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OAPELJHCIHOBHE

@enure AnexcanipoBdu BepesMn Ttparmgecku norus 13 wumoas
1980 roga Bo BpeMs BOJHOIO MYTEHIECTBHA.

B pocaendde roant cBoell KM3IHH OH HHTGHCHBHO  paboran
Hal pa3JHYHBIMH MaTeMAaTHYeCKHMH Tpob/eMaMH, CBA3AHHBIMU C
uneel cynepcuMMerpud. PopManbHOE MCUHCACHHe B I'DACCMAHOBOM
aarefpe, xoropoe Obuto pa3zsuto ©. A, BepesunsiM B ero nepsoil
KHAre «Meroj BTODHUHOTO KBAHTOBAHMMS», NIPUREJO €r0 K yOem-
LBHWKI, UYTO CYIIECTBYEY HETPHBHAJNLHLIE AaHAJOT aHaaInsda, B KO-
' TOpOM HE PABHBEIX MpaBax ¢ OOBYHBIMH NI€PEMEHHAIMH BHCTYIANT
AHTHKOMMYTHDPYIOLIME TepeMeHHbe. ITY WAEK OH HACTOHYKBO nLpo-
NaraHIMPOBAN U THIATENBHO JOAOUPAT NOATBEDKIAIOMHE HPAMEPE
H KOHCTPYKUHH. BakpefimHe H3 HHX — HHTerpaa DBepesdna mo
AHTHROMMYTHPYIOINUM TepeMeHHHIM M TaK HasupaeMul <«Gepesd-
HHaH» — aHaior AKOOHaHa [IpH 3aMeHe aHTHKOMMYTHDYIOUIHX Iie-
PEMEHHBIY.

K cepenure 70-x rozon nuonepckre wien P. A, Depe3anna cra-
M PacTPOCTPAHATLCA H TOHATHA CYNepupocTPaHCTRA, CYNepMHOID-
ofpa3ug, cyneprpynne 9 cyiepainrebpu Jid Ouig TPHHATE Ha
BOOpy:Kenne (pulHgamH. IoaBadacs HageXAa, YTy HA A3BIKE CY-
nepananusa MoxeT ObTh MOCTpPOeHa eIHHAs TeOopHH NOJd,

®. A, Bepeswd Havaa paboTaTe Hal KHHTOH 1K CyNepaHalH3Y.
3ta paGoTa APOAONMKANACHE HECKOASKO JeT H OCTa&Aach HE3aKOH-
uennoi. Ma pyxomnncefi u crareit ®. A. Depesuna, mzononxedublx
ero IPYy3bsMH M KOJJeraMy, COCTABJeHA 3Ta KHHTA.

Bomemnu#i B x4y maTtepiaid B CHAY CHOMKHBILIHXCA 00CTOA-
TedRCTB HOCHT Pa3HOPUUABIA XapakTep. HacTe riaB asTop ycnmen
HaucaTh «HAYHCTO» M ONpobOBAThE HX HA CeMHHApAX N0 MateMa-
THueckolt buluxe W no Teopuu mupeacrasiednii B MIY. Ipyrue
TAaBH OCTAJMHCH B uepHOBHKAX. IMexoTophle Baublc pasiedH (Ha-
IPUMED, TEOPeTHKO-NOJMesble NPHJIOKEHHA) OCTaJdCh HeHAMHCaH-
HEIMH,

Onuurem Gogaee noapoGHO colepkaHHMe KHHrH., B KadecTBe BBe-
JleHHs uCMoAb3osan TekcT <rated P. A, Bepedusa B RyprAN
«fpepHas Qu3HKa», KOTOpas MBJAETCH 3aMACKO  ero 0030PHOIO
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pOKJaAa, caenanHoro B mMae 1978 r. Ha xoudepeHnMH 10 Kaaud-
poBOYHOHR TeopHH mosf B Mockee.

Mepsoie TpH raapbl KAATH OLUIH TNOAFOTOBNEHKW aBTOpOM AAA
neyaTH H NOABEQRIVIMCh AHIIL Heboabuiod npapxke. B HHX gawrca
nepBoHaUaABHBlE CBeleHHA 08 aareGpax I'paccMana, auddepen-
HYDOBAHKK W HHTErpHpPOBAHHHE (DYHKLMH OT aHTHKOMMYTHPYIOUIMX
NepEeMEHHBIX, P43BUBAETCH ANNAPaT AuHefnok anrebput 8 Zo-rpa-
AYHPOBAHHLIX NpocTpancTBax. Bech 3ToT Marepdan H3/MA0XKeH M0-
Apo0GHO, ¢ pacueToM Ha YUTaTeNs, KOTOPHIH BHePBHE 3HAKOMHTCH
C IPEAMETOM.

Hamee nomxua Oblla nmO 3aMEICJAY aBTOpa H3JaraTeCd IJI0-
fanbHas TeODHA cymepMuorocOGpasull, Teopus cynepaarebp H Cy-
neprpyna JIu ¥ Ax upeacrasaeHuf,

Bropas uacte KuyrH noKHA Obliia OBITH NOCBfIUEHA [PHJQ-
KEHHAM,

M3 acero storo Marepmasna B INOTOBOM BHILE B DYKONHCAX
®. A. DepesnHa Gblia ofHapyxeHa Jumb raasa 6, NOCBALICHHASA
cynepaarefpam JIM, H dYepHOBas BepcHSA TJaBH 4, NOCBALICHHOH
cynepMuorooGpasaaM. Kpome TOro, HECKOJ®NKO JeT TOMY Hasaj
&, A. DepesnH H3NOKHA uacTh GyIyliefi KHATH B BULS CEDHM U3
5 mpenpunros UT3®.

Anas Hactosumero H3gaHHA TaaBa 4 Obliia 34HOBO HANHCAHA
B. Il. Hanamozceum. CojepxaHde ee BHIXOIMT 32 DAMKH, HaMe-
yeHHble ®. A. Depe3uHbIM, H COLEPIKHT HOBHE De3y/ibTarThl. B da-
CTHOCTH, CTPOHTCH I[IPHMED HeperparipyeMoro KOMIJIEKCHOTO CY-
nepMuorcofpasus pasmepuoctH (4, 2). Xorsi TpefoBanud K Ma-
TeMaTHYeCKOH NOArOTOBKE HHTATEN 8 3TOH TJaBe HECKOJAbK(O BBI-
we, yeM B NpelHAYIHX, HAJLEIOCh, 4TO BeCh H3JOKEHHHA 37eCh
MaTepHajd TOHATeH H HHTepeceH AN (PH3HKOB-TEODPETHKOB.

Maraa rnaka wacTosuie# KHUCH COOTBETCTBYET LIECTOH rJiase
u3 pykondcu . A. Bepeauha. ABTOPCKHH TeKCT NMOABeprcs JHIUD
HebonbIngH pelaknuonHoll obpaboTKe.

A. A. Kupuaaos



BBEAEHHE

MATEMATHYECKHE OCHOBBI
CYNEPCUMMETPRYHBIX TEOPHNA T[10JiA

1. Herokn

[o-BuaemMoMy, nepsoli paGoToll MO cynepMaTeMaTHKe Cjedyer
cuHTaTh padory Maprana 1959 r. {1]. B stofi paGore nocrpoena
anreGpa ckoBok I[lTyaccona aaa GYHKUHHE OT aHTHKOMMYTHPYIO-
KX TepeMeHHblX

_ 5 Vo (3
If, el --E(f(x) " )wm ( r. g(x)). (1.1)
3aecs x, i=1, .., R, — AHTHKOMMYTHPYIOIIHE nLepeMeHHHe, T. €.

obpasyoliie HexkoTOpolt rpaccManapoft aaredpu @, :
xxptxxi=0, I f=1, .., n {12)

f(x), g(x)=@. Dnementu [, g paznaraorca B psiasl 0o o8pasyio-
IIHM X, HAMIPHMED

fFO=% ¥ fu b 5, (1.3)

B2 4.0

Cymma no £ B (1.3) comepXHT KOHEUHOE UHCIO CJaTAEMHX, Tak
Kak x2=0 B cuny (1.2), 8/0x;, 6/6x. B (1.1} oznawaroT CoOOTBET-

CTBEHHO NPaByl H JeByio npoxssoasbe, loxll, B oranuwae or
o0BMHOrO ¢Aydas, CHMMETDHUHAR MATPHIE: wie=wr. (B paboTe
Mapruna o, — unciaa, a He ieMenTH aiaredSpu @. Bo3moxkHO mo-
crpoenne ajareGpu ckoGok [lyaccoma B B caydae, Korjla oix&=8n.
B aroMm ciyuae Ha mie HAKAAABBAKTCA JONOJHHTelbHHE YCJAOBHA.
CM. nnxe.)

PaGora MapTuHa BO3HHKJAA B CBA3H ¢ AHCKYCCHeH, Hauarol
IilsunrepoM B [2], © KJaaccdyeckoM dpeiele Aas  (epPMHOHOB.
Caeayer orMeTuts, uto UlBHurep B '[2] GHA gocraround BGAH30K
K BBEJCGHHI0 aHTHKOMMYTHPYIOLGHX nepeMeHnHulx. OH oTMeYan, 4To
JJiS KRACCHUECKOro OnHCAnHdA (epMHOHOB <lelyeT MOJIbL3OBATLECH
BeJMYMHAMH, YAOBJETBOPAIOIIHME ycaoBHaMm  (1.2) npm i)
Cayuaft i=j on He paccMaTpHBan BoOOIIE: SACHO, YTO A KJIACCH-
YeCKOIo &JIYd4asi HENPHUTOAHO PaBeHCTBO Xi?=#H, rme i — (IIAHKOB-
¢Kaf MOCTOAHHAA, ¢ APYyro#f CTOPOHH, AJA TOro 4ro0B HANHCATh
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x?=0, cae10BanO, NO-BHIHUMOMY, NPEOAOAETL OOALIIOA NCHXOJO-
rageckdit Gappep, Yrenue nHTEpaTYpH, MOCBAWEHHOR IHCKYCCHH
50-x rr. o xaaccadeckoM npelete Aia (epMHOHOB, TIO3BOASET Cy-
AHTH O TOM, HACKOJDKO BHICOK ObiA 310T Hapbep. Pewawoumit uar
6ul1 caenan Maprunom 8 {1]. Pabora [1] — uepBas K3BectHas B
HacTosllee Bpemsi pabora, KOTOPYH MOXKHO ¢ NOJHEIM TPABOM OT-
HECTH K CynepMareMaTnke

HApyruM  HCTOKOM ORI METOX  BTOPHUHOFO KBAHTOBAHHS,
B 1961 r. 6mA0 o0HapyXeHO NOpPa3HTeALHOE COBMAajieHHe OCHOB-
HHX (OPMYyJ ONEpPATOPHOI0 HCYHCACHHS B (PepMHEBCKOM M Go3en-
CKOM BApH4HTaX MeTola BTOPHUHOro kpaHToBanus [3]. Pasxuila
3aKII0YANACh JIHIL B ONPEIeNEHAN HHTerpana: A (03eBCKOro
caydas — 3T0 OJHUAMH HHTerpaf, a8 ¢dbepMHEBCKOTO ciiyyas —
3TO HHTETPaj N0 AHTHKOMMYTHPYIOILIHM TieDEMeHHLIM, B CYI[HOCTH,
HeKOTOpPH# JMuHeAKRHA (YHKUHOHAA HA TpaceMaHoBoil asrefipe?,
Broc/leacTBHH HHTerpaJd TO AHTHKOMMYTHDYIONIHM  MepeMeHHbIM
Okl TwaTedapro usyied. Oxasanock, uTo oH ob6aajaeT paiom
cBOHCTB, [OPA3HTEALHO HANOMHHAOWAX CBoficTBa OOHMHOTO Hu-
terpaaa {6, 7]. 210 06CTOATENBCTBG HABOAWAO HA MEICAB O BO3-
MOXKHOCTH TaKore o00DWcRHA BCeX OCHOBHBIX TOHATHH aHalu3a,
OpH KOTOpoM ©Opasywilne rpaccManonof anrebps cradu Oui ur-
paThk DOAL, DPABHONPABUYIC C BCIUISCTBEHHLIMH MWJIH KOMIEKCHBIMU
nepeMeHHBIMU. (OCHOBHAIMH BeXaMH Ha 3TOM IYTH ABJASIOTCH pa-
601hi [8, 9. Ilapaanenpho ¢ yicTe MaTeMaTHyeckodl AEATEAbHOCTBIO
Ea pyfexe 60—70-x rr. nOABHAUCE CTABIIHE TENeph 3HAMEHHTBIMYU
nuouepckde padorn Ionndanaa — Jinxtmana u Bosaxosa — Aky-
JgoBa — COPOKH, NPOJOKHABIIHEG CYNEPMaTeMaTHKe JIOPOTY B KBab-
voByio Teopui nons {6—8). [Mocae paforu Becca u 3ymuno §2]
HHTEPEC K CynepMaTeMaTHKe CTajd noBceMecTHBIM. IlepBHii 0630p
Ha sty TeMmy Owla pmuoonnen KopsuuwiM, Heemanom, CrepabGeprom
[13]. B nacrosmee BpeMs Han0o/ce NOAHBIM MaTeMATYUECKHM H3-
JOKEHUEM cylepMareMaTHKH siBasteTcd pabGora Kocranra [15]°

2, CynepmHorocipasusa

OcuoBHEEe onpeledednn Muoroobpasusd ABIAIOTCH 01-
HHUMH H3 OCHOBHHIX OOBEKTOR COBPEMEHHON maTeMaTdaxu. Anano-
THYUKYIO POJAb ArPalT CYRepMEOro0OpasHa B CyNepMarTeMaTrHke.

Hanomnuio, uro muorcofpaszueM M HasmBaeTcst TONOJOMYECKOe
fIDOCTPAHCTBO, KAaXKJas TOUKA KOTOPOTD HMEET OKpPEeCTHOCTDH, A0-
NYCKAKMYIO B3AHMEO-0JHO3HAYHOS M B3aHMHO-HeNpephIBHOE 0TOG-

! K coxkallenHlo, 0Ha MHe cTaja M3BecTHa Jmumb B 1976 T, MOSTOMY CCHIIKH
Ha Hee oTcyTCTBYIOT B GoJee panHMX MoOHX palorax Ha 3Ty TeMy.

? [MTonyuenuLie B TO BPEMA Pe3YIbTaThi OwJIA ACAOMKEHD Ha BleccroinoM Ma-
TeMaTnyeckoM cbesfe 1961 r. [4], o -moapobHo onyOa¥KGBaNE  JMiEn B
965 r. [5].

108 5 {Ipepmecsyiouiie paGoTH B Hell UIMPOKO HCHOALIYIOTCA, HO He YHNOMHHA-
Cs.
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pamende Ha Wap B EBKAHAOBOM npocrpanctse R*  ¢ukcHpoBad-
Holi paswmepHecTH #. Ydcno n HasmBaeres pasmepHocteio M, 2=
=dim M; oxpecTHOoCTH, YNOMSHYTHE B OUP@LESCHHH, HA3ZLIBAKOTCH
KOOPAHHATHLIMH, TaK KaK ¢ NOMOINBIO OTOOpaKeHWsT HA [ap Ha
HHX MOXHO epeHecTH eBK/IMKOBH KOODAMHATHL, WMEOIHeCsT B Ima-’
pe. Tlonygaemsle TakHM TyTeM KOOPJHHATH HA3BIBAKOTCA J0KAdb-
HEIMH,

Iyers U, V — aBe KOOpAMHATHBIE DKpPeCTHOCTH, X!, y' — Jo-
KaJbHble KOOPRMHATH coorsetcrsenno B U u V. Ha nepeceuenun
UMV oger H3 HEX ABAAOTCS QYHKUHAMH IDYCHX, HAOpHMEp

yi=fi(x!, ..., ). (2.1)
B cayuae, ecau ¢ymruug [¢ kB pas IHQ(pepeRuApyeMEl, MHOroof-
pasHe maspbiBaeTcA k£ pas ZubbepeHUMpPYeMbIM, NPH k=00 —— Bec-

KOHEYHO AHbbhepeRIHpyeMbIM.

CynepmHoroofpasue sieiasercd ofoleHueM OeckoHeuyHo gud-
thepeHupyemoro MEOroodpasus. B naasHefimeM cacBo «MHOr00G-
pazue» o3HauaeT OeckoHeuHo aHbdeperuupyeMoe MHoroofpasne.

IMyete UM — otkpuToe MuomecrBo. Ofosnauum  yepes
A(U) xommyratupHyw aareSpy, cocroauyie H3 GeckoHeyHo AHO-
depenuupyeMex Gyskunfi Ha U ¢ ofuunsiMH OnepamHaMH CJ0-
MEeHHS H yMHOKeHHA., B janpHedweMm ciopd «dyBKUHS» 3cenia
o3Hauaer OeckoueuHo ArGdepenuupyemyio dynkiuwo. B cayuae,
ecan U — xoopammatnas okpecruocts, A(U) moxHOo cuurath
anrebpoli ¢ # oBpasyIOWUMH, KOTOPBIMH CNYHAT KOOpIHHATHL B
U. B cayuae, ecan U. V — nBa orkpuTeix MHOxectBa u UV,

0603HAYM Yepes py: A(V)—~ A(U) onepatop,  CONOCTABRIOUIAN
kax ol dyrxuun fe=A (V) ee orpanuuenne #Ha /. Ouesd1HO, 4YTO

"y
Py ABJAAeTCA roMOMOpGdH3IMOM anaredp:

S+ 8) =ohf+obe of (0 = (GhH (b a).

Hagop aareSp A(U) u romomopdusmos p‘ff SBJASETCA NMPUMEPOM
ofbeKTa, HA3HBAEMOro B COBPCMeHHOH MaTeMaTHKe THYHKOM; 3TO
TaX Ha3uBaeMBIH CTPYKTYpHBIE NyYoK MBOroobpasma M, ero cras-
Aapruoe obosnauenne & (M). Oyusunu f=A{U) B TepMBHONOTAK
TeOPHH NYUKOB HA3KBAloTCs cedennaMu man U, B wacTrOCTH ynK-
UHH, ompefenenHbe Ha BeeM M, — raobajibHEIMY CEUEHHSMH.

C gaxao#t touxoft xe=M cBfAzaH roMoMopdusM px anaredphl
A(M) B anrebpy uncea K-emecrsennux, ecnu A (M) cocrour n3
BEUIGCTBEHHOZHATHEX YHKUHH, ¥ KoMIvekcHux, ecan A (M) co-
CTOHT U3 KOMIJIEKCHD3IHAUHKX (ByHKIHIH:

pf =T (x). (2.2)
FoMoMopduamM p, BenpepHsen: ecad f(x)=limf.(x), To pof=
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=1im pxfn. Hanee, ecan J€A(M) 1 ZccK — OTKpBITOE MHGKECTBO
B aiarebpe unced, To Muoxectso touek U(Z, [}, yaosaersopsio-
LHX YCAOBHIO

phe, (2.3)

ABJAACTCA OTKPHTHIM MHOKECTBOM B M, npuueM Kam0e OTKPHTOE

MHOXKECTB0O ® M npenctasuMo B Eille 00benuHeHHs

U= ) U{Zy, fo) MHEOXecTB BuAa (2.3) B KodeuHOM uAH Gecko-
o

HenHoM yuciae. CeMeHCTBO OTKPHITHX MHOMECTB € 3TAM CBOACTBOM
Hasesaerca 06a30f OTKpHTHX MEOXecrs, (OxasniBaercs, 4uro, of-
paTHO, KaM(IblH HenpepulBEHIA romomoppuam aarefper A(M) 8
aaredpy uncea K ameer sux (2.2). 310 06CTOATENLCTBO MO3BO-
JAgeT BOCCTAHOBUTH MHoroobpaswe M qmo anrebpe A(M): suag
A{M), Ml 3HaeM TakkKe MHOXKecTBo roMmomopdusmos A(M) B
K, T. e. BoccTaHaBanBaeM M Kak MHOMECTBO TOUEK, € INOMOUIBLK
noaMmHoxeers U (Z, f) MH BoccranaBanBaeM M Kak TonoAOrHye-
CKOE NMpPOCTPaHCTBO.

Tlepefizem x ompefenennio cymepmuoroobpasus. Ilycrs My —
HeKROTopoe MHoroobpasue, dim My=p. KaxaoMy OTKPHIOMY [0i-
mHoxectBy UM, comoctaBum Heroropyw aaredpy A(U). B cay-
gae, ecad U, V — oTxpuThie MHOXecTBa H VU, npeAnoJomxiM,

yro cyuecteyer romoMopduam py i ¥ (U)—U(V), yaoBIeTBOpSIO-
UIHH YCAOBHAM:

1) pf =1 — ToxiecTseninilli H30MOpHHIM;
2y eein WV U, 10 pfé = pn‘épgi

3) ecitn U= U Us, fr.foes %(U) 1 pU, [y = pU,fo mpn meex a,
10 1= fo

i/ U
4) ecm U= U Uy faes 3 (Us), upmien pulnuyfa =puinug i,
TO cyulecTeyeT Tawol sjement [ e W (U), uro fo = pga f.

Cucrema aaredp %(U) u romomopgusamon oY c stumu caolicr-
BAMH HA3BIBAETCH NYUKOM aare6p.

IMycte cepx Toro aas caysad, xoraa U — KoopAuHaTHas OX-
pectHocTs, aareGpa A(L) coenazaer c¢ aaredpoii ¢yuxuuii na

€O 3gayeHdaAMH B rpaccMmanopoll anrebpe @, 2Ty anrebpy mul Gy-
deM 0603uadaTh TakKe yeped Upq (L),

OtMerdM, 4TO 3aeMeHTH aaredpnl ¥pyq(U) wmoryr OHTb 3anuca-
HEl B BHIE

F=fEd=Y ¥ faio 58 By (24)

k>0, -nufk

The x; — xoopaunaty B U n & — ofpasyiomue 5 @,
Muoroo6pasue M, BMecre ¢ nyukoM anre6p U(U), xotophiit
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ofsajaeT yxasaHHHM CBOHCTBOM, Ha3HIBAeTCH CYHNepMHOro0bpa-
suem .

3Jro onpeleiende sBeieHo B [9]. Muoroo6pasme M, uasuiza-
erca 6Hazol cynepmuoroobpasua M. PasMepHOCTbIO CyHepPMHOIO-
oOpasus HashiBaeTcst napa wiced, dimM=(p, g), rae p=dim M,,
g — uHcao ofpasyoimnx adareGpet @, nexaiied &8 oCHOBe KOHCT-
pykuun. Hmxe Oyaer zano onpenenehne ofpasdyioumnx  anredp
Wpe (U). MBl yBHAUM, YTO P H ¢ — 4HCJAA COOTBETCTBEHHO HET-
HBIX ¥ HeHeTHBIX o0pasyiollux 31Hx aarelp.

Saementn anredp A(U) maswmBawread ceuenusmua  Haz U,
saeventsl aareSpol A (Mp) — raofadpubiMe ceuenusMu. AnreGpal
H(U) B TeopHH CcylepMHOToOGpasuil HLPalOT Ty XKe POAb, 4TO aJ-
refpul dyekuni A(U)} B Teopum ofbuabXx MHoroo6pa3sni, XoTH,
B OTAHYHE& OT OGBIYHOIO CJAy4Yas, OHH MOTYT H He COCTOATL K3
dyaxnuii  (ecan U — He KOOpPAHMHATHAA OKpeCTHOCTL)., B wacr-
HOCTH, KaK H B cAyyae oOBIUHBIX MHOTOOGPA3HH, CyIepMHOTOOH-
pasue BoCCTadaBAWBaeTcss no aarebpe W(M), T. e. Bocerapasin-
BatoTes Bee aareGpul #(U) u mce romomopdmsmm pY < Toumo-
CTBI0 10 eCTeCTBeHHOW 3KBHBANEHTHOCTH. JTa KOHCTPYKIHA ABNS-
ercs pasaNTHeM OIHCAHRON BLINEe KOHCTPYKUUH, BOCCTAHABIHRAK-
wmel ofuupoe Muoroofpasue M mo anrebpe A{M), oanako cua
cyllecTBeHHO C/OXHee, H A He OYAY ee 34eck KacaTthes (cMm. [16]).

Koopaunarnue npeobpasosanua Ilyers ofx, ..
X.) -—— HeKoTopads ¢YHKIUA # BEHIECTBEHHHIX NEePEeMEHHHIX W 8, —
rpaccmadosa aarebpa © m ofpasywiiumMu¥. PaccMoTpuM ueTHRe
37eMeHTH anreGpo B,

¥, =a;, + 1, ¢ =z 2 t;;;l,_,_,;ﬂkgfl e Bt =100,
k>[)f1....,j’2k

rre §; -— oBpaayiomue @, a; — uHcaa, OUeBHIHO, YTO 3JeMEHTH
t; unabnouentHu: {;7=0. Mcnoaesysa 310 00CTOATENLCTBO, ompele-

JAHM (Y1, .., Yn) €@, C NOMOUIBIO pazjoOMeHHs B pAl Tedwopa
) =p(@ +1,...,8 )=
5
fer, L ,n o* .
B 2.5
2 Bl Rl ogh o ¢y, ... ,a,) (2.5)

(2]

{pag XoHeueH BBHAY HMABIOTEHTHOCTH fi). ¢(¥) sBaserca QyHK-
Hgefl OT N1 APryMeHTOB, KOTODHIMH ABARKIOTCH YeTHHE 3JeMeHTH
®,, co sHauenuamMi B ®,, Ee ecTecTBeHHO Ha3biBaTh I'PACCMAaHOB-
CKUM aHAJHTHYECKHM TPOJIO/KEHHEM HCXOAHOR (PYVHKIHH Bellect-
BEHHHX TepeMeHHEX ¢(x]).

Ilvern X1, ...y Xp, El, .-y &g — UPOM3BOJILHEBEIE,  COOTBETCTBEHHD
YeTHLIe W HeueTHHe, sJeMeHTH aarebpul Uy (L), obaananmue
TeM CBOKCTBOM, 4YTO 'C MX NOMOMbI0 J1i000H 3aement Wpe (L) so-

1 DTc OmpeiSNeHRe LIHpe, MCNONB3YEMOTO B T 4, TAe CyumlecTeeHHa Zy-Tpa-
OyupoBka. CBA3D MeXAY ITWMH OnpefefcHHAMH MOXeT OulTh MOHATHZ H3 TEO-
pemer, 1.2, — ITpem, ped.
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KeT GnTh danncad B BHae (2.4). (ITpu atom f:u.....ik(x) crle-
AyeT MOHHMATb B CMEIC/JE T'PACCMAHOBCKOTO aHAAHTHYECKOTQ PO~
nonxerus (2.5).) B sTom cayuae anementm X; §; HasblBawTes
no onpejeienuio 06pasyiomEMu aarebph Up, (U) (cooTBercTBEH-
HO UETHLIMH M HeueTHmMu). B wacthoctH, xcopansatet B U u 06-
pasywire B @&, cayxar obpasywomumu B %, (U).

Myers U, V, UNV — koopaunaTHble OKPECTHOCTH, X, & —

obpasywomme B oo (U), 41, vy — obpasyomue 8 Ay (V) u %, %,
i, Mj — OTPAHUMueHHS 37eMEHTOB Xi, &, 4i, n; BAUNV 1 X, =punv %
H T. 1. OKa3BIBACTCH, YTO KAK ACMEHTBI X;, &, Tak 4 4, 1 CIy-
®ar obpasyromuma B Upe (UNNV). IMoaromy oxnr @3 HEX c Heol-
XOAHMOCTbIO BBIPAXKAIOTCA Yepe3 APYTHE, HATMPHMEp

y,= [, (x B, = py(x, B, (2.6)

fi(& B), $; (%, ) umeror BHA, aHanormuuwnii (2.4). PopMyan (2.6
ABARIOTCH CYNePaHaloroM XOOPAUHATHHIX npeobpasoBanuii (2.1).

ITpn NUPOKRHX NPeAnOIOXEenHsX yaaercs aokasate {cM. [16]),
uTto RO Beex aaredpax Uy (U) mokuo cornacopaHHbiM  06pa3zoM
BHIOpaTh ofpasylomue Tak, urobpm popmyan (2.6) MakcHMaNbHO
YTUPOCTHAHCH:

Gi=F(%), ny=Z;x () e (2.7)

Janande CYyNepMHOTrooOpa3HA VypaBHUeHHAMH

O18HEM U3 caMHX YAOGHBIX CTNOCOGCB ONMHCAaHHA OOGLIMHHX MHOIG-

o0pa3uft gasAsieTcd 3ajaHde WX ¢ TOMOILBIO YpPaBHeHHH B [poOCT-
paHcTRe GOALUIONO UHCAA U3MepeHH#:

f;(xi, ceny )CN)=0, . f]_,(xl, Ciey xN):[)‘ (28)

B cnywae, ecqM paHT MaTpPHULI YACTHHIX NPOU3BOIHBX  [|Ofi/Ox:ll
BD BCEX TOWKAaX MHOMXECTBa, BBHILENAEMOro ypaBHenuamu (2.8),
OJHH H TOT ¢, H3 KJACCHUECKOH TeopeMHl O HeIBHHX (QYHKUHAX
CJeAyeT, UTO 3T0 MHOXCCTBO SIBASKETCH MHOroOOpasHeM.

O6patHo, XOpOIIO H3BECTHO, YTO MIPH LIMPOKHX NPeAnooxe-
HHUsX ' MHOTOOGpasHe MoxeT OBITh 3a1aH0 YpaBHCHHSAMH.

Apanoruuio ofcToMT Aeto ¢ cyaepmHoroofpasmami.  Ilycrs
fe(x, &), pi(x, ) — COOTBRTCTBEHHO YETHBIC W HEUETHHIE DJIEeMeH-
Tel aarefput Wpe(RP), i=1, .., p, j=1, .., ¢. Hycts aanee B0
BCEX TOUYKAX MHOXecTsa M,, BHZeaseMoro ypasHeHHamu B RY,

fi(x, 0)=0. (2.9)

Pauru marpun

nef2ge) o)

6?;:: @ x g)”§=o T,

! Hanpumep, B cllyuae KOMIAKTHOCTH.
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OABHM A Te Xe, rang Ry=m, rangRy=n. B Takom cayuae ypasHe-

Hus
fitx, 8) =0, ¢;i(x, &) =0 (2.10}

onpeledsloT cynepMuoroofpasie M ¢ Gasoi My, dimM=
= (P~—m, Q—n).

Crexyer moscHATH, KaxuMm ofpasom ypaeHedus (2.10) ompexne-
JAIT cynepMHOTO0Opasie.

B cynepmaTemMaTHKe CYM@CTBYer TE€OPEMA O HEABHHLIX (PYHKIH-
fX, aHajgorguxad kjaaccudeckoil., CornacHo 3ToH Teopeme H3 yodo-
Buit rang Ry=m, rang Ry=n cnejiyer, uro Kaxias rouka Xo=M,
0d/a14eT OKPECTHOCTRIO, B KoTOpol vparHeHHR (2,10} Moryr Guith
pasperens:

=gy, m), &=ty n),

y":(yh e Yr)s 'fi:{m, <o ﬁq), (2.11)
p=P—m, g=Q-—n,
roe 4., v — obpasywuine aarebpu %, (W), W=RP — nexoro-

pad obnacts, KOTOPAH €CTECTBEHHO OTOXIECTBAAETCA ¢ 0JJIACTHIO
B MuorocBpasun My ®opmyam (2.11) onperensioT roMoMopdhaM
ew aarebpu Hpg(RP) BY o (W): ecan [= Ppe (RP)  umeer BuI
(24); 1o

(0w ) (g, M) = 2 i, (81 o 8 Wi - Wiy, (2.12)

g §; — Te xe, uto B {2.11}.
Iyers VoW, e W (WY, | ~— npooGpas | npu romomopdus-
Me (2.12) u g=pvf. MomEo npocaesuTs, YTO 3AEMEHT g 32BHCHT

TOJNBKO OT [, 4 He 0T BeBopa ero npoodpasa f. Taxum obGpasom,

W, W
BO3HHEAET OWToﬁpameHHe py 1%, (W) —%,. V), g =pv [ Oxazupa-
eTCA, UTe Py ABAAeTcA roMomopdHaMoM aareGp ¥ uTO TOMOMOP-
W
QH3MB Oy YIOBJAETBOPAIOT BCEM AKCHOMAaM [y4Ka.
Tax e Kak B cayyae OObMHBEIX MHOTOOODA3HH, NPH MIHAPOKAX
peANONOKEHHAX Kakiaoe cynepMmHorocchpasde momxer OniTh 3aia-

HO VpaBHeHHAMH.

OueBrax0, 9T0 3ajaHie CYIIePMHCTOODDA3HA YDABHEHHAMH, KakK
H aHdaJordudoe 3aaspie obGulUHOrG MHOreOODAa3us, HEOAHO3HAYHO.
OxasuBaeTcd, UTO 3ToH HEOJHO3HAYHOCTHIO MOMKHO BOCHOJIbL3OBATH-
cf, yTo0H NOpHIaTh YpPaBHEHHAM CynepMHOrochpaszus npoctefiui

BUA

fr0=0,% % () =0. (2.13)
i

B cayuae, ecnu cynepmuorocbpasue 3afano ypasaeddamu (2.10),
anreGpa ero raofadapHBIX CeHeHHR  ABAseTcH  (akropaarebpoft
M pq(RF) mo mIeany, NOPCKICHHOMY JIEBHMMH TacTAMH YpaBHe-
Hun (2.10).
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Cynepmnroroobpasue M ¢ 6asofi Mo ecTecTBeHHO Ha3BaTb TPH-
BHA/bHBIM, ecad aarefpa ero raofalbHBIX CeueHHH u3oMopHA
ajgrebpe QyHKuHH Ha M CO 3HaYeHHAMH B IpaccMaHoBOfi aarefpe
@, B 3ToM ‘cayuae ero ypaBHEHHS TNpUBOAATCH K BHAYy (2.13) ¢
Pjjr, He 33BHCALIMMH OT TouxkH X DPa3syMmeercd, IONOJAHHTEJbLHELE
CTPYKTYDPH MOTYT cleflaTh TPHBHaJbHoe CynepMHOTooBpasHe Becs-
Ma HHTEpPecHHM OOBeXTOM AAS H3ydeHHA. B 9acTHOCTH, Ccymnep-
TPYNNbl BCErga SBJAAIOTCA TDPHBHAJBHBIMH CYIIEPMHOTOO0PasHAMA.
Bor npocrefimnfi npuMep HeTPUBHANLHOTO CYiIepMHOToodpasus:

X4 x? X7 =1, &+ ket 4 =0

Tonoaorus cynepMHoroofpa3uii. B reopus my4koB
CYIIeCTBYET HOHSTHE 3KBHBAMeHTHOCTH. [Ipumends ero K cynep-
MuorcodpasuaM, HoJydyaed ofnlee oppejieitenHe SKBHBaJ@HTHOCTH
aas cylepmaoroofpasuii. jI ue 6yay BOCHIDOH3BOANTL 3TO olpeie-
JIEHHE, KOTOpoe MOMXKHO RafiTi 8 JiofoM coBpeMeHHOM yueOHHKe ad-
re6paddeckoll reoMerpux (oM., Hanpumep, [17]). Hocrarouras ¢
NPaKTHYECKOH TOUKHU 3DEHMS KBHHTICCEHINWS 3TOTO OupeiesieHHUA
COCTOHT B TOM, YTOQ [JBA CYIePMHCTOOGpasHs 3KBEBAJICHTHE, eCAH
ypaBHeHHe OIHOTO H3 HUX MOMeT OHTh NPHBeIeHO K TOMY e BH-
Ay, UTO VDaBHEHHE BTOPOrO C IOMOLWIBIO 3aMeHBl [epeMeHHBIX BH-
Aa (2.6). Knaccuduxauusa cynepmrorcolpas’uil ¢ TOUHOCTLIO A0 HX
SKBHBAJICHTHOCTH SBAAETCA CylepaHaJdoroM TONOJOIHYeCKOH Kaac-
CHPHKZHE OJBHBIX MHOrooOpas3uil, COOTBETCTBYIOI{HE AHBADHAH-
THl CJEAYET HA3hlBaTh CYNEePTOoNOTHUECKHMH HHBADHAHTAMH.

O6patyM BHUMAHYE HA TO, YTO, XAK yXe OTMEYAAOCH, KaX108
cynepMHoroodpasie MoxeT  OHTE 32J1aHC YPalHEHHAMH  BHIA
{(2.13). 3ameruM, uTo eciau mpeobpasoeamie (2.6) nepeBOIMT
ypapHedHa Bkla (2.13) B ypapHeHHa TOTC e BHIA, TO ITO npe-
ofpaszoBaHie HMeeT CleldaJbHLIH BHI

X=g; (), &= Z‘P""’ ;. (2.14)

Tenepo MHE B COCTOSHHH J1aTh TeOMETDHUECKoe OlNpelcieHHEe 3K-
BHBAJEHTHOCTH cynepMroroofpasufi. Ilycte M — HexoTopoe cy-
nepMHOroo6pasne. 3afaluM €ro C MOMOHIb) CHCTEMBl YpaBHeHHH
Buga (2.13). PacoeMoTpuM Te K€ YDABHEHHSH, HO [epeMeHHBIM X; H
§; npHiazHM HOBBIH CMBIC/: BMECTG YETHBIX M HRUSTHBEX 3JIEMEH-
TOR IpaccMaHoBof aareGpH nmycTh Te W Jpyrme GYAyT BellecTBeH-
HEIMH 4HCaM¥. B peayanTarte nojyyarcd ypasHeHHS, ONpeaessio-
mHe ofryHOEe MHOroobpasie M. ITo MHoroo6pasue HMEET CIEIH-
ANBHYIO CTPYKTYPY, JerKo ycMarpuBaeMyio H3 (2.13): omo cocro-
BT ¥3 KOAJEKHHH g-MepHbx naockocTell (P4 Q)-MepHOro pocT-
PAHCTBaA, KAXNafg H3 KOTOPHIX TOMedeHA TOUKOH X MHOrooOpasHs
M, (xotopoe ompepeasiercsa mepBoy rpynnofl ypaBeenuii (2.13) B
npoctpanctee RP). Jlerko BHAETH, ut0 M coBmagaer ¢ BHasHCHBIM
MHOrooGpasueM cynepMHorooOpasrs M. MuorooGpasua  Tako#
CTPYKTYphl HA3HBAITCA JIHHEAHHMH paccaoennamu, M, — OGaso#
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pPacChoeHHsa, IVIOCKOCTh, MMOMeYeHHaR Touko#h xe=M,, -— cjaocem
Haj x.

HBa JunefiHpIX paccnoGHHs SKBHBAJIEHTHEHI, €CJAH  CYHIECTBYET
B3aHMHO-0/1HO3HaYHOe OTOOpaxKeHHe OHOND Ha ApPyroe, mMepesoas-
mwee cnofl B caofi. Ouepnauo, 4To Takoe npeolpazopadpe B KoOp-
AuHaTtax umeer suj (2.14), rae, oAHAKO, Xi, & — BeL(ECTBEHHHIE
gHCIAA.

Taxuu o6pasoM, Mbl IPHXOLHM K BEIBOAY:

1) ¢ KaxAanm cymepmporoofpasuem M pasMepuocra (p, g) n
Gazofi M, onmHO3HAuUHO CBA3aHO JAWHeNHOE pacCIoeHHe ¢ TOf e
Gazofl U cja0eM pPasMEepHOCTH ¢,

2) aBa cynepMHOPOOGPA3MA SKBHBANEHTHB B CMBICJAE TeOpHH
cynepMmHorooGpassi 8 TOM W TONBKO B TOM Clyuae, ecJH SKBHBA-
JEHTHH B OJHYHOM CMDIC/IC COOTBETCTBYWOMIMe HM JuHefinble pac-
CHROEHUA,

B ronojornd Xxopoio H3BecTHb KHBAPHAHTH JauHefHBIX pac-
CAOCHAR — 3TO TAK HA3LIBAaGMBle XaDaKTePUCTHUECKHE K/Aacch
IMonrpsruna 1 Yepua. TeM caMbIM 3TH XapaxTepHCTHYeCKHe KJaac-
Chl ABJAKTCA OAHOBPEMEHHO CYNEPTONOAOTHYSCKHMH MHHBAPHAHTA-
mMH. Onp, 01HaxO, H3BECTHH B HACTONUICE BPEMSA JMIIL B KJIACCH-
yerkoil, a #He B cynepmaremarudeckoi opme, C Apyrofi CTOPOHHL,
CYRepTONOJIOrAYeCKUM AHBAPHAHTOM  ABISIOTCA  CYNEPKOIOGMOMO0-
THH, oupeiedeHHe KOTOPHIX CM. B Cleiyiomiem pasiere. Oun, on-
HAK0, B HACTOfli(€e BPEMA He BLIYHCJeHH HH OIS OJHOrQ HETPHBH-
ANBHOTO CAy4ad, M HX COREpPMATeNABHOCTE NO3TOMY He HCHA,

FpaccMaHoBE aHaAHTHYeCKHEe MHOTooOpa3Hi
Hyerp M — cynepmuoroofOpasne, 3ajassoe ypasuenusMmud (2.10),
H @y — rpaccmanoBa aareGpa ¢ N obpasyiowumu. Yncio N HE-
kak ue ceAzano ¢ M. Paccmorpum B @y ueTHBle H HedeTHHIE 3Je-
MEHTHl 001lero BHAA

X = Z Zui;il.....iu G- on Giyy

k20
(2.15)
Ej = E 201;51,....i9k+1 QJZ e gjik'}‘l '
5=
rae & — obpasyomue Gy. Tlogcrasua X, & suaa (2.15) » ypae-

nerus (2.10), MBIl MOAYYHM YPaBHEHHS OTHOCHTEILHO KOG (HIH-
EHTOB Upyi,,....ip + Vfifiveoiopqy, KOTOPHIE ONpENEIRIOT oBBIHOE MHO-
roobpasde My. [Toayuaemble TaKUM NyTeM MHOrooGpasus Mbl Ov-
noM HA3MBATH ACCOHMMPOBAHHHIMH ¢  CymepMmHorooGpazuem M.
B uactuoctu, npu N =0 moayuaercs §azucHoe MHorooGpasue Mp.
OueBujno, uTO

dim My-+>o0 pu N—o0,

Mroroo6pasus My 06a121210T BaXHbHIM CBOHCTBOM, KOTOpOE eCTe-
CTBEHHO HA3BATh PACCMAHOBOH amaJuTHYecKoR cTpyxtypolh. ITo
CBOHCTBO COCTOUT B TOM, YTO:
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1) My MOXHO UOKDHTE cHCTEMOHR KOOp,ﬂHHaTHHX OKpecTHO-

crell ¢ JIOKAAbHBIMA xoopinHaTama {US V... T

"ak’
Oyl <Tlgr, fr<ljol..<<fart1, k=0, 1,2,

310 006CTOATENLCTBO NOIBOAACST CONOCTABHTE Kamaol Touke
uesU, Habop U3 p YOTHHX A § HEYETHHX 3NeMeHTOB anreOpe Gy:

{zx) (%)
X = Z Zui:.'fn-...igk Oty o0l Oty

k20
(2.16)
@ __ (%)
EJ’ = Z va;il.---ank—l-! O« vt Gfgk_}.] ,
=31]
(e} ()
rae {usi,, oo, Uiiys ++ .} — JDKAALHBE KODAHHATH TOHKH Y H G; —

oﬁpaaylomne Sy, INeMeHTH x(, ), f’.“) MBIl B JaNbHeilllleM Ha3BIBAEM

rpaccMaHOBHIMH JOKAJLHEMH KOODABHATAME TOUKH U]

2) xaxpas Touxa nepecewenns U,N\U, wumesr gma Hafopa
IPACCMAHOBRX JOKAALHHX KOODIMHAT X7, E‘“) i x 3"3) Onn ced-
3aHEl COGTHOLICHHEM

B B, BB B = g, (e, B, (2.17)
rie fi (x? &) .y (xr E)E QIPQ(UGHUE) .

Cootnowenna {2.17) sapadgioTcd KOHACHCHPOBAHHOH  opMok
OGKIMHBIX KOOPZMHATHHX Npec0pa3oBaHMA! eCJIH NMOLCTABATE B Je-
ByIo gacts (2.17) «¥, E(a) Hs (2 16) 4 B [OpaByi0 4acrb — afa-
JOTHUHEE BHPaKeHHs g x4 E(, yeped o;, 3aTeM pa3fnoKHATh
ofe wactr (2.17) no o; © Hpﬂpa’BHﬁTb cooTReTCTBYIOI e Kaadihu-
IKeHTHl, MOJyuHTcst OOBIUHOE KOOpAMHATHOe 1npeobpascBaHie B
KOOPAHHATAX

(o} o

(Ui, .ty Yiinee oo dopa )
£ B

{ui: By oeeyigpe [/ T I i2k+1}'

Taxum 0o6pa3oM, WMEETCH CYLUISCTBEHHAA ZHAJOTHA MEXLY MEO-
roobpasuavu My ¥ KOMIVIeRCHRIMH MHOrooGpasuamu. B <Basu ¢
3THM MEOroo0pasuf My B nanabHefilieM WHOTAA HA3LIBAIOTCH
rpaccMAHOBHIMK anHaJHTU4ecKHMHM (r. a.) MHoroobpasnamu. Ha mux
MoryT OHTbL ONpeAefeHsl IPacCMAHOBH  aHamdTHyeckde (T. a.)
GyHEKIMY, B0 MHOTOM  aHajOTHYRAble OOBMHHIM  AHAJHTHUYCCKHM
byukunam, I'. a. QYHKOEM uCpaiT BaMHYO POiAL B TEODHH Mpei-
<Tapaennit cymeprpynm. IoapoOHO OCTAHABAHBATLCA HA 3TOM {i0-
HATHH MH, OJHAKO, He Oyaem (cM. [16]).

B szaxnioueHHe cJAeayeT OTMETHTh, WTO I. d. MHOPO0ODA3Hs Mo-
ryT OLITh OUpeZeacHbl Ge3 NpDHBAEcUEHHA 3aJaHUAA CYNEepMHOro0G-
pa3ud ¢ moMolibid ypasrexuit. OgHako B 3TOM CJyyae KOHCTPYK-
i oKa3eBaeTcs (oflee CI0XKHOM,

Conep#canye 3Toro pasgena no,:(poﬁﬂo usnoxeno B [16].
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3. lenonnuTe bHble CTPYKTYPH Ha CynepMHorooGpasuax
Hurerpuposarne. Hamomuio onpelenesde MHTerpara o

AHTIKOMMYTHPYIOIHM mepemennbiM. [Iycrs & dE - ofpasyouwde
rpaccMaHoBol anarebpbl @g,. [onomum

fdE;=0, [frdg=1, (3.1)
Kpatuwifi nHTErpan noHuMaeTes Kax nosTopuasiil. Tlyctn UcRP —
HekoTopas ofnacrk, X: — KoopiuHatel B U, Has [(x, §)es

=U,, () onpegenen uuterpan

Tog () = ff{x, &) dxds,
(3.2)
di=dxy..dx, dt=dE..dg,.
TIpan arom auddepennuans dx; cielyeT CUHTATL AHTHKOMMYTHDY-

IOMHMHE Mex1y coB0#, KO KOMMYTHPYIOLLAMHE C X
Jaa panpHefiliero BamHO YMeTb ONpeldedfiTh HHTEIPas HE TOJb-

KO B cjlyuyae, KorAa x; — KoOpAHMHAaTHl B U, HO H B cayuae, Koria
X; — TPOH3BOJILHEIE YeTHHE ofpasyiolnde aareGpel Rp, (U). Tlyers
xi=x;(y, £) -~ uernele obpasywommue Wpe(U), i — KoopIHHATH

B U, f=0 B okpecrHocTH rpanuun U. B 310M cayuzae
wlf) = [0 Ddrde = (1x(4,0, et

BosMmoxHO TaxxKe HHTETPHDOBAEHe 1O YacTH MepPeMEHHHX, IpH
5TOM NepeMeHHLIe, He YUacTBYIOLde B HATECPHPOBAHHH, paccMar-
PHBAIOTEA KAK NapaMeTpHl.

Hurerpan ofnafaer OAH3KAMH K OOHUHLIM CBOMCTBaM, OTHOCH-
IHMHCA X HHTECDHPOBAHHIO 10 YaCTAM, H K 32MeHe [epeMeHHBIX.
[Ipexnae uem nx chopMyasapoBaTh, ompele/idM BamHOe MOHATHE

‘dydE (3.3)

cynepaetepMuBanTa. Ilyets K= (C g)— KBajpaTHas MaTpuua,
AHaroHadbHbie O/M0kH KoTopolh A w D — xBajpaTh H COCTOHT U3
YeTHRIX JIeMEHTO3 paccMaHoBofi anarebpnl &y, Gaoxa B u C mpa-
MOYTOJBHB M <OCTOAT H3 HEUeTHBHIX 3JeMeHTOB @Gy, MnoxecTsn
MATpUL 3TOrO BHAA, LIS KOTOPHX Marpuuet A W D ofpaTuMbl U
HMEIOT MOP#AKH COOTBETCTBEHHO M M R, HpHHATO 0003HaYaTh
GL(m, n|N). GL(m, n|N) sasuserca rpynmoii: ectn Ke
=GL{m, n|N to K-! cymecrsyer ¥ K-'&GL(m, n|N), ecnn
Ky, Ks=GL(m, n|N), o Takxe K K.=GL(m,n|N). Cynepierep-
MHAAHTOM HasbiBaeTcst QyHxuus Ha GL(m,n|N) co 3Ha1eHEAMH
B By, onpedendemMas PABEHCTRBOM

s det K=det(A — BD-'C)det D-1. (3.4)

Tlonofxo o6HYHOMY AeTePMHHAHTY CcyYNepleTepMHHAHT MYJbTHIIH-
KATHBEH: .

s det (K,1K;) =s del K;-s det K. (3.5)
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910 €ro BaxKHeiillee cBOACTBO, OHO N0Ka3zaHo B [18].

BepHemca K Hnuterpany. Ilyetb ¢dyukuuu f, g pasuum O B 0k-
pecTHOCTH IPaHuubl 00J1acTH U, Torza

Sf%:-dxdg — “S'a%f;' gdxdE, (3.6)
jf (% g)dxde = j‘ (f a;i )gdxds. (3.7)

§F @ (g, m), By, W) A (x, &y, w) dydn = [ f (x, &) dxd?. (3.8)

®yukuns A{x, &y, ), yuacreywomas s (3.8), sipasercs cynepierep-
MHHAHTOM MaTPHUH YacTHHX TMPOH3BOAHBIX:

A (%, 8y, 1) = set R, R=(AB).

cD
. dxi . ’ ) 5
Q= ayk' , b?k = (xi (_:nk )-
(3.9)
ok o )
Cip = , di — ( ;=
4= Gy G Sy

CyllecTBEHHO OTMETHTh, uTo QopMysaa (3.8) ocraercs B CHIR, €CIH
3aMeHa [epeMeHHEX 3aBHCHT OT NapaMerpoB: x=x(y,a,m,%), &=
=E(y,a,n, L), rae Y; a;,M; §; — COBOKYUHOCTh COOTBETCTBEHHO
UETHHIX 4 HEUETHHX O6pasyiomux anare6put Upip o+er (UXT),
l<igp, |l <p’, 1gf<gg, 1< <qg’, dimU=p, dimU’'=p’.

B cayuae, ecan f, g0 B okpectHocTH rpanuust U, B dopmyaax
(3.6), (3.8) BO3RHKaWT TpaHHUYRBIE YJIEHH, QUEBHIHHE B ciaydae
(3.6) u romonwHO caoxkume B cayuae (3.8). Dopuyan (3.7)—(3.9)
yCTaHOBJEHH B |5, 6, 7).

IlepefinemM x HHTErPHPCBAHHIO Ha cynepMuoroofpasusx. [lycrs
M — cynepmuorooGpaske ¢ Gasoft M,, dimM=(p,q), UcM;—
KOOpJIUHATHAY OKpecTHOoCTh. [IpeAnouacxuMm, dre KaxjaoMmy Habo-
Y Z o0pasylouiEX Xi, E; anredpm Hpe{(U) comnocTabBieH 3JEMCHT
pu,z(x,E) 9T10f  anareGps, nprueM TpH  3aMede  00palyOLIEX
pr.z(x, §) M3MENALTCA COTNACHO TIPABUAY

pv.z (U, M) = poz(x{y, M) Ely, M Ax, By, m),

(3.10)
Alx, By, ) = sdet ( gg),
axi — 4 15 - go"_iz_ )
qip 0 , bik# X; P A F (311)
.
d:‘k - ga ank *



rre Z-—-CcHCTeMa 0O0pa3yRIIMX Xy, &; X' - cHcTeMa 06pasyiollHX
Yi, m;. B 3TOM cayuae BenmdMHA p HA3BBaETCA JOKAALHOR ILIOT-
Hocteio B obnacta {/. CoramacHo GopMyle 3aMeHB nepeMeHHBIX

lpu.z(x, By dx dE = ou 5 (4, ) dy dn. (3.12)

ITycte B kamaoll koopamuatHOR okpectHocTH UcM, 3azana
IOTHOCTD pu,z, HPHYEM Ha uepeceueHHH okpectHocteft U; u Up
TUIOTHOCTH pU.,f; H pux.gz COAGAMDI ¢OPM}’JIEIMH, anaJioruy-
RuMu (3.10)

Punvg (4 8 =Punu.s (¢ @M, S M A E g ), (3.1

rie %;— orpanuuenue obpasyiomed x.e=%q (V1) HA UiNUs, Li Fiy
Ny HMEIOT ARANOIHUHBE CcMEBICA, Xy, Zp-— CHCTEMH 00Da3yIOLIHX

Xi, &5 B Fi, m; cooTBeTCTBeHHO B Hpg (U0}

B TaxoM cayuae HaGop JOKaJbLHBEX INOTHOCTedl py,x Ha3kbiBaer-
cst robanbHOH NNOTHOCTBIO, py,z HA3HBAETCH OrPaHHYEHHEM TIJO-
Baapnoii ntoTHocTH Ha U. Onpepenum aHTerpa’t raoGajabHOR MJOT-
HOCTH p. Ro cynepmyoroebpasdwo. [lycte U, — KoopaHHaTHEIE OK-
PeCTHOCTH, IOKpHBaloHe Mo 0 fonyckaomue pa3bueHHe eJHHHIbL:

1=2%5,(%), Sa(x)=>0, 5,{(x)=0 upn x U..
Tlonoxum
Tp =3 salx)puy, 2, (x, ) dx dt. (3.14)

OxasniBaeTcd, UTC OTPeAeeHHBIE TakHM 06pa3oM HHTerpaf He 3a-
BHCAT HE o7 BHOopa mokputHa {U.}, 5d ot Bmbopa cucteM obpa-
3yiomnx B Wpg (Uy). ag raofaapyoro ceuenns fe B (My) u naor-
HOCTH p ONpelefeH0 MpOH3BeLeHHe fp—p, TAKKE ABAAILELCH LIOT-
HOCTBI puz=[vpu,s, THE fu, puz— orpavndenys f w p ua U. Takum
06pa3oM, GHKCHPYSL IWIOTHOCTH p, MOXKHO OINpeleqHTh HHTerpas
710 5TOH IAOTHOCTH OT AWGOro racbaibhore cedenud

JFp = X Tsa(x)falx, &) pu,, =, (¥, E drak. (3.15)

drepdbepernuaariasg reoMeTpHusd Beuiy rtoro uro
CYInepMHOroofpasiHe He COCTOHT H3 TOUEK, NOHATHE KacaTeJpHOTo
DPOCTPAHCTBA AJIA HEro He ABAKETCH CTOJAb JKe eCTEeCTBeHHBIM, KAK
nas ofpHore MHorooGpazua. TeM ne MeHee NOHATHE TEH30PHOIO
108 OePeHOCHTCH HONHOCTBIO,

Omnpenenerte sigasercd (GopMajbdulM, N0I0GHO ONpefeNeHHID
naotHocTd.  [lyers af —nonupit HaGop ofpasywowux  anreGpu
Hpg(U); mpn l<i<p a' ABAAOTCH YETHEIMH OGPa3ylOIUUMH, NPH
ptl<i<ptq at apasiiores HedeTHHIMH 00pasyiomuMH, bi— npy-
roii ananordunmil rafop obpasyomux,

byerd
JlokanpiLM TEHSOPHBIM pOReM  gp'h ik i HA3HBALTCA CO-

BOKYITHOCTE 3JeMeHTOB aarebpwl Uy, (U), caeayomum obpasoMm 3a-
BHCAWARA OT CHCTEMBl & 06pa3yomux:
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. . -*— £ -— e .
. ; i3 g B dp
N _ . .
gy b (@ = (b ) ce (b i )gu,}:';'fl,'...,;‘z(b)x

aaft J aalt
I 5

x| —=daky. b —an ), (3.16)
't !

3aeck H #ance B cayvae, Korla YeTHBE H HedeTHHe 00pasymilIiHe
anredp %o (V) obosnayaroTca TakuM 00pas’oM, 4T pasHHIAZ MeX-
Y HAMH COCTOUT NHKib B HHAEKCe, Mul GyAeM MPHMeHATH TEH30p-
Hele ofo3Hadyenys, NoAPa3yMeBAOIIHEe CYMMHUPOBAHUE MO MOBTOPAIO-
muMcs HHAeKcaM. B otanydke oT ofwugoro cayuasg s {3.16) cymect-
BeH NOPH/OK CAL0BABHA NPOHIBOILHBIX.

Hafop snoxaapHBEIX TEH30PHBIX HOJeHd Ha3kBaeTcd TNOGATbHBIM
TEH30PHEIM 1I0sieM, ecJH COOTHOIIeHHe, anaqordutoe (3.16), cnpa-
BEJJIHEO B IepecedeHHH OXpecTHOCTel!

., - . e . .
. - ~f; 2 —1 0 el
f1enip Ii 1 \ 16020 ‘
E . L (a)=1{b - b — - - (B X
gUﬂV.-«‘:u’“"'!’.t ( ) ( aglt oa 1 ngnv, Iyiigee.s i ()
- —_
J ~ Jd ~
X S a, ... T g,
i i —~
apk Tk 95!

rae Sy, Sy —cucrems ofpasyiomax B U (UNV), monyuaiomecs
N3 cHeTeM Xy, Ev o6pasyiomux B W (U) v Upp(V) B pesynbrate
OrpaHHYeHHS

~ - v .
af = pgny a eIy, b= pupv b = By,
o e Iy, b= Ty

B c¢aygae ecam oTcyTcTBHE HHIEKCoB (/, I He MOKeT BHI3BaTh
OYyTaHHLE, OHH B AajbHeRlIeM ONYyCKalOTCH.

B o6unuuofi TeoMeTpUH 0calyi0 poiib HIPAKT MORHOCTBEY AHTH-
CHMMETDHUHLIE TEH30DHEIE NOJA ¢ HHXHWUMH HHACKCAMH. UM ecre-
CTBEHHHIM 00pa30M CONMOCTABAAKTCH (OPMAJbHEIE BHDAMKEHHH,
HA3biBaeMble BHEIUHAMHE (opMaMHu

0=, da% A... Ndab,

rde /\ osHavaeT, 4To JupdepenHnHaNn CYHTANTCH AHTHKOMMYTH-
pylomuMe. B cynepcayuse eCTecTBeHHO paccMaTpUBAaTh aHAJIOTHY-
HEe ofpas’oBaHnud:

O =3 Wiy oigt oy (5, B X L dRdE L dEL (3.17)

Koapdunuenru O, lgic, iy AHTHCHMMETPHUHEL 1O MEPBOH Tpym-
ne HHAEKCOB H cHMMeTpHuYHE 10 Bropoil. OrtHocHTeabHo Auddepen-
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uManoB di;, dx; u obpasyowiux X;, §; NpeANONaraicTesl BHIOJHEH-
HBEIMH CJASAYOULHE COOTHOIUEHHA KOMMYTAIHH!

dxtdx;? + kade = 0, dg‘,’dgk - dgkdgl = O, dx‘dgk - d%kdxz = 0,
de, &y + Epdx, =0, dx,x, — xdx, =0,
d;’Exk - xfedgz' - Dr dgsgk - gkdgf —0.

Huddepennnannipe Gopmu (3.17) obpasyor aarebpy ¢ p+gq
KOMMYTHPYIOUIEMH X1, ..., Xp, d81,...,dEq H p+g BHTUKOMMYTHDYIO-
IGHMH 06pasyoImuMy &y, ..., &, dxy, ..., dx,. B npocrpancree audide-
peHudaJbHHX GopM aeficTByer onepaTop

i)
d = Sdx, + Tdg, 0
X (75‘
(pOH3BOAHBE TeHCTBYIOT H2 KO3M(UUHEHTH W iy Fams 1y}

Kak u B ofpiuHOM cayuae, fokaswmsaercd, uyto d?=0 H uTo H3 pa-
BeneTBa do=0 cheayer, 4To A0KaJdBHO w=dw;. POpMy Ha30EEM
4eTHOH, ecjiH B BuipameHHd (3.17) mnocae passoxeHus Ko3pdu-
HEHTOB ..., }, 10 §; TPHCYTCTBYIOT TOJBKO HETHHIE TO COBO-

KYIHOCTH &, dX; caaraeMule, H HeueTHOH — ecJiH TOJNBKO HEUeTHHIE,
Kax 7e, Tax u Ipyrue HaszoseM oxuopolnwmu. Auddepenuvan d
CBA3aH C TPOHIBEJEHHEM OZHODOAMBIX (OpPM OOBIYHLIM COOTHOLIE-
e d (o) 0,) = doy- g0 + (— 1Pl do,, &(e)=0 i gerHbx
dopm 1 d{w) =1 — nag HeueTHHIX.

Kag # B ofwusom cayyae, ¢ noMomweio dopm (3.17) 1 gadde-
PeHIHANa d MOXKHO CTPOUTE TEOPHIO KOTOMOJOrWH, ITpHYeM aarebphl
KOTOMOJIOTHIl SBJIAIOTCH  TOMOJIOTHUECKHMH HHBADHAHTAMU CYIep-
MHOTOOOpasnA. B macrosmes BpeMs, 0J€aK0, OHH He BHIUHC/AGHH
HH A74 OAHOTO HeTPHBHAJBHOTO mpEMepa. [105TOMY COdepikarefb-
HOCTb 3TOTO HHBADHAHTA HE HCHA.

[ToMuMO cxoncTBa CYUWIECTBYET TaKKe H NPHHNMIMAJABHOE Das-
auude Mexny oOhuHOH TeopHedt auddeperunansaslx GopM o teo-
pueli cvnepdopM Buaa (3.17). B obmuHOM cayuae pueinaHe $op-
MBI MOMCHO He TOJbKO AH{depenu¥poBaTh, HO WU UHTeTPHPOBATS,
nprdem Auddepeniian B HHTETPas cBA3aHbl  H3BECTHOH Qopwmy-
Aot Croxca. B cymepcayvae — Hugero nogofuorol  Huddepen-
Hgajgpibie GopMel BooOule Henp3sl HHTerpHpoBaTL. As menel Hp-
TErpApOBAHHS 31eChb CAYHKAT WHTeTpalbHBe (GOPMEL, raaBuHOll U3
HAX #BIAASTCH [UIOTHOCThH, OCTaldbHBle yKazase B paborax [19,
20]. Has mux CyulecTBYeT yacTHuUHMf adanor Qopmyas Crokca.

BoaMox#o MOCTPOSHHE aHalora PHMaHOBO# reoMeTpPHH. B ee
OCHOBE JIEZKHT TEH30PHOE TIOAC gk, NPHUEM gGe=fLx P (<P
MIH R<p, Gie=—-ge 0pn i, k>p. JApyrHMy cOBAMH, B BhIpaxe-
AHY JAA 3JeMeHTa AJHHb

ds*=gudaida® {3.18)
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clAeiyeT CYHTaTh AX(QdepeHUHANs HEUeTHHIX 3JeMEHTOB AHTHEOM-
MYTHPYIOUITHMHE Mexay c00oH, HO KOMMYTHPYIOLIAMH ¢ Anddepen-
UMaNaMH Y9eTHBIX, KoTophle BeAyT ceba obniunkiM 00pazom.

AHanornyuo TEH3OPHEIM NOJAAM MOTYT OBITHL ¢ MOMOWDBIY YKa3a-
uHs 3aKoua npecbpasopaHus onpededenhl xo3dbruMenTH CBA3HO-
CTH, C HX TOMOIILK) -— TeH3OPH KPHBM3HH M xpyuenus, Cyiumecr-
syer Qopmysaa, aHaforHuyHas oOBIYHON, NO3BOMAIOILAS NOCTPOHTH
cBESHOCTL {83 KpyHeNHA NPH HAJMYHH DHMAROBOH MeTpHKA. 2DTH
BOTIPOCH M3J0KeHH B paborax [21, 22].

He MeHxee BaHOH, UeM pHMAHOBA, SBIAATCA CHMIACKTHUeCKAS
wid TaMuabToHOBa reoMerpus. OQHa ¢Bf3aHa ¢ 3aMKHYTOH BHeUI-
He#t hopMOR

o = w;da’ A da*, do =0, (3.19)
0y = (— DEOTIERN @,, § (wy) = 6() + S (k).

3necs ¥ nadee & o3wayaeT tyHkmupo versocrH: S(f) =0 1na wer-
Hhx aaemedToR ¥p{U) w 6(f) =1 — nns ueverHwx. Kpome Toro,
A5 KPATKOCTH MBI mosaraeM 8 (i) =8(a’). 5 _
PacemoTpuM MaTpHiy |off|, rae off = (— 1Pi+ikg'* g joft] —
MaTtpuila, ofiparHas K @ik C MOMOIOBI0 MATPHUBL i MONHO 00-
CTpouTh afrebpy ckobox Ilyaccona, aHadoruuaym OOBIUHOH:

3 .k( ERR
=[f"—}o* | — g} 3.20
if, gl (f = ) T (3.20)
dneMedraMd 3Toft aarefpel cAyKAT riaofalibHble cedeHHst cymep-
MHOTOOGpa3HsA.

B cynepcayuae aaredpa ckohoxk Ilyacconma (3.20) sBagercsa Hu
o0uluHOW anrefpoit Jlu, Ho cymepanareGpoit. MoxHO moKasats, uTo
$opmyna (3.20) ompezensier cynepanrebpy Jlu sceria, Koria o
VAOBAETBOPHET YCAOBHAM!

(3 3
N TN G A S Mmu)mk;‘( I gté
(—1) \ 5 ;}+( ) wr )T

+ (— )80 i (L

daf

mk!j = 0, (3.21)
8 (01" = 8 (1) + 8 (£), @* = (— 1)2OB+1 gy#!, '

{3TH yCHA0BHA ABTOMATHYECKH BHEIIOJHEHH, ecsin| (— 1)80+H6E) %] =
={w,;l, o5 yroBrersopser yeaosusm (3.18).) Ha ocrose dop-
Myas {3.20) wmomer OBITH NOCTPOSH AHAROI KAACCHUECKOH MeXa-
HHKY, KB2HTOBAHHe KOTOPOH COAEDPIKHT Kak OH030HH, Tak B dep-
Muonbl. B Hacrosulee BpeMs BO3HHKAKIIKe 3IeChb BOUPOCH HU3Y-
YeHH ¢ TO# Ke [TOJHOTOH, YTO M aHAJOTHYHLIe BOMPOCH B OO6BIY-
oM cayzae. Cm. [23—26].
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C pUMaHOBOK ¥ raMulbTOHOBOH CTPYKTYpaMH cyfepMuorool-
pasna ¢3M3aHa NAOTHOCTD COr/AacHo $OpPMynaM, €CTeCTBEHNHIM 00-
pasoM ofobmamwmum 06BIYHYI. TOOTBETCTBEHHO :

o= (sdet] g, )2, p = (sdetfw,f)"2.

B sarmwoyenne 3Toro pasiena # Xouy oOpaTHTh BHHUMaHHE H2
OJIHO CYIIeCTBeHHOE pasalude Mexiy ofwuuod ¥ cynepauddepen-
HHaAbHOH TeoMeTpHed. B To BpeMs Kaxk B OGHIYHOM cAydae WIOT-
HOCTh ABASIETCH NOJAHOCTEIO aHTHCHMMETPHUYHEIM TEHIODHBIM [IDJIEM,
B Cynepcayuae, Kak spiado H3 (3.10), oxda woollle He aBafeTcA
TeHsopHpiM nonem!!. llogBaeHne BenuuHH, KOTOpHlE, TNORZOOHO
IUIOTHOCTH, MPeodPasyioTcs He MO TEH30DHBLIM 3aKOHAM, CBHI3AHO C .
ocofeHKOCTAMK npencrandenuiéi cyneprpynnsl GL(p, g}, xoropas
asasercs cynepasanorom GL(n):GL(p, ¢), B oranune ot GL{n)
ofnafaeT He TORBKO TEHIOPHSMH NHHEHHBIMH TIPRLCTABJEHUAME.
ITosBnende HeTEeH3OPUHIX BeJdyHH aB/ifeTcd Haubojee 3aXBaThl-
saoitlell ocofesHOCTRKY CyliepAnbdepeHuuanpHofl TeDMETPHH.

Cyneprpynnu ¥ cynepaaredpun Jin, Cyneprpymny
MOXKHO ONpeNedsHTs Kag cyiaepmuoroobpasue G, Mas KOTOPOro Bee
ACCOUMApOBAHEBE ¢ HUM MECTO0Gpasud Gy SBIHIOICH I'PYliaMu
Ju 8 obblyHOM CMHC/E, NpuHeM TIPYONoOBas ONepalHda B JIOKaIh-
HBIX TPACCMAHOBHIX KOOPAMHATAX 3a14eTCs IpaccMaHOBCKHMH ada-
JUTHUECKAMH (DYHKLEHSIMH

g(xl’ E])g(x'b §2)=g(xy g)’
x=f(x1: gh Xz, §2): §=w(xla gl; Xz, EZ)‘

Anre6py Jln rpynns Gn o603HayHM gy, I'paccMaHOBCKAA aHAMN-
THYHOCTL TPYUNOBOH ONEPALKH UPUBOLHT k TOMY, uTo adarebpa Jhi
gx obaagaer coenHadbhol cTpykTypoli. Urafn onHcatk ee, bae-
JeM HeKOTOpble TMOHATHS, CYWECTBEHHBIE TaKXe B JdajJbHeHuieM.
JluHefiroe HPOCTPAHCTBO HA3LIBAETCH IPalyHpPOBAHUBIM, €CAH OHO
npefcTaBieHo B BHAe NPAMOA CYMMBl IBYX HoanpocrTpaHcts: L=
=1, L,. OgHo u3 3THX MOANPOCTPAHCTE Lo, B JAajpHeluleM Ha-
3BIRACTCH YeTHRIM, ApVroe, L, — HeueTHuM. dementol Lo u L.
HA3HBAIOTEN COOTBETCTBEHHO YeTHHEIMM U HEUeTHBIMH 3JeMeHTaMu
L. 3nevenr I naswmiBaercd OAHOPOAHEM, ecar oH Jaubo uered, Jau-
60 weueren, Jas oiHoposHbix x=L onpeienena dyaxuxs  S(x)
{veTHOCT): 8{x) =0 npu xe=L;, §(x)=1 npn xeL,.

Nyere L=Ly €L, — rpapyupoBaHHoe JHHefiHOe NOPOCTPAHCT-
BO, €, g — 0a3ucel cooTBercTBeHHo B Lo u L;, @y — rpaccma-
HoBa aarefpa ¢ N oBpasywomaMA. PaccMOTPHM  JIHHE#RHOe TIpO-
cTpaHcTBO Ly, cocToslee M3 JHHeHHLIX KOMOUHAUHH e, g C
rpaccMaHoBHIMH KO3(pHUHeHTaAMH:

x=Xa:e;+ Zae;,
I T, e. npeofpasyeTes cOPAacHo spefeTanienuio rpynnm GL(p, g|N), war-

PHuHBIE IEMEHTH KOTOPCTO 3ABHCHT OT 3/CMEHTOB MaTpHLUH Ke=GL(p, q|N)
HElOJHHOMHALELIM 06pasoM. :
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rie @i @ — COOTBeTCTBEHHO HYeTHbie H HedYeTHhle ajeMeuTn @y.
[IpocTpancTso Ly HasbiBaercd rpaccMaHOBCKOH 060M09kol Tpo-
crpancTsa L.

Honoiuurespuas cTpykTypa aareSpbl gy, O KOTOPOH TOBODH-
JOch BLHIllie, COCTOMT B TOGM, 4TO gy ABJIACTCA IPacCMaHOBOR 060-
JOYKOH HEKOTOpOro TPajyHpPOBAHHOTO JIMHeRHOTO 1pOCTpaHcTBa
a=8,P9,. Mz roro obcroarensersa, 4T0 rpaccMaloBH 060K04-
KH 9n NpOCTpancTBa ¢ npu Bcex N sBaawrcy anre6pamu JIH, cne-
JyeT, 4TO [OPOCTPAHCTBO ¢ camo ABAsercs aarefpoH, npaueM IJas
OAHOPOIHMX X, y Onepamusa yMmMuowendd [x, y] B g o6aazaeT CBGil-
CTBAMH!

[, 4] = — (— e [y, x],
(3.23)
(— 1), [g, 2] + (=185 [z, [x, g]] +
+ (— 1Ry, [z, £]] = 0.

Anrebpa co ceoitcrBamu (3.23) Ha3zmiBaercs cymepanreGpoft Jlu
HAH, 110 APYroil TepMHHONOTHH, — Zo-TpagyHpoBaHHofl anare-
poi JIn.

O6parHo, Nerso BHAETb, YTO BCAH @ ABJASeTCH Cymepaarebpoi
JIM, To Bce ee rpaccManoBel O00MOYKH gy SABAAIOTCH OOBIYHAIMK
ajarefpaMu Jlu. OTMETHM, YTO YeTHOE NOANPOCTPAHCTBO §¢ CYMep-
anrebpn sisasierest adare6poit JIH B oOblumoM omeicne. dag cymep-
anreGp Jiu, Kaxk ¥ A4 oOmudex anreGp JIu, moxer OBITH Onpe-
JeNeHO ToHATHe npocToth. [IpocThle cynepaareSph JId Kaacch-
¢uuapopann. IlpeaBapHTe/pHBIC PE3VABTATH B ITOM HAWPaBIEHAH
conepxarca B paforax [27—30]. Ilomuoe onucakmme MPOCTHIX KO-
HeyHOMEepHHX cynepaire6p noayueso 3 [31). Knaccudunupopanu
Takxe cynepaiare6pel Jld ¢ peiykTuBHOoK ueTHOR uacThio (Des
Opexnosoxenud obuwefi npocrotsl) [32], a Takxe omucau Godb-
Woil xaace (ecKoHeyHOMepPHHIX TPOCTHX cymepanreGp [33].

[MoapeOuas Teopusa cynepaarefp # cyneprpynn JIH, paccuxTa-
Hag Ha MpPHMeHeHHe K TEOPHH TNpelAcTaBdeHHi, pa3BdTa B
[34—38]. _

B stux paboTax, B 49aCTHOCTH, Hafled KPHTepHH CyLIECTBOBA-
HMS HHBADHAHTHOTO HHTEIPa/Jda HA CYNeprpyille, BHUMCAeHad B 06-
meM BHAe TJIOTHOCTh HHBAPHAHTHOTO HHTeIpasia B cayyae cylle-
CTBOBAHHSA, a TaxXe NOCTPOeHa TeopHs olepatopa Jlammaca —
Kazumupa. Ilpn s1oM 06HAPYXHIHCE JIOGOTBITHEE OCOGEHHOCTH,
He uMelHe #HANOTOR B Ciayuae oObluBbX rpynn Jlu. Hanpumep,
ana cyneprpynn U(p, q), uMeomux B Kavecrse (5 KOMRAKTHYIO
rpynny U{p) XU(q), okasanock, uro fdg=0, 1. e. «cynepofnem»

(p, g) pamen uymo! Ilo-suiHMOMY, aHAlOTHYHO OGCTOHT 1eJ0
Bcerpa, Korda (o — KOMNAKTHA® TPYNNa, U MOITOMY MOKHO TO-
BOPUTL O TMOJHOM cynepodbeme.

.Teopus omeparopos Jlamnaca — Kasuunpa OKa3afach CyuiecT-
BeHHO GoJiee CAQKHON, ¥eM B OOHUYHOM chaydae. DTo CBR3aHO IMaB-
HHM 06pa3oM ¢ TeM, YTO AJs cynepanre6p Jlu HecfipaBel/HBa Tak
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HaspiBagMmada reopema K. Ilemanne, yeTAaHABIMBAOINAS B3AHMHO-
O1HO3HAYHOE COOTBETCTBHE MEMIY HMHRADHAHTAMHM OTHOCHTEABHO
rpynnsl Bedisi na xapTaHOBCKOH noganre6pe W MHBAPHAHTAMH OT-
HogHTe.HbH-O NPUCOSAMHEHHOTO [PRICTaBJACHHA Ha BCell cymepad-
refpe.

4. Mpeacrapnenus cynepaarebp n cynepanreép Jiu

Ocuosnme ompeaeaenus INyere L=Ly L, — rpanyu-
poBaHHOC JIHHCHHMOE NDPOCTPAHCTBO H ¢ = g, 8, — cynepairefipa
JIu, TlpeacrannendeM ¢ B L HashiBaercsa peanu3auus aare6pul ¢
onepatopaMu T, B L, monudHeHHAs VCACBHI: eClIH Xe=gg, TO
TilomLy, TelycLy, ecau x& gy, 10 Telo= Ly, TolyL, Opyramu
CAGBAMH, JETHBIE 3eMEHTH COXPAHAWT YeTHoCTh, B [, HeuyeTHBIe —
MEuSIOT,

[lycTs gn, Ly ~- rpacoMaHcBB 0GONOYKH cynepaarebpst Jiu ¢
1 npocrpancrBa L cooTBetcTBeHHO. Mexofds M3 mpeincraBleHdst § B
L nerko mocrpodtsh npeicraBieHde gy B Ly. Ilyers e, g — OGa-
3HC B g, MpHYEM ;=g gjeg), X=IZaigi+Zoe;=g8y.  [lomomnm

T,=3aT.,+ ZaTe., (4.1)

Ouepujno, 9T0 onepatophl T 06pasyioT NpeicTaBieHHe ajaredpst
Ja gx B Ly. DKCHOHEHUMPYSA, MR NIOJy4aeM HPeLCTABJAEHHUE rpyin-
nul Gy 8 Ly

Tg=expT.. (4.2)

Ilonyuennoe npegcraBieHAe NpH N=o0 MOXHO CYHT4Th Ipel-
cTaBJeHHeM <yneprpynnu G.

OTMeTHM HeKOTOpble Pe3yJbTaThl TeOPHH NpelCTaBRAeHHH Cy-
nepaaredp Jlu. Kapramosckas Teopusi cTapumers Beca Hepesocut-
¢ Ha cymepcAaydaid mourd Gea mamenenufi. Marpuna A(g) onepa-
topa Tg B Gasnuce {e;, g;), e:=Ly, g;=L; HMeeT KIeTOUHBIH BHI:

. : Ay (g) Anlg)
Al@) (A'n (8) Ay (g)) ’

Ag)e, = Z(Ay (@) + 2 (A12(8)) 84,
A(g)e; = Z(Ay (@)ixer + 2 (A2 ())&,

Baementn Matpum Ay (g), Az(g) SBASOTCH] YeTHEIMH 3JEMeHTA-
MU TpaccMaHoBOi  anreGpn @y, 3neMentnl wmarpuu  Ana(g),
Ag (g) — HeUeTHBIMH.

XapaxTeps u onepartops Jlamnaca — Kaszumi-
p a. XapakTepoM INpeiCTaB]eRus Ha3bIBaeTCst €ro Cynepeiei, fB-
asomuics pyskuueil Ha Gy co 3HauesHaMH B Gy

%(g) =str Tg=tr Ay (g)—tr Az (g). (4.3)

Crexyer oOpaTHTh BHHMAHHE HAa 3HAK «MHHYC» B NPABOH vacTH
(4.3), oran4aOWHA 3THM QopMyay oT obbunoit. B cayvae nenpu-
BOIHMOCTH Y% (g) ompeleasieT NpeAcTaBilcHHe C TOYHOCTBIO A0 3K-
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pHBANIEHTHOCTH, B O0LIEM CayHae — HeT, 4TO OUEBHAHEIM 06Da30M
¢BA32HO CO 3HAKOM «MAHyC» B npasoft yactH (4.3). Ormerum cBH-
3aHHYK C 3TUM MOGOIBTHYIO OCOOEHHOCTh cyneprpymnu U(p, q).
Jlnst Hee, KAk W AAR OOBUMBIX TPynn JIM, MOXKHO ONPEfCHHTL Je-
BOE PEryJApHOe IpeIcTaBJAeHHE

(Tef)(g) =T (g5 'a).

[Mycth y(g)=str Ty (yx(g) cymecTsyerT kxak o6o6iuleHHas (PYHK-
unst). Oxasepaercs, uto x(g)=0! (B ofhunoM cayuae A0 KOM-
HAKTHBX Tpynn 3 (g) =8(g)n(G).)

Kam jomy nenpusoiuamoMmy dipeicraBiendioc Ty CyReprpyniu
JIi coorsercrayer, kKaKk H B OOBIYHOM ciydae, KaGop cOBCTBRHHBIX
upces onepatopos Jlamnaca — Kasumupa A.. Matpuuiwe snemen-
TH onepatopa g cayxaT cofCTBeHHBME (DYHKIHAMU ONeparopon
As. B yacraocty, xapaxtep YAOBJETBOPSICT YDABHCHUAM

'Ak){:?\ak}(. (4.4)

[TpeacraBienkie HA3LIBARTCH HEBRIPOM IEHHBIM, €CAd  YPABHEHHSH
(4.4) o6saxa:0T elUHCTBEHHBIM peHIeHHEM C TOYHOCTLIO A0 N[OCTO-
AHHOTO MHOMXKATENS, M BHDOXKJICHHBIM ~— B TPOTHBHOM CJyuae.
210 onpeieneHne ARAAercd o0MHM A8 oOblUHEX rpynn Ju v gas
cyneprpynn. Jaa of6bYAHX Tpynn JIH KOHEUHOMEpPHBIE TPeICTAB-
JIeHHS BCEr/lA HEBLIPOMKICHLI, BLIPOIKACHHBIE BCTPETAKITCH TOALKD
cpeld GeCKOHeYHOMePHHIX npeacTaBiaeHnft. Hasa cymeprpynn Jln
€peld KOHEUHOMEPHBIX TPEICTaBJAEHHH BCTPEYaAKTCA BLPOKIed-
Hete. 3T0 00CTOATEJNBCTBO A&JAeT TEOPHIO KOHEYHOMEPHHIX Tpeli-
craBaenuil cyneprpynn JIu GoJsee noxomed na TeopHio GecKoHed-
HOMEDHBIX MpeacTariedil ofWYHBIX Tpynn JIH, 4eM Ha TeOpHIO HX
KOHEYHOMEPHBIX NPEJCTaBIeHHH.

XapakTeps! HeBBIPOXKIEHHMX TpeacTaBieuuii cyneprpynn Jiu
IPH IWHPOKUX TPeINONOXKEHHAX Hakzenuw B [34—38], pesyabrar,
wacawmuiica cymeprpynn cepan U{p, g), awmomcuposan B [39],
TaM JKe faH HaBpocok oBLIero MeToia, HCNoAL3OBaHACTO B [34—
38]. B aTux pafotaXx yKazaHa Taime PeATH3AUHA HEBHIPOK IEH-
HLIX WpeIXCTaBAeHUN KAK NMpeicTaBAeHuid, BHAYUHDOBAHHBIX HEKOTO-
pPHIM mpegcTaBAerHeM Tpymibl (.

B [40] nafinenbl XapaxkTepsl HeBBIPOKICGHHLIX npelcTaBIcHHA
JAPYTHM METOZOM. BHpOMXK/JeHHBle NDeICTaBJAEHHEI B HacToAliee Bpe-
Mg HHTeHcHago Waydares. C EHMH CBA34HO CNHCAHHE HETEH30pD-
HLIX TeOMeTpHUeckKRX OOBOKTOR Ha CYNeDPMHOrODGpAsusAx, 0 KoTo-
PHIX Tosopuiock Buiure. C maubosaswedt NoApobHOCTHIO B HATTOA-
Iiee BpeMs M3yyeHH Inpeicrasiedus cyneprpynn U(p, g) =
C(m, n). TlepBas H3 HHX ABJAAETCH CYNEPaHAIOTOM RONHOR yn-
TAPHOH TpPYIIL, BTOpast COCTOHT M3 0OOOOMICHHBIX KAHOHHYSCKUX
npecfpasopanyil, nepeMemHBaomux GepMn- W §03e-ONEPATOPLL
POXEEHHA H YHHUTOKEHHA, -
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ITepBble CHCTEMATHUCCKHE DE3YJbTATH, KacalOIHECH [pencTaB-
Jennii cynepadare6p JIn, noayuenn s padore [41], rae omucas
BCe mnpencrasieHHA cynepaarefpu gl (1, 2) — Gamxkaiimero cy-
nepananora o0nlgpof anreGpw MaTpui BTOpOre foOpsika, H B pa-
Gore [30], rae onpexeneno obullneHHe HA Cynepeayyad NOHATHH
YHHTapuoro npexctasiaeHus. B [42, 43] neransno msywawoted
npejcrasnaenns ajaredp cepuu ¢l{p, ¢) npu Maaux p, 4.

5. 3akawuenne

B racrosimee Bpems, KoTta CynepMAaTeMaTHKA B OCHOBHHIX Uep-
TAX yXKe NOCTPOeHA W OCBOSHA, CNedyeT ehle pa3 3alaThCd BONUPO-
COM O TOM, KaKyI0 DOJb OHa TPH3BAaHa CHIpaTbh B (pHU3HKe.

Cefluac cynepCcHMMETPHH ABAAIOTCT MO CYIECTBY BCIOMOraTelh-
KBIM anhiaparoM s NOJYYeHAs TOKAECTB ¥YOpAa B CAOMHBIX 10-
ACBBIX TeopHsix. OAHAKO eCJH OTHECTHCH K HEM Galtee CepLesHo,
TO OHH, KaK MHE KaMeTCsd, COALPKAT HaMeK HAa CYIeCTHOBAHHE
(pyEAaMeHTARBHON CAMMETPHH MeKAY KOOPAMH&TAMH H MOIAMH .
B camom zene, npeodpasopadnd Tana (2.6), xapakTepHble a4
CYNepCHMMETPHUHLIX TeoDHH MoJd, B 0COOeHHOCTH AJA Cyleprpa-
BUTAUHH, B 3HAYATEJLHOH CTENeHH AHINAIT KOOPAHHATH HX NpH-
BBIYHOTO CMBICJIZ: BMOCTO KOOPIMHAT X; B 3THx dopMyaax yvacr-
BYIOT HueTHble ofpaszyiomue anarebp Uy, (U), KoTOpHEe HMeOT BH3

X; = 4; + Efi; ih'"-"‘-zk (a) Ei] e Eizk’ (5-1}

rie a; — Koophaauate B U, §; — ofpazynoilie rpactMaHOBOH a.i-
refpu @, OOpasywowye §; NpHHUHTHAILEO He Hal/oiaeMbl, Tak
Kax B CHJAY HHJABLIOTEHTHOCTH MOTYT NPHHHEMATL JIHUIL eLUHCTBEH-
Hoe yHCaeHHOe 3HadeHue §; =0,

Takam ofpasom, BeaudHHH, npeobpasyomuecs 1o Gopmyiam
(2.6), — aT10 crpandbie rufpuAb HabaOAaeMBIX BedHuHH {K0Op-
JHHAT) M HeHaOAMAaeMBIX, 3Ta CTPAHHOCTh Cpa3dy Ke HCUe3aeT,
eCNi cuMTaTh £ KJACCHYeCKHMH aHanoraMu ¢epMHeBCKHX onepa-
TODOB: TOCJe KBAHTOBAHHA Mpasad uacth (5.1) mpespalilasTca B
ONepaTop, KOTOPHIH NPH Pa3yMHHIX ycAoBHAX camocolpsiKeH. Oa-
HaKce B ToM cayuyae Gopmyan (5.1) u (2.6) mokaseiBaioT, YTo Ko-
ODAHHATH H TIOJAA ABAAITCA oObekTaMH 00ILeH MpHPOAH.

B TMOATBepAcHHE BLICKA3AHHON TOUKH 3peHUA A XOUy 0GpATHTE
BHHMaHHEe HA CYLIECTBOBaHHEe CHMMETPHH MeX/[AY KOOPDAHHATAMH H
NoJasAMH B 0OBYHON KAAaCCHYECKOH MAaKCBENJIOBCKOH 3JeKTpOIHHA-
MuKe (HUKRaKoH cynepcamMerpHul). B camom JAene, noTeHUHan
A=3A,dx, onpefeiied ¢ TOYHOCTBIO A0 HOJAHOTO AUpPepenuHasa.
IMonoxum ©=ZXA,x, Hmeem

0~d®=3dA, xu+ZA,dx,. (5.2)

IlpaBasg wacth (5.2) oueBHAvHM 06pasoM CHMMETDHUYHA OTHOCH-
TeJBHO 3aMeHH A, +r x,.

