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BAPUAIIMOHHOE NCUYUCJIEHUE U UHTEI'PAJIBHBIE YPABHEHUS

CymiecTByrolue CIpaBOYHUKH, PACCUUTAHHBbIE HAa WHXXEHEPOB U CTYACHTOB, HE
CoJIepKaT CBEJICHUH MO BapHALIMOHHOMY HCYHCICHUIO U MHTETPATbHBIM YPaBHEHUSIM.
Mexay TeM 93T paslenbl  BBICIIEH MaTeMaTHKH LIMPOKO HCIONB3YIOTCS B
UCCJIEIOBATENbCKOM paboTe M BOLUIM YK€ B YHUCIO MaTeMaTUYECKUX JUCIMILINH,
U3y4aeMbIX B psle TEXHUYECKHX YyueOHbIX 3aBefeHMi. JlaHHOE cHpaBoOvYHOE
PYKOBOJICTBO UMEET CBOECH I[€JIbI0 BOCIIOIHUTh YKa3aHHBIN MPOOet.

KHura conepXuT OCHOBHBIE CBEJCHUS W3 BAPHALIMOHHOTO HMCUYHUCICHHS U TEOPHH
MHTETPATBHBIX YPaBHEHHH M WX TPWIOKEHWH K HEKOTOPHIM BOIMPOCAM MEXaHUKH U
MaTemaTnueckoil ¢usuku. JlaroTcs Takxke KpaTkue CBEACHUS O MPUHIUIE MaKCUMyma
JI. C. Ilontpsruna, mpuHuune ontumanbHoctu P. bemnmvana u ap. OtaenbHbie
MOJIOKEHHUS TEOPUHU TOSACHSIOTCS IPUMEPAMHU U PEIICHUSMU 3a/1a4.

[IpennaraemMoe wW31aHuEe COACPKHUT Psii  JONOJHEHUH IO CpPaBHEHHIO C
IpEIbIIyIIUM: HEOOXOIUMbIE U JOCTATOYHBIE YCIIOBUS IKCTPEMyMa B Pa3phIBHBIX
3a/la4ax ¢ MOABM)XKHBIMU KOHIIAMHU B MPOCTPAHCTBE, CBEACHUS M3 TEOPUHU IKCTPEMyMa
(YHKIMOHAIOB B JHUHEWHBIX HOPMHUPOBAHHBIX IPOCTPAHCTBAX, HSKCTPEMalIbHBIC
CBOMCTBa COOCTBEHHBIX 3HAYEHMH M COOCTBEHHbIX (yHKIUI 3amaun lltypma —
JInyBuwiig u zip.

Kuura npenna3znavaercs sl HHKEHEPOB, SKOHOMHUCTOB, a TaKKe IJI CTYJIEHTOB U
aCMMPAHTOB BBICIINX TEXHUYECKUX YUCOHBIX 3aBEICHUMA.
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NPEAUCJIOBUE KO BTOPOMY HU3IAHUIO

B nacrosinee— BTOpoe—u3aanue no0Gapienbl CBeAEHUA 0 Heol-
XOANMBIX ¥ AOCTATOYHLIX YCHAOBHAX 3KCTPEMYMa B Pa3PhiBHBIX 3a-
Aauax C NONBHXHLIMH KOHIAMHM, O TEOPHH IKCTpeMyMma (YHKUKOHA-
A0B B JHReHHLIX HOPMHPOBAHHEIX IIPOCTPAHCTBAX, pACHIMPEH Napa-
rpad, MOCBRIUIEHHBIN 3KCTPEMAIbHLIM CBOHCTBAM COBCTBEHHBIX 3Ha-
yeyn#t M coBCTBEHHHIX (YyHKUMH. ‘

Crucok aMTepatypsl 1IONMOJIHEH HOBBIMM MoHOrpadusMy no
BAPHALMOHHOMY HCUHCAEHHIO M HHTErPadbHbIM YPABHEHUAM, a Takxe
yue6nukaMu DO (QYHKIUMOHAILHOMY AHATH3Y W YPaBHEHHMAM MaTe-
MaTHUeckoll (QHU3MKH, COZCPXAILMMH YKa3aHHLIC BhIIE Da3ierhl ¥
BHILIEAUIAMHE B NOCAEAHAE TOIBL

J. Laap



NPEANCJ/IOBHE K NEPBOMY HU3JAHHIO

BapnanuonHoe icyKcIeHYe i HHTerpaibHbie YPaBHEHHA ABIAIOTCA
ObICTPO PA3BUBAWIMMHUCA pa3jieisaMd aHaIHM3a, OXBATHTb KOTOPLIE
¢ JOCTATOuHO MOJHOTON B KHUre Heboapinoro obbhema HEBO3MOKHO.

B npeniaraeMoe cnpaBovyHoe PYKOBOJACTBO BKIOYEHB npempe
BCEro KJIACCHYECKHE DE3YapbTaThl M HEKOTOPHIC HOBBIE, Ye BOlIed-
e B GOHXOH HHXCHCDHON HCCIeX0BaTeIbCKoil paboThl, HANIPHMED,
ONTUMAILHBIE MPUHUHITG B BAPUAUUNCHHOM HCUHCIeHHHd. B mozo6Hbix
cayyasx NPHBOIMTCA JMHMIIL MOCTAHOBKA 3a]1aul, OCHOBHLIE Pe3yab-
TATH W UX CBA3b C KIACCHUECKHMM Pe3yaIbTaTaMu.

Knura npexHasHauena Jid HH¥KEHEPOB, SKOHOMUCTOB, CTYIAEHTOB
M aCNHPAHTOB BHICUIMX TeXHHUeCKknx yueOuwmX 3aBelenndt. Msiaowe-
Hue MatepHala NPOBEXEHO HA OCHOBe OBLIMHOrO KYPCa MarteMmarH-
YeCKOrO daHaaH3d, H3YyYaeMoro B BLICHIMX TeXHHUECKHX YYeOHLIX
sapelfeHnnAx. VckaoueHHs CcOCTaBiAfi0oT BeChbMa KpPaTKUe CBeaeHus
o6 uurterpaae JleGera ¥ ero HCIOJIb3OBAHUM, a TaKXKe HEKOTODHIe
HavadibHble CBEIEGHHA H3 TEOPHH (QYHKUIUH KOMIIEKCHOrO nepe-
MEHHOIO,

Ha pyccxom asmKe umeercs ofmupHas JHTepaTypa Ho u3ia-
raemMbiM B KHMTE BONPOCAM, OAHAKO YYeOHMX PYKOBOACTB XA BLICIINX
TeXHHUECKHX YueOGHBIX 3aBeAeHUIl 10 BAPUALUMOHHOMY HCYHCACHHIO
W MHTerpajdbHLIM YpaBHeHHAM noutd Her. [Jam ymo6crsa uuraTeas
B KHUre JIaH NoipoGRbI CIIPaBOUHBI MaTepHan 10 OCHOBAM TEOPUH,
npuueM Mo KawAOMY M31araeMoOMy BOINDOCY YKa3aHbt TUTePAaTypHbie
HCTOUHMKH, 3 TaKxe yyeGHad auTeparypa H MOHOrpadhus, B KOTOPHIX
COMePKUTCA HasbHelliee DPa3BUTHE TEOPHH.

B knure npusefeHs! Take CBCIEHHA O HEKOTOPHIX MPUIOKE-
HUAX BAPHALMOHHOTO HCUMCIEHHA U MHTICIPANbHBLIX YpaBHeHMH K
BORPOCAM, 6/113KO MPHMBIKAIOUINM K JOTIOMINTEIbHBIM [AABAM BRICIIEH
MaTeMaTHKH, YUTACMbIM B HACTOsALIEE BPeMA B BLICHIMX TEXHHGECKHX
YueOHbIX 3aBefeHMsX,
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310 OTHOCHTCA K BHIBOAY HEKOTODHX YpaBHEHHH MarTeMard-
yeckofl (GpH3MKH, HCXOAA M3 BapPHAUMOHHBIX MPUHLUHIOB MeXaHUKH,
a Takxke K usyuenuio 3agaun Urypma—Jlnysuana. .

PaMku KHUr¥ He M03BOAMAM PACUIHPHTbL pasldedbl, CBA3aHHbLIE
¢ npuGavKeHHBIMM MeTOJaMH peilleHHs BapUaMOHHBIX 3ajay H
HHTerpaipHbIX ypaBHeHHH. B KHHre Jawnl auib mpocTeliline cpeje-
HHA 00 9THX MeToHaX U MpPUBEJeHbl COOTBETCTBYIOLIME [IPUMEpSHI.
Uurateib, HHTEPECYIOUHCA BBIYHCAUTEILHBIMH METOLAMH, HalileT
GoraTbli MaTepuan B H3BecTHoM knure JI. B. Kantoposuvuau
B. . Kpeaosa «[lpubamxennsie MeTOAbl BHICIIErO aHAIM33»,
sl 5, M., ®usmarrus, 1962, a raxwke B kKHure C. I, Muxaunna
«YnciaeHHas peaius3allHa BapHauHMOHHKX MetoaoB», M., «Haykay,
1966,

[Tonp3ywchb cayyaem BbIpa3utb CcBow0 GaaromapHocts JI. A. Jlo-
crepunky, H. V. Axuesepy u C. I'. Muxauny 3a 60IbUIYI0 M0MOLIb,
OKa3aHHYI0 MHE HX COBeTaMH M KDUTHUECKHMH 3aMeYaHHsAMH NpH
paboTe Hal PYKONHCHIO.

JA. e



F'nasa I .

BAPHAUHUOHHOE UCUUCJIEHUE

§ 0. Beenenue

1.0.1. ®yukuuonan Ecan M — mnomectBo Qyukuuit y xax ol
GyHKUUY ¢ (X), npuHagIexames M, ¢ (x) C M, oTHOCHTCA olpeleneH-
HOE UHCHO, TO TOBOPAT, YTO Ha MHOwecTBe M 3anan @gysrxyuonanr.

Mpumep 1.0.1. M — mgoxecrso dynkuut v (x), ompexeseHHbIX Ha OT-

peske [a, -] n 06JajaOIUX HA HeM HENPepeIBHONA npoussofHoll. [dausa [ aunuy
y=y(x), a<Sx=b, y(¥)€M, ecTb QyHKUHOHA

b
L = [V 14y @ ar
a

Npumép 1.0.2. M — mnoxecrso Gynxuult y (¥), B ofracrs onpenesenns
KOTODLIX BXOAAT TOUKA X, 3HaweHHd (yukuud v (x) 8 TOUKe xy 006pPasyOT PyHK-
guonan J () = ¥ (xp). .

1.0.2, fIpenmer BapHallMOHHOTO HCHHCIEHHUN. BapuayuoxHoe
ucyucaeste YCTaHABIMBACT YCIOBHA, IIPH KOTODLIX (PYHKLHOHATb!
LOCTUTAIOT CBOETO SKCTPEMYMa.

Onnolt M3 mEPBHIX 3aXay BapHa- a 6
LIMOHHOTO HCUHcIeHHs Oblna 3ajgaua
Vpana Bepuynsu o O6paxucroxpone
(1696 r.).

B BepTHKATBLHOH MIOCKOCTH HaHb!
nse touxy, O u B (puc. 1.0.1). ITo kakoit
AUHHA CKATHTCA Taiedan Mmarepuamb- | _ _ __ N
Hafd TOYKA, OCTaBafAChb B 3TOH MIOCKO- . 4
CTH, U3 BePXHEH TOYKH B HUXHIOKO B
HaHMEeHbIUKH [POMEWYTOK BDemeHH? y{
Hawanbnas cxopocts pasna Hyuo, Co- Puc, -1.0.1,
NPOTHBIEHWE JBIKEHHIO TAKXe [10Ma- ’
raeTcs PaBHHIM HYIO. :

3agaya CBOJUTCA K OTBICKAHMIO MHHIMYMa @yYHKLHOHa’a

z

b
T = .Vi +£(x) dx.
V gy
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[lepBoe pemtense 3TOH 3agaun npuHagiewalo Slkosy Bepuyannm,
sropoe — Jlonntamo, Tpethe — HeloTony.

HauMeHoBanne «BapHauMoHHOe» HCYHCIeHHe 006A3aHO METOLY
BapHalii, MPH MOMOLIH KOTOPOTO PelIaloTcs 3KCTPeMadbHble 3alayu
M KOTOphI GyIer npUMEHeH HHKe.

1.0.3. HexorTopble onpeaeneHnua H o6osHavyeHus. Ecin dynk-
uvonan J(y) uccaenyercs Ha SKCTPeMYM M (QYHKuMA § (x) «Noxo-
3peBaeTCA» B KAuecTBe <«TOUKHU» IKCTPEMYMa, TO 3HaueHHe (YHK-
nuonana J(y) comocraBageTcs C ero 3HAUCHUAMH Ha HEKOTOPOM
MHOXeCTBe (IMHHH) y(X), Ha3blBaeMbX @yuxgquamu (AuxHusMU)
CPABHEHUS, K KOTOPOMY MPUHALLIERUT H Y (X).

Ecin mmeer Mecrto MuHUMYM (MakcumyM) J(y) npu-¥ (x), 10
MOJIOKHTEIbHA (OTPHIATEILHA) PA3HOCTL

A =J(y) —J(F)

HAa YKa3aHHOM BblIlle MHOWeCTBe GYHKUHI CpaBHEHUs.

Oxpecmrocmvio HY1€8020 NOPSOKA WIH CUALHON OKPECHOCMbIO
¥ (x) HasniBaeTCst MHOXECTBO HENPEPBIBHBIX QYHKIIMHA CDaBHeHHA
¥{(x) TaKux, 4yTO NPH HEKOTOPOM uHCIE &, & >

Py (x) =3 (x) | <, XSS X S X

OKpesmHOCmbIO 1ep8020 nOpPsAOKa Unl ¢aaboil OKpecmHocmbo ¥ (x)
Ha3LIBAETCST MHOXKECTBO KYCOMHO-IIafAKHMX QYHKUHIl cpaBHeHUs y (X)
TaKHX, 4TO NPH HEKOTODOM uHucie g, & > 0,

Y (0) =J () T+ () =F1x)]|<e, x=sx=<x,.

MunumyM dysxuuonana J(y), nocturaemeiit Ha ¥ (x) B ee cuabHOM
(cn1a6oft) OKPECTHOCTH, HA3LIBAETCA CUAbHBIM (Crabuirm) MUHUMY-
MoM pynryuonara J(y).

AHalOrHYHO ONPENeNAloTCA CUAbKLL W cAQObE MAKCUMYMOL.

Beakuft cuibHbIA 3KCTPEMYM sBAAETCA B TO e BPeMsA H cla-
6bIM SKCTPEMYMOM.

CHapHBI M cnaleifl 9KCTPEMYMB ABAAIOTCA OMHOCUMENbHOLML
xcmpemMymamu,

JxcTpemyM dyHKuuonana J(y) mo Bceft COBOKYNHOCTH (PYHK-
HHH, Ha KOTODHIX OH .ONpeledcH, Ha3biBAeTCA alCOAMHBLM IKCM-
pemymoxm. AGCOmMOTHHIN 3KCTpPeMyM fABIAETCA B TO Ke BpeMa H
OTHOCHTE@IbLHBIM,

B nocnenywouem 6yayT MCHOAb30BATLCH KJacChl QYHKUMI

C [a, b] — nenpepsiBHBIX Ha otpeske [a, b),

C,la, b]—raagknx (MMEOIHUX HENPEPLIBHYI0 NPOH3BOIHYIO
na [a, b)),

'm [8, b] — NMeI0UX HelTPEePHIBHYIO M-10 NPOU3BOAHY O Ha {a, b],

D;[a, b]— HenpepuBHLIX, HMEWMHX KYCOUHO-HCMPEPHIBHYIO
NPOM3BOAHYI0, MPHYEM IMOCIAEAHAA HMeeT Pa3phiBH UMb NEPBOro
poxa. )

ITpn nocTaHoBKe 3ajay BAPHAUMOKHOIO MCUMC/AEHHA HOTWKHO
YKa3bIBaTbhCA, KaKOTO xapamepa IKCTPEMYM Da3bICKHBAETCA U B Ka-
KOM Knacce (YHKUHi.
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Mpume pl.0.3, dPyarnnonan
ki1l

Jy=[ (1~ yHax, YO =y(m)=0.
0 .

Otpesok [0, 7] ocu Ox naer cnalulll MuHAMYM, TaK Kak apu |y (¥) [ 4]V (¥) ) <e,
§ <1, mojbmTerpanpHoe BLIPAMCHUE 10JOXMTelsHO ©  ob6pamaeréi B Hyas
Adwe npd y=0.

CHABHBIA MUHAMYM fe pocTaraercd, uGO, NMOIOWHMB, HanpuMmep,

1

=== sin nx
=V
(puc. 1.0.2), moayuum
™ T
W =g

. B 1
u J(v)<<0 ups n>>4, [Ipn 3TOM JUHUM V ==—]~/—: sin nx xag gocratoyno Goanmux n
n

JCKAT B CKOAL YTOIHO MA.1O0f OKPECTHOCTH HYJNEBOrO MOPALKA AHHMH y == 0.
B npumepe 1.0.3 yuxuuouas mmeer |
crabulfi  MUHUMYM, OpUHagIemamuil  Kaaccy

C; [0, =], HO He MMEET B STOM Kaacce CUABHOIO Yo
MAHUMY M3, 3 SO ‘
.
|
y 1
|
0 i
7 =z

yANYA NI
IRV VARY A <

Puc. 1.0.2 Puec. 1.0.3

————— g

Npumep 104 (Beftepmrpacc). dyuxunona
1
Jin= [ x2y%dx, yi=H=—1, yy=1
—1
noroxuTeseH, On He umeer Mmuuumyma B Kaacce Cy{— [, [, 5o gocTuraer era
B KJacce Kycouno-raaikux ¢ynxuuit, Qas dyukuui cpasuennd (puc, 1.0
arctgf—
yo= -1 >0,
arctg;
1 1
Jiy)= J'lxi’y’g dx << I( (w2 + a3 ? gy =

1
. a? dx pra
= 3 i ?
arctgf-‘L S ate arctgl
o —1 o
J () —~0 npu o =0,

B waracce Cy MAHUMYM He JOCTHTAeTCH, NOCKOABKY 3TO MArio ObITE BO3MOMHSIM
numblnpn Tv’ElO, y=-const. OfHako npy T0M He BLINOAHAOTCR YCAOBHA ¥ (— l) =
=—1, y()=1L
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§ 1. Ilpocreitman sapaua BapualMOHHOTO HCUHCJCHHS.
: HeoGxonumbie ycaoBusi 3KCTpeMyMma

1.1.1. MMocranoBKka 3afaun. Tpe6yerca HallTH MUHUMYM QYHK-
LHOHanA
Yo .
T =\ F(x, »y)dx (1.L.1)

X1

Cpel KYCOYHO-IITAajKHX IMHHH, COeNHHSAIOIHX TOYKH A (X, ¥,) #
Bixg y), 1. €. y(x) =y, (X)) =2, x;<X=<X,

OO6bluHO NPERNONaraeTcss HENPEPHBHOCTD NOABHTErPANbHOH
GYHKLUUY NO COBOKYMHOCTH €€ apryMmMeHtoB, a TaKwe CYulecTBOBa-
HYMe M HeIpPepbiBOCTb BCEX €€ UYACTHBIX MPOH3BOJHBIX 10 TPEThEro
HOpAJKA BKIUYHTEILHO.

Cuuras, yto dyHKuusa y==y (x) nocraBiser caabblli MUHUMYM
¢yuxuuonany (1.1.1), maxogsT Yyciosus, KOTODHIM [OMKHA YIOB-
AeTBOPATL yKasaHHan (QYyHKUUA.

J1u HeobXOgUMBle YCa0BHA ciaaboro munuMyma 6yayr tem Gonee
HeoOXOTUMBIMHA YCIOBHAMU CHIBHOTO W aGCOMIOTHOrO MUHHMYMOB,

1.1.2, lepBass W BTopas Bapuauud QyHKiHoHaRa. Ecau
M =1 (X) — OpoU3BOAbHAA KYCOYHO-Taalkas (YHKIHS, YIOBIETBO-
pAOIEA YCAOBHAM 7 (x;)=1(x,)=0, To oaHOmapaMmerpuyecxoe
ceMeficTBO PYHKUMH

Y=y + an(x),

NPy A0CTATOYHO MalblX 3HAYCHUAX MapaMeTpa &, NPHHAITEeWHUT HEKOTO-
POl OKPECTHOCTH IEPBOro nopsaaka GyHxkuuy y =y (x). PyHKUUOHAN

X2 . o~ . .
J(y)= 5 Fx, 3, y)dx, yx)=3n ¥(X:)=Yn
X1
Ha YKA3aHHOM OJHONAPAaMeTPUYECKOM ceMeHCTBe QYHKUHH ABAAETCA
" dynkunelt mapamerpa «
X3
T =0 @@=\ F(x, y+an y+ay)dx,
X1 .
pMeomefi MUEEMYM 0pu a =0,
B cuay HeoBXomuMbIX YCI0BHil OBHIKHOBEHHOIO 3SKCTPEMymMa
uMeeM

~ @ (0)=0, @"(0)=0.
HuodepeHunpopanue J(¥) no nmapaverpy mact
X2 o~ o~ o o~
(@)= [Fy(x, 3 ¥ 0+ Fy(x 3 ) 1l dx,
— X
;2 ~ ~ " ~ ~
o (@)= § [Fyy (5, 3 3) 1"+ 2Fyy (5, 3, ) m’ +
X1

+ Fyy (x, 3, ¥) 7*] dx.
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Orciona .
- X3
o (0)={ [Fy(x, 331+ Fy (6 3 ¥)n]de=0, (1.1.2)
X1

Xz

@ (0)= { [Fyy (8 3 3) 0" 4 2Fyy (5, 3, ¥) w0’ +

¥
+ Fyy (53 ¥) ] de =0 (LL3)
Mpoussoanaa pynxuun O (a) =J(y +4-an) B TouKe a =0 Ha-’

3niBaetca nepsoi sapuayueli Pyuxyuonaaa (1.1.1) ¥ oSosHauaerca

cuMBoIOM dJ:
dd

T da

Bmopas sapuagust 32 pynxyuonasa (1.1.1) onpemeasierca Kak

BTOpas mpou3sogHas PyHkuun ¢ (¢} B Touke a =0

a2 (D)
da?

B paze pykoBOICTB nepras U Bropas Bapuauun dynxuuonana (1.1.1)

ONIPeAeNANTCA COOTBETCTBEHHO KaK MepBhft U BTopol puddepeH-
uuansl @yrxkuud @ (a) B 10uke a =0, 1. €.

LN

a=0"

3 =

a=0"

4o L, d°0 .
V= a0 D W= e

Heo6xofumste ycnoBas MHHHMYMA (MakCHMyMa) (yHKUUOHAHXA
(1.L1:

Ilepsas Bapuauus 0MmKHa obpamathca B Hyab: 8J =0.

Bropas Bapumaums gomxua ObITh B CAyyae MHHUMyMa HeOTpH-
nateapHofi: 3%/ =0, a B cayyae MaxKCHMyMa — HENOJOXHTENBHOM:
3= 0.

1.1.3, Nleppoe HeoGxoauMoe ycloBHe 3kcTpemyma. duddde-
peHnHalibHOe ypaBHeHHe Sfnepa—Jlarpanxka. dxcTpemanun. Vu-
TETPUPOBAHME [0 WaCTAM Bupawenus Fy(x, y, ¥')n 13 (1.1.2) naer

X2 X
3= (Fy,- SFya'x> ¥ dx =0, (1.1.4)
X1\ Xy ’
YTO B CHIY NPOU3BOALHOCTH v UMEET ClleACTBIEM ypasuedre dinepa—
Jlarpauwa B uHTerpanpHo#l dopme
. ,
Fy— \ Fydx=C. , (L.15)
x1
Iepexor or (1.1.4) x (1.1.3) ocHoBau na nemme Hiobya-Pefi-
MOH& O TOM, UTO M3 COOTHOIIEHHA OPTOrOHAaALHOCTH

VM7 ax=0,

Xy
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rae M (x) — KycoyHO-HeNpepLIBHAA, a v (X)— MPOU3BOJbHAA KY-
couHo-rnagxas GyHKUHus, 1 (x,) =1 (x;) =0, cmenyer M (x)= const.

Dnpopepenunposanre ypasuenna (1.1.5) mnpusomnt x andoe-
peHUHaNbHOMY YpaBHeHUO 3iirepa— Jlarpanka

d

Fy— 2 Fy =0, (1.16)

BIepBbIE nonyquHbmy 8 1844 r. diizepom u Bnocaencrauy (8 1859 r.)
JlarpanseM.

ITo sBonpocy 06 HCTOPUM PA3BUTHS BAPHALUOHHOIO HUCHHCIeHAA cM. PnibHu-
kos [1] 1).

Inagkoe pewenne ypasuenus (1.1.3) uaum (1.1.6) nasbiBaercs
IKCMPEMAABIO.

3amevanue TepuyHoJorua B Kypcax BapUalHOHHOTO WCYUCTEHHA He eXH-
nooOpasua. Tak, H. M, I'ositep BasblBaeT 3KCTPeManbio JHHHIO (DYHKIIHIO), GaKT-
HeCKW KOCTABJAAMYI0 BKCTPEMYM HCCACIVOMOMY (QYHKUUONAAY, & pellicHus ypanHe-
Hng Disepa — Jlarpadia Ha3LIBaeT JarpamEeBbIMH KPHUBLIMUL

Ananornuno swmBoxy (l.1.5) moxno y6eautbcs, uTO IKCIpe-
Malb YROBAETBOPAET YPaBHEHUW

X
F—yFy — { Fydx=C, (1.1.7)
x1

way, B nuddepennnaisnoit gopme,
d ,
a[F-—yFy,]—Fx=0. (1.1.8)

1.1.4, Perynaphble (HIH HeocoGeHHbie) aKcTpemaad. s on-
peieaeHuss NPOU3BOAHON M TeOpeMbl O CPeAHEM 3HauYeHHH Ccaenyer,
uTo

_d_py,= lim Fy(x4+8x y4-Ay y+Ay)— Fy (1, y’):___
dx Ax -0 Ax

— 1 = Ay = Ay &
=, Jim [Fet 2Ryt Fyy], 119
rae ny’ = ny' (x 8, Ax, y+ By A,_VJ Y+ 0,4y), 0<Cby, 8, 0,<<],
M aHanoruyHo onpeneasotcs Fyy, Fyoy.

Ecan B Touke (X, y) skcTpemaun y =y (x)

Fyy #0,
10 13 (1.1.9) caeayer, uro
d ’
N Y i S
m = =y = = 1.1.10
Dx—g DX Fyy ( )

1) Mpw ceplakax 6yer yxasbiBaThcg aBTOp PYKOBOACTBA u Homep. Hampumep,
cm. JlaBpentseB u JhocTepuuk [1].
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Takum o6pasom, B KaWkuOH TOUKEe 9KCTPEMAiH, B KOTOpOil

‘,,¢0 KCTpeMatb HMeeT HENPEePhIBHYIO BTOPYIO IPOU3BOAHYIO.

Touxu sxcrpeMani ¥y =3y (x), B KOTOPHLIX F‘, » 7 0, HazbigaA0TCA
peeyasproyu. Ecan Bce Toukm aKcTpesaiu per)mpﬁu, TO CcaMa
9KCTPEMATb HA3LIBACTCHA Pe2YAAPHOU WIH HeOCODeHHOI.

Hna pervaspubix 3KCTpemanteil Ypasxenuwo Jittepa — Jlarpanxa
MOXHO NpUIaTh BHJ

yo=rny) (1.1.11)
1.1.5. Cniyyan noHMKEHUs NOpsAiKa ypapHeHHsa Oigepa —
Jlarpanixa. a) F e 3asucut ot y, 1. e. Fy =0, Torna 7 F,=0

H, CIe10BaTeIbLHO,
Fy(x, ¥7)==const, (1.1.12)

6) F we 3asucHt oT X, 1. e, F== F (3, ¥'). YpaBHeHune 9mepa——
Jlarpamxa uMeer BuJT

Fy — Fy_‘,,y'———F

Yy = 0.

s
3amena ¥y =z, y' ==2z-2, naer

F,— FyJ,,z — Fyy2z, = 0 wm d[F(y 2)-—2z FJ,, v, 9=
OTKYAd

F(, ¥) —YF (¥ ¥)=const. (1.1.13)

B) F 3aBucut amHefino ot ¥, T. e. F(x, ¥ ¥V)i=A, N+
4+ B (x, y) ¥'. ¥Ypasnenne Jitnepa — JlarpaHxa HIPUBOAMTCH K BHAY

94 9B _ (1.1.14)
oy 0x
Ecan paseHcteo (1.1.14) BHMONHAETCA TORIECTBEHHO B HEKOTOPOH
ob6nactu D mnaockoct Oxy, 10 F(x, ¥, y)dx=A(x, y)dx+
-+ B (x, ¥) dy — noaustit anpdepennunax u J(y) He 3aBUCUT OT NYTH
UHTErPUPOBAHUA, HUMed I[IOCTONHHOE 3HaueHue 139 BCeX y ==y (x).
Ecau xe coortnomenne (1.1.14) BblilonHAeTCS HE TOXAECTBEHHO,
TO OHO ONpefendeT OJAHY HAHM HECKOIbKO 3KcTpemanefl.

Mpuwmep LI1 Hafitu sxerpemany dynxauonana
1
J= [ x%y2ds,  yi=h==1  yl)=L
-1
B cuay cootnomenus (1.1.12) umecem
- ' x2y’ = const, y=— + D.

Orcrona suiio, 9T0 paccmamusaerwbm dyaxunodas ua orpesxe [—1, 1] He umeer
skcTpemasell, T. e, raagkux pewmenudl ypasuedus fiepa — Jarpauwa (cp. cTp. 13),
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Mpuwmep 1.1.2, Haflru sxcrpemasd dynxuuonaia
4
vV Vi
S ——l—i_:‘i— dx
Vy

a
(cm. sazaay o 6paxucroxpore, crp. 11). B cuay cooraowenus (1.1.13) umeen
Uty =2K.
!
NoxacravoBka y' = clg ; naer
¥ ay ¥
2

o 4 .
3y = 2K sin2 %zl\"(l —cos ¢), ' ==2K cos i sin 5 ==, sin®

q4o = dx
25" Gx LAy el

x =K ¥ —sinyg)+C.
Taxnm 06pa3oM, B MApaMeTPUIEcKoM Bule SKCTPEMalb 3a1aeTcl ypaBHeHUAMH
. X =K —sing)+C,  y=K{(l-—cos .
Hafizennsie auHUM aBARIOICH yuxaondami, ’

1.1.8. Ycaopns Befiepmtpacca — dpamana. Jlomanbie akcTpe-
mann. Eciu ypaenenne Jiinepa-—JlarpaHxa uMeer KyCOuHO-raagkoe
pelieHue, T. €. ¥y=y(X) HMEET YIIOBbIE TOYKHU (Y  (X) TePIHT pa3-
PHIB), TO B KaWJAO{ TOUKe ¢, ABAAKUelica abcuuccol yraoroi Touky,
BHIIIOAHAIOTCA ycaosus Beliepmtpacca — Jpamana:

Fy(e, y{e)y ¥y ¢ —0)=Fy (e y(c), ¥y (c+0) (L.LI5)
Fo, y(ch y(e=0) =y (c—=0)Fy(c, yle) y(c—0))=
=F(e, y(e), Y (c+0)—y (c+0) Fy (e, y(¢), ¥ {c+0)), (1.L16)
BuiTekalowue U3 vpasHennil (1.1.5) u (1.1.7) B cnay HenpepnsHOCTH
BXOISUIUX B 9T¥ (POPMYILI MHTErpajios.

M3 cootnomenua (1.1.10) caegyer, uro ecun Fy,y,io, a=ssx=b,
1O ypasHenue Jfinepa — JlarpaHxa MMeeT TONBKO TialKue pemieHus,

Jluunu, cocraBieHHBle W3 KYCKOB 3KCTpeMadet M YIOBAETBO-
psomYe B YLAOBBIX TOYKax Yycuaosuam Betiepuitpacca — IJpaMana,
HA3bIBAIOTCA AOMAHLIMU IKCMPEeMAAIMU.

ITo nosomy nomaumx skcrpemanedt cm. 1. 1.6.1.

Teomerpuueckoe ToakoBaHue ycaosull BefiepuiTpacca — Dpamana oM., Axue-
sep [i], Feappaug u Pomun [I]. X

L.1.7. Bropoe HeoGXxoauMOe yCIOBHE BKCTPEMYyMa — yCaoBHE
Jlexxanpapa. B cayyae munumyma ¢dynxkuunonana (l1.1.1) monxHo Bh-
nonHateca ycaosue: 33J==0. V3 (1.1.3) mua BTopofl Bapuauuu Bbi-
TeKaeT, UTO BO BCeX TOUKAaX JHMHHUH, NOCTaBIAKILEH MHHHMYM,

Fyy (%, 3, ¥) 20, X 55 X << X (1.1.17)

Tpeanonaras OPOTUBHOE, MOKHG NOCTPOUTH TAKYI0 ¢Aa0yi0 OKPECTHOCTH Ji-
HuM ¥ (x), B Kotopoft 8J () <0,

Ias sToro, ecad Fyryl (xo, y(xo). ¥ (xo)) <0, x1<xo<xm BOCTATOYHO NOJO-
KHTh

sinﬂx—(—x—;—f—o} ﬁpn [x—xol=<<h,

9 (%) =
[ mpr  [x—xo[>h

¥ B5I0paTh £ ROCTATOUHO MAMBIM,
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B cayvuae MakCMMyMa Ha SKCTpeMald NOMKHO BHINOTHATLCA
HEPABEHCTBO -

Fy,y, x, », ¥y)=<0, X T X=X, (1.1.18)

Y caosue (1.1.17) (unm (1.1.18)) HasbiBawOT HEOOGXO0UMBM YCAOBUEM
Jexcanopa nas MuHEMyMa ¢ysxunonaaa (1.1.1). ¥Ycaosue Jlexanapa
6mino Hafizeno B 1786 r.

Bergog cm. Jlappenrbes o JlocTepHAk [1], (2], & TaKKe Ap. PyKOBOZCTBE.

L1.8. TpeThe Heo6XxoNHMOE yCIOBHE IKCTpEMyMa — YClOBHe
Beifiepmtpacca. Heobxonnmoe yciosue cna6oro MUHUMyMa sBiAseTCA
B TO Xe BpeMA U HeOoOXOAUMBIM YCIOBHEM CHIBHOrO MHHHMYMa, HO

He 06parHo.
Ecau nunua y =y (x) ZocTaBaser CUIbHBI MUHHMYM (MaKcH-

mMyM) ¢ynxunonany (1.1.1), to Pynrxyus Beliepumpacca
E(x7 W y'y k) - F(X, 3 k) - F(X, ) y,) - (k _'y') Fy’ (xr Y, y’)
(1.1.19)

NPHU NPOH3BOJLHBEIX KOHEUHLIX 3HAUEHHAX R BO BCeX TOYKax (x, V)
9KCTPeMaIN HEeOTPHUATeIbHa (HElOI0KHTeIbHA). ;

[lo nosoiy ROK23aTEIHCTRA CM., Hanpumep, Jlaspentues — Jhocrepuuxk [1], {2,
Bancc [1]. Ycrosue Jlexauapa MokeT ObiTh I110Jy4eHO B Buje CAGACTBHA yc/JOBUR
BefiepmTpacca. [locregnee 6ptao Hafixewo B 1879 r,

1.L1.9. YerBepTo€ HEO6XOANMOE YCIOBHE IKCTpeMyMa — yciio-
pue Sko6u. Ecin y =y (x) nocraBaser MuHUMYM QIYHKIHOHAxy
(1.1.1), 10 b

X2
3= {[F 0+ 2F, o + Fyynt]de =0, (1.1.20)
X1

N{xy) = (xg) = 0. (1.1.21)

Te u3 GyHruuft v (X), Aaa kotopex 3%/ =0 n BHINOIHAOTCA YcIo-
pus (1.1.21), gocraeasior MUHUMYM QyHKUHOHany 8%/

Y paBHeHuem Jitnepa—Jlarpanxa J1s NOCAeIHErO ABAAETCA YpaB-
HeHHe

r d r
Fyn+ Fyu — o= (Fyym+ Fuym) =0, (L1.22)

Ha3nBaeMoe ypasHeHuem fxodu.

[Tpn peutonHesun ycnosus Jlewauapa: Fyv),,;éO, X< X <2 X,
u3 ycaoBu#t m{x)=17'(x)=0 caexyer, uro n(x)=0. Touxu
M (x, v (x)) 1 M (x, ¥ (x;)) Ha 9KCTpeManyn y ==y (x) Ha3bIBAIOTCA
conpsdiceHHuMt, ecan 1 (x;) =7 (x])=0, npuuem 7(x)z£0, x, <
<<-x < Xy

Ycnosne ko6 u Ecin sxcrpemany y =y (x), x; <X << Xy,
noctaBaser MuHUMYM ¢yekuuonaay (1.1.1), 10 oHa He COIOEpKHUT
TOUEK, CONPAMEHHBIX TOYKe (xy, ¥ (X)) .

Y crosue fxobu Gbito matiieno B 1837 r.,

\
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B cayuae cyuxecrsosaxmx conpixeHHol ToUKRY (x B 1)) MOXKHO Obl10 Oht
nocTpoiTh PyHkIHio
nle,
nm=

g, x7
1

sx=x])
=x=w 2y
Apafomyocs pementeM ypasrenud (1.1.22), » xan xoropon 82J==0, T. e, 7 (x)
SBASETCA NOMAHOW HKCTPEMATLIO C BO3MOXKHOM yraosoil Touxod (x . ( )) ycno-
sus Beftepmrpacca — JpaMada NPHBOZAT K PABEHCTBY %’ (xl) =0, Koropoe BMecTe
¢ m, (xi)::O naet -ql(x)EO. BONIPCKH PEANoI0KEHUIO,

T'€OMETPHYECKYIO TEOPHIO CONPAKEHHLIX ToUeK cM. Jlaspenrben u Jliocrepruk (1],
2], Bauce [1f.

1.1,10. UnmapnakTHOCTHL ypaBHeHus Dinepa — Jlarpanxka.
Ecau dyuxunonan (1.1.1) npeobpazyerca nocpelctsoM 3aMeHbl nepe-
MeHHO#l MM OZHOBPEMEHHON 3aMeHON MCKOMOW (YHKIHH M Hesa-
BUCHMO/ NMepeMeHHOH, TO 9KCTPeMYM QYHKUHOHANA YIO-NIPEKHCMY
HAXOAUTCA U3 ypaBHeHus JHacpa — Jlarpanska, HO ywe Lid nNpeo6-
PA30BAHHOIO MOJBIHTErPATLHOIO BHPAWEHHA.

Mpumep 1.1.3. Cemelicrao axcTpenatedl QyHKIMOHANA
1
=\ VT iae
%0
onpegeaneTcH ypasHeHuem Ditnepa ~ Jlarpamxa
r L4

VAEE 72 dpV gt
3amMena mepeMeHHsIx X ==7CoS ¢, y=rsing gacer Vri L ridp=V 1+ y'2dx.
Aan dyuxnvoHana

b
J=[VIFyiax
a

ypasHenye Ofisepa — Jlarpamka umeer sun ¥’ =0, orkysa y=ax 4B, Suasur,
pKCTpeMaad ucxo;moro (DYHKUMOHRAA KAWTCA YpaBHEHAEM

rsin ¢ =ar cos ¢ + .

Huetorcd pasindable BLIBOXBI CBOACTBE HHBAPUAHTHOCTH ypaaueﬂm Jiaepa —
Narpamwa. Cw, B, M. Cwuupuos [1], Naepenrbes u Jliocrepuux (1}, [2].

§ 2. BapuauvonHbie 3agauyu C NOJABHKHBIMA KOHUAMH

1.2.1, MMocraHoBxa 3afaun. Paccmarpusaercs @yHKIMOHAn, 3a-
BHCALLMM OT aAuHHl £,

J(Ey==\F(x, y, ¥)dx, 121
E .

rie auHua E mepeMermiaercs TaK, uTO ee KOHUBI ABMKYTCA BIOIb
aByx 3amaHHbix guHu#d C u D (puc. 1.2.1). TpeGycrca Hafitu ycao-
BUA, KOTOPHIM LOMKHA YIOBAECTBOPATH MHHHA, 1OCTABAMIOUAA MHUHHA-
MyM (MakcumyMm) ¢ynkumonany (1.2.1).
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[lpepmonoxesnsa o ¢yskunu F(x, y, y') Takue Xe, 4T0 U B
n. 1.1.1. Bnepsue 3axaua ¢ MOABHXHLIMH KOHIAMKH DacCMaTpyHBanach
6patbamu Bepuyaru B 1697 r, 3atem
B 1744 r. diinepor. B 1759 r. Jlarpanx
peura o610 322a4yY € HNOABHMHBIMH
KOHILAMH,

1.2.2, BcnomorarenbHasi ¢op-
myaa. Ilyctb mepememjenue JHHHH [2
OIHCLIBAETCA IPU NOMOLUM l1aDaMeTpa a
TaK, YTO OJHONapaMeTpHyecKoe ceMeii-
CTBO THHHH Y ==y (X, @} OTHOCHT Kax-
JOMY 3HaYEHHIO & OJHO N3 BO3MOMHBIX
nonoxenutt E. I[lvers, naaee, napa-
MeTp ¢ ompejenser IOJ0XKeHHe TOYKH I
uwa mumun G, rtorpa abcuucca 3TOH Puc. 121
TOYKY, a TaKkxe MapamMerp a CTaHOBAT-
ca dYyHKWHAME £, DTO NaeT BO3IMONXK-

HOCTh cyutaTh AuHun C M [ 3afaHHLIMH NapaMeTPHUECKHMH ypas-
HeHMAMH!

amua C: x=x, (), y=y(x, (), a(t)) =y (¢),

AMEuA Dt x = x5 (),  y=y(x3(t), a(t)) =y, (t),
ty<t<t,

Ha paccmarpuBaeMoM OXHONAPAMETPHUECKOM CeMeHCTBe NHHHUH
y=y(x, a) dynxknnonax (1.2.1) npespawaercs B PyHruuwo £

J&2(f)
JE)=% @)= | F(x, y(x, a), y(x, @) dx, (122)
x1 ()
OTKYIa
, , dx |*2
(W) =F(x, y(x a) ¥y (x @) - N

arn S( Wat Fyylyde.  (12.3)

Ecnu npu ¢ =7, muaua E n0CTaBasgeT MUHHMYM (YHKUHOHATY
(1.1.1), To oHa mOMXHA BBIAEPHUBATHL CPABHEHUWE HA MUHUMYM C IH-
HUSAMY, UMCIOIUMH € Heit ofuive KOHUK, T. €. ObiTb 3KCTPEMaAbIo,
[Toatomy

d d
Fy,+Fyya= o T FyYe= g (Fy3,),

21

V) =Flx 50 0, ¥ (5 0) 5| T+

, Oy | x2 da
’ +Fy’(x1y(x1 a), ¥ (x, d))%- dc >’

*1
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H TaK KaK
dy da da __i)_r_
yx dt + Ya dt ’ yﬂ"dt y dt ’ (1'2'4)
10
d Ldx\ | x
v O =F N G [ -y S| 02y

Torpa n3 (1.2.5) caeayer, yro mas uxterpana (1.2.2)
dJ(E)y=d® (t) |, 4, = F(x, 3, ¥)dx+

+ Fy (5, 3 ) (dy —y do) | 325 (1.26)
3fech auddepedunansl dx u dy BHUMCAATCA BAoAb aunuit C u D,
a y' — yrnoBoii KosddHiMeHT kacateapbHolt k avand E.

Betson cM. Bauce {1}, Cuupuos B, H, (1]

1.2.3. YcaoBue TtpancBepcaapHocTd. Ecam aunus E pocras-
aser skcrpeMyM @ynkumonany (1.2.1), to

dJ (E)==d® () |;_; =0 \ (1.2.7)

npu 106ex dxg; u dx,, B uactHocTH, korpa ‘dx;=0 u dx;3#0,
ni dx; £0, dxyg=0.
M3 (1.2.6) BuiTexkawoT yciosus TpaHCBEPCaTbHOCTH:

F(xy, yu y1) dxy + Fy (x4, 31, 97) (dyy—yidx) =0, } (128)
F(xey ¥g, ¥3) dxo 4 Fyo (g, Y9, ¥3) (d.')l’g — yidxe)=0. '

Ecan ypasnenme auunm C ecth y==¢ (x); T0 g%::-tp' (x); ama-
1

AIOTHYHO, eClu ypaBHeHne anunu D ects y=§ (x), 10 %? =4¢'(x),
2
u u3 ycrosufl (1.2.8) BbiTeKawT ypaBHeHUA S

F(x, 3 3+ @ =) Fy (x, 3, 3|, =0, } (129)
Fx, 3 9)+ @ =) Fy (%, 3, ¥) | g =0.

Ecau annua C 3amaHa ypasHeHueM o, (x, y)==0, a J1MHHA
D — ypaBHeHueM. o, (x, y)=0; TO YCIOBUA TPAHCBEPCaNAbHOCTH
(1.2.8) npuHHMaIOT BHI ‘
F—yFy _Fy
——=F =" _ Ha neBOM KOHUE IKCTPEMAIH,
D1x “1y (1.2.10)
F—yFy _Fy
——— ¥ = I _ Ha npaBoM KOHUE SKCTPEMAIH.
Oex Wpy
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Ecau nepemerntente KOHLOB 9KCTPEManu He 06yCI0OBICHO KaKUMH-
an60 OrpaHHYeHUAMH, TO Ha 06OHX KOHUAX 3KCTPEMANH BHIIOAHAIOTCA
ycaoBus ‘

F=0,  F,. =0 (T.2.11)

Ypassienne Ditnepa — Jlarpanxka ectb anddepeHnHaabHOe ypaBHe-
HHe BTOPOro MOpaliKa, ero obulee penleHHe 3aBUCHT OT ABYX MPOH3-
BOMbHBIX TOCTOAHHBIX, KOTOpHE Onpe-
HeIRI0TCA M3 YCI0BHH TpaHCcBepCadb- g\
HOCTH. o

1.2.4, TpaHcBepcanpHOCTh H Op-
TOrOHAXbHOCTb. TPaHCBEPCANLHOCTD
ectb o6o61ueHHe NOHATHA OPTOrOHAIb-

HOCTH. Y=9(x)
Mpumep 1.21. Hafttu xparuaiuee
paccroanue ot Touku A (@, ay) o JauHum L: at—-dy

y=¢ (x) (pue. 1.2,2).
Hcecaenyem dynkunonan

J=[YTFy?ax,

BKCTPEMAIM KOTOPOIO CyTh mnpauble. Ycaosne 0 z
TPAHCBEPCAIbHOCTH
— ' : Puc. 1.2.2.
VT4 i =) ’,——y_—_ =90
ViF 2
npespamaercs B |4 3¢’ =0, T. e. B YyCi08Me OPTOrOHAIBLHOCTH, AHajorinuHoe

COOTHOIUEHhe [10.1y4deTcs 1af yHKUioHala

J At nVTHy2ase )

§ 3. Heo6xonumbie ycnoBus aKCTpeMyMa 1Jas QYHKIHOHAIA,
3ABUCAIIET0 OT HECKOJNbKUX ¢YHKUM

1.3.1, MocranoBra 3agauu. PaccMatpuBaeTca GYHKUHOHANL

X3
JO)=§ F(& reees Y ¥ e 37) 45, (1.3.1)
Xy

Yl =y, ¥ (%) =y (i=12,...,n), (132)

rae y;; H Yy — 3alaHHble YHCAA, a NOAMHTErpanbHas OYHKUHA
HenmpepeiBHA ¥ o6najaeT HeNpepPLIBHBIMM YaCTHHIMH MPOH3BOIHBLIMH
0 TpeTbero mopaiKa BKJOYHTEIbHO MO BCeM aprymenrtam. Tpe-
Gyercst HafiTH YCIOBHH, KOTOPBHIM YIOBJIETBODAET BeKTOD-(YHKIHA
Y1y ¥ar+.-1Yp), HocraBasmomas ¢ynxuuonany (1.3.1) skcTpemym npu
ycaosuax (1.3.2).

B BexTopHbX o6o3Hauennax d¢yskumonaa (1.3.1) samucbiBaerca
B BHIe

xg
J)=\ F(x,3 ) dx

%1
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1.3.2. Tlepeoce HeoOGxoAuMMoe YCIOBHME IKCTpeMyMa. Ypasne-
Hus dhnepa — Jlarpanxa. Jxcrpemany. PaccMoTpenns, aHaxoruy-
Hble nposeReHHbM B . 1.1.1 — 1.1.3, npuBOoaAT K nMepBoMY Heol-
XOOHMOMY YCIOBMIO 3KCTPeMyMa — oOpalieHnio B nyJb fepBoi
BapHailug, U3 KOTOPOTO BHITEKAOT YpaBHenus Ditnepa — Jlarpanka,
cHavaza B MHTErpaspHofi dopme, a 3arem B Qopme Iuddepenuy-
albHBIX YpaBHeHUN Ditmepa — Jlarpanma

d

Fy,— 7z Fy; =0 (i=12..., n. (1.3.3)

[nanxoe pemenne cuctembl (1.3.3) Ha3HBAOT IKCHIPEMAALIO.

