH Ha eInHAIY 60.‘[1:11181‘0 HOMepa; BBIHOCH
MHOXHTEND 4 H K3 YeTHHX KOJIOHOK, GYJ;IEM HMETH

1 0 0 ...
Dv=ll" a; ay 1 ... =a"A\,_1.
ay az az
Heo6xomuMbiM B OCTATOYHHIM YCJIOBHEM TOTO, YTOGH NOIEHOM F,
Obi1 GBI TYDBANEBEIM, ABASETCA YCJAOBHE, 9TO HOTEHOM f (z) apanerca
rypeunessiM. Jlonycrum Temeps, uTo xpurepmit I'ypsuna cunpasepaas
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Kas moanHOMOB cremeHA < n. Ecam A, >0 (v =1, ..., n), To
nosmHOM f (2) — rypBEOEB H, CJefoBaTeabHO, moaxmdEoM F, Gyper
TYPBHIEBHIM, B JJIA HEro Heo6rodumo GYAYT CYINECTBOBATH YCIOBHS

D.>0 r=1, ..., n+1).

Ecrm D, >0 (r=1, ..., n+ 1), 7o orciona A; >0 (s=1, ...
..., n) B, 3HAYAT, DOJWHOM [ (z) GyAeT TYPBHIEBHM COIJACHO THIO-
Te3e ¢ cOpaBeIABOCTH Kpurepusa ['ypBunma misa moJaMHOMOB creme-
ga n. Ho ycaosme, 9t0 f (3) — rypsunes moswmHOM, sABaserca docma-
mOoYHBM 1A TOro, 4TOOH rypemnessiM Goul u mommaoM F, (z). Crano
6uiTh, ecam Kpurepmit ['ypsmuma cupaseqnus A HOJHHOMOB CTeme-
HA n, T0 0H Oyzxer cmpasefime (D, = a > () ¥ DOIMHOMOB CTeHeHH
r -+ 1, u60 KaKANA rypeunges HOJAHOM CTeHeHH 7 -i- 1 Mo:kHO mOCT-
POHTH H3 HEKOTODOro [YPBHIEBA NOJIMHOMA CTENeHH 71, KaK HOJH-
goM F, crpomnca m3 f (z). laa moamHOMOB NepBOii, BTOPOiH CTeNeHH
kpurepnit ['ypsuma, oueBmgHO, COpaBeJIHB; METON MAaTeMaTHUYECKOR
MHAYKIUE JaeT, 9T0 OH GyMeT cupaBe[idB BCeraa.

IlpuMep?l). Bompoc 06 ycroiiumBocTH BEepPTMKaJBHOI'0O Bpa-
OIEHAA THAMKEIOre TBEPHOro TeJa ¢ OHON HEeNOABUKHOH TOYKOM B CIy-
gae Jlarpamka OO OTHOMIEHHIO K YrJy Hyraoue O mpmsogdTca X
A3yqdenno AudPepeHnHaNLHOr0 ypaBHEHHA HJAA U = cos 0

( du )2 — 1 2 bru)t —

(%) =@—aw —u)— @ —brp = f @,
B KOoTOpOM a, i, a, b cyTh HekoTOphle IOCTOAHHLIE, NPHYeM @ B b mo-
JAOKATEABHB; T’y — IPOEKOUA HA OCh Z HAYAJBHOM YIJIOBOH CKOPOCTH
BpameHHs TBepaoro Ttexa. Jas MexaHHMYecKo# 3amaul BCe KODHH
uoauHOMa f (1) BemecTBEHHLI, a 3HAYCHHS IePeMEHHOH u JekaT Ha
BaM;(HYTOM HHTEpBaJe MeKIYy HAMMeHBIOMMH KODHAME IOJHHOMA
f (u).

HaitmeM yciaoBus, mpu KOTOpuX Kopsu noaumHoMa [ (u) Gymyr
Goapme 1 — 8, rge 6 — Hpou3BONBEO 33JAHHAS MaJaf HOJOKHTENb-
HasA BeNAYHHA,

Pacemorpam mosmHOM

F@E)=—f(1 —8—2)=az +>0122 + a,z + aj.

Ero xopHH 6yAayT BCEe OTPHIATEJbHHIMH, €CJHA KODHH moampoMa f (u)
Goanme 1 — §; m maoGopor, ecam Bce KopHM monumHoMa F (z) orpuma-
TeAbHH, TO Bce KopHE mojmHoMma f (u) Oymyr Goapme 1 — §.

Ycaosasa OTpEOATENLHOCTH BCeX KOpHe# mouauHOMa F (z) moay-
qalTCA CcOoraacHo Teopeme I'ypBHa B BHJE HEPABEHCTB

a, >0, aa, — aag >0, ag > 0.
Ilna npakrmueckm HamGoiee mHTepecHOro caygyasa 8, = 0, 6; > 0;
Yo =0, wia p — bry, =0, 0 = o — a HepaneHcTBA 3TH OYAYT

HYYeraen H.I' O pgocraTounmx YCIOBHAAX YCTOHIABOCTH BpAaIIaTesNb-
mOro AsmxeEdsa cHapapna // Hpaxx. mar. u mMexam.— 1943.— T. 7.— C. 81—-96.
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EMeTh cJAefyomui ABHHH BHA, €CIH BOCIOJb30BATHCH HEBHIINCAH-
HEIMH BHPaKeHHAMHA IisA KodpPHIHEeHTOB a,, a,, ag:

bri — 2a + 0,2 4 3ad > 0,
—2 (b —2a + 6;%) 0 + 8 [2 (b%r; — 2a + 6;°)2 — 4ab7] -
-+ 8%8a (b%r; — 2a + 07 -+ 8a%6® > 0,
—20.2 -+ 8 (b — 2a -+ 6;%) + ad? > 0.
Hac mnTepecyer HamMeHpIlee 3HadeHHe §, IIA KOTOPOTO MMEIOT Mec-
TO TH TPH HepaBeHCTBA; Takoe O OynaeT HamHA3mIe# BepxHEH rpaHH-
neit maa ¢ymkmmm 1 — u. Ecam samac ycrofiumpoctn s = b%ry —
— 2a > 0 npmEATH YNOBJIETBOPAIOIHAM HEPABEHCTBY
(s + 00°)* — 4aby® > 0,
TO OpH
20,
s —,1—9‘;2

BCE TPE HepaBeHCTBA GyNyT yJAOBJIETBOPEHH. A CJIeJ0BATEIbHO, NPH
TaKOM 3apace YCTOﬁ‘IHBOCTK OHH IO HEIPEepPHIBHOCTH OCTAHYTCA Y/I0B-
JICTBOPEHHEIMH M JI/IA HECKOJbKO MEHBIMAX 3gaveHui 9. HOBTOMy npn
YKa3aHHOM 3HAYCHHH 3anaca yCTOﬁ‘IKBOCTH S

2

20,
!z .

s+ 0,

Il pume p. Paccmorpmm ciayuail, Korga 8 ypaBHEHHAX BO3MY-
y
IMEAHOTO ABH)KEHHSH
iz,
@ - PaZi+ - oo+ Penn (s == 1,000 n)

1—u<L

KO3QPHIMEHTH P, ABJIAIOTCH HEeNPEPHBHEIMA, OI'PAHAYCHHHNMH QYHK-
OUAAMA BeI[eCTBeHHOro mapamerpa o. PasiuvBEIM 3HAYEHUSM o MOTYT
OTBeYaTh Pa3jJWIHBE HEBO3MYIMeEHHble ABmxeHuA. llocaexosaTesnnHO-

CTH HW3y4YaeMbIX HEBO3MYIEHHHIX XBmkenm#t (z, = 0, ..., x, = 0)
OTBEYAET B LPOCTPAHCTBE NePeMeHHkX (&, Iy, . . ., Z,) 0¢b . Te T0Y-
KH HOCJefHe#, Ife XapaKTepACTHUECKOe YpaBHEHHE

AQ)=|po — 82 | = (—1)"A" + a)d™1 4 . ..+ a,) =0

HMeeT Bce ‘KODHH ¢ OTPHIATeJNbHHMH BeIEeCTBEHHHIMM 4acTAMdA, OT-
BEJAIOT ACHMOTOTAYECKA YCTOHIMBHIM HEBO3MYIMIEHHWM IBHKEHHAM;
IPH 9TOM BCe ONDEAeNHTeNH [YyPBALA HOJGKHBLI GHThL TNOJOMKATENb-
HEIMH:

ay

1
ag a2\>0’ v Bp = 0,8, >0

Onpenennrenn A, 6ynyr HekoTopmiMu QyHKOEAMEA . Eciam HeBos-
MYyImeHHOe [BHKeHHe, OTBedalomee @ == G, ACHMOTOTHYECKH YCTOH-

Ay =a,>0, A=
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9MBO, TO OPHM AajbHeldmeM HM3MEeHEHWH mapaMeTpa o B KakoM-ambo
HaopaBJeHAW, HAYKMHAA CO 3HAYCHHA Cf,, YCTOHIHBOCTH MOJKET Te-
pATkcA an00 Korja, o MeHbIIEH Mepe, OAMH H3 KOPHEH XapaKTepHc-
THYECKOTO YyPaBHeHMs CTAHOBUTCA PABHEIM Hya0, aubo Korma KBa
KODHA CTaHOBATCH IHCTO MENMEIMH; B HEPBOM CIyYae YHAYTOKAETCH
Ko3dduumenT a,, Bo BTOpoM yHHUTO;Kaerca A,_,. Ilepsoe yrsepsxne-
ame me Tpebyer HoKasareabcTB. LlaA JOKa3aTeJbCTBA BTOPOrO pa-
300beM XapaKTePHCTHYECKAN MOJMHOM Ha CYMMY UJEHOB ¢ YETHHIME
4 HEYCTHHIMA CTeHeHAMHA

(—1)"A (}) = (A" + @A™ 2 + .. .) + (e A" + g A3 4. ).

CyMma uMcia YJIeHOB IePBOr0 M3 B3ATHIX B KPYIJbie CKOOKM BHpaske-
gui (oyers p -+ 1) ®m g9mcaa craraeMbX BO BTOPOE ckoGKe {mycTs
v -+ 1) pasmserca gucay n + { Bcex wieHoB moaaaoMma (—1)" A (A).
Orcrona

pwtv=mn—1.
PaccmoTpaM mosimHOMB!
@(2) =2 4 apzvt - L. P (2) = a2V et L L

Ecam mommnom A (A) mMeeT WMCTO MHEHMEIE KOpeHB A = if}, TO moau-
HOMBL ¢ (2z) ® Y (z) OyAyT EMeTh O NOCTPOEHHIO, DO MeHbmMeH Mepe,
OAMH COBMECTHbIE KopeEbh H mMeHHO z = —f2 Ho mosmHoMHI ¢ = ¢
AMe0T O0I[He KOPHE TOrfa H TOJBKO TOrAa, KOINA YHHITOKAETCHA
HX Pe3yJbTaHT

R = :f_—_A.,l_’.

Ilyers Ba ocm o Touke P, rae & = @y, OTBeYaeT aCAMOTOTHYECKH
yCTOHYHMBOE HEBO3MYIeHHOe [BW:KEHHe H, CJHeXOBaTelAbHO, Bce A,
HOJIOKATENbHB. [IpH KanpHeldmmem yBelHYeHEH o oupegesuTesn A,
GYAYT KaK-TO HM3MEHATHCH; NPH 3TOM HEPBHIME Hemalbe:kHO OyIyT
VHAYTO:KAThCA @, wiam A, ,. Ecaim npm nepsoM BapymmeHuHE Hepa-
peHCTB I'ypBHIA YHAYTO;KAeTCA 4,, TO AJA oTBedalomei# TOYKH M
ypaBHEHHA BOSMYMECHHOTO IBM:KeHAA GYNYyT MMeTh B CHJIY KaHOHH-
gecKoro sufa ypasHennii (12), mo Menbme# Mepe, OXMHE JAHEHHHIA HH-
Terpaj WIH HOBYIO IOCHEHOBATEJIHHEOCTE «PABHGBECHI, NPOXOXAMYIO
yepes M, Tak Kak A (A) mMeer upm 3TOM, DO MeHRIIeH Mepe, OXME
paBHbII HYJI0 KopeHb. Ecid ke npH mepsoM HADYINICHHH YCJIOBHE
l'ypsunma ymugroskaerca A, ,, To B obsactE orBevaiomes Toukm C
OyneM mMeTh OJHONAPaMETPHIECKYI0 (IO MeHBIIEH Mepe) IOCJieq0Ba-
TeJIbHOCTh NEPUOXMYIECKHX NBYKCHUH, OTBEYAOMYI0 KBAXPATHIHOMY
HATErpaJy YpaBHEHHMH BO3MYI[EHHOrO JBH)KEHHS, HeM30E:KHOMY B CH-
Ay KaHOHHIECKOTO BHAAa ypasHeHmii (12) mpm mape MHEMKIX KOpHER
A Q) 1Y),

1) Korga ypasHeHHS BO3MYIIeHHOI'O [BHKeHHs He OTPAHMYABAIOTCA JHHEH-
HHMH WIeHAMH, BOIPOCOM © CYIHECTBOBAHHH IePHOJHYECKHX [BH)KeHEH 3aHH-
maxca II. A, Kyspmur (Kyas s Mmuu II. A. JaMeuanre 0 CMeHE YCTOHIHBOCTH
ycragoBHBmMEXCA Apmkenmit // C6. vp. Kasan. aBman. mE-ta.— 1939.—
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W3 cKa3aHHOrO MBI JOJKHBI TaKske 3aKJIIOUUTH, 4TO €CJau vnpn Ha-
MeHeHHH @ OT o, A0 HEKOTOPOrO 3HAUYeHHA oy He YHHYTOKAlTCA
HE a,, HE A,_{, TO HeBO3MYIIEHHOE [(BH;KeHHE, OTBeualmee o = o,
GyAeT npH 3TOM ACHMOTOTHIECKH YCTOMYHBEIM.

34 [19, 20]. Coranacmo mnpenioskeEnio m. 32, HepaBeHcTBa I'yp-
pana (A, >0, s =1, ..., n), BHOHMCAHHBE JJIA XapaKTepucTHe-
cxkoro moimEOoMa [ (z) = A (z), naloT HeoOXOAMMbie M JOCTATOYHbLIE
yCIoBHA aCHMOTOTHYECKOH YCTOMYMBOCTH.

CymecTBYOT MHOTOYMCJIEHHLIe airefpaniecKue BHIOU3MEREHHA
teopemst I'ypsuna. Mmum Mur 3amuMathes He OyneM; saMeTuM, Kak
aHAJOTHYHBIC TPENJIOKeHAsA MOKHO NOJYYHTh IyTeM HenoCpeiCTBeH-
HOTO pPAacCMOTPEHHsI 3aja%¥ ycroiiumpocTd. [lns 3TOTO paccmoTpmm
ONHY 3ajlady, BeChMa HOJe3HYI0 B MaJbHEHIIeM. ,

IlycTe KODHH XapaKTePHCTHUECKOTO YPaBHEHHA Ay, ..., A,
MMeIOT IpocTHie dieMenTapHbe feantenan. HaskmoMmy kopHio As orse-
gaeT TOTa BCero ofHO pelleHHe ¥ ORHO KAHOHHYeCKoe LepeMeHHOoe

zs (s = 1, ..., n). IIpu oToM mosiHas NPOHM3BOAHAA MO ¢ OT BHIpaKe-
HUA

U@ = g5, Zn,
e G, . . ., &, CYTh IleJble HEOTPHUATE]bHbIE UHCJIA, UMEET B CHIY

KaHOHMIECKHX ypaBHemmi nepsoro upubmmkenns (12) caenywommi
BHI:

(0y...e)
au n . l ‘ S0y 0 )
—‘———d‘t— == ((Z]A.l T e e e T an}\.n) l/ n .
M3yuuM ypapHeHHe B JaCTHHIX IOPOM3BOJAHBIX IEPBOrO IOPAAKA
av .

B KOTODOM HeIpephiBHAA, OlPaHHYEHHAd, YHMITO/KAOMAsACH, KOrja
BCe Iy cyTh Hyam, pynkumra W B paccmarpmBaeMoit o0iacTu u3MeHe-
HUH TepeMeHHBIX Iy, . .., T, PAasjaraercd B DPaBHOMEPHO CXOMA-
IWUHECA PAX OO HOIWHOMAM Ui,

(0. ..0)
W = ZA(a,...an) U .
Bymem mckats pelneEme B BHIE
(O )
V =4 ZC(al“.an) D ' n .

IloncrasBassa ato BhpaskeHme B ypasHemme (13) m cpaBHmBag Ko3¢-
$umumentst mpr U % momyuaem

(aghy + ... + anh,) C(a,...an) = A(a,...an)-

Ne 10), a BOIpOCH 0 NOBEJICHHA TPAGKTOPHIl Kak B o6aactu TodeK Oudypranun M,
TaK H B TOYKAX OTBETBJICHHs MepHojHIecknx opbur C paccmarpusax H. H. Bay-
tan (Bayrum H. H. losegenne nmEaMAYeCKHX cHCTeM BOJNHM3H TpaHHL 00-
sacta ycroiamsocrda.— M.: Tocrexmspar, 1950).
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3Havenns C(a1~.-an) oIpeeSATCA ORHO3HAYHO, eCJIH
b + ...+ ah, =0,

CnemoBareibHO, €CJHH KODHE XapaKTepucTHYeCKoro ypasHeHHA A (A)
KONYCKAT 71 IpYNn pelleHAH U BHpaKeHHe oAy + ... -+ aA,
HUKOI[a He HyJb IPH HeJHX HeOTPHIATeJIbHHX O, T0 ypasHenue (13)
Bcerja HMeer ONHO3HAYHOe (OopMaibHOEe pelreHne.

Ecan KopHEH A; B IOCKOCTH KOMILUIEKCHOTO IIePEMEeRHOT0 OTMETHTE
n306pasKalomuUMiI UX TOYKAMH U HArPY3HTh NOCJIeJHAEe HeOoTpHIa-
TeJXbHLIMH MaccaMu ¢g, TO BBpamenne oA, + ... -+ a,A, Oyaer
pasasrecs M (§ - in), rae M = o, -+ .. . + a, — obmas macca,
a &, 11 — KoopauHATH HEHTPAa MacC Harpy:eHHHX Ttouek. ILlentp
MacC HMKOIJa He BHIXORHT 3a TIpefiesikl BHINYKJIOH 06JacTH, comepsKa-
miell Harpy;KeHHble TOUKMA; NO3TOMY, €CIH BCe KOPHH A, JIe;KaT N0 OfHY
CTOPOHY 0T HeKoTopoH mpaMoil, mpoXxofdiled depes Hadajio, TO HHA
OpH KAKUX HeOTPUIATENBHBIX Os BhipaikeHue oA, - . .. + a,hA, He
MOKeT OBITB HYyJeM.

HanpuMep, ecin BellecTBeHHBE 9acTH BCeX -KOPHeH A,, ..., A,
OTPMIATENbHE, TO PAaBEHCTBO o Ay 4~ ... + a,h, = 0 He MoKer
CyImecTBOBATh NPH HEOTPHUIATENBHHIX o; ypasHeHume (13) wmmeer
B 9TOM Clydae OJHO3HA4HOe pelleHue.

Ecau ke cyliecTBYIOT Iiejibie HeoTpHIATedbHbIE Yucaa By, . . ., By,
A KOTOPHIX

Bidy + ...+ Bur, =0,
TO ypaBHenne (13) wuMeer pemeHme ¢ TOYHOCTRIO [0 WJaeHA
Ceps...8, JUBB) ¢ mpomasonbEbiM  KoapdummenTOM Cips...,)s
eCJIH A(ﬁx B, = 0. Ecam e Ag,..p,) =0, 10 orpammuenHoro
pemienus MCKOMOro Bufa s V He cymecrByer, B yHKnuum V wieny
A(ﬁb,.ﬁﬂ)U(ﬁl -Br) Gyner oTBedYaTh

(Be.--B,)
[A,...5 9t + Cep,...p0] UPPn
¢ npou3BonbHO mocroArHOH Cg,..p )-

Pacemorpum Temeps ofmumit caywait. ITycrs
Ags o ooy Mg

CyTh KOPDHH XapaKTepUCTHIECKOro YypaBHEHHA B NPEANOJOKEeHHH,

9r0 KKIHA KOpeHb IOBTOPAETCA CTONBKO pa3, CKOJIBKO COOTBETCT-
pyer emy rpyunn pemesuii. HaHoHuYeckne nepeMeHHbIe z() YAOBJIET-
popaior ypasHenmam (12).

PacemorpuM GopMmbl m-ii cTeneHH

(8) “gS) (s)
= I1(z;") (2“ =m).
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Takux dopm Gynmer KoHeunoe umcsio. MOPMHI 3TH 3aHyMepyeM JeKcH-
KorpaHuecKM TaK, 49To0h INPOM3BE[eHMe CTeNeHell NepeMeHHHIX
peakoit rpyunst (s) (s = 14, . . ., k) ¢ norasarenaMu

(s) (s) (s) ()
QA1 'y o e ey Gjo1y GG ,...,ans
OTHOCHJOCHh K HOMeEpY T GOJII:HIeMy, HEKeJIn HOoMep, OTBB‘IaIOmHﬁ no-
Ka3saTeJdAaM

a0, L., a}s_)l 1, —1, ., anZ.

910 MOKHO [JOCTHTHYTH pasimuauiMu cmocobamu. IIpepmomaras
Takyio EyMepaimio U, BHIOIHEHEHOH, PacCMOTPMM ypaBHeHHe

dav
=Y AU,
r
rae A,. CYyTh HEKOTODbIe¢ WOCTOAHHBIE. PasuickuBan peuieHue 3TOro

YpaBHEHHA IOX BHIOM
Vv =X¢CU,
T

A TOJCTABJIAA 3TO BHpaskeHue V B HHTEpecyloUlee HAC ypaBHEHMeE,
DOAYYAM, COLJIaCHO HUpou3sBefeHHoH Hymepanum U,,

3¢, s + -+ ) U, + 2800 =3 4T,

THe Oy, . . ., O CYTh HEKOTOPHe HEOTPUIATeNbHBIE UHCIA; Oy - . . ,
e e o = m; f’f{ ) cyTh HEKOTOPHE HeHOJOKATEAbHEE YHCJIA,
Korfa p << r, W HyaH, Korga p > r. Cpasnenne Koapduuuentos mpu
onmHEaKkoBHX U, maer ciaeqyiomue ajnreGpaudecKne ypaBHEHHA s
onpeneneHnss KodddumimenTon

Cr (al}"l Ao akkk) + 2 pi‘p)cp = Ar‘
P
Jra cmcreMa ypasBHeHHUH GyAeT MMeTh OTJIMYHOE OT HYJEBOTO DeHIeHHe
aas C,, ecid oupefenuteib D, coctaBlIeHHHI U3 ee XodpduuuenTos,
6yner oramuern ot Hyada. Ho onpefgenurens D uMeer BUJ TPeyIrodbHH-
Ka, TAK KaK B ero i-# CTPOKe BCe 3JIeMEHTH IO i-T0 OYAYyT HYIsAMH;
oo auaromand onpepeadrens D 6yayT cTOATh BeJHYHHBI

i F .. gy

IMoatomy onpepmenmrens D Gyier oTJMYHHIM OT HYJA, €CJIA HE YHH-
9TO;KAeTCA HHE OJHO BHIpa)kKeHHe a,A, + ... -+ oAy’ mpm neasix
HEOTPHLATENLHBIX O, NAWIEX B cyMme m. B srom ciaydae maTepe-
cyiomee HAC ypaBHeHme Gynmer mMeTs Ajnf. V eXHHCTBEHHOE pelIeHHe.

Iepedppasmpya 3ToT peayisraT B HAYAIBHHX HEPEMEHHHX Zs,
mMeeM Teopemy Jlamymosa: kozda kopmu Ay, ..., A, rapaxmepuc-
muueckozo ypasnenus A (M) maxogn, umo npu OanHoM yYesoM
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ROAOHCUMEALHOM M 48 HUX HEE03MONCHB HUKAKUE COOMHOULEHUS
suda

by + ...+ agh, =0,

8 KOMOpHE 6ce Qs OvlAU OBl YeabiMU HEOMPUUAMEAbHHMU HUCIAMU,
daruwumu 6 cymme m, mo 6cezda MONHO HAUMU U NPUMOM MOALKO
00Ky yeayw odnopodnyw Pynryure V cmenenu m geaunur ., yooerem-
6OPAIOUWYIO I PABHEHUIO

. av
Z (pslxl + et psnxn) Eral U
- s

npu npou3soabHo 3a0anHol Yeaoli 00HOpodnou dynryuu U seaunurn
I, MOU JHe cmenenu m.

35. MokHO 3aMeTHTh, UTO HEO6XOOUMBM U OOCMAMOHHWM YCA0-
suem 0as mozo, umobw zxapakmepucmuieckul, noaunom A (A) umes
éce KOPHU € OMPUYAMELLHHMU 6EUECMEEHHBMUL HACMAMU, A6AAEMCA
onpedeserHas NOAONHUMeAbHOCMb Kéadpamuunoii gopmw V, paspe-
wawuwell ypasHerue '

X av
§ , (ps]"tl A+ psnxn) 9z U,
s

$

20e U npedcmasasem Karkyio Y200H0 O0npedeseHHO-0Mpuyamessbhyio
xeadpamuuryio Gopmy nepemMeHHblr X.

JleiicTBATENBHO, NOCTATOYHOCTH 3TOTO YCJIOBHA CJENYyeT Hemo-
CPe/ICTBEHHO M3 TeopeMbl JIAmyHoBa 06 yCTOHYMBOCTH U NOMOJHEHUSA
K Heit 006 aCHMIOTOTMYECKOH yCTOHIMBOCTH.

Heo6xonumocts ycmaTpusaercs He Goaee caomxno. Ecau Bce kop-
HHA A; HMEIOT OTPUIATENbHbE BelleCTBeHHbIe TAaCTH, TO HH JIA KAKUX
T{eJBIX HeOTPHIaTedbHEbIX TUCe] O, JAIOMUX B cyMMe 2, He CYIeCTBYeT
COOTHOUIEHMS BHJA

oahy ..+ ahe = 0;

a 3To IO mpejHAymelt TeopeMe n. 34 o3Hadaer, 4To HHTepecyiouiee
Hac ypaBHeHme Oyxer uMeTh eITMHCTBEHHOE pelleHue B BHJe HEKOTO-
poii kBajgparmumoit dopms V mepememmbx zs. Ilpm arom ¢dopma V
GyReT TaKoBa, 9TO BHOODOM 3HAUEHMH MEPEMEHHBIX s e HeIb3d Clie-
JaTh OTPHUATENBHOM, TAK KaK MHAYe OHA YIOBIETBOpAIA OHl BCeM
YCJIOBAAM TeopeMbl JIAOyHOBA 0 HeyCTOHYMBOCTH; HO [BU;KEHHMEe HE
MOKeT OWTb HeyCTOHYMBHIM, €CJIH BCe KODHH XapaKTepHCTHIECKOro
ypaBHeHHA HMEOT OTPHIATEeIbHHE BemecTsemmsie dactd. Hrak, 12
geo6xoauMo Gymer mo Kpaiimeit Mepe mosoxmTensoi. Ecau mpenmo-
J0HUTH ee TpEBENEHHOH K cyMme KBajmpato V = vi + ... 4 U
rHe v; 0603HAYAIT HE3AaBHCHMBIe MEKIy cololl JIaHeHHbIe dopMEl
mepeMeHHHIX T, 3aMedaeM, 9T0 m He MojkeT OHTh MeHbIIe 1, TAK Kak
Torma mpoussonHas V', obpamasace B Hyap mpu v; =0, ..., v, =
=0, me Moria 6Bl COBIAZATH CO 3HAKOOUpeleNeHHOH ¢yuxnued U.
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IloxkasanHoe mpeATo;KeHUE IO3BOJAAET YCTAHOBATH, B 3aBUCHMOCTH
OT BHA2 oNpefeNeEHO-oTpHHAaTenbHOH ¢opmbr U, paAx Kpatepmes,
paBHocmabHBX Kpurepmio I'ypsuna. Kpurepuu stu cocroar m3 He-
paBeHCTB, KaKHe BHIPA/KAIOT MOJORHUTENBHOCTH BCEX IJIABHBIX JMATo-
HAJIbHHIX MHUHOPOB AMCKpUMMHaHTa KBajapartmuHoi dopmur V. Xotsa
OHH HHYYTH He Opoine HepaseHcTs ['ypBuna, ofHaKO HMEOT TO yH06-
¢TBO, 9TO HO3BOJAKT MOCJe OPOJeJaHHHX BHIYMCICHUH UPH ompefe-
{leHAHX HEDABEHCTR HENMOCDEeJCTBEHHO NHCATH HYKHYI0 (yaruumio V
NpAMOro Merona.

36. Il pume p. PaceMorpuM TBepHoe Texo MAaccHl m € MOMeH-
rama uHepuu A, A, C orHocuTeabHO oceil Z, y, z LEHTPAJIbHOTO
aaauncouna wHepuun. Eciu u, v, w u p, ¢, r CyTh NPOCKIMHU HA 3TH
0CH COOTBETCTBEHHO CKODOCTH IIEHTpPA MHEPHHMH H YIJOBOH CKOPOCTH
BpaileHdd TeJa, TO ;KABAaA cuiaa Oyder:

2T = m (u® + v* + w?) + (Ap? -+ A¢* + Cr?).

BooOpasuM, 4TOo Ha TeJo fgeHdcrsyoT: cmaa (—ou, —ov, —ow),
npuo;keHHAaA B HocrosEHOH Touke Teaa (0, 0, 1), cuaa (0, 0, Z),
NpuJIoKeHHas B LeHTpe TAKeCTH, U mapa cua ¢ MomernroMm (0, 0, N),
{Iyctes OJH NPOCTOTHL MOJOKUTEJNbHbIe QYHKHUM 0 ¥ Z 3aBHCAT OT
w, v, w, p, q, a yskgua N sapmenr ot u, v, w, p, q, r; nycrb A > C.

Huddepenunanbusie ypasHeHHA [BAKEHMA TAKOrO TeNa BO3bMEM
aaa ygoGerBa B uasectHoit dopme HKupxroda

m %‘ = (ro — quw) — ou, 4 % =(4—C)gr -+ oly,
d d :

m ';11:' = m(pw — ru) — ov. 4 th =(C— A)yrp—olu,
d . d

M e (qu—pr) —ow - Z. €I N

JlonycTuM, 94TO ypaBHEHHS 3TH HMEIOT YACTHOE pelleHue
=10 v=0 w=wy>0 p=0g=0r=ry>0;
OHO CYIMECTBYET, eCJH

Zy — Gty = 0w Ny = 0.

dagagumcs BompocoM 00 YCHOBHAX, NPH KOTOPHEIX ITO YacTHOE
pemrenue OyfleT ACHMOTOTHYECKHM YCTOWYMBHIM B NEPBOM MpHOIMIKe-
HHHM 10 OTHOIIEHMIO K MepeMeHHBIM U, v, W, p, ¢, T.

Nuddepennmanbarie ypaBHeHHA OEPBOTO NpubJMKeHHA A
BOBMYIEHHOTO [BH;KeHHHA MO OTHOIIEHHI0 K HHTEPeCcYIOI(MM HAaG Be-
ARYHHAM U, U, W, P, q, I AMEOT CIeLYIOMAN BUI, €C/IH BAPHAIIKH ITHX
mepeMeHHbIX COOTBETCTBEHHO o06o3HauuTs wepesd «, B, y; &, 1, &:

da d
m _J?:m(roﬁ—-won)——ooa. m -d—‘:zm(wog—"’oa)*‘aoﬁv
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m _«il:é(Z—ow)a_lra(Z——ow)ﬁ_i_

dt du ' v
(2 — ocw d{Z — ocw
' (0w0)Y+ (c?pc‘)§

A dg = (A —C)ryn - c,ip,

d (Z — ow)
dq

*

A "“ = (C — A) ot — oyla, :
d; __oN ON o . N oN _ | oN oN

1

= g e — — . B gy e
dt ﬁua‘[ivﬁ‘éwv‘apg‘aqn'arg
TAe BCce 9acTHHe IPOM3BOJHLIE B3ATH UPH 3HAYEHHAX
Uu=v=p=q=10, w=uw,r=r,

Judg 9THX ypaBHeHUH B BapuaUMAX XapPaKTePHCTHYECKOE YPAB-
HEeHHe HMeeT BUJI

— (Z—ov)\ |
A(A)_( x__)( mi — S
—0y — mA mry 0 —mw
—mry —0y — mh mw, 0
X 0 ol —A4M (A—C)rg | = 0.
—a,l 0 (C—A)ry —A\

OTCIOI.Ka HeIIOCPEeACTBEHHO BBITEKAIOT IBa yCJIOBUA
aN 4 (Z — ow)
o <0 n ———<0

OJIA  OTPHLATEJBHOCTM  [BYX OYeBHJHHIX KOpHeHl ypaBHeHHA
A (A) = 0. YcaoBua orpuuaTeabHOCTH BeIECTBEeHHHIX dacred Apy-
X YeTsipeX KOPHEH ypaBHEeHHS MOryT OHITh IOJY4YeHH IO TeopeMe
I'ypsuma myreM pa3BepTHBAHHA B IOJMHOM BHIIIHACAHHOTO OIpeReIu-
TN YeTBEPTOr0 MOPAAKA W BHUYMCICHHS IHATOHAJBHEIX MHHODOB A;
orsevamomei Marpuusl I'ypeuna. Ilocie HEKOTODPHIX BHYMCICHHWE NpRM
3TOM MOMKHO YCTAHOBHTb, 4To A; U A, BCerga IOJOKAUTEJNBbHHI, YCJIO-
pae Ay > 0 sxBuBanenTHo HepaBeHCTBY [ << 0, upm Koropom A,
HOJIOKUTEIBHO. IlpyrnMu CI0BaMH, BCE BEINECTBEHHEIC YaCTH OCTaB-
MHXCA YeTHPEX KopHe#d GyayT orpamarenpHsiMu, ecan ! << 0.
PeaynbTaT 3TOT MOMKHO IOJY4HTh MHOro mpome. Omnpepmenntens
9erBéPTOro HOpPAAKA, KOPHH KOTOPOTO HAC HHTEPeCyIoT, ABIAETCH
XapaKTePHCTHYECKMM JJIA NePBHX YeTHPeX ypaBHeHHWH B BapHalHAX.
Ecau 1 <<0, To B paccmMaTpusaeMoM caydae (w, >0, 0o > 0) pynrnoua

2V = m (a® + 62)—%A(§2+n2>

Oyner onpene’eHHO-MONOKUTEILHOR omocmenbno a, P, &, . Ee
IPOM3BOMHAS 10 ! ABJIAETCA OTPHIATENbHOM:

V' = —a, (&® + B%).
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CraegoBarelibHO, €CJIH ¢ BWIA [ OTAWMYHH OT HYJA, TO 3HAYEHHA
¢yaknur V 0pu u3MeHeHHH NePEMeHHBIX COIJACHO YPaBHEHHAM
B BapmamuAXx OyAyT YMEHBIIATHCH; €CIH B HEKOTODHH MOMEHT O =
=0, p = 0, To B cuay mepBHX ypaBHeBHI N0 KpaidHeidl Mepe B cie-
AyOm@i A0CTaTOYHO MaJjblii OIPOMEKYTOK Bpemennm o u f Oyayr or-
JMYHEH OT HYJHA, ecad HyaaMu He Obian &, v; caosoM, V Gymer ymeds-
mathca upH [ << 0, ckoxp GH MaJble 3HAYCHHA OHA HM MMeiaa. A 370
I JOKa3sBaeT MHTEPeCYOIHWA HAc pesyabrar.

Il pn M e p. Bonmpoc o BHOOpe mapaMerpoB YCTOHIMBOM MeXaHH-
gecKoll cucTeMbl MMeeT NPHUKJIafHOe 3HAYCHHeE.

YroGs mMeTh CpaBHHMEIE MeKAy coboil JaHHbE, OTPaHAIAMCA
PacCMOTPeHHeM PasInYHHX CGCTOSHUM ONHOH M TOH jKe MeXaHHIeCKOH
CACTeMBI, ONMCHIBAeMOM oOIpeJeleHHEBIMH IePeMeHHbIMHU.

IlycTs B ypaBHEHHAX BO3MYIIEHHBIX ABUKEHHH

dz
.d_: = Psy®p v oe e - Dsn®n (S = 1! Tt n) (14)

K03QPUUHMEHTH P, TOCTOAHHBI K 3aBHCAT OT HEKOTOPBIX apaMeTpoB.
Byaem mpepgmosnarark, YTo HPH PaccMaTPUBaeMbIX 3HAYEHHAX Oapa-
METPOB HEBO3MYLIEHHOE [BM:ReHHEe AaCUMOTOTHYECKH YCTOHYMBO.

Onpenenenro-noaoxurenbuyio gyuknuio Jianysosa V onpemennm
OpH 3TOM YpaBHEHHEM

ad | f 2 2
b?;(pslxl dee e Pepy) = — (21 - ... o ) (19)
ITycrn
2V = Easrxszr (ars= as;)-
Ixerpemym ¢ynkuuum V ma cdepe zi -+ ... -+ zh = ¢ (c — nouo-
/RETeJbHAA NOCTOAHHAN) ompejexsierci mo Meroay Jlarpamska pac-
CMOTpPEHHeM

V—->A@4...+28—c).
Orciona

Mag, —2M8,,) ., =0 (s=1,..., n); (16)
clefgosaTenbHo, MHORUTEAb Jlarpanska A KoiKeH GHITH KOPHEM BEKO-
BOr0 ypaBHEHHUSA

Il as, — 2;"687‘ I = 0.
Tax xax V mpegcTaBisier oUpeeeHHO-MOJO/RATENbHYI0 KBaJpPaTHI-
HyI0 OpMYy, TO BCe KOPHH A; 3TOr0 YPABHEHHA OYAYT IOIOKHTEIb-
HuME; nyerh 0 << A, <. .. <A,
Yumuoxkan pasencrBa (16) cooTBeTcTBeHHO Ha s M CKJIafibiBaf,
6ymeM mMeTb, UTO KCTpPeMajibHHe 3HaueHnmsa V* ma cdepe zi - . . .
...-- 2 = c yHOBNETBOPAOT paBEHCTBAM

V*=Ac
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f, CJe0BaTEJIbHO,
M(ad 4 ) KV LA @ ). (17)

Orcrona B cuay ypasaenui (15) 1 ypasueHnit Bo3MYIIeHHbIX [BHKEHHH
(14) wumeem

av - . d¥
—h V< —1, a
HIAH
-1 -4
Vee "<V Ve ™ (18)

Mt ROMKHBL OTCIOAA 3aKJIOYUTH, 9TO GEPITHAA 2DAHUYA B03MOXHC-
HBT gnaieHwll V 6ydem Menbue 0as moi cucmemvi, dis KOmopoi A,
ecmb MUHUMYM, eCau HAYaibHble 3HaveHus odunaxoss. Ecam ke Ha-
wajJbEHE 3HAYCHMA I, Jekat Ha cdepe i - ... - 22 = A, 10 u3
HepasencTBa (17) wHaiinem
' A <LV h,A.

Benencrsue nepasencrsa (18) orciona suiTexaer:
_ t 1
- N -
Ahje MV < Ahe M
Toukn (ry, ..., z,), B Kotopux ¢ynkuua Jlanysosa umeer 3naue-
uue V, cormacuo (17) maxomarca BEYTPpM uam Ha cdepe i - . . .

P
e e - ITnp = €, THE

L
V 1 i
= —_— 1]
8 ;\41 \Vo Aj e *
H, cjaefoBaTeNibHo, OfHO 3Hadennme V, B PUKCHPOBAaHHON TOYKe HpoO-
crpancrBd (ry, ..., Z,) He XapaKTepu3yer BPeMEHH NepeXORHOTO
nporecea.
Ilpn HAaYaNbABIX BO3MYIIEHMAX, JeRaMUX Ha cdepe
2 2
xl_}‘-"+xn:A;
Oyner
{
A —— —
Oy i Ay
e A 7 e .
Orciona BpeMa BXO/KIEHHUA TOUKM (X, . . ., ,) co chepst A B chepy
& He GoJiblue
Al
n
;\n" ln E—A‘l- .

Jror npefest Gyaer MMHMMAJBHHIM NpH 3ajaHHKX A W €, ecJd mapa-
METPHl CHCTEMBl BHIOpDaHBI COTJIACHO YCJIOBHIO, 4TO

x I AA"I
n 1N —eh

ecTb MHHHMYM *,



rJqdqABA S
JENCTBUE BO3MYHIAIOUINX CHiJ1 HA PABHOBECHE

HopMmanbibie KOOPRHHATHI

37. PaccMoTpHM TOJOHOMHYK MATEPHAIBHYI0 CHCTEMY B MOJO-
/KeHHH PABHOBECHSA, NJAA KOTOPOr0 3HAYEHHMA BCEX €€ JarpaH;KeBhX
KOOPHAHAT (p, . . ., ¢, HDPEHIOJAraloTCs PABHBIMH HYJIWO.

YpasHenuss B BapualAX KIS BO3MYIIEHHOTO JBUKEHHA MOTYT
GHITH IOJYYCHbI, €CJAN B BEIPAKEHHUAX ;KuBo# cwibl T M NoTeHIHANB-
HOA QynKimm V MB OrpaHMYHMCA WICHAMH HAHHM3UIEro H3MEepeHHA
¥ OpuMeM BOJAM3H PAacCMaTPHBAEMOIO IHOJOJKEHHS DPaBHOBECHS OTH
BHIPaKEHHA B BHJE BEUIECTBEHHHIX (CHMMETDHYHBIX) KBaZpaTHIHBIX
dopM ¢ mocToAHRBBIMH KoadPuumeHTaMM

27 = Eaijq;q;; u 2V :ZbijQiQi‘
i i

rae a;; = aj; ®m by = by;.

Ecau MatepuaiibEyl) CHCTEMY BHIBECTH U3 HOJOKEHHA PABHOBECHA
H IpPeRocTaBUTbh caMoit cefe, 10 AuddepeHIMaIbHbE ypPaBHEHHS BO3-
MYIIEHHOI'0 JBW;KeHHA B NepBoM mnpubauwkeHun OGYAYyT MMETb BHJ
ypaBHeHmit Jlarpanra

d <0T ) v
dt 6q;~. dg;’

HIRA
N aiiq; + Dbijq; = 0.
1 K

YpaBHeHNA 5TH BO3MOKHO yHpPOCTHTH. IIyCTh MBI mepeXxofamM oT Koop-
AHHAT ¢y, . .., ¢, K HOBHIM HE3aBUCHMMBIM IHEPEMEHHHIM I, ¢%, . ..

-« .y Qi TyTeM JuHeHHHIX npeofpa3oBaHuil ¢ MOCTOAHHBIME K03d-
durmentamun

q; = m;x + ... (i:1,...,n).

JilarpassKuan o HepeMeHHOﬁ Z B HOBBIX IN€pEeMEeHHBIX eCThb

() [ () ]
dt \dz') ' oz "L dt \gg; 1 dg; ] °
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Orcioga, 9To0H TOJNYYNTHh ypaBHeHHE Jlarpad:ka Hjisa mepeMenHoOHd I,
VMHOKEM YDaBHEHHA [BPIKEHHA HA IOCTOAHHEIE MHOKATEIH M; H
CIORAM:

(Z"miaijqf)" + Z‘mibijqj = O,
ij 57

dajaguMcda JaJee [eJb onpeaeJauTrb MHOKUATENH M; TakK, 9100 B
HMeJ0 MeCTO COOTHOIUeHHue

. 1
T = Z ma;iq; = —— Z}nibij%
7

ij
cnpasefJIHBoe IIpU BCAKHX 3HAYCHHAX ODepeMeHHbIX Qj; OTCIOIa
Y
2 (ha;;—by)mi = 0. (19)
1
IMpu srom ypasHenue Jlarpam:ka aaa r Gyaer BecbMa IPOCTHIM:
z" + hx = 0. (20)

Ypasuesua (19) 6yayr uMers HeTpHBMANBHOE DelIeHUE AJIA MHO-
AHTENed Mm; TOJXbKO TOrAa, KOorjga A Oyder KOpHeM ypaBHEHHSA

A (A) = | hagy — by | = 0.

Ilo teopeme CmaibBecTpa, AOKasbiBaeMOH M B 3TOM cCJaydae HogoGHO
n. 18, sce xopuu ypasHenus A (A) = 0 OynyT BellecTBeHHBI.

Mampuya A (M) umeem npocmuie asemenmapHse Oerument.