} 31a mHpesn NO CYWECTBY COAEPHMHTCST Yme B [71.
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Faasa 1. AJITEBPA TPACCMAHA

§ 1. OBLULHE CBELEHHS OB ACCOLHATUBHBIX AJITEBPAX

L Aare6pn. Anre6poli HazwBaeTcs: JIHHEHHOE NPOCTPAHCTBO,
B KOTOPOM INOMHMO OOBIMHHEIX Ofepannil CJOMKEHHS M YMHEOMEHHA
Ha 1Hcha onpefedena TaxiKe ONEpanHs YMHOMEHHS 3AeMEeHTOR ¢
COLUHBIMH cBOficTBaME AucTprOyTHBEOCTH: a{ub-8¢) =aab+ Bac,
(ab+fcla=aba-{-Bea, vae a, B — uMcna, a, b, ¢ — 3NEMEHTH af-
re6pul. Anre6pa HaswBaercs KOMMYTATHBHOM, €cnd  jas  jiofhx
ABYX ee 3J1eMeHTOB &4, b pepHo, uro ab=bha.

Anre6pa HasbBaeTcs KOHeUHOMEpPHOH nam GecKoHeuHoMEpHOH,
€CJH KaK JHHeAHoe MPoCTPaHCTEY OHA COOTBETCTBEHHO KOHEaHOMEp-
Ha uan SecKOHeUHOMEpHA.

Anrebpa HasnBaeTcA acCOLHATHBHOM, ecan A JMOGHIX Tpex ee
31eMeHTOB 4, b, ¢ BepHo, uto a(bc) = (ab)e.

Tlycte % — nexoropas aarebpa, K-— MHOMXeCTBO QHCeN, Ha KO-
TOpbiE AONYCKAETCH YMHOMXeHHe 3jeMenToB ¥. B Takom cayuae
9% naswmpaercs aare6poft Han K. B nanbmefimiem B a10fi  kuure K
BCEra #ABJAETCA MHOH(CCTEOM BeILECTECHHHX HAH KOMILTCKCHBIX
yuced: K=R unu K=C. B saucumoctu ot toro, K=R usn K=C,
anre6pa ¥ HA3LIB2ETCS BEIECTBEHHOH HAH KOMMJIEKCHOH.

Tpuvepu aarebp.

1) MromectBo R BemecTBeHHEIX YHCeN ¢ OGLINHLIMH oflepalHdA-
MH CJIQXEHHS M YMHOMEHHs SIBASETCS OUeBRHAHBIM 00pas3oM Benle-
CTBeHHO# aaredpoll. AHANOrHIHO MHOXKeCTBO C KOMIJEKCHKIX 4HCEI
sBJseTCs KOMIJIEKCHOH anre6poit.

2) Iycrs ¥, M — npousBoanHbe MHOKecTBA. epes %M obo-
3HavaeTcsd COBOKYNHOCTL Becex otobpaxkeHnit M B ®, T. e. coBokym
HOCTL BCeX (GyHKEMH Ha M co 3HaveHHsamH B ¥. DB cayuae, ecdil
¥ apnserca aare6poit nan K, ¥ takxe Aenaercs aaredpoit vag K
¢ ECTECTREHHHRMA ONepAUEAMY CAOXEHHS, YMHONKEHHA ¥ YMHOMNKe-
HHA HA ugcda: npy f{x), g(x) <, xeM, a=K

(&) () =F(x)+g(x), (I, g) (x)=f(*)g(x), (af) (x) =] (¥).

Quepnano, 410 ecau anrebpa ¥ accouMATHBHA HJIH KOMMYTATHBHA,
TO TEM e CBOHCTBOM of.ganaet aarebpa UM,

3) Iycrs UcR®? — 0o6gacTbh p-MepHOro BeUIECTBEHHOIO NpOCT-
panctea R?, K — anre6pa uncen: K=R uan K=C. Paccmotpum
nopaare6py aaredpu KU, cocrosmyo H3 GeckoHeUHO IH(QepeHiH-
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yeMbIX ¢yuRumi. Ity anrebpy Oyaem obospagats s£(U}. Ona 5
panbHefiliieM HFPAaeT OueHb BAXKHYIO POJD.

4) BceBoamoxuble MHOTO4YjeHH Ha {/ ofpasyior nogaareGpy
aarebpu S (L), xotopywo Myl 06o3Haynm vepes P(U).

5. Pacemorpum RP kak JauHefiHOE NPOCTPAHCTBO ¥ 0603HAUHM
gepe3 L{p|R) MHO#eCTBO BCEBO3MOMHBIX JIHHEHHBIX ONEPATOPOB
s R?. L(p|R) samnaercss airefpofi [0 OTHOWIEHHI0 K OOHUHLIM
onepaliM YMHOMEHHS H JNHHeHAHOro KOMOHHMPOBAHHA ONEpParTo-
poB. D14 aarebpa oueBHAHMM 00pasoM BelleCTBEHHA.

AnanorgyubiM oGpasom onpedensiemas aarebpa L(p|C) Bcex
NHHEAHBIX ONEPATOPOB B KOMILIEKCHOM mpoacrpauctBe CP KOMILIEKC-
pa. Anrebpul npumepos 1), 3), 4) accouMaTHBHH H KOMMYTATHBHHI,
anreGpLl IpHMepa 5) acCOUBATHBHH, KOMMYTATHBHEL npu p=1 1
HeXKOMMYTATHBHE IipE p>1.

Ecnu B anrefGpe ¥ mMeeTcs 3NMeMeHT € OOHYHRIMH CBORCTRAME

el HHHILEL
e-q=g.e=a gad awboro ac%,

To Takast aarefpa HasbiBaeTcss anre6poll ¢ euHHUel, 3AeMEHT ¢
HasmBaercs efuBuUel anrebpu. Anrebpw B mpuMepax 1), 3), 4), B)
ABNATC aare6paMi ¢ eauHMumamu. AnreSpa %M (npumep 2)) o6-
Jajaer edHHHILEH, ecIx STHM CBOHCTBOM obnagaer aarebpa U: exu-
Hunell UM conyxut Qyaxkuus e{x) =e, rae e-—eguguuae 9.
ORHAKO CYLIECTBYIOT TaKe BaKHBIe NS NMPUIOKeHUd aaredphl
Oea epuunue. B uacTHocTs, anre€pel JlH HHMKOrga He coaepsxar
enduyuy. (Anre6pwu JIu He acconuaTtHBHHEL. CYILECTBYIOT, pasyMeer-
cA, ¥ accolnMaTHBHBE anredpnl 0ez eAMHULUM, HanpuMep aarcebpol
TPEYIG/ARLKBIX MaTPHI C HYJ1eBOH NHATOHAJBKW.)
2.06pasywuue Iycts 4 — anrefpa u TY — HEKOTO-
poe MuoxecTBo €e siuementon. OGosHauuMm uepes % () coBoryn-
HOCTL BCEBO3ZMOXMHHEX MHOTOUNEHOB OT 37ieMeHToB X : [ (T}, ecau

f:Z Z frocnip@ oo 0y, ¢, =%, fi = K (LLL
0 iy iy

(cymma xoneunas). Ouepugdo, yto ¥(Z) sBasercs mopanredpoi
¥, ona HasuiBaercs noAaarefpoli, UOPOKIEHHON MHOMECTBOM .
HAcno, yto Y (T) coaepxurca B nOBoR nogaarebpe, cogepxameit X.

B cayuae, ecan (X)) =%, MHONKECTBO X HA3HBAETCH CHCTEMOL
o0paayiomux ajreGpu % HAH NOPOXKAAIOUIAM MHOKECTBOM.

B manbHefileM Haw NPeACTOHT paccMaTpHpatTe anrebphl, 14
KOTOpLIX ONpELe/eHo [OHATHE CXOAHMOCTH IOCAEL0BATEALHOCTH
aneMenToB. Takue anreGppl Ha3HBalOTC aarebpaMi  cO CXOAH-
MocTbio, JIaa anrefp €O CXOAMMOCTBI0 NOMHMO OOLIUHOTO [OHATHI
cucTeMB OOPAsYOUIMX CVLIECTBYET BaiKHOe IOHATHE TONOJOTHYE-
CKOR cHeTeMBl 0OpAa3YIOUIUX.

MuoxecrBo ¥ nasmBaercs TOMOJOTHYECKOH cHcTeMud o6pa-
SYinHx aare6pn A, ecan ¥ asagerca saMbikanined (T}, 1. e
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ecn nioGolt avieMeHT [=%  ABJASETCH pPEAEAOM  [OCJEJOBATENb-
HOCTH 3JeMeHTOB ().

B cayuae, ecaw Hamo GyReT NMOJYEPKHYTh PA3HHLY, CHCTeMy
00pasyioluX B CMBICJE paHee IIPHBELEHHOrO ONPeNeNeHHS Ml
fyAeM HHOrAa HasHBaTh ajareGpaHuyeckoi. -

B xomHeusHoMepHYI0 aare6py MONHO BBECTH CXOAUMOCTL O6BIY-
HBIM NMOXOOPAHHATHLIM o6pa3oM '. TakuM o6pa3oM, KOHEUHOMEPHYK:
anrepy Bcerja MOMHO PaccMaTpHBaTh Kak aarefpy o CXOIH-
MOCTBIO.

OTMeTHM  BaXKHOe CBOACTBO TOHOJOTHYECKHX OOPa3yIOLIHY
KOHeYHOMEpHO# anrebphl.

IMycts % — koneuHoMmepHas aare6pa ¢ NOKOOPAHHATHON CXOLH-
MOCTBIO, T —CHCTeMa €€ TONOJNOTHYECKHX obpasyloux. B 2
CONEPIKUTC KOHEUHOE MOIMHOMKECTBO, ABJASIOHIEECs] CHCTEMOR aJ-
re6panveckux obpasynouinx .

B camom aene, nycte T — cHereMa TOMQAGCHUSChHX ofpa-
ayomux aare6pul ¥ o fi, .., fy — Oazuc U, Kak nuHedHOTO TPOCT-
parctsa. CorjgacHe onpepejsenuw [, = limf,,, tae f,,.=%(Z)

n—-00
umeer Bug (1.1.1). Pasaoxum f,, no Gaaucy [,
fa-T&:ZCG,ﬁ (n)fﬂ‘ . (1-12)
HipegenavHoe COOTHOLIEHHE [y = lim f,, ©03Hauaer, Tro
n—e

lim cop(n) = 8u.  CnenoBatensvHo, detilcqs (7o) [|550 npu axocta-
n—roo

TO4HO GONLEIOM #p. B ¢BOIO oYepenpb, 3TO 03HAYAET, YTO JIeMEHTH
fan, aoaoGHo snementaM f,, o0pasyior Gaauc B ¥, KaK B JuHef-
HOM NPOCTPAHCTBE. 3AIHIIEM 3JEMEHT f[qn, B Buie (l.1.1) u or-
METHM 3JeMeHTH a;MeZX, uepe3 KOTOophHe oH BHpamaercd. Hx
YHC/I0 KOHEUHO NpH mioboM q. OObeauHerHe a;(® npu Beex { H 2
o6osnaunM X Muoxectso 3;<ZY KOHEYHO H OYEBHIHHIM 00pasoM
CJAYEHT CHCTeMOol aarefpanueckux obpasyiomux B U; kamiwil sae-
MeHT [ apageTcd auuefinof KoMOunaumel fy,, M TEM caMuM
NOJHHOMOM OT d;(@L :

W3 10Ka3aBHOre YTBEPIKJCHHA CUeBHAHEIM o0pasoM cJaenyer,
4TO A8 KonedHoMepHoOH anrefpbt Kamaasd anreOpaHueckas cHCTeMa
06pa3yUIHX COJEPMHT KOHEUHYI0 NOACHCTEMY, ABJIARILYIOCHA
raxkxe aare6paudeckoli cucteMOH 00pasyiOlAX, H UTO Kax1as TO-
NOJACTHIECKAS CHCTeMa oOpasyomux seaseTcs OXHOBPEMEHHO aared-
PAauUeCcKOH.

! [lyers L — HeKOTOpOE KOHeYHOMEpHOEe JNHHefHOe NPOCTPAHCTBO, e — BasHe

B L. [locaenopaTenptocTh [n=2Za:(n)e; ua3apipaeTca CXOARLNEHCA MOKOOPAHHATHO

K f=3ae;, ecin a@; = lim g; (n) npu meex i. HecMotpsa Ha 10 uTo B onpenefe-
n—c0

HHH CXOAKMOCTH dqrypHpyer Oasnc e, onwa dakrmuecky or mufopa Ossmca He
3ABHCHT: eCJM &;=Cinlh, € — APYroH Gasnc, 10

Fn=Zb;(n)es, f=2bre;, bi(n)=Zag(n)cr, b;=Tautw ¥ b;=1r§mbz(n).
_ _ wb ,
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B ofweM caydae 3TH BHIBOAH, DAa3yMeeTcs, HECHPABCAAHBH.
[IprBEeAEM NPHMED, H/IIOCTPUPYICIINH DAa3HHIY Me¥AY TCOTOJOCH-
yeCKHMH H agareGpandeckuMu o0pasymomuMu st GeCKOHeuHoMep-
go#l anreGpoL.

Pacemorpum aareGpy £ (U) Gecxoneuno audpdepeHuHpyeMbIx
(yHKUHH, BREJACHHYIO B npuMepe 3). Onpejenum B Hell CXOAHMOCTD:
fn—>f, ecim Ha mobom komnakte Vo U f, cxoanrea K f pasHomep-
HO H BCe YACTHRIE NPOH3BOAHLE [, TAKKE PABHOMEDHO CXOAATCH K
CcOOTBETCTBYIOMIMM YACTHHIM NPOH3BOAHHM f. B cMBicse 3TOH CXOAH-
MOCTH MHOXECTBO MHorouseHoB P (U) maotao s s (U). #(U) ss-
aseTcs anreGpolt ¢ p asrebpanueckuMH 06pasyioOUIHMH, B KAUECTEE
KOTOPBIX MOXHO PacCMOTPeTh AeKAPTOBH KOOPAHHATH ¥; 5 obaac-
m /. Tem caMBIM X; CAYXKET TONOJOTHYECKKMH OOpPasylOIHMH B
& (U). Moxno nokasats, 4To B &£ (U) He CyllecTBYeT KOHEUHOM
CHCTEMB anredpanueckux o0pas3yroLuinx.

3. Hpgeanawn, ¢axropaarefpu, roMoMopdH3MEBL
TMoganre6psl R HazmBaerca JeBbHIM HAEANOM, eCJIH, KAKOBH OB
uu OeTH a9, xR, ¢ Heobxoaumocteio axeeM. Ecau npu 1ex xe
yeaosusx xasR, o N paswisaercs npapelv wieanom. Miean Has3H-
BAaeTCHd ABYCTOPOHHHM, BCJH OH OJHOBPEMEeHHO JIeBHIA M IpaBblfi.

IMycte R — nozmpoctparcTso U Kak guHeHHOro NPOCTPEHCT-
Ba. CONoOCTAaBHM KamIoMy ae=9l MHOMNKECTBO 3JEMEHTOB

ng={a+x;, xR}, (1.1.3)

B (1.1.3) npepmonaraercst, uto o ¢(hHKCUDOBaHO, a x npoderaer
naean N,

Muoxecreo (1.1.3) Ha3pipaetca kJaaccoM cMexHocTH U no R
OueBHaHO, YTO jBa KiAacca CMeXHOCTH JHO0 He HMeloT oOMuX 3Je-
MEHTOB, JHOO COBMAZAIOT H YTC KaXKAHH 3jeMeHT U MpHHAIICKHT
HEKOTOPOMY KJIaccy CMemRHOCTH. MHOXKeCcTBO K/1accoB CMEKHOCTH ¥
no R Hassisaercs PaxropupocrpaHeteoM ¥ no M u oboznavaerca
a/m.

Tlycrs u=a4xsn,, v=b+ysns, o, p=K. Ouesngto, uto

i+ pr=ua-pbtax+ PYS nuares.

ApyruMu caoBaMmu, KakiuxX Obl NPEACTABHTENEH KJ1AcCOB CMEXKHOCTH
Mo M Ay MBl HH B3siH, HX JHHeHHAsd XKOMOHHALHA NPHHALJEKUT
KJIACCY faatsd

[TosToMy B MHOMeCTBe KAACCOB CMEXKHOCTH MOXKHO BBECTH OIC-
paiHio AHHeliHOro KOMGHHKDOBAHUA COTJIACHO ¢hopMyJe

una+5nb=nag+ﬂb. (114)

Onepauus (1.1.4) npespautaer /M s sunelinoe npocTpaHCTsO.

[Tycrs Tenepn ® — aeycTopoHuuil unean %, u=a+4-x, v=b4y—
IPeACTABHTENN KAACCOB Uy H HUp COOTBETCTBEHHO. PacCcMOTPHM  HX
OponzBeneHie

uv=ab--ay-3-xb+xy=nay,
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TaK KaK gy-txb4xyc=R. pyrumd CaoBaMH, TPOH3BeJEHUE Hnpel-
CTABHTE/IEH KJACCOB CMEMHOCTH fig H Ay  BCeTAa INPHHAJJIEKHT
KJ4CCY CM@XHOCTH fgp, KaKHe OBl MpeICTAaBHTENH HH paccMaTpHBa-
JIHCh, 3T0 06CTOATEALCTBO IIO3BOJSET BBECTH B MHOXKeCTBO KJIAaCCOB
CMEXHOCTH yMHQ2KEeHHe COTJIacHo dopmyJe

Ngly="lgp. (1.1.5)
Jlerko npoBepsioTcs CBOficTBA AMCTPHOYTHBHOCTH
ne(ang4-Prp) = ancng+pnensy
(anz+Bns) ne=angh.-+prpn,.

Takum obpasoM, dakTopnpocTpancTao anreSpe & no ABYCTOPOHHE-
My uieany sBasercst aareGpof. Dr1a anrefpa HasniBaercs (akTop-
anarebpofi ¥ no K.

IMycrs 4 1 B — aarefpur. Ortobpaxende [:¥—B uastipaercs
rOMOMOP(H3MOM, €CHIH BBITIOJIHEHL CHEAYIOUIHE YCJIOBHS:

Foa+-80) =af (a) +Bf (D), o, p=K, a, be=¥
- flab)=f{a)f(b).

TFomomopduam [ naswiBaerca uHzomopdusMmom anarebp o u 9B,
ecny orobpamenne [ B3auMHO-0ZHO3HAYHO. [1pn ¥=9 nszomopdusm
f:¥%9—Y naswBaercss asromopdusmom . Muoxectso R, co-
CTOANIEe H3 BCeX SJIEMEHTOB, MepexoAmuX npH romMomopdusme f
B 0, HasniBaercs sAAapoM roMomopdusma f, oGozHauaercit Kerf.
MHoxecTBO 31eMeHTOR anarefpun 9, cayxamnx ofpaszaMu  saemeH-
ToB anrefpu ¥, T. e. npencrasuMuX B suze f(a), a=¥%, uasusaer-
cs1 ofpasom roMomopouzma f, obosnavaercsa Im/.

Jlerko sHpaeTs, uTo ®=Ker{ asndercst IByCTOPOHHHM HIeasioM
anrefput ¥, Im{ -—— mopanrefpoi B, npuueM aaredpa Imf uzomopd-
Ha (aktopanretpe U/N. HizomopduaM yCTaHABAUBASTCSH CASIYIOUIHM
ofpaszom: 0603payuHUM HUepe3 f, MHOXKECTBO jeMeHTOB ¥, MMelomux
obuit ¢ @ o6pas npu romomopdusme f:f(b)=f(a) npu ben,
MHuOXKecTBO 1, apageTes KaaccoM cmexuocTH I mo R, Otobpaxente
g Im >R

g(b)=n. npu b=F(a)
KoppekTuo onpenpenero (r. e. g(b) He saBucHT or BHbopa nPoob-
paza b npu roMomopduaMe f) U gBasercs usoMopdusMoM anaredp
Imfw g/

Mycts % — aeBuill ugean aqre6pe A, Muoxecto Xz R nassl-
BaeTcA CHeTEMOH ofpasyiomux N, HIH NOPOXKIAIIIHM MHCKECTROM,
ecaH KamKAWH eMeHT R NpefCTABEM B BHAE IOJHHOMA OT 3JIeMeH-
ToB 2 ¢ KoadprnneHTamMy H3 U, CTOSIUMMH c/i€Ba OT NPOU3BeReHHHA
9JIEMEHTOR X:

x=ZFat, L3 g=¥

Taxof nosusoM GyieM HaswlRaTh JepbiM. Ecnn % — npasuit upeal,
TO MHOMKECTBO £ HA3hHBaeTcA CHCTEMOR o0pasyoluX, eciu Kaabi
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3/IeMEHT X&R ABAAETCA NP2aBHM NMOJHHOMOM 0T 3seMentos X, ([Ipa-
pHH OOJHHOM OHpelensAeTcs aHaJOTHYHO JIEBOMY.)

[lonvepkHeM pasHMiy B OnpefefeHHH o6pazywomux anreGpu X
# ee HIeaJsa; B caydae anredpH pacCMaTpHBANOTCA NOJTHEOMELI €
YHCICHHLIMH Ko3tdHIHeHTaMH, B cayyae upeana — kosdhduuuen-
TH MOJHHOMA ABJIAIOTCA 3JeMeHTaMi aareGpul 9.

Ecnn % — anre6pa co CXOEHMOCTDLIO, TO TOSIBJASIETCS  BO3MOXK-
HOCTh ONpeReNHTh TOMOJOTHUECKHe 00pasyolie ee HALAJNOE,

IMyetn ¥ — nesnit aeaa anredpol €O CXOAHMOCTRIO. MHO-
wecTB0 XN HasHBaeTCH CHCTEMON TONOAOTHUECKHX 00pasyioluX
%, ec/IH COBOKYMHOCTb JIEBHIX NOJHHOMOB OT 3JIEMEHTOB ¥ ¢ KO3(-
dunuentamu H3 9 naotea 8 %, AHaJOrHYHO CNPEENAOTCA TONOJMO-
razeckye oHpasyoliie IpaBoro Hjleana.

B nanpHefiluem #aM, Kak DPaABHJO, OYEYT BCTPEYaThCs JIHIIb
ABYCTOpOHHHAe HieanH. [ToaToMy ¢/OBO «ABYCTOPOHHHE» MBI OyieM
N8 OPOCTOTH OIyCKaTh M NOH CNOBOM «igaJj» NMOHHMATbh ABYCTO-
POHHHHA uAeal.

4. Mogyau. Ilycts % — HekoTopas anrefpa U L — KoMMYy-
TATHBHAR TPYINNa ¢ TPYNNOBOH omepauHel, KOTOpYIo Ml OyreM
3aMHCHIBATH € NIOMOUILIO 3HAKA - .

I'pynna L nasuBaercd mepsiM moaysaeM Hazg ¥, ecad jns ee 37e-
MEHTOB ONpeleNeHc yMHOMKEeHHe cleBa Ha 3aeMedTst U ¢ oObIuHBIM
CBOHCTBOM AHCTPHOYTHBHOCTH H aCCOLHATHBHOCTH:

a(f+g) =af+tag, a(b]) = (ab)}]; |, gL, a, b=,

Ecnu nss sneMentoB L ompeaeneHo YMHOMXKeHHE clnpasa, obaajnalo-
niee aHAJONHUHLIM CBOHCTBOM, TO L HA3EIBAETCS NPABBIM MOAYJIECM,
€CJIH Onpeie]eHH YMHOMEHHS W CIe€Ba H cnpapa, npudem a(fb) =
= (af) b, T0 L nazviEaercs: ZABYCTODGIIHHM MOJYJEM.

B aaspHefilueM HAM BCTDRYAETCH TJIABHBIM 00pa3oM JBYCTODPOH-
HHE MOZY/AH HAJ KOMMYTaTHBHEIMH aareGpaMK, H CJAOBO <«MOAYJbL»
fea npujararejbHEX ynorpebiserca Ans of03HAYEHHH JBYCTOPOH-
HEro MoAyJas C AOHOJHHTENLHBIM CBOHCTBOM af=fa.

§ 2. AJIFTEBPBI F'PACCMAHRA

lOnpenenenne ¥ mpocTeHlIHe CBOHCTBA rpac-
¢cMaHoBHX anrebp. Accoumatuspag anreGpa ¢ eAHHHUCH Ha-
3BIBAETCH IPACCMAHOBOH (COXKpalleHHO I. a.), €CJH B Hell CYIIeCT-
Byer cHcTeMa  00pasywoinuX, — CcoCToslas  H3  3JEMEHTOB
&i, co croitcTBAMH
1)
Ei&n--EaEi=0, B uacTHoCTH, £2=0. (1.2.1)

2) Jlwo6oe Apyroe COOTHOMIEHHS MEXAY &; sIBASETCH Cl1eICTBHEM
(1.2.1) 1,

' T. e. npuHagjexuT Hiaealy TeHaopHOH aareGpw ¢ ofpasywwumn L [O-
Poxaennomy neebiMe vactsmn ([.2.1). — Ipum pen.
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O6pasyiomue &; ¢ 3TuMH cBoficTBaMy 6yAeM HasHBATh RZHOHI-
deckHMH. I'paccManoBy asrefpy Oyiem ofo3uauate Gykeod A.
B cayuae, ecan uam Oyler BaiKHO yKa3aTh CHCTEMY KAHGHHYECKHX
o0pasyoiigx B r. a., MH OyleM [O0IL30BATLCS 0603HaueHHeM
A1, .., §g). B caydae, ecqin BAXHO JHIIL HX 9HCAO — ofo3pade-
nieM Ay Ha (1.2.1) caeayer, uro nw6oit saement A(E, .., Eg) a8
Aseres NAHeAHOH komOunaunet oxsownenos B, ... E,,, L<<ip <. ..
... < i, M eIHHHYHOro 3jeMenta. To OOGCTOATENLCTBO, UTO BCE
COOTHOIUGHHSA MEXAy &1 caeaywt w3 (1.2.1), osnavaer apgeliayio
HE3aBICHMOCTL 3THX OfHO4AeH0B !. CleloBaTebHo, OHH B COBOKYII-
HOCTH € eIHHHYHBIM 3neMenToM ofpasylotr Oasuc B Ag, kak B au-
HedHoM TNpocTpancTBe. Tak Kak WX YHCAO PABHO UHCAY HEMYCTHIX
MOAMHOKECTB MHOMKECTBA H3 ¢ JeMenTtoB, TO dim A,=2¢ OTciona
caemyer, 4To Afas cHCTeMa KaHoHAYeCKHX obpasylouux A, co-
CTOHT H3 § 37eMEHTOB.

Jas enuuuny B A MU He GyAeM BBOAHTL CHeLMa)NbHOro ofo3Ha-
YeHHus, cYHTAfA, UTO CHa COBMALAaeT ¢ eAuHHUeH B aarebpe uncen K.
Taknm obpazom, Kaxaeil sieMent A(Ey, ..., E;) 3aNKCLIBACTCA B BHJE

f=i®=Y Y fuopBi- & (1.2.2)

=04y, ...

Caaraemoe, oTeeuawiiee k=0, IponopuUHOHaAbHO e€AHHRIE. 3aMHCE
f=F(%) npuasana NOAYEPKHYTb, UTO 3JEMEHT [ BbIpaxeH B BHRE HO-
JHHOMA OT 00pasyiwsx ;. B JajaphefilieM MB YBHIHM, 4TO NOJH-
HOMEL [(E) obnajgaior MHOrEMM $OpManbHBIMH CBOHCTBaMM OOBIY-
BhX ¢yrkuuii. [TosToMy M GyaeM HMX WHOrlla HaspBATH PYHKIHA-
MH OT 2HTHKOMMYTHPYIOIIMX AepeMeHHHIX. 3anuch JICMEHTOR
A&, ..., &) B Bupe (1.2.2), poobmie roeops, He oaHo3HauHa. OAHa-
KO OHa CTAHOBHTCS OJHO3HAUHOH, eC/HM HAJOXHTL HAa KOs(huUUEH-
TH fi,,.. i, AONOJHHTeAbHBiC Yyesosus., Hanpumep, MoxHo norpebo-
BATb, 4TOOLL f"n'---fk =0, ecqd He BRIMGIHCHO COOTHOMISHHE 1< ir<]
<< oo <ip, HAR uTOOH [, i, OB KOCOCHMMETPHIHBI TU HHIEK-

cam i1, .., Iz (T. €. MEHAJNH 3HAK NpH NEPECTAHOBKE JMOOhIX ABYX
HHAeKCcoB). BTopoe yenoBe Godee yAOOHO, M B JasibHeHlieM, ecaH
ajgement [ sanucan B puge (1.2.2) o mpoTHBHOE HE OTUBOPEHO,
Beerga CYUTAeTCH, YTO KOMPQHLHEHTHl [i,.., KOCOCHMMETPHYHHI

[TycTh & — KaHOHudeckHe ofipasyiomine anrebpel Aq u [EA,
BHIpaXKEHHBIH yepes §;, coraacHo gopmyne {1.2.2} ¢ RococHMMerpuu-
HEIMH Ko3(QduuuenTaMy fi, . ...

[IpexnonokaM, 410 fi,..0, = 0 npx k<{n, a npu k=n cyuect-
ByeT OTIHYHEA OT Hyas KospguunenT HasoseM Yucao n cremneHbd
sjeMeHTa [ ¥ BBeaeM nJ1s Hero ofo3HaveHne n=degf

! Ao TpeboBaHHE — OLHH K3 BAPHARTOR TOYHOH (OPMYIHDOBKH ycioBHa 2).
Ero HENpPOTHRODEUHROCTh HYymAaeTca B jAokasarensctse. CM. nanpuMep, Ban
nxep Bapzex «AnreSpas, ra 13, § 83, — Tlput. pex.
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B cayyae, ecau B 3anucH (1.2.2) OTVIHYHH OT HyAs TCJALKO KO-
apPHIHEHTH ¢ k=n, 57eMeRT [ GyAeM HA3BIBATH OJHOPOANLIM CTE-
nert 7 B cmbicae deg. OueBunHO, 4TO CBOMCTBO 3JjeMenTa [ GbiTh
OAHOPOAHLIM B CMEICKe deég 3aBHCHT OT BHOPAa CHCTeMsl ofpa-
3YIOILHX.

Ha neppriil B3rnsAg Kaxercs, uto M deg f TakkKe 3aBHCHT OT BhI-
Gopa cucTeMbl 06pasyiomux, OMHAKO, 3TO HEe TaK. B camoM gede,
nycTs i, 1 — [ABe CHCTeMBl KaHoHH4eckux ofpasyowux. (Gbosua-
4yMM BPEMEHHO CTENEHH 3JeMEeHTA [ MO OTHOIUEHUID K HHM COOTBET-
cTBeHHO: deg:f m deg,f. 3ameTuM, uTO ecau MeMeHT [ HHALNOTEH-
Ted, T. €. [*=0 ans Hekoroporo m, 10 degif=>1 u deg.f>|. B uacr-
HocTH, deg,§i>1. 3anuinem snement f 8 Buge (1.2.2) ¢ nomowpw
o0pasyloUHX & H B aHANOTHYHOM BHMIE BLIPA3HM E; uepes v, Ilox-
crasiasaa §;=§(n) B (1.2.2), Haxouum BopaxKesue [ uepes n;. M3
toro, uTo deg.f;>1, oueBHaHO, caenyer, uto deg.f>deg.f. Mensas
POIAMHU CHCTEMH &; H 1};, HaX0AHM, 4To deg.f=degf.

O6ozHauum uepes A% mognpocTpaHCTBO A, COCTOALIEe U3 3Je-
MEHTOB, YAOBJETBOPAWILNX ycJaoBHIO deg f=fk. Ouepuano, uro

A=AODAODARS

H uTo npH feA®), g= AP, fg= A®+H), Takum ofpaaom, AW gpasger-
¢ HaeaqaoMm A.

[Mycre f=A(Ey, ..., Eq) umeer Bua (1.2.2), npuuem g8 crosuled
B NPaBod 4acTH CYyMME OTJHUHHL QT HYJIS JULIbL cJAaraeMmuie ¢ 4ert-
HEIMH k. B 3TOM c/aydae 3AeMeHT [ Ha3BIBaeTCH UeTHBbIM G OTHOLle-
HHID K CHCTeMe KaHOHWueckux obpasylomux £, B cayuae, ecian
B cymMe (1.2.2) OTJHUHE OT HYJAS TOJLKO cjaraeMble ¢ HEUETHH-
MH R, 3JeMEHT [ Ha3HBAETCH HEYETHEIM MO OTHOLIEHHIO K CHCTEME
KaHOHHYeCcKHX ofpasywomux ..

Kax yeTHwme, Tak ¥ HeueTHble 3JeMEHTHl HA3BIBAXOTCH OAHOPOA-
HEIMH B CMBIC/IE YETHOCTH.

IMyern {E;) -~ HexkoTOpas cHCTEMa KaHOEHUECKHX o0pasyloniux
r. a. A. Kak ueTHble, TaK H HeUeTHEIE N0 OTHOIIEHHIO X {E;} saeMeH-
TH 06pa3yioT JuHeliHEEe NOANPOCTPRHCTBA, KOTOPBIE ML 0603HAUHM
COOTBETCTBEHHO A (&4, ..., §4) ¥ *A (4, ..., Eg). Hiuke Mut yBUIHM, 4TO
npocTpakcTBo PA(Ey, ..., &) B AeACTBHTEJbLHOCTH HE 3aBHCHT OT CHC-
TeMb KaHOHHYeckux ofipasyiomdx E; [lostomy ans mnero 6yaer
yinoTpelanTecs COKpalieHHoe ofo3nauenue A, B cayyasax, HCKLO-
YaloIuX HeAOPA3YMEHHE, Mbl OYAEM NOJb30BATLCH TaKxKe COKpa-
IeHHEIM ofo3HaueHHeM fA.

Jerko BHgers, yro A fBAAETCA HE TOJABKO HNOATNPOCTPAHCTBOM,
HO H nogaareHpo#,

Ons 0gHOPOAHEIX B CMLIC/Ie YETHOCTH 3/eMEHTOB EBBOAHTCS
byukuns o(f), HasuiBagMas YeTHOCTLIO !

0 nas 4eTHHIX 3JEeMEeHTOB
a (f) = { ’ (1.2.3)
1 1451 HeYeTHBIX 3JIEMEHTOB,
--_‘—'—_

! @ aBnsercs nepofi GYKBOH CPEUECKOro CJIOBA UPTOC — UETHHIL
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Berpevaromuecss B gaieHedimeM cymMH Buga  a(f)4-a(g) nomm-
MaioTes no mod 2. )

OueBuaHO, YTO 9/€MEHTL], OLHOPOAHHE B CMEIC/E deg, sBASOT
csi O/IHOPOJHBIMH TaKXXe B CMHICJIE YeTHOCTH W IJist OZHODOAHHX B
JI0GOM CMBICTIE 3JE€MEHTOB CHpPaBed HBa hopMyaa

a(fg) =u(f) +al(g). | (1.2.4)

OTMeTHM Taxxe BaxHoe COOTHOUIEHHE KOMMYTAUUH 5J4 OXHODPO)-
HEIX 3JIEMEHTOB

fa=(—1)unatagf, (1.2.5)

BeisicHEM, B KakOH CTENeHH NMOHSTHE YETHOCTH CBA3AHO C pHOOPOM
CHCTEMbBl KaHOHHYECKHX OGP asyioluX. :

Iyere {€:;} -— HekoTOpasd CHCTEMA KAHOHUYECKHX 00pPa3yiomux
r. a. A. Vs (1.2.5) caeayer, ute f=CA(Ey, ..., Eq) TOTJA ¥ TONLEO
ToTAR, kKorda fa=uaf aag mwoGoro asA. TeMm caMuM csofictso 2Je-
MeHTa ObITL YeTHBIM He 32BHCHT OT BH6OpA CHCTEMA KAHOHHUYECKHX
cGpasyomux i, Fiuaye ofcTouT A€o ¢ MPOCTPAHCTEOM  HoUeTHHIX
SJIeMeHTOB, KAK TOKA3EIBAET CJACAYICIIHI npHMep.

Ilyets p(8) — (pHKCHPOBAHHL HeYyeTHHH 1O OTHOLUEHHIO K &

snemedt. [Honomuy.
=5 (1+u(8)). (1.2.6)

JIerko BHAETb, HTO HIEMEHTHl ¥; YAOBJECTEOPHIOT COOTHOLIEHHAM
{1.2.1}. Kpome Toro, oun sipagiorcs obpasyomumi. Yrolu yoeuTh-
¢S B 3TOM, CJeLyeT BEIPA3HThL £; depez ;. 3aMeTUM Ipekie BCEero,
uTo NM;=§:&;. Orciona caenyer, uto ecsu f{E) — npOH3BOJILHLI
redeTHolll 3ieMenT u f(n) — 3neMeHT, MonyyaeMuifi 3aMeroll B BH-
paxenun (1.2.2) gas f obpasywomux §; aneMeHTaMu mi, T0 [ (1) =
=f(8) (14-k(E)). B 4acTHOCTH, 3TO OTHOCHTCA K 3JEMEHTY

wep(m) =pn(E) (14+n))=pn(E), TaK Kak B cCHAY HEYETHOCTH
n2(g) =0. Iloatomy

E=na(l4-pm)) t=m(l—nn)).

Hitak, n; sBASIOTCS KaHOHMUeCKHMH obpasywomumy. Kak Mu BHIe-
Jin, 'A{ny, ...,Mg) COCTOHT H3 37CMEHTOB BHAA

JE)Y (14 (E)), fTeA G - &) (1.2.7)

Taxum ofpasom, npu p==0 npocrpauctBa A (&, .., &) # Alny, ..
.y Mg} Me cosrnagatorT? Huxe Ml yBuaum (cM. caedctsue 1.1 3
teopeMsl 1.2), 4TO OPOCTPAHCTBO HEUETHHIX 3JEMEHTOB 1O OTHOUIe-
HHIO K JioOof cuCTeMe KaHOHHYeCKHX 00pasyrINX COCTOKT H3 3Je-
MeHTOB Bra (1.2.7) Npy HEKOTOPOM .

B 3akJI04eHHe 3TOro MYyHKTA OTMETHM, YTO IPOCTPAHCTRO A He-
YETHEIX IEMEHTOR N0 OTHOLICHHIO K IPOHSBOJILHON cHCTEME KAHOHH-
yeckuy obpasymomux §; obnaszaer cnelyOIHMH CBOHCTBAMN!

L 370 pepeo nAwb NpH uetHoM ¢. [pu mevernom g amement §Ep..§q #B°
JAeTCst HEYeTHHM, EO MepecTanoBoued ¢ aodmMm as=A— LlpuM. ped. -

2 Tounee, MOryT He coBmajatk. — lIpum. pen.
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1) ecan [, getA, To fg=—gfeA,

2) ecan 1A, g=A, To fgtA,

3} M Kax JauHefHOe MOPOCTPAHCTRO ABJAETCS NPAMOH CYMMOR
npocTpaHeTB PA u 1A,

(Ilepeuie nBa ceoficrBa caenyior us (1.2.5), Tperbe — Heno-
cpeACTECHHO H3 ONpeieneHHs.)

Huxe, B 1. 4, Oyaer nokazaHo, 4ro Jito0oe HOANPOCTPAHCTBD,
of/agai0lUlee 3THMH CBOHCTBAMH, SBJASTCA MPOCTPRHCTBOM Heuer-
HHX 3/IEMEHTOB [0 OTHOIUEHHIO XK HEKOTOPOH CHCTeMe KaHOHHYEeCKHX
ofpasyIux.

2. CuereMH o06pa3ylOWHX TrpaccMaHOBGH auJa-
refphoL

Teopema 1.1. 1) Jlro6as cucrema oOGpasyiollfx rpaccMaHoBoill
aarebpol .\y COLEPKUT NMOACHCTEMY, COCTOSILIVIO H3 § 3JeMeHTOR
# TaKXKe 4BAAIINYIOCH cHCTeMoH ofpasyiomux. B yacTHoCTH, HE
CYLIECTBYET cHCTeM 00pasyloliux ¢ YHCAOM 3JeMedToB ¢'<(q.

2) Ilycrb E;, m; — HEABLIOTEHTHHE SJeMeHTH A, [, j=1, 2, ..., ¢,
IpHYeM 3JeMeHTH §; cayxkar cucreMoil ofpasyromux. Has  Toro
yToBp AMeMeHTH 1); 0BJafanH TeM e cBOHCTBOM, HeoOXO0IHMO U
JOCTATOUHO, UToOH HX BHpaXKeHHe uepe3 &; uMeso BHA

1i=2a;;5;40;, deg 6;>>1, detllanl+0. (1.2.8)

Hoxaszareascrso. [lyers Buauane E; — KaHonH4eckne o6pasylo-
mue. Tycrs, aanee, T A, — HekoTopas cuctema obGpasyulkX,

Kax Owr10 mokasano B 0. 1, H3 KOHEUHOMEPHOCTH anrebpnl Ag
CAGAYET, YTO % COJAEPIKHT KOHEUHOe MOAMHOKECTBO 3JeMentoB [i,
i=1, 2,.., M, takmxe gBagoWieecs cHCTeMOH 06paayiolux.

Bocnoabsyemcs Gopmyaoit (1.2.2) u npegcraBuM Kamanii sae-

MEHT f; B BHZE ji=[i0} & 1A€ fio — uncno w deg g1, Oue-
BHAHNO, 4TA  COBOKYIHOCTb  3JEMEHTOB g Takmke  CJy-
AT cucreMoll  o6pasyIoHIuX: ti=Pi(f1, ..., vy =Pi(fro+ g1 -

o Fno-b-gn) = Qi{gy, .., gn), Tae Q; — nexoTopnill noandon. OTe-
A8 B KAXKAOM NOJnHOMe @ JuHefHBe UIEHB OT WieHOB Gojaee
BHICOKOTO IOPS/Ka, HAaXOAHM:

Ez’ it Ec:ik e + Oy dego‘i-> 1 (12‘9)
k

Bupasum Tenepn g wepes & u oTienuM wieHH 1-ro nopsika:

&r =2bpEs+Br, deg pr>1. {(1.2.10)

Mogerasans (1.2.10) B (1.2.9), MH AOMKHBE HOJYUHTH TOXKIESCTBO
Crenosarensto, Scwbps=0i. OTcofa puTekaer, uro rang/busl =g
H, caenosatensto, Nxg.

[peanosoxuM A OPOCTOTH, YTO NEPBHE ¢ CTPOK MATPHIB
Wbesll aumeiino nesasmeuMeL [ToxameM, YTO B ITOM CAydae saeMeH-
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TH g1, ..., €4 B COBOKYINHOCTH B €IHHHLEH CIyXaT cuctemoil o6pa-
syrowsx. [Tonoxum

:Zbc‘sgss i:1,2,...,q.

Beuxy obpatumocta Matpuubl ||bsllis— 37eMenTH §;, noao6HO X,
CIYKAaT KAHOHWUECKHMH 00pasylouluMu. Bupaxas §; uepes I; Ha-
xoxuM us (1.2.10), 4ro

grn=Cn+yr(f), degya>1. (1.2.11)

[Moxaxewm Temepp, uTO {; MOTYT OLITh BEIp@XKEHH B BHAE MOJHHO-
MOB OT gx. IIpenBapHTeNbHO oONpenenHM y,{@) OT NPOH3BOJLHOTD
Hafopa a= (ay, ..., &4) 31eMeHTOB Ag4 [yeTh

Ye (g E 2 Yi:,...,ik gil L ‘:lz!,

11<£2< <i'!

[Toaoxum

Ye (@) = Z Z Yivoondy Gty o @y,

LY

PaccmoTtpum cootnowendsa (1.2.11) kak ypaBHeHHA OTHOCHTEIBHO
Ex H BOCHOJB3YEMCH METONOM NOCHeA0BATeAbHEX NpHOARXKeHaHH.
[TonoxuM

=0, & = g, — 7. (£,

{1.2.12)
(1;;1) — Cin) L Egl—”,

IlokaxxeM ¢ mMOMOLIBLIO HHIYKINH, 4To deg ax™=n. Havano WHAVK-
nHM npu A= ouerngHo. Jlaiee

of? = v (@) — @) = @ = v @ 2T,

Bauay toro 4ro deg ya>>2, orciolla crelyer, 4ro

deg o > mm deg "9 + mm deg ol

Ms (1.2.12} caenyer, ure deg §;® =1 upu s=1. [TosroMy, yuHTEHBAR
NpeAnoJoKeHHe HHAYKIHY, Haxodum, uro deg ax™=n. Beuay
HHJABNOTEHTHOCTH g OTCIOAA CJARLYET CYLUECTBOBAHKE TaKOIo rip,
uto ax™=0 npH n=ny IpyruMu cAOBaMH, NOCACAOBATEIBHOCTD

E™ cTabHau3upyeTCH: i")=§§f+” OpH n>n,. TakuMm ofpasom,
t'?  smasiercs pemiennem cueremu ypapsenud (1.2.11). Ouesusso,
ITO C(”"’ MONHHOMHANLHO BEHIPaXaKTcAd depe3 gy Ilokaxewm, uTo
e =g, Tlycts @, = 5, — ™. Torza

= Y (8 — ¥ (D) = % € — @) — Ve (B)-
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Qrciofa, NMOBTOPSA NpPEXHEe PACCyXAeHHE, HAXOAHM, UuTO €cC/H
a0, To  dega, > 1 + mindeg @;, uto  HeBosMoxkHo.  Cueflo-
2

BaTeIbHO, ¢ =0 K TeM caMblM 3/JCMEHTH gr CAYHAT CHOTEMOH 06-
pasyloIHX B A, [lepsoe yTBepxaeHHe 10Ka3aHO.

OTMETHM, UTQ OJHCOBPEMEHHO MBl NOAVHH/IH CACAYVIOLIEE BAKHOES
cBOHCTBO cHcTeM ofpasyiowmx. Ilyers &, — kanonuueckue o6pa-
syiolmHe H & — HEKOTOpas NMPOH3BOJbHAA CHCTEMA 0fpa3yloIIHX.
CucreMa X COBEPKHT mojacHcTeMy {v;}, COCTOAWYID U3 § 3SEMEH:
TOB, KOTOPEIE CBA3AHH ¢ §; cooTHOMEHHAMH Buia (1.2.8). Crcrooaa
BTOPOE YTBEPHKACHHE TEOPEeMB! CJ/elyeT OUeBHIHHIM ofGpaicM.

PacemoTtpnM Tenepn 6oJee nNoApotro KaHOHHUECKHE CHCTEMH 0f-
pasymoLIKX.

Teopema 1.2. [Tycte {E:} — cHcTema KaHOHHUECKHX 06pasyIoLIHX
r. 2. COpapejauBEl CchedYIOLLEe YTBEPXK ACHHA.

1) HaGop HeueTHHIX M0  OTHOUIEHHI® K E;  3JeMeHTOB
weEA(E, L), =1, 2,..,0, B TOM H TOJNBKO B TOM cayuae
CNYKHT CHCTeMON KAHOHHUECKHX 00pasyIOUHX Ag, eCaH 1; CBA3AHEI
¢ &; coraacHo dopmyae

M, = SPal +a, det]pul£0, dege, 23 (1.2.13)

2) IlpomnsposrHblil naGop ajaemedToB n;, (=1, 2,..,4, B TOM H
TOJLKO B TOM CJydae ¢JAYXKHT CHCTEMOH KAHOHHUYECKHX 00pasyloIiux
Ag, ecnu m; caenywoumuM o6pa3oM cBA3aHH c £

ni=Li(14p), (1.2.14)

rie {{;} — cHCTeMa HeUeTHHX [0 OTHOLIEHHIO K §; KaHOHHYECKHX
00pasyouKx Ay 4 p — HeueTHHIH 1O OTHOUIEHHIO K E; 3JeMeHT.

Hdokasareascreo. IlepBoe yTEeDHKIeHHE OYEBHAHBIM  06pasoM
cnepyer W3 reopemul 1.1, TlepefizeM xo BropoMy yTBep:aeHuIO *.

JaeMeHTH BrAa (1.2.14) oueBHAHO ABAAWTCA CHCTeMOfl KaHOHH-
veckux obGpaayiowunx. O6partno, nycres {n:] — HekoTopas cucTeMa
KaHOHHYECKHMX o0pasywwmux. 3anHiuleM UX B BHAE Ni={:;16i rie
LisiA,, 0;=%A,, opuuem deg 0;>1. Coraacuo reopeme 1.1 snemex-
Thl {; COCTABAAIOT CHCTEMY HEUETHHX OOpPa3yONIHX [0 OTHOLICHHK
K cucteMe {£;}. BBuay HeueTHOCTH 3TH 00pasymollHe ABIAIOTCA Kd-
HOHHUECKUM#, CIeA0BATeABHO LA JAGHIX [ H |

nin;+nmi=2(£:8;+5:0:) =0. (1.2.15)

IIpu i=j ovciona caeayer, uto 8;=C:u; C HEKOTOPHM WiEs!A,.
Jlemma. CyuiecTByer aaeMeHT WE'A, Takoil, uto pas  moboro ¢
W=p; 45 ¢ HEKOTOPHM AisAg.
Tak xax 0;=¢;u, orciona shTeraer (1.2.14). HoaTomy ocTaercs
OpoBepuTL JemMy. TlpuMeHHM HHAYKuMIO 1o ¢>2. M3 (1.2.15) Mu

* Tlpuseaennoe HHKe MLOKAZATENLOTBO 3AMEHACT HENOJNHLIE PACCYIKIEHHS
aBTopa. — Tlpum. pef.
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HaxoanwM, 40 §;5;(wi—u;} =0, crenoparensto AaA MoBHX (5] M
HMeeM

wi—pi=Gid L (1.2.16)

C HEKOTOPBIMH A, €Ay B YacTHOCTH, UMEEM YTO Ly—T{ih = po-t-Laxt.
3T0 I0KasHBaer JeMMy OpH §=2.

Hycte ¢>>2. B cHIy HHAYKTHBHOIO NPEINONOMKEHHS CYileCTBYET
aneMenT ' TakoH, UTO p’'=p+Ehy npn i=1, ., g—1. Vs (1.2.i6)
BBITEKAET, YTO pW'—pg={:hi+{q%i, OTKYAE NPH JIOOHX [, [<I¢

Cohi—Gihi=Cq (s—2:). (1.2.17)

Hycts A; aneMedt Ag—y, moayueHHBIH H3 A; 0TGpackBaHHeM U41€HOB,
cojepamux f,. M3 (1.2.17) suirexaer, uto LA:=L:; npu I, j<g.
Orciona cneayer, 4To Liki=holi- ... “Lg—1, TA€ hg — KOHCTAHTA, HE
sapucsag ot i Ilostomy p'—pg=D>Xoli- ... Lqot—Lg, T. &

W—hols+ «v - Lg-1=pg—Lgn.

OGo3uauns 3TOT SJAeMeHT Yepe3 |, MH 3aBePIUHM 10KA3aTeJIbCTEO
JIEMME! H TEOPEMBL.

Crepcreue 1.1, liyers {&} — HexoTopas CHCTeMAa KAaHOMRBUECKHX
ofipasypownx r. a. A, p&EA &, ..., ). PaccMoTpUM [mpOCTPAHCTBO
LBA, cocTOosiLIee H3 3JIEMEHTOB BHAA

Fl14-p), FEA(E, - B

TIpocTpancTso LA coBmajaeT ¢ NPOCTPAHCTBOM HEUETHHIX 37eMeH-
TOB 10 OTHOLIGHHIO K HEKOTOPOH cucTeMe KaHOHHUYeckKnx obpazylo-
mwux. O6paTHo, IPOCTPAHCTBO HEUETHBIX SJIEMEHTOB MO OTHOLIEHH
K JHO0H CACTeMe KaHOHHYECKHX 00pasyloniuy MoXKeT GhITh HOJyUe-
HO u3 A (&, ..., Eg) YKasaHHBIM 06pa3oM.

O6a  yTBepkKIeHUA  SABJAIOTCH OYEBHAHBIMH  CJACIACTBHAMH
(1.2.14).

3. AsroMop¢usm uernocrn Ilyere COA, tA — mpoct-
PAHCTBA YETHHIX M HEUeTHHIX 2JeMeHTOB I. a. A Mo OTHOUIeHHIO X
HEKOTOPOH cHcTeEME KaHOHHUECKHX 00pa3yIomux.

OnpegeanM B A auHeliHoe npeolpaszosanue A, OOJOKHB AJH
OZHOPOJHLIX 3JICMEHTOB

Af= (—1)%D f, (1.2.18)

Hs (1.2.5) caenyer, uto A ssisietrcst aeroMopdusmom A. ArToMop-
duam A obaagaer ciepylOUHMH OUCBHAHLIMH CBOHCTBAMH:

i) A2=1, rae 1 — TOXJeCTBeHHHIH H30MODDHIM,

it) Af=F TOrAa H TONBKO TOTEA, KOTAa fe0A,

ITpouzsonbuui asToMopduaM, oGnagawonmpil sTHME CEOHCTBAMY,
GyoeM HasuLBaTb aBToMopduaMoMm uveTHOCTH. JJoKameM clenyloniee
BAXKHOE YTBEPIKJCHUE.

Teopema 1.3. [TpocrpancTso COOCTBEHHHIX BeKTOPOB aBTOMOp:
dusMa JeTHOCTH ¢ COGCTBEHHEIM 3HaYeHHeM, paBemM —I, copna-
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jaeT C NPOCTPAHCTEOM HEUETHBIX 3JIEMEHTOB IO OTHOLIGHHIO K HE-
KOTOPOH KAHOHHYECKOH CHeTeMe 00pasyrouIuX.

Hoxazareavcrgo. Tlycrs {E:;} — HexoTopas kaHOHuYecKas cHC-
reMa obpasynomux, n:=AE;. Corsnacuo (1.2.13), (1.2.14)

M=8(+p), & =204k +0, dega, >3,  (1.219)
rZe W, 0; — HEYeTHHE IO OTHOLIEHHIO K E; 3JeMEHTHL
PaccMmorpuM  3aeMeHT ), = %(Ef + m;). 3amerum, uro A¢;=

=1; BBHLY Toro, uto A?=1. CornacHo CBOHCTBY ii ) OTCWAA cJje-
LYeT, UTo P;=0A,
C apyroit cTopoHtl, corjacHo {1.2.19)

P, = —;-(Et + Ea, &) + -;_pf, deg P = 2.

Tak K&k 9A COCTOMT K3 HeTHHIX 10 OTHOMIEHHID K §; ZJEMEHTOB, OT-
ciofa caeayer, 4T0 apm=—3ix 4 uto p:;=°A, Ho pi=Zantept
+0:u-f-0;. DIeMeHT ¢; HeueTeH O OTHOWICHHIO K §;, B TO BpeMsA

KdK BCE OCTAABHBIC CjaraeMele sBJAAKTCA YETHBIMH. CﬂEﬂOBaTeﬂb-
HQ, U‘!'=0’

ne=—8 (I4p). (1.2.20)
[Tonomxum renepn

/
¢ = "'2_(51"‘1]:‘) =E (I + ‘%)
Cornacuo Tteopeme 1.2 37eMeHTH @; COCTABMAIOT CHCTEMY KaHOHH-
yeckKHX ofpasyiowunx. OueskaHO, KPOMe TOTO, UTO Agi=—:

OGo3HauMM MPOCTPAHCTBO COOCTBEHHHIX BEKTOPOB aBTOMOphi3-
Ma A ¢ co6CTBeHHBIM 3HaueHHeM A(=—1 uepe3 A~ Ha sxaioucnun
p:=A— caeayer, uto A(g, ... pg) A~ C Apyroft croponu, oba
aTHX TnpocTpanctsa A (gy, ..., pg) ¥ A— ponoansior °A zo A. Cue-
AoBaTensto, 'A{Qy, ..., pg) = A~

Caepcreue 1.2, Ilpocrtpamereo ‘A, ofnagaowee cBoficTRaMy
1}—3), nepeuucieHHBIMH B KOHUE 1. 1, COBM&RAET ¢ MPOCTPAHCTROM
BCeX HeYeTHBIX 3/eMEHTOB 10 OTHOLIEHHIO X HeKOTOPOH cucreme
KaHOHHYeCKHX 00pa3yOLIHX.

B camom pmene, onpenenuM ounepatop A Af=f npu [&CA,
Af=—1 npu fe=!A. HMs croficte 1)—3) caeayer, 4ro A spisercs
@BTOMOP(H3IMOM UETHOCTH.

4, Astomophuam rpaceManoBoll aarebpu.  Teo-
peMa 1.2 nozsoader omucaTk Bece amproMophusmiul r. a. B camom
lenae, mycrs T — HeKoTopu# aBToMopdH3M T. a. A. OueBHAHO, UID

NepeBoJHT KAaHOHHUECKYIO CHCTEMY 00pasyiomidX B KAHOHHIECKYHO
cucTeMy ofpasyomux. O6paTtHo, ecan 3a5aHBL jiBe CHCT@MEI KaHO-
Haveckux obpaayiomux {E;} # {n;} r. a. A, T0 Mo HUM MOXKeT GHTh
nocrpoed aproMopdusM T, TakoH, uto F&;=m:, NpHYEM aBTOMOD-
buam T sTum CBOHCTBOM OAHO3HAYHO OnpejeieH, TakuM o6pazoM,
popmysn (1.2.13), (1.2.14), onACHBAIOUIHE NMaphl CHCTEM KaHOHH-
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4eCKHX 00pasyilX, OAHOBPEMEHHO ONMHCHBAIOT TaKXkKe BCE ABTO-
MOpGhH3MHE TpaccMaHoBol anreGphL.

ABTOMOpHBMEL T. a. A 06pasylOT [PyNNY, KOTOPYI Mbl 0603HA-
yiM Aut(A). Pukcupyem aBTOMOpGH3M uerHocTH A. Uepes A1A
0603HaYHM NOANPOCTPARCTBO A, cocrosulee H3 COOCTBEHHBIX BEKTO-
poB onepatopa A ¢ cOGCTBeHHEIM 3HaueHHeM A= —1. Hamommuuwm,
uTQ coraacHo teopeme 1.3 npoctpascTBo A1A COCTOHT H3 HEUETHHIX
3JIEMEHTOB 10 OTHOLIEHHIO K HEKOTOPOH CHCTEME KaHDHHUecKHX 06-

paayooumnx. Uepes Auty (A) obosmauum noarpynny Aut(A), ocras-
JAKMWYIO IPOCTPAHCTBO AN HHpapHaHTHEIM. [Tyere  E & Al

KaHOHHueckue  ofpasyiomne A. Hepes  Auti (A) 0003HAIUM
noarpyuny Aut(A), cocrosiulyio u3 apToMopdH3MOB BHLA

TE =501 +p@®), pret’A (1.2.21)

OTMeTHM HEKOTOpHE CRONCTRA STHX TPy

1} Hs (1.2.14) cneayer, uro Kaxau# asToMopuam T=Aut(A)
npeICTABEM B BHAe npousbefenus T=TT., T, Auty N, T,
e Aut} (A). Jlerxe BHIETH, UTO ITO NpeACTAB/AEHHE OAHO3HAYHO.

2) Ha getnele 3semenTs asTomMopdusm (1.2.21) medcreyer TOW-
JEeCTBEHHO; 3TO CJeAVeT H3 TOKIeCTBa

TES) =L+ WE +w =551 —p{l +p)=E5,.

3) Ha Toro ke TOXKJecTBa ciaeAyeT, YTO Ha HeyeTHHe IC OTHO-
WeHHIO K E; smeMedHTH aBToMopduzm (1.2.21) neftcreyer coraacHo
dopmyae

(TF) (8) =F(8) (1+u(®)). (1.2.22)

4) Tpynna  Aut) (A) xommyraTeBHa ® H3oMOpP(dHa Adp
KaK rpynne ne caoxerun: 43 (1.2.19) cueayer, uto
Ty Toks=TE; (12 (8)) =& (14-p2{E) +us(8)).
By TIpynna Auth (A) sABAseTcA  HODMaJLHBIM  JC/HTEJNEM
Ant(ay. T
6) Fpymmer  AutS (A} v Aut} (A), OTBeTAIINE Pa3THIHEIM

aBTOMOP(H3MAM UETHOCTH, CONPAKEHHI.
Coofictea 5) H 6) c/leAyIOT HENOCPEJCTBEHHO U3 onpeaeneHHH

rpynn  Aut§ (A) m Autl (A).
7) MuoxecTBo 3aemenHToB Aut(A) Buaa

Tei=ti+u(E), degu=n,

o6pasyeT HOpMmaabHH Aenutenb Aut(A), KOTOPHA Mbl 0003HAYHM
Autn (A). B oranume ot rpynn  Autd (A) w Autl (A) on me vapxent

oT suGopa apToMOp(PH3IMA YETHOCTH.
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[lepefizeM K MHAMBHAYAJbHBIM asproMopdusmam. [lycrs
TeAut(A) u (&} — HeKoTOpas KaHOHHYecKas CHCTeMa o6pasylo-
mux. Coraacuo (1.2.13)

TE = Sl + oy, det]yy|0, degor, =2 (1.2.23)

Asromopdusm Ty

T1&i=Zpamtn
Ha3bIBARTCH TJ1aBHOH JHHe#HOH vacThio apToMophusma T, MmaTpuua
W¥=|lPirll — maTpuned raaBHOH NHHEeHHOHA “acTH.

B apyroit cucreme ofpasymwunx {v:} astomopgusm (1.2.23) sa-
aaercs anagnornuuoll  popmysnofi ¢ samenofi marpuunt W=yl
MaTpHlUeH W=|l{plls. Jderko Bugern, yro marpuus W u W conps-
wensl: W=CWC, roe C — Matpunua rnapdofl  JAnHeflHolt wacrH
asroMmopduaMa U, neperoifmero cucTeMy £; B CHCTEMY 15 : Udi=
=n;=Zcixls+Ppi, deg B:;=2. Ecnu B dopmyre (1.2.23) saements
a;=10, 10 apToMopdusm T HaswBaeTcA JHHEHHHM B cHcTeMe ofpa-
sylomux {&;}. Astomopduam T HasuBaercs DIOAYNPOCTHM, eCJIH
cymecTByer cuereMa ofpa3yiollHX, B KOTOPOH OH JHHeeH, YKameMm
OpoCTOil JOCTATOUHEI KPHTePHH NOJYIPOCTOTH aBTOMOppH3IMA.

Teopema 1.4. Ilycts Marpuua rnaBHoil JHHeHHON uyacTH aBTO-
mophuamMa T NPHUBOJAKTCA K AHaroHaanHoH dopMe H ee cofiCTReHHbIS
qHCNa A; YAOBJALTBOPAIOT YCIOBHAM

hot by by < < a, =120 (1.2.29)
Lo A 1< < fanin, 8=0,1,.... (1.2.25)

Torna apromopduam 7 HOJYTIPOCT.
Ecin T=Au t§{A} npu kakoM-HuGyas aBTOMOp(H3IME 4YeTHOC-

TH A, TO A4 TOJAYNPOCTCTH ACCTATOUHO yeaosust (1.2.24).
Hokazareavcerao. Tek Kak matpuua riaasdoll  JHHeHHOH uvacTH

apromopdusma T npupoanress K jauaronaawHofi  ¢opme, To B mon-

Xofsmel cuereMe KaHOHHUYeCKHX 00pasyioimux OH HMEeT BHA

TE = (ME 4+, B) (1L + pil), u,, uE A E,, ... &y, degu; = 3.
PaccmotpuM ofpasyloune
ni=28:4+a; (E), a:='A(Ey, ..., &), deg ai=deg u;,
AEMEHTH ¢; ONPEAETHM ABHBIM ©OpasoM mnozme. 3aMeTHM, 4TO
Ei=ni—: (1) + o, deg a;>deg a:.
Orecrona CAIyeT, uTo B 0B6pas3ywINAX n; aRTOMOPGH3M T uMeeT BHT
T, =[A; (n; —a; () + u; () + a; (M) + o f (1 + p),

Iae deg vi>deg u v Ay 03HauaeT HaGop  AEMEHTOB Mmy, Axmz, ...
Onpenenum a; (1) u3 ycaonus

Mai(n)—ai(hn) =ui(n). (1.2.26)
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YpapHenus (1.2.26) paspemrnmbl B cuay ycnosui (1.2.24). Takam
obpa3som,

T’rli= (Ami-{—vi) (1+[L), deg U‘i>deg Ui,

MPOJOAKAES 3TOT NPOLULCC, MBI Ue€Pes KOHEUHOE UHCJO UIArOR NPHLEM
K 00pasyiomum I;, TaKuM, 410

Toi=hLi(1+4p).

[Moncxum

ei=L:(1+v (7)),
rie v{L) =1A(f) MK oupeaenHM H3 YpaBHEHHS
v{E)—v(A) =u(d). (1.2.27)

Ypasnenne (1.2.27) paspemumo s cuay ycaosmii (1.2.25). B cHe-
TeMe 06pasyounmx g; asromopduam T nHHeeH:

Toi=2rig: (1—v (@} +v (Ap) + 1 (@) } = Migs.

5., AurdasToMOopdHU3ME TpacecMaHoBOi anrebpui
AnrvanToMopH3MOM & Ha3spiBaeTcs oToOpaxKeHHe aarefpu B cebs
€0 CBOHCTRAMU:

)T M+ =r7T+ pnTg,

ity T (fg) = T g7 T,

i) =T,
rae i, g — ucaa, T — oGparnMoe oTobpamxeHde aiarefpw B cebs.
Wz croheTr i), ii) 1 ofpaTHMOCTH cnelyeT, uto orobpaxenne T sB-
JIAeTC aBToMopgHamMoMm adarebpu. Jlerko BuAeTs, yTa of6paz xKaHo-
HUYECKOH CHCTeMB OOpasyiOWHX r. 4. OPH  aHTHaBTOMOpdH3ME
TaKXKe HBANETCA KAHOHWUECKOH CHCoTeMOR 00pasylolux,

Ons mac B namsdeiimieM ocolyw podb OYVAYT Urpares aHTHABTO-
MopdHaIMEl ¢ eAHHHUHBIM onepaTopoM T u ¢ cnepatopom T, apasio-
IHMCS 2BTOMOPOH3MOM HETHOCTH. 3TH AHTHABTOMOP(HIMHE  MB
fyleM Ha3LBATL COOTBETCTBEHHO HuBOMIONHe 1-ro pojaa @ MHBONID-
nueil 2-ro poga. s HMX Mu NPHMeHHM clendasbHOe 06o3HATCHHE:
Ff=f*. B cayuae, ccau asroMopusM T=F 2 woayvmopecr, Aas
agTHaBTOMOphHaMa F CVLUIECTBYeT KAHOHHUECKAas CHCTeMa ofpa-
3VIONIHX, B KOTOPHX OH 3aNHCHBAETCA JHHEHHO.

Teopema 1.5, Ilycre § — aHTHaBTOMOPOHSM I, a. A, viaafamo-
midfl TeM cBOMCTEOM, 4To asToMopdH3M T'=F 2 noaynpoct. Torma
B A CYWECTBYeT Takas KaHOHHYeCKas cucTeMa ofpasyiomux {&:},.

41O
T e:=Zainkk. (1.2.28)

Ecau, cepxX Toro, Matpuila rJaBHOH NMHEHHOH uacTy apToMopdus-
Ma T npHBOAMTCH K XuaroHaslbHoR ¢opme, To obpasylomue Ei MOX-
HO BHIGPATL TaK, 4ToOn Matpuua laal OGwna semecrsenunit. (TTo-
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clejHee YTBEPKIeHHE HMEET CMBICA JIHIUL AJ8 KOMIVIEKCHHX F. a.)

Hoxasareascrso. Ilycte {E;} — cucTema KaHoHHTeckHx obpa-
SyWOUIAX, B KOTOPHIX aproMoppuam T=F % nuHeeH: TE;=3tnkn.
Tak kaKk {7 &) — Takme KaHOHHYeCKas CHCTeMa 06pasyiomux, TO
corsiacHo (1.2.14)

T ti=Zax (Ertor) {(1+p), (1.2.29)
rae
det"aik ”;EO, Uk! P'E IA (E): degak > L.

PaccMoTpuM B A BenoMmoraTteanumifi antuastoMopdusm [—F, omope-
JleiseMBll PABEHCTBAMH

£, = 2a;, & + ). (1.2.30)

Pojib 3TOro npeofpa3’oRaHHs COCTOHT B ClelylOLieM: ecaH f — He-
YeTHHI OTHOCHTENbHO E; 3/IEMEHT, TO { 00JanaeT TeM Ke cBOHCTBOM
H, K&K JerKo BHAETH,

TT=F(1+p).
Bepruemcs k (1.2.29) M Bocnoasayemcs cooTHollenueM F2=T:
T8 =Sty = 22T (L + )T B+ 0p) =
=2, (L4 u(+ ) (B € +0) (1 + ) + 0, (1 +p)] =
= 50320, & + 9, + 2a,0) (1 + p—),

TAE Gy, 4 NMEIOT CMBCI, oOhAcHAeMmH pasenctsom (1.2.30) u
llds: i = lansli—t. [Tpupasuurasd ygeust 1-# cremedd o &, voaydaeMm
OTCIOAA, YTO Uin =2 disdsn. ¥ UHTHIBAH 3TO COOTHOUICHHUE, OKOHUATEL-
HD ToJydaeM

g, =&+ 0, + Za,0) (14 p—p. (1.2.31)
Otgeaum Tenepb 8 (1.2.31) ueturie ¥ HeuetHble IO &; YAGHBL

& + 0, + 28,0) (s —p) = 0,
(1.2.32)
o, -+ ZE‘-kEk = 0.
Paccmorpum HOEHE ofpasyolnne

Ni=§i+1-at, (1.2.33)

rae ¢; — [0Ka HeolpejeleHHLIC HEUeTHHIe 3JeMeHTH, deg oi=3.
Ilpumensa agTuaproMopdusM F K 1), HOJAyUaeM

ITn=8 +Fo,=%a;,&, +o (1 +p)+
+ @ (1 +p) =Za, (M + o) (1 +p),
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rie
0 =0, —a, + 2a,0,. {1.2.34)

1

Monoxum o, = Tl o;. W3 Broporo pasencrsa (1.2.32) caenyer,
uTo ¢’;={. Takum olbpasom,
T =i (14n). (1.2.35)

paCCMOTpHM BCIIOMOTaTeJpHbH aHTHABTOMOPDHIM f—»f, ananao-
ruuabiil (1.2.30):

N, = Eamnn- (1.236)

3aMeTHM, ut0 F =g (1+pn) aaa n0GOro HeUeTHoro aaeMeHTa g.
Veaosue T2=T NPUEOANT K COOTHOUICHHIO, KOTOPOE NO.Iyuaercs

n3 l-ro pasencrea (1.2.32) npu &i=n,; 0:i= 01—0 = u

N —p)=0. (1.2.37)

Tak K&K 3TO COOTHOLIEHHE CHNPABeLIHBG NpPH BCEX {, H3 Heron cJe-
Lyer, 4To

T (1.2.38)

riae § — 4HCJI0 KaHOHHUecKHX ofpasylomHx (¢=0 B cayvace 4eTHO-
ro ¢). IMonoxuM teneps L;=1;(l-+p/2). Obpasywiume §; apiaoor-
€Sl HCKOMBIMH:

Tt=7 1+ )3m)(ﬁ+~u+wpmmu+m~

a

:Eafknk(l“‘l-l"'_'_)—Za:knk(i+—_w_nl Tla):

= Ta,t, (1 f—-g—) (1 EES ) — Sal (1.2.39)

[MepefinemM Ko BTOPOMY YTBEPIKIEHHIO TeOPeMBl, 3aMeruM, yTo
ecam aHTHapToMopguaM ¥ mMeer BuA (1.2.28) B kKaHOHWUECKOH cHe-
Teme ofpasyiouux {f;}, TO OB HMeeT aHAaJOTHYHBI BHEZ B JAI00OI
cHcreMe o6pa3yiomux {n} JaunfefHo cea3aHHok ¢ {E;}. Tlpu stom
ecin B cucteme {E} aBTOMOpQHIM 3ajaercs MatpHuedt A= fagel,
10 B cucreme {n;} — Matpuueit B=C-'AC, rae C — wmartpuua
nepexola or cHeteMbl  {E:} K cucteme {n:} : Ei=Zcune. [losTomy
VIS 3apepllieHHsA AOKA3aTeNnLCTBA TeOpeMHl OCTaJsoch yOeadATscs B
CIPaBeIJHBOCTH CJEIYIOIIEro YTBEPHKIeHHUA.

Jlemma 1.1, Tlycte A — KOMIEKCHASI KBAJAPATHAR MATPHLA CO
ceoBictraMu: 1) det A==0, 2) marpuna U=AA npuBoAuTea K AHA-
roMadnBoll dopme. Torza cymlecTBYeT Takasd KOMILIEKCHAaA HEBH-
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poMeHnas MaTpHua C M Takas BellecTBeHHas Marpuud W, uto
A=CWC—,

Horasareascrso. Pacemorpum matpuny U=AA. OHa oGaagaer
clAelyomuMu cBofictBamu: 1} cormacHo yenosuio U=XEX-! roe
E — nuaronanbHas MarpHua; 2) xosddHUHEHTH XapaKTepHCTHYe-
CKOTO MHorouseHa Matpuum {/ semectBennnt; 3) det U=|detA|2>
>>0. M3 nepBHIX ABYX cBOHCTB CJA€AYET NPeJCTABUMOCTh MATPHIH U
B Buae U=YVY!", rae V — pemecteennaa Matpuna. Ma rpersero
cpoficTBa caeayer, uto det V>0. M3 stux csoiicts matpuer V o
TeKaeT, 410 M3 V H3BJeKaeTcd KBaJAPATHHIN KOpPeHh B Kl1adcce Be-
mecTBeHHHX MaTtpuu V=W2 rge W — pemlecteeHHas MaTpuua
Hrax, AA=YW?2Y-!, [ToaoxuM Tenepsb

C=YW8+ AV 9, (1.2.40)

roe |8]=1 — gomnaekcHoe uncao. Udcno § shbepeM H3 ycaoBuS
det C520. OueBnauo, 4T0 3TO BCErAA MOXKHO cAenarth. [laaee:

AC=AYWo+YWY Ya=QAVi+ YW W =CW, (1.2.41)

4TO SKBHBAJEHTHO AOKA3LIBAEMOMY YTBEPIKIEHHIO.

N3 Teopemwr 1.5 BhITeKaeT psif CJEICTBHH, K4CAOMMXCH HHBO-
JIOLHA.

Caencrsue 1, Flyete Ay — BeHIecTBeHHAs T. 4. ¢ HHBOJIOIHCH
I-ro poga. B A, cyilecTByeT KaHOHHWYUecKas cHcTeMa obpasyiollix
i, Ha KOTOPbLC HHBOJIIOLHA IeACTBYeT CaeAyIOHM 00pasom:

et g L, 1gi<s,
E = ek, & {_l' sisie, (1.2.42)
UHesio § 3aBHCHT TOJBKO OT HHBOJIOUMH H He 3aBHCHT OT CHCTEMBb
06pa3ayuIuX ¢ 3THM CBOHCTBOM.

Hoxasaresscrso. [lycte {n:;} — KaHoHWYecKas cucrema obpa-
3VIOLUHX, HAa KOTOPLIE HHBOJWIOLUHA jefAcTByer corJacHo ¢opmydae
(1.2.28) c semecreennoil Marpuuefi A=|laxl. Beuay Ttoro urto
{ni*)*=mn:, marpuua A uHBoMOTHBHA: A%=/[. CnenoparennHo, oHa
NPHBOJMTCA K AMAroHANbLHOH ¢opMe B BellecTBEHHOH ofsacTu:
A=C—1EC, rae C — memiecTseHHas Martprna v E=diag (1, ..., &),
npuueMm g;= =1. IlpH Hafnexamed HyMepaldd & HMEIT TOT XKe
Bua, uro B (1.2.42). Obpasywmue & =Zcine 0061aKal0T HYXHBIM
CBOHCTBOM.

Mycts {&'s} — Apyras cHCTeMa KAaHOHHYECKHX 00pa3yWILHX CO
cpoficTsoM, aHadormuebM (1.2.42): &*=e’if’;, ei==1. Bopasuum
E'; uepea ki .

E; =X bikgk + G, degdi > 1. {1243)

Us (1.2.43) cnepyer, uro matpuusl E=diag (e, ..., gq), £'=
=diag(e’y,..., &’y) cBA3aHB COQTHOLIeHHeM E’=B-'EB, rae B=
=||b;ll. TlostoMy sp E=sp E’, 4T0 3KBHBAJCHTHO AOKa3LIBAEMOMY
YTBepHK A eHHIO.

Cnencreue 2. Iycts A, — KOMIJIEKCHaa rpaccMaHoBa asnreGpa
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¢ HHBOMWUHeHR I-ro poga. B A, cyllecrsyeT CHCTEMa KAHOHHYEC-
KHx ob6pasywoomux {{:;}, HHBADHAHTHBIX OTHOCHTEJALHO HHBOJIOHHH:

E==. (1.2.49)

[Tpu uetHoM g B Ay CYLIECTBYET KAHOHHYECKAS CHCTEMA obpasyo-
WHX @i, P, [ <I<g/2, Ha KOTOpHE HHBOAIOUHA AeHcTBYeT caelayio-
M 06PaA3OM:

¢; =P, ¥, =9, {1.2.45)

Howrazareascrso. [lpexie Bcero, TaKk #e€ KaK B BEUECTBEHHOM
cAyd9ae, YCTAHABJIHBAEM CYIIECTBOBAHHE KaHOHMYECKOH  CHCTEMB
ofpasywomnx {I;} co ceojficteom (1.2.42). Satem noaaraem {.=—=Ea
npH k<8, {p==if, npH k>>s, rae i=}—1. IIpH vernom ¢ noaa-
raeM

= bt i he= G, 1SRG

Caepcreue 3. 1) Huposiouuds BTOporo poxa B r. a. A, cyluect-
BYET TOJBKO LPH YeTHOM 4. )

2) Iyers Ay — r. a. ¢ HHBOJIOUHeH 2-ro poja J. Torma B Ay
CYUIECTBYET KaHOHHYeCcKasi CHCTeMa OOpasylWHX g, Pr, [<R<
<¢/2, HAa KOTOpHE HHBOJAWUHNA AeHCTBYeT CornacHo dopMye

T =, T =@ (1.2.46)

Hoxaaareasctso. [lyets 8 Ag CYINeCTBYST HHBOJWOIMA 2-To po-
na. O6osaunm uepe3 {E;} KaHOHHUECKYID CHCTeMY 0O6pAa3yomux,
Ha KOTOpHE HHBOJOUHA HeficTByeT coraacHo dopmynae (1.2.28)
¢ pemectennon matpuueir A=[la.jl. 3ametum, yto A?2=J B ca-
MoM Zzede, Matpuua B=A? asaserca MaTpHuel FJaBHOH JHHERHOH
qyacTH asromopdHama uernocth A=F 2 [losromy B?=I. Eciu
B==-—I, 10, cnepoBarte/ipHe, ¥ B uMeercs CoOCTBEHHHH BEKTOD
s={8], .., S¢} ¢ COOCTBEHHRIM 3HaueHHeM A=+41: s,=ZXbus.
B stom cnyyae sneMeHT L==X5.t, HHBADHAHTEH OTHOCHTENBHO A4B-
TomOp(HIMa A H, CI€N0BATENLHO, HeTeH, UYTO HeBO3IMOMKHO.

Hrak, A*=-—!. CnenoeartenpHo, cobcTBeHHBIEe 4licida A DaBHH
=-i. Be#ay Bel{ecTBEHHOCTH A KpaTHOCTHL COGCTBEHHOTO 4HCAR A=

={ NOJXKHA COBHAAATL C KPATHOCTBI COOCTBEHHOTO HHCAAd A= —i.
[osromy uHCAG ¢ NOMAKHO OHTL YETHHIM.
3amerum, uto H3 yojoeusa AZ=—[ cnpenyet, yTo MaTpHla 06-

JanaeT nOJHOHR cHeTeMoH coOcTBeHHEIX BexTopoB. Ilyers T — Kae-
TOYHO-EHATOHAJALHASA MATPHLA MOpsixa g

(" 0y - 7 o0t
(o p ()

Marpuna T obaaiaer, nogobuo Matpuue A, moanol cuetemofl cob-
CTBEHHBIX BEKTOPOB, ee¢ COGCTBeHHBE UHC/Ia PABHH i, NpHueM
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KPaTHOCTh COOCTBEHHOIO YHCJIZ A=={ pasHa KPATHOCTH COGCTBEH-
Horo uHchaa A==—/ [loatoMy cyumecTeyer ofpaTHMag KOMILIEKC-
pasf MarpHua C, Takas, 4To

A=CTC\. (1.2.46")

Beuay Toro uro Marpuusl A u T ofe BeulecTBeHHH, H3 CYULECTBO-
BAHHA KOMILTOKCHOH maTpuum C co ceoficteom (1.2.46”) BHTekaer
CYIIECTBOBAHHE BeIlGCTBEHHOH MAaTPHLUW ¢ TeM e cBofcTsOM L.
OTcola, B CBOW cuYepelb, HYXKHOE YTBePHIeHHE cJlelyeT QUeBHd-
HBIM 0Bpa3som.

6. [Tonaanre6ps H# tdaxropanreSpw rpaccMaHO-
ol anrebpr. I'. A obnazaer aHaudATeNBHEBIM KOJIHUECTBOM pas-
HooOpa3sLix mnojaareGp. HamGosee cyiiecTBeHHBIMH  SIBJASIOTCS
cnegyIollHe ABa THIA. 4

1) Tonanre6pu A}, cocTosinue H3 3JeMeHTOR fe=A, vioBiaer-
BOPHIOIHX yeaA0BHK deg=5. Bee onu ABAsOTCA HASanaMH,

2} Tlopaare6py, KOTOpHE CAMH fABJSIOTCH rPacCMAHOBEIMH ail-
refpaMy, H uieadsl, (Gakropaarefpnl KOTOPHX SBJSIOTCI IpaccMa-
HOBLIMH ajre0pamu,

W3 maeanon 1-ro tuna paxueHIIHM sBAsercs ugean A, cocto-
SHIMH #3 BCeX HHJABMOTEHTHREIX 3MeMeHTOB anre0pht A. Eenn A==
=A(K) sBasgetcs aarebpoit Hapg K, to dakropanarefpa A/AD
naomopdra K. Fomomoppusm A(K)—K obozwauuMm uyepes m. On
HrpaeT B JanabHelimeM dyHAAMeHTaALHYKW ponk. Ecau  aszement
feA 3amucaH ¢ nOMOLIBLK HEKOTOPOH KaHOHHYeCKOH CHCTEMEH 00-
pasywimux B Buge (1.2.2), KaK QYHKUHA AHTHKOMMYTHPYIOWHX I&-
PEeMEHHHBX, TO I'OMOMOP(hH3M 1 3anHCHIBAETCH GHOPMYyJIOil

m (f) =f(0) =fo, (1.2.47)

rae fo — caaraemoe B npasop uactH (1.2.2), orBeuawmee k=0,
OueBHAHO, uTO 1t SBASETCA €AHHCTBEHHEIM romoMopdusmom A (K)
B K, xpoMe Hyaesoro (T. e. romMomopguaMa «, uto g(f)=0 npx
neex feA). Apyrumu ciosBami, [{0) sApisercs eIHHCTBEHHBIM YHC-
JeHHbIM 3HAUCHHEM, KOTOPOE MOXKET NpHHHMATh QYHKUMA OT aH-
THKOMMYTHDPYICILHX NepeéMeHdpX. B 3ToM NposBJASeTCA NPHHIHIIH-
anbHOe pa3JHUHe MeMly OOHYHKMH (PyHKUBAMH H (DYHKUHAMH OT
AHTHKOMMYTHPYIOULHX TIepeMeHHHX.

[Mepeiizem ko BTOpPOMY THOY. BBeZeM cheAyiollee BaXHOEe IIO-
HATHE,

DneMeHTH LA, i=1, 2, ..., §< g, Ha3KBAIOTCH HE3aBHCHMBI-
MH, eCAH MOpOKJlaeMad HMH H eZHHHNel moaairefpa H30MOpOHA
rpacecManopoil anrebpe As.

QuepnpHo, uTo Jd060e NOAMHOMECTBO CHCTEMH KAaHOHHTECKHX
06paayIImuX COCTOMT H3 HE3aBHCHMHX 3JemeHToB. O0parHoe He

U IIyets C=C;+iCs Hs (1.246) caeayer, uro 4C,=CI' n ACy=CoT. ITo-
Jaras C(A) =Ci4+AC,, maxoans, wto AC(A)=C(A)T upu mobom A. Bubupaa A
BEUECTBHHEM ¥ YJAOBJAETBOPAOMIEM  yoioBHio det C(A) 750, moaysaeM HyXHOe
¥TBepatneHue,
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BEDHO: B FPACCMAHOBOH anrebpe A; pH ¢=2 Jerko yKasaTh Hesa-
BHCHMAIC 3ME€MEHTH, KOTOpbEé HEJb3sl BKJIIOUHTH HE B KAaKYI KaHO-
HHYECKYIO CHCTeMY oGpa3yIoIiuX.

ITycTs Temeph rpaccManoBa aarefpa As CIYXHT roMoMOpP(HBIM

obpazom A, UYepes ¢: Agy~»A; 0603HAYHM COOTBETCTBYIOIIHMH TO-
MoMop(hH3M H uepes N — Hiean, cocToAluii W3 3aeMeHTOB, ofpa-
HIAIOLLEXCH B HOVIB TIPH TOMoMOpdH3Me ¢,

Teopema 1.6. 1) HMaean N noposxigeH He3aBUCHMEIMH 37CMEHTA-
MH 11, .oy Tlg—s, KOTOPEIE MOTYT OHTh BKJIOYEHH B KaHOHHYECKYH

cHCTEMY 00DasyOIIHX.
2) Ilyctb &y, ..., &s — 3JEMEHTHl, LONOJHAKOINHE ¥, ...,Mg—s A0

KAHOHH4ECKOH cuctembt obpasywuux. Mx obpasu Ei=¢(&) cay-

HAT KAaHOHHYECKHMH O0pasyiolluMH B As.
3amerum, uto AeficTsHe romoMopdHaMa @ Ha saement f cocro-
HT B CJCAYIOLIEM: €CJH

f=iE&nw=Y ¥ figb.. &+
Froeeey by

dnad
&

+ E E 2 oo oo Bin oo By My o0 My, 1(1.2.48)

PR S R A
l'.l,"'l j‘

@H@=/E0=Y% ¥ fu.pfu.. & (1.248)
lyy- iy

k

B YaCTHOCTH, CYLLECTBYET eCTeCTBeHHBIH H30MOP(H3IM MexIy ¢dak-
TopaareSpoit n mogaareSpoi, MOpoMIALHHOH 3/jemeHTamu L [lo-
3TOMY 3TH adredpnt MOTYT OblThb OTOMAECTBJAEHH.,

Hoxaszareaverso. [lycre {E;} — Hexkoropasi cucTeMa XKaHOHHUEC-

KX 00pasyilix Ay, Ei=tp(§i)e'fls — qofpas E; npH roMoMop-
thuame @. Ouepuano, yTo HaHop 3JEMEHTOR E CAYMHT CHCTEMOH
o6pasyionux B "A,. Coraacho teopeMe [.1 W3 Hero MOXKHO Bhlle-
JNHTh S SJEMEHTOB, TAKXKE CAYMALIMX CHCTeMOR 06pa3yiolisxX B A,
[IycTs A% ONpENEAEHHOCTH 3TO &, ...,§S.~

Beuay Toro uto @ -~— roMoMopdHaM, &; YAOBIETBODSIIOT TEM Ke
coornowendam (1.2.1), uTo H &, CAEIOBATEABHO, Ey, ..., B ciyKar
KAHOHWYeCKHMH 00pasyioIlHMHE B As.

Myers AN Ay, AN A, — HPOCTPAHCTBA OAHOPOAHHX 3Je-
MEHTOB 1-ii CTemeHH B cMbicie deg To OTHOLIEHHIO K OOpa3syolIHM

LAy 1 g,-&.—-& COOTBETCTBEHHO., 3ameTHu, uTo @AM =AD u

Q Q =]
yto dim AfV=¢g, dim A/"==s. CaenoBareasso, 8 AV, nomxuo cy-
HIECTBOBATh NOANPOCTPAHCTBO DPA3MEPHOCTH g§—S§, aHHYJIHDYEMOe
oTo6paxkedneM ¢. O603HaYUM 3TC AOANpPOCTpaHCTBO N, ;, nol-
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NPOCTPAHCTBO, NOPOKAEHHOe of0pasywltumu §;, .., §s, 0603HAUHM

A", OueBHAHO, YTO 3TH NOANPOCTPAHCTBA HE MepecekaloTcs H,

CIeIOHATENLHO, HX TNIpAMafd cymma coBuajaer ¢ A, Bpemem B
NOy_s xakum-uubyinr ofpasom Oasuc, 0603HAYUM €0 1y, i=1, 2,
vy §—S. OUeBHIHO, YTO COBOKYIHOCTL 3J€MEHTOB &), .., &, M1, -

nq_s ofpa3syer KaHOHHYECKYIO CHCTeMY o0pa3yiOWIHX B A_q. IlosTO-
My J00oH agnement A, npeictaBuM B Bmie (1.2.48). Beuay Toro

41O cp(gl)—&, ¢ (n:) =0, romomopduaM @ HA NPOH3IBOJbHLIH 3Jie-
MeHT [ aeficTByeT cornacuo gopMmyne (1.2.48)}. Takum obpasom,
AEMEHTH n); cayXaT ofbpasyromwnmu uigeana N. lleppoe yreepx-
IeHHe JOKa3aHo.