Beizox cm,, Hanpusep, Jlaspentses u Jlocrepris [1], 12], Axuesep {I}.

1.3.3, Ycnosus Befiepmrpacca — dpamaHa. JlomaHble aKcTpe-
majgu. Ecam x=¢ ccrp abcuncca YraoBofl TOUKH PeUleHUs YPas-

Henuil (1.3.3), mocraBaAwUIEro IKCTPEMYM (PYHKUHOHANY, TO AOJKHHI
BHINOIHATLCA YCIOBUA Beﬁepmrpacca — JpAMaHa

i=1 P=1

FJ';‘x—c—o yt{\'——_—c_;_(), (1.3.5)

F— Z yZFV {x:u—O—F"' Z ¥; f’ x=c+0, (134)

OHH moaywaloTcs Tem ske OyreM, 110 ¥ B 1.1.6.

Ecau Bextop-dVHKIMA, IOCTABAAKUIA MHHAMYM (QYHKIHOHATY
(1.3.1), COCTONT 3 KYCKOB 3KCTpemanell, MpHyeM B TOUKAX CTHIKA
9THX mcxog BHIIOAHSIOTCS Yeaosusa Beftepuitpacca -— Jpavana, 1o
OHa Ha3LIBAETCA AOMAHOU 3IKCIMPEANAADIO.

Beisog cm. Axuesep [If, Baumce (.

1.2.4. Bropoe HeoOGXxoHMOe YCIOBHE IHCTPEMYyMa ~— YCIOBHE
Jewanapa. Tax xe, kak u B 1.1.7, ycraHaBIusaerca YCI0BHE MUHH-
MYMa (MakCHMYMa), Bmpa}xawmcccn B HEOTpHIaTeIbHOCTH (Helono-
KHTCILHOCTR) BTOPOi “Bapuawuu 3 paccmarpuBaeMoro QyHkuu-
oHana.

Vi3 sToro ycaIoBus BeiTeKkaeT neobxoanmoe ycaosie Jlewanapa —
HeoTPHUATCIBHOCTE  (HEMONOKHTEAbHOCTh) KBAAPAaTHYHON QOPAMB

Z ¥y v (1.3.6)

B KawIoil TOuKe 3KCTPeMaln B Ciyuyae MUHHMYMa (MaKCHMYMa).
B anreGpe nokaseBaercs (eM. Takwe JlaspeHtbeBH JlocTeE p-
HukK [2], u. 1), uTo Aaa neorTpuuarteabHocTH Gopumsl (1.3.6) RomkHb
BHITONHATHECS HEPABEHCTBA

Fyy, Fyly, F, y vF‘,'y' Fyi v,
Fyly; =0, =0, ..., F-"r"i [‘\"v Fyé)’;z == 0.
Fyryr Fylyr ‘ . e

F 1" . Fy
Vud) vny Yn¥n
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Heo6xomumoe ycunosue Jlewanapa moxer GhITb MOMYYEHO U3
crelaywollere HMKe YcaoBusa Beftepuitpacca.

Onpegenerne peryiapueix uau Heocobenuntx skcrpemaned (cp. m 1.1.4) cm,
Bauee (i}, Axuesep ﬁ].

1.3.5. TpeTbe Heo6GXCAHMOE YCIOBHE SKCTpEMyMa — YCIOBHE
BefiepmTpacca. B kaxao# Touxke 3kCTpeMany, XOCTaBASIOLIEH MHUHH-
MYM (makcumyM) dyuxnuornany (1.3.1), momxHa 6bTh HEOTPHUATE b~
HOM (HenmoaoxuTenbHol) GyHkims Beftepuirpacca

F(X!yvyyr k):F('V)yv k)'—F(x!yi y')—

n
= 2 i —y) Fyle 3 y), (137

i=1

rje k -- Npou3BOALHBEIH KOHEYHbLI BEKTOD,

Hoxasarearcrso cM. Bance {1}, Axnesep [1].

1.3.6. YeTBepTOE Hea6X0AHMOE yCIOBHE IKCTPEMyMa — YyCJI0-
BHe fwxo6u. Tax e, xax u B 1.1.9, BBOAMICA NOHATHE CCHpPsKEH-
noit touxkwn. Vmenno, cucmemoil Juggepenyuaronox ypasHenuil
SIkoGu Ha3nLIBAIOT CUCTEMY YpaBHeHnH Jilaepa — Jlarpanma QpyHKnu-
oHaaa d*/. . .

Touka ¢ Ha3biBaeTCA CONPANCEHHOL ¢ TOUKOH @, ecan cyuiect-
Byer pemrene cucrembl Sko0u, obpaiaouieeca B HyIb IpH X =@
H X==C W He PaBHOE TOXIECTBEHHO HYII0 MEXIY a4 H (.

Ecan BekTOP-QYHKUMA ¥ [OCTABMsIET MHHMMYM ¢ VHKUHOHAany
(1.3.1), 10 wuHTepBam® (X,, X3) HE COAEPIKHT TOUEK, COMPHAKEHHDLIX
€ TOYKOH X =.x|.

[oapebio M. Bauce [1], Feandang u Pomun (1.

1.3.7. ¥enoBre TpaHCBEPCaAbHOCTH. HAuddepenunan uuterpaia

Xy

J) =\ F@ ¥ Yoy Yoo Yo ¥ dx (138)
X1
¢ MepeMeHHLIMH NpejelaMy B Cclyyae, eclu ¥ == (¥, VYo ..., Yp) —
9KCTPeMaTn, HMeeT BHJ ,
n \\ n X9
dJ=\F— ¥ yiFy, dx+ 3 Fy dy; (1.3.9)
i=1 / i=1 *1

(cp. (1.2.6)).
Orciofia, xak u B 1. 1.2.3, Ha KOHWAX B3KCTPeMaad LOMKHbI
BLUTOAHATHCA YCHIOBHUSI TPAHCBEPCAIbHOCTH

n n
F— 3 yéFv;.)dx-i- > Fydy; =0. (1.3.10)
i=1 i==1 5

Ecan, HanpuMep, KoHell x = x; GUKCHPOBaH, a BTOPOfl KOHel pacmo-
A0MEH HA THUNEPIOBEPXHOCTH ¢ (X, Vi, Vg, -.., ¥Yu) =10, T0 yciaosue
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n
(1.3.10) o3uauaer, uTo BeKTOp F—igly;Fv;,, Fyis Fygoeer Fy?
oproroHaineH Bektopy {dx, dy,,...,dy,} u, ciemoBateabHo, KOI-
nUHEapeH TPaINeHTy QYHKUME ¢ (X, ¥y, ..., V). DTO Da€T CleAYIOLLYIO

¢opMy YCIOBHA TPaHCBepPCAAbHOCTH:

n
F— X yiFy; Fy; >
— = e e = 2 (1.3.11)
Px Py, Py
(cp. (1.2.10)).

§ 4. HeoGxonumbie ycaoBus srcTpemyma ¢yHKNHOHAJA,
colepKamwero NPOU3BOXHBIE BLICHIMX MOPSIKOB

1.4.1, TlocranoBKa 3afayd. Vccrenyerca dynkunonan’

X2

J()=1\ Flx, 39,5 .., y™) dx, (1.4.1)

X1

paccmartpuBaemsiii Ha GyHKUHAX xnacca C, [xy, xp], VIOoBIeTBOPSIO-
WHIX YCAOBUAM Ha KORIAX: '
YO =4n
gk o (i=0,1,..,n~1). (1.4.2)
Y (xg) =By
Tpebyercss HalTH YCI0BHA, KOTODHIM YIOBAeTROpseT QyHKuus,
HOCTABAALAA MUHHMYM (MakcuMyM™) Gyhxunonany (1.4.1).

llpennoaaraercA, uto dyHkuua F o6ragaeT ReUPEPHIBHBIMH 110
COBCKYIIHOCTH BCeX CBOWX apryMeHTOB IIPOM3BOIHLIME 110 (n -+ 1)-ro
MopAiKa BKIHOUUTEAbHO.

1.4.2. T12pBoe Heo6xopHMOE ycaoBHe sKcTpemyma. Jud depen-
uHalbHOe ypaBHeHue Oiinepa — IlyaccoHa. OxcTpemann. Ecaun
$yHxuua y =y (x) gocraBaser skcTpeMyMm ¢ynxumonaay (1.4.1), to
BKJIIOYEHME ee B OJHONAapaMeTpuueckoe ceMeliCTBO

J=yx)+an(x) .
rie 1 (x) — npoussonbkas Qyskuns, 1 (x) € C,lxy, %], 19 (k) =
=49 () =0 ({=0,1,..., n— 1), NPUBOANT K BBIPAXKEHHIO IIA
epBOYi Bapualmnn:

X2

8J = S {Fyn+ Fy' + Fyr” 4o+ F o™} dx. (1.4.3)

X1

Heo6xoaumoe ycaosue ManMyMa — ofpauleHne B HYIb NepBOi
BapHaLHy
» 3J =0, (1.4.4)
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[MocpenctBOM MHTerpHpoOBaHHA 10 yYacTaMm fpasoit wactu (1.4.3)
MO¥HO Toayuuts, YuuiniBas (1.4.4) B cnyuae, ecan y(x) umeer
NPOM3BONHYI0 Nopnaka 2n, duddepenyuarvroe ypasrenue Jiirepa —
[lyaccona

F. d F, a F,r a FmA 1y dr F =0
v--‘Tx- J’+d—fv—2 Yy T dety ++(_ ) "_1?; v(")"‘ 4
(1.4.5)

apaawileecs o0obuieHneM YpaBHeHus Jiaepa — Jlarpanxka.

O6uiee peumienne ypasHeHusa (1.4.5) comepxHuT 27 NPOU3BOIb-
HbIX noctosHHbX. Mcmoab3ya rpannusne yenosua (1.4.2), stu nocto-
SIHHblE MOXHO OfPefenHTh B NPEANOIOWEHHH CYLIECTBOBAHHA MCKO-
MOt NTHHHH.

Buisog ypaBHenus Dfisepa — [lyaccoda B unrerpaibHolt ¢opme n noayuenue
u3 uero ypasrenus (1,4.5) cm. Axuesep [1], Tourep [1].

1.43. Cayyan nmoHMIKeHHA NOpsAAKa ypasHenus Oiliepa —
Nyaccona. a) Ecau F ne sasucnt or y, Fy=0, 10 ypaBneuue
diinepa — [TyaccoHa npuHEMaeT BHI

—-—iF'%——giF”‘—}— + e 0
oyt ge by et CU g Fym =0
OTKYJa, NOCAE HHTErPHPOBAHHA, MOTYYHM
d 1 nei dn‘l
Fy — 7= Fy”+«--+ (= = Fym=C.

6) Ecin F He 3aBHCHT OT X, To, cuuTas x QYHKUMe# OT y,
MO¥HO NPHBECTH paccMaTPUBAacMbill QYHKUUOHAM K BHAY

Y

S D (y, X, X7y ery X)) dy

Yo '
H Torga (cMm. cayuaht a))

—1

d n 4" /
q)x"zyq)x"—l—...—l-(——l) ij_n:lq)x(")zc

1,44, CpeaéHue paccMaTpHBaeMoO# 3a/laduH K 3ajlaye Ha yCJIOB-
HbIA 9KcTpeMyM. JanabHefimne HeoO6xoAnmble ycCnoBHs, Ecau
B (1.4.1) monoxuthL

y=z, Y =2z=2 ¥

To 3amaya, copMyaupoBaHHas B N. l.4.1, npuMer crelyoiui BuiL.
Hafity ycaosuda, KOTOPHIM YHOBAETBOPAET BEKTOD-OYHKUHA
(3 21y 29y +0vy Zy_1) HOCTABAAOILAS MHHUMYM (QYHKUHOHANY
Xg .
J= S Fx, ¥ 23, 23000y 2y, 2'p_y) dx,
X .

= Z; =2y .y y("’ = (Zn—l), = Zp,
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npy auddepeHuHaIbLHBIX YCAOBHAX
Y=z, 21 =23 vy ¥ g =24,
¥ TPAHNUHBIX YCIOBHUAX

y(x) =4, 20 (X)) =Apeery Zag () = Ap_yy
Y(xs) = By, 2 (Xe) =By, .oy 25y (49) = B,

Tak chopMyaupoBaHHaA 3ajaua ecthb 3afaua Jlarpamka Ha yCcaoBHHIY
skcrpeMyM {(cM. § 11; Tam ke cM. JanbHeiHlIHe HeoOXOAHMbIE YCAO-
BHA 3KCTPEMYMA).

1.4.5. Yciao0BUS TpaHCBepCatbHOCTH. 3ajaya O MHHUMM3ALHUH
QyHKIIMOHana

JS= F(r WYy, ¥y dx,

=
[ ::

KOorja 3a Kiaacc JauHuil CpaBHEHMA TNPUHUMAIOTCA JAWHHUH, KOHLBI
KOTOPHIX YAOBJETBOPAIOT COOTHOUICHHAM

¢ (X0 o Yo YW =0, 4y, Py Yoo er, ¥ =0,

cBoauTcA K ofilell BaPHANMOHHON 3ajaue Ha YCIOBHBIA 3KCTPEMYM,
MoxHo, OAHaKo, peuUiHTh, ee 1o cxeMe, NpUMeHeHHo# B m. 1.3.7,
UTO KPaTKO TOKA3aHO B ClefylouieM fpumepe.

[Mpumep L4.[, BoBecTH yea10Bud TPAHCBEPCAABHOITA XA DYHKOHOHAIA

X2
J= J' Fx, 3y, ydx (1.4.6)
X1
npu ycnoaﬁﬂx
? (%1 Y1 ¥]) =0, ¢ (xz' Yo Yg) =0 (1.47)
Op
0),,1#0' 0)'3 #0.

i Mycrs pyHKOWR y=3(X) xocrasider pelleHWe NOCTaBJeHHON 3anau; TOrza

OH2 YIOBJETBODPALT ypaBHEHHIO Auaepa — [lyaccona, Ecan ee BKAOUUTH B ceMeicTBO

aKcTpeMaJel, OZHO3HAYHO ONpejenfteMblX BeaWunHaMu Xy, ¥q, yl, X2 Y2, y2 To
,

Ha 5TOM ceMeficTBE AaHHBIN (YHKUMOHAD UpPeBPamaeTcs B (BYHKIUIO [epeMeHHbBIX
X1, Y1, ¥js ¥2, Yoo ¥, @ BapHanua QyHKiMOHA1a — B Rudhdepertuan nociegseis
DYyHKIMH:
r d "
djz{l:F_y <Fy1-—»,——dx yu>——y F_V/r:|dx+
: d . @
=+ (Fyr—-Fx— J,N) dy + Fyudy’} )

G 148

[lepBonavanpyan 3a1aua NpUHUMAET caeayomuil Bui.
Hafitn MuHuMyM (Makcumys) GyHKIUN

J=Jx, ¥, ¥, X9 Yy V)
npu yeaosusx (1.4.7), CoraacHo npampay mHoxuteeft Jlarpanma cyuecTBYIOT TaKie
NOCTOAHHBIE Aj W Ap, UTO Ras JObiX 3Hasenud guddepenunalos dxp, dyg, dy“
dxg, dyﬁt dV
alJ+ Alt; (xl, Yy y;) -+ )\24) oy Vg yé)] =0, (1.4,9)
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M3 (1.4.8) u (1.4.9) c1exyi0T yCNOBUS TEAHCBEPCANBHOCTH:

, a p _d L
F—y (Fy,__a}_Fy,,> =y Ey oy e = Brle Fe
Pxy Py e .,
1
, d » d (1.4.10)
Py (Fy= g y”)“-‘ gan ety |f2) _Hrle
Y0y $yg 4‘}'; ’

Yeaceua (1L.47) 1 (1.4,10) nossoadior HaliTe HeU3BecTHble BeJIHYHHbE X Yy y;, X,
Fgr ., ollpefesioulMe KOHULI UCKOMON SKCTpeMand,
B cayuae, xorma ¢yuxinonat (1.4.6) paccmarpusaeTcs Ha MHOWeCTBE AWHUE,

COLTUHAWILIYX ABA zagubte Toukn A (xy, v{} u B (xa, v3), A4 oupexefcHns nocTo-
fHLbIX 8 o0uwieM pewenuy ypaBHenus Jilnepa — [lyaccona cayxar ycaoBus

¥ ey =11, 3 xg) = ye, For

2"

X =, Fyu Ix2=0.

06 ycIOBHAX TPAHCBEPCAJIBHOCTH B paccMarpuBacMbix 3apauax cm, I'ourep (1],
Jlaspeurbes u JliocTepuuk {1,

§ 5. Bapuanvonnbie 3apauu B napameTpuueckoil gopme

1,5.1, lapamMeTpuyeckoe 3afpanve aunufi. Bo mHorux samauax
Gonbline yno6CTBa, a WHOTAZ M EAUHCTBEHHYI0 BO3MOMXKHOCTb pac-
CMOTPEHUs IpeicTaBisdeT llapaMeTpHyeckoe 3ajganue auHufl. [lpu
TOM CHeAyeT HUMeTb B BUJAY, UTO KawJjasd AMHHUA Jonyckaer Gecumc-
JMeHHOe MHOKECTBO NapaMeTpHUECKHX HpelCTaBleHHiL

Hpuwmep LB Ypasueuns saunca

&= acost, y=~bsint (—r<<{<n), (1.5.1
DToT Ke 344un¢ Moxker ObITh 3a8aH ypaBHEHHAMU
_a(i—2y . _2bz
=y “‘-1+z2 k—ooiz,<—|—oo). (1.5.2)

Ypazueuus (1.5.2) noayuaotca u3 (1.5.1) nocpencrsom npeobpasoBanus ¢ =2 arctg 2,
YCTAHABAWBAIOU(E0 B3aUMHO OXHO3HAUHYIO CBA3b MewJy 2z u £. Kpome Toro, Gaaro-
Xaps MOHOTOHHOCTH BO3pacTaHus QyHKUWM f==2arctgz npu Bospacranduy oBoux
NapaMerpeB AUHUA NPOXOXNTCH B OXHOM ¥ TOM Ke HANpaBAeHHH.

Huxe pPaccMaTPUBAIOTCH JAUHUU, 3aMaBaAeMble YPABHEHHUAMHU
x=g9(f), y=1u@), to<t=ty, (1.5.3)

rne o (£), ¢ (£) —HenpepoiBHbie QYHKUMH C KYCOYHO-HENPEPHIBHLIMHU
NPOU3BOAHBIMH, He 00DALLAOIUMUCH B HYb OJHOBPEMEHHO: o2 (f) |-
—+ () #0. [Ipn 9ToM £ Bo3pacTaer, Korga Touka (x, y¥) npoGe-
raer JIHHAK B 3a12HHOM HanpaBieHMH.

Ipu nepexone or napaverpusaunn (1.3.3) k Apyro#t napamer-
pM3alluy TMocpeAcTBOM mnpeoGpasoBaHus =7y (t) OyjleM CYHTAThb,
uto ¥, (t) o6magaetr HemEpPEPHIBHON mpousBojiHoH, npudeMm y' (t) > 0.
Torma, npn BO3pacTaHMM Mapamerpa, B JaIO00H mapaMeTpU3alliny
TouKa (x, y) npoberaer QMHHM B OJHOM H TOM K€ HanpaBJICHUH.

1.5.2. ®ynkunonaas ot auHui. CuabHele W cinaGble OKpecT-
HOCTH. [lycTh HaH dyHKUHOHAn

-

)

Ft x, 3 % 9)dt.  (1.5.4)

ey,

o~

ché f“([, X ¥, A’f, _9) dt =

i
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3necs
5 dx . d
X = - —_ ._‘y_ .
dt dt
Ana toro urobm ¢yHkuuonan (1.5.4) 3aBucen OT AWHHH, a He
OT ee fnapaMeTpu3alMH, IOJbLIHTErpaabHas OGYHKUHA He IONKHA
3aBUCETb OT NapaMeTpa ABHHIM 00pa3oM W JOMKHA ObiTh NOJOWH-
TeAbHO ONHOPOAHOH MepPBOi CTeNeHH MO BTOPOH MNape apryMeHTOB:

F(x, v, kX, k9)=Fk F(x; 3, X, 9), E>0. (1.5.5)
Hudboepennupys (1.5.5) mo k u nonaras 3arem k=1, noayyum

Filan )X+ Folnn9)3=F(uy%35). (156

Muddepenunpys (1.5.6) no £ u mo ¥, nmoayuum

.xf}k-+¢yF}&:=(l xf}}—+—ylgd/==0, (1.5.7)
YTO Jaer
I 158
yz“‘_xy"xr (5)
OTKYIa

e Y s
) F}J.C*y Fy, F.;cjz— X3 Fy, F).’j' XF, . (1.5.9)

rae F,— ofuee 3xavenne otHomennst (1.5.8).

O cBoficTBaX, KOTOPbIM JKOJOKHA YNOBJIETBOPATh MOXbIHTErpaibHan (YHKIHA B
(1.5.4), cm. Axuesep [I], Baace (1],

CusbHOll e-0KpecmHOCMbIO AUHUU Y, HAa3bIBA€TCA MHOXECTBO
JAUHUHA | TaKHX, YTO MEWJY BCEMH TOUKaMH Y, M 7 MOXHO YCTaHO~
BHUTb B3aMMHO OJHO3HaYyHOE W B3a¥MHO HENPEPBIBHOE COOTBETCTBHE
Tax, 4ToOb PACCTOsAHNE MeXIY COOTBETCTBYIOIUMMH TOYKAaMH He
[IPEBOCXONHIO E. ’

Caraboii c-0OKpecmHOCmbIO AUKUU <, Ha3bIBAETCS MHOXECTBO
AuHUN ' TaKMX, YTO MEXAY BCEMH TOUKAMH Y, H Y MOXHO YCTaHO-
BUTb B3aHMHO OJHO3HAYHOE U B3aHMHO HENIPEPHIBHOE COOTBETCTBHE
TaK, YTOOb PACCTOAHHE MEWKAY COOTBETCTBYIOIUMMH TOYKaMH ¥ Yrol
MeXIY KacaTedbHbIMH (MEHbUIMH =/2) K Y M Y, NPOBEIEHHBLIMH B
COOTBETCTBYIOUIHX APYr HpYry Toukax, He npesocxoausu e. Onpe-
neldeHue CHIbHON M cnaboll e-oKpecTHOCTe! NaeT BO3MOXHOCTH NaTh
KA4aCCHPUKALMIO IKCTPEMYMOB, KaK K Ha cTp. 12

1.5.3. IlepBoe Heo6XORHMOE YCIOBHE IKCTpPEMyMa. YpaBHe-
Hun Dinepa — Jlarpanwa. Ecan annus Crx=9¢ (f), y=14¢ (2),
t, =S t<|t, Raer QyHkuuouany J. IKCTpeMyM B giaacce anuuit C,
HOYIIMX M3 33XaHHOW TOUKHU (@, b;) B 3aMaHHYO TOYKY (@, by),
TO OHH YIOBJAETBOPAIOT YPaBHEHHAM .

t t
F; —’S Fdt=4A,  F;—\Fdt=B, (1.5.10)
1 31 )

rie A 1 B — KOHCTaHTHI. -
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310 — ypaBHeHusa dfigepa — Jlarpanxka B unterpaasHolt gopme.
B nnddepenunanpHoil ¢opMe OHH MMEIOT BUJ
d d

dt y
OnmHo M3 3TUX YpaBHeHU# ecTh crenctsue gpyroro. Heitctem~
TelIbHO,

d . ; : 5

Fy— o Fa=(XF +9F ) — (fF; +IF +

+ 2Py +IFy) =3 [Fy; — Fyy— Fi (8 — &), (15.12)
i ,

By—ar 5=

1.5.4. BellepmitpaccoBa ¢opma ypaBHeHud D#fnepa — Jlar-
paHxa. dKcTpemann. Ya ypasHenn#t (1.5.12) moayuyaerca Beiiep-

*.é[F vy F.:‘_V’TFI (’ej;—')?y)]'

Xy

HITpaccoBa popma ypaBHeHu#t SDftnepa — Jlarpanwa:
Foy— Foy— FL(5F — 29) =0, (1.5.13)

Y, YUUTHIBAA, YTO PaIMyC KPHBHU3HBI I BhIpawaerCd I;i1d mapamer-
puvecky 3aiaHHON JTHHHM QOPMYTOH

1 -
r -(x2+5,2)3/2 ’
noayuuMm 1
Foo—F,:
—e= I (1.5.14)
FT R

Beitepmrpaccora dopma ypasnenns diiisepa — Jlarpanxka ocra-
€TCs1 HHBAPHAHTHOH 1O OTHOHIEHHMIO K 11peoGpa3oBaHMio Mapamerpa.

Teopuw DBeflepmrpacca napaMeTpudeckuX 3a3ad  BAPUALMOHHOIO HCIUCAEHUA
e, Typea [V}, Bance [1].

1.5.5. Ycnosua Befiepmrpacca — Jpamana. Eciu B KauecTBe
napameTpa B3fTa QIHMHA AYTH, TO N
, dx ‘ dy '

X =——=cos ¥ ) = —=— ==sin &
ds ’ V=45 !
rae % — yron Mexjy kacareaoHo#l Kk KpuBofi ¥ ocbio Ox. [lpu 3TOM
Ha KawIOM FIafKoM KYCKe MUHHMM3HpPYIOulelt (M aKCHMU3HDYoLieil)
JAMHHH

d d
7 =0 o

a B KawJoil yriosoit Touke s ==, BLINCIHAITICA yciaoBua Befep-
mrpacca — JpiaMaHa

Fy— F, =0, (15.15)

F.ls:so-i-OzO F.|s=%+0_, 1.5.16
ls=s+0 M s=sot0 ( )
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I'nagkoe pewenne ypaguennit (1.5.15) HaswiBaior IKCIMPEMab10.
Ycaosua (1.5.16) monyuawres U3 wHTErpaibHOR (GOPMB ypaBHeHHI
Jiinepa — Jlarpamxa.

1.5.6. Bropoe Heo6XxogHMoe yclaoBue SKCcTpemyMma (aHanor
yciaosusa Jlewanapa). Bropas BapHaius B paccmaTpuBaeMod sagaye
uMeeT BRI

t
2 =a? f dw \ o D,
32J /DS[F( + Fyw ] (1.5.17)

rie w=73 8¢ — X 3y, a F,— HenpepniBHasd GYHKUUA napaverpa.
®opmyna (1.5.17) mpunagrexur Beiiepiurpaccy. W3 Hee BblTekaer
HeoOxoxumoe ycnosue MuauumyMa (ecau 3*J==0)

Fiz=0
H Heofxoaumoe vcinosue Makcumyma (u3 88/=<0) —
Fy=0.

Besog dopmyaer (1.5.17) cu. Typea (1.

1.5.7. Tperse Heobxogumoe yeaopme ORCTpeNyMa — ycaobue
Beftepmrpacca. Pyuxkuus Beitepwrpacca E (x, y; p, ¢ p', q') onpe-
jeaserTcsa Kak
E(e,vip, ¢ 0y ¢)=

=F(q3 p, )= pF (900 —qF(x, 9 p 9. (1518)
B cuny omnopomHoctH dyuruum F dopmyay (1.5.18) mouwo
3alMcath B CIEXYOUHX BUIAX:
E,9ip, g0, q)=F v 0, q9)—F(,39,p 9~
=@ =P Fi(x 30 ) — (¢ —q) Fy(x, 3,0 9), (15.19)
ECoyip g0, q)=p [Fy (09,0, 9) — Fi.(,3, p, 9+
+ 4 (Fy (5 3, p',4) — Fy (%, 3, p, @) (15.20)
B s1ux obosnauenuax neobxomumoe ycaosue Befiepwrpacca B cay-
yae MUHHMYMA 3aK;J1I0YaeTcs B BhIIO.THEHUH HEpPABEHCTBA
E (x,y; cos®, sind; cos¥, sind)=0 (1.5.21)
BIOAb HYIH, LOCTABAAINER MHHHUMYM, NPU MOObIX 3HaYEeHHAX yria
%, B cayyae MakCHMyMa IOMKHO BBITOTHATBCA yCI0BHE
E (x,y; cos?®, sin®; cosd, sin §)=<0. (1.5.22)
3necy cosd, sin ¥ — manpaBaswde KOCHHYCH TNOJOKHTEABHOIO

HalIpaBieHUA KacaTelbHON K 3KCTPEManu.
Vimeer mecro ¢opmyaa BeitepmiTpacca

E (x,y; cos¥, sind; cos¥, sin )=
=[l —cos(¥ — )] F; (x, y; cosdy, sind,), (1.5.23)

rie ¥ < '81 < 9.
M3 ¢opmyn (1.5.21)— (1.5.23) BmTexatlor ycaoBus Jlexanzapa.
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1.5.8. YerBeproe Heo6Xxoaumoe ycioBue 3KcTpeMyma —
ycaopne SAKoGH. Ypasuenuem $SIxobu nnm dynruuonana (159
HasmpaeTCA ypaBHenne Ditnepa— Jlarpawxka 11 QyHKuuoHana
(15.17): :

d du
2 (F, 7[) — Fu=0. (1.5.24)

ConpsowerHol mo4rKod ¢ K TOUKe f, Ha3bBAETCA TaKad TOUKA,
B KoTopoill oOpauwlaercs B HYab pemeHne ypassenus (1.5.24) u (¢),
nna xoroporo u(t,)=0. [Ipn stom nmpexnozaraercs, 4to u (f)%0
sty <<t <<t .

Ycaosue fikobu 3akmouaercsa B TOM, 4TO JIAHHUA, HOCTaBAAOLIAA
skcTpeMyM ¢yukunodany (1.5.4), He CONepXHT TOYEK, CONpPAKeH-
HbIX C TOYKOH £,

TloapoGuoe usnowenue e, Bance [1], Typea [1].

1.5.9. Yciaous TpaHcBepcaabHOCTH. Ecam paccMarpuBaercs
(P yHKLHOHAT
jC=§F(x, 9 X Pdx

Ha COBOKYNHOCTH JAMHHH, OIMH M3 KOHUOB (0pH f==/{,) KOTOpPHIX
duKcupoBad, a APyrod CKOAB3UT MO raaikodl duHUM L: X ==¢(1),
y=497), ¢® () + 2 (t)#£0, 1 <17y, TO mia aunun C tx =
= x (f), y=y(f), AoctaBafomeil 3KCTpeMyM 3TOMY (QyHKIHOHamy,
BO-TIEPBbIX, BHITONHAITCA YypaBHeHus Jdiiaepa — Jlarpaunxka, u, Bo-To-
pBIX, BLIIOAHACTCA YCJIOBHE TPAHCBEPCATAbHOCTH

Fieo' () + Fyb' (3) | —¢, =0 (1.5.25)

Ecan KoOpAMHATH HAUAABHOM TOUKH C cymb Uxp, vy), 2 ux aud-
t¢epenunann Broab C cytb dxy, dy,, a BIoab L cytb dxy, By, TO
ycaosue (1.5.25) npuHKEMaeT BUJ

Fy (xyy 35y dxyg, dy)dx, + ij (X1, V1, dxyy dy) 3y, =0. (1.5.26)

Ecan o6a koHua aunupn C NOABHKHBL, TO HA OOOHX KOHUAX Bbi-
MONHATCA YCI0BHA TPaHcBepcaasnocty B dopme (1.5.25) nan (1.5.26).,

- Cwm., Hanpumep, Axuesep [I].
Mpumep 152 HccaegoBars dyHKUUOHAD

(* 3)
I y2y2dx
0, 0)
NpH  yCJOBMHM, YTO NpaBblll KoHeH /JMHUE CPABHEHHA CKOJB3UT N0 fApamofk
y=5@B—x.
TaK Kak BO3MOXHb! 3KCTPEMaJd, KOTOPbie MEePECEKAOTCA IPAMbIMY, NAPSAIean-

HbIMU oc Oy Gosee, 4eM B OLHOH TouKe, To HepefifeM K DacCMOTpennio STol 3a-
Axauy 8 mapaMerpuueckofl gopme, Mccaeayembrft dyHKIMOHAT TPUHHMALRT BUX

=9
ye .
¥y2 - dt, X
x2
© 0 -

A2 Iinagp JI. .

dx . dy

BT df
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M3 nepsore ypasueuns (1.5.11) caenyer, gro

d jrﬁ
—~[¥257 ) =0,
dat ( x2>

dy\2 dx\2
2 2 = p2 12 = p2 ( =
3 <dx> D (mm Ke ¥ 14 (d_v> ).

[Mocie MHTErpHpOBanKs NOCAEJHEro YpaBHEHYR MOJyuacM Lis KCTpematell ypasne-
Hue y2==2px + C, npudcM u3 ycIOBHA NPOXOMKAEHHA SKCTpeMaled deped Hauato
koopaunat caegyer, uro C =0,

JxkcTpemany cyrh napaboas y2 = 2px,

oTKYyAA

|
Bannmem ypaBHeHue npaMoll y = 3 3—x) BBuUAE X =T, J == 5 3~ 1).
Torxa u3 (1.5.25) caenyer

-.‘2_Jf+y22<_l> -0
X2 x 2/ ixu Y1)
[AT]
247 2479 =0

vy by

#, yUHTBIBAA, 9TO 3V’ = p, UMeeM
pp+y)=0,

oTKyla BuitekaeT, d4to aufo p =0 aubo p=— v;. Ecau p=0, 10 u3 y2 = 2px

caelyer, uto ¥y =0 1, sHaunT, X3 =3, B 5TOM cAyuae QYHKUMOHAI UMEET CTAmHO-
Hapgoe 3Ha4deHHe, pasHOe HYJI0, U TPHHHMACT €ro Ha OTPE3Ke OCH Ox, COCIHHAIO
weM Touxy (0, 0) u (3, 0).

. I 1

Ecan we p==— {'{, T0 B CHAY ypasHeHnil yy =2(~ y1) Xy o 3y =3 3 — x1),
¥y =2 QYHKILHOHAN NPUUIMAET HA AyTe napaGousl, coepunsiouleil TOUKM

Xy =
0, 0) u(—1, 2), cranfionapHoe 3nadende — 4 («npasbily KOHel OKa3za.cd Jesee Ha-
4aJla KOOpJIHHAT).

=1,

§ 6. PaspoiBubie 3asauyd. OXHOCTOPOHHUE KCTPEMYMBI

1.6.1. PaspbiBHbie 3agaun nepBoro poja Ads NpocTefimero
(pyHkuuoHana. [lpocrefiuiue (GYHKUHOHANB — 3T0 @YHKUIHOHANLI
BHIA

X2
J={ F(x, 5 y)dx

X1

B 3amavax nmepBoro poja pa3blCKMBAOTCs JOMaHBIE 3KCTpeMaiy,
upu s1oM QyHxkuus F(x, ¥, ¥') HenpepoisBHa U o6xafaer HenpephiB-
HbIMH 4YaCTHLIMH MMDPOHU3BOJHLIMH [0 HEKOTOPOro MOPSAIKA MO BCEM
apryMenTam.

NDpumep L6, Boiaceuth, #MeIOTCS /M JoMaHbIe BKCTPEMAJM B 3a3ade Ha
SKCTpEMyM
2 .
Jot—eyhar, yO=0 y@=0
0
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[ogsmTerpasbuas GyHxuua F=y'4—6y'2 He coxepxur ¥, F =0, dkcrpe-

main - npaMpte y=Cx - C;. Ecan yriosas Touka umeercs H ee ablumcca x == xq,
TO JOMaHaf SKCTPEManb uMeeT TAKOH BUI:
0=<x=<xy, y==myx (3KcTpema.1b npoxoiur gepes Toaxy (0, 0)),

Xp < x =2, Y= rmg (¥ —2) (3xcTpEeMaib UPOXORAT uepe3 Touky (2, 0)).
B yrioBofi TouKe SKCTpeMaih HenpephlBHA
myixg=ma(xo— 2).

(Slcuo, 9T0 My F~Ma 8 cayuae, eciy yraosad TOUKa
nmeercs.) Yciosne Befleprurpacca — Opamana (1.1.15)
naer

3 — — 4m3 —
4m1 12m1 4m.2 12m2
Han
2. 2 -3 =
(m, —my) (m1 +—mlm2+m2 3)=0.

Yeaosue Bedflepurrpacca — 3pamaua (I.1.16) naer
9 . i}
—3m411+6m1__ SmgTGmg

uam
(mflz..mg) (m§'+m§—2)=0. Puc, 1.6.1.

3Havenus M1 M mp HAXOZATCA U3 CMCTeM ypaBHeuudl (Ha my — mg #£ 0 noay-
QeHHbIE PAaBEHCTBA COKpanieHbl):
D]

my -+ mg =0,
2 2 2 —
mz—}—r7zlm2+m§—dﬂ0,
orkyna my =V3, mg=—13 nan my=—V3, my=V3;

2) m'IZA{—mg—}—m my, =3,

OTKYAA my=mMy= 1, 9T0 HCKIIOYEHO,
Taxum ofpasom, abcuncca YriaoBofi TOUKH BO3MOXKHON JNOMAHOM 9KCTpeMalu

HaxoxauTes u3 Gopmy.as
2”12

Ty —my

=1,

Xo

Bo3MOXHbIC JOMAaHble dKcTpeMa n cyTh (puc. 1.6.1)

{Vgx, o=sx=l,
Y= _
—V3ix—2, l<y=<?,
a
—~V3 x 0=y=<I,
y= -
V3(x—2. l<<x=2

1.,6.2. PaspbiBHble 3aa4d BTOPOTO poaa. B stux 3amavax
npexnoaaracTCa pa3psIBHON HOABIHTEr pPanbHad Gy HKUNA QYHKUHOHATA
X3
J(») =\ F(xy y)dx

X1

Ecnu, wanpusep, F(x, y, ¥') upeTtepnesaer paspslB BAOAb AHHHH
y=® (x), T0O B cayyae CYLWECTBOBaHU] MUHMUMHU3UPYIOILEH NOMa-
HOH 3KCTpeManu NOCTHEefHAAs COCTOMT M3 KYCKOB SKCTpeMalnel, HMeio-
wux o610 TOUKY (X, P (X)), X1 < Xo << X,

Qt
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Ecin F(x, » V) COOTBETCTBEHHO paB;ia F, (¢, v, )
u Fy(x,y, ¥) no oIHY ¥ No Apyryio cropousl auHun y = ® (x), 10

X0 X9
J@) =\ Fi(x 0 det§ R n y)de=J0)+J: ),

X X

! ° (1.6.1)
¥ BapbUpOBaHWe MAAHHOrO (QYHKUHOHANA OPUBeAeTCA K BapbHpOBa-
Huo  QyrknHoHaaos Jy (¥) # Jy (), npuuem AMHAM CPaBHEHHA fep-
BOrO M3 HHUX WMEIOT [OJBMHBIM NpPaBHft KOHEW, a AHHHH CPaBHE-

HHSL BTOPOro MMEIOT NOJABUXHLIM aesbiil koHeu. M3 (1.6.1) caenyer,
yTO

W = By (8 = ) Fy ey — 0B —
_[F2+(‘1) —y) Qy]xzxo-l-OBxO‘ (162)

Heo6xonumoe ycaopue sxcrpeMmyma: 8/ (y) =0 umeer cBouM cuen-
CTBHEM DaBEHCTRO

Fi+ (¢ -y)Fly {x—xo—'o—‘Fﬂ—i—(@ I Eyyls=not o

(1.6.3)
Mpumep 16,2, Oaa pynxknuonana
so1={ a5, 9V TH 7 as
yeaosue (1.6.3) naer ¢
A —EEY L Sy S . 164
Vigytls=x—0 Vity ls=xo+0

FCAM o — yroa Mexay Kacareqbiofl K KpuBo# y =@ (x) u ocwio abemuce, a yrie
HaKAOMA X ock abcumyce JcBofl M npapoll KACATE/BHLIX K SKCTPeMain B TOTKe
(xgr P {¥g)) cyTH B1 U $3, TO

’ o ’ = ’ =
¥ lxo—()—tgﬁl’ y{xo+0 tgfs, @' (xg)=tga.

Toraa us ycaosus (1,6.4) nonyaum

cos (@ —By) Az (%, 3)
cos (o — Pg) Ay (x, ¥)°

Ecay y =@ (¥) — auHus pasjena ABYX ONTUUECKHX CpPell, B KOTOPHIX CBET pacnpo-
' 1

CTpaHgeTcs COOTBETCTBEHHO CO CKOPOCTAMH ¥y = Uy == » TO 1o~

7 4 T
4y (x, ¥) Az (x, y)
caenHee paBeHcTBO Bhipaxaer ofolurcnue 3akona upeiroMiends ceera (3akoma CHes-
anyca). .

1.6.3. PaspeiBHble 3agayn s (byHKIHOHaNa, 3aBHCALEr0
OT HeCKOJIbKHX (pyuxuui. Ecau dynxuus

F 3 V)= F 8 Sy g oo Yo Yp Ypees I

HENPEepsIBHA M0 BCEM aprymeHTaM U UMeeT YacCTHbI€ NPOU3BOJHLIE 10
TPEeTHero M[OpANKa, TO LUPH CYWECTBOBAHUY JQMAHBIX achpemaneift '
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B YrA0BBIX TOYKaxX HOMXKHbI BBINONHATBCA YcloBUs Befiepmrtpac-
ca— Jpamana (i=1, 2,..., n) -

oF oF
== == 1.6.5
0¥ [xg—0 9 ey +0 (165)
u
L OF \' . OF
e _ , OF
F— Z Yi 55 -—F-Z Vigg| - 069)
i=} xg—0 i=1 X9+ 0

Ecau F(x, y,y’) uMeeT pasublit BH] [10 pa3Hble CTOPOHBI TOBEPX-
noctn @ (xr Iir Yoy oeen yﬂ) =0 H

X0
T = Fy(, 3 Yy oees Y I Vi ooes ¥3) dX +
X1
Xg
+ § Fa (o, 35 Yy oens I 3 Y oees ) 45,
X0

@ (X0, 1 (X0)s Yo (Ko)y vy Yu (X0)) =0,

1o 13 3J (y) =0 caeayor ycaosus

n n
0F, . aF,
F1—_Z(Tyl;yi —1 Loy
i=1 Xo—0 i—1 Jxo4-0_
5 =...
(—0_/\?>xo
9F; 9F;
0 ley 0 O, 0
v == 2D <M)>’“‘°+ (1.6.7)
o X,

Cwm, T'onrep [1]
1.6.4. PaapbiBubleé 3ajaum C MOJBHXKHBIMA KOHUAMH B npocTpaHcTBe.

Tyets (X, Yo Yoo eves Y= y)—Touka (n - 1)-MepPHOTO eBKAMAOBA IPOCTPANCTBA

EML B NPOCTPaHCTBE s nasa obanacrts R ¢ rpaduueft S. Ilycts BHYTPH R pac-
moJdo¥ena Hexoropas nomafras JuHuR Epga, coctosman ua ayr Ejy u Egg. Jluuus
E1g2 NPEACTAB/ICHA YPaBHEHUAMY

y; (%), X1 x = x9,
V= . E=12..0.1).
Y; (%), X0 =<y =< x2

~ +
3neck Y; (¥) 1 Y (¥} OAHO3HAYHLI H HMEIOT HeNpephIBRELe TePBhle NPOU3BOAHBIE. /TUHNT
E (g2 nepecexaercs COOTBETCTBEHRO B Toukax 1, 0, 2 n-mepupiMu MHOrooGpasusun MI,
MO, M2, npudem B YKA3aHHLIX TOYKAX XYrHW, cocTamBafmuMe Aunui0 Lype He Kaca-
10Tca MHoOrooOpasuil ME, MO, Mz,
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Muoroo6pasua M1, MO, M2 paubl ypaBHeHuAMy

M x=x' (), yi=y,! (a}, o= (0, e vun s @)
MO x=x° @), 3 —_—y? (8 8= (ﬁl. 32‘ cees ﬁn);
m x=x (638 yi:)'{) ), 1= (*rl. Ygr ven s *{n).

rae &, §, Y NpYHALAEKAT COOTBETCTBCHUO OTPAHIMUEHILIM it 3AMKHYTbIM MHOXKECTRAM
Tz, T., T_, Ha KOTOpBIX onpele.eib! (yHKIuN A (&), ‘x‘ {=2); <0 (‘3),y? (& %2 1)
y% (1). Touxam 1, 0, 2 coornetcTny:or 3uadenns ay =0, i, =0, y, =0(2=1, 2, ...0).

Muoroc6pazus ML, MO, M2 e nepecexawr cebn » Ipyr Apyra, a Takke pe-
CyASPHBL X191 & Ta, g T, 1 T Al pacnosoxedo aesee, a M2 — npasee M9;

R~ 48— u R+ - 8§+ 0603Ha4al0T COOTBETCTBEHHO JeBYI0 W npasyio nogobsacru, Ha
kotopele MO seant R+ S, npiuuen S u ST umewor oOuiyio uacTh 81076 MO,
Paccmorpim Qyukituo

FE D) EF (8,3, Yo eon s Yo Py Dy en s D)=
Fliv. o, p, FLECY, (5, ) E R+ S, —o<p<+ o0,

FP e, 3 p) F2eC™, (x,3) € RV 4+ 8T, ~o<p<+on.

dyuxnus F(x, ¥, p) npanagaexmut kaaccy C'Y qnn seex (x, ) € R+ S, —oo<<p<<
<+ o0, 3a ucK/IOUEHHEM TOUCK MuOrooOpazns M0, H& KOTODOM OHE NpeTepuesaer
paspsiasl 11epsoro poja. Hycts @ — muomectso Qynxuuil y; (¥) Takux, Wro aunny
Cog OMPCIEAREMbIE STUMU PYHKUUAMU, NEKAT BHYTPU R, COCTOST M3 KOHEWHOTO
qicAa PerysIpHBIX AYT M OAHOKPATHO IepecekaoT MHorooGpasms M1, MO, M2,
npuyeM Ha MO Kaxpas U3 HUX KWMeeT YrAOBYIO TOUKY.

Nycts gana Hexoropas auuus Ejpe < @ ¢ yraosoft voukodl 0. TpeOyercs naiitu
YCJAOBHA, KOTODBIM JOMKHA YAOBAeTBOPATH Ejye, 4T0OBI DyHKUHOHAN

X0(5) , EXI
J( = J Flx, 3, y)dx 4 [ F2ix, y,y") dx,
x1{a) x0(p)

BbITUCAEHHLIT BROMb E1y9, #ME1 OTHOCHTENbHBI] MUHMMYM B Ki1acCe IOMYCTUMBIX
byaruull G, TakaMy ycaoBUAMU ABIRIOTCA:

1. Qasa roro arobel Ejge € G peanusoBana mundMyM dyHKunonaia J(y), Heob-
xonumo, urobul ayru Ejy u Ejg yrosaersopsaan ypasHeHusM ODfifepa s uuTerpalh-
HOil Qopme.

Ha nyrax Eqy n Egg aunuu Ejpg, yIORIETBOPSIOWEN 3TOMY YCIOBUIO, CIIPaBEL-
MuBbl ypasHenus Ofirepa B Anddepenunansuoll popme, a B yrioBbIX TOYKax (ecau
OHH CYIIeCTBYIOT) TOJIKHB! BHUTOIHATBCS ycl0Bys Beflepmrpacca—3pamana.

Eean Broas ayr Ey9 n Epg BeimonHsercs ycaosne: onpefelnteny

#0 G j=1,2 ... 0)

k
Forgr
,Vi)’j

(k=1 coorsercryeT ayre Ejg, a k==2— nyre Eys), T0 Ha Eqp n Egp cnpaseniusu
TaxKke ypasHeHUn Dinepa B passepHyTofl dopme.

Hanee Heo6xogymo, uTobL! B ToUKax 1, 2, 0 BBINOAHSANCH COOTBETCTBEHHO YCJIO-
BUAl TPAHCBEPCAJNBHOCTH U YCJAOBUE DPa3pbiza

n n
1 i 1 1 1
F Zyixz«‘yi dx!' 4 ZFyi dy; =0,
= i=1
. n n R
) 2’ 2 2 2=
/ =

n n
1 PR D oD DA PP ' F a0,
F Z‘ixFy; F',Zlyixy; "*Z ¥ Yy =
i== =
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2. Ha ayrax Fig B Fyg Donxso BpInoausreca yc.1oBue Beflepwrpacca
E¥ (x, 3, v, Y)=0

(k=1 coorBetcriyer ayre Eyy, a k = 2 — nyre Epg).
3. JlomxHO BhINOJHATHES ycaosue Jlexanjpa

ZP‘,,‘, Xy E5 =0 G j=12..m,
Lj oy

£%¢o (8 = 1 coorsercrayer gayre Eyg, a

VN

rae £; — u4ucIa TaKkue, 4TO

i=1

kh=2— nyre Ego).
Kepnmos [} (d)opm;mxponxn) Tam e xgaH aHagsor ycaosug fAxobu; Ke-
pumosn [2] (10Ka3aTeabCTBA).