JloKa3aTeabCTBO ITOTO NPENJIOKeHUs, BIOEPBHE IOIMEIeHHOTO
BeitepmTpaccoM, Bo3MOMHO M3Ja0kATH Tak !). Ilycts A — HexoTopHI
Kopenb ypasHeHus A (A) = 0. HesaBucmMo 0T mpOCTOTH CBA3AHHHX
¢ A BIeMeHTapHHX HenmTeneil cucrema ypasHenmit (19) Gynmer mMers
o KpaiiHe#l Mepe OIXHO pelieHne, eciayu MOcAeHee CIUTATH ¢ TOYHOCTHIO
0 TPOM3BOJNBHOTO M obmero BceM m, MHo:kuTeas. M sHaumr, BO BCA-
KOM caydae, Gy[er cymecTBOBaTh 110 KpaiiHeil Mepe oflHa IepeMeHHas
z, TupeiHO cBA3 aHHAaA ¢ mepeMennnMu Jlarpawxka q;, . . ., ¢, ¥ YROB-
deTBopawmas ypasHenuio (20). 3aMeHuM nepeMeHHHe ¢, HOBHIMH
NepeMeHHKIMH T, g%, . . ., -1 — M [AJA DPOCTOTH NACHMA HOBHE IIe-
peMmenHpIe ¢¥ sanmmewm Ge3 3Beagouex: ¢,. Ilociae Takoit 3aMeHH BHPa-
sReH¥A KEBoH cuan T m moreHnmaibHOM GyHKImH V Hem3bGeRHO
RKOJKHE UPHHATD BHJ

n—1 L, n—3
27— ot S dlgigh 2V =i+ S blaa,
i,7=1 i,5=1

TaK Kak ypaBHeHme Jlarpama, B3ATOe IO NEPEMEHHOH Z, JONKHO
coBmaxath ¢ ypapaenneMm (20). Husasn cuxa T mo csoeMy oupepeie-
HEIO OPENCTABJIseT BCerda ONpefeeHHO-IOJI0KUTENbHYI0 (yHKIAIO

Y Jordan C.// Comptes Rendus.— 1872.— V. 74.— P. 1395.
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OTHOCHTEIHHO CKOPOC TeH; m03TOMY KBajpaTmuHaa (opMma
n—1

D alig;

1, j=13
ABJIACTCA OHpeIIe.’IEHHO-HOJIO}KHTBJIBHOﬁ OTHOCHTEJbHO
¢11, o oe ey q;l—l-

CnemoBaTenbHO, ypaBHeHMA Jlarpam:ka, B3ATHE N0 NepPeMeHHBIM
@1y - + +» Qn-1, OYAYT 33BHCETh TOJBKO OT CTOAMMAX B HOCJHEAHAX BH-
paxernax T m V cyMmm m 6yayr fomyckaTh IO KpaiiHell Mepe omHo
npeobpasoBaHHe NIePeMeHHHX, Iofo6Ho paccmorpenroMy. IIpomoa-
;KA 9TOT Hpollecc Majblle W 3aMedas, YT0-B INpPeo(pa3oBAHHHX BH-
PaKeHHAX >KABOM CHJB BCeria HM3-3a HX 3HAKOONPE/IeIeHHOCTH oy-
AYT OCTABATBCA CYMMEI, cOflep;Kamme He3aMeHeHHHe ¢;, IpABexeM
TeM caMuM T m V B mTOTe K BHOY

’ .2 2 2

2T=l'12 ...+In,2V———AI$1+...+}\'nIn.
A 3TO ¥ JIOKa3muBaer, 9T0 ypasHeHAA (19) mMeloT 72 HeTPHBAAABLHRX pe-
meHdd [asg my, . .., My, T. €. BCe DIEMEHTAPHHE JEJHTENH MATPHUIIH

A (M) nmetor ctenenn, pasHme 1. OupenmeneHme MHO;kHTeneH m; mo-
ROGHO Hm3A0KeHHOMY B I. 24 ompepexeHHI0 A,;.

IlepeMensnie z, Ha3HBAIOTCA HODMAALHHLMU KOOpIUHAMAMU.
Ypasrenna Jlarpam:xa B HOPMAJNBHHEX KOODAMHATAX HMEIOT BHJ

Ty + Ay =0 (v=1,...,n).
YpaBHeHHA 3TH JeTrKO HHTerPHPYIOTCA:
zy= Ay cos (Vm -+ By) npu Ay >0,
zy = Ayt - B, opu Ay =0,

Ty = Age! M - Bve'I —hvt npu Ay<Z 0,

rae Ay, By 0603Ba9a0T NOCTOAHHHE mHTerpuposanmsa. Orcioma 3a-
KTI09aeM, YTO ecJd Bce KOPHH Ay nasa ypasHeHus A (A) = | Aa;; —
— b;; | =0 nDoxoskuTeaBHH, TO B HePBOM IPHOIMIKEHNH PaBHOBECHE
YCTOMIMBO M BO3MYIIEHHHMY JBHKCHHAMH ABIAIOTCA TapMOHHYECKHE
KoJe0aHHA HOPMAABHHX KOOPAHHAT Iy COOTBETCTBEHHO ¢ YACTOTAMH

V Ay. Jlua npodmx cayuaes paBHOBeCHE B HEPBOM IPHOIMKEHHH Oy-
TeT HeyCTOHWYMBHM, A HOPDMaJbHAA KOOPAMHATA I,, OTBEYalOIad He-
NOJIOKHTEABHOMY KODHIO A,, GY/eT H3MEHATHCA ¢ TeYeHHMeM BPEMEHH
60 Mo AMHEeHHOMY, JAH00 O BKCHOHEHIHMAJLHOMY . 3aKOHY.
Crexyer mOg9epKHYTH, YTO OPH OPHBEJEHMH K HOPMAJbHHM KO-
OPAHHATAM CYHIECTBEHHYIO POJIb KI'Dajla 3HAKOONPEAeAeHHOCTh KHBOM
caau T'. 310 03HavaeT, YTO UPH CYIECTBOBAHNA B MeXaHHYEeCKOH cH-
CTeMe HEKOTOPHX IWKJIMJEeCKAX KOOPAAHAT, KOIla YDPABHEHHA JBH-
KeHHA XOTA H NPHBORATCH MTHOPHPOBAHMEM NHKIAHIECKHX KOOPKH-



84 rJI. 5. JEACTBHE BO3MYI[AKINMNX CH.T HA PABHOBECHUE

HaT K BARY ypasHenm# Jlarpamxka (u. 9), ommako pmaA 3THX mocien-
BuX ypasHenm# $yEKnma R Ae Bcerxa Gynaer ompejelneHHO-IOJ0KH-
TEJbHOH OTHOCHTEJBHO CKOPOCTeH HENWKIWIeCKHX KOOPAAHAT ™,
CIe0BaTeIBHO, B 3aJadaX YCTOMIMBOCTH CTAIHOHAPHBIX [BHIKEHWH
MOKeT CJAYIATHCH, UTO HOPMAaJbHBIE KOODAMHATH HE CYMECTBYIOT.

Biansanue momoit cBA3H

38. [omyctmM, 9470 Ha MaTepHajNbHYI0 CHCTEMY HaJO:KeHA HOBAA
CBA3h, COBMECTHMAA C PAcCMAaTPUBAGMHIM HOJOKEHHEM PaBHOBECHH.
B nepsom npu6ianskennn npu MajauX aGCOMOTHHX 3HAYEHHAX HOP-
MaJIBHBIX KOOPAMHAT Zy HOBYIO CBA3h MOKHO 3a0HCATh ypPaBHEHHEM

N Ayzy =0 mom E Aydz, = 0,
v v

rge nmoctoAHHNe A, He Bce Hyam, a §x, 0603HAY2I0T BO3MO;KHHE Ba-
pHany® HOPMAJBHHX KOODHAHHKAT. ¥ DABHEHUA ABHKEHHA MOLYT OBITEH
nmoaydeHsl mpu 3ToM u3 npmHumoa Jlamambepa, BHpaKaoIerocs
B HODMAJbHBIX KOOPAWHATAX YPaBHEHHEM '

> (:zv + hyzy) 8z = 0.

YMHOkaA ypaBHeHHe CBA3M HA HEONDPeJeNeHHHH MHOKHTENb W
H CKJIajbiBAA €ro ¢ NpeguAyH(MM BHPa’KeHHMEeM, HMeeM

B(x:l + Ayxy + pAy) 8z, = 0,

v
OTKYIa

ry + My +pde =0 (v=1,..., n).

Jlna Tex u3 HOPMAaJABHEIX KOODAMHAT, KOTOPBIM OTBEYA0OT pAaBHHIE
Hym0 mocroaHHbie Ay, AuddepennmuajibHHe ypaBHEHHA IBMKEHHSA
6yayT coxpaHATH CBOH IpPe;KHHE BHUJ W, CIeCBATEJIbHO, HOBAA CBA3b
He OKa3hBaeT BJIMAHHA HAa 33aKOHH M3MEHEHHA TaKHX NePeMeHHHX.
3aTPOHYTHMH HAaJOKeHHeM HOBOH CBA3HM OKasHBAWTCA WML Iepe-
MeHHBle, KOTOPHE OTBeYalT OTIMYHKM OT HYJA HOCTOAHHHIM Ay.

Yrobu HaliTH XapaKTepACTAYECKHE DOKA3ATENM AJAA NePeMeHHHX
Zy, CTECHEHHHIX CBA3HIO, HOJOKHM

zy = ByeV, w = MeV it
W TOACTABAM JTH 3HAYEHHA KAaK B HOCJIEJHAE ypPaBHEHHA
Bv ()\1\; — Al) + A\;M = 0.

TaK M B YPaBHEHHE CBA3H
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Hckawoaaa B, U3 OmocCIeNHEr0 COOTHOIIEHHA, AMeeM

A2
f(A)EZA_"Av = 0.

B 310 Bmpaikenue BolnyTr aumb Te Ay, . . ., Ay, u3 Ay, KOTODHM OT-
BEYalT OTJINYHHE OT HyJA nocroaHAse A,. PaccmMarpusas 3Hakm
¢ynknnn f (A) ma uurepsane (Ay;, Ay, ,) UPE 3HaveHmAX A, GaM3KHX
K KOHUAM MHTepBajga (KOpHH Ay, 3aHYMEpOBaHW B IOPANKe BoO3pac-

TAIOMUX 3HaYeHHH), 3aMedaeM, uTo f (A) IpPH W3MeHeHWH A HAa HHTEp-
Baxe (Av;, Ay,,) Oymer mepexoaumTh OT INOJOKHTeIBHHX 3HAYEHHMI
K OTPMHATEeJbHHIM H, CJIe0BAaTEJNbHO, OHA OYJET AMETh HA 5TOM MH-
TepBaJe Mo KpaliHe# mepe onamH Kopesb. OTciofa BWBOAHM, YTO Za-
PaKmepucmuieckue noKazamesw h OAf cucmembl, CmMecHeMHOU HOB80L
€813b10, Gydym nepemeramvcs ¢ KOPHAMU Ay, . . ., Ay, Jas nepe-
MEHHWT Xy, HE CMECHEHHBT C6a3bl0, uucaa A 6ydym coenadamb ¢ omee-
YAOUWPUML ZHALCHUAMU Avy.

Ecaa s = 1, 9r0 cayyuaTca, KOrAa B YpPaBHEHHM CBASH OTJMYHA
OT HyJA BCEro 0OfHAa NOCTOAHHAA Ay, T0 IJaA A GyIyT BO3MOJKHEI BCe
3HageHMA Ay, KpoMe A,,. 3HadeHme A, Gymer Kak GH BHOagaTh OPH
aToM.

CiemoBaTeIbHO, €CJH HAYaJdbHOE IOJOKEHHE PaBHOBECHA ORLIO
ycroiiuuBeiM (Bce Ay > 0), To mepeMme;xaiom(aeca ¢ A, 3HaYeHUA A
OyAyT Tax:Ke BCE MOJIOKHMTEABHBI, TEM CAMBIM IPH HAJOKEHHH HOBOM
cBs3d OGyHeT COXPAHATBCA YCTOHYMBOCTD NOJOKEHHA PABHOBECHA.

Ecau paBHoBecme mMeso cremenh Heycroigmsocra Goubmme 1 (umc-
JI0 HeNOJIOKUTEHbHKX Ay), T0 HEYCTOHYHBOCTh PABHOBECHA COXPAHMT-
¢ ¥ OPH HAaJOKeHHH OXHOH HOBOH cBsizu. Eciu ke 4ucio Hemoaomxm-
TeJIBHHX Ay OHJI0 paBHO 1, To HaJOKEeHAEM ONHON HoAXONAmMEd HOBOH
CBA3M PABHOBECHE CHCTEMEI BO3MOKHO YIPOYHHTH.

Banaune puccHnaTHBHBIX CHI

39. Ilycrs f mpefcTaBIACT OIpe/eNeHHO-IIOI0MKHATEIbHYIO BeINecT-
BEHEYI0 (CHMMETPHYHYI0) KBajpaTHIHyl® ¢$OpMy OT CKOpPOCTeH v
¢ HOCTOAHHBIMH KOIPOHIHEHTAMU Cup = Cpul

2f = D) copTuzp-
af

O606mennne cuianl Xy, COCTaBAAIILEE KOTOPHX OHPEeNs0TCH COOT-
HOLICHAAMH

aopn Heapsur mpepio:xun maswBaTh duccunamuexblmu. K takaM ca-
AaM TOPHBEAKAE)KAT OOHYHHE CHAH TPEeHHA, AeHCTBYIOI(HE HA TOYKH
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MaTePHAJbHON CHCTEMH B HaNPaBIeHHWH, NPOTHABOIOJOMHOM HX CKO-
pocTH, M IPONOPHHOHAJbHHE BeamunHe mociaenueil. Dymxmmo f Ha-
SHBAIOT PynKxyuell pacceanus MM Juccunamusnoii gynryuel Peaes.
Ecan s1a gysaxunun Peses f conep/XKAT NpPoA3BOIHEKE BCeX HOPMAJBHBIX
KOOPAHHAT, TO AUCCHIAIWIO HA3HBAIOT NOAHOL; B IPOTHBHOM clydae —
YACMUMHOLL.

JomycraM, 9T0 Ha MaTepHAJABHYI0 CHCTEMY, KPOMeé paccMaTpHBae-
MHX DOTeHOHAJIbHHX CHJ, HEeHCTBYIOT ANCCANATHBHHE CHJH ¢ QYyHK-
nueit Pemes f. YpaBHeHus Mammx ABm;KeHHH TaKoil MaTepuajbHOM
cHcTeMH BOJIHM3H ee IOJOKEHHA PaBHOBeCcHA OYmyT

dz, . dz, af
7: Ty -dT-'——;»vIv—:?;?-. (21)

BausHne QuCCHNATABHHIX CHJI HA YCTOMYHMBOCTD DABHOBECHA HM3Y-
" quax nopg Keansuu; o moxasan caeayiomme TeopeMH.
Huccunamusnble cuabl He HAPYWLAOM YCMOUEMUBOCU.
B camoM gexe, eCIH m0JI0;KeHNE PABHOBECHA YCTOHYMBO IO JeicT-
BHEeM OfHHX NOTeHIHAJbHHX CHI, TO Bce Ay moJjokuTenabHul. Ilonnas

JHEePrusa CUCTEeMhL
1 . 1
=5 ) @+ g D b
“

v

Oyner ompefeeHHO-IOJOKUTENbHON KBagpaTuuHoit (popmoit cropoc-
Ted Iy M KOOpAWMHAT Zy. Ee moJHas mpoM3BOAHAA IO BPEMEHH B CHJIY
ypaBHermit (21)

H' = -2f.

npeficTaBiAeT INOCTOARHO-oTpUIATeAbHY0 ¢yHKiuio. Coraacso Teo-
peme JlanyHoBa 06 ycTOHYMBOCTH, OTCIONA BHIBOXHM, YTO IPH [OIOJ-
HATEJbHOM NIPHCOCANHEBNH NAWCCHNATHBHHIX CHJI IOJOKEHMe PpaBHO-
BeCHA OCTAeTCS YCTOMYMBHIM.

Ecau pasnosecue ycmoiinuéo npu nNOMEHYUAIbHBE CUAAL, MO OHO
CMAKOBUMCA ACUMNMOMUYECKU Ycmoliusum npu OdobasieHuu duccu-
RAMUSHWZ CuA ¢ NOAHOU Juccunayuell.

HedicrBaTe1bHO, pPaccMOTPEM (YHKIHAIO

W=H+5va1'v-
v

IMocrosnnylo f Becerga BO3MO;KHO BHOpaTh Tak, 9ToOMW QyHKIHA W
OblIa ompeje/IeHHO-IONOKATEAbHOM, JluckpmmuHanut W umeer Bmp
050 1 11Bd;; 1l
1805 1 1 A8,
Ecxa Bce A; cyTh MOXOKHMTENbHHNE UACIA, TO BCETA BO3MOKHO BH-

6path P cTonp MaNHM, 9TOGM BCce TJaBHHE NUATOHAJIHHHE MHHODH
3TOTO JUCKPUMHHAHTA OHUJIM IOJOKATEIbHH.




BJIMAHUE MUCCHIIATHBHBIX CHJII 87

Ilonnas npomasognas mo Bpemens oT ¢yskmun W B cuay ypas-
mennit (21) ecthb

— 3 ey — 8B i + B Dhaad + B Seyzia] -
JMCKPEMUHAHT CTbﬂmeﬁ B KBaJpPaTHHX CKoGKax QopMmu

j c--—ai,-su B

s || 18,00

OPH JIOCTATOYHO MAJIOM HOJIO/KHATENBbHOM P, KOIJla IpH ONpe/ejeHHH
3HaKa TJaBHHX JHATOHAJBHHX MUHOPOB BO3MOKHO NpeHeGperartsb
9IeHAMH ¢ BHICHHAMH CTeHeHsAMu [} 10 CPABHEHMIO C YICHAMHE ¢ HE3MIeH
cTemeHblo B, 6yaer mMeTh IOJIOKATEILHHMM BCE CBOM TJIABHHE J(Ha-
roHaJIbHHE MHHODH, H6o auccunaruBHas QyHKuusa Penea f smsasercs
oLpefeIeHHO-TT0I0KHTeIbHOI,

Hrak, npm pocratouno MajnoM HOJOKEHTEAbHOM [ Qynkuus W
Gyzer ompeReJeHHO-IOJNOKUTE]bHA; KAK He 3aBHCAMAX ABHO oT I,
OHa Jomyckaer 0eCKOHeYHO MaJIHil BHCIIMA IpexeN; ee NPOM3BOXHAR
‘W’ npm ykaszannoM BuGope f§ Gymer QyHKumeH ompexeseHHO-OTPHIIA-
TeabHOH. BHmosHeHue 3THX ycaoBmil coraacHo Teopeme JlamyHosa
00 acCHMITOTHYECKOH YCTOMIMBOCTH JOKA3HBaeT HAIle yTBEPKIeHHE.

Pasymeercs, ecam guccMmauusa HEHMONHAA, TO YCTOAYMBOCTH PaB-
HOBECHA, CYMECTBYIOMAA NPH OXHUX HOTEHNHAIBHHX cHJIaX, He 6y-
AET YHPOYHATLCA OT K00aBIEHAA TAKMX THCCUIATHBHHX CHJ O ACHMII-
TOTHYECKOH YCTOMYMBOCTH.

H30auposannoe u Heycmoiinusoe npu nOMEHYUAALLHHT CUAAT Pas-
-Hoeecue He Moxcem Gbimb cmabusuauposaro uccunamueHuMU CULAMU
€ noanol duccunayueii.

Hoxkaszareasncrtso. Ilycts cpeau Ay cymecTByer 0 MeHb-
meit Mepe OfUH OTPHIATEILHHA KOdPPHUIMEHT W HeT HM OHOTO, PaB-
Horo myaio. Paccmorpum QymHKumo

W =H + B D hyay 2.

Ee nosnas npoussonuas mo spemenu B cuny ypasmenmit (21) ectb
W = — [E (cpy — SpuvBhy) wav B 2! Ay +B Xl chuvx;,xv] .
wy

Muckpuavunanr kpagpaTnanoit PopMul, cToAmeRr B KBaJIPaTHHX CKOG-
Kax, ecrs

X
Bl |

e uy uvﬂ”v I

T Cuvhy
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Ilpm 0cTaTOTHO MAJIOM IOJOMHMTENAbHOM f§, KOrJa IPH oOIpejel]eHUuH
3HaKa TJaPHHX JHATOHAJbHKX MHHODOB 3TOr0 JUCKPAMHHAHTA BO3-
MOKHO NpeHefperaTh WIeHAMH ¢ BRICHINMHA CTEOEHAMH [ OO cPaBHe-
HOIO C YJAeEaMH ¢ HA3IMIHAMHA CTeOeHAMH [}, Bce riaBHHE MHHODH O0Yy-
AYT HOJOKATEJBHH, €CJH AUCCHHAIIMA NOJHAA M HE OFHO M3 A, He
ects Hyab. IIpm Takom BuGope P mpousBoguas W’ Gymer ompenmeaen-
HO-OTPHI{aTeIbHOE (QYHKIEEH NepeMeHBHX xzy, zy. Oyuxkmua W no-
nyckaer GecroHedHO Majui BHCIIME mpeges, Kak yHKOuA, He 3a-
BHCAIIAA ABHO oT i; npm 3ToM Pyukumio W Hagie:xammuM BHGOpOM
3HaYeHHH Iy, Zy B CKOJb YTOAHO MaJOX OKPEeCTHOCTH TOouKm zy = 0,
zy = 0 MO}KHO cllelaTh oTPHUaTenbHOHR, ITHM Pyurnua W, yaosier-
BOPRA BCEM YCJOBHAM TeopeMul JIanyHoBa o HeycrodumpocTH, HOKa-
3EBaeT YTBEP:KIeHHE.

CrydJam HeA301MPOBAHHOTO NOJOKEHHA PABHOBECHA BO3MOKHEL,
KOT[a HeKOTOpHE H3 Ay cyTh Hyiad. Eciau HeHyjeBHe KODHH BCe IO-
JIORATENbHN, TO HEYCTORYHBOCTH HPH HOTEHEHAALHHX CHJIAX CYy-
miecTByeT 3a C4eT BEKOBHX YJI€HOB, NOABJIAKIIAXCA B BHIPAKeHUAX
A5 IePeMEeHHHX Iy, OTBEYAIOMAX HYJIEBHM KODHAM; TaKyl0 HEyCTOH-
YUBOCTh [HCCHOATHBHBIE CHJIB MOTYT CTaGMIM3HPOBATH; HanpHMep,
cmra X; = —kx; (k> 0) crabmamsmpyer paBHoBecMe B cJaydae,
Korga A; == 0, a ocTajbHKE Ay MOJOKHATEIHHH.

HokasarenbcTBO HEYCTOMYHBOCTH IPH H00aBACHHH JUCCHIATHEB-
HBIX CHJ B Cly4ae, KOIXa cpeil A, HMEETCA IO KpaldHeHd Mepe ORHE
OTPHUATEJbHHNH KODEHb M HECKOJIbKO PAaBHHX HYJI0, HTPHUBOIHUTCSH
K PAaccMOTPeHHOMY I€PeXofoM K HOBHIM IepeMeHHHM

Ty = yve”,

rae € eCTb HOXXONAIIUM oﬁpaaoM Bmﬁpa}maﬂ OOoCTOAHHAA,

Bananue THPOCKROIMAYECKHX CHI

40. Cuam
Xy = % gvux;l (gvp = — guv)s

paboTa KOTOPHIX Ha [EHCTBUTEILHOM MEPEeMEleHHuU BCerjia paBHA HY-
a0, 1opA HeansuH mpefsioxmm Ha3HBATh 2UPOCKONUMECKUMU.
Pasnosecue, yemoiivusoe npu 00HUT NOMEHYUAALHBT CUAAT, COTPA~
Haem Ycmoiinueocmsv npu 006as4eHUL 2UPOCKORUNECKUT U duccunamus-
HBL cUa.
B camoM pmexe, mpu noGapieHEH TakEx cua gaddepeHIHANBHHS

YPaBHEHHA BO3MYIIEHHOTO ABM:KeHHA BOJIH3H II0JO/KEHHA PAaBHOBECHA
HMEIOT BHJ

dr . dzx

v
ar = e _7=—7vv1v—-’—.+xv-
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Ecaa pasBroBecme ycToi4MBO OPH OAHMX MOTEHOHAIBHHX CHJAAX, TO
Bce Ay mOJoKETEABHH. IIpmM 3TOM mOMHAA SHEPrAA CHCTEMH

H= %(Zx;? + vaxs)
v v

OpeRCcTaBIAeT ONpeleJeHHO-HOJN0KUTEeNbHYI0 GyHKmmio. Ee nmonHas
npousBoRHas H' B cHAY ypaBHEHHMI BO3MYI{EHHOTO XBH:KeHHA

H = —2f

He Oyger no/0;KuTeApHOH, HE3aBHCHMO OT TOro, GYyAYT JH XACCUHNATHB-
HHEe CcRJH 061aJaTh MOJHOM MM YaCTHIHON AHCCHNANMEHR HMJIE HX
cosepmenHo He 6yaer (f = 0). Orciona, cornacuo teopeme Jlamyrona
06 ycTOHYHMBOCTH, HEMOCPENCTBEHHO BHTEKAET yTBEP;KAeHHe HeJabBH-
Ha O COXPaHEHHH YCTOMYIABOCTH DPAaBHOBECHA IPH R0GABJIEHHH THDO-
CKONOAYeCKEX M [JUCCENATABHHX BO3MYMIAIOUAX CHJI.

Hazoauposannoe pasmosecue, neycmoiiuusoe nod deiicmeuem nomer-
YUAALHBEL CUL, OCMACNCA HeYCMOUMUEHM npU 006asienuu 2upockonu-
YECKUT CUL U CUA JUCCUNAMUBHBE, ecAl nocaednue 064adaiem noamol
duccunayueli.

HoxasarenbcTBO JIETKO HOPOBOXMTCA paccMoTpeHmeM (YHKINH

W =H + ﬁZkvx;xv,
v

KOTOpas OPH OTJIMYHHX OT HYJAA A M HPH IOJHOE AmccHpauuu Gymer
AMETh OIpejeeHHO-OTPANIATEAbHYIO Npou3soiuyo W', ecan moxoku-
TeJbHasa moctosHHad f Gymer BuOpaHa HocrarouHo Manol. OyHKumA
W, kxaKk He 3aBHCAI@AA ABHO OT ¢, [OUYCKAeT GECKOHETHO MAJHil BHIC-
MEA npepes; ¥ cKouab Obl MaaH WO aGCOAITHON BEeJHIMHE Ty, Ty HE
OplH, MX MOKHO mofofparts Tak, 9To6nt W 6nia oTpmnarenpHO, uGo
cpenm A, Gymer cymecTBoBaTh 10 MeHbINE Mepe 0JHO OTPHLATEJbHOe.
HeycroiamBocts caenyer no teopeme Jlanymoma m. 14,

Ecau neycmoiiuugocms usoauposaniozo noioxenHus pasrosecus nod
delicmeuem OOHUT NOMEHYUANLHBT CUL UMEE HEYEeMNYI0 Cenelb, mo
2UpOCKOnUYeCKan CMabuiu3ayus pPAsHOBECUS HEeB03MONCHA.

HeficTBuTe.IbHO, IPH OTCYTCTBAE JAHCCHIATHBHHEIX CHJA (4TO HeECy-
IIeCTBEHHO M NPHHATO JHIIb A ynpomeHusa GopMmyn) ypasHEHAR
OBUKEHHUA CYTh

”

Ty = — hTy + ngufh (Guv = — gw)-
n

lycTe umcao oTpunartensHux A, HederHo. [lJIA M30IMPOBAHHOIO mO-
J0KEeHUA PABHOBECHA BCe Ay OTJHMYHH OT Hyasa. XapaKTepucraiecKoe
ypaBHeHHe AJA 3TOH CHCTeMBl YPABHEHHH BO3MYIIEHHOIO JBYKEHHA
ecTh
M-AT. —g A
AR =|..... ... ... ]=0.
—ggh . A A

n o’
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Nmeem
AO)=2n ... 0 1 A(Arso > 0.

Ilpn neueTHOM Yuciae OTPMIaTeNAbHHX A, Bupaxenua A (0) u A (oc)
6ynyr pasaux 3Hakos. CimenoBatenbHo, ypasHeHme A (A) = 0 mmeer
IpA 5TOM 10 MEHbIIeH Mepe OfMH IOJOKATEIbHHHE KODeHb Jasa A.
ITUM HEYCTOHYMBOCTH NOKa3aHa.

I pu useecmuuix ycaosuszr pagnosecue, Heycmoiiuusoe nod delicmeuem
O0HUZ NOMEHYUAALHNT CUL, MONCHO YNRPOYHUMb UAU CIAbUAUUPOSAMY
doGasaeruem nodTOOAWUT 2UPOCKONUHECKUT CUL, €CAU CMEneHb Heyc-
moiiyueocmu He Golaa Hewemuol u npu amom He dobasasiomcea duccuna-
musnvle cuaw, obaadawwugue noanoii Auccunayueil.

Yr1o6u noKasaTb BO3MOKHOCTH THPOCKOIHAYECKOH cTabmiam3aanun
B TAKHX CJOAYYafAX, BHAEJAM HAaPH HOPMaJbHHX KOOPAHMHAT, OTBEYal0-
mue oTpHUaTeabHEMM Ay. IlycTh ogHa Takas mapa mepeMEHHHIX HMeer
caeyOIHe ypaBHeHAd ¢ Xo0apieHNeM I'MPOCKONHYECKAX CHJI:

”

" = —ax + gy, ¥y = —Py — gz’,

rae o ¥ B orpmnarejbHH. XapaKTepucTAYecKoe ypaBHeHHe TaKo# cu-
CTEMH

A@Q)=M+1(@E+a+p)+ap=0

GyAeT MMeTh YHMCTO MHHMHE KOPHH, eciaH Ais A’ oHO UMeeT OTPHIA-
TeJbHEE XopHU. llocimenHee mpom3oHpeT, eciu

g +a+p>0, (g8 + o+ ) —4ap > 0.

Ecnanm mocroAHHas g yXOBJETBOPAET IOCJHeJHMM HEpPaBEHCTBAM, pPaB-
sosecue Oynmer crabmiamamposano. IlpexnorxeHme nokasaHo.

Ho ecam Ha MaTepHaJbHYI0 CACTEMY [eHCTBYIOT CHJIB ¢ PacCeH-
BAaHMEM ODHEPIHM IPH JTIOGHX NeHCTBUTENBHHX IepeMemeHusAX, TO
THPOCKONAYECKana cTabuamsanusa N0 JOKAa3aHHOMY BHINE HEBO3MO;KHA.
A TaK KakK B JeHCTBHTENHHOCTH MaJihle JHCCHIATHBHLIE CHJH ¢ MOJHOH
AuccHpanHedl Bcerga CYMECTBYIOT, TO TMPOCKOmHYecKas crabunmsa-
IMA AMeeT AJA Hallled HeACTBHTEILHOCTH BPEMEHHOE 3HAaUeHHe U Ha-
pymaerca, XKoab CKOPO Ha CHCTEMY HONEHCTBYIOT AMCCHIOATHBHEE
cHAHN ¢ moaHo# guccmmanmeii. IloaroMy nopa KeasBHR mpepgioskui
HA3HBATH 6PEMEHHOI YCTOHIHBOCTH PABHOBECHA, IOJYZaJOmMYIOCH OT
THPOCKONHYECKOM cTa0mimM3anuM, a yCTOHIMBOCTh PAaBHOBECHHA, CY-
MEeCTBYOIY0 OpPH AeHCTBHH OJHUX NOTEHIHAJLHHIX CHJI, OH Ipea-
JOKHAN HABKIBATH 6€K060L.

IIpumep. Ienrp mmxecTH apTHIepHHECKOTO CHApANa [ABH-
JKETCA B BEPTHRAJBHON IJIOCKOCTH CTPeIBOH Ef BAOIL OCH §, KOTOPYIO
OpEMEM [JA HPOCTOTH ropm3oHTaidbHoit. Ilycte z — ock cHapana;
U — DOCTOAHHAS CKOPOCTh ero lieHTpa Ta:kectd; ] — IpoeKmEs ocH
CHapAAa Ha IJIOCKOCTh CTPeNbOH; ot — yrox Meskay I u z; p — yroa
Mesxny & m I; £ — ropmsoHTaIbHAR OCh, [ — BEePTHKAJbHAA, & 1] —
TpeThA och JeBoit cmcteMu (Eng). 3amaua sTa ABAAETCA H3BECTHHIM
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npubam;keHreM [JId JBM:KEHHS CHApAXa OO BecbMa HACTHJIBLHOM
TPaeKTOPHH. :

Iomsmuyio cucreMy ocelt (ryz), HMeOmMYI0 HAYaJ0 B IEHTpe
TAKECTH CHApAXa, ONOpelelHM KHHEeMAaTHUYCCKH, YTOOH TeM CaMEM
TIOKa3aTh TOJIOHOMHOCTH HEPEeMEHHHIX, KOTOpee OYyAyT ompenexsrtsh
HOJIOJKeHHE CHAPANA OTHOCHTENBHO ero meHTpa TtaectH. CHawana
nosepreM cacremy (§nC) Bokpyr ocm v Ha yrox P Tak, 9Tol6H och §
nepemia 8 och I, HOBOe MOJO)KeHHEe OCH [ Ha30BeM 1Uepes z, IOJy-
9mM cucTeMmy (/1)z); HOCHETHIO NOBEPHEM BOKPYr OCH Z HAa YIOJX o
TaK, 4TO0OH och / mepemiia B 0oCh I, MOJYYEHHYI) CHCTEMY Ha30BeM
(zyz). Ilycts © 0Go3HadYaeT yroJ mOBOPOTA CHAPAAA BOKPYT €ro ocH r
B cucteme (ryz). I3 kxuHeMaTHYIECKOro ompeseeHns HEHOCPEACTBEHHO
eleayer TOJOHOMHOCTh NEePEMEHHHX ©, o, f.

MraoBeHHAA CKOPOCTh BpaIIeHMs CHAPAJAA ABIACTCH DPe3YJIbTH-
pylomei yrioBex ckopocte o'y a’, f§’, COOTBETCTBeHHO HaIpaBJeH-
HHX 10 HOJO/KHTEJIHLHHM OCAM I, Z, 1); OTCIOAa €e HPOEeROUHA P, ¢, I
HA OCH I, Y, 2 OYAyT paBHH

p=o 4+ p sina, g=pf cosa, r=2a'.

Husaa cuna BpamaTeJdbHOI'O ABMKEHHMA CHapsAna HMeeT H3BeCT-

HHH BHJ
2T = Ap* 4+ Bg* + Cr?,

rae A, B, C 0603Ha4al0T MOMEHTH HHEPHUH CHAapPAAA OTHOCHTENHHO
oceit z, ¥, z. [{na OGHYHKX IPOROJITOBATHX CHAPANOB, IPECTABIAIO-
mMUX TeJl0 BPANEHHA BOKDYT CBOEH OCH, BCe 3TH MOMEHTHl WHEeDOHUH
OpPeCTaBIAIT NOCTOsHHBIe Beauwymanl C = B > A.

MomMmenT peiicTByomeil Ha CHapAj ONPOKHJLIBAIOMEH Hapsl Ha-
npaBlieR OpPTOTOHAJBLHO IUIOCKOCTH, OpOXOoNAmeHd depe3 CKOPOCTH
HeHTpa TAKECTH U M OCh CHAPAAa T B CTOPOHY, OTKYXAa BpameHHe
OT UV K T KasKeTcA MHOJOKATENbHHM. [{pyrue mapu cmi, AeHCTBYIO-
mMHEX Ha CHApAN, He NPHHMMAKTCA BO BHEMaHWe. BelnmunmHa ODpOKEH-
neBajomed mapsl K = a sin 9 3aBHCHT OT HOJOKHTEeJBHOH BeJIMIHHE!
a = a (V) m 0T yriaa y MesKIy CKOPOCTHIO II0JIeTa U M OChIO I; COS ¥ =
= cos o cos B. Beanuunsr 0606meHHHX JarpamxeBsx cux @ moxy-
9aJ0TCA HENOCPEACTBeHHO M3 BHIPa;KEHHSA BO3MOKHOH DaloTH ompo-
KHABBaOmMe# mapsl

a sin 8y = —ab cos y = a sina cos f 6a + a cosasin f 8f.

IlndpdepernnanbHHIME YPABHEHAAME BPAIATEIHHOTO BIKEHHA
CHapsana ABIAITCA ypaBHeHHA Jlarpamka [JA IepeMeHHHIX ®, a, f.
.OnBo B3 ypaBHEHHI HENOCPEACTBEHHO IPHBONKUT K HEPBOMY HHTErpay

Ap = const, oTBeRaOmMEMY NHKJIHIECKOX KOODAHHATE ®; /BA APYTHX
uMeloT BEHX, ycrasopiaenmuii A. H. KpsuroBeiM:

Bo" -4 Bp" sin a cos & — Apf’ cos o = a sin & cos B,
Bp" cos o — 2Ba/f’ sin @ + Apa’ = a sin .
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YMHO;KaA DTH ypaBHEHHS OAH Pa3 COOTBETCTBeHHO Ha o', B’ cos ¢,
a ppyroii — ma sin f,— sin @ cos } ¥ cKIagsBasg WO OTHENHHOCTH
KaKAb# pa3, nocie HEKOTOPHX IPOCTHIX IpeoGpasoBaHMil M WHTEr-
PHMpOBaHHMsA NOJYYaeM [JBa NePBHIX MHTerpaja:

— (@ 4 P cos*a) + a cosacosP = £,

B (o' sin p — B’ sin @ cos a cos f) + Ap cos & cos P =

3a HeBO3MYMEHHCE [BH;KEHHE CHApPANA MH IPHMEM 9acTHOE pe-
menue o =0, p =0, o’ =0, f' = 0 guddepenymajabHLIX ypas-
Henni gewrenuA. J[AA TaKoro HeBO3MYIEHHOTO JBHJKEHUH ypaBHe-
HHSAMM  BOBMYIIEHHOTO [BWKeHHsa Oyayr auddepeHiimaibpHbie
ypasuenna A. H. Kprninosa. IlepBnii m3 mHTErpanoB sBiSeTCA MH-
rerpaiioM H = h, monygaomumca oo Merony (n. 9) urHopupoBaHusA
OHUKINYECKOH KoopamHaTH ; upu 3ToM Qyukmusa V = H — H, He
ABIAETCH 3HAKOOUPENeIeHHOM.

Jlna pemreHus 3ajadd yCTOHYMBOCTH IO OTHOHIEHHIO K IeDeMeH-
HEM a, P, @', §' yMHOKEM nepBHH W3 MHTerpasoB Ha Ap, BTOpOR
HA — 2@ M CIOKHM:

W = #(a"-" + B%cos*a) —
— 2Ba (&’ sin p — P’ sina cos o cos f) — Apa cosa cosp.
ITepsoe npnﬁnmﬁeune unterpaia W + Apa = W, 4 ... ecth

BAp

Wy— — 2Baa'p + 2L g B g2 4 2Bapra 4 Ao,

Ksanpa'mqnaﬂ dopma W, COCTOMT M3 ABYX ONHOTHIHHIX KBagpaTHd-
HBIX (bOpM; MOCTAaTOYHO pAaCCMOTpETh OJHY M3 HHX
, A
=B ot 2Baa'p 4 2pe.

Popma f Gyger Torna 3HAKOOUpPEAeICHHOA OTHOCHTENLHO BXOAAMMX
B Hee IEePeMEeHHBIX, KOI[{a HOJNOKHATeNHHHIM OyHneT ee AUCKPMMHHAHT

BA
=% —Ba
A ]
—pe e
T. €.
® _ 4Ba > 0.

dro — mcKomoe yciaosme. Ecam oHo ynosiersopeHo, To ¢dopma f
OynmeT 3HaKOONpe[eJieHHOH oTHOcHTedbHo o, f; BMecte ¢ Qopmoi f
GyneT IpH 3TOM 3HAKOONIpPe/leIeHHOi OTHOCUTEIBHO a, B, a’, P’ dopma
W,, a Tem camuiM 1 maTerpan W -+ Apa. Takum ob6pasom, W -+ Apa
VHOBNETBOPAET BCEM YCJIOBHAM CJACTBAA M3 TeopeMsl JlamyHoBa
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00 yCTOHYMBOCTH; OTCIOfA 3aKJIIOYAEM, UTO eciM coOMI0ZeHo mocieqHee
HepaBeHCTs0, TO paccMaTPHBaeMoe HEBOSMYIIEHHOE [BHKeHHe CHa-
paga (¢ = B = a’ = B’ = 0) OGyger yCTOHYHBLIM.

PaccmoTpeHHan crabuian3anusa CHapAfla MMeeT THPOCKOHHYECKYIO
OpHPOAY M B COTJACHH ¢ Hpelio;keHneM HeabBEHa NOM:KHA Opomna-
AaTe HpPHA CYINECTBOBAHMW INOJHOH auccunamum. JleHCTBHTENBHO,
mo6aBUM K IepBHIM npnbam;keHEaM AudGepeHIMaAbENX YPaBHEHHAH
ABHKEHHA MaJible NMUCCHOATHBHBIE CHJABl, HPOM3BONHEE OT HEKOTOPOH
¢yrKknun Penea

2f = ba'® + 2ea’p’ + cp'?,
rfie Majsle TOCTOAHHHE Koa$PunneHTH b, €, ¢ YHOBIAETBOPAIOT yCJio-

BHIO oupefeilenHoll noxokuteabroctds b > 0, be — ¢ > 0. Bynmem
HMeTh

Ba" = ao + App’ — ba' — ef’,
Bp" =ap — Apa" — ea” — cf’.

qTOﬁLI JAOKAa3aTh BIOJHE CTpOI‘O, 970 JUCCHIOATHBHARIE CHJIBL pas-
PYIIAIOT THPOCKONHYECKYI0 CTalHiIM3alHi0, PACCMOTPUM KBaJpaTuu-
Hyw ¢opmy

W = B (o2 4-p) — o (a2 + P?) — 2¢B (oo’ + Bp)-
IlonokuTeNbHYI0 HOCTOAHHYIO & onpeneaum mocie. Ilpomssognas or
W B cuany ypasHennmit nepsorc npubimkeHEs Gymger
W =—[(b + 2¢eB)a"* + 2ea’'f’ — 2ebot’ct -+

+2(Ap —e)ea'P + (c + 2eB)p* — 2 (Ap + e)efa —
— 2cef'p + 2ean® + 2eap?).
JlacKpUMUBAHT KBagpaTHIHOR QopMbl — W' ecTh

b 4- 2eB e —be (4p — e)e
e ¢+ 2eB — (Ap - e) & —cg
—be —(Ap+e) e 2ae 0
(Ap — e)e —ce 0 2ae

Brinoca u3 Tperbeil s 4eTBEPTOH KOJOHOK HTOTO ONpeefuTeNsA obmuii
WOJOXUTEJbHBE MHOKHTEIDb €, 34KJAK0493eM, 9T0 OPH HOCTATOYHO
MaJIOM €, KOTla NPH ONpefeJeHHH 3HAKa BCeX IVIABHBIX JHMATOHAJb-
HEIX MAHODOB JHCKDHMHHAHTA BO3MOKHO NpeHeOpedh YICHAMH ¢ BHIC-
MEMH CTENEHAMH € IO CPABHEHHI) ¢ WIEHAMH C HMBMIMMH CTCNeHAMA
€, OTH MHHOPH GYRYT HONOKUTENLHLIMHA; CIEX0BATEILHO, IPH TAKOM £
paccmatpmBaeMas ¢opma W' Gymer onpepeieHHO-OTPHIIATENBLHOIM.
®opma W ponyckaer GecKOHeYHO MaJiki BHICHIMA nHpefes Kak
byEKnEA, He 3aBMCAmMAd OT BpPEeMeHH; BHOOPOM YHCICHHO CKOJb
yrogmo Manmx a, §, a’, B’ dopMy W Beerna Bo3MOKHO CenaTh OTPH-
natenbEOH, T. €. ogHoro 3gaka ¢ W’. Orciona B caxy teopemu Jlamy-
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HOBa& O Heyc'roiiqnnoc'm 3aKJI0YaeM, 9TO AHCCHUINATUBHLIC CHJIBI Pas3-
PyYmaT IrHMpOCKOHNHYECKYIO CTaﬁl/IJIH(‘laIIHIO CH3pPAXa M 4YTO THPOCKO-
IIA9eCKaA c’raﬁnnnaan‘m{ CHapAna ABJIAETCA BpeMeHHOﬁ.

HexoTopblie BHIHYKI€HHbie NBHKEHMA

41. BoabmUHCTBO BBHIHYKACHHHX IBU;ReHHHE KaKoi-1mbo Mexa-
HHUYECKOM CHCTeMHBI Geper CBOe HAYAJO B KOHEUHOM CUETe B ABYKEHHH
HEKOTOPOH JPYroH CHCTEMBI, KOTOpas BO3AEHCTBYeT HAa INEPBYI H
B CBOK OY€Pefbh €aMa HAXONHTCA Hoj ee BoajeiictsueM. Hepeako
NABH;KEHHE BTOPOH CHCTEMBI PACCMATPMBAETCHA MPH 3TOM HPHUGIMKEHHO,
KaK 3afiaHHOe ¢ HTHOPHMPOBARHMEM BO3[AeHCTBHA CO CTOPOHH IePBOit 1).