[lycte Peneps §;, i==1, 2, .., §, — NpOH3BOJBHHE 3/JEMEHTHI,
KOTOPHIE B COBOKYMHOCTH € ¥; COCTABJSIOT KAHOHHYECKYIO CHCTEMY
obpasyiomux A, 3andmieM 3AeMeHT [ gepes &;, 1; AHAJOTHYHO
(1.2.48) u npHMeHHM roMOMOPOH3M @. DneMmeHT @(f) BrHIpashres

gepe3 Gy=o(L;) amanornuno (1.2.48). Beuay Toro urto 000l e
MEHT As npeacrasasercs B Buie ¢(f), feEA,, otciona caeayer, uro

L; CAYHKAT CHCTEMOM ofpasyloukx B As. Tak KaK HX YHCIO PaBHO
S M OHH, NOROGHO [; YIOBJAETBOPAIOT cooTHolleHHsiM (1.2.1}, To,
Clej0BaTENbHO, 0Gpasyoiine §; ARAMOTCH KaHOHRURCKUMH.

7.0 NOHATHU «<4eTHOCTh», HekOTOpPBE TEPMHHO-
JOTrHUEGCKHe cornrameHud. Meu Gylem roBOPHTL, 4TO B
r. a. A ¢UKCHpOBaHA 4eTHOCTbL, €CAHM B Hell yKa3aHo NOJOPOCTPaH-
¢TBO 'A, cocTofllee M3 HEUCTHHIX SJEMEHTOB MO OTHOLIEHHIO K He-
KOTOPOH CHCTeME KaHOHHYECKHX obpasylolHX,

Kaxk Obuio mokasaHo B 1. 4, KayKZoe NPOCTPAHCTBO  HEYETHBIX
3/1eMEHTOB OJHOZHAYHO CBH3EAHO ¢ HEKOTOPBIM  aBTOMOPQUIMOM
YeTHOCTH A: OHO COCTOHT H3 cODCTBEHHBIX BEKTODOB A ¢ cobCTBeH-
HEIM 3HadeHHeM, pasHuiM —l.

Taxkum obpa3oM, 3a1aTh YETHOCTH MOMKHO, (PHKCHpPOBAB dBTO-
MOp{H3M yeTHOCTH. UeTHOCTL fBJAACTCA BaxHefAmel JONOJMHHTENb-
HO{ CTPYKTYPOH T. a.

B r. a. ¢ (pUKCHPOBAHHO# YETHOCTLIO 3JEMEHTB! NPOCTPAHCTBA
1A, onpepensiiouiero 3Ty YETHOCTh, HA3HIBAIOTCH HEYETHBLIMH, 3Je-
MeuTbhl TnpocTpaHcTBa YA Ha3HBaKTeA YeTHoIMH. Bo Bcex BeTpe-
HAWIIUXCH B JafbHefilleM FPAacCMaHOBRIX anrefpax HeTHOCTL CUHH-
Taetca (pHKCHPOBAHHOH, KaHOHHUeCKHE 00paaylolllHe Bcerja Heuer-
#el. OTOBOPOK IO 3TOMY NOBOAY HE [JEIAETCH,

YerHoCTb IpPaccMaHoBof anrebpel sBJAseTCH YACTHRIM CAYYaeM
Gonee ofuwero nounrda detHoctu. [pusesem ero. ITyets L — He-
KOTOpOe JHHelHoe NPOCTPAHCTBO, B KOTOPOM (PHKCHpOBaHH 1BAa
HeTlepeCceKa0MHXCA TOANPOCTPAHCTBA, Takue, 4T0 L sABafgercm HX
upamoit cymmoi; L=°L¢P 'L. JluHefinke HNPOCTPEHCTEA C TAKOM
JOTIOJHHTENBHON CTPYKTYPOH HasHBalOTCR Zz-TPadyHPOBAHHHMH,
AtemeHTH TpocTpaHcTs °L ® 'L HasuBawoTest OXHOPOAHHMH. MBI
GyneM TOBODHTb, 4TO B Zg-rPAajiyHPOBAHHOM [IDOCTPAHCTBE QHKOH-
PUBaHA WeTHOCTb, €CAH OJQHO H3 ICOANPOCTPAHCTB OOGBABACHO HeT-
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HHM, JADYroe — HeYEeTHHM. IDJXeMEeHTH 3THX NOLNPOCTPAHCTE HA-
SHBAKTCH B TAKOM CJAy4Yae COOTBETCTBEHHO YETHHIMHM H HeYeTHH-
MH, 19 OAHOPORHEIX 3JeMEHTOB BBOJMTCH PYHKNHA 4eTHOCTH

u(f}={

CymMu BAaa af) +o(g) nounmalorcs no mod 2,
C moMOWBl0 GYHKIHH YeTHOCTH BEOIHTCA JIHHCHHBIR ollepaTop
A: 114 0JHOPOIHBIX 3J1EMEHTOB

Af = (—1)shf, (1.2.50)

Ha saeMenTH ofmero BHAa onepaTop A pacnpocTpaHaeTes no JH-
peftrocti. Ouepnano, uro A2=1.

Onepatop A, Oyayun JaHedHBIM H 00paTHMHEM, SIBASETCH aBTO-
moptasmoM L kax aunellnoro mpoctpascTsa. B caydae, ecaHd mpo-
cTpancTeo L He ofjajgaeT IONOJHHTEJLHBIMH  anare6paudecknMu
CTPYKTYPaMH, 49eTHOCTh B HEM MOMHO BBECTH IBYMs CHocodamiu:
Kaxjace na aopnpocrpancts °L v 1L moxer ORIt 06BABREHO YeT-
HHM HJAA HeuweTHbIM. IIpu HaAMYMM AONCAHHTENLHOH CTPYKTYPH
Bcerja Oyjner TpefomaTscst, 4ToOnl omepatop A Omu ee aBTOMOp-
thuamom. Dro TpeboBaHNE MOXET VHHYTOMNUTh CHMMETPHIO MEXIY
o[, m 1L, Canyuafi, rorua L=A, CIyXHT NPUMEPOM TaxOM CHUTya-
IHY (JOMOJHATENBAOH CTPYKTYDDH CAVKHT  YMHOKeHHe B A).
B cayyae, ecaH B Zo-rpaiyHpPOBAHHOM JIHHEHHOM 1IPOCTPAHCTBEE
L=0L L ¢uxcupoBaHa uyeTHOCTL, AHZeke 0 Bcerga 8 JganabHed-
mem 6yieT NPHOHCHBATHECA YETHOMY TIOAIPOCTPAHCTBY, HHILEKC
l — HeyeTEOMY.

IMyers L, M — Zy-rpajyupoBanNHe JHHeHHHEe OPOCTPARCTBA O
dukcuposannoft uyersocTslo. [omMomopduam T:L—M nasniBaerch
rpagydpoBaHHBIM, e€CJAH OH COXPaHfAeT UeTHOCTh SJeMeHTOB:
TULOM, TILM.

0, ecomt [ yeren,

(1.2.49)
1, ecam f HeueTemH,

§ 3. AJITEEPH A(U)

. DyHKuud® Cc0 B3HAUECHHUHSIMH B TPacCMaHOBOR
anaredpe Hycre E — mpoHaBONBHOE MHOMecTBO, A — rpace-
manoBa ajnrebpa Hajy K, AF .- anreGpa mcex ¢yuxuufi Ha E co
sHauenHsAMH B A. B maapHefimeM HaM BCTpeuaeTcd TJaBHBIM 00-
pasoM, cayuali, Korga £ sasagercs OeckonedHo mHpdepenuupye-
MuiM MHoroobpasmem. B atoM ciyuae B AF cyllectByer nopanare(-
pa, KOTOpafd COCTOHT W3 BeceX OeCKOHeuHo JAH{<pepeHIIpYeMHX.
dbyuxuui wa F co asnauveudem B A. 3Ty mojaarebpy ofosHaumm
A(E).

Ilyers {§;} — cucrema Kaxouuwyeckux ofpasyiomux A. C ee mo-
MOUIbI0 KaXAHH sJeMeHT f&EAF mOmeT DHTh 3aIIHCAH B BHJe

f=fx.=Y Y fo.,0&...8&, (@31

E20 Loty

54



e x€E, fi,. 5,&) — BEIIECTBCHHO- HAH KOMIJIEKCHO3HAY-
abie Gyuxuan Ha E, B 34BHCHMOCTH OT TOPO, BeUEeCTBeHHOH# HJH
KOMILTCKCHOH #BAAercA aarefpa A. B cayuae, ecmn E — Gecko-
HeuHo jgHbdepenmupyemoe MHoroobpasue H feA(E), bysxuun
fis....t, OecKoHeuHO  IuddepeHunpyemn. PYHKUHHA f,-,,__,,;h ecid
NPOTHBHOE HE OrOBOPEHO, OYAYT BecerAa CYHTATLCH aAHTHCHMMETs
PHUHEIMH [0 OTHOLICHHIO K HHISKCAM iy, ..., is.

B aare6py A(E) ecrecTBeHHHM o0pa3oM BBOZHTCA NOHATHe
CXOJHMOCTH: [OCHeA0BaTeabHOCTh fn=A(E) cxoautes k feA(E),
eca Bce ko3 HNHenTHble GYHKIHH 3J1eMEHTOB f,,,f,,_ih,,,_}k, BMe-
cTe cO BCeMH CBOHMH HPOH3BOXHBIMY CXOJATCH K COOTBETCTBYIOLIHM
K03 bHIMeRTREM QYHKUMAM H HX NPOH3BOJHEIM PaBHOMEPHO Ha
xaxioM xomnakre FcIL. Jlerko BuIeTob, uro xoTd caMu ko2ddu-
LHEHTHBIE QYHKUHH fui, . i, f.g,___,,,-k 3apuCAT 0T BHGOpA KaHOHH-
yecko#t cucTeMel ofpasyiomux B A, oupeielenue cXQAHMOCTH OT
3TO0r0 BHGOpA He 3aBHCHT.

AprymenTt £ B Bolpaxenuu f(x, §) CHUMBOJIH3HDYeT CHCTEMY 0f-
pasyoomax {Z;}, dcnonb3oBaHHYi0 Aaa 3amdcu [ B Buge (1.3.1).
B 1aanHefineM, OZHaK0, MHE OPHIAJHAM 3TOMY 4DIYMEHTY MeHee
GopMaNbRLIA CMEICH.

Ha anre6pel AF mepexHoCsTCH NOHATHA yeTHOCTH M CTENeHM 3Je-
MCHTOB, HMeIILHeCH B T. a. A.

SaeMent f=AF HaspiBaercs: HeTHHIM, ecau f{x)=°A u Heuer-
HBIM — ecaH f(x)='A npu kaxgoMm x=E.

HdpyraMa caoBaMH 3JjeMeHT [ YeTeH, eciH B NpaBofl 4acTd
(1.3.1) DpucyTcTsylT caaraeMsie TOJBKO € YeTHHMH k, ¥ Hede-
TeH — eCJAH TOJBLKO ¢ HeueTHbIMH k2. Kak uerHule, Tak H HeueTHEHlE
JeMeHTH HA3LIBAOTCH OJHOPOAHEIMH B CMbicAe uerHOCTH. [lasd
OJHOPOAHHIX B CMBIC/e YeTHOCTH 3IJIEMEHTOB onpeleena PYHKUHA
yernocth aff) B cooreercrunr ¢ ofwel $opmyaon (1.2.49). Or-
ME@THM, 4TO MHOMKECTBO geTHBIX 3demeHTop AF coBnagaer ¢ (PA)E,
MHOXKECTBO HedeTHRIX aaementoB — ¢ ('A)¥, rie B COOTBeTCTBHH C
obuuMu  obospadeHuaMu  (°A)E,  (*A)F 03HaYAT MHOXKECTBA
BceXx ¢yukuxi Ha F co amauenuam# B %A u !A cooTBeTcTseHHO.
B cayuae, ecan £ — Geckoneuno auddepeHunpyeMoe MuOTDOGPA-
ane, moaMuoxkecTBa (YA}E u ('A)%, cocrosmume H3 GecKOHEUHO
auhdeperuupyemux hynxuui, 6ynem oboznavare °A(E) u 'A(E)
COOTBETCTBEHHO,

Crenennio J&AF Oyiem HasmiBaTe unciao degf=mindegf(x).

Ilycts m, n — HeoTpHuATE/bLHKE Hesiele yHena. Uepes (AF)mA
6yxem 0H03HAYATL MHOMKECTBO, COCTOsALLee H3 BCeBO3MOMHBIX HAa-
G0POB /7 YeTHHIX H 7 HedeTHHIX 3/1eMeHTOB

AZ(Fr(%), o [ (%), @1(%), -y @ (%)) E(AF) ™, a(fi) =0,

alg;) =1

B (A%)mr ecrecTsenusM 06pasoM Onpefeasercsd ouepauus cjo-
KEHHA, a TAKKe oflepalud YMHOXKEHHA aJeMeHTOB (AF)™" Ha aje-
mentel (PA)E co cBoAcTBOM OHCTPHOYTHBHOCTH. Tarum obpaso,
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(AF)™n smngerca MolyaeM Hax (°A)E. B cnyuae, ecam F — Gec-
KoBeuHO  JMpdepenunpyeMmoe  MHOroofpaszue,  MOAMHOMKECTBO
(AE}™n, cocrosniee H3 HaGopoB GeckOHEUHO AudidepeHUHpyeMbIX
Qyukuns f;(x), ¢;(x), 6yzem obosznauars A™"(E}. Ouesuano, 4To
Amn(E) amnsiercst Moayiem naz °A(E}.

IMyers KE — anreGpa Bcex dynkimii na FE co 3HaueHHAMH B
K. O6oanaunm yepes nm:AF—KF romoMophuam
m(f)y=m(f) (x) =f(x, 0)=fo(x), (1.3.2)

rae fo{x)} — caaraemoe B (1.3.1}, oTBeyawimee £ =0,

OruveraM, yT0 ecan E — GeckoHeuno audbepenunpyemoe MHO-
roofipaane, 10 obpasom A(E) npu romomopduame (1.3.2) caymur
He Bca KE, Ho ee wmopanreGpa ¢ (E), coctofimias H3 GeCKOHEUHO
auddepenunpyemerx Oyuxumui. 3aduxcuposas B (1.3.2) TOuKy
X=da, MBI TIoaydamM roMoMophusmM AZ B K:

ua(F) =m(f) (a) =fo(a). (1.3.3)

Moxro nokasats, uro ecsin £ — Geckonedno augdepenuupye-
Moe MHoroofpasHe, T0 BCAKHA TroMoMopguaM wiA(E) K umeer
ayd {1.3.3). Takum o06pasoM, CyIMecTBYeT B3IaHMHO-OIHO3HAUHOE
COOTBETCTBHE MeXJAy TOYKaMH MHorooGpasas E u romomopdus-
mMamit A(E) B K.

C romomopduamom (1.3.2) TecHo cBA3aHO NOHATHE CHEKTPa
Habopa aneMeHTOB AF,

Iycrs fi, ..., f» — HeKOTOPHH ynopsioueHHHH Habop ajaeMeH-
108 AE, CrmexTpoM aToro HaGopa HA3HBaeTCs MHOMECTBO B TpO-
crpanctse R” B BeluecTBeHHOM ciayvae HAH B C° B KOMILIGKCHOM
clyuae, sipoGeraeMoe BEKTOPOM!

f(x)=(m(fr) (x}, .. m(fs) (x)),

Korja x npoferaer E.
Crektp ynopsiouedHoro nafopa 3aemesnToB fi, .., fa» 0603HA-

vaerca spec(fy, ..., fau).
2. TomoMopduamMu orpanndsesda ITyere M — Becko-

neuno audpepedunpyemoe Muoroofpazue, V, U -- oTKpHITHE moi-
muokecrsa M, npruem VU wn dyukuas f{x}e=A(U), paccmar-
pHBaeMas TOJLKO lIpk x&V, HaszbBaeTca orpanmueHueM | na V.
Ouesusso, uTo orpanuuedde f Ha V apasiercs daementoM A(V).
Taxum o6pasoMm, CONOCT2BAAA xaxkaoMmy 3anementy [SA(U) ero
orpannuerHe Ha V, Mbl noayuyaem oToGpaxcenne A(U) » A(V).

3o orobpaxedue 00O3HAYHM oy OuesngHo, uTo
pYf+Be) =apff +pofe. oy Fa) =0l 0% (&),
rie o, p — uncaa. CreloBaTelbHO, p%f ABNAETCA TOMOMOpPPHU3-

moM aireGp. FomoMopdmsm pY Mbl GyleM Ha3uBaTh B Aalb-
HeHHeM CTAHZAPTHLHIM MOMOMOP(H3IMOM OTDaHHUCHHA.
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Ormerum, uto ecmu feA(U) ameer mua (1.3.1), To p;';"f

HMEeT aHAJOIHYHBIE 81, KoadgHuHenTHHE QYHKIHH Foeoniy (%)
B O060HX Cayvyasx OJHH H Te »Ke. PazHHUA COCTOHT JHUIL B TOM,
YTO B TEPBOM CJaydae apryMedT x npofieraer Bce Muomectse U,
BO BTOPOM — MNOAMHOXeCTBO V.

3aMeTHM, YTO TOMOMOP(HHIMH p%," of1a21l0T CIeAYIOULHMU
CBORCTBAMHA:

1} p;; sBAAETCA TOXIECTBEHHHM H30MOD(PHIMOM;
U SV
2) econ WV U, 1o pY =pkol;

3) nyers {U.} — noxpurue U ofnactamu U,:U=U,, TOraa:
31) ecln mim Hekoropux f, gEA(U) capaseiauso paBeHCTBO

UOF o —
puaf - pUmg’ TO f g:
3;) ecau B Kam[ofl anreGpe A (Ug) HMeeTcss Takoil 3JeMeHT [q,uTo

53: nug fo = pgg nuy fs, 10 B anrefpe A(U/) cywectsyeT Taxol sJe-

MeHT f, uTo fq = ;;gaf;

4) TOMOMOPGHSMbI pY COXPAHRIOT HETHOCTb.

Besagroe cemefcrao romomopdusmos aare6p A(U)—-+A(V), ob-
JafaolIee 3ITHMH CBOACTBAMH, HA3BIBAETCSH CeMeACTBOM TOMOMOP-
¢$HIMOB OTpaHHYEHHA.

2
Hcnoabays romomopduambl pY MOXKHO TOCTPOMTE MHOIO IpY-

TMX ceMeHCTB roMOMOP)H3IMOB OTFpPaHHUGHHS C IOMOLILIO CJedyio-
uero npHema. Pukcupyem Aafd Kamuofl anrebper A(U) Hexoro-
poift naoMopdH3M Ty, COXPaHSIOMHA YETROCT, H NONOKHEM

oY =Tv p% Tu. (1.3.4)

Jlerko mpocaeauTh, YTO TroMoMOpPQHIMH oY  YI0BJAETBOPHAIOT
BceM TpeboBaHHAM 1) —4).

Mycre VU u p:A(UY—+A(V) — npoussoipHBA TOMOMOD-
tHuam.

B cayuzae, eciun g=pf, sneMeHT g MBl GyjgeM Ha3HBars Orpa-
HHYenneM (OTHOCHTelnHC p) [ Ha V, COOTBETCDBEHHO 3IJIEMEHT f
OyleM Ha3nBaTh MPOAOJKeHWeM (OTHoCcHTedbHO p) g Ha U. Ecau

o =pl — CTaHAapTHLIA TOMOMOP(H3M OFpaHHYeHHHA, TO £
OyaeM HaswiBaTh CTAHJAPTHEIM OPAHHUEHHEM f, COOTBETCTBEHHO
—— CTaHIApPTHbIM NPOLO/KCHHEM g.
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B cayyae, ecan UccRP y aareGpa A=A, umeer § RKauoHHue-
cKdX ofpasywmux, Mo OGyleM uapsny c oGosuauennem A{U)
NOMb30BATLCA TaKKe GoJjee JeTalbHEIMH obo3HaueHUIMH Apq(U)
unn A(Ulxy, .., %5, &1y .., &), TAe ¥y — AEKAPTOBE KOODAHHATH
8 U u & — obpaaywmne aarefpu Ag D1 0603HAYECHHS TPH3BA-
HBl MOAYEPKHYTh BAKHYI OCOOEHHOCTh TakHX anreGp. Kak MH
YBHIHM Huxe, aveMmedTH I, X, &, l<i<p, l<j<q, cocrapaswr
CHCTEMY TONOJOTHYECKHX ofpasyomux aareGpw  A(U), npruem
2JeMeHTH X;, §&; HTPaKIT PABHONPABHYIO POJb.

3. 'paccMaHOBH aHAAHTHYeCKHe G YyHRKUHAHU IlyeTs

fi(x, eYe=Apg(U) — uerHue anementH, i=1, 2, ..., n. Orgeaum B
f: ciaraeMble HyJseBO# CcTeleHH
fr(x, &) =a;(x)+hi(x, E), deghi>2. (1.3.5)
Iycrs, nanee, g{x), x= (%, .., x.)=R", — Geckoneuno aug-
depenudpyeman ¢yHKuHA, B 06JacTe ONpefeNeHHA KOTOPOH BX0-
aur  muomectso  spec{fy, .., f.). Onpezenum cynepnosnuuio
g(fi, .., fn)=Apq(U) c novompio pasnoxenns B paa Tefinopa:
g(fl; .. 1fﬂ)2g(al+h1' e nan'}‘hn)-:—"
Bao L hEa o gtethy

= g (a,, , @) 4 Gy ovey Qy).

g, ... o) g A el o )
(1.3.6)

Cymma B (1.3.6) sBasercs KOHESHOH B CHJY HHJALITOTEHTHOCTH i
Iycts teneps g(y, n)EAna (W), filx, £}, 9i(x, E)e=Apq(U),

i=1,2, .., m j=1, 2, ., n npudem 3JeMeHTH [i @; SABJAITCH
onaoponnuMy, a(fi) =0, a(g;) =1, spec(f, .., fm)<=W. Onpexne-
aum aaemedrt g(fi, ..., fm @1, -, Pa)=g{f, ¢) c noMompio pasen-
CcTBa

g(f: CP) = Egﬁ.....ik{fh ey fm) CP"I e (Pik, (1'3'7)
rie gu,...,  KOIQ@PHUHEHTH B Da3/OKeHHH (1.3.1) 3nemen-
Ta & Gty (Fan oon s fd mnonuMaercs B cumucae  (1.3.6).

Aaement g(f,¢) OyneMm HA3HIBATH Cynepnozuuuel g W f;, g

Bepuemes ®k Qopmyne (1.3.7). HanoMuua™, ¥TO BCEBOIMOMKHLIC
natopsl BHAA (f1, - fms @1s o @), THE fi. 9;&Ap,q(U) obpasyior
npocrpascrso, Koropoe ofo3uavaercs AZW (L), Te u3 HuUX, KOTO-
pHe 006nanaioT HONOJHHTENBHEIM CBoiCTBOM spec(fi, .., fm) W,
oBpasyIOT MHONECTBO, KOTOpoe MH obosnaumM  Apy (U, W),

Gopuyaa (1.3.7) comocTaBaseT KaxXJIOMY — 3NEMeHTY g&
EAmn (W) dyrxumo nHa Ajy (U, W) co sHauernaMH B Apq(U).
D1y dysxmmo Mu Gymem HHOTAA ofosHauaTh Fg, Felf, @)=
=g{f, ¢). Toguepkuem, uro Fy B OTMIuHe OT 3feMeHTA (&
EAn, (W) gBaserca dyuxnued B oOHUHOM CMHCIe CJ10Ba, T. €.
otofpaxeHieM.
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DyHxUHHY ONUCAHHOTO BHAA '6YAEM HA3KBATL TPACCMAHOBCKHMH
aHaJMATHUeCKHMH (cokpauleHHo T. 2.}, I'. a. {yHxumn, onpeneseH-
avie BApy (U, W) u mpauumarcmiue 3nauenus B Apq(U), obpasy-
10T aareGpy, KoTopy mbl Gyiem oBosHauats My (U, W).

Aare6pa  Ugzg (U, W) ssasnercs mozaarebpodi  GoMee mmpoKof
anrebpsl Biw (U, W), xoTopasi COCTOMT M3 JHHERNHX KoMOuHaUui
3/I8MEHTOR %I,’,f;,"(U, W) ¢ xospdunmenramu u3 Agqs(U). Daemen-

TBl aarebpul By (U, W) 6yieM HasbBaTh T. 4. OYHKIHAIMH ¢
TPAccMaHOBCKHMU KoaddueaTamu,

Anrebpa B,y (U, W) kak aurefinoe npocTpaHCTBO paciagasTca
B CYMMYy ABYX TOANDPOCTPAHCTR:

e (U, W) = 2B (U, W) Q1% (U, W),

KaxJ10e U3 HIX COCTOHT H3 JHHeHHBIX KOM6HHEUJ:H17! BHO4

€ OAHOPONHBIMA &) & Ay, (U), g,€ A (W), npu aToM w & OB (U W),

ecad a (Q)) = a(g,), ue 1B,y (U, W), ecan o (a,)z%0(g,). OuesnaHo,
qro B0 (U, W) asnsietcs nojaireGpoit  amre6put By (U, W).
Bce paccMaTpaBaemble anreGphl W TPOCTPAHCTBA UIPAIOT BaX-
HYI0 POJdb B TEOPHH MpeacTasJenuit Cymeprpyil.
B cayuae, ecau Amn(W)TApy(U), cynepnosuuuio (1.3.7)
MOXHO pacCMaTpuBaThb KaK NpOA0/uKeHHe (YHKLHH g, [EePBOHA-

TaJbHO ONpeleeHHOR Ha 3JEMEHTAX X1, .., Xm, &1, o &n, THE X5 —
Koopauatsl B W, Ha [POH3BOALHHA 3JEMEHT HpOoCTpaHcTsa
ApoU, W).

[oayuaemoe Takum o0pasoMm npofokenne OyleM Ha3LIBATh
rPACCMAHOBCKHM — AHAJMTHYECKUM  (COKPAUICHHO T.a.) [POAQJ-
KeHveM (BYHKIHH g.

CyllecTByeT 3HAYATENbHAA aHAJOTHA MeXAY r.a. PYRKUHaAME
U OGLIYHBIMH AHAJUTHUECKHMH (DYHKUHUAMH, r.a. 1DOLOIKEHHEM H
OOBIUHBLIM AHATHTHYECKHM MPOLOAMEHHEM.

4, O6pasywmue aarebpuo Ayqo(U). Hyers

yi (6, ), ni(x e (U), i=1,..p0, j=1,...,9 —

HEKOTOpPWE HaBop ofuopoAHsix aaeMentos a(y:} =0, a(n) =1L
CoBORYMHOCTE ¥, 1; OyZeM HasHBaTh CHCTEMOHR 00pasyloinuy
Ap g (U}, ecou:

1) spec (43, ... , ,/) ABASETCA OOJACTLIO B R’

2} awoGoit sneMmeHT feAp4,(U) Moxer OHTH 3amucad C MOMO-
B0 y;, m; B BHAe, amasoruunoM (1.3.1):

f=z 2 Pty Wny o oe 5 B} Ny o My,
biyeonig

k
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rae fa,...i, — OCCKOHEUHO IugpepeHuupyemble (QYHKIHH, ONpejeeH-
Hele B O0aacTH  spec (g1, .. , ¥,)-

dneMeHTH y;, 1); NPH 3THX YCJIOBHSX HA3bBIBAIOTCS COOTBETCT-
BEHHO YeTHEIMH H HedeTHHIMH ofpasviomuMy aarebpel Apq(U) L.

BelecTBenHble nepeMeHHBe x; H obpasyiomine &; aarebpw -Ag,
C KOTOPHX MH HauaJH TOCTpoeHHe anre6pu Apqo(U), cayxaT npu-
MEpPOM COOTBETCTBEHHO YETHBIX H HeueTHHX 0O0pasyoILHX.

Myetes x:, & l<i<p’, l<j<g/, — obpasywmue aaredps
Ap (U},

Y=y, 0=a®+Y ¥ (& .. &y (1.3.8)

k>0s,,,. Sy

==Y @5+ Y ¥ P, 8 o Sy

k>051""'52k+1
i=l: 21 bt ] p”’ j=1' 21 wery q”r

HEKOTOPHH HalOp YeTHBIX H HEUETHRIX #IeMEeHTOB aJreGpe
Apg(U). Halijem ycnoBHA, NPH KOTOPHX 3TOT HAGOp CAYXHT CH-
cTeMof ofpasywmux adarebpu Apo(L/).

OueBHzkO, 4TO 3TH YCJOBHS CYTh VCJIOBHS Pa3DENIHMOCTH CH-
creMul ypaeuedufi (1.3.8) oTHocHTeabHO X, ;.

Teopema 1.7. Tlycts ai(x), @js(x)=A,4(U) onpenensmorca pa-
peHctsoM (1.3.8). Jas Ttoro utoOnl Habop aJeMeHTOB §i, 1); BHAA
(1.3.8) cayxia cHcTeMoll o0pa3ylomiuX B Apq (L), HeoOxodumo u
J0CTATOYHO!

1) uyToOBl MHOMKECTBO SPec(yi, ..., ¥p*) O6HA0 oGaacTbio B Rr™:

2) uroBu cucTEM3 YpaBHeHHH

gi=a, (%), X =(mx,, ... miy), X spec(xy, ..., %), (1.3.9)

OTHOCHTE/bHO X OHJa OJHO3SHAWHO paspelllHMa MpH BCex J=
Espec(yy, ..., ¥p7) B Kaacce GeckoHeuHo auddepennupyeMbix QYHK-
LI H,

3) urolu MaTtpuua g;x{f} Ownia ofparuMa npH Bcex fe
espec(xy, .., Xp' .

[Ipr atux ycaoBusix ofpaaywomue x; §; BHpamaICd uepes
Yi, M; cornacao gopmyaam

X, = f: (y) + Z z ft;h....,su (y) sy o oo nszk’

R05;,..008;

(1.3.10)
Chad 3 (TR TR YU M VR (L MOPPL IV

k)ﬂsl.....sak“

' Oun spagioTCA TORONOTHYECKAMH 00Pa3yiolmuMe anre6ps Ap, o(#) B cMHC-
he obilero onpeneneHAd, AaHHoro B § 1 3TOH raaswl.
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npudeM  %i=f;(§) — pewmenne cHcTeMw ypaBHeuufi  (1.3.9),
[lpi:s (@ (£)) | — maTpuua, o6patHan |gi;s (£) 1.

Hokasureavcrso. TlyeTh aneMedTsl Yi, 1n; CAYHAT 06pa3yionin-
mH, B TakoMm cayuae spec(yi, ..., yp) sBJAseTcs 06JaacTbio cornac-
HO OIPEje/IeHHIO CHCTEMbl 06pasyouIHX,

Jlanee, eMeHTH x;, & MOTYT OHTh BBIpaXKeHwl 4Yepes yi, 1, HO
dopmyaam (1.3.10) c noka HeH3BeCTHHMH GecKOHeUHO AHpdepeH-
UHPYEMBIMH (DYHKUHAMH f;',fi;fsl.....szk » Biisi Pisi, . p,,-  [Ipumensia
k o6enM uactsam (1.3.10) roMoMopdHaM m, HAXOIHUM, UTO X;=
=fi(§), rae §=(§, .., §7) Fi=myi=a;(x). Cre1oBaTeqsHO, YpaB-
penna (1.3.9) paspemnMul H %;=[:(§) sABARETCA pEUEHHEM 3ITHX
ypasuenuh. [lajee, noacrasnasa ns 13 (1.3.8) B (1.3.10), naxoaum,
uTo CaaraeMoe nepBof CTENEHH MO COBOKYNHOCTH Es B mpaBoit ua-

¢ty BToporo paBenctBa (1.3.10) umeer Bua 2 Pi; s () Pse (X) &y
4
CaegoBaTeqakHO, 211) 6.5 (1) @p (%) = &8;,p. AHanorHuHO, NOACTABIAA &

13
3 (1.3.10) B (1.3.8), Haxonuw, qTchp,-;Is(x) Psx () = 8. TlpHMe-
5

HAS K 9THM TOXIeCTBAM ToMoMopbu3M 1, TIOMNYIAeM, UTO MATpPULA
lgse ()| obpatuma u a0 §un (F) = llg:e (£) 17! npu_Fi=a:(¥).

IlepefiteMm K [0Ka3aTeJbCTBY  AocTaToOMHOCTH., [lodctaBum
(1.3.10) B (1.3.8) u opupaBHseM HyJO Ko3(QPHIHCHTH 1pH
LITH TR (#>1) B oBoux paeencrsax (1.3.8). 3mas f:(y) u
Pis (), MBI O7y4aeM DEKYPPEHTHbIE COOTHOINEHHA MIA  frs, . .. soi

H Wisie.Sper  OTH QYHKUHH OKa3bIBAIOTCA OYEBUIHBIM 0OGpa3oM
GeckoHeuHo AuddepeHunHpyeMuMr B obaactn  spec (yy, .. ..yy»).
Hafinfd ux, Mol Bupaxaem obpasymomue x,;, E; 4epes yi, n;.

3ameuanne 1. [lyete U, V — obnacru & npocTpadcTBax R 1
RP” coorserctBenno u | : U — V — orobpaxenne. Otodpamenne f
HazbiBaerca JudxpeoMoppusMoM, ecad  oHo obaanaer ©OpATHLIM
7! (1. e. B3aUMHO-OAHO3HAUHO) M ecau ofa ortoGpamenus [ u [
SeckoHeuHo auddepeHUEPYEMDL (OtoGpamxenne  x—-y=f(x),
xe=U npaspiBaercs OeckoHeuHo AH(depEeHUUPYEMEIM, €CAH KOODIH-
HaTH y:{x) Toukn y=[(x)=V aBiadworca GeckoHeuHo Aupdepentn-
PyeMHMH QYHKUMAMH KOOPAHHAT x; TOUYKH x=U.)

B cayuae, ecau U=V, otoGpamkenue [ nazmpaerca anddeomop-
$usmom obaactu .

Taxum obpasomM, yenosue (1.3.9) Teopemnl 1.1 COCTOHT B TOM, 4TO
oToOpaxenne ¥ — a (%) ofaactu spec(x,, ..., Xp) Bspec(y,, ..., ¥p)
asnsercs AuddeomoppusMoM. Tak kak anddeoMoppuaMm coxpa-
HieT pa3MepHOCTh oOGJaacTtH, To p'=p”. TIOCKOJBKY KOOPJHHATHL
B U 4BJASKOTCA YETHEIMH 00pa3yOWUMH » HX yHcao pasho dim U=
=p, 10 p'=p"=p. KomGuaupya 3T0 o06CTOATENLCTBO € 3-M yIBEpIK-
AeHHeM TeOpeMEl, MOJIyyaeM B KauecTBe CJAEACTBHA, YTO BO BCEX
CHCTeMax ofpasayomux aarebpu Apq(U) uneno dernx obpasyio-
WLux paBHO p, YHUCAO HEUeTHHIX OOPa3yIoLIHX PaBHO g.
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3ameyanre 2. Ilepexoa oT onHOH cHCTeMB! OGpAa3YIOINUX 4, Ty
¥ JIpyrofi cucteMe x;, &; MoOmer GHITP OCYIUECTBJEH B IBa 5Tama:

1) xi=x:(2,0), &=0s

2) Z yh CJ gl(yrn)

JoKasaTeapCTBO OYERHAHD,

3ameuanne 3. Teopema 1.7 onuceiBaeT BCe aBTOMOP(HIMEY
anreGp Apq({/}. B camom jgene, econ y;, m; — ocOpasyionmue an-
refpul Ay (U), mpuuem y: — xkoopzunatel B U, T — aBroMmop-
duzm, To adeMeHTH x;=Ty;, £;=Tn; 1akXKe gBIAtOTCH ofpasyie-
wEME Ap.{(U), npuuem spec(xy, ..., xp) =spec{y, ... &,). (Ilocaea-
Hee VyUjloBHe QYeBUIHBIM 06pazoM HeoOXoOHWMO AJA TOTO, YTOOWI
asroMophuaM T Mor OuTh npoioameH ¢ ofpasyiouux i, m; la
NpOH3BOJBHEIE 3MeMedT f(y, n).) O6partHo, nycte x:, &, ¥iu mj —
NPOHU3BOJbEBE CHCTeMH 0OPasyIoUlNX, TaAKue, 4TO spec(Xi, .., ¥p) =
=spec(y,,. o) =U. Kempomy f(x, EYe=A, ¢ (V) comocTaBuM 3ie-
menr (Tf) (x, ,) =7 (y(x. &), n(x, E)}=A,,(U). OuyerngHO, UTO OTO-
Gpaxenue f— Tf siBasieTca aBTOMOpGH3IMOM anrebpm A, (U).

JpyruMu cnoBaMM, XapaxTepHcid ocofeHHOCTbio aBTOMOpDHIMA
ABJIARTCA TO OOCTOSATENLCTBO, uTo oToOpalKeHHe, ONpelenseMoe
dopuyaamu {1.3.9), sBaserca auddeomopdusMom obdaactu U.

Vi3 sameuauns 2 chaenyer, UTC Kamawll aBroMopshusm T aarel-
pH A (U} mpencragum B BHue ['=T1,Ty, rae T;, Ty — aBTOMOp-
(hH3MEl CMeUHANBHOTO BHAA!

xi=Tgi=xi(y,n), E=Tm=mn,
x;=T2!J: i g.’ TZ’]I“EJ(%T!)

3ameyanue 4. Crenenn sgaementa degf HE 3aBHCHT OT CHCTEMME
obpasywiusx.

M3 reopemst 1.6 BBITEKAeT psi BAXKHEX CICACTBHI.

1. Ecmu oGpacty U u U7 ceasann auddeoMmopdusmoM, To al-
refpul Apq(U) 1 Ap g (U7) usoMopdumw.

2. lpu romomopgusMe orpannyedus Bufa (1.3.4) obpasyiowmue
nepexofdT B obpasyloline.

3. B onpeneneHun CxOQHMOCTH 37eMeHTOB Apq(U) moxuo cu-
creMy ofpaayiomux xi, &;, rie x; — KoopAHHaTH B U, 3aMeruTh
nioboft opyroi cucteMoil ofpasyomux. B pesyiasrare nmoayuaercs
SKBHBAJCKETHOE ONpeJe/cHle CXOAHMOCTH.

4. Tlyers x;, E; — cucreMa obpasyomux 5 agnrefpe Ap,(U) u
Yi, T — 3ITEMEHTHl, CBA3aHHBE C X;, & COOTHOLIEHHSMH

yi=xi+h, mi=8;+9; deghi2, degg;=2,

TOTAA Y, W; TAKKE COCTABJASIOT CHCTEMY OOpasyiommx ajare6pul
Ap (U

HoKa3aTeqLCTBO ITHX CAEJCTBHA 0UeBHIHO.

OrMeruM Baknoe obGcrosTeascTBo. Gcobasi DoIb NEpBOHAUAND:
yHX 06pasylomHx Xi;, &, DA€ x; — AeKapToBs KoopimHatu B U,
TOJMHOCTBIO MCYEDPITHBACTCA TEM, UTO € HX MOMOILbiO CTPOSITCHA TO-

@

MoMOpGbH3IMHE pYy, M H pe. BO3SMOKHO NOCTPOEHHE TEOPHH, HAPH
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KOTOPOM 3TH TOMOMOp(H3IMLL BBOAATCA axkcHomartnueckd. Ilpu ra-
KOM NOJX0Je BBIJeNeHHEX 00pa3yolix HerT.

Ecan crodTh Ha HHBAPHAHTHOH TOYKE 3peHHs, NPH KOTOPOH B
anrebpe Ap.(U) ne BolAensercs HHKakas crcreMa o6pasylomux,
10 poib aprymeura U B oGosumauyennu Apq{(U/) cocronr B ykasa-
HHH Ha TO, 4TC B 3To# ajarefpe cyllecTByeT Takas CHcTeMa ofpa-
3YIOUIHAX x;, &;, 4TO spec{Xxy, ..., xp) =U.

5 MNpogoaxenune cHcTeM ob6pasylomux. Ilyers
U, VcRr — otkpurue MHOXecTBa 1 VU, Pacemorpum anre6-
pil Apg(U}, Apg(V) u roMomopdusm P5Ap.q([{)_"-f\p,a(v)- Otpas
Ap(U) mpn aToM roMoMoppusme oboauauuam A, (V). Ilpeanono-
KEM, 4TO anredpa Apq(V) obaamaer cuetemoll obpasyiolHx X, &,
KAXAasg H3 KOTODHIX NPOLOAXHMA: X, §,&A,,(V). Eciu snemen-
TH  X;, &y 00718732107 TaKHMH INDOJACAXKEHHSAMH, KOTODBIE COCTAaB-
ASIOT cHcTeMbl 00pas3yomux anrefpel Apq (), To cucreMy ofipa-
3VIOMEX X, §; HA30BeM [POAOJIKHMOH.

Bosuukaer Bonpoc: nycTh B asirebpe Apq(V) sapana cicrema
o0pasylwniyx, COCTOSINAsi H3 LPOAOJIKHMBIX 3JEeMEETOB, HNpOJOJ-

WHMa JH %Ta CHeTeMa?
OTeer He BCeria nOJQKHTeNeH, KakK TOXa3bBEaeT caelyiomuf

npumMep. Flyets U -—— kpyr Ha miockocTH Xy, Xz: U={x?+x? <1},
1 oy
V — xoasno: V= l—2—< x?+x§<l}, p=pv  — cTaunaapt-
HEIH ToMOMOpgusM orpaHudedHs, &, 2 — npojonKuMas CHCTeMa
HEYETHHIX oOpasyoiwmx B Aga(V) u
m=Eg cos @+ sing,
nz=—=t sin¢+E&; cos g,
, X
TLe @ — HOJdAPHBIH VIO BEKTOpa ( 1 ) DaIeMEHTH Vj, M2 B CHJIY
Xg
Teopemul 1.7 COCTaBAAIOT CHCTEMY HedeTHBIX obpasylouiux ajareb-
Pl Aga(V), xamAwii M3 HHX TPOAOJKHM, OJHAKO OHH HE Ipo-
AOMXKAOTCH A0 CHCTEMB HeueTHHIX obpasyiomiux B Agq:(U). B ca
MOM JZielie, NOJO0HHM
Wi=au (x)}8 1+ aiz(x)E
ne=az (¥)E' 1+ an(x)Es,

rie ¥y, &', -— npomonmenus E;, & N0 HedeTHwix ©00pas’yloilx B

Aza(U) u
Ax) = ( an’(x), alzx(x) )
gy (X}, Qe (X)
Matpupa ¢ OecKoHeuno AndipepeHHnpyeMbIMH 3JeMeHtamu. Jas

TOro, uToGH SASMEHTH 7', 7’2 CAYKHAM NPOAOIKEHHEM 15, T,
Martpuua A(x) DoJXKHZ YAOBIETBOPATh YCJIOBHIO

A(x)z( cosQ slng

_ ) mpu x & V.
—sing cos @
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B cayuae, ecaH 1y, 1Mz OPOAOMKAITCS IO HEYETHHX OGPa3yIOUIH:
Ag2(U), ux mpoponwkenns ¢ HeoGXOAUMOCTBIO HMEIOT NpPEKHHA
BHI, OfIHAKO MaTpulla A (x) YIOBIETEOpsAeT 60J/iee KECTKHM VCJIG-
BHAM!

A(x)—;( cos ¢ siu(p) opu x&EV, detA(x) =0 npu xe= U.
—8ing cosg

[TokamemM, 4TO 3TH YCIOBHA TNpPOTHBOpeuHBEl. PaccMorpuMm (yHK-
IIHH

d
(@11 4 iays) — (a1 + idy,)
le sz
oy (%) = . y Oy (0) = .
an +iage an -+ itya
Beuay toro uro det A (x) 540, anaMenareny He 06pallaTCH B HYMb,
CAeJOBATENDHO of H ap Oeckoweudo auddepenunpyemsl B U. Kpo-

oy Ot Mostomy npu m06oM 3aMK-

O0xp o,

Me TOro, O4eBHIHO, UTO
HyTOM KoHType C=U

5 o, dx, + oy dx, =0,
)

Buibupan B kadectBe C OKPYMKHOCTB X\°+ Xp?=3/4, HAXOLHM, 4TO

2 ( a n-?'(p a 0\ gy on
(aldxl =+ azdxg = S‘ \ axl € ) dx! + ( ax2 ¢ ) L i“ d(p == Qﬁf,
0 Q

el

[

o
4TO MPOTHBOPEUHT IpefhAyIIeMy DABEHCTRY.

O6uiHe yCI0BHA NPOJOMMKHMOCTH CHCTeMBl 00paaylouiux He
NpoCTh, OAHAKO AJA HaluX UeneH JOCTATOYHO CASAYIOIErc NpHa-

HEdKa.
Teopema 1.8, [Tvete V, Ue=RP -— obaactu, VU, p: Apq(U)—

—Apqs(V) — romomMopduaM, HMeIMHA BHA p = Ty prf{TU, rae

oYy, — cTauaapTHLH roMomopousM orpanuvdesus u Ty, Ty — H3o0-
Mopduamel aarebp Apq(U) n Apqe(V) coormerctsenno. Ilyctsh, ma-
Jdee, x;, E; — ofpasywouine B Apg (,,V)' UPOAOMKEMEE A0 00pasylo-
mux ¥y, B B Apg(U) v yi, iEAp:(V) — npoionxumue obpa-
sylouine B Apq(V), casanuvie ¢ x;, §; COOTHOIISHHAMH
yi=x£+h¢" n1’=§]+'\)h

npuueM deg hi>2, degy;=2. Toraa obpasywuiue y;, n; DPOAOJ-
MUME 10 00pasyiomux y';, 'y anmrebpu Apq(U).

Hoxasareascrso. Ilyets A'i, ¥'; — NPOM3BOAbHOE NPOAOJIKEHHE
saeMeHTOB Ay, y; Ha U ¢ coxpauenueM ctenenu. QueBuano, 4To Ta-
KO IPoJoJKeHHe BOIMOxHO. [TonoxkuM

=20y 0=ty
rie x';, & — ofpasymoumue B Apq(U), coymxamue npolo/xenueM
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xi, &. Vs teopemn 1.7 (cm. cnepctsue 4) craeayer, gato y'i ')
aBJSIOTCS 00Pa3yIOIHME B Apq(U).

6. Teopema 0O HeABHBX QPYHEKUKEAX. llyers fi, ¢ i=

=1,.,p, j=1,..,4', — HeKoTOpPHIA Haﬁop COOTBETCTBEHHO YeT-
HBIX H HEYeTHHIX 571eMenToB BEIIeCTBeHHOH anrebprl Agq (L), p'<p,
¢’ <q.

PaceMoTpUM CHCTEMY yPaBHEHHH

Filx, &) =0, p;(x &) =0. (1.3.11)

PemwenneM cHereMbl (1.3.11) 6yieM uaauBaTe BeakuMi nrafop uer-
HEIX H HeYeTHBIX 3JIeMEHTOB, COOTBeTCTBeHHO X;, E; anrefpu
Az ¢ (U}, viooBnerBopsilolmuii 3THM ypaBHeHMSM. Mubi GyaeM TroBo-
PHTL, UTO 3JIEMEHTH! X;, §; cIyXKaT pelleHHeMm cHcteMel (1.3.11) B
obnactn V, ecau spec{x, .., ¥p) V. CnpaBenaus caeayoLuii
4AHAJOT KJaCCHYeCKOH TeOPEeMHl 0 HesIBHBIX QYHKIMAX,

Teopema 1.9. Ilycrs BHIMOAHSHH CJHEAYIOHIHE YCIOBUS:

CyllecTByeT Hafop yerHHX H HeUeTHHX SJCMEHTOR BelleCTBRH-
noll rpaccMaHoBof anredpe Ay

Xp,t = ;C‘D,i -+ Z Zxﬁ,i;sl ..... Spp Csl ‘e ;5212' 1 i < P,

h>i s;
&.i= z ch?s“'"'szkﬂ Oy C52k4f1 A<i<yg
k20 s,
TAKOH, 4TO!
I) f:’ (xcn E'O) = 0! (pn'. (xﬂ, El)) = Ov
2) det g9 0 npu X = (Xo1, ..., Xo.0),
axg £ k=1

3) $ynxuur @;(x, E) npeacTaBEMEL B BAJe
@i {x, &) = Z‘:PJ".S (x) &+ Z Z Diisiie-aspyy () &, ... Eszkﬂv
k>0 8,

npiyeM

det| @ps (%) [f,s=1 52 0 mpr X = (0,0, ..., Xo,p).
Toraa, ecar VR? — pocTtaTouno Majgasg OKPeCTHOCTh TOUKH E=
= (£9,1y ey X0,0), TO CYWIECTBYET TaKaf ofuacte W < R7—7" u raxie
OZHO3HAUHO OIPEfeNeHHbe TPACCMAHOBCKHE anajuTHveckue OyHK-
WHK gy, P; OT aeMeuTOB aire6psl Ap_pr o—g (W) utO:

1) xkamxnoe pemeunne ypaBsenufi (1.3.11) 3 o6macrn V mnpes-
CTA8UMO B BHAE

X, =G Kpat, oo X S, -0, BV LI
(1.3.12)
g." = ‘IJI(xP"H! cae s Xpy E-’."'-H, fe. ’Eq}, 1 <}<q',
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TAE X4 ;, Bpaf — HexoTOpHE 3aeMeHTH anrefpel  Ap o oy (W)

€CM Xy, Cg4) — TPOH3BOJBHLIE, COOTBRTCTBEHHO YeTHhe
H HeyeTHnle saeMeHTH ANpp o (W) v x,& npui<p’, j<g’
CBA33HM ¢ Xp4i, Bgt; coothomenssivn (1.3.12), 1o Halop aue-
MEHTOB x= (X1, ..., Xp), E=(E[, ..., Eg) YAOBJETBOPSIET YDABHEHUAM
(1.3.11).

IMpex e ueM mepexofdATh K ACKA3aTENLCTRY, NAAHM clelylollee
OMNpereagHHe,

B cayuae, ecnu Xpryq, 5o CAYKAT oOpazyiomuMu anredpu
Moo W) m x,%  Tpa i<p’, j<g¢' cBA3aHH C  Xp41, Egrti
cooTHomenuaMu (1.3.12), pemenne x, & ypaeHeuuft (1.3.11} Gyaewm
HA3WBATL O0IHM.

Hoxazareavcreo. TIOA0KUM A0 YAOOCTBE Xprp; = Uy, Bty = R
Pasnoxum PyHKUEH [; B PSIA MO CTRIEHAM X — Xo M OTASIHM CJa-
raeMele NepBOil cTeneHH, QYHKIWH ¢; PA3J0KAM B PHI 00 & H OT-
HEeNHM CjalaeMbie HYJIEBOH M nepBoOf cTenenel

e (i B (g — o) (0w, & ) =0,
(1.3.13)

S, t, m) &+ My (0,8, ) + (0,4, & p) =0,

rae x=(x, ..., %p), 8 =& ..., &) _ )

Coriacuo ycaoBUK TeopeMul Matpaua o (w,0,0)[! obparnMa
OPH BEUleCTBEHHBIX 4, ecan oluacrte V pocrartouno mana. Ilycte
u={(, ..., Upp), Hy=m(u;). 3aMeTuM, 4T10 a;x(4, L )=
=03, (%, 0,0) 4+ by, npHUEM JEMEHTH b;, HHXBNOTEHTHH, OTCONA
cacAyer, uTO ecaM MaTtpHua a;x(w,0,0) ofparama, To Marprua
Qi (4, &, p) obnanaet TeM e cBOfCTROM.

AnranorguHoe cooGpaKeHHe OTHOCHTCH K MaTDHIE 4% (X, U, n).

Oyers {§@isll, llgxll — matpuue, obpatuue llaisl u flgell co-
otdercTBeHHo. [IpHMeHsa 3TH MarpHum X ypasHenmam (1.3.13),
HePElNHIIEM HX B DABHOCHJBHOM BH/E

B

L i xk=x0,k-}-Fk(x, u, E, ',l‘), (13.14)
A Ei=mn;x, u, ) +@;(x, 1, & pn),
e Fp= — 3,y = — ZPp6 Moy ©j = —Z P/, Ppe

@; uMeeT mo §; creneHk He HHKE IBYX. 3aMeTHM, YTO TPH BeINecT-
BEHHHX

x| u, u-g' = xp'+i, ‘}:-;i (xl u: 09 0) = E (xf“xﬂnf)j(x] _xﬁ.f) ak;[,i (x!u)’
f,ji=1

TAE dpi;(X, #) — HenpepuBHO AU depeHnuapyeMue dyukimud, Ana-
JIOTHYHHIM CBOHCTBOM o6aanaior QyHKUUA Fi. Ilostomy

OFp(x,u,0,0)
6x,

=0,
’f =_x0"
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YTousuM ycnoBHs, HanaraeMsele Ha obaacts V. Mu 6yieM cuu-
TaTh obaacts V Berykaofl, dfecneynBaiomlefl cyluiecTBOBaHHE MaT-

pHIL [18;ll, Hcﬁ;.kﬂ H Takoff, YTO TMPH BeUIECTBEHHBX X, i H HEKOTO-
poM %<l crpaBeANuBO HEPABEHCTBO

ZIM gu< L. (1.3.15)
- dx;

Q6osuaunM uvepes W npoexunio odaacte V HaRP—=P 1 {(xP' 1., . x7)
e W, ecan (&), .., )=V, Bumecto mexonusx ypasxenud (1.3.11}
Gyaem pemath ypasdedns (1.3.14). BocnoabayeMcs MeTOIOM HTe-
pauui:

Xnp=X0k+Fr(Xam, U, Encyy 1),
En =10 (Xt thy ) +D; (X1, 24, Enery 1), (1.3.16)
£0,;=0.
Tloncxnm
e = Cn () + Zgnmty, i @) e

bzg?

_ (1.3.17)
Enj =2 Prafidieenvigg @y, ... Higges*

[Mokaxem, 4YTO OOCAEIOBATENLHOCTH —OYHKLUMEA Tz, Prokisy, ..ty
Vniise,cniyg,, ~ CXORATCA PABHOMEPHO BMECTE CO BCEMH IIPOH3BOI-
HBIMH, _

Has toro urtobual B 3TeM y0eIUTBCA, AOCTATOYHO PECCMOTPETh
cnyuail, KOTZa 3NeMEHTH Y; ABJAKTCA KOOpAHHATaMu B ofaacTh W,
3JIeMeHTHl p; — HedeTHhMHE o6pasyomeMy anrefpy Ap po g (W)

O6osHayum mas kKpatkocTH Ag(x, 1) =F{x, ,0,0). [Monaras
B (1.3.16) &E=u=0, noayyaeMm pekyppeHTHBEE COOTHOUIEHHS AR
L

Tne=Xop+ Aw(Taoy, ). (1.3.18)
TTonoxem '

”
[rl=sup ¥ [r:l. (1.3.19)
“ T

PaccMorpum cemelictBo QyHxuuil %o+ Ax(r, #) Kax omepatop Hal
BEKTOP-PYHKIHAME 7 (1) H IOKAMKEM, YTO OH SIBJASETCH CHRUMAK-
ILHM B CMEICJE BBeJeHHOl HOpMBIL:

' Ar (?,u) .
A (r, w) — A (r' )| = ) a—; (ri—r)| <

{xv

‘;_I\fi—r”.
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rie 7 — HeKoTOpas TOUKa HAa OTpeske, coefunsoweM r H 7. [IpH-
MEHSA OPHHUMN CKATHX OTOSpaMeHHH, HaXOoAHM, UYTO HTepalHi
Fnp(l) CXOZATCA K AHHCTBEHHOMY pCIUCHWI0 YPABHEHHH rp=Fox+
+Ak(?", u).

OTMeTHM, 9TO CXOJHMOCTBL B cMbicae Hopmir (1.3.19) sBaserca
paBHoMepHo#, CX0IUMOCTb TIPOH3BOAHBIX Fnz YHAOOGHO J0Ka3aTh
HO3Ke.

B ganpuefimieM 4acro BCTPEYANTCA (PYHKUMH HAH 3JEMEHTH
rpaccMaHOBOH aqreBpet cO CAOKHEIME HHAekcaMmu. [las yMeHsnre-
HHSL TPOMO3AKOCTH 3aIHMCH MEL GyAeM MOJB3IOBATRCA MYJbTHHHIEK-
camu, KoTophle 6yieM of03HauaTh CAeAYIOMHM 08pa3oM:

—
(iy, ... i) = &, Hampumep, fes,.. i =f =

- -
Yucno KOMIGHeHT MyapTHHHAeKca i o6osmauum uepes d(i). Ilycrs
f={f..7} Tonoxum

[fl= sup Zm oo, (L. (1.3.19,)

73 ST

OdosHauum QIHCPCAHBE cjaraeMbBleé B TPABBIX HACTAX IEPBOTC H

BTopaoro paeencts  {1.3.17) wuepea { S HE - COOTBETCTBEHHO,
n,jii

Hycre PaBHOMEPHAS CXOAHMOCTD (inHKU.HH g ,> 1y o Aoxa-

3aHa npu d(i )<25 d{j)<28”1 s—HaTypa.anoe YKECNO.
npu  d({) =2,

Tloabayace HAABNOTEHTHOCTR | -, -
- n, ki n,kij
d(j}=1, pasnoxum mnpaBeie yactH (1.3.16) mo £ T 'én B i
n.kyi K,
npHpaBHaeM Ko3(@HUHeHTH OJHHAKOBOH CTeNeHH IO uj:
04 {ra_1, )
fr— : b
8.t 0k;+2 Iyt gnﬁll?-!_ Y
1.3.20
lpn.k:_f =fn T’ ( )
rie yepea f}n’ﬁ oBo3kauen KOIQGHUACHT NPH Wy, ... Py, B pas-

JOMeHHH Npapol uactu 2-ro ypaBuenus (1.3.16).
= —
Paccmorpum pabBenctsa (1.3.20) npu d(i)=2s, d(j)=25—1.
OueBuAHO, YTD B, 5 ABASETCS NOAHHOMOM ¢ HESaBHCAUME OT 11

Koaq)c])HuHeHTaMH or g P -~ npH d(f.)<25 d(;)<23-—-—1

a1’ Tn—lE
[MostoMy B cHJy TPEANOJOMEHHA HEAYKIHH H3 BTOPOre PaBEHCTBA
-
{1.3.20) cnenyer paBHoMepHas CXOAHMOCTh v oy upu d{j)=
=25 — 1. o

Ilepefizem x nepeoMmy pabencTBy (1.3.20). 3amertuMm, ut0
& ABIAETCA MONHHOMOM C HE3aBACHILAMH OT 1 Koadp(pHuHeH-

kR

TAMH OT g =+ i d(1)<2s W & TPH d(;} <25 — 1. o-
5TOMY I[OC/AEZ0BATENBHOCTh an{bn M} HMEE’I‘ npegea B CMuCae
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nopMul (1.3.19.). Caenomatessno, lball<c<oo. Vuwrmsas sro,
nodysaeM ua I-ro ypaerenus (1.3.20):

lgaln < Lgnal + o + Mgl

Orcrona
”gn”‘q ”"”gaﬂ -+ C_-l‘i.__._.l.i_g;‘l < a< oo,
ObosHaurm uepes b = {b, —>} npejea NOCAeA0BATEAbHOCTH bn=

ﬁ{b +} B CMBICTE HOprl {1.3.19,). Ilepennmem l-e ypas-
HeHHe {1 3.20) B BHAE

g4:EMg s+ a7 A, (1.3.21)

nk £ oy n—1,0 0
!
r,=1imry ;a8 - =
L mh ST bk;? . 8oe

ey _b_}JrE(aAk(rn-l.u)_aAkcr.u))g ..

Brn_l,: ar[ n—I1,bL ¢

3avertuM, uto |c.l|—0. Tlosoxum &, = sup [c,|. TlocaepoBatenn-
man

HOCTb £, MOHOTOHHO CXOHHTCH K HYJIO.
paCCMO’[‘pHM BCNIOMOIaTeJIbHYIO CHCTEMY YpaBHEHHﬁ

: _ aAk, [r,u) ’
€, ,7 = S ,g"_l W7 + ay . (1.3.217)

[
Oneparep B npabok vacrr (1.3.217) spasercs CKUMAOUHEM B CMEIC-
jae HopMel (1.3.19y). TlosroMy g," HMeeT mpejesn B eMpic/Ie HODMH
(1.3.19), nHe saBHCHmHﬁ OT HaualbHEIX JKaHHBEX, [logoxnM
g - =g —g - Hs (1.321) u (1321") creayer, 410

R n.k; n,k; l
Az (r,u
PR LY
ki or, n—l,0 i n.kii
I

Orcroaa
B

‘lyn " { %” yﬂ—! H + Bm ”yﬂ'FmH <nm Yn "I' 1

_u *

Byiem pemats cucremy (1.3.21°) npH HAYanbHOM YCJOBUH

’ * £
= . Tor — —Ln |
87 =8 pt TOTRR |&ntm - Gutei < T
Taxum 06pasoM, NoCNelOBATENBHOLTE gn HMEET NPelesa B CMEIC-
Jde HopMel (1.3.19m), coBlajawiini ¢ TpeaesoM NOciaeAOBaTelb-
HocTH., OTMeTHM, UTC CXOAMMOCTh B cMbicie HOpMHL (1.3.194) 03-
HaYgeT PaBHOMEDHYIO CXOLHMOCTD.
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Oudcdepenunpyemocts. Huddepennupys (1.3.18) mo wu;, mony-
qaeM

Arn.p 2 BAp (rpq. 8) Orp.1. 5 A (rpy, 1) i (1.3.22)

du; Orp_1,1 Quz du;
Hudpdepenunpys ypasuenng (1.3.20) mo u;, noayuaeu
02, 17 _ Oy it 4 YAl ) O 107

dut; Ju; A-I - du;

+ s‘ ( 0% Ay (ry=y, W) + 2 aa’ Ap lpms, 1) Brpiays ) gnAl,a;T +

et Oy 1w ouy L ar 1,8 du;

+

ibn.kzi
. du;
a‘pn.k; _b aﬁ 7
au,- - au; '

- (1.3.23)

Pexyppenatunie coornomerus (1.3.22) H nmepBoe COOTHOLIEHHE
(1.3.23) uwmewr TOT e BHI, uTo nepBoe cooTHomenue {1.3.20),
2-¢ cootHomenne (1.3.23) mmeeT TOT e BHI, UTO BTOPOE COOTHO-
merre (1.3.20). TTosToMy n#0Ka3aTelLCTBO paBHOMEPHOHW CXOXH-

Oy — A
MOCTH TIPOM3BOIHBIX Ik En i \ 9 nll  ge orauwaeres OT
au,g aug 61’1[
ECKA3aTENLCTBA DABHOMEDHOR CXOAHMOCTH Lnil, Paki -

PaBHoMepHas CXOAHMOCTH BEICHIHX TNDPOH3BCIRBEIX YCTauaBAH-
BRETCA ¢ NOMOLIbID OUeBHIHOH HELVKIIH.

JoKaxeM eIHHCTBEHHOCTh pemieHud cucreMsl (1.3.14}) npu mpo-
M3BOALHBIX YETHBIX u; M HeueTHmX ;. Ilyers {x/, &% {07,871 —
pewrems cucremsl (1.3.14). TIpuseHas K nepBOMY YypaBHEHHIO
(1.3.14) romoMopdhr3M m, HaX0AHM

xk’=£g,k+Ak(i’, u), x-;”=fo,k+Ak(i’”, [:),

rae, Kak ofmuno, Fi=m{x;), wi=m(u;). Bsuxy Toro, ¥ro onepa-
Top A ABASETCH CHHMAIOIINM, OTCIONA cJelyer, 4T i =i,".

BeengeM B anreﬁpy Ap_,, —q" (W) ofipasyiolliie y;, ¥; H BH-
pasiM uepes HUX xk, §,, xk”, £”. Kosbdunnenrunie $yHKUHH
0003HauuM uepes g ,tp m ,l[J . B kauectBe oGpasyw-
ITHE ¥; paCCMOTpuM xoopmma’rm B W. Hpennonomm uTO COBMa-
LeHHe gk:-i- = gm ,1!)‘; —lek;l AOK332HO TpH 4 (i )<25 d(1)<
<2s—1. ToxoxuM g + =g - &4 d (i) <2s, ‘IJ - =%
npu d(j) <2 — 1. las g“ "”k; npu d (i) =2s, d(j) = 25— 1 13
(1.3.14) cneayior ypasHenus, ananorsunme (1.3.20):
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= Bo.u:1 +2 aAk;x D g - +8&, 2,
3z ;

e

(1.3.24)

.J hﬁk
apryeMm ﬁk ABNACTCA MOTHHOMOM OT 87 ¥y7 TPH d (i) <(2s,
d(})<25—-1 D YHKIEHH g + 1p + y;LOB']&TBOpH!OT TEM e ypaB-
HEeHHSAM, C:Je:LOBaTe.:IbHO \p 7= ‘lIJ -+ 1pH d[,r) =2s—1. »I'Icm{)}mm
W =V mpn () =251 Mance, b7 mpm d()=25 -
AsfeTCst IIDJIHHDMO\{ o1 g7 ¢ d(i)<2s v g7 ¢ d(j)=2s —1

cuepatop B upaBcfi yactH nepeoro ypasHenHs (1.3.24) spasercy
CHUMAPWAM B cMbicae HOpMbt (1.3.19,). Caenosatensuo, g - =
— .
=g 7 T0pH d(i)=2s.
Fa noayueHHBIX pe3y/JbTaTOB HEMELJACHHO CJACIYIOT yTBEpIKje-
HHA TeOpeMH. B caMmMoM Jesie, YCTAHOBJACHD, UTO NPH BeIleCTBEHHBIX

4; H pb;, ABAAIOIMIMXCH HEUSTHHIMU O6PAsyIOMUMH B Ay p, g (W),
CHPaBe]JIHBE TOXIECTBA

g’z(u’ u)zxﬂ,k+Fk(g(u’ “‘)» u:‘b(uv ”’): p‘):
\Pi(u: .U-)=1h'(g(u, u),u, P~) +®j(g(u, P*)' uﬂp{u: !1)! |-"'):

npayeM Kos®duuuesTHre OYHKUEK v g (w, p), P;i{z, p} asagorcs
6eckoHeyHo pudbepennvpyeMuiMd. Tem xe crOHCTBOM ofaajaict
Fe(x, i, & 1), mi(xu,n), @50, 1§ uj. CuemosateanHo, B 3THX
TOXKAECTBAX BOIMOKHO T[PACCMAHOBCKOE aHAJMHTHYECKOE TIPOROT-
FKEHHe, T, €, OHM OCTalTCA CHPABEANHBHMH TPH 3aMeHe i, Wj
NPOH3BONBHHIME UETHHIMH W HEUSTHHIMH 3JeMenTaxu Ay _p g (W).

Hanee, nyetsb uy, ij — NPOH3BOBHLIC UCTHHIC H HEuETHEIE dae-
MeHTH Ap_p o (W), x, &7 — Kaxoe-10 pellende ypaBHeHHH
(1.3.14). Coraacko NpenuAymeMy, x;=gi{u, n), &= \pj(u n) Tax-
JKe fIBJAETCH pellleHdeM. B cHIY eAHHCTBeHHOCTH x;=xi', §;=E;.



Faasa 2. AHAJIH3 B AJITEBPAX A,,(U)

B aTolt riame CTPOUTCA JeMeHTApPEad teopHs AuddrepeHIHpO-
BAHHA M HHTETPHPOBAHHA 3JIEMEHTOB aarelp Agq (U

§ 1. IPOU3SBOINHBIE

yers f(x, &) =Apq(U) szamucan B puze (1.3.1), x; E; — Be-
KoTopele obpaaywowne Apg{U). [lonmoxuM no onpeleneHii

—f(x 8= )_,L o e 8 By 21D

d
rie T‘_f:'[.,.ik (x) = —Hax; froeoi, (%1 ooy Xg) — MPOH3BOIHAA
vty (¥) Mo i-My aprymenty. (Hamomumm, urofy,.. i (%5, ..., X,)
€CThb Pe3y/bTaT IOACTAHOBKH B (DYHKITHIO f;-l,,,.,,-k (aal, -+ ,ll;) BMECTO
BelIeCTBeHHBIX TEePEMEHHHX «; 06DA3yILEX X, -a—f,;,‘,,,_;k(x,,
X

d
.»¥p) AHAJOTHYHBIM 006pa3om IOAYIAETCH H3 -é;_ﬁfil,,,_,,:k (@, - n,).)
£

OnpefendM Temneps NPOH3BOAHLIE N0 AHTHKOMMYTHDYIOIIHM Ie-
peMeHHBIM, JTH NPOUIBOJTHBIE HMEOTCS ABYX BHIOB, JeBhe H Tnpa-
BHe, 0o0e 9BIAOTCA JHHeRHBIMH omepaTopaMH B A, q{U), nepecra-
HOBOYHLIMH ¢ YMHOMKeHHeM Ha ueTHbl¢ obpasywuke. [TostoMy Hx
JA0CTATO4HO ONPENeNHThL Ha NPOH3BeAedHH HeueTHHIX o0pa3yiollux.

Jlepas npousBopHan:

‘?ag‘.—gi,---gik=6n‘i,§i, oo B — 8, 8B, L B b,
(2.1.2)

npapas nponsao;u:aﬂ'
(TR TN ?’é— =0, & S, — 0By B ool BB+
2.1.3)

JIDYTHMH caoBaMu, eclM [=is;, TO A9 BHUHC/JGHHS JIEBOH NpOM3-
BOAHOH cheayer §L-s BHIHECTH H3 NPOH3BeNeHHH &, ... E;k HaneBo,

BOCHOJb30BABIIACE T€PECTAHOBOUHLIM npaBuiaom (1.2.1}, u Bruepx-
HyTb. [l BHIMHC/AEHHS NpaBofl NPOU3BOAHON cieayer §; BhlHECTH
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HAlOPaB0o H BLIUEPKHYTh, EcAM e { He COAepKHTCA CPeAH HHCel
iy ~er by TO

a a
E (Ei,...gik)=(§il...§ik) 7&‘—'-—0

Jas Goabiliel BuIPAasSHTENBHOCTH MHl OYyJe€M KHOTAA NOJb30BAThCH
= -—

obosmavennsivy 9 4 % ns MeBHX § MDABBIX NPOH3BOAHEIX

gty ot
CCOTBETCTBEHHO.
CripaBeAHBH JCTKO NPoBepAeMble (HOPMYMLL:

ng—f = — (— Ly f agi,-’
0= () et o) S
(fg)—BZT :f(gT‘;_) + (— 1)oa (f%) g,
(2.1.4)
B 8) = Y (G 5t
+2( agf m) %nkf, (2.1.5)
s g B (o) - D) (v )

HOCKO.HI)KY JJ1A HEYETHBIX 3JICMCHTOB JE€BhIe M IpaBbhle NPOH3BOA-
Hble COBIIajzarcT, MH 6y,IIeM B 3TOM cCJydade I0JAb30BATBCH TAKMKE
o0BIYHBIM 0B03HaYeHHEM !

] af

d
g8, F=1 a; 9%

Mmu 6yieM TOBOPHTB, UTO IJMEMeHT [ He 3aBHCUT 0T ofpasywouiedl x;

d i)
WIH &, €CJIH . — 0 wau coorseTeTBenHO —f=0,
0x; JE;

§ 2. HHTETPAJI

l.Onpegenenke HHTerpaumaa. [ycTe X & — obpasyio-
mue anaredpu Apy(U). Paccmorpum dopmadapHble CHMBOJAB df;,
dx;, KoTophie Mbl OyZeM HaspBaTh AuddepeHuyanaMud nepeMeBHBIX
& M x; coorBercTBeHHO. ITOTUMHHM MX CJAeAYIOIUHM COOTHOLIEHHSAM
KOMMYTALHH:

agi' EI' = E;-d_Ez EE;"EEI = d-Ei‘E'éi EEJ-JC,' = xi"TE.:'-

CoorHOlIeHHA KOMMYTAIHH, B KOTOpHE BX0AaT dx;, B 3TOH riase
Ans gac He cymecTsedHsl. Oanako, uMes B BAJY JajbHelilee (cM.
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ri. 5), Mu norpeGyeM, uto6u Ruddepennnansl d&; H dx; KOMMY-
THPOBaJIH Mexay coGoit, IpyruMu cioBamH, aaredpa, NOPOXJICH-
Has ¥, &, dx., dE;, siaserca anareSpoft Apig pig(U), npudueM pois
yernpX O6Pa3yIOMAX Y Hee HIPawoT x;, df;, HeueTHuX -— &, dx;l.

OnpepenlM HHTErpana 10 2HTHKOMMYTHDVIOWHM TEPeMeHHLIM:

fde, =0, (88 =1, [abdl, =a bz, @.2.1)

d
ecin ——a =0,
1
Kpartuwntfl agrerpan Gyzem nOoHEMarhk Kak nosTopHuf. Henpo-

THBOPEUHBOCTD TOO ONpeneenys OuesHaHa,

Tenepb Mu B COCTOAHHH OnpeieiHTh HHTerpan sneMenta f{x, &)
no Bcem nepeMeHHuM, [Tycre §; — koopauHaTel B U, x;=x;(s, &},
yi=xi(s,0) =m(x;). OTMeTnM, 9TO ¥;, NOAOGHO &, CAYKAT KOODP-
pugatamu B U, [onomum

J(hy = § Fx, Bdx, ... dxdE, ds

i

Fly, &) dyy ... dy,dE, ... dE,. (2.2.2)

yESpeC(x1,- . ..Xp)

Huterpaa no dy; nonuMaercs B oOBYHOM cMHICJe. B LanpHeliuleM
MB! HACTO HCNOJB3YeM COKpaneHHbe 0603HayeHus:

dx = dx, ... dx,, d&=dE,...dE,. (2.2.3)

H3 onpenenendss meMeNJeHHO CaefyeT, 4TO eCAH 3JeMeHT f(x, &)
umeer Bz (1.3.1), 10

J{H) =qg! { Fosaltins oo 4 ) dYy ... Ay, (2.2.9)

pEspec(yy,... 1)

HecMorpa ma 7o uro ¢opmyaa (2.2.2) noJBOCTBIO 3KBHBaJeHTHA
(2.2.4), oHa HMeeT NpaB0 Ha CaMOCTOSTENBHOE CYUIeCTBOBaHHe.
JT0 npaBC OCHOBAHO Ha aarefpauMuecKMX CcBOBCTBAX HHTerpafa
(2.2.2), nopasurenpunM 06pa3oM HAaMOMHHAIONIHX CBOWCTBa OOLIY-
HOTO HHTerpaja. IIpH 3TOM HHTErpald o AHTHKOMMYTHpPYIOILHM
IlepeMeHHBIM N0X0X HAa OOLYHEIA HHTErpaJ [0 BCeMY NPOCTDAHCTBY.
Hnterpan (2.2.2) ecrecrBeHHo accouuupyerca c obaacreio U. AHa-
JIOTHUHO MOXeT GHTb ONpejiefieH HHTCTPal, CBA3AHHEN ¢ PPaHH-
ueft U. INonoxum

d¢x=dx| . dxi_ldxi+| wer dxp. (2.2.5)

! HanomuuM B COA3H ¢ 3TeM, 470 B OOHuHOM ama’aHze auddepeHnHanH
yio080 CUHTATL SHTHKOMMYTHPYIOILHMH, HO KOMMYTHDYIOLUIHMH ¢ He3aBHCHMLIMH

nepemeuntiMu x;. COOTHOMERHS ROMMYyTALHMH MemAy dx;, dbi, E, x; ofofwanT
8TO CBOACTRO OOHIYHHX AHb(epeHLnanos.

74



Mycte  [i(x, E)=Apq(U), mnpuueM xKosdpbHuuenthre (yHKIHAHA
fti iy iy (%) 3neMeHTOB fi(x,E) HeNpepeIBHH BIJIOTL A0 TPaMH-
ue U. Onpepeaum uuterpan Jr (f), cBA3aHHHA ¢ rpanuueh I' 06-
aacrd U:

()= [3 BAAE [ 20 Ddy®,  (226)
ver

Ta& §== (Y1, v Yol Yi=m(X:).
2 I/IHTEFpHpOBaHHE O YyacTsaM.

ff:( fl FdxdE + j Ffdxds, (2.2.7)
I

rae T'— pannexaimtam o0pasoM OpHEHTHpOBaHEAad IpaHHNA 08-
aactd U, unterpal 3o BTOPOM chiaraeMoM npaBoft wacty (2.2.7)
NOKHEMAaeTcA B CMEIC/e oNpeLedeHus (2.2, 6)

[h{se ) axdt = (72

Vil

rie g — uHCAO HeueTHHIXx ofpaaylomux E;. Popmyaa (2.2.7) cwo-
JHTCA K XODOLIG M3BeCTHOMY (akTy H3 OOLIMHOIO HHTErPaJbHOTO
ncuncaenus. Popmyam (2.2.8) jgerko ROKa3wBaloTesd Aad caydas,
Koria [y, [ ABAAIOTCH NPOM3BefEHHSIMH HeueTHHX O0Pa3yIOUIHX H
nepenocsaTcd Ha ofwHi cayvyaf no JuR2HHOCTH.

3. 3aMena nepeMeHHH X. [lo CIpejeneHuio 3aMeHoll mepe-
MeHHLIX GylleM Ha3hBaTh NepexoX OT OJHOH CHCTeMbl 06pa3ylouiHx
anreSpul Age{U) x Apyroii ¢ coxpasnenneM 4eTHOCTH:

fa dxdg__mj'(

) fgdxffﬁ
(2.2.8)

a‘; )dxd?; = (— 1) 3 ( aa ) fpdxdlE,

—x;(y, 'f]), EJ EJ(y: ) (229)
ConoctaBuMm npeobpazoBaniw ofpasyomux (2.2.9) marpuny
R{x, &y, W) = (é g), (2.2.10)
rie .-
ax,- J aEz 5§£
Ai = » Dig = X 1C¢' =3 Dt' =
T og k L ome T g #T o
A, Ba. ... ,— 3sementsl Matpun A, B, .

OO6paTiM BHHMaHHe Ha TO, YTO &; — HeueTHHIe 3IJTEMEHTH], NO-
‘ 8
sroMy D, = —ai —— ueTHBle, Ajp — TAKKE YETHBIE 3JEMEHTEHL, Big,
Qi - .
Cis — HeYeTHEIE,

Hoaoxum :
A(x, tly, n) =det(A — BD-1C)det D1, (2.2.11)

(O6paTHM BEMMAaHHE Ha TO, YTO COTVIACHO TeopeMe 1.7 marpuua D
obparuma.)
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Ipr 3ameHe nepeMeHEEIx B OOBIYHBIX HHTErpasiax BO3HHKAer
akobnad. Ero anasoroM B cayuae wnuterpaqoB (2.2.2) cayXHr
¢ynruns A(x, §/y,n)-

Tlycrs I' — rpanuna obaacth U=spec(xy, ..., xp) # Iy — 6-0k-
pectaocts I'. @OyHrunio j(x, &) SAp(U) nasoBem QuuHTHOHA, ecaH
f(%,8) =0 npu f=Tl..

Teopema 2.1. Ilyctw f(x,E) — dunutHan ¢yuxkuns. Torma

[Fecty.m), E@, W) A, By, m) dydn = [ £ (x, ) dedB. (2.2.12)

JloKasaTeJbCTBO 3TOH TEOPEMEl B NOMHOM ofbeMe MOMEMIEHO B
caelyrUIeM OYHKTE.

[IporanwerpupyeM Teopemy 2.1 mpumepamu,

1) Ilpocrefinas JHHeliHag 3aMeHa HepeMeHHBIX:

X, = Dapyr, &= 2dpn,, (2.2.13)

Tle (s, dir-—— BELIECTBEHHHE UAH KOMTJEKCHHe yHcla. B 3TOM
caydae 1o ueobxoaumocts B=C=0, A(x, /y, n) =det A(det D).
Popmyaa (2.2.12) aerxo cnenyeT M3 OCHOBHEIX ONpeles]cHHE.

ObpatuM BHuMaHHe Ha To, uTo detD Bxoaut B dopmyny Tak,
Kak B 0OBYHOM cayuyae BXOJAHT RKoOMaH obpatsore mpeolpaso-
BaHHSA.

2) Pacemorpum 2irebpy Aptp, o1 (U), US RF u B nelt age
CHCTeMH 00pasyIoIEX

xl!"' ,xp, ul,... ,uP', El' ""EO" 0’1,...,0‘5’
y!r“-syps Uy, oo, Upry nl!"'!ﬂqa Cl!"- ,gq'-

[lycte 3tH oOpasylomiue cCBsi3aHEl COOTHOUIeHHeM CIeLHASBHOLO
BHIA

xi"—"xi(y’ v,m, L), Ei:EJ'(yleni N
U;=1uy, U_,':Cj. (2214)
Marpuuw A4, B, C, D B 3T0M cayuae parHH:

As(fll As)’ B___(Bl Bg)’ C=(C1 (:2), D— (D1 Dz),

0 7 ¢ o0 00 0 7
rpe
A =—", on=-—"—, Blu=2x E By = x 2
1k = y Ao = s Dtk 1 g Dok A ,
Ci i — 9E; Coir = 08, ) 5 P 05+ D — 9
1,ik By ) 2,i% E s L.k E ’ 2,k (-'}C,'z .

Cneuntpuxa Matpun A, B, C, D npHBOIHT K TOMY, UTO
Ax,u, k oly, v, m,t) =det (4, —B,DT'C) det D™’ = A (x, E/y, 7).
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Pasymeercst, A(x, §/y, W E Apip,o4¢ (U) 1, BooGue rosops, sa-
BHCHT OT Bcex 0Gpasylowux 4, n, v, {

Ilycte f=f(x, &} saBucHT TOABKO OT 00pasyOWHUX X, ..., Xa
Ely s £y =02 (1, 6) 34BHCHT TONBKO OT OODASYIOIIHX iy, ..., Uy,
O'p eov, Ogr. TlpaMenss ofmyw dopmyay (2.2.12) 1 yuHTHBadA, 4TO

=¥, O;=0;, UMeeM
[ Fx, B g (@, 0) dxdudeda —

= [ Flx(g, u.m, 9, 5(y, . m, 0) g {1, ) A (x, &y, ) dydudndo.

Taxk KaKk 370 TOXKIECTBO CHpPaBeAAHBO HpH jaioboMm g=g(u,o), 10,
€JeL0BaTeALHO,

(PO, um, 0), B, u,n, 0) A, &y, ndydn = [ f(x, § dxds.
(2.2.15)

dopmyaa (2.2.15) orauvaercs ot (2.2.14) Tem, uwte B (2.2.15)
3aMeHa [epeMeéHHLIX H SKCOHaH 3aBHCAT 0T 00pasyRWiMx iy, o
KOTOpHE HIPAKT POJb NMapaMeTpoB. B KauecTBe Nepko#l HiLoCcTpAa-
une dopuyan (2.2.15) paceMmorpuM npecOpascpBande AHTHKOMMY-
THPYIOUHX TePeMeHHLIX, aHAJIOTHUHOE [apaJie]bHOMY NEpPeHocy:

Ei=mni+oi, Xi=yit+ri{c), m{ri=0.
HUs popmyanur (2.2.15) caenyer
.[f(x Y7, E 4 0) dedE = jf(x, B} dxdk. (2.2.16)

HokaxeMm a1y QopMynay HenocpelIcTBeHHO. 3aMeTHM, uTo 7i"=0
TPH HEKOTOpPOM #. ITO cielyeT H3 ycaoBus mi(r;) =0. [lostomy

j'f(x+r,§+a)dxdg:j'f(x, £+ o) dedE 4

oyt ..tk B
N E o S S F(x, &+ o) ded.
p

£, 5
Thi0 axpt ... Ox

Kaxamui HHTerpan no dx, BXOAAHIHE BO BTOpOe cjaaraeMoe, paBeH
HHTerpanay oT HexoTopoft npoussoinofi [ no rpaumuue I' M, caego-
BaTeNbHO, ofipamaercs B Hysaw Oaaropapst dumutsocTH f, Hanee,

Sf(x, £ + o) dxdt = jf(x, E) dxdt +

k‘+...+k .
n 2 ot j’ r——— f (x, B) dxdt.
k>0 agl
k1+...+kq
Hockoabky npr ki+...+k,>0 Gyskuus —————f(x, &) ne 3a-
a&’f‘ .. 5§qq
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BHCHT XOTAl 6H OT onHOR ofpasyioumiedl &;, HHTErpajg oT Hee no di
ofpallaeTcs B Hy/b HENOCPEACTBEHHO B cHAy ompeneaenus (2.2.1).

B xauectse BTOpPOfl UANIOCTDAIHH DPACCMOTDHM JHHEAHYIO 3a-
MeHy nepeMeHHBiX 06ulero BHAA:

xi=2Auyr+ZBisns,
§5=Ecjkyk+ZDjs'f]5, (2217)

rae Aip, Djs — HeTHNE 3]eMERTH Apyy, ovqe (), He 3aBHCHUIHE OT
Yi, nj, Cjr, Bis — HeueTHnie 3J1eMeHTH Apipr, grqe (U), He sasHcs-
He OT y;, 1;, det A5=0, det D==0. (Hocneauee TpeboBatne CNyXKHT
HeoOXOAWMEM H IOCTATOTHBHIM YCJAOBHEM 0OpaTHMOCTH npecfpaso-
Banna (2.2.17).)

Brauane paccMoTpuMm vuactHH cayua#f, korga By, Cj=0.
B pesyaprare moayuaercs npeofpazoBaHHe, OrAHuAKOWEecH OT
(2.2.13} teM, wuto Temeph Ay, Djs He uucsna, HO 3JIEMEHTH
Apip, g (U), He zaBuCamHe OT Ye, 1ns. TaK e Kax B cayiae
(2.2.13), dopmyna (2.2.15) B STHX YCJOBHAX JErKo CAEAYET H3
OCHOBHHIX OTpejedeHufl.

IMepefineMm x obmemy cayualo. [lpeoGpasyeMm wuHTErpas, HoJb-
3YHCh NONEPeMEHHO OAHODOAHHMH JHHeHHHMH IpeoBpasoBanHsIMy,
aHajoTHyHpIMH (2.2.13) o napanje/bHEIME NeperocaMi:

{ F(Ay + Bn, Cy + Dn) dydn =
= det A7 det D J‘ fly + BD™, CA™ y + n) dydn =
=detA™ det D j F(y + BD™ (n — CA™y), v) dydn =
= det A™ det Ddet (1 -~ BD™'CA™Y) ! j“ f(y + BD™'m, n) dydn=
= det Ddet (4 — BD™' C)™ J‘ fly, 1) dydn. (2.2,18)

Ha stom Mun pa3afop NDHMEDOB, HIJIOCTPHPYIOLIHX TeopeMmy 2.1,
s3akoHuuM, OTMeTHM B 3axjlouende, uTo H3 dopMyauw (2.2.18) BH-

TeKaeT BaXHOe CJeICTBHE,
O6o3nauum uepes G”Mat(p, ¢|A) MHOXKecTBO MAaTpHI BHAA

uz=(§ ﬁ)p, (2.2.19)
q

rae A, D — xkpanpaTHble MaTPHLE, COCTOAIIHE M3 4ETHEIX 3JeMeH-
TOB TrpaccMaHoBoH anarebpw A, mupuveMm wMatpuua D ofpartuMma,
B, C — npaMoyronbynle MATPHLS,, COCTOSI[HE H3 HEUeTHBRIX aJe-
MEHTOB TOR e anrebper, p H ¢ YyKasHBAOT Ha 4YHCAO CTPOK H
croabios. Uxeno o6paayiimex airefpel A HHKAK He CBS34HO

CpHg
78



Conocrapum maTprue BHAa (2.2.19) dyHKUHIO, KOTOPYK® Ha30-
BeM CymepaeTepMHUHAHTOM: !

sdet £ =det (4 — BD-1C)det DL, (2.2.20)
{(CynepoerepMuunanT ONpeletcH TOABKO B chaydae, ecan D-' cy-
WECTBYeT.)

Teopema 2.2, CynepAetcpMHHAHT MY/JIbLTHNAHKATHBEH:
sdet (£ ,4,;) = sdet A4, - sdet A,. (2.2.21)
Horazareascrso. Tlyets =138y, A, B, ..., Aj, Bi, ... — DIoKH,

i3 KOTODHIX COCTOAT MAaTtpduibl &, s¢;, i=1,2, cooTBeTCTBEHHO.
TIpumensa (2.2,18), nonyuaem

{ F(Ay + Bn, Cy + D) dydn = sdet (£Ay) |}y, W dydn. (2.2.22)

Monoxum [y (g, n) =f(Ay-+ B, Ciy+ D). Ouesnasno, uro f{Ay+
+8n, Cy+Dn)=f1(Awy+ B, Coy+Dyv). Henonssys ato toxuie-
¢TBO, HMeeM

{ #(4g + Bn, Cy + D) dydn = j f1(Asy + B, Coy + Dym) dydn =
== sdeteds | f1 (s, W) dydn = sdet vﬁgj Fldy + Bm, Coy +

+ Dym) dydn = sdet A4, - sdet A, j f(y, W) dydn. (2.2.23)

Cpasnupas (2.2.22) n (2.2.23), ycraHaBiEBaeM CIpaBselsHBOCTD
ToxkdectBa (2.2.21) nas cayuas, korga sJeMeHTH MaTpHu &f; TIPH-
Hannexar Apip, grq (U). Bpuny npoussombroctn p'y, g', U 3ro
TOMAGCTBO GCTAETCS CUPABEAHBEIM B C/yYae, €CIH NIEMEHTH MaT-
pHU &E; npuHaiexar A.