1.6.5. OaHOCTOpOHHHE KCTPemMyMBbL Vinerca skcrpemys QyHK-
LLHOHa1a
x‘2
J =\ F,9y)dx, y(x)=a, y(x)=0,(1.68)
. X1
npH yCJIOBHH
y—o{x)=0 (nau y — o (x)=<0). (1.6.9)

OrpanyuuBamIIHe YCIOBHA MOryT ObiTh Goiee CIOXHOTO BUJA.
B 3toM cayuae sKcTpeManb MOMET COCTOATh W3 KYCKOB, deXailux
B yKa3aHHOM o06mactH, A KOTOPHIX VAOBIETBOPACTICH YDaBHeHHe
ditnepa — Jlarpaxxa, U KYCKOB I'DaHHIbl TaHHOM 06aacTh: ¥ == o (X).
B Toykax CTBIKA YKa3aHHBIX KYCKOB 9KcTpeMalb MOXET OblTh I.1al-
KOH, HO MOXET HMeTb M YLIOBBIE TOUKH,

[lonaras, y10 y =y (x) mocrasaser MHHUMYM J (¥), U IIDHHHM an

o) =y+on, n(x)=71(x)=0, }

~ (1.6.10)
1(x) =0, O=sa=say, J(x,0) ———y(x},

noayuus, uro @yuxunoHan (1.6.8) npeppaiaerca B

X9
S 55,5 dx =20 (a), ®©0)=J(y). (L6.11)
X1
Nmeem
@ (a) — @ (0)=0, O=oa=Ca,, (1.6.12)

H, CIeIOBaTenLHO, .
@' (0) =0, (1.6.13)

OTKyJa OGBIYHBIMH PACCYXACHHAMU [OAyuaeM

Fy— =0, (1.6.14)

YcaoBue B TOUKE CTHIKA HMEET BHJ
[Fx, 3 ¥)—F90,9) — (@ —¥) Fy (69, ) 2 4, = 0. (1.6.15)
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OHO BHITEKaeT M3 CReldYIOUero NpPeAcTABACHHA AaA Bapuauuu LaH-
HOro (PyHKuuoHanxa:

X0 X9 :
=3\ Flxy y)+o | Fioyy)de=d/4+b,=
X1 . Xo
E) t 3x¢
=(F4 ¢ —Y) Fyly bro— | F(x o) o (1) dr=
X9

=[F (6 3, V) = Fx, 9(x0), ¢ (0) 4 (" — ) Fy/ly, bx0

31ech mMeeTcs B BHAY, YTO g X; <5 X <X, INHUA Y=y (X)
NeXUT B YKasdanuofi ofaactd, u Bapumailuu 8J; CBOAATCA K PaccCMOT-
peHUIO JHMHUYL CpaBHEHWH C NOABMMHBIM OPABBIM KOHLOM, a LpPH
BolUpCIenyn dJ, geBbifi KOHel JBHXKETCA M0 JUHAH Y=o (X).

WUs ycaosua (1.6.15) caenyer, uto ecaum Fyy %0, 10 Kycka
SKCTPEMATH ‘B TOYKe CThIKA (HAa JIHHUH ¥ = ¢ (X)) UMe0T 06 YI0
KacaTelbHYIO.

B Hacrosimee BpemMna MOABARCTCA MHOIO HMCCACTOBAHME BApHAUMOHUBIX 3a1ad
1:_ orpa[}lmqeﬂmmn B (opwe nepaseucts. GM., unanpumep, Bessman, TankcGepr,
oce [1].
P Mpumep [.6.3, Hafitu xparuafimn#i nyrs u3 toukn A (—2, 3) B TOUKY
B (2, 3), pacrnonoxenunlit B obaacty y =< x2
4 (puec. 1.8.2).
Vceaenyemstii GyHKIMONAD

| , 2
A4 s y = [ Vity?® ax
—9 .

¢ N

H

! Ero sxcrpeMaiyu cyTe npample ¥=mx -1 n,
) B nanaom cayuae
1
1]
'

=(V1)yy = — L
y 37
— (42

.
2z 7 ] 1 2 <

M TN3ITOMY JAMHHR, JOCTABASHOILAR MUHUMYM,
Puc. 1.6.2. HOMKHA COCTOATh H3 KYCKOB NPAMbIX, Kaca-
Teapinlx K napabone y=x2 u kycka stofl

napaboasl.
[ycrs TOUKM Kacauuf, a uxX Xse, BCIRACTBUE CUMMETPUYHOCTH 3a]249d HMEIOT

abCuuechl X == Xp U X == — X,.

Fimeem B TOu¥e Kacanusi DPAREHCIBO OPAMIAT M PABEHCTBO yraoBblx K03ddu-
LUEHTOR, T. €. o§o3ﬂaqna YII0BOM Ko3(MuIIeHT KacaTeasHoll B TOUKe X, depes ky,
umeem Ry = (x‘-’)xo =2x0, mx, -+ n=x3 m=72x oIkyia x2+4-n=0. C xpyron

CTOpOHMI, KacaTearHas NPOXOAMT depe3 Touky (2, 3), caexosarensyo,
3=2m-n v 3==4xg 4 n.

By #0.

Taknu ofipasom, x%— 4x0 +3=0 u uurepecyloilee HAaCc 3HAYEHHUEe eCThb
xg=1(—2<xy<C2). Torna ky==2, Anailoruvgsie paccyXJIeH{s MPUBOAAT K 3aK1i0-
49eHuIo, WTO JHHUSA, NOA03peBaeMas Ha SKCTPeMyM, ecThb

— 25 —1, —=x=-1
y= x2, —l=x=i,
2x—1, l=x=2

Droft 3agage MOXHO faTh o6oOmeHdyi0 NocTaHoBKy: HAfTM Kparuafmee pac-
cTOMHHE MexAy Toukamu A H B, ec/in 9T TOUKY pasjeneHbl KakuM-aulo Openst-
cTBHEM, -
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§ 7. KaHoHnuecKue ypaBHEHHS.
Teopus TIamuabToHa—AKOGH

1.7.1. KaHoHnuyecKass WJIH raMHIbTOHOBa (OpMa ypaBHeHW#H
d#nepa. Ypasnenne dfinepa—Jlarpanka mas QYHKUMOHanA

X9

J=={ F (8 30 Yy ooy Yo Y Yyp wer V) A (11.1)
X1
HMEIOT BHJI
d
e E"i — Fyi ==0. (1.1.2)
Ecan martpuna H Fow H (i, k=1, 2, ..., n) neocobennas, 10 u3
ik
ypasHeHufi
: ﬂ,;:pi (i=1,2...,n) (1.7.3)
MOKHO BBIPA3HTb ¥; YEPE3 X, ¥y, Yy, +oos Yy Py P oovs Py
V=0, (%6 Yy Yar wos Vs Py Py oo s D) (1.7.4)

Tamuapmonuonoy H nas @yusxuvonata (1.7.1) nasmBaercs
Gyakuna H 0T X, Y, Yoy ooy Yoy P Pas +os P

H('\‘) y’ p) = [_' ip(x! y17 ,v-p ey ynv yiv y;y reey y;,)’f*
n
+ > % Fy'i (6 YD Yo oo Yo Y1 ¥ ---,y;,)} (1.7.5)
fo=1

rIe Y;==9(% Yp Yo vors Yy Py Dysvovs Py)- Jas raMuabToHHaHa
HMEIOT MECTO COOTHOIIEeHHs, fnoayuaowuecs nuddepeHinpoBanuen,

oH __oF
oy Oy (=1,2...,n)
Qﬁ:‘?'(x Viy Yas voe s Yo D1y Por +ov s Pn)
api 1 y VI i) * n» ’ b
(1.7.6)
4o Jaet
dp,— _ oH
PRt
i=12...,n). 1.1.7
av; _on ‘ v 0D
dx ~ op;’®

Vpasrenus (1.7.7) Ha3BIBAIOTCA KaHOHU4ECKOH WM 2aMULALMO-
HOB0L cycmexsofl ypaBHcHuit Dfiiepa-—Jlarpanika, npu 3TOM nepe-
MEHHBIE Y1, Yo, +«oy Ypy D1y Poy oo+ D HA3BIBAOTCA KAHOHUHECKUMI
nepemennpiviu. Oy Oblav Bpefdens! 'amuabrosoM (1834—18351r.)
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u fAxobu (1842—1843 rr.). Onnaxo yxe Jlarpanx ucnoab3osan aud-
¢depennnartbHbie YPABHEHNT B KAHOHHUYECKOH dopme,

Mpuuep L7.1. Hanucats xaHoHHYecKyl cucremy ypasucduid Didrepa gas

dyHKIHOHaA
s=IvEFEY 1457 ax.

Wacen
VYRR 2
p:Fy,=;_‘/__—t;27., ):’2=__~B___"
Vigy %24 y2— p2
He—F4yFy,| p  =—VEFRE
‘ Vit ryEpi
Hckomas cuctema :
L S LA P
dx Vit gi—pi dx  Vxifyr—p2

M3 (1.7.5) caeayer, uto dgopmvaa (1.3.9) moxer 6biThb 3amucana
B BUIE
n X3
d]=—Hdx+ Y pidy;| . (1.7.8)
i=1

X1

YcaoBus Tpancsepcasbroctd (cM. (1.3.10)) Ha KoHUAX AMHUY, KOCTaB-
asoniel 3KCTPeMYM, UMEOT BHI

n
— Hdx + Z p; dy; =0. (1.7.9)

i=]

1.7.2. MepBble HHTErpanpl KaHOHUYECHOHM CHCTEMbL Broab

JKCTpeEMany
dH oJ0H
x = ox (1.7.10)

oH
u ecin —-—=0, 1. e. f/ He 3aBucHT oT X (3nauur, u F He 3aBu-

dx
€AT OT X), TO
H = counst. . (1.7.11)

dynxund, coxpaHswias NOCTORHHOE 3HAUYCHUE BIOAb KawkIoH
WHTCrPAJdbHON AMHUYU 3afaHHON cHCTeMbl AHB@epeHIHaTbHbBIX Ypas-
HEHNil, Ha3LIBAETCA NEP8blM UHME2PAAOM 3TOI CHCTEMBL.

Takum ofpasoM, [ ==const ecTb NepBHII HMHTErpal KaHOHH-
deckoft cucteMb ypaBuenuil diinepa—Jlarparka.

Ecan naua nexoropas QyHKUMA @ (¥, Vo, «vv s Yooy Pi» Poy ooy P
TO BIOAb 3KCTPEMaln

n n
4P __ 00 dy; | 09 dp;\ 0% 0H 0% 9H
=2 Gt =2 (G g o) - 111D

i==1 i=
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Buipaxenue B npaBoit yactu (1.7.12) nasmBaerca cxo6koi Ilyaccona
n o6o3navaerca cumsoaoMm [®, H]. Tlpu stoM o6o3HaueHHH
do

Ce=Io, H]. (1.7.13)

Has toro utobbl GOyHRUuMA P (¥, Yoy ooy Yy Py Doy -+ 2 D) OblaA
IIePBBIM HHTEIpanoM KaHOHHMUECKOH CHCTeMbl ypasHeHuit diinepa—
Jlarpanxa, HeoGXOIAWMO M JOCTaTOuHO, YTOOBH

(@, H]=0. (1.7.14)

Ecau ne ronbko M, Ho n @ 3aBUCHT OT X ABHO, UMeeT MecTO op-
Myaa
dd® 00
EE_W—F[@, HY. (1.7.15)
1.7.3. Teopema 3, Hérep. [lyctb mano cemeiictBo 06paTHMBIX
npeoGpa3oBaHuil, 3aBUCAliee 0T TapaMmerpa a:
X% = Xy Viy Vay ecey , @),
Qo (X, Y1r Yo, Yns @) ) (1.7.16)
YE=0, (Y Yy s Yp ) ((=1,2,...,n), g
rie QYHKUUH @, H ; guddepenuupyemsl, npuyeMm 3HayeHno a =0
COOTBETCTBYET TOMXIECTBEHHOE NpeobGpa3oBaHue
@9 (Xy Y1y Yor cee s Y 0) = x,
¢ (A’f, Vi Vo vves Yo 0) =Y

PyHKnuoHaN
b
TO) = F (530 30 002 Iny Yip gy o I} A,
a
paccMatpusaeMufi Ha guHHu Lt y; = y; (x) (i=1, 2, ..., n), Ha3nBa-

eTCA  UHSGPUAHMHLLAM  OTHOCHTENbHO  Tpeo6pasoBamua  x¥ =
=gy (X, Vi, Yoy oo Y %)y YE==0; (0, Yoy Yoy oo Y %), EPEBOASA-
wero muup L B munuo L¥* yf = yf (x¥), ecan

d d
SF(x,yl,...,y,,,dl;, .. —yi‘> dx =

Y odx
a
b dy* dy*
=:S F(x*,y;":---,y:, Zi;c%' "‘r#)dx'
a*

Kawnomy mnpeobpasosannio (1.7.16), ocraBasmomemy paccmarpy-
BaeMblff UHTErpan VHBAPHAHTHLIM, COOTBETCTBYET HEKOTOPHI Mep-
BbIi MHTETpPaJ) KaHOHMYECKOH CuUcTeMbl YpaBHeHu#i J#nepa — Jlar-
panwa (meopema . Hémep).
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Mpumep 1.7.2, Ecau s q;yﬂkunouane
b

[Fx 3 9 ds
a

F ue saBucnt OT X, TO (yHKNHOHAA NHBAPUAHTEH OTHOCHTEIBHO mpeobpaszopanys
=x+o, yk=y.

Cae10BaTe kRO, NOMKEH CYWeCTBOBATH NePBHR WHTErPA] KAaHOHHMYecKOR cHcTe-
MEI, COOTBeTCTByHOmuUfl yKasaHHoMy mnpeoGpasopaHuio. ITUM NEPBbIM HHTErPAiOM
rearercn [ = const (cp. (1.1.13)).

Tlo nomoxy Tteopem O, Hérep cm,” Kypaur u I HJlBG(.pT 1,
T.LTeapbdpang uPomunl(l], a Takke B kuure Hoamaxa (1],

1.7.4. YpasHenue Tlamuabtona—S$xo6u. Teopema $HxoGH.
Kanonnueckass cucrema (1.7.7) saABAseTcs CHCTEMO{i YpaBHEHHH
Jtizepa—Jlarpanxka 11 Qynkuuonana

o n
= S Z‘ P —H(X, Yooy Y Py Py s Py [dx,  (L1T)
=

ecad ¥j, p; paccMaTpusaTh KakK HeudBeCTHole ¢ynxumu. Tax kak
X2

dj=—Hdx+ Z 12 dy, , (1.7.18)

i=1 X1 -

TC npH (PUKCHPOBARHOM X, ONYCKas Hilekc 2,

n
dj=—Hdx+ ¥ p;dy, (1.7.19)-
i=1
OTKYHa B
J
a__ﬁ(xvy;p)v (1720
oJ 120)

55.:—_[]{ (i-: 1, 2,..., n).
I

Iytem wuckmouenus p; B (1.7.20) mnoayuvaerca ypaBuenne
B YAaCTHHIX MPOHU3BOAHHX MEPBOr0 NOPAAKA, HAa3bIBacMoe ypasHe-
HUeM Famuﬂbmoua———ﬂxom: .

oJ dJ oJ
ox +H<x Vi, Yoy vees Yoo R R (7y—>-0' (1.7.21)

[oAHbiM  UHME2PaAOM YPABHEHUR B UACTHHIX INPOM3BONHBIX
NepBOro IMOPAAKA HA3bIBACTCHA €ro pelleHHe, COJEPKALIee CTOMbKO
OPOU3BOABHBIX TOCTOAHHBIX, KaKOBC UYHCIO HE3aBHCHMHIX nepe-
MEeHHBIX.

Juas ypasuenus [amuabToHa-— fKOOGHM, YuHTBIBa# 10, YTO OHO
He COMepPXHUT HeH3BeCTHOH (YHKUWH (@ COXEPHHUT TOALKO €€ yacr-
HLle NPOM3BOJHBIE), NOJHBIN HHTErpan MOMXHO B3ATb B BHle

V=V, YV oo, Yns @1, Qgy -5, ) +a,  (171.22)
rae g, @, dg, ..., @,-— IPOH3BOAbHbIE NOCTOAHHLIE, -
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[Tpennonaraerca, urto. V HempepniBHO guddepenurpyema mno
napaMeTpaM @; ¥ Kax/las 4yactHad NPou3BOAHAA =— 5o (i=12,...
da; ’ 0y;
..., 1) HenmpepoiBHO aupdepeHipyeMa 10 BCEM apryMeHTaM.
[pu pomonHuTeIbHOM IIPERINONOKEHHH O TOM, UTO ONIPefeNUTeNb
02V

oy;0a;

0, (1.7.23)

uMeeT Mecto meopema Sxobu:
Ecan wm3secteH noausll uurerpan V ypapHenna aMHILTOHA —
flko6u, To paBeHcTBa

ov ov
&;k = bp, 537;; =Ph (1.1.24)
rue ap, by (=1, 2, ..., n) — npou3BoAbHbIE [OCTOAHHBIE, NAIOT

peuende kaHoHuueckolt cuctemsl (1.7.7), sasucaulee 0T 27 NPOHU3-
BOIBLHbBIX [OCTOAHHBIX.

Mpume p 1.7.3. Hailtu skcrpemanu dpyHuuoHana
| [ VTRV TFR dx.
FamMHAbTOHHAH
H= —~Vx2 fy2—p2
caefoBaTe bHO, ypasHeHue amMuabToHa — §lkoOu uMeer BUX

oJ l/ 0\2
d=V e T

Pemrenne MOKHO HCKATh B BHIE

= % (Ax2 + 2Bxy 4 Cy2), (1.7.26)
MNoncranoBka pewenns (1,7.26) B ypasnenue (1.7.23) pacrt
A2 4 B2 =1, B(A+C) =0, B2 C2a1.
Monaras A= — C=sinf, B==— cosB, mnoayuum pewenne ypaHeuun (1.7.25),

8 Buje |
J = 3 (x2sin § — 2xy cos B — y2 sin f).

O6wufl udTerpan ypasuenus diinepa — Jlarpauxa B cuay reopemst Jrobu

0J 1
%=const=§a nan x2cos B4 2xysinf — yZcosP=ua.
o nosoxy npuBeleHwofl Bbime Teopuy cM. Ianrmaxep [1], a rakxe Yurre-

kep {1}
1.7.5. Kanonnveckune npeobpasosanus. Ecan npeobpasosauna
Yi= yi (.X, yl’v .Ve, AR yn! P sz et Pn), }

N (=12 ..., n)
Pi=Pi ()C, Y1y Yoy vvey Yo P1y Par +esy Pn), ’

(1.7.27)
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npeofpasylor KaHoHHueckyio cucremy (1.7.7) B KaHOHHYECKYIO
cucTeMy
dY; oH dap; oH .
pull S bl padal SR el = 1.7.28
dx — 0P, dx oy,  =L2...m (1125
C HOBbLIM FaMHANIbTOHHAHOM
F[ZH()C, ylv yﬂy ey ynv Plv P2y '*'yPn)y

10 npeobpasosanue (1.7.27) Ha3wIBaeTCA KAHOHUYECKUM.
Ypasuenus (1.7.28) saBasor1ca ypaBHeHHAMH Jitnepa — Jlarpan-
wa ana QyHKIHOHAAA
X

2 n

\—fdx+ Y Pidv, (1.7.29)
X1 i==1

Bapuaunonnan 3anava ana Gysxunoxana (1.7.29) sxsusanenrua

BapHallHOHHON 3ajaue s QyHkunonana
X9 n

\— Hix+ 3 pidy;

Xy i=1

TOrfa 4 TOABKO TOrZd, KOrjAd MOAbIHTerPadbHbIE BHIPAKEHHS ITUX
(GYHKOHMOHAMIOB OTAMYAIOTCH Ha NOJHHE Aud@epeHinnan HeKoIOpoi
OYHKUUN

n n
N pidy;~ Hdx= Y P;dV; — Hdx +
- i=1

i=1
+dD (X, ¥y, ooy Yy Pis ooy Pr)e (1.7.30)

B sroMm cayyae dyukuusa ® (x, y,, ..., ¥,, py, ..., p,) HasbiBaeTCHA
npou3sodaueli dyrryuell TaHHOTO KAHOHHYECKOTO npeobpa3oBadns.
s (1.7.30) cmeayer, uTO

oo 0d ~ 0d
= P;=— 57 H=H4 5. (1.7.31)
§ 8. HexoToprie cremeHust U3 TeOpuM MOJst IKCTpemaued

1.8.1. FeofeanyecKoe PacCTOSHHE H €ro MPOH3BOAHble. 3Ha-
YeHHe HHTErpana

(B)
J) =\ Fx 3 y) dx, (18.1)
(4)
rie y={y (%), «., Yo (O} ¥V ={yi (%), ..., ¥, (%)}, B3aTOrO
BIOAb JNHHUH Y OT TOURM A 10 ToukH B, HaswBawoT J-dauuoi au-

Huu .

Ecaun vy — skcrpemans, 10 J(y) HasniBawoT 2eode3udecrum pac-
cmosHuesm MeXIY TouKamMu A H B, unn xe J-paccmosiHuem, a camy
sKcTpeMaiab J-npamoi.
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Ecan touka A tuxcuposamna, To A1d BapHaluuM (GyHKIHOHANA
(1.8.1) umeer mecro topmyaa (1.7.19), a mra Opou3BOLHHIX reoje-
3yueckoro paccrossus topmyan (1.7.20), M3 (1.7.21) caenyer, uto
reonesMyecKoe PaccrosiHile, OTCUHTHIBAEMOE OT TOUKM A, Kak QyHK-
u¥s KOoOpaunaTt MNepeMeHHO{i TOYKH B, YNoBIeTBOpAeT YPaBHEHHIO
IMamuabToHa — AKOOH.

Ecan B (n 4 1)-MepHOM npocTpaHcTBe RaHa I'BIepnoBePXHOCTh §

(P(xy yl) y2r AR yn)zoy

TO 2e00e3udeckum paccmosHuesm modku B, newxauedl sHe S, do
3TOH no8epxHOcMl, HA3BIBAIOT FEONE3UUYECKOe PaccToAHHEe TOYKH B
Io ToukM A, npuHanacxkauweit S, Ttakoe, uro ¢dyHkumonan (1.8.1)
npuHUMaeT CcTraifMoHapHoe 3HaveHue (83J=0). Ito 3Hayur, UTO
¢yuknuoHan (1.8.1) BHuHCIAETCA BAOAb 3KCTPEMalH Y, COELHUHSIO-
wefl Toukn B 1 A, npuyeM Y rnepecexaer NOBepXHoCTh S B TOUKe A
TPAHCBCPCAILHO.

TCeogesinyeckoe paccrosiHye, OTCYMTHIBAEMOE OT MOBEPXHOCTH S,
TaKXe YVioBieTBopsieT ypasHeHuo [amuabrona — fIko6u, a npous-
BOJIHBIE [COIE3HYECKOTO PACCTOSHUA OT MOBEPXHOCTH § TaKk¥e Ha-
xomatea mo Gopmyaam (1.7.20).

Npumep 181 (em. nmpumep 1.5.2). [lycrs reogesnyeckas 114Ha U reoxe-
3yuecKoe DPACCTOSIHHE ONMPENENSIOTC ¢ MOMOmBIO (YHKIUOHAA

J (3 = [ y2y"2ds.

Feoze3nveckoe paccronHpe oT rToukn A (0, 0) 1o Toukn B (I, 1) ecTs 3maye-
HUe TaHHOro (DYHKUMCHAAA HA 9SKCTPemaau, coefwismomed ath Toukn, Takol skcT-
pewasbro Anadercs mapabosa y2==x. B Takom cayuae 2yy'=1, 3y’ =1/2,
y2y'2==1/4 W reogeaudeckoe paccroguue Mexiy rouxamu A u B

1
J(4, B =S%dx=-‘1¥.
: 0

Mpuvep 1.5.2 mokassiBacT, 910 reoje3udecKoe pPaccTosHue HAYa/Na KOOPAU-
Hat oT npAmModl y = (3— X) He onpexesseTCH OXHOIUAUNO U, CICIOBATENHHO, HE

cyiecryeT. O1HAKO CCAM PACCMOTPETh OTPE3OK STOM npamoil, nanpumep, — 2w <2,
TO I'e0Je3NUeCKOe DACCTORHME OT Hada’a KOODXMHAT 10 AaHuoll npaMof pasno — 4.

ITpumep 152, Haftru ypasuesds reoje3dIecKdX OKPYKHOCTeH — auuul,
TOUKM KOTOPbIX HAXOZATCA HA ONMHAKOBOM [EOXC3NUECKOM DPAcCTOAHMU OT 3aZaHHOR
TOYKH, PABHOM

Hycte 3TOM TOUXKOW #BJASETCA Havaao koopzuuar (0, 0), a reogesuueckoe pac-
CTOSIHAE M3MePASTCH NMOCPEACTBOM MUHHUMAJbHOrO 3Ha4deHus (PyHKHUOHANA I)rﬂy’ﬁdx
OT HaYana KOOPAMHAT RO PACCMATPHBAEMON TOUKM.

DKcrpemanu QyHKIUOHANA TIePECEKAOT Ieofe3nIecKyi0 OKPYMKHOCTh TPaHCBeEp-

. )

canpno. [dag skcrpemaseil umeem y2=2py, ¥y’ =p B, CAeIOBATEJIBHO, yr__:_;;_
U3 ycaoBus Tpaucsepcaibnoctu y2y’ (2)7-— y') == ( BeITeKaeT, 4ro yriosoll xoag-

uvedT xacaTeapHOdl K Teole3udecKoll OXpy:KHOCTH Y’ = y’/2 u, 3Hagur, xupde-
peHlRalbHOE YPABHEHHE FEOXL3UUYECKOfl OKPYMXUOCTH ecTh y'=71);—c. OTKyAd ypasHe-

Hue reoje3pdeckoll okpyXHocr ectb ¥4 = Cx. [lan oruicKanun Beanduust C same-
TUM, 49TC HA [eOXC3MUECKON OKPYKHOCTH y* == Cx aekur Touka (C3, C); ypasdeHue
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1
reoge3ndecKoro pajzvyca, npoxojgdiero 4epes 3Ty TOYKY, €CTbh )’2=€ x. Orcioga
C3
r l r
=g  §oyra=
0

=R.

=0

Cregopateanino, C=:4R n reogeamuecKas OKpyKHOCTb paiuyca R ¢ IeHTpPOM B Ha-
4aje KOOPIMHAT MMeeT ypasHerne y4—=4Rx.

1.8.2, Moae akcrtpemasiei. Ob6aacts D (n -+ 1)-MepHoro npocr-
paHcTBa, TNOKpbTaa npocto (T. e. 6e3 mepeceueHnuil) cemelicrBOM
9KCTpeMadell, TPaHCBEPCAAbHLIX HEKOTOPOil MOBEPXHOCTH, HA3bI-
BaetTCA, coGcmsennbim (MU OOLUM) noseM IKcmpemanred.

O6nactb D (7 + 1)-MepHOro mpocTpaHCTBa, IIOKPLITAA NPOCTO
ceMeHCTBOM 3KCTpeManefl, HCXOMiLUMX U3 ONHON TOUKM, HAXOAAMEHCs
BHe 061aCTH [, Ha3bIBAETCHA YEHMPAAbHLIM NOACM IKCHMPEMALed.

$urypupywume B 000UX ONpeleseHHAX CeMeHCTBA 3KCTPeMa-
nelt ABAATCA n-NapaMeTpUuecKHMH,

Wmeer mecto teopema: Ecau J (x, ¥, ¥s, ..., ¥,) €CTb pellieHHe
ypaBHenusi [amuabToHa — flKo6H, TO cCyllecTBYerT ToOAe 3KCTpeMa-
gelt, TPaHCBEDPCANbHBIX [0 OTHOIIEHHIO KO BCEM IIOBEPXHOCTAM
J=const u, B 4aCTHOCTH, K HavanbHoi noBepxunocty J=10. B stom
cayyae J sABnAeTCS reolle3NUECKHM PaccToAHMEM OT HauaabHOU
TIOBEPXHOCTH B PAacCMaTpHBaeMoM Mone aKCTpemasnefl.

Ecau mose skctpeMmaneil MMeeT B KauyeCTBe HAYaJbHON TpaHcC-
BePCaNbHOH IOBEPXHOCTH § TIOBEPXHOCTH

9 (xy Yo Yoy ey .Vn) =0,

10 J— JIHHB OTPE3KOB IKCTPeManel, 3aKII0UEHHBIX MeXy moBepx-
HOCTAMY ¢ = Cy ¥ © = C,, — OJHHAKOBBI.

Hakaonomw noas IKCTpeManei (DVHK[LPIOH&JIa (1.8.1) nasmBaor
Bekrop-pynkunno U (x, ¥) = {u, (x, ¥), ..., U, (x, ¥)}, oTHOCHLIYIO
KQWAOH TOUKE (X, Iy, Yy --»Yp) 1028 BEKTOP { V] (X), 9 (X, ¥y,

1.8.3. BoipakeHHe reoie3auyeckoro paccTosHHA MeX1y ABY-
Mfl TOYKaMH yepe3 WMHBApHaHTHbIA HHTerpan M'manbepra. B moae
dynxuronana (1.8.1) Boipaxenue

n
— Hdx + Y pidy;, (1.8.2)

i=|1
rge
, n
—H“_‘F(xr » u(x, y))"" ZFy' ()C, Y u(x, y)) u; (X, J’),
i=1 i (1.8.3)
pi= Fy; (x, 3, u (%, 9}

ABAAETCA MOAHMM mubdepeniuuasoM (QYHKUAH TMEPEMEHHHIX X, y,
Vg ..oy Yp. llocaendee ycraHaBawBaeTCa IIPOBEPKON BBINOIHEHHA
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PaBEHCTB
0H __ dpi (x, u(x, ¥))
- dyi ox !
i _0Pr
s 99 (i=12 ..,n).

dvuknng, onpeneasicMas Auddepennnarom (1.8.2) ¢ TouHOCTHIO
0 NOCTOSIHHOIG ClaraeMoro, ecTh

By

S-H@J,dm+2mm, (1.8.4)
(4) i=1

W HA3LIBAETCA UHBApUaHmMHuM UHmMe2pasosm Fuavbepma (RHBapHaHT-
HbIM, TOCKOABKY OH HE 3aBHCHT OT KOHTYpa HHTErpupoBaHHi, Ha-
XOAAULErocA BHYTPH Noas)., JTOT uHTerpat 6ua Beejged [uanbepron
B BapuanuonHoe ucuncrenne B 1906 r. B cuay dopwmya, Buipawaio-
HIMX YaCTHbIe TPOH3BOAHBIC FEORE3HUYCCKOrO PACCTOAHHSA OT HAYAAD-
HOH TPaHCBEPCANAbHO MNOREPXHOCTH, ¢ TOUHOCTLIO 10 NOCTOAHHOTQ
€1araeMoro, 310 reoJe3HuycCcKoe PacCTOAHUE BHIPAKAETCA HHBAPHAHT~
HeM  uHTerpaaoM [mibGepra. Tax Kax rcofge3nyeckoe paccTosdHMe
MeWHy ToukaMd A ¥ £ MOXKHO BbIUHCIATL KaK paccroAHue of
TOYKU B 10 HavanbHO#t TpancBepcasbHON NOBEPXHOCTH S 1014, To,
npefnonaras Aaf JIPOCTOTH, YTO TOYKa A NPHHAAMCKHUT S, U3 mpe-
OBIYLIErQ HaXOAUM

B (B)
J(B)-J(A):de_:j — Hdx+ Zp,dy,
(&) (4 i—=1
(B) n
=§FW%@—ZmQumudew+
(4) f== 1
+ Z Fy (x, 9, u) dy; =
i=1 ‘
B I /dy.
= S Fle, 3, u)+ 3 \f —u,-> Fy (x, 3, ) |dx.  (1.8.5)
(A = \4x i

B tpopmyae (1.8.5) snibop KOHTYDa VHTErpHpOBaHUA He HMeeT 3Ha-
yeHu, 71% BBIUMCIAIOTCA BLOIb BLIOPAHHOIO KOHTYDa.
dy;

Ecan toukum A wu B snewar Ha skcTpemanu noas, 1o T = W

u u3 (1.8.5) moayuaercss BBeHneHHOe paHee BbIPaXeHHe LIS reodeau-
YeCKOI'o paccTosHus Mexnay toukamu A u B. Teopus noas B Bapmna-
IIMOHHOM HCYHCJICHHH BRepBhie Gnina paszpaborasa Beliepuirpaccowm.
I"'eomerpuyeckas TeopHs [0.18, OCHOBAHHAA HAa HCMONB30BAHHH reQ-
e3HYeCKOro pacCTosHnA, BnepBble Gbiaa jxaHa KHesepowm.

Hanowenne, paHHoe Bbimle, caexyer xHure Kypawta u Tuasbepra [1], 1. I,
FeomeTpudeckan TeopHA NOAR pPAsBuUTa B KHure JlaBpedtweBa u JloctepHuka (1],
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1.8.4. ipyrue onpelenenus noasi. lTorenm dynrxyuonara (1.8.1)
Ha3mpaeTcss obnacte D (n 4 1)~MepHOro MpocTPancTBa BMECTE C BEK-
TOp-QyHKUNEH

u (6, ) {uy (56, 9)s ooy U (65 D)},

eci B 3toit obnactu D QynKuuR #; (X, y) MMEIOT HeNpepbIBHbIE
YacTHbIE TPON3BOJHbLIC IEPBOro MOpsiika M WHTerpar [manbepra

n
§ F(x, 9 u) = 3 wiFy (6, 9, ) | de+ Z Fy, (%, y, u) dy;
i=1

i=1

He 3aBMCHUT OT NYTH UHTerpuposaHus C, a 3aBUCHT JHIIb OT Haualb-
HOH M KOHeuHoil ToukM auHuu C.

J10 ompejeieHne Noaa npuHamiexur bmuccy (1914).

Has toro utof6H n-nmapaMerpuyeckoe CEMeNCTBO 3KCIpeMaseft

Yi=9; (Xt Blv 32, -"1l3n) (i=112v -"yﬂ') (186)

06pa30BhLIBA10 1101e B 06a1acTH [), HEOGXOINMO H TOCTaTOYHO, 4TOGH
TOWJAeCTBeHHO PaBHsIUCL HYII0 BCe ckobiu Jlazpansica

— N (9 0pi_ 0yi i) _ g 187
(85 B/] i§l (ﬁBs 08, 08, 085/ ¢ )

(s, r=1,2,...,n) pi=Fy.

n-napaMeTpUyeckoe cemMeHCTBO 3IKCTpemadeil, 118 KOTOporo Bce
cko6x1 JlarpaHwa paBHBl HYWTIO, Ha3nBalOT Maliepoguim cemelicmsom.
Onu 6u1au BBefeHw Maitepom B 1905 1.

Ilpn n=1 BcAxkoe OxXHOMapaMeTPUUECKOE CEMENCTBO IKCTPEMa-
Je§l ABASETCA MalepOBLIM.

Ecau Bce sxcrpemanu (1.8.6) BEIXOZAT U3 OAHOM TOUKH, TO Ta-
KOe ceMeHCTBO IKCTpeMajiell maliepoBo, a MOPOXAaeMoe UM nojie —
HeHTpalbHOe.

TCOPMIO noJsa, passuTyido Ha O0CHOsE JAHHOTO BblIL\C onpepeneHud, cM, 'y Banc-

ca [1] nm Axuesepa [l],
CyecTBeHHO HHOe onpefeneHde noaa pano Tensdangom u domunum {1,

1.8.5. ¥Ycaopusa Jlexkanapa v SIKo6H BHJIAOYEHHS SKCTpeMalH
Xg

dyuxunonana J(y) = S F(X, Y voos Y Vis +oey ¥,)dX B TOTe.

X1
Yeunennoim yeaosuem Jlescanopa nazviBaetca TpeGoBaHue BbLINOJI-
HERWs HepaBeHCTB

F),;y; Fyé),; Fj.;_‘,;
F,., F..
¥ ¥ - Fyr are g
Fyryi> 0, T SO N O T e Fyive >0
1
Fy;y; Fyéy; .. [
R P S
Y1¥n Yo¥n In¥n

(1.8.8)
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NpH X; <S X =S Xy, T. €. BO BCEX TOYKAX PacCMaTpUBaeMoOH 3KCTpe-
Maad (cp. m. 1.3.4).

Yeunennom ycaosuesm Sxoby HaspBaT TpeGoBaHHE TOIO,
uyToBBl OTPe30K [X;, Xs] HE COARPKAT TOWKM, COMPHKEHHON C TOYKON
x; (cp. n. 1.3.6).

Buinoanenue yeuieHHsix ycaosuit Jlewaugpa u Hko6u xocra-
TOYHO AT BKIOYEHUS IKCTPEMATd B Ioje.

Oas n=1 poxasareabcrao cM. Jlaspeursea u Jlocrepuux {lf, Axieazep [I].
Obwui cayvail cM, Teapdaug u Pomun [1),

. Ecnu xots Gut B omHOMt Touke ycaosue Jlewannapa He BuIIOfA-
HAETCSH, TO 3KCTPEMalb He BCerza MOweT ObITb BKIOYeHa B Moue.

IIpuwmep L83, Jau dyuxuuonan
1
[Geeyz1209dx,  y(O=—1 y()=L
—1

Ypasuenue diinepa—Jlarpanka
24y —dd—x (2x2yy =0 wnam x2y" 4-2xy — 12y=0,

obiec pemende HOAyYeHHOrO ypaBHeHHA
y=Cix3+Cox4

KpAenbIM VCIOBHAM YZOBJETBOPSAET BKCTPeMab ¥ ==x3, KOTOPYIO HeIb3 OKPYKHTD
nonem, W60 eIMHCTB2HHLIM ONHONADAMETPHYLCKHM ceMeficTBOM SKCTpeMascdl, comep-
samuy ee, Apagerca y = fBx3. D10 cemeficraso sxcrpemanell He noxpuiBaer obaacrd,
cozepxaniefl Touky ¢ abecuuccod x =0.

B nanHOM npuHMepe Fy'y’ ==2x2? 1 ycuieHHoe ycaosHe JlexaHapa He BHINOJ-

Hserca npn x =0,

1.8.6. MMocTpoenne nodeft sKcTpemadielt Ais HEKOTOPLIX Ba-
PHALMOHHBIX 3ajiay € NOABHXKHBIMH KoHuamu. Huxe yxasanm
npuMepsl noaef, UCHONB3YEMBIX IPH HCCAENOBAHHH BAaPHAUMOHHBIX
3apay C NOJABHXHBIMH KOHIAMH.

NMpumep 1.8.4, Jan dHyuxnnonan
X3

I =[ Flp yide 3= {35 5 g} 3= (] 35 31}
X1

sesbifl KoHel AvHnl cpaBHenya PUKCHPOBAH, NIPABLIY KOHEN NepeMemaeTcs no AanHof
nosepxdocTn S.

Oaa nsyuedus QyHKIUOHAaNa pacCMaTpUBaeTcs noie SKcrpemaseldl, TpaHcsep-
caspusix nosepxuoctd S {cm. m. 1.8.2), skmouaiomee B ceff AuHA0, NOXO3peBaeMyl
Ha SKCTPEMYM.

[Tpumep 1.8.5. dyHxunonan tor e, 410 nu B npumepe 1.8.4, JleBsifi KoHen
AUHHll CPasHeHUR nepeMenlaerca [0 MOBEPXHOCTH Sy, Npasbli — MO NOBEPXHOCTH Sa.

Ecan anHun E nmojospeBaercs Ha IKCTPEMyM, TO CTPOMTCS MOJe SKCTpeManed,
pkaoyarouiee E, rpancsepcanpioe x Sp. OObiado rpebyercs, urobml yacTs noBepx-
goety S, coxepmaumian Jesbllt Kowen Jaunuu E, aexana Obl BHYTPU NOCTPOEHHOrO
o,

[Tpumep 1.8.6. dysxumuonan tor xe, 4To u 8 npamepe 1.8.4, koHUpl ukcH-
poBadsl, auuua E, nogospesaemas Ha SKCTPEMYM, MMeeT yrioByio T04Ky C (X, I').

CrpouTcs IeHTPadbHOC 1M0J¢ C IEHTPOM B J1eBOM KOHUE annuu FE, H Kakoe-
subyab HelleHTPAJbHOE 10Je, COfepaulee npakbill koHew AuHuK E. TpadcsepcaibHble
MOBEPXHOCTH BTHX noJeli coorsercrrendo 0_ (x, y)==const u 0. (x, y)=const.
Touka C sgexur ma mosepxoctd 8_ (X, ¥) — 84 (&, ) =0_(xs, ¥¥) — 0% (wn 34y
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orieanowell nmocrpoentsle noas, Taxum obpa3om, oaua wacTh auHnk B npunagiexuar
ojHOMy 1NOJIi6, a Apyray - FIOpOMY NONO; TOYKA C JeRuT BHYTpE O00ux noaed,
X3
Npumep 1.8.7. Uccaenyercs ynxiuodas J (y) == I F(x, y,y"ydx npu orpa.
X1
HpdeHdan y — ¢ (x)=0. Jlnnua E, mogo3pesaeMan Ha SKCTPEMYM, COCTOHT H3 Kycka
skcrpemann AKj, Kycka rpaduust KyKp (¥ =9 (X)) u Kycka skctpemaan KgB; A u
B — xoneunbie TouRM JuHuu E.
Has uccaefopanus faHaoro GYHKIIOHAIA CTPOUTCH LEHTPAABHOE NIOJE C [EeHTPOM
B A, npudem KjKp npuHaMaeTcs B KauecTse TpPaHullbl MOCTPOEHHOrO M0as, nocie
4ero CTPOMTCA noJe (Mpasoe) M3 dKcTpemajefl, Kacaiowluxes rpasunpl. O6blyHO Tpe-
Gyerca, arobbl npaBoe noje coiepxano BHyTpH cebn Touky B.
eapobHoe nocTpoeHHe yKa3aHHbIX Bhlne nojefi cm. Tonrep ().

1.8.7. Onpeneiende NOJf s BapHalMOHHBIX 3ajau B ma-
pamerpuueckoil dopme. B cootBerctBuu ¢ n. 1.8.4, nosexn Pyux-
yuoxHaaa

Q:éFm%xywt

Ha3HBAIOT BCAKYIO obnacte D (mpuHagaexxawmyio obsacty G nao-
CKOCTH X, ¥, B KoTopoil OYHKuMA F TpmmAb HelpephBHO judde-
pennupyeMa), BMecTe ¢ HenpepsiBHo fHpdepernupyemoit B D QyHK-
el 6=10 (x, y), Ha3bIBaeMOH HAKAOHOM nOAs, ecid B [) uHTEr-
pda 'nav6epra

§ F;C (x, ¥, cos 0, sin 8) dx -+ F5’ (x, ¥, cos b, sin 8) dy
L

He 3aBHCHT OT NYTH HHTCTPUPOBAHMA [, a 3aBUCHT JHIIb OT €ro
HayanbHOH M KOHEYHOH TOYeK.
QHomapaMeTPUYeCKoe CeMeHCTBO 9KCTpeMadeit

x=g (¢ B)
y=4(,B)
fOKpLIBalONlee OJHOCBA3HYIO o6nacTb [ NAOCKOCTH X, ¥, ofpasyer

noie, ecaum ¢, ¢, 3, & HempeprBHO AudPepeHUHPYEMb B PAMO-
yroiabHo#t obaacth (£, sSf<Cly, B =<B<Cf,) u B 3roit oBaacru

O(p 9)
108 Kk

tysst=cty, Br=sB=By,

Cwu. Axnesep [1], Bauce [1f, JlaBpenrses u Jliocreprux {1].

§ 9. JocraTounbie YCAOBUS 3KCTPEMyMa

1.9.1. Joctatounoe yciaosue Befiepmrpacca. Ecan £ — sxerpe-
© Majnb, O KOTOPOfl npenfionaraercs, YTo OHAa JOCTaBAAET IKCTPEMYM
tdynkuronany J(y), To 1aa BLIACHEHHA XapaKTepa 3TOTO 3KCTpeMyMa
HCCIeAYeTCA 3HAK NpHpPawleHns QyHKLHOHANA

A =J(C) = J(E)
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rie C — IMHUA CPaBHEHUA, NDUHALIEKAULas CHUAbHON Mam caaboft
_ okpectHoctH E, mim we mpuHajnexkauias o6macTH onpejenenus J.
Vimeer mecro dopmyaa

AJ=§E(x, v, u,y) dx, (1.9.1)

rie E(x, ¥, u, y) ectb Gynkuua Beitepmtpacca aas noas
E(,yu,y)=F33)—Flqyu) —

— 2 =) Fy}(x, »u), (192)

i==]

au (x,y) — HakIoH NoJa 3kCTpeMaaed ¢yHxkuuonaza J(y). Ms (1.9.1)
u (1.9.2) cieayer mocratouHoe ycnosue Beffepuirpacca: ecian IHHHA
E, nojo3peBaeMad Ha JKCTPeMYyM, MoxeT GhiTh OKPYweHa HOaeM
H B 9TOM I01e IIA BCeX TOYeK (X, ¥) B IIPOM3BOJBHBIX KOHEUHBIX
3Hayenuit ¥’ ¢ynkuus Befiepumirpacca HeotpuuatenbHa (HEHOJOXKH-
TelbHAa), TO AMEHA E HocTaBiafgeT GYHKLHOHATY -
. X2
Tn=\ Fl,yy)ydy, yx)=y, 9=y,
B3t
CHAbHBIH MHUHUMYM (MAKCHMYM). .
Popmyaa (1.9.2) moayyaerca mocpeACTBOM HCIONL30BaHHA MH-
terpaia [nab6epra:

M =J(C)— J(E)=\ F(x, 3, ¥)dx—
) .

. n N
—\[Fean w4+ i —u) Fop (6 3, w) ldx =
C i==]
=\E, 3 u y)dx,
2

B NIPeAMOJ0XEHNH, YT0 NMHHA E OKpYXeHa I01eM C HAKAOHOM & (X, ¥).,

Mpumep 1.9.1. HeceaegoBaTs Ha 3KcTpeMyM BYHKIHOHAL
b

. J(3)=[y3dx, yO=0  yB)=g>0
0

Ypasyenue Diiiepa—Jlarpanxa

2 3z o
dxély =0, y'2=const,

CAeN0BATEAbHO, YKCTPEMAM npsMble, DKCTpeManb, YIOBJAETBOPAIONAR KPAEBLIM yc-
AOBHAM, €CThb y=—‘§ x. Yecaosue Jlexanipa Fv,y,=6y’=6%>0 Ha BKCTpEMaJn
BbiNoJHEN0. DKCTpemanb BKIOUAETCH B T0Je y = «X, HAKAOH KOTOpOTO p==y/x. B
9TOM mode ycaosue fko0HM BHINOAHEHO, TaK KAK 3KCTpeMalh HMIJe, KPOME TOUKH
(0, 0), ne nepecexaorca, Pyuxiua Beflepmrpacca uMeer Bul

E(x, 3, p, y)=y'8—p3—-3p2(y'—p)=(y' — P2 '+ 2p).
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Ycaosue BeflepmiTpacca He seIno.aHdeTed, 6o MoxHo Tax BbibGpaTs y’, 9TO (yHKUMA
BefiepmTpacca GyneT npUEKMATb MOJNOXUTENbHEIE W OTPHIlATeIbHble 3HAY9eHHR. Cuibe
HOFO MHHHMyMa Her, Tak Kak QyHKIus BeflepuiTpacca He cOXpaHfeT 3HaK B TOYKAX
Hecaeayemoll sxcrpemann. OxHako crabuili MuauMyM umeercs. Cw, npuMep 1.9.4.
Mpumep 1.9.2, HecaenopaTh Ha 9KCTpeMyM G yHKIHOHAL
2

J() = [ (xy't —2vy'3) dx, y(h=0, y@=1
1

Ypasuenue dftaepa—Jlarpamxa

d .-
— 28— 1B Gy’ —
2y T (4xy 6yy'2) =0

nan Y'Y (y — xy') =20, sxcrpemanu — apamble, KpaeBsiM ycaoBuam  yxoBiaeTBOpAeT
aKcTpeMasp y=x — .
[Tonre uMeerca, OHO COCTOMT M3 NPAMbLIX, NAapalelbHbIX YKA3@HHOR dKCTpEMAH,
MoOKHO 0K43aTh, ¥TO JOCTAaTouHoe ycaosde Beflepuirpacea BbinonHsercd, B Haan-
YyH CHJABHOIO MUHHMYMa MOXKHO yO0etnTbeH HenoCcpPeACTBEHHbIM [OACYETOM, &
UMEHHO,
2

B =J(y-+o) =T ()= [ o2 re242(1+ 5 — )0’ +6(1 —w) dx.
1

Tak Kak 1=Sx =<2, T0
x02f2(l4rx—0yo'+6(1l—0)<<2024L2@—0)o’'+-6(1 —0)=
3—w\2 — w)?
=2{<wr+_2_“’> +3(1_m)_(3’_4“’_)_}_

IocaexHee BelpaKeHnue Gyxer MOMOMUTEIBHBIM, €C]U MOJOXKUTE bHbIM OynerT Boipa-
— )2
wenve 3 (1 — w) —-—4—) . Pemwas HepaBeHCTBO

— w)

3l—wy =8 - 2o,

HAXOAHM, UTO OHO BHInOaHAeTcd npy — 2V 3 —3=<w =<2V 3—3 u, Bo Beakou cay-
gae, npu | w | =<1/3.
Taxum obpasom, AJ=J(y-} o) —J(»>0 npu |0 |=<1/3 v Ha/nUke CHIABPHOIO
MUHHMYMa yCTaHOBJAEHO,
Mpumep 1.93. Heeneposate Ha skeTpeMyM dyHKINHOHAA
a .
[6y2 =31t synde, y(O)=0, yl@y=b a>0, b>0
0

8 Kaacce Cy.
Dxerpemany — npambte y=C;x + Cs. KpaeBrlM ycJ0BuiAM YAOBAETBOPAET

y=-_ x; 91y 9KCTPEMaJb MOXHO BKJIOYHTH B 1OJe _v==;x—|—ﬁ.
dyuxuus Beflepmrpacca
E(x 3, ¥, pr=—(y"—p)?ly'2+2py’ — (6 — 3p¥)].
MuoKuTe b, 3aKJAIOUEHHLIA B KBagpaTHy0 cKobKy, ofpamaerca B Hylbh H MOMET uU3-
MeHNTb 3HAK JHINE OPH MeEPexoAe 3’ depe3 3HAYeHHE y'=—p11/6-f2p2. Tipu
p=V3 u awobom ¥y

y'242py’ — (6 —3p2) =0,

npu p<< V3 ye :{— 2py’ — (6 — 3p?) uamensier 3Hak. [Ipn ¥/, Majo OTAHIAIOUIHXCA
OT p. uccAelyeMOe BblpAaXeHHe MOJONHTENPHO NpH P>>1 U OTPHUATEABHO NPH
p<<l. Otaogd, npu p==b/a<C1 nam b<a, E=<0, umeer Mecto caabbili MUHUMYM,
Hpu p==bja=7V3 nmeer mecro cuibnuifi makcamyn, Ilpu p==>b/a<<V3 Her nu
CHABHOTO MAKCUMyMa, HH CHABHOIO MUHHMyMa,
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1.9.2. YnpouenHoe A0CTaTO4YHOE YCIOBHE CHJAbHOrO 3KCTpe-
myma. Ecau bynruma F (x, y, ¥') Zonyckaet pasnoxenne no Gpopmyre
Te#nopa npu mobom y’

F(o,3,9)=F(x,y o)+ Zl Wi—u) By (o yw) +

n
1 - 3 . oy
+ 5 2 (Vi — a1 Ve — 4] Fybv'e (X, ¥, u),
i, k=l
p=u(x, 4Oy () —ulx ), 0<b<],
TO
1 n R
E(u V)=5 . ; 1 [¥i — u; ) [Ve— 8] Fj'iyé {(x, y, u).
I, k=

Ortcioga: auHuA y ==y (x) pocrasaser QYHKUHOHATY
Xg
VFny y)dy, y(x)=m yx)=y,

X1

CUALHBIH MHHHMYM (MaKCHUMYM), €CAM OHA MOXET ObiTh OKPYHeHa
noaneM, B Ka/oil TOUKe KOTOPOro KBaapaTHyHas dopma
n
F. o F..=F,. (v, —ov<o
e v U T ive i ' ’
MOJOXKHUTEILHO ONpeneIcHa.
Ilas enyyan n =1 rnocneiHee 03HAUAET, YTO B HEKOTOPOH 06-

nacth, comep¥aleil KCTpeMaib, BLITOJHAETCA HEPAaBEHCTBO
Fyy (X, 3, v) >0, — o0 << v <<co.