OcragoBUMCA HA cliydae, Korga o6e CHCTeMB HAXORATCH B BO3-
MVIEHHOM [BHKeHUH BOJA3H HX II0JO0KEHMA PABHOBECHA, M BEHI-
guciaeAne OyfeM BeCTH B HOPMAJBHBIX KOOPAHHATAX HJIA BO3MOKHO
Goaee mpocroro caydag. Ilycte asmwenms asyx cucreMm (z) m (y)
3aal0TCH yYPAaBHEHHAMH

”

¥ = —qx — xx' + py’,

v = —By.

Caygali 9TOT MOKeT IPEACTABHTHCA, ecau B cucreme (y) mpeHeGpe-
raeTcs COCTABJAIOMEH THPOCKONNYECKOH CHIBI —Muz'; AHUCCHOANHAA
aBaAercs vJacTuyHoi. IlocToAHHBIE % W W HYCTH NOMOKHTEIBHH.
PaccmorpuM caxydai, Korga o # ) OHOBPEeMEHHO IOJOKUTeAbHb, —
HHHIMA CJOBAMH, Ciaydad, Korga Oe3 npeHeGpe;keHHs THPOCKONH-
qecKoit cuiofi —uz’ uMesa GBI MeCTO BEKOBAS YCTOMIABOCTH B CMEICIE
Keassnra. Ilyers mas umpocroter o = n?, B = p?, rtorma

(22)

——-i-sin t
y wp pt-

VYpasaesue nuas cucreMol (r) UPH ITOM IPUHUMAET BHJ
" -+ »a' -+ n*r = A cos pt.
[Ipamem
= @ cos (pt — &)

H IOACTaBHM B ypPaBHEHHE
a (n* — p?) cos (pt — €) — upa sin (pt — &) =

= A cos &£ cos (pt — &) — A sin € sin (pt — &)
OTKYJA, IpMpaBHABag KoddduuuenTs: npm cos (pt — ¢) usin (pt — &),

aMeeM
a (n®* — p?) = A cose, apx = A sine,

L Crperrt M. B. (nopu Paneit). Teopua ssyka. T. 1: Ilep. ¢ amra.—
2-e m3g.— M.: Tocrexmsmar, 1955.— (Cm. m. 51).
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TaK 49T0 (JACTHOE) pemieHHe MOKeT ObiThb 3aNHCAHO CIENYIOMHUM 06-
pasom:
Asine
T = —— cos (pt —e),
rae
— dad
tg € = n2 — p2

Taxoe koieGanvie Ha3HIBAETCH GLIHYHOIeHHWLM; OHO ABIAETCH OT-

- BETOM Ha BO3JlHCTBME CHJH My', OKa3aHHOe HA CHCTeMY (I) m3BHe.
AMIZIATYNA BHHEYKACHHOIO KOJde0aHWA NPONOPIHOHAJNbHA AMILIH-

Tyfe cHAB A, a mepMoJ TOT jKe, ITO M HePHOJ CHJIHL.
Pabora BoO3Mymaiomeil CHIbB HA BHHYKJEHHOM JBM/KeHHH CHC-
TeMHI (Z) 33 HePMOX CHJIBL BCErfa HMOJOKUTEIBHA

2n

2 qin2

pSy’x’dt:—é;’TnS- gcos2ptdpt——
0

w . A?sin?

\sinptcosptdpt:-n—%’—n—sw

A%singcose
DR
0
n0o

2

T

cos?’u du = m,
0
2n
S sinucosu du = 0.
0

PaGota 3Ta umeer maumGoabmylo BeimuyumHy npu sin ®e = 1, 1. e.
Korja $asa BHHY)KIEHHOTO KoJeGaHHs OTCTaeT HA 4€TBEPTH HePHOJA
OT Qa3el CHIIBI, 4TO HMeeT MeCTO, eCIM IeDPHOX BO3MYMAIOMmeR CHIbI
CoBOAJaeT ¢ CoOCTBEHHHIM IePHOAOM KoieGaHuWi cucTeMH (r), mMHAUe
n=p.

B cayuae pasnwuix nepuodos mpewue doaxcno Gumb npunamo 8o
SHUMAHUE, KAk Obt MAL0 OHO HU 6bli0 U Kak 6b HU 6bla He3Hayumedern
€20 pesyavmam npu n u p, He pasuwx dpye dpyey.

910 coolpaskenne BHICKazamo Peneem.

Ecau tpenme orcyrcTByeT M mepuHoOARl PaBHH 27 = p, TO OTBEUAN-
mas XapaKTePUCTHYECKAA A-MAaTpUIA

Ant —ph
175" e

HMEeT HenpocTOH 3JeMEeHTAPHHIMA JieJMTedb

(x2 __’\_ n2)2’
H, 3HAYAT, CKOJb OH Mana HH OHJIa aMIVIMTYJa KoJebaHui y, Heod-
X0EMO MOABATCA BEKOBLIE WiIeHH. PaBHoBecue cuctemsl (r) Gymer
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HeyCTOAYMBHIM, Y PAaBHEHHA B BAPHANMAX [JA BLIHY/KICHHOI'O JIBH-
JKeHHA

1/=-—A—cospt z:itsin t

KT ’ 2p P
OyAyT TOTO ke THNA, JHOIB BMECTO r, ¥ GyAyT CTOATH X BAPHALEH;
3JeMEHTapHHE AeHTeNHM GyAyT TeMH ke, 4, 3HAYAT, BBHIHY;KKEHHOS
aBm:reEAe OyneT HeyCTOHIHBHIM.

Heorga ke mepmoas! paBHM n = p u cymecTByer Tpende x > 0,
3JeMeHTADHBIE NEJATEeJH [IJIA XaPAKTePHCTAYECKOH A-MATPHUIHI CHC-
TeMbl (22)

A® - LxA-bnd —ph
0 33 - n?

OYAYT HPOCTHIMH
(A + n2%), A? -+ uh + nd,

Crano 6s1Th, KaK OBl MaJO TpeHWe HA OBLIO, B peumieHuu cucreMsl (22)
y:e He OGyger BEKOBHIX WJICHOB: PaBHOBeCHe CUCTEMB OyaeT ycToi-
9EBEIM B TOM CMEICJ€, 9TO BCErJa BO3MOKHO HAKTH CTOJb Majoe A,
qro6Bl aGCONIOTHBIC 3HAYGHHA I He NPEeBOCXONHIH 3aKa3aHHYI0 Ha-
nepex TpPaHsb.

42, B gacToamei ri1aBe yCTAHOBJIEHH npenio:xeHdd jgopxa Henn-
BHHA, MMeomiue Goabmoe 3HaueHde. Bo3aMymennble ABAKEHHEA MeXa-
HAYECKOH cHCTeMbl BOJM3H YCTOHYMBOTO IOJIO;KEHHS PaBHOBECHA,
rne NOTeHHaJbHAafA GYHKIHA AeHCTBYIOIMUX CHJI HMeeT MHAHHMYM,
AMeT KoJgebaTedbHBIH XapakTtep, ® HaobGopor. [oGasieHme guccH-
TATABHGIX CHJ HE HAPYMAET YCTOHYMBOCTA H HEyCTOHYMBOCTH PABHO-
BeCHA MAaTePHAJbHOH CHCTEMH!, CYIIECTBYIOMEro NpH MOTEeHIHAIbHEIX
canax. JlobGaBieHue ke TMPOCKOIHMYECKHX CHJI, He HADYIHAA YCTOH-
9HBOCTA TAKHX UOJOKEeHMHA paBHOBECEA, B HEKOTOPHIX CJAYYaAX,
KOTAa PaBHOBeCHMEe MMEET HEYCTOHYHBOCTH YETHOM CTemeHH, a JHCCH-
O3aTHBHEIE CHJbI He WMEIOT MOJHOH AACCHHANNAH, MOKeT cTabm:Im3upo-
BaTh HEYCTOHYABOE PaBHOBECHE.

IlepBoe ®3 »THX HpeNIOKeHMI HMeET CBOE CTPOroe BHIPAKEHHE
B Teopeme Jlarpam;ka o6 yCTOMYMBOCTH H30JHPOBAHHOTO HOJOKEHHH
paBHOBECHA OPH MaKcHMyMe cuiaoBod ¢ymkumd. Yrto 'Ke Kacaercs
IPYIAX HOPefJO;KeHHHA, TO B CBA3M ¢ HEMHY BO3HHKaeT Bompoc, OyxyT
and He OyAyT COXPAHATHCA B JeACTBUTEIHHOCTA ABJCHHA, NOXMeYeH-
Aeie adopnoM HelnBHHOM #3 paccMOTpeHHMH NepBOro NPHOAHAKEHHAA
YPaBHEHAHA BO3MYIIEHHOTO JBMKEHMSA.

K mociepreMy Boupocy NpPHBOXAT MHOTHE BajKHEIE HH)KeHEPHBIE
3aavy.



IFJTABA 6
YCTONYUBOCTH 110 TEPBOMY NPUBJIU;KEHUIO

OcHoBHblE TEOpEeMBI

Ho pa6or JlanmyHoBa B HCCIeOBAHHAX YCTOHYMBOCTH OrPaHHYH-
BAJHCh PACCMOTPEHUEM OXHOTO MepBOro upubiammenus. B mopmo6meix
UCCIeIOBAHUAX MO;KHO NPHATH K OmMUGOYHBIM BHIBOXaM. JlamyHoB
OOCTAaBHJI M Pa3pelmIMJ BOIPOC, KOTAA YPaBHEHHsA HepBoro mpubuau-
JKeHHMA TOJHOCTHIO paspemaloT 3agady 06 yCTONYMBOCTH M HeyCToi-
IHBOCTH.

43 [24]. Ilycrs nuddepenimarbubie ypaBHEHHA BO3MYIIEHHOTO
IBHJKEHHS HMMEIT BUJ

dz
Tts = P&+ -+ Pan¥n X, (s=1,..., 1), (23)
rore X cyts roioMopgHnie GYHRIMH 2y, ..., I,, HAYHHAIOMUECH

B CBOMX DAa3JO;KeHHAX C WJIEHOB He HIKE BTOPOrO HOPAJKA, a p,,
CYTh IOCTOAHHBIE.

Teopema Jlanynosa. Eciu eewecmeennvie wacmu scex
KopHeli A rapakmepucmuueckozo YpasHeHUS Nepeoeo NPUBAUNCEHU
OMPUYAMEAbHBL, MO HeB03MYUeHHOe OBUNCEHUE ACUMNMOMUUECKU YC-
MoiinuU60, He3ABUCUMO OM UAeH08 8buie Nepsozo nopadra maaocmu X .

Hoxaszarexscrtso. Ecin BemecTseHHBe YacTH BCex Kop-
Helt A OTPUIATEIBHBI, TO HA [UIA KAKAX HEOTPULATENBHBIX My, . . ., My,
HMEIOMMUX B CyMMe 2, He MOKeT YHHYTOKMTBCA BHPasKeHUe

mh + .. mgh,.

CrnenoBatespno, CymECTBYeT OIpeXeJeHHO-OTPHLATENbHAA KBAaApa-
THYHAA GopMa ¢ MOCTOAHHBIMH Ko3pdummentamu W, ynomiersopsio-
masg ypPaBHEHUIO

2;-1 ow 2

dr (pslxl _’f_ .. —L psnxn,) = + e + 1721
s

Torma

aw Y AW
W:xf—F-----{-l’iwL'L X,

6zs

4 H. T. Yeraes
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OyaeT OmpeNeJeHHO-IMOJIOKATeAbHOK He3aBHCHMO oT X,, 4TO B NO-
KasHBaeT TeopeMy.

44 [24]. Teopewma. Ecau cpedu xopreti A, zapaxmepucmuue-
CK020 YPABHEHUS HAlidemcea no Menbuleli Mepe 00UM ¢ NOAONCUTNEAbHOI:
BEUfeCEEHHOLL HaACmblo, MO HEB0IMYULEHHOE OBUNCEHLE HEYCMOTUUEO,
HE3a8UCUMO OM UAEHO8 8HULE NEPeo20 Nopidka Maiocmu.

JNoxasateanbcTso. Ilycts Kopers A, AMeer HaMGOALIIYW
TOJIOKATEIBHYI0 BEIIECTBEHHYIO YaCTh H HNYCTh X — IOJOKATEIHHOE
qacio, MeHbmee o, = Re A;. Ypasmeune

Y oV
Zb?‘pslzl T psnxn): 2%V 4 .’I:i 4+ ... +x$l
3

MoskeT OBHITH COIVIaCHO TeopeMe Jiiepa 00 OXHOPOTHHX (QYHKIHMAX

2v =Y,

3aMACAHO CJeNYIOIHEM 06pa30M:
av ; . 2, 2
2 ﬁlpsixi Ao (Pss—R) Ty - - Psuxn] =y oo+ Tne
s

ypanne}me 9TO0 -—— H3YYCHHOI0O THIIA; XAPAKTePpMCTHYECKOE€ YypaBHEe-
HHEe, CBA3aHHOE C HHM,

A (P') = || psy — 6sr (” + P)H =0
6yKeT IMeTHh KOPHAMH BEJINYHHBL
By = }‘s — %,

H3 KOTOPHX IO MeHbIIeH Mepe W, GydeT MMeTh MOJOKHTENBHYIO Be-
mecTBeHHYI0 JacTh. HaxkmmMm Gn KOpHE A, HM OBUIM, BCErQNa MOKHO
HaliTa Takoe x << Re A;, 4T0 HH [iA KAKEX HEOTPHUATEABHHX My, . . .
.« . M,, HMEIOOHAX B CyMMe 2, He OyHeT YHHYTO;KAaTHCA BHIpayKeHde

mAy + ..o+ mph, — 2x.

A 310 3HAYAT, 970 QYHKOHA V CYmECTBYET M €€ COOTBETCTBYIOIIHM
BHOOPOM HEepeMeHHWX Z,, . . ., T, MOKHO CHeJaTh IO0JOKUTEJbHOH.
Orcioma
av 2 2 . av
Tt:ZxV—}—(x,,—f—...—{-xn-f— E ﬁXs\).
s

B croGxax CTOMT OIpeJeleHHO-IOJIOKUTeIbHAA (YHKIUA HE3aBHCH-
mo ot X,. ITo Teopeme JIanyHoBa HemocpegcTBEHHO ClIeXyeT HEYCTO i
YHBOCTH.

3amevanue. Ilpexmaymue TteopeMn Jiamymosa npuiaoxu-
ME, KOHEYHO, He K OJ{HOMY TOABKO CJydYalo, Korga X, He 3aBHCAT AB-
HO oT ¢, m6o mnociaennee OGCTOATENBCTBO He HIpano ocoboi poan
B nokasarexbcree. Koapdumuentss P{™ ™ p Pymxknmax X, Morim
6HTH HEeNPEPHBHHMH, OTPAHAYCHHKMH, BEIeCTBeHHHME QYHKIAAME I,
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YAOBJETBOPAKINHMHE HEPAaBEHCTBAM

(
| Ps

m‘.,.mn)

M
< ==

rnie A — HEKOTOPas MOJOKHUTEIbHAA MOCTOAHHASA.

45. Ipnmep. B mepsom npubamxenam auddepennuarprne
YPaBHEHHA BO3MYIEHHOIO [BHKEHHA PeTYJIATOPAa C CEePBOMOTOPOM
AMEIOT BHX

Tag' — N — g: 0,
To"” = Ty’ -6y + &8 =0,
ngl — N = O?

rae Bce KodpPuIMEHTH HPH BAPHANMAX NEPeMEeHHHX MamMHH §, Pe-
FYJAATOPA 1] B CEPBOMOTOPA { ABAAIOTCA HOJOKHTENbHBIMH TOCTOSH-
HEIMH, H3BECTHHIM O0pa3oM 3aBHCHAIIMMHA OT KOHCTDYKTMBHEIX 3JIeMEH-
TOB CHCTEMBI.

CopamupaercA, KAaKHM YCJIOBHAM JOJKHH yNOBAETBOPATH 3TH
KoadPunuenTs, 9066 OHIIA YCTOMIMBOCTL OPH BO3MYIIEHMH HAYaJb-
HHIX 3HAYeHMH IepeMeHHHX &, M, M, §{ He3aBmcumo ot XadbHEAMUX
9J€HOB BTOPOTO M BHCHIAX MOPALKOB B TOYHHX YDPAaBHCHHAX BO3MY-
. IHEHHOT0 ABM)KeHMA. AHAJOIMIHHE BOIPOCH BO3HMKAIOT BCAKAN pas,
KoTAa NPHHATAA Hamepex TOYHOCTH HEe II03BOJAET CTPOrO NOBEPATH
4J€HaM BHIUE NEePBOro HOPAAKA.

CoriacHO MOKa3aHHHIM TeopeMaM, YTOOH CyHIeCTBOBAJA YCTOH-
YHBOCTH [0 NePBOMY HPHGIMIKEHHIO, XapaKTePHCTHYECKOe YpaBHEHHEe

T T TA* + ToT T3 - §ToTA2 4 Th 4+ 1 = 0

XOJ;KHO HMeTh BCe KODHH ¢ OTPHUATEJbHAIMH BEemIeCTBEHHBIMH acCTH-
MH, 1aa 9ero teopema I'ypsuna naer mepasenctna !)

6TkTa> T? H Ts (STkTa - Trz)> TaTl2t-

llpumep. TImpockonmuueckas crabmamsanma HeyCTOHIHBOTrO
HPH OJHHX KOHCEPBATHBHEIX CHJAX IOJOKEHHA PaBHOBECHA HMeer
~ BPeMEHHHX XapakTep, a paspymeHHe I'HPOCKONMYECKOT0 YIPOTHEHHA
OT JeHACTBHA [HCCHIHATHBHHX CHJ C HOJHOH AHCCHIAIAEH HE MOMKET
OuTe u3MEBeHO WieHaMHE (osiee 9eM IePBOTO IOPAXKA B yPaBHEHHAX
BO3MYINEHHOTO JABH/KEHHA, TAK KAK HepBoe NPHOIMKEHHe NOMYyCKaer
pysknuio Jlanyrosa co 3Hakoonpenenenmoi m mmelomed Ban KBaj-
patmaHo#t ¢opmm mpomasonuodt (m. 40). Iloatomy rupockonmmueckas
-cTabuIN3anuA BpPAIATeJbHHX ABIKEHAH CHAPAA ABAAETCH BpeMen-

HOH, JIOKa Ha CHCTEMY HEe NeHACTBYIOT QHCCHMHATHBHHIE CHJIH € IOJHOMN
AHCCHNAMUEH.

Y Boamecermckui U. H. O mpuEnEmax u cxeMax aBTOMATHYECKOTo
perynmposauns // IlpEka. mar. m mexam.— 1942.— T. 6.— (Cm. c. 109).

‘.
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KpHurhyeckne caysan

46 1). JloxasaHHHE TEOPeMH OCTABAAIOT HEBHACHEHHHMHE CIy-
q9aH, KOIa HEKOTOPDHE M3 KOpPHeH XapaKTePHCTHYECKOTO YpaBHEHHA
HMEIOT OTPAIATe]bHLE BeIeCTBeHHHE JaCTH, B TO BPEMA KaK JIpyrue
KOPHH HMEIOT TaKHe 4acTH paBHuME Hymo. CiIydanm d>TH ABAAIOTCA
KPHTHYECKHMH B TOM CMHCJE, YTO JJIA HEHX YCTOHYABOCTH X HEyCTOH-
9YHBOCTh HE MOKeT OHTh BHACHEHA DPACCMOTPEHHEM OJ(HOTO NEPBOTO
OpuOIMKEeHHS.

B takux xpmTEUecKHX ciydasAx AaibHeimme npubamaenua X,
MOT'YT [aBaTh KaK yCTOHYHBOCTH, TaK H HeycroifumBocTh. J[pyraMm
caoBaMn, ¢pyEknuE X, Bcerga Bo3MO;KHO OWBaeT IpH 3TOM moaoGparh
TaK, YTOOM MMeJa MeCTO YCTOHYMBOCTH iMG0 HEYCTOMIMBOCTH, IO 3Ke-
NaHHIO |

He ymenbmas oGmMHOCTH, MO)XHO OTPAHHYATHCA PACEMOTPEHHEM
OHOH TPYHIH ypaBHEHHMH, OTBEYAION[eH HENIPOCTOMY DIEMEHTAPHOMY
NeJATEII0 KOPHA, BEMECTBEHHAS 4YacTh KOTOPOTO PaBHAETCA HYJIO.

Ilycts nun nagana paccMaTpHBAeTcA HYJIEBOH KOPEHbB:

dz
@ = v
dz,

7{-:—2{-1+Z5 (i=2,...,m).
PaCCMOTPHM (X)yKKlIHH Py « -y Pm, OHPpeaesIsgseMue I0CIeZ0BA-
TEJbHO U3 ypaBHEHHH

s = 25 + Qi s=mm—1,...,1)
OPH YCAOBHH Py = 0. Ecam npmeATE
Za = 2zs+1‘ps+1 — Zefs,

TO OHIPe/e/IeHHO-IOM0KATEIbHAA 10 IOCTPOeHHAI0 PyHKDHA ¢, Oyner
UMeTH CBOEH IOJHOH HPOM3BOAHOXK IO BpeMeHH (QYHKIHIO

¢ = —22f, — 22qy2f, — 2%Q,9a%3fs — - -+ — 2" Qg+ + . PmZmfms
OUPeNeNeHHO-OTPHIATeNbHYI0 HJIH  OHpefeJeHHO-I0JI0KATeIbHYIO
B 3aBHCHMOCTH OT TOr'0, BHOPaHK AH Bce f, onpefeeHHO-I0I0KATE b~
HEIMM HJAM OHHM BHOpaHH Bce oUpefeleHHO-OTpHHaTenbHnNMH, B mep-
BOM CcJyYae HEBO3MYI[eHHOE ABHKeHHe OyXeT acHMOTOTHYECKH YCTOH-
9HBHM, & BO BTOPOM — HEYCTOHYHBHIM.
Jins Daps YACTO MHEMHX KOpHe#t A = +if paccmorpuM rpymny

dzl .
- =Bz + Zy,

dz,

dtl :iﬁZj’—Zj_l—f-Zj (j:2,...,m).

HYJanmyuon A. M. K Bompocy o6 ycroitumsocta ppmxenas // Coobm.
Xapnk. Mar. o-sa.— 1893.— T.3//Jlanynmos A. M. O6man 3aga1a o6
ycroiumsocrn asmxenan.— M.: Tocrexmapar, 1950.
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Hycts ¢ysxnme ¢, ..., ; OIPEREIAIOTCA NOCIEKOBATEILHO M3
ypaBHeBHH

P = 22, + (Piibl
OpPA YCJIOBHE
Pm+y = 0.

Ecam nprEats Z, = 22,.,Q, — Z.f,, TAE f, BAMEIOT 3HAKOOHPE-
JejleHHHEe BelNecTBeHHHE YaCTH, TO OIPEAeJeHHO-TI0JIOKHTeAbHAA
¢yBxnma ¢, Gyqer HMMeTh IOJXHYIO IIPOA3BOJHYIO IO BPEMEHH

oi= —2Z, (i + 1) — 2027, (f, +F3) — . .. — 2™ g, . ..
PPN (szmim (fm +fm)

onpenieIeHHO-H0JIOHTebHOR H/IM ONnpefeeHHO-OTPHIATEIbHOH B 3a-
BHECHEMOCTH 0T TOTO, Oynyr am ¢ymknmm Re f, Bce ompenxenenuo-orpu-
HaTeJJbHHMA HJIH OHE GYAYT ompejesieHHO-MONOKATeNbHNMHA. Hepos-
MyImeHHOe JBM;KeHHe Gyler B IepPBOM ciylae HEYCTOHYMBHM, a BO
BTOPOM cJydYae acHMNTOTHYeCKH ycToHumBHM. TakmM obpasoMm, wie-
HH 60j1ee BHCOKHX NOPARKOB MOT'YT YOPOYHATh HEYCTOHIHBOCTH mep-
BOTo NpROIMKEHAA, CYM{ECTBYIOIYIO 38 CIeT BEKOBHX WICHOB B pemle-
HAHN YPaBHeHHH B BapHaNHAX.

Ecan ¢ysxumm X, crecHeHH HEKOTOPHMH CTPYKTYPHHMHU OTrpaHHA-
9eHAAMM, TO BOOPOC 00 ycTOHYABOCTH B HEKOTOPHX CIydYasX paspemia-
eTcA HepBHM HNpubam;KeEmeM, HeCMOTPA HA HaJHYAe KPMTHIECKOro
cayuan. Hanprumep, ecam ypaBHeHHEs BO3MYMEHHOIO JABIMKEHHASA HMMe-
T popMy KaHONAYECKHX ypasHeEm#l ['aMmibTOHa, TO YCTOHYHBOCTH
paBHoBecHA Gyxer EMeTh MecTo, eciaH B ynknun [aMHIbTOHA HAaWBH3-
ImEe KBAJPATHYHHE WICHH NPEeJCTaBAAIOT 3HAKOOIPefeJeHHYI0 PyHK-
IHIO.

47. Jloxasannbie TeopeMbl 00 YCTOHYMBOCTH IO HEPBOMY HpHOIH-
JEHMI0 IO3BOJAIOT HENOCPENCTBeHHO Pa3pemaTth TaK:Ke BOHOPOCH 00
YCTOMYMBOCTA IPH BO3MYINAIOMAX CHJIAX, €CJHAH IOCHeXHEE XAIoT
B AEPPEePeHNHAIBHEX YPABHEHHAX BO3MYIEHHOro ABM:KeHHA (23)
WieHH He HEKe BTOPOTO MOpANKa ManocTH. OGCTOATENHCTBO 3TO HPAK-
THYECKH BeChbMa BayKHO, TAaK KaK Hambojee YacTO BCTpPEYAION[AECH
B TEeXHHKe 3ajadd 00 yCTOMYMBOCTH NPENNOJATal0T CYHeCTBOBaHHE
He TOJbKO OTKJIOHEHHH OT HAYaJbHHX 3HAYCHHH HepeMeHHHIX, HO H Cy-
ImMEeCTBOBAHHE HEKOTOPHX BO3MYIAKIAX CHJI, HeonpefeJeHHEIX
B MaJHX 9JIeHaX.

3agaguMca 1(eAbl0 OFOBOPHTh B HOKA3aTeJbCTBE, HPEJ0KeHHOM

RJIA TeopeMH 00 ycTOHYMBOCTH IO mepBoMy npubGamkenmio (m. 43), Te
ceoiicTBa pyrrnumit X,, Kakue TOAbKO ¥ GHJIM B HeM HCHOJb30BAHBI.

Bsengem Ty ke dymxnmio. Ecim Bce KOPHH XapaKTepHACTHYLCKOTO

noxmroMa A (A) EMe0T OTPHUATENbLHEE BeN[eCTBEHHEE JaCTH, TO ypaB-
HeHHe

2—1 av
(P31131+---+Psnxn)£‘:z§+ "‘+x'2|
s
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fIMeeT pellleHAe B BHAE ONPeNeIeHHO-OTPHLATENBHON KBAAPATAYHOK
dopmn V (u. 34, 35). Nmeem:

v 2 a2 av
V = x1+ ...+In-'+— ZGT‘,X"‘

O6paTuyca Temeph K A0Ka3aTeILCTBY TeopeMbl I. 8 06 ycToHIMBOCTH
# cobcTBeRHO K cmoco0y JIamyHoBa, mpemyoKeHHOMY JJIA HmOCTpoe-
HHA YuCIa A Ho 3afaHHOMY aucay A. OupepennyM TakK:;ke Te CTECHEHMA,
KOTOPHE JOCTATOYHO HAJOKHTH Ha QyHKmEH X, 4TOGH 3TO mOCTpOe-
HEe 9HCJa A 0 3aJaHHOMY AOCTATOYHO MajoMy amcay A Ob10 He 3a-
BHCAMAM OT YHCJEHHHX 3HaueHmd X,.

Hama ¢yrkmas V He 3aBHCHT OT { B ABJAAETCA ONpPeNeJeHHO-OTPH-
pareassoit. [lyets ! ecth TOYHAA HU3MAaA rpasMna ee abCOMIOTHHIX

3pagenuit Ha cdepe (A4)
D) z; = A.

Jli1a mosorATeNbHOrO | HaliKeTCA, IO CBOMCTBY RONyCKalomed Gecko-
HeYHO MaJblt BeIcIuA mpefaex Gyaxkumum V (mo. 7), Takoe OTIAIHOE OT
HYJId YHMCJIO A. 9YTO OpH

RELE
$
6yaeT BHIOONHATHCH HEPaBEHCTBO
Vi<l
BrifepeM HauasbHEE BO3MYIXEHAA Igy COINIACHO HEPABEHCTBY
D i <
U3 cooTHOIEHAA
t
V—Vy=Vvat (24)
ty
BHIBOIMM, YTO €CJIH B 00JACTH Ez‘f <L A pyuxnun X, OyAyT CTeCHEHH
HePaBEHCTBAMH
[ X [ < By (25)
TO
IViivel<l (26)

B camoMm gete, npu A CTOXH MajioM, uToGH mpH ycaoBum D < A
GHUIO YIXOBIETBOPEHO HEPABEHCTBO

5y

L]

>0,

av
618

OpH CReJAaHHBX NpeanoxoskeHuax (25) o ¢pynkmuax X,, mia 3nave-
HEH TEePeMeHHHIX T,, YAOBJETBOPAIIHX YCHOBHAM

rLHA <A,
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OyReM HMeTh
v

V':xf-ik...ﬁ'wxfl+zg—[-/—Xs>Zx§(1— i )>0
3

z N A y

He3aBHCHMO OT 4YMCJAOBHX 3HauYeHMid X,. M3 mocxaexgsero :xe mepa-
BEHCTBA M COoTHomeHHA (19) HemocpenCcTBEHHO ciJefyeT HEPaBeHCTBO
(21), a Tem caMBIM M CJeRymoImee:

i< A,
TaK KaK ! ecTh TOYHaA HU3MAA TpPaHuMNa a0COJIOTHHX 3RaueHHit V Ha
cdepe (4).

Ecau 043 npoussoabrozo noaoxcumervroeo uucaa A, ckoab 65 Maso
oKO HU 6o, Pynryuu X, mozym 6umb cmecrens Hepagencmeamu (25),
2de A 0603nanaem wucao, NoCMpoenHoe NO ONUCAHHOMY cnocoby Janyno-
6a, Mo HeeosMyugennoe Osuxcenue Gydem ycmoliuuswm He3as8UCUMo om
yucaenrnir snavenuii X,.

B npumemenHOM aHaJH3e CIEAyeT OTMETATH cnoco( HAXONHTH AIA

3aJlaHHOTO IOJIO;KMTeNbHOTO 4Yucia A, MeEpmiero H m yRoBieTsopaAio-
v

mero ycjaopuio 1 — E TR i > Onpu E z: << A, ¢ noMompio yEKIAR
8

V monoskATeABbHOTO YAcCaa A, 061afaiomero CBOMCTBOM: €CJIM HAYaldb-
HBIe 3HA4YeHNA T, ¥ PyHKour X, CTeCHEHH HEPABEHCTBAMH

S <A | X |<h (s=1,...,n),

TO BO BC€ NOCJeAylomee BpeMsa 3HAUYCHHA HePEeMEeHHBbIX T, 6ynyr YAoB-
~-JIETBOPDATh HEPABEHCTBY

Dt < A

PasButHeM npuBeeHHOro aHaim3a MB 3aHMMAThCA He Oyaem '),

1) Bonpocamu 06 yCTOHYRBOCTH NMPK IOCTOAHHO EHCTBYIOIHX BO3MYINERHAX
sagmmainmch I'. H. {ly6ommn, H. A. Apremben ® M. I'. Maaxun. Cm.: { y 6 o-
‘muE I H. K Bonpocy 06 ycTOMYMBOCTH [BH:KEHHA OTHOCHTEALHO NOCTOAHHO
ReiicTBylomux Boamyinennii // Tpyas TAUIE. — 1940.— T. 14, Ne 1; Apre M b-
ep H. A, Ocymecrsumue pasmienns // Has. AH CCCP. Cep. mar.— 1939.—
N 3; Manxnu U.T. 06 ycToiiaEBOCTH IPH TOCTOSAHHO KeHCTBYIONIAX BO3-
mymenusax // IIpuxa. mar. m mexau.— 1944.— T. 8, Ne 3.
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CJIYYAN C OAHIHM HYJEBBIM KOPHEM

BenomorareasHoe npeoGpa3oBanue

48 [28]. Tlycts xapaKTepHUCTHYECKOE YPABHEHHE HMMeeT OXHH KO-
peHb, PaBHHIA HYII0, IPH NPOYAX C OTPUIATENHbHHIMH BEINECTBEHHKI-
ME "gacTAMH. B 3TOM ciydae ypaBHeHHMA NEPBOTO NPUGIMKeRHA HMe-
10T OfMH JAWHEeHHHH MHTEIPAJ, 0OYeBHIHHIA M3 UX KAHOHMIECKOTO BHJA
n. 30. IlpuruMas 3TOT WHTErpat r 3a HePeMEHHYIO, MBl HpPHBEREM
ypaBHEHUA BO3MYIEHHOIO NBMKEHUA K BHAY

dz
=X
dxs ‘ ‘
i T PatiT o + Pentn + P+ Xs (s=1,....n),
e X, X, cyrb roaomopdubie PYHRIUH HePEMEHHHBIX X, Ty, . . ., Lp,

HAYMHAKMHEECA C YICHOB He HU;Ke BTOPOTO IMOPANKA; IOCTOSHHBIE Pg;
TAKOBHI, YTO ypaBHeHUe)

A@A) =] pss— 8] =0

HMeeT BCEé KOPHHU C OTPHUUATEJbHBIMM BEIIECTBEHHBIMH YaCTAMH.

O6osnaunm gepes X°, X° smauenma ¢ymxmmit X, X,, Korga B 1o-
CJeXHOX Bce IepPeMeHHBIe I;, . . ., &, HOJOKeHH paBHBIMHU Hyxo. Ily-
TeM IPOCTOTO NpeoGpa30oBaHUsA BCErNa MOKHO NOOHTHCA, 4TOGH Ham-
HA3MAA creneHb r B pyrxnuu X° GEIIa He BBHIIDE TaKOBBIX JIA PyHK-
umit X2, ecim X0, X) He paBHH TORNECTBEHHO HYJTI0, W 9TOGH BCe
DOCTOAHHbIE P, OBLIH HYJIAMH.

JleficTBUTENBHO, PAaCCMOTPUM CJEAYIOIYI0 CHCTeMYy YpPaBHEHH:

PaZy + .. F Pz, +psz + X, =0 s=1,...,n).

9ra cucTeMa ypaBHeHHH yAOBJIETBOPAETCH HyJeBHIMA 3HAYCHHAMM IIe-
PEeMEHHBIX I, Ty, - - .y &n. Ee QYHKIHOHAJBLHBIA ONpee uTeNb OTHOCH-
TeJIBHO HEePEeMeHHBIX Iy, . . ., T, AJdA HYJNeBHX 3HAYCHUHA Z, Z;, . . ., Tp
oramuen ot nyias u pasen A (0). ITosromy cymecTsyer pemenue

s =ug(z) (s=1,...,n),
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rje is CyTh HeKOTOphie TojoMOpdHble QYHKIHHE Z, YHUYTOMKAIOMHEECH,
KOrJa IepeMeHHadA I PaBHA HYJ.

Ecxna B ucxopuoii cucteme p, 1 X! cyTh HYJH, TO PelIeHHA U, Gy-
RYT Tarske HyaaMu. Ho B aToM caydae cucreMa, YAOBJIETBOPAA sKejae-
MEIM CBOMCTBaM, He TpefyeT [OMOJHATENIHLHOTO NpeoGpa3oBaHMA.

Ecan 3T0r0 HeET, TO BBEleM HOBHIE NePEMEHHEE Z;, . . ., 2, COTIACHO
PaBEHCTRAM

T, = Z, + Usg.

{IpeoGpazosannan cucrema GyaeT MMeTh BHII

dx

r

is (27)
T;:pslz1+"'+ps1lzmt+zs (3:1""’ "’)’

rae Z o6osnavaer YyHKIM0 X mocie NOJCTAHOBKH I, = Z, - U, a Z,
0003HaTaeT BHIPAYKEHHE

du
Palty “1|” e - Psnlin + PsT + Xs__d'fX

nocie Toii ke mofcTanosku. OGosHauan wepes.Z®, Z) snauenus QyHK-
uuii Z, Z;, Korga mepeMeHHBIe Z; BCe IOJOKeHbl HYJIAMHA, U IPUHAMAS
BO BHIMaHNe YPaBHEHHs, OIPeesIA0Nue U, BHBOXHM COOTHOIICHN
du
Zg _ —a.—; ZO,

A3 KOTODHIX CJeAyeT, YTO B PA3IOKeHHAX Z, II0 CTeNeHsM ¥ He Gymer
9JIeHOB, CTeIIeHb KOTOPHX OHIa Obi HUKe HauHU3Iel cTemeHH B pas-
doxenun Z° mo cremenam r. Ecnu Z° To)kKecTBEHHO PaBHO HYJIIO, TO
takumu ke 6ynyt n Z2. llpm ykasamnom npeoGpa3oBanmu 3ajada yc-
TOHYMBOCTH IO OTHOMIEHUIO K I, Iy, . . ., £, PAaBHOCIJIBHA 3ajade yc-
TOMYHBOCTH IO OTHOIIEHHIO K Zy, 2y, . . ., Z,. 1109TOMy IIpH aHaJH3e
YCTOHUYMBOCTA BO3MOKHO HMCXOAMTH M3 ypasHenmi (27).

AHanH3 Pa3sIMUHBIX CIyYaen

49 [29]. Bnawase paccMoTpuM ciyuait, Korja Ha@HH3HIAA CTe-
neHb £ B pasioskenun Z° ecTb wetHoe umcao. IlyeTs mag Hagada 3To
9UACIO0 eCTh 2:

Z = g*+ Px+ Q + R,

rae P — nuneiinag, 'a Q — xBaapaTnusas GOpPMbI NepeMeHHKIX Z;, .« . .

. o0y 255 R He HMeeT 4IeHOB HIKE TPeThero u3MepeHusa,; g — MNOCTOAH-
Had. :

Pacemotpum Qynrmuio
V=x+4+Uz+ W,
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tae U — nmmeitmaa, a W — kpajgpatmunasd ¢opME nepeMeHHBIX
Zyy + + oy Z,. B cmny ypasmenmit (27) mmeem

B —ga+ Pz Q+RAUZ

aU :
+ E 3z (pslzl e s T DenZa -+ Zs) +
L]
s

ow \
+ Z a_zs(pslzl + <o T Dsnn -+ Za)‘

Heonpenenennee moka ¢ymknum U, W onpemeamM Tak, 4roGu

al
2 a9z (PsaZ1+ -« PsnzZa) -+ P =0,
s

$

Y 9w , ! : ;
S b i)+ Qg+ S

b

W3 n. 34 sakaiouaeMm, 4To TaKoe onpegenenue U, W Bcerga BoaMoskHO,
TaK Kak Bce KopHH noamaoMa A (A) = || p,, — 8,,A || aMeroT oTpHNA-
TesbHbIe BemecTBeHHbie YacTH. [Ipm rakax U u W nmeem:

d!’
- g(x- + Z]_ ‘l‘ zn)

rie S MMeeT NOPANOK HAMAM3UIMX YIEeHOB, 10 Menbmei Mepe 3. [Ipons-
dv
BOJ(HAA —- MPENICTABJIACT 3HAKOONPE/eNeHHY0 GYHKIHIO 3HAKA, COB-

HafAIONero cO 3HAKOM NOCTOAHHOM g; V He 3aBHCHUT ABHO OT ¢, a TIOTO-
My RomycKaeT 6ecKOHEeYHO Maabii sepicmuii npegesn. Oynrmuio V MosxHO
cleJlaTh ONHOIO 3HAKA € g, a 9T0 B CHJIY TeopeMsl JlamymoBa o He-
ycroitumBocTi (m. 14) MOKashBaeT, Y10 B 3TOM Ciydae HEBO3MYINEH-
HOe JIBM;KeHMe ABJIAETCA HeyCTOMYHBHIM.

Paccmorpum 1enepn obmmit cayuaii:

Z =ga" 4 POz + ...+ POUz" 4 Q + R,
Z,= PPz ...+ P" V0 4z,

rae PY, P — numeiinbe, a Q — KBaJpaTHYHAA (QOPMBI IepeMeH-
HEIX 2y, « + oy 2,3

R =px" Zvijzizj, Zy = vz | va;j:)ziz,—,
13 )
rae v, v, Ui vﬁ? 0603Ha9al0T rojioMopdHEEe GYHKIUN HepeMeHHEIX
Zy Zyy o o oy 3y, UPHYEM U, Uy; VHHYTOKAITCH, KOILJA IOCJEJHHE BCe
aenaiorca Hyxama. Ecam m npexcrapiaser yerHoe 4mcJ0, pPacCMOTPHEM
$dyrrIHIO

V=g+ UNg+ ... + Um=dgmt W,
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rge U®) — nuneiinnie, a W — xsanpatnusas $opMbl HepeMEHHBIX Z,.
HmMeenm coriacHo ypasHermaM (27):

m —-1

dV =g+ PV ... P Vgm1 L QLR Z rUgr17 o+
r=1
m—1 m—1
+ 3 S I [pant o pna Y PO 2]
r==l 8 \—1
oW m-—-1 }
";L 2 97 [Psle + e + PsnZn + y Pgi)-xl "’r ZsJ .
) 8 i:_i‘
@Oyaxnuu UG, W onpegenuM nocienosareisno (r = 1, ..., m — 1
YHKI p

COTrJ1aCHO YypaBHEHHAM

U U@
Z 7 (pslzl et psnzn) -+ Z 2—52_- Pgﬁ) + P(r) —~0,

s a-+f=r s
aw A . g
E 3z (pslzl + ..+ psnzn) -+ Q = g(zi e+ zfn)
s
s

Ilpr TakoM, B paccCMaTPpHMBAEeMOM CJIydae BCeTNa BO3MO;KHOM, BhiGope
¢yaxknuin U®, W umeem

av y 2 2
__:g(xf"+zl—g—...+zn)+s'
e
S = wr™ + Nwijziz;,
ij
w, w,; 06034a9aI0T roJoMOPPHEIe (YyHKIMA HEPEMEHHHIX I, 23, « + ., 2,

YHHUTOMKAIOMEECH, KOTAA NOCIeJHHAe BCe NEeJATCA HYJIAMH.
@Dyuknua V, Kak He 3aBHCAIAA OT {, MONYCKaeT OECKOHETHO Ma-

A BHICHIHA Ipefiesl ¥ NPH DOAXOXAmMEM BHOOpe CKOJB YIrOAHO Ma-

JHX 1m0 abCcoMIOTHOM BeJIMYHHE I, Zy, . . ., 3, MOKeT HPHHHUMATH 3HA-

av
venns aio6oro 3paxka. Ee NpOM3BOJHAHA rre ABJAETCA NIPH 3TOM 3Ha-

KooIpeJeJeHHOM 3HAKA, COBHAJAIOMEr0 €O 3HAKOM NOCTOAHHOH g.
Caegosatennno, no reopeme Jlanymosa (1. 13) mesoamymeRHoe nBH-
JKEHHe ABJIAETCA B DTOM Ciaydae (m — 9YeTHOE) HeyCTOHYHBEIM.
Teneps momycrdM, 9TO M €CTh HEUYETHOE YHCJIO.
GOynxnuio V GyneM mcKaTh BHIa

V= %-xz 4 U2 4 UMY LW,

rie UM — nmneitnne, a W — kBaapaTtausas $OopMH NIepeMEeHHHX z,.
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NMeem
_‘Z =ggmt p pPWgz 4 p™Ugm o0 4 oR
m-—1
+ Y r+HUZ + ar+ aUr (Pors + « « - + Daizn +-
; Z Z ( 171

Z POz 4 Z! )+2—(pqzl—{—. e ot PonZnt Zy)-

i=1

BuiGepem xBappatauryio W u smnaeitnrie U) gopM mocaenoBaTesn-

go (r=1,...,m — 1) cornacRo ypaBHeHHAM
6U(’ (@)
ot Pz + ) e Y S PP - PO <0,
$ atp=r s

""*‘p\mzn):g(zi”*‘"-‘}‘z?i)-

8

910 BCerga BO3MOKHO, TAK KaK BCe KOPHE moamaoMa A (A) = || p,, —
— §-A | IMeloT OTpEIATEIbHEIE BellecTBeHHNe YacTh (u. 34). IIpn Ta-
KoM Beibope U, W

av
- =g@m™ 4z ...+ z) + S,
y: (

S = vzl L Nvjziz,
i3

v, v;; 0603Ha9aI0T HEKOTOPHie roJoMOpdHbe GYHKIMH nepeMEeHHHX

Ty Zyy o+ oy By, YHHUTOKAIOMHAECH, KOTA IOCHSAHAE AETAIOTCA BCE HY-
) av o .
anvu. [lpomssofmas —- sABAAETCA 3HAKOONDeNeNeRHOH QyHKIme:;

ee 3HAK COBHAfaeT CO 3HAKOM HOCTOAHHOH g.