CynepieTepMHHAHT ABJIACTCH OHHM H3 BaxHeRNIMX TOHATHA
axHefino# anrefipw B Zo-TpalyHPOBAaHHMX NPOCTPaHCTBAX. B che-
Ayluell rrase NPHBEIEHO ABa IPYTHX A0KA2aTeJbCTBA €T0 MYJb-
THOJMHKATHRHOCTH, He HCIOJb3YIOIee HOHATHE HHTErpand.

4, JJoxasareabcrBo Tteopemu 2.1, M3 onpezencuns
(2.2.10) matpuun R(x,&/y,n) OueBHIHHIM 0OPA3OM CAEHYET COOT-
HOUIEHHE MYJbTHIIHKATHBHOCTH

R{x, By, m)R(g.m/u, §) =R (x,E/u, 7). (2.2.24)

B cuay reopeMn 2.2 aHaJOTHYHEIM cBOHCTBOM ofaagaer cynep-
JetepMunarT marpHunl R (x, &y, 1):

Alx, By, M)Ay /e, L) =A(x, E/u, D). (2.2.25)
STH COOTHONIEHHS NO3BOJIAIOT CBeCTH TeopeMy 2.1 K 4acTHHM caIy-
qaaM.

I Cefilyac mapsafly € TeDMHHOM <CYHEPJeTePMHHaHT» u obosHagenuem sdet
#ECNOAB3YeTCH TepMHH «UepesudHat» H obosnaucnue Ber.— [IpuM. pen.
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BraayaJae pacCMOTpHM 3aMEHBI MEPEMECHHULIX BHJA
xi=x:(y}, Ei=n;j {2.2.96)

Xi=yi Ei=E&;(n). (2.2.27)

(B cayuae (2.2.26) x;(y) He 3aBHCHT OT 7; B caysae (2.2.27)
Ej(n) He 3aBucHT oT yi) Cnyuaii (2.2.26) ouesuaumM ofipasom
CBOAHTCA K XODOLIO H3BeCcTHOR H3 OGRIYHOTO AHANH3A TeOpeMe.

[lepeiinem x cayuaro (2.2.27}). 3amerHM, 4TO B paccMaTpHBae-
MOM cayuae

R:R(&/n)=”-§%

PaccMoTpuM Brauade npecGpa3oBanue T, KOTOPOE MOXKHO BKJIO-
YHTh B OJHONMApaMeTpHuYecKylo rpynny T; npeobpas3oBaHmil Buja
(2.2.27). Brenem ofo3HayeHHs

Ei(t)=Tm
gO)={1&®, ... 5@ aCOman,...dn

Beeay toro uro mpeodpasomBaHue T meficTByeT Ha of6pa3yioliue X;
TOXJECTBEHHKM 08pasoM, apryMedT x v f(x, &) onyued.

Ha obmen teopun rpynm Jla caeayer, uro g (¢} — anajgHTHYe-
ckas ¢yuxuaa napamerpa f. Hcenonbsys (2.2.25), 3andmem
g(t+s) B BHIe

gt +s)=[FEt+9 .. 5+ 9)AEE+EE) AEEOMdn=
= [FG@), . LA ACEOmd,  (2.2.28)

, A(E/m) = det R /).

rie [Js  KParkoCrH Mbl  TONOXKHAR [ (s)=E;{{+5), A(s)=
=A(E({+5)/E(2)). U3 (2.2.28) caenyer, 4T

g ) =——g+9|o—

- (3 (%f} A+ A0 AEGMdn. 2229

Jamerum Tenepnb, gTO
A{s) =det R-1(s) =exp(—spln R (s)),
rre R(s) =R (L(s)/5(f)). Hostomy
L A© o~ — PR (R () exp (—spInR(S) oo =

, d o
— 0 E=— —w-z _._._} .
; SPR ( ) ds  9E; |s=0
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CaenoBaTespto, BhipaXceHHe B KBaJPaTHHIX CKoGKax M0 3HAKOM
HHTErpaja B npaBoﬁ yacta (2.2.29) mpeoGpasyeres x puay

E(c, —f— f_;,)w ;B
rae & =§; (t)! L= 'gs— Lilimo= £ ().
Becnomuam eme pas, uto Tmj=§(f) — onunonapaMerpuie-
cKas rpynna npeofpasoBanuii, C NOMOLILIC CTaHIAPTHHIX pacCyX-
AeHHH ycTaHaBnuBaetcs, uto £; () =% (¢|n1, ... Me} yAOBAETBOpSH-

I0T aBTOHOMHOH cHcTeMe AH{pepeHHaNbHBIX YPaBHEeHHH

G (O =—0; 1 - L)

YunTHIBag 3T0, H&XO0IHM OKOHYaTeJabHO, UTO

g )= [ Y- @n A Oman, (2.2.30)

Hs (2.2.30) caelyeT JABAa BaXKHHIX BbiBOZa. Bo-mepaHIX, uTo (PyHK-
uus g’ () uMeer TOT Ke BHI, uTO g(f), PAIHHUA COCTOHT JUIL B

3aMeHe [ Ha ET(CD,f Bo-Bropuix, uto g’(0)=0. B camom
zeqe, npu £=0 aMeem & =n; A(E({)/m) =1. TlosTomy

fE (S0} dn. =GO F 0. 223D

Hs (2.2.31) wu onpefeneHns MHTerpafja OueBHAHBIM O0paszoM cJe-
ayet, yto g (0)=0,

Tax kak ¢yHkuna g’'(f) AmeeT TOT XKe BHA, uTe £(I), To, CIe-
JosateanHe, g7 (0} =0. Ilpogonxkas 370 paccyxIeHHe JalXnule, Ha-
xoauM, uto g {0) =0 npa moboM n>0.

Buite 6b1si0 oTMeueHo, uTo g(f) — aHanauTH4YecKasa ¢dyHKuuaA I
Ilosromy w3 paBencte g (0)=0 npu n>0 caenyer, uro g{f)=
=const. ¥Yyuteisas, uto fg(0)dx paBen JjeBoi uactu (2.2.12), mo-
ayuaeM, uto paeeHciBo (2.2.12) cmpaBezauBo AsfA nOpeoOpasoBa-
Hufi Buga (2.2.27), BrAOUAKOIIHXCA B OAHODApaMeTpPHUeCKyHo
TPYINy.

Ha reopuw rpynn Jlu cieayer, 4To npoH3BOabHOe npeobpaso-
pande T Buja (2.2.27) MOXKHO TIPEe/CTaBHTL B BHIE NPOH3BEAEHHS
KOKeuHoTo uHcha mpeobpasoBannit T=T,..T,, xamloe H3 KOTOPHIX
BRJIOYASTCH B OAHONAPAMETPHYECKYIO TPYIIY,

C moMoLbl0 3TOro pasaoxenwus pasencTso (2.2.12) pacmpocrt-
paHsiercs Ha CAyyal DpOH3BOABHOTO npeobpasoBaHuA B2
(2.2.27).

PaccmoTpum Teneps npeofpasoBanua Goaee ofwlero BHAA:

xi=xiy, ), &=n; (2.2.32)
xi=y:, &=&(#, n). (2.2.33)
Cayuait (2.2.33) aerxo cBoAHTCH K cayuaw {2.2.27).
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B camom aene, muTerpan (2.2.2) MoXHO paccMaTpHdBaTh Kak
IOBTOPHBIE, UMEKIHE B KauecTBe BHYTPEHHErC HHTerpana no &, B
KayecTse BHEUIHETO ~—~ HHTerpanl 1o X. IlpeoGpasosmanne (2.2.33)
ABJAeTCH 3aMeHON mepeMennblx suia (2.2.27) Bo BHYTpeHHEM MHH-
Terpane. TlpuMenss Bo BHyTpeHHeM HHTerpase dopmyay {2.2.12),
MBl YCTAHABAMBAEM €€ CHPABCLIHBOCTh IJAA NpeobpasoBandil BH-
Aa (2.2.33).

Caoxtee 0GCTOHT Jefo ¢ npeoBpasoBamusamu (2.2.32).

DaceMOTpHM BHagane YacTHBIH Cayuaf

Xp== gy i () N T, (2.2.34)
E = M

TlpeoGpasosanua (2.2.34) o0pa3yoT oAHOMAPaMeTPHUECKY:D [Pyil-
ny mo { [loBTopAd BO BCexX JeTaafX PaccyKAeHHS, HCIONB30BAH-
Hble NpH XoKasaTeabctBe topmyast (2.2.12) B cayuae (2.2.27),
MH IDHXCIEM K DABEHCTBY

g0 =Y =@ dy, (2.2.35)
|

K

Hurterpupys mo wactsM H BCIOMHEad, uto f=0, ua rpanuue o6-
Aacrd HaxogaM, uto g'(0) =0. IMockonvky g'(f) mmeer BuI, aHa-
Joruyskiii g(f), ro g (0) =0 npn snwbom n>0. B cuay anamu-
THRHOCTH g () orclona citexyer, uro g () ==const=g(0).

3aMeTHM Tenepb, WTO CYNEPHO3HUHEH KOHEUHOTO YHCAZ Tpeos-
pasoBanuil BHaa (2.2.34) MoxHO DONydHTh JA060e npeoBpasoBa-
HHe BHIA

rae g, O; IMeIOT TOT 3Ke CMBICH, 9To BHe, A (t/y) = det l %;ik—

=Y+ V3 i @00 -y, (2.2.36)
k

k=

Haxkounen, cynmepnozmruuelt mpeofpasopanait  (2.2.36) n (2.2.26)
MOMKHO NOJYYHTH J060e npeobpa3oranue Buta (2.2.32).

BenoManM Temepb, YTO COMJIACHO 3aMEUAHHIO, CISJMAHHOMY TIO-
Cclie AOKa3aTennCTBa TeopeMul 1.7, 3aMeHa mepeMeHHHX ofmmero
BHOA MOXKeT OblTb HOJYYEHA Cynepnoaudyued  mpeobpasoBauuil
(2.2.32) u (2.2.33). Hcunonpsys MyJpTHIJIMEATHBHOE CBOHCTBO CY-
HepAeTepMUBANTA, HOJAYYaeM OTCHOIa YTBepXdehue Teopems 2.1
B oblIeM BHAE.

5. 3aMeHa mepeMeHHHX B cAy4yde HePHHHTHOX
byuxkuui. B cayuae, ecan aaemedtT [(x, E)=A,q(U) me sBaa-
ercst puHMTHEIM, (opmyaa (2.2.12) ne BepHA: NOABAAIOTCH TPaHHY-
Hele yinenn. Yrofw pasofpaTthed B HHX, NOCTYIMM clefylomium of-
pazoM, TlpeznosaoxmM, uro obdacte U BuiiensieTcss HepaBeHCTBOM
4{x)>0. CooTBeTCTBeHHO, €¢ TpaHHla — ypaBHeHHem u{x)=0.
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Paccmorpum ¢yuxiHio 6(u(x))}, rae
ﬁ(u):[ 1 opu u >0,

0 mpu u < 0.

Annporcamupyem dyuruuo 0(u(x)} Geoxorewno nupdepenuupy-
eMBIMH (OHHUTHHME OyHKUHAMH 0,(X) B CMBICTe HHTerpajabHOR
HOPMHI:

lim [ |0a(x) —0 (u(x))] dx =0, (2.2.37)
-0 er

ITpennmonoxkum Temepb, 4To KOz @PHUUHEHTHbIE (YHKUHH 3TeMEHTa
{(x, &) momyckawT npofo/keuue A0 GeckoHeudo auddepeHIupye-
MBIX ¢yHkmuB B RP.  PaccmoTpuM  saeMeHTH  fu (X, E)=
=f(x, £)0a(x)=Ap,(U). Beuay ¢uurTHOCTH 37MeMeRHTOB f,(x, E)
AJA HUX cnpaBeaauBa dopmyaa (2.2.12):

[ F(x, &) 0 (x) drdg =

= [ Fe(g. ), &y, ) a5, D) A, By, ) dydn.

HMs (2.2.37) BuiTexaeT BO3MOMHOCTb NPefeABHOTNO nepexofa OpH
a~>0:

j f(x, &) dxdg = j Fxiy, n), E(y, M) O (u (x (v, W) A(x, &y, m) dydn.
(2.2.38)

Qopmyaa (2.2.38) sBAfeTcs HCKOMOM.

[Norka)keM, Xak BO3HHKAIOT IIONPaBKH K dopmyne (2.2.12).
Pasaoxende x(y, 1) 00 m DPHBOJHT K AHAJOTHUHOMY DPAasjokKe-
HHo w(x{(y, n}) # 6(u(x(y, n))). OrpasuvuBasce MepPBHIM HeHC-
Ye3alolaM WIeHOM, HMeeM

Xy, M =x(y) + X (NN A+ ...,
w(x () + % du(i(y})

=v({y) - 2oy (e + ...,
Blu(y, ) =00 +0 @ Ev, @+ .. )+ ... =

=0(wE)+ 6w w{y, n)—vy) +
Bu (x (y))

Xoe () M + .

rie o{y) =u{x(y)}, vuly) = Xipt (1),

MHOTOTOUHE B TIpaBofl yactH HOCJI&,H,HEI‘O PABEHCTBA 03HAYAEeT CYM~
MYy charaeMBX, COASPXKalUX NPOH3BOZHLIE §-$yHKUHH, YYHTHIBAA
onpelieJenie WHTerpaaa, ofpasyollHe §; MOXKHO CYUTATh KOODAH-
HataM¥ B RP. B smux koopamuarax oGnacts U sugeasercs nepa-
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BenctBoM v(y) >0, a rpanuna — ypaBHeHuem v(y)=0. Takum
o6Gpa3som, rpaBad uacts (2.2.38) wmMeeT BHA

j Fle(y, m), E(y, W) A(x, &y, m) dydn +

+ [ FOe(, . By, M8 @) @y, W) —2 @) A (x, &y, 0 dydn + ...,
(2.2.39)

rie MHOTOTOUME O3HAYAET CYMMy CJaraeMblX, KamAoe M3 KOTOPLIX
cofepxur 8® (v(y)), k=1, mog 3nmakoM uHTerpaJa. flepeoe caa-
rasmoe B (2.2.39) umeer TOT Ke BHI, uTO JAeBas uacTh (2.2.12),
OCTaJbHBle COJepKAT TpaHHUHbBe WieHH OJaroiaps  HaJdAuHIo
S(v(y)) n npouasoaHuEX §(v(y)) moA 3HAKOM MHTErpaJa.



Fnasa 3. JUHERHASA AJITEBPA
B Z,-TPAAYUPOBAHHBIX NPOCTPAHCTBAX

§ 1. JHHERHGLIE ONEPATOPH

I.TpacecMmanoBa o6Goa09xa Zy-rpaAyHPOBAHHOTO
AHnefinoro mpocTpancTia. Hanomaum, uro jnudelinoe
npoctpancTse L maseiBaeTcs Zo-rpaJyHPOBAHHEIM, 8CAH OHO Mpel-
CTaBJEHD B BHAE TPAMON CYMMB ABYX NOILPOCTDAHCTB

L=OLD L, (3.1.1)

Snementnl mpoctpaHcers 9L u 1L HasHBAOTCA  OJLHOPOIHBIMH,
B rpanyMpoBaHHOM MOPOCTDAHCTBE 3aAaHa HETHOCTb, ECIH JONOJ-
HHTEJNBHO CKa3aHO, YPO 3JIeMeHTH OAHOIO H3 3THX IFPOCTPAHCTB
HA3HBBAIOTCA YeTHEIMH, APYIOrQ — HEUEeTHBIMH,

B Z,-rpagydpoBaHHOM AHHEHHOM TpocTpaHcTse ¢ GHKCUPOBAH-
HOH YeTHOCTHIO Onpefe/feTcss CTAHTAPTHHM 00pazoM (QVHKIHA
geTROCTH a(X) (em. (1.2.49)), u oneparop uwernocTn A.

B cayuae, ecan TpoCTpaHCTBO L He ‘HMeeT ADYroHl CTPYKTYPH
KpoMe JHHEAHOCTH W Z;-TPaIyHPOBKH, UYeTHOCTb B HEM MOXeT
OblTh BBeAeHAa ABYMs cnocoGaMH, Tak Kak mpocrpancrsa 9L wm 1L
paBuonpasHul, Ilpd Haawysy AOTNONHUTENLHOH CTPYKTYPHL, HaOpH-
Mep, ecau L SABJAAeTCH accOHMMATHBHOR aharefpoll Mau cymepanred-
poit Jlu (em. HuUXe), MB Beerza Oyaem tpefioBaTbh, 4TO olepa-
TOp YeTHOCTH OB aBTOoMOpdH3MOM 3TOH CTPYKTYypH. Taxoe Tpe-
foBanHe MOMXKET HAPYWIHTL paBHONpaBHe mpocTpancTs 9L u 'L W
CXenaTh BBEAeHHE eTHOCTH O3HO3HAUHBIM.

PaameprocTeiy Zz-TpafyapoBadHOre TPOCTPAHCTBA Ha3bBAeTCHA
fapa yuced p, ¢, Tle P — DAa3MePHOCTb YETHOTD M ¢ — pa3Mep-
HOCTL HeueTHOro noxmpoctpancrBa: dimL={(p, q).

B cayuae, ecan mozobuo Tomy, Kak 3Tto cleaano B (3.1.1), oz-
HO H3 OIHOPOZHEIX NOAIPOCTPAHCTB Z,-rpaiyHpOBAHHOrO AdHel-
HOTO UPOCTPAHCTBA HOMeyedno HHAekcoM «0», vipyroe MHiexcOM —
«l», Bceraa B Aadbdeilirem GyAeT NPeAmOJararThCd, 4YTO HHIEKC
«0» npHCBOBH YETHOMY NOANPOCTPAHCTBY, HHAEKC «l» -— Heuer-
HOMY,

B paapHefilieM MBI, Kax APaBHJIO, paccMaTpHBAaeM TOJBKO
ZyrpasyHpoBaHmble MPOCTPAHCTBA € (DHKCHPOBAHHOA UYeTHOCTHIO,
He OroBapHBaf 5TOM0 CHEUHANpHO, Zy-TPAIYHPOBAHHOE JHHeHHOe
TMPOCTPAHCTBO PasMepHOCTH p, ¢ YAOGHO <©obosHavats KP4, roe,
Kak o6uuHo, K=R B cayuae BemecTBeHHOro mpocrpascTBa B K=
=C - B Clyuae KOMILIEKCHOTQ TIPOCTpaHcTBa, (3TO 0603HAYEHHE
4HaJOTHUHO OOBIYHOMY ©OO3HAUGHHK) A-MEPHOFC JHHEHHOID Npo-
CTpancTBa dal K B Buze Kr)
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Yernoe H HedgeTHoe MOOANPOCTPAHCTBA NpocTpanHcTsa K9 Gy-
nem 06o3Havyars cooTBercTBeHHO KPP @ K04, Krd=Krl@ K09,
Kaxcaufi auHeliHLIfi opmepaTop B npocrpanctBe K29 uneer ecrect-
BEeHHOE MaTpHUHOe I1peiiTaBJeHHe:

A= (A“ A“) Ax = { A A”\) (xi) xneE K™, xe K™Y
Ay Ay kAn Apn/ \ %y
rae Ay, — oneparop B Ked, Az — oneparop » K%, A,, — one.
patop u3 K% 8 K°9, Ap — oneparop uz KP9 g K™, B yactho-
crd, arToMopdHam ueTHoCcTH B K79 mMmeert BHj
Az(lﬁ 0), (3.1.2)
0 -1,

rie f,, {; — eaunuuHble clnepaTophl cooTBeTCTBendo B KP0 n K9,
{Ilpn nepemene uerHocTH B KP9 aBroMopdH3M UeTHCOCTH MeHSeT
3Hak A;=—A))

ITycte {e;} — onuopoauui Gasne B KP4 Hymeparigio BekTO-
pos Oynem HasuBaTh cTaHiaprtHof, ecnu &=Kr? npn  l<i<p,
;=K% mpn p+l<isp+g. Onnopoinmfi Gasuc B K¢ ¢co craH.
AapTaofi HyMepauuefi SyieM KOPOTKO Ha3»lBAaTh CTAHIAPTHHIM Oa-
BUCOM,

Paccyorpum napaiy ¢ Zy-TpagyHpOBaHHEIM [POCTPAHCTBOM
KP? rpaccmanoBy anrefpy A. Einucreennas csase  Mexay Koo
H A COCTOHT 3 TOM, 4TO aarefpa A BelleCTBeHHA B CJAydae, eciH
K=R, # xomniercHa, ecst K=C. Huxakoil csizu Mexay uyucia-
MH p, ¢ H YHCJAOM KaHOHHueckHX ofpasyiomux aarebpsl A He
IpeRnoaaraercs.

PaccmorpaM caeayiomyr xoHcTpykumio. Ilyers {e} — crab-
Aaprublit Gasuc B K79 O6o3nauuM uepes KP9(A) mHOMKeCTBO BCe-
BO3MOXHEHX (POPMaNbHbIX AHHCHHHX KOMOHHAUHH BHIa

p pte
x=£a;e‘-+ Z o e, (3.1.3)
1 p+1

rie @i, o; — COOTBeTCTBEGHHO YeTHbie H HEUSTHHI® 3JEMOHTH A.

B (3.1.3) anemeHTnl T. a. A cToAT cAeBa oT ajdeMedHTos KP4,
Her wMaremartnieckofi HecOXOARMOCTH OUPGASISNTD YMHMKEHHE
snemeuros K79 chnpaBa na adeMeHTn A, OIEako BO3MOKHOCTH
VMHO¥ATh afeMeHTs! K79 cnpaBa Ha 3JeMeHTH A siBaAfercd 60Jb-
WHM yI06CTBOM, OT KOTODOIO He cJaAelyeT OTKaspsathcd. llpH
3TOM BO3HWKAeT HeoGXOLMMOCTE CBsI3aTh Mexay cob6Of Jjepoe H
Epanoe YMHOMEHHd. Mpl OyaeM NOJb30BATBCA ABYMS BaDHAHTAMH
TAKOHA CBAIH:

1) aiei=eia; @€5== &40,
2) a;e; = e;a;, Q;83==—€4Q;.
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B mnepeoM cayuae npocTpancTBo K”9(A) MBL 6yiem Ha3wBaTh
rpaccManoBoi obostoukofl 1-ro pona mpoctpancrsa K9, mo BTO-
poM c/ayuae — rpaccManosoil o6osoukol 2-ro poaa .

Jlas pona rpaceManeeod of60R09KH MBI He OY/eM BBOIHTH lime-
IHAJTLHOrO 3HAKA, OTMeyas €r0 B HYMHBIX MECTAX CJQOBAMH.

B rtex caydasx, Koria H3JOXKEHHe OTHOCHTCH K of0HM pojram
rpaccManosofl 000/0UKH, Mbl OyAeM ONYyCKATL YIOMHHAHHE O poje.

OTMeTHM HEKOTOpHE NPOCTble CBOACTBA IPAcCMaHOBHX 0060~
JOUEK:

1) xorst mpoctpancreo K79(A) mocrpoeHo ¢ NOMCOIIBK OJEO-
poanoro Gaznca e; B K79, B ACHCTBHTENBHOCTH OHO OT 3TOro Ja-
SHCA He 3aBHCHT: NMpH pasueX BuOopax 6asnca mojydaercad 01HO
H TO Xe npoctpaHcTao KM (A);

2) Ke9(A) saBnfercs He TOABKO JIMHEHHBIM IDOCTPaHCTBOM
vag K, #o W gBycropoHHuM MoavaeM Hax A (T, e. 3JeMeHTH
K79 (A) MOMEO yMHOXKATD CJleBa M COpaBa He TOJADKO Ha YHCAA,
HO H Ha 3jeMedTH "A);

3) paaMepHoctn KP7(A) kak auHefiHOrO TPOCTPAHCTBA paBHA
2¥=1(p+g), rae N — uncao o6pas3yomux I. a. A;

4) mpocrpancteo KP9(A) nacaenyer Z,-rpagyuposky mpocr-
panctea Kre: KPa(A) = Kr9(A) @ K% (A), rae uepes KPP(A) obo-
3HAYEHO NORIPOCTPAHCTBO, €OCTOAllee H3 BeKTepoB Buaa {3.1.3)
€ PaBHLIMH HYMK KosdduuzeHTamu a; uwepes K%9(A) — moxampo-
CTPaHCTBD, COCTOHMIee M3 BeKTopoB BHAa (3.1.3) ¢ pasumMu HYyIO
KosppHuilHeaTaMH a2y,

IMpocrpanctea KP0(A) u K%9(A) mu Gylem wma3wBaThL Tpace-
MAHOBEIMH ofojoukaMye mpocrpaxHcTs Ke® u K% coorsercrsenno;

5) 3 Kr?9(A) cymecTsByeT NOLNPOCTPAHCTBD, eCTECTREHHBIM 06-
pasoMm wmicMmopdHOoe KPO: OHO COCTOHT H3 BekTopom (3.1.3) cme-

Fod
LHAABHOTO BUAA X = fo e;, x;=K.TloanpocTpancrsa, crosp e

1
ecrecTBeHHo caazannore ¢ K9, B KP9(A) Her.
Baxuywo ponb B jAadwHefinleM  urpaer  otofpaxenue
m: K9 (A) ~KrS, onpenensiemoe ciefyionlay o0pa3oM: ecliH X&
=K (A) umeer sug (3.1.3), TO

m(x) = im(a;-) e, &K, (3.1.4)
1

e m{a:) roMoMophusM I.a. A B aareGpy uucen K, onpenensemuii
dopmyaon (1.2.47) 2,

1 B cayuae, ecan KP: 9(A) apamercs rpaccManosofi  o6osogkodt [-ro poaa,
KP 7(A)=(AF) P 9, rae E — MHOKECTRO, COCTOfAIIEE H3 oanofi touxu. {Onpene-
aenxe Moxayas (AF)»e em. B ra 1, § 3, n 1)

2 T. a. A, paccmarpupacMas Kak JMHefiHOE NPOCTPAHCTBO, sBASETCA rpace
CcmayoBoll 066a09Ko#R rpafyipoBamHoro mpoctpancrsa KD Ouesuans, wro oTob-
pamenne (3.1.4) npocrpancrsa K!'! (A) cosmamaer ¢ romomopdmsmom (1.2.47).
TlosTomy oGo3maueHue sToro romoMopdHaMa u oTobpaKeHH: (3.1.4) opuaM H
TEM JKe CHMBOJIOM He ROJIKHO BHISHBATh MYTAHHIH,
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B xaaewefimrem wam yaoHHo OyaeT »JeMeHTH CTAHAApPTHOTO

{ 0\
Gasuca B KP# niaobpaxate crodbukama: € =| 1 (1 Ha i-M
s 0
MecTe cBepxy). Dueventsl KP9 u KP9(A) B 3tom Gasuce Takke
%1
ABARIOTCS CTOOGHKAMH, X =| - mpuyeM  x;=K, ecan xe
gy

=Kr9,

0 [ <~
xiei A Iigy , ecin x e KP9 (A).

WA p+I<i<p+g

Hefictere auHefiHoro onepartopa Ha BeKTop B 3ToM (asmuce co-
CTOMT B MATPHYHOM yMHOXeHRH: ¥—Ax, rae x&Ke9 wan Koo (A)
ABASIETCH OAHCCTONOUOBOH MaTPHILSH,

2. Jluneliusle onepaTopH B ZyTPAUYHDOBAHHHBIX
IPOCTPAaHCTBaX. ZyrpalynpoBka mpocrpancTsa KP9 pBaeuer
3a cofofl Ze-rpaiyupoBKY {IPOCTPAHCTBA JHEEHHBIX ONEDPATOPOB B
Kre. Oneparop A HasHBacTcs YeTHBIM, €CTd AKAE < K8,
AKYM = K0 u weyerdniM, ecan A Ket o K0, AKY™ < K#0 Jlpyru-
MU ¢IoBaMu omepaTop A ueTeH, ecnu oM He MeHSeT UETHOCTh O1-
HOPOAHOTO BEKTODA, M HEWRTEH, €CAM MEHIeT.

Aarebpy Bcex auHeHHBIX onepatopos B KP9 Oyiem  ofoana-
uath L(p, g), noanpocTpaHCcTBO ueTHHIX omeparopoE — °L{p, g),
HeuerHelx — 'L{p, g). B coorsercrBun ¢ pazbuenieM IIPOCTPaEHLT-

Ba K79 B npsMywo cyMMy noampocrpamcts KA == KO (E K%

Kaxaui onepatop ASL{p, g) 3amucuBaeTcd B BHIEe KJeTOUHOH
OTePATOPHOA MAaTPHILL

/-1 — (All Am) — (All 0) 4 (0 Am) (315)

AZI A22 O A22 A21 0
rie A u App — onepaTophi, AeficTBYOMUE COOTBETCTBEHHO B nPO-
crpancrBax K0 u K%, A,, orobpaxaer K% 8 Km0, 4,  otobpa-

waer Ke0 g K% Tlepsoe caaraemoe & (3.1.5) sBasercs ueTHON
cocTaBasioumedl oneparopa A, BTopoe — HederHoH. Jlerko BUIETH,
qTO ABTOMOp(H3M ueTHOCTH JelcTByeT B L(p, g) coriacHo ¢op-
Myne ‘

T—-ATA-!, (3.1.68)

rie A=L(p, q) umeer Bua (3.1.2).

OueBnaxo, uTO aBTOMOpQH3IM ueTHocTH (3.1.6) sABaderca aB-
romopdusmoM L{p, ¢) He TOABKO Xak JMHEHHOrO TNPOCTPRHCTBA,
HO W Kak accounaT™iBro# aarebpw. OTMerHs, 9TO YeTHOCTh B
L(p, g) He sapucur oT BHSopa uerHoctn B KP9: gqpu nepemene
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gernocTy B K77 omepatop A 3aMeHsiercd Ha A;=—A, aBTOMOpP-
puzm (3.1.6) He MeHAeTcH.

FpaccmanoBy ofosouky mepsoro poda aareGpel L{p, g) ofoa-
HauuMm L(p, g|A). Ouesnano, uro L(p, g|A}, nonobuo L{p, q),
SBJAAETCH He TOJLKO JHHEHHBIM IIPOCTPAHCTBOM, HO TAKKE H acco-
HMaTHBHOA adre6pod.

B crannapteom Gasuce sasMmentd Lip, g[A}, moio0uo saeMen-
taM L(p, ¢), 3anuceIBaOTCs MaTpunaMu BHaa (3.1.5); marpHuHbte
AEMEHTH @i GA0KOB B cayuae L{p, g} aBJsioTcA uucAaMu, B Cay-
uyge L(p, g|A) — anemenrama I'. a. A. YeTHHIMH B cayuae OJOKOR

11, Az M HeueTHHIMH B <iydas 0a0koB Ay, Ay DaeMeHTH
L{p. ¢|A) ssnswrca onepatopama B Kf9(A). eiictBue onepa-
ropa A=L{p, ¢|A) na x=KP9(A) COCTOHT B MATPUUHOM YMHO-
HEHHH:

x—=Ax, x _(xl), e KeP(A), x,= KM (A).
Xy

CoBoxynmHOCTs ofpaTHMBIX aiemenros anrebppl L{p, ¢|A) 06-
pasyeT, OWeBHIHO, rpymmy. 31y rpynmy Oylem ofo3HauaTtsb
GL(p, q|A).

Mol yBuaum B nadpuefieM, uto onepatop AsL(p, g|/A) Br-
Aa {3.1.5) obpaTtam ToTAa ¥ TOALKO TGTAA, KoTia olpaTumbl ofie-
patopul Ay 0 Ass.

OGosnaunm uepes G'L(p, g|A) muoxectso . sneMenToB A=
=L(p, q|A) Baga (3.1.5) ¢ oBparumsim onepatopoM A # uepes
G”"L(p, q|A) — wmuoxkectso  saementos AeL(p, g|A) »suza
(3.1.5) ¢ obparuMpM omepatopoM Ase. ME yBUIUM HHXKe, 4TO
G'Lip, g|A) u G"L(p, g|A) ssasworca moayrpymnamu. Mz chop-
MYJHPOBAHHOLO BHIIE KpUTepus obpaTuMocTd ofepatopoR Ae
=GL(p, g|A) creayer, wuro GL{p, ¢ A)=GL(p, g|A)N
NG”Lp, gIN).

IMockoasky L(p, g|A) cnyxHT ppaccemaunopoit 06omoukoit asu-
rebpot Lip, ), CYLLecTBYeT JHEeHHO oTofpamenue
m:L{p, q|AY—~"L{p, g), onpexenseMoe coraacHo obmeill dopmy-
Je (3.1.4). OueBuiado, uTe OToOpaxKeHHe M ABAALTCH TOMOMOD-
dusmom aareGp. Aarebpy °L(p, g) yaobGuo CcurTATh BAOKEHHOH B
L(p, g|A) B coomBercTBuY ¢ OOCWIMM IIPaBHJIOM BJIOKEHHS UYCTHO-
TO {IOZUIPOCTPAHCTBA B rpaccManosy o0odoyky (cM. Buime). Oue-
BHIHO, UT0o TWpu BA0Kenud °L{p, ¢) oxaswBaeTcs moganredpoi
L{p, g|A), cocronmefi #3 onepaTopoB, UMEIOIHX B CTAHLAPTHOM
faznce KASTOUHO-IHATOHAJABHBIE MATPHUB ¢ YUCAEHHBIMH K03¢(hH-

Ay Oy
qpeHTamMu: A = J
0 Ay

3. Anre6pw Mai(p, g) u Mat(p, g|A). Duxcupyem B K9
craplaprdabl#t G6azuc, 3andmem B 3ToM (Oasuce Kaxiblid oneparop
A=Ll{p, ¢) n xaxawi omepatop AeL(p, g|A). Toaysenusie
MHOKeCTBA MaTpHIL ofo3nauum uyepes Mat(p, ¢) n Mat(p, g|A)
cooTBercTBenHo., TakuMm obpazom, Mat(p, g) cocToHT H3 BCeBO3-
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MOXHEX MaTpHL suaa (3.1.5) c¢ snementamu uz K, Mat(p, g]|A)—
H3 aHANOMHYHEIX MAaTpPHIl, HO ¢ 3JeMEHTAMH U3 T. a. A: MaTpHUHHE
9aeMeHTH 6A0Kk0B Ay W Age SBAMIOTCS YETHEIMH 3JeMeHTaMM A,
MaTpHulble 3jeMeHTH 6a0K0B Ay ¥ Ay) — HEUETHLIMH.

Baegem B Mat(p, g) mwerHOCTb, N0 AHANOIMH C YETHOCTHIO B
L(p, g): veTHRIMH Ha230BeM KNETOYHO-ZHATOHANLHEE MATPHIGH

A= (A“ 0\}, HeYeTHHIMH -— MATpHLE BHIA (0 A“‘).

0 A/ Ay 0
Caenviollde YTBePKACHHA OueBHiHR: oToOpaxeuus! £—A4, rae
ste=Lp, q), Ae=Mat(p, q) win st (p, q|A), Ae=Mat(p, g|A),
ABAAITCA TPATYHPOBAHABIMHM H3OMOPQHIMAMH  COOTBETCTRYIOUIHY
anre0p; aareGpa Mat(p, ¢|A) sBnserca rpaccmaxoBoll 060a0UKOMH
aarefpa Mat(p, g).

B cooTseTcTBHH C OBUIHMH COOOpAMEHHSMH, CNDaRelliABEIMH
A5 BeeX Zp-TPalyHPOBAHHBIX JAHeHHBX NPOCTPAHCTB U HX Tpace-
MaHGBBIX ofono1ex, OTpeLenuM JiHHeHHBI oneparop
m:Mat(p, glA)~"Mat(p, ¢g) =Mat{p) P Mat(g) u saciense al-
re6pst "Mat(p, ¢) B KauectBe nomanrefpu B Mat{p, g|A). Ore-
partop M ABAACTCH roMoMopprIMoM adarebp.

Tpynay, cocrogmyo us ofGpatumux aementor  Mat(p, g|A),
obosnauum G Mat(p, g|A). GMat(p, ¢|A) cocrour #u3 MaTpuu
oneparopos £e=GL{p, g|A), 3anucannbx B craHgaprHoM Gasuce.

Hoamnoxecrso  Mat(p, ¢|A), cocroamee K3  MaTpHL

A= Au Am) ¢ obpaTHMBbIM faoxom Ay, o0o3BauHM
A2l A22.-
G’ Mat (p, ¢|A), NOAMHOMKECTBO, COCTOALIEE #3 MATPHI ¢ 06paTH-
MBEM GaokoMm Asy, oBo3mauum G” Mat(p, ¢|A).G Mat(p, g|\) =®
G” Mat(p, g|A) cocroar a3 marpuau omepatopoB L{p, glA) #u
G"L{p, g|A) COOTBETCTBEHHO, 3ATHCAHHEIX B CTAHAAPTHOM 0a3H-
ce. AareGpa Mat(p, g|A) aBasercs BaKHHM BCIOMOIATe/bHEIM
CpeCTBOM S H3yuenus aarebpor onepatopoB L(p, g|A). Orme-
THM, 0JIHAKO, 4TO, HECMOTPA Ha H3oMOD(HUIM MeKTy 3THMH aared-
paMk He Kaxigoe cBoficTeo anareGpm Mat(p, g|A) nepexocures
Ha L{p, ¢|A). Heno B ToM, YTO B pa3nHUHBEIX CTAHZAPTHHIX GasH-
caX OIHOMY H TOMY XK€ ONepaTopy OTBedaloT pa3fH4Hble MaTpH-
ubl. Ouesngno, yro marpuusl A, A oXHOro omneparopa, COOTBETCT-
BYIOLIHE PA3AMUHBIM KaHoHuueckum Gasucam B K79, cBasanw co-
OTHOUIEHKEM
 p—1 “Bl 0‘
A=BAB™, B_(O 5,

roe By, By — ydCIeHdHe MaTpHUb, TakuM oGpa3om, Te H TOALKO
Te CBOHCTBA anreGpel Mat(p, ¢|A) sBAMW0TCH OZHOBPEMEHHO CBOH-
creaMi aarebpul L(p, ¢|A), KOTOpLie MHBAapHaLiTLl OTHOCHUTEJNBHO
npeobpaszoBanuil (3.1.7).

(3.1.7)

| Hmeeres B BHAY oToSpameHse, KoTopoe onepartoDy £ cTAaBHT B COOTBET-
crene eroe marpuny A. MsomopddsM, zafasaeMuit 3THM oTofpaxesHeM, (axth-
9ecKH yXe HCMNOMB3OBANCA B NpefHAyINeM nynkre.— [lpuM. pea.
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YcranosuM KpuTepHi ofparuMocrd Matpuu AeMat(p, g|A).

Teopema 3.1. 1) Marpima Ae=Mat(p, ¢]A) Buaa (3.1.5) o6-
paTHMa ToTJAa # TOJBKO TOLA4, KOrAa ofparuMsl  marpuunt Ay
0 Ag
2} Marpuua AeMal(p, ¢!A) o6paruMa TOrIa H TOJbKO TOT-
pa, xoraa obpaTtAMa MaTpHLA

mA = ('"Au 0 ) & Mat () € Mat (g).
0 mA,,

Hokazareavcree. Paznoxum marpuuy A 10 o0pasylomsM an-
refpel A B OTAeMHAM CcRATAEMOE HYJAEeBOH CTeneHM G COBOKYIHO-
cti obpasywumux: A=A+ 7. [Ipeanonomkny, 9T6 cymectsyer A~
H nocrynuMm ¢ A~! ananoruuneiM obpasom: A-l=A,+T. U3 pa-
percrBa AA-'=[ murexaer, uto Apdy=1, caeposatenso, MaTpuua
Ay obparuma. TlpeamosoxuM Tenepb, YTO Mmatpuua A, odpatama,
u mpercrasuM A B Buge A=Ay(l-+Ay"1T). Marpuua Ag!T oue-
BAANBIM 00pa30M HHJBINOTEHTHA,  mo3ToMy A~  cymecrsyer:

o0

A7 = (Z{#I)'I (Ao"1 T)“)AE‘. (Paz B ckob6rax xoueded BBHAY

0
guabnorentnoctd Ag7tT.) Taxum o6paszom, oGpatumocts A pasno-

Ay O
cHabHa 06paTEMOCTH Ao 3aMeTHM Tenepn, uro A, = ( OD, IA ),
0,22

rie Ay, Apse — HYJAEBHE WIEHL B pa3NoXKeHUH Matpen Ay H
Aszx mo obpasyiomum A. IToBropss npemuHe paccyKIeHusl, HaXO0-
AMM, uto 08paTtHMocTe Ay paBHocHasHa oGpaTumocma gy, o6pa-
THMOCTE Apy PABHOCHALHA 0OPATHMOCTH Ag g,

Caencrene. Onepatop #=L(p, g|A) puna (3.1.5) oBparum
TOTZa H TOALKO TOTAA, 'KOrda obpaTHMBl ONepaTopH ¥y H g,
onepatophl S#y, H gy oOpaTHMBI TOTAA H TONBKO TOTAa, Kordaa od-
PATHMEL OGEPATOPH MSLy) M M.5f 0.

B 3akJI04eEHe 3TOTONYHKTA yKamem onepannkB Mat(p, glA),
ABMAIOIHECS AHAJNOTAMHM TDPAHCHOHUDOBAHHMSH, IPMHTOBCKOLO H
KOMILTEKCHOTO CONPAMCHUA.

[Tyers A = |, | Mat (p, ¢ | A). Tlonoxim

AT — H Ay, (___ 1)0'«(1') (e (B 1) “
tae a(i) =ale;). Apyruma caopamn,
(An ‘412)" - ( Ay Aél‘) (3.1.8)
Azl ‘422 - AIZ A?‘!

Tie LUTPHX o3HadaeT oObYHOe TpaHCNoHHpopanHe. B cnydae, ec-
JH T, a. A obnagaer uascanumel, 3 Mat(p, ¢]A) moryr 6urtp on-
pedeseHb! ONCPALMH * H ~, aHAJOTHUYHBle IPMHTOBCKOMY H KOM-
IVIEKCHOMY CONDAXEHHIO: eciH

A=|ayl, 0 A" =lay|, A=/a,(—H*eEt)
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Jpyrums clropamu
(An Alg)* _ (Agl AEI)
Au Aza Alz A22

(Au Aw) _ (An —-*Alg)

i ' 1
A21 A22 A21 A‘Z‘«l E
rle * B OPHMEHEHWH K ¢ O3HAYAET MHBOJIOUHIO B A, B NpHMEHe-
HaH K Ay, — TO 3Ke, YTO B NPHMeHEHHH K A, yepra B TpHMeHeHHH
K A;, O3HAUaeT 3aMeHY BceX B3JEMEHTOB MaTpuusl A;, HA HHBO-
diotuBisie: ecld Ay = ||, o, T A =@ g e |, L2 =1,2.

¥KameM pfAI CBORCTB 3THX ONepaiuil

(3.1.9)

(AB)" = BT AT, (AB)'=B'A", AB=AB,
(3.1.10)
(AT =AAA, AT =AATA= A"
B cayuae, ecnmw * spasercs uusodwonuedl 1-ro pojza B r. a. A, 1O
(A =4, (4) =4
B cayuae, ecad s #ABJAseTCsS WHBoJOUHeRl 2-Tro pomxa 3 T a. A, TO
(A7 = AAA, (A)=AAA.

Bce 3Tty ©BoHCTRA YCTaHABAHMBAOTCH HENOCPEACTBEHHOR NpUBep-
xoii. TIpn mpoRepke TepBHIX JABYX cooTHomeHH#H (3.1.10) Homoab-
3VETCH JEDKO HpOBepsieMOoe TOXTeCTBO, CHPaBelNHBOe IAA MAaTpHI
C aHTHKOMMYTHPYIOHIUMH 3JeMeHTaMHu:

(UVY =—V'U", (3.1.11)

rae ' 03Hayaer OObIYHOE TPAHCIOHHPOBaHHe,

1
ComocTaBUM BeKTOPY-CTOAGHKY X —=| ! & R?7 (A) nexrop-
Xotq
CTPOYKY X'= (X|, ..., Xp+g). Ecau . a. A obaagaer HHBOMIOUHEH, TO
* *
IOMHMO X’ CONOCTABHM X TAKKE BeKTOP-CTPOUKYX™ = (¥1,... , Xpig)-
Bresendsie panee omepaundu HaJ MATPHUAMH CBA3AHH ¢ ITAMH
ONePAUHAMH ¢ NOMOIILI) COOTHOHICHHH, 2HAJOTHYHBIX OGBIYHLIM:

(Ax) = x" A", (Ax)" = x" A"

4 MatTpHUub ¢ AHTHKOMMYTHDPVIOIHKMHU 23JeMeH-
TaMH, B JAalbHeHlleM HaM 4acTo OYyLYT BCTPEYATHCA  IPAMO-
YTOJIBHEE MATPHILEl, 3JeMEHTH KOTODBIX CYTh HEeueTHble 3J1eMEeHTH
HEKOTOPOH TIpaccMaHOBON ajareGphl. 3JeMeHTH 3THX MATpHIl [O-
MIapHO 3HTHKOMMYTHDYIOT.
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Jlemma 3.1. Tlyers V, W — npsiMOyroJibHble MATPHUB ¢ AHTH-
KOMMYTHDPYIOWAMH 3JeMeHTamy, NphueM V 1MMEET m CTPOX ¥ 7
croabuos, W ameer # CTPOK H m cTonbuoBR, Toria

trWV=—tr VW, (3.1.12)
det({+WV) =det(/+ VW)L (3.1.13}

IMpekne yem HOKA3BIBATL 3TY JEMMY OTMETHM, YTO LIS MAaT-
PHIL ¢ XKOMMYTHPYIOUIHMH 3JdeMeHTAMH XOPOIIQ HM3IBeCTHH aHAJO-
IHYHBIE TOXKASCTBA, OAHaKo 0e3 8Haka «—» B MPaBod  YacTH
(3.1.12) u 6e3 cremenn «—I1» B (3.1.13).

Hoxazareascrao. OB603RAUMM Yepes Ui, Wik JAEMEHTBl MATPHIL
V 1 W coorsercrsedno. Hmeem

irwWvV=2 Wigly; —-—'Eﬁkl-w,'kxﬁﬁ' VW
Hanee, acnoassya (3.1.12), paxoium

Indet (/ -+ WV) = tr In(l + WV) 2 - ‘)"" (WY W) —

VD e vy ) —

:_\2 (—U Wy — —Indet ¢ + VW),

DKCNoHEHUHPY A, TIOJAYUaeM HYKHOe yTBepXKIeHHe.
5. Cynepcaex u cynepgerepumunant Ilyers

A (“1“ “‘ﬂ) & Mat (p, 9] A).
A‘Zl A22

CynepcnenoM nasmBaeTcs ¢yHkunsd na Mat(p, ¢|A), pasnas
StI’A:tI'A“-—t[' Agg. (3114)

CynepaeTepMHHAHTOM HashBaercs dyHkuus Ha GMat{p, g|A),
papnas

sdet A=det (A, —A 12427 Ag;) det Agp~L. (3.1.15)

Ot ofplyHoro caeaa cynepcie] OTJAHYaeT 3HAK «—>» B IpaBoil ua-
ctd (3.1.14), or ofbiyHOTO JETEPMUHaHTA CYNepLeTepMHHAHT OT-
JdHYaeT Noxa3zareJb «—Il» ¥ BTOpOro coMHOxHTens B (3.1.15) L

All A12

1 Tlyers A = (
Ail A22

) — obBNHAA KJeTOUHAT MaTpHua,

i a
M= .
(lA;;Aﬂ 1)

— Ay A2_21 Ay Ay
0 Ass
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OtMeTuM, UT0 HekOoTOpHE 3iementh Marpuun A=Mat(p, g|A)
SABNAIOTCH HEUeTHHIMH M IIO3TOMY HEKOMMYTHDYIOIIHMH MEXAY CO-
6ofi. [TosToMy onpelennTs ee JeTePMHHAHT OGHYHBIM 06pa3oM 3a-
TPYAHHTENARHO. B TO XKe BpeMAi MaTpUULl, CTOfILHE II0J 2HAKOM
Aerepmuuanta B (3.1.15), COCTONT JMIIL M3 YSTHBIX, CHASIOBATEIL-
HO, KOMMYTHPYIOUEIX Mex1y coboli sinemenrtos. Ilostomy zerep-
MHHAHTH 3THX MaTpHI[ onpefendorcs obmuHbBIM 06pasom u o06Ja-
ZaweT 0OBIYHBIME CBOHCTBAME.

CynepcieZ ‘U CyIepAeTepMUHAHT OUEBHIHBIM 06pa3oM HHBApH-
aHTHH CTHOCHTEABHO TpeobpasoBaHul (3.1.7). 310 n2eT BO3IMOK-
HOCTH ONPEJeNHTh KOPPeKTHLIM 00Da3oM Cynepc/aen U cymeplerep-
MHHAHT A5 onepatopos u3 L(p, giA) u GL(p, q|A) cooTBercrt-
BernO; strf=strA, sdet f=sdetA, rie 4 — marpuna onepato-
pa & B crariaprHoM HasHce,

YxakeMm npocrefimne cBofCTRA Cymepesgena  #d CymepaeTepMH-
HaHTa.

Teopema 3.2. Ilycte A, BeMat(p, q|A). Toraa

str AB=str BA. (3.1.16)

Horasaresvcrao. Tlycts

A= (An Am] B = (311 Bu)_
Ay A By By

Mpuvensa semmy 3.1 4 noae3ysaces OOHUHLM CBOACTBOM  ciela
MaTpHI{ ¢ KOMMYTHPYIOIHMHE 3JeMedTaMH, HAXOHM

stt AB=tr (A B+ A12B2)—tr (AnBio+ApByp) =
“;tl'(B“A”—BglAlg) —t!‘(—BlgAgl—l-BgQ'Agg) =str BA.

CynepaerepMHHaHT o6aajaeT CBOHCTBOM, aHAJOMHYHBIM  OOBIYHO-
My /1ETeDMHHAHTY.
Teopema 3.3. CynepreTepMHHaHT MYJALTENIHKATHBEH:

sdet(AB) =sdet A-sdet B. (3.1.17)

,HOKEIE-HTEJIBCTBD TeOPEMEl OCHOBAHO Ha JdeMMaX, KOTOophble 6y-
AYT HCHOAB3OBATHCS TAKKE H B Jaasnuefnem,

All Al!
A21 AM

TouHas ofpaTHMas MaTpHIa ¢ KBaipaTHEIMM of6paTumuiMd Gao-
KamH Ay; 1 Az Toraa oSparnas marpuua A~ umeeT BUI

(An Am)_l = (:{in Zm) .
Ay Agy :4'21 7423
- ((Au — Apdn' AT — AT A (A — An AT A )

— AR Ay (A — A AR Ay (Apa— A AL Ay
(3.1.18)

Jemma 3.2. Ilycte A =( )~— OpOoH3BOJBHAS  KJe-
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,IIOKBSHTEJH)C’FBO COCTOHUT B ‘HBHOpr'e,llCT!BEHHDI':] nposep}{e TOK-
rectsa AA-'=I (Cywecrsopande Marpun (A —A,4;7145) ! B
(Az—Az A7 1A) ! cilenyer B3 TOXKAeCTBA

{ Ay Am) (Aﬁl ] ) ([ 0_.) (Au An) I 0 ) _
la, 4,/ Lo agt) o —1) \ay, 4,/ Lo —1
_ Ay — Ay A% Ay 0 )
0 A‘zz - A21 AHI Am

TAK K&K B ero Jesol 9actd CTOHT npoaspejenue OﬁpaTHMbIX MaT-
PHIL)
@opmyaa {3.1.18) cnpaBepswBa, B 4aCTHOCTH, KOrJa
P44 A
A= {A“ ”) e GMat(p, g|A). B atom cayuae oGparumocts Ay
21 22

u Az caeayet H3 Teopemsbl 3.1

Ilycrs 1. a. A, dcnoaszyemas aas mccopoeHua  Mat(p, ¢glA),
uMmeer N obpasyiownx A=Ay. PacomorpuMm ee waxk mnozaarebpy
rpaccManoBol anredphl Ayim, TOPOXKACHHYIO N KaHOHHUSCKHMH
oO0pasyiouEMya 3te# aare6pul. Ofoswauns uUepes 7 OpAMOYroab-
HYI0 MATPHLUY € p CTPOKAMH M § cTojabuaMH, JeMeHTH KOTOPOH
2j CyTb ‘HEYeTHHE JIeMeHTH Ayiy. MHOKECTBD BCeX TAKHX MaT-
puy, c603uauuM yepes Z. B Muomectse Z jeilcTByer rpynna
GMat(p, g|Ax), cornacio gpopmyae

Z—~G-Z=(AZ + B) (CZ + D), G = (‘4 B

: D). (3.1.19)

Jlerko mpoBepsietcs, uto 32eMeHT (-7 NPEIACTABHM TAKKe B BHle
G-Z=@A—2C)" 2D —B), (3.1.20)

rie A, B, C, D— 6Gaoxu MaTpHUH g7! ~— ONpeleasiorcd M3
(3.1.18). Nonoxum

F(G, Z)=(CZ+D)!, f(G, Z)=A—2&  (3.1.21)

Jemma 3.3. Matpuunne ¢yuruuu fi(G, Z), [2(G, Z) ynosaer-
BOPAIOT JPYHKIHOHAJBHOMY yPaRHEHHIO

f12(G2Gy, Z) =F12(Cy, 2)12(Ge, Gh-2). (3.1.22)
Hoxkasareavcrso. Coraacuo (3.1.20)
f2(GyGy, 2) =4, B, + B, C,—2(C A, + D, C) =
= (@, —2C)Ay + B,—ZD) C, =
=(4, — 2 C)(A+ (A, — 2C)™" (B, —ZDY C)) = [ (61, D12 (G2,G1-2)

Ananorugno ucxois #3 (3.1.19) mposepsercd, uto fi(G, Z£) ymos-
JeTBOpseT cooTHOmIeHHo (3.1.22),
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. 3ameruMm, 4TO 3JeMEHTH MATPHI f; ABATIOTCH YeTHHIMH, CJe-
JOBATEJIbHO, OHH KOMMYTHDYIOT Mexny coboit, [Toatomy merep-
MHHAHTBl MATPHI [{ MOTYT OHITh ompelededbl OGBIUHHIM 05pas3oMm
H obaalamot oOHUYHLIMH cBoicTBamu. [lomoxum  f(G, Z)=
=detf (G, Z)-detfo~1 (G, Z). U3 (3.1.22} caernyer, yro

(GG, Z) =[G\, Z) -[(Gs, Gy-Z).
JokasaTesibeTBO TeopeMbl 3.3 3apepuaer neMma 3.4.

Jlemma 34. [(G, Z)y=sdet G 1 B JAcHCTBUTEABHOCTH HE 34BH-
cHT oT Z.

Horasareascrso. Ucnonbaya (3.1.18), moayuaem
(G, Z) =det(CZ + D)det(A —ZC) =
=det (CZ + D)det(A—BD™ ¢y +ZD7' C (A—BD7'C)™) =
det (CZ + Dydet(/ + 2D~ O)det (A — BD~' )™ =
=det(CZ + Dydet(/ + CZD Y det (A —BD' ) =
=det(CZ + D)det(D 4+ CZ) det Ddet (A—BD™' )" =
= det Ddet(d —BD'C)™",

Orcioaa f(G, Z) =det (A—BD-'C)det D-'=s det G.
(B npoumecce mpeoBpa3zoRadHuAd  HCNOAB30BAHD  TOX/ECTBO
(3.1.13), coraacHo kotopomy det(/-+-ZD-!C)=det({+CZD-1)-1)
3ameuanue 1. Ilyctn

A= (An Am) =GMat(p,glA), A = ({}n 512)'

21 22 21 AZZ

H3 reopemu 3.3 u ToxZecrBa (3.1.18) BHITeKa1OT pa3nHuHBe Mpel-
CTABJAEHHA N5 CVIepIeTepMHHAHT4d B BHAE IPOU3BeleHHg OOBIU-
HBIX IeTEPMHHAHTOB

sdet A = det (4,; — Ay Az’ Ayy) det Ag' == det A7 det Ay’ =
= (sdet A"y = det A7 det A%' = det A det (4,, — A, AL Ay).
(3.1.23

3aMeuanune 2, Odo3ragum yepes G’ Mat(p, qlA),
G Mat(p, g|A) moauuomecrsa Mat(p, ¢|A), cocrosmme 3 mart-
11 12
A21 A22
BexHdo. Popmyna (3.1.15), ompejeasiiomas cynepreTepMHHAHT, MO-
Ker  OHITL  OYEBHIHBIM o6pazom pacnpocTpaneda pa
G”Mat(p, g|A): ans Toro uTo6bl OHa HMela CMBICA, HeoGXOZHMA
oGpatumMocTe Agy, o He Ay OueBHZHO, UTO KaMABA 3JeMeHT
G Mat(p, g|A) cAyXKHT TpelesoM fOCIEI0BATENLHOCTH 3JeMeH-
toB W3 GMat(p, ¢]A). Omcwona crenyer, uyro G Mat(p, gq|A)

pHI ¢ 08paTEMEIMH KaeTkaMi A;; 4 Agy  COOTBETCT-
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ABIALTCS NORYrpynnoi H  YTO  QYyNepOeTepMAHAHT  Ha
G'"Mat(p, g|A) coxpansier cBOHCTBO MYJbTHILIHKATHBHOCTH.
AnamornudelM oOpasom ucxonda w3 (3.1.23)  waxounm, uTo
(sdet A)—! pacnpocTpaHseTca ¢ COXPaHEHHEM MYJIbTHIIHKATHBHO-
cti Ha G’Mat(p, ¢|A) u uto G'Mat(p, g|A) Taxxke saBaserca
NOAYTPYIIOH.
B oraaune or oOBUHOTO AeTEepPMHHAHTA CYNDepleTepMHHAHT He
moxket OmITL pacopocTpaHeH Ha BCK agrebpy Mat(p, g|A).
B.xoHue n. 2 Onin  ONpeleleHBl  MHOMXECTBA  OLIEpATOPOR
G'L{p, q|A)y m G"L(p, ¢|A). CueBiiro, YTO 3TH MHONKECTBA CO-
CTOAT W3 QNEPATOPOB, MATPHIB KOTOPBIX B CTAHIAPTHOM Ga3nce
opunanaexar G Mat(p, q|A) n G”Mat(p, ¢|A) coorsetcTReHHD.
Hostomy G’L(p, glA) n G’L(p, g|A) sBasiorcs t0JynpymmaMi.
6. BuuucaesHne cynepcyela H cymepieTepMHu-

HaHTa B HecTanjgaprTtHoM Basuce Ilyers {e} — oauo-
poaublli, HO RecTaniaprHhil Gasuc B KP9, f=L{p, g|A} — wue-
gKoTopril onepatop B KP9(A) 1 A — ero wmarpuna 8 Gasuce {e}.

IMonoxuym no onpefenenuio str A=strsf, sdet A=sdet $f. 3anaua
COCTOHT B TOM, YTOGH BLIUMCAATL Straf # sdefsf, wenoapays He-
nocpeactaenyo marpuny A, Ge3 mepexoia K craunaptiomy 6Ga-
3uCy.

[Mocxonbry €; — O0AHOPOIHEIE BEKTOPH, Gaauc {e:;} oruuaerca
OT cTaHZapTHOro JHmb Hymepauueh. Obosuauum uyepes U MaTpH-
Iy TNepecTaHoBKH, OpeBpalaliyio Gasuc {e;} B crangapTHBIA:

Fr=2 e, ty;,

rie {f;} — crangapruablit Gasuc B KP4, w4y — anemeHTHl  MaTpH-
uu U,

O6osnauum uepes B marpuuy onepatopa &£ B Gasuce {fi}.
Ouesnano, uto B=U"1AU. Cornacno onpepencunwn str A=sirsf=
=sir B sdet A=sdet s£=sdet B. Baaronaps tomy, uro U spaser-

<1 MAaTpHUeH  TIePeCTAHOBKH Ba3HCHBIX BeKTOpOB, Be
=Mat(p, g|A), matpuua A o6ianaerT XapaKTepHBIM CBOHCTBOM:
a{bij) =a(i) +a(j), (3.1.24)
TAe @i — 3JeMeHTH MaTpElel A W A0 KPaTKOCTH TCJ0MKEHO
ali)=ule).
Teopema 3.4. [Tyeth A — wMaTpulla HexoToporo olepaTopa
N=GL(p, g]A) B oaHopogHoM Gasnuce. Pazobbem maTpuny B A
A= u A
Ha KJeTkH: A = » rae Ay, Ay — MaTpHUB MOPAIKOB
‘421 A‘AZ
M W 1 cootrBeTcTBeHHO, Az W Agy IPEMOYrOJBHEHE MXH- H AX
X m-MaTpHlB, M, A — NPOH3BOJIBHEE UHCAA, YIOBAECTBOPAIIHE
yeaoBHI m+n=p+g. Toraa
str A=str A+ str Ags. (3.1.25)
B cayyae, ecau matpuua Az 06paTtuMa, TO
sgietA=sd-et(A“--A12A22—1A21)SdetAgg—‘. (3126)

4 ®. A. Bepecnu 97



Tpexpae ueM N0KA3HBATL TEOPEMY, 3AMETHM, UTO MaTprubl A,
Agp 1 ApAyp14; obaapaior csoficrsoMm (3.1.24). ITosromy ouu
CAYHAT MATPHUAMH HEKOTOPEIX ONEpaTopoB B  TMPOCTPAHCTRAX
Ke" (A), K#9(A), rae p/, p” — KOIMUECTBA UETHBIX 3IeMEHTOB
cpean e; mpu l<i<m M m--{<i<m--n COOTBeTCTBEHHO, g, ¢~ —
KOJHYECTBA HEUeTHBIX SJEMEHTOB cpelH e, m=p’'+g‘, n=p"+g",
CnerosaTedbHOo, Cymepellesl B cynepaerepMuuant matpay A, Az
Ail—AlgAgg_lAm OIIpeeJICHHL.

Horasareascrao Teopemer 3.4. Beuay toro «qro [/ Amasercs
MATPHUEH TepecTaHOBKH, AHATOHANbHHE SJEMEHTBl @; MATPHUH
A=UBU-" ornHuarmTcd 0T AHaCOHAJBHEX 3JdeMeHTOB by MaTpH-
unt BesMat(p, 4| A) nepecraropxoii. ITosromy

ptq P4
strd =strB= ¥ b,(— )" =¥ a;(— i
i 1

TouHo Tak xe
m . m-n
strdy = ¥ @ (— 170, strdy = ¥ @ (1)
i 41
M, TakuM obpasoM, str A=str A -+str As.

TMepeinem k cynepierepmunanty. Ilyers K29 n K77 —noi-
npoctparctBa K#9, nopomIeHHne BextopaMu e; ¢ HoMepamu l<
<i<m u m+l<i<p+q coompercrsenno, p'+q'=m, p'+g"=n
3ameTuM, yro ecanm opmyaa (3.1.26) cuopaBesisnBa npH KaKOM-
HEOYAb OZHOM OAHOpDOIHOM Oasuce B K79, ssadwinemes obbeiu-

' > L
nexnem GasucosK”'Y u K7, To oma cnpasegnmBa M INpH JIO-
Gom apyrom taxoM Gasuce. B camom pexe, mycrs {8} — ©Oasiuc,
o A zll :2,11‘2
anagormunnit {&} u A=|_" .|~ marpuua omepatopa & B
A21 A2-2
stoM Gasuce, OueBuano, uTO MaTpuua mepexoda oT fasuca {&} &

Vo V, 0
Gasucy {&} umeer BuA ~lo v, “[lostomMy w3 yenoBusg A=

= VAV-! caenyer, yro
A22 = Vzﬁzz V;l’
Au o Aiz AE; Azx = Vl (gn - A~12 22_; Azl) VT’.

Cnelorarenbho, sdet A=sdet 4.

H3 creaausoro saMeuanus ciaeiyer, uto 6e3 orpannucHud obui-
HOCTH Gaspc {e;} MOMKHO CYHTATH 3aHYMEPOBAHHLIM TaK, 4YTO
ale)=0 npu l<i<yp’, ale)=1 npr p'+l<i<p’+gq, ale)=0
npu p g+ l<i<ptg. ‘
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B rtaxom basuce 6aoxn 4;; marpuus A, 8 crowo oyepenkb, ecTe-
CTBEHHO DPa3HHBAIOTC Ha KieTkH. Iloayuaemoe B pesyaprate 6o-
JIce RETalbHOE KIETOYHoe pasbuenne Matpmmnl A u3o6pasum B
Bale cXembl, JKupnile auwun 8 (3.1.27) COOTBETCTBYIOT paabue-
#no Matpuubl A na Gaoku Ay Us (3.1.27) scwo, wro A=
EMat(p’, ¢'|A), Azn=Mat(g”, p”|A). epexox or Gasuca {e:} x

Ll n
B q' q" P

A (3.1.27)

CTAHRAPTHOMY MOXKET GLITh OCYUISCTBJIESH LHKIHIECKOR nepecra-
HOBKOH ¢ MartpHuelt U/ Buza

U=t w; = piree L <ISPoR (3.1.28)
Og,itp—p P—P +1Ki<Pp+0
rie 8s: — cuMBoa Kponexepa.

PaccMoTpHM yacTHbe caydax.
1} Ap=A42=0, A=/ Hcnomeaya marpuuy (3.1.28), naxo-
IuM marpuuy B=U-'AU onepatopa & B craupapTHOM Gasuce

Ipr 0
B = An :
0 Lo

Pasobpem matpiuy ApesMat(p, glA) Ba kieTku cTangapTHHM

A o 11 12
of0paszoM Ay = c. o] B cooTBeTCTBHH ¢ 9T™MM CTaHIapTHOE
21 22

B — Bll Bm
Kneroyxoe pasbuenne B pMeer sug B = ,» Fhe

i By, By
I 0 0 0c¢C
B, = , By = , By= )
. (O cu) . (cm 0) . (o 0
T fC., O :
By = (O“ 1). (3.1.29)
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Coraacno onpefefennio sdet A=sdet B. Yuurusas (3.1.29), nmaxo-
MM

sdet B = det (B, — By, B5' B,,) det By;' =

2) A;p=A9=0, A=1. Tlycts cTaniaptHoe pasbienHe Mart-

A, = Cll Clﬂ
puubl Ajy Ha KJAETKH HMeeT BHJ 2z = C. C - Torpa marpuua
21 22
CE'J 0 C2I.
B=U-'AU pasna B=|Q t (0}  T. c. IIpH CTAHZAPTHOM KJic-
CIE O Cll

TOYHOM pa3fuennu 3Tofl MATPHILEL

Cyy 0 0c 0 0 I 0
Bu=( ) Ba={, <) B =( ) By — )
1 (0 I) 12 (O 0 1n=lc, 0 22 0 ¢y

Orciona cornmacio (3.1.23)
sdet B=del (Cop—C2,C1;~1C oY det Cpy~=sdet Agp!.
3) A=Agp=1, Ay =0. Pasobveu MaTpHLY Az Ha KIeTKH B
COOTBETCTBHH co cxemoli (3.1.27) Ap= (gz g:)-ﬂerxo BUIETH,

4TO CTaHiapTHHe 6/A0KH MaTpuun B = U-1AU nmewor Bu7

‘i 0 0 ¢ C,, 0 I C
B, ~ . B, — ,B:"“,Bz( 23).
. (cm ,) & (0 (") o (0 0) =0 1

Orcioaa

aon-se ({5, =6 ()
Cul) \0Cu'\0 1/\0 0

A

Cy, 1

4) Ap=HAs=1, A;2=0. I1oT ciaysali paccmarpusaeTca aHal0-
FHYHO TIPEABIAYIIEMY, Pe3y/bTaT apexkuui: sdet B=1.

Takam o6pas3oM, Bo Beex caydasx dopmyra (3.1.26) oxasws-
‘BAETCA CTIpaBeLIHBGH.

IlepefineM & ofimemy cayuaw. PaceMmorpum oneparop A<
=GL(p, g|A), nmeromui B 6asuce {e;} Marpuuy

m=(" 0).
—“AQQ Aﬂi [
Corsacho 4) sdet A =1.
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Hanee, nycth § =cAk. € Hmeer B Gasuce {e,} matpnuy

C=AM = (An — Ay, Az Ay Au) =
0 Ay,

= All_AlaAﬁlAm 0) (1 0) { Y)
0 ! 0 A,/ \0 1)’

rie ¥ — HexoTopas MaTpulla, sIBHBIH BMI KOTODOH He CYUIECTBEH.

Henoapsya MydeTHILIHKATHBHOCTE CYOEPACTEPMUHAHTA H GiH-
pasfch ua pascfpaHHble yacTHblE CIyYaH, nodyzaeM (3.1.26).

7. Teopema JInysuaad.

Teopema 3.5. ITycty A ({)=Mat(p, g|A), { — BelwecTReHHLI
napaverp. Ilycts, ganee, X (f)e=Mat(p, g|A) yiosnerBopser aud-
depeHUHANBHOMY YPABHEHHIO C HAYAJBHEIM YCHAOBHEM

-—‘%:AX, X@ =1 (3.1.30)
Torna X{({y=GMal(p, g|A) npn Beex { u
sdet X = exp {f str A (s) ds}. (3.1.31)
4]
Hoxazareavcrso. llycte X — pewenue auddepenunaibHoro
YPpaBHCHHA ¢ HauadbHbLIM YCJIOBHEM
X %A, KO- (3.1.32)
Toraa
&0 =X xR _Rax 4 Rax=o.

YuuToiBasg HauadpHBE YCI0BHSA, HaxoimMm uyro XX =/, oTkysa X
=G Mat(p, g|A).

ITycrs
A — (All Alﬂ), X — (Xll X12) )
A21 AE‘.’- X21 X22

IToaomuM Y=X;;—X9Xp 1 Xy, Z=Xy'. W3 (3.1.30) caeayer,
4YTO

= (An - Xlz X2_2[A21) Y,

= Z(AnXpXn + Agy).

e ol
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I’I-OIIO.TIbSyH KaacCHUeCKy0 TEopeMy nH)ﬂB’HJLHH, nojiyaaeM OT 043,
HTO

d
dt

det ==tr (A — X2 X2 Ay)det?,

-;—tdetz = ot (Ayy Xy Xoi' - Aya) det Z.

Haxee, cormacuo aemme 3.1
{r(An—XigXoy 1Ay ) =tr (A + AnX12X0571).

Tloatomy
et X = (——d— detY)- detZ + detY ~%— det Z =
dt dt df

= tr(4;; — Apy) detY -det Z = str A sdet X.

Yuuteisas  wauadbHoe  yeaosHe X (0)=I, mnomyuaem otcioaa
(3.1.31).

3ameuanne 1. [Iycts V yaosaersopser ypaBHEHHIO, aHAJOTHU-
nomy (3.1.30):

Y _ya, (3.1.33)
df

H HayaneHoMy ycnoBuw V(0)=[ Torza VeGMat(p, g|A) u

t

sdet V (f) = exp{jstrA(s)ds}.
0

HoxazareJbcTBO BBITEKAeT H3 TOTO, UTO ecAn X (f) yIOBJIETBO-
paer yeaosuam (3.1.30), To £=X-1 — ycnosuam (3.1.32).

3ameuanne 2. MyJLTHIVIMKATHBHOCTb CyNepAeTepMHHAHTA Mo-
XKeT GHTb BhBeJeHAa 3 TeopeMmul JlmyBHaas. Ilyers X, Y&
=Mat(p, g]A). Coexunum ux rnaakumu kpuBsiMa X (#), Y(f) ¢
CIHHHUHOR MaTpuiei:

XO=YO=IL XH=X,Y({)=Y.
ITonoskum
_dXw® —1
A ==X,
. dr ) =
B{) = - Y™ (1),
Terna

% (XY) = (4 + B) XY, B, = XBX™".
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Orciona

sdet (XY) = exp{f str (A + By) dt} = exp{j str A dt +f strB dt} =
0 0 a

=sdet X - sdetY.

8. JanpHelmHe ¢cBoHcTBA cymepcaega B Cylep-
gJeTepMHHaHT4a, llpexIe Bcero BEIACHHM CBfA3h MERIY Cylep-
AeTeDMHUHAHTOM M CYMNepc/lefoM MaTDHILB U ee TPAaHCIOHHPOBaHuM.

Teopema 3.6.

slr A=str A7, sdet A=sdet AT. (3.1.34)

Hokasareavcro. Cornacuo OnpefenenH0, ec/H

A= (A“ AH) e Mat(p, ¢]A), 0o AT = ( A,“ A?‘).
Ay Ay — A An

Otciona str AT=tr Ayy/'—tr Ay’ =tr Ajj—ir Age=str A. danee, cor-
aacHo roxpectBy (3.1.11) u pasencrBy det U=det U’, cnpapenin-
BOMY AJ4 MaTpHO ¢ KOMMYTHDPYIOIIHMH 3J€MeHTAMH,

sdet AT = det (A1, + Ag Agz* Ajp) det A7 =
= det (4, — A}, Az’ Ayy) det A = sdet A.

IlonyTHo © AOKa3aTenbCTBOM TeopeMHl 3.3 OBIA YCTAHOBAEHA BAXK-
Han AemMa 3.4. Ilepenecem ee Ha cayuaft Gonee obulerc pasbne-
Hust Mmatpul. [Npensapurensno 0GoGmuM Jemmy 3.1,

Jlemma 3.5. Ilyets U, V — npamoyrojpine OJOYHHE MaTpH-
HH; COCTABJEHHHE H3 3JeMEeHTOB I. a.:

m’ m”

U= (Uu Ve n:“ Ve (Vn sz) m:.
Un Usa) n ( g1 Vaa/ 1T

(Uncaa, crosmye CBepXy W CUPABA, YKa3blBAOT COOTBETCTBEHHO
KOJIMYECTBO CToa6uoB H cTpoK.) Ecim auaronanvubie Gaoxu Uy,
Vi cocrosit 43 YeTHHIX 3jeMeHTOB A, a BHeimaromadphble Uy, Vi,
i=#j, — m3 HEYETHEIX,  TO UVeMat(n’, n”|A), VUe
=Mat (m’, m”|A),

str UV =str VU, (3.1.35)
sdet (/4 UV) =sdet (I + VU). (3.1.36)

ECJIH, Ha~060p01:, AuarohaJbRble OJOKH COCTOAT H3 HEUETHHIX 3]e-
MEHTOB, a BHeAHaroHaJbHble — H3 ULTHRIX, TO [MO-NMIPEXKHEMY

UVeMat(w, n”|A), VUsMab(m', m”]A), (3.1.37)
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HO
strl/V=—str VU,
(3.1.38)

sdet (/4 UV)=sdet ({4-VU)~L

(paBerctBa (3.1.36) & (3.1.38) c<mpapeaauBLl MPH YCAQGBHH Cylle-

CTBOBAHHA BXOAALIHX B HUX CYN@PAETEPMHHAHTOB).
Hoxasareascrao. Brawuemns UVeMat(n!, n”|A), VUe

=Mat(m’, m”|A) B obBoux cayuasx oueBHIHbL. Mcnoansys Jem-

my 3.1 u o6piuHbBle CBOHCTBA CAejd IAS8 MATPUL ¢ KOMMYTHDYIOUIH-

MM 3JeMEHTAMH, HAXOLUM:

B TepBOM CJydae

strUV = tr (UyVyy + UppVag) —tr (UpV iy + UpdVo)) =
=1 {(VUp + VU — tr (VioUsy 4 VialUsg) =str VU,
BO BTOPOM ciydae
str UV = tr (U Vyy + UV} —tr (UpiVip + UplVip) =
=10 (— VUn + VieUs) + tr (VipUp + ViplUyy) = — sir VUL

Hemoap3ya Teopemy JIRysuisasa, noaydaeM TPH A0CTaTOYHO MAJOM
o, 0BecreyyBaoIeM CXOMUMOCTL HeOGXOANMEIX DSIIOB,

Insdet (/ — aUV) = strln{/ — alV) =

= —E 2 str UVt UV) =

n
— _10'_". n—1 [ % _a_r:, T —

Y =strwwv-iyy =— ¥ " str (VU)

= Insdet (/ —allU) B nepsoM cayuae,

% .E'n_. -] — __G_'n_ no_

L Zstr (v (UVy -t U) = E " str (VL)

== —Insdet(/ — aVU) Bo BTOpOM cayuae.

Orcioga

sdet (/ —aVU) B nepsoM ciyuae, (3.1.39)

sdet (f — al/V) = )
sdet(f —aVU)—! Bo BTOpPOM cJay4ae,
Toxpecra (3.1.39), OGyiyus cnpaBeAJHBBIMHA [IPH AOCTATOYHO Ma-
JBIX ¢, OCTAIOTCA CHPABEAJHBRIMH MPH BCEX ¢ B CHAY aHAJIHTHY-
HOCTH TI0 ¢ JeBoil M NpaBoli wacTd, B YaCTHOCTH, OHH CHpaBelJiH-
b npr a=—I1. Ilyerrn A= (All Aﬂ) — KJCTOUHasg MarpHua
21 22
TOoTO Xe THOa, uto B 0. 6. Kamawi Onxok A;; Marpuusl A, B CBOIO
ouepels, pazbHBAETCd Ha KASTKH B COOTBETCTBHH <O cxeMofl
(3.1.27). Ilyctb Anym — T. a., mepBee N 0fpasynomux KoTopo
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fIOPOXKAAIOT T. 4. AN Aniar, HCIOABIYEMYIO AJ5 AOCTPOCHHS
GL(p, g]Ax). PaccMOoTpHM MHOXKECTBO Z NPAMOYrONBLHEIX — Kie-
TOUHBIX MATPHI TOTO Xe THIA, KAKOH TNPENNHCHBAeTCs MaTpHIeE
Ay cxemoit (3.1.27). Matpnunbimu 3deMentamu wMarpuy ZeZ
CJYIKAT SAeMEHTH T. 8. Ayxiar.

Teopema 3.7.

sdet A=det (A0, 2+ Age) ~' det (A, —Z4,) -, (3.1.40)

B aCTHOCTH, npaBas gacTe (3.1.40) He 3aBhcur ot Z
IloKa3aTegscTBO COCTOHT B JOCJOBHOM BOCIDOAH3BEIEHUH TOKa-
3aTeJBCTBA JeMMH 3.4 ¢ 3aMenofl CCBIKH ma momkiectso (3.1.13)
cehIKOH Ha Oodee obmee tToxjectso (3.1.38).
9. Cynepcamen ¥ cynepieTepMHHalT BTOPOTO po-
A a. O6osnayum uepes Mat(plA) nomanreSpy (Mat(p, p|A), co-
CTOSINLYI0 M3 MAaTpPHIL BHAA

—_ Al AB
A= (Az Al)‘ (3.1.41)
Yepez GMat(p|A) ofoznaunm MHOXKecTBO 00PaTHMHX JeMeHTOB
Mat(p|A). Jlerko BHAeTb, uTo strA=0 axsa Jwboro A=M(p|A)
u sdetA=1 ana moborec Ae=GMat(p|A). Oxuako na Mat(p{A)
CyllecTBYeT TaxXe HeTpHUBHAJbHas (QYHKUMA, o6aalaoiiafd CBOH-
cTBaMH chepa, ¥ Ha GMat(p|A) — nerpusmanbHas QyHKIUA, 06-
Jnagamoias ¢BoiCTRAMH JeTepMHHaHTa, DByaeM Ha3BBaTh HUX CO-
OTBETCTBEHHO CYNEPCASIOM H CYNepIEeTePMHHAHTOM 2-r0 poga.
OHH oUpefe/AITSS: ¢ NOMOLIBI PABEHCTB

e (A Al

str (A; A:)—trAz, (3.1.42)
~ A A —1 '
s det (A; Ai) =14 trin{/ + A4y, (3.1.43)

B caasm ¢ onpejedcHneM cynepieTepMHHAHTa 2-T0 poia HAIOM-
HiM, YTO COTJIACHO Teopeme 3.1 (“31 ﬁ2) &= GMat(p, p|A), ecau u
] 1
TONLKO eClH A; — HeBHpoXAeHHAs MaTpHua, OTMeTHM, YTO B TO
BpeMs Kax OOBYHHIL cymepcieR ABAAETCH YeTHHIM SJeMeHTOM I. a.
A, cynepclea 2-ro pola SBAAETCA HEUETHHIM NIeMeHTOM A.
Hegernpim saementom sABrserca Takke trin(/+4,7'4;) 1. Io-
aromy [trin(/+A,;7'45)]?=0 u npaBas wuacts (3.1.43) moxer
OniTh 3aMHUCaHa TAKXe B BUIe

l1+trin({+A,7'Ag) =exptrin(/+A4,-14,). (3.1.44)
U Ecan kaafgpaTHaa MaTpHZa Z COCTOHT M3 HedeTHhX 3JeMEHTOB T. 4. A, T¢

cornacio Jaemme 3.1 trZ?t=trZ?"-\.Z=-wtrZ-Z°"-1 = —{r Z2n, CaeaoatelsHo,
trZ2» =0. [ToaTOGMY B 370M cayuae .

Vig + !
trin(l 4+ Z) = Str (— 14 =L 2t
rla(l 4 Z) r(—1) - 2n—|-ltrz'

ABAfeTCH HEUeTHRIM SJEMEHTOM T. 2, A,
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YCeTaHOBHM OCHOBHBIE CBOHCTBA CyNepcaela H CynepAeTepMHHAHTa

2-ro pona.
Teopema 3.8. 1) ITycts A, BeMat(p|A). Torna
str AB=Tstr BA. (3.1.45)
2) Ilyete A, BeG Mat{p|A). Toraa
sdet (AB) =sdet 4 -5det B. (3.1.46)

3) Ilycry ¢ — BeltecTeHHHI mapaMerp —oo<i<oo, A=
eMat(p]A) npu Beex ¢ u X(f) yaoBrerBopser auddepeHHEAb-
HOMY VD@BHEHHI) H HAUaNLHOMY YCJIOBHIO

% =ABX, X(0) = 1. (3.1.47)

Torna X({)e=GMal(p|A) upu Bcex ¢, W cnpaBemamBa Teopema
JTuyBunas
t
Insdet X () = 5 strA(s)ds. (3.1.48)

0

Horasareascreo. TlepBoe yTBepKieHHe TPOBEPASTCA  HEMNO-
CPeICTBeHHO OUeBHAHBIM 00paszoM. JoxaxeM TpeThe YTBepMKIeHHUe,
3aTeM BHIBeJeM M3 HETO BTODOE.

Hoxasareasctso BKiloyerusa X (f)e=GMat{p|A) mocaosso mo-
BTOPSIET JA0KA34TeJbCTBO AHAJOTMUHOTO YTBEPXKIEHHS B  Teope-
Me 3.5 # mo3ToMy MOXKeT OHTh ONYLIEHO,

[Tepefizem & mokazarenwcrBy dopMmyas {3.1.48). Ilycrs A (¢)
umeeT Bug (3.1.41) u X(#) — amasoruunsit sug, ITomoxmum Z(f) =
=X;"1 ) X2(¢). Ucxona u3 (3.1.47) moayyaem masn Z(f) ypasue-
HHe

% = — X7 (AXy + A X) XT' Xy + XU AKX, + 4,X) =
= X1 A, X, (I — 2. (3.1.49)

HManee Martpuua Z COCTOHT M3 HEYETHHIX 3JEMEHTOB, NOITOMY B
cuay Jgemmu 3.1 tr Z?¢=0, Kpome Toro, ofHuuBIM 06pasoM ycra-

HABJHBABTCH, YTO -%trzﬂk*'l = (2k + I)tr (% Z%) . Ioato-
My corsacho (3.1.49)
: [ Zgrry )]
-Etmtrln([-l-Z)_tr[ (U +2+ )] -

— (—‘;3(! _22)—1)= tr A,, (3.1.50)

MTO B COBOKYMHOCTH € HAdaJhHHM ycaosuem Z(0) =0, cieaywolue-
My u3 (3.1.47), sksusanentHo (3.1.48).

ITepefintem ko BTopoMy  yrsepxienuio. Ilycre X, Ye=
=G Mat(p|A). CoenuauM 3TH MATPULH T8 IKUMH KPHUBBIMH C C1H-
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Aunedt: X(0)=I, Y(0)=1, X(1)=X, Y(1)=Y. Tlonoxum A(f) =

— XX By =Sy w=xy,  UO=X% V()=
=Y71Y,, Z(t)-:W,“]Wz 3aMeTuM, 4To
—}(XY) — .Y+ X— = (A + XBX~") Xxv.

O1ciona B cuxy (3.1.50)
—ff trin(/ +Z) — tr (A + XBX™") =1tr A  trB.

CieroBaTenbHO,

1 1 -
In'sdet (XY) = 5 tr A(f) dt + j tr B (f) dt = In'sdet X 4 In'sdetY,
0 0

H TeM cambrM sdet (XY)=sdet X.sdet Y.

3ameuanne, O003HaUHM depes Mals (p) axre6py BCex MaTpHI
MopsIka p ¢ sAeMedTaMd u3 T. a. A. AnreGpa Mat{p|A) u3omopo-
Ha Maty (p), nsomopdrsm @:Mat(p|A)~Mats (p) aeitctByer co-
rracHo QGopMmyae

@(A) =A+ Ay, (3.1.51)

rae Ae=Mat(p|A) umeer sun (3.1.41).
Oé6parubit maomoppuam. Tlyers B=B,+ By=Mata (p), By co-
CTOHUT H3 HeTHLIX 3aeMeHToB A, B, — W3 HeuersnX. Toraa

~1(By — {BL Ba
® = (55
10. KanouruyecKkdli BHA MATPDHIE 06U ero MmOJXo-
weHHda Tlyers

— (Au Am) = Mat(p, g|A), A =mA=(A?l 0)

A (A21 ABB (P» Q| ): 0 0 Agg r

rie m:Mat(p, g|A)—~Mat(p) S Mat(g) — romoMopihuam, oOmH-
CAaHHHA B m. 3.

Marpuny A=Mat(p, ¢]A) Hasopem Marpuuefi ofmero mono-
HeHHsl, eCTH BCe COOCTBEHHBIE YHCIA MATpHUM Ag monapHo pas-
JIHYHH,

Teepema 3.9. [Tyctn A=Mat (Cllp, ¢|A) — Marpuua obutero
nodoxenus. Toraa CYIECTBYET TaKas Matpuna A=
=GMat(Cllp, g]{A), uro Marprma E=XAX-' asnserca amaro-
HaJABHOH.,

Hokazareavcreo. BeegeM B aare6py A obpasyioumne §. Pas-
doxuM marpaus A, X, £ no &, oaHopoaHbBe caaraemble 0Go3Ha-
unm wepes A;, X;, E: cooTBeTcTBeHHO. 3amumeM COOTHOIISHHE
Mmexay marpuiame 4, X, £ B Bule

(ED+E]+) (X0+X1+__,) =
= (Xo+ X1+ ..) (Aot Ait+..). (3.1.52)
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CoorHowenne (3.1.52) sBIAeTCs ypaBHEHHEM AAA  ONpEACHEHHS
Ey, X:. TlpupaBunusas B (3.1.52) oaHOpoZHEE claraeMble OXHHa-
KOBO# CTeneHn no &, moayuaem Ha (3.1.52) cepuio vpasreHui:

EoXn+Ean_l + ...+EnX0=XOAn+ X]An—l"‘ ...+XﬂA0. (3.1 -53)

Paspewnmocts ypasHenHi (3.1.53) ycranaBiHBaercs ¢ @OMOILUbIO

RHAVKIHA
Hauano muaaykuuun, a=0. Ypasuernue (3.1.53) mpu n=0 ume-

€T BHI
EOX0=X{|A(). (3154)

CorjacHo npezloJOXeHHIO MaTpHiua D:\O A°> HMeeT To-

napuo pasiuydble <oGCTBeHHBle uyucaa., CreloBaTefqbHO, TeM e
cBOMCTBOM o6aagair wMatpuusl AN u A%, [Mostomy  cornacio
KJAACCHUECKHM TeopeMaM JIHHeRHOR anarefpel OHM TNPHBOASATCA X
EHATOHAJABLHOMY BHIY: Al = X?,_!E?X?l, Ab = XEESXS,.  Taxum
o6pasoM, ypaBrerie (3.1.54) paspeumMo, mpHueM MaTpupa X ue-
X 0
0 X3/
O6mmit cayuait. ITyere ypapuenmss (3.1.53) paspeurambr Ipi
k<n, npuaem X.=Mat(Clp, gfA}. IlokaxeMm, 410 OHH paspemn-
Mo apH k=n 1 X.=Mat{Cllp, g|A). ¥Muoxasa (3.1.53) cnpasa
va Xy ' u yuursisas (3.1.54), wmpusognM ypaBuenmme (3.1.53) K
BUAY

BBIpOXIcHA B BMeEeT KJIETOTHO-ZHATOHAJNbHBIH BH], XO = (

EX Xe'— X X0 Eq+ E,= K, (3.1.55)

TIe "
—1 —1 —1 —1

Kﬂ. = XoAnXD + e + Xﬂ*—lA]_XO _E]_Xn_]XO T e T En_[X]_XO

Marpuna K, u3BecTHa CONACHO NPeLIOJOKEHHI0 HHIYKIHH, IpH-

ueM K,=Mat(p, ¢|A). ¥pasnenne (3.1.55) B MATPHUHMX 3JeMeH-
Tax UMeeT BU]

(W0 — AP) (X, X0 )up + A8, = (K
‘OHO OAHO3HAYHO PA3PEINKMO BBHLY TOTO, UTO AL7EA0:

) _ : —h (Kn)i7 . .
MU= (Kn)ﬂ'! (X“XG )si’ — Aso)_}u}m IpH £ == ],

Ouepuano, yro X v Xole=Mat(Cllp, ¢|A). Crenoarenpdo, mar-
puusl X, u X=Z2X, obaagalr teM Xe cpoficrBoM. Ha obpaTumo-
crd X, caegyer ofbpatumocTe X, K TakuM  ofpasoM, Xe&
eGMat (Clp, glA).