MoxHo mokasath, 4YTO ynpoumeHHoe HROCTaTOYHOE YCIOBHE IKCTpe-
MYyMa HE€ ABIdgeTCA HeoOXOMUMbBIM I CHABHOTO MUHHMYMa,

Cw. Axnesep [l], Nonoanenus 14 u 11,

1.9.3. JlocTraTounble yCJAOBHS CHJALHOIO SKCTPEMyMa B 3aJayax ¢ MOABHIK-
HbIMH KOHAAMU. HIKe paccMAaTPHBAKOTCHA BAapHALMOHHbIE 3a1aW, YKA3aHHbIE B NMpU-
mepax 1,8.4— 13,7,

1. dau dyHKuMOHaN

Xa
JW=[Flynde  y={s yo e, 3b Y ={v. 5. b
%

aeBbIfl sl‘mueu AnaAR CpaBHEHMS QHKCHPOBAH, NPABbIA KOHEN MEpeMelaeTes no NoBepx-
HocTh S,

Jlusua E, nozospesaeMas Ha SKCTPEMYM, BKAKYAETCA B MO0Ae, KAK YKa3aHo
B npumepe 1.8.4, :

© Lag voro wrolst auuus E nasaas cuabHoik munuMyn (MaxcumMyM) xandony dbyug-

LHOHaMy, A0CTaTouHO, uTo6st yHkuMs BefiepuTpacca HOCTPOEHHOrO moas Obiaa He-
OTpHIATEeAbHONA (HENOJIOKHTEAHbHOM).

2. Tot e ¢yHkuuonans, oba koHUa noxsWXHbl, JluHus E, noxospesaemas Ha
BKCTPEeMyM, BK1OYALTCH B N0J€, Kak yKasaHo B mpumepe 1.8.5. Hakaou noas — u (¥, y).
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Hns toro grobbl Aunus E jaBana CHABHLIA MHHHMYM LaHHOMY hyHKUMOHaAY,
£0CTaTOuHO, uToGbl (ynkums Beflepwrtpacca Obia HeOTpuLATENSBHON N TpaHcsep-
canpHAA MOBEPXHOCTH, TPOXoAfman yepes AeBbifl KoHel E, Kacanach ToBepXmHOCTH S
naﬂyrgn, ecmd F(x, ¥, u(x, 3))<<0 (u3BHe — ecam F(x, y, u(x, ¥)>0).

. dyuKUMOUan ¥ 3axava npumepa 1.8.6, JieBoMy noJw cooTBeTCTBYeT (ByHKUNS
Beflepwrpacca E_, npasomy noawo — E,

Hast Toro urobsl quuna E, mofo3peBaeMas Ha SKCTPEMYM U HMEOWIas YTAOBYIO
touky C, 1aBaja CHABHLIN MEHUMYM, JOCTATOYHO, 9T00LI TOUKA Jekana Kax BHYTPH L eH-
TPAALHOrO 110JH, HCXOIAMIEro U3 TOYKH A, TAK H RHYTDH NOAS, Cojepxanero Touky B,
n urobul pyHKuuM Beflepinrpacca Opliu HeOTPHUATC/BHLI KaKias B CBoeM MnoJe.

Hmeer mecto caexysouas :

Teopema. Tlycrs Ejp2 — nonycTimas Kpusad, MMCIOMad TOABKO OIHY yIAO-
BYIO TOUKY, JEXAWYI0 Ha KPHBOK Lo, ¥ MMeomas TONbKO 10 0IHOH obuefi Touke
¢ KpusbiMH Ly u Lo,

Ecan kpusas Ejge yIOBJIETBOPHET XOCTATOYHLIM YCJIOBHAM CHJILHOTO OTHOCH-
TeABHOTO MUHHMMYMA AJAR 331a9M C 32KpenJeHHIMH KOHUAMM, TO OHA CONEPMUTCH npH

==4{ B OTHONAPAMETPHUYECKOM ceMeHCTBe JKCTpeMaJdel, mepecexamowHx AuHuM L,
Lo, Ly, Hecaegyempli pyukunonan J Ha 3Tom ceMeHlicTBe npespamaercd B (yHK-
wito J(f) napamerpa £, Ecau dynxuda J(f) umMeeT OTHOCHTEAbHbII MHHUMYM npu
t=20, 10 Ep2 zacT cHIbHLIA OTHOCHTEJBHUI MUHUMYM (yHKUHOHAAA J B CACAYIOMEM
cMBICIE: HA ILTOCKOCTH XV CyulecTsyeT Taxaa oxkpecTHocts F wpusoit Eigg, 9rO Aad
BeAKofl ponycrumofl Kpusol Ct‘ fewamel 8 F 1 nepecexaromed aunun Ly, Lg, La,

BRINOANAeTCA CootHOwenue J (C))=J(E ).

Ecan dynkmua J(f) npu ¢ =0 nmeer crporuft muuaumym, 1o Ergy Takwe naer
crporufi munnmym, B cayuae, xoraa Ejge yIOBJIETBODAET HOCTATOUHBLIM YCIOBHAM
¢1a60ro OTHOCUTEJBHOIO MUHHMyMa I/8 3alau¥l ¢ 3aKPenJeHHsIMH KOHIAMHU, BCe
y1BeDKIelrd, BbICKA3aHHbIE BblIe, COXPAHAIT CUAY, eCAd 3aMeHHTb B HUX CJAOBO
«cHIbHb» HA «caabbiily, 2 «OKPECTHOCTh F» Ha <OKPECTHOCTh K MHOMXECTBA dJeMEH-
1oB (X, ¥, ¥') kpusofi E g9,

4. ®yuxuponas u 3aiaua mpumepa 1.8.7,

Has rtoro wrobul anaua E, noio3peBacMas HA SKCTPEMyM, 1aBajld CHABHBLIA
MIIHIMYM B 3ajade HA OZHOCTOPOHHME BKCTPEMYyM, IOCTATOYHO, UTOObI TOYKA CThHIKA
3KCTPEeMaJy C rpaHuucii Jexajna BHYTDH JMeBOFC 10JA, ToYka B — BHyTpM npasoro
noast u xas ofoux noteit dyHkuuu Belicpwtpacca 6u1an HeOTPHUATEABHBI,

[Mogpobuoe usaoxenue sonpoca cM, I'ontep {1], Kepumon [3].

1.9.4. NoctaTouHbie YyCIOBHA caaboro aKCTpeM?lma PyHk-
HOHaNa, 3aBHCAMLEro OT HECKOJBKHX ¢yHKuui. Paccmorpum
@YHKLHOHAA :

X2
T =\{Fx, 3, ) dx, yx)=y, ylxs)=y,.

X1

Ecau axcrpeMaab Y=y (X) MOXHO OKPYXHTb I[101eM U eCaH
KBaApatuyHas dopma

n
i g‘— 1 Fyioe B0 3 (0, 3 () mymy,

ONOXUTEIbHO ONPeReNeHHa MPH X; <5 X << Xy, TO 3KCTPEMaib Jaer
caalbiit MUHHMY M.
IMpn n =1 nocrenHee yc/loBHE HMEeT BHI

Fy'y‘ (x, ¥, ¥) >0, XXX

(11epaBeHCTBO BLINOJNHAETCA B TOUKAX 9KCTPeMalH).

YuutpiBas ckasaHHoe B M. 1.8.5, MOXHO yTBEDXIaTh, UTO 3KCTpE-
Malb J0CTaBlAdeT MHHHMYM, €CAu BIOJb Hee BLINONHAETCH YCHIEH-
Hoe ycaosue Jlexannpa, u 3aMKHYTHH MHTEDBan [x;, X,| He comep- -
WHUT 3HAYEHHUH, CONPAXEHHBIX C Xj.
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Mpumep 1.9.4 (cm. npumep 1.9.1). HccaegoBats Ha 9xcTpemym ¢yHKIHOHAN
b
Jy={y3dx, yO=0  yby=g>0
0

Mcxons 3 CKa3sauuoro BbIWle, 4 TAKke H3 pe3yJsraroB mpumepa 1.9.1, moxHo
BaKMO4UTH, UTO (PYHKIMONAN JOCTHFAET MUHUMYMAa HA DKCTPEMAnd y=% X,
Mpumep 1.95. Hcenegosars Ha axcTpeMyM dyHKIHOHAA

1
[or—syyds,  yO =0 yH=0
0

Ypasuenue Jfinepa — Jlarpadma 149 1aHHOTO PYHKIUOHANA €CTh
2y — @ —8yy)y' =0

Emy ygzosaersopaeT dyuknug y ==0, Ha npamofi y =<0 umeenm

Fyy=2=63"| y—0=2>0.
VpasHenre 5061 (ecH yaects, UTO Ha AmmH ¥ ==0 umeen Fyy=0' F,vv’ =0) xaer
7’ =10, oTKyAa -
n=A4x+ B.

Tak kaK 7 (0) =0, T0 1 = Ax, U fAcHo, uTo ycaoBue $SIKoGu Buvimoansercs, ubo,
kpome x =0, HeT TodYek, B KOTOpuIX GbLto Obl 1 =0. Takum oOpasom, npamas y =0
LOCTaBJAET TAHHOMY (QyHKUUOnay c1aluifl MUHUMYM.

Npunesss ¢ysxuwio BeflepuiTpacca, MOXHO 10K43aTh, 9TO CHJIBHOIO dKCTpe-
MyMa gaHBblf GYHKIUOHAN He HMEeT,

1.9.5. locTaTounble YCIOBHS 9KCTPEMYyMa JJist BApHALHOHHbIX
3ajau B nmapamerphueckol dopme. Ilyctb L: x =x(8), y =y (s),
§, =C § << S, — IKCTPeManb (QYHKUUOHANA

2
Je={F(x y % 9 dt.
£

1°. Ecin L MOXHO OKPY®HUTb IOJKEM C HaKIOHOM 0 (x, ¥), BHYTPH
kotoporo Gynkuna Befhepuwitpacca E (x, y, 0(x, v), ) Heotpuna-
TenbHa (HENOJOXHMTeAbHA) nias moboro 3HaveHus ¢, To0 L HoctaBiaser
QyHKuHoHany J. CHIAbHbBIH MHHUMYM (MaKCHMYM).

2°. Ecan L MOXHO OXPYXHTb TOJ1eM M Jisi BCEX €€ TOUEX NpH
moGom 3Hauenud Fy (x (s), y (s), cose, sing) >0 (<< 0), T0 L nocras-
adetT QYHKUHOHANY JC CUNbHBIH MHHHMYM (MakCHMYM).

3°. Ecan Ha L mMeeT MeCTO HepaBeHCTBO
Fi(x(s), y(s) 2 (s), ¥ (5)) >0 (<<0), 8153,

T. €. BHINIONHAETCA YcuneHHoe ycaosue Jlexanapa B (opme Befiep-
mTpacca, 10 L pocrasiasger QyHxuuoHany Jo cnabbiil MUHHMY M.

O OCTATOUHBIX YCAOBHAX HKCTpEMyMa fas BapHALMOHHLIX 34123 B napaMerpu-
geckoii popme cM. Bauce {1].
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§ 10. BapuansoHHble 3ajauy ¢ YACTHbLIMA NPOU3BOXLHLIMU

1.10.1, TlepBoe Heo6GxoauMoe yCcia0BHe. YpaBHeHHe Jijepa —
OcTtporpajackoro. PaccmatpuBaerca HHTErpan

J(u):SSF(x, I, Uy, uy)dxdy,. (1.10.1)
D

roe F(x, ¥, u, p, q) ABaXJA6 HenpepoBHO nHbGepeHnupyeMa 1o
COBOKYNHOCTH CBOHX apryMEHTOB HiA JI00BIX KOHEUHBIX p, §, KOrla
TOUKa (X, ¥, #) NPHHAANEXNUT 3aRaHHON NpocTPaHCTBeHHOU o6nactu G.
B st0it o6ractu (G maHa HEKOTOPas HeNpepbIBHAA 3aMKHYTas Ipo-
CTPaHCTBEHHAs JUHUA L, Pa3nMyHBEIM TOYKAM KOTOPOH COOTBETCTBYIOT
pasanuHble NPOEKIMH Ha INOCKOCTH X, Y. IIpoekuns 3Tod nuHMM Ha
IA0CKOCTb X, ¥ €CTb KYCOUHO-TJajKad JuHHA [, OrpaHAYHBaIOIaA
o6nacte D. TpebGyerca Haiith ¢ymkuuio u (X, ¥y), HENpepbiBHYIO
BMECTE CO CBOMMH YAaCTHBIMH NPOH3BOAHBIME NEPBOro NOpsaxa B 06-
nactH D, UMEIILYI0 3aJaHHbie 3HaueHHd Ha KOHType B 3TOH 06-
JacTH ¥ JAlOILyI0 3KCTPeMyM 3TOMy (dYHKuIHOHAMY. '

Ecan ¢yuxunsi u = u (x, ¥) AoCTaBigeT 3KCTPEMYM (YHKIHMO-
Haay (1.10.1), T0 13 BapbHPOBAaHMA 3TOTO (PYHKIHOHaNa Ha ceMmefi-
cTBe (QYHKUMI cPaBHeRus d=1u(x, y) 4 an(x, ¥), 1(x, ¥)| =0,
crenyer

3 = SDS (Fut + Fuyne + Fayty) dx dy, (1.102)

B npeinonoXeHuH, Y10 4 (X, ¥) HMEET HENPEPHIBHLIE NPOU3BOAHbIE
BTOpOro nopsaika, npuMenenne k (1.10.2) dopmyaws I'puna—Octpo-
rpajgcKoro gaet

8 = \ du (Fy,dy — Fu,dx) +
) :

0 0
+ S S (Fu—Fx_Fux“WFﬂy> Budxdy, (1.10.3)
D

rae du=ay(x, ¥), a [ — KoHTYp oba1actu D.
Wa ycaosust v (x, ¥)| ;=0 n (L.10.3) BoiTekaer nepBoe HeoGxo-
AuMoe YCaoBHe: '

9 9
b= S S <pu_. = Fuy>6u dxdy=0 (L10.)
D
H, HaKOHel, YpaBHeHHe Djtnepa—OCTPOrPasCcKoro
P 9
Fu——d—x—_Fux'_'ngu);=or (1105)

KOTOPOMY [JOMXKHa YZOBIETBOPATb (YHKUHA U = u (X, V), LOCTaB-
asowan skcrpemym dyskuuonany (1.10.1).
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WUma OcTporpasckoro npHCBOEHO 1I0CAENHEMY YDABHEHHIO B CBA~
34 C ero BaXHHIM MemyapoM 1834 r., nocBAILEHHBIM BapHALHOHHOMY
HCYHCICHHIO KPaTHBIX HHTErpanos,

Npuwmep 1.10.1, Jdan dynxunonan (peterpan Hupux.ie)
J I (u:‘;—}- uj’) dx dy.
D
Ypasuennem diirepa—~OcTPOrpasckoro aas Hero apafercs

» "xx+”yv=0

— 1, e. ypasnenue JAanaaca,

Io moBoay Bo3MokHOCTH nocTpoenns QyHxkuufA cpaBHeHUA AAR PacCMOTPEHHOMN
BapualitoHHoA 3azaun cM. Axuesep [l]. Iouncadenusn, 23,

O6uiast TMOCTAHOBKAa BapHaLHOHHON 3aaadu 1js n-KPaTHOLO HWHTerpa’ta coiep-
wyres y Jlaspentbesa ¥ Jliocrepruxa {1}, a Taxxke y Teapthanna u Pommna [l1].

1.10.2, HWuBapuaHTHOCTb ypaBHenwus OJhaepa—OcTporpaj-
cxoro. Ecau B dyuknuonase

§§ P 9w, vy uy) dedy
[2)

MPOM3BECTH 3aMeHY mepeMeHHbx x =X (§ %), y =y (§ 7), r1e Hamu-
caHnble (YHKIHY HMEIOT HeNpPEPbBHblE YACTHHE MPOU3BOIHbIE U
0(x, ¥y
d & m)
YalTCA M3 3KCTpeManel JaHHOro QYHKIUOHANA MOCPEJCTBOM YKA3aH-
HOIl 3aMeHbl [EPeMeHHbIX.

Mo¥HO 0lHOBPeMeHHO NPeoGpa3oBbIBATL (PYHKIMIO M HE3aBHCH-
Mble HepeMeHHbie ¥ [Ip# 9TOM ypasHenne Jfinepa—OCTPOrpajcKkoro
IaHHOTO (PYHKIMOHANA OKa3hbIBACTCSA PABHOCHIABHBIM YPaBHEHHIO diine-
pa—OCTporpaacKoro nojayueHHoro QpyHxuuoHana.

#0, 10 sKcTpemann npeo6pa3oBaHHOro QYHKHHOHANA MOAYy-"

MNpumep 1.10.2. Ecau x =pcosb, y=psinb, To

% _ o050, 20— Linn, 90 _gng 9 _ !
ﬁ_cos T sin 9, oy——sm N ay_?cosﬂ
n
[j+a)aras=
D

B p 9842 o ,  ab 2] o
_.SDS [(llpdx+u9 5}) —}—(11953’—}—1190‘),) pdpd

{2t
Dy

Ypasteune Ditaepa—OcTporpasckoro A noaciennero yHKIUOHAAA eCTh He
YTO HHOe, KaK ypaBHeHWe Jjlanraca B noJgpHBIX KOOpAWUHATAX

Hy + pupp + - gy = 0.
1.10.3. Bropoe Heo6xoaumMoe yCJIOBHE Al 9KCTpEMyMa ABOH-

HOro WHTerpaia (aHanor ycaoems Jlewannapa). Jas Toro yToGnt
dynxuus u (x, y) AocTaBasna xoTa 6bl c1abbiil SKCTPeMyM (yHK-

uronany
J(u)=S§F(X’ B U, Uy uy)dxdy,



60 TJ1. 1. BAPUALUHMOHHOE WCYHUCJEHHUE [1.10.4

HeoOGX0ANMO BLINOAHEHHE HEPaBeHCTBa

Fﬁquq—Fﬁqao

B KawIoit BHYTPeHHeld Touke o6Gaactd D. Ilpu 3TOM Anst MUHHMYMa
HeoGXoMMO eule BHIIONHEHHE HEPABEHCTBA Fpp=0, a_mas Makcu-
du

Myma Fp,=C0. 3nech ucnonb3oBab 06o3naueHus p =0 q= bR

Nokasareabcreo cM. Axuesep [1].

1.10.4, Bapuauus ¢yHKUHOHaNa ¢ nepeMeHHON 06JaCTbI0
HHTeérpupoBanus. B n. 1.10.1 BapeupoBatace auts gpyuxuus u (x,y), .
061acTh Ke MHTErPHPOBAHUA OCTaBajach HEU3MEHHOH.

[TycTb HaHO B3aHMHO OJHO3HAYHOE M HENMPEPHLIBHO MduddepeH-
uupyemoe npeo6pasoBaHue:

x*=X{(x, y, a), Y=V (x, v, a), (1.10.6)
conepﬁ(amee napamerp o Tak, 410 x*=X(x, y, 0)=x, y¥=
= Y(x, ¥, 0)=y. Otciopa caeayer, uto sxroGuaH 0((Xx’ ;)_7&0 H

A4S ManblXx o UMeeT 3HAUeHHe, CKOMb YIOHHO GIH3KOe K eIUHHLE.
ITpeo6pa3zosanne (1.10.6) mepeBoaut ob6aactb D B HEKOTOPYIO
obaacty D* nm HOBas (QYHKUMA CPAaBHEHHA HMeeT BHUA -

u* = u* (x* y¥ a), (1.10.7)
WiaM, B UCXOIHBLIX [I€PEMEHHBIX,
w=Ulx, y, 0, w X ¥V, )=U(x, y a)

Paccmorpum- dynkimonan (1.10.1). Ilycrs ucxomnas ¢yuxuus
ectb u=u(x, y)(x, y& D). bygem nonarato, 4T0 NOBEPXHOCTh U =
=u(x, y¥) CONEPXHICA B ONHONAPAMETPHYECKOM CeMefiCTBE MOBEPX-
Hocreft (1.10.6), (1.10.7) npu 3Hauénmu napamerpa a =20

PyuxunoHan

’J—'S S F{x* y*, a* (x*, y*, o), ul, (x* y¥% a),
D*
u;* (% ¥% )] dx*dy* (1.10.8)

npu =0 xaer HCcXomEbIt GyHKuuoHan. [lociaelnee BHpamenue
MOXHO Mpeo6pa3oBath MOCPEACTBOM 3aMeHbl MePeMeHHOH B

J(a)=§D§F[X, Y, u* (X, ¥, o), ub (X, ¥, o), wh (X, ¥, @)] X

(X, ¥)
X s=——dxdy, (1.10.9
3 (x, ) XA (1109
rie MATErpan pacnpocTPaHeH Mo HeH3MeHHOH (MCXOXHON) o6aactH [.
Toaowus
_[8X _ [y __[ou* (X, V, a)>
”'—(—oﬂmo“' “y“<7;>a=o“' ‘“‘-(—“aa T emo®

=0

vy (P X Y ) sy (0% X0 ¥, @)
e U e M by=\""0« L



»
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noayuyaeM HCKOMYIO BapHalud B BHIE
8 =\ [Fdx 4 Fydy + Fdu+ Fydu, +
D .
+ Fugdity + F (32) + F (39)y] dx dy. (1.10.10)

ou* (x, ¥, @)

Oa a
H3MeHAeTCA NHIUb ), HONYYUM

du==8u+ u,dx 4 udy,

Bu,= (du)s + UK + By,

duy = (3u'y + uydx + uydy,

O6o3Hauas yepes ﬁz:( @ (X U Yy HeH3MEHHB,
0 : -

nocae yero (1.10.10) npunumaer BHA -
i i — —
= N\ H{ra— 55 Pus— 5 Py Jis - (P, +
D
+ (Fu50)y -+ (Fo)5 + (Fy),} dic dy
uayg, npaMenus gopmyay [puna — Ocrporpainckoro,

F) 0 \—
3= S S {(Fu—ﬁ F,,x—a}Fuy>Bu dxdy+
D i
[ Ox oW\ ox |, 0y
+ S kFuxd—n+F,,ya—n> Su ds + SF <ax5’7 +ay6_n> ds. (1.10.11)
{

Popmyast (1.10.3) n (1.10.4) ABAsAI0TCS YaCTHEIMU CAYYAAMH NOCAETHEN
dopMyasL

Ecam  u#=u (x, y)— 3axkcipemausb, TO mnepsuit uxed dop-
Myast (1.10.11) ucyesaer m Bapmauus 3/ npHHUMaeT BUI

- ox oY\ — o0x oy
3= S (Fuxa—;—{-Fuygﬁ) 3% ds + S F(Mzﬁ +3y 0_11) ds.
(1.10.12)

IlprBexennslfl Boime BbIBOJX cogepxutcs B kHure Kypawra--TI'manGepra [1], T. L
leomerpugecknit sbigog popmyasl (1.10.11) u crefersult u3 Hee nau y fiontepa [l].

BoiBox ¢Gopmyasr xad Bapualnu A-KPaTHOrO uHTerpana cM, y Ieapdanga u
®domuHa [1].

1,10.5. HuBapuaHTHble BapHalMOHHble 3aAauH. Teopema
9. Hérep. Paccmarpusaerca npeoGpasosanne

x*F=X*(x, y, u, a),
yE=TE(x 0y, 0, 0) }

(1.10.13)
u* = U* (x, y, 4, a), B
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3aBucAmlee OT napamerpa «. Kaxioll nosepxHocTU u = u (x, y) npe-
ob6pazopanue (1.10.13) oTHOCHT cemeftcTBO MOBePXHOCTEll, 3aBHCA-
ulee oT «,

xF = X* [X, I u (x, y)’ a] =X(xr I a)y

y*= r# [X, »u (X, y): a] =V (x, pa a)»

u* = U* [X’ y' u (‘x’ y)’ a] = U(.V, y’ a)'
[Tpennoaaraercs, uto x*~X(r »0)=ux, yV=V(x, 5 0)=y,

uw*F=U(x, y, 0)=u.
Hycts npu npeo6pasosanun (1.10.13)

JE— “ F(x%, %, 0%, u*,, u¥,) dx* dy* = \‘S Fdxdy (1.10.14)
D+ ’ b

(B 3TOM 3aKql0YaeTCa MHBAPHUAHTHOCTDh BapHauHOHHON 38,&21‘“4), TOrpa

o0J*
Bj“a(oa >a=0=0. (1.10.15)
M3 (1.10.15) u (1.10. 11) B cmxy IpOU3BOALHOCTH [ ClefyeT, uTO

: 0 0

_i_a_y(FuyaTz+Fay)=o. (1.10.16)

3ﬁer
L P P L
= 0x ja=0  \Oaja=o0 ' Y= 02 jau=0 F&a=0a'
— oU .
i (30), o (Ui U, abx = (UF + Ug ), g0

BuiBon coornomenus (1.10.16) u3 cBoiicTBa MHBapHaHTHOCTH BapHa-
{HOHHON 3afaun " COCTaBIAeT  COHEpPWKaHHE  TeopeMbl
3. Hérep (1918 r) :

[pusegendbii 31ecs BLIBOX Teopemul Hérep comep:kutca B kuure Kypamrta —
Fuanbepra (1],

Bojee ofwue paccMOTpeHna W npuaoxenus cm. eardanx u Powmux [1], Cw,
takxke [Toaax [1].

1.10,6. PaapbiBHasi 3ajaya mnepsoro popa. Paccmatpusaercs
$yHKUHOHAN

Jwy=\{ F(x, , 1, uy, uy) dx dy. (1.10.17)
D

Tpe6yetca nalith QyHKuUIO ¥, DPUHUMAIOULYIO HAa KoHTYype [ obaa-
¢ty [ naHHble 3HAYeHHs U HOCTaBAAIOIIYIO 3KCTPEMYM (YHKIHO-
naay (1.10.17), npuuem uacTHble I[POU3BOAHBIE HCKOMON (YHKINM
MOrYT HMeTh Pa3pPbiBbl HA HeKOTOpPo# nuHuM AB, neasmieit obaacts D
Ha ABe nogobiaactu, Dy n Dy
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$yHKuugA, xocrasafomas IKcTpemMyMm Qyskuuonany (1.10.17)
B Kakpo# u3 ofnacreit [y u Dy, YyAOBIeTBODAET YPaBHEHHIO
ditnepa—Ocrporpanckoro. Ecan u — dyHKkunsa cpaBHeHHA € yacT-
HbIMH [POM3BOIHBIME, HMEIOWUMH Pa3poiB HA aunun A'B’, 10, 060-
3nayas yepe3 ¢_ M o, 3HaueHus QYHKUHUH, onpeﬂeneﬂﬂoﬁ B obna-
CTH D COOTBETCTBEHHO .1as JeBoll M mpasolt momoGaacty, Oymem
uMeth Ha auaun AB (oM. m. 1.10.4)

bu_=p 34 qhy+du,  du,=pdxr+gdy+du,.  (1.10.18)

IMockonbky na AB dysxuua u(x, y) HenpepniBHa, 10 du_=23du,.

Hanee, obosnavas uepe3 ds 3snementT ayrn AB, dn— mauny
HopMamu k AB mewny AB u ABy, u,=p, Uy==q, U yUHTHIBas,
410

0x oy
o5 = cos Nx, o = cos Ny,

nonyyum  u3z (1.10.12) Bmpa)kemm Oas Bapuauuu QYHKIHOHana
(1.10.17) .

8 (1) = S [(F — F) b+ (— cosNx+ cosNy i —
AB

_<§.p;‘;cos Nx—f—gq—fj-cos Ny) B_u,k] ds, (].1019)

KOTOPOEe B CAYYae 3IKCTPEMYMA JOMKHO GHITh PasHBIM HYO:
8/ (u)y=20. (1.10.20)
Wcnoabsya (1.10.18), moayunm
Su_=23%u_ — (p_cos Nx 4 g_cos Ny) dn,
du,=%u, — (p,cos Nx -+ g, cos Ny) ¥n,

u (1.10.20) npuHumaer Bun

S{[F F+]—<dpF cos Nx +d_ cos Ny> (p_cos Nx - g_cos Ny) +

—F (%E cos Nx—i—d—— cos Ny) (p+cos Nx 4 g, cos Ny)} dn

-+ S {[(g{i cos Nx —{— — cos Ny>

OF
(0p cosNx+5—cosNy>] bu }d s=0. (1.1021)

Beuay npoussonssoctd dn u du_ u3 (1.10.2]1) caeayer, uro mogwu-
terpaabhble suipawenns B (1.10.21) paBHb Hymo,
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Takum o6pasoM, [OAYUAOTCA YCIOBHA

F.—-F - <§; cos Nx+ cos Ny) (p_ cos Nx 4 g_cos Ny) -
-+ <-0—F— cos Nx + = cos Ny> (prcosNx 4- g, cos Ny) =0, (1.10.22)
op 09, :
oF oF oF OF .
<d_pj — d_p:> cos Nx+<a—q—_— W) cos Ny=0. (1.10.23)

Ycaoeuwo (1.10.22) mowmer 6biTh NpUzaH BUX

oF oF
F.~F+=~d—p—[p-—p+]+ &1—_{4_—44 (1.10.24)

Yeaosua (1.10.22) (1.10.23) nau (1.10.24) wu (1.10.23) aHagoruuHst
yeaoBuaM Beitepmrpacca—3paMana.

Cwm. Tourep {l], KepumoB {4]. ¥ Tiontepa ycrosus (1.10.23) u (1.10.24) BoiBe-
JeHsl B MPENNOCJOKEHMH CYILeCTBOBAHMA BTOPHIX YACTHBIX NPOM3BOXHLIX UCKOMOM
(yHKUHMY, HEMPEpBIBHLIX BCloay B ofzactd D, MCKAIOYas JAMHWIO PA3pbisa ee NPOU3-
Bouplx. M. K. KepymoBbiM gan BbIBOX YK23AHHBIX yCA0BUH, HCTOMB3yWOMLUE ANLID
 uyacTHble NPOM3BOAHBIE MEPBOTO MOPAAKA MCKOMOH (yHKUAY.

§ 11. Bapunanuonnsie 3amaun Ha YCJAOBHBI 3KCTpeMyM

Huxe npuBomaTcs OCHOBHBIE CBENEHHS OTHOCHTENBLHO BapHa-
I{UOHHBIX 34724 Ha YCROBHBIA 9KCTpeMYM QYHKIUHOHANOB 0T (DYHKUHI
onHo#t mepeMenno#t. K 3THM 3ajayaM OTHOCATCS: H30MEpPHMETPH~
yeckas, 3ajaua Jlarpadwxka, 3amaua Maliepa, zanava boapna. [lep-
BbIE TPH 3aflayy MOTYT PaCCMAaTPHBATLCA KAaK YacTHble cayyad 1o-
cAejHed, 4To B H3BeCTHOH Mepe O6ygeT HCHOOIb30BAHO HPH HX
H30¥EeHNH. N

1.11.1. Hsonepumerpuueckas 3agaua. Cpexs BCex KYCOUHO-
FIafKUX BEKTOP-PyHKUui

y={y () y2(x), .., ¥u (O},

NPUHKMAOUIMX 3afaHHble 3HaYeHHsl Ha KOHIAX MHTepBaia [xy, Xsl,
HafiTH Ty, KOTOPasA HOCTABIAET KCTPeMyM QyHKUHOHARY

L=\ fo(x 3 ¥)dx

X1
NpH CBA3AX !
X2
L=\ fikyyde=L (=12, k.
X1

MMpeanoaoxennsa Pymund f, (X, ¥, 2), f; (x, y, 2) onpe-
geleHbl ¥ UMEIOT HellPePHIBHbIE 110 COBOKYHNHOCTH BCEX CBOMX apry-
MEHTOB [POU3BONHbIE BTOPOro MOpANKa, KOTAa Toyka (x, y) npu-
HAIEKAT HeKOTOpol obaactk G npocTpaHciBa (x, ¥), @ BEKTOP 2
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npoGeraer alo6bie KoHeYHbie 3Ha4YeHHA. Bapuauun ¢yHKIHOHANOB
J; (¥), B3ATHE HA MUHHMU3UPYIOMIEM BEKTope, THHE{IHO He3aBHCHMBL.

3ameuaHue. 3anaqa MOWeT ObITH JHIIEHA CMbI_C.TIa, ecn
3HayeHUa Li NPOU3BONbHLL, NPU 3TOM MHOWECTBO HOITYCTHUMBIX BEK-
TOP-PYHKUHI MO¥KET OKA3aTbCsa HYCTHIM.

Mpumep J.1L1. Cperu Bcex KpPHUBLIX AJUHBI [, COETHHAIOMHUX IBE 1auHLIE
Toukn A 1 B, Hailty Kpusyio, orpamuunsamny imecre ¢ orpeskom AB nanboas-
WYIo 1I0ans,

Ecan 4 u B — rouki ocu abeuuce (@, 0) u (&, 0), To 3a1a4a CBOLHUTCH K OTbic-
KaiHi0 MaxcuMyMma HHTCrpasa

b
J= Iy dx
a
npH yCIOBHUN

b
TV iey® ax =t
a

ay(a)=y(b) =0

3xech cnc;lyer cuutdrh I > b—al

Npumep LILZ Ilycrs och Ox Apanercsa CpeIuHHON 0ChI0 BOJIHHETCTO MPG-
(hH JH XKe, 1033 le‘[‘{é'\l noc, 'If‘}IH]/Il/] MPOXOAUT qepes Haga.10 KoopIUuHAT, a OPIUHATHI
IPUHUMAIOT OXMHAKOBhlE B3HAYEHHA B TOUKAX, alcuucchl KOTODPLIX OTIMYAIOTCH HA
IIUHY BOJHBI, pasHylo 4x¢. JauHA 9eTBepTH IYTd BOJHBL

S1 X1
31=g ds:éf Vitsiax

O6beM 1 BeC COOTBETCTBYIONIEro KyCKa Xe.f1e3d npoimopnuyoHasbusl 3TO¥ BeaUYHHE, a
KEeCTKOCTh ﬂpO(bHJ[ﬂ XapaxKTepuU3yeTcd MOMEHTOM HHepUuH

Sy X [
— [ yras=[ w2V i4y2ax
0 0

Kpaessie yerosus: ¥ (0) =0, y(x1) =" (x1)==0.
Tpelyerca: a) cpPeiu BCeX KPHBEHIX, YAOBJICTROPRIONUY YKA3AUHBIM BbliNE yeso-
BUAM U HMEOUIUM OJIHHHKOBy!O IJUHY, HaiTu Ty, MOMeEHT H}I("p_uﬂ’l KOTOpOrI MAaKCH-

ManeH,
6) Cpexu BCex KpUBLIX, yIORIETBOPHIOUIIK YKA3aHHLIM ye JOBUMAM B HMEOMHX
(PUKCUPOBAHHBIE MOMEHT WIEDIUH, HAATH KPUBYHO MUHUMAABHON TAAHLL

1.11,2. MMpasuio muowutened. Ecan kycouno-raagkas kpusas
y=73(x), aewaimas (3a BO3MOWKHLIM HCKJIIOUEIIHeM KOHIOB) BHY-
o G, gaet QyHKuuoHany J, (¥) SKCTpPeMyM INPH CBA3AX

Ji) =1L (i=1,2, ..., k),
TO CYHIECTBYIOT TAKHE KOHCTAHTHI )\j. 3+ k{ + ..M =1, uro
kpugas y =7y (x) asagercs Iig QyHKUHOHala

2 :
V ofo HMfi o+ afpddx

X1

06blyHOH (6e3yCROBHOH) 3KCTPeMadnio, T. €. 9KCTPeuMaibio, OTEeyano-
nieii ¢cBOGOAHOMY, HE CTECHEHHOMY KaKUMU-1ub0 CBA3AMU Bapbupo-
BAHHUIO.

3 laad J. S
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Ecan uckmouuts cayuau, xoraa sHOwHTeaIn /1, 0oG6palaioTcs
B HYAb, TO H3 YKa3aHHOrO BblIlle OPABUIA MHOMHTeRefl BhITEKaeT
MPUHUKIT B3aUMHOCTH: COBOKYNHOCTb YCIOBHBIX 3KCTpemasell He 3a-
BHCHT OT TOrO, HCKATh AU 3KCTPeMYM (yHKUHOHaaa J, opu -pukcupo-
BanHuix J; (i=1,2, ..., k) uap uCKatb 3KcTpeMyM J, npy GuKCH-
poBaHHBIX Jy 0 J; (i£m, | <<i=CR).

[lpasnto muoxuteseil 8 upumencHin & npudepy L1L1 npusoiur 5 Bapbupo-
BAHUIO (:))’HKX.LHOH{L":H .

b
I (y + V-]-;-ﬁxi) dx.
a

[lepsbIft uHTErpan ypasH2uud Jiinepa—J/larpamka aToro ¢GysKuuosasa

y+)\V1-|—y"-’—-)\y"y—=zz uan y=a————i——.
Vitoe Vit

[osaras s nocaegdHeM y =tg¢, noiyuaem y=oa — Acos o, 1 nocae guddepeny.
pOBaHUA TOTO CoOTHOUIeHUR: y' = A sin v%c =1{gp, oTkyna x=>Xsin¢-4f. ¥pas-

HeHun skcTpeManedl: x =2 sine 4-§, =—Acosp + a, Takum 00pasom, noaydeHo
cemeficrBo oxkpyxHocTefl. OcTaeTcs HAWTH C(KPYKHOCTb, NPOXOXSULYIO yepes Touku A
u B ¢ nausod paunoft nyrm  AB. BeBOx npasuia MHOXUTeJell cM. JIaBpeHThEB M
Jlrocrepuux [2], Tonrep [1], Axuesep [I]. BelBog npaszuia MHOMMTe/NeH, OCHOBAHHBIN
Ha MeTodax (YHKUWOHAILHOrO aHaiusa, cM. Jlagpenrtbes u Jlocrepuux [2], [lu-
aos {1]. Cu. Takxke 1.15.9. .

1.11.3. ¥YcaoBus TpaHcBepcadbHOCTH. Y3onepumerpuueckas
3ajlaya MOWET CTaBHTbCA M CAELYIOUIM 006pa3oM: CpelH BCEX K-
COYHO-TAAAKUX BeKTOp-pynxuuit ¥ (x) Hality Ty, KOTOpas HOCTaB-
naeT skcrpemyM (yHkuuonany J, (y) npu cBA3AX

X9
Ji (9) =g [0 ¥ (%1), %0,y )]+ § fi (%, 3, 9) dx =0
X1
(i=1,2, ..., k).
B otoM ciyuae cymecTBYWOT TaKHe HOCTOSHHBIE kg Xy, ..., Ap

YTO UCKOMaA 3KCTPEMalb ABIAETCH 663)’CHOBHOH JKCTPECMaIbIo q))'HI{-
H{HoHana

X2

5 F(x)yvy')dxr F'=)\0f0+)\lfl+"'+)\kfkr

X1

npuuem KOHIlEBBIE TOUKH IKCTPEMAIN TaKOBBI, YTO TOXAECTBEHHO
BbITIOJIHAETCA DPABEHCTBO
/
/

k A n e
KF—— Zy;Fy;,)dx+ DIFydy,) 4+ dK=0
i=|1 i=1 1

npu BCeX dXy, dY;y, dXy, dY;. 3nech K=Mg -+ rg +... - g
OrHocuteabHo QYHKUHI g; npelmonaraercs, uTo OHM 06aanaior
HEMPePLIBHBIMH  YACTHHIMU  [IPOM3BOIHBIMH  TPETbEIO  HOPsIK4,
a MaTpuua

dg; 0g 0g Ig:
dx, Oyj Oxz 0yj
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HMeeT paHr k B TOUKax paccmarpusaemoit obaactu. Kpome toro,
IOMXHO BBIMONHATLCH TAK HA3bIBAEMOC YCA08UE HEXACAHUS, COOT-
BETCTBYIOIEE B [IPOCTelillell BapHauMOHHON 3alaye YCAOBHIO HeKa-
CaHHa 3IKCTPEMAAM M KPHUBBIX, [0 KOTOPBIM CKONB3AT KOHLA JOMY~
CTHMBIX nHHHH. :

Cw. Bauce (1.

1.11.4. Heo6xonumoe ycnosue Knegma. Ecau sextop-pyaxuus
¥ (x) gact YCHOBHBIHI 9KCTpeMYM H3ONEpUMETpPUYecKoll 3amade, TO
BTOpas Bapualus QyHKIMOHATA

Xa

SF (x, ¥, y’) dx

Xy

neotputareapHa: 32/ =0, otkyaa crexgyer, uro
2P a8 =0, (L1LI)
ik

npu mobuix (&), &, ..., &) (0, 0, 0, ..., O).
Cwm. Bance {1].
1.11,5, Heo6xoaumoe ycnosue Sko6u. Maomepumerpuueckas
IKCTPCMATh ABAACTCA 6C3yCHOBHOﬂ IKCTPEMANDLIO (b}’HKLU/IOHaJIﬁ
L]
\F (x5, Mdx,
Xy

i Fle, 3,9, M=k f+M M1+ 4 2fe

Ecan J{(x)=y(x)F3y.(x), ¥(x1)={, ¥ (%) =1{3— Aomycruman
KpHBas, HAXOIALLAACA B £-~OKPECTHOCTH NEPBOTo OPANKA PacCMaTpH-
BacMOll KCTpeMany, T0

Jo (9)-‘10 )=

S 2 (Fyo,157% - 2Fy, yititi + Fyyiming) dx e =
xy L, k
X3

_—:—;—i md:’c—{—a,

X1

I

03| —

rae ¢ — 0 nipn ¢ — 0.

Mycte uepes Ry 0603Ha‘{eHO (QYHKIKOHAAbHOE MPOCTPAHCTBO,
3MEeMEHTaMH KOTOPOr0 ABJAIOTCA KYCOUHO-Tnaakue OQYHKUun y (x}
YIOBAETBOPSIONINE YCAOBUAM I (X)) =¥ (X)) =0, u-

xg N . . Xa

d . o
\eade =0, u=0y— gz Uy \yae=1 (112
X1 X1 -

3t
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Kpusue, peannsyouiue sxcTpemyM (QyHKuhnosata

Xeo

§2@ dx (1.11.3)

Xt

Ha Rp, YHOBIETBOPAIOT YDABHCHHIO

i=1

X2 k
8§ (0wt 2 ) dy =0,
X1

Huip

b
”

d ;
Loy —oy=uy thpi. (1.11.4)

i==1

3navenus p, 11 KOTOPHIX peliexne YpasHenus (1.11.4), oGpauaio-
neecs B HYIb MNPH X = x;, o6palaercs B HYAb H NPH X ==X,
HA3LIBAKICA cOOCmBeHHUMI 3HaYeHusmy PyHrguonaaa (1.11.3) Ha
Rp. KaxnoMmy coGCTBCHHOMY 3HAUEHMIO COOTBETCTBYIOT IO KpaitHei
Mepe onHa coOcTBeHHas (YHKOHA ¥ (Xx), HETOXIECTBCHHU paBHas
HYII0 Ha [Xx;, Xy], ¥ CONPOBOWIAOIUA BeKTOD Vv, NPH KOTODPHIX
yaosrersopsiorcs ypashenue (1.11.4) u ycaosua (1.11.2).

KamAoMy COGCTBEHHOMY 3HAUEHUIO P COOTBETCTBYEeT He Bonee
k -+ 1 nuneiiHO He3aBHcHUMbIX QyHKumi. Yucno stux auHeliHo Hesa-
BHCHMbIX (YHKUHH Ha3bIBAeTCH KPAMHOCMbIO CcOOCMBEHHO20 3Ha-
YeHUS. *

[lpy nepeMeHHOM BepXHEM mnpelede x, B HHTErpajlax i-c 1o
BeduuuHe cOOCTBEHHNE 3HAYEHHE CTAHOBUTCA (YHKUHEN X,.

Bece dyukuuu p; (x,) yObIBAIOT ¢ POCTOM Xy, OpUHYEM p; (Xg) >
Zuj(xe), =], lipn Xy, N0CTaTOYHO OIM3KOM K X;, BCE p NOIG-
HUTCIbHBL

3nauvenns  x¥, YIOBIETBODAOIHE ONHOMY M3 YpaBHEHHI

[, (x%) = 0, HA3LIBANTCA BHAUCHUSMYU, CONPAHCEHHBIMUT € X,

Ilpn i =j 3nauenuec x}“;x}‘?.

ConpmwkeHHOe 3HaYeHUe uMeeT 0O OlPefeldeHHI0 KPaTHOCThL [,
eciIu

x;‘":x;‘__l::)g;‘ (]:l—-l—l—l)

Hdna wHeoTpunareipHoCcTH (QopMmbsl 20 Ha R, Heo0XoiuMo
HOCTAaTO4HO, YTOOH HA MHTepBale (X;, Xp) HEe 3aAKAIOYANOCH HU OJHOH
CONPSKEHHONH € X; TOYKH.

k

s Toro uro6sl 9KCTpEMalb ¥, BJIOIb 1<0Top01‘/’:~ kE IF,\',"J';;“iﬂk >
i, =

>0, gaBana caabuii MHUHEMYM uHTerpaay J, npm yciaosun J; = [;
(i=1, 2, ..., k), HEOOXOAUMO, 4YTOOB OTKDBITHIH HHTEpBAX (X;, Xy)
He COZepXan 3HAYEHHH, COUPAKEHHHX C X; 1A (PYHKUMOHAN]
X2
S 2w dx,
*3
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M3omepumerpuyeckad sKCTpeManb HMeeT [IOPALOK R, eCaH Iis
Hee BTQpas Bapuauusa Ha Ry HMeeT £ OTpPHUIATeNbHBIX COOCTBEH-
HBIX 3RAYEHUU. )

Mna toro uto6bl sKkCTpeManb y(x) Owna SKCTPeManbio k-ro
nopaixa, Heo6XONUMO M JOCTaTOYHO, YTOOLI CyMMa KpaTHOCTeH BCex
COTIpAKEHHBIX K A TOueK, PachojoXeHHHX BHYTPH [xy, x,], pasusa-
aacb R (teopema Mopca)

ToxpoSuo cum. JlaBpentbes u JlioctepHux (2]. Cwm, taxwe 3.3.11.