Ecan npu 310M g HOJOKHTEIBHO, TO H3-3a TOT0, YTO HOXXORAIIEM
sHGOpOM 3HAYCHHH NEPEMEHHHX I, Zy, . .., Z, QYHKOBIO V MOKHO
caenarbh HOJOKUTEABHOM MM, APYIEMH CJIOBaMH, OFHOTO 3HAKa Co

, BBIBOAHM, YTO HEBO3MYIHEHHOE [IBH}KCHHE

. 4
3HAKOM HDPOU3BOMHOH ar

HeYCTOHIHBO.

Ecnu g orpunare;ibHO, TO H3-3a TOro, Ur0 KBRApaTHUHAA dopma
W 6ypmer (1. 35) mpd 2TOM oONpeReAeHHO-IONOKATENLHOH OTHOCH-
TeABHO Z;, . . -, 2y, BHBOAMM, 9T0 QyEKuEa V OGyaer ompenerenHo-
NOJG/KUTEALR0H OTHOCHTEJNBHO BCEX NEDeMEeHHHIX T, 3y, . . ., 3, H,
KaK He 3aBHCAMAA ABHO OT I, 6yxer momyckarh GeCKOHEYHO MAJIHIH
sucmuit npefea. Ha ocmosamum Teopemn Jlamymosa o6 acmMnrorm-
decKoit ycroitumsocrd (u. 12) saxiiouaeM, 4To B 3TOM CiAydae HEBO3-
MYIIEHHOe [BH;KEHHE MBJIAETCA YCTOHIHBEIM, a BCAKOE MOCTATOYHO
61H3K0e BOSMYIEHHOE ABH)KeHHe CTPEeMATCA K HeMY ACHMOTOTHIECKH.
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Hrar, Hesosmywennoe deuxncenue Gydem HeycmoinueuMm, ecauw m
ecmb YemHOe YUCAO U eCAU M HeuemHoe, @ g NOAOHCUMEALHO, eCAU M
eCmb Hewemuoe HUCAO, a4 NOCMOAHHAR g OMPUYAMEALHA, MO HeGO3MY-
WenHoe OUdNCEHUE ACUMNIMOMUNECKY YCMOTMUEO.

50. I prMep. PaccMorpuM 3amady, KOTOpPag B H3BECTHOM
CMEICIE MOKeT ABIAThCH NpHOAM:KeHMeM A 3afaim of ycrodum-
BOCTH HPAMOJHMHEHAHOr0 moJera HEHATPARJIBHOTO CaMOJera HO OTHONIe-
HHIO K NPOJOJIBHHM ABHKEHHAM.

Camouzer, JeTAmAd B BO3JyXe, HPEJCTABIAECT COBMECTHO C BO3-
AYXOM MeXaHHYECKYI0 CHCTEMY, COCTOANIYI0O H3 TBePAOTO Tejla H
CIVIOINEOHE cpefhl. B IpaKkTHYECKHX MCCHEJOBAHHAX TAKYI0 CHCTEMY
00HYHO YOPOIAIOT M PAcCMATPHBAIOT OJAH CAMOJET, HaXOXAMHHACH
nof fAedcTBHEM 3aflaHHEIX ycKopAlomux cmia. M GyxeM npexmona-
raTh, YTO 3TH YCKOPAOIKE CAJIL ABHO HE 3dBHCAT 0T BPEMEHH B OT KO-
OpAMHAT IEHTPA THKECTH caMoJera, OO KpaiiHed Mepe A Bcex
BO3MYINEHHHIX XBH;KEHHH, XOCTATOYHO OJIHM3KHX K PacCMATPHBAEMOMY
NpAMOJIMHEHHOMY NOJeTy caMoJjieTa B OXHOPOJHOH, CHOKOHHOHK ar-
‘Mocdepe.

Ilycte m — Macca caMoJieTa; ¥ — CKOPOCTH €ro IeHTpa TiKec-
td G; J — HeHTpaXbHHIE MOMEHT HHepIHH; ¢ — Yroj, obpasyeMuii
CROPOCTHIO U C TOPH30HTAJIBHOHE IJIOCKOCTHIO; 0 — yroa Xopast Kpwi-
JJa ¢ TOPM3OHTAJBHOH NJIOCKOCTBIO; o = 6 — ¢ — yroa arakd.
Hycrs 1ara suara O (v, ®) TpoxoxuT Yepes HEHATP Tamxecrd G, mMmeer
HOCTOAHHOE HANpaBJieHHe OTHOCHTEJBHO CAMOJIETA H COCTABIAET YroJ
B co ckopocreio v. IlogbeMAYIO CHIIY, CHIY CODNPOTHBICHHA M Pe3yib-
THPYIOIUE MOMEHT (OTHOCHTEJNBHO IEHTPA THAKEeCTH) 0603HAYMM ue-
pes c.v%, c,t? ® ¢, Bymem cumrarb, 4TO ¢, He 3aBACHT OT U M OT
yraa 0, Korza mepeMeHHHIMH 3afa4® BHIGpaEHH v, a, 0, 6’ = . dan
TIPOCTOTH MOJIOKHAM, UTO Cq, Cp BABACAT TOABKO OT .

EctecrBennnie YpPaBHEHHA NPOJOJABHBIX ABHKEHHH CaMoJjieTa B ero
HJIOCKOCTH CAMMETPHH CYTh

d .
m—dTv = Mcosf —mgsin ¢ — c, v,
d .
my '2%)" = DsinP —mgcos @ + c.v?,
a3
J —dF' = Cmv2-

ByaeM paccMaTpaBaTh yCTaHOBHBHIAACA NPAMOJHHEAHHH moJerT,
B KOTODOM HepeMeHHHE v, &, O HMelT NOCTOAHHHE 3HAYCHHHA, YIOB-
_JeTBOPAINAEe YPaBHECHHAM
® cos B — mg sin ¢ — c* = 0,
@ sin B — mg cos @ +- cv? = 0,
em = 0.
OGo3amauan coorsercTBeHHO 4epe3 §, v, §, {’ Bapmanmm mepemen-
HHX v, @, 0, 0’, mMeem caexyomyio cucreMy AmnddepeRnEaNBHEX
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ypaBHeHHH B papuamuax (n = fa = Of):

, oD ac,
mT-— <—“2Cwl,'—r—5'-;—'cosﬁ)—-‘n( 2 ——'Ca>l72—-—

, o0
—¢mgcosg 4 ¢ a—mcosﬁ.

dr b " dc o
my dt' :§(~2cau——wsmﬂ)——n(—5§i+cw)v~-—-
mgmgsin(p-kg'(mv—«%sinﬂ)q
at .,
WMC*
a v F
7 d% —“ ki S el

Mur Gymem 3aHMMaThCs 3ajadeidl YCTOHYMBOCTH YCTAHOBMBHIEIOCHA
NPAMOJHHEHHOTO HoJleTa 1A HeATPaJbHOIO CaMoleTa, T. €. TaKoro,
KOTOPBI B paccMaTpmBaeMOM HEBO3MYI(EHHOM [BH;KeHHM o0Jjagaer
CBOHCTBOM

= =0.

oo

XapaKTepucTuyecKoe ypaBHeHWEe IpH 3TOM Oymer

dc
A(A) = — (—% v? — I?&) X
iy . (%% . Y.
, ——cos P —2¢,v — mh ( T ca)v 0
a0’ de e
— 5y sin p— 2w — (a—; -+ cw) v:— mvd

Orcrofa Mbl T0/UKHK 3aKII0YUTH, YTO XaPaKTePUCTAYECKOE ypaBHEHHE
3aa9Yl O IPOJOJbHON YCTOHIMBOCTH HEHTPAaJbHOIO CaMoJeTa Ha Op#-
MOJMHEAHOM NYTH NPH CAEJAHHHIX NOOYHIEHASAX BCErJa HMeeT ONHB
HyaeBoil Kopenb. llycTh gpyrme KOpHEM HMEIOT oTpPHIATeNbHHE Be-
I{ECTBEHHbIC YACTH, & IOCEMY YAOBJIETBOPAIOTCH HepaBeHcTBa IypBHNa

0
v (—%%— cosp — 2cwv) — (% -+ cu,)‘!:)2 <0,
(2 ot (e () 3o

Boupoc 06 ycroitumBocTH [OMKEH pa3pemiaThCs Io MeToAy Jiamy-
HOBA C yYeToM WieHoB (ojiee BHICOKOro mopsajaka Maxocrd. llpexsa-
PHTENABHO CAEAYET 3aMETHTh, 49T0 IS HPAKTHYECKOTO BHIHCICHAR
NOCTOAHHOM g, BBefeHHOH B m. 48, 49, Her HeoGX0AUEMOCTH HenpeMeH-
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HO HOMHOCTBHIO BHIYHCIATE QYHKIONH U,; AOCTATOYHO B 3ITHX MHOCHel-
AHX ONpefieNAThH 4ieHH He BHme (m — 1)-# cremenu z.
B paccmarpmBaemoii 3aade quHeHHBIE HHTErpaX T NJA ypaBHEHUH
8 BAPDHAMAX €CTh
— ] , acnl 2
r = ; -— —:50 C.

@

Yro6H mMOTYYHTh NpPOCTHie BHIYMCJIGHHSA, HCKIIOYHM MepeMeH-
Hylo { m GygeM paccmarpusaTh HOJHYI0 cucreMy puddepenuuans-
HBIX YPaBHEHMH BO3MYIEHHOTO [BH/KEHHA B TIEPEMEHHBIX Z, 7, =
r, =M, 3 = {'. Nmeem

dz . Jc s

= =X = (@t T o) (v ) — T Uiy

Hac HHTEpecyeT BbIpaKeHue
Z(O) =X (‘IV v JT' Uy, a + Uyy © —§‘ u’3)‘

lIpupaBauBaA Hyd0 npaBylo 4YacTb AuPPEPEHIHANHLHOrO YPaBHEHHA
RIA T4, HMEEM

Cm (& + Uy, w 4 ug) = 0.

lyers nas HelTpasbHOTO caMojdeTra YHHMYTOMKAIOTCH BCe npous-

Mec ¢
BOJHbBIE p ’: IO HOpAAKA p — | BKJIOYHTETBHO, & NPOH3BOXHAN a’;
(¢4 a

OTJIMYHA OT HYJIA.
U3 nociegnero ypaBHeHMA uMeeM

1y
(? cm
1 (‘)ap P
“3 TIT e mm—— ll,z + P
]
pt oc )
do
CaenoBarteibHO,
e 3 '
) __ | i 9 M T TR m_ P
Z7 = e (o Ugy @ F Ug) (U )t — o Vs = o7 o U 4+ ...
Ecia w, = Az? + ..., To cremeub m Hammmamero wiesa gz

B pasio:kenun Qynkuum Z©® B pAx no BO3PACTAIOIIMM CTENEHAM Z
ecTh M = pq, a Koddpduument
yil
vt dc,, P
g=—y — A"
Pe da
Has ycroiiumBocTH HEBO3MYMEHHOIO IBH/KEHHA CTENeHb M ROJKHA
OHTb HeYeTHOH, a MOCTOAHHAA g — OTPHUIATENBHON; MOITOMY YHCTA
P ® ¢ NOMKEE GHITH ONHOBPEMEHHO HEYeTHHMH H J0JIKHO HMETh MECTo
HepaBeHcTBO £ << 0.
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Hangusmmue ynenn QyHKIME U, ONpPefedATCA U3 CHCTEMH ypaB-
HeHUH

P e,
(G cos B — 2eu0)y — (52 — ca ot + TEE2E 4,

a
M p?
10
b . dc i
——(—av—s1nﬁ+ 2cav)u1'—( ao‘: +cw)vﬁu2+$9— =0,
\ m l}2
i
OTKYJa
1 I ad mg
0 cosﬁ——Zc Y| sin @ -\ == sinf 4 2¢, v>cosq>
m_
A= o Y

oD o, | [s® ( dc,, )
55 cosp— Fa T Cw) T\ Gy sinB 4 2cv v ——ca)

Horga A4 momokmreabHO, YTO MMEET MECTO JJIA CAMOJEToB 1), eciam

YAOBJIETBODEHH! TIPeJHAYL{Ae HePaBeHCTBA, TO NOCJIENHEe YCIOBHE
- apcm
YCTOHYMBOCTH NIPMHHMAET BH[ W<O' P — HEYeTHO.
o

51 [30, 31]. Hawm ocranocs paccMorperh caydait, Korga Z(9, zo
YHHYTOXKAKTCA TOKAecTBeHHO. Torga ypasHerns (27) qomycKawTr ode-
BUJHOE pelieHue

r=c2=0,... 2, =0,

3aBUCANNEe OT MPOM3BOILHON HOCTOAHHON C.
CnrenaeM moJCTaHOBKY

=c¢ -} z,

pasymMesa noxg ¢ nponanonbnym BEeINECTBEHHYI0 NOCTOAHHYIO, abco-
JIOTHAA BeANYMHA ROTOpOK He MOJUKHA TOJBKO HPEeBOCXOAUTH HEKO-
TOPOro AOCTATOYHO MAJOI0 YHCIA. HOJIy‘II/IM

Zy = cu2y + ...+ Cnz, + Z. (s=1,...n),
TRe ¢, Oyayr roiomMopdubniMH (YHKIMAMHE HOCTOAHHOH ¢, YHHYTO-
saomumuca npu ¢ = 0, a Z; 6ynyr romoMopdubiMu yHRKIHAME He-
PeMeHHSIX Z, 2y, . . ., 3,, PABIOKeHUA KOTOPHX HAYMHAIOTCA WICHAMH

He HH/Ke BTOPOTO MOPARKA ¥ 006/71aJaloT roJoMoPPHEME OTHOCHTENIbHO
¢ Koapduimentamu. Taroil ke moayeurcas u PyHKUHSA

Z=cz + ...4cpz, + 2.

1) 310 KomMONHEHAE K H3JIOKEHHOMY M3 MOHX JEKHHH IO yCTOHYHABOCTH CaMo-
JeToB, ciexaBmee OecupegMeTHWM paccMorpenwe ciaydaa A <0, BHIOZHET
E.II. T'poccmar (Tpoccmanm E.II. TipogonnHas AHHAMHYeCKas YCTOWIM-
BOCTH HeliTpanbEnx camouseros // Tp. HATH.— 1935.— Ne 217).
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PaccMoTpuM ypaBHeHMe B 9aCTHBIX NPOM3BOAHBIX
, , sy 0z
§ ((Psi + ¢s1) Zy+ oo+ (Psn T+ Csn) 20 + Zs) 7
s
s

n 1 ’
:l’lzl_f_"'_rcnzn"ll“z

m GymeM HCKaTh JJd Hero rojiomMopdHoe pemieEne BHAa

oc
%
z = 21 Vi,
i=1
tAe V; obo3naver gopmy cremeHu i OTHOCHTEJNbHO HepeMeHHBIX. Jlas
oupenenerns ¢opm V; cpaBHeHme OIHOPONHEIX 4YJEHOB JAacT Cle-
AYOIYI0 CHCTEMY YypaBHEHHM: '
oV,

2 [(psl + cs]) 23 + .. -+ (psn -+ csn) zn] El‘ = Uia

;ne U; 6yayr TNPeCTaBIATL MBBECTHHE OHOPOJHEIe dhopmau TiepeMen-
g¥X %1, - . ., 2, cTemenn I, 3aBucAmue or dopm V; ¢ ykasaremem j,
x© TDeBHIIAIAM § — 1. Beaencrsue Hamero JonmymieHuMs, UTO BCe
goPEY ypaaenna A (A) = || p;; — 8;;A | = O o6namawr orpmmaremns-
BIMH BEWECTBEHHBIMH YaCTAMH, IpH ¢, D0 aGCONIOTHOM BeJndmHe [0-
TaTOYHO MaJ0M, Bce KopEum ypasmesus D (A) = | p;; + ¢;; —
— 8;;A|| =0 rakike Gyayr mMerb OTPHIATeNbHBIE BEIIECTBEHHbIE
gactu. [Ipu rakom ¢ ycnoBua Teopems n. 34 GyayT yRoBIeTBOPeHH, H,
CJeI0BATeIbHO, HOCAeHNEe YPABHEHHS OJHO3HAYHO ONpENennaT Bce V;
B NOpsARKe Bo3pacraEusA nAekca i. Bece Koagpduauuentst B Popmax V;
6ynyr rosoMopdubMa yHKUMAME HOCTOAHHON ¢ TPY HOCTATOTHO Ma-
AKX abCOMIOTHHIX 3HAYCHHMAX IOCJTeNHei .
Orciona 3akmogaeM, 9To

x=c+2z(z, ..., 2, ¢C)

OpencraBifger HEKOTOPHIA Hepa3pelleHHHH OTHOCHTENbHO HOCTOAN-
HOM ¢ wHTerpaJ cucremsl (27), #, CIETOBATEABHO, UM MOKHO 3aMEHHUTH
nepsoe n3 pauddepernuanbENX ypaBHeHHm# »Toli cucremsi. Torpa
HpoYHMe YDAaBHEHUA CHCTEMHl IPHBEIYTCA K BHIY

dz .
= = (Pat )2+ -+ -+ (Pon + C5) 20 -+ Zos (28)
rae Z, Gynyr ronomMopdusMu QyRKUMAME Z,, . . ., Z, ¢ Kodddunuen-

TaMH, ABIAIMMHCA TOJOMOPPHEIMH (PYHKHUAMH NOCTOAHHOH C;
npuyem pasiokenns Z, GyAyT HAMHHATHCA ¢ TACHOB HEe HUKE BTOPOTO
‘HOPANKA OTHOCHTEIBHO Zy, . . ., Zy. :

Hama 3agaga 06 ycToHY#BOCTH IO OTHOLIGHMIO K BEJIMYMHAM Z,
235+« ., 2, PABHOCHJIbHA 3aflade 00 YCTOMYMBOCTH IO OTHOLIGHHIO K Be-
AMYAHAM €, 2, . . ., Z,. JleHCTBHTEIBHO, BCAKAM YMCICHHO XOCTATOY-
‘MO MaJINM 3HAYEHWAM OJHHMX BEIAYMH OTBEYAOT CKOJb YIOJHO YHC-
‘JICHHO MaJIble 3HA4eHHMA NPYrux.
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IIpm Bcakom ¢, nocrarouso MaloM mo alCojOTHOM Beamunmme,
BOIPoC 06 yCTOHIMBOCTH MO OTHONIGHHIO K BeJHYHHAM Zy, ..., Z,
UPHBOJAHMTCA K HCCJIefloBaHHI0 ypasHeHH#H (28), xapaKrepucTmyeckoe
ypaBHeHHE KOTOPHIX

D(A) = py + cij— 80 =0

HMEeT NPU TAKOM ¢ BCe KOPHH C OTPMIATeAbHBIMM BeINeCTBEHHHIMHE
qacTsaMu. BeaemcrBue sToro npu BCAKOM ¢, OCTATOYHO MAJIOM HO a6-
CONIOTHOH BeJMYHMHE, JJIA BCAKOrO JAaHHOTO HOJOKHATEJIBHOr0 a4 Haii-
IeTCA TaKoe IOJ0/KHTEAbHOE YHCAO &, YTOOBl HPH BHINOJHEHAH B Ha-
9aJbHBIA MOMEHT BpPEeMEHH VCJIOBHA

2
Z Zig < €
1
BO BCe mocCJelyiouiee RpeMA HBHIKEHMA BBRIIOJHAIOCH CiAEAYIOILee:
2, 23 < a
1

H YTO0Bl DPH TeX ke YCJAOBHAX QYHKIUMU Z; ¢ GecnpenesbHBIM BO3-
pacraHHeM ! CTPEeMMJIHCh K HYJIIO.

OnHaro orciOma Mbl elle He MMeeM IpaBa 3aKII0YaTh, YTO HEBO3-
MyIOeHHoe ABUKeHne ycToduuBo. [aa Toro uro6sl Taxkoe 3axja0geHue
Obli10 3aKOHHO, HeoOXoquMO, 9700 IpH | ¢ |, He HPEeBOCXOAAINEM He-
KOTOPOTO YNCJIAa, MO/KHO ObLIO0 BHOHMpATh € HEe 3aBHCAIEM OT C.

PaccmorpuM  onmpeneieHHO-OTPULATENBHYI0 KBaApaTHIRylo ¢op-
sy V, onpeneinennyio ypasHeHmeM

: , oV 2 2
E (Psiz1+ -+« 1 PsnZa) i + oo+ 2z
8
5

[lonnas npoussonnan wo ¢ ot Takoit pynkuun V, B3ATas B cuiy ypas-
Henmit (28), ecrs

dV P ) ¢ 0V
S =t eI b Y (CaZy e ConZy 2y o
dt ()za

$

IlocTosnubie ¢;; ABAAOTCA roJdoMOpPHbBIMH QYHKUMAMHE ¢, YHAYTO-
/RAIMUMACA OPH ¢, PABHOM HYJIO, 3HAYMT, AJIA 3HAUYEHHH ¢, HOCTa-
TOYHO ‘MaJHIX o abcoaOTHOH BeanunHe, NPaBaf 9aCTh HOCAEAHEro pa-
BeHCTBA OyHer NpeACTaBIATh ONPEHCACHHO-TOJOKHTEAbHYI0 $YHK-
U0 B 00JIACTH AOCTATOYHO MAJHX alCONOTHHX 3HAYEHHH NepeMer-
HBIX 2, ..., Z,, He3aBHCHMO OT 3HAYEHHNA €, MEHbIIEr0 HEKOTOPOro
AOCTATOYHO MAaJOT0 9Yuciaa. JT0 OGCTOATENBCTBO U JOKA3LIBAET BO3-
MO/KHOCTh BHIOpATh YHCJIO € He 3aBucAEM or ¢ (m. 8).

TakuM oGpasoM, NPUXOAMM K 3AKJIIOIEHHIO, UTO 6 Cayude, Kozda Z°,
Zs obpawalomes 8 HYAb, HEEO3MYUyeHHOe DGUNCEHUE YCMOUNLEs, @& 603~
MYywennoe deuxcenue, docmamouno 64U3KOe K Heeo3MywerHoMmy, Gydem
ACUMNMOMUMECKIL NPUOGAUNCAMBCE K HEKOMOPOMY  YCMAHOGUSUIEMYCR
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PEUINCEH UKD
r=c¢2,=0,...2, =0
52 [32]. Il p u M e p. Jlana cHcTeMa

04 9 d 04 '
2 = e+ bxy - cy?, % = —y + kxr + lx* + mxy -+ ny?

¢ MOCTORHABIME a, b, ¢, k, |, m, n. U3 ypaBaenusn
—y -+ kx + Iz 4+ may + ny? = 0

HaXOUM
y = u(x) = kr 4+ Byx® 4- Bgx® - . . .,
rae
B, = 1 4 mk + nk?,
B3 = (m 4- 2nk) B,, ...
Orciona
20 == axt - bau - cu? = A2 4 Agr® - At 4. L,

rae
~ A, = a + bk + ck?,

Ay = (b + 2ck) B,
Aq = (b + 2ck) B, 4 B2, . . .

Ecam A, oTanyHO oT HYAsA, T0 HEeBO3MYIIEHHOE JABM:KEHHE HEYCTOMH-
“9HBO.

Hycte 4, = a -+ bk 4 ck* = 0. Ecan npn stom B, = 0 (410 Bae-
4er 3a Cco00H paBeHCTBO HYJNI0O M BCeX OCTAaXbHLEIX KoddpPunuen-
ToB B u A), 70 HeBo3MymeHHoe NBH:KeHHe OyJAeT YCTOHMYMBEIM.

HdonycraM, uro B, He Hyab. YCToH4MBOCTH GyJeT ONpeNeIATHCH
3gaKoM Ag, Korga b + 2ck oramuno or nyasa. A ecim b + 2ck = 0, 10
IpA ¢, OTIAMIEOM OT HyAA, Kodpdumuenr A, Gyaer oTiiHYeH OT HYIA
H, CIe0BaTeNbHO, GyaeT MMeTh MeCT0 HeyCTOHIMBoCTh; npu ¢ = 0 u3
ypasHeHn# b 4 2ck = 0, 4, = 0 caeayer a = 0, b = 0, a Tem ca-
MeiM Z(® == (; HeBo3MylIeHHOe JBHJKeHHe OYHeT yCTOMYMBO.
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ITAPA YUCTO MHUMBIX KOPHEN

IIpeo6Gpasonanne ypaBHeHHit

53 [33]. IIyrem onpepenenns BemeCTBEHHHX KAHOHHYECKHX IIe-
peMenrHHX (n. 30), oTBevalOIUX Hape YHCTO MHHMBIX KOpHeH —iA,
cacreMy nuQQepeHIMaNBHEX YPABHEHAH BO3MYNIEHHOr0 JXBHKEHHA
Mo:KeM npeo0pa3oBaTh B TAKOM CJydae K CHeNYIOImeMy BHAY:

dx d

- T+ X d—il'=7v$+Y,.

) (29)

x

dts = Py + « oo+ Panpn + 02 ﬁsy + X,

=1, ..., n).

‘3necs X, Y, X, CYTh rojioMopdEbie QYHKIHE BemIeCTBEHHHX Nepe-
MEHHHIX Z, Y, Z;, . . ., &,, PA3N0OKeHUA KOTOPHX HAUYRHAIOTCA YJICHA-

MM He HIJKE BTOPOro HOPARAKA A 00JIaffaloT MOCTOAHHHLIMH BEIECTBEH-
HEME Ko3pPunmenTaMu; ps,, &, Ps Cyrb HEKOTOpPHE BeleCTBEHHHE
HOCTOAHHbIE, IPHYEM BCe KOPHH yPaBHEHHSH

I psr — 852 | =0

HMeI0T OTPHIATe]AbHEE BeMecTBeHHHE YacTH; KA ONpejfeeHHOCTH
OyneM cudTaTh A HONOKHTeNBHOH IOCTOAHHOIA.

Moo npepmonosuts, uro dyakmun X m Y ofpamaiorca B Hyab,
KOTHA T | Y Aenaorca Hyaamu. [leidcTBHTENBHO, NONYCTAM, UTO 3TOTO
mer. OnmpemensM M y Kak romomMopdHEme QYHKIHE IepeMEHHEIX
Zyy « + 4y Ty, YHAOBJIETBOPAONINE YPABECHHAM

. a \
Z(pslxl oo PenTy - 2,x - ﬁsy +Xs) ’0_;',, = —7~y + X,
- 3
t ! a
2(pslxl”r L +psnzn+a3x"\" ﬂsy‘*‘xs)’gz!' =Ar+Y
. 3
' § conepmamﬂe B CBOHRX PA3JOKCHEAX YJICHH HEe HHKe BTOPOFO oo~

pAAKa
T=1uy+uyt+ .. y=v,+vg+ ...,
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rAe Upm, Uy CYTH ONHOPORHHIE YHKIHH CTENEHH M OT NepPeMeHHHIX
Ty, + + +» Tpo A TOCHENOBATENBHOTC OMPENENeHHA Up,, Uy, HOMYIHM
ypaBHEHHA

du
§ : . n . .
(pslxl + .. psn‘rn) 0.1:’ = — Ay 1 Pms
8

av
H mo__ 3
E (pslxl e 'Tl_ Psu-Tn) dr AUy, + Omz
s

rae P, Qm — omHOpORHHe $YHKIMM Z;, ..., I, CTCIEHH M, 3aBH-
cAmAe oT Uy, vy (k<< m).

HonycraM, 9T0 Bee QyHKNENM Uy, vy (k << m) oupeyenenst, Torpa,
coxpanna oGo3nadenns m. 34, GymeM uckKarb U,,, U, B BHAE

Uy = 2 AU, v, = zBrU,«

dyexunn P, O, opa stoM GyAyT H3BECTHEIMH QYHKUMAMH Z,, . . .
o aey Tyt

Pm = EP?‘UT\ Qm = EQrUr'
Iloncrasnaa 9T 3HAYEHHS B NPEHAYIIME YDABHEHHA, HONYIHAM A
ompefeneHna noctoAHHBIX A,, B, cmcreMy aiarefpamyeckux ammeii-
HEIX HEOZHOPDOTHLIX ypaRHEBHH
) 1 R (s) —
Ap(myny + - oo+ maxy,) + Zﬁr Ay =—MAB, + p,,

8

B (mpuy + - oo 4 myn,) + 2658)38 =M, + ¢,
$

ruge m;, ..., m, — KaKHe-T0 HEOTPHIATEJbHEE I[eJhe 4icia, RAl0-
HHe B CyMMe M; %y, . . ., X, CYTh KODHH ypaBHeHud || p;; — &;;%x | =
= 0; B cyTs HeKoTOpHE HEIOIOKATEbHbIE NMOCTOAHHEBIE, KOIrAa
r<<s, m HyaH, Korga r >> s. Onpexeanresnn 370 CHCTEMB ypaBHeHHHR
. €CTh

D == H[(”lly‘l + ..o mnxn)2 -+ )v2}°

-Tak xax COrIACHO NDEANOJOEHHIO BCe KODHE % HMEIOT OTPHIIATeNb-
Hbi¢ BEH(ECTBOHHMIC YACTH, TO HH JUIA KAKUX HEOTPHOATCJAbHHX YHCEN
‘my, ..., m,, JAONHEX B CyMMe m, BhPAKERHe Mm%, + ... + mx,
He MO;KeT DaBHATLCA —-Al; Ciej0BaTeabHO, oupenexntens D He 06-
Pamaerca B HyAb M H3 NOCJAeXHUX ypaBHeHHN nocrosmasie A,, B,
Oyxyr cupedeiATLCA OJHOSHEATHO.
Mycrs
T=u=Uu tUugt+ . Y=0=0 4 vy ...

CYTh HaHfeHALe YKa3aHHHM DYyTeM pemrenusi. Broga sMecTo nepemen-
BHX z, y nepeMegHbe Z, j

z=u-+2 y=v-+7y,
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npeoGpa3yeM 3ajJlaHHBe YDaBHeHHA K BHAY, B KOTOpPOM WieHH X, Y
6ynyT yHEYTOKAThCA, KOTAa I, § MeJAlTCA HYJIAMH.

[MosToMy MH IpeaNo0;KAM, YTO IPH COCTaBlIeHAH ypapHeHmi (29)
BHIONHEHO yKa3amHoe Mpeolpasosanme (ecim B HeM GhIJIa HanoGHOCTD)
H 9TO, CJAefoBaTeabHO, PyHKIHA X m Y YyHHUTOKAWOTCH, KOTga I, Y
HeNanTCA HYIAMM.

54 [33]. BmecTo DepeMeRHHX x, ¥ BBelAeM NOJAPHBE KOOPHAMHA-
T™H I, O:

z=rcos0, y=rsinb.
Bynem umers

dr = X cos0 - Y sin0, r%?-:kr-i—YcosG——XsinB.

U3 gonymenna, aro X, Y yHEMYTOKAIOTCH, KOTAA I, Y AEAAIOTCH
HYJAAMM, BHIBOJHM, YTO IpaBhle 9acTH HOCJHEXHMX YPaBHeHHH yHHY-
TOKAIOTCA, Korjga yamurtoskaercs r. Iloaromy mociae coxpaiiesuss Ha r
BTOpPO€ ypaBHEHHE NaeT

do
@ — M8

rae O o6osravaer ronoMopdPHYI0 GYyHKHEIO IEPEeMEHHBX I', Ty, . . . I,
VHHYTOKAIOIYIOCA NPH OXHOBPEMEHHOM DaBEeHCTBE IOCJeJHHA%
HYJI0 H AMEIOUYI0 B CBOEM pasjoKeHMH KodpPuImeHTaMm NeJne
panuoHaabubie dyHKouu ot sin O m cos 0. V13 aroro ypasHenna BAJHO,
9YTO NOKAa BEJHYBHH | T |, | z; | He IPeBOCXOAAT HEKOTOPHIX HOCTOAH-
HHX, 0 Gyner EenpepHBHOMH noapac'ralomen ¢ynknuei t. Orcioga fAc-
HO, YTO IPH pelleHHH 3anad o6 ycrofumsocT: mepemenHas 0 moser
HIrpaTh TaKylio ke poab, uro u . IIpamMeM ee 3a He3aBMCHMYIO Iepe-
MeHHYI0 BMecTo I. Torpma

.iiL =rR,
(30)
-5 = datit+ - .+ QenZn + (ag €080 -+ by sin 0) r 4+ Q.

rie R, Q; ofo3mavaior QYHKUHHM TAKOro Ke XapaKrepa, Kak u 6;
npn 31oM ¢yEKuEE Qs B CBOMX pPa3jioKeHHAX He OYAYT COlep:KaTh
9IeHOB HHKe BTOPOr0 H3MEPeHHA OTHOCHTENbHO BEJHIHH T, Is;

P it p
G =G5 m=gt b=

ITepsoe n3 ypasnenuit (30) moka3siBaer, 94T0 €CJA HaYaJibHOE 3HAYCHHE
r eCTh HYJb, TO I GyJeT paBHBIM HYJIIO JIA BeAKoro 0. Cnenonarenbno,
r 6yner coXpaHATH 3HAK CBOEro0 HAYaJbHOTO 3HAYEHHWA IO Kpahmel
Mepe N0 Tex NOp, HOKAa BeJWIHHH 7', Ts OCTAIOTCA BCe JOCTATOYHO
MaJHMHE 10 afCoJIOTHOH BeJWdYHHE. Mm 6y11eM npennonara'rb 9T0
r He HOJyYaeT OTPHHATENLHLIX 3HAYCHHH.
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55 {34, 35]. [lnn pemenusa 3amaum ypasmemms (30) mpmpmercs
HOABEPrHyTh HEKOTOPOMY HPeofpasoBaHHI0, KaKoe HaXOAMTCA B CBA-
31 C BONIPOCOM O BO3MOKHOCTH JUIffi HAX NEPHONMYECKOro PemeHms

r=c+u®c - u®e ..,

2, = ulle 4+ uPe? 4 w3 + . . .,

(31)

g 0
e ¢ — npon3BoabHAs moctosHHaA, a u®, u) — He saBmcamume or
Hee nepuoxmyeckue Gyarmum 0 ¢ o6uum mepuomom 2n. Taxoe nepmo-

JAuYecKoe pemeHHe He Bcerga OyaeT BO3MOKHO.

Iaa onpenenenns dymkumi 1M, ul® cxenaenm noAcTaHoBKy (31)
8 cacremy nuddepenumanbneix ypasuenuit (30) m cpaBHEM Ko3d-
¢unEeRTH NMPH OJMHAKOBHIX creneHfax c¢. Iloxyumm

du® 7
—dao u®,
duf® k K . . k
. —d:)_ = goli') -+ @enlth) + (@408 0 - by sin 0) ut) 4 UF,

rae UM, U® cyrs uspectHsie mnesse panuoHajbHble QYHKUMH OT
Tex u, ug“), RIA Kotopeix W << k, ¢ Koapdmumentamu, upejgcras-

JNAIONAMYA HeJble palHoHaIbubie QYRKIuM oT sin 0 u cos 0; npu k& = 1
Bce yuruuu U cyrp myam; k = 1, 2, .

®Ovaknan v’ seerna OynyT nepuOMYECKMMM BHAA
} y

ul = A, cos 8 + B sin 0,

rae A, Bs — Hekotopsie mocrosnnsie. Haubosee mpocto 3T0 MoskHO

NOKa3aTh Yepe3 NpHMBeeHHe ypaBHemmit HIA ul K KaHOHHUECKOMY
Buny (m. 30)

dv(F) . . , . R
= 10 — a0+ (agc08 0 + bysin B) u¥ 4 VO,

e k
roe 17, . .., v\ — kamommueckme nepeMeHHbIE, a NOCTOAHAbE a;, b;
CyTh NuHekHble KoMOMHaUMU Ko3(QPHIMEHTOB a,, bs; HOBHIE Vﬁ” oy-
RYT TAK/Ke M3BECTHHIMHA I(€JBIMM PANUOHAJBHHIMA GYHKIHMAMHE OT TeX
u®), v§“’, AIA Koropeix W << k, ¢ KodddummenTaMm, npeacTaBAAIo-
IAMA IeJable panuoHaJbHbe GyEKumEm oT sin 6 m cos 0; npm srom

sce V¥ pasmnt HYJIO; %y, . . ., %, ABIAKTCA KOPHAMH ypaBHEHHSH
I gij — 8} =0,

OOCTOHHHBIE O CyTh aubGo Byxu, quGo 1; o, =0, s =1,..., n;

k=1,2,...

Hs otux ypasmemmit mmeeM|

8
o) = g%e® S e ™ [(a; cos O -- by sin 8) u® — ol + vy de,
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H, CllefloBaTeJbHO, BCAKHME Pa3, Korga CTofliue 3[ech B KBaJAPAaTHHIX
cKOOKax BHIPpa:KEHHMA OPEHCTABJIAIT LeJble PAalMOHAJbHLHE QYHKIAN

sin 0 m cos 0, TakEME ke GygyTr DoayYaThbes W QYHKLMA v a Tem

1
k .
caMBIM # Ul ), JnHeWHO 3aBHCALINE OT NOCHERHHX }).

1)

Has k=1 ¢yEkmmm us’ NoOJAyda0TCA YKasaHHOro Buaa, uGo
u® =1, a Bce V¥ cyrs mymnm.

Bo3M0xHOCTh MM HEBO3MOKHOCTh A-ro Imara B Npoiecce mocie-
foBateasHoro ompenenenma Qynxuumi u®, ") zaBucar or BosMOK-
HOCTH WM HEBO3MOMHOCTH HepHoauIecKoro pewmenms pas u®)

]
ut = {T®¥ap.

0

HomyctuMm, 9To Bce pyHKnmm ul) VW aa Koropmix ) MeHBbIIe He~
KOTODOrOo YHCJA 7, HafileHs ¥ IPeACTABIAIT HepHofuYecKne QyHK-
nar 0. Torga ¢ymkumio U™ MokHO OGymer HpeNCcTaBUTh HOJ BAAOM
KOHEYHOTO PANA CHHYCOB M KOCHMHYCOB HEJHX KPAaTHHX Ayr 0, m ecan
B OTOM DAY HE OKaKeTcA IOCTOAHHOIO 4ieHa, To QyHKOuAa ul™),
a clefoBaTe]bHO, U BCe u§m) 6ynyr nepuommyeckumMu. B mpormBHOM
caydae dpyarnua u™ Oymer Buma u(™ — g0 - v, rge g ectb HeKo-
TOPafA OTJIHYHAH OT HYJA DOCTOAHHAA, & V — KOHEYHHIH PAN CHHYCOB
m xocuHycoB kpatasix ayr 0. Ipu stom B dyskmum 1{™ Boiimyr Be-
KOBBIE YJIEHBI.

HonycTuM, YTo MMeeT MeCTO 9TOT HOCIeNHHME ciaydaid.

Ilpeamosaras, 910 BHYACIEHUE OHLUIO BHIIOJHEHO TaKuM o6pasoM,
aroGri Bee dymkmun u?, P v (p < m) GhuIn BeleCTBEHHBIMA IS
BemecTeeHHoro 0, mpeo6pasyem ypasmenns (30) mocpeicreoM HOA-
CTAHOBKU

r=2z -+ u®z2 L ., 4 MM L o™,
1 2 m-1),_M-1
zs = uz + ul®s2 4 ...+ Ul )2 -+ zg,
THe 2, 2y, .. ., &, CYTh HOBHIE NIEPEMEHHbIe BMECTO IPERHAX I', Ty, . . .
..., x,. llpeoGpazoBaunsic ypaBHeHHA OYAyT HMeTb BHUJ
dz
o =%
32
dz ( )

8

do =ga%1 T -+ QenZn + Zs’

r7ie
rR—U@z2_  — ym-bm-l_ (g __ g™

ZZ =
14+2u@; L (m—1) w2 L

) Typca 9. Kypc maremaTuueckoro amaamsa. T.1, 4. 1: Ilep. ¢ dp.—
M.: TTTH, 1933.— (Cm. § 103).
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Z,=0,— U — ... — U ™zm 2 (a,c050 - b, sin ) vz
— [V - 2u§2)z e (m — 1) uﬁ’”“”z’”‘?] 2Z.

@yuruun Z, Z; ABIAAOTCA ToroMOPPHHIME GYHKIHAMH IepeMeHHbIX
Z, 33, - - -+ 2p € Kod(dummenTaMu, 3aBUCAIIAMH OT BeIIECTBEHHBIX
3HadeHu 0 DOX BHAOM KOHEYHBIX PAJOB CHHYCOB M KOCHHYCOB I(€IHIX
gpatHocTedl 0. DYHKNUHM 3TH YHHYTOKAIOTCA IPH PABEHCTBE HYJIIO
BCeX Zs U Z; Opu4eM Z; He COAepsKaT B CBOUX PAa3A0/ReHHAX YJIEHOB
gepBoro TOPANKA.

Ecau gepes Z(O), Z§°) o6o3HaguTh OyHKUMU Z, Z¢, KOTJa B HOCIE/-
HEX MOJNOKeHO

z, = 0,...,2z, =0,

T0o pasioskeHne Z(» 1o BOCXONAMIMM IIEJNBIM CTEMEHAM z Oyaer Hadm-
garecA (m — 1)-@ cremeHBI0 ¢ NOCTOAHHBIM Ko3pPuuueHTOM g,
a pasiosreHud GyHRHi A OYRYT colep/haTh z B CTENEHAX HEe HUKe
m-n.

Takum o6pasoym, ypasmeHus (32) ofaagarrT BCeMHd CBONRCTBAMH,
K KaKMM MBI CTPEMUJHMCH IPH MCCIEIOBAHUK YCTOHYMBOCTH B CIydae
OAHOI'0 KOPHHA, PaBHOTO HYJIIO.

Kpurepnii ycroiiunBoctn n HeyctoiluMBoCTH

56 {37]. ITycern

2Z == gz" + Pz - |, 4 POl LR
, . —1) m-1
ZS I 1)_(51)5 TIT e e e T PSm l)z 'E" R‘g,
rme PV PV cyrh nameiimsie OpMbI mepeMeHHEIX Zyy o - .y 3, C HE-

proawuecKuMu oTHocUuTeNbHO O Koddduimmenramn; R — romomopduas
byHKINA nepeMeHHBIX Z, Z;, Pa3Jio;KeHHE KOTOPO nMeer TaKMe iKe
KoadpduimenTsr, npudem RO comep;kuT z B cTeneHsAx He nuske (m -+

+ 1)-i1, a JuHedHBI2 OTHOCHTENBHO Z, . . ., 2, YICHH COZEPIRAT 2
B CTeNeHu He Hiuke m-it; R, — roxoMopdusie $yuxupu z, z;, pas-
JOKeHNsT KOTOPBHIX B WIeHAX, JUHEHHBIX OTHOCHTEINBHO 2, - . ., Zn,

MOTYT co;xepft\an, Z TOJILKO B creneHax muime (m — 1)-#; mpu z, =
=...=12, =0 dyuxuun R COMEP/KAT Z B CTENEHAX He HUie m- .
Hdas pemenma zagaun o6 ycToluuBoCTH paccMoTpuM GYHKITHIO

Vo b W Wz L WOl
rae W) cyrp auneitnsie Qgopmbr, a W — kpagpatmunas gopMma oOT
OepeMeHHHX 2y, . . ., 2,,. Roaddunuentst 8 W GyneMm mpeamonararb

HOCTOAHHBIMH, & B W() — HeKOTOpHMH NepHOXNTIeCKHUMH (QYHKIHA-
0.

IMocrapaemcsa koagduumenramn B opmax W, W pacnopanursea
Tak, 91o0H HoJuas npoussomHad or Gymknuu V mo 6 Onlia 3HAKO-
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onpeneiennoil upu z > 0
dV
=g (" + 2 4 ... + )+ S,

npudeM
- 113 N\
S =vz +21 VerZsZes

87

rme v, Uy, — KakKue-To roaoMopdurie dynkuun 2, 2z, . .., 32,, YHHY-
TOKAIOMMecsHs, KOTa Bce IepeMeHHble Z, 2, HAeJalOTCA HYJIAMH.