OuemuHo, HHKakas martpHua A=Mat(pjA), paccMmarpuBaeMas
Kax sement Mat(p, p|A), He sBAseTCR: MaTPuLedl 00WEro mOJAO0-
enusa. Ogrago mas aarebpol Mat(p|A) momxer 6wTb gaHo CBoOE
copefencHue sjaeMenTa ob6Iero TOOXKEeHHH.
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Marpuna A= (ﬁl :22) & Mat (p|A) Ha3LIBAETCA  MATpHUCH
2 It .

00Iero nohoxenHs, ecJaH yHcJaeHHaa Marpada Alo=m(4,) umeer
NONAPHO pPasaxyiMble cOGCTBEHHEIE THCIA.

Haa aareSpwt Mal(Clp|A) cnpaseasmea TeopeMma, AHAJOIHY-
Haa 3.9

Teopema 3.10. [Tycts Mat(Cllp|A) — anement ofuero mnoJo-
xenun. Torna cymecTByer Takad Mmatpuua Ae=Mat(Clip]A), uro
Marpuua E=XAX"! aMeer cleiyIOIHA COCLHANLHBIN BHL

E=(Eo E1} 3.1.56
E]_ Eg ( )
e Ey, E) — Auaronafbibie MaTPHiLL
,’.IO‘KHCSHT’EJIBCTBO 3TOk ‘T@Op&MbI HOBTOPHET JA0CAOBHO A0Ka3a-
TENLCTRO Npeabizyliefl M mOTOMY MOMKET GHITh OIYILEHO.

§ 2. AJITEGPBI M TPYRNBI ONEPATOPOB B MPOCTPAHCTBAX
K?:2 u K¢ (A)

l. O6mue 3ameyanrs. B asrom naparpade wu3yyarcs
nexoTopeie nopatrebpul aareGp L{p, g) u L{p, ¢|A) u noarpyn-
nel rpynn GL(p, q) v GL(p, g|A). Bce pacemarpusaemble mojaJ-
rebpbl ‘H TOATPYINE [IPeANOJaraloTcd W@HBAPHAHTHEIMM  OTHOCH-
TenLHo apToMopduaMa dernoctu (3.1.6).

3To CBONHCTBO IKBHBAJEHTHO TOMY, YTO KaXAas PaccMaTpHBae-
Mad nozaarefpa Kak JHHeHHOe NPOCTPAHCTBO PacnajgaeTcd B Npi-
Myio cymmy ¥ = UG, npuuem A COCTOHT H3 BJAEMEHTOB, HH-
BapHaHTHRIX OTHOCHTEABHO aBTOMOp{usMa uetsHocTy A, % — u3
5/A€MEHTOB, y KOTOPBIX aBTOMOP()H3M UETHOCTH MEHSeT 3IHAK:
A(T)=T, ecnu u Tonbko ecau T, A(T)=—T, eciM H TOJABKO
ecmd T, Ouceugno, yto " apasercs mojaarebpoii H uTO
ec A, B, o AB= %, BA=", ecsy A ™, B= 1, 10
ABE Y, BA= ¥,

CBONCTB2Z ACCOHMATHBHEIX aJjrefip ONepaTopoB, KOTOphHe 06-
CYXKAAKTCA B 3TOM maparpade, TePeHOCATCH HA IPOU3BOJbHBIE
MHOXKECTBA ONepaTOpoB H B IajibHeHIIEM YacTo ACHOAL3YIOTCA B
IPHMEHEHHH K COBOKYHHOCTAM OHEPATOPOB, OTHHYHBIM OT ACCO-
nuaTtuBHEIX anareGp (sanpumep K cynepanrefipam Jlu; oM. Huxe).

Taxoe mepedecende NPOU3BOJAHTCA MO CHEAYIOWIeMY IPABHAY.
IlycTe ¥ — HEROTOpOE CeMellcTBO ONEpaTopoB H U — JOPOKAEH-
Had 3THM ceMeHCTBOM accoudardasHas agarebpa. Ilyers, jpanee,
I ACCONMATHBHHEX aaredp onpeleielo HEKOTOpoe CBOHCTBO X.
Mu GymeM TOBOPHTB, UTO ceMmelicrBo ® obnafaer cpofictsom X,
ecnu aarebpa ¥ ofaazaeT 3THM CBOHCTBOM, H He obuaalaer CBOf-
coBom X, ecan uM He ofaajaer anre6pa ¥. Hanpuwmep, cemeficr-
BO ¥ HeNpPUBOIMMO TOTAA H TOJIBKO TOTAAa, Korja aiarebpa ¥ He-
APHBOJHMA.
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2. Henpusogumocte. [Ilyete ¥ <L{p, g). — Hexoropaxm
accouHaT™MBHag ajarebpa B npocrpaHcTee KP9, AgreSpa % nHasm-
BaeTCA HENPHBCAMMON, MJIH TPajyHPOBAHHG HOIPHBOAHMOH, eC/ik
B K79 wer cofcTeBeHHOro! TrpajyHpOBAHHCrO MNOAUPOCTPAHCTEA,
HHBAPHAHTHOrO OTHOCHTENBHO BCEX ONMepaTopoB H3 9.

Anre6pa ¥ naswBaeTca aGCONIOTHO HENPHBOAUMOM, eciH B
K77 HeT muxaxoro CoGCTBEHHOIO TIOZNPOCTPAHCTEA, HHBAPHAHTHO-
ro oTHoCHTeawHO 9.

Teopema 3.11. Tiycts aare6pa WL (K|p, ¢) uuBapuanTHa oT-
HOCHTEABHO ABTOMOD(H3MA YeTHOCTH K TPAalyHPOBAHHO EEMPH3O-
Zmva B K77, Torga:

1) ecau ps=g, 10 aareGpa ¥ abcomorno HernpusoauMa B K9;

" 2) ecan p=q u anrebpa ¥ me asasercid alCOJIOTHO HENPH3O-
IHMOHR, TO CynlecTBYeT CTaHIapTHH 6asuc, B KOTODPOM MATPHIL
onepatopoB U UMEIOT BHI

— (A4,
A= (A2 Al)’ (3.2.1)
Basuc, 8 xoTopom MaTprubl onepatopo =¥ umeror un (3.2.1),
GyneM B fannHeHilIeM HA3bIBATEH CIELKAJbHBIM.

Hoxasareavcrso, Tlycrh R—colcmreHHOR HHBAPHAKTHOS MOANDO-
crpanctzo, ‘F=Kr R, BoomoabayeMesd MHBAPpHAHTHOCTBIO anred-
pHE 9 OTHOCMTETLHO ABTOMOPGHH3IMA UETHOCTH M HpeiacTasuM U B
Buge ¥ =AU PG W, 'Y ="L{p, q),:‘f)lczlL (p, g). 3aMerum, UTO ec-
Ja xe=%%, A =", 10 xS 'R, ecn A=Y, 10 Hx=KOe,
MuoxecTBo Beex yeR, NPeACTaBUMEIX B BHIe y=5Ex, x&R, e

'Y oGosnaunm K. Ouesnano, yto B=RP'RR — HUHBAPHAHT-
HOoe OTHOCHTeNbLHD anrefpsl ¥ rpajgymposanHoe MOANDOCTPAHCTBO.
Caepopatenasno, anbo R=Kr9, nmub6o R=0. B mepsom cayuae Tax-

e R=KP7 4T0 NPOTHBOPEYHT NPLANONOKEHHI O TOM, HTO NOA-
TPOCTPAHCTEO 3TO COGCTBEHHODE.
Mpoanannsupyem cayuait, korna R=0. O6ozuaunm mepes Py u

Py npoekTophl Ha moanpocTpanctsa Koo g K™ : Py = %—i. Py =
= :-é-—, rie A — oneparop uyerHoctd B L{p, g). [Honoxum,

nanee, Ry=PoR, Ri=P|R. 3aMeTuM, uTO Hil OJHH BeKTOp y=R ne
aHHYJAHDYeTCA HU onepatopoM Py, Hu onepatopoMm Py, ecin Poy=
=0, To y=—AysK", cregoBatenvio, y=0, NOCKOJbKY, KaK OH-
a0 yeramosaeso, 0=RNK%9, ecan Piy=0, 1o y=AysK g y=0
T aHAJNOTHYHOR NpHYHHE.

Takum o6GpaszoM, dimRy=dimRy=dimR. C zpyroft cTopoHH,
OYeBHIHO, YTO TPOCTPAHCTBO Rg (P R HEBADHAHTHO OTHOCHTEIBHO
anreGpu Y. Caegopareiabno, aubo R=0, aubo p=g=dimR. Ta-
KHM 00pa3soM, npH pz=g He CYHIeCTBYeT HMEAKHX HECOOOTBEHHBIX
HHBAaDHAHTHLIX NOAIPOCTPAHCTE.

! TloanpocTpancTse NpOCTpaHcTBAa L HaswBaetcd cOOGCTBEHHEIM, eCIH  OHO
OTAHIHO OT Beero L u or O
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B ecayyae p=g npoienaHHBd aHaJH3 TIOKA3LIBaer, 470 cOOCT-
BEHHOE HHBAPHAHTHOE NOANPOCTPAHCTRO JAOKHO 06jgafath <zoil-
creamu: Kre=P R K¢9=P R, dimR=p. [lycte {&} — ©Gasuc B
R, {ePd=Pye;} — Gazuc B KPY, {e=Pe;} — GHasuc B K09

Tlyctb 2=, ¥ — CcymeHHe onepaTopaz & Ha IPOCTPAHCTBO
R, licyll — wmarpuna onepatopa % B ‘Gasuce {e;}. OueBnano, uyro

Ak = Pude, = Po¥e, = Pa Xy, = DepPot, = Zope®, a=0, 1.
Anagoruuno, ecan =¥, ¥ — cyxeHnue onepatopa & Ha R, 10

Aed = Prig8e; = Pi1a T 058, = D oyeite,

rne a=1,2 1 1+ g doHEMaeTcs Kak Beeraa mo mod 2, Takum 06-
PA30M, MAaTpHUA KaXA0To omepatopa ua % B Gasnce {e%) umeer

sug (3.2.1).
3ameuanue. Ilycte p—g¢, anareSpa % nHe asadeTcs alfcoq0THO
HenpuBoiuMol # R — HHBADHAHTHOE TOANPOCTPaHCTBO OTHOCH-

TeAbHO U, NOCTPOEHHOE HPH A0KA3aTelbCTBE TEOPEMHL.

1) R me. comep®iuT COOCTBEHHBIX HUBapHAHTHHIX MOANPO-
CTPAHCTS.

2) B Kr* cymiecTeyeT ACIONHHTEJBROS K K HHBADHAHTHOS TOJI-
npoctpanctBo R=AR, rie A — oneparop wetsoctn & K°?,

JloKasaTenbeTBO OUEBHIHO.

B crannaptHom fasdce, B KOTOPOM onepaTopul H3 ¥ 3ajarorcd
MarpHuaMu euga (3.2.1), anemedrtn npocrpancte R w R pras-
JAT CASAYIOLLHM 00pasoM:

- i
x:(”)ER,x=( “)ER,rneuz o
U —u :
Hp
uie=K — mnpousBoapHhe uHcaa. Cyxenus oneparopa 9

Ha npocTpaictBa R B R 3anawrcs B »10M  Oasuce (opmy-
Jgamu u— (A;-+A9)u w u—~ (A—Az)u coorsercrenno, riae A, 4; —
Te ¥e, gr0 B (3.2.1).

3. Jlemma Illypa.

Teopema 3.12. Ilycts %; — rpaayMpoOBaHHO HENDHBOAHMAS HH-
BAPHAHTHAA OTHOCATEJNBHO ABTOMOPH3IMA YeTHOCTH  ACCOLMATHB-
Haf aareGpa omepaTopos B mpocrpanctee K™, %, — maomopd-
Hasd efl IpajlyMPOBaHHO HENPHBOIHMAs HHBADHAaHTHAsA OTHOCHTEdh-
HO OllepaTopa YeTHOCTH ajrefpa B TNPOCTPAHCTBE K™% u
T : KPv% — K™% _puuelinblil 0nepaTop €O CBOACTBAMM:

o(B)T=TB, Be9,, (3.2.2)
AT=eTA,, (3.2.3)

rae A, Az — OnepaTOpPH YeTHOCTH B IPOCTPAHCTBAX K™% u K™
COOTBETCTBEHHD, ¢ — uHCHo, paBuoe 1 wim — 1, @: ¥, —» ¥, —
u3omophusm anretp.
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Torga audo 7=0, audo onepatop I ABAAETCH B3AHMHO-0THO-
snauneM. Bo BTOpOM caydae pr=ps, §1=¢z TPH e£=1 H p1=¢q,,
gi=ps npi e=—1.

Hoxasareavcrso. U3 (3.2.2), (3.23) cneayer, uto KerT sn.
JIAeTCSl MHBAPHAHTHLIM TIOZNPOCTPAHCTBOM OTHOCHTENLHO alTelipn
U, u omeparopa uerHocTH A, ImT — HHBapHAHTHBIM NDOCTPAHCT-
BOM OTHOCHTENbHO aiarebpel ¥p H omepaTopa YeTHOCTH A, Caexp.
satensH0, a160 Ker T = K" aubo Ker 7=0. B nepsom cayuae,
T=0, Bo BTOpOM CJavdae HCIONL3YEM aHAJOIHUHYIO AdbTepHATHRY
otHocuTeapHo Im T, audo ImT=0, yro sxsupanentuwo T=0, nudo
InT =K"", yro B cosokynucerr ¢ Ker T=0 »kBHBAaJEHTHO B3a-
HMHOE OgHO3HaudocTH oTodpaxenns T, Hpu e=1 us (3.23) cae-

ZIVET, 4TO TKM,U — Kﬂz.or TKO.!h: KU,Qs, mpu E-':‘*l, 4TO TKpl,(] _

=K% TK* =K"*° Cnezosarteanno, B mepsoM cayuae p=ps,
g1=4¢3, BO BTOPOM CAydae pr1=4gs, Po={i.

Caencrue. Ilycte K=C, anre6pa % rpagyHpoBaHHO HeNpHBO-
auva g C79 ¥ UHBapHAHTHA OTHOCHTENBHO ABTOMOpPQH3IMA YESTHO-

cty, T — omeparop, nepecTanoBOUYHBE Co BeeMH Sf<=W H ¢ ole-
paropoM vetHoctH, Toria T=2l, rie A=Cwu J — eaunuuuntdf one-
paroep.

B camom pgeae, npx Jiofom usC oneparop ul obranaer Temu
e CBONCTBAMH II€PECTAHOBOYECCTH, 4To I, CHel0BaredbHO, TeMi
#e cpofictsamu upn mobom ueC obnazaer onepatop T,=T—pl.
flycts A — cofctBenroe uwneno onepatopa I. B raxom cayuae
onepartop T,=T—Ai/ He MOMeET OCYI(OCTBJIATH B3aHMHO-OZHO3IHAY-
Hoe oTofpaxkenne CP9 Ha celd, mosToMy corsacHo teopeme 3.12
T,\,:O.

Orverum, yT0 0pd pF=¢ 8 HOPMYIHPOBKE CASLCTBHI MONHO
OOyeTHTh TpefoRaHue, yTobul onepatop T OB NepecTaHOBIUSH €
omepartopoM ueTHoCTH: I'=Af B cuay rteopemb! 3.11 u xaacouge-
Kol memmul Hlypa.

Ilpn p=¢g B cayuae, ecan aarefpa Y TPaiyHPOBAHHO HENpPH-
801M2, HO He alCOJIOTHO HENDHBOMMA, ollepaTap ofllero BHIA,
HEPRCTAHOBOYHBIA CO BCEMH 3neMeHTaMn ¥, uMeer BuA AM+pT,
rae J — eaMnuunelft omepaTtop H J — oneparop, HMEKWLHH B che-

LHAAKHOM 6a3Hce MaTpULy (? é)

4, Teopema BepHcafja.

Teopema 3.13. IIycrs ¥ — rpaiyupoBadHO HEHpHBOLHMAsl ac-
conmatHanast anareGpa oneparopos & €74, Torda, ecnn p=4q, To
"A=L(Cjp, q), ecnu p=g u anrefpa ¥ He aBCONIOTHO HENPHBO-
auma, 1o ¥=L(Clip).

Horazsoreascrso. [lepBoe yTBepxIenue eCTh, OYSBHAHO, CJel-
crBie Teopembl 3.11 H kiaccHueckoit Teopembl Dephcaijfa.

I[lepeiinem o BTOpoMy yTBepMaenuwo. Ilycts ¥ — Hekotopas
BIOJIHE pHBoAHMAaa aarebpa onepatopes B € Hepes B obosna-
UMM aarefpy, COCTOSLIYIO H32 BCeX ONEPaTopOB, KOMMYTHPYIOLIHX

¢ KaxapM F=B. Anrebpa P uasHBaeTCHA KOMMYTATODHOH 110 OT«
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Howenuw Kk B, Cormacno knacomyeckod Teopeme BeagepGepna
B =93

B cnyyae p=g ¥ OpH OTCYTCTBHH abCOMNTHOR HOIPHBOIHMO-
cra anrebpa 9 BnoosHE OPHBOIHMA, H, Kak YiKe OTMEYasioch,
P=rl+pT, rae A, p=C, | — expunyubli onepatop, &/ — onepa-

TOp, HMewi# 8 cHemnalsroMm Ha3uce MaTpully (] O)' Ouesn.1-
1o, ura A=L(Clip). [lostomy, B cuny Teopemul BeisepGepsa % =

=%=L(Clp).

o. 'paccmanoBckue oOGOJOYKH HEONDHBOAHMENX
anre6p. Ilycte ¥ — rpalynpoBanHe HenpHBogumasn aarebpa
oneparopoB B €79, % (A) — rpacemanoBexag obonouka 9. U (A)

ABAASTCH, OYEBHIHO, adreGpoft onepatopos 8 CP9(A). Ha pesyvas-
TATOB NpeAbliyllerc IyEKTa BeTexaeT, uro A(A)=L{p, ¢|A) npu
p7~g B npH p=g B ciayuae abcomoTHOll HenpusoinMmoctu. Ilpm
p=g B cly4as OTCYTCTBHy albCOMIOTHON HeNpHBOANMOCTH AU(A) =
=L(p|A).

TlpeacrasisfioT HHTepec caelyoiulde sompoch. [lyers B
=L{p, g|A) — moaaarebpa L(p, g|A). B xakom cnyiae B gse-
JISleTCs TpaccMaHoBoR obonoukod nojanreSpel A=L(p, g)? B ka-
KoM cayudae aarebpa B, paccmarpHBaeMag ‘Kax JdHeHHOe TPOCT-
paHcTBo, ABAAETCA FpaccMaHoBofl ofCJAOUKOH HEKOTOPOTo MOANDO-
crpancrea =L (p, q)?

OTser cocToHT B cAelyoiieM. Bpexem B . a. A oGpasyrollue
;¥ PA3JIOKHM MO HUM NPOH3BOJBHBIA 3aeMeHT B: -

A=Ay + 3 AL+ B, degd® =2, (3.2.4)

Ouenuzno, ato Ay, A, S L(p, g), npasem o (5) =0; al(sf) =1
Ofo3uayum uepes Y, ¥ moianpocrpakerBa B L(p, ¢), nopoxieu-
Hble BeeMH A= A, (A) & A; = A, (A) COOTBETCTBEHHO, KOT14
s mpaberaer V. (OuesuaHo, yto ™% ssasderca nodanrebpoft L(p,
g).} HMoaoxnm, aanee, ¥ =Y H Y. Hcuo, uro ecau axrebpa 9,
paccMaTpHBaeMas KaK JHHelHOe NMPOCTPAHCTBO, CJAYKHT TrpaccMma-
HOBOII OGOJIOUKOR Kaxkoro-HuOy b noanpoctpanctsa L(p, ¢), To
3THM MOANPOCTPAHCTBOM MO:KeT OwITh ToAbKO Y. B uacTtHOCTH, echin
B CAYKHT rpaccMaHoBOl 000/0ukofl nmonanre6pst, 7o ¥ ABAAETCH
3ToH noganrebpof.

6. Amanoru kaaccrHueckKuX rpynn OueBHIHHIM aHa-
agoroMm GL{(n) u SL{n} — nonnofi nuueliHOR W AuHehHOH YHHMO-
AyaspHOA — cayxar rpymne GL(p, q|A) a SL{p, ¢|A), cocros-
UlHe COOTBETCTBEHHO H3 Beex ofpaTuMbIXx onepatopoB B KPé4(A)
H u3 Bcex oneparopos B KA9(A) ¢ cymepaerepMHHAHTOM, PaB-
HuIM 1.

[fpu p=g aunamorom rpyma GL(r) u SL(n) MOXHO cuHTaTh
Taxxke rpynnel GL(p|A) u SL(p|A), rze GL(p|A) cocTouT H3
Bcex obpaTummx 3anementoB aarebpe L(p|A), SL{p|A) — mnox-
rpynna GL(p|A), coctosiuias M3 Bcex ONEpaTOPOB < CYMepmeTep-
MHHAaHTOM 2-T0 poga, paBHuiM 1. Panee (B § 1 m. 9 3Tof raaBhl)

113



oT™euadoch, 4to aareGpa L(p|A) nsomopdma anreGpe scex Mar-
PHIL TIOpfAXa p, 3JeMEHThl KOTOPHIX CYTh NPOH3BOJIbHHE 3JEMEHTH
T. a. A. 370 OGCTOATEABCTBO HABOAHT HA MEICAb, WTO TPYIIIH
GL(p|A) cayxar naxe Gosee eCTeCTBEHHBIM aHAJIOIOM XJaccHYe-
ckux rpynao GL(n), uem rpynnw GL(p, g|A). Onmaxo, Xax Ml
YBUIHM EHHKe, Tpynmbl cepuu GL(p|A) obramawr psazoM awdo-
MBITHHX GCOOCHHOCTeH, He HMelONIMX KAaCCHYECKOrd 'aHalora M
He BCTpevawonxos y rpymnn cepun GL(p, g|A). '

IMvers A — xoMnoekcHas r. a. ¢ HHEBOAWUMed 1-ro uam 2-ro
poxa. Bseaem B npocrpancrso CP9(A) spMHUTOBO CKaJAfSDHOE mpo-
H3BeAeHHe co 3payesdaAMu B CA. C 3T0H HeApid paccMOTPUM B
Cr9 oznopomuslii Gasuc {e;} ® mosokuMm pas ¥, y=Cri(A), re
=X, Y=ZYrls,

(x, ¥)=Zxp*ys, (3.2.5)

Thde * ¢3HauaeT HuBOAKUHIO B A. Howo, uro (x, y)eCA. Iloa-
rpynny GL(p, g|A), cocTosiiyld H3 BCeX ONEpaTOPOB, COXPaHA0-
HHX CcRajsapHoe npoH3Beienne (3.2.5) HHBapHaHTHLIM, OO03HAYHM
U(p, ¢|A). Moarpynny U(p, g]A), cocrosiiyc M3 OINEPaTOPOB ¢
CyNepHEeTepMHHaNTOM, paBubiM 1, obosxasum SU(p, g|A). Dpyn-
not U(p, g[A) u SU(p, ¢|A) sBnaoTca cynepaHagoraMu KiaacCH-
YECKAX TMOJIHOH VHUTADHOH M YHHTAPHOH YHHMOALYJADHOH TIpyiIl
U(n) u SU(n).

CoxpaHenue ckanspaoro nponssededds (3.2.5) skBuBANEHTHO
MaTPHYHOMY TOXAECTBY !

U*U =1, (3.2.6)

rae *  — Ouepalus Hai MATPUIAMMH, OnMcaHHas B STOH Tiiase B
§ 1 n. 3. Tpynam U(p, g{A) v SU(p, g]A) seasiorcs meiecTred-
HuiMd dopmamu rpynn GL(Clip, g¢|A) u SL(Cllp, g|A) coomeerct-
BEHHO 2,

IMpeqnosoxuM p UeTHHIM uHCAOM H paccmorpum B  CPe(A)
CKagsipHOe MPON3BedeHHe ¢0 3HaueHusaMH B ‘A:

) p/2 pta
(x, 9 = - 2 (% Yprort — Xppoyit) + 2 Xty (3.2.7)
1 p+1

CoxpaleHne CKAAApHOrO mponaseneHda (3.2.7) sxBHRAaJEHTHO MAT-
PHUHOMY TOXKAECTBY

BUB=1, J=(—g”{}),1=(_?é), (3.2.8)

I O6paTeM BHHMaHHE Ha TO, YTO, B OTJAHYHE OT OGBIUHOrO CJAyvYas, eCyH CKa-

Jgproe npouspeperne (32.5) sanncats B Buae (X, y) =Zxpyp*, TO yenAoBHe yAH-
TAPHOCTH HaMern7es: oHG Gyfer mMerh sug U*AU=A, rae A -—omepatop uer-
HOCTH. .
? BemecTBeHHAR MaTpHuYHas rpynna (G HaseBdeTcs BellecTBeHHO# ¢opMoi
EOMILICKCHOR MaTpmurofi rpynue Gy, ecas Matppuneie saeMedTd Gy posayuawTes
A3 MATPEUHLIX 3/7eMeHTOB (G aHAaNHTHUCCKHM NPOjOANKeHHeM IO NapaMeTpaM.
G ofHuHO COCTOMT H3 BEEX 3eMeHTOR (i, YIOBJACTBODSIOMIAX HeaH2JUTHYSCKOMY
ypasHerimo A2 AKA*=K wmn A=A, rae K - QpHKCRpOBaEHan MaTprud.
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rae B—BT — onepauus TPaHCIOHHPOBAHWA, BBeleHHas B § |, m. 3
9T0H TaBh.

Moarpynna GL(Clip, g|A), cocTosmias 3 sCeX omepatopos,
COXpaHAIUMX CcKanapHoe npoussegenHe (3.2.7), HasbiBaercs
(KOMIJIEKCHOH) OPTOroHalbHO-CHMILICKTHIOCKOH, Ona aBasercs cy-
NepaHasoroM ONHOBDEMEHHO OPTOTOHAJNBHOH # CHMIIeKTHYecKod
KJaccHYeCKHX Tpymn K ofosHavaerca obwudo OSp(Cllp, g]A).

JTa npyina npeactaBager ocoOwpli HuTepec ANd (H3HICCKHX
npuaoxenutl, Tak Kax ofnajaer BeluecTBeHHo# GopMoH, koTopad
MOXKer ObITh HHTEpPNPETHPOBAHA, KAK CPYNINA CYTePKAHOHHUECKUHX
mpeabpasonrannfl, nepememuBaciiux  GepMH- u (G0ze-omepaTopht
poXieHns u yHHuToKeHus. [losciuM sTO.

Pacemonpum Zo-rpafyHpoBaHHYIO accoluaTHsHyio anrelfpy U ¢
eAMHHIEH H ¢ OZHOPOLHBIMH O6PA3YIOUMIHMU

P ¥ 1<I<p2, 1<j<q a(p)=a(g)=0, ay)=1,
KOTOPLIE YAOBJAECTBOPAOT COOTHOIHEHUAM
[Par Pee] = [0, g] = O,
[Pes Gl = — B, (3.2.9)

[Ek» ?s] = [Eki :Y\s] = 0-
?s :{’S’ + E;S’i;s = b

Yuectno caenars Hefogbiioe OTCTYNACHHE B CTOPOHY M0 NOBO-

ay stofi aare6pul. O6pasyioume pg, §x  VAOBJACTBOPAIOT [EPECTa-
HOBOUHBIM COOTHOUIEHHAM, X@PaKTepPHBIM M OTEPATOPOB HMIYJb-
ca U KOOPAMHATH, Janee MBl paccMarpueaeM obpasywliue  dgs,
SRl v,
Qp, B, QrF, Ger, KOTOpLle 00a0al0OT IEPECTAHOBOUHBIMYE  COOTHO-
UIeHHSIMH, XapaKTePHBIMH i G03eBCKHX U 'PepMHEBCKHX OepaTo-
POB YHHUUTCMKeHHS ¥ poxIeHHd. OJHAKO 8 BO3JEPXKHBAICH OT OIle-
parTopHoll peaausauun aareSpbl A, 1 B oBA3U ¢ ITHM o6pasyioULHEe
Py, g ® T. 1. He Ha3bBaw onepartopaMu. llpuunua storo caenyio-
waa. ¥ anrebpel ¥ cyuwlecTByeT ecTecTBeHHAS HHBOJMIOHHA * , On-
peneasemas TeM, uro ofpasyrouiae Py, g ¥s ABJAIOTCS OTHOCHTENb-
HO HEE HHBAPDHAHTHEIMU: Dt = Py, Gr =45, Ye=1Ys. ¥ anrebpst U
CYIIECTBYET TAKXE ONepaTopHad peanusaluus B THALGepToBOM mpo-
CTpaHcTBe, TIPH KOTOPOH WHBONKMIMA NePeXONHT B 3PMHTOBCKOE CO-
npsKenne. Takam o6pasoM, NPH 3TOH PeayH3aUun Py, p Ys SIBJIA-
H0TCA CAMOCOTLPAKEHHEIMH ONIepaToOpaMH,

Ounuaxo nanee HaM TPHXOAHTCA PacCMOTPETh rpaccMaHoBy 06O-
gouky A(A) anrebpu %A, AareGpa  A(A) obaapazer uupoOUMedt,
KOTOpas SBJfeTCH NPOMOJIKeHHEM HHBOJIONHY, mMeomeicas s L.
Oznaxo M3-3a HUABDNOTENTHOCTH adreGpnl A anrefpa X(A) me Mo-
¥keT OLITH peaan3oBaHa ONEPATOPAMH B FHALGEDTOBOM IPOCTPaH-
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CTBe TaK, 4T00bl HHBOJIOHHA repexoqu/a B 3PMHICBO COMpsKelHe,
10 OG'CTOHTE.leC‘DBO MHE KaykeTcsl OueHb CYLISCTBEHHBIM € TOUKH
3peHHT DHIHUCCKHX TIPHICKEHHH.

TMomosxum

~ Ek npu 1 <k p/2,
Te =1 Grpp 1P p/2 + 1< k< p, - (3.2.10)
Ye—p TPH p--1<RSP + Q.

Coomnowesnns (3.2.9) ogpuBanedTHB cJAeIYIOUIBMM  CCOTHOLIEHAAM
OTHOCHTEABHO Ty

) S r N (3.2.11)

rae J=ljull — Ta ke marpuua, uto B (3.2.8).
PacemoTpum rpaccManosy ofonouky 2-ro poaa U(A) aaredpu
9. [lycts £ — JUHCHHLIA CpaiVHEPOBAaHERN asToMopbhu3M anrebpol

(A

rty— (—

Fas Ty = @rn = D b4ty ba = A, (3.2.12)

To oGcrogrenncTso, yto H({A) sapiserca rpaceMaHoBoll OGOJOUKOH
BTOPOTO poga, ozHavaer, ure ofpasywoumue f; ofaajai0T TeMH e
TIepecTaAHOBOUHEIMME COGTHOLIEHUAMH 1O OTHOUIEHHIO XK SJeMeHTam
T. a. A, uTo ¥ KOMTOHeHTHl BeKTOpon mnpocTpancetsa KP9(A) 8

cramaapraom Gaamuce: 7.a = (— 1) ar, nng OAROPOLHBIX ASA.

Kpome Tono, M3 TOTO, uro § — r’paaynposaanmn awBTOM'Opq}HSM

BLITCKAET, UTO 3MCMEHTH I ONHOPOIHE H UTO Ot(fk) = Ot(!'k) Orcio-
lla, B CBOK QUepelb, CASIVeT, UTO BAEeMenThl Py TaxKe OTHCPOTHLI
Huto a{bps) =0 (fr)-ta(f:). Takum obpazoMm, B=lbsllsMatip,
g|A), u cootdowenue (3.2.12) mMoXHO 3anHcaTh B MaTpHSHON
{popme

7 = B, (3.2.13)
rae £, r — croaGuxu:
R p ~ n
r={ : L r B
rp+q rp-!—!.]

3ameTum Temeph, UTO Jepad dacTh coomouiena (3.2.11) gmaser-
Cfl MATPHYHBIM 3JIEMEHTOM MAaTDHIBL

- o~
re —Afrr),
rae " u T — onepaunm Haj BEKTOPaMu # MATPHIUAMH, BBETeHHBIC

8 § 1. Tax xax r OBJNaNalOT TEMH Me XOMMYTAUHOUHBIMH COOTHO-
IIeHHAMH, YTo Fi, TO yCaosue Toro, ure B sBasercda marpHued rpa-
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AyHPOBAHHOTO aBTOMOPGHH3MA anreGpH A(A), umeer chaeAyOUIHR
pHA:

J=7r —AGr) =Br7B — ABr7B) =
~BrrBT—BAGT) B'=B(r —A{T))B=BIB", (3.2.14)

rre I — Ta ®e Marpuua, uto B (3.2.8). (Ilpu mposegennn npeol-
pasOBAHHH Hcmodb3oBano TokAecteo (BT)T=ABA; cm. (3.1.10).)
Cootnowenne J=BJBT sxewsanentho (3.2.8) seuay Toro, uro
J?2=[ Taxum ofpasoM, Ppynna TpagyHpPOBAHHBIX JHHEHHLIX aBTO-
smopthusmos anrebpul ¥ (A} cosnanaer ¢ OSp(Clip, g]A).

Anre6pa ¥ cOnagaer ecTeCTEeHHOH WHBOJOLHMEH, OTHOCHTE/IBHO
KOTOpOil ofpasylowue Py, Gy, Ys HHBapHauTHEL Jlyetn A — 1. a.
¢ uupomonueli. B Taxom cnyuae B U(A) cyllectByeT HHBOTIOLUHS,
mopoxaendas wHBomommamMu B A u 3 A: (ea)*=a*a*, nre a, a¥e
<, CL*E*A, ¥ B0 BCeX CJyYasX O3HAuaeT WHBONUHIC. BaH-
AY TODO YTO Fp=1ry, YCAOBHE NEPECTAHOBOUHOCTH asToMopdusMa
€ HHBOJIIOLHeDN HMEeT BHI,

-~ S~k & o -

(@re)" = Zrsbps = Z(— 1O gl = S by 1,
. 7 ® —
O1c1018 bye = (— 1) 0 1 e. B=B. Yuprmean (3.2.8), 3t0
YCJIOBHE MOKHO DepenHcaTh B 3KBHBANEHTHOH ¢opme BTJB=J, ot-
kyra AB*AJB=J. Yuurupas, uro AJ=—J oxonuateabHo moay-

yaeM

B*IB=1. (3.2.15)

O6osnaunm uepes OSpray (p,g|A) noarpynny  OSp(Cllp, g|A),
NEPeCcTAHOBCUHYIO © WHBoAOLHell. 1o CHX Mop XapakTep WHBOJIQLUH
6L Gespaluyen.

Moxaxkem Teneps, uro rpymaa OSp rx(p, |A) asasercs meure-
cteernoi hopmolt OSp(Cllp, g|A) Tonsko B cayuae, ecn ABASETCS
HHBOJIOWACH mepBore pola 8 . a. A, Tlpamerum g ofeum HacTsM
(3.2.15) uHBOMIOUHI. YVHTHBAS, 4TO NpH HHBOJONHH J060rc po-
Aa f*=J moayuaem B*S(B*)*=J. 310 vyecaosne SKBHBANEHTHO
(3.2.15) Ttoabke, ecan (B¥)¥ =B, T. e. ecIH * HBAACTCH HHBOJW-
nuel 1-ro pogza & 1. a. A. B s1oM cayuae npH aHamaTHYECKOM TipO-
DONKeHHH napamerpos rpymnsl OSpex (P, glA) B KoMmIekcHYIO
obaactb yciosue {3.2.15) paspymaerca u rpynma OSp rx(p,g|A)
npespamaercs 8 KoMivekcayw rpyany OSp(Clp, g|A). B cayuae,
€CNH % ABJSIETCS HHBOJIOUHEH 2-To poxa, yeaosme (3.2.15) momoa-
Haetes ycnopHem B*AIB=AJ. B cosokymuoct# ¢ (3.2.13) ono
MPHBOAUT K TOMY, UTC MATpUUA B aBAgeTcA KJISTOTHO-IHATMOHAMb-

. . B
Hol: B = 011 B. )" Yeciosus Big=By=0 coxpaHdmorcs IpH Tie-
22

Pexgae B KOMIMIEKCHYIO o6nacTs. [TosToMy B ciyuae, ecnu *  sIBJs-
eTcs nHBovIOUHMeR 2-ro poma B r. a. A, rpynna OSprx (p, 4]A) ue
MOXeT GBHITL BelllecTBeHHoH ¢opmoit rpymnnl OSp(Clp, glA).
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B cayyae, ecH *  gBIAETCH HEBOAOUHEH MEepPBROro poaa, rpya-
ny OSprx(p, g|A) 6ymem obozuauars takxe OSp(Rllp, ¢[A).
Paccyorpim B anrebpe 9 Hosble ofpasymoinue

- ol e Lo~
a8 = % (Pe— igs), Grp = Vi (Pe +ig), 1 <k < /2,
(3.2.16)
-~ . -~ 1 ] i
air = V_ (Yor1 —iYas), QrF = W(YEI—I +ivy), 1<I<[g2],

rne

< npu vernom g}

L

[Tpu weyeTwoM ¢ AAH NOJAYUSHHS MOAH0 cHCTeMEl 00pasyolldx &
% x ofpasyonmm (3.2.16) cneayer 1obaBuTh Y.

O6pasyomue (3.2.16) ofaazalor nepecTAHOBOUHEIMIL COOTHOIIE-
HUAMY, XapakTepPHBIMH A4 G03eBCKHX H (epMHEBCKHX OTNepPaATOpOB
POKTEHHA H VHUSTOKEHHs:

[Ek,B, EI:’,B] = 8k.r-s [Ek.Bs @y 5] = [ar.p, @ 8} =0,

1
IpH HEueTHOM ¢.

-~ ~ —~ ~ -~ ~
{arp, at.F} = 8epry {Qur, Grr) = {anrs, arr} =0.

-~ ~ ~
3anuireM CBA3L MeXAY OGPAYIOUHMH G&B, ..., Qs W Iy B BUIE

e a8
: =L{: , (3.2.17)
;;?+a Eza,’?.].ﬁ'
U. 0 v,o 0
rie L= ( 1 npe yetdom g 1 L =10 U, 0) npu neuerdoM ¢,
0 U, o0 1
Up=—— (.]D/2E .1,,,2)' U, =—-_ ( ) ftm])
1 V2 \ilppe -—!.ijg 2 V2 \iffem —Ur[m]

Mz (3.2.17) caeayer, uro ecnn marpuua B coxpauser cooTHoue-
MU KOMMYyTaillud MKy fz, T0 MaTpila §=l’,:IBL COXPAHALT CO-
OTHOWISHHST KOMMYTAIMH MEXAY Q,B, Gk, B, Ok F, QbF. YCI0BHE COXpa-
HEHHS HMeeT BHJ,

i (Bg ) npyH 4ETHOM ¢,
q

=0 0
(O S 0) py HedeTHOM gl

001
(3.2.18)

BIB =J, Sy =L =

! Onpenencnue S, oM.t 5, § 2, n. 5.— llpam. pen.
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Yceaorne nepecTanQBOYHOCTH C WHR OO He fepenuceiBaerTcs B
sHIAE

. . ‘g 0° T 0
BKB=K, K=LIL={() o= (0 _y). B29
Tpynny OSp(Rilp, ¢|A) npu uernom g Mw GyieM 0603HauaTh Tax-
xe C{m, n|A), npu uevernom ¢—Ci(m, n|A), m=p/2, n=gq/2.
Takue ©603HAYEHUS TIPH3BAHLL ROJYEPKHYTb, UTO STH [PYINH HB-
Jgaorea cyliepo6ollleHnaMi TPYIR O03eBCKHX M (PepMHEBCKHX Ka-
HOHMYBCKEX npeobpa3osanii.

Y rpymnat OSp(Clip, ¢|A) cyumecTByer Takxe HHTepecHas Be-
wecTreEHass GopMa, oBA3aHHAR ¢ HEBOJIOLMeR BTOporo poaa. Oua
monyuaercs, ecai yoroshe (3.2.19) aamennts Ha

o 7 T 0
BKB=K,K=(§ _}).

31y rpymry obossauny OSp R||p, g|A). Tloaoswum € =VABYZ™,

rie VA = ( é Sﬁm. ) BE Osp(R]p, g1 A). MaTpHupl yAOBJETBOPSIOT
YCAOBHAM
CcTIc =7, 7= ( . ‘]’) , C'KC =K. (3.2.20)

Bropoe yeacsne (3.2.20) ¢ yueTOM ;1epBOTO 3KBHBAJEHTHO TOMY,
uyto C=C. _

Ilokaxewm, uro rpynna OSp(Rllp, ¢|A) asasercs semecrsenuod
¢opmoit OSp(Cllp, g|A) ToaeKO, ecam * SBJAAETCA  HEBOMIOLHEH
BTOpOTO pojda. YuuthiBad, uro K*=KA npu HEBOMIONHE JRGOT0 PO-
na, ua3 eroporo ycrosna (3.2.20) uMeem

C*RA(C*)*=RA. (3.2.21)

OueryH0e, YTC 3TO PABEHCTEO SKBURAJEHTHO BTOPOMY COOQTHOIIE-
auo (3.2.20) roawko, ecam (C*)¥==ACA, r e 7UpM HHBOMIOUHH
BTOPOTO poAa. B sToM crnyuae aHagHTHUeCK0e [MPORONXKEHHE 110
mapamerpaM paspyilaer BTOpoe cooTHoLeHHe (3.2.20), uto xe xa-
CAETCA [OPROTO, TO OHO B KOMAJEKCHOM CAYUIAe OYEBHIHNM 0fpa-
30M 3xBHBaNeHTHO (3.2.8).

Tlpw uuBomoumn mepsoro poma (C*)*=C #u cooTHOWeHHe
(3.2.21) B COBOKYMHOCTH €C BTOPHIM coomHomeHueM (3.2.20) maer
CA=AC., Caemosatesbio, C gBJIAeTCS  KJISTOUHO-LHATOHAIBHOHR
MaTpuueil. Dto cBolicTa0 MaTpHun C coXpaHseTcd NpH AHaJATHUE-
CEOM HPUILOJOKEHUH N0 MapaMeTpaM W He MoeT GbiTh BHEIIOJIHEHO,
ecan OSp(Rllp, q|A) ssnserca semectoennofi dopmoii OSp(Clip,
g|A). Tak kak marpuua J B oriuuyne ot mMarpuust J u3 (3.2.8) Be-
ulecTeenHa, yenosus (3.2.20) mokaswsator, wto rpynna OSp (Rilp,
g|A) seasercs Goflee HENOCPELCTBEHHEIM cynepofobiennem Bellle-
CTBEHHBIX CHMIIIEKTHYecKoll B opToToHauwbHol Tpynm, veM OSp(Rllp,
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g[A). Taxum 06pasoM, 3TH FPYILOL HMEIOT J4Ba PA3JHUHEIX, B Pas-
HOt CTeMEHM ecTecTBeHHBIX cynepobobimenus: rpymny OSp(Rilp,
g]A), koTopas coxpaHser HX CBOHCTBO OBITb JIHHEHHBIMH KaHOHH-
yeCcKUMH Npeobpasosauuamu, d rpynny OSp(Rlp, ¢|A), xoropas,
BO BCAKOM cAyuae (opMmanwuo, Gojee MOAHO COXpaHAeT WX CBOM-
CTBA BEILECTBEHHOCTH.

B 3ak/ioueHde OTMETHM, YTO [PH P=¢ KJacCHYeCcKas YHHTap-
Hasl, YHUTAPHAA YHHMOIYJISADHAR OPTOrOHANbLHAS M CUMMJICKTHUEC-
Kas TPYHNE HMET elle oiud cyneparador: rpynnst  U(p[A) =
=Ulp, p[A)NGL(p|A), SU(p|A)y=S8U(p, p|AINSL(p|A) w
OSp(plA)=08p(p, pIAYNGL(2p|A) «coorsercrBento. Bee aTu
rpynnsl 06Aa1410T TAKHMH JKe OCOSEHHOCTSMH CTPOEHHS, He 'MMe-
IOIIAMH KA2CCHYECKHX aHamorosa, kaxk o rpyana GL{p|A).




Frasa 4. CYIHEPMHOIOOBPA3HA B LEJAOM

BBENEHHE

[lonatie cynepmucroo6pasnuss ya0GHO ¥ INOJE3HO BO3BOANTH XK
DoJiee oOueMy ONpeiesellHid KOJbLOBAHKOIO NPOCTPAHCTBA. SI3BIK
KOJNBIGBAHHBIX IPOCTPAHCTR Obla mpenaoxed A, ['poreHaukoM paju
BHPAGOTKH €AHHOTO [OAXOXA K PA3JHYHLIM TeOMeTpPHUeCKHM Teo-
PHAM: TeOpHMH TJajAKHX MHuorooGpaanfi, anrefpanueckoil, aHa-
JUTHYecKOl TeomeTpusaM H T. 1. Kamioit H3 9THX TEOpHil €0OTBeT-
CTBYET HEKOTOpas KaTeropHd KoJbLOBAHHBIX mpoctpancTs. Teo-
pHA cyrepMHorcoOpasii TakkKe yxmainBaeTcd B 3Ty CXeMYy ¢ ToH
JHLD PASHEIEH, YTO OHH COCTABASIOT fOAKAace (ToyHee MoJIKare-
rOPHIO) KATErOPUH HEKOMMYTATHBHBIX KOJbILOBAEHLIX TPOCTPAHCTB.
BrpoueM, <TeneHh <HEKOMMYTaATHRHOCTH» CyrepMHOroodpasni He-
BeJMKA, M, KAK Mbi YBHIHM, X X HCCJELOBAHAK TPHMEHHMBL METQ-
Bl KKOMMYTATHBHBIX® EOMETPHUECKHX TEOpRil.

Mub HauHeM ¢ M3J0MeHus MOHSITUH ob6miero (He obs3aTeNbHO
KOMMYTaTHBHOI'0) KOAbLOBAHHOIO TPOCTPAHCTBA, Aisl UEro, HaM No-
TpebyeTcd ‘He§OJbLUIOE YHCIO OOpeleeHHH M KOHCTPYKUHH H3 Teo-
puu myuxos. Mbt peanonaraeM y UHTATENA 3HAKOMCTRO © Oonpele-
JeHAAMH (TOJIRKO ¢ oOfnpeledeHHdaMH!) Kaveropuun H  (PyHKTOpPA,
BK/AOUAA CASAYIOULIHE MPHMephl KaTeropui: 1) karteropis OTKpHI-
THIX TIOAMHOMECTB JaHHOIO TOMOJOFMYCCKONO TPOCTPAaHCTBE, IIe
MophusMaMu asasioTcH sKawovenns UV, 2) kareropua  MHO-
WEeCTB H uX oToOpamenuli; 3) xarteropua adeneBBlXx (T. € KOMMY-
TATHBHBIX) pynn; 4) KAaTeropusi BeKTOPHLIX MIPOCTPaHCTB Hal 3a-
nanapiM modaeM (R mau C) u 5) karercpus xonew H KaTeropus ad-
redp mang sapanubiM nosiem K (anrebpa wan nonem K ecTn koabuo
¢ eOUHHUCH, KOTOPOE HMeeT TaKKE CTPYXTYPY BEKTODHOIO MpOCT-
pauctBa Han K; MopgusMoM aaredp spasercd seaknil K-naunefnniii
KOJIBLIeBOH roMoMopdHaM).

§ 1, NIYYKH

Hmeerca aBa onpeleneHus fyykKa: TYUOK KaK fpeinyyvyox, vA0B-
JETBOPSICILUI JONOJHHTEILHBIM aKCHOMaM, H TY40K KaK paccio-
eHHOE MPOCTPaHCTEO.

Onpenesnenne npeanyuxa. IlycThb 3anano TomoJoraye-
CKOe npocTpancTBo X M HeKotopas xaTterophss C {MOXHO CUUTATB,
uTO BTO OfXHAa H3 KaveropHi 3), 4) uam 5)). [peanyuok Ha X co
aHayenuamn B C eCTh KouTpaBapHanTHbi ¢ynxrop F, pefictayio-
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M M3 KATErOPHH OTKPHLITHIX nogMmuokects X ® kateropuio  C,
HMHBIMH c1o0BaMB, TPeLTyu0K BKIICYALT:

[) sananme ob6wexra F(U) gateropun C ana BCAKOrO OTKPHTO-
ro X n

I1) saxanue mopduama pff : F(U)—F(V) xareropmu C jpas mes-
xodt napel VU OTKpLITEIX moaMuoxecTs X (Mul GyjacM HHOTAA Ha-
3BIBATh €r0 CTPYRTYPHBIM MopdH3MoM JaHHoro npeanyuka). Ilpu
3TOM IO/MMKHL! BLITOJNHATLCA CACGAYIOIUHE «ECTeCTBREHHBIE» VCIOBHSN:

IL. a) pf = 1(F (U)) (To:rzgecTBeHHHH MOPOHIM)

I1.6) gasa nodex oTkpHITHX Muokecrs W VclUacX
Vool — nl
Ow <Py = Py,
OTo6paxennsa NOpelnyykos. FEcau 3alaHnl Opealyy-
KH F u G Ha opuom npocTpanctTBe X co 3nauenuamu B C, 10 0706-
paxenuem m:F—G  pasbisaeTcs  COBOKYIHOCTL — MODOH3MOZ
m(U):F(U)—>G(U) kareropun C, mogupHeHHas eJHHCTEEHHOMY
YCAOBHIO: And BeAKOH nmape VO U KOMMYTaTHBHA JuarpaMMa

m ()
F(U)——G(U)
pg Ug.

v m)
FV) ——>G (V)

rae ovY — CrpykrypHele MopduaMer npeanyuka G. ITonaTHbiM 06-
PA3OM BBOAMTCH OIpesedeHHe TOX/IeCTBeHHOro orofpamedus £-»
—F 1 gomno3uian otobpaxenuil npexnyuxos F—G—H.
Axcnomu nmyyxkal. Tlpeanydok Ha3skBaeTCH NYUKOM, eCsIH
OH YJOBJETBORSAET CHAEIYIOMIHM  JIOTIOJHUTEIBHEIM — TpeGoBaHHAM:
nycre U =L_J U., rre U, OoTKpHITHE NOAMHOMECTBa X (MOLIHOCTE

MHOXKecTEa A npoH3BosILHA);
11.a) dnementn f, g=F (U) coBnanaior, ecau Iaf BCAKOTO HH-
AcKkca a=A

Uof_ U
g, f =g, &
[11.6) Ecau aas mcsxoro o 3agad saeMeHt [»=F (U,) Tak, uto
BBLINOIHENO YCAOBHE «COTJACOEAHHOCTH
U — U
Vap = A Pugnug fa = puguum fas

o cyuectsyer snemeHr [&F (U), rakoli, uro pgafzfa npH

BCEX L.
Ha unryntHsHOM ypOBHE 3TH aXCHOMBL O3HAYAIOT, YTQ SJEMEH-
toi feF(U) onpesensioTcst CBOMMH «OTpanMueHHAMA» Ha olGaacTax

! 3peck B pgaindefllueM MB OpeAnoiaraeM, yTo C eCTh TMOAKATErOPHA Ka-
TErOpHH MHOIKECTB, T. €, KATETOpHH Z),
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CKOJIB-YIrOgHO Meagoro noxpeitua U, 3ro omymenne mpuobperaer
TOYHBIH ¢MblCsl NMPH 00palLLeHUH KO BTOPOMY (3KBHBAJEHTHOMY) OI-
peleneH 0 TyYKa.

OnpejeNeHdHe Nyyka KaK PaccCJOEHHOro mnpo-
cTpaHCcTBA. llog paccioenHbiM nPOCTPaHcTBOM ¢ Gasolt X (ue
NyTaTh ¢ PacCJIOEHHEM) MB [OHUMaeM BCSKoe HempepbiBHOe 0T0G-
paXkeHHe TOMOIOTHUeCKHX mpocTpancrs piE—X. PaccroeHnoe mpo-
CTPAHCTBO HaablBaeTcsd nmyukoM Ha X O 3HaUeHHSIMH B KATeropHH
MHOMXECTB, €CJH [ ecTb JOKaAbHMH roMeomopdusm, T. e. mobas
Touka ee=E oGaagaer oxpectHocTso E’, KOTopywl p roMeoMophHo
crofparaer Ha ee cdpas p(E’).

Caenyiolye KOHCTPYKUHH CBA3ZEBANT 3TH OAPCAETeHHs.

I. Koncrpyryus paccacennozo npocrpancreéa no npednyuxy F.
Has mpouzsoaenofl Toukn ¥X paccMOTPHM HEcRA3Hoe 06beguHe-
nue H{F(U), U=x} obnextos kateropii € 10 BeeM  OTKPHITHIM
U=x. Bresenm B HeM OTHOIIEHHE SKBABAJEHTHOCTH ~, TOJATas, YTO
a~b, rae aeF (U), beF(V), ecan CYILECTBYET OKPECTHOCTE W C
< UNV 1ouxn x, raxas, uto Py a@ = pYb. Vxasanuoe o6belHHEHHE
pazbuBaerTcd Ha Kaacchl 3kBHBANedTHOCTH. COBOKYIHOCTH 3THX
kaaccos (1. e. hakToOpMHOKecTBO) obGo3Hayum uepes £ [onoxumM
E=E;, p(Ex)=x. TeM caMpm 0TOOpaiKeHHe p GNpeeJeHO, MpPH-
yem Ex 6CTH €ro cJoii Hag Toukoi x. Muoxectso E, HasmleaeTcs
croeM myuxa F B moxer 0f03HauaThesl Takke uepes Fo.

Bseaem tomoneruio 8 E. Brifepem mpoussonpHo x&=X M adge-
MeHT e=L, U 3a7aJHM HeKOTOPYI0 COBOKYIHOCTE MHOMKECTEB, <O-
Jepwallux e, Kotopad 6yaeT chyXuTh 0a30il oxpecTHOCTeH TOUKH €
B ncRoMoll TononoruH. 1o onpefeneHuio e ecTh XAace CMEXHOCTH,
cocToAU N H3 saementoR muoxkects F(U), UDx. BuifepeMm Hexo-
Toporo mpeactasutens as=F(U) storo xaacca. Kaace HashBaercs
POCTKOM B TOUKE X 3JIEMEHTA @. JTOT SJEeMEHT HMeeT POCTKH BO
Bcex Tovkax y=U, koropeie npunapnexar cmoam £, Of6renuHe-
HHe BTHX DOCTKOSB, cOjlepiKallee HCXONHHIH 3JeMEHT e, eCTh MO 0l
pefeJeHHI0 MHOM(ECTBO M3 yKasauHol 6aswl okpecTHocTel, Jlerxo
IPOBEPHTL, YTO P AefCTRUTRNRHO HBJAAETCH JOKAJBHBIM TOMEOMOD-
HHIMOM.

3ameruM, 4T0 ecaH F — {peanyyox €0 3HAYEHHAMH B KaTero-
pusax 3), 4) uam 5), To MHOXKecTBo E. MMeer CTPYKTYpy TpYIOH,
COOTBETCTBEHHO BEKTODHOIG NPOCTPAHCTRA WM KOJbIA (HasLBae-
MYI0 HHAYKTHBHBIM MpPeIeJcM Fpynm, npocTpancts u T. L. F(U) no
uabTpy oKpecTHOCTEH TOUKH X).

1. Koncrpyskyus nyuxa no paccioennomy npocTpancray. Cede-
HHEM paccyroeHHoro npocrpaictsa p:f—X mag OTKPHITHIM MOIMHO-
xectBom UcX wmasmpaerca aoGoe orobpaxenwe s:U->E, Takoe,
uyto ps=1(U). O6osuaunm uvepes T'(U/, E) MHOXKecTBO BCEX Hempe-
peiBHBIX ceuenufi (£, p) nan U. Beakoe cewenre npH onpasuyeHHH
Ha OTKpHITO® HoAMHOXKecTBO VU, ecTecTBeHHO, OCTaeTcs ceueHHeM
H coXpaldeT HenpepwBHocTb. IlosroMmy ompemeseno orofpaxenie
muokecrs pY T (U, E)=T'(V, E). Jlerko Bujerb, 9YTO COBOKYI-
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HocTh MuOXects I'(U, E) u oroGpawennit p§ sBAsieTcs mpemnyy-
KOM # vaoBieTeopsier akcwomam Ill.a) u IILG), mockoabky «Jo-
KanbHOCTh» ajgemenros ['(U, E) samana < camoro Havamaa., TakHm
ofpaszoM, mu noayyaem nydoxk U=T(U, E} co 3HaueHHsSMH B Xa-
Teropud Maoxecrs. OH HasbiBaeTcd NMy4YkoM (POCTKOB) CEYEHHi
paccaoensoro npoctpancrsa (£, p}.

Hempynno ykasark yc/aOBHS, TIPH KOTOPHEIX IOJYYCHHBIH NyYOX
HMeeT AOMOJHHTENBHYIO CTPYKTYpPY, HaIpHMep SBJsieTCS OYYKOM
TPYynOm, T. €. NYYKOM €O 3HAYeHHAMH ® KaTeropun 3). Hdas sroro
HeoOxonuMo, yToOR KamAm# cnofl  E, 3a3aHHOTO  pacciOeHHOTD
OPCCTDAHCTBA HMEeN CTPYKTYPY TRYONH H 4TeOR DPYMNOBBIE OIepa-
UMK OBl HENpepHIBHE B monmoforiu £, 1. e. yTo6Ll GHH MePEBOIH-
M HenpepusHbie cededus £ B Heupephiedble ceventd. IloaobHase ye-
JoBHS 0GecTeURBAIOT HAMAHYKHE CTPYKTYDPH NYYKA BCKTOPHBIX HPO-
CTPAHCTE HJH KOJe,.

M1, Kowcrpyxyua nyuaka no npednyuxy F. [pumenum x F mep-
BYIO KOHCTPYKUHIO, 4 K TIOAYyYeHHOMY npocrpamctsy (£, p) — mTo-
pyio. B pesyabrate Mbl moayuum myuox F. Od HasbiBaeTcs TYUKOM,
NGCTPOCHHLIM 110 Mpeanydky F. s BCAKONO OTKPBITOTO MHOXKeCT-
Ba UcX nveer xanoHHuecKoe OTOGpaKeHHEe MHOMKECTB

@(U): F(U)—->F(U},

KoTopoe npeofpasyer saement o=F (U) s ceuenne £ nan U, 3na-
YeHHe KOTOPGNO B TOUKE X paBHO POCTKY ¢ ® 570H Touke. Hempe-
PHIBHOCTbL TAKOTO CEUeHHA CAEAYeT M3 onpejeseHus TOToM0rud B F.
YkazaHHbie 0TOOpAXMEHHA CKJIABBAIOTCS B 0TOGPAXKCHHE IPEATTYY-
KOB, TOCKOJBKY A1 Beskol mapel VU  xomMmyraTHBHa  Jmar-
pamma

X (Z) N
F(Uy———F ()
oV oy,

¥

v e
F(V)——>F )

rie py —OToGpaXeHHe OrpaHHuCHHS CEueHHH.

Ha untyutHsHoM yposHe kKomceTpyxumio 111 Moxno onucats Tak:
s sesxoro /X Muomectso F(U) cxauana pacuimpserca Tak,
ytoGhl YACBAETBOPHTL akcucome lI1.0}, a zaTem B paclIHpeHHOM
MHOMECTBE NPOBOyIMTCA (hakTopusauus ¢ TeM, YToOH JOoGHTHCA BHI-
noJsnenns il.a).

Ecnmr I ecth nyuok, To KaHcoHuueckue oroGpaxkenna ¢ (U) cyrb
usoMopbHaMb, CAeloRaTeNbHO, npexnyukn F u F usoMopdue. 210
H 03HAYaeT 5KEUBAJEHTHOCTh ABYX ONPEeAIeHnl nTyuKa.

Eciu F — npoHsBodbHBIE TPEydoK cO 3HAYEHHSIMH B KATero-
pusix 3), 4) «am 5), TO COTJAACHO MPUBEAEHHEIM BLINE 3AMEUAHHAM
F raxxe MpuHAMaeT 3HaYGHHS B STHX XarTeropusx, a ¢(U) — mop-
HIME COOTBETCTBENHO TPYIN, BEKTOPHBIX MPOCTPAHCTE H KOJeL.
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Orof6paxesusg nyuxos. Ilyete F u G — nyugn ma X.
Ion orobpamennem #7:F—G nonumaerca otofpameHHe COOTBET-
CTBYIOLIKX mpenyuxos. Ecan Xe myuks 3aIaHBl COOTBETCTBYIOULH-
MH paccioeHnsiMy npoctpancteamu (E, p) uw (E', p’), To non ux
OTOOPaXKeHHeM CleIyeT MOHHMATb HenpepbhiBHOe OTOGpaXeHHe To-
NOJOTHYEeCKHX mpocTpaHeTs w:E—-EY rtawce, uro p’-u=p. Ecou B
CJA0AX 3THX NPOCTPAHCTE HMeeTcH JOMONHHTEbHAS CTPYKTYpa, TO
§ AOJMKHOG GBITh COTMACOBAHO IC STHMH CTPYKTYPAMH, T. €. MJIA BCA-
koit Toukn x&X, Uy Ey—Ey pnoamHo GbITh rOMOMOpP(HH3IMOM.

C nomommpw KoHcTpykuuH I ompemenstercs  (QaxToOpiydok.
IMyets £ ecry nyuck #a X co 3HAYSHHSIMH B KATEMOPHH KOMMYTa-
THBHLIX Tpym, a G — noanyuox F, 1. e. ana meaxoro UcX G(U)
ecth noarpynna F{U), apuuem pY(G(U))= G(V) ans Beaxoi ma-
pel VU, @akroprpynnu F(U)/G(U) o6pasyior mpeanyuck, no-
CKOJBKY ICTPYKTYPHEIC OTCOpaKeHH Oy TOPOMKIAI0T MOMOMOPQHU3-
ME akropnpynn

F(UY[G(UY-=F(V)/G{V).

I1oT npeanyuox, Booblle roops, He seasercs nyukoM. Iloctpoen-
HEIH [0 HeMy 1MyYOK HazwBaetes {daxrTopnyukoM o ofo3Hauaercs
F/iG.

OGparuwit o6paz nvuka. Ilyers [:¥Y—X — menpephis-
Hoe oropaskeHie TOMOJOTHUSCKHX JIpOCTpaHcTs, a F — myuox Ha
X. OBpazyeM paccioeHHoe npocTpancTso p:E—X ¢ MOMOLWLID KOH-
crpysunn 1. Paccmonpum paccnoentnoe mpoussenenne Y XxE. Ouno
ABASETCSH TIOIMHOMKECTBOM B NPSAMOM npon3sezenun ¥ X E, koTopoe
Bouieasiercs ypasnenneM f(y) =p(e), (y, e)esYXE, a Tonoaorsg
MOPOXKIAETCA TONOJOTHEN NPAMOro npoH3zBeleHus. BeezeM otobpa-
menwne ¢:Y¥XxE—Y, xoTopoe ects orpanuuenye npoexkuud Y XE
Ha Mepsblil COMHOMXUTENb, JIerko BHAETh, UTO § eCThb JOKAJbHHHE I0-
MeoMopdHIM, T. e. gBasercs nyukoM Ha Y. Ouno HaswBaeTcs oG-
patHpim ofpasom nyuka F npu orobpameund [ u obosuauaercs
[*(F). Ecan Y ecTe oTKpbiTOe moaMHOKecTBO X, a [:Y—>X — TOXK-
JeCTBEHHOE BJOKEHHe, TO Nyuok {*(F) mazbisaeTcd orpaHHucHHUEM
F na Y u nmeer ofosnauenuwe F|Y. Caoft nyura F|Y 3 Touke xe&
&Y MOMHO OTOXAECTBHTD €O coeM F 5 To# Ke Touke,

Onepauus o6paTHoro 0fpasza COXPAHIET HagWuHe CTPYKTYPHE
fyYKa TPy, BeKTOPHBIX [POCTPAHCTE HJH KOJEIL

Dosee monHoe H3TOKEHHe TEODHH (IyuKGB MOXKHO HAHTH B KHH-
re P. Tonemana «Anrefpaugeckas TOMOJOTHS ¥ TEOPUs] TYUKOBY».

§ 2. KOJIBHLOBAHHLIE IMPOCTPAHCTBA

HamoMHHM cHayasa HekoTopble OGlUHEe OnpeleJeHHs H3 Teo-
pun xojgeu. KoabloM Haswmeaercs aGeseBa Tpyama A (rpynnopas
onepallig 3aTnHchiBaeTesl aJJHTHBHO, T. €. ¢ [IOMOIILK) CHMBOACE -+,
~—), B KOTOPO{l HMeeTcsl MYJAbTHINIHKATHBHAA onepauus AXA—A,
KOTOpas yIOBIETBOPAET YCJAOBHI ACCOUMATHBHOCTH MW JHCTpHOY-
THBHOCTH 10 OTHOLUEHHIO K DPYNIOBCH cnepalnn (npaBHI0 PacKphl-
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THA cKoGOK). DTy ORepalHid Mbl 3anHcHBaeM OOBIYHEIM 06pasom:
(a, b)—ab. Takum 0GpasoM, BCAKOMY 5/EMEHTY AEA oTBeUaeT ro-
Momophusm rpynnul A 8 cebs, AeHCTBYWOWHH N0 (opMyde Cesac
(1eroe yMHOMKeHHE), M TOMOMOP(hHIM C++ca (MpaBoe YMHOMKeHHe),
JleshiM uieanom 5 A Ha3plBaeTcAs BCAKAH MOArpynna /, wHBapHanT-
Haf OTHOCHTEAbHO JIEBOTO VMHOMKeHHMa Ha J000f 3jeMeHT asA,
TTonofineiM ofpazoM OOpererdercs npasblil wiaeada. JleBelll uieaun,
KOTOpPEI ABJASETCS H TPABHM, Ha3biBaeTcs ApycroponHuM. Ecay
I — mBycropomnnit umean s A, 10 8 Qaxroprpynne A/ Moxuo
KOPPEKTHO BBECTH MyJbTHIUIHKATHRHYIO oneparnuw. Koasmo A/l
HaspmBaercs HakTOPKOJALLOM.

Fomomopdusmom koaenn A—B HaskBaercs roMoMoppHIM COOT-
peTcEsylOluX rpymn @:A—B takoll, uro ¢(a-a’)=g¢(a)-¢(a’).
Ecayu / — jamycropoHHME uaeana A, To onpeiesed roMoMopdH3M Ko-
qaen A—-A/I, geficreyomait no mpasuny a—a-+/. OH HaszbBaeTes
KaHOHHYSCKHM.

Jleswiii ngean M xonpna A HAIHBASTCS MAKCHMMAJBHEIM, 8CAH OH
OT/UUYEH OT BCETO KOJbLIA H CONEPMHT JI0G0H mMeBblit waean /oM,
ofnanaomui 5tiM cpolicteoM. Koabiio A 1a3cseM JOKaTIbHBIM, €C-
JH B HeM HMeeTcH eiHHCMBeNHBIH Jesblii MAaxXCHMaJbHBIH Hieasa #
€HHCTBEHHEIl TIpaBblfi MaKCHMAaJabHLI HIeanl W OHH COBNIAIAIOT.
Hetpyzano, BpoueM, mMOKazaTh, UTO H3 TPeGORAHUS eIHHCTBCHHOCTH
JIEBOrO MAKCHMAMLHOTO HICaJMa BEITEKAET eIHHCTBEHHOCTL [EPABOTQ
M HX COBN4feHHe. DTOT ABYCTOPOHHMA Hleal HASLIBACTCH MAXCH-
MagpHeM H 00bluHo ofosnauaercs M. Pakroproasuo A/M asas-
erca aoneM (movie BHIYETOR).

Koneio A nasbinaetcs aareGpolt nan nonem K, ecawm zazan ro-
momopduam konen K—A. Aarefipa sisnseres BexTOPHBIM QIPOCTPaH-
creom. Hakonen, K-anre6poit masmBaercq asre6pa A man nosem
K, cHaGxenHas roMomophuaMom xomnel 7:A—K, xoTtopeii ssasteT-
Cfl TakXe JuHeHHHIM orToGpaxkenHeM K-Bextopihlx npocTpPaHCTB.
Sleno, yto Kerr ecThb mBYCTOPOHHHA MaKCHMANbLHBIN HAead KOJbLA
A, a K uzomopidmo nomo srrgeros A/Kerr.

lomomopduzmom K-aare6p A, B zaswisaetcs romoMopduam xo-
Jell, xomopeil apaserca K-nunefinbiM oTo6paxenueM M IIOpoMKAa-
€T KOMMYTATHBHYIO JHArPaMMy

K
ra/” \TB
/ AN
A —B

TJe 74 U Fg — CTPYKTYDHEIE TOMOMOP(HHIMHL,

Mpumepnl. 1. R-anre6pa 6P pocTkos ragkux (QYHKUHA B TOUKE
0=R?. Ona sBasercs MHIYKTHBHEIM TIpe/ienoM anarebp  TaanxHx
$yaxnuil 8 obracta UcCR?P mo ¢uanTpy oxpectrocTell Touxn x=0.
JT0 KOMMYTATHBHAS JIOKaJbHas aarefpa ¢ MaxcHMaJjbHEIM Hiea-
Jom M, 0GpazoBaHHBIM POCTKAMH, KOTOPble o6pAallatOTcst B HY’Ib B
Touke x=0. CTpyxTypHHI roMomopdusm r:8P->»R comoctasnser
POCTKY €ro 3HaueHUue B 3TOH TOUKe.
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I1. Anrefpa 6P cXOmAIIMXCA CTeNEHHBIX PANOB OT p HepeMeH-
sibix. Ona KoMMyTaTHBHA H JOKajabna H sasasercss C-aareGpolt mpu-
yeM CTPYKTypHBLE Mophu3M r:d6P—C npeobpasyer pajl B ero CBO-
GOJHLIH UaeH.

I1. R-anre6pa %P9 poctkos raafkHx (QyHKund 8 Touke 0=RP
CO 3JHAUEBHHSIMH B BELUECTBEHHOH DpaccManopoil anredpe Ag (oM.
ra. 1, § 2). 3aeck cTpyKTYpHEH roMomopduaM r:UPI—R gelicTBy-
eT 1o dpopmyae

r(fy=£0, 0), (4.2.1)

rie f(x, &) samnkch NPOH3BONBHOTO GJeMeHTa [&¥UPT 3 BHAE IOIH-
HoMa ot obpasyiouux &, .., &g aaredpsl Ay ¢ x03dpdaLHCHTAME U3
67 Hpean M =Kerr mopoxiaercs KCOPAHHATHRIMHM  PYHKHHAMU
X1, .., Xp TpocmpaHcTBa 6P u obpasyomnmu &, .., §;. Ilokaxem,
UTO 3TOT MAKCHMadbdbll Baean efMHCTBEHHBIH (K4K Jesbld M KAaK
mnpankil). Jas Tono 10cTaTouHo M0Ka3aTh, uto ecnu f (0, 0)=:0, o
aaement [ ofparum. 3amunieMm ero B suie fo+g, rie § — 3JeMeHT
wieana [ B YP9, nOPOXKAEHHOrO &y, ..., &, a fo= 6P, Tar xak pocToK
fo o6patum B 6P, on obpaTuM Takke u 8 YP9, TlosTOMy MB MO-
BKeM CUHTaTh, uTo fy=1. Jlerko Takxe wHAeTh, uro [9t'=0, caeno-
BaTeabHo, pag A=1—g4g?—. .. xoneuen. Hcmo, yro hAf=fh= (14
+-g) (1—g-+g*—..) =1, ur0 H 3aBepwaeT paccyXIeHuE.

1V, C-anrebpa #6P9 ¢cXOIAUEKCH CTENGHHBIX PSLIOB OT f apry-
MEHTOB €O 3HAYyeHHAMR B rpaccMaHnosoil aareGpe Ag(C) ¢ wxomn-
JekCHBME kKo3dduuneHTaMd. 3I0eck CTPYKTYPHBIA romMoMopdusm
Jeficteyer mo dopmyne (4.2.1). Tak e Kak B MpelbllyLIeM TpH-
Mepe, NOKA3hBaeTCA JIOKAMbHOCTL 3TCH aareGpol.

Onpeneaenne. KoabnoBanHoe TPOCTPRHCTBO @CTh TOIOJOTHYeC-
Koe npocrpancteo X mMecTe ¢ nyuxkoM Kodeu Ox na X. Tlpoctpa-
crBo X Ha3mipaeTcsa IMOACTHIAAIINNM, a nyuoxk x — CTPYKTYPHEIM
MYYKOM ABHHOTO KOJBLOBAHHOTO [OPCGCTPAHCTRA, KOTopoe obo3Ha-
gaercs (X, Ox). OrobpaxkeHneM (uaH MopdOHIMOM) KOJMBLOBAH-
Horo mpoctpanctBa (X, COx) B KoJabuoBadHOe npocTpancteo (Y,
Oy) o0bssanerca napa (f, ¢), cocToAlas U3 HENPEPHBHOTO 0TO6-
pakenusa NogcTHA0UHX npocrpancts  f:X-»Y n orobpamenus
ayukos xogen ¢: [ (Oy)—>Ox. (Xapakrepuo, uto 0ToOpa)eHue
MYUKOB HBIPABJIEHO B NPOTHBONOMOMKHYIO CTOPOHY, T. . OoT ¥ K
X, 9T0 ecth mposBiaeHHe o0IIEH ABOUCTBEHHOCTH MEMKAY TPOCTpaH-
CTBAMH M COOTRETCTRYIMIMMH mydkamu.) OroGpaxedde MYyYKoB ¢
aopokaaeT orodpaxenusn ciaoer Py f (Oy),— Ox.« B moboil Tou-
ke xe=X. CoryracHo onpenenenno § 1 cnoit myuka [*(Cy) Hax Tou-
®oit x uzoMopden caow nyuka Cy nan f(x). Takum ofpasom, Aas
BeAxoro ¥ X uMeercst nomoMophasM Kodaex

91O iy > Ox.x. (4.2.2)
Od6parne, ecan BmecTe ¢ [ 3aaHa COBOKYIHOCTL IOMOMOD(DHIMOB

{4.2.2), to onpeneienc 0TOGpaxKeHHe KOMbUOBAHHRIX TPOCTPAHCTB
IpH ycJaoBHH, YTO cemelicrso (4.2.2) HenpepblBHO B CJASLYIOLLEM
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cubicne. [yers Ex u Ey — pacciaoentible IpocTpaHicmsa, OTBEYAIO-
mue nyuxam Ox 1 Oy u ©:EyXyX—Ex — orobpaxeHue, xoTo-
poe B caoax Hal Toukol xe=X pefictByer mo dopmyae (4.2.2). Ito
oToGpaxenue HoMxHO OuTh Henpepuisro {(EyXyX) najeneno To-
moJgoruef, napenenuoit us £y XX). 310 ycaosHe MOXKHO BBHIPA3UThH
nHaue; Aas BesSkoro oTkpuTtoro Vot  n ceuenny se=Cy (V) cose-
KYMHOCTh roMoMopdusmop (4.2.2) npecGpasyer s B ceuenue Oy
nan f-1(V).

OTKPHTHM KOALIOBARHBIM IOJRPOCTPAHCTEOM NROCTPAHCTBE (X,
() HasbpaeTcs JA000e OTKPHTOE NOANPOCTpaHcTBG Y X, cHab-
wegHoe nyuxkom O|Y. C taxEM nOMpoCTPaHCTBOM CBS3aHO OTOG-
paxenne (f, ¢): (Y, C|¥)— (X, O), rie | ecrs BICKeHHe, a ¢ —
TOMIeCTReHHBI n3oMopduam, [ (O) = G|Y,

[MTyukom mnieasos F 3 CTPYKTypHOM Oyuke  KOJBUGBAHHOIO
TPOCTPaHCTBA HA3blBaeTcs ToANyuok ¢, Taxol, 4T0 4/ BCHKGRO
OTKpuiTore nogMHoxectea UcX muoxkectso S (U} ects uaean =2
koaplie 7 (U) (Mbl HMeeM B BHRY JABYCTOpOHHHe Hieanw). Muase
TOBODS, Aaa BeAkoR Touku xe=X cnofl ', myuka J ecTh uieana &
cioe Cx CTPYKTYPHODO NYYKa H MOIMBOMECTBO of & (@ OTKPHITO.
MuoxecTsoMm kophell nyuka uoeanor J Ha3bplBASTCH COBOKYIHOCTH
Z=Z{(7) rouexk x=X, Takux, uto ¢/, * O,. Taxum obpasom, Z ecThb
MHOXECTBO TOUeK, B KOTOPHIX a0l daxropuyuka /7 ecrbh HeHy-
Jesoe xoubie., DypeM mpeanosaraTh, YTO CTPYKTYPHBIE Myd4oK YHH-
Tapuui, T. e. ang eeakoro UcX xonwno O (U) cotepiur elHHH-
uy. Herpyaso noxasarb, 4To B 3TOM ChAyyae MHOxecTso Z () meer-
Ja zaMkHyro., MHOXKecTo Z(F), HaieaeHHOE TOMOMNOrHEH HasejleH-
Holt M3 X, cuaGmenHoe myuwkoMm kosen CfF, Haswpacrcs 2aMKHy-
THM TOINPOCTPAHCTBOM KOJLIOBAHHOTO mpoctpanctsa (X, O).
C HHM KaHOHHYECKH CRA3AHO OTOGDAMKEHHE KOJBILOBAHHBIX IPOCT-
parctB {Z, O/d)— (X, ©), cocroamee uz saoxenns ZG X u orob-
pa)ieHHs, TIOPOKAEHHOTO ©CTECTBEHHBIME ToMoMophHIMaMH Kogell

O, 05, = (0/),, x&Z. {4.2.3)

Boobie Ke noAnpOCTPAHCTBOM KOJBLLOBAHHOTO MPOCTPAHCTEA
Ha3bIBAETCH BCAKOE 3aMKHYTOC NMOANPOCTPAHCTBO €0 OTKPBLITOTO
NOIIPOCTPAHCTBA.

Konvnopandele npocTpaucTea, U3ytaeMbie B DA3JHUHBIX TEOMET-
PHUECKHX TEOPHAX, BKJIIOYAs H CYNePMHOr0OOPA3Hs, OTHOCATCH K
KJIACCy JIOKAJBHBIX MPOCTPAHCTE, ONPELeJeHde KOTOPHX Mbl Ceil-
vac gaauM. Ilycrs duxcupoeano mone K (B nawell reopun sto R
#in C). K-xobLoBanHbIM MPOCTPARCTEOM HA3BIBAETCS TOIC,/IOTHYE-
cxoe mpoctpancTBo X, cHalxexuoe mydkom K-aareGp €. Taxum o6-
pasoMm, 1as Besxoro otkpuroro UcX, O(U) ects K-anrefpa ¢ ead-
HuueR, a uas gGoi mape Vol oTKpHTHX MHOXKECTB MOPQH3IM
orpannvenus (U)—C(V} ects romomopdusm K-anre6p. llpen-
MONATAETCH TAKKE, UTO JJIsT BCAKOH TOYKH X=X QURCHPOBAH TOMO-
mopguam K-anreGp ro:Cr—K (HasniBaeMburii Bouetom). Ero sapo
eCTh ABYCTOPOHHHH MAaKCHMAJbHEH wiead B x; o obozHauaeTcs
M. JaHHO® KOABLUOBAHHOE MPOCTPAHCTRO HA3BIBAETCHA JOKAJIBHBIM,
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ecaiy Kaxknasa amrefpa O aokanpHa, T. €. M, eCTh eIHHCTBEHHHIN
MakcHMaabHBIH Hieal,

ITox mopdusmom K-aoapuosawsbix mpoctpancts (f, ¢) nonuma-
eTCH rowﬁpa}KeHHe KOJIBIIOBAHHEIX IPOCTPAHCTS, NOQYHHEHHOE J0-
TIOJIHATEABHOMY VCJOBHIO: JST BCAKON Touku x (4.2.2) ecTs roMo-
mopdusM K-aareGp, 1. e. K-nunelinbii roMmomopdusM xojel, obpa-
YoM KOMMYTATHBHYI0 IHADDAMMY

K

// %\\ (4.2.4)

Ov, 50 —Oyx «

¢ Bryeramu. Otciona nerko mbisectd, uto @7 (M,) = My,

Ecan sBprcTHUeckH DOHHMaTth <10l CPxx KaK XKOJbIO POCTKOB
HexoTopblx «byHEuuiA» Ha X, To oTOoSpaxeHUe-BBHIUET [y €CTh BhI-
YHCJNeRHe 3HaYeHHs 5Toff «pyHKuHH» B Touke x. C Takodl TOUKH
apeHHd KOMMyTaTHBHOCTL (4.2.4) o3zauaer, 4To @ II€PEBOJUT
«dyERuMH» B HX 06paTHbe 00pa3nl npu otobpaxenuu f. Ha camom
Ieje, KaK MH YBHAHM HUXKe, 3/1eMeHTH Koabla O x . Heab3s OTOX-
JEeCTEHTB, BonOIlle IORODS, ¢ POCTKAMH $yHENHH, Tax Kax 370 KOJb-
LG MOMXET UMeTh HHJBMNOTEHTH. B Takux cayuasx orobpaikenne
He onpeleiferTcd OAHOSHAYHO TO MOOCTHAAKMIIEMY 0TOOPAKEHHIO,
ONB2K0 B Ji00oM Ccayvyae eBA3aHO ¢ [ yCNOBHEM KOMMYTATHBHOCTH
{(424).

Celiuac Mpl onullleM PAJ KOHKPETHBIX KaTeropui KoJbLOBAPHBIX
OPOCTPAHCTE, HAUKHHAA C XOPOILO H3BECTHOR KATETOPHH  TJIaJKHX
MHOTO0OPA3HE I KOHYAA KATErGPHAMM CcylepMmHorocpasull, Ha oc-
HOBe mnpHeMa, 0Go6Halolere KOHCTPYKIHIO T/4AKOro araaca.

[Myeth $ukcuposana Hexoropas xarteroprs K-KonbLOBAHHBIX
IIPOCTPAHCTS, NOJAYHHEHHAS eJHHCTBEHHOMY VCIOBHIO: BMecTe
MPOCTPAHCTROM OHA COAEDKHT J060e are OTKPLITOS NCANPOCTPAH-
¢TBO. O6BbeKTH H MOP(PUIMBL 3T0H XaTencpuu OyieM Ha3blBaTh MO-
JeNBHEIMHA.

Onpenenenue. Ecau $urcHpoBaHa KaTeropus .4 MOASTLHEIX
IPOCTPancTs, To Kateropuell K-KoMbLOBAHHBIX TPOCTPAHCTBS THRA
A HasHBaerca CcoBoxynHocTh K-konrnoBamubix apoctpancts (X,
C) 4 uX MOPQUIMOB, VIOBJACTBOPSIOMWIAX CASAVIOUIHM YCAOBHIM:

1. Beagag touka x=X ofnapaer oxpecTHocTslo U, Takoil, uto
umeercsa uzoMophuaM K-koabuoBaHHEIX TpocTpaHCTB

(5. 9): (U, O|U) =5 (M, On),

rie (M, Oy) — HeKOTOpOe MOLEILHOE NPOCTPAHCTBO. IDTOT H30-
MOp}H3M HA3LIBAETCH KapTO# Ha X.

II. ITycte umeercg ewe ogua ®apra (g, ¢):(V, O[V)>(,
Cx), npuuem ee obnacts 3aganus V mepecekaerca ¢ U. Paccmor-
pUM gHAPpaMMy
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(vav, olvov}

7 N\
(4.%)
(M,0.11) el (N, 0, IN'),

rae M'=f(UNV}, N'=g{UNV), xocble cTpeakH CyTb CTpaHHYEHIs
KapT, a Mopbusm (k, ) HAXOAHTCS OIHO3HAYHO H3 YCJICBUS KOM-
MmyTatugHoeTH. TpeGyerca, urobur oTor MopdHaM ORI MOJSIRHBIM,
T. e, BpHHaidexan kateropuu 4. OH Ha3WBACTCR CKJEHKOIN KapT.

Oro6Gpamenue (F, @) (X, Ox)—(¥Y, Cy) KoJIBLUOBAHHBIX TIPO-
CTpaHctB THNA # camo HasmBaercs MopduaMoM THna A, ecid Ji0-
Goe ero mzobpaxienne ¢ nomoluble kapr Ha X u Y sABasercs  Mo-
peanupim, [yets (f, ¢) — kapra na UcX, a (g, ¢) — kapra ¢
obaacteio 3ananna VY. [Tox usobpakennem (F, ®) B aTHX xap-
Tax Mbl moHHMaeM Mophu3M (@, o} B caAeAyrLleH JdHArpaMMe, KO-
TOPHE OMpeledseTes] H3 YCJAOBHSA £¢ KOMMYTATHEHOCTH:

(F.o)|U
(U, Ox|U)——(V, Ov|V)

.} ’ (g: %)
(2, )

¥
(M, Op) ——— (N, )

Mul npeanonaraem, ure F(U)}cV; B nporushoM cayuae creiyer
orpankunts Kapry (f, @) wa U'=UNF-1(V).

Jlerko moHATL, UTO MpoCTpaHcTBa W Mopdusmel THna A4 obpa-
3YIOT KaTeTODHIO, T. €. IIPH KOMNO3HIHA THI coxpaHserca. Ouesui-
HO TAKXKe, uTO OTKPBLITOE MOANPOCTPAHCTBO NPOCTPAHCTBA THAA A
umeer ToT Ke THn. JIs 3aMKHYTHIX NOIMPOCTPAHCTE 3TO yikKe He
Tax.

PaccmoTpim HeGoAbLIOE YHCAO MPUMEDOB, MPHBOIIMIMX K H3Be-
CTHBIM TEOMETP HUGCKHM TEOPHAM.

1) Ha R® paccmorpim myuoxk 6 =867, aHauedde KOTOPOTO Ha
OTKpbITCM moaMHOxkecTse U/ ecto R-amrefpa mcex BellecTBoHHO-
3gaYHbIX Geckoneuno Aupdepenuupyemunx ¢ynxkunit 8 U, Orobpa-
JKEeHMS OUPAHHUYEHHA JeHCTBYIOT OUYEBHIHBIM 06pa3z’oM. IJeMeHTH
c10d 6. HAIBIBAWOTCS POCTKAME B Touke ¥ Tianxux ¢ynxnut. [lapa
(R®, &") ecrs noxanpHoe R-poCTpAHCTBO, npHYeM BBIUET ry! 6 —>
—R mepesogur poctor INagKoi QYHKUUN B ee 3HAUEHHE B TOUKE X.
PaceMmotpum kateroputo 1, 06beXTaMyi KOTOPOH ABJSIOTCA OTKPHI-
TeE TIOAMpocTpaHcTBa R-rombuozanumx mpocrpancts  (R®, &%),
n=0,1, 2, .., a mophusmamu — mapet (f, ¢): (U, é7[U)—(V,
é™| V), B KoTopeIX MOACTHAAKIee oTobpaxkenne [: U—V Geckouey-
HO JHb(pepeHIEPYeMO Kak OTOGP2XKeHHe [TOAMHOKECTB KOODIHHAT-
HHIX MPOCTPAHCTB, 3aMETHM, uTo oTobpamkende ¢:f*(&™)—&"|U
HaxoauTCA OJHO3HAUHO H3  YCJIOBHA KOMMYTAaTHBHOCTH
(4.24): ono gmelictByer no mpasuay moactanobku b—a=5b(f(-))..
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Kareropus npocrpascts tana A — 970 kareropua (GeckoHey-
o)} nudpbepeHunpyeMEX MHOTOOGDA3NHA H HX TIagkHx orobpamxe-
HHil. ‘

2} Tyctr #* — nydox pocTkos rodoMopdHeix Gysxunii B Co.
[Tapa (C», ") asasierca JokadsHBM C-TPOCTPAHCTBOM, TpHUYEM
BLIUETHL YCTPOEHEl Tak e, Kak B ciaydae 1), [Toaobueim xe o0bpa-
30M BBexeM kareropui 4 ee ofpekTaMu HBJAAKTCA OTKPBITBIE
moanpocTpanctsa npoctparcms {Ct, 7)), n=0, 1, 2, .., Moppn3-
MH cyTh napel (f, ¢), rie moacrtmnamoluee otofpamenue [ TOIO-
mopdHo, a ¢ IZeflereyer mo npasMiy mogcraHoskn. ITpocTpakcrsa
THIA A2 — HT0 KOMRIEKCHO-AHAMUTHYSCKHE MHOTC0GDa3Hs.