1.11.,6, loctaToyHble YCJIOBHA 3IKCTPEMyMa B H3omepHMeT-
puyeckoli 3sapave, Huwe ycusennois Ycaosuem KaeGuwa Gynmer
Ha3plBaThCA HepaseHcTBO (1.11.1), B KOTOpOM HCKIIOUEH B3HAK pa-
BEHCTBA; YCUACHHUM Ycaosuem SIkoOu — OTCYTCTBHE B 3aMKHYTOM
uHTepBaie [X;, Xg| TOUEK, CONPSKEHHBIX K TOUKE X,

Ecan kpuBasa E yaosierBopsAer ypaBHeHuaMm Jitnepa -— Jlar-
paHxa, ycumieHHOMY yciaoBuio Kiuefma B yCHIEHHOMY YCJIOBHIO
Akobu, 1O OHa sABAsercH Heocobou KCTpPEManhio M CYILECTBYET
takas ciabas OKpecTHOCTh KpuBOH E, 4TO jas BcakoH kpuscit C,
Jealed B YKa3aHHOH OKPECTHOCTH M He coprmagamoiie ¢ £, BHIIOI-
HAETCH HepaBeHCTBO

Jo (C) > J, (E).

JdocTaTouyHBHEe YCIOBHA CUIBHOTO MHHHMYMa
Mycre E-—ruagkas HolycTUMas KPHUBAs N30IEPUMETPUYECKOH 3a-
Iayy, YOOBIETBOpAOLAs ypaBHeHusM Jiinepa — JlarpaHika, ycumes-
HOMY ycinosuio Beftepmrpacca, ycunenHomy ycaosuio Kaebma u
YCHIEHHOMY YCIOBHIO $Ik0oOH, Toria oHa ABJAETCHA HeocoBoi sKcTpe-
Malnbplo, Colepxaliefcs B CHIAbHOH OKPECTHOCTH, IS KawIo¥ Kpu-
BO{ M3 KOTOpOlt, oTAMYHON oT E, BEITOZHSETCSH HEPABEHCTBO

Jo (C) > Ty (E).
Hon ycuasennoim ycaoguem Beliepuumpacca 34eCb M0Apas3yMme-
BaeTCs BBINOTHEHUE HepaBeHCTIBa .
E(X,.V:J", )\l Y’)ZF(xxyr Y'x )‘)"' F(.X', ) y'y )\)_

n

= 2 (V=) Fy (%, 3,5, 1) >0
i=1

BO BCeX TOYKax yxasax—u—xoﬁ OKPeCTHOCTH.
Cwm, Bauce [1].

1.11,7, 3apaun Jlarpanmxa, Maliepa u Boabua, Huxe gawrca
dopMynrupoBKH 3apay JlarpaHxa, Maitepa u Besbua, HaunGoaee
ofled U3 HUX ABIAETCA IOCHeNHsiA, BKIOYalowas B cebs Kak yacT-
Hble Cilyyanm y3omepumerpyyueckymo samayy (cM. m 1.11.1), a takxe
sanayn Jlarpanxka u Mafiepa. BBuay pacnpocTpaHeHHOCTH NpPHIO-
MeHUMl 3TUX 3alay KamIas U3 HUX GOPMYNUPYercs OTAEAbHO.

3amaya Jlarpanxa Cpean BCeX KyCOYHO-ITAAKHX BEKTOP-
GyHKUME y HAHTH Ty, KOTOPAas NOCTaBAAET IKCTPEeMYM QYHKIHOHATY

Xg
Jo )= \F1 (5 3, ¥) dx,

*1
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fﬁ(x’y’y’)':O (321‘, 2, v, m<<n)
H yCnoBusax Ha KOHIlax )
bp (X1 Y (X)s Xgy Y (X)) =0 (B=1,2, ..., p<<2n 2\

Mpennonoxenna Pynxnmn fi(x, 3,2 (=012, ..., m
onpelneseHsl H MMEIOT HENpPEPHIBHbIE N[O COBOKYNHOCTH BCeX CBOUX
apryMeHTOB- YaCTHbIE . MPOU3BOJHbIE TpeTLEro fopaika. Marpuua
afs

=

MpH CBA3AX

MMEET Paur m BO BCEX TOUKAX (X, V), IPHHALTEKAIHX HEKO-

3
TOopol ofxacty npocTpaHcTBa (X, ¥), Koria BeKTOp 2 npoGeraer
ao6ble 3HAYEHHA Ha KOHUAX.
10% 0bp OYr Op
| O0x; O¥iy Oxy 0¥
dyHruMH U, 001aal0T HeNPePHBHHIMM YaCTHBIMH NPOM3BOI-
HBIMM TpeThbero Iopaika. _
Janee npeanoaaraercs, UTO PACCMaTPHBAIOTCA TaKHe [IMHHH
(BeKTOP-QYHKIINKM) CPaBHeHUA Y;(Xx), [0S KOTOPLIX BHIOJHAETCH
yCIOBUE — PAHT MaTpHUbl

W o O
X, '})};yi(xl)ﬁg_{" Eji‘yi(xz)

i=1 i=1

Martpuua uMeeT paHr p.

paBeH IBYM (Yc.08ue Hexacanus).

3ameuanune CBasp f;(x, ¥, V') =0 HA3LIBAETCA 2020HOMHOT,
eciv OHAa He CONEPKUT MPOU3BOAHBIX WAH MOXMeT ObITb MpHBeleHa
K BHIY, He COMEPWalleMy IIPOM3BOJHBIX; B NPOTUBHOM Chnyuae OHa
UMEHYeTCs He20AOHOMHOIL.

3anava Ma#tepa Cpemu cucreMm raaikux QyHKIMH y, (X),
Y1 (X), +vvy Yp (X), YIOBACTBOPAIMIUX CBA3AM ‘

t\oi()‘c,y,y').:() (i=0, 1, 2, .'..,m<n)
W YCIOBUAM Ha KOHLAx
Yo(X))=ay Y (x1)=0y ..., Yo (£1) = ap,
Yi(xa)=by, ooy Y (X)) =0y,
HaliTH TY CHCTEMY, B KOTOPOHU ¥, (X) HMEET MPU X = Xy IKCTPEMYM.
3anaya ‘Maliepa MOKeT CTaBHTbCS M Kak 3a]aya ¢ MNONBHX-

HBHIMM KOHIlAMH, HanpuMep, CPeld cyucTeM raagkux QyHxumi y, (x),
¥i (X)y..vy ¥p(X), YIOBIETBOPAIOIIUX CBA3AM H YCIOBHAM Ha KOHIaxX

?i(x:%y')=0 (1201 ly ceey m<n),
Yo(x)=an Y (X1)=ay ..., Yo (x;) =a,,
$, (X2 Yo (Xa)s vy Yu (X)) =0, Ossp<<nl,

HafiTH TY CHCTeMY, B KOTOPOHU ¥, (X3) HMeeT MaKCHMYM Ha IIpaBoM
KoHUe,
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[Tpeanoaoxeniia, 1PH KOTOPHIX paccMaTpUBaeTca 3ajgava Madepa,
OXBaTbhIBAIOTCA MNPEJHONOWEHHAMH, UNPHBEJCHHBIMH HHXE B 3ajtaue
Boabua.

3amava Boabita (nepsas dopmynuposka). Cpean Bcex
KYCOYHC-ITaJKHX BEKTOD-PYHKIHA Y (¥4, Ve, ..., Yn) HAHTH TV, KOTO-
pas nocTaBageT 3KCTpeMyM (YHKUHOHATY

X2

Jo (=1, 3 3) de 4 g (xyy y(x1), Xy ¥ (X))

X

Opn CBA3AX
o5 (x, ¥, ¥)=0 (B=1, 2 ..., m<<n)
U YCIOBMAX Ha KOHNAX
by (X1, ¥ (x1), Xy ¥ (x)) =0 (=1, 2, ..., p<2n+42).

[lpeamnonoxenusn Pyuxkuuu 9p U f UMET HempepsiBHbIE
YyacTHhIE TPOU3BOJAHBIE TPEThLEro TMOPSIKa N0 COBOKYIHOCTH BCEX
CBOUX apTryMEHTOB B HEKOTOPOH OTKpbITO# o6aacth (2n -4 1)-mep-
HOT O npocrpaHCTBa

" Marpuua .

(i=1, 2,..., n) uMeeT paHr M BO BCEX TOUKAX

YKa3aHHOI! Bhille oéﬂacm.

P yuxruuu d,»u H g o06nafaloT HeNpepbLBHLIMH YaCTHbIMHE NPOH3-
BOJAHBIMH 10 COBOKYMHOCTH BCEX CBOHX apryMeHToB B (21 -+ 2)-
MepHO# 061aCTH NPOCTPAHCTBA TOUEK (X, ¥ (X)), Xa YV {(Xe)), @ MaT-

puiia
' H 09, 0Y, 0%, 04,
0x; 0y; O0xg 0y

UMeeT PaHr p BO BCeX TOYKAX YKasaHHOH oGmacTh.

Kpome TOro, RONKHO BEITIONHATLCA TaK Ha3blBaeMoOe YCAOBHE
HeKacaHWs, NPUBeJleHHOe BBILIe B 3ajaue Jlarpamwa.

3anmavya bounbua (Bropas QJopmynnpOBKa) Cpemn cucrem
napamMeTpoB M OQYHKUME ‘w, =a, (h=1, 2, ..., r), w,;=y;(x)
(x1 =X x=Cxy) HaATH Ty, KoTopasd [JOCTAaBIsAET SKCTPeMYM (YHK=~
1oHa1y

J=gla, Xy, ¥ (0), Xy ¥ ()] + {f (@ £, 9, 5) dx

X1
npy CBA3AX ‘
cPf(ay LHYI=0 (=1, 2, ey m<n), a=(ay ay...,4a,),
Jp=grla, x, ¥y (1), x5, ¥ (x2)} +
Xeg

+ (el 53 y)dx=0 (k=12 ..., p).

X1
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3agava Boabua (1persa Gopmynuposka). Cpennm cucreM
napameTpos

Wy = ap (h:l, 2’ ,,.’br),
bynkuuh
Wo=yi(x) (=12 .., n)
u QYHKUHT .
Wrynyj=08;(x) J=1,2, ..., M X, <X Xy)

HaliTH Ty, KOTOpas JOCTABAfET SKCTPeMyM (YHKUHOHALY

X2
J=g(@)+\Ff(a x, ¥ 0)dx
X1
IpH CBA3AX
y;: Pi (@, x, 3, 0),

xs=xg(a), ¥i(xs)="VYis(a) (s=1,2),

X2

Je=28r (@) + { fr(a, x, 3,0)dx.

X1

OrpaHHueHHsi Ha yyYyacTBywlUiMe BO BTOPOH U TpeTbeil dopmy-
aupoBKax 3amaun DBoabua napamerpsl M QYHKIHMHM He OTINYAIOTCA
B CYLIECTBEHHOM OT OrPaHWYeHult, yKa3aHHbIX B I1epBOoH dopmy-
NTHPOBKE.

Bropyo u tpetero dopmyanposky cMv. X ecrteHc [l] .
_  MNpumep 1.11;3 (zagaua Yanaeruua), [lo kakofd 3aMKHYTOR Kpn-
BOll B rOPM3OHTAJbHOH IMJAOCKOCTH JOMKEH JBUTaThCd ILEHTP THAMECTH camonera,
uMemero coO6CTBEHHYIO CKOPOCTh @y, utobnl 3a Bpems T obaerethb Hanbonbuyio
MIOmaAb, €CJH KaHO IOCTOSHHOEe HanpaBieHde W NOCTOAHHAR BEAWYHHA @ < V) CKO-
pocTi Berpa?
IycTtb cKopocTb BeTpa HanpasieHa No ocd OX, o — YroJ MexIy HalpasieHsem
ocy camonera H ockio OX, x (f) My (f) — KOOpAUHATHEI LEHTPA TAMECTH camoferd.
3agaga CBOAUTCH K CTHICKAHUIO MAKCHMyMa QyHKUAOHAJIA

1 dy dx
S—ﬂ("d—t-y_dt>d‘ ,
0
Opy HETOJOHOMHLIX CBA3AX
dx dy
—t=~oocosu+a, T———vosina.

3ro — saddua Jazpanxca. Jaree cm. ctp. 75,

Mpumep L1114, Hgeaspnas paxera ABHKETC: B BEPTUKAABHON NAOCKOCTH.
BEcay paccmaTpyBaTh paKeTy KaK WacTHIY, Ha KOTOPYIO XeACTBYeT CHMJa TAXKECTH W
PEAKTHBHAA CUJA NMOCTONHHOR BEJAMUHHb! F ¢ MepeMcHHbIM yrJOM HaK/JOHA ¢ (M He gedt-
CTBYeT cuJa CONPOTHBJIGHUA BO3AYXa), TO YPABHEHUA JIBIDKEHHs HMeKT Buj (npu
CXHHUIHON Macce)

d2x d2y \
W:Fcosqx d—tz—=Fsm<p—g.

3agaua 0 HAXOKIAEHNU nyTd, BJAOJb KOTOPDOrO HA IOJNeT 3aTpaduBaerca Hau
MeHbllee BpeMa NPY COOTBETCTBYWUIKX HAYaJbHBIX H KOHEYHBIX yea0BugxX, COCTONUT
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B OTHICKAHRH CpelXH .BceX GyBKIuA
Hmx(f), ymy(h), om¢(f) 0={=T

npyd  yKa3aHublX AudGepeHUHasbHBIX CBA3AX (YHKUMM, MuHUMH3NpYOWed Bpems
noaera 7,
.
310 — 3adaua Maiiepa. B caMoM gxese, 3aMeHus £, ¥, 3, X, :v Ha £, ¥1, Vo
¥3, V4, Hoaydaem guddepennuasbHble CBA3H B BUXe )
’ . . . . .
Yi=3ys Ys=31, yz=Fcosg, ys=Fsing—-g

M yCJIOBUA HA KoHHAx f1 =0, fg=17T, ¥; (ts) = yis (s=1, 2).

Tpebyerca BaliTy Takyw cucTeMy GyHENUH Vi, ¥z, Y3, Y4, HPH KOTOPOH Bedn-
uung 7 Obina mauMenpuied,
Bosnee nmogpobubie cBeleHHR Mo 9TOW 3anmaue oM, Xectenc [I].

1.11.8. Cesaap 3asa4 H3onepuMeTpHuYecKO, Jlarpanxka, Malie-
pa u Boabna. Msonepumerpnueckass 3afaya Mmoxer ObITh CBeleHa
K 3agaue Jlarpamwa, ecan BBeCTH (PYHKUNU

X
z,-:ﬁfi (x, ¥, y)dx (i=1, 2, ..., m).
X1
Torxa uzonmepumerpuyeckas 3alaya mnpeppamiaerca B 3amauy Jlar-
paHXa OTHICKAHUS SKCTPEeMYMAa (YHKLUHOHANA

X2

JO (y) = Sfo (')Cv yy _)") dx

Xy
npu aubdepeHInalbHbIX CBA3AX
Z§=f,-(f\%y,y') (i=1,2 .., m,

YCIOBUAX Ha KOHUAX 2; (x;) =0, 2; (x,) = L; M yCIOBUAX HA KOHIaX
HCXOXHOW M30MepHMeTPUYECKOd 3agau.

M3onepumerpuyecKkan 3ajaya ABJIAETCA YACTHBIM CIydaeM 3a1ayH
Boabua (cMm., Hampumep, BTOPYIO QOPMYIHDPOBKY).

3apava bosbua sksuBajseHTHa 3anave JlarpaHma, B KOTODOil
cpely BCeX KYCOUHO-TTAIKUX BEKTODP-PYHKUUH

Vi (x),  Yag (x) (=12 ..., 1 x << x=<<x,)

OTBICKMBaeTCA 1Tda, KOTOPas JOCTAaBAsAEeT SKCTPeMyM (YHKIHOHANY

X2
J={ (fo+ ynu) dx
*1
npH CBA3AX
fi=0, ¥,,==0,
£ 0.

$e=0, Yni(xy)— Xs— X, =

3anaya Matiepa npusoaurca K 3agaue Jlarpanxka, 8 KoTopoit
Cpefd BCEX KYCOYHO-TAafKHX BeKTOP-QyHKuuil y (X} OThICKHBaeTCH
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Ta, KOTOpas AOCTaBAAET 3KCTPEMYM (YHKIHOHATY
X2
\ ¥ (xy ax
Xy
NpH CBA3AX
o (6, 3, ¥) =0,
Yolxy)=dp V(X)) =ay .oy Yo (X)) = ap,
W (Xe) = by, oeey Yy (x9) = by
1.11.9. IIpaBuao MuOXHUTeNeH Aaa 3afay JlarpaHxa, Matiepa
u Boabna. 3agava Jlacpadwa. Ecau npu ycnopusx, chopmy-
AHPOBAHHBIX BbILIE, KYCOUHO-IIagKas KPuBas y(xX) BoCTaBAfLT 3KCT-
X2
pemyM (ysxunoHany J, (y) = S Fo(x, 3, ¥) dx, 10 cywiecTByeT 1aKasn
i

Xy

MOCTOsiHHAA X, (BOOGIIE TOBODPs, OTAMYHAA OT HY1A) U TaKHE MHOKH-
Tenn A; (X)<4To Bektop-byHKuua y(x) spaseycs 6e3ycroBHOK 3KCT-
peMaablo Ai1s GYHKUOHOHATa

X2

S F(X, y! y'1 )‘) dX,

Xi-
rae i i .
Fle, 3,9, M) =Xfo+ i () or 4. 4 dpy (X) opn.

3anavaMatiepa. Ecan y(x)mocraBaser sxcTpeMyM B 3aiaye
Matiiepa, TO CYHIECTBYIOT TaKHe MHOXHUTENH A; (X), ..., A, (X), uTO
yKa3aHHasd YCAOBHAM 3KCTPeMaih ABhsfeTCs 6€3YCNOBHON IKCTPEMAADID
¢ yHKIHOHaAA

X2
§ Fx, 3 9,0 dx,
X1

rane . .
F(-’C, »y, )‘) = )‘1 (.’C) P + et ?*m (X) Prme

3anava Boasiua Ecanm npn ycaosusx, ¢opMyIHPOBAHHBIX
BHILE, KYCOUHO-TNALKad KpPUBAas ¥ (X) [OCTAaBISAET IKCTPEMYM
B 3amaye bBoablia, TO CYHIECTBYeT TaKas IOCTOsAHHAA Ag. (BooGlie
rOBOPA, OT/AHYHAsT OT HYAA) U QYHKUMH A; (X), UTO BEKTOP-QyHKUUS
y(x) saBasetcs 6e3ycaoBHoti SKCTpeManpio Jas (GyHKIHOHa®A

X3
{ Fex, 99,0 dx,

X1

rue AN
F(x, 3, ¥, MV =Nfo+ M) o4 .+ 2 (X) o
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YcaosHas sKeipeManb 3agayd boabua BO BTOPOH QJopmmepOBKe
ABAsieTcA Ge3yCHOBHOH 3KCTPeManbio (QyHKLHOHAIA
Xa

S F(A’, 2 y’y ] )\) d)C,
X1
rae
F('vyyv y'y H }‘):}\(}f_‘“klfl+7\2f2+'--+7‘pfp +IJ‘I (x)(‘,al_‘—' .
+Pm (,’C) CPmy

o= 9, A — TOCTORMABIC, Wy (X) — QYHKHHA, )
YcaoBHast sKcTPeManb 3axaun boabna B TpeTheil Gopmyanposke
pocrapaser 6e3yCnoBHbII sKCTpeMyM QYHKUMOHATY
X3
3 H(x, 3 ¥, z)dx,

X1

rae H(x, 3, ¥, & 2)=,f+Af +.. _{'")‘pfp—{—zl )P+ .+
42, (X) Pyy 2y =0, A — NOCTOAHHBIE, zl( ) — Qysxuun,
Hdas 9toro  cayvyad ypaBHeHus Ifiaepa — JlarpaHma HMEIOT
paubonee NPOCTON BUI : )
dH dy; dz; .
ax e =ty gr=—Hy Hy=0.

Buisox mpasusa muoxurtened cMm. Banee [1], Axuesep (1], Towrep {1].

BuIsog mpapMia MHOWHTexedl, OCHOBathIH HA METORAX (PYHKUMOHAABHOrO aua-
auaa, cm. Jlaspedroes u Jlwcrepudx [2). Cm, Taxwxe 1.15.10,

MoxaxeM Ha NHppMepe 3a1aud Yannirnea npuMeHcHue NPABHAA MHOXMTeNeH,
C sTofl nenbo HampeM OesycaoBHLIT dKCTpeMyM (YHKIHOHAAA

T

1 dy dx dy ]
S{Z (x——ydt>+)\1 [d_t - fuocosu——a]+)n [E-—vosma‘l}dt.
il

Ypanaenun Sfiaepa — Jlarpamma uMeIoT Bl
d/ 1 1 dy dfl 1
— | s yFh =5 = 8 2 5 -, =0,
@i\ 2)+‘> 3 ar~0 dt( “’A>+2dt 0
— havg cos o + Ay sina == 0,

OTKYAA Mg ==, Ag==-— X (€CJH NPOI3BOJbHLIE NOCTORHHLIC HHTETPHPOBAHUA CUNTATD
paBHBIMU HYJIO 32 CHET Napasifle’pHOro mepeioca oced).
Hcnoapayn mafinendsic Boipawenns aas Ay u Ay, nosyuaem

xcosa - vsina=0.

1losomus x=rsina, y==-—rCcosa W HCI0Jb3Yyd ypaBHEHAN JABMKEHHI CaMOJeTa,
pMeeM
dr a dy

dr
(iz—asmzx—-o ﬁ_'ﬁ)ﬂ’

OTKYAA NOCAE UHTErPHPOBAHUA NOAYUNM

VAT =y +C

T. €. N0AYUEHO YPABHEHHC SIIUMCA ¢ (POKYCOM B HAadale KOODAMHAT, 60ABWIOH 0Cb10,
nepueHAHKyAADHON. K HAaNPAB/ICHUIO BETPd, M SKCUEHTPHCHTETOM a/vo
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1.11,10. YcaoBus - TpancBepcaabHocTH. dias 3angum
Boabua |. CywecTByiI0OT TaKHe MOCTOAHHbIE 2,, UTO Ha KOHNAX
3KCTPEeManH BBINOJHAIOTCA COOTHOUIEHHA

[(F— Zy,fF_,,;) dx + ZF},‘: dy;]{ +hdg+e,db, =0, §, =0

npu awbom Beibope aubddepenuunanos dx,, dy;,, dx,, dy,.

Oasasamaum Boasna 2. KoHueBne TOYKH 3IKCTPEMand
TAKOBBI, 4TO TOXNECTBEHHO H1a dx,, dy;,, dx,, dy, da, BeNOI-
HAETCA COOTHOIUGHHE

X3
[(F—3iFy,) de 4D Fydy)) +dG+ SZFah dagd x =0,
Xy

Has zanmavu Bboabua 3. Kouuesble TOUKH 3IKCTPeMand
TAKOBB, YTO MMEET MECTO COOTHOMIeHHe

. v
[HXsh -3 ZiyishJ-{“ Gh+ | Hpdx=0.

i= L3
3nech HUKHUN HHAEKC /i 0603HAYAET YACTHBIE MPOM3BOIHbIE 110 @p.
TpaucBepcanbusie ycaoBus nis 3afnay Jlarpamxa u Matepa

OXBATHIBAIOTCA NAHHBIME Bhille BOPMYIHPOBKAMHU.

Cwu. Bance [1], [MorTpsarud u xp. [l].

1.11.11. Heo6xoaumble ycJioBHa aKcTpeMyMma Belepmrpacca
u Kne6ma. Ecan 3xctpemand y{x) RocraBiseT yCIOBHbIH MHHHMYM

B 3agaye Doabua (11 onpeleseHHOCTH B MepBoi GOPMYIHPOBKE),
TO oHa ABAAETCA Ge3yCIOBHNH IKCTPEMANbIO (DYHKUMOHAna

X9
\ Fio 3, 9,0 dx, Flo3 Yo ) =Xf+ (0o + o+ Ay () g
Xy
®yuxuun Befepmtpacca
E(x, 9y, A, Y')ZF(xryy Yy —F(xy, 5, A) —
=2 =) Fy, (%3, ¥, 1)

-peorpuuateasHa: E(x, y, ¥, A, V') =0 npu BceBoaMoxHbX IOMYCTH-
Mex (x, ¥, Y) £ (6, 3, ¥'), 95=0, rne (x,y,y', X) — sneMeHt Kpu-
BoH y(x) (HeoOxodumoe ycaosue Belepumpacca).

n

Beaw & ({=1,2,..., Z 82 0) — cucreMa uucen, yio-
=1
BIETBOPAIOILAs YPABHEHHUAM

n
Y 9y, =0
laxl
rae (K 3, V', A) — sneMeHT, peaausyown#t MunMmym xpusoit E, to
3 iy (5, 3, 90 N6 =0
ik
(Heob6x00umoe ycaosue Kaedua). .
Cwm. Bauce [1].
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{.11.12, Bropas Bapuauua B 3ajave Boabua 1. Bropas Bapna-
Hst B 3alarre Bouua HMeeT BUHL

X2
B =2y [&, W (X0, Gy i (K2)] - § 20 (4, 9, 1) dx,
Xy

rage
20 (%, 7, ) = Zk (Fyypp, 1~ 2Fy,00 1im =+ Fy? 1705
i,

2y =[(Fy — DI ¥iFy;) dx® - 23] Fyody; dx [} + 29 +23] e,
d\”1-f\”11)(01 db——Edb d./\'o = Xap (0) dbzag dby
B)’ =3Vib (,‘C O) db = Wi ()C) db
2g — KBaapaTHUHAA QOPMa OTHOCHTENbHO dxy, dX,, dy;y, dy;s C KO-

(QUUMEHTAMH, PaBHBIMH BTOPHIM [POH3BOMHBIM OT g, 2¢, — TO Xe
nas %. ) '

Ecan kpusas E neoco6eHHas, He MMeeT YrJOBBIX TOUeK, TOCTaB-
aser MUHEMYM QYHKLHOHA1y -B 3agave Dogpna, 10 BROIb 9KCTpe-
Maan y (x) BTOpan BapHauHaA He oTpHUaTedbHa BROAb Fr 83 =0,

Cu. Bauce {1].

1.11,13. MpucoeAnHeHHas HJH aKieccopHasn zagasa Bouabua.
3amava boasna pas @yHkuvoHaza d3J npu cBA3sAX

f‘—‘ Z (‘Syayt"l_‘?gy.syl)—o

t—l

(gq;TJrZ ‘u?y E‘+Z_“ i ()

(‘;iu_‘_Z tzg;“ ‘ &?‘l‘z 0)“ Ny (x2) =0

i=1

Ha3hIBAETCA npucoeduuenuoﬁ uin aicz;eccopuoﬁ, a ee KCTPEMAIH —
HPUCOCOUHEHHOIMU IKCIPEMAASIMUL.
Ypapyenna Dfizepa — Jlarpamxa B 9TOM CiAyuae HMEIOT BuI

d
oy —Qp =0, @=0,
rue

Qom0 M) =o+ Z )\ﬁ (x) (I)B-
i=1

KanoHHyeckue mMepeMeHHble X, 1; § CBA3AHH C NEPEeMCHHBLIMH
X, %, Ay yDaBHeHHAMH

€= 9112 (JC, Ul 7, 7\)v 0= CI)B ()C, My Y]’)-

3HayeHua X; U Xy COOTRETCTBYWOIIHE KOHUAM E, Ha3bBawTCAa
CONPSINCEHHBIMY, €CIY CYUIeCTBYeT NPUCOeNMHEHHAs B3KCTPEeManb,
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KoTopas onpeneiasercs QYHKLAMY, 06PallaonMICA B BYab NPH
X=Xx; U X=Xy HO He TOXICCTBCHHO PABHBIMH HYJIW0.

1.11.14. JlocTaToyHbie YCIOBHSI CHABHOFO OTHOCHTEJIbHOTO
MUHUMYMa. [losern HazbiBaerca o6xaacts (G MPOCTPAHCTBA XY, KOTO-
poil COOTBETCTBYIOT (PVHKIMN HAKIOHA p; (X, ¥) U MHOXHTENH Ay =1,
Mg (e, v) (B=1,2,..., m), umeonyie & (G uenpepHBILC YaCTHhiC
NPOU3BOAHBIC MEPBOrO HOPAIKA M obrajaloiye CIeAyYIOUHMI CBOACT-
saMp. COOTBETCTEYROLINE 3IeMEHTH (A, ¥, p) VIAOBIETBOP#HIOT YpPaB-
HennaM ceaseft ©¢ =0 npn #s00mx (¥, 3) C G. Wirerpan :

// 7 ; @
Jr=\ r\F—— 3, pify; de - ¥ Fy dyi
i=1 . / i=1

: _

He 3aBECHT OT UYTH MHHTerpuposanua B G, cCal  aprymeHtaMmu
B F(x,¥, ¥, %) R e¢ HPOH3BOZHWX CAYIKAT X, Vi, p; (X, W) hy == 1.
Ry (45 ¥).

Besikoe '1rone  OAROKPATHO TIOKPBIBAETCA  n-lapaMeTPHUYECKEM
ceMefCTBOM  dKcTpeMmaich, onpejeaseMblst AHQQEePeHUHATbHBIMU
YPaBHCHHAMU '

dv;
‘d:‘r"l:pi (x» y)

Ha skcrpemaan noas
JE(E) =J (E).
[Tyctb C — kpuBas, Jexalias B [ojde W UMEOU{ad KOHIB B TOU-

KaxX Xy, ¥(x) U xy y(x,). Torna, yuureisas csoictBo HHTerpana J¥,
PYHKUUA

W (xy y(xy), Xy, Y () = SHC) + g (X1, ¥ (0q), Xy YIxy))
33BHCHT TOALKO OT KOOPAHHAT KOHUOB 5TOH JHHHL.

Ecan E -- skcTpemadsp, HCMBITHIBAEMAd Ha MUHMMYM, TO € [O-
MOLIbI0 DYHKIHI W@ TI0JAYYaeM

J(C) —J(E)= éb [x, 3 p (£, ¥), 1 (x, ¥), ¥'] dx +[@ (C) — @ (E)],

rjpe
E (X, yy p (X, y)y )‘ ()C, y)) y,) = [.‘(x’ J’, }": /‘) - F(.’C, )’, [) (-’(1 y)1 ;'\)*

n
— X Wi =P (5 ) F . (53,0 (x5, 9), 1)
=1 ot
ecTb (QyAknua BellepmiTpacca moas, colepxaiiero HCIBITYEMY 10
SKCTPEMAanb.
Byiem mpenmoiarath, YTO BHIIOAHAETCA YCHJAEHHOE YCAuBMe
Beftepmtpacca, T.e. B noae

E(x, 3 p (%, 9 2 (x, ), ¥) > 0.

Ecun sxerpemans E ygoBnersopser npasuny MHOWKUTEReld, yCu-
,aenHoMy ycaoBuo Kaebura (1.e. vcmosmo KaeBuia, B KoTopoM He-
KJII0OYeH 3HaK PaBeHCTBa) ¥ BAoAb C BTOpad BapHallus MOMOKHIEdb=



=1
oy
<

i1 § 12, ONTHMAIBHBIE IMPUHIINITHI

RO oupenetenHa (3%J ofpawaercs B HYAb TOABKO npy & ==, ==
=1; (x)=0), To 11 ycnoBua 06ecneBaioT CTPOryIo NOJOWHTENb-
HOCTb PasHOCTH

w(C)-—w(E)>O,

a BMECTe C YCHAeHHHM ycaoBuem Bejlepmrpacca ssaawrca nocra-
TOYHBIMM YCIOBUAMH Toro, 4to E ABasercs HeocoBolf 3KCTPeMaibo,
cojepwaiieiicas B TaKoli OKPECTHOCTH, 4TO II4 BCAKOM HONYCTHMON
anudn C M3 YK43aHHOI! OKPECTHOCTH H He coBlajpawuell ¢ £ (KoH-
bl KOTOPOH jewar AoCTatouHo 6aH3Ko OT KOHIOB E) BIMOnHAETCS
HEPABEHCTBO

J(C) — J(E)>0
Cwm, Buawmce (1],

111,15, YcaoBue SIko6H HONOKHTENLHOH ONpefeIeHHOCTH
BTOpO# Bapuauuu. Eciau Bropas BapHauus HOJOWUTEILHO onpelne-
ACHHA Ha Kiaacce NPUCOCAMHEHHBIX 3KCTPeMaJel, yIOBACTBOPAIOMIUX
NPHCOCANHEHHLIM YCIOBHAM I8 KOHIOB, H HAa HHTepBaize [x;, X
HeT TOUEK, CONPAMEHHBIX C TOYKOfl X, TO BTopas Bapuauis ioJo-
XHTeNbHO ONpeAcicHHa BAOML dKcTpeMany F.

Cu. Banee [1].

Handoaee nosuoe uaaowewne zazaqir Bossna oM, Bamce [H.

Cwm, rawxe Fionrep {1}, Tloutpyrun |1]. Beaswan v [peiigyce (1}, Jlaspenrtbes
u Jocrépuuk [2].

§ 12. OnTumasbnbple DPUHLENLT

L12.1. Ilpununn makcumyma Hloutparuna. INocTtaHoBka 3a-
gaum. PaccmarpuBaercs cucteMa Au(depeHiuaTbHpX Y PaBHEHHUI!

dxl 1 n 1 2 7 c (i 9
=fi{xt X, X ut g ., uh) i=12..,n),

(1.12.1)

ONUCHIBAOU[AA T0BEIEHHE HCKOTOPOro o6bekTa BO BpemeHu. B mo-
MeHT BpeMeny f nepemennsle x!, x% ..., x” MOI'YT 02BayaTh KoOp-
JEHATH TOYEK, CKOPOCTH H T. IL

[BmkenneM 06BbEKTA MOWHO YAPARISNTH, JTO YNPaBlIeHHe Xapax-
Tepuayerca TOUKaMU U {uy, Uy, ..., U,} HEKOTOPOIT r-MepHOM oBnacTi
yrupasnenns U. B xauectse 4y, Uy, ..., U, MOTYT CAYXKUTh KOJHYECTBO
NoXaBaeMOro B ABHraTcib TOMAKEBA, TeMepatypa U 1. L. [lo cmeicay

. 9THX MapaMeTPoB ACHO, YTO OHM YIOBICTBOPSIOT HEKOTOPLIM Orpa-
HUUEHUAM.

ITpexnoaaraercs, 410 QYHKUHN f* HENPEPHIBHBI 10 COBOKYITHOCTH
BCEX aprymMeHToB M HempepusHo nuddepeHDUPYEMb MO COBOKYI-
HOCTH «§a30BHIX» KOOpPAMHAT X!, x3%, .. X7

Ecan zamate (06bIYHO KYCOUHO-HENPCPHIBHBIE, OIPaHAUEHHbIE
¢ paspmiBamu nepsoro pona) yuknun a' (£), -u® (¢),..., u” (f) co 3Ha-
yeHusiMu M3 U, TO NpH 3aJaHHBIX HaYadbHBIX YCIOBHAX CHCTEMA
{1.12.1) uMeeT eQMHCTBCHHOE PelmeHHe,
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Hapany c cuctemofi (1.12.1) paccMaTpHBaeTcA HMHTerpalbHbll

dhyrkiHoHal
f fy . X
J=\ (), uie)dt=\f ()., X" (&), uy (0),...,u, &) dt,
fo fo
(1.12.2)
rne dynkuaua fO(xt, x% .0, X" uy, Uy, ..., i) HENDPEPHIBHO THDDe-

PeHLHPYEMA IO COBOKYNHOCTH BCEX aprYMEHTOB M LIS BCeX pac-
CcMATPUBAEMBIX 3Hauenuil aprymenros. B ¢aszosoM npocrpanctse X,
06pa3oBaHHOM BeKTopamu (x4a?% ..., x7), HaHul IBe TOYKM X, H X,
Cpeny Bcex IOIYCTHMBIX YIIpaBienuil u == u (¢), HepeBOIAULHX TOUKY
U3 MONOXEHHA X, B MOIOKCHHC Xy, HAJO HaliTH TaKoe, Ias KOTO-
poro PpyHKUUOHAN
4
J )=\ f(x (t), u(ty) dt

to

MPUHNMAeT HaMMeHbIIee BO3MOWHOE 3HadeHHe. 37ech X (¢) — pere-
pue cycremsl (1.12.1) ¢ HaYaabHBIM YCIOBHEM X (£;) = X, COOTBET-
CTBYIOLUM YNpPaBleHH u (f), a {;— MOMEHT INPOXOXIAEHHA 3TOr0
pPeUIeHHA YePe3 TOuKY X.
Takum o6pas3om, £, H f; He 3af2I0TCA, 4 HAXOMATCA W3 YCIOBHiL
X (fg) = X X (£,) = X1
YmpaBacHue u (¢), faouiee pelieHHe 3TON 3ajaul, HA3LIBAETCA
ONMUMAADHUIM YNPUBACHUCH, @ COOTBETCTBYIOIAsA TPACKTOPUH —
onmumaabuol mpaexmopuel.
Bawnmiit vacTHefi cayuaifl, koraa fO(x, u)=1, coorBerctByer
3anauaM o6 ONTUMaAbHOM OBICTPOIEHCTBUM. .
Ecau BBectn Qynkunio x°(¢) Tak, uto
dx®
W:f"(x, u), x0(t,) =0,
TO MOJYYAWOINAsiCA APH 3TOM CHcTeMa AHDQPePCHUNAILHKIX YDaBHe-
HUH

dxt : . ,
= x, u) (i=0,1,..., n) (1.12.19
n GyHKuuoHaa
f1
J(u):\ SO(x, w)dt =x(¢) (1.12.21)
to

1103B0110T GOPMYNNPOBATL YKA3aHHYIO BbilIC 3alayy, KaK 3agayy
O PO3bLICKAHWM yHpaBiciing u (), 1pH KOTOPOM DPRIICHHE CHCTeME
(1,12.1") npwu ycaosuax xt (¢,) :xf; (i=1,2,...,n) x°() =0, naer
HauMenbIree 3Havyexue x0 (£;). ‘

Boiute 6pr10 ykasaHo, YTo u3 QU3MYECKHX CooGpamkeHuii cae-
LYeT OrpaHuueHdAoCTh IlapaMeTpor u', HampmMep, |u'|<c1l. Ecan

HMEET MCCTO Chydall CTPOroro Hepaseuctsa, {u'|<C1, 10 copuy-
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NUPOBaHHAg 3alaya eCTb YacTHeHl cayuail sazaun Jlarpanwma, a cie-
OYIOIMi Zanee NPHHLUHI MaKCHMYMa COBMafaeT C HEOGXOIMMbIM
ycuoBMeM MHNHMYMa Befiepmrpacca.

Ecam we nveeT mecto HepaseHcTBO |uf|<<1, Bamuoe B mpu-
KJ1aJHbIX 3a1aYaX, To ycioBue Beitepimitpacca CTaHOBUTCSA HelpHMe-
HHMBIM, TOTZAa KaK MPUHUMO MakcuMmyMa pabortaer.

[TpunuKn MakcHMyMa ¥ ero nNpuaokenus paspaboranst JI. C. Iont-
pATuHBIM 1 ero Yuenukamu — B. I'. Boarancknm, P. B. 'amxpennase,
E. ®. Mumenko u ap. (1956 r. u mnozasee). OH uMmeeT 6o.buioe
3HayeHWe AJs pemreHns poGieM aBTOMATHUECKOTO PErY:IHPOBAHUSA

p.

1.12,2, ®opmyanpoBKa npHruHna makchumyma. Ecau BoGpaHo
OOTMYCTHMOC YNpaBicHUe « (f) 1 TOAy4YeHa (pa3oBasi TPACKTOPHA
X (f) ¢ HAYaNbHBIM YCIOBHEM X (f,) = X, TO CUCTEMA

__Z ‘%g?;”_@% (=0, 1,..., n) (1.123)
=0

uMeeT enMHCTBeHHOe pemierne ¢ (Yq, Yy, ..., Uy) OpH MOGBIX Hayalb-
HBIX YCAOBHAX a4 ;.
C nomomplo moayueHHelx QYHKuUufl ¢; crpoutca QyHKUUA

7 W, x, u)=i b f% (x, ). (1.12.4)

o==0

[dns onTHMaabHOCTH ynpasleHua u (f) u tpaexktopun x (f) Heo6xo-

JIUMO CYILUECTBOBaHME TaKOH HEeHYNeBO!l HeNpepHBHOH BEKTOp-QYHK-

uun ¢ (£) = (Y, (£), ..., Yn (£)), coorBeTcIBYIOMEH QYHKUNAM U (£) u

x (£), uto npu m06om £, fo=<f=<ty, Oynkuua o7 (4 (9), x (¢), u)

nepeMeHHoro u & {J mocruraet B Touke u — y (f) MaKCUMyMa. )
B koneunnlit Moment £,

by () <0, Zva ) fo(x (), u(2,)) =0.  (1.12.5)

a==0

Kpome toro, ecnu ¢ (£), x (f), u (£) ynosrersopsawT cucremam (1.12.1)
n

u (1.12.3), 10 pynkuun ¢, (¢) un Z b, (£) f* (x (t), u (£)y nepeMennoro
a=0

t ABAAIOTCS MOCTOAHHBIMH W B yciaosuu (1.12.5) Toury ¢, moxHo

3aMenuTh A060H ApYyroi.

Jdaa ontuMagbHBEIX 10 OHICTPONEHCTBHIO YHpPaBieHHA u (f) n
TPAaeKTOPUH X (£) HeOGXOIMMO CYlleCTBOBaHHEe TaKoOH HeHYJIeBOH He-
MpepeBHON BekTOP-byHKuuK ¢ (£) == (Y, (£), ..., ¥, {f)), coorBETCT-
Byouelt GyskunaMm u(£) uw x(f), uTo mnA BceX ¢(f<Sf=if))
OynKIHA -

H (W, x, u) »—Z bof ™ (x, 1)

a==1
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nepemennoro u & U gocTuraer MakcuMyma B TOukKe 4 =u (t). B KO-
HeyHbI!i MOMEHT £,

H (Y (¢)), x(t,), u(t))=0. (1.12.6)

Ecau Beawunnsl ¢ (£), x (£), u () YIOBIETBOPAIT CHCTEME

(l,ri__ oH qu, oH (=1,2 )
¢t oY, dr " oxt T
K BBLILIOJHENO YCIOBHE MAakcHMYMa, To QYHKUMs [1 (Y (£), x (£), u (£))
HICPEMEHHOIO £ NOCToAHNA # HepakenctBo (1.12.6) MoxHo nposepats
upyu 1o060M IPYroM 3HayeHHH £ (£, << f=If)).

Ilpn Mep 1.12.1. Paccmorpiy 3agady o6 onTuManbuom ObicTpoieficTsun 1aa
vpasueHus T,——Il, jn! i \<~l B Cjy4yae, KOr1a KOHEYHbIM nNOJI0OKEHHEM CIyXUT Ha-
Ya10 KOOpPIHHAT,

B stom upumepe

dxl —x2, dx2 —
de dt 7
dgy )
— 9 i) jaduf 2 ok —
He={yx? + $on, 7 =0 g =% i=Ci 4y =Cy-Cyt.
H ectp avnefinas QyHknua or #, ce nanboJplwiee 3HadeHMe nocTraercs aulo npwu
u=-—1 60 npn #=1, nputem u=—1, goraa ¢ <70, ¥ u=1, korna ¢s>0

(torza $ou >>U). Ho 510 3Hagut, 410 n(f)==sign ¢y (f) =sign(C2 — C1f. Onrm-
Maabaoe ynpaB JeHue H’lHJlCHO, 3T0 KyCOYHO-1I0CTOARHAA (byHKIll/Id [ I(B} M5 HHI Tep-
+1.

BAJaMil {OCTOXUCTSA, HL KOTODLIX X (/) mpuuumMaer agavenus — 1 u
Beaw u=1, o 7 =u=1(>0) u x2 ecTo BO3pacTarOUlAn QVHKIHA OT £,
dxt (x— 2 . 5
Tak KaK d—3-=x2 To x1= +Cyq, 7. e. wycox $a30Bofi TPAEKTOPHH, COOT-
X
BeTCTBYyWOW NG & = 1, ecThb napa6o’1a
dx? o
Ananoruudo, wpu 4= —1I, o T = 1 (<<0) 1 x2 ecth yGriBatoman ¢ynk-
dxt x2)2 -
uun or £, T = x2, xl= ! 2) +Cs, T. e. Kycok ¢asomoll TpaexkTopuy,
COOTBETCTBYIOWHH yIPaBleHHI0 & = — [, Takxke ecThb napaboaa.

OnTtumaibias TPACKTOPUS, eCal OHa CymiecTByeT, COCTOMT W3 KYCKOB ABYX
HapaﬁOJl, npnﬂannemaumx yKﬂ3aHHb]M cemelicTRaM rxapaﬁou, npuueM BTOpasd napa-
Gona AOJ/XKHA IIPOXOIUTH Yepe3 Hadalo KOODAWHAT.

MoXHO TI0K23aTh, 4YTO HalijeHdble QaA30BbIe TPACKTOPHH reficTBHTEIBHO RB-
JSIOTCH OINTHMAaJBHLIMU,

1.12.3, MpyHOHN MaKCUMyMa H BapHallMoHHOe HCYHCIEHHe.
Ma mpuHunna makcumyMa MOLYT OHTb IOayueHbl BCE HEOOXOIMMbie
YCIOBHA SKCTpeMyMa: YypapHenHa ODiinepa—Jlarpanwma, ycIoBue
Jlewannpa, ycaossa Befiepuitpacca, npaBuao MHowHUTene# As 3a-
jpayn Jlarpanmmxa. Humxe paerca kparkufi sbiBojx Yycnosua Beitep-
HITpacca nas (I)yHK[ll/IOHaIIa, 3aABUCALLETO OT HECKOJIbKHX HEU3BECTHEIX
(yHxuuit

51
:S SOt X3, X uy, .., Ug) dE,
to . i

dxi (s

=g
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s arol zanaun

n
G 1) = f (5 1)+ ) it
i=1
it Gy
PN B AURNORE PRI AU

i=1

= uf" (5 2) = $uf0 (%, ) 3 by (g — a7

i=]

— 3] (2 = X (Lol A U) = G (6, 2)—
c==]
72 ,
= by f0 (%, X7) - o Z (2 — -\‘")/’2- ==, E (v, X7, 2),

f==

rxe E (x, X', 2) — @yBKknud Beflepmrpacca,
Ecau (pvmmw o/f" LOCTUTAET MaKCHUMyMa MPH Il == X', HB/AI0-
I{MXCA BHYTPEHHUMH ToukaMH U, T0 B 3THUX TOUKax

077"
ou; =0

M, yunteiBas, uto ¢, <0, U3 HepaBeHcTRa
@9{) (4’7 X, 2) ""@%; (44 Xy X') == HDOE (/\f, x,’ Z) =0
caeayer, UTO BROAb ONTHMAJbLHON TPAaeKTOPHH
E(x, x', 2)=0.

dt1o u ecrb vcaosue Beltepmitpacca.

Ananoruuno noayyaercs yciaosue Beflepmrpacca nan dyHKUHO-
Hala, 3aBHCALLETO SIBHO OT HE3aBHCHMON NMepeMeHHON M HeCKOTbKHX
HeN3BeCTHHIX GYHKUMH, a Takxe B 3anayax Jlarpanwa, Maitepa,
Bouabuia.

V13 nasHOro BBIBOLA CleAYET, YTO KOTJAa MHOWECTBO [JOMYCTH-
MBIX 3HAYEHHH YIPaBAAIOUX GYHKUUN OTKPLITO, TO IPHUHIUII MAKCH-
MYMa coBMazaet ¢ HeoGXolIuMbiM YcaoBHem Befiepuitpacca. Ecau xe
ONTHMAJbHOE YIPaBIeHue Mofafaer na rpaHpny obmacty U, 1o Tay,

oYy

B Hydb He 06Dailanici U B

&y

pasgokerun o (4, x, -+ Au) =" (¢, X, u)+2g@fég ,+
i=1

~ yaensl BTOPOrO W Bbillle [OPALKOB OTHOCHTeAbHO Ax BOAU3U

YKa3aHHOH TOYKH HMEIOTCA YJIEHHl MEePBOTO NOPAAKa MaioCTH OTHO-

cutenbho Aug. B 9TOM cayuae HeOTPHLATEAbHOCTh GYyHKUun Befiep-

ITpacca, WMelolled BTOPOH HOPAZOK MalocTH, MepecTaeT OBITh

Boobue IroBOPs, NMPOUIBOIHbIC

i

4
()ll,’
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HeoGXOAUMBIM YCIOBHEM MaKCHMAJIbHOCTH PYHKUHI ¥  — YCHOBIIE
Beitepiurpacca, Boo6iie roBops, He BBITOIHAETCA, TOMAa KaK IPHHIIII
MaKCUMYMa OCTAeTCsl BEPHHIM,

WMaaoxenne, pnannoe Bbime, caeayeT raase | kuury Iloartparuna, Boarasckoro,
Tamkpenuxse, Mumenko [I]. Cm. Takke Teabdand n Pomun {1},

1,124, Mpununn onTuMalbHOCTH DBennamana (muHamuueckoe
nporpammupoBaHnue). [1yctb paccmarpuBaercs (uanueckas CHCTEMA
S, cocrosune XoTopoit B aw000H MOMEHT BPeMeHH onpejensercs
BEKTOPOM p; KOMIIOHEHTHl 3TOr0 BEKTOPA Ha3biBAOT (Pa308uiMU 1le-
pemerroimy. OGBHIYHO p — KOHEYHOMEDHBIN BeKTOp.