Cornaceo ypasHeHHAM (32) mMeeM

V22 (WO 2W®2 L (m— ) W Vgm2) 27

de
, 2 : oW . \ . .
nn , 0z_ (qslzl AT oe e e T qsnzn T Zs) iy

m-1

aw ) -

L , 0W(’) )
+ (gaa2y -+ + -+ GenZn + Z) + —35 2 -
20
r==1

8 =1

Ecan copa nmopcrasuth 3navenns Qyuxkumit Z, Z;, To DOAYYAM

av B )
=1+ WO L 2W®z L (m— ) WTVgm)
% (g™ 4 PWz ... - PUTHgmet L R) 1
BW
-+ (QSIZI T Qsndy + Zs) +
m~-1
awm '
Z 2 (qslzl e + qsnzn +
s r=1
m-1 aw(')
1 \ (m~-1% _
4 PPz PV R 4 3 e
re=1

Cpannnnaﬂ 3TO BHIPa;KEHHE C jKejaeMbiM BHIOM TOH IOJHOH Ipo-
M3BOJHON, WHoJydnM [JaA ompefenenns Qymxuuir W, WO raxme

ypaBHEHHUA

21 ow 2
-a—z_(qslzl + L ’i" snzn) - g(zl . "l" zn)!
S
8
oW ow) ' «
a9 + 2_3——(‘15121 -+ A+ genzn) + P " +-
3 8
' ow -1 aw)
+ Z(Pg" L e P ): 0
$

(r=1,...,m—1).
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@ynxnua W onpejeaserca ojHO3HATHO, TAK KAaK Bce KOPHH ypas-
geEAd _
1 gij— 8k | =0
EMEIOT OTPHUATeIbHBIe BemlecTBeHHbe YacTtd (m. 34). Dyrxnum
wm, L, WD

QIpeeIATCA HOCIe0BATeNbHO B OPALKe BO3PACTAHAA yKa3aTead r.
IIpenmonaras, 4ro Bce mpexumecrsyiomme dysxkuma WO pas me-
koropoit W) onpenenens, umeem mua ompepenenns W) ypasrHenune

W(v) aw _
+ Z (9121 + -+« + GsnZn) = Alzl + .o+ Az,

$ KoTopoM A GyAyT H3BECTHHIMH KOHEYHHIMH PAJAMHA CHHYCOB M KO-
cuHycoB Teabix KpartHocreit 0. Orcioma nnsn ompenmenenua Koadpdu-
nuem'on a $opMH

W = a2, 4 ... + a,z,

UOJIAYIHM CHEAYIOIYI0O CHCTEMY YpaBHEHH:

da,
'-d'g's'":” 1@y T - - - ”%"qnsan:As (S: 1?‘")

Tak Kak XxapaKTepUCTHYECKOe YDaBHEHHME ITOH CHCTEMH He HMeer
9HCTO MHMMEIX KODHeH, TO CymecTByeT M IPHTOM TOJBKO OXHO TaKoe
pemende, B KOTOPOM Bce a OyAyT KOHEYHHMH PAJAMH CHHYCOB H KO-
CHHYCOB IIeJIBIX KpaTHocredr 0.

- Ilpm rakom oumpemenemmm W, W) Besuunna HallieHHOH mpoms-

. dV
BOJHOM — HPH YCIOBHH z > 0 npeacraBuT QyHKIHIO, 3HaKoompe-

nenelmylo o0 OTHOWIEHHWI K 2, Zy, ..., 2, OPH KOCTATOYHO MAJHIX
9UCJAOBHIX 3HAYEHHAX 2, %y, . .., 2, H HMEIIIYI0 3HAK IOCTOAHHOK g.
Ecam g OTPHIATeNbHO, TO IIPH 2 > > 0 ¢pyakuma V Gyaer onpenenenno-
WOJIOKATENBHOM 110 OTHOIIEHHIO K 2, B4y « - «y 3y, TAK KAK COTIJIACHO
n. 35 ¢yuxkuma W Oyner ompeReseHHO-IOJOKHTEIBHON OTHOCHTENb-
HO NepeMeHHHX Z,, . .., 2,. Hamporus, ecau g >0, 10 W 6yner
ONpefeIeHHO-OTPHIATEIBHOR OTHOCHTENBHO HEPeMEHHBIX Zj, . . ., Z,;
$ysrumio sxe V subopoM z >0, 2z, = 0, . . ., 2z, = 0 MoKHO cfenath
HOJIO)KHETEJNbHOM, T. €. OAHOT'0 3HaKa ¢ g; pyEkuua V gomyckaer Gec-
KOHEYHO MaJIHi BHICINAR Npenen.

Orciona ‘B cmay rTeopeMm Jlanynosa 06 ycTroHYmBOCTE M HeycToH-
9YHBOCTH MHl ROJKHH 3aKJIOYHTH, 9T0 B CAYNGe OMPUYAMEALHOZO g
HeeoamyweHnoe QBUNCEHUE YCMOUMUGO NO OMHOWEHUIO K Z, 21, « - ., Zp,
@ mem CaMuM U KT, Xy, . .., Ty, U 6cAK0e docmamouno 6iu3Koe 603~
MYUWeHHOe OGUNCEHUE CPEMUMCS K HeMY ACUMNMOMUHECKU, 4 6 CAY-
Nae NOAONCUMEALHO20 g HeGO3MYWeHHOe 08UNCEHUe HeycmoltNueo.

- 57 [36]. na meHCTBETENHHOrC BHYHCICHHA IOCTOAHHOM g HeT
HeoOXOXEMOCTE HENPEeMeHHO HATH YyKasaHHHM mnyrem. J{as aroi
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HeJR NPeAHoYTHTe]bHEE PacCMATPHBATH HENOCPEJCTBEHHO ypaBHe-
ansa (29).
BeeneM HOBYI0 He3aBHCHMYI0O NEpeMEHHYI0 T BMECTO I:

t—to = (1 -+ hye? + hge® 4 .. );

kodpPuimenTH h 0CTAOTCA HOKAa HeonpeleJeHHHMH; ¢ €CTh HEKOTO-
pasg mocrofHHAfA. JHaYeHHAMA TOCTOXHHHRIX A pacnopAaAMCH TaK,
yroGs npeoGpa3oBaBHEM ypasHeHHAM (29)

=y ) e ),
Zi’ (x + { )(i + hyc? + .. ),
dz

X
d‘: =(q31121+- -+ gonT 7;‘a$+by4—-)(1-‘—hzc+ )

rae ¢, s, bs HMEIOT Npe;KHHe 3HAYeBHA M. 54, YIOBJIETBOPAIA
PAREL
z = 2W¢ + 2®c? 4 . . .,

y = yMc + y®e? 4.
Ty = :cgl)c + 2D

B KOTOPHX Bce ¢yskmmm z(0) y), 2% G 6bl mepHOAHUECKAMH
GyHKOUAMHE T ¢ 00IUM IepHOIOM 277 M He 3aBHCEJH OT HOCTOAHHOH C.

Jlna mociaepmosaTenbHoro oupeneinenus ¢ yakmui ), y®), ™
HPH 3TOM XNOJYYalOTCH YPABHEHHA

(r)
= =Y — ey + X©,

() ’
dl!i/'r = (" -+ hr-—lx(l) -+ Y(r)v (33)
dz{"

= gad) -t gt 4 X
(s=1,...,mr=1,2,...),

rge XM, Y GyayT HEKOTOPHMH H3BECTHBIME LEJBLIMH PAalAOHAJb-

BeiMA QYyHKIUAMH oT BCex (W), y), 7™ uMeonx BepXHHE 3Ha-

90K M MeHbWIe I, W OYAYyT 3aBHCETh OT BCeX HOCTOAHHMX hj, nuA
KOTOPHX j<<r — 1. OyExkuun X" gomoamurennHo 6ynyr s3aBHCeTh
or ", ¥y wm h,_,. llpu atoM caegyer moao:kuars: hy = 0, hy = 0,
XV =0, YO =0,

Ecam ponyermTs, u9ro W3 ypasHemm# pas r=1,....m —1
BHUMCJCHH NOCHef0BaTeNbHO Bce PymKmmm W), y), (") ATA KO-
TOPHX W < m, H BCe HOCTOAHHHE h;, IIA KOTOPHX ]<m —1,

To NuA onpenenenusa ¢yaxmmir z(™, y™, 2™ u mocrosmmo# h,,_,
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6yaeM HMerhb M3 ypasHeEmd (33) cucteMmy, oTBedalmy r = m.
M3 nocienneir BpjaHO, 4TO €CAH MOKHO OyJaer HalTH nepmogAYecKHe
™, y™, ro dpysxmmr 2™ Bcerza BoaMoKHO 6yner HaliTH mepmonm-
YeCKHMH, TaK KaK Bce KOPDHH ypaBHeHHA | g;; — 8;;% | = 0 mmeror
OTPHIaTe/AbHIE BEH[eCTBeHHHEe YacTH H, CJIeJ0BATeNbHO, yPaBHEHHA
(s=1,...,n; 7T = m) NOpE TAKEX HOpPeNNOIOKEHHAX He OYAYyT HpH-
HAJJIeKATH K CJIYYal0 pesoHaHCa.

YpaBBernAM, KOTOpHe NOJY4alTCA NIA onpemenemmsa r(), y)
‘BCErfla MOYKHO YHOBJIETBOPATH HPeNHOJ0;KeHHAEM

W = cos t, yM = sin 7.

Jaupneiimue Beramciaenus (), yW) mosxmo Gymer BecTH Tak, 4TobH
oHH fenandch Hyaamm npe T = 0. OcraEaBimBasch Ha TAKOM Ipej-
TOJIOKeHHH, 3amernM, Yro X, Y(™ ppeacrasarca Torna B BHIE
KOHEYHHIX PAJOB CEHYCOB M KOCHHYCOB IEABIX KPATHOCTeH T:

XU = A cost + A,sint+ ...,
Y™ = B,coss + Bysint + ...,
rae A4,,4,, B,, B,, ... cyTb HeKoTophe M3BECTHHE NOCTOAHHEIE.
ITpepmosaran
™ = g, 08T + a,sint + ...,
ym™ = b cost + bysint 4 ...,

43 ypasneHH# (33), oTBedamuX r = m, AJA OHpEJeJeHHA IOCTOAH
HHX a,, @y, by, by, h,_; HOAYyIHM COOTHOWIEHHHA

ay + by = A;, —a, + by + hypy = A,,
—ay — by = B,, —a, + by — hp; = By.
CooTHOmeHnA 3TH GyAyT COBMECTHH TONBKO LK YCIOBHH
4, + B, = 0.

Horga mocaenmee smmonnmeno, gymxumm z(™, y™ Moxmo Gymer om-
pelesuTh, TAK Kak Ipu ompejesiesnm Kosfduumentos a, b B paAgax
™, y(™ M BCTPETEM 0COGEHHOCTH (B BH/E BO3MOKHOCTH IOfBJIE-
HHA BEKOBHIX Y/JIEHOB) TOJBKO JJIA WIEHOB, CONep:KallHX CHHYC HIH
KocHHYC nepsoii xpaTHoctd T. /1A moaHOro onpenesieHEAs BCeX Kodd-
dunmentor pasiaomenna z™, y™ mymuo GyXeT HCUOIB3OBATH YCIO-
sus (™ (0) = 0, y™ (0) = 0. '

Ecan man Bexkoroporo amauka m yciosme A, - B, — 0 me BH-
#fOJHACTCA, TO MCKOMBE DeIIeHHMS HeBO3MO;KHKW. MoKHO mOKa3sath,
MTO B TAKOM CJIy4ae YHCJIO /M W TOCTOAHHAA

A B.
g = 1-{2—2

§HJIE 6n Teé caMbie, C KOTOPHIMH MBI HMEJIHR J1€J10 B HOpeabiiylneM Ia-
parpade.
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Ha npyrux Bo3Mo:KHBIX cmocofax onpedesieHHsl 3HaKa IOCTOAH-
HOH £ OCTAaHABJAMBATbCcA He 0OyaeM.

58. Mpuwmep. llycrs puddepennmanbusie ypaBHeHHH BO3MY-
(eHHOro ABHHEHHA UPHBOAATCA K OXHOMY YPaBHEHHI0 CJelYIoIero
BHAA:

&z ;o odx

'l—ﬁ—,rT-T :Fix’d_t)’
rae F ecty roaoMopduas GpyHKLMA YRKA3aHHBIX aPryMeHTOB, He CO-
Aep;RAllaR B CBOEM pA3JIOsKeHHH 4YJIEHOB HH;Ke BTOPOTO NOPHANKa
dx
dt
BUTCH BOHPOC 00 YCTORYMBOCTH HEBOSMYIIEHHOIO ABM:KeHHA (7 = 0,
= 0).

B ¢yukuus F pegeanM YIEHB ¢ HOYETHHIMH M YeTHLIMH CTCIEeHs-
M@ CKopocTy T’

OTHOCHTEJNBHO BEJHIAH T U &' = , 0O OTHOIHEHHIO K KOTOPbHIM CTa

F o= ax'f (x, "% -+ g (x, 2%).

rae f, g — rosoMopdasie PyHKIMH CBOUX apryMeHTOB; [ He COXePiKUT
9J€HOB HH:LE IIePBOre MOPANKA, & & -— HHKe BTOPOro NOPAILKA OTHOCH-
teabHo r. ByneM mpexmoaararb, 9Te $yHKIMM § M ¢ HE 3aBHCAT OT
nocToaHHOM a, a HamEu3mas dopma f (z, '%) 8 pasuaoieHun [ =
= fr =k fray o - - . ABAAETCA TOJOKATENBHOH. 3ajada 3Ta lpen-
CTaBJAAET M3BECTHHIH MHTEpEC; K Hell NPUBOXATCA HEKOTOpPhIE MPAKTH-
YeCKHe BONPOCH H, B 9ACTHOCTH, BONPOC 00 YCTOHIHBOCTH IOJIOMKEHHA
pasaOoBecHa (2 = () Mexamudeckod cucrTeMb, Haxofgsameiica non
xedcTBHEM IIOHATHOH W3 ypaBHeHHA o0OOLIeHHOH CHJIBL.
Henan

r=rsind, ¥ = rcosb,
BBIBOAKM M3 HAIEr'¢ YPABHEHHSH

d ; ’
B Ryt Ry

rge sce R osmavaor gyuruum oxuoro 0. [Ipu stom Bce QyHKUHH
R, R, ..., R, R, — acos?8f,(sin B, cos*8)
ge Oyayr saeucers oT mocrosinHoil a. [loaroMy mpu OTHICKAHHMH pe-
MeHHA HOCHeTHerc YpaBHEHHMS NOJ BHIOM pAXa
roe= ¢ Ue? b uge® - L.
PacHoI0KEeHHOIo IO BOCXONAI{MM CTENeHSAM NPOH3BOJbHOK MOCTOAR

HOR ¢, BCe (QYHKIHH
]

Ugy lgs « + o 3 Ups Upsy — @ S cos? 0f, (sin 0, cos® 0) dO
0

OoJIy9aTCA He 3aBHCHAIIHMH OT 4.
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Ho ecan Opt a 6bli0 HyTeM, To NpeNIOKeHHOe ypaBHeHHE No-
pyckajo Obl He 3aBMCAIIMH OT ¢ rojoMopHEIE HETErpaa, B KOTOPOM
COBOKYIHOCTD YJIEHOB HaWHH3Iero uaMepenus 6yner 2% -+ z'%. Jlefcr-
BHTEJIBHO, M3 NOJYJaIOUerocs NPH 3TOM IOC/He HCKIWYeHHA ! ypas-
aeHnsd

£ ,

d(xd;—t ) 2 (x. 'Y,

B KOTOpPOM mnpasas wacth 2g (z, %) = ¢ (z, 2% -~ z'*) npeacrasager
ronoMopdHyI0 QyHKUHI0 BeamumH z ¥ 2’ -+ 2%, B cHMAY M3BECTHOH
TeopeMsl HaiifteM z° + z'?= ¢ + { (z, ¢), rae ¢ Gyner roaoMopd-
go#i Qynkuued r um -, yHmuro:xkaiomeiica npu r = 0; ¢ npencrasaa-
er 3HaveHme z'?, Korja z ecrs Hyab. lloclennee ke ypaBmeRue
HeIOCPeNCTBEHHO O00HApy/KHBaeT CYIMECTBOBAHHE WHTErpajga YKasaH-
HOTO XapaKTtepa.

HocrarodHo MaJipie mo alCOMIOTHOW BeAmUHHe 3HAYEHHUHA ITOro
3HAKOONPe/eIeHHOre BHTerpaia GYAyT OTBEYAaTh HEKOTOPHM 3aMKHY-
THM OPOMTaM B NJIOCKOCTH I, ', WM HEKOTOPHIM [EPHOAHIECKHM De-
DIGHHAM 3ajlaiHoro ypasHewus upm ¢ = 0. B cvmecrsoBammm arux
OepHONIMIeCKUX DelleHHH BO3MOKHO YOEANTHCA TAKIKE HEIOCPeNcT-
BEHHO, TaK KaK ypaBHEHM# [JiA T ¥ 2’ He M3MEHAITCH NPH 3aMeHe
t Hva —¢t u z' Ha —z'.

ITosaToMy wnHTepecyompme HAC He 3aBucHuiMe o ¢ (YBKIHAK

8
Ugy tge « v oy Upy Upsq — @ 5 cos® 0f . (sin 0, cos* 0) db
0

BCe Oynyr NepuognuecKHMH, H, CJeJ0BATEJIbHO, €CAH ¢ He HYJb,
HOCTOAHHAA g Haljerca mo gopMmye
23
a { . 3
- \ cos? 07, (sin 0, cos? 0) do.
® €
6

i

g

Ecau f; nonoskureavno (k — verno), To npu a > 0 HeBosMyIIeHHO®
ABM;KEHHE Heycrodduso, a npu a << 0 — yeroiunso.

Mo:KHO 3aMeTHTh, YTO YCTOMUMBOCThL HEBO3MYMIEHHOTO JBH)KEHHSA
npu ¢ = 0 oYeBHAHA, TAK KAK YKa3aHHbIH BEHIIe 3HAKOOUpefeJeHHE
HHTErpajl y[oBJeTBOPAET YCJIOBAAM TeopeMbl Jlanymosa 06 ycrom-
9YHBOCTH.

ITpuamep. Pacemorpum cucremy puddepeniuainHbix ypasHeBHM

a 4
T TV @y
dy a
5 —r @)y
d.’t]

B e a9,
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HUecnegosamne GymeM Bectm corjgacHo m. 57. [lenan
t—tg =1+ hye® +hye® 4+ ..)7,

OyneM HCKaTh TMePHOAMYECKOe pelieHHe B BHUAe PANOB, PACIOJOKEH-
HHX [0 BOCXOAAIMM CTEIEeHAM NPOU3BOJIBHON IOCTOAHHOM C,

z = zWc¢ F+ 2®e? + .. .,
y = yMe + y®ec® + ...,
z, = 2V + 2P + ..

OnucandsiM B o. 57 MMOCTeqOBAaTeTBHBHIM' IIPOLECCOM ONpeeInM

¥ =cost, y» =sint, z’ =0,
2@ = 0, y® = 0, 2P =1,
a pag z®, y® pomywmMm ciaepyiomue ypaBHEHAs:
dz® .
J;T =—yB® —hysint ———;—cosr,
dy(s) a .
= (3 L A ———
o @ + hycosT 5 sin T,

A3 KOTOPBHIX, KPOM€ H€BO3MOKHOCTA MCKOMOI0 IIepUOAUIeCKOro peme-
HUA IPH OTIUIHOM OT HYIA a, BJIA IOCTOAHHOH £ noJy1aeTca paBeH-

—a
CTBO g == ——. CaenoBaTe1pH0, HEBO3MYINEHHOE [BIKeHHe OyneT

VCTOMYMBHIM NPH MOJOKATEJIHPHOM 4 M HEeyCTOHYMBRIM NPH OTPHIA-
TEJBLHOM Q.

Caenyer mpuBecTy ofHO 3aMedanue Jiamynosa. Bompoc o6 ycroit-
YHBOCTH 10 OTHOIIEHHMI0 K HEePeMEeHHHM Z, Y pa3pemaercd Hemocpesn-
ctBenHo Teopemamu Jlanysosa m. 8, 13 m paccMoTpenueM QYBRKIUE
V = 2% 4+ y2. Opmako Geuio GBI OMAGOYHO IIOJNATATH, UTO BTAM 3a/4a-
ya ycrodumBocTH OymeT yike HOTOMY paspenieHa, 4TO BCerja MOKHO
Ha#WTH eIHHCTBEHHEIE PALH T, = [, (Z, ¥), PACIOJIOKEHHBE IO TeJIBIM
HOJIO;KATENBHBKM CTENeHAM I, § W He COfepsKamue NMOCTOAHHHIX dJje-
HOB TaK, 4To6b (OPMANbHO YNOBJIETBOPANHCH YDPAaBHEHUA IJIS T
cucremul (29). B mameMm ciaydae ypaBHeHue

. a
[—y—5a@+] 5+ [z — 5 v@ + ) | S =
=-—; + x? 4 y?
onpefeiser PopMaNbHO YAOBIETBOPAIOIMMUA eMy PpPAX
(@ + ) o (@ + g+ 1208 @+ P
+1.2:3a® (> +y + ...,
PACXONAMMMACA NPE BCAKHX OTIMYHHX OT HYJIA T W Y.
59 [38]. B zampmMmalomeM Hac cjydae Iapsl YUCTO MHUMEIX KODHeH,
KaK MBI BHJeJH, PellleHAe BOIpoca 00 yCTOHIMBOCTH CBA3AHO C BOI-
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POCOM O BO3MOKHOCTH HEKOTOPOI'0 NEPHONHYECKOTO PemeHHA Mif
cucremu (30). Ho, x coxaiennio, Bce cmocoGH, Kakae MOKHO IpeR-
A0KATH A PelleHHsA IOCIeHEero BOIPOCA NPHBOAAT K IEAH TOJBKO
B CJaydvae, eCJiM Ha HETO NOJKeH MOJNYIATHCA OTPHANATEbHHH OTBeT.

Ecam ato uepnozm‘lecxoe pemieHne cymecrByeTr, TO ~HeBO3MYImMEeHHOe
ABHKCHHE yc'rommno

HomycraM, 910 KaK-1HGO BaM YAAJI0CHh YCTAHOBHTH CYIeCTBOBaHHE
HHTePecyoIero IepHOAHYeCKOr0 PelIeHAs W TeM CAMHM CYINeCTBO-
pagme B cxoguMmocth pagoB (31). Torma umpeoGpasosamme

r=z-4 u®z® 4+ yGz®» 4 .,
ry =z, + uMz + w22 4 ...

OpuBeleT K ypasHeHHAAM BuAa (32), B KOTOpPHX GynyT YHHUTOKATHCH

$yaxun ZO, Z®. Mu npExoamM K caydan, NoKoOHOMY paccMOTpeH-
HOMY B m, 51.

B aroMm caywae cmcrema (32) MmeeT HmOJIHOE HHTErpajbHOE COOT-
HOIIeHHE ¢ OJHOH HPOW3BOJILHOH HOCTOAHHOM C:

z2=c-4 ZE [)ﬁ)ck (m,vk =1,2,.. .),, (34)
m K

rre P cyts onmoponmse GopMu m-ii cTenmenn OepeMeHHHIX 2y, ..., 2,

a KoappannenTrr dopm P& CYTh KOHEYHHIe DSAXH CHHYCOB M KOCM-
HYCOB I[eJHIX KpaTHOCTeH 6.

I[eiic'mn'renbno, B ypannennn, onpenenmomen 2,
E(qslzl + e "I’ qsnzn) az + (39 = 2 — Zzs Oz !

B OPaBOi YacTH He Oyler WIEHOB, He 3aBMCAIEX OT Z,, TaK Kak Z(%

Z® cyrs myam. IlycTe pesyibTaT MONCTAHOBKE Z B npaByl0 9acTh
TPelCTABHTCA B BHJE
K
— 22 QWek;
m k

Q% oﬁoanaqaer dopMy m-#i cTemeHM nepeMeHHHX z,, 3aBHCAINYIO
or tex P{", maa xoropmx i + j<<m + k.
Iinn onpenenenma dopm P& monyunm ypaBHEHHMA

p(k) p(k) ®
Z(qsiz1+"‘+qsnzn) 6 +_é_'=_0 .
s

Ilpennoaaras, uro Haiimens Bce Gopmur Pi”, nas KoTopHX i -+ j <
7
< m + k, m 9470 OHH 00IAAI0T OMHCAHHHMHA BHIIC HEPAOAHIECKHMH

oTHOCHTeNbHO O Koapdunmentamm, sameuaem, uto QFF) mpexcramaser
dopmy ¢ TakEMEm ke Kodddmmmentamm. Orciofa IJIA ompefeNeHHA
koapdumuenton Gopmur P Mmm momywmm HEORHOPORHYIO CHCTEMY

S H. I Yeraes
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OOLIKHOBEHHHX JHMBeHAHHIX Au{PepeHNNaNBHEX ypPaBHeHHH, y KOTO-
POt COrJIACHO H3JNOKEeHHOMY B I. 34 xapax’repncmqecuoe YPaBHEHHE

GydeT MMeTb KODHAMH BHPa)KeHHA BHAA — (myx;, + . . . + m,x,),
THe m, — HEKOTOPHE HEOTPHIATeJbHEe IeJse JHCHA, umelonme cyM-
MOH m, a %, ..., %, CYThb KODHH ypasHeH:a | q;—8x| = 0;

W3BeCTHHe WieHH OyayT mepuogudecKmmu otHocmreabHo 0. Takas
cacTeMa (K3-3a TOro, 9T0 BCe KOPHH %, AIMEIOT OTPHIaTeJIbHEE BeIecT-
BeHHEIe YaCTH) BCerja AONycKaer (A TOJAHKO OJHO) IEePHOXHIECKOe
pemieHue.

YKa3aHHEM HOCJIe[0BaTeIbHLIM IPOIECCOM OLMPEREIATCH BCe Kodd-
QIR TH Pﬁn) M papx aag z. JJoraskeM ¢XOQHMOCTH IOCJeQHEro A
HOCTATOYHO MAJHX IO a0COJNIOTHON BeJHYHMHE C, Zj, . . ., 2.

Cucremy nuddepennuaIbHpX ypasHenuit g Koagdunnentor Gop-
vz P npueegem x xamommueckomy smay (u. 30). Koapdumumenrs
$opMEL P{¥) GynyT cBA3AHH ¢ HOBHMM KAHOHMYECKHMH BeIHIRHAME A
HeKoTOphIME (opmynamu iuHefiROro npeoGpasoBanns, BOOGIE ¢ KOM-
NeKCHBIMH ¥ OTPAaHMYeHHHIMH IO MOAYI0 Koaddunmenramu. B mpo-
necce IOCJHeJOBATeNALHOTO oupeneienus KoadpduumenTos A Oynem
HMeTh JIeJI0 ¢ yPaBHeHHEM

dA
——‘-i-é—-—{—(mlxl—{—...—{—mnxn)A:—B,_

rape B no (x)OpMy-TIaM yka3aHHOr0 JHHEeHHOT O npeoﬁpaaoﬂaﬂnﬂ 3aBHUCHT
or koaddunnenton dopmu QL u eme, GHTH MoKET, OT DPEHAYIIETO
A B BHE NOUNOJHHTEJBHOTO cjaraeMoro. B Oyager mepuoAmYecKoi
dyHKmmekr O ¢ OrpaHMICHHHIM MOJYJeM..
Orcrona
o0
A = g~ . +m, %,)0 S et e +m % 0p 49,
0.

N3 storo BHpaskeHdd pis A CiaefyeTr, 9TO MH HOJYYHM Heuowopme
BHICIIME TPAHUIG 1A Monyseil Koa(ppunmenton Gopm P®). ronumue
B paBHOH CTeneHH A BceX BemecTBeHHux 3Hauenmit 0. Ciuemesa-
TeNbHO, z GyAeTr roroMopduoi QyHKNHEH BEIRUHH Z;, . . ., Z,, C OPH
NOCTATOYHO MAJHX 3RAYEHHAX HOCIAENHKX M JJSA BCeX BemecTBeHHHX
snavennit 0.

O6patnMca K mameil 3ajjave. 3ameHnM nepsoe u3 ypasHenmit (32)
HOJHHM HHTeTPAJTbHEM cootTHomenueM (34). OcraiibHHe ypaBHEHHUS
(32) moce 3amenn z cornacuo (34) MpEMyT BHJ

dz. ’
"‘# = (Qsl + Csl) Zi+ .-+ (qsn -+ csn) Zy + Zs,

Ie ¢, CyTh roiioMoppune GYyHKIUHE IOCTOAHHOH ¢, YHAYTOKAIONHE-
cd, KOTAA ¢ PABHO HYNIO, K0d(QPUIHEeHTH KOTOPHX NPEACTABIAAIOT

pelmecTBeHHHe mnepuofnmieckue ¢ynakuum 0; Z, cyTs roaoMoppume
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(YHKIHA BeJIMUHH 2, ..., Z,, C, PABJIOKEHHA KOTOPHX HAYMHAIOTCH
¢ WIEHOB He HE)Ke BTOPOIO H3MEDEHHS OTHOCHTEJLHO HEPEeMeHEHX z,
U MMEIOT UePHOJANIECKAEe OTHOCHTENLHO O BemecTBeHHHNE Ko3dhPunmen-
Toi. Bee HaspaBAHe QYEKIHEH roJoMopQHH A BCeX BeIECTBEHHHX
snavyennit 9.

Ilomo6uo m. 51 pacemMoTpEM oOIpeleSeHHO-OTPHNATENBRYIO KBaj-
parnunyio dopmy W, ompejeiennyio ypaBHeHHeM

ow
Z(QS131+"'+qsnzn)—é'z'—:Zi—f—...—+—zfl.
8
8

Basartas B CHJAY MOCHeJHHX YDABHEHHH IOJHASA MOPOM3BOXHAH o O
ot aroit gopmnr W Gymer

aw 2 2
35 ATt

ow W
+ § (Cslzl +-o+ Csnzn)T -+ E Z 72
- (3 - s

Tak Kak ¢, cyTs roroMopdusie PyHKIHME ¢ A BCeX BEeIMECTBEHHHX
3HaueHnil O, yHmuro;kalomuecs npu ¢ = 0, TO MOKHO HA3HAYHATH
HEKOTOPYIO IOJO;KUTEJbHYI0O HOCTOSHHYIO h, YTOGH npH ¢, YACIEHHO
He npesocxopameM h, kBampartuynas Gopma)

| aw
B4+ ...z E (Cazy+ -+ + ConZn) —5—
s
8

ObIa OUpeNeeHHO-IONOKHTCALHCH OTHOCHTENBHO Z, JJS BCEX Be-
mecTBeHENX 3Havenuit 0. Ilpm sroMm maa mocrarouno mMaumx mo abco-

Y o~ aw
MIOTHOH BeJWYMHe 3HAYeHHI z, (mycTh 3 z: < R) mpousBonnas 5 6y-

AeT oIpeNeeHHO-TOJNOKATEIbHOR. A 5T0 B cU1y TeopeMul JlanyHoBa
(n. 11) noxasnBaer, 4TO HEBO3MYIEHHOe [IBIKeHHe Gymer ycroium-
BHM IO OTHONIEHHIO K IePeMeHHHM Z,, . . ., Z,, HE3aBHCHMO OT 3HA-
9eHni ¢, qumb Gh a6COMIOTHRE 3HAYCHUA NOCHeRHeH OHanm Membnre h,
NpHAYeM JOCTATOYHO 0JIM3KOe BO3MYIIEHHOE ABH;KeHHe GyaeT acHMIITO-
THYECKH CTPeMHTHCA K JBEIKEHWIO z =¢, 2z, =0, ..., 2z, = 0.
Onpepenenno-nonoxuTensHan Qynknua V = —W umeer He 3a-
BHCAI{HE OT ¢ NocTossHHEE Koddduuuents. Ilycts [ ecTh TounbIL BEpPX-
HE npenen ¢ymkmmm V ma cdepe z; 4 ... + 25 = A. Oysaknua
V, Kak He sasHcAmas gBHO oT 0, MomyckaeT GeCKOHEYHO MAJHIH BHIC-
MAE npexesr M, cTakxo OHTH, NAA | HaWRETCA YHCIO € Takoe, UTO IPH

Dz <le

Gyner mmeth MecTo HepaBeHCTBo V << I. Tak ompemesenHoe YHCTO €
He 3apucuT or ¢. Orciofa mpu BCAKOM 3HaveHHH | ¢ |, AMmMb GH OHO
6nu10 Menbie h, OIA BCAKOro moxoskmrenpHoro umcaa A < R ompe-
_JleJieHHOE BHIIE HE 3aBUCAINEE OT ¢ YHCIO0 € 00JajgaeT TeM CBOHCTBOM,

- ge



132 TJI. 8. ITAPA YHCTO MHAMbBIX KOPHER

9T0 NPH HAYaJbHHX BOSMYMEHHAX, NONYAHEHHHX YCJIOBHIO
2
2 ZSO < €,
s
ansa nw0doro BeI(EeCTBEHHOTO 0 6}’119'1‘ BHIOOJAHATHCA HEPABEHCTBO

Zz§<A.

Imux dokasbvieaemcs YCmMoULUBOCIe HEBOIMYUFEHH020 DeUNCEHUS NO
OMHOWERUIO K BEAUNUHAM Ty, . . ., Z,, C, YMO DAGHOSHAYHO €20 Ycmoli-
YUBOCMIL NO OMHOULEHUIO K 2, Zyy .« oy Ty, @ MEM CAMNM U K HAYALL-
HHLM NEPEMEHHBM T, Y, Ty, . « -y Tn.

60 [39, 41]. Il p m M e p. Paccmorpum nuddepennuainnbie ypas-
HEeHHs BO3MYIMEHHOTO ABH:KEHHH

—— T amanen —— —l—

dt )\’y—%—X? dt A"E ] Yx

rie X, Y cyrp roxomopdusie GyBKnun x, y, HaYHHAOMHAECH B CBOMX
PasoKeHAAX C WIEHOB IO MeHbHIeH Mepe BTOPOro MOPAXKA U YROB-
JeTBOPAIOINHE YPABHEHAIO

X aYy
% T =0
Coraacao nocliefHEMYy COOTHOIIGHHIO CymEecTBYeT HEeKOTopasd rojao-

yMopduan Ppyuknua P (z, y), HAYMHAIMAACA B PABNOKEHHA C YICHOB
TpeThero MOPARKaA, TaKad, 4TO

o% o
=~ Ve

IIpennosennasle ypaBHeHUsT ABIAIOTCA KAHOHMIECKEMH M GyXyT HMeTh
cHeAyIomui# MHTErpaJ:

x4 y2+%\b(x»y) =

rae ¢ — HeKOTOpasg NOCTOAHHAA, HeM30e;KHO NOJOKHTeAbHAH A
XOCTATOYHO MAJHIX IO aGCOJIOTHOH BenuwqyuHe 3HaveHmit z, y. Hdenas
HOACTAHOBKY & = r ¢0s 0, y = r sin 0 @ paspemas IOJyYeHHHH HH-
Terpag OTHOCHTeNbHO &', MOJYIUM BHPAKeHHE I' B BHNe IepHOAHIe-
ckoit Qyaxmmm O.

CnenoBaTe/bHO, HEBO3MYIEHHOE JBHKeHHe OyfeT YCTOHIHBHIM
(m. 59), ¥T0 MOKHO 3aMETHTH TaK:ke B cHIy oOmeil Teopemu Jlamy-
HOBa 00 ycroitumsocTH, ecid 3a (ynxknuio V OpPHHATH JeBYIO YacTh
VKA3aHHOTO ONPEReIeHHO-IOJ0KHTEAbHOr0 HHTErpaa.

Mpumep. Jaau ypasHemus

d dy d
—‘%+y=ayz, -Et—-—xzﬁzz,_ —f—-{—kz = YZY,

B KoTophX k 0003Hag9aeT MOJIOKUTEIBHYIO, & ¢, , ¥ — KaKHe yroa-
HO BeNeCTBeHHLIE INOCTOSHHKEE.
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Ileproamyeckoe pemenne GyeM HCKATh 1O CIOCOGY, H3IOKEHHOMY
B m. 57. 3aMeuas, 9TO IpeJI0;KeHHHEe YPABHEHHs He MEHAIOTCH NPH
3aMeHe ¥ Ha —z W y Ha —Y, HoJydaeM

= ¢CoST | x@¢cd 4+ x6GIed ...,
y =csint 4 y®ed 4 y®cd ...,
2 ==z@)¢% -} 28t L.,

Hdan ompenenenna ¢ynxkumm z(* moiydaeM ypaBHeHHE
az:®
dv

+ k2@ = —Z—sin 2T,
KOTOpOe MMeeT NepHORAHYEeCKOe pPeIneHHe

22 = Wl—@‘( (k sin 2v — 2 cos 21).

Hasn onpenenenna z®, y®) umeem ypasmenns
dz'®

— + y® = — hysinT + az@sinT,
dy(3>
T 2®) = hycos T + Pz cos T.

IlopcTaBass B mpaBhle 9aCcTH 3THX yPaBHEHHH Hal/[eHHOEe BHIPAKeHHe
nag z(, aMeeM NpPH Pa3ioKeHAH 1O CHHYCaM H KOCHHYCAM KpaTHBIX
xyr BupaskeHEii X®) = az® sint u Y® = fz(» cos v caepyomue
HHTEpeCyomne HAC YJIeHH:

@ _ __ovk ®__ Bk
X = (21 %) CosT+ ..., Y —mmnr—[-...,
OTKYyJa
_ (a-t-B)vk
£ =gmra -

Hoaromy (m. 56) ecnim (o -+ P) y << 0, To HeBO3MYIIEHHOE JABHIKEHHE
ycroiuuBo, a ecam (o + B) 9 > 0, To HeBO3MymeHHOe JBH;KeHHE
HeycroiauBo. Ecum (o + B) y = 0, T0 npemnoskeEHas cucTeMa ypas-
HEeHHM# NROIYyCKaeT HHTErpaJ

% + y® = const,

M, CJEeJOBATENBHO, €COH JefaercA NOACTAHOBKA £ =rcos 0, y =
= rsin 0, To r 6yner nepmogmueckoit Ppyuxnmeis 6 (r = ¢). B m. 55
MH yCTaHOBHJIM, uT0 eciu u(™ GyayT MOAYYaThCA NEPHORAIECKAMY
(8 paccmaTpmBaemoM ciaydae Bce u™™ =0 mpm v =2,3, ...), 10
HCKOMoe nepuopnmueckoe pemenme (31) Gynmer ¢opmaibHO Bcerma cy-
IMeCTBOBATh (MOKHO JOKa3aTh, 4To npH 3ToM panm (31) 6ymyr cxoma-
mumucsa). Mu ok 3akaouuts (o. 39), 9T0 HeBO3MymEeHHOe JBH-
sxkenme Oymer npm (o - ) y = 0 ycrofiumpnm,
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3amMeuanme, Hpurmuecku#i ciyuaidl, Korga ypaBHEHHA mep-
Boro npulimKeHAsA HMEIOT MOCTOSHHHe Ko3(@HIHeHTH, a XapaKTte-
PHCTHYECKOe ypaBHEHHe WMeeT HYJeBOd KOpeHh BTOPOH KDPATHOCTH
C HempoCTHM 3JeMEHTADHHM [eiamTelNeM, O paccMoTpen Jlamymo-
BeM 1) sias n = 2. Jlpyrae KpHTHYeCKHe CJYYaH MCCICAOBAIM
H.T. Maaxux 2) u I'. B. Kamenxkon 3). Cxyuam 3TH, Kax IPeACTaB-
INAOmUe COeNHAJLHHM WHTEPeC, MH PAacCMATpHBaThH He GyneM.

HAanyuor A. M. Hcecregosanne ogHOro M3 oco0eHHHX clydaes 3a-
pasm 06 ycroiumsocra asmkends // Mar. ¢6.— 1883.— T. 1, N 2// I any-
HoB A.M. O6rias 3agava 06 ycroitaunsocrd aApmwkenusa.— M.: Tocrexuspar, 1950.

) Maaxunm U. I'. Hexoropse BonpocH TEOPHH YCTOHYABOCTH ABEKEHHA
8 cMmuciae Jlanysosa // C6. 1p. Kasam. aBman. me-ta.— 1937.— Ne 7.

Maaxuu U.I'. HexoropHe OCHOBHHE TeOpeMH TEOPHH YCTOHYHBOCTH
ABHIKEHHA B KPATHIECKHX caydanx // Ilpmaxka. mar. m Mexam.— 1942.— T. 6, Ne 6.

3 Kamernxos I'' B. 06 ycroitumsocrn asmxenun // C6. 1p. HKasawm.
apmaln. HH-Ta.— 1939.— Ne 9.



TIABA 9
HEYCTAHOBUBIIHECA IBMXEHHNA

Xapakxrepucruunsie wHcaa Qyuximii

. MeToaH HCCHEROBAHAA YCTOHIMBOCTH HEYCTAHOBHUBIIMXCH JBHKe-
HE# paspaGoTaHh ¢ MeHbIIe# OIHOTON, 9eM METON, HPeNI0KeHHHe
R yCTAaHOBHBIIAXCA ABMKeHmiA. VMeommeca 3gech TecpeMsr cy-
H[eCTBOBAaHHSA, He pemas Boupoca 3PPeKTHBHO, MAOT B HIBECTHOM
cMEICJe fICHOe HPeNCTABJCHHE O TOM, YTO MOKeT WM NOJKHO HMeTh
MECTO, a 3TOr0 B OTAEJNBHHIX 33JaYaX AOCTATOYHO A HMX IOJHOTO
pemenss.

61 [6]. Bynem paccmarpmBath QYRKHMM T BemeCTBEHHOro mepe-
MEHHOro £, ompejeJeHHHe JJAf BCAKOro ¢, GOJbHIEro WIH PABHOTO f,.
IIpugem Gymem paccMaTp®BATh TOJNBKO TaKHe QYHKIMHA, JIA MOXYJeH
KOTODPHX IPA H3MEHEHHH ¢ OT ¢, 10 KAKOr0 YroXHO RaHHOro wucia 7,
Goapmero f,, CymecTBOBaJAM OH BHICIIME IDAHHMIKL.

ODyHKIHI0 HA3HIBAIOT 02PAHUYEHHOI, €CIH ee MONYAb UpH ¢ > i,
0CTAeTCA BCEria MeHbINe HeKOTOPOoM moctosmHOH. DYHKIMIO, MOXYIH
KOTOpPOH MOKeT XeJaTbCA GOJNBIIAM BCAKOH RAHHOH MOJIOKHTEAbHOM
BeJAYAHH, KaK OB OHA BeJHKa HE GbLTa, HABKHBAIOT HE02PAHUYECHHOI.
Orparmvennyo $yHKUHEIO, KOTOpas ¢ GecupeaeabHLM BO3PACTAHHEM ¢
CTPeMHTCA K HYJNI0, HA3HBBAKOT ucuesanujeli.

Henocpencrsenno u3 5THX oupefe/eRHR BHTEKAIOT IPENJIOHKEHHA:

Ecan z ects orpammuennas ¢ymxnus £, To ze-M npH BCAKOM
HOJIOKATENbHOM A ecThb QYHKNHAA HCUE3A0MAs.

Ecam z me ects mcuesaoman GyHKuHa £, TO reM NPA BCAKOM
HOJIOKMTEABHOM A €cTh (PYHKIHUA neorpannqe}man

Jdemma. Ecau

z = et

npedcmasasem @Gynryuio, ucweaawyio npu A = A, U He02PAHUEHHYIO
npu b = L', npuvem A, u X' cymo HeKomopbie SelpecmeeHHble NOCMOAH-
HRe, Mo 6ce2da 803MONCHO HalMU MakKoe 8elfecmBeHHOe YUCAO by, ¥MO
Pynkyus z npu A = Ay -+ & 6ydem neozparnunenroii GA% 6CAK020 NOAO-
HCUMEALHO20 NOCMOAKHO20 € U UcHedaloupell 0As 6CAK020 ompuyamesd-
H020 NOCMOAHH020 €.
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HoxasareuxnbcTtso. Meay uncaamm A, m A’ Bcerna Mox-
HO BCTAaBHThH [1Ba OECKOHEYHHX pAAa YHCEN:

HeyOmBalommi: Ay, Ay, Ag, . ..
¥ Hepospacrawommit: A', A, A7, ...,

TAKHX, 4TOOH KajkHoe YUCJI0 HePBOro pAja OHJIO MeHbINe KasKIOro
YHCJAa BTOPOro; 4To0H QyHKHEA

zetnt
RJIA BCAKOro n Obina mcuesaiomei, a GyHKnusa
xel(""

IJs BCAKOTO n GhJla HeOTPAaHWYEHHOH M, HAaKOHel, 9TO0H DPa3HOCTDH
A — A,

RIS KOCTATOYHO 00ABmOro n OhIa CKOMB YTOOHO MAaJIOH. JTOr0 MOK-
HO JOCTHYbH IIOCJIENOBATENLHHIMH BCTABKAMH IAapH YHCeJ HAa HHTEp-
Baxax (A;, A®),

ITH ABa PAJA OUpPefeNsAlOT CedeHHe A, He MeHbIlee HW OJHOIO U3
quCceJ HepBOro pAga W He GoJbllee HH ONHOrO U3 YHCEA BTOPOTO.
"Yncao Ay u GyfeT ACKOMHM. JT0 YuCHO JIANYHOB HpPENJIOKAN HA3H-~
BAaTh TAPAKMEDUCMUNHBLM HUCLOM QYHKIHH .

Ecan zeM ects ucyesaomas min HeorpaHmYeHHas GyHKOEA npua
BCAKOM BEI[ECTBEHHOM A, TO YCIOBHMCA B HEePBOM CIydae XapaKTe-
PHCTMYHOMY YHCAY NPUIHCHBATH B3HAYEHHE --00, BO BTOPOM —oc.

IlpaMepn.

s Beakoll oTaAM4HOE OT HYJIS HOCTOAHHOH XapaxKTepHCTHYHOE
9HCIO0 eCTh HYJIb.

Hiasn Beako#t orpannmueHHOH (GYHKIME XapaKTePHCTAYHOE YHCIO
€CTh HYJIb.

Jlia moAMHOMA KOHEYHOH CTeHeHH XapaKTePUCTATHOE YHCJIO0 eCTh
HYTIb.

IOns pynrunmm ettsint xapakTepHcTHYHOe UACHA0 paBHo —1.