OrMetam, uro B mpuMepax 1) u 2) He ofs3atensro TpeGoBathk
3apanse MNAAKOCTH, COOTBETCTREHHO AaHAFMUTHUHOCTH ICACTH/AMOIIE-
ro orobpaxedus. 3T0 cpoficT30 BBITEKAST H3 TOTO, UTO OToOpaxKe-
HHE COXDaHgeT TAaIKOCTh, COOTRETCTBEHHO AHAMUTHUHCCT.

3) Kareropua mogeabnhx mpoctpancts i O6pverr (£, Oz)
ATOH KaTeropHH ONMCHIBAETCA Caedyiomiym obpaszoM. [lyete Ha
oTkpeitoM noamuoxkectse U/ Cm sananw rogomopdHble QyHKUHH
ay, .., Qx, a by — orpauuuenne #a {/ myuxa JE". Z ecTh MHONKeE-
cTB0 oOUIKX KopHelt 3TuX GyHxuuil, a Oz =FHv!d|Z, tne I —
NYUOK HIL&M0B B €y, KAXKIHHE CJI0H KOTOPODO MOPOXIaeTes QYHK-
UHSAMH @1, ..., ;. C-konbuosanmoe npoctpancteo (£, Oz) He 3abu-
cHT oT BEGopa oxpectHoctd U Muomeersa Z g €.

Myets (W, Cw) apyroe Monesnnuoe npocnpadcTso. MogenbHbli
mopbusm (f, @):(Z, Cz)—> (W, Cw) mo oflpeseleHu0 BKAIOUAET
nogcrunawmee orofpaxenue [:Z—W, goropoe mnpoLomKaenci L0
roaomopduore orobpaxenra F:U—V p3 pegoropoll OXpecTHOCTH
UDZ g C* B uexoropyw okpectnocts VO W g €™ orobpaxenne
@ JOMKHO 3AMBIKATD KOMMYTATHBHYIO AHATPAMMY

@
[ (Og) —> Gy
1 0
P
FAFH ) ——FHu

B KOTOPO{l BEPTHKaJbHbie CTPEIKH CYThb €CTeCTBEHHBlE OTOfpaxe-
Hud, a F zeiicreyer no npasuay moicranosxd. Uutartens Gea Tpy-
lla MPOBEPHT, YTO K3 KOMMYTATHBHOCTH STCH JHArpaMMb! BHITEKaer
KOMMYTaTHRHOCTE (4.2.4), Tak kax MakcHMaJbHLH nlean s Oz,
ecTb 06pa3 MagCHMalbHOTO Hieana B by. [ada cyulecTBOBAHHS
Taxoro 0ToOpakeHHs @ HeoGXOMMMO H JOCTATOWHO, uTobh F nepe-
sogmio nomnyuok F*(F)} B F, rae ¥ = ker {#v > Ow}. Orobpa-
KeHHe @ OMpefe/sdeTcs eJUHCTBEHHBIM of6pasoM no F, Ho He mo f.
B wrom cocrouT cylwecTeeHHoe oTnMyne kxareropau A3 0T KaTtero-
puit A u M3 B WOTOPLIX MOPHHIMBL OHO3HAYHO 3313KTCH 1101~
CTHJAAIONMMHE OT00DaKeHHIMH,

Konblopaubie mpoCTPaHCTBA THNA A3 HA3HIBAOTCS KOMIIEKC-
HO-aHaMHTHYECKHMH [IPOCTpPAHCTBAMH.
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§ 3. CYNEPMHOI'OOBPA3 NS ' o

Onpeaenenne., 3aduxcupyeMm Leawne wncaa p>0, g=0. Tyere
A? — peuwlecTeHHasn BHemHsA anareGpa € ¢ GUKCHPOBAHHBIME OG-
DasywluMy §y, ..., §¢. 3adagum & R? nyyck %P9, spauenue koTopo-
ro Ha orkpbitoM noaMHoxecTBe UCR?P ects R-anredpa Ure(l)
Beex GecxodeyHo auddepenunpyembix pyykunii 8 U oo 3vaueuus-
mi B Ay Caoil %P9 37010 AyYKka ecTh anrebpa poOCTKOB FAaLKHX
DyHKIEH €O SHAYCHHAMH B Ag. 3azanuM Ha uelt oroGpaxkenue -
BhYeT 7x:Ue?9—>R mo dopmyae ro(f) ~=fix, 0), rae f(-, &§) — 3a-
NHCH TIPDHBBONLHOIO 3JEMEHTa airednLl 8 BRAE TMOJHHOMA HO 06-
pasyomum &, ..., & ¢ xospdunuentaMu wa &.P. Cormacmo § 2
AP ecth MoKaALHaa R-aare6pa, a (R», U99) — R-xonsuoBanzoe
npocTpaicTso. Aarebput Ur9(U) obnanar Z-rpagyuposkoil: sJe-
MeHT | HMeeT TPaAYHPOBKY R, €CiH OH ABAACTCH TOJHHOMOM no §
cTenenn R, Bcnam pasinuats He CaMH CTENEHH, a MX UeTHOCThb WIH
HEUeTHOCTh, TO BO3HHKaer (Goxee rpyfas) Zp-rpagynpoBKa B
gra(U) 1, caenopaTeNkio, BO BCIKOM cjtoe A, P,

Beegem kareropute CB, of0bexkraMi KoOTOPOH SBAAKTCA OTKPH-
TH® TMOARpOCTpancTBa npocrpamcts (RP, UAPe}, p, =0, 1, 2, .,
a mopdusMamy — JOOHe oToOpamenns IT™X R-xonploBasHpbX
IpoCTPAHCTe, coxpaHsioumive Ze-rpaiyupoeky. [locuaenmee yenophe
Ans otobpaxenus (f, @) o3Havaer, uTo AJAR BCAKON TOUKH x oT00-
paxenne R-anrefp o

et Wi — ATE
NEepeBOLHT NOJHHOMBL OT AHTHKOMMYTHPYIOIIHX 0B6pa3ylOlinx 4er-
HOHW (HeuUeTHOM) cTefeHH B NOAHHOMEL, Yb# CTOleHs UMEET TY HKe
YETHOCTS.

Faapkuy cymepmmoroobpasueM HaspBaercs seaxoe R-xoapuo-
sanpoe mpoctpaeTso tuna CB. HMubimu cropamy, cvioepMHOPoof-
pasie MOMeT GHTbL IOAYYeHO B Pe3y/blare CKIeek MOJEIbHEIX V-
nepmuoroofpasni (U, Are|U) (oHH Ha3BIBAIOTCA TaxiKe CYNEPHpo-
CTPAHCTBAMH) < TIOMOLIBIO OTOOGPAKEeHHH, KOTOPbie COBMECTHRl €O
CTPYKTVpaMi R-KOJBLIOBAHHBIX  IPOCTPAHOTE  (KOMMYTATUBHOCTh
(4.2.4)) u coxpausior Zz-rpaayuporxy. O6pas MoJeawHOTO Cymep-
MHOTOOGPA3HS IPH TAKOH CkjaedKe ecTs KapTa Ha JaHHOM cyidep-
MHODOOGPA3EM, 4 Hnapa upces (P, §) HazBBaeTcs ero pasMepHaoCThID,
HpHYEM P -— HeTHAs PasMepHOCTh, 4 § — HeweTHasd.

OroOpamennsi cK/JIefikil MOTyT GHTb ONHCAaHH GoJce ABHEIM 06-
pasom. KoopanHataMu HIH 06pazyiollUMH Ha MOJENLHOM CyHep-
MHOF0O6pA3HH HA30BEM COBOKYIHOCTL KOOPIHHAT Ha NOACTHIA-
meM npocTparctse R? 1 ofpasymomux anredper A

fipennoxenue 4.3.1. Myers (U, %7\ U) u (U', ¥ | U")—mozers-
HHE CYHepMHOIOOOpasyA, ¥, & — KOOPAUHATH Ha TIePBOM M3 HHX, &

Yi (x, g)y i=15 sery P,, 'l’lj(x, E): f-:'.]" wery q’!
ceuerns myuka %P9 | U mernofi B WeveTHOH CTENEHH TaxHe, uTO 00-
pa3 oToGpakKeHUA

fiUsx—~(5n(x0, ...,y MR
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npunagnexur U’. Onpenenen mopdusm  xareropuw CB (f, @)
U, 979 ) = (U, ¥ |U"), rako#i, yTo pJst Ecsikoli Toukn PO=U
orobparkenue @y MeACTBYET 1O MPABHIY MOLACTAHOBKH

b(y, m)-ra(x, E)=b(y(x, &), nix, §)) (4.3.1)
(cm. (1.3.6)).
O6parso, scaxuil MopdusM Kareropud CB 3amHchHBACTCS TAKAM
obpazoM.
Hokazareavcrso. [lepBoe yTBepwKjeHue oueBuaHo. [lpoBepHM
stopoe. Ilyere Yy, ... #,5 M1, -«. , M, -— YETHHIE H HEUYeTHHIE

obpasyiomze 5 97| U, [oaoxum

yi(x, &) = (y:), n;(x, §) =o(n;).

B rakom caydae opmyna (4.3.1) cnpapsexausa aas ceueHMi b=y;
i b=n; nyuka ¥ 7. [lockonbxy N6 yCAOBHIO @, €cTh Mopdu3M
R-aare6p, popmyaa (4.3.1) mepHa Takxe aaa b=1 u, cregoBaTeab-
HO, TakKkKe AJIs1 JIOGONO TONKHOMA OT jf; H 1); C BEIIECTBEHHBIMH KO-
sppunuenramn. JJokakeMm ee LIS NPOH3BOJBHOTO  POcTKa D&
e ¥, rtae x° — mo6as Touka U, Ilyers R/ — MakcHMadb-
utiit ngean 8 ¥io) . Fro 06pas Qu (M) DpHHaANERHT MAKCHAMAb-
oMy Hueany M amrefpu %' (xommyratnemocts (4.2.4)). IToa-
GepeM Muorowied 0 OT 3/IEMEHTOB y: ¥ ¥; TaK, uToOH  DA3HOCTD
b—b npunamgnexana (M) Torna @, (0) — ¢, () STt Co-
rnacno npumepy 111 § 2 muean M nopoxaaercs ofpazamu ceueHuit
x%i—x® ¥ &, cnenosatesbro Mt gopoxaaercs oAHOPONHBIME IIG-
JHHOMaMu crenedd ¢-+1 or 3tux ceuenuti, Tak xak awoboll noq4-
HOM TaKOH cTemeHd oT E; paBeH HYJII0, OTCKAA Chefyer, uyto Dt
OpUHHALMEKHT HIeany, TOpPOXKISHHOMY JHIL CeueHHAMH X;—X;°
W3 cxasapnoro caeayer, 4no

¢ a0) (8 = ¢, (5} (2, B) = by, B), n(°, E).

C apyrofl CTOpoHH, BCAKHHA OIHOPOIHLIN MONHHOM CTEMNCHH §--
+1 ot yi(x, 8)—y:(x% E) u m;{x, £) obpaluaercs 8 Myas Npu ¥=
=x" TloeTomy u3 BKIouenus b-—bes (W) syrexaer, gro

¢ By (x5 &), n(x% E}) =b(y(x% E), n(x", §}).

[Ba nocneanux papeHcTsa gokasmsawt (4.3.1).

B uacTHOCTH, MBI BipaBe 3aKTIOUHTE, UTO BCAKOe O0TOOpAXKeHHE
CKJICHKH B CTPYKType CynepMHOrooGpasus wmeer sua (4.3.1). O6-
paTHO, IPH TOMOILH TAKHX OTOODaKEHUA MONKHO CKOHCTDYHDOBATH
cynepmHorocdpasue,

Ipepnomenue 4.3.2. Ilycts QHKCHpOBAHO HEKOTOPOE MHOIKE®T-
B0 A M J1a BCAKOrO sieMeHTa o.&A BBHIGPAHO CYNepNPOCTPAHCTEO
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Xao (1. e. ofbext xateropun CB). Tlycte, nanee, Jna weAkoil yno-
panouenioll napul ¢, PEA BbAENTEHO OTKPHITOE MOANPOCTPAHCTBO
Xos mpocTpancrsa Xo w MOpDHIM Qg t Xap—- Xpa kateropun CB

TaK, YT0 BEHIOJHAIOTCA CASAYIOUIHE YCIOBHA:

L Pop Ppo = 1 (Xap); __ _

I, Taa mobux o, p, yE 4, Pam (Xyp) < Xya
{uepta o3Hauaer mepexod K NMOACTUAZIONIEMY MPOCTPAHCTBY  WJIH
OTOGPAKEHHIO) ¥ HA OTKPHTOM NOMTIPOCTPANCTBE Aqpy NPOCTPAHCT-
Ba X,, TaxoM, uto Xagy = (p,g_é (Xp), BHNOAMSETCH  COOTHOLICHUE
Pop Ppo = Py, TONLA CYUECTBYET H €JHHCTBEHHO C TOUHOCTBIO N0
usomophH3IMa raaxoe cynepMHorooGpasue X, mjs KOTOPOTO HEKO-
TOPble OTOGpaMEHHHA @u:—+X, CAYKAT KapTaMH, a  MopdUIMbI
Pie — 0OTOOPAKEHUAMH CKIEHKH.

JokazateancTso He Tpebyer Huuero, KpoMe onpeiejeHuil. Mol
OCTABAREM ET'C YHTATENG.

PaceMoTpuM Take KOMIMEKCHO-AHAJHTHYECKHH aHaJOf [I0HHA-
THA TAAAKOT0 CyTepMHOTOOGpasHe.

Onpeneaenne. [lyets p=0, g0 — ueawle uncaa, a A, — KOMI-
JieKcHAas BHELIHAA aaredpa ¢ PURCHPORAHHEIMY oOpasynomumMi &, ..,
.., Eg. Beemem nyuox 679 wa CP, szmauenne xoroporo Ha UcCP
ects C-aarefpa Beex rosoMophueix Gysxkuuil va U co szauerns-
Mu B Ay Coraacmo § 2 caoit 76,74 37oro nydka ecTbJoxanabHas C-
anrebpa ¢ BRHUECTOM I, ielcmByioluym o bopumyae r2(f) =f(z,0). Io-
70GHO NpeALIAYIIEMY cayualo b anreGpax 624 () BrOauTCHa Zy-rpa-
avuponka. Pacemorpum  kKareropuio CK, o6eexTaMy KOTO POt IBASIOT-
CHl OTKPBITBIC TIOANPOCTPAHCTRA mpocTpadcTs (Cr, #79), a Mopdus-
MaMH — J06be oTofpamerns 3THX C-KOMBIOBAHHLIX MPOCTPAHCTB,
coxpauamiue Zo-rpagydpoBry. IKoMmiexcho-anaJHTHUECKHM — CY-
nepMuorocfpasneM Mbl hasbipaeM Beaxoe C-KoJBLUOBAHHOS MPOCT-
panctso tuna CK.

QopMyNUPOBKH ¥ JOKA3aTeILCTBO mpenioxenni 4.3.1 n 4.3.2
nepeHOCATes §e3 H3MeneHHE Ha KaTeropuio mpocrpaHcts THna CK.

B saxnouecnne cjeaaem HexoTopble ofmue sameuanns. Karero-
PHS TIaIKHX cymepMHoroco6pasuil COTEPKHT KATErODHI INMIAIKHX
MuorooGpasuii (mpocTpalcTBa TUIA ), § 2): nmocaennsde MOMKHO
paccMaTpHBaTh KaK IiajkHe CYTepMBEOTo0Gpasud HYyJAeBOHd HeYeTHOH
pasmeprocTH. [Tono6ro 9ToOMY KaTercpHi KOMIJIEKCHO-aHalUTHUE-
CKBX MHOro0Gpa3HE MOMKET pacCMaTpPHBATHCS K4K HACTb KATETGPHH
KOMINIEKCHO-aHAJMHTHIeCKUX  cynepMHoroadpasuil.  OcofeHHOCTHIO
CYMepMHOroofpasus wak TVIALKOTO, TAK H AHAJZHTHUECKOTD SBAAST-
€A Hanmuune Zy-nDajyUPOBKH B CTPYKTypHOM mnyuke O, 1. e Zo
TPaJyHPOBKH B Kaxkmoil aareGpe cevenunn (Y), comecTHo#t ¢
oTCHPaKeHIAME ONpaHuUeRnd,

OTMmerHM Takxe, YTo COTJIacHO O61ieMy noaxody § 2 ME pac-
TIONaTaeM onpeleNeHHAMH MODDH3IMOR Kak B KAaTerOpHH IMpOCcT-
pancrs THna CB, Tax W B KaTeropuH npocTpancts Thuna CK.
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§ 4. KOHCTPYKUIHH CY¥NIEPMHOIOOBPA3UA

MoagnpocrpaHecTBo, 3ajaHHoe YpaBHeHHSMH.
HYCTI: (U Yra) — Mojie/bHOe T1afKoe cynepMuoroobpasue, i,
i=1, .., p/,u g j=1, .., ¢, — HaGopsl YeTHRIX ¥ HEUETHBIX CEye-
Bl nytu(a ltge PaLOCMﬁOTpHM noamHoxectso @ = ¥, Takoe, uto
BCAKOH TOUKH er nepecevenne @, = ONUT?  ecTs uiean B ai-
re6pe U527, MOPOKAEHHEIH poCTKaMH SdeMeHTOR i # ¢ OueBHHO,
UTO 5T0 NOJAMHOMKECTBO OTKPHTO B Tomoxorku nyuka X7 u, cneno-
BaTesipHO, ABAasercs myykoM., OHo HA3blBaeTcHd TYUKOM  HAe4dJ o3,
NOPOKIEHHBIM YKa3aHHLMH ceueHusimd, MHOKerTBO ero xopHed X

. g
COBNATAST ¢ MHOMKECTROM TOUEK X, TAxHX, uro Bbiuer 7, U~ R
obpamaercs B Hyap Ha A Cornacho § 2 (npumep I11) sto MHO-
FECTRO 34713ETCH YPaBHEHHAMH

Filx, 0)=0, i=1, .., p'.

Pacemorpum  daxrepnyuox koaeun AP ‘?/CD B Ka}K,’IOH Tque x=X
GTOGPasKeHHe 7p NOPOMKIAET BHIUET ro (W), = B8990, —~R.
Takum cbpasom, UP2/@| X ecTs myyox R- a.rsraﬁlp, a {X QIP q/Ci;)lX)
ecTs R-xosnbuosandoe mognpocrpaucTso mpoctpadctea (U, ¥ra),

Brenem B daxtopnyuke Zo-rpajyuposKy TakKUM oGpasoM, uTolw
ecTeCTBEeHHOE oToOpaxenke nmyukos 379 = %¥”%/®  6uuo cornaco-
BaHG ¢ rpaxvipoBkaMy. Jis 3Toro Mol o0bgsaseM YeTHuM (Heuer-
HBIM) 3JeMeHTOM (axTopnyuka ofpa3 Jd:i00oro yeTHoro (HedeTHOTO)
snementa AP4, Hymwo NUlL BROBEPUTL HENPOTHBOPEUHBOCTL TA-
KOl KOHCTPYKOHH, T. €. MOKa3aTh, YTO HEHYJeBOH 3JeMeHT (haxrop-
ny4yka He MeKeT ObITh OJHOBPEMEHHO YETHBIM H HeueTHBIM. [Ipex-
MOJMCHKHM, HTO TAKCH 3JeMEHT HMeeTcd. 10r4a CYLeCTBYKT aJe-
MeHTH @, b=¥79 pasHoil deTHOCTH, Takue, uro a—beM, npn He-
Kotopom xeU, 1. e,

a—b=Zafi4-Zpp;

Pasaaraa ko3@GE@uIHEHTH g, B; Ha YeTHHE U HEUeTHHE KOMIOHEH-
Thbl, MBI TTOJIYYHM

a:Za}ft-]- Eﬁ:-(P,-',

oTEyIa caefyer, uto o=, u, caenoBaTeasto, ¢=0, u. ¥ T. 4.

Taknm ofpasoM, AP4/@|X ects nyuok Zg-rpamyuporanibix R-
anredp, HO, BOOOIIE TORODMA, He ARANETCA CTPYKTYPHHM MYUXOM CY-
nepMHoroofpasng, HeofxoouMble H NOCTATOMHBIE  YCIOBHA A%
3TOTC CORNANANIT € VOAGBHAMH  TeopeMBl O HeABHOH  (QVHKIIHM
(4.1.3}). HamoMHuM, 4T 3TH YCJAOBHA 3AKAIOYAITCH B TOM, UTO IPH
HeK0TOPCM CHocofe HYMepalLHH UETHBIX H HEYeTHHX OOpa3ylollkX
anrelphl cedeHud YP9 BLINOAHAIOTCA HEPABEHCTBA

det IM "0 (4.4.1)

dxg £, k=1
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I=]

det ”M ” 0, (4.4.2)

dg; (x, O
rae Imoj ;q_?_%__}_ MBbl TMOHHMaZeM KO3(bHLUMEeHTH IIPH HeUeTHLiX
GOpa3yIONHX B PA3JOXKEHHH CeIeHUR §;.
Teopema 4.4.1. Hpeanonomum 4o B KaXaol rouke x=X Bu-
nonnens yenosus (4.4.1) w (4.4.2)., Torna xoaenoBaHHOE MPOCT-

pacTiO
(X, %% | W) (4.4.3

ABAAETCSA TIAIKAM CYIEepMHOrC0GpA3IHEM.

ApamorHuaoce yTRepHKISHNE CIOPABEIHUS0 TAaK¥e H B KATerupiu
KOMIIEKCHO-AHAMHTHYSCKHX CYIeDMHOI000pa 3Rl

JorazaTennCmpo, KOTOPCGE MBl TDHBEIEM, NPHMEHHMO Ta1uKe K
KOMTLIEKCHO-@HAMHTHUSCKUM CymepMHorocopasnaM. Ml moxames,
uTO BcAKag Touxa Xo=X o6nazaer oxpecTHoCThio X, Taxoif, uTo
R-xoabnosannoe mpocTpancto (Xo, WY@ X)) usomophus  mo-
REeJLHOMY THaIKOMY CYmepMHoroocGpaswio, IpHYEM COOTBETCTBYIO-
wui H3oMopbusM nydkos coxpauser Z,-TpallyHpoBky. LcaH, BOC-
MONB3ORABIHCE BTHM H3OMODHHIMOM, 3aMEEHTL YKA34HHOE KOIHh-
[HO3AHHOS TIPOCTPAHCTEO MOAEJBHLIM, TO MBI IOJAYYAM PEATH32LKID
Beeno mpoctpaHeTBa (4.4.3) Kax pe3ayarTaT CKAEHKH  MOAGABHLIX
IPOCTPAHCTB ¢ NOMOWILIO MOP(HAIMOB, COXPAHAWMHX Zy-NpalyHpos-
xu. Coraacno § 3 370 o3HayaeT, 4TO YKa3aHHOE TIPACTPAHCTS0 €CTh
TIaAKxoe cynepMHOrcoOpasue.

Hrak, ocraercs JIOCTPOHTD HI30MOPOHHEM BHIA

s:V, W0y (X, WD) X,).

Sampmem R? =~ R” 3 R?, rae R” — moxmpoctpancrso,  coiaep-

Kallee p’ JIOPBHX KCODAHHATHHX ocell, a R —  Bce ocTanbHbie.
HYCTIJHC:XQ-»V:E(XU) —— OTpaHHYeHHe KOOPAHHATHCH NPOEKIHH
Rr-RP. B cuny tecpemul 0 HeaBpol ¢yvaxkoad (ra. 1, § 3), ecau
OKPeCTHOCTh KXo 0CTATOYHO MaJa, TO

 ecThb ToMeoMOphH3M H (4.4.4)
CYUSCTBYIT YETHBIE, COOTBETCTBERHO HEUETEHE, JeMeHTH g, ¢ &
el'{, QIEE), TaKHe, uTO IPH TI0ACTAHOBKE

=g B, i=1, .0, E=w&EE =1, ..., ¢
(4.4.5)
obpamnasoress B Hyas Bce ceuehnd f; u gy
X=(Xprg1s o )y E=(prits ..., .
PacomorpuM 0TOGpakeHus IyuKkos, 3a]aHHbX Ha Xo,
g- (E}IEJ'FE) i, bl L | XO fl, "ltp'a/a) I XO:
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nie 7 — ecrecTBenHoe oTobpaxKenne, a { 3agano dbopmyJIoH

ira(y, n)—bx B=alx, §.
Slcuo, uT0 OHH COXPaHAWT Zp-TPAAYHPOBKY U mt €CTh MopbhH3IM
R-aareGp. TIpopepuM, 4TO NMOCTeRHHM CBOHCTROM 00/MaLaeT TakxKe
R - 27 r.a
i. Ilyere 2=X,, 2=0(2). Toraa W% = %7 w ana seakoro
ajeMenTa a 3ToH aarebpu r.(a) =rz’(a}=a(Z, 0), rae r os3Hayaer
BHeT. B To Bpems

r(i{@)) =r:(b) =b(z, 0) =a(z, 0),

T. €. Fz=rz-i, YTO JOKAIHBAET KOMMYTATHBHOCTL {4.2.4).

Jlemma 4.1. Orobpaxerdne ni ecTh H3OMOpPOH3IM.

Otcroma fGyxer chefosarts, 4ra <robpaxkende s={I, ni) ecrs
H30MOpdH3M R-KOMBHOBAKHBIX MPOCTPAKCTE € Zo-TPAaLyYHPCBKOH H
TeM caMBbIM TeopeMa OyIeT AoKa3aHa.

Jlemma 4.2. Tlycte z=Xo u h=¥?9, npuduem o obpamaercs s

HYJb IpH TOACTaHOBKe Xi=g¢(%, E) n E=y;(%, £). Cymecrsyor
saemMenTH &, b = %09 taxue, 4To
h=Z2a(xi—g:) + 2o/ (Ei—y)). (4.4.6)

Hoxkazareavcrso aemmul 4.2, Byneum nucath x=(x', ¥) m E=
= (&, &), a yKasaHHHeE NOACTZHOBKH 3alHlIeM B BHIe X' =g, &=
=1;. Pacomorpum snaemeHT A(x, E)==h(x; ¢, £) ¥ nOoKaxeMm, 4TO
OH HMEeT pa3ficKcHHe

hi=Zat(xi—gi). (4.4.7}
Kax aseMent rpaccManoBofl anre6pol U7 0H HMeeT BHI

ﬁ(x, g) = Ehz,,....tn (X &, ... &

Ilyers B — mMuHHMaAbHBER NOPAL0OK OTAHYHHEEX OT HYAst Ko9pOHIH-
eHT0B fiy....t,» COTJIACHO VCAOBHIO h(g (x, g),}:‘;) =0, cnexosa-
Tennko, Ay, (g (;E 0) =0 zaas awbux i) <<...<{ OTcioaa, xak
H3pecTHo (TemMma AzaMapa), BBITEKAeT, 4TO

He

p’ -
hil,-;qtk (x) = 2 afu---.fk (."C) (x.i - gi (x! 0))’ afnu-.fk = Sug.q‘
=1
TlosToMy monuHOM
H(x) g) = E(xa E) - z ang;,...,fk (x) (‘EI —g[ (';: g)) Ei'x e Efk
Biyeonly

He COJepMHT WISHOB MODAZKA, MEHLILUErO HJH PABHOTO R, IpHUSM
cuoga H(g, %, £)=0. C noMoliplo HHAYKIHH ME TUPHXOAHM K
{4.4.7).
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Hanee, nonoxum w;=8—p;(%, E) mId KopoTKo m=8&—.
Pasaaras 10 cTeneHAM 1), Mbl HafireM, 4TO

h(xv §)=h(x; n+ 9, E)Eh(xn P, g)—i-z"’l;lf(x, §)=
=k, B+ 2 —9 @ DD

¢ uexotopumu {; = %', B coueranmuu ¢ (4.4.7) 3TO BIgUeT YyT-
BepKAcHHE JeMMEL. o o

Jlemma 4.3, DaementH x,—g; (%, & u & —P;{x, B CYTh
ceyeHus nyuka @ Ha Xj. :

JlocratouHo NMOKa3aTe, 4TO BO BeAKoH Touke z&X, pOCTKH
9THX ajeMentoB NpuHaanexat O, Coraacro (4.4.5) u jemme 4.2
HMEIOTCA pa3/JoKeHHA

fo=Saf(x,— g + Shi(E —q)
(4.4.8)
g =2 0? {(x, —gs + 2 d;(gr — )

KO3(buunenTsl KOTOPHX TpHRazaexaT A7, M3 mux MH Haxo-
AHM, YTD

fi(x.0) . dpy{x, 0y g
Sk af (x,0), —-m-—aal = d; (x, 0).

B cuay {4.4.1) u (4.4.2) marpuuw {a:*(x, E})} u {d:(x, E)} obpa-
mumel wag U9, TlostoMy ofpaTaMa TakKe MarTpHiua koz(ohH-
nueHtos (4.4.8), mockoabKy eeauaronaneebie 6uaokn {6/} u {c/%}
o0pasopanel HEYETHBIMH 9JAeMEHTAMM, KOTOpHE, CASI0BaTelbHO,
OpEHafAAexaT MaKkcHMadpHoMy uieany M. Ofpamad pasgoxeHus
(4.4.8), nogyyaeM yTBepKIEHHE JieMMEI.

Ocraercn poxasarn Jemmy 4.1, Tloxamem cHayagaa, 1To 0700

paxenne wi MonoMopduo. Ilyeth ni{a) =0, a= %" 1 e

aix, &) =Za'(x, 5[, (x, &) + S (x, ) (x, B)

¢ HexoTopHMH Kodddumuentavny uz W, Tloaaras sgech x'=g
H E =1, MBl He M3MEeHNM J€BYIO 4aCTh ¥ 06paTHM B RYJb NPaBYIO.
Orcona caedyer, 4T0 a==0.

Ilposepum, 4710 mi ecTb 3mUMOp(H3M. Jaa [FPOUIBONLHOTO
a7 nmomowum b(E, E)=alg, ¥ v, ). Acuo, uro b upuHa-
nexur obpasy i. Tloxaxewm, uro snement a’=g—b OpuHajfIeXHT
D,. 3ToTO AOCTATOUHO A4 3aBeplieHds J0Ka3aTe/bCTBA  JIeMMEL
Mu umeem a’(g, % ¢, £) =0, Ilo nemme 4.2 saeMeHT a’ HMeer
BHL (4.4.6), a B cany aemMmbl 4.3 oH npaHafacKutr O..

[Ipamsle DpoHM3BefeHns cyHepMmMHOroobGpasui.
IIycre € — neroTopas gateropua A m B — ee 00bexTsl. IIpaMbiM
NpPOH3BeLEeHHEM 3THX OOBEKTOR Hasbizaerca ofbekT AXB Bmecre
¢ moppusmamu A< AXB—B, xoropbe 0064aJal0T CISLYIOLIUM
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«YHHBEPCAJLHBIM» CBOHCTBOM: AJf BCAKOTo o0ObexTa I' B ero ‘MOD-
¢pusmos B A n B cymectsyeT H Onpededed oiHo3aHauuo MopdH3IM
B AX B, Takofi, uTo KOMMYTATHEHA JUarpaMma

A

F— A*8

l

3

Teopema 4.4.2, B rarteropuax CB u CK npaMoe npoussejenne
onpefenero 141 JOOLIX cGBLEKTOB,

Hokasareavcrgo. Myers (M, Cx) 1 (N, Ox) — TAaIKHe UAH
KOMIIIEeKCHO-aHaTHTHYeCKHe cymepMioroofpasua. Obpasyem mps-
MOe HpoH3BeleHHEe MOICTHAAWIEUX mpocTpaHcts M XN, Hanenuwm
ero cTpykTypofi cynepmiuorcolpasud. Iyers

(7, @) - (U, Ou| U) = (F (U), #29),
(g v (V, OxV) > (g(V), %)

KapTel Ha KHCXOIHHIX cymepmucroobpaszusax, Ha OTKpPHITOM TOIMHO-
xecree UX VM N 3a1aanm roMeoMopdusM

[ g Ux Vs [ (U) X g (V) Rt (Crtr)

no ¢opmyae (fXg)(x, ) ={(/(x), g{y)). O6pas a2toro otobpaxe-
A, GyAyuH HadedeH nyuxom P+ @s (COOTBETCTBEHHO JBFHT 4+5),
ABJAALTCA MOAGTBEBIM TMaIKHM (KOMILUIEKCHO-aHANHTHUECKHM) CY-
nmepmuoroofpasiem. CruezoBateabho, (UXV, (fXg)* (¥rtr ats))
ecTb CymepMmEoroobpasre, a ortobpamenne (fXg, 1} ects kapTa
Ha neM. CTPYKTYPHHI NYy4oK ary v MBE [OJYYHM TIyTeM HelPOTH-
BOPEUHBON cRAeHKYU NMyuxoB (fXg)* (Wr+ne+s). UTtobH onperenanThb
oTofpaXkenus  CKJACHKH, PaccMOTPHM emle  OAHY  Kapry
(7, @) (U, Ox|U)~(F(U’), ¥9) ma M, cBazannyw c (f, ¢)
oroGpamenueMm ckaefixu (h, y) (cMm. § 2, 1I). 3anarum orobpaxe-
HHE CKIIEHKH JN9 MOACHbLUHX NPSIMBIX LipOH3BeLeHUl

FUNUY g W), ¥ S0, Uy xg 1), w0,

nosoxiuB fi=hx 1. Cornacuo npegnoxenno 4.3.1 orofpaxkenne
,ILGH\.TBYET B KaXKIOM CJI0e NyTeM MOACTAaHOBKH %(a)—=b(x, )=
=a(X/(% 8), (% 9), me ¥(5 §=(0'(% 1), &'(5 5)) u
E'(x, £)=.. — HEKOTOPHE YETHHIE H HeyeTHHE ceuenns CTPYKTYD-
noro myuka. Iogoxum

o, i 8 M =B g & m=a (x, & & .
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TloxoGuniM ofpasoM crpoutced oTofpamenne CKISHKH MeXRIy Kap-
Tamu Ha UXV u UXV’. HenporusopewdBocTh TAaKHX CKJ/EEK JieTr-
KO TpUBepsercd.

Onpexennm otobpamenne (MXWN, Cuyw w) = (M, Oy). Ha noxn-
cTrnanmem npocrpanctae MXN ono geficTByeT KaK NpOeKLHs
Ha npaMoll comHOXATeab M. Orobpaxende CTPYKTYDPHLIX IYUKOB
CTPOUTCH CHACAYIOIMM 00PA30M IIPH TIOMOLLH KapT:

m (On) | UXV 2 mg (WP | U X V> SPTI UV 22 Oy [U X V.

TlozoBreM  o0pazoM onpeilensercs CIPYKTYpHoe oTobpaxKeline
OpsiMOro  Tpol3ReJeHHs Ha BTopofi  coMHOXHTenb. llpoBepky
yHEBEPCaIbHOrO CBOACTBA MBI 'OCTaBAREM YHTATENIO.

Paccnroennrme mpounzsepenud [Hyers caoBa C —
npou3Bo/ibHas kateropus, A—-A<B5 — ee O0BEKTH H MOPOUIMHL,
Hx paccaoersibM NpOR3sejlenyieM HaswBaerca ob0bexr, obo3Hadae-
Mull AX,B BMecre ¢ Moppusmamu B A u B, TaKHMH, UTO KOMMY-
TATHBeH NMPAaBH TPEYrOJALHUK B TUarpaMme

r'-—-—-—).-A

of1afamuil cAelyIOWIM YHHBEDCANBHEM CBOHCTBOM: AJS BCAKO-
ro ofwexta I" 1 ero Moptdbuamor B A W B, AejamoIiMX BHCIUHHE
KBGApPaT B aWarpaMme KOMMYTATHBHBIM, CYL(eCTBYET H ONMpele/eH
opHosHauHo MophuazM I' B paccaoeRroe NpOHZBEReHHE, COXPanTO-
wHfi KOMMYTaTHBHOCTh BCel auarpammul. Ilpamoe [poHaBefenne
ecth HacTHBIA C¢iydall DACCIUSHHOILG, €C/H B KaTerOpHH MPHECYTCT-
BVET Tak HasbdaeMulil @uuoaneuHit ofbexr F, T. €. Takofi, uTo Bed-
KM 06bext 0OMafaeT eiuHcTBenabM MopduamoMm B F. B «reo-
MeTpHUecKHX» KaTercpHfi (PHHAILHBIM O0BaKTOM ABJACTCH TOUKA,
HajeJeHHAaR TeM MJH HHHEM OCHOBHLIM TOJeM B KaueCTBE CTPYKTYD-
HOTO nyuxa. B uacTHOCTH, TOYKa Hajedennas notem Y40==R uix
Mo02~=C, ecTo duHANLHBIE 06bexT B Kareropur CB, cooTsercTBeH-
o CK.

B stux marteropuax paccioeHHoe Rpom3Bededite, Boobule TOBO-
P, He cyllecTBYeT. OIHAKD cHIpaBellIHBa

Teopema 4.4.3. [Ina nwobéux Mopdusmos cynepmuoroofpazni

n n
M—L<N onpeneneno paccaoennoe npoussenende MX N npusan-
Jexamee  Kateropuu  Z,-rpaiyHpOBAaHHBIX R-KoMBpLIOBAHHEIX
{C-KOAbUOBAHHEIX) MPOCTPAHCTB.

OnuiueM KOPOTKO ero KOHCTPYKWUHIO, OCTABIAA MOAPOGHOCTH A0-
TOUWHOMY YHTaTeldK. PaccMOTPpHM TpAMOe TNpOoHM3BENeHHe Cylep-
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Muoroobpasnit MX N, CrpyxkrypHble MOPOH3MB TPIMOTO NpOU3Be-
JeHHH Ha COMHOMWHTENW B XOMIO3HIHH C MOp(QH3MaMu m H n
sagalor oto6paxenus (i) MXN-—L. Brieium 3zaMxHyTOe
nogmuoKecTR0 PCMXAN ypasmenuem [i(x, y)=lix, #), T e
m(x)=n(y), ¥ B NPOHIBOJILHON Touke (X, y)=P paccvMoTpum
Hieal J(x, ) B KOAbUE Oarww, (x,y), TPOXKISHEHEHE 3JeMeHTaMH
ML) —Ae(Zy), Toe {4 — uerTHsle H HeyeTHole of0pasyollue al-
refpul Cpr, mx). O6berunenue J =|]Fx,»y €CTh NOANYYOK HICAJOB
P

B nyuse Oy «nv|P. Koupuosaumnoe npocrpaseto (P, O xn|PIT)
BCTL HCKOMOE DACCAOCHHOE IIPOH3BELEHHE.

M3 reopemb 4.4.1 BeITekaer jgocratouHoe (0HO XKe H He0GXo0-
ZHMO€) VCJIOBHE TOro, 4r0 pacclosHHOe TPCOH3BeleHHe CYICPMHO-
roofpasuft camo apasiercd cynepMHoroobpasizeM. B Kamaod Touxe
(x, y)=P non¥uo GLTH BHIIOJHEHO CHCAYIOLLEE YCJOBHE TpaHC-
BEpPCAABHOCTH; €CJIH 2, .., 2 — HeTHHe, 4 0, .., O - HEUeTHHS
obpasymomue aare6ps O, myx), TO PAHT MATPHIBI

dh(z)  Ohe(z) } k
ax; 0y Igso. =0, i=1
pasmepa k X (p 4+ r) paBed k, a paHr MalpHIbl
[ B2 (8) A (62 }I !
| e on;- £—=0, =0, =]

pasmepa IX (¢+s) pasen L

Cno# orobpaxenus cynepmuooroofpasuil Ilycte
m:M--L — rtakoe orofpamxenue, a [ — rTouka L. Hazemns ee
CTPYKTYPHEM Nodem K, MB moaydunm HyJIeMepHOE CYIepMHOT000-
pasuie (/, K} u otoBpamxenue cymepmHorooGpasuii i: (!, K)—
—(L, Op), rae Cr:~K ectp otobpaxenne-seer. Crnoli orobpa-
KeHdst m Hal [ ecTb IO ONPEACNEHHIO PACCHOEHHOE UPON3BEASHHE
cro0paxennit m U . M3 cxazsanHoro BHINE JEDKO BRBECTH VCJIO-
BHE, UPH KOTODOM CJ0H 0TOOpaKeHHs caMm SBJASETCA CYNepPMHOrOo-
obpaaneM,

§ 5. CTPATH®HKAL U CYIIEPMHOTOOEBPA3UY

IMycte (X, Ox)}) — cynepmuoroofpaszue Iviaikoe HiIH KOMIAEKS-
no-anaapTayeckoe, Bubepem Touky x=X M paccMoTpuM Hiaeana f.
B Cxx, NOPOKIEHHHA BCeMH HEUETHHMH O0DasyloWHMH &, ..., &
aarebpuol Ox . Ilpu Apyrom BLIGOpe HEUETHHIX OGPA3YICIHHX T)(, ...,
1y MLl TIOJYYMM TOT K¢ HIeal, MOCKOJBKY 1); (pasjaraercs no He-
qeTHRIM cTeneHsM obpasylomux & u obparwmo. Ob6beinnenne [=
={JI. ecTb OTKPHITOE [OAMHOMKECTBO TyuKa x, MOCKOALKY BCA-
xad Hedernag o0pa3ymillas B AaHHON TOYKe ABAfETCH TaKoBofk H
8 OauskEx Toukax. CrnefoBaTeNbHo, [ eCTh  NODUYYOK HAGAJIOB
nyuka Cx. CKasansoe OTHOCHTCA H K ero cremenaM [¢=|I*, k=
=2, 3, ... OTMeTHM, YT0 MHOXECTBO KOpHefi JIGGOro H3 IYYKOB
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I* ectp BCce mogcTHaaoliee MpocTpaHcTeBo. CoryacHo onpegede-
HHIO § 2 npu JioBoM & KOJMBIOBAHHOE TPOCTPAHCTBO

X, = (X, Ox/I*)

€CTh 3aMKHYTOE TIOANPOCTPAHCTBO Xp4y H TakkKe cymepMHoroofipa-
30 XNo= (X, Ox). Taxum o06pasoM, ML HMeeMm LENb «BJIOKeHHE»
KOJIBIIOBAHHBIX IPOCTPAHCTB

Xi=Xi=.. X=X ... &= Xe. (4.5.1)

Tpoctpancreo Xy Mbi Ha30BeM HOCHTETEM TAHHOTO CYNEPMHOTOO0-
pasud, a X, — R-0 HHQHHATEIWMAJBHOR OKPEeCTHOCTLIO HOCHTENA
B ¢cynepmHorpobpasut Xe. Llens (4.5.1) gazoBem HHOUHHTE3HMAJb-
HOl cTpaTHdEKaiiHell 3TOr0 CcynepMHorooGpasrd. 3aMeTHM, 4TO
KXo=Xe, ecnu yucao @ GoJslle HeyeTHOH DPA3MEPHOCTH CYIePMHO-
rcobpazis B KaXKIOH ero Touke.

Hpegaoxenne 4.5.1. Mpoctpancteo X, obnazaer TPHBHANLHOH
FpaAvHpPOBKONA M H30MOP(HO IJIaJKOMY, COOTBETCTBEHHD KOMIICKC-
HO-aHAJAHTHYECKOMY MHOT006pAasHI.

Heppoe yrBepxicnue ouenuzpo. s DpOBepKH BTOPOTO HYXK-
HO YCTAaHOBHTR JOKalbHBE H3oMOp(HaM X, ¥ MOAeJbHOro Inpo-
CTPancTB2 W3 ®areropud A, CoOTBeTeTBeHHO JAe.  [lyeTs
(f, ©): (U, Ox|U)—=(V, ¥994) — mwobaa xapra Ha X. [Tockoiasxy
¢ coxpaHfAeT Zy-TPaiyHPOBKY, OHO H3OMOp{HO oTofGpamaer 0y4oK
[|U na apaaormuselid nydox J 979/ V 4, chaelosaTennHo, NOpoX-
paer wuaoMopduam  R-xoapuoBanueix  (C-KoapMOBaHHBIX) — mpo-
CTPaHCTR:

(U, CxdU)= (v, %57 | V).

Takum ofpa3zom, MBl TOJy4aeM KapTy Ha MHOroodpasuu Xp. Orme-
TAM, UTO COrIaCHO CKa3aHHOMY B § 2 Her HepOXOIMMOCTH ITpoBe-
pATH IMaIxocTh (QHAJUTHUHOCTL) orobpamenufl OKICHKH  9THX
Kapt. [pyroft cnoco6 B 3T0M yGeamthes TaeT nperdoxenHe 4.3.1,
{10 KOTOPOMY CKJAeHKH  33Ja0T¢A  OTOOpaMeHHAMH  X+—Y=
== (yl(x, 0), ey yp(x, 0))

JT0 MpedoKeHHe OODBIACHAET PASHULY MeX Iy TOHATHAMH M01-
CTHJIAIOMIErD HPOCTPAHCTBA H HOCHTENEM IAHHODO CylepMacroof-
pa3Hud: TMepsoe eCTh JHUL TOMOJAOTHYECKDe MPCCTPaHCTBO, BTOPOR
HMeeT BoJlee TOHKYH) CTPYKTYDY.

Bosiee HHTepecHYIO HHQODMAUHK HeceT meppas UHGHHUTEIH-
MadsHad OKpecTHOCTh Xp. /g ee ONMUCAHHA HeoOXOMUMBL J0TON-
HUTeJLHBIE NOHATHE,

Onpenenenne. Ilyets (Z, ¢'z) — KoJbLOBaHHOE NPOCTPAHCTBO,
A — nywox Ba Z. Cxaxem, uTo A mMeer CTpykTYpy Oz-MORYAS,
eCad Jad BeaKoro zeZ caoli Mz 5TOr0 myuka UMEeT <TPYKTYDY
Cz-MOaynsa (NeB0ro WJIH NPaBOro), T. €. ABAseTcd KOMMYTAaTHB-
HOH rpynmoH, € omnpedeneHo oToOpaxKeHHe KodblUa Cz: B KOJBLO
SHAOMOD{H3IMOB 3TOH IpyNNbl (COXPaHAKIIE: COOTBETCTBEHHO, Me-
HAKONEE OOPAIOK 3/JAEMEHTOB MNPH KOMNOIHIHH COOTBETCTBYIOLIHX
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sulomopopusmon). Ilpy  3toM Tpebyerca, wuroful  orobpaxenue
Oz X oM~ M, HOpoXKIeHHOE HeficTBHeM Kojded (z. Ha Mz, OBLIO
HENPePHBHO. )

EctecTBeHdEIM 06pa3oM BBOIMTCH NOHATHE oOTOGDaMenna (Fgz-
Moayaedl, nzoMopbuiMa, NMpAMON CYMMB H T. 1. z-Moayae &£
Ha3BIBAeTCs JIOKAAbHO CBOBOIHEIM, ecau 4R Jjoboll ToukH zeZ
UMESTCH OXPecTHOCTs W i menoe HEOTPHUATENbLHOE uKCIo k, Ta-
KHe, UTO CyllecTBYyeT H30MophusM Oz W-monvaeit & |W=#|W.
Uucno k Ha3bBRETCH PAHTOM 3TOIO MOILVAS B TOYKE Z.

Mpernoxmenne 4.5.2. Tlyere (X, Ox) -— riaixoe HJAK KOM-
IWIEKCRO-aHATUTAYeCKOoe cynepMuorooobpazue. [Iywox [/I1? mmeer
CTPYKIYDPY HAOKaabHo cBoboxanoro (Fx/f-mopvasa. Paur ero B Tod-
Ke paBeH HedeTHOH pasmepuocTd X B 3TOf TouKe.

Hoxazareavcrao. Besxull nyaok uaeanos B Ux  ectb x-Mo-
Bynb, creioBaTednHo, ///2 ameer cTpyKTYpy haxropmoyad. Boed-
KU 3deMeHT ¢=Cx, npunagiexamtuil [ geficteyeT B 3T1OM MOIY-
Je TpHBHAAbHO. Iloatomy [/{? ¢hakTHUeCKH HMEET CTPYKTYpY
Cx/I-moayns. Tlokamem, uTo ou JAockasibuo ceoboien. llyets
(f, ) — xapra ma cyuepMHOrooGpazuu ¢ 0ONACTRIO ONpelesleHns
U. PacemoTpuM orobpaxente NydKkos

P @PenT - 110U,

leficTylomee mo QopMyae (@, ...,a;)—2a9(E;), rae &, ..,
Eq — CyTb HeyeTHble oOpasyiourHe nyuka P9, a uepra o3Haqaer
KHace yeMeHTa B paxtopmyuke I/f2. Jlerko mposeputs, §TO 3TO
oTofpaKenue eCTh U3OMOPHHIM,

Hmeeross npocroir cnocof o0pas’oBaTb BEKTOPHOE pacClIOeHH:2
HaQ muoroofGpazrem X, Mo JoKaJdkHO CBOGOAHOMY Tyury &£. Ciod
3TOr0 pacCHMOeHUS HAA TOYKOH X &CTb 'BEeKTOPHOE IPOCTPAHCTBO
LM E, Hag moneM Ox,«M, Tie M, 03xauaLT MAKCUMANb-
Hbi HIeaa B aiarebpe Ox,y, @ M ¥, ecTp 06paz orodpaxKenus
My KL~ F Jloxkansnas cBofoia myuka £ obecueyuBaer Jo-
EaJbHYI0 TPHBHAALHOCTL paccioendd. YTipameHns 3Ty KOHCTPYKIHIO
K Tyuky [ff?, MBl mOJIyUMM BeKTOpioe paccroegue V—X, Ono
TPHBHAARHO Haj({ RCAKHM mogMiomxecnsoM UcX, Ha KOTOpOM oIIpe-
AeneHa KapTd, a efo DA3MEPHOCTh PABHA HEYETHOH DA3MEPHOCTH
cynepMueorocbpasus. O6pasul &, .., & B myuKe 2| U uederusix
ofpasyiomMx &, .., E, o O)K,EtaI-OT B raxaoh touxke x=U 6Hazuc
npoctpancrBa N = [/Iz)x/ﬂkx(l/ﬂ)x IMpn mepexoie =« Epyroi
cuereMe 06pasyomHxX M, ..., Mg HOBHe $a3HoHBle 3JIEMEHTHl BHpA-
HAwTCa yepes nepRulil 6azuc N0 CASIyIOUIEMyY JAHHeHHOMY iIpaBR-
ay:

3o 0 (4.5.2)

O
3TH GopMYNH CyTh JuHeliHHe yacTH mpeobpasoBaHui or & K M; B
CTPYKTYpe <ynepMaonoodpasna.

CKasaHHOe TPHBOAAT X CJAeAyIOIeH TeOMETPHUECKON KapTHHE:
Inepepag vupUHATE3HMANBHAR OKPeCTHOCTE HOCHTEAR, T, '€ TPOCT-
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panctso X, alexBaTHa muoroo6pasuioo X, HaleNCHHOMY JOKaJb-
HO TPHBHAJNBHBIM KOHEUHOMEPHBIM MIAAKHM (KOMILIEKCHO-dHAMHTH-
YeCKHM) BeKTOPHEIM pacciaoenueM V. IlepBhie OKpecTHOCTH 3azaH-
HOTO MHOroOGpasHs H30MOPGHEL TOILa H TONbKO TOTAA, KOTAA H30-
MOP(HE COOTBETCTBYIOUIHE DACCHOEHHUA.

§ 6. PETPAKIIHUA U NEPBOE NPEOATCTBUE

Bextoproe paccyioenne N/, MOCTPOEHHOE B MPELBIAVIISM Mapa-
rpae, ecTeCTBeHHO Ha3BIBATh KCHOPMANBHLIM PACCAOSHHEM HA HO-
CHTeJdE CyNepMECTOOOPA3EA BBHAY NOHATHOH aHAJOTHH C KOHCT-
PYKUHeH KOHOPMAILHOTO PacCIOeHHA B ciydae O0BYHBIX MHONOG-
pasuil L. PaccMOTPHM Tenepb B HEKOTOPOM CMbICje OOGPATHYIO KOH-
CTPYKLHIO: N0 MHOTOO0pasuio X, H JOKAABHO TPUBUANBHOMY BeK-
TopHOoMy paccacennxe N’ pa Xy nocrpoum  cynepmuoroofpasie,
anA ®OToporo X, ©Crb HOCHTeN b, a N’ — KOHOpMadsHOE Paccao-
enne ¥k HocuTedio. Cpeau BCex MHOT000pa3né, yA0BASTBOPAIOIIKX
STOMY VCJAOBKIO, MMEeTCA B OTNpefeleHHOM CMECTe Hanbomee mpo-
cToe; obosnauum ero X (N'). Koportko rosopsa, CTPYKTYpHBIH ny-
UQK STOTO CYUePMHOTCOGpPA3Hi eCTh IMYYOK DOCTKOB PYHKUHA Ha
Xg €O 3HAYEHHAMH BO BHeliHe# aarefpe, HOCTPOEHHON Ha pacchoe-
gud N/, Mol uMeeM B BHAY IMafiKHe MIOH KOMIASKCHO-AHAJHTHYE-
cxde QYHKIHHE B 3aBHCHMOCTH OT KATeropHH MHOr00Gpa3nd ¥ pac-
croennsa. MHHME cioBaM#, 3TOT CTPYKTYPHBIH TYUOK MOMXHO TO-
JAYUHTH TyTeM CKIEHKH MOZeNBHBIX Tyukos ¥79|U, ecmu orobpa-
JKeHHe CKJelKH npeolpasyer uYerHeie o0pasylomiHe STHX IIYYKOB
TAK JKe, KaK npeoOpasyer oTofpameHHe cKneHKR MHoroofpasus A,
KOUpIMHATHEE (PYHKIUR, a HEUETHHE OLpa3yIcHiHe 3aMeHSIOTCH 110
dopmyae (4.5.2).

CynepmHorooGpaame Baaa Xo(N') ™Mbl cudTaeM IPOCTHIM B TOM
OTHOIUEHHH, UTO OHO MONHOCTBIO 3alaeTcd obwerkTaMu X, u N7,
OpHHALeKAUWEMHE OOBIYHOA TeoMeTPHH. PaccMOoTpHM CALAVHIILIYID
3ajfauy: TpH KAKHX YUIOBHAX cynepMHorooGpasse X HzoMopipHO
HeKOTOpoMY npocroMy? Ha ocHoBe €Ka3aBROro BHIUE MOXKHO 12Th
OTBeT: BCAKAs TOUKa AoJaxkHa ofnagate oxpecTHoctbio U, takof,
uro B nyuke Cx|U MOXHO BEACIATL CHCTEMY KOOPAAHAT
{%;, E;}, oBnamamiuylo CJReAVIOILHM CBOHCTBOM: €CJAH  CHCTeMa
KOOPAUHAT {#r, 1} BEHJIGJIEHA B [EPECEKAINGACH OKPECTHOCTH, TO
OHH CBA3aHb hopmynaMmu

ykzyk(xlx---txp)' k=1,...,p (4.6.1)

q
m=2a{(x1,...,xp)§',-, {=1,...,q, (4.6.2}

=1

! Ha camoM pede, 5170 Goftee wem aHagorus, [Iyere T x — RacaTessHpe pac-
caocepre K X (T. 2. paccroeHHe, CAOK KOTOPArO B TOUKE €CTh MPOCTPAHCTBO Rud-
depennuposanuit @ x, »—~K). Hopmaaptoe paccacenne N k Xo ects no ompefe-
JINHI0 KORAPO KaHOMmueckoro Baowehuss Ty —Tx, Jlerko mposeputs, are N

soofictsenng N.
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rie ye(x), a/(x) — raagxue (KOMIJIEKCHO-aHANUTHYeCKHE) (DYHK-
flHH HA TNepeceyeHHd, T. ¢. YeTHble 0Bpasyolllie mpeodpasyiTes He-
38BHCHMO OT HEUETHBLIX, a4 HeUeTHHIE — JHHeAHO.

Otser B Takoit QopMe HeyiaoleH B pa3HblX oTHOlleruax. Hawa
3afaya Tedepb COCTOHT B TOM, 4To0Bl 1aTh era B HHBaDHAaHTHOH
dopMe 41 B TepmaHax reomeTpuH. Cefiuac ME 3afiMeMmcA OTICALHO
yoioBHeM (4.6.1). Ero HHBapHAHTHHH CMBICT eCTh CYILECTBOBANHE
perpakuud cymepmHoroo0pasus Ha ero Hocureab. Hamomuum, uro
HMeercsl KaHOHHYeckoe BJaoxenHe [:Xo—X. Perpakukefi X Ha
X Mbl HasplzaeM (Tax JKe Kak B J0G0A Jpyrofl reoMeTprIecKoil
TEOPHH) oTo0paKeune <CynepMuoroodpasuit r:X—X, Takoe, uTo
KOMIIOSHIINA ri eCTb TOXMJeCTBeHHOe IpecOPasoBaHHe HOCHTRJS.

Ipepnoxenne 4.6.1. CyumecrBoBaHHe UeTHHX 00pasyiolnx,
yaoBiaeTBopsaomux (4.6.1), HeolxoanMo ‘H IOCTATOYHO MIA TOIO,
yTo0Bl CYLIECTBOBAN4 PeTpPakilkfd CynepMHOIrOOOpAa3HA Ha ero Ho-
CUTEJID,

Horazareavcrso, HeolxojiuMocTe. Perpaxuisd ozHauaeT <yuie-
cTRoBanue orobpamends o oyukos K-aareGp (C-adredp), Taxoro,
UTO KOMIO3HUHA

Oy, = Ox/! E—)-OX L Oxii

ecThb ToxiecrBeHHoe oToGpamenue. Ilyers UcX; — xoopamuat-
Hasl ORPECTHOCTEH, Xy, ..., ¥p — K0opauHatet B (. 3BDaemedts
o{x;) cymh ceuenusn C'x uap U, npuueMm no(x;) cyrh XoopauHar-
Hble (yskiHE, OTC0a Jerko 3akIWiTh, 4P CeyeHdsd d(x;) Mo-
[YT CAVHKHTE USTHHMH 00pasymouuMH 8 myuke (Px|U. [pyrue xo-
OpAHHATHbIe QYHXUHH f; CBA3AHH ¢ X; Gopmymoli puiz (4.6.1).
Tak xak o ectb orTobpaxende UTYyUYKoB aaredp, 10 ofy;) =

=y (6(x1}, ..., 6(%Xp)), 4. 4 T. 4.
Hocrarousocte. Hyxuo nocrponte orebpaxkenve o. Tlyere
{x;} — BulIeqeHHas cHCTEMA UETHBIX 0OPasVIOIIUX B OKPECTHOCTH

U. Ceuendst m(x:;) MOTYT CJyHTb JOKaJbEBIMH KOOPEHHATAMH B
oxpecTHocTH 060l ToukH zeU. IloaToMy  BCAIKHH — 3AeMEHT

8 & Ox,e MOXHQ  3andcaTh B BHAE  pOCTKA  QYHKIHH
d(nfx), ..., n(xp)). Nonoxum 4
o(a)=a(xy, .., Xp).

Heuo, nuto o1 0x,.— Ox,, eCTh orodpamenne aarebp. Oxo He
3aBHCeHT 0T BEOOpPA BhLABAEGHHOH cHCTeMbBl 00paldyloldX, Tax Kak
a{y)=yi{n(x), .., n(%))}, T. e. XOOpAUHATHHE (PYHKUHNA NPeod-
pasyloTcd [0 TOMY e 3aKOoHY, uT0 H ofpasyonme.

Tenepp Hama 3agava npuobpena HHBADHAHTHOE 3ByuYaHHe: KO-
rjla CyLIecTBYeT PpeTPaxidfA cCylepMHoroodpasus Ha HOCHTENL?
Jnsa pewenus Mbl BoCcHOJB3yeMcH dHUHHTe3AMANLHOR cTpartHdu-
kKauuesi (4.3.1). Bymem pemaTe Hawy 3ajayy [OCHEL0BATEILHO
Aas npocrpanets X, k=1, 2,.... 3tor cnocol amanorvued  pe-
INEHHI0 YDARHEHHA NyTeM OTHICKAHHA TeHJODOBCKOTO Pas/I0HKeHHA
HeH3IBeCTHOH (pyIKUHH.
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C noMouipio paccy:kieHull, NOLOGHEIX mpefsokeHnn 4.6.1, ne-
TPYAHO YCT2HOBHTH, 4T0 PpeTpakuua X,—X, CyLlecTByeT B ToM H
TOJBXO TOM ¢Jydae, KOTAA CYLIECTBYIOT BbEIEJEeHHBIE CHCTEMEl 4er-
HbIX o6paszynomux, yrosiaerBopsiomue (4.6.1) no MoAyJII0 Nyuxa
I*+1 7 e, ¢ TOUHOCTBIO OO0 <C/AaraeMbiX, He ‘COLEpPHKAU[HX CTeleHel]
nuse k+1. Tak rax Ias »po60i ouCTeMBl UeTHHIX obpasyoumy
dopmyaa (4.6.1) Bepra mo momymio [2, To perpakuna X;—X,
BCErAa CYWECTBYeT. 2TOT BHLIBOJ COLJacyeTcd € TeM, UTO CTPYK-
TYPHHIH Ny4oK X; MOMHO OTOMXK/JECTBHTb C MYYKOM CeyeHHil pac-
croennss £ N’, tae E — oIHOMepHOER TPHBHAABHOE PACCAOEHHe
Ha Xo.

HanpHeiimuil miad JeficTBUil TakoB: PeTpakiHio X, KOTOPYIO
MBI HAIJIH, [ONBIT2EMCH TPOAOJIKHTR A0 PeTpakuny X, 3aTeM,
eC/IH 3TO yracrcs, mpolokuM ee Ha X3 u 1. A Tlocne koneuno-
ro udcyia noublToK Mbl AHOO OCTAHOBHMCH H3-3a HABO3MOKHOCTH
NpOIOAKHTL PeTpakuuio ¢ X Ha Xpyy, BR00 JOJYYHM PETDRKIHIO
BCeTo cynepmHorooOpasust (upelnosarass, 4yro ero HedeTHasl pas-
MEepHOCTE orpaddyena). CHayada paccMOTPHM [eDBREI HETPHBU-
aNbHBL InMar: KpojomkeHue peTpakuuy ¢ X, ua X, Ilyets T osna-
YyaeT KacaTelbHOE PAacCJAOeHHe K HOCHTEN0, a AN’ ecTh BHeMHAH
KBAJIPAT €0 KOHOPMaJbil0ro PacC/JOeHH.

Teopema 4.6.2. Masa nesxoro cynepmuorcofpasks X oJHO3Hau-
Ho onpegenen sdement meH!'(X, TQOAN'), ob6aagaommi chre-
OYIOIIHM CBOHCTBOM: perpakuua X;—X, CYLUIeCTBYET TOTAa H TOJb-
X0 ‘TOrha, Korjaa =0,

SToT 3MEMEHT MH HA30BEM JIEPBHIM IIPENSTCTBHEM K HOCTpOe-
HAIO perpakimm X.

Teopema 4.6.3. Tlycte (1, p) :Xo—>Xo — HeKOTOpas PeTparUuA,
a 1 =HY{X, T®A2N"). Toraa onpenencna perpaguua (1, p-1),
AeHcT8yiolAaA Ho GopMyie

O(Xy) Ds+p(s) + T() = O(X,),

rie 1 NOHEMAETCA Kak BeKTOpPHOe Moje Ha Xj, MepeBOZAllee Ceds-
nusa oyuxa O (Xo) B ceuenns [2/1°.

Bearas perparuns X;—X, umeer Bug (1, p+1) ¢ HeKOTOPLIM
t=H(Xo, TOA2N’). HubiMu cROBAMH, MHOMKECTBO TAKHX PeTpak-
UKl ecTs OIHOPOAHOE MPOCTPAHCDBO, HA KOTOPOM  TPAH3HTHBHO
peiictsyer rpynna f9(X,, T®AIN').

Hoxazareavcrso Teopems: 4.6.2, BuGepeM xaxoi-Hubyxb ataac
Q¢ mna cynepmuoroofpasug X, T. e. COBOKYIHOCTL KapT, 06MacTd
OnpeaeleHHsT KOTOPBIX MIOKPHBAIOT IOACTHAZWIE: MPOCTPAaHCTBO.
OH mopokIaeT B YacTHOCTH, aTiac %y Ha MuorooGpasun Xo.
ycte (f, ) u (g, ) — mobole KapTet U3 ataaca 2/, ompese-
nenuple Ha U, coorsercrBenno VoXy, a {x., &} — obpasywuiue
MofleneHoro nyaxa 49| f(U). Eemu (s,0) — oTofpamkenye cknei-
KH 3THX KapT, a Ye P=1, .., p, — dHeTHEle oO6pasyiollHe Ha
g(V), T o(ys) cyTh uerHble CeYeHHs MOASJBHOTO MyYkKa Hal
f(unvy, . e

Oyg) =yp(x, =y, (x, 0) + Zof () EL + ...
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Ha orkperrom nmoamuoxectse f(UNV)<RP (uam B C?) pacemor-
PHM BEKTOpHOE noJje

tuw = Z g (x) EAE 5 ay

Hanomuum, uro noj & Mul moHuMaeM o6pas & B nyuke [/I%
B raxzaoii Touke x&f(UNV) Bwpakenue yu¥ (x)ENE; ects 3ue-
MEHT BeKTOpPHOTO npocTpaHcTBa AN’y cieioBarenibHO, fy,y MOK-
HO pACCMATPHBAThL KaX BEKTODHOE IIOJe IO 3HAUEHHAMH B paccho-
enun AN’ nam xax ceuense zaz UNV paccaoenns T@AIN'.

Taxum o0pasoM, KaxKA0# YNOPALOUCHHOH Iape KapT M3 atjaca
oTBRYAET CeueHHE lpy VK23aHHOPO PacC/DeHMs., IDTH CeYeHHs CRH-
3aHH CAETYVIOIHHMH CBOMCTBAMH:

1) Ecmu (&, y) — ewe oxua kapra u3 aTiaca ¢ ofinacteio W,
TO t'ow=tuy + tvw, rie WHTPHNH O3HAUAKOT OrpaHide-
HHA 3THX CeyeHHH Ha U(‘]V[']W. LU AoKasaTeJsCTBA PacCMOTPHM
CENeHKH MOAeNBHBEIX TIPOCTPaHCTB

RUNVOW)

SN
FUnVNw)—gUNVnw),

KOTOpble CBA3MRAWT BCe Tpu Kapthl, TloHATHO, YTO 3Ta 1HaTpaM-
Ma xkoMMmyraTtueHa. Flyers 2y, y=1, .., p, — KOODAHHATHHE (yHK-
nuai (uemHole obpasyiowue) B A{(W), z(y, n) — ceucHus myaka
Kea| g (VIW), £ (x, E) — ceuennst nyuka ¥°9|f(UNW), xoropue
spasiores o0pasamu 2y N04 AeHCTBHEM 'YKa3aHHBIX CBA3BIBAIOIUX
otobpaenn#i. M3 KoMMyTaTUBHOCTH IHarpaMMbl BEITEKa:T paBeH-

CTBRO
ér(x; g}:zT(y(xr ), nix, 8)),

rae y(x, &)= (n(x, &), ., yplx, E)), n(x, &) =.... [pesebperas
ieHAMH, IpUHALJCKALIAME [+, MBI 3a0HLIeM ero B BUie

;\3 (x, 0) + E;!n; (X) gz%jE Zp (y (x, O), O) 4 5 az\’ (;C, 0) «
B
X 4 (088 + 328 (5 (x, 0 2D P g g moq 13,

aE; 9E;
IlpupaBHuBas ujeHbl BTOPOro NMOPsHAKa no E, MBl HAXOIHM, UTO

—iz o= O J = =
zz;;a,-/\a,-szina- AT

9y Oy Zv
2 oy — =< d 62
szl Ne ot % . 'V
+ 24T AT 5 WE NG
! gz, —
+ 2 Lnk
[5

OTKYia BBTeKaer 1).
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2) tyy=—{fy,y. 3TO COOTHOLIGHHE BLITeKaeT #3 1), ecay
ygecTh, 410 fpyp =0,

M3 ckasamnoro <jexyeT, 4T0 {fy,v} €CTb KOCOCHMMETPHYRRIY
KOUHKJ Ha HOKPHITHH %4 00 3HaueHuAMH B paccnoenin TQAZN’
Pacomorpum saemerT {=cl{ly,visH (U, TQAIWN').

3) DneMmeHT { 3aBHCHT JAHWL OT amlaca . JleHCTBHTENBHO,
eqIy, cKameM, Kapry (g, {) Ml samensem xaprof (A, %) ¢ o6-
JAacTeio onpeiexenrs W=V, To pags peaxoll Tperbeil xaprel Ues
=% 8 cuny 1) fpw =tuyv -+ tvw, TAR lyw— OIpaHHYeHHE Ha
UNV cewenna fy w, 3anadnoro B V. CleaoraredbHO, OCAS yKAIAK-
HOFO Tipeodpa3oBAHHA aTiaca @y KOUUKA [ 3aMeHAeTCH Ha Koro-
MOJAOTHUHLIA, 4. ¥ T. X.

Hckombli aneMeHT 7, MBI OnpefenfseM Kak obpas { mDH KaHo-
HuueckoM orobpaxennd  AY{(Qf, TR A2N') - HY (X, T & AN}
DTOT JMEMBHT HE 3ABUCHT OT Bubopa amiaca @le. JIeHCTBHTENLHO,
ecnd Uy — Apyroft atiac, a [/ — <COOTBETCTBYIOIUHI 3JeMeHT
KOrOMOJIOTYH, TO OIHCAHHAS KOHCTPYKIMS NPHMeHEeHHT K aTaacy
U )Ry npEBOINT K ZMeMeHTy 7, Orpaupuess#e KOTODOTO HA
@¢, coBnanaer ¢ f, a orpauEuexde Ha 24y’ papHo t'. Tarmum ofpa-
30M, NPenATCTRVIOMINA 3AeMeHT KOPPEKTHO OlipeilesieH.

[TpopepuM Tpebyemule cmoitcrBa. Ilycts 7;=0. 310 o0s3nauaer,
UT0 CyHmIecTByeT Takoit ataac %4 Ha X, 4TO COOTBETCTBYIOMIMA KO-
UHKI ¢ Ha 9y KOroMOJIOTHYEH HYJAI0, T. '€, Ha KaXKIOM MHOXKECTBE
{/ araaca @y onpefenedo ceuends ly paceacenns T@AZN', raxoe,
4T0 Ha nepeceveHur Mwbux saementoB U un V storo ataaca

tov=ty—ty. (4.6.3)
Tiyers (J, ¢) — xapra artaaca @ ¢ obnactpio onpeieaeuus U.
ee NOMOMIBI0 DNpPEeNCTaBHM fy Kak BeKkTopHoe mojde Ha [{U) co
3HayeHHAMH B paccaoeHun AN’ u samauieM B Buie
.. —_ — a
=2l () NE

8xa :

Mooy f(x, §) =St (x)8%;, fu(x, )= (f1(% §), . fo(%, §))
H paccMOTPHM o0TOOpaxcenHe NydkopB Z,-TpajiydpOBaHHEIX aflre6p

A3 [[(U) U eafl2|f(U), (4.6.4)
Aeficreyowee no gopMydae
a(x)—a(x, E)=a{x+{y(x, £)) (mod 3).

$IcHO, UTO €r0 KOMIO3UIHA €. KAHOHHUSCKHM OTOOpaKcHHEeM
grafit—> %raff wa f(U) ects TomaecrsenHelit romomoppusm. Ta-
xuM obpaszoM™, (4.6.4) samaer ua U perpamimio Xo—>X, 3tH pe-
TPAKIKK CKACHBAIOTCH B IVIOGaNBbHYI0 PETPAKIHIO, MOCKONBKY 0T06-
paxennsa (4.6.4) o0beIHHAOTCS HENpATHBOPeuHBLIM ©Opa3OM B
eNMHEE MOpGH3IM OyukoB anrebp Ox/I—-Cx/I*. D10 o03Hauaer,
uyro ecaxm anemeHT ac¥Wi/f|f(U) <cxnreen ¢ saemenrom be
Wil g(V), 1. e. ecmn a(x)=b(y(x, 0)), 0o o(d)=d(mod ?).
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3T0 COOTHOINEHHE BHITEKaeT H3 CAedyloell BHIKAANKH, OCHOBAHHOR
ra (4.6.3):

o®) =b(y(x B, n(x D=b((x 5 +iviy(x D 1 B
=0b(y(x,0) + = %’ﬁ [7 (0) E&i + 24 (g (x, O) mp (x, O) M, (x, O)]=

db Ay
=a{x) +3— —F
Byﬁ dx

(&4

ta () EEi=als -+ tu(x, D)=a (mod P).

Ocraerca npoBepHTh, uTO ecau perpakuua (1, p):Xo—>X, cy-
wecteyer, To #;=0. Bubepem atnac @4 wa X W paa xaxiolh ob-
aacta Je=%4, paccMOTpHM CIeIYIOWIYI0 IZHATPAMMY OTOGpAMeHHS
R-konpnosannbx (C-KOALLOBAHHEIX) IPOCTPAHCTS!

(U, Ox/P|U)= (F (U, ¥7711%)

(LFJUT[ T{l,ru} (4.6.5)
(U, ox110)= (F(U), ¥,
rie (I, p)y — orpanuuckue perpakuuu Ha U, a mopduam Ty Ae-
JaeT 3Ty puarpamMmy xoMmmyratusuod. Ilycres cmoBa x,, a=1, ..,
p, — KoopauHatuble dyuxkiun B [{U), Mb umesm 1ty {x,)=

=x,{mod /%), mockoasky {1, Ty) ecTn perpakuuns. TawnM ofpaszowm,

Ty (%) = %o -+ DU (%) E,&; (mod [9),

rie LY cyrs  cedenus nyuga WO F(U). Bopaxeunue
if e

Zial; NE; o paccMOTPEM Kak <¢eueHde Hal U paccloenns
[+

T@AN’. D10 ceuenne oboaHaunMm fy. [lockoapky oToBpamenns
OPOHCXOAAT H3 Ta06aibHO 3afaHHOTO Mop(hH3IMa, LONKHD BHIIOM-
HATLCST YCJIOBHE CKACHKH

(v (B @) =tw b yx ) bs ¥ gV)

Bas JIoOBX JIBYX KapT. B IpuMeHeHHH K KOOpPIUHATHEM (PYHKHH-
aM yp Ha g (V) OHO BAeUET COOTHCLUEHHSH

yp (%, 0) + 2y () EE + T, = yp(x, 0) +
dyg

ox,,

{f
EOTOPHE 03HAYAIOT PaBeHcTBO fy,y--1'y ={y. OHno noxaseBaer, uTo
tlg=0.
Hokasaresbcrao Teopemor 4.6.3. PaccMOTPHEM  HPOH3BOALHYIO
perpaxuuw {1, p) u axemert T=HY(X,, TOAN’). I[Hocrexnni
npercTaBasger ¢odol ceucnne pacciaoeHua T®AN’ u B mobolt Kap-

7 a
re U na X moxer GHTb 3amucan B Buge 3 lg& A & —;,—. Pac
o
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cMoTpuM amarpammy (4.6.5) w 3agaanM HoBHE MOpPH3M nyuKop
ZysrpadyHpoRaHubX anrebp vy Hee/l %P/ no dopmyne

T (@) = twa) + % tf;{éig,-. (4.6.6)

Jlerxo npopepuTs, UTO TH MOPHHUIME CKASHBAIOTCA B TACGaNbHLI]
MoppHam (x/l—Cx/[F, KoTOpH# fBRAETCA peTpPAKLHEH.

[Mycts p u p” — mobbte perpaxiuud X; Ha Xy  PaccMoTpuw
orcbpamenne p—p Zy-TpaiyHpoBaHHBIX nyuxkoB Ha Xp. Ero obpas
npunaanexar I, Tak xak p” B p cyTh perpaxuHH. OGpas moGoi
KOOPIHHATHOH (PYHKUUA X, ABAACTCA USTHBHIM 3AEMEHTOM H, Cle-
JACBATEABREO, TPHHALICKHAT /2. 3anunrem

(0 —p) (xa) = DL mod 12, (4.6.7)

OGpasyem ceuenne fy = DEIE, A Y 9 paccroenns T @A2N'

Oxy,

ra1 U. Herpyiao yeMoTpers, UTO 3TH cedehnss 00pasyrT HYJb-
MEPHBIH  KOIMKJI, T, € OTBEYAIOT HOKOTOPOMY IJIeMEHTY 1
=H0(Xy, TOAN'). Ocraerca npoBepHTb, UTO OTOODAKEHHA o' H
p csazannl dopmyaofi (4.6.6), xoxpbHIMEHTE KOTOPOH oupelele-
BE B (4.6.7). dra dopmyaa Jderko npoBepAercda HA TOJAMHOMAX 4,
a 3aTeM MEPEHOCHTCA nra JI06ble saeMenth nmyuka ¥PC|F(U) (umm
F67°|f(U)) ¢ moMolpl0 PACCYIKIEHUS, AHANTOTHYHOTO A0KA3aTE/]b-
CTBY npeinoxends 3.1

§ 7. BHICIIHE MPENATCTBHSA

PacoMoTpuM caeiymolilive HHOHHHTe3HMAJbHBIE 1IATH B KOHCT-
PYKOHM peTPAaKLUH cynepMioroofpasns Ha ero HocHTeab. Ecau
MepBoe NpPelaTCTBHEe PABHO HYJK, TO DETPAKIUIO MOXKHO MNPOLOJ-
KUTh He TOABKO HA Xp, HO W Ha Xy, Tak Kak B 9TOM oJyyae Bhl-
Je/IcHb CHCTEMBL JIOKAJBHEIX ueTHRIX obpasyownx {x}, {y} ..
cassannbie Mex 1y cofolt popmytama BYla

i = i (%, 0) + Sy (0 B btk - .

(WICHOB TPeTLero mopsiaka Mo £ He MOMeT OBITh H3-3a YETHOCTH
obpasyromux). Ha X, peTpakiiua MoxeT He npojo/Katecs H3-3a
HANWYUs YISHOB YETBEPTOTO TOPANKa B 3THX pasioxenusx. [lo-
BTOPAA KOHCTPYKIHI0 TeopeMBbl 6.2, MOXHO TOCTPOMTL SJAeMEHT
nge=Hi(X,, T®A*N’), omsedarommii 3a Takoe npomosKenue, 1 T. 1.
B peayabrare ME IPHXOAHM K CAIYIOIUEMY Pe3yabTaTy.

Teopema 4.7.1. Ilycte npH HekoTOopoM k=1 HMeeTca perpak-
s 7:Xge—y—+Xo. OHa Bcerza npoxomkaercs L0 peTPaKUHH
Xop1—=Xp, M Taxkoe mpoiokende epudcrBenno. Ompefenen 3Je-
MeHT n,eH'(Xo, TQAN’) (HazviBaeMubili k-M T[IpensATCTBHEM),
ofmagalomnil TeM CBOMCTBOM, UTC PETPAKIHA F MPOANDKAETCH A0
perpakudd Xgp— X, Torga H TOAbKO TOraa, Korda =0,
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Cneacrene 4.7.2. [lna toro utobml cynepMuorooGpasue X pe-
TparHpoBaNoCh, Ha CBOH HOCHTENb, JOCTATOYHO, YTOOH BCe NPEsT-
CTBHSL #, Hg, ... (OMpedejdeMble 110 HEAYVKUHHK) OBUIH paBHbl HYJIK.

3aMeTdM, UTO 3ITO YCJIOBHE He SABJIAETCH HeOGXONMMBIM, TakK
KaK ‘BblCIIee TIPENsiTCTBHE 3IABUCHT OT BHOOPa PeTpakluH Ha mpe-
ABAYIIEM H1aTe. -

Teopema 4.7.3. [Iyeth 7:X3p—XAy — HEKOTODPOE TIPOAOJIIKEHHE
perpakund r, a t=H(Xy, T®AEN’)., OnmnpeieileHa peTpakuus
r":Xor—Xo, AeficTByiomas no gopmye

Ox, 2 5+0(s) + Tis) = Ox .

KOTODas Tak#e ssasercss npofoaxeHneM r. BeoAxasd perpaxuus
Xaz— Xy, DPOTOANQIOMAR #, HMEET TAKOH BUI,

oxasarenscteo m0100H0 paccviKaemuam teopeMi 4.6.2. [lox-
uepKHEM, MTO 3TH DPe3yAbLTaTH CHOpaBeAJHBL AA8 000HX KaTero-
puit CB u CK, 7. e a1s Tiagkux ¢ KOMIVIEKCHO-2HAJHTHYECKHX
cynepMmuorocGpasuii. OnHako OHH NPHBOAAT K PasHblM CJeIlT-
BHAM.

Canencteue 4.7.4. B cayuae Tyiagkoro cymnepmuoroobpasus X
BCAKAA peTPAKUMA Xpp o—+Xp MOMeT OBITL TPOJOMXKEHA 10 pe-
TpaKUHH Xop, £=1, 2, .... B uyacTHOCTH, BCAKOE [JaFKOE CYNepPMHO-
rcofpasne peTParHpyeTcs Ha CBOH HOCHTENb.

Jro caeayer H3 TOrQ, YT0 @ JOO0H NOJOMHTENLHOH padMepHo-
CTH KOTOMOJOTHH [yUka POCTKOB TAAAKHX CeueHMd Jioboro ma0-
KaMbHO TPHBHAJBLHOIO DACCJIOSHHS PaBHA HYJII, IJTOT «haKkT JeTKO
)101{;31—.\[133.31‘03 € HCIONL30BaHHEeM TMIaAKHX pasfneHHil e1HHHLb]
HAa Ag.

§ 8. TPHMEPLI HEPETPATHPYEMbBIX CYIITEPMHOIOOEPA3HH

PacomoTpuM IBa NpHMEpPa KOMIJEKCHO-AHAJHTHYECKHX Cynep-
MHOrCOOPA3UA, He perparHpyeMBIX H3-3a OPHCYTCTBHS  TepBLIX
ApenATCTBHEA.

Npumep 1. PacemoTpuM paCIIHPeHHYH KOMILIEKCHYK  ILJIOC-
xocte €* © KOOPAHHATOH Z Ha ee WOHeYHOH 4acTd, W eule O1HH
sgaeMmmasap C* ¢ goopumHarod @, Ilycrn, Ranee, H +— moxeanHoe
cynepmuoroodpaaue paameprocty (0,4), T. e. Touka, HajedenHad
pHeiwnHell C-amredpoH ¢ ueTHIpbMA OOpasyIOIIHMH, KOTOPBIE MBI
obosuauuM &, &, 11, m2. OOGpazyem npiamoe IpoussBejeHde cymneps
MHOTooOpasui ¥Y=C*>X C*XH u BHIequM B HeM 3aMKHYTO® MO1-
MHoOTQo6pasue X ypaBHeHHAMH

2n; — wk; = 0 nam E:E"-, i=1,2 (4£.8.1)
w

2

wz:l-}-i.-g—“-El—t—ﬂ‘—.ﬂa. (4.8.2)
¥4 w



Kar nerxo wupers, puddepennyans JneshlXx wacrveit {4.8.1) uesa-
BHOHMB B Kampofi Touke, a duddepenuunan (4.8.2) we obpamaer-
¢ B Hyns, [losToMy X ecTh KOMINJEKCHO-aHANMHTHYECKOE CYIE]-
mHorooGpa3sue pasmepuocTH (1,2) (reopema 4.4.1). Hocurenen
€ro ABJAAETCS KOMIVIEKCHAs TIPOKTHBHAA IIpaMasi, Ha KOTOPOH 2z
H @ ABJAIOTCA Kaprami <0 ckiefikod wz=1. Chon N’ mag orm-
MH KapTaMi TODOXKJAIOTCA oJMeMeHTaMH Ei, &, COOTBETCTBEHHD
1)1, M2, MPHUEM CBA3b MeXIYy 9THMH Gaszucami B cuay (4.8.1) mme-
eT BH

Orciona HEeTPYAHO YCMOTPeTh, 4T0 N/ maMmopthHO npaMmol cyMMe
ZEYX SK3eMIUISPOB KAHOHHYECKOTO paccnoeHus (1. e, pacciaoenus K
Ha CPy, yeil nyuox ceuennit ects &{—2}). [losromy AN’ naoMopg-
HO KBAADATY KaHOHMUECKOTO paccnoens, a T@AIN’ cHoBa H30-
Mopduo K.

[lepBoe npenarcTeue K nocrpoeunio perpaknun X—~CPy sanaer-
CSt KOUHMKJIOM Iy, rhe U u V cyth yRazaHHEle xaprel Ha CPy, a
BAL 9

3

for i
v o

IlepeitneM Kk oAHOPOAHBIM KOOPAHHaTaM (2o, 2;) Ha CP; Tax, uTo

i z
2= -—= "L HMsomoppusm TRA’N'=K crportca ¢ NOMOILLID
w iy

“ o
coorsercTBHd ;> 252, —6—-—--+z?. Ilpu 3TOM fy,v COOTBETCTRYRT
w

co BHauUeHHAMYE B nyuke (F(—2). [locrnen-

KOUHKAY Loy =
“o%1

HIi1, OUeBHAHO, He KOroMOJOTHYEH HYRI0. B cuay Teopemsl 5.2 yka-
33aHHAA PETPAKIHA HE CYUIeCTBYET.

fpumep 2. PaccMOTpHM KOMIIAKTHOE KOMIVICEKCHOE TIPOCTPAHCTBO
MHHKOBCKOrO, KOTOpOEe MBI Peanu3yeM Kak HeBLIPOXKACHHYIO KBal-
puky Q 8 CPs. B mogxomsaue# opHoponHOH cHCTeMe KQODJAHHAT
{zo,...,25) oHa 3ajgaeTcs ypaBHeHueM 2z;2=0.IToxpoem CPs apdun-
neivy Kapramn Ugz={z:2,5-0} 1 paccMOTPHM KOMIJIEKCHO-aHaJH-
THYeCKMe cynepmuoroobpaans Q,=QNUq X Hs, rne H, — Mopenn-
Hee cynepMuorooGpaszue pasmeproctd (0,2). Jas mesxod mapol
{x, B), a=P, ckjaenM mpocTpaHcTBO @, ¢ mpoctpaHcTeOoM Qp HaZA
obaactery QNUNU: npa MOMOIIH CACAYIGIHX $OPMYJ, B KOTOPLIX

Z,
Xy = ZL y==a; &1, £y — o0pasyolmHe B IePBOM K3 3THX IPOCT-
o

PaHCTB, & Uy = :—“’~, v=5 B, Ny, My —  obpasywlie Bo BTOPOM:
B
X, g 3
y?(xrg):—i(l—{—_l—_z)’ ";’#%ﬂ,
p B B
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Y (%, g):-xi;(1+§1§2+—§;:——-%).

M=k, i=1,2,
B

HerpyaHo mpoBepHTE, UTO 5TH CKJENKH HEeNPOTHBOPEUHBH, C/1€10BA-
TeNbHO, 3a71al0T KOMIJEKCHO-aHAJAWTHUECKOe CyIepMHOroolpasue
pasmeprocTH (4.2) ¢ HocHTeleM Q.

Omnriem nepBoe mpenstcrsie. KoHopMmalbHOe paccacerne N/
uzoMopduo npaMoft cyMMe JABYX JHHeHHHIX paccaoeHHi L, oTpe-
vatomux nyuky O (1)|Q, a T=7, ecTp xacarenpHOoe paccaoeHHEe K

kBajpuke. Caef0BaTeNbHO, KOUMKAY {fUy Up} OTBEUAET KOLHUKNI CO
3HavenusMu B paccaoeHud Ty L&L. HenocpercrsedHas BH-
KJI4JKa YIOKA3BIBAET, UTO NOCHAHUN KOUHKA MOXeT ObTh npei-
CTABJEH B BHAC

1 @ I 3
{cuu-Uﬂ = (-Hza dz, 7y Oz )IQ}
HEpr,H,HO NOKa34Thb, YTO OH He KOTOMOJOTrH4YeH H}’JTK). STD O3Ha-

ygaeT, 4TO MePBOE NPENATCTBHE OTJIHYHO OT HYJs H ROSTOMY PeTPak-
uuu Xa—>Q Her.

§ 9. Z,~-TPAAYHPOBKA H YCJIOBHA NPOCTOTHI
CYTIEPMHOTOOBPA3IHA

Cynepmuoroo6pasue X, usomopdroe Xo(N’), rae Xo—ero uo-
cHTenh, a N/ - KOHOPMajabHOe paccioeHde K Xo, MBI Hassaau B
§ 6 mpoctrM, Cefiluac ME AafuM ONHCAHHE POCTHIX cynepMHOrood-
pa3Hil B HHEIX TE€PMHHAX.