Kpome toro, nycrs Hmeercss ceMeiictBo npeoGpazoBanuii
{T (p, q)}, roe BeKTOPHaA NePEMEHHASA ¢ HIrPaeT pPoOJb [1apamerpa
U HasmBaeTca pewexuem. B ofulem cayuae ¢ ectb GYHKUHA p.

BbiGop pelneHHMa ¢ usMcHfietT coctosune QuU3HYECKO{t CHCTEMbl
S, @ UMEHHO, U3MEHAETCA ONpelreldlomyil ee BCKTOP p, Hepexois-
it B p©

=T q.

Ipowece, cocroamuit n3 Buibopa N pemieHuil, HasdsiBaeTcs N-wazo-
soiar npoyeccom. CBaMEM C HUM CKAIAPHYIO YHKIHIO

F(I’p Py Ppp G Qo o5 Gk

C MOMOLIBI0 KOTOPOH OLEHMBAETCA KOHKPETHAs MOCHeLoBaTeabHOCTh
pemennit gy, Gy, -.., §p U COCTOSHUE Py, Py, ..oy Pp ITY dYHKIUTIO
HasbIBAIOT Kpumepuem unu Qyuxgueii ¢oxooa.

Crasutca 3afgaya Buifpath ¢; Tak, 4TOObB MAKCHUMH3HPOBaTb
3TH PYyHKIMM p; U q;. .

IlocaegoBaTedbHOCTb  AOMYCTHUMLIX —pelIeHuUfi {ql, q_z,...,qN}
HA3bIBAWT NOAUMUKOL {(cmpameeueli).

IMonutnka, JocTaBAAwINAsS MaKCHMalbHoe B3HAYeHHe (YHKUUH
KPUTepHUsl, HA3LIBACTCS ORMUMAAbHOU.

[Ipeanonoxkum, 4TO pocne R 1aroB NPHHATHA DPelleHHE BaudA-
HHe ocraBmuxca N — k miaros npouecca Ha QYHKUHIO KPHTepHA
34BUCHT TOJNBKO OT COCTOAHHS CHCTEMB! B KOHIE R-Io peuleHus
W OT NOCAeAYIOWHX DeUICHHH Gp. 1y Gp 90 -+ G pn

HMmeer Mecro:

MMpuppun ontumanbHoctTHu. OnrumarbHas 0OJAHTHKA
oOnagaer TeM CBOWCTBOM, UuTO, KaKOBbl Obl HU OblAM HAYadBHOE
COCTOSIHMe M HayalbHOoe PelleHHe, MOCAeAYIOU[HE PeIIeHHS MOMEHSI
COCTaBAATL  ONTHMAAbHYI0 MOANTHKY OTHOCHTENLHO COCTOAHUS,
ABIAILETOCS Pe3yIbTaTOM NPHMEHeHHA MePBOro pelleHHs.

Opuwmep 1.12.2. dyuxnus Kpurepus;
N
kZl E(Pr )y Pi=T (P gia) F=23 ... ).

Bean NpurATs pelledue gy, TO p) NEPEXONUT B T (py, q1), @ N-waroswifl npouece — B
(N — 1)-marospifl. MakcuMabHOe 3HadeHHS KpUTepud oT ocTasmuxcn (N — 1)-mwaros
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Gyner fALl (T(pl’ ql))' Torna, npy HEKOTOPOM 9y

In(Pr)y=&(Py ‘11)“‘ka_1 [T 0]

Chreforare uHo, gy BhGHpAeTCs TaK, TTO
TnE)=m2 (& Py 4) T N [Ty )]

1.125. BapunauucHHOe HCYHCIAEHHE H NPHHUMI ONTHMAlb-
HOCTH BenamaHa. 3agaua MHUHHME3AUUH (YHKIMOHARA

b
J=(Fl,yydy, y@=c (1.12.7)

a

CBOIHTCA K PACCMOTPEHUIO MHHMMAJIBHOIO 3HAayeHHA q)ym(unonana
B KauecTse prHKU,HP[ HavyarbHOro 3HAYEHUA lIEPeMEHHOI a M 3agaH-
HOro 3HayeHudA C:

f(a, ¢)=minJ(y) (—o<a<<bh —oo<<c<<oo) (112.8)
p Il

="+ §

a a+A
H KU3 NPUHUKNNA ONTUMAALHOCTH CHEeRYeT

a4 ]
fa 0)=min[g F(x,‘y,y')dx+f(a+A,C(y))J. (1.12.9)
y

a

Ipn mobom A

3nece y= y(r), assx<ca+A y(a)=q¢ c(y)=y (a4 4). Coor-
nHomenue (1.12,9) nomyuaercs M3 cneaymowux coobpaweHuit: npu
no6oM Bbléope A HanMeHbllee 3HAYEHHE CYMMBI

a-A b
\ Floyy)yde+ \ F(xyy)dx
a a+-A

6yner NOIYYeHO, eCAiM MHHMMH3MPOBaHO BTOPOE ClaraemMoe, nocie
Yyero MoMyuyeHHas CYMMa MHMHMMH3HPYETCs IO BCEM Y, ONpejefeH-
HHIM Ha OTpe3ke (a4, a 4 A] )
Ilpy maabix A
a+-4
\ Floyy)de=F(acy (a)h+o(d),

a
c(y)=a+y (a)A+o0(3)
4 npu obo3Hayuenun ¥y (a) =v

Fla, ) =min[F(a,¢,9) A4 f(a A c+vA)] +0 (3),
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l1l\’l'() 11pxu A—0O OPHBOJAHT K VYPABHCHHIO B YaCTHBIX NPOH3BOAHLIX

Y min |[F@eo +vgﬂ, (112.10)
f(b,e)=0 s Bcex ¢, a<<h.
3ameHa ¢ Ha X, v Ha ¥ aaer
f(,\’,y):m_i,n.[ (3, YA - Flx, ) - f)f Av H/yA—{— J
OTKY 12 ' )

O::min[ x5y -+ ()t, J{ VJ
¥ AY

u, cacrpospaTtenbio,

F,,—}(}v 0, (112.11)
_“-;—(+ g; (1.12.12)

Ms (1.12.11) u (1.12.12) caeayer ypaBHeune 3itaepa—Jlarpanxa,

Moayuenue weoBXOIUMHX YCIOBME MHMAMYMA IS HCXONHOIO
QOYEKNMOHAZA  NMPHBEAEHO K HOAYYEHHIO HCOOXOMUMEIX  YCHOBHIL
MUHHMYMA QYHKIIMY OT ¥t

D (y)=F(x,35) ~5{+ v (1.12.13)

HeoBxonumoe ycaoBue MunpMyma @7 (y')==0 npespamaercs B
vexosue Jlewxannpa

F.y = (112.14)
Ecau V' =£y, 1
F("!yy)_}_af_}—““v ’F<X’V!}/)+a\,+)/

4yto xaet ycaomue Befiepmirpacca

E (Xv y! y’v Y,) -
(63 V) = F(x,3,9)—(Y'—y) Fy =0, (1.12.15)

Meton Beaamana pacnpocTpaHsercs u Ha BCe OCTajbHhle 3aJaull
BaPMANVOHHOTO HCYUCIEHHA, PACCMOTPEHHBIE DaHee.

1.12.6. Csa3b [UHAMYMUYECKOTQ UPOFPAMMHpPOBAHWS ¢ 3aja-
4aMH YCJIOBHOIO 9KCTPeMYMa H RPpHHUHMNOM Makcumyma, Ilycis
Jasa cucteMa AuGQ@epeHNNaTbHbIX YPaBHCHUH

ayvi __ ;

‘d"t‘:gi (yly.sz "')va Z t): Vi (0) = (l - 1) 21 ey N)
TpeGyercst onpenendTs HeU3BeCTHYI (QYHKLHIO 2z (YApaBienue) Tak,
4100b MUHUMHU3NPOBATL Bpemsd, 1pclyemoe Las Iepe X0la CHCTEMB
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B coctosnne (dy, dy ...y dyy, T e dynxumnonan T =T (2) oupenc-
AgeTCH YCIOBHAMU .
' yl(z):dt (li1121vN)

10— 3a7aua o6 ONTHMAALHOM GBLICTPOAEHCTBHIL

Ecan f(y, £)— speMst, Tpe6yemoe 14s mepeBoja CHCTCMBI H3
COCTOfHUs ¥ B MOMCHT £ B JKENaeMoe KOHEYHOoe COCTOsHIe, TO U3
UPUHIMIZE OHTUMATBHOCTH CI1eayer

f()v't):m(itn[A—{—l (y g, £+ 3]+ o),
2 (f)

OTKY1a

0= min Z /‘,g,+f, ) (1.12.16)

Z i=1

W3 (1.12.16) caeayer, uto
N

N
1 a i
0= nyi?i*» O=1+ Ef)vigi+ft' (1.12.17)

i==1 i==1

[To onpeneacuuio Gynkuuu f(y, £) umeeM f,=0 npu =T, ciac-
N
JIOBATENBHO, ny (T) g (T)=—1. Ecan g; mHe saBucut or f,
i==1
N .
UMEET MECTO [EPBHI MHTerpan cucreMsl 3 fv g;=—1 Broaw on-
t:l
THUMaJdbHON TPaeKTOPUN. ﬂnﬂ GVHKUME Y, 3HAYEHUA KOTOPHIX B
toyke T ne onpenenern, f, (7)=0. Ecau ussectHw f,, 10 u3
1A 13

(1.12.17) maxomutcs 2.
Has otbickanus fy, Ra3bIBaEMbIX (HYHKLUOHAALHbLMUL MHONCU:
11

measgmi {2 B paGoTax, CBS3aHHEIX C MPUHIMIIOM MAaKCHUMYMQ, — HM-
nyabcamM), B TeX cCayuyasX, Korja g; He 3aBHCAT OT [, Cayxar
auddepeHiaabable ypasuenusa, noaydaemsie uz (1.12.17):

n
d 0 ,
e+ E =0 =12,
]’:

¥ COBMajaoiife ¢ YPABHEHHAMH I8 QYHKGAH ¢; B MPUHLUIE MaK-
cumyma. llocgennas cucrema BMecTe ¢ HCXOOHON M IepBBIM YpaB-
nenvem (1.12.17) onpeaeaser N (bynxunonanbnux MHOXHTENEH,
N Bequuus ¥, Yo, «o, Yy 8 f (3, 0).

PaccMoTpeHHble B 3TOM raaBe 3ajayd sBAAOTCs ofmMMH 3ana-
yaMH ycioBHOro skcrpemyma (Jlarpanxka, Maitepa, Bombia) u, Kak
yKa3blBaloch paHee, M3 IIPMHUMIIA MaKCHMyMa M NPUHIMAA ONTH-
MaAbHOCTA CIENYIT BCe HeoOXONMMblE YCIOBUS 9KCTPEMyMa B 3THX
3ajavax.
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Cw. Beanman u J-‘L%erﬁdwc {1}.
go sonpocy 00 OIFTHMajbHRIX ppuENmMnay c¥. crateio Nurvosuwengo [l
¢ BONpocy O ECOOXOLHMOETY M XOCTATOWHOLTH HPARNANA MaxefMyMa m HPUH-
nuna enTamansHoetn ¢, BearTanckmy {1}, [2.

§ 13. JluneilHoe nporpaMMHpOBaHHE

1.13.1. NTocTanoBKka 3anauyH., PasHoo6pasHsie BOMNPOCH, BO3HH-
KaolHe B 9IKOHOMHKE, BOEHHOM H WHXEHEPHOM [Heje, 4acTo NpH-
BONAT K Caexywouiedl saiave.

Haittu mMakcumyM nuHeiiHOH dopMbl (ygeseod gyrkyuu)

2=poxy - PeXs -t F PuXy (1.13.1)
HpH YCIOBHAX :
Qp Xy A QpoXo 4o Gipx, << a; (i=12...,m m>n)
HIH, 4TO TO JKe, Npu YCJIOBHAX
Vi = = Gy — e — Gy 4 =0 (=1, 2, o, mn),
(1.13.2)

Hnxe, B n. 1.13.4, npusemeHa B KauecTBe NPHMepPA 3anaya
NHHEAROro NPOrpaMMHUPOBAHNANA, YacTHBIl cayyaff Tak Ha3biBaemol
TPAHCIOPTHON 3aJayn.

1.13.2, Teomerpuueckan uHTepuperaumsa. V3 asanutuyeckoft
reoMeTPUH U3BECTHO, YTO FEOMETPHYECKOE MECTO TOYEK, KOOPAUHATH

KOTOPBIX YAOBAETBODPALT HepaBeHCTBY Ax, + Bx, +C=0, ecm
MOAYIIOCKOCTb, J€Walad o oJHY CTOpPOHy npamoit Ax, 4 Bx, -
4 C =0, npuuem mna touxu (x;, x,) uncao Ax, + Bx; -+ C, Ha3bi-
BaeMOe YK.N0HeHuem 93TOH TOUKH OT YKa3aHHOH NPAMOMH, C TOY-
HOCTBIO O MHOWHTEIS DaBHO DACCTOSHHIO OT TOUKH (X5, Xg) HO
apamoit Axy -+ Bxy; + C = 0. 3ananne HepaBeHCTB

Ay + B, +C =0,
Agxy+ Boxs +Cy =0, (1.13.3)

. . “ .

ApXy + Bpxs 4+ Cp =0,

onpejienaeT HEKOTOPYO BHINYKAYIO MHOTOYLOABHYIO 061acTb, KOTO-
Pylo OyxeM Ha3biBaThb IPOCTO MHO20Y204bHUKOM.

3amaya auHelHOro NPOrpaMMHUPOBAHUS MO¥eT ObiTh chOpMYru-
pPOBaHA KaK OTLICKAHHE TOYKM, HpHHAIIeXauieir MHOTOYrOAbHUKY
(1.13.3) u naubounee yxaoOHAOUEHCA OT OPAMOH

z2=pix; - pyxs =0.
B sapucuMmoctd OT paciioaoxenua mHoroyroaeHuka (1.13.3) u npsa-
MOH pixy - poxy =0 3alaua uMeeT eIMHCTBEHHOE pelieHue, GecKo-
HEYHOE MHOXeCTBO PEIUEHMI HIM COBCEM He HMMeeT pelieHHA.

B nanmom miockom cayuae AcHO, 4TO pelileHHs 3aXayH, €CIH OHU
CYWECTBYIOT, JA0TCA TOUKAMH, JAewamumi aub0 B BepllMHAX MHO-
royroapHuka (1.13.3), Ha3bIBAEMOr o TAKKE MHO20Y20AbHUKOM pelie-
Hitif, 1160 Ha ero CTOPOHAaX.
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B uyactHoctd, koria MuoroyroabHuk (1.13.3) umeer cropony,
napanIenbHylo npaMmoll pix; +p.x; =0 u coxepxamymo xots 6ul
OAHY TOYKY, BAIOLIYI0 pelleHHe 3afauyd, To Ja00ad Toyka yKa3aHHOM
CTOPOHH! TaKwe JNaerT peluexde atofl 3azayw.

Ecan xwe muoroyroabHuk (1.13.3) 6eckoHeueH wunu ke cucTema
nepasencts (1.13.2) npotuBopeynBa, TO 3amaya He HMeEeT peUIeHU:.

AHagornuHsle coo6paXkenus pacHpoCTPaHAWTCA HA OOIMUK Cay-
uait, B KOTOPOM BMecTo MHOroyroasHuka (1.13.3) 6yner ¢urypuposatn
HEKOTOPBI BHITYKIbIT MHOrOrPAHHHK, 4 BMECTO NPAMOI — ILIOCKOCTh.

1.13.3. Cumnnexkc-meTton. [lepeniM 3TamoMm pelleHua 3a1ayud
JHHENHOro HPOTPAMMHDOBAHISI ABIAETICA OTbICKAHME KaKkoi-aubo
BepIINHBl MHOrCOTPaHHMKA pemennil. Penienne - cuctems (1.13.2),
COOTBETCTBYIOI{EE BeDIIMHE, HA3bLIBAETCA ONOPHLLM, UMes ONOPHOE
pellieHye M OTBEUAL(Ee €MY 3HAUEHHE [eXeBOH (QYHKIHH, HAXOMAT
‘HanpasieHHe K JPYrof BepUIMHE MHOIOTPaHHUKA, B KOTOPOM lLieneBas
dyHxuus Bo3pacTaeT U, TaKUM o6pa3oM, NMPUXOISIT KO BTOPOMY OMOp-
HOMY pemieHuto. [loBTOpeHHe 3TOrO mpoilecca OPUBOIUT K ONTHMAdb-
HOMY pellleHHI0 (eCId TaKOBOE€ CYILECIBYeT) IOCTABAEHHON 3amaym.

Ilycrs, Hanpumep, TpebyerTcs MAKCHMH3HDPOBATH HedeByI0 (yHKUUIO

z2=—12x1 - 3x2
apy OrpaHddeHuAx
hyr=— x4 224+ 820, )
I ys= x4+ vt 120, |
Iy yg= 8x;— x3— 120, } (1.13.49)
IV) pg=—2x1 —4xs - 100, |
V) == 251+ xp4+10=0. )

MHOrOyTroJBHUK Femeﬂuf»’l, aaomuiAcs mepecedenyeM  noaymaockocredt (1.13.4),
nokasak #a puc. 1.13.1. ’ 2
TlepefineM OT nPAMOYrOABHBIX ZeKAp- 4
TOBBIX KOOpAMHAT (¥, X9) K KOCOYroJsHOA
cucTeme KOOPAMHAT (¥1, Vo) no dopMyaam

yi=—x1+2%2 18, Yo=x1+xg+1
nau &
1 z\

2
Yl=—Fy+tgrt \i
1

13
Xg= ¥ - Y2 — 3.
g==5 V1+7 V2
B 3TOfl KOCOyroJastoll CHCTEME KOOPAMHAT
ocAMH KOODAMHAT SABASIOTCA mpsmsie =0

x

U yp==0, a HAYaIOM KOOPZHHAT — OxHA
M3 BepIuMH MHOrOyroJbHHKAa pemueHufi, Cy-
[LEeCTBEHHbIM  OOCTONTENBCTBOM  siBisgeTCs
TO, UTO KOOPAuWHATHL (V1, Vg) BCEX TOYEK
MHOrOyroJsHMKa pPelmeHHd HeOTPHIATE IBHDL.

Uenesas pyuKnus g == — 12x; - 3xg NPHUHUMACT BUA 2 == DYy — Tyg — 33, npuved

Puc, 1.13.1,

z = — 33,
0
0

=

[

'L
‘o

Uenesas GyHKuuA BO3PACTAET NPU ABHMCHHN TOUKU (Y{, ¥2) B NOJOMUTEIBHOM
HanpasJjieHuu ocu ¥p (ye==0).
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Taxuw ofpa3ow, HalifeHo 1epBOe ONOPHOE pEelIeHHEe W HAUDARJIEHWE ONTHMU3A-

u e/enoil Py KU ) .
s uPexue}me sagaun  yCJAOKHMAOCH O, €cinm 3a Ocil HOBOI cucTeMLI KOOPIiar

6er1u Obl B3ATLI IPHMBIC

V==X +2x3+8, yg=3x; —xa— L.
Hawaio HOBOM CHCTEMbl KOODIHHAT B BTOM cJydde JeKHT BHe MHOTOYTOJAbHMKA pe-
NeHHA. u TiepBbiM ©37anoM pCUJEi{.ﬂﬂ 3axayy CTAHOBHTCH HpHﬁJU)KeHHe K OIIHOX:'I H3-
BCPUIMH MOOTOYTC/ALHNKA PLUIeHMY, NOLAE Yero npoiect OTYIMLCTRAARTC OO yxa-
3aHHOMY BbIe H,’!ﬂHy.

B olutem cayuae, KOrJa 3aJaH MHOTOTPAHHUK, B RBEPHIMHAX
KOTOPOro (na pedpax MAM rpaHaAx) OTHCKUBACTCH PellcHHEe 3aAaun
ANHEHHOTO POIPaMMUPOBAHUA, WPOUIBOAUTCH 1EPEXON OT HCXOAHOM
HCKABTORON NPAMOYTOALHON CHCTeMbLI KOOPAMHAT K KOCOYTOIbHOMN,
B KOTOPOft B KaucCTBe KOOPAMHATHHIX [JAOCKOCTEH HCMOAB3YITCH
M HEKOTOpPHIE H3 T'MIEPIIOoCKoCcTeH, OrPaHHYMBAKOMHUX YKa3aHHBIN
MHOrorpavuuk. Ilpd 9ToM KoopaumaThbl BCeX TOYEK MHOIOTPAaHHHKA
cTaHoBATCA HeoTpunarexrbHuMH, Ilocie 9TOro OTHICKHBaeTCH IepBOe
OIIOPHOE pelleHHe W HanpasleHUe, B KOTOPOM IlicaeBas QyHKUMA
Bo3pacraer. OTbICKAHHE BTOPOro ONOPHOIO PEUIEHHS H ITOBTOPEHHE
[IPoILeCCa OTHICKAHNS HOCAe 1Y IOI{UX OIIOPHBIX PellieHH i MPUBOAUT K 1O-
JAYYEHHIO OHTYMaAbHOIO PeIlleHMd, CCIH TOJMbKO 3alaua pa3peliuMa.

Onucaunplit cnoco6 pelledus 3afdayd JUHEHHOI'O . IPOrpaMmH-
POBAHUSA HOCET Ha3BaHue cumnaexc-semoda Hawyuza.

B nocreande romel B KavecTBe aareGpamyecKodl OCHOBbI CHM-
MIeKC-METOJa YCNEIIHO HpHMeHsAerca ykasanuulit Ultudenem anna-
par ¥OPHAHOBLIX UCKIIOYEHHUN.

HNaseHefimas pa3paboTKa W TeoMETPH3aUus STOTO anmnapara COIep:KUTCH
8 KuHure 3yxomunkoro u Appeesoil {1,

1.13.4. CBs3b ¢ JHHaMHYeCKHM NporpaMmupoBanuem. CooBpa-
WeHus, HpuBefleHAbe B I 1.13.2, mokaswiBalor, Y10 MeToAsl AUQ-
(hepeHUHaNbHOTO HCYHCIEHHS HENPUMEHUMBl 1A pelleHusa  3alay
JAMHEHHOro MNpOrpaMMUPOBaHus, B KOTOPHIX pelleHHe Bcerja Haxo-
AMTCA Ha rpaHuue obaacty onpenerenus dyukuun (1.13.1). Onnaxo
3aflayll AMHEHHOTO TNPOrPaMMHDPOBAHNA MOXHO (DOPMYJIHPOBATH Kak
33jayYH JAWHAMMUECKOro TPOrpaMMHUDOBAHMA, KaK 3T0o Oy1er -noka-
3aHo HuKe, ciuexys Deaamamy u [dpeiidycy, sa npumepe oamofi
mparcnopmnoll 3adady.

Wimelorca pgBa ckaaxa, CoxepXauue COOTBeTCTBEHHO X; H Xz HEKOToporoe

pecypea, u N nyHrToR norpeSienns ¢ norpefHOCTAMN COOTBETCTBEHHO Ty T e rN
B 3T0M pecypce., OOmult sanac pasen obuieMy cnpocy;

x1+x~2:r1+r‘z+"'+’N'

fycts’ X;; — KOAMYECTBO 'Pecypeos, OTAPABAZEMBIX M3 I-r0 ckAaxa 8 /-f nyuKr
norpeSenus u g =d ;x;;— CTONMOCTb OcyuleCTRACHHA 5T0d onepanun. TpeSyercs

MUHHMUIHDORATE QYHKIUK

¥y 4% (B pacemaTpusacmon cayuae i =1, % j=1, ..., N)
L

npu ycROBUEX
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fycte f‘}\v (xj, xg) — BeJHUKiA 3ATPAT NPU MCHO0A030BAHAN ONTHMAILHON noantuxd,

KOTia HauYMHAKT COOTBETCTBCHUIO ¢ KOAWYECTB Xi, Xg TpH PUKCHUPOBAHHBIX norped-

HOSTAX 7, 7.\ wuu 7\
U N

Yaosiersopeniie nepBoro cnpoca B N-M NyHKTe NOTpeOACHUS IACT 3aTPATHI
&N (xuv) + &N (xeN)

1 yMeHbiliaeT pecypcsl Ha CKJ1anax a0 Xl -—-XIN n xg_x,zN. M3 npHdHuna on-
TUMAIBIGLTE Cacayer nphn IV?:)

Iv (% *p) = {gi{}} By (51v) F o (Fon) T IV — 1 (%1 = 5100 %3 *oN) ],
{

rae RN—naymepHaﬁ o6aacTe, onpeeaneMas yCJAOBHAMU

0=<x O0=x_  =<x.

- =
r NSy N = %q

v TENT

npa N ==1 umeem f(xq, xs)==g1( (x1) %—g-z]\l/(-\fﬂ)-

Henoaplopadue yeaorua xl—l—x): L r HO3ROMACT HCKMIOUNTE napamerp
i=1
X2, TOrfa a3 X, X )= X} UMECT MeCTO COOTHOWEHUE
fN( 1 2) fN( 1)‘

T () Zx‘:i{n v TEN v~ S v G 5]

- — - — ) ——
0oy —% 0=y ~x1N\<‘kZ_‘1ri *r El’l

B kuure Beaamana u Hpefidyca (1] nprBegeHbl BRIGUCAGHHA A7 CAydas ABYX CKAa-
IOB U JECHT! NYHKTOB MOTPeO.deHisd, a TAKXKe IId TPeX CKAaXoB M ZecATH NyHKTOS
norpebaenns,

B npuBepeHsoM apumepe §;7 MONHO paccMaTpusate i B BHIC neapHefiHof

-byHKIAKY X, i

BoamoxHocTh (GOPMYIUPOBAHUA 3aJay MHHEHHOIO HPOrPAMMHU-
pPOBaHMA KAaK 3alay NHMHAMHYECKOrO NPOrPaMMUPOBAHHS He O3Ha-
yaer, uTO 3TO HEOGXONMMO AenaTh, HOCKOMBKY BO MHOTHX CIyYaax
BLIYHCINTEAbHbBIE MeTOIbl JAMHeHHOrO MNpPOrpaMMHPOBAHUA OKa3bi-
BAlOTCA JOCTAaTOYHO 3 HEKTHBHBIMA.

JluTeparypa no JUHE{iHOMY NpPOTPaMMHUpPOBAHMIO BecbMa ofwupua, Jas cry-
IIeHTOB BTYS0B M MIKEHEPOB MOXHO PEKOMEHIOBATh caenyourve xuuru: Kapmenesny
u Canoscxuit [l]; 3yxomunkufi u Amgeesa [l]; HOaun u lossmredin [1].

§ 14. llpameie MeTOAB BapHANHOHHOTO HCYHCIEHHSA

1.14.1, MocranoBKka 3agauu. OObIYHbIE METOIbl BaPHALUOHHOrO
HCUNCIEeHNs, IPH KOTOPHIX 3aflaya MMHUMU3AUMK QYHKLKOHAJZA CBO-
IUTCS K MHTErPUPOBAHMIO YypaBHeHuit Ditnepa— Jlarpanxka, yacto
MPHUBOAAT K OYeHb TPYZOEMKHM BBIVHCAEHHSM, YTO A€JaeT 3TH Me-
TOABI Mano 9hPEeKTUBHLIMU.

BoabuinM pacopocTpaHeHHeM IIPH pelleHHH TeopeTHYeCKHX U
NPUKNAIHLIX 32124 [OMB3YIOTCA MPAMbIE METOLBI, 3aKMOYA0OLIHECH
B CAEIYIOUIEM.
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[Tycrs Tpebyercs HaliTH MHHHMYM HEKOTOPOro (PyHKiHOHaza
J(¥), 0 KOTODOM H3BECTHO, YTO TOYHas HHUXHAA I'PaHb ero 3Haye-
maft inf J(y)=m> —oo. Myctv yaanoc, HaHTH NoCHeIOBaTENb-
HOCTb JAONYCTHUMBIX QYHKUHI ¥y, Vo, ..., ¥u, .., TAKYIO, UTO

lim J(yp) =m.
n—o

Bo MHOTMX BaXHBIX CIVUaiX OPH 3TOM OKa3blBaeTCd, YTO MH-
HUMU3UPYIOWAA MOCTENOBATEABHOCTL {y¥,} cXomurca Kk QyHKIUE Y,
Ias KoTopolt J(y) = m, 1 1eM caMbIM BAPUANVIOHHAA 3a7ayd pelleHa.

C IpyroH cIOpoHBI, NPAMBIE METOAB BAaPHALUOHHOrO HCUHUCIe-
HHsA NOCTABAAIOT PelleHHE TeX KpaeBbX 3afay HuddepeHnuaibHbx
YpaBHEHU, KOTOPHE MOTYT pPacCMaTpUBaTtbesd KaK COBOKYMHOCTD
ypaBHednil Dftzepa—J/larpanxa u KpaeBhX YCJAOBHI B 3aiade Mu-
HIMH3allud HEKOTOPOro (YHKIHOHama.

1.14.2, Meron Purtua, NMpumepst. [lycts tpebyerca pafitu Mu-
HUMYM QYBKRUMOHANA

Xg

JN={F,yydy yx)y=a yx)=a  (L14])

X1

B HEXOTODPOM Kiacce yHKuuit,
PaccmatpuBaerca n-mapaMeTrpuueckoe cemeHcTBo dyukuny

Y, x) =0, () + X e (x), (1.14.2)

i=1

TIe g (X1) == @1, 9y (X) = ag; ¢; (), ¢; (X1) = ¢; () =0 (=0, 1,
.y My...) — NOCAENOBATENABHOCTh JNUHEHHO HE3ABHCHMBIX q)vm(unn.
Baatste QyHKUMH Ha3bIBAIOT KOOpduHalﬂHblMlI
Ha oynknuax (1.14.2) pansmit @ysxuuonan npespanjaerca
B (QYHKUHUIO 1 NePEeMEHHbIX

J(y(n, x)=® (e, co5..y Cp) (1.14.3)
BriGnpaworca 1€ 3HAUEHHA €y, Cgy ..., Cp, KOTOPHIE NOCTABAANT QYHK-
uut @ muHuMyM. [lpu madimenmmix ¢; (=1, 2,..., n) QynKuus

(1.14.2) o6o3nayaercs uepe3 ¥ ,(x). Bo MHOrux npaxTuyeckd Bax-
HBIX CIy4asX MOCAefoBaTeNbHOCTh HalIeHHBIX TAKHM 06pa3oM (yHK-
Wiy, (x) (#=1,2,...) ABIgeTcA MHHUMH3HPYOLlCH N Jawmed
peuleHne MocTapieHHON 3ajauw.

YkazauHuii Meton npuHagnexur Putuy (1908 r.).

CymecTBoBaHHe a6COMIOTHOrO MHHHMYMa ¢yHKuHoHana (1.14.1)
¥ JOCTHIKEHHe 3TOr0 MHHHMYMa NMOCPeICTBOM INOCTPOEHHS MHHHMH-
aupywiieli mocaefoBaTeNpHOCTH (GYHKIUH obfecreynsaercss BHIOA-
HEeHHEM CReYIOINX YCAOBUH.

O6o3nayuM yepe3 (F 3aMKHYTYIO 06JacTh INIOCKOCTH X, ¥, B KO-
TOpO#t AeXaT JHHHU Yy, (x).

Pyuxuun F(x, v, z) HenpepriBHa N0 COBOKYNHOCTH CBOMX apry-
MEHTOB IpH (X, ¥) € G 1 1060M KOHEUHOM Z,
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CyuectByoT KoHucTautot a>>0, p > 1, B, 118 KoTOpHX
Flx,y, )=alz|P+8,

KaxkoBO Onl HM Obl10 z W mas aw6oifl Toukn (x,y) € G.

Pynxuua F(x, ¥, z) HMeeT HENPEPLIBHYI0 IIPOU3BOJIHYIO
Fy(x, ¥,2) 1 qaa moboit Toukn (x, ¥) € G 3ta NPOH3BOAHAS €CTh
Hey6piBaomas GyHxuua o1 z (—oo <<z <<eo).

IIpu sroM HHTerpHpoBaHHe mMoHUMaeTcs B cMmbicte JleGera (cw.
n. 2.0.3), a pyHKUMOHAD paccMaTpHBaeTCcs B Kiacce abCOMIOTHO He-
NpepbIBHEIX QYHKILHT.

Yxazannble YCIOBAS BHIOIHAIOTCS, B YacTHOCTH, Aif QyHKUHO-
HAJI0B BHAA

X2
VP () 0® g (09 =2 (x) y} do, ¥ () = ay, ¥ (o) = a

X1

rae p(x)>0,q(x)=0u g(x) — u3BeCcTHbIE HeMpepbIBHbIE (YHK-
HUY B KOHEYHOM HHTepBade [Xxy, X,].

Cu. Axuesep [i].

Baxuoe 3HayeHde s MPUMEHCHHI MMCIOT IHHEHHbIE BApHaLH-
OHHBIE 3a/layd, T. €. 3aJaY¥ O MHUHMMHU3auuH (YHKUUOHAJIOB, Ypag-
nenus diinepa — Jlarpanwa KOTOPHIX IHHEHHBL.

YcaopueM NPUMEHUMOCTH MeTola Purtua x MUHMMH3AUHN TAKHX
(OYHKUMOHANOB ABAACTCA MX MONOKUTEIbHAA ONPeNeneHHOCTb, T. €.
CYUIECTBOBAHHE [I0JMOMHUTENbHONR KOHCTAHTH Y TaKOH, 4TO

X2 X2
VP y)ydez=y § yide
X1 )21

U COOTBETCTBEHHO

33 Fx, 3, 1, uy 1 )dxdy>~{85 utdx dy,
D

B Kaacce (yHKUu#, HenpepblBHO Aud(depeHuHpPYeMbX IOCTATOYHOE
Yuciao pas M YAOBIETBOPAKOUUX KPAaeBbIM YCIOBHAM 3alayi.

IloapoSHoe paccMoTpeHue sToro Bompoca ecm. Muxanu [1], [4].
Mpuwmep Ll141. MuanMmusuposarb QYHKIHOHAA

1
[ (24 2+ 2x3) ds. yO=yl)=
0

IycTh
— 2 [ S _ ntl_.n
0, () =0, py () =2"— %, ¢, (W) =x"— X", ..., 0, (W)= %7
MNpu n=2
V2 x)= 1 (¥2— X)L g (X3 —x2),
e, x)——cl (2x--1 +Co (3x2 — 2x),
1t i I 1
YW@ ) =0(. cp)=73 1~I-300 2 T T3 F T 15 %
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94 rja. I
od o
Henoap3yd yCaoBia da =" O—C;=0. noayanm
1t § 1 1 2 1
igﬁ‘f’ﬁ%-g; ,%01—}*702:1—6.
Orciona
) _7
‘= ‘2=
H v
77x8 — 8x2 —
YO x) = x X 69x.

473
B naHuoM cl1y4ae MOXKHO yKB3ATh TOYHOE pelucHMe:

(ex—— e_x) — X.

—1

Hnmecsxeny}omaﬂ Tabauna 4aeT COMOCTABJRIH2 TOYHOTO I H[)Mﬁ,“lH)KGHHOI‘O pELUCHHI:lf

X ¥ ¥ (2 x)

0,0000
—(,0285
— 0,050
— 0,068
— 0,0585
— 0,0444 —0,0442

0,0000 3,0000

NMpumep 1.142. Moaunduxanuas MmeTrona Puruma, Iycts Tpedyercs
MHHUMU3HDOBATE (DYHKLHIHAT

1 .
T ={ely*dx, y(O)=0. y)=2m2
0

Pemenne 910R 3azaTy OObITHBIMH METOIAMA NPHBOZHUT K PyHKUMH
- y=21n (4 x).

Oas npubunkedHoro peulenus Boifupaercd NOCASIOBATEIBHOLT, KOHCTpyUpyeman
13 MHOTOWJIEHOB TpeThell cTeneHd caepviomum o0pasoM.

l-e npuGauxenne, MIorowiensl TpeTpell CTENeHH, N7 KOTOPBIX ¥ u 3
NPUHUMAIOT npH ¥ =0 n x=1 2alandble 3HAYCHHA.

2-enpudammenne, Pyaxnun Ksacca Cyp [0, 1] ¢ 3amanHbiMy 3HAYeHUAMH Y
uy upu x=0, x=1/2, x=1 u kybugeckux B KAOKZAOM U3 ABYX UHTEPBANOR,

k-e npubanxenue. Pyaxgun kgacca Cj [0, 1] ¢ 3a1aHHbIMH  3HAYCHHAMY

oA Yy u Y nupH X = _kJTI (j=0.1,...) ¥ KyOuueckMX B KaXIOM H3 2k_l MaJbIxX
2

UHTEPBAIOB,

Ing xaxnporo k ¢ynxumonanra J(y) 3amengerca 3sHAYeHUEM Iy (y), Koropoe
BLIGUCIAETCA B Kawjaom uHTepBare mno upasuay Cumncona, npudem HeoGxozumble
148 9TOTO CpefgHde 3HaYeHHd ¥ # ¥’ Haxoasrcs no dopmynaM .

- 1 h — 3 1
y=3 (y, +3¥)— 7 W) ’V':I/; (g =3)— 5 i+

BLIDAKAOIINM MY Uepe3 3HAUEHNA ¥, Y| HA ACBOM 1 Yy, Y, WA NPABOM KOHLAX iH-
TepBaia LAuHbL A. )
Tax KaKk adaveHud Y 3agadut npy x=0 u x=1, T0 Qyukuun U3 nepsoro
npabaKeHls NOJHOCTHIO ONPENeAFIOTCH HX NPOM3BOAHBIME ¥ mpn X =0 U x =1,
JTH 3HAYEHWS, YMHOXEHHsle Ha IOCTOSHHblE MHOXHTENM, 0603HAUEHBI Yepes
Mo W 7 U DPUHATE B Ka4eCTBE HE3aBHCHMBIX [EPEMEHHBIX B IePBOM mpuOIMKeHHH,
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Ilepeoe npubamieune: -

Xy=0i x =05 x,=10 h =05 _\'0———0; Yy =210 my=hv; (=0,1,2).

h & RS 3
J )= 4‘ [y +ded1y?] = [n +4eYin2 4 dn2],
1
Y1 7 (Mo 1= vy — T (2 — mp) == 0,69315 -1- 0,257y — 0.257,
m»—%( 1g — \'0)-1 (02 + o) == 1,039725 — 0,257, — 0.2572.

BC[)CM 1]0 " ’l\-) 34 He3aslcHMbIe nepememible Iy peumem ypaBHE‘IHN
0Jy
1 gy

8J, i ' ,
f ==3h TI—S 8)1")12—‘23)17]1:87]2—(2-{*—7}1)7]16"1:0.

fo =3y 3= =20 4 eVl — 2I1n =2 — (2— 1) el =0,

Peurenns nocheguef cucrems! (Metogom HeioToHa) nawor
70 = 1,006, M1 = 0,663, N = 0,501, - v1=0,819,

TOrga KaK TOUHOE pelueHHe Jaer
7y == 1,000, n1 = 0,661, 72 = 0,500, v1=0,819.

Moapobiioe pewende STOM 3ajaui BMeCTe CO BTOPHM NPUOAMNeHHeM cM.

Moppet [1].
Hpuwmep 1143, Haliru dysxkumo #=u(x, ), rapMoHuTecKy0 B obaacTu

G: x>0, ¥y>0, x4 y<l u yrosleTBOpAOWYI HA rpamme :x=0 y=0
x -+ y=1 ycnosuio:
up = X2+ y2,

Fapmonndeckan QyHKHHA yROBJAETBODAET ypasHeHmio Jlaniaca, spamiomemycs
ypasuenuem diinepa — OcTporpanckoro gas uurerpana Jupuxae:

Sg(ui +a})dxay. (1.14.4)
D , ,
BuibepemM KOODAUHATHBIEC (BYHKIUM:
a4y (. 3) = x2+y2, )
(¥, ) =xy(l—x—y) l
uy (x, y)=x2y (1 —E=9 } (1.14.5)
u, (¥, y)=x y(l—x— J
Dyuknd
o, N=w2+y2tcxy(l—x—y+tcox2y(l—x—y)Feax3y(l —x—y)
(1.14.6)

VIOBIETBOPAET KPAEROMY VCJIOBMIO Npn MOObIX 3HAYEHHAX TNOCTASHHBIX €y, €2, Cg.
Tloncranoska (1.14.6) B (1.14.4) mnpespamtaer unrerpan [dupyxne 8  QYHKINMO
@ (c1, €z, Cg)IEPEMEHHBIX €1, Cg, Cg, KOTOpbie Halo Beibparte Tax, wrobul sta dyuk-
HuA NOAYduAd MHHAMAJBHOE sHAYEHMe. TIDUPABUAB HYMO HacTHbE MTPOU3BOIHBI2

g{%' g%’ g;%‘ Moxuo Hafity, 910 €1 ==3,0401, ¢y = cy=— 0,0562, I1pubaumennoc
peluenne 3agavy
¢ (x, ) =x24-y2 4 xy (I — x — 3) [3,0401 —0,0562 (x -+ ¥)].

O meroze Putua u spyrux npametx meropax cu. Muxaunsn [1], (4], 5], a Tax-
we Kaaroposuu u Kpruaos [1].
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1.14.3. MeTOox KOHEUHbIX DPa3HOCTeH. ITOT MeTON, BlepBbie
NpUMEHEeHHbIH DJiinepoM, 3aKawyvaercad B TOM, UTO QYHKIHOHAR,
HalIpUMep,

X9

J(y)= 5 F(x, v, y)dx,

paccMaTpuBaeTCs Ha JOMAaHbLIX, COCTaBJAGHHBLIX M3 3aaHHOIO YUCIA 1
NPAMONMHEHHBIX 3BeHbEB € 3aJaHHHIMH abCUHCCAaMH BEPIUKH.

[Tpu sToM ¢yHKUMOHAX npeBpawderca B (DYHKUUIO OPIHHAT
BEPINMH YKa3aHHBIX AOMaHHX H jaipHefias mpoueaypa MUHMMU3a-
UK MPOBOJMTCS TaK e, Kak W B mMeTojne Purtna (JacTHRIM Cayyaem
KOTOPOTO MOMKET CYMTAaThCAd M CaM METOL KOHeYHBIX PasHocTell).

I puwmep 144, MununusupoBars GyHKLIOHAL

1
S Lyt 2endy, -y 0=y () =0
0

Mpunumaes Ay = —5;9= 0,2, Mueen

y Oy =0 3y =r02, ym=y(04 yvy=r(08), wu=r(03) rz=p=0

B xauecrBe mpuG/IIKeHHKIX 3HAYeHH IPOM3BONHLIX IPHHIMAEM

r Y1—0 , Y2 — , V3= Yo
Y O=T5  VOA=TFa— YO0 =T
p Ya— V3 N 0—Ja
e AL R

Haupeifl QYHKIHOHAN 3aMeHseM cyMMofl no dopmyJe rpaMOYroAbHUKOB, TOLLIa OH
npeppamaercs B QYHKIUIO YeTHIPEX HePeMeHHbIX

»

@ (Y1 Y2 Yo Vo) = [<0‘—12—> + ("i_—f—> + v 4 04y + (yi ) +
FE 08+ (Jﬂ’o_f_> i+ (0—45> + i+ 1,6y4] 0.2.

Vmeem
0P _ i 20s -0 | o,
oy 008 T og8 Tt 0d=0
0% __2(ya—y1)  2(y3—J9) 4oy
ay: 0,04 0,04 V2 0.8=0,
0@ _ 2(yvz3—uva)  2(¥a—v3)
ays | 004 Gof - Tt l2=0
0P 2(¥a—33) 2y , _
v —0’04—}—2)4-{-1,6_0.

Orcoza

vy = —0,0286,  y2==— 0,0303, y3=—0.0380,  yg = — 0,042

Touubie (10 4eTBEPTOro XeCATHNHOTG 3HaKa) 3Hadedud UCKOMOH (ydxumu
¥(0,2) = —=0,0237,  y(0,4) = —0,0505,
Y (0,6)==—0,0383, = y(0,8) == — 0,0444,
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§ 15. HexoToprie cBelleHHs] U3 TeOPHH
3KCTpeMyMa (YHKIUOHAJOB B JHHEHHBIX
HOPMUPOBAHHLIX NPOCTPRAHCTBAX

1.15.1. JlunelHble HOPMHPOBAHHbIE NPOCTPAHCTBA. JJUHEUHbIM
HOPpMUPOBAHHBIM npocmpancmeom E Ha3bBaeTCA COBOKYIHOCTL 3ie-

MEHTOB X, ¥, ..., Iid KOTOPbIX YCTAHOBIEHbl ONEPAUHH CIOWECHHA
H YMHOXEHHA Ha YHEno, OGJIHIIH[OIIUIC TaKUMHU €BOHCTBAMM:
D x+y=y+x

2) (x+y) Fr=x4(v+2),

3) cywectsyer Hyab-anemeHT O Takofi, uto x—}—O——x aaa mio-
6oro x&E,

4) nns xawporo x€E ypasHenue x -+ y=—=0 pa3peuumo. e~
MEHT ¥ Ha3blBaeTca npn ITOM NPOMUBONOA0HCHUIM INCMEHTY X,

5) 7\ (px) = (M) X, A, p— HeH#cTBUTEIbHbIE YHCIA,

cX =X,

DA e = x4,

8) (A p)x==hx 4 px,

9) nas kaxnoro x € E cyuieCTBYeT uiucno, Ha3biBaeMoe HOPMOL
H o6osHauaeMmoe | x|, ana koToporo x| >0,

xZ0 [0]=0 Jraxl=[2{[xl le+yi<lxi+Iyh
C noMouibl0 HOPMBl MOXHO MCTPH30BaThb NHHENHOE HOPMHPOBAHHOE

npocrpancTBo E, BBexd NOHATHE PacCTOSHHSA MEXIY 3JeMeHTaMH X
U ¥, Kak

p(x ) =llx—yl
Paccmosnue p (x, ¥) UMeeT cueqyoue cBoiicTBa:
P M=p X pl )=0 p(x N<<p(x, 2)+0(2 Y-

C noMmollbl0 HOPMBl BBORHTCA [OHATHE cxo0umocmu B MpPO-
crpadctee E. IlocmepoBatensnocts aneMeHtoB {x,}, X,EE cxo-
Odumes 8 cebe, ecnu

lp—xm|—0, n—oco, m—oco.

Ecau Kawaasa cxoraulascsa [NocJeNoBarelbHOCThL CXOAHUTCA K HEKOTO-
poMy mpeleny, ABIALIEMYCST 3JeMEHTOM TOro e NpocTpancTsa E,
TO MPOCTPAHCTBO HAa3bIBACTCHA ROAHUIM.
[Toauoe  amuettnoe HOPMHPOBAHHOE OPOCTPAHCTIBO Ha3blBaercd
npocmpancemeom banaxa unn npocmpancmeosm muna B.
Mpuwsepn. 1, Kiace pynxanit C [a, D), HenpepwiBHLIX HA uuTepsate [a, b],

ABASETCR ﬁanaxopbm npocrpancTeoM. Cuaoxenne QyHKUHA ¥ yMHONKEHHE HA WHCJIO
onpenenserca obbiynpiM o6pasom, Hopma onpegeasercs Kak

fx@ll= max |x@®]
a==t=b

=

2. Kaace @ynxuni Cm {a, b (cm. 1.0.3) nocse BBe1eHHA HODMBI

Ix@l= max (x®L 2O .., 5™ @)
<f=b

=r=
CTAHOBUTCR (AHAXOBEIM NMPOCTPAHCTBOM,

4 lUnad . 4.
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3. PaccMOTpiM MHOMECTBO /g UHCJIOBBIX [MOCJAefOBaTefbHOCTel x=-{£i},
=]

i=1,2, ... 18Kux, 4TO E E?<oo. OnpexgenuM B HeM CJOXeHHE 9/]1EMEHTOB
i=l
F={y) w =) v
x+y={£i+ni}, i=12 ...
Onpefeauy flajlee yMHOXKEHHE B MEHTOB MHOXeCTBd [y HA 4HCI0 nO dopmy.Te
X o= A, i=1,2 ...
Ay =1 i=1,
Hwmeem

X -+ y€la, rx €l

Bce aKcHOMbI, KOTOPLIMH onpegeqderca Jvuefilioe HOpMMPOBAHHOE NPOCTPAHCTBO,
BHIIOJASIOTCHA, €CAM B KAuecTBe HOPMEI 21eMenTa || X || npuHiTh

o)

LN

lx{= ;&
i=1

Cwu. Jlrocrepunk u Coboser [1].

1.15.2, ®akrop-npoctpanctso. [lycts L ecTh MoAnpocTpancTso
AMHEHHOro IpocTpancTBa F. D1eMeHTw X H Y HA3bIBAIOTCHA 3KBUBA-
AeHMHbLMU OTHOCHTEAbHO L, ecam x— y& L. Bee npocrpancrso E
pas6usaeTcst Ha Kaaccel X, ¥, ... B3AUMHO SKBHBaAEHTHLIX 3MeMeH-
to8. [lo onpenemenuo X - Y ecTs knace, colepwamuii x -y,
x€X, y€Y; LX ectb kaace, cofepxamuii Ax, xC X, Knacen X, ¥, ...
06pa3yioT IMHelHOe IPOCTPAHCTBO, Ha3bIBAEMOE (PaKmMOp-npocmpan-
cmgom W o6osHavaeMmoe E/L. Ponb nyns B HeM mWrpaer moanpo-
cTpaHcTBO L.