W3 onmpefenenns XapaKTepHCTAYHOTO YHCJA CJENyeT, 4TO ecJH
HaJIeKamuM BHIGopoM ¢, GoJblme NPOMSBOJBHO 3aJaHHOIO YHCJ]A,
peamunny | A — f (t)| MOKHO cmeaaTs CKOJB YrogHO MAJOH M ecam
IIPE 3TOM JJISl BCAKOTO MOJO)KHTEIbHOTO IIOCTOAHHOTO €, KaK OH Malno
oHO HE OHUIO, MOKHO HaiiTH Takoe wmeao T, uro A — f (¢) < & mas
Bcex ¢ > T, To A ecThb XapaKTepHCTHYHOe 9HCIO0 QyHKIEM e*/(H),

62 [6]. B cayuae, Korja XapaKTepHCTHYHHE YACJIA FAHHHX QYHK-
Ui KOHeYHH, MOKHO JOKa3aTh CJAeAyIINHe IpeNJIoKeHHs:

Xapaxmepucmuunoe wucao cymmn deyr Pynkyuii pasHo HauMeHb-
WeMy U3 TapaxmepucmuKRT yucea smux Pynkyuii, xKozda smu wucsa
PA3AUNHBL, U He MeHbWe UL, K020a OHU pPasHbl.

B camoMm fmene, mycTh A, H A, CYyTh XapaKTepHCTAYHEIC YACAA PYHK-
nuit 7, B x, 1 mycrs Ay, < Ay. Torma Ppynrnuma

(zl + xz) e(Mte) — xle(kﬁe)t —+ zae(kz”\)t ,
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TAe M = A — Ay -+ &, Gyner mcuesaiome# JAs BCAKOrO OTPHIATENL™
HOTO mocTosHHOro €. IloaTOMY XapaKTepHCTHIHOE YACIO CYMMH Z;
~+ T, BO BCAKOM ciaydae He MeHbme A,. Ecam xapakrepucraunme
9HCIa A; B A, He PaBHH MeKAY c00oi, TO fiesas € MOJOKHATEAbHNM H
YAOBJIETBOPAIOMAM HEPABEHCTBY

0<8<x2-—;\,l,

mMeeM, 4TO HPH 9TOM 1) GyAeT OTPEOATENBLHO H, CAEROBATENHHO, Iep-
BOe cjaraeMoe B IPAaBOH YacTH NIOCJEJHEro paBencTBa Oyner Heorpa-
HAYEHHHM, a BTOpOe HCUe33I0INMM; IPHM TAKOM YC/IOBEM XapaKTepHC-
THYHOE YHCJIO CYMMHL Z; -+ I, PaBHO ;.

Xapaxmepucmunnoe wucao npoudsedenus dsyxr Gynryull He MeHblue
CYMMBL UZ TAPAKMEPUCIMUMKBE HUCen.

B camoM peste, mycTs cHOBA Ay W A, SBIAIOTCA xapamepncmqnmuu
yacaaMA QyHKIHE z, U z,. (Dynxmm

xlxze(kﬁk,«}.e)z — xle(h—*- %) txze(;\l_}_ %) ¢

€CTh HcYedapmasn AJda BCAKOIoO OTPHMUATEJBHOIO €. ITO M MOKa3bIBaeT
openjoxenne.

Yro XapaAKTepHCTHYHOE THCJHO NPOM3BEACHHA MOMeT 66T GosabIIe
CYMMBI XapPaKTePHUCTHYHHIX YHCEN MHO)KHTBJIeﬁ, AOKa3blBaeTCA IIPH-
MepoM

T = etsint, Z, = e-tsint,

Kakpasa u3 stux ¢yHEKUmit mMeeT XapakTepucTuaHoe guciao —1,
a XapaKTepHCTHYHOE YUCJIO MX HPOHM3BENEeHHA PaBHO HYIIO.
Cunengcraue. Cymma rapakmepucmuunur uuces Pynxyull z

1
U — He Goavuie nyaas.

Ecau
xr = e—(f+'i¢>t‘

20e i = ]f 1, a f u @ cymb nekomopuie sewpecmeennmne Pynryuu t,
mo 6./m mozo, Wmobs. CYMMa TAPAKMEPUCIUYHNE uuces @GYyusyul

U — 6uaa pasnoli. Hyaw, Heobrodumo u docmamourno, umobv GyHKEYUL

fe 6ecnpe0e.4buu.u 603pacmanuem t nPUBAUNCALAC K HeKOMOPOMY Npe-
deay.

HocrarouBocTs oueBuuHa, w60 ecid QYHKUUA f CTPEMHTCA ¢ HEOI-
PaHHIeHHHNM BO3DACTaHHEM ! K HEKOTOPOMY Ipefexy A, TO mOC/e[HAM
CIY)KAT XapaKTePUCTHUHBIM IMCIOM QYHKIHH .

Heo6xonaMocTs ciiegyer ua T0ro, 9T0 €Ca¥ A 1 —A CyTh XapaKre-
PHCTHYHEIEe 9HCHa GyHKIMA x u 1/x, TO IPH BCAKOM JaHHOM IOJOMKH-
TeJIbHOM €, KaK Oh MaJo OHO HH OblIo, QYHKIHM

e-tE-Af) g e-tE+A—f)
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6yny'r HCYe3aMUMHA, H IIOCJeJHee BO3MOKHO TOJBKO IIDH YyCIOBHH
A —71<e

AaA BeeX 3HaYeHWH ¢, GOAbMHX HEKOTOPOro YHCJA.

Ecau cymma zapaxmepucmuunvz uuces gynryuii r u 1/z pasua
HYAK, MO TAPAKMEPUCTIUNHOE HUCAO npOU3sedeRUL PYHKYUU T HA Ka-
Kylo-aubo GYHEYUIO Y PpAGHACMCA CYMMe IAPAKMEPUCMUYHBEY HUces
amuzx nocaednuz.

IIycrs A, p, S cyrh XxapaxkrTepucTHYHbHIe dYncia QyHKHEA I, Y,
z = ry. Toraa, mpraaras npeAJosKeHHe O XapaKTePHCTHYHOM YHCIe
npou3BefeHuA K QYBKINAM

Z2=XY, Y =2 %‘ 2
HalneM
SZA+p p=8—4,
OTKy/a
S=A+pn

ycTts x ecTs uRTEerpUpyeMan GyHKuHA f. YCIOBUMCH paccMarpH-
BaTh WHTErpaj

t
u = S zdt,
te

eCJH XapaKTepucTHYHOe IHCI0 PYHKIUH 2 OTPHHATENLHO MJHM HYJb,
¥ HHTerpa

oo

u == S zdt,

t

eCHd 3TO YHCJO HOJOKHTEIbHO.
Xapaxmepucmuuroe Yuca0 unmMe2para e MeHbule TAPAKMePUCTRUY-
HO020 YucA@ noduHmezparbHol GyYnryuu.
IIycts A eCThb XapaKTepPUCTHYHOE UHCJIO HOABLIHTErPaJbHOA (yHK-
naa z. Ecam A ~> 0, paccMOTpEM MHTerpaJ
o0
u = [zet-mt] 0w,
t

rge 0 < 5y < A. Oysxnua 2e®-V npu BCAKOH NMONOKHTENbHOH MOC-
TosiRHOM 1 OyJer wucuesammeir M, CcJe0OBaTeAbHO, OrPAHHYEHHOH.
O6o3xauan uepes M BHCIIHI mpeRes ee MORYJIA upu t > t,, HMeeM

¢ M
l u I < M S e-(A-nitdt = —A-_-—"_"]_

t

e—{A-nu}t,

CnenosarenbHo, QyHEUHA
u'e(k—e)‘
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6yxer mcue3daionmieit npu BcaKoM €, GosbmeM 7). Ho n Mokuo BrGpars
cKkoap yroguo MauuM. Ilosromy mocaenmsaa ¢yHKOHA ecTh HcIe3alo-
masa OPH BCAKOM IIOJOKATENHHOM €. A 3TO W JXOKa3HBaeT yTBEPKIe-
HHE [JIfl WOJOKWTEABHOTO A.
Ecau A < 0, To A1 0pon3BOJBHOTO IOJAOKATEALHOTO 7
t

lul<M Se‘(%—ﬂ)tdt =

te

f’_ T e~ L const,

OTKYZAA
ueh-ex

€CTh HCYe3amolad Q)YHK[(BK apna BCAKOM E, GonpmeM I, a cJjaeaoBa-
TEJIbHO, H IIPH BCAKOM NCGJCKHUTEILHOM E.

XapaKTepHCTHIHbIC UHCIA pemieHHit

63 [7]. M1 GymeM paccMaTpPHBATH YACTHHIG PeMICHUA JRHEHAHOR cH-
creMu aufpepeHHNANBHEX yPaBHeHAH

dzx
-d—;=p3111+...+psnxn (s=1,...,n) (39)

¢ Ko3pduuuenTaMn p,, — Bel{eCTBeHHHMM, OrDAaHHYCHHLIMH, Hempe-
PHBHEME QYHKIUAMA .
PaccMoTpuM Kakoe-imGo pemenune

Tgy o o oy Ty

auneiHNX padgdepennuansunix ypasuenui (35). Ilox xapakrepucruy-
HKM YMCJIOM 3TOr0 PelmieHMA YCJIOBHMCHA NOHMMATEL HauMeHbIIee H3 Xa-
PAKTEPHCTAYHLIX YHCEN QYHKOHE, BXOAAIUX B 3TO pelleHde.

Beerpa maiigerca cucreMa n JMHEHHO HE3aBHCUMBIX PeIIeHHH.

T eopema. Bcakoe nempuguasvrhoe peuterue cucmembs ougghe-
DeHyuasbhlxr ypaswenuil (35) umeem KoHeuHoe XAPAKMEDPUCTMUYHOE
yucLo.

HoxasarteanbcTso. CHasasa paccMOTPHM Bem[ECTBEHHOE
pemenye, B KOTOPOM BCe I, CyTh BemeCTBeHHbe GyHKIuUHA £.

BsegmeM HoBbe nepeMeHHBIE

2, = TeM,

rxe A o0o3Hauaer HEKOTOPYIO BeINeCTBeHHYIO mocrosannyo. Torma 3a-
Ramnpie ypasaenda (35) mpeolpasaywTca B ciexyonmue:

dz,
T:pslzl+~-'+(pss+x)zs+"' '+‘ PsnZns.

43 XOTOPHX BHBeEJeM

1 d
o DI WINER SRR
s 8 r
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Bropas wacTh 3TOr0 paBeHCTBA HpE/CTABIAECT HEKOTOPYIO BeIeCTBEH-
HYIO KBaJIpaTHYHYI0 $OopMYy BeanunH Z ¢ Ko3pPrIHUeATaMA, 3aBHCANIH-
Mu oT A H t. B cuay npeanono;kenHo# orpaHEYeHHOCTH QYHKIHMH D,
BCeT[ia MOKHO HAMTH TaKHe 3HAUYeHHA A = A’, IPH KOTOPHX BCe IJIaB-
HHe JHaroHa/IbHHE MHHODH JHCKPHMHHAHTA

" _ﬁi_pf_t 1+ 8,h

6ynyT HOJNOKMTEJIBHHIMH JUIA BCEX pacCMaTpPUBaeMHX 3HaveHmHd -
Jlxs Takoro sHaueHns A’ aTa KBajpaTHHasn ¢opma GyaeT onpeneseEHO
IOJIOKATENLHOK.

HaiinyTca Takke Takue 3HaYeHAA A = A,, IPA KOTOPHX TJIaBHHE
AHAroHAJbHHe MHHODH OyAyT 3HAKOIEDEMEHHH, HAYMHAN C OTPHLA-
1@JIBHOTO Pyy -+ Ay; AJIA TAKOTO A, CTOAHAA B IPABOH 9ACTH IOCJEHETO
paBeHCTBA KBajgpaTnuHas ¢opma GyAer onpexesieHHO-OTPHNATENHHOH.

Orcropa, npm BcaAKOM A = A/ - -;— , THe € — HPOW3BOJBHAA IIO-

JIOKUTEJbHAA NOCTOAHHANA, HMeEeM HepaBeHCTBO
a 2 j 2 § : 2
T ,zs > € Zss.
8 S
W3 KOTOPOT0 HMHTErPHPOBAaHHEM BEIBOXHM
2k > Cet
8

IJA BCAKOTO paccMaTpmBaeMOro 3Ha4YeHHA I; C o6o3HagaeT HEKOTO-

2
Py NOJOKHTEJIbHYI0O IOCTOAHHYI0, He IIPEBOCXOXAMYIO Zzsoe ete,
TRe 2, — HavaJbHbHEe 3HAYeHWs IEepPeMEHHHX 2,, OTBeYAKI{Ae Ha-
YaJbHOMY MOMEHTY {,-.

Mpa A = A, — — uMeeM

2
d 2:
v Z§<—"8 Zi,

8 8
NEZ L Cleet
8

AJA BCAKOTO paccMaTpuBaeMoro 3maueHua i; C' o6o3HadaeT mMOJIOKHA-
'
TEABHYIO NOCTOAHHYI0, He MEHBILYIO ¢th 3 25

OTKYAa

&
Caenosatensuo, gaa A=A+ ~» NPH TPOH3BOJLHOM HOJIOKH-
TeJbHOM €, cpefl QYHKOUMA z, HaigeTca mo MeHbIed Mepe OgHA He-

orpaHMYeHHad, a A A = A; — % Bce YHKOHHA 2, OYyAYT BCuesaomu-

mu. Takum o6pasoM, HaEMeHbINEE U3 XaPAKTEPHCTAYHHX YHCEJ QyHK-
n@i Z, PacCMaTPUBAEMOTO BEN[eCTBEHHOr0 HETPMBHAJBHOrO PeIIeHHs
cucteMn (35) He Menbme A, u He Goapme A'.
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YTo6s 06HApPY;KETH CHPaBeJJABBOCTH TEOPEMH BOOGIE, AOCTATOY-
HO 3aMETHTh, YTO BCAKOE KOMIJIEKCHOE JacTHOE pelieHHe

= u,—]-—]/_——_iv, (s=1,...,m)

COCTaBJACTCA M3 ABYX BEIECTBERHLIX YAaCTHHIX PemieHHA u, # U,
Ilpemevannme. Teopema /erko pacmpocTpaHAETCA HAa CJYy-
9gail KOMINIEKCHHIX pg,, JHNb OL OHM OHJIM HeNPEePHBHHEIME H OrDaHH-
9eHHBIMHA N0 MOAYyIl0 QYyEKIUAME i.
Cuneacrrme. Ecau xoafpuyuenmu p,, Ougpepenyuasvhnz
ypasrenuil (35) maxoswt, wmo zaasibie OUAOHAALHBE MUHODY Onpedeal-
meas

“ pST + pTS “

3HAKONEPEMEHHB, NDUYEM Dyy OMPUYAMEAbHO Oa 8Cex 3HaveHUull t,
npesvLaAnWUE HEKOMOPYH NOCMOAHKYIO Ly, MO TAPAKMEPUCUNLHbBLE
HUCAA HACMHWE DeueHUll MaKol CUCeEeMbl 6Ce NOAONCUMEAbHB *.

64 [8]. Ilycts maa ypasuennit (35) maiinena kakas-1mGo cmcTeMa
JHHEeHHO HEe3aBHCHMHIX pemIeHAi

Tyky » « oy Tpg (kzi,. . ey n).

CocraBasis M3 3THX pemIeHMH Hajfjae;Kamae JHHEHHbHE KOMOHHA-
HEH, Mbl MOJKeM BHBECTH BCAKYIO JPYTYyI0O IOJBYIO CHCTEeMy He3aBH-
CHUMBIX pemeHu.

Haskaas cucreMa He3aBHCHMbIX PeUICHHHE MMeEeT 7L XaPAKTePHCTHY-
HHX 9HACEJ, OTBEYAIOMHKX BXOAMIIUAM B Hee I HEe3aBHCHMBIM YaCTHHIM
pemenuaM. Eciu Bce 3TH XapaKTepHCTHYHLE YHCJIA PA3JIAYHEL, TO Xa-
PaKTepPHCTHIHOE YHCJIO JI060ro APYroro IacTHOIO PelieH:sd, BHpa-
JKAIOHIeTroCA JHMHEHHO dYepe3 3TH He3aBHCHMLIE DEHIEHHNH, COTJIACHO
HOPeJJIO}KeHHI0 0 XapPaKTePHCTHYHOM ducie cyMMH (H. 62), Gyner pas-
HATBCA KAKOMY-IH00 M3 XaPAKTePHCTHYHHX YACEJ TAKOH CHCTEMBI
He3aBuCHMHuX pemennmit. Iloatomy cucrema ypasmenmit (35) me Mosker
uMeTh Gonblme n HETPHBHAJIBHHX PeIeHdH, XapaKTePUCTHIHLIEC THC-
Ja KOTOpPHX Owau GH BCe pa3jawdIHHL.

Ecam cmcrema He3aBHCHMBIX PelIeHWH HMEeT OJMHAKOBHE Xapak-
TEPHCTHYHKE YMCJIA, TO MOKET CAYIATHCHA, 9TO MOKHO HAHTH HOBYIO
CHCTEMY HE3aBHCHMBIX YACTHHX PeHIeHHdH, CyMMa XapPaKTePHUCTHMIHBIX
guceX KOTopoit Gymer Gojibme aHAJOTHIHOH CYMMB JJIA HadaJbHOH.
Tak Kak wmC/l0 XapaKTePHCTHYHHIX YHCE] OTPAHMYCHO (He MOKeT
6uTh Gosibmre n), TO CYmECTBYeT HONHAA CHCTEMa YACTHKHX HEe3aBUCH-
MHX penieHHil, JJIA KOTOPOH cyMMa XapaKTepHCTHYHHX YHCeJ BCex
COCTABJAIMMX pemeHAH HOCTHTaeT CBOero HamGoJIBbIIEro 3HAYECHHA;
TAKYI0 CHCTEMY HEe3aBHCHMHX pemeann Ha30BeM HOPMAAbHOL.

CacTeMa He3aBHCHMHIX PeNICHHI, XapaKTePHUCTHYHLE YHCHA KOTO-
poif BCe pa3IMYHH, €CTh, OYEBMAHO, HOPMAJbLHAA.

65 [8]. PaccmorpmM ompemenmTenb, COCTaBJeHHHE M3 QYHAKIHE
X, CHCTeMH HE3aBHCHMMLIX YACTHHX pPeHICHHH,

A = |z |
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IToxnas npouspojgnas mo ¢t oT HeTro B cHAy ypasHeHui (35) ects

n
A=A 21 Dss-
Nuarerpupopanue maer ¢opMmyay Jmysunns
A —Cel Zratt,

rae C — HEKOTOpas IOCTOSHHAHA.
O6o3raunM gepes

Ay o ooy by
XapaKTePUCTHYHHE YHCIA CHCTeMH HE3aBACHMHX pemeHmH Iy, . . .
ceuZnp (=1, ..., n). Ilpennoxenns o XapaKkTePHUCTAIHOM IHC-

1e cyMMH M npomsBefenus (m. 62), nmpumeHeHHHEe kK fopMmyne A =
= || 257 ||, IPHEBOAAT K 3aKJIOYEHMIO, YTO XapPaKTePUCTHIHOE dacao A
HE MEHBIIe CYMMH

Ao A

JApPYyTUMU CIOBaMH, CYMMA IAPAKMEDUCIMUMHBLT YUCEL CUCTEMB He-
sasucumnx pewenuli ypasnenuti (35) ne npesocrodum rapaxmepucmuy-
HO020 wucaa PyHryuu

eS b pssdt_

Caenxcrsaue. Eciu xapaxmepucmuuroe wucao nocaedneti gynk-
YUu 0mpuyamesbHo, mo cpedu TaparmepucmuiHu wucea s 6ydem cy-
ugecmeo6amsy no Mewbvuleil mepe 00HO OMPUYAMEALHOE.

Crepmcrrue. Bcakas cucmema n He3a6UCUMBE peuLenull, 0as
KOMOPOll CYMMa TapaAKmMePUCTULHBLE YUCEA 6CET DeuleHUll PAGHA Tapak-
mepucmuuromy wucsy Pynryuu

eS by pssdt,‘

ecmb  HOpMAAbHAA.
Cuexyer mMerb B BHAY, YTO He Bcerja HOpMalbHasa cucreMa obia-
aaer TakuM cBoitictBoM. Hanpumep, misa cucTeMH ypaBHeHAH

-%’— = (sinlnt + cosInt) x,,
‘f;z = (sinlnt 4 cosInt)x,

dyuxuna
gs 2 pssdt"

OYAYYM DOCTOAHHOH, MMeeT XapaKTePHCTHIHOE YHMCAO0, pPaBHOEe HYIJIIO,
a cmcTeMa HE3aBHCHMKX pemeHHi

Tyy = et sinln t, Zyy = et sin In ¢

— p~tsinint e e p-tsinint
Zyp == e~tSin 1 Tgg = € [
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ABIAACH, 0OYEBUHO, HOPMAJIbHOH (TaK KaK BCAKAA WX JAHEAHAs KOM-
GuHanmuA He Mo;eT ysenuumTh oGIMEro MM BCeM XaPaKTePHCTHYHOTO
4ECjIa), HMEET CYMMY XapPaKTePHCTHYHHX YuceJ (MMEHHO —2) MeHb-
me HyJas. XapaKTepHCTHYHHE YHCJIa DeIMIeHA# OIPefejAloTcA 3/iech
nopo6HO mocaenEeMy ma npmMepor u. 61; mocrmskuMmmne npu ¢, 60Jab-
meM m060ro 3afaHHOro Hamepex 9YMCja, BHCIIME IpefeaHl QYHKImi
+ sinln ¢t pasEm 1.

XapaKTepHCTAYHHE YHC/I& CHUCTEMH HE33aBHCHMHEIX pelleHHH, oIn-
pefiesigsi B H3BECTHOM CMHCJe PocT QYHKOHH 2., IPH HeOrpaHAYEHHO
BO3pacTalomeM {, HeNOCPEACTBEHHO JAIOT YCJIOBUA YCTOHIMBOCTH MJIH
HEYCTOMYMBOCTH TPHBHAABHOTO pemeHHA Z, = ... =, = 0 cu-
cremn (3D).

Ecau éce zapakmepucmuuHuie YUCAA CUCTIEMbBL HE3ABUCUMBLT peuie-
HULL NOAOHCUMEALHY, MO éce GYRKYUU Ty OYdym MCUE3AIOMHEMHA, & He-
BOBMYIIEHHOE ARMsKeHme (T, = ... = &, = 0) ycTOHYHBHM.

Ecam cpegn XxapakTepHCTHYHHX 9MCeJ] CHCTEMH HE3aBHACHMEIX
peiexnnit Haiigerca xoTa O OXHO OTPUHATEJBbHOE, TO CPeAd QYHKIOWA
Z, HaliiercA N0 MeHbIIeH Mepe oJHA HeorpaHHYeHHaA, H, cleAoBa-
TeJIbHO, HEBO3MYIEeHHoe XBH;KeHWe OyHeT HeycToHuumBo.

Taxkum oGpasom, 3amaga 00 YCTOHYHBOCTH WM HEYCTOHIHBOCTH
ONA JHHeHHHX YPaBHeHHHE ¢ TepeMEHHHMH Ko3(QPuIMeHTaMHd CBORMT-
cA K BOINPOCY O BHYMCJIEHMH IO MeHbIIel Mepe 3HaKa HAaHMEHbLINero
XapaKTePUCTHIHOTO YHMCJA KAaKOH-1m00 U3 TONHKX CHCTEM €e He3aBH-
CHMHIX YacTHHX pemeHui. 3afava 9ra He ABJIAETCA Pas3pelleHHOM.

Teopewma. Ecau 6 cucmeme auneiinniz ypasnenuii (35) xoaggu-~
YUEeHmB cmpeMames K onpedeienHsim npedeaarm Cg, NPU HE0ZPAHUMEH-
HOM Yeéeauvenul 1, mo ee HauHuaulee TapaxmepucmuiHoe YUci0 coena-
daem ¢ HAUHUSUWLUM TAPAKMEPUCTMULHBM YUCAOM NPedesbHOl cucmemb
YpasHeruil

dz

2= = Cafr Tt e (=100, 0).

Hdoxasatrenscrtso. CperaeM HOACTAHOBKY
2, = x M,
re 1) 0603HAYAeT HEKOTOPOe NOCTOAHHOE YMC0. 3aJaHHKe YDaBHEHHA
(35) mpeoGpasyieTcs npu 3TOM B CHCTEMY

dz
"&':— = Ps1%y +..o+ (pss + "l) Zg + - - -+ PsnZas (36)

a mpefiebHAAs CHCTEMa TEOPEMH HPY TOH ’Ke NOJCTaHOBKe Hmpeobpasy-
eTcsi B IpeneabHy cucremy mas (36):

dz

—d—ti =Cu% + .-+ (css + Tl) Zs+ oo ConZp- (37)

O6o3mauynM KopHEM XapaKTepHCTHYECKOro ypasmeHusa cmcreMs (37)
“csr_asr(x_n)“ =0



144 TJ1. 9. HEYCTAHOBMBIINECHA ABM}KEHHA

gepes
Kyy - o oy Kpe

Ecum He cymecTByeT HEKaKKX LeJHX HEOTPHIATEILHHX THCEX My, . . .
.« ., M,, AMEIOMEX B cyMMe 2, A KOTOPHX YHHYTOKAJOCH GH BHI-
paskerne

mxy + ...+ mx,,

TO COrJacHo I. 34 Gynxer cymecTBoBaTh KBafgparuunas gopma W ¢ noc-
TOAHHHMEA KodppunnenTaMn, yIOBIETBOPAOWAA ypaBHEHHIO

oW )
_(3z—[cslzl+"'+(css+n)zs"f'"'+csnzn] =Zf+---+zﬁ.
s

3

®opma W Oymer ompeReseHHO-OTPHIATENBHOMH, €CAH BeNIECTBEHHEE
YaCTH BCeX KOPHEH X; oTpHHaTedbHH (u. 35); oma GymeT AAA HEKoTO-
PHX 3HaYeHHH# IEeDeMeHHHX 2,, . .., Z, HPHHAMATEL NOJOKHTEJIbHHEE
3HAYECHHA, €CIH CPeAu KOpHeH X, ..., X, OyJer HMeTbcH XOTH OH
OZUH KOPeHb € NIOJOKATENBHOH BEHECTBEHHOH YaCThHIO.

Ilonnan npoussonuas mo ¢ or takoit ynkumn W B caay ypasme-
mmit (36) Gyner

aw 2 2 aw
“ar = l+""“}" zn+2(psr—csr)zr_0—z:_'
sr

Tak xak W mnpeacrasaser ksagpatuunyio $opMy ¢ DOCTOAHHHME
KoappunuenTaMu, T0 HARAELTCA TaKoe OTIUYHOE OT HYJAA IOJOKHATENH-
HOE YMCJO &, UTO NPH BHIOJHEHWH HEPaBEHCTB

'psr_csr|<e

npaBast 9acTh HOCJIeHEro COOTHOMIeHMA Gyjer mMpefcTaBAATH onpese-
JIEHHO-II0/IO/KHTEJBHYIO KBAPaTAIHYI0 $opMy NepeMeHHBIX zy, . . ., Z,.

Ilo ycrosmio Teopems KoadduuumenTri p,, cTpeMATCA C HeorpaHm-
9eHHBIM POCTOM ! K 9YHCIaM Cs,.. IlosroMy nis momommresabHOro 4mc-
Ja &, CKoJab OH Majo oHo HH GHJIO, HAHAETCA TaKoe f,, YTO IpH 3HA-
yeHHAX ¢ > !, abCoNOTHHE 3HAYCHHS BCEX BEJIHIAH Ds, — C;, OY-
RYT MeHBOIE € M, CJAe0BATEJbHO, AJIA BCeX TAKHX 3HAYEHHM ! MpOH3-

BOJHAA Gyner nOpexcTaBAATH OHpeAEACHHO-TOJOKATEIbHYIO

ra
$PyHKIHEIO. =

A 310 B cuny obmumx TeopeM Jlanynosa 06 ycroHumBOCTH M He-
YCTOHYHBOCIH 3aCTABJIAET 3aKIIOYHTH, UTO €CAU NPU COCAQHHOM nped-
ROAONCEHUU O KODHAT %y, . . ., %y HAUGOABIUAR U3 UT 6EUYCNEEHHBT
uacmeii OMPUYAMEALHE, MO HEGOIMYUJCHHBE DEUNCCHUA KAK 8 CuCmeMe
(37), max u 6 cucmene (36) ycmoituuen; ecau e nauborvwas eeupecm-
6CHNAA HACMb KOPHEE Xy, . . ., Ky NOAONCUMEALHE, MO HEBOIMYUJCHHHLE
deudcenusn xax 6 cucmenme (37), mak u ¢ cucmexe (36) neycmoiiuuen.

Cnenannoe npexmonoxkendme o KOPHAX %y, . . ., X, He OygeT BH-
HOJHATHCA JHIL NAA KOHEYHOro Yucia 3HaveHmi 1. Vs sujga npmme-
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HEHHOHX HaM# DOJCTAHOBKH MHE JO/LKHH 3aKJIIO9ATH, 9YTO HaUMEHbINHE
XapaKTepHCTHYHLIe dYdcaa QYHKOHHA 2y, . . ., Z,, KOTH& Z,, ..., T,
NPAHAMAIOTCA 32 JACTHHIe DPelieHns KaK 3afaHHEIX ypasHeHWH, Tak
M NpelesIbHOH CHCTEMHl, MOTYT DAaBHATHCA HYJIO OJHOBDEMEHHO LpH
ONHOM ONpejeJIeHHOM 3HAa4YeHMH IOCTOAHHOH 1. A 3T0 JOKa3siBaer
Teopemy *.

66. Ecam xosdpdunuentst p,, HMEOT BHL

DPsr = Cs¢ + sfsrv

re € ecTh HEKOTOPHI mapaMeTrp, MOCTOSHHBIE Cs, He 3ABHCAT OT &,
a f;, — orpammYeHs, T0 K ypaBEeHHAM (3D) MOKHO OTHECTH ypaBHE-

HHA ¢ HOCTOAHHHMHA Ko3ddmuuenrtamu ;.. Jexana o Koprsix A; ypas-
HeHHA

I csr — 8s;h | =0
npe;kHee [ONYNIEHME, YTO OHH Y/OBJIETBODAIOT YCJIOBHIO
My + oo b mphy =0

opu JI0GHX UeJX HEOTPULATENbHHX 4HCIaX m,, . .., m,, HAMe0-
MAX B cyMMe 2, A CTPOA KBAJpPAaTHIHYIO opMy

1
V= TZ psypls (@rs = %st)s

VIOBJIETBOPAILIYI0 YPABHEHAIO

oV 2 2
E (Coyy + - - . + i) 5 =21+ - - T
S

3

3aMedyaeM, YTO HpPH JOCTATOYHO MAJOM | € | B IOJOKUTEIBHOM M,
merpmeM 1, dopMa V' — p (2§ 4 ... -~ 2}) Momer GHTH ciedaHa
HOJOKUTENBHOR [UIA NPOU3BOJALHLIX 3HAYeHMH mepemeHHHX. Ilpm
3TOM» ACUMNMOMUNECKAR YCMOUHUBOCMb UAU HeYcmOoUuUeocmb Hegos-
Mmywennozo deuxcenus (x, =0, ..., x, = 0) ypasnenuii ¢ nocmosn-
HboMU KOgipuyuenmam cg, omeewarwm marosum cucmems. (35); ee-
AUNUHA €, 043 KOMODOU makoe coomeemcmeue 6e3yciosno cyuecmeyem,
onpedeasemcs n Hepasencmeamu *

1r

Dr:_ . .« . . >O (r::1,...,n),_
h

[ SR ™
20e

h,.s = 6,.3 - '3—2 (arifis + asifir)'

JlonOJHENTeIBHO MOIKHO 3aMETHTH, 4TO OTrpaHHYeHAHE (QYHKIUHN
fsr Moryr OHTh (QYHKOUAMHA He TOABKO f, HO M UEePeMEeHHHIX

6 H. I'. Yeraen
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Zyy - » oy L,. CTECHEHHBIX BCeIfla NPEANOJATAIOIMHMHACH YCIOBHAMH:
npu t >t, it < A.

B stoMm cayuae ypasmemmsa (35) OyayT mpeiCTaBiATH «JIMHEApH3a-
LHI0» HEKOTOPHX HeJWHeHHEIX ypaBHeHHii, a HepaseHcTBa D, >
>0(r =1, ..., n)6yayT oopefeasars ¢ ¥ A, i KOTOPHX YKa3aH-
HOe cooTBeTcTBHe 0e3ycinoBHO cymecTByer. Bo MHormx samagax Om-
BaeT JOCTATOYHO 32 IOCTOAHBHHE ¢, OPHHATH 3HAYCHHA KCIQPHIHEH-
TOB P, A HEKOTOPOTO PUKCHPOBAHHOI'O MOMEHTA BPEMEHH H [id HY-
JeBHIX 3HAYEHHM# IepeMeHHHIX I, *,

MosxHo yKasaTh elne OJMH NpUeM A PEHMIeHHs 3adaud YCTOHYH-
BOCTH jIJIA AMHeiHOro ypasseHms (35) ¢ mepeMedHEMM Kosdduuuen-
TaMH pg,. (). g Kaxporo 3HadeHHMs He3aBUCAMOA OepeMeHHOH
ypaBHeHHeE

A (t) == ll Dy 63,7\. =0

ompefeiseT n KopHe# A,, ..., A,, U3MEHAIOIMAXCA C H3IMEHEHHEM
speMeHu {.

Ecan Bn nns kaxoro ¢t Z> t, He cyIgecTBYeT HeJbIX HEOTPHIATEN]b-
HBIX 9Acen my, ..., M,, PABHBIX B cCyMMe 2, [JIA KOTODHIX YHHYTO-
JKaeTcs BEIpasKeHHe m,A, 4 ... -+ muA,, TO MIA TaKKX 3HAYCHHI !
Oyner cymecTBOBaTH KBajJApaTH4Has gopMma

V= Zasrzsxr (as, = a,)

¢ OrpaHHYeHHBIMH KO3PPHIMEeHTAaMH a,,, 3aBUCAMUMHA OT {, yAOBJe-
TBOPAIOM[aA YPaBHEHHIO B YACTHHIX NPOM3BOJHLIX IIEPBOTO HOPAAKA

\ oV ) 9 2
§ Pz (pslxl I psnxn) =Xy et I
s

B KOTOPOM t MTpaeT poJb Iapamerpa.

Mopma V Gyner oTpunareibHA, €CAM BemIECTBEHHbIE YacTH BCeX
KOpHe#l Ay OTpUOATESBHBI; IS HEKOTOPHX 3HAYCHHH NEPEMEHHBIX X,
oua GyjeT NIPAUHAMATH TOJOKATENHHbE 3HAYCHNA, eCJH CpPegu KOpHeH
Ay o . oy Ay CYIIECTBYET XOTH OB ONUH KOPEHB ¢ MOJOMKHATENBHOH Be-
mecTBeHHON wacThio. Ee monHasa npousBomHAsA 10 BPEMEHH B CHIY
ypaBuennit (35) ects

av . s AV
szlj—...+$n—f——5t—.

I'nasHble gquaroHasibHBIe MEHODH JUCKPDAMHHAHTA 3TOH KBaJpPAaTAYHOH
$opMBL CYTH

’ ]
ay -+ 1

DT: o e e P « e s (r:’l,....,'n),'
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rae

IIycrs nas Bcex paccMaTpuBaeMBiX ! > {, NPOM3BOJHBIE d,; OTPAHH-
9eHH, a Bce ), He MEeHbMIe HEKOTOPOro HOJOKATENbHOr0 YHCJA; Npo-
naponHaa V, no m3pecTHoMy KpuTepuio Cuiabsectpa Oymer Torpa
onpejeIeHHO-OJOKATEJbHOR KBaJpaTHYHOR ¢OpMOl NepeMeHHbIx
Zyy oo oy T, Hpu 3THX yeaosusx ecau V npedcmascasem onpedeaernro-
ompuyamesbryio Keadpamuuryio Gopmy, mo Heso3MYyueHHOe JeUrceHye
yemotivueo; ecau V ewye u donyckaem GeckonewHo maavlii 6blcuuil npe-
dea, mo ycmouluueocmdb HeBOIMYUeHHO20 JsudceHus 6ydem acumnmomy-
ueckoli. Ecau xe gopma V donycraem Geckonewno maawiii splclulii npe-
des U MOXMCEM NPUHUMAIML NOAONCUMEAbHOE 3HAYEHUE, MO HEeB03MYUleH -
Hoe Oeudcenue Heycmouiuuueo *.:

He Jjmmmpe 3amMeTHTh, 9TO YCJIOBHSA YCTOHIMBOCTH MOTYT OBITH
B OTHEJBHBIX CAy4aAX YJIydmieHbl OyTeM BapbUPOBAHAA yHKouH V|

IIpaBunbHBIE CHCTEMBI

67. CornacHO NpEIOKEHAI0 0 XAPAKTEPHCTHIHOM 9YHCJE NpPOM3-
semxeHns (n. 62) cymMMa XapakTepHCTHYIHBIX 9HCeN PYHKUMH

e‘\ 2 pssdt 2 DSSd’/

" e“-\
He Gosbme Hyasa. [loaToMy ecu p 0G03HaYaeT XapaKTepPUCTUIHO THC-
A0 BTOpPOH M3 dTHX QYHKIHMHA, TO cyMMa S XapaKTePHCTHUYHBIX THUCE
PelIeHHil HOPMAJbHOH CHCTEMB HE MOKET OPeBOCXOJMTh YMCJIA —pu,
[IpuToM paBeHCTBO S == —p\ BO3MOKHO TOJBKO LPH YCJIOBHH, 9UTo
CyMMa XapaKTePHCTHIHBIX YHCEN PACCMATPHBAEMBIX JABYX (YHKIHi
paBHa HYJIO.

CucreMy auddepeHnma bHBIX ypasHeHHH (35) yCJa0BMMCA Hasm-
BATh NPAGUAbHOL, €CIH JJIA Hee CYIeCTBYeT PaBeHCTBO

S 4+ p=0;

B [IPOTHBHOM CJIy4Yae — HenpasubHoil.

YpaBHeHHA ¢ HOCTOAHHBIME KO3YPHUIHEHTAMH HABAAIOTCH, OYe-
BH/HO, NpaBRAbHbBIMA. B nmanepmeiiimem Gyjer nokasaHo upenmoske-
Hge JlanmyHoBa, 4To BCAKas cHcTeMa ypasHeHHE (35), B KOTOpOH Bce
K03p$nOEenTsl cyTh HepHOJMYecCKHe (GYHKIME ¢ C OJHEM M TeM Ke
BeIECTBEeHHHIM IepPHOJOM, €CTh NPABHJAbHAA.

ITycTs- mpepnoskena npasuabHas cucteMa (35). Uepea A, 0603Ha-
YAM XapaKTePHCTHYHOE YHCJO pPEHIeHUsA

Ziky o ¢ oy Tpg

HODMaJIPHOH CHCTeMb ee He3aBHCHMBIX pememud (k =1, ..., n),
CoraacHo ompeje/eHHI0 IPaBHABHOK CHCTEMB cyMMa S = A, + . ..
<+« -+ A, paBHAETCA B3ATOMY C OODATHHIM 3HAKOM XapaKTepHCTHY-
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HOMY 4HMcAy QyHKIOHHA
e S pX pssdt,

OGosnagnm uepes A onpefiesuTens, COCTAaBNEHHKIA H3 d)ym{mm
., HOPMAJbHON CHCTeMH pememm ypasHeHuit (35)

= | za |

€T0 MHHOP (CO 3HAKOM), COOTBETCTBYIOINHMH 3JeMEHTY Z;;, 0003HATUM
gepe3 A;;.
Paccmorpay  PyBKROHE
A

ST

Ysr = =3 (521""’75)'

HemocpencrsenERM puddepeHmupoBanueM ybOesxpaeMcs, 4TO IHpH
BCAKOM (MKCHDOBAHHOM I QYHKIHH Y, = Y, Y/AOBJETBOPAIOT LpH-
coeflMHeHHOH cucTeMe JMHEHHHX uepeHNUANBHEX YPaBHEHWH

Y, :
T+plsy1+"'+pnsyn:0 (s=1,....n).

Pemenna y,, NpucoefuHEHHOX U I,, 3aJaHHOH CHCTEeMH YJOBIETBO-
PAIOT OYEBHHHIM COOTHOIICHAAM

32 LsplYsr == 6kr'

OGosHaunM depe3 |, XapaKTePHCTHIHOE UHCIO PEMeHHA Yy, . - -
.« vy Ynr OPUCOSNMHEHHOH cHCTEMHI ypasBHeHmi. V3 mpepmpymux co-
OTHOWIeHU# npd k = r uMeeM

B -+ A <O

Ecau 3agamHas cucTeMa YpaBHeHHH ecTh NpaBHJibHAaA, TO H3
$opMyIH

~\Xp. dt
Yop = —& = Ce § 2o, A, (s=1,...,n)
COTJIACHO TEOPEMAM 0 XaPAKTePACTHIHEIX GACIAX PO 3BECHHHE H CyMM
AMeeM:

Xap. 9HeNo Yy > —A, (s =1,..., n).

HepaperceTno 310 cnpasegiuBo IpH JNio6oM HHIEKCE S, a Cle0BATeNb-
HO, ¥ IpPH €ro 3HAYCHHH, OTBEYAIOHIEM CDENH Yyr, . . ., Ypn, PYHKIHH
¢ HAaHMEHBIIAM XaPAKTePHCTAIHHIM YACIOM W,., KOTOpOE IO Ompejieie-
HHI0 TPUHUMAETCA 3a XAPAKTEPHCTHYHOE YHCIO DEHmIeHHA Vi, . . -
e e vy Ynpt

B />’ _;"r-

3to HEpaBeHCTBO COBMECTHO C YCTaHOBJIEHHHIM paHee NPpUBOJHUT K CO-
OTHOINGeHHIO

p, + A =0 (r=1,... n).
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Orciona cymma XapaKTePHCTHYHLIX YHCET W; 4 ... -}- u, IpHCOEH-
HeHHOH CHCTEeMH paBHAETCA B3ATOMY € OOGpAaTHHM 3HAKOM Xapak-
[P 14

TePHCTHIHOMY 4YHCAy QYHKOHA ¢ A 3T0 [JOKasHBaeT, YTO
CHCTEMa, IPHUCOeJMHEHHAs K HPaBMJIBHOH CHCTeMe ypaBHEHHI, ecTh
TaK:Ke OPaBHAbHAA, & Y, HPEICTABIAAIOT HOPMAJIBHYIO CHCTEMY perme-
HAH DPACOEMHEHHON CHCTEMHI.

3aMeuganmne. Ecim cacrema (35) ectp mpasmannas, To cymMma
XapaKTePHCTHIALIX gAce]n PYHKIHi

eS 2 pSS dt S 2 pss dt

He
paBHAeTcA Hymo. Ho 310 yciosme sBIAAETCA TOABKO HEOGXOMHMEIM
IJA OPABHJIBHEIX CHCTeM, B 9eM yOeKnaeT mpuMep HeIPABHIbLHOH CH-
cTeMEl m. 65.

68. Il p u M e p. PaccmorpuM cBOCTBA ypaBHEeHHH B BapHamumaX
AJA KaHOHMYecKHX ypasHeHnmid ['ammiarproma (m. 4)

dt,; o0 0H
) . .
at Z( 9p,09; St 9p;0p; m) '

dy; 02H o*H
J § r N )

(38)

rAe Koa(pQPuuneHTH CyTh HempepHBHHE OTPAHHICHHbC BEUIeCTBeHHLIE
¢yBKuuHM t. YpaBHEHHA >TH MMEIOT CyIleCTBeHHOEe 3HAUYCHHE B HCCJe-
AOBAHUAX YCTOHYMBOCTH JBM)KEHHA KOHCEPBATHBHBIX MEXaHHMYECKHX
CHCTEM.

Ilyankape ycramosma, uro ecam &, n, u &, m; CyTh Kakme-muGo
AiBa 9aCTHHIX pelleHMs ypaBHeHWH B Bapmanmsax (38), To

2 (Esns — sk = C,

8

rape C — HeKkoTopas mocTOAHHAsA. J[OKa3aTeJBCTBO 2JIEMEHTADHO M
ocymecrBiaserca auddepeEnEpOBaHMEM IO {.

Aasa ramporo &, m, Bcerga HaijieTca mo MeHbpmeH Mepe OHO-
Apyroe pemenme &, 1, AJIA KOTOPOro mocrogHHas C B MHBapHAHTe
IIyamkape 6yjer ornmuma or myna. B camom pene, 1A HeTpHBHAJb-
HOTO pemenud §,, 1, KaKasA-1u60 U3 BeJAIUH &g, 7)o HAYAIBHEIX 3HA-
9eHHil B MOMEHT i, OyJeT OTAMYAA OT HYJAA; TOIJA BTOPOE YACTHOE pe-
HIeHWe BCErjia MOKHO OIPeReIMTh HAYAJLHRIMA BHAUYCHHAMH &g, Tso
TaK, 4T00H MHTepecyomas Hac NOCTOAHHAA OHJIA OTJIHYHA OT HYJIA.