CkameM, uto K-anrefpa A mMeer Zi-rpajyHpoOBKY, €C/IH YKa3aH

o0

naomoppusm K-BekTopHBIX npoctpaHcTs A =P A%, Takoil, uTO
6

npodasepenne MOOLHX 31eMenToB a=Ar u b Al npunanpaexur Ak,

['pagyupopKka HA3HBAGTCS KOHEUHOH, €CJAH CYLIECTBYET UMCAC Ay,

takoe, uto A*=0 npu k>#. Ilycrs, panee, (M, Cun) — koJBUO-

sanHoe npoctpaHerso. Ilop Z,-rpaayupoBkoR 3TOTO HPOCTDAHCTBA

Mul OvAeM TMOHAMAaTh PAsNOMEHHEe CTPYKTYPHOTO NYyHKa B HPsMYIO
oo

CYMMY HOAIYYKQOB O 22 ) O, kaTopoe nopomzaer Z.-rpaiyi-
V]

==1
koo
DOBKY Ka)0r0 C108 Oy m=2POx,mi ¢ TOMOIMBI0 Z,-TPajiyHPOBKU
]

MOKHO TIOCTPOHTb Zz-TPAAyHPOBKY, 06pa3oBaE NMPSMYI0 CYMMy Nyy-
KOB (%) MO UeTHBIM CTCHCHAM 2 ¥ NOACGHYI0 CYMMY [10 HEUETHBIM &,
Ecnin  sagamo  orofpaxende  KoJbLOBaHHEIX HPOCTPAHCTB
(f, ) : (M, Ca)— (N, On) ¥ KaxJo0e u3 HEX HMEeT Z4-IpajyHpoR-
Ky, TO MB I'OBODPHM, YTO OTOOpAaXKEHHE COTJAcOBAHO € 3THMU rpa-
LYHPOBKAMH, €cld ¢ nepepogut f* (@f&) B Ofn ona seex A=0, 1, ...

Teopema 9.1. Cynepmroroofpazue X ApAsgeTcd RPOCTHM TOriaa
R TOJLKG TOTAd, KOria oHo obaajaer Z,-rpagyHPOBKOil, KoTOpas
VAOBJETBOPSHET CACAYIOUIHM YCAOBHAM:
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A) oHa KOHeYHAa B KAMJIOM CJO€,

B) nopoXpaer MCXOAHYI Za-TPALYHPOBKY,

B) nyuoxk O'x ecrh JOKajbHO CBOBONHBE OPx-MOAYAR, PARP KO-
TOPOTO PaBeH HedeTHOR PasMepHOCTH CynepMHOroo6pasus,

llpusedesm doxaaareascrao, onyckas HekoTaphle geraaun. Heod-
XO0AUMoCTh. CTPYKTYPHEIE nyuox Xo(N‘) ecTs no onpeaeicHHK
OYYOK POCTKOR PYHKIHH Ha Xy cO 3HAUCHHAMH B DPACCHOCHHH A*N’,
Uepez O* obo3HauuM ero MoANYYOK, 00pa3oRaHHLIH (PYHKIHAMH €O
3HaueHusaMH B AAN’. Tloiyuennas rpaayupoBka, OQUEBHIHO, YAOu-
JIETBOPAET BCEM YCJOBHAM.

oo

Jocratounacre. Ilyers 3agana Z,-rpalyHpoBKa Oy == EC{’B O,

noxuxHernas A), B) 1 B). YcraHoBUM paBEHCTBO
I.=@o yxe X, (4.9.1)
i

[IpaBas uacTL ects HAean B ajrebpe Ox . H coraacuo B) coaepxur
Bce HeueTHble sqaemeHTH. [losTOMY OHA colep:kuT HAcan [., KOTO-
pHl MopoxkAaercs TakdMmMu ajgemedraMi. ObGpartHo, B cHay A) Bed-
KMH 3JMeMCHT ¢ NpPAaBOH uactu HUJALOOTEHTeH. IlycTh @ — ceuenHe
nyika 'y Hal HEKOTOPOH OKPECTHOCTBIO X, POCTOK KOTOPOTO B TOY-
Ke x paBeH «. Hekoropas cTenmeHb 3TOrO ceueHusi obpamiaercs B
HyJib B HEKOTOpOH okpectHocTH U=x. [Mostomy ry(a) =0 ana y=U,
rjle ry 03Hauaer BuUeT B Touke ¥, T. €. a(y, 0) =0. [TosTomy acl,,
MTO 3aBepiiaer nposepky (4.9.1)}. M3 sToro paBedcTBa BHITEKAET, B
YACTHOCTH, uT0 OF ='@x//, cregoBaTeibHo, BIAGKEHHE M[PSIMOro
cararaemoro O%—0Ox gapaer perpakuuie X Ha X, YTO BJe-
et (4.6.1}).

Hs (4.9.1) caeayer, uro > < @ OF. Tlosromy ornpejenen 3mH-
2

Mopdusm C0-Monyaei
p =0

Corsacuo npepaoxenno 4.5.2 moayan I/ noxkasnbuo cBoGOZeH H
HMeeT TOT Xe paHr, uro H &1 (yerosue B)). Orciona geHIy nokadib
HocTH nyuka (' BoiTekaer, 4to p ecrs usoMopduss. Ilyers
&, ..., B¢ — ofpasywoumpe CO-Morvas (! HAJ HEKOTOPBIM OTRPHITHM
noamMHoxecTBoM /X, CoraacHO CKa3aHHOMY OHH IOPOXKAAOT CHC:
Temy ofipasyiowmux C%-Moayas [/[2 4, cienopaTenbo, nopoxpaot /
nvaa U xax myvok naeanos. Ecan ny, ..., Ng -— Zpyras cucteMa ofpa-
aywoinux O%monyas O nag U, 10 n:=2a,#;, rae a;7 — HeKoTOpbe
cevennsn O%U, 1. e. (4.6.2) umeer mecTo.

IIpeanoaoxuM Tenepn, uTo cymepMHoroobpasue X perparypyer-
cA Ha CBOH HocuTeds. IlpoaHanHaupyeM HOCTHIRHMOCTE YCAOBHA
(4.6.2) no Metoay § 6. IlpenaTcTBHe K BLITOAHERHIO 3TOTO YCJIOBHS
COCTOHT B TOM, YTO HeYeTHRe ofpasyiuiue npeobpasyiored, soobile
TOBODS, 0 HEeNHHEHHOMY 3aKOHY

M=2ajg + Taphh g B 4+ ... . (492
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C noMouel paccyXkaeHnus Npeisayllell TeOPeMBl MOXHO TIOKA3ATh,
UTO CYLIECTBOBAHHE CHCTEM HEUETHRIX 00pa3ylollux, AN KOTODBIX
B dopMynax (4.9.2) otcyTcTBYyIOT HeJHHeMHEIe UJEHH CTeleHH,
MEHbINEH WAM PaBHOH &, KBHBAJEHTHO TOMY, UTO MPOCTPaHCTBO Xg
obanagaer Z,-rpaiyHpoBKoi, yioBaergopsicuiell ycaoeuam A), B)
H B). Paccmorpum na X, paccioeHue N, asofictsenHoe N’ (HOD-
MaJibHoe paccaoenie K Xo B X).

Teopema 4.9.2, ITyctp npoctpalcTBO Xpn 1, £ 1, o6ragaer onw-
canHoi Z,-rpajgyuposkofl. Torza omnpenesnen  eMeHT  MpEs
=H1 {(Xo, NQAIN'), obnanaomuil caeaylomHuM CBORCTBOM: AJs
TOro yTobhl RPOCTPAHCTBO Xoppy HMENO Z.-TPajfydpoBKy, YAOB-
Jeteoparomyie A), B), B), Takyio, 4To KaHOHHYECKOe BJICIKCHHE
Xon1—Xonyy coriacoBano ¢ Z-rpaayHMpOBKAaMH, HeoOXOIAHMO H
JAOCTATOUHO, 4TOOLl My =0,

Joka3zaTenbcTBO NapannenbHO  pacCyXAeHHAM Teopembl 6.2,
HckoMBIl sneMeHT M, ecTh KJace, COAepIKaINHil KOLKKI

myy = Zaj-lenaly &L B

rae {&'} — Gasuc B N, gpolicTBenunii K Gazucy {&}. DneMeHT M,
eCcTECTBEHHO HA3BaThb £-M NpENATCTBHEM K IPOAOMNEHUK Z,-rpa-
LYMDOBKH.

Caenctene 4.9.3. Ecan X perparupyerca Ha Xo U Bce 27eMEHTHI
my, My, ... 06pAMAITC B HyNb, TO X TIPOCTO.

Cuaeacrene 4.9.4. Beskoe riajgkoe cynepMHoroobpasue IMIpocTo.

B 3akmaroueHHe OTMETHM CBA3b MEXAY NPENSTCTBHSIMH Hy W i
OrpaHnunMca NPOCTEHRUIHM caydaeM. PaccMOTpUM GHMHHEHHoe 0TO-
OpameHue pacciaceHH

TR AN x NQAN T & AN,

KOTOpOEe B KaXI0M CJ0e Ha PasNoXHMEX TeH3aopax aapaercs Qop-
MYyJIoH

(RGN ERM=(QE EINAL+E EE AN

C ero NoMOLBI0 MOXHO OHPENEJHTh YMHOMEHHE B KOTOMOIOrHAX

HO Xy, T QAN X HYU{X,, N AN — HY(X,, T & AN},
KHOTOPOE HA KOIHKJIAX BHIVIAAHT TaK:

{la} o {san} = {fei° Sup)-

KoppeKTHOCTL ero Jerko NpoBepsaeTcs.

pepnoxenne 4.9.5. [Iyets  X-KOMIJIEKCHO-aHAJHATHUSCKOE CY-
nepmuoroodpasue, aas koreporo mi=0, p : Xe—+X, — vexortopast
peTPaKUHA, 171y — (ePBoe NPENATCTBHE K TPOAOMKEHHID Z . -Tpajyu-
POBKH, 4 T — HIPOH3BOJALHLIH sieMent HO(Xy, T®AXN'). Torna nro-
poOe NPeNATCTBHE K CVIIECTBOBAHUID PETPAKIHU 3aBHCHT OT PeTpak-
IHH p, TOCTPOEHHOH HA mepBoM ware no ¢opMyJe

nz(p+t) =n2(p) +veom.

HanoMHHM, 4TO CMEICAH CYMMEL p-+r onHcaH B Teopeme 4.6.3.
JokaszaTenbCTBO 3TOT0  YTBEPKAGHHA u ero o6o6ilenua Ml
IPeIoCTaBAgeM UHTATEIIO. ‘
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Faasa 5. CYIIEPAJITEBPBI JIH

B »Tofi raBe paccMAaTpHBAIOTCA OCHOBHLIE OHpeleseHHs H KOH-
CTPYKLHH TeopHH cynepaare6p JIu ¥ npuBoiaTca HauGogee CyIiecT-
BEHHHIE NPEMEPHL

§ 1. OBIIME CBEAEHHA

1. CcHoBHmMe onpegencuuqa Cymepanrrebpoil JIn, #au,
II0 APYroi TEPMUHOJOrHH, Zp-rpaAyupoBanHofl  aarefpoi Jlu, Ha-
3HIBAETCS BEUIECTREHHOE WAH KOMIVIeKCHoe Zp-TpafyHpOBIHEOE JHU-
Heluoe TNPOCTPAHCTBO ¢ (PUKCHPOBAHHOI YeTHOCTHIO ¢ =3 dPlg, B
KOTOPOM onpefeneHa Guaubeiinaa onepanns {x, y], mnpuueM and
OAHOPOJHLIX 3J€MEHTOB COPAaB&AMHEEL TOKIRCTBA

a(lx, g]) = ax) + a(y), (5.1.1)
[x, §) = (= [F@+ [y, x], (5.1.2)

[x, [¢, 2]] (— De@eiEr L[z, [x, g]] (— D@ ol
+ [y, [z, «]] (-— )= = 0, (5.1.3)

(Bropoe u Tperse caaraemoe B (5.1.3) noayuyaioTed 43 mepBOTO
MHKIHYeCKO TepecTAHOBKOH 3JMeMeHTOB X, ¥, 2.)

IlyeTrs e; — OAHOpOAHDLIA 0a3MC B ¢, C%; — OTBEYAIIHE 3TOMY
fa3ncy CTPYKTYPHEIE KOHCTaHTH, [eé;, e;]=3Zckep. Tompectsa
(5.1.1) —1(5.1.3) SKBHBAJEHTHBl CAELYWIUHM COOTHOLIEHHSM OTHO-
CHTEJBHO CTPYKTYPHEIX KOHCTAHT!

lf = (— e g 5129
eh chi (— 1" L gd, ol (— 1RO g (— 1)~ 0, (5.1.8)

PRe &S KPATKOCTH ToaoxeHo a (i) =a(e;:).

(B papencree (5.1.3) Bropoe M Tperbe cnaraeMoe MOJAYYAOTCA
H3 NMepBOTO LHKIKUSCKOM mepecTaHOBKOH i, &, 1)

Cynepasnrefpa JIu HasmBaerca:

IPOCTOH, €CAE OHA HE COJAePIKHT HAeasOB, OTAHUHEIX GT Hee ¢a-
Mol ¥ oT HyIs;

KOMMYTaTHBHOH, e [x, y] =0 ans a06wx x, ye= g;

PelyKTHBHOR, ecqM OH4 sfABJIAeTCA npAMoli cyMMolft npocro#t H
KOMMYTaTHBHOH;
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HHJILTIOTEHTHOH, eciau  CyulecTByer Ttakoe Ienoe N >0, wuro
N

er—m—ra———. .,
[, ... [x, 9] ...]1 =0 pas mobux x, y=g;

paspeliMoi, ecjH oHa o6JafaeT NOCAEA0BATENLHOCTLIC HALAIOR
=028 ... D¢, = a, Takof, uTo QakTOPareSpsl  8p/8py g
KOMMYTATHBHEI,

noaynpoctol, ecnd oHa obaagaer uenoukofi  mAeason
$= go>...28, =0, raxoil, uto QpakTOpanrebpH @;/ge,, TPOCTHL.

Bece 5TH onpefesTeHRd, XpOMe NOCHENHETO, KOMHPYIOT ONperess-
HUS, XOPOIIO H3BeCTHRE U3 Teopun oOBUHEX rpyan Jlu. Uro Kacaer-
CA OMPeNeNeRHd MOAYIPOCTOTH, TO TYT BOSMOXKHO HECKOJIbKO Ba-
puantor. [pueeientoe onpenenerre kaxerca Haubojee ecTecTBEH-
HBEM.

OTMeTHM HEKOTOpHIE MpocTeilliine CASACTBHS ONpPeIEAcHHS CY-
nepasare6p Jlu.

1) TloanpocrpanctBo ®g sipasiercss oOwupOl aare6poit JIuo.

2) AproMopdhusM YeTHOCTH § KAK JWHEHHOTO TPoCTpaiicTaa sB-
Jsiercsi apromopduaMoM ¢ Kak aaredper (r. e. [Ax, Ayl =Alx, y])

3) Ilyers ¢ — BetiecTsedHHas cynepaarebpa Jin. MuoKkecTBo
dhopManpHbX AnHelHLIX KoMOMHaumil Buga x-+iy, x, y= g obpa-
3yeT KOMENEeKCHYIO cynepanrefpy JIu ¢ omepamueif KOMMYTHPOBA-
HHSI, KoTopas omnpepenserca ¢opmyaoi (5.1.4}. Ilonyuennas au-
refpa HA3LIBAETCS KOMIJEKCHOM odosoukol ¢ . Kommiekcuasg odo-
JOYKA BelleCTBeHHOH cynepaare6pel ¢ Oyaer obosnauatecs [ g].

Eciin koMnnekcras cynepaarefpa Jlu g gsisercs koMmaIekcHOH
060J0UKON BellecTBeHHOH aarebpbl 3, 8 = [3], To aarebpa 3 Ha-
3BIBAETCH BCleCcTBEeHHOH DopMol §.

4) Ilyers g ==%gcpH'g— BmewtecTBenxas cynepadrebpa Jlu. OGo-
anauuMm uepes ¢ =g ¢ MHOKECTBO GOPMaJbHHIX THHEHHBIA
KoMGuHaunii BHia x + iy, x& %, yes1g, i=) —1, B ¢ BBegem
OTIepaIlK0 KOMMYTHPOBRHHA €CTECTBEHHBIM 00PazoM:

[xi-tiyy, xetia] =[xy, x2]—[yg, y2]+i([%1, t2] +[y1, %2]). (5.1.4)

Jlergo Buiern, 4TO ¢’ TAKKE ABJASETCS BRINECTBeHHOH cynepasred-
poii Jlu, npHueM KoMiJieKcHBE 060a0ukH cynepanre6p Jlu g u ¢
copnanaiot. Cynepaare6py Jlu ¢ Mbl GyleM Ha3BIBATh NBOHCTBEH-
HOH no 2. Kaprany mo OTHOLIEHHIO K HCXOAHOH cymepaarctpe Jli
§ BBHIY TOTO, YTO ee KOHCTPYKLHA SBJSETCS KONMeli KapTaHOBCKO
KOHCTDPYKIHH AJsI ABOHCTBEHHBIX BelleCTBeHHBIX anarebp Jlu.

Boo6mie creayer 0TMeTHTh, 9TO CYIHECTBYeT OYeHb Jajekas aHa-
JIOFTHA MCKAY KapTaHOBCKOH Teopuefl CUMMETPHYECKHX [IPOCTPAHCTR
H TeopHel cynepaareSp Jlu. IIpu atoM °¢ urpaer poJan aareGpsl JIu
CTAUMGHAPHOR HOMIPYIIE CHMMETPHYECKOTO NPOCTPAHCTRA, {g —
POJIE MPOCTPAHCTBA TPAHCBEHIHHA, aBTOMOP(H3M 9eTHOCTH — pPOaIb
HHBO%‘I}OTHBHOI‘O apToMopduaMa, BRIZENAIOMErO CTauHOHapHyio noj-
anreGpy : .

157



O6GosuaunMm uepes T :g—¢' JuHeHHHNR onepaTop, AeACTBYOMHI
corJacHo (opMye
T(x+y)=x+iy, x=", y='4. (5.1.5)

JIerKo BHAETD, TO ANA OAHOPOLHHX X, & §
[Tx, Ty]=(—1)%=0wT[x, y].

B uacTHOCTH, ec/ii € — OAHOPOAZHLIH 0asuc B gHe = Te, =

ai
—a(k)
=e ? g, — OAHOPOAHEI 0a3HCc B ¢/, TO CTPYKTYPHBLIE KOHCTAHTLI
cynepanretp Jin g u ¢’ B 3THX 6asucax CBA3aHLI COOTHOLIEHHEM

G = (-— MR D g,

2. Cea3p ¢ accolHaTUBHHMU aarebpamu [ycrs
Y—Z,-rpazyupoBalnas  acconuarnBHas anredpa. Hamomuum, uro
accoumarusias aiarebpa ¥ HasmBaeTcst Zy-rpajyupoBannci, eciun
oHa ofyajfaer Z,-rpagyupoBkofl KaxK JHHedHOe [pPOCTPAHCTBO,
Y ="NPrY u asroMopdHaM ueTHOCTH ¥ KaK JHHEHHOTO TPOCT-
paHcTBa SBAAETCH OZHOBPEMEHHO ABTOMOP(HH3IMOM YeTHOCTH U Kak
anre6pel. B uacTHOCTH, orcioaa caeiyer, yro % genserca moaan-
rebpofi.

Cyuepanrefpsl JIu ¢pA3aHbl ¢ Zp-TPaAyAPOBAHHMMM  ACCOLHA-
THBHHIMH anrefpaMu noiobHO TOMY, Kak oOuluxbele aarelpol Jlu
cBA3aHH ¢ OOHIYHLEIMH acCOLHATHBHHMH ajreSpaMu, KaXkgas Ha oile-

pauui

12, y] = 1y — (— " yx, (5.1.6)

[x, 4] = (— 1 xy —yx, (5.1.7)

rge X, Yy — OJHOPOAHHIE 2JeMeHTsl ¥, npespautaer % v cynep-
anaredpy Jlu. IlepByw W3 HUX 0003HAYHM 8y, BTODYID — g,

Cynepaarefipa Jlin gy waoMopdHa g, B KOMIIEKCHOM cryuae, W K
ApoficTeHHOR 10 3. Kapravy cynepanreGpe /I g8 BelliecTBEHHOM
cryuae. B ofoux cayuasx H30Mop(PH3M OCYILECTBIASLTCS ONEPATOPOM
T, onpeaeadeMuM dopmyaoit (5.1.5).

CyliecTBYeT [Be OCHOBHHE KOHCTPYKUKH, CES3LIBAIOKHIHE peasiu-
3al{I0 OJHOR W ToH e cymepanre6ps Jlv dopmyaamu (5.1.6) u
(5.1.7}. Oaua W3 HEX HCIMOJBL3YET NOHATHE TPa&CCMaHOBOH 06QICUKH
H OyJeT paccMoTpeHa mo3xe. [ pyras COCTOHT B C/IeAYVIOLILEM.

Ilyety ¢ — cynepanrefpa JIu, saeMenTaMH KoTopo#l  caymat
Matpuun xe=Mat(p, ¢). Taxue cynepanre6pel B pajnnnedulem Ha-
3BIBAIOTCS JAS KPATKOCTH MAaTpPHIHBIMHA., TIpeimnogozHM, 4TO KOM-
MyTaTop B § 3adaetca dopuyaoft (5.1.6). ConocraBum kampoii
MATpHLE X& § MATPHIY

y=—x, (5.1.8)

rie ’ ofosHavaer 0OHYHOE MaTPU4YHOE TpaHCIoHHpoBauue. OuesHi-
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HO, YTO B pesyirTaTe noayuaercda K3oMoppHas ¢ MaTpdyHas
cynepaarebpa Jlu ¢ xommyratopom (5.1.7). Ofpartno, ecau  ¢-—
MarpuuHas cynepaarepa Jln ¢ kommytaTopom (5.1.7), To npeo6-
paszosanue (5.1.8) nepesoaut ee B m3oMopdHy cynepaarebpy c
komMMyratopoM (5.1.6). C onepauseli TPaHCIOHHPOBAHHA CBA34H
NOoJIe3NHil MPH3HAK H30MOP(H3IMa, ABOMCTBeHHHX N0 3. Kaprany
cynepaJsre6p JIn.

Ilycto MarpuiuHaa cynepaarebpa Jlu ¢ obnagaer TeM CBO#CT-
BOM, UTO €CJIH XE g, TO Taxke x'¢. B TakoM cayuae cyinepaired-
pa Jiug wusoMopdpua cynepanrebpe Jlu ¢, nBoficTBeHHOA § Mo
3. Kaprany. Hzomopdnam ycTanasanpaeTcs dopMy.ioi

Tx+y=—x—iy, x€%, ye'g,

KoMMyTaTop B ¢  3anaercsd To#l ke dopmynaoi (5.1.6) mam (5.1.7),
Y70 U B ¢. JloKasareJLCTBO 3TOCO YTBEDKJIEHNSE OUEeBHIHO.

3. CynepauddepentiupoBalugd U TNOAYNIPAMBIC
npousseacHuda llyers ¥—Z,-rpajfyHpoBaHHasd aCCONHATHRHAR
anreGpa WaAHR cynepanrebpa JIn, B ofoux ciaydasx JNuHeHHbie OmE-
patopl B ¥, Kak B JHHEeHHOM TPOCTpaHCTBE, 06pasyioT Z.-rpaiyH-
DOBAHHYI accounatusuyro aarebpy L (%), rpaayupoBka B L{ %)
onpeneasiercs oOLIHBIM ofpasom (cM. ra1. 3, § 1, m. 2).

Onuoponnpiil cnepartop A=L(A) naswmBaerca cynepiuddepen-
iHpoBanueM aareGpe U, ecan AR OAHOPOAHBIX X, ¥

A(xy) = (Ax) y + (- 1) x Ay (5.1.9)
B caydae, ecaH aarebpa ¥ accounaTHpHA, H
Afx, y] = [Ax, y] + (— Lyed) [, Ayl (5.1.10)

B caydae, ecin U sBjagerca cymepaareSpoit JIH. MHOXKeCTRO BCex
cynepaupdepennnpopapni aaretpu A odoszHavum D (H). D(Y) saB-
JASeTCs JHHERHBIM noAnpoctpancTBoM L (H), HO, BoobINe roBOpS, HE
noganrebpoil. Ograxo muoxectBo D{¥) 3aMKHYTO OTHOCHTEALHO
oriepaniuyl KOMMYTHPOBAHHS.

Teopema 5.1. Ilvcts A, B — onHopoaunsie saementsl D (¥). Torna

[A, B} = AB — (— 1)*» =B BA & D (%).

Takum obpazoM, D(E) asnsercs cyrepanrebpoit Jln.
Hokazareascrso.  [lyers W — accoumartuBHas aarebpa. Mz
(5.1.9) umeem

AB (xy} = A((Bx) y -+ (— )HB0) x (By)) =
= (ABx) y + (— 1“5 (Bx) (Ag) + (— B0 (Ax) (By) -
4+ (_ 1)(a(A)+a(B))oc(x) x (ABy).

Meugs poasmi A U B ¥ yuMTHBasg, UuTo a(Bx)—a{B)+u(x)
a([A, B])=a(A)+a(B), nonywaeM orcioga, 1To

[4, B] (x4) = ((AB ~—(— )83 BA) x) y +
+ (“_. l)a(ﬂ) (G(B)+o(x)) (Bx) (A y) _— (_. I)G(A)Ot(B)-i-m(A)G(-x))(B x) (Ay) -
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+ (— 1)HB %) (Ax) (By) — (— 1)#DetBaB) -l (A x) (By) +
oo (— D)t Ao Baix) ¢ (AB —(— )28 BA) iy =
— ([A, B] XYy + (- 1)HA BN ¢ (4, B y.

Cayuail, koraa Y aensercs cynepadareGpoft JIu, paccmarpuBaercs
AHAJOTHIHO.

B ofuuuoM chayuae AHpdepeHUHpOBaHUe aire0pnl sBASETCA HH-
(PHHUTE3MMANLHEM aHajoroM aBroMopgusma, ecnu A (f) - oano-
napaMeTpHYecKas rpynia aBToMOp(H3MOB aCCOUHATHRHOH anredpe!,

TO ‘
A(t) (xy) = (A x) (A(D)y).
Judbepennnupysa no { 1 nonarad sateM =0, noayzaeM OTCHAA, YTO
A(xy) = (Ax)y-+x4y.

Ananorsuno oGcToMT Aeqe B caydae aarebp Jlu.

B cieayomeM pasjene MB YBRIAHM, UTO cynepiud@epennuposa-
HH$ TAK2KE TeCHO CBA3aHBI C aBTOMOP(H3IMAMH.

[ycery V' — neroropas rpynna 1 G — rpynna (He ofs3aTeanuo
peex) amproMmopdmaMor N g-xy=(gx) (gy), rie x, y=N n g-x
03Hauaer AelicTeHe aBToMopuaMa g=G Ha x=N. B teopun rpyun
CYLIECTBYIOT BaXHLIE KOHCTPYKHHH, MO3BOJANINE OOLEIHHATS
rpynnut G u N B enunyio rpynny Gi, B KoTopofi N NPHCYTCTBYET B
KauecTBe HOPMaapHOro ijenurtensa, a G HBasgercd &akToprpyn-
noit: G==G/N. [lpocrefiuefi (# Bakueiilllefi) U3 3THX KOHCTPYKLHI
SIBJISIETCH DoJIynpsiMoe npoussejedre. I'pynna Gy HaswBaercsa nonay-
NpsAMHIM TIpoH3BefeHHeM Tpynn G W N, ecMH ee 3/eMeHTaMH SB-
JSIOTCA napH (x, g) x=N, g=G, a yvHoxeHre 3alkaerca $op-
MYJI0H

(X0, g1} (%o g2) = (xa(g1-¥2), £182).

B caydae, ecan G B N sipasiotes rpynnamy JId, rpyuna G cuesia-
HBIM 00pa3oM 4BRAAETCA TakXkKe rpynmofl  astoMopdruaMoB aareGpnt
JIn # rpynnet N. JeficteHe 3JeMeHTa g Ha £ B onpejensercs

dopmyach
. d .
cx=——gx(t
g-x e g-x() o

rae fen 1 x(f) =exp (X} — coOTBeTCTBYIOUAS GAHONAPAMETPHYE-
ckas nojrpynna. Peanuzanus rpynnel G Kak rpynns asroMmopdus-
Mo anrebpwl JIu & Bjeuer 3a cobofi peanusauuio ee airebpe Jlu
Kak anre6pbi nupPpepeHIHPOBAHHA 1.

I'pynuna Gy, SBasomascsd AOJIYOPSIMBIM NpousseicHueM G u N,
TAKMKe ABJISETCS B 3TOM cayyae rpynnoft Jlu. Ee anrebpa Jiu g,
yCTpOeHa CJeAYHIIMM o6p23oM: KaK JAHHCHHOC NPOCTPAHCTEO ¢
apafeTcsd npaMol cyMMofl aareGp g H . Kommyratop B ¢; ompe-
aeaserca GopMynol

- [a+x, bryli={a, b]4a-y—b-x+[x, y], (5.1.11)
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rae a, bsg, x, y=n, [a, b] ¥ [x, Y] — KOMMYTATOPH COOTBETCT-
BEHHO B § H #, a-y u b-x — xeilicTBde aAuddeperuupopaduii a u b
Ha sqeMeHTH y H X. OUeBMAHO, 4TO ©1  SBJAAETCH HISAIOM 81, AJ-
re6pa ¢ wusomopua grakropanrebpe g1/t OnpejeneHHay Tarum
oOpasom anre6pa Jlg ¢, HashBaeTCH MOAYNPAMBIM [POH3BEJCHHEM
aare6psl Jlg # u anre6pu Jlu ee pubdepenunpopannii g. Ilony-
npAMBle NPOM3BeLeHHs Ipynn HAau aare6p Jli ouedb vacTo BCTpe-
yalTCsA B MateMarnueckoM obuxoxe. Tax, ranpnmep, rpynna [lyan-
Kape BAfeTCH NOJAYIPAMHM [POH3BEAcHHEM TPYINE TPAaERCAAIHN B
rpynne Jlopenua.

Hoaynpamoe nponseefende anaredp Jlu craeaywomwmuMm ofpasoMm
ofobuiaerca Ha cayyall cynepanrebp Jlu. Ilyets &t U g — cvinepad-
redprt Jliz, npuuem gcD{n) coctour u3 cynepandhepeHnuposa-
Huit 1, [lonynpsmelM NpoH3BeleHHEM f W § HA3KIBARTCHA CVIEPaJ-
repa Jlu ¢, KoTopas Kak Zy-rpaiyHPOBaHHO® JiHHEHHO® TPOCT-
PAHCTBO ARBJIAETCH NPAMOH CYMMOA N W ¢, KOMMYTaTtop B ¢; 3a-
Jaercs QopMyaol

[a+x, b+yli=[a, b]+a - y—(—1)u=ed)p. x+[x, y], (5.1.12)

rie {a, b1, [x, y], a-y, &-x uMetoT TOT Ke cmuica, uto B (5.1.11).
Otmerum, uto w3 (5.1.12), (5.1.10) caeayer, urto mpy as g,
X, yen

[a, [ ylli=a-[% y]=[a-x y]+ (—1) 2= x, a-y].

ITposepxa toro, yto onepanus (5.1.12) yaoB/iaeTBOpseT YCAOBHIM
(5.1.1)—(5.1.3), oueHp nmpocta, U MH ee onycTeM. OueBUAHO, 4TO
1 gBafeTcda HAeaJoM cynepanrebpnl Jix gy, cymepaarebpa Jlu g
H3oMopgHa daxropanredpe g,/ .

4. Cynepaarefpu Jld ¢ rpaccMaHoOBOl CTPYKTY-
poft. Ilyets § — cyunepaaredpa Jlu ¥ A — HeKoTOpas rpaccMaso-
Ba aarebpa.

CdopmyanpyeM cleayioniHe 0CHOBHE OIpe/le/eHus.

Cynepanre6pa JIln ¢ HaswBaerca cynepaarefpoll ¢ rpaccma-
HOBOH CTPYKTYPOH, ecJd oHa fABJAAETCH JAEBBIM MoAyaeM Haja Al H
ecaH YMHOKEHHe HA 3eMedTh A CBABAHO C KOMMYTATOPOM B ¢ O]
EHM H3 CJAeIYIOMIHX IBYX CIOCOBOB:

[ax, By] =aB[x, y] (5.1.13)
npu 00X a, PEA, X, yS¢ HAH ecId B CAyYae OMHOPOJHBIX
o, fEA x, y=g

' [ax, Byl =ap[x, ] (—1)eBraw, (5.1.14)
B neproM cuyuae cynepaarefpa JIu ¢ nasmpaercst cynepaareGpoi:
JIu ¢ rpaccmaHoOBOfi CTPYKTypo#t 1-ro poma, Bo BTOPOM caydae —

2-ro pona. AnreGpa JIi 3 HaswmBaerca anrefpoii Jim ¢ rpaccMano-
BOH CTPYKTYPOH, €C/IH OHA fBJACTCA 4YeTHON moaaarebSpol cymep-

! To ecrh, ecH ONpPeNielleHO YMHOXKCHHe CJeBa SVCMEHTOB {1 Ha 3AeMeH-
ot A. CMm, 1. 1, § 1.
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anre6pel JIn g C rpaccMaHOBOA CTPYKTYpoR: 3 =°g. Flpu artom aa-
re6pa Jlu 3 HaswBaercs aJareGpo#t JIu l-ro wam 2-ro poia B 3dBH-
CHMOCTH OT popa cynepasaretps JIu g.

Ecnu § asngercs anredpoil Jli ¢ rpaccMaHoBoll CTPYKTYPOH, TG
rpynna Jlu L=exp 3} HaspiBaeTcsa rpyanoi JIH, ¢ rpaccMaHoBoi
CTPYKTYpOIL.

Auxrefpsl rpynnsl JIu ¢ rpaccMaHoOBOH CTPYKTYPOR NpHHALACKAT
K YHCJY OCHOBHBIX OBEKTOB CyNepMaTeMATHKH, KOTOphleé HAaXOAAT
npuMeHeHHe B coBpeMeHHOH duanke. Oapako ux oflas TeODHA &
HACTOAIEE BPEMSA COBEPIIEHHO He pai3paboTaHa.

B aAyuuleM noJoKeHHH HaX0IsTcs aaredpnl JIHM ¢ rpaceManoBol
CTPYKTYPOH, KCTOpHE MOTYT GHTh NoayueHsl u3 cynepaaretp Jla c
NOMOUILIO TPACCMaHoBuX ofosouek. Itu  aarebpu Jln obpasyior
YacThL Bcerp MHoxectTBa anreSp JIu ¢ rpaceMaHoBoOil  CTPYKTYPOIRL.
Cynepanre6phl, 4eTHOF YacTbI) KOTOPLIX OIH SABJASKOTCH, UCUEPILI-
BaIOT KJace cynepanaredp JIn ¢ rpaccMaHoROH CTPYKTYPOH, ABASD-
nipxes csobonaspimy MoayaaMH. Ipumep anrebpel Jin ¢ rpaceMano-
BOH CTPYKTYPOH, HE OTHOCAILMIACA K TOMY KJjaccy, cM. B § 2, . 22,

5 Tpacemanosa obBodouka cynepaarebpu Jla
IMocTpouM ¢ MOMOLEBIO r. 4. A HOAHYW TpaccMaHoBy 000J0uKY
cynepanrebpul JIi g u BPBeleM B Hee ONMEPAHMI0 KOMMYTHPOBAHMI

OJHHM H3 CJeIYIOIHX ABYX cnocoGoB:
[ax, by] =ab[x, y] (5.1.15)

HJTH
[ax, by] = (—1)3N ab [x, y], (5.1.16)

Tae X, Y — OJAHOPOIHLIE 3JeMeHTH ¢, a4, b — OJHOPOAHLIC BJIEMEH-
Th JI4, ckoGKa B npaBuiX uactsx ¢opmya (5.1.15), (5.1.16) ozua-
qaeT KOMMYTaToD, HMeKIIHICS B 4.

Jlerko BHARTHL, UTO KOoMMYyrarTop (5.1.15) nmpespatmaer rpaccma-
HoBy 060J0UKY ¢B cynepaarefpy JIu ¢ rpaccMazOBOH CTPYKTYpOH
1-ro pona, kommyTtartop (5.1.16) npeppamaer ee & cynepadarebpy Jlu
€ TpaccMaHOBOH CTPYETYpOH 2-ro poza.

B cooTmeTcTBHU C 0OwMMH obo3HaueHHAMH . 3, m. 1, obosua-
UAM MOJAYYeHHYI0 TAKHM NyTeM cynepaaredpy JIu uepes g (A), ee
JeTHYIO 44cTh — uepes g (A}).

Ouesnano, uto 8 (A) senserca anreGpol JIu ¢ rpaccManogofi
CTPYKTYpo# 1-ro uin 2-ro pola B 3aBHCHMOCTH OT TOro, Kakofl
dopmyaoit (5.1.15) unu (5.1.16) onpexaeneH B Hefi KOMMYT4TOPD.

Has yopoleRns pedd, a TaKxe C eIl COTIACOBAHHS TEPMH-
HOJIOTHH C TepMHHOJIOTHeH, TPHHSATOH B CJIyude acCOl#aTHBHBEIX
aarebp {cM. ra. 3, m. 1), MBI 6yeM B janbHeilieM Ha3nBATDL aj-
re6py JIng (A) npocTo rpaccMaHOBOH 0GOJOUKOH cymepaireGpel
HePBOro WJH BTOPOIO Poja.

PaccmoTpedne rpaccMaHOBHX 000/0YeK BHABAACT €Il O/IHH ac-
MeKT ¢BA3H MeXay kommytatopamu (5.1.6) u (5.1.7).

[Tycts  A—Zy-rpasyupopaHHas  accONHATHBHAsL  aJjrefpa u
81, 8;— usOMOpdHBle Mexiy cofol cynepanreSphul JIH, cocTosmue
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H3 ¢e 3JEeMEHTOB, NpPHYeM KOMMYTATOD B §, 3anaercd ¢opMyJof
(5.1.6), kommyTaTop B @2 3ajaerca popmyaoi (5.1.7).
O603HaunM yepes Q[('}(A), % (A) rpaccMaHOBEL 000J10UKH

COOTBETCTBEHHO |-ro u 2-ro poaa anre6puw Y U MOJOKHM IR
X, y=AN(A) (man x, y= U@ (A)):

[x, y])=xy—yx. (5.1.16")

B %O (A), i=1, 2, paccMOTPHM NOANPOCTPAHCTBO, COCTOAIEE M3
BCEBO3MOXKHBEIX 3TEMEHTOB BHIA
Eakeﬁf),
rie ey — onHOpOAHKE Gazuc B §;, ar=A B aar) =a(e:'?). 10
HOANPOCTPAHCTBO 0003HAUHM ueped §;. OUeBHAHO, UTO Kamloe U3
NPOCTPAHCTB 3, U 3§, 3aMKHYTO OTHOCHTEJLHO KoMMyTaTopa
(5.1.1). Jlerko mpocaeaute, uto kKoMmyrartop (5.1.1) npempamaer
1
%1 B rpaccManosy oboaocuky l-ro poma ${"(A) cynepaareppr Jin
8, U 3,— B rpaccmanoBy 060J0YKy 2-TO poja gy A) cynepanrebpel
Ju g, Hanee, anrebpe JIn 3 = ¢V (A} B 3, = gP (A) usomopd-
Hbl. M3oMopdu3mM Mexay HEMU SIBASETCS €CTECTBEHHBIM MpOAOIKe-
HHeM H3oMopdu3Ma, CYIeCTBYIOero Mexzy cynepanrebpamn JIH
g, H@gy Ilyere T:g,—9,— uaoMopbhuaM u nycres 6Gazuchl epld
B g; BHGpPansl TakuM ofpasoM, uT0 Tel) = ¢ B rakom cayuae
uzomopdusm U : gl {A)-» g (A) onpenensercs caeaywomum ob-
pasoM:
ecsH x=IZa. el e g (A),
TO
Ux = S a,ed 8P (A).

[Tepexok K rpaccMaHoBHM 000JOUKAM COXPAHSIET OCHOBHBIE B3AHMO-
OTHOLUSHHS! MeXAY HCXOIHbIMH cymepanreGpamu  JIu: ecau @y SIB-
Jagerca nogasdareOpoif HaH HAeanoM @z, TO TO e CaMoe CIpaBelJHBD
OTHOCHTENbHO HX IpaccMaHOBHIX 000JI04€K OJHOTO H TOrO e poja
T IL

OcranoBuMmcst Gojiee noapoGHO Ha caydae, KOrja cynepaarebpa
JIu g spnsercs anre6pol cynepaupdepeHuupoBanni cynepaaredpe
Jim uau accommaTtHBHOH Zp-rpaayuposaHHod aareOpwm %, Ilyers

%(A), 8 (A} — rpaccMaHOBH O0OJOYKH OJIHOIO M TOIO e POAA
anare6p A u ¢. Haa oxHopoaHnx g, beA, x= U, A= g nonoxum
adbx=abAx (6.1.17)

B cayuae, ecan A(A), g (A) ABIARTICS rpaccManoBEIMH 000N0YKAMIE
l-ro poga, u

aAbx= (—1)atardghAx (5.1.18)

B Clyuae rpaccMaHoOBHX oGosouek 2-ro poga. Ha mnpouaBoabHble
A=g(A) x=%(A) dopmyan (5.1.17), (5.1.18) pacnpocrparmm no
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JHHeHHOCTH. JIerKO BHAETBH, YTO B Pe3y/abTATe ME NOJYYHM Deajy-
sanuio anrelpel JIn g (A) kax anrebpn puddepeHnEposantiy an-
re6pu Y (A).

6, Tpu ocCHOBHEBEX cnnocofa omHcaHHA cynepad-
redp Jlu ¥ HX rpaccMaHOBHX o6oaoduek. Ilepeni
cnocod COCTOUT B abcTpaKkTHOM DIHCAHMM: cynepaareGpa Jlu g 3a-
IaeTcs ¢ NoMOIUbK Hafopa CTPYKTYPHHIX KOHCTAHT c¢f;; B cayuae,
ecau cynepasareGpa JIu ¢ 3agana takuMm 06pa3oM, M, KaxK npa-
BuJo, GyneM DAaccMAaTPHBATL JHIIL ee TpaccMaHosy ©OOJOYKVY
1-ro poia, TepMuH ¢rpaccMaHoBa ofosouka» Oe3 YKa3aHWA poja b
3aTofr cATyanud Bcerpa OygeT 03HAUATH TIpaccMaHoOBY OO0JOUKY
1-ro poxna.

Bropo#l cnocof coCTOHT B TOM, UTO cymepaarefpa Jiu ¢ peann-
3yercsl Kak MaTpuudas anrebpa. B stom cayiae B xauectse g (V)
MBI BCerza OyldeM paccMaTpHBaTh €€ TIpaceManosy  o60J0dKY
l-ro poaa, Opyrumu cioBamu, ecan cynepairedpa Jlu ¢ cocrout

W3 MATPRY, BEJI4 (2 [P),) & Mat (p, g), 10 ee rpaccmanosa 060:04-

Ka COCTOHT H3 AH&NOTHYHBIX MATPHI, PA3HHIA COCTOHT JHIUIb B TOM,
UTO B IIEPBOM CJyuage MarpuuHBE JeMeHTn GaokoB A, B, C, D aB-
JS0TCA YHCAAME, BO BTOPOM CJAydae — zJeMeHTaMH . a. A, uer-
HEIMH B cay4ae 6mokoB A, D) W HeueTHEIME B cayyae Gaokos B, €.

Tperunit cocTouT B TOM, 4uTe cynepasarebpa Jlu g peaiusyercs
kak aqarebpa gudipepeHunadpHbiX onepaTopos 1-ro mopsaKa:

(XhHa=2X( -£rf(2), (5.1.19)

rae  f(2), X1(2)=Ap4(U), 28 — opnopoausie ofpasyiouue B
Ap g (U). B muoxectne oneparopog suna (5.1.19) seogurca Zy-rpa-
AYHPOBKA: OAHOPOAHBIMI Ha3BIBAIOTCS TAKHE ONEPaTOPH, Y KOTOPHIX
OJHOPOAHH KosduuuenTHHe dyHKuu# X mpuueM « (X)) =a(2).
HAas oAHOPOLHKIX ONEPATOPOB ONpeleaseTcd WYeTHOCTh COTJACHU
opmysne

a{X)=a(X)+a(z).

Jlerko BHZeTn, 4TO, XOTH NPOH3BEJEHHE JIBYX ONEpPaTopoR BHIA
(5.1.19) He siBafieTCA ONEpPATOPOM 3TOTO BHAA, HX KOMMYTATOP, KAk
ottpenesseMuii Gopuynon (5.1.6), Tar n dbopmyaont (5.1.7), crosa
sipasiercd nudepennpansurM oneparopom l-ro nopspka. Boasmo-
JKeH BAPHAHT 3Toft peanuaard, Korjga B Kauectse [ w X paccmart-
puBaOTCA T, a, GYHKIHH, OOBUHEE HIH C TPACCMAHOBCKHAMU KO3p-
pHIHeHTaMH.

B cayuae, ec1u cynepaarefpa JIu peasnuszopana aud@epeHuuans-
HEIMH ONepaTopaMHu 1-ro mopsika, y Hee Oyier B AaJbHEHIIEM pac-
CMATPHBATLCA JHIDB rpaccMaHoBa 0foJouyka 2-ro poja, COOTBETCT-
BEHHO TéPMHH «rpaccMaHoBa o0ojouKa» B STOM CAydae BCerga
6yzer 03HauaTh rPaccMaHoBY 060JIOUKY 2-TO poJja.

Haubonee ecrecTsenHas peasu3alHs TPACCMaHOBOH  000M0UKH
cynepaarefpu JIm @, 3anawHofl omepatopamu suAa (5.1.19), co-
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CTOHT B TOM, UTO OH4 PeajU3YeTCd ONepaTopaMH TOrD Xe BHIA B
npocTpadcTee I. 4. QyHKUME ¢ rpaccMaHOBBIME KO3 @HUEEHTAMH.
IIpu stom koadpduumedtn X¢(2) Takme ABJAITCA I. a. QYHKUHAMH
¢ I'paccMaHOBHIME KO3 QUIHCHTAMH.

§ 2. IPUMEPH CYNEPAJITEGP NTH

B stom mnaparpade omucusaTes cymepanrefpel JIu, mpeacras-
asiompe HapOoaLIEIMiT HATepeC ¢ TOYKHM 3peHHA obueH TeoPuH HJHA
QHU3HYECKHX NPUIOMKEHHH.

. TTonwasn aumelinag anxnrebpa ((p, q). Ilycre
K#»e—Z,-rpafyuposantoe mauxeiinoe mnpoctpadcreo, L(K|p, g) —
anare6pa JgupelHnx onepatopos B K24, Aarebpa L(K|p, g) sBaaer-
€A accoUHAaTHBRHOR H Zs-rpaayupoBanHHOH. TlosToMy € ee MOMOLIBIO
MOXKHO fIOCTPONTH cynepanretpy Jlu B cooTeeTeTBHH ¢ odwed dop-
myaoit (5.1.6). dta cynepaarebpa Jlu ofoanauaercs 1{K|p, g).
QOua gsiaseTcs cynepaHagoroM aaredpsl JIn Bcex JuHEHHBIX onepa-
TOpGB B npocrpancrse K® mo oTHOWIeHNIO K OOBIYHOMY KOMMYTH-
POBAHHKY,

Hapsay ¢ anre6Gpokk L(p, ¢} Mu OyleM paccMaTpHBATE H30-
Mophuyie el aarebpy Mat(p, g), coctosmyw H3 MaTpHIl omepaTo-
por A=L(p, ¢} B craunapTHoM 6asuce, Cynepanretpy JIu, nopox-
Jeunyio Mat(p, ¢), B cooTBeTcTBHH ¢ dopMynol (5.1.6) ofoznauum
mat (p, g). Aarebpur mat (p, g) 1 ({p, ¢} oueBHIHHM oGpazoM
H30MOpPHLL

Paccmorpum B anrebpe Mat(p, g) onepauny TPaHCIOHHPOBA-
HH4, KoilHpyouyw onepamno (3.1.8) B Mat{p, g|A),

(é ﬁ)r— (_j;: g) (5.2.1)

rae ’ o3HauazeT OOLIMHOE MaTPHUHOE TpaHcHNoHupoBaHwe, Onepanus
(5.2.1) ofnasaer crelyOIIUMH JIEFKO NPOBEPAEMBIMH CBOACTBAMH:
ecrmi 4 = "Mat(p, 9), B & Mat (p, 9), To

(AB) =B A" (5.2.9)

¥

[£, BT = —[87, A"]. (5.2.3)

OfpaTHM BHHMAHHE HA TO, YTO B OTJIHYHE OT cJaydYas anreGpul
Mat(p, g]A) cpoficTBo {5.2.3) He pacnpocTpaHsieTcs Ha OPOH3BOIL-
Hele 3aeMeHTH Mat(p, g). Cynepaaredpn Jln I (p, g) u mot (p, g}
HTPAT 0coByIo poJb B TEOPHH B CBSI3H CO CJAELYIOIIUM OTpefene-
HHEM:

roMoMop$H3M NPOH3BOJBHON cymepanrebpet Jlu g B I (p, §)
wIH mat (p, ¢) HasEBaeTcs JUHeAHLIM OpPELCTABASHHEM cymepan-
rebper Jld 8.

B chrenymoInMx HHXe IpHMepaX BCerja, Korjia pedb Muer o6 aJ-
refpax, COCTOANIHX H3 OIEPAaTOPOB HWJH MATPUL, HMeercsi B BHAY,
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4yT0 3T anrelpnl ABAAOTCA nogaarebpamua 1 (p, q) uan mat(p, g},
T. € YTO KOMMYTATOP B HHX onpegenserca ¢opmynaoi (5.1.6).
3anuce sneMenTa cynepanrebpu JIM ¢ B BHge u+tv Bcerza Oyaer
O3HaugarTh, 9T0 Uslg, v=1g .

2. ¥VduMogyaspHas AnHelinada cynepajgretpa Jn
vl (p, g). Ora anrefipa COCTOMT H3 ONEPATOPOB, YAOBAETBOPAIOUIHX

YCJIOBHIO
str A=0. (5.2.4)

Ona aHanorwuda aaredpe JHHeHHHIX ONEPAaTOPOB CO CJIE10M, paB-
HEIM 0, B 06LIYHOM JHHEHHOM [IPOCTPAaHCTBE.

3. Anreffpa CyNepKOCOIPMHUTOBEHX MaTpUHI#{p, q).
3Jra anrebpa coctout u3 marpuugf=Mat(C|p, g) Buna

(A 0) | 9 B) Ae_ A" D= D, (525
0 D —B 0

rae * osHayaer 3IPMHTOBCKoe conpsixenue, Cynepanrebpa Jlu
u (p, §) sBAseTCa AHANOTOM OOBIYHOH ajreGpul JIH KOCOSPMHTOBLIX
MATPHIL.

Jlerko BHgeTh, UTO # (P, ¢) ABAfAETCH BelleCTBeHHOH dopMoll
mat (C|p, q).

4 YuumopyadapHada anrelpa cynepKOCOIPMUTO-
BEHX Martpun 3u (p, q). Cynepanrebpa Jlu éu(p, g) spasercs
nozaarebpoll anreGpnl # (P, g}, cOCTOAIMEH H3 MATPUIL, YAQBJISTBU-
pALUWHX yeaosuie (5.2.4).

5, OpToroHanbHO-CHMNJEKTHUECKHE cymepadJ-
re6pu 08p(C|2p, g), v8p(R|2p, g). Tak HaseBaOTCA Nojpanred-
pur mat(C|2p, g) u mat (R|2p, ¢) coOTBEeTCTBEHHO, COCTOsILINE H3
MATPHL, YEOBACTBOPHIOWHX YCIOBHIO

0 7, 0
AT+ AT =0, g={—1, 0 0} (5.2.6)
0 0 I,

rie 3nak T gaxm maTpuleH HMeeT TOT e cMblca, 410 B (5.2.1).
Bonee nogpotuo

A B0 0 0 n
A={Cc —-4 o]+[0 0 v). B=F,C=C, F=—F,
0 0 F v o—pn 0

(5.2.7)
Anre6pa o8p (R|2p, q) sABnsercd, OYeBHAHO, BELUIECTBEHHOI dopmoil
o3p (C|2p, ¢). Aurebpa v8p (R|2p, g) recno cpssaHa ¢ JIMREHHBIMH
CYIePKAHOHHYECKHMH Npeo6pa3oBaHHAMH, KOTOPHE paccMaTpHBa-
auce B ra. 3. Ipeobpasyem martpuuu Z<=o8p(R|2p, g) « Buay,
yZoOHOMY /A YCTAHOBJEHHS 3TOM CBA3W. PaccMOTPHM MaTpHILY

it [, Q)
I % ) 5.2.8).
=y ¥ (5.28)
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H NONOKEM o8 = Ly 4 L. Ouenupno, uto
A B O 0 0
=(c —A" 0 +e—“”“(0 —0 vl (829
o 0 F v —ig 0

rae A, B, C, F, p, v — 1e ke, uro B (5.2.7). INoaws3yacy cBOHCTEOM
TpaHCNnoHKEpoBaHuda (5.2.2), monygaem

B, + I8 =0, (5.2.10)
rne
0 —if, 0
I, =L Li =i, 0 0 (5.2.11)
0 0 7

Kak ™Mb yBuaum, cootHoiende (5.2.10) apndercd HHGHHATE3HM AN b-
HLIM aHakioroM cooTHoweHHs (3.2.8), xapakTepHOro AAd CyLiepKa-
HOHHYECKHX Mpeo0pa3uBaHuit BewleCTBEHHBIX 00pasywmux p; 4y,
yr anredpu A(A).

Ykamem HHDHHHTEIHMANbHBI aHAJOr cooTHOWEeHHH (3.2.18),
onpeaesIONHX CYNepKaHOHHYECKHe npeoGpa3oBaHus oOpasyIOMKX
ap, B aks as, F, fl',QF aarefpel Y(A), KoTOpLle SIBAAITCA aHaOTa-
MH GO3eBCKHX H (pepMUEBCKUX ONEPaTOPOB POMLEHNS i YHHTTOXKCHHA

{IpH HeueTHOM ¢ K oﬁpasyiomnm A8, B, «vv » akp llOﬁaBJIHE‘TCH yq)
O6pasyowmue f;, §;, yx CBA3aHB ¢ 06PA3YIOMIHMH ak By ven Qur
n 0
{1 yg TIpH HeYeTHOM ¢) MaTpuuei Lo= | 2 Op# YETHOM
0 Ugﬂ
G ¥ MaTtpHuet
Upe 0 O
Ly=| 0 Upgpp 0
0 0 l

i
npH HeveTHOM ¢, Tie U, = —— (IS fr‘ ) (cv. (3.2.17)).
Y2 ifl, —il,
B COOTBETCTBHH C 3THMK HH(PHHHTE3HMaJLHHMH CyHepaHaJoraMmu
JHHEHHBIX KaHOHHYECKHX NpeoOpasoBaHHii ONEPaTOPOB POKAEHHS
H YHHYTOXEHHS fABAAIOTCS MATPHIE BHIA

—1
& :{ L.% Ly npu detdoM g, (5.2.12)

L,d8 L' npn HeueTHOM g.

Hs (5.2.12) caepyer, uto MaTpHun &' YAOBJETBOPSIOT YCJIOBUIO
1, 0
P+ IFT =0, =L LT = (0 S) (5.2.13)
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rae L=1L, npu uernoM ¢ H L=Lj 1pu HeleTHOM ¢;

S, = (0 !‘”2) TP YETHOM ¢, (5.2.14)
fon 0
0 Jg-ne O
Se=|Jg—yz O 0 | TPH HeueTHOM 4. (5.2.15)
0 0 i

MaTpuub EMeOT COeAVIOUINE ABHLEIH BHA:

‘M 0 L 0 Q
é"’ = — /4 N
( N) + e ( ) ‘ (5.2.16)

¢ —8,Q'7, 0
. U, v,
npurueM Saoxk M, N, @ HmeoT Bain M = ( -k
vV, U,
IN = (gz_'/z) Q= (E E) fIPH YeTHOM ¢,
Valy /o p o
i, V,C
Sl | L]
N —-( v, U, Ej), Q= (f E f) TpH HEYETHOM ¢,
_“Er —C' 0 ﬁ o 0,

U, V;-—kBazpaTuble MaTpuiunl nopaaxos p/2 u [g/2] coorsercrpen-
HO, o, B — npamaoyroasuee pXxfg/2l marpuun, € 4 o - oaHoCTONG-
IOBHIE MATPHIILL

Cynepaare6py JIn, cocrosimiyio M3 marpuu BAAa (5.2.16) mpw
YeTHOM g MH OyfeM o6azHadate € (m,n), TPH HEUETHOM —
o {m, ny, rtae m=p/2, n=[¢g/2]. D10 oBo3HavYeHHS NDPH3BAHH TOA-
YePKHYTh HX CBA3k C KAHOHHYECKHMU IpeoGpazoBaHHAMM.

6. AnrebSpa udp(R|2p,29,¢"). SOra anreGpa dgBngerca
BemecrBenHol Gopmoit vép (C|2p, 2¢'+¢”}. Oua cocTout H3 Be-
UIECTBEHHBIX MaTPHI, YAOBASTROPSIOUIAX YCAOBHIO

A v+ oA =0, (3.2.17)
rae _
T, ¢ 0 0 7 o 1.
JP,GHQ#:(O o ) T”:L! op)’ S'=(f qo)
0 0 ip P o
boJsee noapoSHo,
A {0 ¢ Y . Sy 0
= = N rie S' L .
4 (0 B) - (MSJ'-G’" Y’Tp 0) 8 e (0 fqn)

;f:” B — BenlecTBeHHEIC MATPHLBL, YA0BJETBOPAICIIKE YCJOBHAM
Aty + 1, A’ =0, BSp o+ 8y, B =0.
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DTH MATPHLH UMelOT BHA

B, By B
A A 11 }2 13

Az(flwfj’B: By —By By
2 " —Boy- —Bi3 By

npaueMm Aip=A"12, Ayy=A"2, Big=—DB"1y, B'5y=—By;, Byz=—DB"s,.
IIpu ¢’=0 cynepaareGpa Jla o8p(R|2p, 24", ¢”) npeBpamaercs
B PacCMOTPeEHYl0 panee cynepanrebpy JIm  08p (R|2p,q), npu
g”=0 oHa Tecuo CBA3AHA ¢ TAMHJBTOHOBOH CTPYKTYpoH B xoKaca-
TEJbHOM NpPOCTPAHCTBe K cynepMHOroofpasHio, xoTopan Haubogee
OpAMOJHHeARRM 0o0GpazoM ofofiiaer Ha cymepeaydafi raMuJbTO-
HOBY CTPYKTYPY B KOKAaCaTeNbHOM TNDOCTP2HCTBE K OOBIUHOMY
MHOTOOGpAzRHIO,

7. OproroHenABRHO-CHMIOJAEeKTHURCKAaA cynepauJ-
rebpa Ju 2-to poga o8p(K|nr). Ira anrebpa cocTOUT H3
matpun feMat{Kln, n), yI0BAeTBOPAIIUX YCADBHIO

A= 0 ],l)
Vgﬂrnd‘_’cﬂ = r rﬁ - ___[n 0 *

Boaee noapofuo,

uZ=(A B

. A,), ——B, C=C

Ha neprumift Barnmag xamercs, uto anareGpa ofp (K|n, n) smaser-
cAd TOYHMM AHAJOroM CHMIJeKTHuecKofl aarebpum Sp(n). Opnako
OHa B TaxoH e CTeMEHH fABJAAETCS AHAJOIOM M OPTOrCHZALHOIM.

B camoMm gene, nodomuM #=38,8S. rne §,= (0 7y . Jlerxo
n

BHIETh, YTO MaTpHuul % YAOBJETBOPAIOT YCNOBHIO HSa+ S HT=0
H TeM caMbM 00pasyloT cynepalsirefpy JIH sBAAOUIYIOCH TOYHBIM
aHanoroM OpPTOroHanpHOH ajreGper O(2n).

8. JlopennoBcKas cynepkondgopmuHaa aarebpa
u (2,2,N). Tax nasmBaercsa cynepaaredpa Jlu, cocrofulas H3
MATpHL BH/a

A B O 0 0 «
A=|c A oj+te "l o0 0 p} (5.2.18)
0 0D —iB* ot O

rae A, B, C — xoMaaexcuuie MATpHubl 2-ro mopsaika, D — xomi-
JeKcHas Marpulia mopsigka N, o, p — KOMIJIEKCHHE NPHMOYTOJb-
Hele MaTpeUel, dAMenise 2 ¢rpokd U N croabuos, Marpaus B, C
H D y10BAeTBOPAOT COOTHOIIEHHAM

B=8* C=C* D=—D* (6.2.19)

9. JlopeHumoBcKoe cynepobobmednue aarefpu
ge Currepa 8. (4, N). Dra anrebpa sBasercs nojanre6poH
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HpE,’.lbIﬂ)’!.LlEI"'I, OHa BpIJEJAECTCH AONOMHHTEABHBIM YCJIOBHEM

t00 00
/Z(o«:o)+(ow )ui]”=0, (5.2.20)
00 Iy 0017y
rie & — Marpuna puaa (5.2.18), 172( ?(l))

C=tB1, p=—ite, D=—D'=D, tr A=0, (5.2.21}
rie A, B, C, D, &, p— 6aokn Marpuns o£. O6patuM BEEMaHHe,
4T0 B OOBIYHOM caydae cyplecTByer Aee adarebpni  age Currepa:

St, cocrosiwas u3 GuaouHBIX 4X4 MaTpuIl (é i) YLOBJ/ETBO-

pAOWHX yCJAOBUAM

A B\h/t0 4 TtONfA B ’EO’B:B”,C‘:C*, (5.2.22)
C —AJ\0~ 0t/\C -4

H S-, cocroaumas M3 AHAJNOTHYHBIX MaTpHl, Yy KOTOPBLIX, OJHAKO,
nepeoe ycaosue (5.2.22) sameneno Ha

A BY/—t0\ [—t0y/A BY )
(c —A*)( OT)+K 01)(6 —A") =0 (G2

Ocranbuble yonosas (5.2.22) ocrawores HeusMenHwmMH. CymepaHa-
JoroM ofaafaer TOJBKO nepBast anreGpa. AnreSpa $8.(4,N) Hzo-
MopbHa aarebpe eo8p (R|4, N). VcradaeauBaTe u3oMopduaM
yAo0HO B JABa 3Tama. Brauade paccMOTPHM MarpHuel 4X4 H
(N+4) X (N+4):

1 [2_ i]z w 0

= , W= . 5.2.24
Ve (T — it 0 /x ( )
[Monoxum H=WHW-!, rie t= 8.(4, N). Matpaua # umeer Bufg

Uuvao 0 0 o
B={VTOo}+e| 0 0 —5) (5.2.25)

00D —g" —a' 0

rae
- %(A — A+ ‘? (B—1B'1), V = % A+ AT+
+ —;-*(Br —1B’)

o=a —18@. (5.2.26)
(ITpn ycranoBieHHH paBeHCTBA (5.2.25) nosesHE TOXAeCTBa T@=
=at u th=—>~1, Tle a — KOCO3PMHTOBA, b — 3pMHTOBA MaTpHIH,

npuueM tra=tr b=0. )
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ITonoxuMm

t00 AN
r%‘l:(ofco , H=War,W = _1,00 | (5.2.27)

OO!N OOIN

Mz (5.2.20) caeayer, uto MaTprLel F YIOBJAETBOPSIOT CCOTHOWE-
HHIO

BI + HB =0, (5.2.28)
Paccmorpum teneps 4X4 u (4+N) X (4+N) matpuns

| J;;( il, ilg) U (uO)
“EyTf o \—1n, L) "o

H nojoxuM #=UZHU-' Vs (5.2.25) caeayer, 4To MaTpHUbL Be-

1LLCCTBCHIDI:
ru rp 0 0 0 p
(r21 Fos 0)+(o 0 p,)’ (5.2.29)
0 0 b/ \w-90

SVIRSTAN Rel 4 ReV ImU—_ImV)
—ImU —ImV ReU-—ReV )

I
(i)z‘i%(afz)’

rie cuMBoJbl Re, Im o3nadalorT BelleCTBEHHYKr H MHHMYK 4YacTh

COOTRETCTRYIONeH MaTpuubl. 3aMerum, uto & = UKU'. Tosromy
Hz (5.2.29) caeayer, 4ro MarpUubE % YAOBASTBOPAIOT YC/JAORUAM

gyf+ 3ng = 0)

T. e. F= o8p (Rj4,N). OOGpartHo, Nerko BHIETh, UTO eclH Fe=
=o8p (R4, N), To #=WU-"CUW=4,(4, N).

10. EBk1ugoBckag cynepxoH@opmuaga anrebpa
ur(4, N). Dra aarebpa cyuiecTByer TOaBKO npr udethom N, Owa
COCTOHT M3 MaTPHIl BHIA

Ta1 Foz

AB O 00a
e/£=(CD 0)+ 00p} (5.2.30)
00F y&0
raie A, B, C, D — Matpunu 2-ro nopsika, HMeloUlHe ClesHabHEH
BHA
( a E), (5.2.31)
—ba

MaTpHUel ¢, B, y, & cocToAT H3 GAOKOB, KOTOPBIMH CaAyXaT Mart-
pHIE 2-T0 nepaika BHAa (5.2.31). Tax xak marpuus puja (H.2.31)
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obpasyieT aiare6py KBaTePHHOHOB, TO APYTHMH CJOBaMH, MOKHO

cKa3aTh, yTo anarefpa uz(4, N) COCTOMT H3 KBAaTePHHOHHHX MaT-

pun. Ilo aHaorum C BBefeHHHIMH paHee HApocTpaHcTBAMH Ko7,

rope K=R unn K=C, o6o3HauuM uepe3 (P9 —rpaayuposanuoe

KBaTEDHHOHHOe JiHelHoe MPOCTPAHCTBO, JeMeHTaMa QP9 cayxkar
Xz

CTONOHKH : »  rje x;=() — KBaTepHUOHH. Zy-TpaiyupoBaH-

KXptq
HyI0 2Jrefpy JHHeAMEX ONEpaToPpoB B TOM RpOCTPAHCTRE 000D3HAa-

uiM L (Q!lp, q), coorsercTeyouyio cynepaarebpy Jjln— 3 (Qlp, 9).
B srux obosHavenusnx  ugz {4, N)=14(@Q|2, - )

11. EprganpgoBcxoe cynepobobmenne aarebpu
ae Currepa $:(4,N). Dra aarebpa, Tak XKe Kak Npeasay-
wiasg, CYWecTBYeT TOJbKO ApH ueTHoM N. OHa COCTOHT H3 MAaTPHL
prna (5.2.30), yIOBJIeTBOPAWINEX JOACGAHHTEABHOMY  YCJIOBHIO
(5.2.20).

12. Cynmepanret6pa Jlu mat(p). Jra anrebpa coCTOHT
H3 MaTpul < mat (p, ), UMEIOIIUX CIeLHANLHEN BHA

JJ—(?%H(Z ‘3). (5.2.32)

Cynepaarebpa Jlu mat (p) obGnagaer unieaqom Smat (p), co-
CTOAUIHM N3 MaTpuy BHAZ (5.2.32), ¥I0BJeTBODAIINX ACHORHH-
TEJEHOMY YCJIOBHIO

tr B=0. (5.2.33)

Cynepaarebpa 8 mat(p) anagornuza cymepasarebpe 8i(p, g): el
OTBEYaeT, KaK Mul YBHAHM, noarpynna S Mat(p]A)cGMat{p|A),
cocTosililag H3 sieMmeHrop GMat(p|A) ¢ cymepaeTepMHHAHTOM
2-ro poaa, paBHEM L.

Cynepanre6pa 8 mat (p) ofragzaer HLeanoM, COCTOAILUM H3

MaTpual BHAA A 0” I)' dakropanrebpa  Smat{p) no aToMy

H1eaqy Ha3KBAETCH (fo—d)wcynepaﬂreﬁpoﬁ Tenn-Mana, Miuxeas,
Panukatn, Mu Gynem oGosnavats ee SAR(p).

Aarebpy $#F(p) MOXKHO Ppeann30oBaTL MAaTPHUAMH BHAa
(5.2.32) ¢ romoaHuTeNpHBIMH veaoBusME trA=tr B=0 B KoMMmy-
TATOPOM, OTAHYANILAMCH OT O0BIHHOIG!

[ A, B], = [AB] — -i tr {4, By, (5.2.34)

rie [s£, &) — ofuMubE  KoMMyTaTop, onpelenseMulii dopMyqaol
{5.1.6).

13. Aare6pa Tonsdauga—Jiuxrmana IJI(N). 3ty
aarefpy npolle BCero OnHcaTh Kak nojanrefpy aareGpul cynep-
KOH(pOpPMHLIX npeofpa3oBaHui # (2,2, N), cocTosillyio B3 MaTpui
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BHJIoa

A BO 0 0y
A={o_a0 _|_(0 0o trda=0 (5.2.35)
0 00 0—iy' 0

(y=e%g, rie a-—-Marpaua us npasoit wactun (5.2.18)}. Uerhan
qacTh ajnrebpu T'JI(N) seasietcst agreGpoit Jlu rpynnwm Ilyankape.

Anre6pa [JI(N) ofaazaer rpynnoit aBTOMOPGUIMOB, B30MODD-
noit U{N)}, TMoayupamoe npoussepenne aarefp IJI(N) n U(N)
TaKkKe sABiAeTcA noAanrebpoi cynepkondopmuocit aarebpol (2,
2, N). OBosnauum ero uepez [JI;(N}. Cynepaaredpa Jln TJI,(N)
COCTOHT H3 MAaTpHL BIIa

A B O G 0 vy
uﬁz(o_,q*o +(0 0 0 trd=20. (5.2.36)
0 0D 0 -y 0

14, Cymepaarefipa AOKAJABHEX BEeXKTOPHBIX IHO-
nefd Dpg(U), Dra aarefpa coctout M3 ZuddepeHuyalbibix one-
patopor l-ro mopsiika JedcTByowEx B anrefpe Apq(U) xax au-
HEefHOM TIpOCTPaHCTBE:

Xp@=EX@—F, (5.2.37)
rie zi, li<p+g, — ofpasywwmne anrebpu Apq(U), XisA, (V).
B cayuae, ecau a(zi)=1, B (5.2.37) uMeercsa B BHAY JeBas IpO-
H3BOAHAS,

Ouesugno, 4yto omepatop Buaa (5.2.37) He MeHsET METHOCTH
siaemenTa f, ecan xosdhdumueHTH X! oaHopoiHe B o (X)) 4 a{zf) =0
pd BceX [, H MEHHEeT 4eTHOCTh [, ecnu Kosdduumentsr X! ojHO-
poauel, HO & {X?) 4 w(z?) =1 npu scex i. Taxum ofpasom, B coor-
BETCTBHH ¢ OGHINM OOpelefeHHeM UeTHOCTH onepatopi, AeficTByro-
iere B Zy-rpajyHpPOBAHHOM JMHeHHOM TpocTpaxeTse, oneparop X
sria (5.2.37) oxmoponeH, ecar ero kosdhunrentn X! OLHOPORHH
u cymMma o{X?*) +a(2') He saBHcHT or HOMepa i. Ilpu sTHX ycao-
BHAX €0 4eTHOCTh PaBHa

e (X) =a (X7) +a(z). (5.2.38)

Onepauns xommytupopanua B D, (U/) onpeleasiercs B cooTBer-
¢TBHH ¢ ofnued dopmynoft {5.1.6}. Tax ke Kax B cayuae 00BIYHDBIX
AuddepeHnasbHLIX onepatopos 1-ro nepAnka, JeTko RpoBepsercsd,
YTO KOMMYTATOP ONepaTopoB BHAa {5.2.37) sBasfeTcsa OmMeparopoM
TOro e BHAa. TaruM obpa3zoM, xoMMmyTatop (H.1.6) mpespamaer
D4 (U) B cynepanreGpy Jln. B cayuae oanopoaunx X, YD, (V)
kozbpuuuentw [X, Y]F oneparopa [X, ¥] Bepaxaorca uepes xoab-
¢uunedtn X, Yi oneparopos X, Y cornacro dopmyne

[X, Y} = 3 X8 (-a—"— Y") (= 1)) t—é%— X") . (5.2.39)
2
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3ameTHM, 4TO oneparopm XeD,,(U) sasmmiorea aupdepennapo-

BAHHAMH anreépbl Ap g (U
X({, &= (Xf)g + (— 1) Xeh f X g (5.2.40)

AN ONHOPOAHBIX [, g=Apq(U), X&Dp,4(U). Tak xe xak B 06su-
HOM CJayvae, MOKHO MoKasaTb, 4T0 Dpo(U) cocTouT u3 BCex aud-
depennupoBaHH Ap g, (U)L

15. [TpencTasaenne anredpu DM(U) B IPOCTDaHN-
CTBe JOKAJAbHUKX TEH30PHHEX n10deill. HanoMHUM, 4TO Tel-
30PHBIM [0J1EM HA3KIBAETCSH noJddAnHeliHad QVHKUUA, 3aBUCAILAS QT
HEKOTOPOTO KOJIHTECTBA KacaTeAbHBIX H KOKacaTedbHBIX BEKTODOB K

cynepMroroobpasumio: F=F(z|u, ..., 4; ©,...,0), rie z —
r re omg "y

TouKa cynepMHoroobpasus M, u={u, ... 4, )}, v={v* ... 0Pt} —
r r r m m m

COOTBETCTREHHO KOKACATeJLHRIA H KacaTeIoHBH Bektopsl K M B
TOYKE 2,

HanoMHHM, 4YTo UeTHOCTH KOMMOHEHT 3THX BEKTOPOB i;, U

T 3

CBA3AHHI ¢ UETHOCTAMH JOKalbHBIX KOODAHHAT OAHHM W3 CAeLyIO-
11EX ABYX COOTHOUICHHH:

o) = alz’) wm ay,) = a(@) +1,
" . " . (5.2.41)
a@) =a(@) am a{v) =)+ 1.

B cayuae, ecan a{u;} =a(vf), BEKTOPH U ¥ ¥ HAILIBAKOTIA POACT-
BEHHEIMH, MeXAy HHMH onpefiefeHo CKaJAsApHOE NpOU3BeleHHe

(i, vy =Zu;vl, {5.2.42)

B cnayvae, ecan cynepmuorootpasue M Asnsercs NoxkaJbLHEBIM, T. €.
ecau z=A,4(U), TeH3opHoe mose F(z} 7T R )
re iy s

ABadeTca zaeMeHroM aarebpet Ty, (V)< AC,OOO(UXK“’) Hanowm-
HHM, 4TO 3jMeMeHTaMH anrebpel T,.({/) caymar npoH3BoJbHbIE (He

06s13aTENBHO TIOJHJIHHERHDbe) UHAHHIAPHYECKHE (QYHKUHH OTZ, I, U.
rom

B cayuae raofansroro cynepMmuorooGpasug M ponn anrebpu
Tpq(U) urpaer ajnrebpa cedenHil pacciaoeHus, Gasoffi KOTOpOro
cayxuT M, a caoeM — GecXOHEUHOE MPOH3IBELEHHE KACATEAbMBLIX
H KOKacaTeAbHhIX NPOCTPAHCTS.

B aaredpe 7,,(U) cyuwectByer onepaTtop, XOTOPHH HasuBaeTcd
YIpOueHHem

- (u

. 7))
szmplF jF(z] w, vye €M7 ) Il dudo, (56.2.43)

rae McZ,, m[ ) dyrkuua Ha M, TpHHHMaKIas TOJOKHTENb-
HBIE TEJOYHCAeHHble 3HAYCHUS, NPHYeM m(r) =m(ry) TONBKO, €CJH
Fi=rg, i, U — NapH POACTBEHHBEIX BEKTOPOB.

r mr)

1 OTMeTHM, 9TO OTCIOZA cielyerT 3aMKHYTOCTE Dp, ¢{U) oTHOcuTEeABHO KOM-
myratopa {2.1.6) B o6xoR mpaMuxX Bruuciheuui. CyM. TeopeMy 5.2.
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Taxkum oGpaaoM, QyHkuugs G = sunplF 3ABHCHT OT uMc/aa ap-

ryMeHTOB, Ha 2|M| Menbuiero, yem P rae |M| — udcao touex
B MHOMecTBe M,
Nycrs A, — oanopoauwii oneparop B Tpq{U), aMeromufi suj

A = Ay, 2 (5.2.44)
r a“k

rie r— "exoropoe duxcupoBannoe uueno, A.ieT,4(U). QObosua-
upM depea A7, A, onepaTopbl, LeHCTBYIOUIHE COTJAcHO (opMyaaM:

4_

TF . ( (a(F)Aoc(u )+or.(uk))00(r4 )F Uk,Ah (5_2_45)
ot

AF = - I)C‘(” )etoh) o)) Abge 9 El F
r 50‘ )
;

C momowpio cootHomwennit (2.1.4) u (2.2.7), (2.2.8) nerxo mpo-
pepsercd, 4yto A,/ =A, H uTO

simpl (ALF) = simpl (4, F) = simpl (4,F), (5.2.46)

rile r'=m(r)=7Z,. — nNpOH3BOJLHOE YHCJAO, TAKOe, UTO BEKTOPH u
H v poicreenHnl. IlepefileM K onucaHH0 NpeicTaBaeHHA anreﬁpb[

pq(U) B npocTtpaHcTBe T ().
Kampomy Xe=Dpo(U) conocrasum B T,,{(U) oneparop Tx
coraacHo QopmyJe

U yening) F
Tx=X—Y {— T (X,
X 2( l) ( ?i) Ozs  Ous -
r r
Yoo a(X}(a(zi)nLOtzvi)) 5 _5 3 i, 2.47
+ YD Do (5o X ) (5:2.47)
r r

rie X — onepartop B T, ,(U}, meficrBylomuil na anement F(z|u, v),
KaKk Ha ¢yaxuuio 2. Ms dopMyawm (5.2.45) Jerxo caeiyer, uTo
onepaTop Tx HMEeT CASAVIOILYID CTPYKTYPY:

Tx=X—YAX+Y A7 (X), (5.2.48)
rae
walu) 0 F
A (X)) = (=1 - (X’uz) B —5‘—' (5.2.49)
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Onepatop A, Buna (5.2.49) obnamaer BaxkKHBIM CBONCTBOM, ec/d
f=Y(2u, m
T

(Txf)f =X, Y} = Xo {2 Yf) (— Py (—-—x)
923 az®

—

a
e ¥ = Y‘-—-—-— onepatop, axaaoruuyuui X. Omnepartopsl Tx Bula

(5.2.47) HBJI“IOTCH CY[E€PaHaa0raMy TaK Ha3blsaeMBX TPOH3BOI-
HEBix JIH, X0DO1o mnagecTtsuix B obmuwolt guddepenndanssofl reo-
METPHH. ‘Mut COXPAHMM 3TOT TeDMHH H B AajbHefinleM GyleM Hacto
HASHBATH 3TH OTLEPATOPH NPOHIBOAHHMI JIH.

Teopema 5.2. 1) Oneparopw Tx Buza (5.2.47) ofpasywr Ju-
RefiHoe NpeACTaBieHne cynepanredps Ju Dy (U).

2) Onepartoprl Tx NepecTAHOBOYHE ¢ ONEPaTOPAMH YOPOMIeHHH,
, 3) Oneparopul Tx sApndwrcs nubdepeHnupOBanHIMHE aAredphl

2 (U).

Hoxasareaverso. TpeTbe yTBepIeEHe OUeBHAHRHM 00pazoM
cleiyer H3 TOro, 4to Iy AsasercH pndrbepeHUEZNBHBIM ONEpaToO-
poM 1-ro nopsiaka, npuyeM onepartop Tx 0gHOpOJEH, ecaH X OXZHO-
porer U a(Tx) =a(X).

Bropoe yTeepkIAeHHe clelyeT H3 TOro, YTO ouepatop Ix HMeer
BEJ {D.2.48), B To BpeMs Kak omepaTcp X KOMMYTEPYET C YEHPO-
HIeHAEM, a onepaTopsl A,, A, CBAZaHH C ONEPaTOPOM YIUPOLLLHHS
gopmyaoit (5.2.46).

Tlepefilem K mepBoMy yTBeDPMCASHUIO. 3aMETHM, YTO IPH K100BIX
X, Y=D,q(U) n awbux r,r'[4,(X), A, (¥)} =0 npu r#£r'. Tax-
we [4,(X), A (V)] = [A,(X), A, (V)] = 0. Mosromy

I7x, v = [X, YI—Z2[X, 4, ()] + Z[X, A, {¥)] =24, (X), Y] +
+ 2[4 (X), YT+ Z[A, (X), A (V)] + ZT4, (X), A (1)},

3amerum, uto caaraemoe, conepxainee A,(X) wxn A, (Y), asaser-

o THGepenTa bHEM ONePATOPOM TOJBKO 10 HEPEMEHEHM U,
.

caaraemoe, cogepxauiee A,(X) unn A.(Y),— 101BKO MO MepeMeH-
upM ol [lostoMy yeaoBe {Tx, T'v]=Tix,y1 PKBHBAJEHTHO CJEAYIO-
r

MM ABYM CHCTEMAM YCJIOBHIH:
A-([X, Y]) =[X, A (") ]+[A-(X), Y]—[A.(X), A-(¥)],
A (1X, YD) =[X, A (X)]+14, (X}, Y]+[A-(X), A (V)]

ITH COOTHOIIEHHA [IPOBEDAIOTCA OAHHAKOBO. OTpaHHUHMCH ADOBEP-
Kot coorHeowennd 2-0 rpynne. OnyctHM Hunerc r. Henocpeger-
BEeHHOe BRIMHCAEHHe J(aeT

-— —- —

~ i ! s 0 a )
X, A — [N ol N-ae ) X) n 3y v ,
X, AW)]=(—1) S V) —
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~ f 1 5 .
[A (X)’ Y] =—(— l)CC(X)Dt(Y]'I-D'«(X}(O&(Z Ielo N4l )ely) gy %

_F_é.._i 3 _-_é_.
X ( e X) 2 (5.2.50)

[ (X), A ()] = (— 1)ow0ratnaran’y x

e\ (O vi i pyeoem (E_ :) 3 f)]i.
X[vs(azsx)\azty) (= [tietes dzsy (azfx Jut

3ameruM, yro B cpay (5.241) cymMma a(z!)+a(o?) He saBucur
ot i. [Tosromy

(— 1y iateehtaeion (— 1 e X0 oy peute et Xyouz)

[puMensas axanoruyHoe npeolpazoBaHue B mpaBoh wacTH 2-ro pa-
seHctBa (5.2.50) m ckIaZbIBam 3aTeM Bce TPH PaBeHCTBa, HAXOAHM,
YTO CyMMa NPABHX YacTell ©MeeT BUA

- -
(— Dewiah+awh gs (2w 2,
g5 ot
rae
.

. , [
W =X‘( = y:) e (= [ Yt (_é_;t_xt).

W—_—Wf—a—a;-:[)(, Yl.

B zaxkmouenne cjlesnaeM HECKOJBLKO 3aMeudaHdH 1o NOBOLY Ofpe-
JNenenun oneparopoB X, Tx M uX CBO#CTB.

3ameyanne 1. OGo3RauBM BpPCMeHHO ONEparop, OnpegessieMbld
dopmynoft (5.2.37), uepes X: ® paccMOTPHM AHAJOTHUHBIA Onlepa-
Top X

X&) =i X"

Teopns, koTopas mnoayuaeTcs Ha OCHOBe OTepaTopoB X, [OJ-
HOCTBIK) SKBHBAJEHTHA PACCMOTPEHHON, BBHLY TOTO 4TO

-— —
A x° m 8
(f azt X) = (X9 g2t r
rae °-—oneparop B Apy(U) nepecrannswomufi HeueTHHE KOOPIH-
Hare B o6paTHOM NOPAZKe.
3ameuanue 2. Onpegenesxe onepatopa I'x MoxeT ObTb MOIH-
(PULHPOBAHO 32 CueT HIMEHEHHsS 3HAaYKOBHX MHOxHTeNed 6e3 yulep-
Ga nna crnpaBeliHBOCTH TeopeMu 5.2, BrbpaHRbIe HAMH 3HAKOBHE
MHOXKHTETH B (5.2.47) 01HO3HAYHO OnpeiefeHH YCAOBHAMH:
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1) ecan F=YiuieT,q(U}y, 1o TxF=[X,Yliu;, rze [X,Y}—
xoaipunneHT KoMMyTatopa omepartopa X ¢ omepaToM Y=Y‘a%
(cm. (5.2.39));

2) onepartop Tx MOJNKEH KOMMYTHPOBAThL ¢ ON€PaTOpPaMH yipo-
1103:0¢: 8

3ameyanne 3. OGosHauuM wuepea O°0,,(U) noamHomxkecTBO
Dpq(U), cocTosnmiee u3 onepatopos, KoaQ@dHUHEHTH KOTOPHIX JH-
Hefino 3asgcar ot zi Ma (5.2.50) caeayer, uto %Dy (U) sBasercs
noaanarebpoi Dy, (U). Ecan aneMent fe&A, (), B cBolo ouepens,
JHHeeH 10 06pa3yYIoNIHM 2i, TO

-

Xf = Xizt —a—sfszs = Xizt
ozt -

(x0osbduunerTH f; ABNAIOTCA YUCIAMHE, TOSTOMY 3HAKOBHE MHOXKH-
TeAH He BO3HHKawT}, CraeaoBatenwHo, cymepaarefpa Ja °Dy 4 (U)
HzoMopdua cynepanrefpe mst(p, q). Mzaomopdusm gaetca dop-
MYMOH

X -

v}

16. KoMMyTaTop npous3Boidof JIu # xoBapHaHT
HOH nNpoH3BoAHOH HamoMEEM, 4YTC 0AHODPOXHOH KOBADHAHT-
HO# TIPOM3BOAKOH HazmBaeTcsd omnepatop B Tpe({/) Bupa

- — i -
— gt el 8 e et 9,
Vi) =a—+ Ea Pl " Z( o vaTh == (5.2.50)
r ¥ r r
rjie at — KOMROCHCHTH Ka2CaTe/fibHOTO BCKTOpPA 4,
a(V) = af@)+ a@)=a(@) + a @)+ a@) + «(lh).

Oneparop V(a), nogoGuo oneparopy Tx, NmepecTaHOBOUEH C One-
paTOPOM YIpPOIUEHHA. ITO BHAHO H3 TOIU, UTO OH HMEET CTPYKTYDY,
AHAJOTHYHYIO onmepatopy T x:

viay=D(@+ ¥ B — Y B, (5.2.52)
r r
rae
g9 gt 8
D(a)“"a o Br—a rk!-'r’f-,' ER
E’ = (—— 1)@(7)@(‘”) ?lak l";d 6‘11 , (5-2.53)

r
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BHAK ~ HMeeT TOT Xe CMBICH, YTe B (5.2.45). Conocrasnm onepa-
Topy V(@) anement I'eTpq(U), pabunii

. atviata’) . '
T(auv, w, t) = a*Tuaw'—(—1) 7 va*Tut,, (5.2.54)

rie w, { — COOTBETCTBEHHO KacaTeJbHH#H H KOKacaTeldbHbIi pek-

TOPH, NPHYEM
o(w)=a(4:), alt)=a(v). (5.2.55)
Takum obpa3som, 7

v(a)=‘;f(a, . v, g; ““j‘u‘“) (5.2.56)

Teopema 5.3. KomMyratep oneparopos Tx B V(a) uMeer BUR

53
15 V@l =Y (a 40—, —— 1 4

+¥n, (a, 4, ;’; )—Eﬁ (a, v, i ) (5.2.57)

r

IpHuEM
" Infa,u, v, w, ) =AuTxA (0, u, v, w, #), {5.2.68)

rie Ay — CHEpATOP YETHOCTH M0 mepeMeHHON w,
I
afw )
A, fla v, )=Ff@ v, i), o’=(—1)" o,
r r

sneMenTH Thyia, u, w), T2{a, v, {) HMeoT Bda

(e ey g F) ‘ ,___é-_
Do(a, u, w) = (—1) o~ (X7 u;) P w,
(5.2.59)
~ £, Fl 3
— (X} {(2") 4o i Z X! .
£, (a, v, ) = (— 130 @) oy (a X )t‘.