1.15.3. Jlunefinble ¢yHKUHOHAALI. YnciaoBaa ¢yHxuusa f(x),
onpelencHHas Ha HEKOTOPOM JiMHefiHOM mnpoctpancrBe FE, Ha3bi-
Baerca @yaKyuonarom. PynkunoHan f(x) HaspiBaeTCAa AUHELHbIM,
ecnu

flx+y)=f(x)+F(y) naa m06ex x, yCE;

f (Ax) =M (x) nas moboro xEE u moboro yucna A

[TepeuncauM HEKOTOpble CBOHCTBA JHHEHHBLIX (YHKLHOHANOB,
KOTOpble TIOHAZoOATCA HaM B JanpHelimem,

1. Ecan %%?—»0 npu x| —0, 10 f(x)=0.

2. MmuoxectBo Hyuefi aHHefiHOro ¢yHruuoHana f(x) obpasyer
noxnpoctpadctso £, Paxrtop-npoctpanctso E/E, oaxroMepHO.

3. Jlunefinnift QyHxuuoHan g (x), obpamalomuiics B HYAb Ha
MHOXKECTBe Hynelt nuHeliHoro (GyHkuuoHaaa f(x), nHHeHHO 3aBUCHT
oT f(x), T. €. CYHmECTBYET Takoe 4HCAO A, UTO g (x) == Af (x).

4. Jlupeftuoie yHkuHoHaAN fy (X), fo (X), ..., fr (X) Ha3bBaAWOTCH
AUHEHHO HE3QBUCUMBLMUY, €CTA H3 TOXKECTBA

e f (%)t cafy (X) Ao Fepfa (1) =0

CreNyer € == Cy=...= ¢, =10, Y paBHeHHAMU
ﬁfl‘(x):O, falx)=0, ..., fn (x) =0!
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rae QyHKUHQHAAH f gx), Jox)y ooy fr(X) JHHEHHO HE3ABUCHMBI,
BhIZendaercs noxnpocrpanctso  E,. PakTop-npocTpaHcTBO E/E,,
n-MepHo.

5. Jluue#inniit pyHkuuonan g(x), ob6pamaioumiicas B Hyab Ha E,
(cM. 4), umeeT BUI

g (X) = Mfy (%) + Nafa () + o+ Mafn (%),

MoacueHus K cBoficTBamM 445 MOKHO OXHOZHAMHO OMpeXefUTb
g (¥) Ha Kiaccax anemeHToB FE, 3IKBUBAJCHTHBIX OTHOCHTE/IbHO £, . W TeM caMbiM
onpenernTs g (x) Ha E/En' B camom jgeae, ecad xj, xg€X, 1'0 P YHKIIHOHAIb!
fk (%) =Cp KM X1 H Xy (k=1,2, ..., n). Torza g (x4 — x2) =0 N0 ycJI0BHIO
ubo Xy — X2 EEn. Taxnm ob6paszom, ¢GyHKIHOHAN £ (x) OZHO3HAUHO OupegeneH HA
KOHEUHO-MEPHOM NPOCTPAHCTBE (n-MEPHOM) E/En, YTO U JaeT yTBepXieHHe 5.

Cu. Jlioctepuuk u CoBones [1], Wuaos [1].

1.15.4, BunanHelHbie H KBajpaTHuyHble QYHKUHOHaMblL. PyHK-
1moHaa f (¥, z) Ha3biBaeTcss OUALHEIHbIM, €CIH OH ABIAETCH THHEH-
HbIM QYHKIMOHAIOM N0 Ka¥kIOMY H3 CBOMX aprymeHTOB.

Ecau Guaudeinsiil GyBKUMOHAI f(3, 2) HenpepoiBeH NPH ¥ ==
=2z=0, 1. e. No 3aganHoMYy g, ¢ >0 MOX¥HO HaiiTH Takoe d >0,
uto | f(y, 2)| <<e mpu |y || <C3, || 2] <<®, To naa moCuX y U 2

Lfn e i=Clyllzl
¢ duxcuposanHoil mocroaHnoi C.
Ecan B GuiauneliHOM (QYHKuMOHAZe TOMOXKHUTb Y==2, TO (QYyHK-
wdoHan f(y, ¥) Ha3eiBAeTCA K8AdpamuyHuiM.
Ecau f(y, y) — HenpepniBHHN KBanpaTHuHbIl (QYHKIHOHAN, TO
U3 TOrO, YTO JAA MOCAeN0BaTeNbHOCTH {Vp}, | vpl|—0

LFON_
Iyl?

ciexyer £ (3, ¥y)=0.

HenpepoBumiil kBanpaTHulsil QyHKOUOHAN fF(V, ¥) YOOBAETBO~
paer nepasenctsy | f(y, ¥)|<<C|y[*

KBagpartuunuit yRKuHOHAN f(y, V) Ha3bIBAGTCA NOA0NCUMEND-
uom, ecan f(y, ) >0 nas Bcex y, y=£0.

Kpagpatuyneit @ysxnuoHan f (¥, ¥) HasbiBae1Cs cUAbHO ROAO-
JICUMEAbHBIM, €C3H CYI{eCTBYyer Takasa nocroaHHaa C >0, uTo
F ) =ClylF nna seex y.

Cwm. Teapdann v Pomus (1], Ulusos [1].

1.15.5. Ouddepenunpyempie PyHxunHoHaabl. Ecau J(y) —
— dyHKIMOHA, onpelenenHblil Ha E, n ero npupaiienue B Touke y& E

AJ=J(y+mn—J), hcE
MOeT GbIThb IPEICTaBleHO B BHIE
AJ(yy=ULh+allk], «—0 npu |A]—0,

rae ;5 — auHelHbll QYHKUMOHAA, TO TOCACIHU{ HA3BIBAETCA CU.1b-
HbLM Ouwtﬁepeuquaﬂtm uan ()utﬁwepeﬂqua/zoM Dpeue Lﬁymct;uo-
Haaa J(y) B TOUKe J.

4-r
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O6o3pauenne: dJ (y, h).
Ecam cyuwecTByeT mpenen B CMEICAE CXORMMOCTH Io HopMe E

DJ (3, ’1)=—;?J(y-{—t/z) |t=0=t1in(1)10’+”;)~J( )

TO OH HasbiBaeTca c.aabuim uddeperyuasonm uin ougdepenyuaromn
Tamo @yukyuonara J(¥) B TOYKe .

Ecan cymectsyer cunbHud jguddepenunnan (ynxuuonara, To
cyuwecTByer u craduit puddepenunan, npudem DJ (y, h)y =dJ (y, h).

OGparHoe MMeeT MECTO He BCerja.

Cunpnanit muddepennuan obaagaer cpoficrsom auneinocty. Crna-
6biil IuddepeHnuanr oIHOPOAEH, HO AMAUTHBHOCTb €0 He MPeano-
jaraetcs.

Ecmn B mape |y—y,[|<<r cymecrsyer caabeiit auddepen-
unar DJ(y, h), paBHOMEPHO HeNpPEPHIBHLIA 10 ¥ M HenpepbIBHBIN
1o 7, To B HEM cCYWlecTBYeT M cuabHHHU anddepenuunan dJ (v, h),
npuuem dJ(y, k) = DJ (y, h).

MMpumepsn. 1. Bapnauus dyuxnuonasa (1.1.1), xaunas dopmyao#t (1.1.2) no‘
ayueHa kax caabwid xuddepennuvan ykazanHoro q)yﬂxunonana
Tak xax

b
Jy+m=a) = 1F i v b v ) = Fle g, yldx,
a
To, npumenss Gopmyny Telda0opa K NOXIHTErPANBHOMY Bblpéxxeﬂum, noayquN
A= S (Fy h+Fyh') dx + o (&)
B a

e || h Y| — nopma ¢ynxuuu 2 kak saeMenta npocrtpancrea Cy (@, b).
Takum o6pa30M, MbI TOJAYYAEM cmbnbm Aupdepennuan Gyuxiuonsia

aJ (3 by = S (Fyh 4 Fyrh') dix.

On Bblpamaercn TOR e dopmyaodl, uro u caabetli guddepenuua,

2. B n. 1.10.1 noayucna sapuauna dyuxumonasa (1.10.1) xai caabuft xudde-
peHnMas »Toro Gyekuyonasa. [pnpameHne yixasaHHOro (YHKIIHOHAJA MOMKET GbITh
uanucano B ¢opme

Jatm—d@={{1Fx oy atn a4, uy+hy) —
D

—F5 9w uy, ) dx dy:SDS (B + Fy i Fy ) dx dy-olhl,

rae |A || — vopma bysknun A (¥, 3), Bhiuncagemas no dopuy.e
th=ngX(ihl, Lhgl Lhyt),

N -
Takum o6pasoy, cuabubtil fubdepennran paccMarpusaeMoro GpyHKIUOHANA eCTh

dJ (=, h)=”(Fuk—§—F ) —{—Fuy ) 4% ay.

Ou BoipaxkaeTca 10fl Xe (bopmynoﬁ q1o H caaleii Jm(pq:epeﬂuuan.
Cu, Jlioctepuux ¥ CoGoaer [l
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1.15.6. Bropo# anddepenunay qyeeunpoHaja. Ecgn npn-
pauleHue QyHxuHoHana J(y) Mmoxer ObTb NpPeACTaBIEHO B BHIE

A () =Lh+1Lh+8| A, B—0 npu|2]—0,

rae lih— muHeinsill, a /,h — KBanpaTHYHBY QYHKUMOHAAE, TO [;A
eCTh paHee oNpeliecHHEU cHabHbI Iuddepenunan, a [, Haswl-
BaOT 8mopuM Ougdeperguarosm (cuavioinm) @yuxguorara J(y).

YKa3aHHBIM pasioxteHHeM HpHpauenusa ¢QYHKU@OHAXa ero BTO-
poit mn@pepeHitial oNpeReNAeTCs OJHO3HAYHO.

O6o3navenne Broporo pubdgepennuana: 43 (y, {z).

Ecau @*J (y, k) cymiectByer, T0 CylecTByer 1 Edt—zj(y—{—i/z) 1m0

npuuyeM .
d 2
gl )| =, h).

Tpuwmep. Bropole Bapuaiiun ¢ yHKIHOHAIOB, PAacCMOTPEHHbIX B 3TOH riase.
cyTb BTOpHIe Xupdepenuralsl sTUX GYHKIUOHAIOB,
Cwm. Jlaspeuthes u Jiiocrepunk (1], Teabdaux u Pomun [1], Ulnaos [i].

1,15,7. Heo6xonumbie ycloBust sKcTpemyMma. [lyers J(y) —
HeKoTopHfl puddepenunpyembill GpyHKUKMOHAN, ONpPeneNeHHbt Ha E.

Touka ¥, HasuBaetTca mo4Kold OMHOCUMEAbHO20 MUHUMYMA
(Marxcumyma) PyHKUMOHANA, €CAM IAs1 BCEX ¥, 1OCTaTOUYHO Gau3kux
K Vo, BBIIIONHACTCA HEPABEHCIBO

A=J@—J¥)=0 (AJ=J)—J¥)=<0).

Ecaun yxasaHHoe HepaBeHCTBO BhiMOnHAETCs Nis Bcex Y€ E, 1o
TOUKA VY, HA3blBACTCA MOYKOU abCOAOMHO20 MUHUMYMA (MaKcu-
MyMa) DYyHKUKOHAIA.

3navyenue J(¥,) HA3bIBACTCH MUHUMAALHOLM (MAKCUMAAbHOLM)
3HayeHueM ()yHKUHOHaNa.

Ecay touka y, sBAserca Toukoifl 3kcTpemyma auddepeHuupye-
moro ¢ynxuuonana J(y), 1o ero nuddepenuranr paBeH HYd:

dJ (3, h) =0.

[Mocaennee caenyer u3 Toro, uto ecan dJ (¥, i)~ 0 npu Hekorto-
poM h=h, TO NPH HOCTATOUHO MaablXx { mpupaieHue Qyuxuuo-
Hana
A =dJ (Yo, th)+ 0 (| th])) =t dJ (3, be) + 0(| £ |1 B ]},
HMéeeT TOT e 3HakK, uto u ! dJ (v, hy).
CM, Jaspeurses n Jhocrepuux (1], Teavdanz u .fbomm t].

Ecau T04YKa ¥, ABAAGTCS TOUYKOH MHHHMYMA (MaKCHUMyMa) ABAa¥ bl
nuddepenuapyeMoro Qynxnuonana J(y), 10 -

d®J (y,, B) =0 (d%J (y,, 1)< 0).
B camom gene, ecainm IPH HEKOTOPOM /i,
a2 (Yo, 1) =C <0,
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TO mpHpamenHe QyHRIMOHAAa

AJ = J (yo -+ thy) — J (¥y)=4dJ (¥, thy) a2 (Yo, the) + 0 (I thy ) =
=1 d* (y, b)) +o ()= CHo(t?)

npu ACCTATOUHO MAXHX ¢ MoXkeT OblTh CAEIAHO OTPHUUATECIbHBIM.
Cwm. Jaepenthen u Jlioctepunx [1], Tesbdpaun u domun (1], Lilunos [1].

1.158. HNocratouHble ycnoBust 3sKkcTpemyma. Ecau touka y,
ABAAETCS CTALUUOHAPHOH TOUKON ABawabl nuddepenuupyemoro Gpynk-
nvonana J(¥), 1. e dJ(y,, h)=0, a Bropoit nmuddbepennudn
B 3tolt Touke d2J (¥, /1) ABAACTCA CHABHO NMONOKMTEALHBIM KBan-
paTHYHBIM (QYRKILHOHANOM O /A, TO ¥, AOCTaBAseT MHHHUMYM (DYHK-
waoHaay J(v).

AHanornyHo GOpMYJUPYETCA HOCTATOYHOE YCIOBHE MaKCHMYMa.

Onuo#t TONBKO MOJOXHUTEILHOCTH Broporo nuddepennnaia
d*J (v, h) B CTalHOHAPHOI TOYKe ¥, HENXOCTATOYHO LI obecClieyenus
MUHMMYMa dyHKRUHOHana J (y).

Tipuwmeps, I, Jra dyskunosata
1

J ()= I y2(x— y) dx,
0

paccmarpuBaeMoro B xaacce C (0, 1), Touka y==0 ssasercs cranuonapuofl, Bropok
ArddepeHnuan »TOro PyHKIHoHasa B Touke y =0 pasen
1
d2J 0, hy=| xh2dx, B0,
0
Oxuaxo B n060fi OKPeCTHOCTH Hyaa (yHrUHOHAN J(y) MpUHUMAEET © OTPULLATe]bHbIC

sHAYeHHS.
2. B npocrpauctee [y 3a1aH (yHKOUOHAL

x2 \
Flx)— Z n—;’-— x5 Hm= (g Kgy vens L i)

Touka X ==0 sBAMETCA CTAUHOHapHOW, a BTOpoR xXuddepeHuuas pasen

o0

4

a2 (0, b y= 2 =3
n=1

W NOJOXKHuTeleH AAn Beex A =0,

OxHaKo 1ag X == 00, ....0,1/n,0,...) umcen F(;) = n_la. — ;,'IZ<O’

Takum obpasoM, F(x)<CF(0) 1 MURUMYM OTCYyTCTBYyeT,

Ecan xe sropoll zuddepenuuanr d2J(y, h) ssagercs xns awbofi Touxu y
NOJOKUTEAbEEIM KBAADPATHIHLIM (BYHKIUOHAIOM WO A, TO TOYKA Yo, Takas, 9To
dJ(yg, h) =0, sBasieTcsi TOuKOR MHHHMYMA (hYHKUHOHAAA,

Cu. Terndann u Pouun {1}, Koamaropos u domus {1}, Munos {1}, Muxauy (6],

1.15,9. HsonepumerpHueckas safaya. [IpaBuno MHOXHTeREH.
Naue nuddepenunpyempe dynxunonans Jy (v), Ji (¥), ..., Jp ()
W NOCTOAHHBIE Ly, Ly, ...y Lp. Cpeniu 9/eMeHTOB 0611aCTH onpeielieHNs
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GyHKRUHOHAIR Jy (¥), YIOBIETBOPAOILIUX YPABHEHHAM
JiM=1L; i=1,2 ...,k

tTpebyeTcs HalTH 31eMeHT, HocCTaBaAsOWHA J, (¥) HaHMeHbIUee 3Ha-
yeHue.

Ipeanonoxenusn O6iactu onpefenreHHsa (QYHKUHOHAIOB
Jo{¥), ..., Jp (¥) uMe0OT Hemycroe nepeceyeHHe.

[lepBbre anddepeHunais @yHKuHoHaA0B J, (¥), Jo (¥), ...\, Jp (¥)
JAMHEHHO HE3aBHCHMBbI, C1e10BaTeIbHO, CYLIECTBYIOT TaKHe 3TEMEeHTh
hyy Ny, ooy By, A8 KOTOPBIX

aJy (o b)) dIs (3, A1) oo AT (34, M)
A— dJy (Yo, he) dJs (Yo, Ba) oo dTp (Yoy Bts) 0.

dJy (¥e, By) dJs (¥, hp) ... fi-]k (Yo, Bg)

Ecay saeMeHT ¥, doCTaBiaseT MUHHMYM dYyHKUHOHAAy J, (¥) npu
yKa3aHHBIX BBIIIE YPaBHeHUAX CBaA3eil, 10 ero aupdepeHunan obpa-
ulaeTcA B HYAb Ha nepeceyeHuy MHOXKecCTB Hyaell anddepenuunanos
. dynkuuonanos dJ; (¥, h), i=1, 2,

B stom cayvae (cm. 1.15.3) nu(ptpepeﬂunm dJ0 (Yo )HBHﬂeTCﬂ
JUHelHO¥ xoMOnHaunell nubdepenunanos dJ; (y,, h), i= 1 Y
Taxnm o6pa3oM, B TOYKe IKCTpPeMyMa

k
dly (Yo, By = Y} N dJi (¥, B)  (}; — uscna)

=1 :
un

A .
d(']o - Z )\iji> (Yo, B) =0.

i=1

Mpr moayyunu npasuao MHoxkuTeneft Jlarpamka ais usomepu-
mMeTpuyeckoit sagaum; cp. 1.11.1-2.

Cwu. unos [1}, Muxanu [6].

1.15.10, O6masa 3amaya Ha ycnonnbm sKkcTpemyM. Ilycrs
J (y) — dyHxnuoHan, onpefeseHHbt Ha 6aHaxoBoM ApocrpaHciBe E,
¢ (¥) — @YHKLUHMA, onpeleleHHasd Ha 9TOM e MPOCTPAHCTBE C o6ua-
CThIO 3HAaYeHHl B 6aHaXOBOM npocrpanctee E;.

Ecau nas Bcex ,"p (¥) = 0, U3 HEKOTOPOH OKPECTHOCTH TOUKH Yy,
9 (¥,) = 0 BbIIONAHAECTCA HEPABEHCTBO

J () =T () W <J (¥

TO TOYKA ¥, Ha3BIBACICA mMOYKOL YCAOBHO20 MURUMYMA (Maxcu-
myma) GyHxuuoHana J(y) npa YCIOBHH ¢ (y) ==

Ecan touka y, YCIOBHOTO 3KCTpeMYMa Cp}’HKU.VIOHaJIa J(y) npu
ycaoBuH ¢ (y) =0 ecTs npasusbuas mouxa muoeoobpasus ¢ (y) =0,
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TO CyLleCTBYeT -TakoR nuHeHHbI QyHKuMOHAN [, ompeleneHHbIN Ha
npoctpanctee E;, uto &ns dynxuuoHana J(¥) —I¢(y) uMeem

d(J — lg) (9o, B) =0

fipu “m10661x £ w3 E.
[amum -onpedejsende NPaBUIbHOR TOukM MHorooBpasusa. Ecau
“dMeeT MECTO PaBEHCTBO

o (Yo +h) — 9 (¥) =Ih 4o (yq, ),

rae (h— aunefinas GyHRuMs ot k, 3aBucsAmas, Boobule roBops, oT
Yo U o (ye A)i=o0( k), T0 [h HasbiBacTCA cUrbHOLM Ougiepen-
yguasom N dupgepernyuaron Ppeue Pyuxyun ¢ (¥) B TOUKE ¥,
COOTBETCTBYIOLUWM TpHpan(eHdio k apryMmenta, u obosHavaetcs
do (¥, h). Jlunefinnit omepatop (nuHelinylo ¢yHkuumo) /, Boobiule
3aBUCALMA OT ¥, Ha3blBAIOT CUALHOL NPOU3BOOHOE NIK NPOUBBOOHOL
Dpeme Gyskunn o (y) B Touke y, Ecam [=9"(y,) orobpaxkaer
npoctpancTso E Ha Bce mpocTpascTBO Ly, TO TOUKY ¥, Ha3bIBAIOT
npasuabHOd mouKoi MHo2000paszus ¢(y)=0.

llpaBuaa MHOXUTeneH, npusegennwie B 1.11, aBasiorcs uact-
HBIMH CAYYaAMH [IPHBeJeHHOH BBIIIE TEOPEMBI.

Cwm. Jliocrepunk u Ceboaes [1].



FTaara Il
WUHTErPAJIbHBIE YPABHEHUS

§ 0. Beenenne

2.0.1. Onpenenenne. [ipumepsl. HrmeepasbHolMi YPASHEHUAMU
HAa3bIBAIOT VPABHEHUA, B KOTOPbLIC HEH3BECTHLIC d))'HKLlHH BXOHAT
110X 3HAKOM HHTerpana.

MMpumep 2.0.I. PaccMorpuM mMajbie kojebanus crpynnl gawuet I, Ilycre
OC — nonoxeure pastosecus (puc. 2,0.1), T — narsxedue crpynsl. Ilog AeficTBuen
eXUHHYHONR CHAbI, MOMEH{EHHOH B TOY-
Ke x, cmemedne k (¥, y) B TOuKe ) 3a- u
naercs Gopmy.oi

» ) T—lx(l—y). x<y, A(z) /4 {y/ C’ﬂ/
X, )=
z
ﬁy(l—x), x>y,
(2.0.1)
[lefcTBUTEABHO, [POEKTHPOBAHKE '3

cua Ha oce Ou 8 cuay ycAoBHil passo-
BecHs aer Puc. 2.0.1.

Tsina4 TsinB=1. . (2.0.2)

‘ k
BeaencTBue MaJocTH Kodebauni sina ~tgo = k)(cx), sinf=stgf= Tﬁ%’ e k(x)—

cMemleHNe CTPYHBI B TOUKE X,
Hs3 (2.0,2) caenyer, 9TO

1 i x({—x) .
Tk s e = 2.0,
(x)[x+l—x] 1 u ki{x) SV (2.0.3)
Pacemorpum cayuall x < y. s nogobus tpeyroapunxes ABC u A(B;C cae-
IyeT, uTO - XU
X, Y -y _ y)
) “z-x wooRW =

AHaJIOrHIHG BHIBOANTCA BTOpan uacts dopmyast (2.0,1).

Ecan HA cTpyHy AeficTeyeT HenpephblBHO pacnpenefeHHas CHJA c. nnomocmw
f(¥), TO HAa WHTepBas AAuHEl & y xeficTBYeT cuaa f(y) Ay, KOTOpyio npu manom Ay
MOKHO CIUTaTh COCPENOTOYEHHOH B TOYKE ¥, W TOTZA § TOUKe X BOBHUKAET CMeuie-
nue k(x, ¥)f(y)Ay. ITox nxeficteuem Bced Harpys3xm orkaonenue w(x) Syzer an-
GIIMKEHHO PaBHO Zk (x, ¥) f{y) Ay, ato npn Ay — 0 nepexogur B

Z

W)= [rx NfO)dr 2.0.4
1] L
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dyuxuna k(x, y) HocHT HaspaHue yusyuu 8.ausrus. llpn susoge (2.0.4) 6bi1a
HCIONB30BaHA CHMMETPHUHOCTB S5Tofl dymxuHu: k (v, x)==k (x, 3). Ecau ua crpyny
BHCIIHME CHAbl He BO3XefiCTBYIOT, TO npH HAPYINEHUH ee PaBHOBECHA BO3HUKAKT CBO-
6oxHnie Konebanus CTpyHLL :

Ilycrs 4 (¥, f) — OTKJIOHEHHE OT MOJ0XKEHUH PABHOBECHA B MOMEHT BpPEeMeHH f;
o2 (x, )

o2

Obozuavan depes p AHHeHAHYIO [JIOTHOCTH CTPYHbLI, MOJYUAM MACCY BJEMEHTa

cTpyHst dy'B Bule p dy. Mz ypasucHus pasuoBecus (2.0.4) moayuaerc ypaBHeHue

YCKOpeHHE B TOYKE X B MOMEHT BPEMEHH t PasHo.

)
ABMKEHUR, ecad f(V) dy 3aMeHHTh Ha — p d,vd nd(t\; t). e
2u(y
fix, fy=— S ki 92 ’;53 ¢ dy. 205

0

Ecan xoaefanue rapMoHH4YecKos: u (X, f)==u (x)sinwf, TO0, NOACTaBAAH ITO
BoipaxenHe B (2.0.5), ncayiaem ypardedHe f1as onperedenns u# (x):

{
1 (%) = po? I k(¥ 3) 2 (y)dy. - (2.0.6)
[

Ecan Ha CTpyHy BO3jeflCTByeT BHemuee nepHoguueckoe Boadymaeune
Q (x, {)= g (x) sin 0f,

TO, NpeAnosaras, YyTo u ¢TpyHa 6Gyler Ko.iebaTbCA C TEM Ke mepHOAOM, MOXHO H3
ypaBternsa (2.0.4) noayuuts, npuMensns npuxuun HaramGepa,

1
u (%) sin ot = [ £ (x, ) g (¥) sin of + po? sin of} dy
0

nan
1

. !
ulx)=po? [ k(x, y)u(y)dy+ [ k(x, 3)q () dy. 2.0.7)
0 0
4yTQO MOXXHO 3anucaTh B sUjie

u(x)=pw? [ k(¥ $)u()dy+h(x). 2.0.8)
D

Taxkum o6pasoM, H B cayvae cBoSoIHbIX Koaeb6aHn@l U B cAydYie BbLIHYKICHHbIX
kone6aHMA QyHKuNA 4 (¥) onpegesseTci W3 MHTErpajibHBIX ypanHeHHH, coOTBET-
creetHo (2.0.6) v (2.0.8). .

pumMep 2.0.2 (300ava Afean). MarcpmairHas TOUKA MOA NeficTBHeM cujbl
TAWECTH IBHIKETCA B BEPTHKa/BHOH naockocty (§, 1) mo HexoTopo#t KprBo# (puc. 2.0.2),
Tpebyercn onpeleluts 3Ty KPHBYIO T4k,
7 410061 MATEpPHANbHAS TOYKA, HAYAB CBOE JBH-
JeHne O6e3 HadaJpHOM CKOPOCTH B TOWKe
kpuBofl ¢ opaumaroft y, gocruria ocu £ sa
Y- BpeMs f==f(1), roe QyHruua f(y) 3agasa
3apatee,
AbBcomoTan BeAHYMHA CKOPOCTH ABH-

wyuefies  Toukn v =V2g (y — 7). Ecan
o — yroA HAKJAOHA KacaTelbnol K ocu &, 10

o
d .
pr— —r == — V2 - ) X
7 \ﬁ\ :c Tt g (y—m)sine (2.0.9) ,
dn
dt = o, 2-O-IO
Puc, 2.0.2. Vig(y — ) sine ( )

Hurerpupys (2.0.10) B npegesax or 0 au y, DNOJyYHM HHTErpaibHOE ypasHeHHE
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Abeas

v
S LA _ _ yag s, 2.0.11y
; Vy—n

rae g (n) = el

2.0.2. Knaccuduranua MHTErpalbHbixX ypaBHeHHH, B naunom
NYHKTE JAWTCA CBEIEHHA, [NABHBIM 06Da30M O JTHHEHHBIX HHTErpalb-
HBIX YPD4aBHCHHUAX BHJA

b
o) — 2 {K(x, 9)e(s)ds=f(x), a=x<b (2012

a

3aech o (x) — nckoMas QYHKUMA, f{(X) — DaHHan (QYHKUHA, Ha3bi-
BaeMasn CB0000HOLM 4AeHOM HHTErPanbHOro ypasHerus; K (x, §),
a =< x, $=<Cb-— nanHas KefiCTBUTEAbHAA QYHKUH, Ha3bIBaeMasn S0pOM
ypasrenus (2.0.12); h — napamerp.

Ipu f(x)z=0 ypasuenune (2.0.12) RasviBaeTCAd HEOOHOPOOHbLLM;
ecan we f(x)=0, to ypasuenne (2.0.12) naswieaerca OOHOPOOGHBIM.

Tak, nanpusep, ypashenue (2.0.6) — ojHopoasoe TuHelHOe HHTE-
rpanphoe ypasHenue, YpaBHewue (2.0.8) — neonnopogHoe nuHedHOe
HHTerpaabHOE YpaBHeRHe.

Ilpumep 20.1 nokassiBaer [oNe3HOCTh BBEJAEHHA NapaMerpa
B ypaBHeHus. DT0O JaeT BO3MOWHOCTb ORHOBPEMEHHOr O HCCHeLOBaHUA
YaCcTOT BCEX BO3MOWHBIX KoaeGaHUil CTPYHBHL

BaxHbIM KIaccoM JHHEHHBIX NUTErPATLHLIX YPaBHEHHH ABisAeTCA
KJ1aCcC MHTErDanbHbIX ypasHeHull Dpedeoasama emopozo poda, IT0 —
ypasHedust Buaa (2.0.12), B kOTOPbIX Ha #IpO M CBOGOAHBIA uieH
HAJ0XKEHB ClelHaAbHbIE YCIOBUA.

Tax, B kuure B. M. CumupHOBa anpo cuuraercs HempepuIBHOH
KOMIIIEKCHOH (YHKUMEH TepeMeHHbIX X, S, OJpelleleHHOl B KBaj-
pare a=Sx, s=b, rie ¢ U b-— KoHeuHble yucAa, CBOGOIHBIA YileH
CYHTaeTCa KOMINEKCHOHR (PYyHKuMell, HellpephiBHOH B oTpe3ke [a,.b].

B xnure Muxnnna [8] smpo — HenpepsiBHAst KOMIZEKCHaA QYHK-
(1 NePeMeHHHX X, S, ONpelejeHHas B KBaJparte a=<x, s<<d, a H
b — KoHeuHBle; €CNIH Ke sLPO Pa3PLIBHOE, TO NPENIOdaraeTcs, YTo

bb
F 1K (5, s)Pdxds < oo,

aa

cB0GOIHLIA yneH -— GYHKINUA, HHTErpupyeMas co CBOMM KBaJpPaToM
Ha oTpeske [a, b].

B kuure Muxauna {9] agpo — xkommiaekcHas QYHKUUS mepemeH-
HBIX (X, 8), CYMMHUPyeMas CO CBOMM KBaJpaToM MNpPH a== X, s<ib;
@ U b Moryr ObiTb KaK KOHEUHBIMH, TaK W GeCKOHeuHmIMH, CBOGOI-
Hbmb]qneﬂ — KOMILIEKCHAA (YHKIHA, KBAAPaTHYHO CYMMHpyeman Ha
a
[ B knure Tpnxomn A0p0 ¥ CBOGONHLIA YieH — JefiCTBUTEAbHbIE
KBaJApPaTHYHO CYMMHUpYeMble YHKUHH, COOTBETCTBEHHO Ha KBajpare
a<<x, s<<b u Ha otpe3ke [a, b]; @ u b — KoHeunsie,
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B HacTosuleft KHUre sAApPO ¥ CBOGOMHLI UneH — NeHCTBUTENb-
Hble QYHKUHH, OCTaIbHble OTPaHHYeHUA NPHBOIATCA MO Mepe Haxo6-

HOCTH.
Ecnun AAPO UHTErpanabHOIo0 YPaBHCHUA CHMMETPHYHO, T. €.

K(x, s)=K/(s, x),

TO HMHTErPaIbHOE YPaBHEHHE Ha3biBACTCA CUMMEMPUUHBLAM.
B tex caydasax, kolJa paccMaTPHBAKTCA KOMILIEKCHbIE AIpa,
CHUMMETPHUYHOCTL OIIpCAeIsieTcs COOTHOUIEHHeM

K (x, s)=KTs, ©).

OcHoBHBIE Pe3ynbTaThl B TEOPHH CHMMETPHUYHBIX MHTEIPaibHbLIX
ypaBHeHu# npuHannewxar Fuabbepry n Imuary.
Ypaguenue @pedzoavsa nepso2o poda MMeeT BUJ

b
VK (x, 8)0(s)ds =F (x). (2.0.13)

a

OrpaHnueHus, HakJaiblBaeMble Ha AP0 U CBOGOMHBIH uJeH B ypas-
nennn (2.0.13), Te ke, uto M B ypaeHehuu Ppeironbma BTOPOro
poxa.
IMpu ussectHolt dyHKUHY u (x) U UcKoMoH f (y) ypaBHeHHe (2.0.4)
€CTh ypaBHeHHe PpeAroabMa MmepBoOro pona. )
UactueiM cnyuaeM ypasHeHnsa ®Ppearonbma, HMeOIHM CcaMo-
CTOATENTbHOE 3HAYeHHe, SBIAETCA UHINEZpALbHOE YpasHerue Boiab-

meppa :

o (x) — §K(x, $) o (s) ds = f (x). (2.0.14)

’ ¢
Kak u Buiuie, pa3iuvaoT ypasuenus Boabreppa BToporo u mepsoro
ponoB.

2.0.3. Ceenenus o6 uHrerpane Jle6era. [Jna naapueiiux pac-
CMOTPEeHHH CYLIEeCTBEHHBIM ABIACTCA IOHATHE ONPEOCACHHO20 UHme-
epuposanus no Jlebezy.

B kypce MaTeMaTHYeCKOro aHalu3a oOnpefefeHHuill UHmezpas
(no Pumany) crpouncs cirelynouinM o6pasoM.

ITycrv nana ¢ynxkuus f(x), onpeledeHHas M OrpaHUYeHHas Ha
otpeske [a, b].

O6o3nauumM vepes x; (i=0, 1, ..., n) NpPOM3BOALHBIE TOUKU
orpeska [a, b], mpuueM a=x, <<x; < Xp<<...<<Xp <<X,=0
OGosnaunM nanee uepes & (i=1, ..., n) NPOU3BOJBHLIE TOYKY

OTPE3KOB [X;_g, X;], NPHUEM @y =X, << =S, <TE<Sxy<C...<S
= <<x,=0b.
OmnpejeneHHuil uHTErpan QynKuuu f(x)
b .
§f(x)ax

a
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onpeenseTca KaK npejen (eCAH 1aKOBOM CyLIeCTBYeT) HHTErPanbHbIX
CyMM

o ‘
_Zf () Axy, Axy =X ~ X4

i==1

npu max Ax; — 0, He 3aBucAumil 0T BLOOpPa ToYeK Xx; W &;.

Mycts m; w M; COOTBETCTBEHHO TOYHAsT HHXHAA U TOUYHAS BepX-
HAa rpaHu QYHKuMY f(x) Ha otpe3ke [x;_y, x;] (119 HeNpepHBHLIX
QYHKUMHA 3T0 COOTBETCTBEHHO HauMenpiee ¢ Haubonbllee 3Have-
Hus f(x) Ha oTpeske [x;_;, x;]).

Huorned u sepxred cymmamu Hap6y dyexuun f(x) Ha oT-
peske [a4, b] Ha3BIBAaOTCS COOTBETCTBEHHO HHTEIPanbHbIE CYMMBI

n 7
2 ml-Ax[ %) Z M,»Ax,-.
i=1 i

i=]|

Hdua toro yro6el cywecTsoBal OnpemeneHHbH HHTerpanl QyHK-
nud f(x) Ha orpeske [a, b}, Heo6XOAUMO M JOCTATOUHO, UTOGH NPU
max Ax; — 0 cymmu Jdap6y umenu obmuit npenen.

Ecan BBecTH nonAtHE KO4e6anus o; OyuKyun f(X) Ha OTpesKe
[x7_1, x;] mocpencTBoM GopMyant o; = M; — m;, 10 BbIIOAREHHE COOT-
HOLIeHUs

n
lim 3 oA =0

max ax; -0;=

sBaserca HeoOXOMUMBIM H JOCTATOYHBIM YCIOBHEM CYHIECTBOBAHUS
onpejeneHHOro MHTerpasa QyHkuHu f(x) Ha otpeske [a, b].

Y ka3aHHbIM BhILIe YCXOBHAM YIOBIETBODAWOT:

a) GyHKUNY, HeNpephiBHbIE HA OTpesKke [a, b];

6) dyHxkuuu, orpaHMueHHble Ha oTpe3ke [¢, §] ¥ HMewuue
KOHEYHOE YHCAO TOUEeK Pa3phiBa Ha 3ITOM OTPeE3Ke; .

B) QYHKUMM, orpawuueHHbIC H MOHOTOHHBIE HZ. 0Tpe3Kke [a, b]
(B 3TOM ciayyae QYHKUMH MOrYT ¥MeTh OeCKOHeuHOe KOAMYecTBO
TOYeK pa3pbiBa).

‘Kputepuil unterpupyemoctu Qynkuuu no Pumany Moxno cdop-
MYJMHpOBaTh UHAUe, €CIH BOCIOIb30BATHCA IIOHATHEM MHOJNCECHIEa
Mepol Hyab. Tak Ha3bBAIOT MHOMECTBA, KOTOPbHie MOXKHO 3aKITOYUTHL
B KOHeuHoe MIM GeCKOHeyHOe KOJHYeCTBO WHTEPBANOB, CyMMa INHH
KOTOPbIX MOXeT OblTb 3alaHa CKQJb YTOAHO Malofl.

MrowecTBa Touek pas3perBa QYHKUUH, YKA3aHHBIX BHIIE, HMCIOT
Mepy HYib.

Heo6xomuMbiM 1 1OCTaTOYHBIM YCHOBHEM HHTErPUPYEMOCTH PYHK-
uun no Pumany sBnsieTca 10, YTO MHOXKECTBO TOUEK Pa3pbIBa UMeEeT
MepYy HYib.

ITpuexem temepb npuMep orpanuyenHol (QyHKUMH, HeHHTETrPH-
pyemoit no Pumany. 3to "

1 =]

1, ecan x — UpPaUHOHANbLHOE YHCHO,
2, ecan X -—— PAUMOHAABHOE YUCIO.
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Ha awo6oM 4acTHYHOM oTpeske Ax;

n n
=1, ZmiAxi=l H lim ZmiAx,-=1¢0.

i=1 max Ax; —~ 0 /=y

Taknm 06pazoM, HEHHTETPUPYEMOCTb AaHHON QYHKUMN NOKa3ana.

TlokameMm Temnepb, YTo 3Ta QYHKIUA MOXeT OhITb NMpeACTaBIEHA
B BHMe Mpeneia HeyObIBaoIell NOCAe OBATENbHOCTH HHTETPUPY eMbIX
O YHKUHRA.

Vicnoab3ya HecoKpaTuMble 1pobH, Kotopeie GyneM Op4Tb B No-
pAOKe BO3PaCTaHHMA 3HAMeHaTelds, 3aHyMepYeM BCe palHOHalIbHbIE
yucna orpeska [0, 1]:

{ 1 2 1 3 1
ry=0, r2="2—, "3::?,"4:?3‘, rz,:K, re-jfsﬁ:ga
H NOTOXHM

£ ) {2’x:r“
X) =
! lyx;érlv
2, X==ry, to 2, X==Fyy Ve ey Tiy
X) = y ey Ji(X) =
fa (%) {1, Xy P fi (o) {1, Xy Fayeeny Fi

dyukuuu  f;(x) uHTErpUPYeMbl M 06pa3yiOT HeYOHBAWOIILYIO
10CHEAOBATENbHOCTD, NpUUEM
1

Vfityde=1 u f(x)= lim fi(x)

i i— o

Kpome Toro, cymectsyer npegen

-1
dim \fi (o) dr=1.

>4

Vimes B BUAY 3T0T npumep, 0006IUM NOHATHE PUMaHOBA UHTe-
rpana ciefyiouum o6pazou:

PaccMoTpuM KJaace orpaHdueHdHX Ha oTpeske [a, b] dyukuud,
ABASWOIUMXCA NpelesaMil HeyGHBAWMX NOCACROBATENBHOCTEN NHTe-
rpupyeMbix o PuMany ¢ysxumil, a takxe npefeiaMu pasHocTeRt
TAaKMX TMOCAeNOBaTeNbHOCTEH. IDTOT Kaace OYHKuud, coxepmamup
B cefe, B YaCTHOCTH, BCe HHTerpupyeMmbie no Pumany ¢yskmus,
Ha3BIBAOT KAACCOM Uu3Mepumwvlx (PyHxyquii u obosnavawor L'[a, b

B kavectse unterpana B cmbicie JleGera orpannueHHoft usme-
puMo#l QyHKNMM NOPUHHMAIOT Tpeien MHTErpajsoB MNocCAefoBaTelb-
HOCTH uHTerpupyemsix (no Pumany) Qynxunil, onpeneasioumx pac-
CMaTpHUBaeMylo (YHKLHIO. ,

YrkasauuniM cnocobom mmrterpasn. JleGera onpeneaserca ofHo-
3HayHo, a g (GyHkuubi, HHTerpupyemsix no Pumany, cosmamaer
¢ OObIYHBIM OIIpefledeHHbIM HHTErPaloM.

Takum o6pasoM, ¢yHxuum, npuHafizexamme kaaccy L![a, b),
uHTerpupyemnl no JleGery, HX Ha3bIBAIT TAKNKE CYMMUPYeMUMU,
Has unrerpana Jlebera ucnonbsyerca obeiunoe o6o3HaueHue,
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!
[aa ykasaunefi Bpimle Qynxuuu Y (x) UmeeM 0Sy_(x) dx=1."

Iepeyncaum Hexotopbie cBoitctBa uHTerpaia Jlebera:
b b b b

b
S(f+ ) dx:_\'fdx+§gdx, {of dx=c Sfdx,

b
Sfa’sz, ecan f==0,
a
2 po
\fa’x; \ gdx, ~ ecan f=g,
3 a
b {
Sf,, dx — 0, ecau f, —0.

S

Ecan f,(x)¢ LY [a, 8], {f, (x)} — HeyGeiBaOIL{an [OCAEHOBA-
TeABHGCTh, f{X) = lim £, (x), 10 f{x}€ L']a, b] un

b b

Sf (x)dx = lim an (x) dx.

a

Ecau ¢yrknnu f(x) u g(x) usmepumb Ha ortpeake {a, o] u
OTJIMYAIOTCS APYF OT Ipyra AdIib HAa MHOKEeCTBe MepPH HYIb (Takue
GYHKUUY RA3BLIBAIOT PABHEMU nO4mMU  6ci00¥), TO HK WHTErpais
COBNARAWOT.

TlonaTHs, ykasaHHbIC Bblll€, PAcCNPOCTPAHAIOT ¥ HA UHIETPUPO-
Bauue Mo GeCKOHEYHOMY HMHTePB3NY, HCMOAL3YA A 9TOr0 NOCIeno-
BATEJNLHOCTH WHTErPUDPYeMbIX (DYHKIU, PaBHBIX HYNO0 BHE HEKOTO-
pPOro KOHEYHOro HHTEpBaZa, CBOEro AN KawIof (yHKIBH.

[as npuaoxendil BeCbMa BaxHBl (DYHKIIHH, CYMMUpYeMble BMe-
cme co csoun Kgadpamom. MHoecTBO TaKuX GYHKUUH 0603HAYAI0T
L?[a, b]. Tlpoussenense, cymMma H pa3nHoCTh ABYX QYRKUMH, NpHHAZ-
sexaumux k L?[b, a], Taxxe npunanaexar L?|[a,

Ecau nas nocaeposatenssoctu {f, (x)}, fn x)E L%[a, b] cyue-
CcTBYeT Takaa QyHKLHS f(x)E L% |a, b), uto

lim S U () — f (1)) dx =0,

n—o0
TO FOBOPAT, YTO NaHHAA MOCIEN0BATEIbBHOCTD cxodumcn 6 cpedHes
K QyHKIEMH f(X), U 3aNHCHIBAIOT B dIopMe
i ML fy (1) = £ (%)
n— o0
(I. i. m— limes in medio — npenes B cpenxewm).

Ecnu nocaenosarensHocth {f, (x)} cxonurca K f(x) paBHOMepHO,
TO OHa CXOZUTCA K f(X) H B CPelHEM.
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ViMeeT MeCTO Ba®Han
~Teopema Punmepa— Pucca HeoOxouumeM u nocra-
TOYHRIM YCIOBHEM CXOINMOCTH B cpegHem fiochegdearenshecru
{fa O} futx)€ L?[a, b} & nexortopoir dynxuun f(x)€ L*[a, b]
ABIACTCA BHINOJIHEHHE PABEHCTBA

b
lim § [fy (£) = fou (9] dx =0,

n—»,ooa
m —eo

Huxe npun paccMOTpeHMAX KBaAPaTHUHO-CYMMHDPYEMBIX (BYHK-
unft nenonab3yerca oGosHaueHue
» ,
{7 () g ) dx=(f g),

a

B KOTODPOM HHTerpan ciesa Ha3blBaeTcs CKANSAPHOIM npouaaedeuue.u

gyuryuii f(x) n g(x).
Hanee, nopmod @dyurxyuu f(x) Ha3HIBAETCA BHIPAKEHHE

i
]/ F*(x)dx,

KOTOPOe KPAaTKO 3aMHchiBaeTca B BHIE || ff.

AHaNOrMYHO BBOJATCA [OHATHS, CBH3aHHBIE C KPATHHIMH HHTe-
rpanamu Jle6era. 3mech BaWHbIM OKa3HIBaeTcs TOT (PaKT, 4TO M3
CYyILeCcTBOBAaHHMA JBOHHOrO HMHTErpana

fx, yydxdy

R
Oy R,

caelyer CyILECTBOBaHHe (YHKLHUH
d
Ve vy ay,
¢

npuHamnexamet L [a, ).

2.0.4, ITocnenoBaTeabHOCTH H PsJbl OPTOTOHAJIbHLIX (YHK-
auf. TlocnemoBaTenpHocTb  {gpm (X)} (m=0, 1, 2, ..)), o, (x)€E
€ L*{a, b} nasmBaerca opmo2onarvrol Ha (a, b), ecuu (pp o) =0
mas k=£ 1 Ecau, xpome Toro, || ¢p||=1 mas moGoro &, 10 nocae-
LOBATENbHOCTb HA3LIBACTCA  OpMOHOPMUPOBAHKOE WIH  OpmoHOp-
MAAbHOIL.

Ecmu f(x) € L*?[a, b} n nocrenoBatenbHOCTb ¢, (X) OPTOHOPMH-
poBaHHaA, TO YHCIAA ap==(f, ¢p) Ha3bIBAIOTCA Koapduyuenmanu
@Dypse PyHrUUM f(X) OTHOCHTEIbHO MAAHHOH OPTOHOPMUDPOBAHHOR
CHCTEeMBL. ,

Kawno#t dynkunu f(x)€ L?]a, b] coorBerciByer ee psad Dypoe:

FX) ~ agpo (%) 4 ayoy (X) 4 .o - apgp () 4 o005 @p = (Fy98)-
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W3 Bcex ayuedHpx KomOMHaumit nepunix n -4 1 dyHRuAd f¢,, (x)}
0y (X) == Copg (X) 4 €495 (X) 4 ...+ Cpoy (X)

11PK MPOU3BOALHOM Habope KOIPPUUHEHTOB Cq, €4, -.. , €, HAHAYYLIECE
npubauxende B cpelHeM KBaJpaTHUHOM QYHKUUH f (X) XaeT OTPe30K
pana ®ypbe 3roft dyHKUUR,

J10 3HayuUT, YT0 A, = || f — o, ||* Humeer HaHMeHblIee 3HayeHue,
€ClH B KayecTBe o, B3ATh OTPE30K psaja Pypue.

Tax xak A, =0, To uMeer mecro Hepasencmso becceas

n
2 G =[fI
k=0

Juld BCEX AR, & 3HAYHUT,

Z} o < || FIP

k=0

[Ipy n — oo BenuuuHa A, YMEHbLIAeTCA W €cad npH 3ToM A, — 0,
TO CYMMbI
n

Fr (%) = D) appr ()

CXOZATCA B cpelHeM K f(X).
Takum o6paszoM, CXOXHMOCTb B CPeIHeM CYMMH fj, (x) K OYHK-
1Hu f(X) paBHOCHAbHA HATMYHIO PaBEHCTBA, HA3bIBACMOIO pageH-

cnigon [lapcesans:
. ]
2 =IrI
k = 0

Papencteo IlapceBanst Ha3bIBAIOT TAKWKE YPABHEHUeM 3AMKHYMOCMU.
OprorosanbHas cucreMa (YHKOMH HasbLIBAETCA NOAHOL,  ecld He
cyuectByer (QYHKUHMH, OTIMYHOH OT HYNeBOM, OPTOroHadlbHOH KO
BCeM (DYHKLHAM CHCTEMBHL.

Ecau oproHopmHpoBaHHasa cucreMa {9, (X)} moana, 10 cymma
pana dypbe m06oil KBampaTHYHO-CYMMHPyeMmolt QyHruuu f (x)
pasHa f(x).