Ilyets nna ayx pemenmit ypasHenmi B Bapuanmsax &, n, # &, 0
3HaYeHNe HOCTOAHHOH C OTIMYHO OT HYJA, a A M A’ CyTh OoTBedalomue
9THM DpelIeHUAM XapakTepucTHYHHe umeaa. [lonnaysacy mHBapUaHTOM
ITyankape, BuBOIHM HepaBeHCTBO

A+ A <O.
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CregoBaTeabHO, €clE ypaBHeHHS B BapHauusax (38) mmewt xorsa Ou
OJHO YACTHOE pEeHmIeHHe C OTAMYHKM OT HYJA XaPAKTePHCTHIHBIM
IHCAOM, TO JJiA HUX GyaeT cymecTBOBaTh TOTAA II0 MEHBINEH Mepe OJHO
pemeHnHe ¢ OTPHUATENBHBM XaPAKTEDHCTHYHHM YHCJIOM — HEBO3MY-
HIeHHOE [JBM;KeHHe OyneT MpH 3TOM HEYCTOMYABLIM (B IepBOM Npuliiu-
JKeBHH).

Hesoamywennoe deuxncernue moxcem Gumbs YcmoluuebM UL 6 CAY-
yae, K020a ITAPAKMEPUCMUYHBE HUcAad 6cex pewenuli cucmemsl (38)
cymv Hyau.

Ciex, TO ecTh ) Pyy JIA ypaBHeHmit (38) Bcerga paBeH HYJIO;
HO3TOMY, €CJIM HEeBO3MYUIeHHOE [BHIKEHMH YCTOHYMBO, TO CyMMa Xa-
PaKTePHCTHIHHIX YHCEN 000 CHCTeMbl He3aBMCHMEIX peIeHUH ypas-
uwenail (38) paBHsAeTCA B3ATOMY ¢ OOGpaTHHIM 3HAKOM XapaKTepUCTHY-

HOMY YHCJAY BBIPAKEHAS
e 5 2 Pss dt,

CieoBaTeIbHO, 044 YCMOUHIUE020 HEBOIMYWEHHO20 DBUNEHUR cCUCMeMa
ypasnenuii 6 sapuayusz (38) ecezda 6ydem npasuavroii (u. 67), a Bea-
KasA MoJHAA CHCTeMa HEe3aBHCHMBIX pemieBHME ypasHeHH# (38) -~ HOp-
maapaoOlM (m. 67 m 63).

OGosnauuM depe3s

gsn Nsr (l‘ =1,.. . 2”)

CHCTEMY He3aBHCHMMX pelleHuit ypapHenuil (38), onpegeineHHHX A
t = t, 3HaYeHUAMH

0 0
st — 58,., Nsr = 63, r-ne

Ecam HeBo3aMylIeHHOe [BM)KEHHE YCTOHYMBO, TO pemeHHA g, 1|,
HMEIOT He TOJbKO PABHHE HYII0 XapPaKTePHCTHIHHE 9ucJ/a, HO ABJA-
I0TCA TaK:Ke M orpanmdeHHnMHU. [103TOMY HOBaA cmcTeMa MepeMeHHHRX

Zr = %(isflsr — k) (r=1,...,2n),

onpefefieHHAaA JHUHEHHHM NpPeofpPa3oBaHMEM ¢ OTPAHAYCHHHMH KO3¢-
$unuenTamm, ¢ paBHEM +1 onpeaeaureneM npeoGpasoBaHUA U € OT-
PAHMYCHHKIMH MHHODAMH MOCJIEIHEero, HMMeeT TaKoe ke obparHoe
npeo6pasosanne. IlepeMeHHNE 2z, YNOBJIETBOPAIOT YPaBHEHUAM C TOC-
TOAHHBMA KO03$PHIHEHTAME

dzr
—aT:O (r: 1},'. . .,,2n).

ClreioBaTeIbHO, €CAl HEB03MYugeHHOE DBUINCEHIE YCMOLHILE0, MmO Oom-
eevaroupue ypasuenus 6 sapuayusr ITyanrape (38) asasiomea npusodu-
MolML (npU nOMOwU AUHEUHBT NpPeobpaszveanuli ¢ 02pANULEHHBLMU KO-
apPuyuenmanu, 0onycxatozq,ux makoe e obpamroe npeo6paaoeauue)
K cucmeMe YPASHEHULL C NOCMOSHHUMU KodPPuyuenmamu.
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3anaguMca BOIpPOCcOM O rpynme npeoGpa3oBaHmil, omucHBaomedH
BO3MYINEHHHE IBH/KEHHA KOHCEDBATHBHHX CHCTEM.
Pemenns &, n, ypasnenuit B papnanuax Ilyauxape (38), onpepne-

NeHHHE HAYaJIbHKME JAHHHEMEA &, ng, cyTh
n
0 0
B = D) (EJ& -+ ik, nii)s
=1

Ny == é (EMej + MM nss) (5= 1,.. ., n).

Onpenennrens 3THX JuHeHHHX nmpeobpasdosanuii ects A = 1. 3maunmr,

COOTHOIIEHHS MEKAY L, N, B L3, 75 NPECTABAAIOT IPYNNY YHAMOAY-
JAAPHHX JMHeHAHHX npeo6pasoBaHHi.

Ho ecau nesosmywennoe dsuxicenue ycmoiinugo, mo ypasnenus é sa-
puayuaz (38), 6ydyuu npusodumbimu, 0oaxcHb umems 3naxoonpede-
AeHHYI0 Ksadpamuurylo Popmy, NOAHAR NPOU3BOIHAL NO 6peMeHU Om
KOMOpol ¢ cuay YpaeHerull 8 8apUAYUAT ecmb HYab *.

006 ycroifunBoCTH N0 NEPBOMY HPHOIMKEHHIO

69 [12, 13]. XapakTepucTuunsie uucia yPaBHEHHH IePBOTO NPH-
6JMKeHNA TO3BOJIAIOT BO MHOTUX CAYYaAX CYAUTH 06 ycTOHImBOCTH
A HEYCTONYMBOCTH HEBO3MYIIEHHOTO NBMIKEHHA B CHJAY NOJHOH CH-
cTeMn guddepeHunaabENX YpPaBHEHMA BO3IMYIEHHOrO JBU;KeHUsA

dz
°"dt_8 = Pty 4o A Danttn + X, (S:’l‘,,"'mn)e‘

rie Ko3@duiueHTH mepBoro NpulIIKEHHS D, W KOXPOHIMEHTH ro-
AOMOPPHHIX OTHOCHTENBHO I, ..., Z, QyHKumid X, npegcraBadior
BelleCTBEHHKEe HenpepHBHEE OTPaHHYeHHHE GyHKOnH t.

Teopema Janyuosa. Eciu cucmena dubdepenyuaivnbz
YPasHerUll nepeozo npubauiceHus ecmb NPASUALHAR U €CAU 8Ce €€ Ta-
PAKMEPUCTIUNHYIE HUCAA NOAOHCUMEADHBL, MO He03MYueHHoe dsuxcerue
ycmoiinueo.

JIAnyHOB OCYmECTBHII XOKA3aTeNbCTBO 3TOH BAYKHOM TEOPEMHl LPH
HOMOIIM HEKOTOPHX DANOB, YNOBJIETBOPAIOIIMX YPaBHEHHAM BO3MY-
meHHoro nsmkeHusA. Ho ee MoHO RoKa3saTh Tak:Ke M IPAMHM Me-
TOROM.

PaccMoTpuM  HODMAaAbHYI0 CHCTEMY HE3aBHCHMBIX pelIeHHH
Zipy o+ o3 Tnp (=1, ..., n) 014 ypaBHeHUH NEPBOTO TPUGIMIKEHASN.
CocTaBuM flajee HOPMAJBHYI0O CHCTEMY HE3aBHCHMHIX pelieHHH TPH-
COeAMHEHHON cHUCTeMH 10 GopMysaM

. Asr
Ysr = —3
rae A = |z, ||, a A;, o6osHauaeT MEHOD ompegenuTteasi A, OTBEYAIO-

mui dementy x,, (m. 67). Ilycrs Ay, . . ., A, cyTh XapakTepucTHIHEE
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9ucia penieHui 3aJJaHHHX yPaBHeHHH B BADHANHMAX; TAK KaK 3aJaH-

HAafgd CHCTeMA XPEANOJAraeTcsi MNPABHJIBHON, XapPaKTePHCTHIHEME

9UCiaME peleHnid NPHCOegnHeHHOH cucTteMH Oyayr —Aq, ..., —A,.
BregeMm HOoBHIE mepeMeHHEIE

—(A,—E)t
Z, = zxsysre 8 (l‘ =1,.. . n),,
s

rae £ 0603HaTaeT HEKOTOPOE IOJOKUTEAbHOE IUCIIO, MEHblIee J060ro
U3 xapakTepucTHIHHX uuced A,. [loapaysach BHuucaHHuM npeolGpaso-
BaHHEM, B CHJIY UPEINOJOKEHHOH UOPABHIBLHOCTH YypaBHEHHA B Ba-
pHanmAX, Haxomum l): '

xap. gucio {z,} > xap. anciao {z;} — &;
o6paTHoe TpeoGpa3oBaHMe
A -}t
Ezre( e Loy = sz (2 yerGr) = Zg
s 8 r

OPUBOAMT K HEPABEHCTBY

xap. aucao {z,} > xap. wucio {z,} + e.
CaenoBaTenbHo, ‘

xap. ancao {z,} = xap. guciao {z,} — e.

PaccMoTpHM 3HAKOOIPEAENEeHHYI0 OTHOCHTENBHO 2y, . . ., 7, KBaj-
patuuny0 $opmy
2V =Nz
~

Ee mosnas nmpoussogHas mo ¢ ecrs

== 30—+ R,

-
rape
—(A,.—e)t
R = zersysre rm®) )
r,s

Kak QyHKIuMA HOBHX nepemeHHmx R (f, z,, ..., z,) umeer Koapdu-
IAEHTAMY B CBOEM PAa3JI0KeHHH HO IeJKM IOJIOKUTeNbHEM CTEeNeHAM
HepeMesHNX 2, . . ., 2, HcYe3aomue GYHKHUK [ OPA BCAKOM IMOJIO-
KUTEJBHOM &; pasjoeHne R HaudHAeTCsA ¢ WICHOB MO MEHbIIEH Mepe
TpeThell CTelneHH.

av
a
Oymer ompejeJIeHHO-OTPANATEIBHON (QYHKUHMeH BEIHYHH Z,, . . ., Z,.
B cany teopemm JlamyHoBa 006 YCTOHIHBOCTH BaK/i0YaeM OTCIONA,
9TO0 HEBO3MYHIEHHOE JBHIKEHME YCTOHYMBO IO OTHOIEHHI K Iepe-

JIJIH IUCJACHHO MAJINX 3HAYeHHi IIepEeMEeHHNX Z, HPOH3BOJXHAA

1) CumponoM {z,}] oGosHagaerca cHcTeMa QYHKHMIE zy, . . ., Zy.
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MEHHHM Z,, . . ., Z,; IPAYEM BCAKOE BO3MYIIEHHOE NBMKEHHE, [OCTa-
TOIHO 6IM3KOe K HEBO3MYIIEHHOMY, CTPEMHTCs K IOCJeTHeMY 110 3Ha-
YeHAAM 2, aCEMOTOTHIECKH.

Jlis BCAKOTO IOJIOMKATEJNBHOTO %), CKOJb 0OH Maio 0HO HH OHUIO, I
IJsA BeAKoro t, 60ablIero HeKoTopod mocrosHHo# I', B cHAy cBoHCTB
éynkmum R (L, 24, ..., 3,), KaK QYHKIHA ¢ mCYE3AONEME KO3PPH-
IHEeHTAMA W HauYHMHAOMeHcA B CBOEM DasiOKeHHH C JICHOB IO Kpai-
Hell Mepe TpeThero H3MepPeHN A OTHOCUTEJIBHO 2,, MOKHO HaiTH 06JacTh
ROCTATOYHO MAJHX YACHACHHHX 3HAaYeHWd 2,, ..., Z,, BHYTPH KO-
TOpO#

|R(t, 24, - 1 2,)] <—n2rlzg_

IIpu stux ycaosumax Bo Bce Bpemsa ¢ > I', moKa 3HaYeHus nepe-
MEHHHX 2, . . ., 3, He MOKAHYJH YKasaHHyI0 o0aacte (ecam A, ecTh
HauMeHbIIee W3 XaPAKTePUCTHIHHX THCEX Ay, ..., A,), EMeeM

d 1
& T A<= —e—n) Y2
r r

M CIIeIOBATEeJIbHO, €CJN HadajlbHHE 3HAYeHUA Z,, BHOPAHH TaK, YTOOH
npu uaMeHeBuu i ot t, 1o 7 3HaYeHNA NepeMEeHHHX HAXORUJIMCH B YKa-
3aHHO# 06JacTH, 8 IMOCTOAHHAA 1) YAOBJETBOPAJIA HEPaBEHCTBY A, >
> & - v, Opu RanpHeiimeM n3MeHeHunu ¢ GyaeM mMerh)

er Ce-2M-e-n)t

Orciona

xap. gucao {z,} > M — & — 1
H, CJEf0BATeJbHO,

xap. guciao {z;} > A — 1 > 0.

ITHM MOKa3HBAETCA YCTOMYABOCTH HEBO3MYNIEHHOTO [BHKEHHs IO
OTHOMIEHNIO K MEePEeMEeHHHKM Z;, . . ., L, M TO, 9T0 BCAKOE RKOCTATOYHO
6/HM3K0e BO3MYHIEHHOE [ABHIKEHHE CTPEMHTCA K HEMY aCHMOTOTHYECKH.

70. Teopewma. Ecau cucmema Oubgepenyuasvhiy ypasnerui
nepeozo0 npubAuNCeHUS ecmb NRPAGUALHASL U Cpedl ee Tapaxmepucmuy-
HYT uuces umeemcsa roms 6vi 00HO ompuyamesvHoe, MO HeBO3MYuseH-
Hoe deudceHue Heycmoiiuuso.

JoxasarteanbcTso. Bsegem HoBhE nepeMeHHHIE

—At
2= Z'xsysre T
s

Orciona xapakrepucTHuHOe uMcA0 (YHKIUE 2z, He MeHbIIe HaH-

MEeHBIIETO M3 XAPAKTEPUCTHYHHX UHcea QyHKIuA xsys,e”’“rt, a mo-

CJe[lHee He MeHbIIe XapaKTePHCTHYHOrO YHCIA CHCTEeMH (bynmmﬁ

Ziy -« .y Xy, N60 XapPaKTEPHCTHUHOE UHCIO ys,e"“ft HE MeHbINe HyJdA,
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eC/I¥ yDaBHEHHA IEPBOr0 NPHOIMKEHHA OpaBHJABHH. JT0 COOTHOMIE-
HAE AMEET MEeCTO IPH BCAKOM I, IOJTOMY

xap. wacao {z,} > xap. wacao {z,).

Hasa nepeMeHBHX 2z, mMeeM cieayomme AuddepernuHaIpHNe
YpaBHeHHAA:

bt T =t
8§

HonycTaM, 4To cpel XapaKTePHCTHIHHIX YHCEX Ay, . . ., A, 1IC
MeHbIeH Mepe OAHO, IYCTh A;, OTpHIaTeasHo. HeycToHYMBOCTH He-
BO3MYIEHHOTO ABMKEHHA (0 OTHONICHHMIO K NEPEMEeHHHIM Iy, . . ., I,)
OyneM [OKasWBaTh OT IPOTHBHOIG.

Ecian HeBo3MyIMeHHOE XBIKEHHE YCTOMYMBO, TO IJIA 3aJaHHOrO
MAaJOre UOJOKHTENbHOTo yuciaa A Gyjger cymecTBOBaTE TaKoe HONO-
JKATEJbHOE YHcao H, 9T0 mpM DPOH3BOJHHHX HAYAJIBHHX BO3MYIIe-
HHAX Zyg. « » +y Tno: YAOBIETBOPAIOMHUX HePaBEHCTBY

2 ‘Tgo <R, (39)
Sy

IJIA BCAKOTO !, (0Jbmerc !y, OGyaer BHIOONHATHCA HEPABEHCTBO
Aai< A (40)
3

W3 ypasmenma r = { mociepmeil cucTeMn ypaBHEHMil ciegyer

2y == ce~hl - e~ 5 DXy dt,
&

rae ¢ — HeKoTopas nocrosHHan. Pasnaoxenns yHRui X, mo meanm
HOJMOKATEIbHKM CTENEeHAM I,, . . ., L, HAUAHAIOTCA C WIEHOB BTOPOYrO
naMepenus; QyHKNEE X NpeAnonaraiTcs orpaHAYCHHBIMA A BCA-
Koro t, Gosbuiero £y, ® AJAA BCAKHX I,, . . ., T,, YAOBJETBOPAIONIMX
yveaosgio (40); moaromy unpm BHOOpe HavadbHHX 3HAYEHHH 2,4, . . .
.. .y Tpe cOTAAcHO HepaseHcTBY (39) npu mocraTouHo MajoM R BH-
BOJEM, YTO €CJH HEeBO3MYHIEHHOE [BH)KeHHE YCTOMYMBO, XapaKTepH-
CTHYHOE YHCJO BTOPOTO CJIaraeMOro NPaBoHM 9acTH IOCJHENHEro pa-
BEHCTBA B CHJIY HIPE[JIOKEHHA 0 XaPaKTePECTHYHOM JHCJe HHTEerpala
(a. 62) He Menbme Hyxas. CiaexosarejbHO, XapaKTePHCTHYHOE YHCJO
$yHknun z, Gymer paBHO A;, UGO HPH CHEJAaHHHX NPERNOTOKEHHAX
HOCTOAHHAA ¢ OTJIHYHA OT HYJIA.
Ho xap. umcao {z,} < xap. wncao {z,}, mosromy

xap. gmcao {z,} << A, < 0.
Jto HepaBeHCTBO HecosMecTEMO ¢ yciosmeM (40). Mm moixmer mo-

ATOMY 3aKJIOYATh, YTO KaK0BO OH Hu ObJIO 3HaueHHe R, cTecHAOmee
BHGOD HAYaJbHHX BO3MYINEHHH Zjq, . . ., Zpo, CPEAH HOCAGTHHX HaM-



OB YCTONMUYHBOCTH IIO NMEPBOMY IIPHBJIMAKEHNIO 155

AYTCA TaKHe, IPH KOTOPHX HepaseHcTBO (40) mepecTaeT BHIIOAHATHCA
XA HEKOTOPDHX 3HavyeHWH I, OGonsmux I,.

Taxkum o6pasoM, TeopeMy MOKHO CYHTATh NOKA3aHHOM.

IIpumevanue. Ecin cncrema gudpdepeRnnalbHEX ypaBHe-
HAH mepBoro Npudin;xeHus He ecTh NPABUIABHAA, TO, 0003HAYag Uepes
S cyMMy BCexX XapaKTepUCTHIHBIX YHCeJ HODMaJIbHOH CHCTEMH ee pe-
meHW#d, 3 depe3 | XapakTepHCTHYHOoe gHcao PyHKmum 1/A. Gymem
HMETh ,

S -+ p = —0,

rje ¢ — HeKOTOpoe II0JIOKHTeIbHOe 4uclo. B arom cayuae xapak-
A
TEePUCTHYHOE UHCH0 QYHKOUH _ALJ_ He MeHbIIe — A; — 0. A Ha OCHO-

BaHMM 3TOr0 HETPYRHO NOKAa3aTh (paccy;KAeHUAMM, TOJOGHHMHA H3-
No)KeHHRIM 3fieck M B 1. 69) caexyoumme npepiaosxenus *.

ITyemov cucmema Ougdeperyuarvibx ypasrnenuli nepeozo npubau-
JHCEHUSR He ecb NDABULLHAR, eCAU OHA UMEET 8Ce TAPAKMepUCmuiHble
uucaa boavle G, MO HeGOIMYWeHNOoe OeuNeHUe YCmoluueo, a ecau
cpedu ee TAPAKMepUCMUYHBY Yucea Haiidemcs no KpaiiHell mepe 00no
ompuyamenbroe, YUCAEHHO Gorbuiee G, MO HeB03MYUEHHOE DeUnNCEHUe
Heycmotinueo ).

1) Jipyrue KpHTepuH YCTOHUHBOCTH N0 IePBOMY NPHGAMKEHMIO Ol TIpes-
nowenH B paGorax:

Perron O. Die Stabilititsfrage bei Differentialgleichungen // Math.
Zeitschrift.— 1930.— Bd 32.

Hepecumpgcruilt K. K Teopun ycrofuuBOCTH MHTETpajoB CHCTEMSI
RudpdepeRunansHLX ypapHenuii // WaB. ¢us.-mar. o-sa mpn Kasan. yH-Te.—
1939.— T. 11.— C. 29—45.

Maaknu I'. JI. Die Stabilititsfrage bei Differentialgleichungen // C6.
T0. Kaszan. aBmaun. um-ra.— 1934.— N 2.— C, 21 —28,
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WnpapnanTHafA NOJCTAHOBKA M CTPYKTYpa
YaCTHRIX pereHHii

71 [46]. PaccmorpmM cucremMy auHedRHX AaddepeHnHaIbHEX
ypaBHEHOH

dx
_zif—:pslxl+"'+psnxn (3217""’1‘) (41)

B IPEJNOJ0;KeHHH, YTO BCe KOBPOUIMEATH p; ABJIAIOTCA BEHIECT-
BEHHHIMY, NEPHOXUISCKUMH, OTPAHHICHHHIMH, HeIPEPHBHHMH (QYHK-
[AAMH BEI{ECTBEHHOTO NMEePEeMEHHOTo ! ¢ ONHAM M TeM ;K€ BeilecTBeH-
HHM mepmofoM @ (® > (). YpapBHeHHs B BapHAnUAX A BEAYINEro
OepHORUYECKOTO [BUKEHASA BO MHOTMX IPAKTHYECKHA HHTEPECHHX
cayYanAx mpexgcTaBaAioT AuddepennuaibHE YPABHEHAA TAKOTO BHJAA.
3agaun ycTOHYMBOCTH HEBOBMYHEHHOTO ABHKeHds (r; = 0,...
.« . &, = 0) OpPUBOAAT K OUPENEJCHAID XAPAKTEPUCTHIHHX YHCEN
Ras paccMaTpupaeMhx ypaseeHmA. K coskamesmio, 3T0T mnociaegHmir
BONIPOC HE ABJIAETCH BIOJHE PaspemieHHLIM, XOTA pemeHne ero u o6-
JerdaercA CYMECTBOBAHHEM MHBAPHMAHTHOH NOACTAHOBKM
S:( t, Tl oe ey .‘tn>
t-w, x4y ... z, >
He H3MEHAKIMeHl BHAA paccMaTPHBaeMHX ypapHeHM# (41).
WNeBapradaTHan mofcTaHOBKa, GyAyYH NPAMEHEHHOH HEOrpaHHIeH-
HOe YHCJIO Pa3 K 3HavemmaM [ Ha orpesre (0, ), Boccosgaer BcIo
YHCIOBYI0O NPAMYIO BemecTBeHHOTo mepeMernoro t. Jpyramm caoBa-
MH, 10 NOBeZEHHI0 O0IMEX PemeHHd I; NpH W3MEHeHHM { Ha OTpe3Ke
(0, ®) BO3MO:KHO OmIpeNeaATh NOBeJeHHE BCAKOrO YACTHOTO peIeHuA
Z, OPH HEOIPAHHYCHHO H3MEHAIOMEMcH .
HonycraM, 910 XAA ypasHewuil (41) HalileH0 n He3aBHCHMHX
pemenuit

Tipy o vy &y (r=1,...,0)
OyHKIEN
Ty, (t+ @), . . oy &y (E+ 0)
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IO CBOMCTBY HMEPHOJUICCKHX yDaBHeHHH, JONYCKAIOIMX MHBAPHAHT-
HYIO IIOJCTAHOBKY S, IPeJCTABAAIOT TaKKe HX pemenne. [losTomy onm
6yayT AuHEHHO BHpAaKATHCA YePe3 He3AaBACHMHE DEemeHAA I,

ZTop (L @) = a2 (1) + . . . + @26 (1) (s=1,...,n)

Ife Gy, ABIAITCSH HOKOTOPHMH IOCTOAHHBLIMHA JJA BCAKOTO I, B3ATO-
To w3 paga 1, ..., n.

Ot BHGpAHEKX HAMM He3aBHCHAMEX DPEIMIeHHH MH MO)KeM HepeATH
K Apyroil momoGHO chmcreMe myTeM JHHeAHHX mpeoOpa3oBaHUH ¢ mo-
CTOAHHHMH Ko3QPRImeRTaMH, M, B JaCTHOCTH, MhI MO)KeM IePeHTH
K HEKOTOPOMY PpemeHnIo

Zs = 611‘81 + oo o Basns
obGranaomeMy QyHEaMeHTAJIbHHEM CHOHCTBOM
z, (t + ) = %z (1) s=1,...n).
Ilas onpejeseHUs MOCTOAHHHIX f, OTCIOAA MOAYYAXTCA COOTHONIECHHSA

Bilanzs, ) + ... + @z (] + .. 4 Brlagz, () + . ..
coo Tt nTan ()] = % [By2s; (B) + . . .+ Buz ().

Takue coormomeBumst (s = 1, ..., n) AOWKHE YROBIETBOPATHCA He-
3aBUCHMMO OT 3HAUeHWH {; HO3TOMY, B CHJY CBOHCTB JIMHEHAHO HE3aBH-
CHMHIX CHCTeM PpelIeHHil, NOKHH OHTE HpUpaBHEHH Ko3PuuHenTH
NP OJHHAKOBHX I

ayPy + .o+ B = %Py,

R R R R R RE TR RN

anlBl + .o+ anan = "ﬁn-

[Tonyvyensan cucreMa JTHHeHHHIX OXHOPOXHEIX ajre6paMuyecKux ypas-
HeHAH ¢ HOCTOAHHMMH Kod@dumumentamm OGyneT ROmYyCKaTh HETPH-
BAAQJbHOE DeINeHde A HOCTOSHHBIX f,, €ClIH COCTABJCHHMHE M3 ee
K03pPAOHEeHTOB oOnpeRernTeNb

L (%) = [la;; — 8% | = 0. (42)

Kopuu %;, ..., %, 3aroro oupepesurtens 7 (%) cssasassl ¢ $yHpga-
MEHTAJBHHMH JACTHHMM PeINeHMAMH HAlIMX ypaBHEHHH.

72 [46]. omyctuMm, WTO KOPHH %, BCe PA3JHYHH MEKAY coboil.
OHm XapakTepu3ylT BHpaKeHUA 72 PYHAAMEHTAJbHAX HE3aBHCHMHX
pemenni. .B camoMm pgeie, nycTs % — Karoi-a1m60 U3 ITHX KOpPHEH.
EMy orseuaer pemenme, o6Jajaloiiee Mo ONpPefe]eHHI0 CBOHCTBOM

z (t + ©) = nz, () s=1,...,n).

O6muii BAJ HENpPepPHBHHWX ONHOSHAYHNX orpaHmYesHHX Ha (0, o)

¢yExumi z, (f), YAOBIETBOPAWIGAX MOCHEZHEMY COOTHONIEHHMIO, 3a-
nuchBaetrca dopmynoi

t
L
z(t)=e® ““(Ps ()
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Tie ¢ CYTh HempepHBHHe OTPAaHAYeHHHE OJHO3HAYHblEe (QYHKIAH
¢ mepuofoM . Ecam KOpHH %, Bce pa3iu4HH, TO MOJAYYalONIHeCH N
dyHnaMeHTAIbHBIX PelleHHH OyRyT o6pa3oBHBaTh CACTEMY 1 He3aBH-
CUMHX peiieHui, o6Jaxawmyoo, o9eBHAHO, CBOACTBAMH HOPMAaJbHOM
CHCTEMH.

Korga cymecTBylOT KpaTHBHE KODHH X,., He Bcerga OBIBaeT BO3-
MO;KHO HaMTH n He3aBHCHUMHX PeHIeHMH YKa3aHHOTO $yHIAMEHTaNb-
Horo Buja. B aToM cayuae BoaMo;xHO HaiiTu dyHIaMEHTANABHYIO CHCTE-
MY HE3aBUCHMBIX PeNIeHHH, ompefeseHHYI0 JUIA KaK[I0oTo M3 pa3iany-
HBIX KOPHe# 7 (%) COOTHOWIEHHAMHU

v (t + o) = xxm ().

a2 (t + ) = xal? (t) 20 (1), (43)

e e s

. LY

x£m+l) (t + (l)) (m+l) (t) v.(\‘m) (t)

(s=1,...,n),
rae :cﬁ", .. 2 06o3HATAOT MCKOMBIE dyHOaMEHTaAbHbIE peleHus,
CcBA3aHHBIE ¢ KPATHHM KOpPHEM X.
ITycrs
(l) (i) (1)
- lxcl ) ---+an51.-

Jlus ompefeseHHs NOCTOAHHWX P’ ¥ HAMBHICIIEro 3HAYEHHA IUIA m

Hocjie MOJCTAHOBKM JTHX BHPayKeHMH B NpeHAYIHe COOTHOUNICHHSA
M IocJae cpaBHeHNMA KodQPUIMEHTOB INPH OXMHAKOBHIX (QYHKIHAX
Z,, () DOAYyYMM ciefyloIue CHCTeMEl ypaBHe}mﬁ (i=1,...,n);

2 (aij — Bi;x) 5(1)
El (aij — i) B @ = 6(1)

Dai;— :") ﬁ(mﬂ) pim™.
3

JTH cHcTeMB ypaBHeHMH coBmajaloT ¢ cucreMamu (7), moapo6HO M3Y-
yeHHuME B 0. 24—28. IlpusegeM noJydeHHHH pe3yiabTaT.
ITycre Bce dieMeHTApHEe JeAHTENH OIPeAeanTens y (k) cyTh
N
(¢ — %)™, ooy (B — %) F,
TAe %, . . ., X; 0003HAYAIT KODHM OHpEAeJUTeNH Y, (%); CPefn HHUX
MOTYT OHTH M ofuHaKoBHeE. [[JA BCAKOTO TAKOTO KODHA X = %, (I =
=1, ..., k) uacao m orsevaromeii rpynnu (43) dyHmameHTaABHEIX

pemernnir 2%, ..., 2’ Gymer

m=n, — 1.
Cymma
n+ ...+ n=n.
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Dopmyan aas onpenenenns nocrosHaMX B Hac He mHTepecywor,
TaK KaK IOCTOSIHHBIE @;; H YacTHHE PemeHHsd T,. HAM H3BECTHH IOKa
JMIE W3 TeopeMH cymectsopanma. CTpykrypa dymkmmi ), Bxons-
mux B QYEJAMEHTAAbEYI0 CACTEMY PEeUIeHAN W OTBeYAaIOMUX KOPHIO X,
onpenesnsercs cootHomenmaMu (43). B camom nmexe, cmerema (43)
AOMYCKaeT TOCHeJOBaTeIbHBle OIpeJeJeHUA CTPYKTYPH QYHKImiA

&7, ..., Y u umenno

1
—1
2O (1) = e T (8),

— nx
dP () = " .

i t—w i
0" () =g + 9t ()|

¢ .
I‘({mu) (t) = P inx [(P‘S?U ) (t — m? Lot — mo) +

m.oom
% o m!

(t—o)y...(i —(m—1)w)
Mm—lmm—l (m - 9

+ (p§2) (t) . (pg'mrl) (t)] ,

rae Bce Gyrrmun ¢ cyTh orpaHHUYeHHbE U MEPUONMICCKHE ¢ MePHO-
aoM ©. B 3TOM B0O3MOKHO Y6eIHTBCA HENOCPEeACTBEHHO MOJCTaHOB-
KoM ¢ -+ « BMECTO f, a TAKKe MOCJeJ0BATeIbHHM HHTEIDUPOBAHNEM
VPaBHEHHH B KOHEYHBIX pasHOCTAX (43).

Hexons m3 cTpYKTYPH (GVHAAMEHTAJNbHBIX peIUeHHH, 3aMedgaeM,

1
9TO BeIECTBEHHHIE YACTH BeIMIHH — — Inx, (r =1, ..., k) cocra-

BAT COBOKYHOHOCTb 7y ~- ... + m; = N XapaKTePHUCTHIHBIX YHCeN
cucremn ypapeHuit (41). [oanas cmerema QyHIaMeHTaAbHBIX peumie-
amit 23, ..., ¥ cocraBar HopMadBHYIO cucTeMy n; 4 ...
.« . ng = n He3aBUCHMBEIX PelIeHH, IOTOMY YTO BCAKAA JIMHEHHAn
KOMOMHALIMA C HOCTOAHHKMH KOIPOUIMEHTAMHM U3 ITHX PpelueHHH
uMeeT XapaKTepPHCTHIAKM YHCI0M, 09eBUAHO, HAHMEHbINEe M3 XapakK-
TePUCTHIHBIX YHACEJN, BXOAAMMX B KoMOMHAUMI0O (QYyHIAMEHTATBHBIX
pelneHni,

Yro HalfjleAHAA CHCTEMA He3aBACMMEIX PeleHMH ecTh HOPMaJbHaA,
803MOKHO JOKAa3aTh TAKKe CACHYIONMM CIOOCOGOM.

Onpepenurens A = || z,, 1, cocTapieHHHA ©3 cHcTeMbl QyHAa-
MEHTAJBHHX pemeHHil, B CHJY cooTHoweHmid (43) vmosaersopser
paBeHCTBY

A+ o) =x"...%EA (L),
B 9eM y0e:kaaeMc HEHMOCPEACTBEHHO MYTEM Omepalni ¢ KOJOHKAMM,
Ho corsacro ¢opmy.e Jluysuaaa (n. 65) umeeMm

§ Zog
At + o) = A(t)e®
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CpasHenue ¢ npepmnaymel ¢opMynol fgaeT paBeHCTBO

[0
§ Zogat
A O )
JlorapudmMupysa aT0 paBeHCTBO, HOJAYYUM HOCJHe NeleHHMH Ha o,
9T0 CyMMa XapaKTeDHCTHYHHX 4Yuces (yHZAMEHTaJbHOH CHCTEMH He-
3aBUCHAMHX PpemleHNA paBEAETCA

1 ¢ )
— 2y

0

3Ta BEAMYNHA SBJIAETCHA, ¢ APYrod CTOPOHH, XapaKTePHCTHIHBIM YHC-
aoM PYHKIUH

t
-s E pss dt
€0 a
TaK KaK BbIpaMKeHue

S ptt =L { S

0 (1}

npefcTaBjifeT OTPAHUYCHHYI0 IEePHOAUYECKYIO (¢ mepmomoM ©) QyHK-
nuio. OTciofa 3aki4aeM, 9T0 QyHHaMeHTaJIbHasd CHCTEMa He3aBHCH-
MHX pemeHmil 6ygeT HOPMaJbHOH M dYTO pdccMaTpHBaeMas CHCTEMA
naddeperuaIbENX YpaBHeHEH ¢ NePHOAMYECKEMH Kod3ddunnen-
tTaMu ABAseTCA upasuiabHO# (m. 64, 65, 67).

73 [47]. PaccmoTpuM cucTeMy ypaBHEHHi

dy
_d?s_’ + DPis¥y ot T PasYn = 0,

npucoeluHeHAYI0 K 3agampEoii. OHa TakKe HMeeT IePHOJHYECKHE
Ko3QPHIMEHTH ¢ BEmEeCTBeHHHM IePHofoM @; AJIA Hee BO3MOKHO
TakKe onpefenuTh GyHTAMEHTAAbHYI) CHCTEMY HE3aBMCHMEIX peme-
HUH, pa3bUBAOIUXCA Ha TPYNNH, OTBeYAICIIHe DJIeMEHTAPHHM Je-
JUTEIAM

(»— p'r)nr (r=1,... k)

oupefenurensa ¥ (W) IPHCOEJNHEHHOH CHCTEMSI.
Ilycts mpousBogsiee pemieEMe I'PYHIH OTMEYEHHOTO BJIEMEHTap-
HOTO JREJINTeNsA ecTh

1
Lp t—)...¢—(r,— 1) @)
ys:em T \Pgl) n,-1) n -1 . —IL"‘_}_\IJ‘(:;S) 1
peT 0T (n,— 1)

rae P cyTh GyHRI@E OTpAHAYCHHNE U IEPHOAAIECKHEE ¢ IEPHOTOM ©.
Ilogcrapiasga 5To pemenue B K03QPANEEHTH JIHHEHHOTO HHTErpaJa
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3alaEHEX ypasHemmil (41)
YiZy + oo YaZa =6,
OOJMYYAM MOC/e OYeBHAHOTO npeo6pasoBaHMA BHPayKeHHE

) tnf_l ) *(E')—- In (239
z ’an__w‘l"""{"zn e =g,

rie Bce zi) 0603HAYAIOT HEKOTOPHE NMHeHHHe (GOPMH BEJHUHH Is
¢ nepHOfAYeCKEMH KodPPunuenTamu; ¢ — nocrosHHaA. Mamemasa r

or 1 mo k, monyuuM n snHeHHHX, He3aBHCHMHX ¢§opM zg-r), Kakue
MOKHO TPHHATH 33 HOBHE IEPEeMEHHHE BMECTO Ij, . .i., .
Hunddepennupys nociefHee BHpaykeHHe o { W IPAPaBHHBAA

HYTI0 KO9pPNIMeHETH NPH OXHHAKOBHX CTeNeHAX f, AMeeM

()
dz]_ :}bz(r) ‘
at rél > i=2,..., n,)
,
D o m Tk
rae
1
7\, = ———m- In w,.

CaegosaTenbHo, cucreMa (41) mpeoGpasoBaHa B CHCTEMY € IOCTOSH-
HHME KodpdunueHTamu; upu 3ToM unpecbpa3opasme BHIOJHEHO IO-
CpefcTBOM Heoco0eHHOH JWHEKHON MOACTAHOBKA € IEPHOANYCCKHMH
OTPaHAYeHHRMU K03PPuueHTaMH, He MEHAIOIIEMH XaPAKTePACTAYHEIX
9Hces HOPMaJbHOH cHCTeMH HesaBHCHMuIX pemenuii. OTcioga BH-
BOAEM, YTO

Inx, +1lnp, =0,

T. €. XapaKTePUCTAYHHE YAC/IA yPaBHEHHWH NPHCOEAHHEHHOH CHCTEMH
PaBHH B3ATHM ¢ O0DATHHMH B3HAKAMH XapaKTePHCTHYHHM YHCJIAM
KaHHOH, & CTeNEHH 3JJEeMEHTAPHHIX [eJauTeNel KOPHeH %, ¥ |, PABHH
MeKAY coboit 1), '

N3 3aMedeHHO# 3aBHCHMOCTH XaPaKTePHCTHIHRIX YHCe] OT KOpHeH
XapaKktepacTEYHOro ypasHeHMsa ¥ (%) = 0 (42) m Teopem 06 ycroi-
YHBOCTH M HEYCTOMUYHMBOCTH JJIA HPaBUIABHHX cucteM (m. 69, 70) Bu-
BOJHM TEOpeMy:

Koeda xaparmepucmuunoe ypasrenue ¥y, (x) = 0 o6aadaem moavko
KOpHAaMU, MOdysuw Komopwxr mewbvwie 1, Hesosmywennoe deuscenue
YCcmouinueo, HeaasUCUMO OMm YAeH08 8wuie nepeozo nopadka X, u npu-
mom mar, LMo 8caAKoe B03MYUWeHHOe Osudcerue, GOCMAamoiHo 6auakoe

1) O6mue McciaeOBAHUA O IPHBOAMMOCTH JIMHEHHHX ypaBHeHHH K ypasHe-
HEAM ¢ HOCTOAHHHMHE Ko3pdmumenrtamm, Hadatwe A. M. JlanymoBmM, pasBmi
H.I. Epyraa (Epyrunx H.II. Tpusopumme cucremw // Tp. Mar. mn-Ta
mM. B. A. Crexiaopa.— 1946.— Ne 13).
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K HeMy, npubaudxcaemcs k Hemy acumnmomuvecku. Koeda dce 8 wucae
KOpHel Ha36anHo2e YpasHenus HArodamcs makxue, Modysu KOmMOpuHI
Goavwe 1, dsuicenue smo neycmoiiuugo nesagucumo om Xs.

CoMHATeAbHHMHA IO OTHOIMIEHAK K YCTOHYHBOCTH, HPH CYIIECTBO-
pagdd 9ieHoB X, B AuddepeAnnalbHHX yYPaBHEHHAX BO3MYIIEHHOIO
ABH;KEHHA, OCTAITCA MOITOMY TOJIBKO CIy4aH, KOTJa XapaKTepUCTHY-
HH# [MOJAHOM 7y (%), He MMeA KOpHe#d ¢ moayxsamm, Gonpmmmu 1,
MMeeT KOPHHM ¢ MOXYJIAME, paBHEME 1.

IIpubanxennbie METORLI ONpejeNeHHun
XapaKTEePHCTHIHOTO YPaBHeHHA

74. Onpenenenne XapaKTePHCTHYHOTO YDaBHEHHMA JAA JHMHEHHEIX
napdepeHnraIbEHX YPAaBEEHHMH ¢ NepHOAWYEeCKMMH KodpduuueHTa-
MU cocTaBjder TPyAHYIC 3anagdy. Ecau nia ypaBHeHu# ¢ DOCTOAHBRMHE
xko3QHIMEeHTAMH COCTaBICHA® XapaKTePHCTHIHOT0 onpeneanTeas A (A)
He TpefyeT 3HAHKA YaCTHH X PelleHHi, T0 B cllydae ypaBHEHAH ¢ NePHO-
AMYecKUMH KodPPHuHMeETaMM NPH COBPEMEHHOM COCTOAHHMM BOIPOCA
TaKoe 3HaHMe HeoGXOAuMO IJIA TOFO, 4TOOH MOKHO OBJIO IOCTPOHTH
vpasuenue Y (%) = 0. JInme cBOGORHKI WIeH 3TOro ypaBHEHAA MOKeT
OBITh HaleH HemocpexcTBeHHO U3 QoOPMYIN

o
§ £p,at
Ky o« Ky == 60

Ilas onpepge:ieEMss XapaKTepHCTH4YHOro ypasHeHusa ¥ (x) = 0
00KHYHO TPUMEHAETCA TOT MW WHOHM HPHOIM:KeHHHIE MeTOX HHTEerpu-
posanua jaupdepennumanpEnx ypassHenmid. Ilpm srom HauGoaee
VAOGHBIME ABJIATCA T€ HE3aBUCHMBIE JaCTHHIE PEMIeHHs YPaBHEHHH
(41), xarue oumpegenennl Aas ! = ( cJeXVIOIUMH Ha4YaJbHEIMH 3Ha-
YeHU AMMU: ‘

T, (0) = 6,

JNeMEeHRTH ,, XaPaKTePUCTHIHOTO OUPeXeJHTEds ¥ (X) BHIYUCIAIOTCA
TOTA2 IO TAKHM papeHcrsaMm (m. 71):

ag, = Iy (0),
H, 3HAYMT,

% (K) = i‘ Ly ((’)) - asr‘x i

3aja49¥ YyCTOHYHBOCTH NO CYIeCTBY Opome 3aJaY MHTerpAPOBa-
HUA; OHE He TPeOYIOT TOYHOrO 3HAHAA XaPAKTEPHCTHIYHHX YHCEN;
HaJo 3HATh TOJABKO 3HAKH NOCJHENHHUX. A JJIA PelIeHAs TaKoH 3afaum
MOTYT XOPOINO CJY;KHTHb cIOCOGH, KOTOpHE B 3aXadaX HHTerpHPOBa-
HAA NPHBOAAT K pacXOQAINEMCH OpoueccaM. IJTy HAE BIEPBHe
upuMerns JIAnyHOB B HccleN0OBAaHAE YCTOHYHBOCTA YCTAHOBHBIIMXCH
ABHKEHHH B KpuUTHUecKHX ciaydasax. Ho, pasymeercsd, Ka:KAHHE KoH-
KpeTHH# pe3ynxnTaT, HOGHTHE NOAOOGHWME DPHEMaMB, NOKeH OHTEH
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AONOJNHHATEIbHO HCHOLITAH CTPOrHMH TeopeMaMu 00 YCTOMYEBOCTH HJIH
HEyCTOHIABOCTH.

75. PaccMoTpEM npueM, KOTOPHI COCTOMT B 3aMeHe Koaddunmen-
TOB Py, B 3aJJaHHBIX YPaBHEHHAX HX CPEJHMMH 3HAUCHHAMHA 3a IePHON

i o}

1

Cér - _Jgpsrdt'
0

YcroitauBocTs (HEYCTOMYABOCTD) B CHAY YCPEHEHHOH CHCTEMH

dz
s (1) (l) —
dl —csl'T1 +C Z, (S~— 1"“’”)

HHOIJA CONPOBOKAAET YCTOHYMBOCTHL (HEYCTOHYMBOCTh) HEBO3MYIIEH-
HOTO0 JBIKEeHHA COTJIAacHO 3afaBHHM ypapHeRuaM (41). Ho aro He Bcer-
na GuBaer Tak. [loaToMy BaKHO 3HAThH, KOTJa TaKad NOJMEHAa ypaBHe-
HAHA paspemmaer TOCTaBJIEHHYIO 3aAady 00 yCTOHYHMBOCTH.