Horasareascreo. Tlpeacrasum omepatopw Tx u V{a) B sune
(5.248) wu (5.2.52) coorBercTBeHHO, B cyMMe (5.2.48) BuaeanM
claraeMoe, OTBevaolliee vi=a’, KoTopoe obosznausm Ay

025 dab

(Hanmomuum, uro a(V)=a(2!)+a(a?).) YuuTeBas, 4ro OnepaTo-
pH, COAepKallldie NPOH3BOAHBIE, MO PA3JMHUHHIM aPryMeHTaM KOM-
MYTHDYIOT MeXIy coGoil, HMeeM:

[Tx, v (@] =X, D] + |4, D1 — ¥, [4.. D] + ¥ {4, D] +
r ra0

+ Y (X, B] —[X, B) — Y (4, B+ (4, B). (5.2.61)

Ay = (10 e (2 X‘) o_ (5.2.60)
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3aMeTHM, wr0 INpousBoiAbe Of02¢ MoryT cojepxaTbed JIHIIL B
nepBofi crpoxe. Koadpuuuent npu J/02¢, TakuMm obpas3ocM, paBeH

(— e gs (T X 4 (— e amar | —F x¢) =0,

adz2s
Hanee, ciaraeMbe cojepxalllde BTOPHe TNpou3BoaHne Xi co-
HEPXATCS TONBKO BO BTOPOM, TPeTLEM H HETBEPTOM CJaraeMBIX.
ITH caaraeMuie HMeOT BHA

(— 100 pa, — (—1HIDA 4+ (5.2.62)

rie MHOTOTOUAE 0O3HAYaeT OAHOPDOIHHIA AH(PepeHUHAABHEN oOle-
patop 2-ro mopsaxa. Oneparopu (5.2.62) AMelT NPH BCeX r OTM-
HaKOBBII BHA, MO3TOMY B JaJbHeHIHX BhMHCAEHHSIX HHAEKC 7
onycxaercss, QueBHAHO, UTO

DA:Fz(a, i, ——a——)+ een
du

Dﬁ:fz(a, U, )+ y
a2 o (e} K : F)
r2 (a’ u! w) - (—"' 1) s af _EY(X‘ u;‘) —‘az—s— ws,
T — {— )X @ e wy i J :
Fy(a, 0, =(=1) @ (v X,

H MHOTOTOUHE HMEeeT TOT e CMBICH, YTO BHLIe.
[lepeifijeM x mnocaeAHHM IByM caaraemupiM. OIycKas HHIEKC f,
HMeeM

[X,B]:Xi( 5.2.63)
(5.2.6

-

&
(X, B]_ _(wl)a(v)cz(s) Xf( = v'a I“M) =

2TH yaeHsl WMEIOT OUeBHAHHEIM 00pascM HYXNHBIH BH. Ila.nee,

—_ —_ a:(zs)c‘(us) T 3- %
A, Bl=(—1) ‘(X — ) o (a I’kzu,) -+
wlX) aly) ety L& 0 ‘g E) 3
+(—1 a*T iU} E (X 625 ) B, » (b.2.64)
— T4 Bl = (— Do @thte o) taimeh s( F] :)
[4, 3] = (— 1 v (== X!} %

180



- e
X 63_‘(0: a* Ty ajl 1 (— 1)) @t

14k T El s 3 X‘) F] 5.2.65
x vla" T dvf v (_625 ol ° (5.2.69)

TepBhie ciaraeMule 3 mMpaBuHx uacTax dopmya (5.2.63) u (5.2.64)
HMEIOT HYXKHHI BHA, BTOpHE CIeyeT npeo6pa3oBaTh.
3annieM BTOpOe cnaraeMoe B HpaBoii uactu (5.2.64) B BHIe

c (a, U, 9 ), Tle
du
$ i
Cla,u, w)=(— l)a(X}oa(v)Jra(z Yoot )0l XF) %
)
a*Th urw! ( Xxi @ —
% e ot az3

63:" (@* Tl u; ).

:(—1)vw=( ;’; Xf)

[Noxasarenn y pasen
¥ =a(X)ja (V) +a@)ale) +alw)e(X) +
+ a (@) (a(V) + 1} + (@ (X) + a (@) (@ (V) + o @) +
+ a (@) (@(V) + 2 (X) + a (@) + a (@) + o (@) (@ (X} -+ 1).
ITpeoGpasyeM ¥, noabsyick TeM, yTo a({X’) = a(X) + «(2%),
a(u) = a W), a@) + a@) =a@w) + a{wh).
¥ = a(X) (2(V) + @) + a(V) + (@) + a (@) + a () +
+ (V) (@ (@) + a (@) + a(z%) + a () +
+ a(zf) o (@) + a(w) (@) + a (@) (@ @) + «(@) +
+ a(wr) (@ (Z) + a (@) + (@) +a @) (@ @) + afz) =
== o0 (X) (o (@) + & () + (@) (o (@) + (@) + a () + a () +
+ o (@) (@ () + a (@) + a (@) + a (@)} + a (@) (@ (@) + a @) =
= & (X) (@ (@) + @ (@) + & (@) (@ () + a () +
+ o (@) (@ () + a (W) + o (@) (a(@),+ a (@) =
= a (X) (o (w) + a(z)) + @ () (a(2) + o (=) +

+ a (@) (@ @) + @) + a (@) (@ () + a (@) =

= a(X) (@ @) + o @)+ afz?) (@(2)+ o @) +a @) (« @)+ afw) =
= a(X) (@@} + () + (@ (z*) + = (2) =
= a(X) (@ @) + a () + a (@) + a @)
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TaxaM o6pasom,
' Cla, u, w) =ApdAwa*Tigu;wt, (5.2.66)

rae A - onepatop A,, OTBEYAOWHA CAYYAI0, KOra ¢ = w.
r
IMepefiteM KXo BTOpOMY charaeMoMy B npaBof uactH (5.2.65).
-

3anymeM ero B pure D (a, v, ), rie

D(a, v, f) = (— 1)XXam+ax) @)e ehtuv aih) i

Lok T _.._......_-‘5 3 ;) ;===
x (v'a* Tl 1) = ( 2 xt)t,
= (1P (X1 1) — ; ' a*Tiyt)).
s

[Tokasarens y npeofpasyeM aHaNOrHYHO NPEIHIAYIIEMY:
Y =a(X) (@ (V) + a @)+ o)) +al(y)a@)+
+ ot (@(V) + 1) + (@) + o (X) + alt) (@ (V) + o) +
+ () (W (X) +eft) + 1) =
=a(X)(@@) + o)+ al)+a@)+alt) +a@)+
+a(@) (a@®) + al) +a@) + a@) + al)+
+ a(2f) (@ (@) + aft) + o) =
=a(V) a{v) + al(z)al,).
TakuM oGpasoM,
D(a, v, §) = A(— Ly gt g Tl t;. (5.2.67)

Otnvenuusa dopmyan (5.2.66), (5.2.67) c nmepBLIME caaraeMuMU
B TpaBeiX yacTaX pabencrs (5.2.64), (5.2.65) u c (5.2.63), noay-
YaeM HYXHBIH pe3yJsbTar.

17. DuddbeoMopdusme, oOcTaBagomue HHBa-
PHAHTHOH HHTerpanbHyw ¢opmy TIpHMeHEM mnpou3-
BoaHyio Jlu K uHTErpaapHoit dopme

o=p(x,E)dx! ... dx7dg! ... geo. (5.2.68)
B stom cayuae us=dzi=dE—r npu p+l<i<p+tyg, vi=dad (=dXi
mpu l<igp),

a(u) =a(zf), a(vi)=a(zf)+1. (5.2.69)

[loaromy _
Txt(:) = val e Wllpp) oou Upgg +

+ (— 1yenbote’) ey Halxh et K)o ( X¢ _a__) 2 x
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Xptl...0%upyy ... Uppg —

_ a2 augale®y (3 @ N -
(=1 (2=

P pUl SN UPUp_H eon Uppg =
s

{ Xo+ 2 (— )X at ) ( Xt 2 a ) o —
ep

_E( l)a(z)-l-a(u)a(z) (Xz‘ = ) }vl v OPlipy . pi + o.
i<p
ITpn npeo6pazoBanusax YUTEHO, YTO

-

d

v, 0P =580 ,..0°, s< P,
ot

U.!

—

u; up+| ese up.{-q = 6fup+1 R up-l-q, & > p.

OkoHuatenpHo nonydaeM, 4To Ixeo=o,+w, e o — $opMa, ana-
JIOTHYHAA o, [PHYEM

01 (2) = (Xp) (@) + Z(— 1)=& (x%-—) p(2). (5.2.70)

PopMa w HMeeT Bif

W = Z(Xi (fzs )p(z) (u,. 0(15 — o 63‘ )Ul...vpup+|...vp+q.
s>p
= (5.2.71)
TonoxuM
u, = z wly, v = Z wh vk, (5.2.72)
>p k<p

rae |lwesll — npaMoyroasHas MmarpHua, l<k<p, p+l<s<ptg,
a(wes) =1. INopcrasnasa u;, v° vs (5.72) B (5.71), noayuaem, uTo

o~

5

m=2@* )P @ =D e = 0.

B NOJHOM COrJlackd ¢ ofumef Teopued, pasBUTOH B ra. D.
Boaspamjasces x dopmyne (5.2.70), HaxoxaaM, 9rto HHOHHHTE3R-

MalbHOE YCJAOBHE COXDaHeHHs cylnepodbema, 3alaBaeMOro HHTer-
panaerei dopmoft (5.2.68), coctorT B TO?KILECTBG

Xp + I(— 1)) (X*' ) p= 0. (5.2.73)

18, JudpdpeomMopdPuaMu, coxpaumsglmHe HHBa-
PEAHTHONK BHewHOw AHDbepenunanabuyo bopMy.
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ITycte :
o =3 4,0 ... th ' (5.2.74)

BHeulnAa nuddepennnansuas gopma,
vi=dz!, a(vi)=a(2i)-+1. {5.2.75)
MpuMenss onepatop Tx K dopme u, DoayyaeM

—_=

dz at

(X" J m)——
o8 dut J

o (— 1)+l XD+l (X ate) s ( Xz'_i’._‘) ( 9 m) -
\ o

Txm=X'm+(-1)a<Xms( 9 Xf) 0 @ —
3

=Xo-+ (—1)H"es

(X 3 3
=Xo 4+ (=)o — (X! m)_

—{(— I)“(X)+a(zsx(oc<X)+n+oc(vs)<a(xf)+afvin “xf 9 )vs 04—

dut az8
3 _ a(X) 3 £ E]
- m] — (=10 (x = m)+
a E
Xt vs )
+ dui 0z8

(npu npeoBpasoBaMusAx HCIOAB3YETCH YCMOBHE YeTHOCTH (D.2.73)).
OKoHuaTeNbEO {0Ay4YaeM, 4TO

Txo=dxdo+ (—1)"ddyo, (5.2.76)
rie d =15 , Sx=X¢ 9 Onepartop d siBJAsAeTcs BHELI-

aui
nuM  aHdepednaadoM. B yacTHOCTH, HHQHHATEIHMAJLHOE YCJAO-
BHEC HHBADHAHTHOCTH 3aMKHYTOH QOPMH OTHocHTeAbHO Axpdeo-
MopjE3Ma COCTOUT B TOM, YTO

@b x0—0. (5.2.77)

19. TaMueAbTOHOBM BeKTOpHHe noJafd Aarctpa
ckobok Ilyaccona. Ilyets o — 3aMkHyTad BHemHss 2-§op-
ma, B aToMm cayuae aHHyJMHDYIOIIME ee BHeUIHEe MOJSA HA3HBAIOTCA
ramuabToHOBEMHE. M3 (5.2.77) umeem

— % Sx0 = dH. (5.2.78)

(HamomHHM, 4To MBl paccMaTpPHBaeM JHIOL JOKaJbHBE BEXKTODHEE
noas.) MHoxurear — 1/2 BBefen H3 coofpaxeHu# yaobGerBa. fxw
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aBaserca dopMmoft l-ro nopsaaxa. Caejcsatensio, H — dynkuus.
OueBngno, uro ¢yukuus H ofipenenserca dopmynoit (5.2.78) on-
HO3HAYHO ¢ TOYHOCTBIO IO NMOCTOSIHHOTO caaraeMoro. Ona nasnisaer-
CS TaMHJbTOHHAHOM HJH TaMHJbTOHOBOHN (YHKLHER BEKTODHOIO
nmons X. Boanmkaer ecTecTBeHHHA Bonpoc: Bcakas aH dyuxuua H
ABJSETCH raMHJBTOHAAHOM Kakoro-Hubyis BektopHoro moasn? Or-
BeT OYEBHAHBEIM 06pasoM noJoxurencH, ecad opMa © HEBBIPOK-
zena (T. e. ecan Marprua [lwgli sToit dopMu olpatuma), ¥ OTDH-
uaTeJeH, ecsin (P0OpMa BHDOKIEHA.

O6o3nauum uepes A,(U) MHOXKECTBO TaMHABTOHHAHOB BEKTOD-
Hux nonefi. (A.{U)=A,,(U) B cayuae, ectd opMa @ HEBHIPOXK-
Jlena.)

Hycrs X, Y — raMuabTOHOBH BekTOpHHE mond, Hy, Hye
€A, (U) —ux ramuaptorHann. KOoMMYTAaTepy BEKTOPHHX RoJeh
X, Y orBeuaer xomnosuums ¢pyuxuufi Hy, fHy, x0oTOpas HA3LIBALT-
ca croSkol Ilyaccona. Crobky Ilyaccona Mbl Gyaem 0603RRYaThH
AHAJOTHYHO KOMMYTaTopy: [Hx, Hy] nid, B chyyae, ecil BO3MOXHO
HelopaayMenune, [Hx, Hylp.

Cko6ra IlyaccoHa, TakHM 00pa3oM, OnpefelsieTcs DaBEHCTBOM

— —;— Sxvy© = d[H x, Hy). (5.2.79)

OueBuayo, uTO OHAa NpespaliaeT MHOXecTBo A, B cynepanredpy
Jin. Crobxy Ilyaccona ecTecTBeHHO H23EBaTh OAHOPOAHOMH, ecan
dopma onmopoana. Opnopoaayiw cxolry [lyaccoma 6GyjieMm Hasb-
B4ATh UETHOH HJAMH HeyerHOM B 3ABHCHMOCTH OT TOPO, ueTHOH KaH
pederHoNl sBaferc dopMa ol [IycTh © — ONHOpPOAHAA 3aMKHYTAA
dopma 2-ro nopaika, X — ORHODOZHOE TAaMHJLTOHOBO BEKTODHOE
nosie, Hx — cOGTBeTCTBYWMWHE raMuAbTOHHAH. Jlerko BHAeTh, 4TO
byuxuusa Hy B 3T0M cayuae 0ZHCOPOAHA, TIpUIEM

a{Hx)=u(X)+u{w).
Brpasaum ckoGry Ilyaccora HefmoCDeACTBEHHO uyepe3 IaMHJbTO-

HA2HbL,
Teopema 5.4. Ilycth o — oaHOpoaHas 3aMkHyTad dopMa 2-ra

nopAfKa:
=00 w¢s, (5.2.80)
5 H
mf.‘a’ = (— ])0'-(” Ya ) ﬂ)“, (5.2.81)
[wi*|| — MaTpHua, cRA3aHHasd ¢ MaTpHuel [lwsll cooTHOWEHHeM
t -
W 0% @y (— )P = ey, (5.2.82)

! HamoMuuM, 4TO (popMa @ HasHBaeTCA OJAHOPOLHOM, ecaH om-:opo,cmut ee
ko3 uIHEHTh ®;,...;, W IETHOCTb uHCAA d("-‘il...ik }=az ‘1} + .. +aleh

OofHa W ra xe Aax BeeX rostdHmaenros. UeTHocTn oaHOpoZHOH dopmul onpele-
ndeTcd coraacHo GopMydae

a(@)=o (“’z,...zk)+a(v“)+ e a@®), o =dot, o) =a(d)+ 1.
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X, Y — raMuJbTOHOBH BeKTOpHRe mons, H=1Hy, G=Hy, cooTBer-
CTBYIOILHE MM raMEAbTOHHaHH, Torza

) 3
!l

oz dzf

Hora3aTensCTBO TeoPEMH OTHeceHO B caelyiomuft paszen. Che-

JlaéM 00 NOBOLY Hee HECKOJbKO KoMMentapHes. [Ipexne Bcero
3aMeTH¥™, 4910 H3 (5.2.82) chexyer yc/JOBHE HETHOCTH ILJI SJeMeH-

TOB @'

a{w?*) =a(vt) +a(v’) +a(o). (5.2.84)
Hanee, ecnrn Marpuia [lo*®|| yzosaerBopser ypapmennio (5.2.82),
TO MaTpHIa C 3JeMeHTaMH

off = 0¥ (—1)
TAKXKe YAOBJETBOPHET 3TOMY ypaBHeHHio. B atoM MoxHO yOemuTh-
cs, NOACTABHE ©,;'* BMecTo w'® B (5.2.82), mepecTaBHB 3aTeM s

HaneBoO, wir HallpaBQ H BOCTIOJB30BABIUHCH CBOHCTBOM CHMMETPHH
(5.2.81) matpuuu [lwli. CooTBeTcThyiomYe BHUYHCACHHS MH OOyC-

~
TuM. [Tos0XKAM Tenmepb of = —2—~(&)" + of). Ouepuano, uro

[H Gl=H G. (5.2.83)

ta (@ aio) (@ aw)i+n

matpuna |[o®|| Takme ABARercA pelexueM ypabBreHma (5.2.82).
KpoMe ToT0, OHa YIORJETBODHET YCJAOBHIO CHMMETDHH

ot = ¥ (— 1) Haon (e talon +1_ (5.2.85)
Taxum ob6pasom, ckofxa Tlyaccona He M3MEHHTCS, €CIH BMECTO
B opMyay (5.2.83} noacrapurth ot

ITycTe Tenepn [l idlf — MPOHM3BOJLHAA MATPHIE, YIOBJeTBOPHAIO-
mas ycaoBHIO cHMMeTpHHE (5.2.85). [TocTporM ¢ ee moMoubio cKoG-
Ky, 3amenuB B (5.2.83) ¥ Ha @i, Herpyano npoeeputs, 4TO
ycaoeie cuMmerpun (5.2.85) Baewer 2a cofoH cBOHCTBO CHMMeET-
puH cxobkr (b.2.83)

[H, G] = (— 1)(E(H)+G-(ﬂ))><(a(6)-i-d(0)+|) [G, H]: (5.2.86)
- L~

Hia pokasaTeiabcTBa cJaedyeT NepPeHECTH :z} G uanepo, H g‘i—
2

Hampaso, B3aMEHHTL JEBYI0 HPOM3BOJAHYKD Ha [OpaByl, npa-
EYI0 Ha JEByi> H BOCOOJB30BaThed cBoficTBoM (5.2.85), Cootier-
CTBYIOUIHE BHUHCNERHs SBASIOTCS aBTOMATHUECKHAMH, H MBI HX
OIIYCTHM,

OtmeruM, u4TO0 ecan dopMa o HeBHPOMKJAeHa, TO MaTpHIA,
VAOBRETBOPAIOMAA ypaBHeHHK (5.2.82}, 3asefoM0o cyulecTByeT H,
6omee TOro, OTMpeAeaAeTca OLHO3HAUHO

0,y @f (— 1)yHO . g © o (5.2.87)

CuefloBaTeqbHO, B 3TOM CAydae o =@'* yl0BJETBOPSIET YCJIOBHIO
(5.2.85). B cayuae, ecqm $opMa o BHIPOXKIEHA, CYUIECTBOBAHHE

186



MarpHun ||lwilll, yaosaersopawome® ypaBuenmio (5.2.82), chemyer
H3 TeopeMu 5.5, 3ameruM, uro dopMmyaz (5.2.83) moxer OHITH
npuMenena ¥ awnGoil nape saementoB H, GEA ,(U).

B 10 xe Bpems cTpyrTypy cynepaqareSpel Jln ona 3zagaer, BO-
ofime roBops, He Ha Bcell aarebpe Apq(U), a Ha MHOXKecTBe A,
<Apg(U), rOTOpPOE aABaserca Oojiee Y3KuM, ueM Apgq{U), ecam
(opMa BrpoxieHa. Bo3nHKaeT BONPOC: KaKHM YCHOBHAM ADJXKHA
YAOBJETBOPpATE MaTphua |le]], urcbrw ¢popmyna (5.2.83) sanapana
CTPYKTYpY cymepanre6prt JIn Bo Bcem npocTpadcrBe Apq(U)?

IHpexne ueM QopMyaHpOBaTk 9TH YCJAOBHS, HAANM CJedyiollee
oupefeaenae. Ilyctn A - cynepanreSpa JIu, cocrosmas H3 3je-
MeHTOB ajre6pH Ay qz(U). Mun Oylem roBopHTb, uro Ccynepaire6-
pa Jlu A ofnaaazer coraacosanHo# (¢ Apqe(U)) ZprpanyupoBxofl,
ecqH OJHOPOAHLE 3JeMeHTH A ABJAIOTCE B TO e BpeMdA OJHO-
POJHRBIMH, KAK 2/eMeHTh Apq (/).

@®opMyaa (5.2.86) moxazusaer, YTO ecad cymepaiarefpa Jin A
ckobok [lyaccowa mocTpoeHa ¢ NOMOWBLI OAHoponHofi dopMH o,
TO OHa obqalaer COTJIAcOBaHHON Zy-rpanyuposkof. TIpr aToMm ueT-
HOCTh 3JeMenta [, Kak sjaeMenta A, COBIAJaeT ¢ ero 4eTHOCTBIO,
Kak snementa Apq(U), ecan a{w)=0, H He coBnagaer, ecin
af{w)=1.

Teopema 5.5, Hug toro qro6m (opmyna (5.2.83) zanasana
B Apg(U) crpykrypy cymepanreSput JIn ¢ cornmacosaHuoll Zp-rpa-
AyHPOBKOA, HeOGXOMHMO H AOCTATOWMHO, 4rob6H Matpuua e of-
JaRana CROECTBAMH.

1) sieMeHTH ' OZHOPOIHHE, H HX YETHOCTH YAOBJAETROPAET
yeaosuio (5.2.84), rae a{w} — uuciao, He zaBHcHIlee OT S, I

2) aneMmenTn o' obmajaloT cBofictBoM cmMMerpun (5.2.85);

3) BLIIOJNHSETCA TOMIECTBO

—_

w's ol (— 1)(0-(2'()-%@(@)) ) +

a2

-

! /
+ ol ;zs o (1) oo @) |

—

2 4 (@lzhytaton (@htalon
2o (—1) _0

(BTOpPOE M TpeThe cJaraeMoe NOJAydalTCes H3 NepBOT0 UHKAHYeCKOoH
NepecTaHOBKOH HHAEKCOB i, j, I).

JokazaTeabcTBA BCeX 3THX YTBEDIKIGHHH COCTOAT B HEmocpes-
CTBEHHOH NPOBEPKE, KOTOPAsh OCYHIECTBASETCH C NOMOLIBIC aBTO-
MAaTHYECKHX BHIUHCACHHH M IOTOMY MOXeT OLITh omymieHa, Ilep-
BLlIE ZIBa CBOHCTB& TapaHTHDPYIOT COTJIACOBAHHOCTD Zp-TPARYHDOBKH
R cBofictea (0.2.86), TpeTbe — BHNOJHEHHe TOXIecTBa HKOOH.

B 3axmiovende o0paTHM BHHMAaHHE Ha cAefywolnee o6cTOATENb-
ctBo. Ilycrs Matpuna H[w¥|| sBAseTca HEBHPOKAECHHON M MOCTOSH-

HOH: —:zs—m"f=0. OueBRAHO, YTO B 3TOM CJIyYae KBajpaTHYHHE

- @ff

2
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$yHRusY ofpasyiloT pogaire6py aare6pm  cxoGok [IyaccOHa
{5.2.83).

Iycrs ©o=|lwil| — marpuua, cBadanras ¢ Matpunef [logll co-
orHomenyem (5.2.87). CooTseTcTBYOMmIHE KBAIPAaTEHM TaMHUALTO-
HHAHAM BEKTOPHHE 110A5 HMET BHJ

! i)
X =a;2’ —E;—',

npHYeM MaTpHua a=|la;il cBaA3ara ¢ MarpHuedl @ COOTHOLUEHHEM:
aw+owa’=0.

Coraacho TeopeMe 5 B chydae, ecan aw)=0, gncno p ¢ HeobXxo-
DUMOCTBIO ABAAETCH YETHHIM H B MOLXOJAMIEM cNenuaibEOM Gasuce
MAaTpHUA @ HAMEeT BUA

0 I, O
o= —!p/20 0
0 0 7

q

B cayvae, ecan a(w)=1, ¢ HeoOXOIHMOCTBIO p=¢ H B IOAXOAA-
meM creuuasbaoM Gasuce
oW = ( 0 {p)
7, O

TakeM o00pazom, B NepPBOM cAyYae XBaAPATHUHRE TAaMHABTO-
EHAHH 006pa3zylT OPTOrOHAJBHYK CHMIVIEKTHUeCKYO aare6py 1-ro
ponaa, Bo BTOpOoM — 2-ro poja.

20. HoxasareaberBo Teopemu 5.4 Ipexne seero Bh-
pPA3HM YACTHBHIE MPOH3BOAHEE TaMRAbTOHHAHOB H H G uepes K0sd-
DHIHEHTH COOTBETCTBYIOINHX BeXTOpHBIX noaelt X v Y. Mcxonma s
{5.2.78), (5.2.80) naxoaum

dH=—— X ——o— — X't oy,
ih
€ Ipyrofi CTOpoHEH,
dH = ¢! g H.
9zt
Orciona
] Y (xE) 41
L H = (O X,
3 t
o X)+oelo) (o'(w)+1)
- = PRTRER e,
Ananoruuso,
—r
LG = (— ) Ve, = (— {)e ol Vi
oz >

188



IToncrasnas HafijeHHwe Brpaxenus B (5.2.83) u noabayacs
(5.2.82), nocJe HeclkoXEHX npeoBpa3losaBHA moayuaeM

[H, G]=YXiwy(—1)°, (5.2.88)
og=a(X)a(¥)+a(X)a(vi)+a(Y) +a{vi).
Jna [oKasaTeJbCTBA TeOPEME CJelyeT YCTAHOBHTh TOMIECTBO

d[H,C] = __% Sex,v) @, (5.2.89)

rme

Hcxoaa n3 (5.2.88) umeeMm -z

_5 3 aiz’ ! _5 i
d[H, G] = v {(E" Yf) Xiay + (— Dadar)y1 (FX ) 0, -+

+ (et yix (o) -1y

Has bopup o Buaa (5.2.80) ycaosHe 3aMKHYTOCTH B KOODAMHATAX
HMCET BHIO

H J _5 f s _5
(— I)p;(p Va(o’ 1) (g m”-) + (_ 1)05(0 Wex(o™)4-1) (E&)h) +

+ (— Dot (_&_ ® ) = 0.
az! .24

{(Bropoe u TpeThe cnaraeMble HCAYYAKTCH H3 IEPBOTO IHKXHUEC-
KMMH TIepecTaHOBKaMH BHAexces I, j, 5.} Bepaxas orcioxa

(-;—s- mi,-), npeofpasyem d{H, G] k BAAY
Z

dlH, Gl=vs{A,+Az) (—1)e, (5.2.90)
rpe

A, =Y {(__ 1) (i X‘) o +
B25 ‘

—

+ (— Deathraxhtu e ataohy x1 2 g ,} :
gzt
X -
Ay = X { (— 1axhayhaE) (_a_ i ) 0, +
dzt
+ (— Dt haxHaihuy ) +ae’ +naoh+Hitachash y1 (__a m”) }

azl

IlpeoGpasyem A;. OGozuauuM uepe3 p,;, ¢, nokasarenu npu (—1)
Yy [epBOro H BTOPOTO CJaraeMBIX COOTBETCTBEHHO. 3aMerHM, 4To

p=(@@)+ D el)+a@)+1)
oy =(a(@} +1) (@ X) +al¥) +a) +1).
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Chnenosatesbro p,+o1= (a(v’)+1)a(X). Takum obpasom,
=i::€_ _(m‘)t(x—i: —1m
Ay Y{X(azi co,;)-{—( ] )leke )+ D )(azsx)md]( 1),

Bocrmoneayemca Temepp raMHJABTOHOBOCTBI noas X, Hs ofmel
bopmynu (5.2.47) caepyer, uto

—

{X & (—1)mx) gt (%X*) —a%} w=0.

B xoMnoHeHntax

3 ; I
X (‘527 (051) + (— 1y roetewh (E Xf) 0 +

—

+ (— 1R (_"_ xf‘) @, = 0. (5.2.91)

o928

Taxum ofpasom,
-

A=Y % Xlw,, (— 1ortapehitan’iachH,
Z

OTCHOAa

b

A=) =¥ (X oy, (1, (5.2.92)

roe
Pr=0+ 0+ a(X)(a(®) + 1)+ a@) @) + )+ a@) @) +
+eX)+a@)+ ) +ta@a)=a(X)all)+a(X)al)+
+a®)+l+ae@h+1+a@)+e)A +a{e?) +1+a(e?))+
+o@)+ @)+ D)+ 1) +e@)a@) +a@)@@)+1)+
+ a () a{t) + 1 =a(X)a(l).
3ameTum Temeps, uto ecaH popMa o umeer Bra (5.2.80), To

8,0 =2 % © = 2ta,,. (5.2.93)

ITosromMy u3 (5.2.92) oxoHYATENIBHO CRELYET, UTO

1 E 3 .
0ty (17 = (— 1)ex0uy) y! (gx’) Lo (5294

ITepefineM x cnaraeMomy Az, O603HaUHM yepe3 iz H Oz NOKA3ATEJH
opu (—1} y mepeoro ® BTOPOrO cJaraeMux. Ilpeofpasys 3TH MHO-
WHETEAH AHAAOTHYHO NpeAHAYIIEMY H BHHocAa (—1)9: 3a ckobky,
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ToayTaeM

Ay=Xi { yi % @y + (— DAVVate’) i ratehosh (—a‘-’; Yf) m};] (— o=

K] (¥ os(o E o
= Xt (Y1 (o) (= ke (¥ g | (— 1),
TIe
g =a(X)a (V) + a(X) (@) + a ) + a (V) (@(0) +
+a(v) + e v} e @) + a () + a (o).
CpaBauBas 910 Bupaxenne ¢ (5.2.91), mensana 5 (5291) X na ¥
H MEePecTaBanas HHAEKCH i U j, HAXOIHAM:
Ay =X (.(.;.5? y!) w,, (— 1)orreEe el 1,
TakuMm obpasom,
Ay (— 1)7 =X (% Y!) @y (— 1),
rupe
Pa=0+ 0y +6(0) (@(X) + a(Y) +a(@) + 1) + a(@)a(@) +
+af)a®)+ D) +a@)a)+1=
=a(X) (@) + @) +al) +ta@) +el)(1 +al)+
+o(v) +a@) +a@)+ 1) +a@)+ @) +al)+a@) +
+e{@h+a(@)a@)+)+a@)ap) ta@)a(v)+1=1.
Yudatmean (5.2.93), nonyuaem OTCHOEE, YTO
vid,(— 1)9 = ——;— Xt ( -5‘1‘7 Y’) ?:Tr o. (5.2.95)

Kom6uuupya (5.2.94), (5.2.95) m (5.2.90), ycranaBiauBaeM TOX-
zecreo (5.2.89). '

2. Kourakraoe npeobpasopasud Iyctk ® — npo-
#3BoJbHaA BHewwHAA opma. OGo3nauuM uepes C, MHONECTBO BeK-
TOPHSIX NoJiell X, o61agaloux TeM CROACTBOM, 4TO COOTBETCTBYIO-
mHe onepatopu Ty yMHO¥AWOT HOPMY © Ha QYHKUIHAIO

Txo = 6xdw 4 (— 1)*X0 dbxe = A (Z) © (5.2.96)
(cM. (D.2.76)). Ouerugno, uto C, aBaserca cynepaareSpofi JIu.
3ameTuM, uTO AAs OAHOpOJHOro omepatopa X ajaemenT A(z)e=
A, (U) Taxxke ogHopozer, npuueM a(i) =a{X).

PaccMotpum ¢opMy o, Ha eJHHHIY GOMBIIErO NOPANKE, UEM ®,
H 3aBHCANIYIO OT Ha eJHHHNY OoJblUErod Ydcja NepeMeHHHIX:

0, = d{z2;0) = dzp-© + (— 1)*=)Pdw {5.2.97)
{2° — HOBOe mepeMeHHOE).
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ConocTaBuM KaxKAOMy BekropHOMY NoM Xe=Co HOBOE BEKTOP-
HOe mone X;, AeACTByWUlee B NPOCTPAHCTBe HYHKUMHA Ha edHHHLY
GosiblIer0 MHC/AA HepeMeHHBX

-

d
X!_ = X——A(Z)Zoal (5.2.98)

rie A(2) —Ta xe dyuxuus, uto B (5.2.96). ITokaxeM, w10 One-
partop Tx, auyaupyer gopmy wi. B camom jese, corracHo (5.2.96)

Bx,0y = — A (2) Do - (— 1IN g5
+(— 1)“(2“)+ﬂ-l2°)(0'-ix)+1) Léxdo = (— I)G(X)G[Z") 20 (6xdo — A (2) @) +
+(— 1)('1(2')+1)(a-(x)+1) d8x0 = (— l)a(X)cc(2°)+a(X)+l Ldbxo +
+ (— l)ta(ﬂ)-i-l)(a(XHl)dzoéxm = (— I)(G(Z")+1)(atx)+l) d (2°8xw). (5.2.99)

Coraacuo (5.2.76) ¥3 nNOAyueHHOro TOXKJEcTBa CJAeAyeT, 4TO
Tx,0; = 0. IIpupesesnas KOHCTPYKLHSA HMeeT ocof0 BaxkHoe sHadve-
HHe B caywae, Koria o — ¢opma l-ro mopsaaka. B arom caydae
aarebpa C. HaspBaeTcd cynepaaredpod JIu kontakTHHX mpeodpa-
30BaHHI,

®opmyaa (5.2.99) morasmBaeT, Y4TO KaXKA0e KOHTAaKTHOe Bek-
TopHOE moje X NOpOKIAEeT FAMHJILTOHOBC BEKTOpHOe noae X; c ra-
MHABTOHHAHOM

H = _é_ (— ])(cx(z)+1)<a(X)+I> 265w, (5.2.100)

22, TpaccmMakiosw o6onouxu cyvepanrebp Jiu
#(p,q) u o8p (R|2p, g). Ocofennocts 3THX cynepaarebp co-
CTOUT B TOM, YTO ANA TOCTPOEHHE HX TrpaccMaHOBHX 0o60/0uek
eCTECTEEHHO HCNOJB30BaTh TPacCMaHOBY aareGpy ¢ HHBOJIOLHEH:
TOJNBKO B oT0oM caydae aure6pu Jlu u (p,g|A), 8(p,qlA) B co-
OTBETCTBYIOIIHE KM I'pynnsl OyayT ofaadath CBORCTBAMH, NOXOMKH-
MH HA CBOHCTBA HX KJIACCHYECKUX aHaJoloB.

Ilycts A — KoMnJexkcHas I.a. ¢ HHBOJONAeHR, 0p — KaHOHHYe-
ckie ofpa3ylomHe A, HHBADHAHTHBIE OTHOCHTEALHO HHBOJIOHMH H

E, = eilig,, (5.2.101)

OG6o3naunM uepe3 A BemlecTBEHHYIO nMoxairelpy A, NOPOXKIEHHYIO

ofpasyiomHamyu E,. Aare6pa A OUeBHAHHIM 00Pa30M He HHBAPHAMT-
Ha OTHOCHTEJAbHO HHBOJIOUHH. [103TOMY B COOTBETCTBHH ¢ OOIIHM
npasuioM (ra. 3 §2) rpaccMmanosa o6osouxa cymepanrefpu Jiu

u (p, g),mocTpoenHas ¢ nomMoisio A, ofosHavaerca He U (p,giA),
a u(p,g|A). Jlerxo Bugern, 4T0 ¥ (P, g|A) COCTOHT U3 BCEBO3-

MOMHBIX MaTpHL BHIOA
A B
4= (2 o)

cD
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rie A, D — xkBagpaTHHe pXp- H ¢Xg-MaTpPHUH COOTBETCTBEHHO,
B, C — npamMoyroisiHe pXg- H §Xp-MaTpPHUH, NPHUEM 3JeMeHTH
Matpau A, D) cyTh ueTHHE 3MeMeHTH r.a. A, 3JeMeHTH MaTpHu B,
C cyTb HeueTHHE 3JeMEHTH A H

A+ A =0, (5.2.102)

[Tepeiizem k cynepanarebpam o08p (R|2p, g). 3anumeM MaTpH-
ny ¥=o8p (R|2p,g) B Bupe (5.2.16) W nepefiieM K rpaccMano-
BOf 0OOJIOUKE TOYHO TaK XKe, Kak B caydyae cynepairefpm s (p, q).
B pesyaetaTte M® nogyusM, uto aarebpa  o8p (R[2p,g|A) co-
CTOMT M3 MaTDHU, aHasordunux (5.2.16):

z:( M Q), (5.2.103)
—S8,Q't, N

npHuem Matpuusm M, N, @ umewt ToT e BHA, uro B (5.2.16),
¢ TOR AHIb pas3Hdnedi, YTO HX 3JAEMEHTH HBJAIOTCH He YHCIaMH,
HO 3JeMeHTaMH r.a. A, YeTHHIMH B cayuae matpuu M u N u He-
yeTHHIMH B caydae Martpdauu Q. [Ipe stoM 3uak «—» Haj MarpH-
uefi uMeer chenyiowni cMuca: ecad a=llaill, To a=lla*ull (r. e.
KaMEIA AeMeNT (;r MATPHIB « 3AMEHSeTCH Ha @¥j, NepPecTaHOB-
KH HHIEKCOB He INPOHCXO/MHT).

Herpyauo npocreaunts, uro MartpHust (5.2.103) xapaxrepH3yior-
Cs CASAYIOUEME CBOACTBAMYU;

€7 + 98T =0, €%+ HE =0, (5.2.104)
rae
0\ o 0) i, 0
=P |, K=" 1 o,=07 ,
(0 S,/ (o s,” " (o —1,,)

Tpy Sg — Te e MarpHubl, 9t0 B (5.2.16).

Coortnowrenus (5.2.104) apasiorca uiGHHHTESHMAaJbHEIMH aHa-
JoramH coorHoweHn# (3.2.18), (3.2.19), xorTopble 3IKBHUBAJEHTHBL
COXPAHEHHIO KAHOHHYECKHX INEPECTAaHOBOUHHIX CODTHOMWERHH, Takum
ofpaaoM, cooTReTcTBYlOmyK Mp (R|2p,g) rpynny Jlu ecrecrseH-
HO HAasnBaTe Ipynno#t JHHeRHBIX CYNeDKaHCHHYCCKHX npeodpaso-
BaHHH,

B 3zaxkmiouenHe o6paTHM BHHMaHHe Ha CJAelyiollee 06CTOATEb-
ctBo. TlycTh ¢ — BewmecTBennas cynepanre6pa Jiu, [ 8] — ee xomm-
JekcHad o8oacuka, A — BellecTBeHHas r.a., [A]l— xommaercuas
ofomouka A. QueBHJHO, uTe BellecTBeHHas aarefpa JIa ¢ (A) ss-
JSETCH BellleCTBEHHOH (opMoit koMiviekcHoH anredps JIn [g]([A]).
Oanako He cJeayeT AyMaTh, YTO KaXAafA BellleCTBeHHasa dopMa
aare6pu Jin [g]({A]}) sBaserca rpaccManoBofi ofoaouxoii xaxo#i-
HHGyap cynepanrebpol Jlu., TlpHBeaeM cOOTBeTCTBYIOUIHA IIDHMep.
IlycTb A — KoMILIexcHag r.a. ¢ nojgyaesroMopdusmom O, yaosaer-
BOPAKILHM YCAOBHIO

E")" =—L (5.2.105)
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(HanoMuuM, yro orob6paxerHe a-»aD Ha3HBaeTCR NOJMYaBTOMOp-
PuaMom, ecau (ab)T=aDPbC pan nwbux a,db=A, (M) P=lat,
©CJAH A — KOMILISKCHOE HHCIIO H aEA.)

PaccMoTpuM MHOXeCTBO MaTPHI| BHAA

a bu
9 —guc ), a&f=—a, (52106)
u° —u0 '

e us'A, a, b="A.

Hetpynno npoeeputh, uTo Marpuua Buzaa (5.2.106) obpasyior
BellecTBeHHYI0 auarebpy JIu, xommaexceas ofonouka KOTOpOR cog-
nagaer ¢ 08p (C|2, 1|A). Ozmaro anrebpa (5.2.106) we apaser-
ca TpaccMaHoBofl offomoukoll HHXakKOH cymepanredpw JIu, Ecan 6mt
takaa cynepaiarefpa Jlu cymecrsoBaza, ee uerHas noaaarebpa
cocTosaa Gl M3 MaTpHI BHIA

is u 0
—u —is 0} (5.2.107)
0 00

Jlerko npoBepHTh, OAHAaKo, uto anre6py (5.2.107) Hennsm nomnoa-
HHTL [0 ¢ynepaire0pHl, Kotopas Obla Gbl H3oMOpdHA BeuleCTBEH-
HoR dopme 88p (C[2,1).

§ 3. IPHCOEAHHEHHOE H KONPHCOEAHHEHHOE
LEPEACTABIIEHHA. AJITEBPA CKOBOK NYACCOHA,
CBA3SAHHAA C CYNEPAJIFEBPAMH JIH

l. TIpHcoedHHEHHOe H KONpPHCOELUHEeHHOR NIpef-
craBaennda Ilycts ¢— cynepanarebpa Jlu. ConocTaBEM Kax-
A0MYy X=g Omepatop B §, KAK B JHEefHOM NDOCTPanCTBE:

ad(x)y=[x, yl. (5.3.1)

Mz (b.3.1) nerko caenyer, uto omnepatop® ad(x) ofpasyior JH-
HellHoe npeAcTaBieHHe cymepaarelpel JIH § OTHOCHTEJNBHO KOM-
mytarcpa (5.1.6). 2To npexcTaB/ieHHe Ha3pBAaeTCAd NPHCOCIHMHEH-

HerM. (603HauHM qepes ¢ MNPOCTPAHCTBO JAUNEHHBIX (OPM Ha 6.

3nauenne Jgunelinoll HopMH ye=g¢ Ha 3neMeHTe x&g GyhxeM o6oa-
HA4aTbh <X, y>.
Ilyctb e; — ogHOpONHEH §a3uc B ¢ H €' — GUOPTOTOHANbHBIH

eMy 6asHc B 8:
(ek, ?) = 6%;.

'CYI.U.@CTBYET JBa ecTecTBeHHBIX crnocofa BBeCTH 4YeTHOCTh B §:
IIOJIOKEB

a (&) =a(e;) (5.3.2)
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BaHx
a(F) =a(e;) + 1. (5.3.3)

OtMernM, yto B 06oHX cayuasx af{e;) +a(€éi) He 3aBHCHT OT i,

ConocraBuM KamIoMy ueg onepatop ad(u) B 8 corjacuo ¢op-
Myae

{ad (@} g, x) + {y, ad (&) x) = 0. (5.3.4)

Onepatopy ad (x) 00pa3yloT TakxkKe NpeicTaBiaeHHe cynepaare6pH
JIH ¢ , HO yXe OTHOCHTeJNbHO onepaund (5.1.7). 210 BHAHO H3 TOTO,
yTo MaTpuun a{x) # &{x) omnepartopos ad({x), ad(x) B HHOpTOrO-
HaAbHBIX §23MCcaxX CBA34ANL COOTHOUIEHHEM

d(x)+a' (x)=0 (5.3.5)

(" ossauaer TpaHcnonupoBanee, cM. § 1 m. 2). Ilpeacrannenne
cynepaareGpel JIn g omepatopaMu ad(x) Hasuiaaercs KOUPHIOedH-

weHHnM., Matpuun onepatopos ad(x), ad(x) B GHOPTOTOHAJBHBIX
Gasfcax HPOCTO CBA33aHBL €O CTPYKTYPHHIMH KOHCTAHTaMH cymep-
anrebpol g. Ilycte x=2Zx%;, y=Zyle; Toraa

ad (x)y=1x, yl=xiy*cssses,
CieloBaTesbHO,
(ad {x) ) x*=xiC5. {6.3.6)
Coraacuo (5.3.5)
(ad (%)) s =—xicss, (56.3.7)

Oneparop fd(x) IefCcTBYeT Ha BeKTop 2==2z¢' cormacuo ¢op-
myne {ad{x)z)s= (ad(x)}r*2..

PaccmoTpum rpacemaHoBH 060104k aareSpu JIw ¢ u npoct-
pancrBa g¢. Mexay saemenrama g {A) u g (A) onpeneaum
CKaJIsipHOe IPOHaBeleHHe

(x? y} = Z xiyh (5.3.8}

TAe Xi, §; — KOMIIOHEHTH 3JeMEHTOB Xx=2xVg;, y=2y:8 no O6HOp-
TOroHaAbHWM Oasmcam. OTMETHM, YTO CKajApHOe MNPOU3BCICHHE
(5.3.8) ABaseTCHA HE YHC/JIOM, HO JEMEHTOM T. a. A, YeTHEIM B CJV-

yae, ecJqH UeTHOCTh B ¢ BeIGpaHa coraacHo (5.3.2), n HeueTHEIM,
ecan oHa BHIGpaHa coraacuo (5.3.3), B npoctpanctBax g (A) n

g (A) meficTByIOT npeicTaBieHHs anreGpul JIn g (A), koroppie

ONpeje]sIOTCA aHAJNOTHIHO npelcrabienusam ad(x) r ad(x) cynep-
ajgrebpel Jlu @. ItH npejicraBiaeHHs Mul OyjleM HasblBaTh COOT-
BETCTBEHHO NPHCOCAMHEHHHIM H KONPHCOEIHHEHHHM NpeicTaBie-

HuaMH aare6pu JIu ¢ (A} H obosnauats ada(x), ada (x).
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B 6uopToroRanbHEX Gasucax omepaTophl ada (x), ada (x} 3a-
naoTed GopMyaaMH, aHAJOTHYHEIMH TPEABIYIIHM, O/IHAKO Teneph
Ba¥KeH NOPHIOK CJASNOBAHHUA MHOMHTENEH:

(ada (x) y)* = (ad (x))j5* = x'cy, bt
(5.3.9)
(adA (x) z)k . _(_ I)m(eg]a(ek) x!C?kZ, — xfcjseiz,-
O6paTuM BHHMAaHHE Ha BaHoe OOCTOATeALCTBO, [IpelcTaBum
onepatopsl ad(x), ad(x), ada (x), ads (x¥) B ciemywinem BHAE:
ad (x) = 2 x°E, ada (x) = ZHEM,

ad (%) = = ©°E,, ady(x) = T #E™,

Onepartopsl £; 1 £, g Ga3suce e; HMeOT COBHAJAIIHE MATPHIILL
B 1o ke Bpems oneparope £; m EfY umewnT 8 (asuce ef pasauu-
HEle Marpuusl: u3 (5.3.7) caeayer, yto MaTpHUHBIE 3J€MEHT Olle-
paropa E; paBen —¢%;, 3 (5.3.9) cieiyer, 4TO COOTBETCTBYIOUIHA
MaTpHYHKE aneMeHT onepatopa E£{A pasen

(B = e, (5.3.10)
HerpyzHo npocnenuts, uTo omepatops £, nonobro onepartopan
E;, Es%), obpasyior npeacrasiende cynepadrebpu JIu OTHOCH-

TeJALHO KoMMyraTopa (5.1.6) (a He OTHOCHTENnHO KOMMYTATOpa
(5.1.7), kak oneparopn E:).

[Tycte dBa(g), Ba(8) — anrelpnl TIPacCHMaHOBLIX aHAJHTHYEC-
KMX QYHKIHE ¢ TPAcCMAHOBCKHMY KosdhuuHenTaMu na g (A) o

Yy (A) coorBetcteenno. TlpeacraBaesus ada (x) u ady (x)  an-
rebpur JIn ¢ (A) oCuuHbM 00pa3zoM NOPOM AT MpeAcTaBIeHHd

9TOM aarefpul B NPOCTpaHCTBax  &Ba (g) ¥ & A (9)
(An (9 ) (6) = = Fg =t 2da (9 ) oo,
(5.3.11)
a0 H @) =~ & — 138 (9 D r-o.

Onepatopet Aa (%) u Ax (x) JAuHENHO 3aBHCAT OT X:

Ap(x) = ZxtA,, Ap () = . 3 kA, (5.3.12)
rae X* — KOOPIHHATH 3JEMEHTa X IO OJHOPOJHOMY GCasHCy e
VkameM ABHbII BRI onepatopoB Ax u Ap
(A} o ;9
A =—(EV) T = LY Fr
(5.3.13)
A . T(A) 1S i —_ s “3
k= (Ek );25 02 ik©s az;



ConocraBuM KaxaoMy x=23Xxie;eg onepatopua A(x) u A(x)
A (X) =T xid,, .t‘T(X) =Zxii;

Queenano, yto onepatopu A(x) B A(x) obpasywor npeAcTaBieHHs
cynepaareGpsi  JIlm ¢ B upocrpadcTBax oBa (g) M B (g) cooTBeT-
CTBEHHO OTHOCHTENBHO KoMMyTatapa (5.1.7) (a He OTHOCHTEARHO
xommyratopa (5.1.6}, kak EM, EEA’). 210 00CTOATENLCTBO CBSI3aHO
€ TeM, 4TO 0fHa H rTa Xe aarebpa JIk ¢ (A) aBagercs rpaccMa-

noeoit ofosoukoit 1-ro pola omepaTopos E® uan EVn TpaccMa-
HOBOH oGoJ0uKoi 2-70 poia oneparopoB A; Han A;.

IMpencrasaenus ady (x), ads(x}, As{x), Ax(x) aareGpu  Jlu
¢ (A) ofmuHbM 00pa3zoM NOPOKIAIT NpPEACTABAEHMT COOTBET-
creyiowedt rpynnst Jla G(A). Dtu mpeacrasaenus Mt Gyjem oGo-
3pavath Ad(g), Ad{g), A(a). A(¢) cooTBeTCTREHHD.

2. CynepMHOroodpasusag ¢ raMHABTOHOBH M A¢i-
cTBHeM cynepaarebpw Jiu Ilyers M{A} — HexotOpOe
MHOroofpasue ¢ FpaccMaHOBOH CTPYKTYpolH, &y =& (M) — ax-
refpa r. a. ¢yakuni Ha M(A) ¢ rpaccMaHOBBIMH KO3(DQHUHEHTA~
MH, § — cynepaarebpa JIu. [lycrs B #4  feficteyer npejcras-
JieHHe ¢ ¢ LOMOWBID AddpepeHIHAAbHEX onepatropor i-ro no-
panka Ly x=g . [lycts, kKpoMe Toro, B Ha cymecTeyeT cxobxa
Ilyaccona. ITpennosoxum, 4TO A KAMAOTO XEE ¢  CYILECTBYET
Takaa Gyuruna H(x)=Hx (raMuabTOHHAH), 4TO

L.f = [ (x), flp. (5.3.14)

nas moboll GyHKuHE [e%Fa. B sToM cayuae mpeAcTaBaeHye cynep-
anrefpul Jlu ¢ oneparopaMu L. HaspBaeTcad TaMMALTOHOBBIM.
(HanoMuumM, uto B npusMenennn k¥ OyngunsM f°#,  cxobxa [lyac-
coHa obpaayer ofvmuyw aarebpy JIu, a He cynepanrebpy JlH.)

[Iepexoas ot cymepaarefpu JIn ¢ K ee rpaccMaHoBoll 060-
JoYKe, MBl NoayuaeM npeactapiaenue aareGpu Jlx g (A) B Ba.
3a oneparopamMi STOr0 NPEACTABJEHHS COXPAHMM ipexuee ofo-
3uauenne L,. OueBUIHO, YTO TaMHJLTOHOBOCTL NPEACTABJCHES CY-
nepaareSpsl g BjaeueT 3a coO0H raMHJIbTOHOBOCTh NMPEACTABJCHURA
ee rpaccMaHoBOit 000JOuKH: 1Ja Kaxzaoro x=¢ (A} cyuwlecrByer
raMunbTORHaH [ (x) =%, UPH KOTOPOM CNPAaBeATKEBO DABEHCTEO
(5.3.14). Ecan npexcraBaenve anre6pw ¢ (A) ¢ nomomsio one-
patopos JIH B Fa 9BASETCH FAMHJLTOHOBEIM, TO JeHCTBHE rpyH-
nul G{A)=-exp ¢ (A) Ha MHoroofpa3un M(A) Takxke HaspiBaeTcs
ramMuasToHOBHIM, B cayuae, ecan rpynna JId AdeficTBYeT Ha MHOTO-
ofpasus M ramuaesToHOBHIM o6paszoMm, ckoGky [lyacconHa uacro
Ha3LIBAMT HHBAPHAHTHON OTHOCHTENBLHO 3TOH rpynasl. 3T0 Halsa-
HHE OIpdBJbIBaeTCA CAECNYIOUIHM 0OCTOATENBCTBOM:

B CcJy4ae IaMH/JIbTOHOBOIO AeHCTBHA TPV CIBHIa

(Tef) (%) =F{gx)

ABAAWTCA aBTOMOpdH3MaMu ckoOkH I[lyaccosa (T. e. KaHOHHYeC-
KHMH Ipeo0pa3oBaHHAMH).
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B camoM jene, HHpHHHTE3HMAJbLHOE YC/IOBHE TOrD, YTO omepa-
Top (Tef) (2) =f(gz) smBasierca amromMoOpPdH3IMOM, COCTOHT B TOM,
49TO :

(L7, gle+[F Lelo-=L[f, gle., (5.3.15)

rae (Lf)(2) = _dd—t_f(g ) 2) |i=0, g(1) — oaHonapaMeTpHUecKas

rpynna. Pasencrso (5.3.15) ¢ yuerom Ttoro, uto L:=[H, f]p., ax-
BHBAJIEHTHO TOXAecTBY SIKOOH.

[lyers e; — odHOpOAHME Hasuc B cynepanrefpe JIn ¢ L, = L.,
H;=H{(e;) — cooTsercTBYIOMWNE &; omepatop JIH ¥ raMHIsTOHAZH.
YKaXKeM HeCKOIbKO OCHOBHBIX CBOHCTB TaMHJABTOHHAHOR ;.

Tipexne Bcero zaMerum, 4o

a(H) = a{e,} B caydae uernoH ckoOxu Ilyaccona, (5.3.16)

‘ a{e) + 1 B ciyuae HeverHol ckoGku ITyaccoma.
3t1o cBoficTBO nOJayvaeTcs W3 CPaBHEHHA YeTHOCTell JeBod u npa-
Boli wactn (5.3.14) mpu ycaosrH, ute Ly==L;, H(x)=H,; u ane-
MeHT [ oauopoied. [lpu srom ciaeayer yuecTs, uro a(Li})=c(e;)
B CHJY ONpefiefeHHst JHHefHOro npeicTaBieHns cymnepaJarelpo JIu,
Ilycte %, y= g. Hcnoapsopande ToxAecTBa $koOH naer, uTo

(1 () [H Y fle. Ip. — (— DO [H () [H (x) [le. Ip. =

= [[H (%), H®)]e. fle. ,
Kd4K B CJyyae yeTHOH, TaK K B caydae HedeTHol ckob6xu Ilyaccona.
BemomuuMm, uto
(L. L])=(—-1¥=e&L L, —LL.
Yuyutusag (5.3.14), ooayyaem 0TCIAE, 4TO
(— D#= @ [H (x), H (g)]p. = H{([x, y]). (5.3.17)
Ha (5.3.17) caexyer, uto
[, Hl=3(— )" i H,= —ZciHy,  (5.8.18)

rae cy* — CTPYKTYpHbie KOHCTaHTH cynepairebpu Jim g. Tlepe-
xoif oOr cynepaare6pst JIH g K ee rpaccmaHoBoft  000JI0UKe
g (A), monywaewm, Hcxoas us (5.3.18) m yuwrwsas (5.3.16), urto

[H(x), H(g)]e.=H([*, y])- (5.3.19)

PaccMoTpum B anrefpe £ mnopaarebpy, cocrogilyio H3 (yHK-

UK, 3aBHCAWMHX 0T z&M uyepes nocpeacTBO TaMHALTOHHAHOB Hj:

i{z)=F(H{2) .. Hi(2)).U3 saBHO# cdopmyan (5.2.83) ana ckobku
[lyaccona caenyeT, 4TO B 3TOM CJydae

-+ -

a . 2
[f. glps. = EF—aH, [H, Hi a1 G=
? Fl '
——2F -, S (5.3.20)



Dyuknuu F, G~ECTCCTBEHHO paccMaTpHBAaThL Kax r. a. QYHKIHH Ha
npocrpanctee g (A) JanHeHHHIX Qopm Ha aare6pe JIu g (A).
@opmyaa (5.3.20) nokaswiBaer, YTO B INPOCTPaHCTBE o 4 (g)
cyuectByer ecrectBennas ckobka [Iyaccona

-~ ==

- o k0 5.3.21
(F, G] ZF o i G. (5.3.21)

OrMernM, olHAKO, YTO H3 NPEAHAYLIEro H3IJOXKEHHS €uie He cle-
ayer, uto ckobxa (5.3.21) meficTBuTENBHO 3aCAYKHBAST HA3BAHHSA
ckoOku Ilyaccona, 1. e. onpeneaser cynepaarebpy Jinl. B sToM
MOXHO yOennThCd, HCNOAL3YH cooTHowenHs (5.1.1)—(5.1.3).

CoOTBeTCTBYIOIINE BHIYHC/ACHHS SIBJAIOTCH aBTOMATHUCCKHMH, H
MHl HX OIIYCTHM.

B reopuu obmiunbix anreGp Jlu ckobka [Tyaccona, anajgornuHas
(5.3.21), urpaer BecbMa BaXXHYIO pOJib KaK B TEOPHH CaMHX aareGp
" rpynn JIA B HX nDpeicTaBleHHH, TaKk H B npHJoxkeHHaX. CkoOxa
ITyaccona (5.3.21) mpusBaHa HrpaTh aHAJNOTHYHYIO POJL B TEOPHE
cynepaare6p Jlu. OrmernM, uro popmyaa (5.3.20) JdeMoHCTpHpyer
ONnpejieNeHHY0 YHHBEPCANLHOCTh 3TOH CKOOKH.

3. Anrefpa ¢kKoO6ok [lyaccoHa B npocTpaHCTEE

—~

BiaDg). Ilyers ¥ g (A), y=8 (A), i, y; — KOOPARHATH
STHX 3JIEMEHTOB B GHOPTOroHAaJbHLIX Gasucax. OmpelensM B NpoOCT-

pancree MA{gg) ckobxy TTyaccona
_ BT LAk ) J . 3 )
Ir, g1 = ; (—1) F o P i @

(5.3.22)

Cornacno reopeme 5.5, cko6ka (5.3.22) neficTBHTeNBHO ABANETCH
ckofkoit [Tyaccona, T. e. mopoxnaet cynepaarefpy Jid.

Teopema 5.6. Tlpeacrabienne cynepanreSps Jlu g B npocer-
paHcrBe ¢4 (0D g) c nomompio onmepatopoB A(x)+A(x) sBaA-
€TCs TaMHJLTOHOBHIM; aMHJILTOHHAH, COOTBETCTBYWOINHHA GasucHO-
MY BEKTOpPY &;6= 8, paBex

Hi(y, 2) =c%uytzs, (5.3.23)

rme y=3ye g(A), Z=Ez£?§g(A)‘_‘_
Hoxazameavcmeo. Tlyets fez @ aNa D 6)

— —_ ~— -
. =k .9 b .0 d
H. =2 _lu(ek)a(e ) H —H —=
[ £y f]p-.B . ( ) é ayk azk§ { azp 6yk f
— -

Tk d a
== B (— 1R T 82 — T Y — =
(—1) XN 928 f _ kY W f

! IToCKOMEKY MbL NOKa elle He 3HAeM, CYWIECTBYET J¥ X0Ti G 0gHO MHOrO-
o6pasHe ¢ rpacCManoBofi CTPYKTYPOR ¢ raMHALTOHORMM AeficTBHeM rpynmm G (A),
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=-—2(ﬁ*l) Cri &y ——

ool Dra e S aleaty) o 3 f
k

IpeofpasyeM 3HAKOBHI MHOMHTEJNb B [IEPBOM CJATAEMOM:
o(e) @ () + ae) a(e) + ae) ale) =
= a(e) (aleh) + @ (@) +- (€)= 0,

Tax KaK u(é' Jra(E)=a(e) +ale)=ale) B cuay (5.1.1},
(5.3.2), (5.3.3). Benomunas (5.3.13), nonyuaem, uto

s fl=4d +Auf.

B 3akmouenne sTOro pasgena obpaTHm BHHMAHHE HA TO, 4TQ IDH
x= g (A) ramuavronnan H(x)=H(x; y, z)==Zx'[; moxeT BLITh
3anucaH B GecxoOpABHATHOH dopMe

Hx; y 2)=<Ix, 4] 2>, (5.3.24)

rae [x, y] — womMyTaTop aneMeHTOB X, y=g (A} 1 <.,.> —
cKaJsApHoe npouaBejenue (5.3.8).
4. UnBapuanTtaoe aaredps ckobok Ilyaccona
B nIpocTpaHceTBe Ba(g). Hmeercs B BuAy MHBAapHAHTHOCTB
OTHOCHTENBHO KONpHCOeMWHeHHOTO JelctBha  rpynnsl  G(A)=
=exp g (A) B g {A). Onna taxas cxobka Ilyaccoma omMcHBa-
erca dopmynofi (5.3.22), Ilpu 3tom ramuabroHuan H; cooTBertcT-
ByYIOLIHI §a3HCHOMY BeKTOPY €;, PaBeH
Hi=2z, (5.3.25)

OnHcanxe Bcex HHBapHaHTHoiX cxobox [lyaccona B 84 (g) coc-
TOUT B CJIEAYIOLLEM.

Teopema 5.7. 1) HyCTb [+, -]1p. — dersas uam HeueTHas ckob-
ka Ilyaccona B B, (g), MHBADUAHTHAS OTHOCHTENHHO  KOMPHCO-
enngennoro  geficteust rpyniuel G{A) B g; u; (2) = B A (9),
ze g (A), — raMMALTOHHAHBL, COOTBRTCTBYIOLIME OJHOPOAHBLIM
Ga3HCHEIM 3/eMEHTaM &;& ¢, H x! — KOODAMHATHl BeKTOpa X&
= ¢ (A) no Gasucy e;. Toraa pyuxuus

Rz, 2)={x, u)=Xxiu;(z) (5.3.26)

WHBADHANTHA OTHOCHTENBbHO NpeAcTasaenns A XA a, Tpynmst
G (A) B npocrpauctee Ba (§P ).

2) QO6patHo, mycTh I. a. dyHRUHH u;(2) Ha g (A) TagoBH,
yTO:

a) mpu Beex i afu;)=al(e’), mbo a(u;)=a(e)+1;

B) OYUKUMH u; SIBAAIOTCA TPacCMaHOBLIMH KOOpAMHATaMHu (BO-
oflle TOBOD#, HeNMHeHHLHIMH) B g (A), T. e. Kamaan QyHKUHA
f(z2)e B4(g) npencrasuma B BHAe [(2) =F (u);
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¢) ¢yskuus (5.3.26) unBapHaHTHA OTHOCHTEALHO MpeACTaBe-
HEg  Aa X Aa.

Torna ckofxa [lyaccoHa B ¢Ba(g), onperensieMas paBeHCTROM

-~ —

If.gle. = —Z2F( g G (u), (5.3.27)
rie F(u)==f(2), G(u)=g(2), ABJgeTCH UHBAPUAHTHOH.
Hoxasaresecréo, Ilycts {-, -lp. — uusapuantHas cxo6Ka
Tlyaccona. B cuny obmux d,)opM:y.u (5.3.14), (5.3.18)
Awxp=[ui, ui]p.= Zc¥pu,. (5.3.28)
C npyroit cropons, u3 (5.3.13) caenyer, 4to
Aixi= —c¢ipxk. (5.3.29)
[Tosromy

ale)a (e.)

(A, 4+ AL = — S (— 1" o (A u) — (A u, =

= X (— l}m(e‘meﬂ 2w, + clextu; =0
BenencreHe (5.3.2). TloayyeHHOe paBeHCTBO GUEBHAHBIM 00pa3oM
SKBHBAJCHTHO HHABapHaHTHOCTH ¢yHRumMH L({x, 2) OTHOCHTEIbLHO
npeacTaBJeHus A XA 4.

[lepefifiem ko BTOPOMY YTBEp:KJIEHHIO. YCJOBHE a} rapaBTHpPY-
er, uto ckobra (5.3.27) aelicTeHTeNBHO ABAAeTCs cKobkoft [Tyac-
COHa, T. €. onpeieaser cynepanreépy JIu. llpu stom cxobra lly-
accoHa (5327) ABJACTCA 4YETHOH B MepBOM BapHaHTe YCAOBHHA
4) ® HeyeTHOH — BO BTOpoM Bapuante. [lanee, H3 MHBAPHAHTHOC-
TH QYHKIRM M OTHOCHTEJBHOrO npefAcrapieHuss A XAa crenyer,
uto (A;+A;)L=0. VuuteiBas (5.3.29), noayuaem otcioia, 4TO

0=(A;+4)L=—3(— l)a(ei)q(e") X! (A, u)) + clexfuy.  (5.3.30)

TlpupaBnuBas ko3 QuuHEHTH BpH X/ W RHOAR3YAChL COOTHOUIEHHEM
(5.3.2), BeBonuM H3 (5.3.30), uTo

Au; =2, (5.3.31)
Benomuaas (5.3.27), nonyuaem
- e, 3 5 E —
A f=—2ciz, f(z):—Ec?;zk ( 5 up) 5 F (u)
=2(u) —0F= —Scn, F=[u,fle. (6332
up up

Coo*rHomenae (5.3.32} o3HauaeT HHBapHAHTHOCThH ckobkn Ilyacco.

va (5.3.27
B 331{-'“0‘1@11148 c/enaeM HeCKOJbKO zametaHHi.
1) CMmBicht  Teopemm 5.7 COCTOMT B TOM, YTO oTOOpaXKeHHe

z->u(z) TUpOCTPancTBa § (A) B cebs, He spaasch KaHOHHIECKHM,
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uepeBonHT ckoOKy Ilyaccona (5.3.21) B apyrywo cxobky Ilyaccona
(5.3.27). llpu sToM ecaH XOMIIOHEHTH Uu;(2Z) Bekropa u(z) yuaoB-
JeTBODPAOT YCJAOBHAM TEOpPeMH, TO MHoJydiaéeMad TakKHM ofpasom
cxobka fABJAAETCA HHBapHaHTHOH. OOpatHMHe 0TOGPAMEHHS Tako-
ro pofla o6pasyT Fpynmy, AeHCTBYIOILYH) HA MHOMKecTse HHBap#-
aHTHHX cko6ok [lyaccona. HMHPHHHTeIHMalMbHEE onepaToOpel 3TOR
TPYNIH HMEWT BHA

v, (2), (5.3.33)

rie v; — OYHKUHH, YAOBJETBOpAIOMME 10J00HO u; CHCTEME ypaB-
neuui (5.3.31).

Herpyano npoBeputb, uTo CBOHCTBO ¢yHKUHT v; OLITh pelleHH-
eM CHCTeMpl ypaBHeHHE (5.3.31) SKBHBAJIGHTHO HepECTRHOBOUYHOCTH
onepatopa X co Bcemu onepatTopamu A;. Takum oGpasom, 3ajaua
00 omHcaHHHM Beex MHBApPHANTEHX cKkoOok Ilyaccona okasbiBaercA
TECHO CBA3AHHOA (MO CyIlecTBY SKBHBAZEHTHOH) ¢ salauel ol omu-
CaHHH BeKTOPHHX moJefi B ¢ (A), NepecTaHOBOUHLIX C OIEPATO-
pamu A, i

2) B cayvae ofmunux anrefp JIn ckobGka Ifyaccoma (5.3.21)
OUCBHAHBIM 06pasoM JoNyCKaeT GeCKOOPAHHATHYIO 3aMHCh

[f. gle. = (IV}. v gl 2), (5.3.34)
rae rpapvent Vi=(Vf) (z)e g onpenenserca paBeHCTBOM
— of
vVi=2 2

B cynepcayuae BO3MOXKHa aHanoruuHas GecKOODAMHATHasm 3AalHCh,
OJHAKO 3ieCh HMEeTCS XapaKTepHas AONOJHHTENbHas neratb. e-
JO B TOM, YTO B Cynepciydyae rpafuedt V| IOJIKeH fBJASTLCA 3Je-
mMeHTOM He ¢ HO ¢ {A). KpoMe Toro, Jerko suiers, 4yro OTHOmE-
HHe {—V[ ABaseTcd MHBADHAHTHHM, T. € HE 3aBHCHT OT BHGOpa
HecoOcTBeHHOTO Ha3suca ¢ B ¢ (A) JUIIE B TOM <Aydae, €CJH
¢ (A) sBagerca rpaccmanoBodf  ofosouko#i Z2-ro poja. B atoMm
cayuae

Vf=>:(f ;‘Z{ )e;=ze;.(—£—f). (5.3.35)

B cnyuae rpaccMmaHoBoii 060j0UKH 2-T0 poja MeHAETCd BRI one-
patopos ad{x), ad(x) u CBA3AUHEIX ¢ HMMH QnepaTopos A;

((ad (%)) 4)* = ** y* ¢l (— e
(ad (x) 2)y = — & chez, (— 1)““;]"‘(%1 '
Orcoaa
(aEA (x} Z}k = — x! c:k 2;, .ﬁ-‘- —_ C?k z’ a
b‘zk
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Coorbercraenno Moambuuupyercs ckobka (5.3.21), oma npuobpe-
TAET NPHUBMYHLIA BHJI

' -

__ ) 5 a
[f. gle. =2f S Gkt —8. (5.3.36)

AHalorHuHo MOAHGHUKHDYETCA HHBAPHAHTHaA cKGOka ofulero BHIz
(5.3.27). Herpyaro mnpocneauTs, uto ckofGka [lyaccona (5.3.36)
MOXeT GHTh 3anacada B GeckoopAuHaTHOl dopme (5.3.33). Tarum
06pas3oM, B ¢aydae rpaccMAHOBHEIX 000J04eK 2-ro pojaa Aas CKoGoK
Ilyaccona noayuawnTca mo (opMe B TOYHOCTH Te JKe BLIPAKEHHA,
YTO ¥ B OOBIYHOM CJyuae.

Bepuemca k rpaccMaHoBuiM o0ogoukaMm l-ro poza. BenomuHMm,
uyro ecnu anrebpa JIu ¢ (A) sBasgerca rpaccmaHoBoli 060J0UKOH
1-ro poaa cynepanreﬁpu Ju ¢, TO OHa ecTecTBeHHHM o6pazoM
H3oMopdHA Paccmauoaon oGonouke 2-ro poaa g (A) cynepan-
reGpul JIu ¢, aBofictBerHo#l mo 3. KapTany nmo OTHOWICHHIO K §
Mostomy ckofka Ilyaccona (5.3.21) zanmucniBaetcs B Geckoopau-
HaTHOM ¢popMe caelyoIHM 06pasoM:

If, glp.s. = ([V ], v &l 2), (5.3.37)

rae Vie ¢’ (A), [, -] oarauvaer kommyrarop B ¢’ {A) g’ (A)—
rpaccMaboBa ofonouka  2-ro poda cynepanreﬁpm ¢’. Tpazuent
onpeneasercs GopMynof, araroruuHon (5.3.35).

ER .
Vf—zf‘a_zi‘et —'Eei"a_z‘:f»

rie ¢ — 6asnc B ¢', KAHOHHYECKH CBASAHHHH ¢ GasHCOM e; B

¢, TI0 KOTOPOMY CTPOATCA KOODIHHATH 2; B § (A).
HanoMHEM B CBA3H C 3THM, YTO B KaHOHHUYECKH COOTBETCTBYIO-

mux fasucax CTPYKTypHble KDHCTBHTH cfou ety cynepanre6p Jly
g, 8’ CBASAHb COOTHOIICHHAMH ¢ = (— )% o

3} Ilycrs B npocrpaHcTBe ¢ (A) CYUIeCTBYeT CHMMETpPHuYHAf
HHBADHAHTHAA OTHOCHTEIBHO KOIPHCOEAHHEHHOIO RpENCTAB/IRHM
HEBLIPOXKeHHas JeTHas OGuannelinas dopwma

(x5, 8). = xy:8". (5.3.38)

Ilpeanosoxum gajee, UTO YETHOCTh B @ BLIGpaHA B COOTBETCTBUH
c dopmynoil (5.3.2). HeBHpOXKIECHHOCTL CKaJ‘EﬁpHOFO MpOH3BeeHHs

(5.3.38) osmauaer o6paTuMocTs Matpuun | g% | uetHocTs H chM-
MeTpus — To obcToATenncTBo, uTo (X, y) _"A u gyto (x, y) _ =
=={y, X) _ COOTBeTCTEEHHO. B KOMIOHEHTZX

(g™ =a @)+ aleh), g =g (— 1)ethafh
Tlpy HaNHYHK TAKOTQ CKANAPHOTO NPOH3BENEHHS H TDH YKa3aHHOM

BHIGOpE YETHOCTH B § CYMIECTBYET B3aHMHO-OLHO3HayHOe OTOOpa-
Kenue npocTpadcerBa g (A) B aareGpy Jiu g (A). Daemenr Z
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OAHO3HAuUNHO ONpefenserca GopMyJof
(z, x) =(z, x)_ (5.3.39)

B KoOpAHHATAX 2 = Z,g" (—1)*Fh,
O6paa saementa x=g (A} npu obpaTHoM oTofpaxkeHHn obo-
agauuM x. OH O0AHO3HAYHO onpeAenseTcA QOpMYJIoH

(%, 2) = (x, A2)_, (5.3.40)

B xoopinuatax x, = x'gj (— 1)%¢" | rze [ gy [=1g”I". Tipu na-
JHUHH HHBAPHAHTHOTO CKa/JspHoro npomseedenuda B ¢ (A) Bo3uu-
KaeT BO3MOKHOCTL ONHCATL OoJee ABHEM 00pa3’oM LIHPOKHI KJacce
npeofpa3oBanHii, nepeBOAAIIUX HHRApHaHTHHe CcKoOKm IlyaccoHa
APYT B fpyra. N

Teopema 5.8. Tlycte P(2) =%F4a (8) — ¢yHKUMA, HHBapHAHTHAS
OTHOCHTe/bHO onepatopoB A (g). Toraa dyHKOuA

Lix,2)=(x, A7 Pz},

rae A — asTomopthH3M "eTHoCTH axrefpeml ¢ (A), HHBapHaHTHA
OTHOCHTEJBHO NpeacTaBiaeHus A XA
i j
Hoxrasareascreo. Tlycts ¢ = O—P’ Uy = g . Coraacuo
2

(5.3.31), (5.3.13) ycnoBHe HHBApHAHTHOCTH (DYHKUHMH COCTOHT B
TOM, 4YTO

—

P —‘9;;;,. = i, (5.3.41)

e

* B2

3anuiiem yc/I0BHS HHBADHAHTHOCTH (opmul (5.3.38) uepes marpud-
Hule saeMenTn gY. JleficTBys na keaiapathudyiw ¢opmy (2, 2) ~
oneparopoM A;, Doayzaem

~ a
0=—A4,(z 2) =iz, oo (2,2,8") =
= Chiz2,8% + (— 1" Gz 2 g% = 27.2,chig™.
Takum ofipasom,
chig™ -t (— 1)7CIED lgok = 0, (5.3.42)

¥YMHOxas 00e uacT# paseHcTBa (5.3.42) ma g o cyMMHpysa 10 j,
noJiyyaem

3 .
iz’ = u,cligh” = u,chg” (— 1P =
o usc;‘gq (_ I)a(zp)(n:[st-a(z‘]) — usc?igsf (ﬂ 1)G(Zp)(a(25)+m(2;)‘|'_05(25))+1 _
= u,hgs! (— DM = Byl (— 1T (5.3.43)
rae w=u.gsi,
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C apyroit croponm, ARMPEPEHIHPYS TI0 2; TOXKAECTBO
A’ . ] _5
kp=—C;k23—' P = 0,
623

HaxonuM

k] A
! s
Cip— P Cipl, —— | ——— 1y Helz ) oz
it 62l' + cir H Bzf, (63‘, P) ( I) I i = 0,

Tak xax a(z;)+a(zs)=o(z:), oTciona caeayer, uto QYHKUME
e VAOBJETBOPAIOT TeM ke ypasHeHHaM (5.343). C Apyroi
2
I . .

CTOPOHEI, /=1, ABAAIOTCS KOMNOHeHTAMH 3nemenTa AgZ. Tlo-
ITOMY KOMIOHeHTH U; ajemedTa v =A< P ¢g(A) yuoBaerso-
pawr ypaBHeRusM (5.3.41). Ile cnenyer aymats, 0AHAKO, 4TO Ipe-
ofpas3oBaHHREMH '

2—~A P (5.3.44)

HCuepNBIRAIOTCA Bee ApeoGpa3cRaHHA, nepeBoasulde ckKoOky [Ty-
accona (5.3.21) B Jpyrme uHBapuaHTHHe c¢Ko6xkM [lyaccoma.
Ecau 6w 370 0GBLIO Tax, TO omepatopamu Bria (5.3.33) npm

v=A P ucuepnpiBanace On Bcg anre6pa JIH BeKTOPHHIX noO-
Jell, MepecTaHoBOYHEIX ¢ onepatopaMu. Herpyano  nposepurh,

onHago, uro omeparopr suaa (5.3.33) npu v=Av P Boofue
He obpasyiot adare6pel Jlu. BosMmoxuHe, 0IHAKO, 4To TEM HE MeHee
cxkobkamu llyaccona, noaydsaemwiMu u3 (05.3.21) npeolpasoBaHus-
MH (5.3.44), HcuepnLiBaeTCs BCE MHOMKECTBO HHBAapHAHTHMIX CKOGOX
Ilyaccona B g {(A). Takyw Teopemy yaaercs A0Ka3arh Ads 00bu-
HBEIX MOJYIPOCTHIX Ipynn Jld ¢ nomolblo Godee croenHadbHBIX CO-
o6pamenri. OcTaHABANBATACH Ha 3TOM MH He 6yaeM.

OrTMeTHM B 3aKJOYCHHE, YTO CYILECTBOBAHHE HEBADHAHTHOIOD
CKaJSIPHOTO IIPOM3BEJEHHS C ONHCAHHLHIMH CBOHCTBAMH B 8 (A)
3KBHBAAEHTHG Cy[IECTROBAHUI) AHAJOHYHOIO CKAJAPHOrQ NPOH3-

Belenust B aaredpe JIu g (A)
% )= 7).~ (5.3.45)

B koopauHatax
(x, §) = Hgpy' (—)HPTHR,

3aMeTHM, 4TO CKajaspHOoe npoussefexue (x, y),==(Ax, Ay), rae
A — aBToMOpOH3M ueTHOCTH anrebpm g (A), TakxKe HHBAapHAHT-
HO. B KOOpPAMHATAX OHO HMEET BHJ,

*, yh = *gny’.
CaenoBaTe/IbHO, HHBADHAHTHBIM SBJSIETCH TaKye CKaJAPHOE Npo-
H3BefeHue (X, y), = —21— (%, ) + (x, y),). B K0OpAWHATAX OHO HMEeT
BHI

(%, y)s = xfsi;'yts
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npHYEM

1 + __la(ttH'fI(fﬂ —_ g, 2 (i} = a (j);
TV ez e,

B cuny teopemur 3.1 HEBHIDOXIEGHHOCTh CKAJAPHOTO NPOHABEIEHHS
(x, y)}2 SKBHBANGHTHA HEBLIDOXKAEHHOCTH HCXOIHOTO CKAJSPHOTO
npousseienua (¥, y). Takum o0pa3oM, Mbl [IPHXOAHM K CAELYIO-
HIeMY BAXKHOMY Pe3y/abTaTy.

Teopema 5.9, Ecau B anre6pe JIu g (A) cyllecTByeT HEBHIPOK-
JEeHHO® YEeTHOE MHBAPHaHTHOE CKaJApHOe NPOH3IBeleHHE, TO CyIle-
CTBYET 2H&JOTHUHOE CKAJAPHOE NPOM3IBEISHME C JONCJHHTENBHEIM
CBOACTBOM: moanmpoctpanctBa g (A) . ¢° (A) oproroHasbHBL

YuursiBag cBase (5.3.45) Mexay cKanApHEIMH MPOH3BEIeHHAMH
B g (A) B g (A), HAXOAHM, YTO AHAJOTHYHOEC YTBEpXKJEHHE chpa-

BeIJHBO H A/ CKaJAPHBEIX Npou3BencHH B ¢ (A).

. 1
8j; =5 &l

CﬂHCOK MEYATHB X PABOT ¢. A. BEPE3HHA

1. Jluuefinbe KoweuHOMepHHe NpefcTapiedHd rpynn JI¥ ¢ mOMMYTATHBHEM pa-
nvkaaoM.— JTAH CCCP, 1953, 93, Ne &, c. 759—761.

, OZHOPOAHHE PACHIHDEHMA KOMILIEKCHOIG RpocTpaHcTsa.— MAH CCCP, 1954,
99, No 6, ¢. B90—892 (commectno ¢ M. K. Hartenxum-Mlanupo).

. Onepatopu Jlannaca Ha moaynpoetwx rpymzax  Ju-— JAH CCCP, 1346,

107, Nz 1, . 9—I12,

. IlpefcTaBieHds KOMIUIEKCHHIX TOJYTIPOCTHX rpynn Jlu B Ganaxorom Ipo-
crpaHcree,— JAH CCCP, 1956, 110, Ne 6, c. 897—900.

. Hecxonnxn zameuannfi X TeopHH cdepmveckHX (YHKOHA Ha CHMMETPHYECKHX
pEManoBHX MHOrooGpashax,— YMH, 1956, 11, sun, 3 (69), c¢. 211—215 (co-
emecran ¢ M. M. lensdannom).

6. Heckonpko saMmevawnii K Teopud cdepudeckux GYHKOHA HA CHMMETDHUECKHMX
PHMAaBOBHX MHOrooOpasusx— B xku.: Tpyan Mock. matem. o-Ba, T. 8. M,
19566, ¢, 311—35!1 (coemectso ¢ M. M, Teandannom).

7. INpepcrapiienns rpyn— YMH, (956, 11, eum 6 (72), ¢. 13—40 {(coBmecTHO
¢ H. M. Temvdangom, M. H. TpaeBum, M. A. Hafimaprom).

8. Omepatopu Jlannaca na moaympocTmx rpynnax JIi—B xu: Tpyad Mock.
Matem. o-pa. T. 6. M., 1957, ¢. 371 —463; T. 12, M, 1963 c. 453—466.

9. Oneparopw Jlannaca Ha NOJYNPOCTHX rpymnax JIH ¥ HEKOTODHX CHMMETpPH-
ueckHx npocTpaHcTBax.— YMH, 1957, 12, smnm | (73), c. 152—I156.

10. 3oxaasnbie cleprHueckHe QYHKUHA H ollepartoph Jlalmiaca Ha HEKGTOPHIX CHM-
MeTpHuecKHX npocrpancreax.— JAH CCCP, 1938, 118, Mo 1, e. 9—12 {co-
BMectno ¢ @, M. Kapnenepuuem).

11. Npencrapaenns rpyoim Jin— B xu.: Tpyaw 3-ro BceecorosH. MareM. cneafa,
T. 3. M,, 1958, c. 244—254 (coemectHo ¢ M. M. leandaunom, M. U, Ipae-
BuM, M. A. Haiimaprom).

12, Awajor teopeMm JIHyBUANA JaH CUMMETDHUECKHX MPOCTPAHCTBE ¢ OTPHUATENb-
Hoft kpueuskol.— JJAH CCCP, 1959, 125, Mo 6, c. 1187—1189.

13. 3ameuanne o6 ypasueHud [llpejuHrepa ¢ CHHETYJADHHM NOTERIAANOM.—
JAH CCCP, 1961, 137, Ne 5, c. 101i—1014 ({coBmectno ¢ JI. A, Paazme-
€BEIM). :

14. Kaﬂognqecxne npeolpa3cBaHHA  ONEPaToOpPoB B NPEACTABJACHHH BTOPHYHOTO
KBaHToBanma.— JIAH CCCP, 1961, 137, Ne 2, ¢. 311314,

15. O mozesn Tuppuura.— KIT®, 1961, 40, Ne 3, c. 885—804,

16. O mogenn Jlu.— DAH CCCP, 1962, 143, Nv 3, c. 811814,

17. O mogens Jin— Marzem. ¢6., 1963, 60, BHI. 4, c. 425—446.
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18.
19.
20.

21.
22,

23.
24,
25.
26.

27.

41,
42,

0

[N

O ganonngeckHx Npeobpa3oBaHHAX B NMPEICTABJEHHN BTOPHYHOTG KBAHTOBA-
uia.— JAH CCCP, 1963, 150, Ne 5, c. 959—9862.

O6 oaHoll MOJedH KBanTopBell TeopHH unoas.— ¥YMH, 1963, 18, Bum. 5,
c. 225—226.

Hegotopwe MaTeMATHYECKHe BONPOCH KBAHTOBOH MeXaHHKH CcHeTeM ¢ 60Jb-
M uucsoM cTemesel  cBoBoan.— B KH.: Tpyam 4-ro Bceecolosn, martem,
creapa. T. 2. M., 1964, c. 532—541 (coBMecto ¢ P. A. Munhacom u
JI. 1. ®anaeenem).

06 omepatopax B [OpeJcTaBieHHH BTOPHYEOrc KBanToBamua.— JJAH CCCP,
1964, 154, Ne 5, c. 1063—1065,

VYpassueuue [llpednurepa A8 CHCTEMBL QAHOMEPHHIX 4iCTHH C TOUCHHHM B3aH-
MoaeficteHeM.—— BectH, Mock. ye-ra, Cep. Marem., 1964, 1, c. 21—28 (co-
Buecto ¢ F. I, [Toxua, B. M. @unkensbep).

$opmyna  caenca A MHOrouwacTHuHoro  ypasseus  Ulpezmsrepa.—
JAH CCCP, 1964, 157, Ne 3, ¢, 10691072,

AcumnToTnka coScTBeHHHX (WHKOMA MHorouacTHUHOre ypasHeHus I[Upeaun-
repa.— JAH CCCP, 1965, 163, Ne 4, ¢. 795—798.

Meron propuuncro kpaHToBaHud. M., 1965, 235 c.

PeaatusueTcKag ApyMepHas Mojedb caMoB3auMoJeHCTBYIOLLETO (HePMHOHHOrQ
HoJIs ¢ HeHyseBol Maccofl noxosa— KITD, 1965, 48, Ne 5, c¢. 12931306
{coBmectne ¢ B. H, Cyuxo).

IipuMenenne Merojia GVHRUHOHAAOB K HEKOTODHIM 3afauaM MHOPHX Tefl.-
Tesucul coobulenult MexAyHADOZHOrO KOHrpecca MaTtematnkos B Mockse.
M,, 1966, c. 28

. ArromopgHaME TpaccMaHOBOR adrefpsl— Martes. samerkn, 1967, 1, Bum. 3,

29.

c. 260—276.
Buipaxende KBaHTOBOH CTATHCTHYECKOA CyMMH wepe3 ONEPaTOpH  pacced-
st — B xu.: [IpoGiembi MHOTHX Ted H ¢H3Hxa maasmu. M., 1967, c¢. 3—10.

. Hecronbxo 3sameuaHHil 00 accOnHATHBHOR ofosouke aarelpw JIn— @yHKIL.
31.
3z.

4aHAH3 ¥ ero npumeHenus, 1967, 1, Mo 2, ¢, 1—14,

06 oazoMm npeAcrabAeHHH ODepaTaPoOB ¢ HoMOLIbIG (YHKOHOHAN0R,— B KH.:
Tpynam Mock, marem. o-Ba. T. 17. M., 1967, c. 117—196.

CHcremMb OJHOMepHHX JACTHE C MapHHM B3auMozaefictsHem.— B k. IIpoGae-
MH MHEOTHX TeJ H gHauka naasmel. M., 1667, c. 11—17.

. CywiecrBopanHe ¢a’joBoro [epexo/a Y DEUIETOYHOrO Ta3da C IIPHTAMNKEeHHEM

MesEAy vyacTHuaM#,— B kH.: Tpynm Mock. wmarteM, o-sa. T. 17, M, 1567,
c. 197—212 {coemecrHo ¢ . T. Crnaem).

. 06 opzHoW MOAenn KBaHTODOA TEOPHR NOMA.-— Marew, cb., 1958, 76, Bum. 3,

35.

¢. 3—25.
Anrebpu JIn ¢ mouoaeEnTensHOfl CTPYKTYDPOil.— Martem. c6., 1968, 77, suin. 2,
c. 201—221 (coamectrho ¢ ®. H. Kapneaesnuem).

. Hecxkonmbko samevaiifl © UPeACTABACHHNX cOOTHOWeHHR koMmMmyTaunn, ¥YMH,

3.
. CoOTHOILGHHS MEXAY KOPPEeASILHOEHHMH (QYHKIMAMH B KAACCHYeCKOH CTaTH-

39.

1969, 24, Bum. 4, c. 6588,
IMrockas moasas Mznura.— YMH, 1969, 24, pum. 3, ¢ 3—22.
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