ByneM BHYNCIATH He3aBHCHMHE DPEIEHHSA I, cucu‘emﬂ (41), on-
- pefefleHHHE HaYaJbHEIMM [JaHHEIMH 9= z,, (0) = 8., mo m3pect-
HOMY METOAY NocJegoBaTedbHHX npubmmxennit Ilukapa:

t
a® = 8, + \ D pariPar (k=12 ...

0 i
IIpu atoM xapakTepucTH4YHOe ypapHeHHe chcteMbl (41)
4 (‘K) = || ¢ (0)) — 6% =0

onpexeinseTca B k-M HPUOIMKEHMH Kak

() = || 2% (0) — 8% | = 0.

B k-M npubam;keHnH MH MOkeM oOTHecTH cucteMe (41) ypaBHenus
¢ TOCTOAHHHMHI XKodpdnnueHTaMm

dzx
k k
dt Cgl )-7:1 + . + cin)xm ’ (44)
TzIe
w®_ | (k-1)
Cop’ = _Z)— Psilir - dt.
Kopun A", .. ., AF) xapakrepucTnuHOro ypaBHeHHA cHCTeMM (44)
k .
Ak M) =i — 8,k =0
CBA3AaHEI C KOPHAMH #®, L%y ypaBHenus ¥ (x) = 0 coormo-
DIeHHAMH

w) — 1 = oA,
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Eciau HE JaA KaKMX HeJHX HeOTPHUATENbHHX 3HAYCHHH my, . ..
.., Mm,, AMEIOIAX B CyMMe 2, He YHHYTO;KaeTCA BHPa)KeHHE

mh + ...+ mph,,

rje As ¢cyTh KOPHE Ay (A), TO COTJIacHO M3JI0:KEHHOMY B II. 34 MuA CH-
cteMHBl (44) BO3MO'KHO HAHTH BeleCTBeHHYIO KBaApatudnylo ¢opmy
¢ cHMMeTpRIHNMEA Kodgdunuentamu b, = b

2Vk = strzsxr
s

sr

TaKyi0, 9T00H

av
h o
Ef(c"‘)x1+---+c" o =ai+ ...+

§

Ionsasa upoussogHas ot Vi mo f, B3ATAA B CHJIY 33JaHHHX ypaBHe-
i (41), ects

Z . bsipz'r'zsxr'

v, 81
dra npoussogHas V; Gymer onpeneseHHO-IOJIOKUTEJbHON, eclid Hal-
HeTCA MOJ0KHUTEIbHOe YACIO0 M TaKoe, 4TOOH BelecTBeHHAA KBagpa-
TagHasn $opMa ¢ IepUOAUYeCKHMMH XKo3ddpPuimeHTaMmM

V;\ - “(xi + - + -17?1) = g bsi (pir Pcn)) LTy
HMeJa ITMCKPAMHUHAHT
I B s
TJA3BHBE JUATOHAJLHBE MHHOPH KOTOpOro OBy OW BCE IOJIOMKH-
TeJIbHH, npﬂqu

f*,s‘) = 2 L [br; (pts - chk)) + bsz (pzr }lcl(l!t) ] = hs(r“

Ho ecam V onpeleleHHO-IONOKATENbHA, TO ACHMITOTHYECKAA yC-
TORINBOCTH (HEYCTOMIMBOCTH) HEBO3MYIEHHOTO ABM;KEHHSA B ypaBHe-
auAx (44) conyTcTByeT TaKOBOH B 3aJlaHHHX ypapHeHHAX (41).

B nepsoM npuGamxernan (k = 1) cucrema (44) cosmamaer ¢ ycpen-
HEHHOM CHCTeMOi, a TOJBKO UTO CHEJAHHHH BHBOJX JaeT JOCTRTOIHEIE
yCIOBHA (B B/ ONPeAeSeHHO-HOJI0KUTEAbHOCTH V) A TOro, ITOOH
ACHMITOTHYECKAA YCTOHYHBOCTL (HEYCTOHYABOCTH) HEBO3MYINEHHOIO
ABHKEHMA B yCPeAHeHHNX ypasHeBHAX (k=1) comyrcTBoBana acmMmi-
TOTEYECKOHX YCTOHYHBOCTH (HEYCTOMYHMBOCTA) HEBO3IMYI[EHHOTO [(BH-
JKeHHA B 3afaHHHX ypasHeHuwax (41)*.

IlpanMegsanue. Ecau B KakoM-1E00 B3 PACCMOTPEHHHNX CAYy-
9aeB KOPHHA As TAKOBH, 9TO CYH(ECTBYIOT Hejikie HeOTPHIATEe IbHHE JuC-
aa mg, AMeoIAe B cyMMe 2, AJA KOTOPHX YHHYTOKACTCHA BHpake-
mee myh; + ... + myh,, @ cymecTByer mo KpaiHei Mepe OfHO OT-
pHUNAaTeAbHOE XaPaKTePHCTHYHOE YHCAO As, TO BBeJeHHEEM HOBHX
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DepPeMeRHKX
u, = xse W

OpA 0CTaTOYHO MAaJOM IOJOKATeIbHOM 1 MH CBeJeM BOIPOC K pac-
CMOTPEHHOMY C/IYYal0, TAK KaK H3MeHeHUs NePEeMEHHKX Is ¢ TeIeHHEeM
BpeMeHH He GyAYT BCe OrPaHHYeHHEIMH, €CJIH HEKOTODHE M3 mepeMeH-
HEX u; 6yAyT HeorparudeHHnME. Onpefeenne He3aBUCAMEIX PeIIeHHAM
z,, mo Metroxy llmkapa npm HyjxeBoM mprOGAmKeHHH

0)
1§r = §,,

OPHBOJHT BOOOIIe K HEJOCTATOYHO GHICTPOH CXONAMOCTH MOCJIeL0Ba~
TeAbHHX NPUGIMKeRA, TAK KaK IPUXOJATCA IPON3BECTH JOCTATOIHOE
9Hca0 NpubIMKeHEnHd, YTo0H B HAPACTAN[AX CTEHEHAX ! HAKOHOHTH
JOCTATOYHOE YHCJIO YJIeHOB KCIIOHEHTA €%, KOTOPHIt B 3TOM mpolecce
He MOKeT HOABATHCA, KPOMe KaK PAa3JIOKeHHHM B PAX.

IIpumep. Paccmorpum cmcremy

Z—f :(—%+eacos2t)x+(1—easin2t)y,
:—i’ = (—1—easin 2t) x| (—-%—sa cos 2t) Y

rae a — HEeKOTOpOoe NOJOKHTeNbHOEe YHCJIO, a & — mapamerp. Hx
OCPeXHEHHKe YDPaBHEHHS CYTh:

dzx 1

@& T TETY
dy 1
&= vty

Haa nocnequnx ¢ynknmusa V, o xakoit Gmia peus, npeacTaBiseT om-
peneleHHO-0TPHIATeAbHYI0 KBAaAPATHIHYIO $opMYy

V= —(*+ y?).

HApyramna cioBamu, HeBo3MymeHHoe ABmwkenne (z = 0, y = 0) acum-
OTOTHYECKH YCTOHYHMBO B CHCTeMe YDABHEHHH ¢ OCPeHEHHKIMH KO3(-
¢nnuentamu. [lonnas npomasomnan mo ¢ ot 3roit pymknum V B cmay
3aJaHHKX YPABHEHHH eCTh:

V' = 2% + y* — 2eal(z? _ y?) cos 2t — 2xy sin 2t];

JAUCKPHMWHAHT V' mMeer Bce riaBHHE AHarosajpHeie MEHODH IO0JIO-

. i
HATENBHRMH, €CJAH YHCJCeHHAA BeJHYWHA € MeHblle B Craao GHT!:,

ecad !si<-2%;, TO HEBO3MYIICHHOE BH;KCHHE B CHJIY 3aJaHHHX ypas-
HeHu# GyNeT ACHMOTOTHYECKH yCToHUMBHM. MOKHO 3aMETHTB, 4TO
opu g = -23—5-;3anannne VPaBHeRHUA [[eN1aI0T HEBO3MYIEHHOE JBH;KEHHE
HEYCTONYABHIM.
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Cnoco6 Jlanynosa

76 [48]. Jlanynos pasBuBai ApPYroi cnoco6 BHYHCICHHS He3aBH-

CHMHX PemleHuH T,,, ONPEeIe/ICHHNX HAYaIbHEMH AHHKEIMHU = = §,,.

Paccmorpum caydgait, kxorpa B cumcreMme (41) xospduummentH pj,
33BHCAT OT HEKOTOPOI0 BemecTseHHOro nmapaMerpa p. JomyctuM, 9rto
KO03QPHAIACHTH. p,, MOTYT GHTH IpeJcTaBJeHH PAJAMH IO NEJKM HO-
JIOKAUTeTBHHM CTeIeHAM [, CXONAMAMHACH abCONIOTHO M PaBHOMEPHO
A7A BceX BeIMeCTBEHHHX 3HAUeHHH ! 1o KpaiHeR Mepe npu p, abcoaior-
Hasg BEJWYAHA KOTOPOTO | U | He IPEBOCXONHT HeKoTopoe uyucio M.
HomycrnM takike, 9T0 moxa | u | He npesocxoaut M, KosdduuueaTH
Dsr HABIAIOTCA HeNPDePHBHHMH OTPAaHMYEHHHMH QYHKIMAMU IS
BcAKOro ¢ > 0, M mycTh HePHON  He 3aBUCHT OT M.

Ilycte p ecTb psAN, PacHONOKEHHHHE IO IEIRM MHOI0KHTEIbHBIM
cTemeHAM N, KOIQPUIOHEHTH KOTOPOrO IPEACTABIAAIOT NEPHUONAHYECKHUE
¢yHKIUM ¢; 3HAUeHHA STHX Ko3PPHuHeHTOB mpu 060# cremeHH p
H 1A BcAKoro t > 0 paBHH HauGonbmieMy uM3 Mojyieir kodddunn-
eHTOB Pa3jio:KeHBmiA p,,, OTBEYAIONAX TOH >Ke CTENEHH U U TOMY Ke
3HaYeHH0 I.

Ecau npu

tni=
PAO D pasnoMepro crodumcs 0af 6cer BelyeCMEEHHMT 3HAYEHULL L, MO
pAOR, KOMOPpWMU NPedcmasAsiomcs 3HALEHUR

Zep () (s, r=1,...,n)
Pynxyuli x,, cucmemwn neaaaucumur peuwienull, onpedeseHHNT HAYAAb-
nomu yeaosuamu z,, (0) = 2 = 8,,, 6ydym npu cdesannwz nped-
NOAOKHCEHUAT abcorlomHo cxodauyumuca dan | p | = M.
HoxaaateabcrTso. PaccMorpuMm cucTeMy
dxs '
ar =& (pslxl + .. psnxn)

¢ HOBHIM BCIOMOTIaTeJbHHM ImapaMeTpoMm &. Pemenus z,, aaa mocien-
HAX YypaBHEHMH OymeM HCKaTh B Bune

=8, + ezl +e2a® .. .;
dyaxumu ziy onpenenmo'rc;l IOCJeN0BaTeNbHO 10 (BOpMyaaM

2 = SZ paiVdt (k=1,2,...),
OTKYHAa

t
[z 1< n Spdt,
t

|z < n2s< 0Spdt)

0
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HHTEPPKPYH 10 9aCTAM BHPpa)XeHHe, CTOAllEcEe B npanoﬁ YaCcTH I0-
CJACJHEr0 HePaBeHCTBA, MOKEM ﬂp906p33083Tb €ro 1 HOAYIHTE
t
(2) nI
lxsr i<T<Spdt) *
(4

H AaHaJOTHIHO
3

|| < ({pat)’
sr IS T R\ PH)
1]

4

CaegopateabHo, opu € >0 u ¢ > 0 uMeeMm
£
Ie[nSpdf
ferid |4 lemP 4. . <e ¢ —1.

Iias ¢ =1 B t = © A3 DoCHeHEr0 HEPABEHCTBA NPH CHENAHHKIX,
NPERNOAOKeHHAX MBI JOJDKHB 33KJIOYATE, 9TO I, () Pas3iaranTrcs
B a0COJII0THO CXOAMUEeCA PAXK MO cTemeHsaM p opu | w | = M. [Ipen-
JO:KeHHe [JOKA3AHO.

HonyctaM Temeph, 9TO MH yMeeM HHTerpupoBath cHcTeMy (41)
B npeanono;xenun p = §. Torga ecam dynxkuumn z; npu p = 0 Gygem
HCKATb B BH/€ PAJOB, PacHOJOKEeHHHIX IO CTemeHsAM HapaMerpa .,
TO OAA onpejesieHUs KoIQPHIAEHTOB B 9THX PAXAX MMOJYIUM CHCTEMH
aapdepeHuHAIBLHHX YpPaBHEHHH, KOTOpHe OYAYT HHTEIDHPOBATBCA
B H3BECTHOM IIOC.1eJOBATEJbHOCTH LOCPEACTBOM KBagparyp.

77 [49]. PaccmoTpuM ypaBHeHHE

‘%’-ﬁ- +ipx =0, (45)

r'le p eCTh OrpaHUYeHHAs HeNpepHBHAg DEePHOJHYECKan beBKILHH
[ ¢ BemecTBeHHHWM (OYCTh IOJO;KHTEJbHBM) NeproaoM o». B coormer-
CTBHH C U3JIO’KEHHBIM METOJ0OM MaJ0ro napaMeTpa p 3aM@HHM 3T0 YpaB- .
HOHHE TaKHuM:

d*zx

@ T upT,

H HiieM He3aBUCHUMble DeleHHsA HOCJAeAHEr0 YPaBHEHHA B BHAE
z=f=144pf +pf+...
=@ =+ pp -+ piey + ..o
rae f,., ¢, cyTh QYHKIMEA ¢, YHAYTOKAIONHECA BMECTE C MEPBHMHE IIPO-
H3BONHHMA, KorAa ¢ pasHo Hyx0. OyEKUMHE f,, @, BHYACIAAITCA HO-
ciefoBarejbHo 00 opmynam
t ¢t
fa= Sdt Spfn—ldt, On = Sdt Sp%-idt
0 1] 1] 0
OpH ycaoBHM f, = 1, @, = L.
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Ecadm MB 3aMeHHM ypaBHEHHE CHCTeMOH JAHEHHHX ypaBHeHHH
dz  , dz’ _
a =% @ Tk

10 moayunM (m. 71), 4T0 XapaKTepHCTHYHOE ypaBHeHHe OyneT

wo_|[@—% T
* P ¢ (@) —x
e 24 = f (o) + ¢’ (o).

Ecaim A? >>1, To KOPHM XapaKTePHCTHYHOIO ypaBHeHHA OyRyT
BEI[ECTBCHHEIMH M OJIMH M3 HHX YHCJIEeHHO 06oabmie, KPYrodl YHCIIEHHO
menbme 1; ecia A% <1, 10 XxapaktepucTHYHHe KOPHH OyAyT MHH-
MuIMH ¥ OyQyT EMeTb MOXYJNH, pasHEe 1.

N3 dopmyam

A=1+4 5 D [fa @) + Ga (@]
n=1

=x2—24Ax +1=0,

m u3 Toro obcroATenncTBa, 4To mpu p < 0 dpyErumu f, (0), ¢, (@)
TOJY9AI0TCH HOMC)KATEIBHEIMA JJIA IeTHOTO 72 ¥ OTPANATEAbHEIMA IS
HEYIETHOTO N, 3aAKJII09AeM: ecau PYHKYU[ P MOKcEm NPUHUMAMb MOALKO
ompuyamenvrbie Uil Hyaeevie 3naienus (ne 6yoyuu Hyasem mozcdecm-
8eHHO0), MO KODHU ZAPAKMEPUCTMUYHO20 YDPAGHEHUS, OMEEeUanyeeo
sadannomy ypasnenuio (W — —1), eceeda 6ydym seugecmeennsMu u 00UK
u3 Hux, no modyalo, 6ydem Goavwe, a dpyz0ti menvue 1.

OcTapoBUMCA Temeph HAa CJaydae, KOrfa QYHKIOHA p MOKET HMETh
TOJBKO HEOTPUNATEIbHHE 3HAYCHHS, He O0pamaAch TOAECTBEHHO
B HYJIb.

WaTerpupys no 4acTAM M MCHOOJAB3YA COOTHOMEHHA fo = 1, @y = I,
mOJy9aeM PaBeHCTBO

o
f1(0) + o1 (@) = o { pdt.
0

Ilns nonomaTeabHoro t v upu n > 1 dpysruun f, (), ¢n (¢) ynos-

JIeTBOPAIOT HEPABEHCTBY
i
Su = (faat @nn)t § Pt — 20 (fut @) > 0.
0

IeiicTBuTensHO, U3 GOPMYIH

dSn
S,,:S 1
0

HemoCcpeACTBCHHO HMeeM
t

8= (Fo+ p®,at,

0
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rae

t t
Fo=tfos$pdt + (fui+ ¢nr) \ pdt —20f,,
(1] (]

t
@, = t@n-y\ DAt + (facg - Prs) t — 2nGi-
0

Cosepmaa max F,, ®, mpeoGpasoBanme, nogoGHOE COBEPIICHHOMY
gay ¢yukumeir S,, moayumM
t t t
Fo= (2t pdt + pu,)dt, @, = @ptg,,+vo)at,
0 0 0

r7e
t

thy = (Pnce + thaes) § P A+ @nca - thas — @n— 1) fuy,
0

t
Up = (‘Pn—z + t@;u—z) S p dt + fn—l + tf:n—-l"" (2n - 1) (p;l—l‘
0

IIpu chnenaBHHX OPeNDONOKEHHAX O HEOTPHIATENLHOCTE p QyHKIMH
fas fns @ny @n ANA BCAKOTO n GYRYT HONYYATHCA NONOKUTENELHHMHE
mas t > 0. U, caegosartensno, yakuun F,, @, GyayT moiaomurenn-
HEIMH, €CJIH OOJOKHTEIbHNMH OYAYT U,, V,. A ecad HAH QyHKIHEAMA
u,, v, Mpou3asecTd mpeoGpasosaHme, mpumenennoe K S,, ©,, F,, 10
MO)KHO HOJYYHTD

t
o= @D Qs + th-s) + Froy) at,
(1]

t
(2jH 4 2 s S pdt + p(Dn_1> dt.

(/‘n,

Us arax dopmyn 3akaiogaeM, 9TO, €CHH [JJIA IOJIOKHATENbHHX 3HA-
geHnid ¢ UMeT MecTo HepasercTBa F,_, > 0, ®,._; > 0, 1o gas Takmx
’Ke 3HaYeHHH ¢ GyAyT HmMeTh MecTo Hepasenctsa F, > 0, ®, > 0,
a TeM caMuM K HepaseHcTso S, > 0.

Oasg n = 2 i1 nonokuTeabHOTO [ HMeeM

t ¢ t
Fo=2 S{(Xpdt)2 + 2p(91} dt>0, ®,=2 S(Pt2 + 2f,)dt > 0.
00 0

dteM HepaseHCcTBO S, > 0 MOKHO cymTaTh AOKasaHEMM. Ilomaras
B BEeM I = @, OyReM HMeTh

fa (@) + ¥ @) < [fa-1 (0) + s ©)] o | P .
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Bupaskenue A nasa ypasHeHHEsA (45) npuHEMaer BHA

oo

A=14 5 Y (') + 9n @)

n=1

B CHJAY IocCJeJHero HepaBeHCTBAa HAaXOJHM

@ oo ()
.4 . :
t—g {pdt s N (1= 255 (pat) 1 @) + @ @1 < 4.
[} n=1 0
1 wj w ,
a<t—— Y (1= 2\ pdt) 120 ©) + @ana (@),
n=1 0
CiaegoBaTeabHo, €CJIH
o) S pdt <4,

0
To HeoOxomuMmo Oyaer

— <4<

3THM JOKa3HBaeTcd cjaefylomas TeopeMa Jlanmynosa.

Ecau dynryus p maxosa, ¥mo moxcem nosyiamov MOALKO NOAOHCU-
meabHBe LAl DASHHE HYA10 3HaveHus (He GYOYLU HyeM MONCOecmEenHo),
w ecau npumom PYHKYuUL ama Ydosiemeopaem Yca08u0

(0]
o S pat <4,

0

mo KOpHU ZAPAKMEPUCIMULNO020 YDAGHEHUS, COOMEemcmaeyouez0 ypas-
nenuio (45), scezda 6ydym mnumnmu, 064a0as modysanu, pashenu 11).
TeopeMa gaer Jmmb ZOCTATOYHHE ycaoBus. Ecanm p ecTs m0oa0Ku-
TeJbHAsi NOCTOAHHAA, TO KODHH XapaKTeDHCTHYHOTO YpaBHEHHA
¥ (») = 0, orBedaomero BemecTBEHHOMY HepHORY ®, OyayT mMeTh
MOAyaH, pasHHe egmuuine. Ho ecau p ecth monoKuTeabHas IepHo-
REgecKas QYHKIHUsA, MOKHO IPUBOCTH NPHMEPH, B KOTODHX Xapak-
TEePUCTAYHOE ypaBHeHme o0jagaeT BeUIECTBeHHHMM KODHAMH, M3 KO-
TOPHIX ORHH 10 Moayio Oyaer Goxbme, Apyroi mennme 1.
HccaegoBanme ycToAYABOCTA B KPHTAYECKHX CAydYasAX, KOTJa Xa-
paKTepHCTHYHOe ypaBHeHHe ¥ (x) = ( mMeeT OJMH PaBHHHA eJUHHIE
KOpeHb MJH ABAa MHHMBIX KODHA ¢ MOAYJsAMH, DPABHBIMH eJUHHIE,
noao0HO MCCAEOBAHMIO TEX >Ke BONPOCOB /IS yPABHEHHH € NOCTOAH-
HEMH Kodddunuenramu. Caygam 3TH pPaccMOTPeHH JIANYHOBHM B
B . 56—64 ero Tpyma «O6masn 3agaga 06 yCTOHIMBOCTH ABHKEHHHY.

1) Nansmeiimue HcciaenoBaBaa A. M. JIanyHoBa, cBsi3aHEHE C ypPaBHEHHEM
(45), onybaukopanm B 3anuckax Axagemmu Hayk (8-a cepusa.— 1902.— T. 13,
Ne 2). .



NIPUMEYAHHA *)

K ¢. 10. «Octpoymue IANyHOBCKOTO OMNpeflefieHHA YCTOMYABICTH COCTOHT
B TOM, 4YTO olpefejeHHe 3T0 He OecnpefelpHO UIHPOKO, HHA4Ye OHO OO GH
OeaslHTepeCHHIM, H CY/KeHO OHO POBHO HACTOJIBHKO, YTOOH OXBATHTh BCe KOPEHHOE BO
BCEBO3MOKHBIX 3afiayax ycroidumpoctH.» (YeTaes H.T. O HekoropHx 3aja-
4ax o6 ycrofiamsocTH gBHKeHuA B Mexanuke. [/ [IMM.—1956.— T. 20, Bum. 3.—
C. 309—-314.)

K c. 11. 310 06cTOATENLCTBO NO3BOJAET C YCHEXOM UPHMEHATH JANYHOE=
CKYI0 TEOPHI0 YCTOHYHMBOCTH [JIA PEHIeHHA BaKHHX NMPHKIAJHHX 3a4a4, BO3MONK-
HOCTh 4ero BnepsHe Ouiaa orMedena H. I'. YeraeBuM eme B magaxe 30-x rogos
B ero JIeKUHAX M0 YCTOHIYHBOCTE CaMOJETOB.

K ¢ 14. «B GonbmumBcTBe HHKeHeDHHX 3afaY TpeGyeTrcA yAOBJIETBOPHTEH
BHONCAHAKNM B ONpefeJeHAH YCTOWYHMBOCTH HepPaBEHCTBAM MPM 33JaHHKX 3HAYE-
HAAx A, A 3a OrpaHMYEHHHII HPOMEKYTOK BPeMEHH OT RaYaJbHOTO MOMEHTA f,
10 Heroroporo Momenta 7. Ilpm QuKCHPOBAaHEHX 3HAYEHHAX BeTHIHH A, A, ¢,
T B ompenelieHMH YCTOHYHBOCTH BO3HHKaer onpepeienme (A, A, t,, T)-ycroitam-
BOCTH B KOHEYHOM 3a OrpaBMYEHHHKI IPOMEKYTOK BpPEMEHM.

Uamenns, ecau tpebyercs, mpasee yacTh AHPdepeHnmaTbHHX ypaBHeHMil
BO3MYIIEHHOIO IBHKEHHA B 3afade o (A, A, ¢, T)-yCTOHYHBOCTH COOTBETCTBEH-
apM oGpa3oM B obmacTAx

sz<k, A<sz<fl
s 8

AR BCAKOro ¢ > ¢, a B obmacTh
A4
§

I 3HAYEHHIl ¢, mPeBOCXOAAIEX T', MBI MOKeM MPHBECTH HOCTABICHHYIO 3aKauy
o (A, 4, ty, T)-ycToiiUMBOCTH K HEKOTOpOH HaKpuBamel ee sagaue Jlanymosa
00 yCTOHUMBOCTE ¢ TeM JONMOJHHTeNbHHM OrpaRHYeHHeM, YTOGH /in mpeobpaso-
SaHHKX ypasHemmi ¢yHkumu JlanmyHosa o0aagalu OroBopeHHWMH Y JlamyHoBa
cBOHCTBAMH, HAYMHAA € 3AJAHHOTO fo, ¥ YTOOH JUIfA 3aJ|aHHOTO THACAA A NOJXydYae-
soe o Metofly JIANyHOBa WHCIO A NpeBHINANO HAH PABHANOCH 3aJAHHON ATA A
BeJIMYHHE.

OGCTOATENBCTBO 3TO [ejaeT NpaAMoil Merox JIAmyHOBa BechMa HEHHHM NI
T€X H3 NPHUKJIAJHHX 3aa¥ 06 ycTOHIABOCTH B KOHEYHOM 3a OrpAHHMYEHHHIL HpO-
MEIKYTOK BpeMEeHH, [UIA KOTOPHX CyIIecTByeT HaKpHTHe 3ajgaveit Jlamymosa.»
(Ueraes H.T. O mekoropsix Bonpocax, OTHOCAINHXCA K 3afade o6 ycroium-

*) Cocrasaenst B. B. Pymaanennim
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BOCTH HeycTamOBUBmEXCHA paBmxenmi // IMM.—1960.— T. 24, smn. 1.—
C. 6—19.)|

K c. 16. «Bsenennoe JIanyHOBR MHIOHATHE 3HAKOOIpexejleHnHodl dymxknuu,
ec/IH OHA 3aBHCHT fABHO OT f, OTIMYaeTcA OT OOHYHOrO NOHMMAHHA IHAKOONpe-
nenennoil ¢ymxkumna. Hanpumep, mpm n = 2 QyHKnEA

et (2} + 2D)
ANA BCeX pACCMATPHBAeMHX 3HaYeHHH ! eCTh ONpeJeJeHHO-TOJIOKATeNbHAR
KBajipaTAyHasa $opMa B OOHTHOM CMEIC]Ie C/I0BAR M He fBJsAETCA 3HAKOOLpeJeien-
HO# B cMmucixe Jlanymosay (npmmeuanme [6] H. I'. UeraeBa x Kmure JlamyHoBa,
yKaszaHHO! B mpEMeuaHmH !) Ha c. 8).

K ¢. 20, [lna npuxkiagsuX 3afad HMeeT 3HaueHme He TOJBKO QaKT cymect-
BOBAHHA YHCIAA A 10 3aJaHHOMY 9YHCAY A, HO M OLIEHKA 9THX 4YHCEJ H IPOBEpKa
HPUTOJHOCTH OLEHOK B KOHKDeTHHX YCJIOBHAX 33[aUH, A 9ero ocoGeHHO 3¢-
PeKTHBHRM OKa3biBaeTcs MeTox ¢yEknmii Jianymoma.

K e¢. 24. Ha srom npmmepe H.T. Yeraes npemnomna MeTox nocTpoeHds
¢yrxnur JlAyHOBR B BHAE CBA3KA HHTErPajioB YPaBHEHMH BO3MYINEHHBIX
ABEIKeHMit, OKasaBmeiicd BecbMa 3((eKTHBHEIM H DIAPDOKO WPHMEHAEMHM A
peIIeHAs 320U ycToiiumBocTH B paforax MHOrmX Hcciaenosareneil. Boobme aror
MeTO[l COCTOAT, KOPOTKO, B ciexyiomeM. IIycTh M3BeCTHHW HeKOTOpHE roxoMopd-
HHE HHTerpajii ypaBHEHHH BO3MYMEHHHX [BIKeHHI

Vi (23, + . ., Zn) = const (i=1,..., m), V;EO.

Oyrknua JianyHAoBa CTPOHTCA B BHE CBA3KH HHTErpaion
m k
Vg ..nz,)= 21 AV 4+ }}1 Wi O<k<m),
1= J=

Iie A; — HEKOTODHe IOCTOSHHHEE, NOAGHpaeMEe TaK, YTOGH CyMMa JIHHeAHHX
YIEHOB B pas3noeHrd Qynkuua V (z;, . . ., Zp) B CTENEHHOH PANX IO NepeMEeHHHM
Z; B OKPECTHOCTH HEBO3MYIEHHOTO JBIDKeHHA z; =  TOMKIECTBeHHO DaBHANACH
HYJI0, TAK 9T0 pasioKeHHAe 310 (yHKHEM HaumBaeTcA ¢ KBajparmumoii ¢op-
MBI V(z):

0

V=3 v,
r=2

OcraBmimecs He ONpefeJeHHHMA Ko3pduumenTsr A; m N; BHOHpAIOTCA TAKHMH,
9100H KBajipaTHYHasAs fopMa V® guaa 3HAKOOIpeJleIeHHOM, TOrxa B 06aacTH fo-
CTATOYHO MAJBIX 10 aGCONIOTHON BelIMYUHE 3HAYCHHHA IIepeMeHHHX z; OyAer
sHaKoonpeneneHHoil u ¢yEkumsa V, npmyem V' =0.

Tar noJdydeHHKEe AOCTATOYHHE YCIOBHA YCTOWYEBOCTH B Psfie cAydaeB, Kak
E B pPacCMaTpEBaeMOM IIpAMEpEe, OKA3HBAIOTCA COBIAJAMHEMHA (C TOYHOCTHIO JIO
3HAKa PaBeHCTBA) ¢ HEOOXOAMMHME YCIOBHAME ycroitumpocTH. HHTepecHO oTMe-
TATH, 4TO [JIA TNOJYYeHHA TAKUX YCAOBHIl YCTOWYABOCTH MHOIJA JOCTATOYHO HC-
IONb30BATh JHNIb YacTh H3BECTHHIX IePBHIX MHTerpaioB (cM., Hampmmep: P y -
MaHnes B.B. 06 ycToiiYuBOCTH BPAUICHAA TAKENOr0 TBEPHAOIO TejJa ¢ ORHON
HenogBmKEOM Toukoi B caysae C. B. Kosanesckoit. /[ IMM — 1954.—
T. 18, sun. 4.— C. 457—458).



UPUMEYAHUE 173

K e. 26. Bonpocu| cymecTsosaBua ¢ynxuumu JIAnyHOBa, YAOBAETBOpAIOmER
yClIoBEAM TeopeMBl 06 ACEMOTOTEYECKOH YCTOHRYHBOCTH, HCCAEROBAJIHACH PAJOM
aBTOpoB. B peayasraTe mokazaHa o6paTmMocTh TeopeMH JIAIyHOBa 06 acHMITO-
THUecKod ycroiumBoctH (cM.: Kpacoscxui H. H. Hexkoropme sagaunm
TEOPHHM YCTOMYEBOCTH [IBE:KEHEA.— M.: ®mamarrms, 1959, c. 211).

K e. 29*. Bonpoc o cymectsoBanmm ¢yuxnmm V (f, z), YAOBIeTBOPSIOMER
yenopaaM Teopemn H. I'. UeraeBa Ana BCAKOro HeyCTOWIABOTO HEBO3MYNICHHOTO
ABmwkenns, paspeummsm Y. Bpkou (OGpamenme teopemn Yeraesa // Yexocnos.
Mar. KypH. —1955.— T. 5 (80)) m H. H. Kpacoscknit (cM. MoHOTpaduio, ykKa-
33a8HYI0 B HpDEMedaEuE K c. 26),

K e. 29%%, U3 pByx Teopem JlanynoBa 0 HeYCTOHUABOCTH BTOpaA obpaTHMa,
a nepsas ofpatema me Bcerna (Kpacoscxmi H. H. Hexoropme sapaym
TeOPHHE YycroitumsocTH ABmxemmAa.— M.: @mamarraa, 1959.)

" K e. 30. Ora teopeMa copMyiampoBaBa CHeRYOIEM oOpasoM:

Ecana pupdepenuuanprEie ypaBHeHAA BO3MYTICHRHOTO NJBHKEHHA TAKOBH,
4T0: 1) ANA HEKOTOPOH jollycKaiomell (ecKoHeWHO BHCHIRH npemen QyEKRuAH
V (¢, ) cymecTByer obnacts, e VV’/ > 0, u 2) pifg HeKOTODHX 3HaYeHHH Be-
JNINH z5, YACHKEHHO CKOJIb YTOAHO MRIKX, B ofaacte VV’' > 0 BO3MOMKHO BHAe-
nuTh 06nacTh, B KOTOpOill HeroTopas Qymruma W > 0 m Ha rpaHEne KOTOpOi
W = 0 snauenms NoJHOH NpousBoAHcH W’ ¢yTh OfHOre KaKoro-iubo ompepesien-
HOTO 3HAKA, TO HeBO3MYLICHHOE ABHMEHHe HeYCTOHUHBO.

CirefryeT 0TMETHTE, 4TO TIPH PeHICHAH BOIPOCOB ¢ HEYCTOHYABOCTH Iiesiec000-
PA3HO PACCMATPEBATL MHTEDBAI H3MEHCHHA BpeMeHH (f), oo] 3aKpHTHM ¥ cymmecT-
poBaHme oGaacTE V > 0 nmoHmMate Kak ee HENYCTOTY HH JJIA KAKOTo ! Ha 3TOM
HHTepBale.

Ecnm pacemarpmpaemas B TeopeMe obxacte VV' >0 orpammsena V = 0
n npm 3ToM V' > 0, 10 3a QyEKumo W TeopeMsl BO3MO:KHO B3ATh QyEKnmo V.

B xauectse pynkuume W MokHO Takme BuGpars V', Torga moaydaercda mep-
BOHAYaNRHAA (OPMYJIMPOBKA TEOPEMH 0 HeycToiumBOCTH, famHad B pabore:
Yeraen H.T. Sur la réciproque du théoréme de Lagrange // C. R. Acad.
Sci.— Paris, 1930.— V. 190.— P. 360—362.

K e¢. 36. DiementapEme (T. €. TyTeM MBHOr0 IOCTpoeHHs ¢yEKIEE V)
AOKa3aTeNLCTBA AAA pAAa APYPHX Gojiee CAOKHHX B TOHKEX clydaeB oGpamenns
Teopemnl Jlarpamxa Gouim gane B cratse: Yeraes H.T. O meycroitymsocTr
PABHOBECHA B HEKOTOPHX CAyYasX, KOrAa QYHKUHA CHJA He eCTh MAaKCHMYM //
IIMM.—1952.— T. 16, Bun. 1.— C. 89—93.

U3z s1mx ciaydaes mpuBejeM jgBa Hamboiee oOHIMX:

1°. Iyers canopas $yrkuma uMeer AR U = Up, - Uy 4 - - -+ Ugg +

~+ Ug + Ugy + ..., tAe BCe opmopoamre $opmut Upy, . .., Uy, NOCTOAHEO
oTpEuaTenbHH, ‘GopMut Ukyq, - - . Ukys, - « . HOCTOSHHAO HOMOKHTENHHK, a (pop-
ma U) zHaxomepememma, npuueM ¢pysxumma Up -+ Upog -+ .. 4 Uky + Uy

NI YHCJIEHHO HOCTATOYHO MANHX 3HAUCHMH NepeMeHHHX ¢s MOMeT OHThH ciedaHa
noaoskarenbHoii. Torma mososkeEMe pasHOBecHA ¢s.== 0 HeycTOHYHBO.

JOKa3aTeNLeTBO TPOBOAMTCH PACCMOTPeHHOM (YHKIHK

V:—‘Hzpsqs'
s
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n
2°. Mycrp 1) ANA YHCJAEHHO CKOAb YIOAHO MAJHX ¢s, TAKAX 4TO 2 q§< 1,
§=1
cymecTByeT HeroTopas' obaacte C, B RoTOpoit PyHKnmEA cmn U > 0; 2) cymect-

BYIOT HEKOTOPHNE HENpepHBHHE B C BMecTe CO CBOMMH YaCTHHIME NPOAIBOHNMH

uepsoro nopsaka GyEKUEH f; (¢, . . ., gn), oOMagaomme cpoficrBaMu: fg (0) =
= (), BCe IIaBHble AArOHAJIbHbHE MHHODH ONpENeTATENA
o, o,
Il &, = 9q, t 5q, (ris=1,..., n)

OrpaHEYeHH CHH3Y [ONOKHTENbHHIMHA vYHcAaMH B obnacte C; dyHRuma
n

ou
E Jq_ /s onpenemerno nonoaTensHa B o6nacta C. Toraa mooKeHRe paBHO-
=1 8 . R
BECHS HeYCTOHIHBO.
JlOKa3aTeNBCTBO MPOBOAKTCA paccMoTpeHneM QyERumH V = —H D) pyfs.
8

9tr TeopeMsl YeTaeBa CHIrpaim Ba;KHYIO POJIb B ofpameHHAX TeopeMmur Jlar-
paHska, NAHHHX BHOCJAeNCTBHH B paborax psja aBTOpOB.

K ¢. 80. 3ror, npavep couep:;xatcA B crathe: Y eraen H. I'. O suGope
papameTpoB, ycrofiumpoli  Mexamudeckodl cucremnt // [IMM.— 1954.— T. 15,
pumn. 3.— C. 371 —372. llensio ee ORI IIOKA3 HECOCTOATENLHOCTH HHTEIPANBHEX
OICHOK JUIA OTAEALHHX TPAeKTOPHM, COOTBETCTBYIOUIMX H30paHHBIM HAYaJLHBIM
yCHOBHAM, A IOJHOH XapaKTePHCTHKH ONTHMAJBLHKX CBOMCTB JIHHEHHRIX CHC-
TEeM H NOJYyIeHHe HACTOAIHKX OLeHOK MeroaoM ¢yHKumi Jiamynosa.

3uavenue 310 paboTHl BRIXOMHT 32 PAMKH PacCMOTPEHHOH KOHKpeTHOH 3a-
Aaum: obumme coofpaskeHus, JieKalIHe B OCHOBE HpeI0KeHHOro YeraeBrM MeTo-
A NMOJYYeHHA OLEHOK KadyecTBa IEPeXOAHOro Mpolecca B CHCTEME, TIPAMEHHMEI
K 3HaYATEAbHO GoJiee oOmuM CIAydasM, KOrga MokeT OHTh HocTpoeHa QYHKIEA
JianyHoBa ® IOAMedYeHa CBA3b ME;KAY OUGHKAMH CBOMCTB 310l (PyHKuHH H ee
OJHOH NPOM3BORHOM ¥ HapaMeTpaMH CHCTEMH. JTOT MeTOJ MOAYYRA INHPOKO®
pacmpocTpaHeRHe B DAJOM HCeJefoBaTeNell HaHjeHH UoJMe3HBle [AIA NPAKTHKE
s¢dpexTHBHNE OLUEHKHM CKOPOCTH 3aTYXaHHA IIEPEXO[HOr0 Npolecca B HECTAI(HO-
HADHHX JHHeHHHX ¥ HeJIHHefHHX CHCTEMaX.

K c¢. 87. Ono ocTaercsi cnpaBefiTHBHIM H IIPU OJNHOBPeMeHHOM 100aBiIeHHM
THPOCKOIHYECKUX CHJ.

K e¢. 141. Onpepenenesie JIANYHOBLIM Hpefess XapaKTePHCTHYHHX YHACENR
BO3MOKHO yTOMHETE (cM. ctathio H. I'. YeraeBa, ynoMHEaeMyio B NpHMeYaHHE
k c. 14), a nmenHo:

Xap. 9ACI0 eXp Sa dt > xap. 9mcao {xs} > Xxap. 9HCIO exp S B dt,

rae o 5 f 0603HAYAI0T, COOTBETCTBEHHO, HAHMEHBMIMH H HAHOOJBIIHA KOPHHE

YpaBHEHHA

Py, + P
2

rs
— O"x =0.

Cnepctsue HaaMeHnllee XapaKTepHCTHIHOE THCIO pelieHHH ypaBHe-
HEi (35) Gyaer MOJOMKHTENbHO, eCAH NOJCKETENbHHM OyAer XapaKTPHCTHUHOE
amcro Pynxumm exp B dt.
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K c. 145*. «Bonpoc 06 ycToHYRBOCTH HEBO3MYIEHHOTO ABHMKEHHA I, — 0
ans ypapHemmi (35) paspemaercs] 3HAKOM HAHMEHBINEr0 XAPAKTePHCTHMHOrO
YHCIA; 3TC COXPaHAETCA, €ClIH 3afaHHLE YpABHeHHA NPABUILHW ¥ B HEX [AOHOJ-
HATeJLHO CYIECTBYIOT YieRH X, HAYHHAIONHEECA B CBOHX Pa3ljOKEeHHAX IO 1ie-
AHM IOJOKATEJLHHM CTeNeHAM C WICHOB He HE)Ke BTOPOTO H3MepeHHA. JTH
00CTOATENBCTBA JENAIOT NPHBEACHAYI0O TeOpeMy NPAKTHYECKH NONE3HOM, TaK KaK
3afiaua 00 ycTOHIMBOCTH CBORHTCA IPH IOMOIIH Hee K anrefpamdyecKoMy ypas-
HeHHIO

n n - :
feg, — 8, Al =(—1)" (A" - a)h™ 4+ ... +a )=0.
CornacHo Teopeme I'ypBHua «¢...Heo6XOXEMOe H AOCTATOYHOE YCIOBHE JJIs IOJO-

JKATEJIbHOCTH HAWMEHbINETO XAaPAKTEPHCTHYBOIO YHCJAa ypaBHeHEH (35) ¢ xoaf-
$HOAeRTAMHA psr, CTPEMAIHAMECH K OIPefeJICHHKIM IPENENaM ¢y HPH HEOTPaHH-

YEeHHOM pOCTe ¢, COCTOHT M3 HepameHcTB A; >0 (=1, ..., n), Tae A, cym
IJIaBEBE MHATCHAIBHBEIE MHHOPH MAaTpPHIK

a; 1 0 O ...

a3 ay ay 1 ... |»

(Ueraes H. I'. O mpaumennmem XapakrepECTHIHOM ugmcie // [IMM.—
1945.— T. 9, pum. 3.— C. 193—196).

K e. 145*%. Jlns caydYas YyCTOMYHBOCTH MOYKHO YTOYHHTh JAAHHYIO OI[EHKY
(cM. crareio UeraeBa, HMTHAPYeMyIO B IpHMedaHHH K c. 14).

K e. 146%*. B crarbe H.T. Yeraesa «O6 ycroiiumpocTH TPYGHX CHCTEMY
(IIMM.— 1960.— T. 24, sun. 1.— C. 20—22) aaa ciyuas yCTOHYHBOCTH BHBE-
JieHH ONEeHKH Ham(OJbIIEX M HAHMEHbIIAX OTKJIOHEHHN BO3MYIIEHHHX IepeMeR-
AHX, DOJAYYHBIIHE B fAajbHelimeM GoJbIioe NPHIO/KeHHe B HPAKTHYECKHX pac-
yerax.

K c. 147. CM. npumevanue ** x c. 145.

K c. 151. B 1. 68 H. I'. Yeraes gaer [OKazaTeJbCTBO CBOEH PyHAaAMEHTANb-
HOHt TeopeMHl, KoTopas o6o0maeT reopemy JlarpamKa Jia paBHOBeCHH H TeOpeMy
Ilyankape — JlanyHoBa paasa mnepuopmdeckumx aBmkenmin (Yertaes H. T.
06 opno#t zagage Komm // IMM.— 1945.— T. 9, sum. 2.— C. 139—142).

Ke. 155.Cm.: HYeraesn H. T, O HeKoTOpHX BONpocax 06 yCTONYHBOCTE
H HEYCTOMYABOCTM i HempaBmapHEX  cumcteM // IMM.— 1948.— T. 12,
BuO. 5.— C. 639—642.

K e. 164. Hpennoxennwit H. I'. UeraeBHM MeTo] NpHOIMMKEHHOTO OIpeje-
JICHUA XAPAKTCPHCTHYHOI'0 YDABHEHHA M ONEHOK XapaKTeDHCTHYHHX dYHCeJ Iy-
TeM ycpenHeHHs Ko3dduuumento uMeer 6oapuIoe 3HAYCHHE A NPAKTHICCKEX
PacueTon.
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