CxoauMocTh paja

> arer (X)
=1

cienyer U3 feopemb Puirepa ~— Phicca. B camom nene, eciu
n n--p -

$p (%) = E;“’”k () 1 Spup ()= Y] Gpep (X),

k=

TO
n4-p

| $r4p (X) — $p (x) || = 2 al.
n-1



114 IJI. 1. UHTETPAJIbHBIE YPABHEHUHS 2.1.1

‘CResaHa MeHblfe CKOIb YTOXZHO Maiofo YHCHa, ecild TOAbKO BHOPaTh
n 10CTaTouno GOABIIHM.
Ilyctb

Bereacigne Hepabencsa Beccenn pocnenuas cymma Moxer Guth

2] apor (.X) =§ (X), ap = (fr "?k)'
k==

Torpa, ecan o (x) =f(x)—g(x), 10 (0, ¢q) = (f; 9u) — (& 9n) =
:aﬂ —_ a,l=0 H B CHII_Y !IpeIUIO.'IO)KCHHOﬁ HOJHOTBI CHCTEMBI
{2n ()}, o (x)=0.

CaenoBarennHo,
[se]
1 g () =7 (x).
k=1
Or1cwona we caenyer, yto
o 0
I£1P=(fH= Zl a (fron) = 3] aj,
k= E=1

T. €. 118 11060H KBaIPATUYHO-CYMMHUDYEMOH QYHKUMH uUMeeT MecTo
ypaBHeHHE 3aMKHYTOCTH, eCid OPTOHOPMHPOBAHHAA CHCTeMa [IOJHA.

§ 1. Uurerpaasabie ypaeuenus Bouabteppa

2.1.1. TeopeMbl cymecTBOBaHHS H €IMHCTBEHHOCTH. A. [Ipn
ycaoBuax, uto aapo K (x, s) ypasHeHus Boabteppa BTOporo pona

X
6 (x) — A SK(x, )¢ (s) ds = f(x) @2.1.1)
a
orpaHuueHo o abcoMiOTHOf BeaHuMHE B TPEYroabHoW ofnactu
a=tx, s=.h, x>=s H uUMeeT JHIIb KOHCYHOE KOIMYECTBO TOYEK
paspolBa ¢ OOHOH u TOH We alCuuccolt X uau ¢ omHolt W 10H we
opauHaroit s, K(x, 8)=0 npu s>.x, a cBOGOIHBIH uaeH f(x)—
HenpepsiBHasA QYHKLUA, CYLIECTBYeT HENPePHBHOE U NPHUTOM €RHUH-
CTBEHHOe pelieHHe ypaBHenus (2.1.1).

B. Tlpu ycnosusx, yro augpo K(x, s), a=<<x, s<ssh, K(x, s)=0
npu s > x, KBaapaTtHuHo cymMmMmupyemo u f(x)C L*[a, k), cymectsyer,
W INPUTOM eIMHCTBEHHOe, KBaApPaTHYHO-CYMMHUPYEMOe peuleHué
ypasuenns (2.1.1).

EQMHCTBEHHOCTb B [IZAaHHOM ClIyyae INOHHMAerca C TOYHOCThIO
10 QYHKIHH, oNpefeldeHHO!l HA MHOXKECTBE Mepbl HYJb.

2,1.2, Mertoa nocrenoBaTedbHbIX NPHGIHMeHui. [lycts

@) =Fx),
o1 (X) =F () + 2\ K (%, 5) g5 () ds,

a

S s & s s * e s e 4, s s s = s e a s .

X

() =F () FA K g (8)ds  (n=1,2,...).

a
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[Mecienosateabnoctb {¢, (xX)} npn 1060M A paBHOMEPHO CXOAUICH
K pemenyio ypasuenua (2.1.1). ®yuxuun o, (x) ABAgOICA nocaeno-
BaTeAbHbLIMN NMPUOIMKEHNAMH peilenua ypasHeHus (2.1.1). Mx uene-
€006pa3HO BLIPa3UTb MOCPEICTBOM UMEPUPOBAHHBLY (NOBMOPHBLY)
f0ep Kp(x, s), rie Ky (x, s)=K(x, s) u

Kt (%, 8) =SK(x, DKy (2 dz (n=1,2,3,...),
Ry

creayomuM o6pasom:

on (X) = F (¥) + | [ 3 Rk, (x, s)]f(s) ds.

a

Toraa

9 (x) = f(x)—mux s, N £ (s) ds,

rue

o
H(x, 8, )=— Y VK, (x, )
v=0

— TaK Ha3blBAEMOE pe304bBEHMIHOC WM padpeuiarouee sdpo. Pag,
onpepensomuil Pe3oabBeHTY, CXOAUTCA NPH BCeX 3HAUEHUAX A.

[oxasareasctsa cM. [Ipusasnon [1], Muxaun 2], Tpuxomu [2].
Ilpumep 2.1.1. Hafitn pemenus ypapsenus

so(x)—xjex_sao(s)ds=f(x>.
0

3nech
Ki(x, s)= exe——s’
¥ x—z 2
K (¥, s)=je Ze Sdz=ex_s(x-—s),
s
£ z—s 2
K (%, s)=_rex ?e (z—~s)dz——ex-s(x;s)',
s
_x—s(x=3) _
Kn+1(x, s)=e i (n=0, I, )
H(x, s, )= Z 2k 41 (x, §) = —e(x_S) Z —_—0\ ¥ - 5) —e(1+)‘) (x'_s).
n=0 n=0
CrenoBare/bHO,
' x
(I-2) (x=—s) £15) ds.

plo)=fx)+rfe
a
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2.1.3. Cesiab ypasHeHHs Bomﬂeppa ¢ inddepeHIHaTLHBIMH
ypaBHEHHSIMH. ﬂH(I)(I)CpEHU.HaJIbHOC ypasHeHUe
d*u
W-l—al(x)m-i"---‘l‘an(x)u:F(x), x>0,

¢ HauyaabHBIMM YCnoBuaMu npu x =0
u (0) = ¢, w(=cp,..., u? 0 0)=c,_,

KBHBAICHTHO HHTErPaJbHOMY YPaBHEHHIO Bomﬂeppa
X
9 (x) + { K (x, 8) o (5) ds =1 (),
0 .

rae
- (x — s)k!

K(x,8)= D} ap(¥) NS

F ) = F (%) = a1, (%) = ¢y +-q_s) @ (x) —
—ens o e o) an ).
Cwm. Tpuxkomu {l1], T'ypeca [1], a Taxxke Kamxe [1].
2,14, YpasHeHns BoasTteppa mepBoro popaa. Murerpannuoe
ypaBHenue Bonbreppa mepsoro poia |

X
VK (x, 9) ¢ (s) ds = (x) (2.1.2)
a
B Mpeanonoxenuy, uto K (x, x)£0, K;(x, Sy u f'(x) CYyLEeCTBYIOT
H HenpepsiBHH, Iu(depeHUHPOBAHHEM TNPUBOIUTCS K YPaBHEHHIO
Boabteppa BTOpPOro pona
v (%, 8) 1 (%)

? (%) + SK(x e ds =g @213)

B roM cayuwae, koria K{x, x)= =0, audbdepesuuposanue (2.1.2)
NIPUBONUT K YPaBHEHHUIO

X
VK (x, )9 (s) ds =f (x), @21.4)
a
¥, B npelnonowenuy, uto K, (x, x) £ 0, K% (x, §) u f~ (x) cyuecr-
BYIOT U HenpepuisRbi, Auddepenunposanue (2.1.4) naer

YKL, (x 7 (x)
wm+y—wﬂ‘um—xmw

u T L

Cwm. Typea |1}, Tpusomu (2]
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§ 2. Unrerpanashsie ypasHenus Ppearossma BTOPOro poua

2.2.1, TeopeMbl CymeCTBOBAHHSA H €IHHCTBEHHOCTH PEIIEHHA.
-A. Tlpn ycnosusax, uro agpo K (x, s), —o=Sa=tx, ss=b<<+} oo
HHTErpanbHoro ypasHeHus Ppeiroibma BTOPOro poia .

b
9 () =2\ K (x, 8) o (s) ds = £ (x) (22.1)
a
€CTh KYCOYHO-HENpepoiBHas QYHKUMA NMEePEeMEHHBIX X M § TaKasd, uTo
b
VK2 (x, 9)ds <C, (2.2.2)
[

a QyHkuuA f(x) — XYCOYHO-HENPEPHIBHAA M MMEET HHTerphupyeMhii
KBaApat, CymecTBYeT, B NMPHTOM eAHHCTBEHHOE, KYCOYHO-HENPepbiB-
Hoe pemieHue ypaBHeHHA (2.2.1) gas Bcex A, HIA KOTOPHIX

bb

SSKQ(X sydx ds.

aa

I

i<k, B

B:]/

Ha3LIBAIOT HOpMOL sdpa.
Orpanuuedne (2.2.2) Heo6Xx0IUMO IHIIb B (:nvqan 6eCKOHEYHBIX

Yucno

b
S/(z (x, s)dxds
a

R ey O

a,
B. Ipn ycnopusx, yTo sapo K (x, 8), a=<x, s<<b ypasueHus
(2.2.1) kBampaTuyHO-CyMMHpPYeMO H | M| << B, rie

bbb
= (VK2 (x, s)deds,  F(0€ 12(a, B,

a

CYyW[eCTBYET, U IPHTOM eIMHCTBEHHOE, KBAJAPaTHUYHO-CYMMHUpYeMOe
pelllenne ypaBHeHusa (2.2.1).

Cwm. Muxaun [3], Tpuxomn [2].”

Teopemur 2.2.1. A u 22.1. b nalor gocrartoyHsie YCAOBHA CYiie-
CTBOBAHUA DPEIIEHUA U MOAYUEHB METOJAOM TOCAENOBATENLHBIX IPH-
6amxennl. Cu. m. 2.2.2.

HManpHeliune cBelleHHst O Pa3pelInMOCTH HHTErPaibHbIX ypaBHe-
MU BTOPOTO poAa cM. m. I 2.2.5 u 2.3.10.

Bonee mnoiHoe HCCIeNOBAHME MHOKECTBA 3HAUEHWH A, Npu
KOTODHIX Pa3peiinMo ypasHeHue Ppenroabma, MPOBOJAUTCAS METOLAMHU
TeOpHH (PYHKUMA KOMINIEKCHOTO NepeMeHHOro.

Cu. Typca [1], Muxaunn [2], [Npusaios (1],
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2,22. MeToAd unocirenoBaTelbHbIX NpHGAHKeHH#. [lonarawor
Qo (x) =f(x),
91 () =F () F 1K (x, 8) 2y (5) ds,

a

P . .

b
onat () =7 () + K (¢, Yo ()ds  (n=0,1,2,..).
- a

[Jocacnosareasyoctb {#, (X)} PABHOMEPHO CXOAMTCA K PELICHHIO
ypasuenusa (2.1.1) mpu | A=< B~L

[TocnenosarenbHble NPUGIMWEHHA 94 (X), ©f (X),..., @ (X),...
11e1eco06PasHo BHIPa3UTh IOCPEACTBOM HTEPHPOBAHHBIX A€ K, (X, S),
rae Ky {x, s)=K(x, s) u

b

s (6 8) = { Ky (%, 2) K (2, 5) ds.
a

Torna Mpy MaJablX 3HaUYECHHAX NapaMeTpa A
b

o () =1 (x) =2\ H (x5, 1) f(s)ds,
a .
rle pesonabBeHTHoe (paspemawomee) axpo M (x, s, A) onpeneuasercs
bopMy ot
— H (%, 8, ) =K (x, )+ My (2, 8) oo WKy (1, 8) F..

TakuM 06pasoM, peleHHe HHTerpalIbHOro ypaBHeHHA HMeeT (opmy

pria
9 (x) = £ (x) 4 My (x) - Rq (£) - M (x) -,
nazsiBaeMoro psdom Helimana.

Tlpuwmep 2.2.1. Hafitn pemenne ypaBHeHus
1
x—8
go(x)—)\_[e ¢ (5)ds = f (x).
0

3zech Bce MTEPHPORAHHBIC ALPA COBMARAIOT ¢ HCXOTHbM, Hamphmep,
! x 2z 2—s
Kg(x,s)=je e dz==¢
0

x—§

Hanee

— H(x, 5, =K, ) (L Ab2r24., a4 3=

I—a"

B nanpom caywae }\mu 4% Pe30JbBEHTHOTO AApA cxoxures npu | A <! u, caexzona-
TeAbHO, AAR ITHX A UMEeTcq eXHHCTBEHHOS PCLICHUe

!
el¥) =7»— i‘i-T e [ e f () ds.
0
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Moxuo nokasath, 4To HalAeHHas (YHKIHA ABAACTCH peme}mcm AAaHHOTO YpaBHEHHS
np# Beex A1,

Mpumep 2.2.2. Hafita TpH NOCACAOBATCIBbHLIX MPHOMHKEHVS PCWIEHHA HHTe-
rpaJbHOrO ypaBHEHUS

i
p(x)—o,l_[l((x,s)q:(s)ds=1, K(x,s):{
0

X, 0= x5,

S, s==x=1.

Huecu
gox)=1,
X i
oW =1401[K(x 8 lds+01 [K(x, st-ds=
0 X
X 1
X x2
=1—|—0,1§sds—|—0,1 Sx =1t 1= 55
0 X
X 1
o) =101l sfre s 5 S< S S e
e () =10, \ ( F 15 2/\ds-|-0,l x 1+10 2>a’s
0 X
x2 w3 x%

=1+§(Y)x" %0~ 600 T 300

2.2.3. YpaBHeHus ®pejroanma ¢ BhIPOKAEHHDBIM sapoM. dipo,
KOTOpoe fBIAETCA KOHEYHOH cyMMoil npoussefenuil dynkuuil ot x
Ha (QYHKLHIO OT §

n
K(x, s)== Y a; (x)b;(s),

i=1

Ha3LIBAETCA BbPOXCOeHHOIM. 31eCh BYHKUMH @; (X), a Takxe QPYHK-
uuu b; (8) MOXKHO CYMTaTh AMHEHHO HE3aBUCHMBIMH.

flpumep 223. K(x,8)=x+ s, ay=x, by=1; ag=1, ba=s.

Pemienve HMHTErpaAbHOrO YPaBHEHHA C BblPOXIEHHBIM AAPOM
CBOJAMTCHA K PeLieHHI0 CHCTCMBI JHHeHHBIX yDaBHEHHIl.
B camom neue,

9 (x) — 1 }_] a; (x) \ b (s) o (s) ds = f(s). (2.2.3)
i=1
O60o31HauuB
b
Voi ()¢ () ds =c
a
noayuaem

¢ (x) =f(x)+ 2 _Zlciai (x). (2.2.4)
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Orciona TOACTAHOBKOM B MCXOJHOE HHTerpalbHOe YPaBHeHHE HOAY-
yuM TPEOYEMYI0 CHUCTeMY

b n
e _‘§ b; (s) [f(s) + )\kglck(l’k (s)} ds=0 (i=1, 2, B n) (2.2.5)

HJIH
o — % X apcy =/ (i=1,2 ..., n), (2.2.6)
k=1
b 4 ‘
aip=\bi(3) ap (s)ds,  fi=\b;(s)f(s)ds.

Haliza otcrona ¢;, noayumm peuende o (x) B dopme (2.2.4),

Mpuwmep 224, Hajtry pemenue ypasaenns

L1
p(x)= [ xs¢(s)ds+f(x).
0

Q0603HaYMB '
/s
[ se)ds=ey,
0
HOAYYUM

p(¥)=c1x+f(x).

Tlogcranoska B ypasHeHue aaeT

1/, e
c1x - f(x)= S xslers 4+ f(9)]lds+f(x), 01—314— = S sfis) ds,
0 0
oTKyAa 1
2
24
cl=—2§-g sf(s)ds.
0
Takium obpaszom,
o /g
gn(x)=%-xs sf(s)yds-+ f(x).
0

2.2.4. AnnNpoKCHManHsA HEeBLIPOMACHHOrO siApa BHIPOKJIEH-
HbIM, Pelrenne YpPaBHECHHUA d)pez[ronbma C HEeBBIPOWTEHHBIM aapoM
Mo¥eT ObITh CBE€IEHO K PEIIEeHHUI0 UHTErPalbhHOro YpaBHEHHUA C BbI-
© POXKICHHBIM SAPOM INYyTEM DPa3n0XeHHA NKAHHOrTO salpa Ha LYMMY
BBIPOXAEHHOT'O Alpa H aAlipa ¢ J0CTaTOYHO Majlofl HOPMOH.

Cm. Muxgun [3], Tpuxkomu [2]. Byaux [l].

Mmeer Mecto caexywoigas

Teopewma. Ecam maus nBa anpa, K (x, §) u_ k{(x, s), npuueMm
b ’ .
VIK @ 5)~k(x, 5)| ds <1,

a .
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a maa pesoabBeHtnl H; (X, s, \) agpa k(x, s) umeer MecTo Hepa-
BEHCTBO

b
Vidd (e, 5,0 ds<B

U BLINIOJHACTCSA HEPABEHCTBO
1— k(1 4]2|B)>0,

TO YpaBHeHue
b

o (¥) =M\ K (%, 8) 9 (s) ds = f (x)
a
hmeeT eIMHCTBEHHOE pellieHNE, YPaBHCHHE

b
o (x) = a{ R (x, 5y (s)ds =F(x)

TaKXe MMeeT eIUHCTBEHHOE pelleHue, NMPpHYEeM
ISIIERINY,

N==sup [f(x)]
la, D)

Noxasateascto ¢, Kanroposnw u Kpeuron [1].
Mpumep 2.25. B ypasdenun

e
pn) = [ sinxsq(s)ds+7(x)
0

SAMBHUM SADO Sin x$ AAPOM XS,
Hmeem K(x, s)=sinxs, B(x, S)=xs 1

g e

X353
V ik 9—nis, 9105 < | 2 ds = <o =
0 0

(P BbIMUCJAEHHN MOAOXUAN X == [/2), lad ypaeHeHus

e
o) = [ xso(s)ds+f(x),
0

24
coraacHo npumepy 2.2.4, umeem pesoabsentioe 21pe Hy(x, s, A} =——xs n, ciego-

23
BaTebHO,
' /s
24 s 3
H S L,
SI L s N lds=2nx D fo <007
0

(cae nmojnomeno x = [/2). [IpuseseHHan BblMIe TeopeMa {acT OUEHKY

N-0,001 . 1,145
lon—3ot x)!<——m<o,omm.

Ilo nosony 9TOro mpumepa cM, takxe Byamx [l]
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2.2.5, Teopemmt Ppeproapma. Himwe 6yner paccMarpusathes
HEOJHOPOAHOE HHTErpalbHOE YDPaBHeHHE

b
9 (0) =M K (x, 8) o (5) ds = £ (x), (227)

a

COOTBETCTBYIOULEE €My OJXHOPOIHOe YpaBHeHHe

b
g (X)) — A 5 K(x,s)o(s)ds=0 (2.2.8)
. a
U c0103H0¢ (UnR conpsisicernoe) ¢ ypasnenuem (2.2.7) ypaBHeHue
b
o (x) =LK (s, X) ¢ (s) ds=f (). (2.2.9)
a

Ecan upn HexkotopoMm 3HaueHHH mnapamMeTpa A =D, OIHOpOAHOE
ypaBHeHHe Ppearoabma uMeeT HeTPHUBHAJbHbIE pellleHHs (He paBHbIe
TOXJIECTEEHHO HYA0), TO A, HA3LIBACTCH XNAPAKMEPUCHUHECKUM
YUCAOM, @ COOTBETCTBYIOLIME eMY PemieHns v, (x), 9q (X), ..., 9 (X)—
cobemgennbimn Oyurxyuamu anpa K (., s).

[Teppas Teopema Ppenroanma Ecan A==l He aB-
AANTCH XapakTePUCTHYECKUM YHCAOM fApa, TO HEOZHOPOAHOE ypaB-
nenue (2.2.7) onnosnayno paspemuMmo npwm go6oft Tpasoft vacTu
7 ().

Bropasa teopema Ppearoasrma. Ecam A=1X, saBus-
€TCA XapPaKTePUCTUYECKUM YMCAOM OJHOPOIHOLO YPaBHEHHS, TO OHO
OyaeT TakXe XaPaKTePUCTHYECKHM 3HaueHHeM H a7 COW3HOTO ypas-
HeHus

A

o () =M { K (s, x) ¢ () ds =0,

Uucaa coBctBeHnbix bynxuuit ypasnennit (2.2.8) u cowosHoro ¢ num
YPaBHEHHs, OTBEYAIOLIMX OAHOMY H TOMY ¥e XapaKTePHCTHYECKOMY
YHCAY, ONHHAKOBBIL.

Tpetnsas teopema Ppegronvma. Ecam ompnopoisoe
ypaBHeHWE ¥MEET HeHYJeBOe pelleHHe, TO HEONHOPOAHOE YpaBHe-
HHe, Boobuie ropops, Hepaspemnmo. Ono OygeT paspeuiuMo TOrxa
M TOJbKO TOrAa, KOIrAa BHINOJHEHb YCIOBHA OPTOTOHAMbHOCTH

(fv ‘Pk):O (k::'lv 2’ ceey 1),

rie $p="qp(x) (=1, 2, ..., n) cY¥Tb coGCTBEHHble QYHKIHUM
COW3HOTO #1Pa, NPHHARAEXKAINE KaHHOMY XapPaKTePUCTAYECKOMY
qHCAY A

Yerpeprana Teopema Ppearoabma MHOKECTBO Xa-
PaKTEPHCTHUECKHX YHCEX HHTErpansHoro ypasHenus (2.2.7) He umeer
npejeabHbBIX TOYeK Ha xoneusom paccrosuuu. Ecam mpoxectso
XapaKTePHCTHYECKHX 3HayeHuii GecKoHeuHo, TO ero npeneibHas
TOYKa HAaXoAuTCA Ha GECKOHEeUYHOCTH.

Joka3aTeabcTBO M. MHXJuH [2],
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Conepmxanne nepeolt ¥ TpEThell TeopeM COCTaBAAIOT TaK Ha3bi-
BaeMYIO aubmepHamusy Dpedeoavma. CM. 1akxke 1. 2.3.10.

Jns puTerpanbHuX YPaBHEHHH C BBIPOXIEHHBIM ALPOM TeOPEMbI
Ppearossma ABAALTCA CIENCTBHAMH H3 CBOMCTB JAHHEHHBIX CHCTEM
YpaBHEHHIH.

§ 3. CumMeTpuuHBIe HHTErpajbHble YpaBHeHHd

2.3.1. CymecTBoBaHHe XapaKTepHCTHYECKOro uYHcaa, Cun-
MemPUHHOLMU UHMEZPANHOLMU YPABHEHUSAMY HA3BIBAIOTCA YpaBHe-
HHA, ALPAa KOTOPHIX CHMMETDPHYHBI, T. €.

K (%, s)=K (s, %)»

VitepupoBanubsie AApa CHMMETPHUHBIX VPAaBHEHHH CHMMETPUYHDL.
Hanpnmep, ’

Ky (5, 8)={ K (x, O K (2, s)dt—SK(s,t)K(t,x)dt=K2<s,x>.

<>

Kawpoe cuMMeTpuyHoe A1pO, HE PaBHOE TOXAECTBEHHO HYMIO,
UMeeT Mo KpajiHe#t Mepe ONHO XapaKTepHCTHUECKOe YHCIO.

D710 yTBEepKIEHHE CIPABEIMBO KaK NI HENPEepPBIBHBIX AREP,
Tak W Aas KBafpaTHYHO-CYMMHDYeMblX afep.

NoxkasaTteabcrBa cM. IlpuBanos [1], Muxaud [2], Tpuxomu [2].
2.3.2. OproroHaibHOCTH COGCTBEHHBIX dyHkuu#. Cobersen-

HbLle (i)yHKllHH CUMMETPUYHOro Aapa, COOTBETCTBYIOIUE Pa3nHYHbIM
XapakTepaCTHYCCKHM YHCIaM, OPTOTOHAIbHbL

NeficTBUTe BHO, 2CAn

b b
grl0)="A1 [K(x, $)p1(shds, o2 (x)=DMhs [K(x, s)¢2(s)ds, AjFEDs,
a a
T0 .
b b b
g forpadx =Aphe [ dx [K(x, )91 (s)pe (x) ds=
a a a
b b

=z [or(0)ds [ K(x, 8) g2 (%) dx,
a a

b b b
A [ eeprds =hids [ 91 (5) ds [ K (%, 8) p2 (%) dx,
a a a
OTKYJA
v b

(A1 —2g) f P1padx =0,
a

B T4K KAK Aj 7 Az, TO
. b

| p1pde =0, _@an
- 2 ‘
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Ha ogHoBagup NOJYUEHHOro paseHcTsa B m. 2.3.3 Oyger pokasaua ZefiCTBUTENLHOCTH
coGcTedtbix uncea u cobcrBeHHbx GyHkuufi. Torza (2.3.1) osdauaer opTOroHanb-
HOCth COOCTBEHHBIX cpynxmm COOTRETCTBYIOMINX PA3AMYHEIM XAPAKTEPHCTHUECKHM
wHCaaM.

2.3.3. JeACTBHTENbHOCTh XaPaKTEPHCTHYECKHX YHCcel Xapak-
TEPUCTHYECKHUE YHCAZ CHMMETPHYHOro sapa ReACTBUTENbHLL

B camom jeJe, eCau hy— KOMIIEKCHOe XapaKTepHCTUUECKOe THCIO, Ap=1-}in
¢ cooTseTcTBytoutell coGetentoll dyukuuedl ¢ (x) =a (v) 48 (%), TO A4pO XOMKHO
06;agath CONPTKEHHBIM XADAKTEPUCTHICCKHM UHCAOM Ag=§—i7. ¢ cobcTBenHON
ynsunell ¢z (x) == o (X) — i (x).

B cuay (2.8.1) mer umeeM aaa cobetBenHbrx QyHKOUT ¢p (x) U @g{x)

b b
j prpy dx = J (22 (x) 4 B2 (x)] dx =0,
a a

9TO BO3MOXHO JUIOb TOTXA, KOPXa o (X) u B{X) TOXIecTBEHHO (MAM IOUTH BCIOLY)
pasHel HYJO, Hocnumee TIPOTHBODEUHT TOMY, UTO ¢ (x) 0.
MMpumep 2.3.]. Ypasueune

1
e () =2[(x49e)d
0

— CHMMETPHYHOE C BLIPOXAEHHBIM ATPOM,
Mmeem :

1 1
<9(x)=l[xI?(S)dS+IS@(S)dS]=clx t o
0 b

V3 7agHOrO yPABHEHHA CJELYeT, UTO
1
c1x - cy= )\j (x4 5) (18 + €9) ds,
0

OTKyza .
1, . 1 s 1
cl=7\cl-5—i—/~c-_>, €2=)x01-—3—+/\02~§.

Yc/IoBieM COBMECTHOCTH [OCJAeRHMX YDaBHeHW{ HBJAAeTCH 06p:uue}me 8 HYJb
onpegeauTens CHCTEMBl, YTO KdeT

22120 - 12=0,
OTKyJAd HaXOAuM xapamepncmqecxue uncaa
A =1V3—8, rg=—4V3~6.
CooTseTcTayiouiHe cobcTBeHnble BYBKIHH: v

— (14+V3x),  ¢p)=
V2 +V3 V2 —-V3
Hafinennste cobcTBeHHbIe QYHKINH OPTOrOHAABHbI
1 1
1 1 g = -
(PLy Pg) = ———=—= — (lf}—VSx)(l—VSx)dx=S(l—3x2)dx=o,
Vetvi Va—v3 0& 5 ‘

~

¢1{x)= (1 —V3x).
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TMpuwep 23.2 Horerpaabuoe ypasueuue

!
p(¥) =) [K(x, $)p(s)ds=0
0

¢ sapom Ve
Kix, )=
sG—x) x=s,

cummerpudno. HaflneM ero xapakTepucTddeckue qHcIa H CoGcTBenHbre QyuKIUHM,

Vimeem
X l

s =t {st=ne@astip{re—ss0as 2.3.2)
0 X

x ! 1
=" S—w(s)ds+S(z—smsm%:——?—gsso(smw
0

X Y

~] >

1
+ S Le(s)ds, 2.3.3)
X

@7 () =—2gd).

Ha (2.3.2) caenyer, 9to
¢ (0)=r¢ (1) =0. 2.3.4)

Ofmee pewenne gubdepenunaibuoro ypasienus (2.3.3) ectb
o(x)=cycos VX xFeasin Vi x.
Ho ¢(0)==cy==0, mosToMy XapakTepUCTHIECKHE UHCJId UCXOZHOTO WHHTErPAIBHOTrO
ypasHenun GynyT HaBigeHbl W3 yCJOBMT )
¢ () =0=sinViy

n2n
Vil=nn n 7\n== 75

OTKyAa

2

w=1, 2, .}

CootrBercraylouie cobcrsennsie GyHKUUN CYTh

... nm
¢, (¥)=sin T
W 103TOMY, Y9HTLIBAA, 4TO
{
nr 1
sin? — x dy =<,
S in? ¥ dr =3
0 -
10/y4aeM HOPMHPOBAHHYIO CHCTeMY COOCTBEHHBIX (YHKIHDH
(x) = Z sin 2Ty
W=y s

~ OproroHaasHocTh 3TUX (ynxunit na orpeske [0, /] nerko mpoeeputs.

2.3,4, OproroHanusauus co6¢cTBeHHbIX GyHKuUu#A, Ecim ne-
KOTOPOMY X3paKTePUCTHUYECCKOMY HUCTY HpHH&I(JIC)KHJ‘ HECKOIbKO
AUHENHO HEe3aBHUCHMHIX COGCTBEHHBIX (YHKUHMI, Hampumep, ¢; (x),
95 (%), ¢ ypa(x), TO KawAaAs MX JauHeHnan KomOuHAUHMA TaKwe
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npAAeTCA COGCTBCHHON QYHKUMeR ¥ 9TH sHpefiHpe XoMSuHauuu
Moryt OniTh BHIOPaHbl TaK, YTO NOAYHEHHBIE NpH 3TOM COGCTBEH-
Hbie GYHKUUMA GYAYT OPTOHOPMHPOBAHML
X
HeiicTBurenbHo, GYHKUMA ¢ (x)=(?‘w( ”)
71
exnnnue, O6pasyeM xomOupauno o, ~+ o, ¥ BHOEpEM @ TaK, 4TO

(@ < 0q $1) =0,

HMeeT HOPMY, PaBHYIO

T. €, BO3bMEM

SR 7Y 7Y M COY 20,
[C2%) 19, °
dyuxuus . -
S {Sank s T
(0= T

oproroHaibHa K ¢, (X) H HMeeT HopMy, paBHYy enunuue. [lazee
Bhi6upaerca KomOuuanus ay; + B, 49, U MOCTONHHBIE ¢ U § Ha-
XOAATCS U3 YCIOBHH OPTOrOHAILHOCTU

(21 + Bepa -+ 95, $1) =0, {ady + Bbs + 95, $o) = 0.

C wuajineHHeIMM TakuM oO6pa3oM Kod@duuueHTaMH a U B QYHKUUA

by 1B+ oy
P Tady F Bes Fos |

OPTOroHanbHa K ¢, Yp M UMeeT HOPMY, PaBHYIO eAMHHUE, ¥ T, A.
IMpy nmomowyu yxasaHHoro upouecca oproroHanuzauun (Conuna—
IIMuaTa) nocaegoBaTesbHOCTL COGCTBEHHBX (YHKUMA CHMMeTpHY-
HOTO AIPAa MOXHO OPTOHOPMUPOBAaTL, UTO BIpeAb U [peafoia-
raetcd BBUTOAHEHHBIM.

2.3.5. KonuuecTBO COGCTBEHHBIX (YHKUHHA, COOTBETCTBYIO-
WMX XapaKTepuCTHYECKOMY YHCIY, H pacnpelelieHHe xapaKkre-
puctuYeckux yucen. KaxaIoMy XapakTepHCTHYECKOMY YHCAY R,
COOTBETCTBYET KOHEYHOE YUCIO COOGCTBEHHHIX (PYHKILHH.

Ecau 0603HauuTh 3TO YUCHO yepes 7, TO MMEET MeCTo Hepi-
BEHCTBO

n=< B3, (2.3.5)

HefcTBATEABHO, ecaH - 3aduKcHposath S, TO xoadppunuentst Pypre axpa
K (x, §) mo oproHopmuposaHuoft cucreme ero cobcrBeHHbIX GYHKIHA CyThH

4 ?p (5)
(K(x, ), (pk) = S K (x, s) ?p (%) dx = klo ,

a

¥ BCACHACTBHE HepaBeHCTBA Beccenn
b
9
Py () = S K2 (x, 5) dx,
a

8 nocje HHTErpupoBaHua

1

T K2 (x, §)dy ds= B2< 00,

R e &
D=
-«
<o
=
2,
7Y
[
>z{__
D=

Qe
-6
<o
=z
K]

L7

i
Sl =

Ih
R ey o
Ry
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B kawIoM KoHeuHOM HHTepBaize |A| << A <CCO MOXET colep-
WaThCA AHLIIL KQHEYHOE UHCIAO XapaKTepHCTHUeCKHX uucern. Ecaun
0603HaYHTb 3TO YHCIO uYepes m, TO HUMeeT MeCTO HePaBeHCTBO

m== A*B®. (2.3.6)
Cunrag, W10 KOKIOMY XAPAKTEPHCTHUELCKOMY HHCIY Ay, ...\ A, IPUHALIEKHT
no Menbwed Mmepe ofua cobersennar pyukuud o (%), ., O (x), nmoaysaem cno-

co60M, MCNONB30BAHHLIM Bblule, HEPABEHCTBO

.37

OTKYA4, yuuThiBad, uto | A =1 > A-1, noayuaem Hepamencrso (2.3.6),

M3 HepasencrBa (2.3.7), B 4YaCcTHOCTH, clIelIyer CXOAMMOCTb

psaia
o

M3 nokasannoro Belle ciedyeT Taxkwe, YTO BCe XapakTepH-
CTHYECKHe YHCIa MOKHO PaclONOXHTEL B ITOPAAKe Bo3pactaHua a6co-
JIOTHHIX BEJMYMH U 3aHyMepoBaTh. COOTBETCTBEHHO XapaKTepPHCTH-
YyeCKWM YHCaaM HymepyioTca coOCTBeHHble (YHKIHH.

2.2.6. Buauneitnan dopmyna. Ilycrs sagpo K (x, s) fomyckaer
pa3ioxeHHe B PABHOMEPHO CXOAAUIUACA PSAX 1O OPTOHOPMHPOBAHHOH
cHcTeMe CBOHX COGCTBEHHHIX (YHKUUIl

< u

[oe]

K (x, §)= Z appp (5) (2.3.8)

k=1

Ans KaxJaoro (HUKCHPOBAHHOrO 3HAYEHHA X B CIyyae HellpepoiB-
HOCO sAPA MM NOYTH BCEX X B CayYae KBALPATHUHO-CYMMHDYEMO=~ ~

ro ampa. )
Mnmeem
b
ap= S K(x, 8)op (s)ds= ?—k)\i—xz (2.3.9)
a
H, CIefOBaTelbHO,
[ve]
K(x, )= 2 “’l—(’%:?";@ (2.3.10)
k=]

O6patHo, eclu pAL

2 (Pk x) "Pk (S) (2311)
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CXONHTCA PaBHOMEPHO HAM [0 KpaliHed Mepe TaK, 4To ARGOMY MO~
JOXHTENbHOMY € COOTBETCTBYET TaKoe Iejoe nonommenbnoe YHCHO

n,, 4TO

b oo
S id3 (’CA) Pa (s) dyds<<e  (n>n),
a n+1 * -

QO3 -

TO

Xy

K(x, 8)= Z ?ﬁ.@l‘fﬁﬂ_
E=1

Vimeer mecto _
Teopewma. Pan (2.3.11) cxoputca 8 cpenreM k aapy K (x, s}

n
K(5,5)=Li.m 2 ‘%Pk_(s_) 2.3.12)

WM, 4YTO TO XKe

n—w !

b b n 2
lim S S K(x, 5)— ¥ i’&%—%ﬁl dxds=0. (2.3.13)
a a | k=1 k )

Hoxazareascta cm. Ilpusason [1], Muxauu [2], Tpuxomu [2].

Ecau cummerpuusoe supo K (x, s) HMeel Idlb KOHEYHOE
YHUCIO XapaKTePHCTHYECKHX YHCeJ, TO OHO BBIPOXIeHHOe, HOO
B 3TOM cayuyae

K(x, s)= 2 ﬂe_T‘f’k_(S_) (2.3.14)
k=1

Slapo K (x, §) Ha3bIBACTCA NOAOHCUMEABHO ONPEQCACHHbIM, €CAK
JnA Bcex QyHKuMit ¢ (X), OTANUHLIX OT TOXAECTBEHHOIO HYJd,

b
VK (x, 8)o(x) ¢ (s) dxds >0

R ey

M N 1aA ¢ (x) =0 ykasaHHB BbllIe KBaAPaTHYECKHH dYyHKIHO-
Hax paseH Hyao. Taxkoe sipo HMMeeT TOJABKO IOMOXHTENbHbIE Xa-
PaKTepHCTHUYECKHE YHCIa.

AHanoruyno onpeRenfeIcs OTPHUATENBHO ONpPedeleHHOE AADO..

Teopewma. Bcsakoe cHMMeIpHYHOE HeNPEPLIBHOE [1@1QKA~
TEAbHO OfipefelenHoe (UKW OTPULATEABHO ONpPeNeleHHOe) ALPO Pas-~
Aaraercst Mo COGCTBEHHBIM (YHKUMAM B OHIMHEHHHI pax, abco~
JIOTHO H PABHOMEPHO CXOMAAIHACA OTHOCHTENAbHO MEPEeMEHHBIX X, §
(Mepcep).
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Teopema OCTAeTCA BEpPHOM, ecau NONYCTHUTB, YTO AIPO HMeEeT
KOHEYHOE€ YHUCI0 OTpHUATEeNbHbIX (COOTBCTCTBEHHO HOTOXHUTENbHBIX)
XaPaKTEePUCTHYECKUX YHCel.

HokasareabcTBo cm, Ilpusanos {1], Tpuxomu [2].

Teopewma. Ecam agpo K(x, s) CHUMMETPHYHO, HenpepriBHO
B KBajpaTe @=<x, S<b M uMeeT B NOCHEJHEM DaBHOMEPHO Orpa-
HUYEHHbIe YacTHbie TPOU3BOLHbLIE, TO OHO pa3naraercd no co6CT-

BEHHBIM (QYHKUMSM B DaBHOMEDHO CXOIALUHCA OHINHEHHBIN pPAX
(Tammepmireiin).

Cym. Kypaur—Tuanbepr [1].

2.3.7. Teopema I'man6epra—IllImuara. Ecan oyuxumwo f(x)
MOKHO MpPeACTaBHTL B BHIE

b
Flx)={K(x, s)g(s)ds, (2.3.15)

a

rae aupo K (x, s)— KBagpaTHUHO-CYMMHUpPYeMoe, £(§)— HekoTopas
KBaApatHuHO-cymMmMupyeMana QYHKuUnA, 1o f(x) Moxer Owith Hpel-
CTaBleHa CBOMM psgoM Pypbe OTHOCHTEABHO OPTOHOPMUPOBAHHOMN
cuctemnl cofctBeHHbX QyHKRUUM Axpa K (X, §):

F(x) =} appe (x), (2.3.16)
F=t .

rae
ap = (f, 9r) (k=12 ..).
Ecnn, kpome toro,
b
SKg(x, s)ds=<C A << oo,

a

10 pax (2.3.16) cxoaurcs aGCoMOTHO M . PaBHOMEPHO Aaf Kammolt
Gyskuun f(x) Buga (2.3.15).

Hoxasareabctsa cm. Tpuxomu 2], Muxaun [3], [pusaios [1],
2.3.8. BunnHelHble pajbl HTepupoBaHHbIX saep. [lo onpene-
JEHUIO UTePHPOBAHHLIX sAlep
b
Km(x, 8)=\K(t, DKni(z, )dz  (m=2,3,..). (23.17)
. a

Kosdouumnentnt Pypve a, (s) sapa Ky, (x, s), paccmMatpusaeMoro
K2k (YHKLHA X, OTHOCHTEIbHO OPTOHODMHUPOBAHHOH cucTeMn C€o6-
CTBeHHBIX QyHKuufi agpa K (x, ) paBHb

b
)=\ Knts 9 ar=2 @319
y b ; )

5 Laap 1. A
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[pumenenne Teopembl I'mab6epra—Ilmuara k (2.3.17) naer

) .
K (%, 5)= ‘Mk)”‘f"& (m=2, 3, ..). (23.19)
E=1 k

B dopmyne (2.3.19) cymma pAga mMoHHMAaeTcH KaKk fipeded B Cpel-
HeM. Eciu ke JoNOMHHTENHHO

b “

SK”(x, §)ds < A <o, A = const,
a

10 B ¢opmyae (2.3.19) pAx cxoaurca PaBHOMEPHO.

Hokasateabcrsa cm, Tpuxomu [2], Muxaun [3], ITpusanos [1).

2.3.9. Pemenne HeOAHOPOAHOTO ypaBHEHMSA. [IpencraBum uH-
TerpalbHOE ypaBHeHHUe

b
¢ (x) = MK (x, 5) 0 (s) ds =F (x), (2.3.20)
bne A He ecTb COOCTBEHHOEe 3HayecHHUe, VB BHIE
&
¢ (x) = F(x) =2 { K (x, 8)9(3)ds (2.3.21)

a
u npuMenuM TeopeMy [napbepra—Illmunra x QyHxuum ¢ (x)—

—fx): .
¢ () —flx)= kZ_]l Crek (X)),

» .
cr={ [¢ (X) = f (x)] g (x) dx =
¢ b b
={o ) e () dx —§ F(0) o1 (x) dix =8, — fie
aQ a
lMo teopeme IuabGepra—IlImuara
[4 oo \
W K@ 990 as= Y %00
R
a k=1
H, TakxuM obpasom,
§eh _ Mefe _ M
_)\;'—‘Ek_fks Ek—_)\k'_)\' ck_)\k*l' (2'3'22)
CneloBarensHo, «

g () =s(x)+2 Z x,,f_k. 7 9% (X). (2.3.23)
k=l
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Ecan we A— xapaxkrepuctuyeckoe uymcio;

~(2.3.24)

)\=)‘p=?‘p+12"'=)‘qr

10 npu k=#£p, p+1, ..., ¢ uneun (2.3.23) coxpaHAIOT CBOU BHI.
Ipu k—p, p+1, ..., g us Qopmyas (2.3.22) caexyer fp=

e x—)\k) u B cnay (2.3.24) fp=fp=...=f,=0. Mocaex-

Hee ospavaer, ut0 (f, ¢x) =0 npn k=p, p+1, ..., g, 7. €. cBO-

GOIHBIK YieH YPaBHEHHUA JIOMKeH GblTb OPTOrOHANBHBIM K COGCTBEH-

HbIM GQYHKUHAM, NMPHHAZNCHAWNM XapPaKTePHCTUYECKOMY yucay A,
Pemenna ypasderus (2.3.20) B 3TOM cayyae HMEOT BUX

¢ (1) = f(X)—HZ s o () + chmx), (2:3.29)

k=1 =p

rae WTpUX B nepsoit u3 cyMmM (2.3.23) o3Havaer, 4TO DOAKHH GbITh
onyu{eHsl YaeHsl ¢ RoMmepawn k=p, p+4 1, ..., g, OIpH KOTOPHIX
B 9TOH CyMMe OIHOBDCMEHHO 00pamalTcs B HYIb fp U A— Ag
KosbpdnuneHts ¢, BO BTOPOR CyMMe — IIPOU3BOMbHLIC NOCTOSAHHEIE,

-

Cu. Muxaun [3], Tpuxkomu [2].

2.3,10, AnntepHaruBa Ppexroanbma JAas CHMMETPUYHBIX HH-
TerpaibHbiXx ypaBHenn#t, Pesyipratsl n. 2.3.9 MokHO 00beIHHHUTH
B cielywolell aibTepHaTusHON (opme.

CHMMCTPH‘IHOE HHTErpa’lbHOE YPaBHEHHE

b

9 () =2 K (x, )¢ (s)ds =F(x)

apn 3aganHoM A au0G0 HMEET And BCAKON NPOHU3BONBHO 3aJaHHON
dyukudy f (x) € L¥[a, b] 0IHO M TOALKO OJHO KBaIPaTHYHO-CYM-
MupyeMoe pelieHue, B yactHoctH, ¢ =0 pag f=0, mu6o coorsert-
cTBYyIOUeE OJHOPOJHOE ypaBHeHHe HMeeT NOJ0XKHTeNbHOE KOHEeYHOe
YHCIAO F AHMHEHHO HE3aBHCHUMbIX PelIeHHH ©5, @g, ..., 9p

Bo BropoM ciyyae HeOZHOPONHOE YPaBHEHHE HMeeT pPelleHHe
TOrjJa M TOALKO TOrRa, Korja 3afaHHaa QyHKuuA f (x) opTOroHa’ibHa
GYyHKUMAM @, ©p, ..., ¢, W PEIICHHE ONpelenAeICs IHMbL C TOY-
HOCTbIO JIO TIPOM3BOJNbHOH AJUINTHBHOH aMHEHHOH KoMOWHALMH
€19y + 02% F- oo Ao

3Kcrpemanbﬂue CBOHCTBA XapaKTEePHCTHYECKHX YH-

cen H coﬁcmemmx ¢pyurunit. B cuny teopemn luabbepra —
HimMuara

R4 oo
\ K5 900 ds 2 PO, (s o). (2320)

a k=1

B
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Y MHO¥Kaa 3TO PABEHCTBO Ha ¢ (X) M MHTErpupys, NOAYUHUM

b b =]
S S Ki{x, )9 (x)o(s)dxds = .;f- (2.3.27)
a a k:l k

[Monaras B (2.3.27) ¢ =¢,,, 6yneM uMetsb

b b
1
S S K (%, 8) om (%) 9m (5) dx ds =5—, (2.3.28)
a a m
anpn m=1
b b |
[{re 9nma@aas=y. o
a a !
C 1pyro#t cropoHsI,
1 1 ) 1
!11!2!1212'"2——’%!2"' : (2.3.30)

u u3 (2.3.27) u nepasenctBa beccenn crexyer, yro

bb
SSK("Cr S)o (x)g(s)dxds|<
(o) 0 b
a3 1 , 1 ]
éZMZ!QIMI E“iém S?’(x)dx, (2.3.31)
=1 K=1 a

ROCTHraeT Maxcu-

b b -1
< [S f &0 99009 dx ds] YT
b
)

Takum o6pa3om,

MYMa Ha MHOXMeCTBE HOPMMPOBAHHBIX KBAaJAPATHYHO-CYMMHDYEMbIX
GYHKUHH; 3TO MaKCUMailbHOE 3HaYeHHE NOCTHLAETCA NPH ¢ =¢; H
paBHO | A, 7L

AnanoruyHo IOKa3biBaeTcs, uTo
bb

| A |7} = max SSK(x, 8)o (x) o (s) dxds
aa
Ha MHOoxkecTBe QyHKuUHU {o} € L%[a, b] Takux, uTO
tell=1 " (& ) =(p 92)="-..= (& 9m_y) =0.

Cu. Kypaur -~ I'uas6epr [1], Tipusanos [1], Muxaun [2], Tpukomn [2].
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§ 4. Unterpanbivie npeoGpa3osaHus
U WHTerpajbHble ypaBHEHHS

24.1, Tlpec6pasosanne dypbe. MapectHo (cM., Hanpumep,
B. Y. CwmupHoB [2)), 4To mas (QYHKIME f(X), yAoBIeTBOpAOILeH
ycnosusaM Jupuxae Ha n1060M KOHEUHOM HHTEpBane u abCoONITHO
HHTErpupyeMoi Ha BCefl YMCI0BOH oCH, MMeeT Mecto opmyna

f(x)—;% S do S £(8) cosw (E— x) d, @2.4.1)
¢ —
HInu
f(x):Ei? Sdm g f{t)coso (—x)dt, (2.4.2)

dypmyan (2.4.1) n (2.4.2) HasbBaOTCA UHMELPALGHBMMU POp-

Mmyaasu Pypoe.
Tax xak Qysxuus f(£) sin o (f— x) HedeTHasA OTHOCUTEIBHO w®,

TO
[

0221 de g f(t) sine (¢—x)de, (2.4.3)

— — 0

u cxnanmBag (2.4.2) m (2.4.3), yMHOXeHHOe Ha I, IOAYyYUM UHMe-
2paabuy0 Popuyry Dypve 8 KomnaexcHol popye

e @
f(x):glg Sdm B F) et at, (2.4.4)
—x —w
O6o3Hauus
[ee)
F(m)::v% S £(t) elot dt, (2.45)
—c0
noﬂquM
’ o5}
f(x)ZV;:n S F (o) e719% do, (2.4.6)
—0 '

dopuyan (2.4.5) u (2.4.6) 06pa3ywT mapy 83euUMHLLX npeolpa3osa-
Huii @ypve, npnuem QyHKUHIO F (@) HA3BIBAT npeobpas’osanuesm
Dypse QyRKUBN f(X) (K1 We cnexmpaavHol gyurqued). Popmyna
(2.4.6) nasnaetcs gopmyaol ofipausenus Dypoe.

Tlo moBozy shiBofa dopmys (2.4.5) u (2.4.6) cm. Taxme M. M. Tespdaug [1].
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dopmyna (2.4.5) MoXeT pacCMaTPHUBATBCH KaK HHTerpanbHoe
ypaBHeHHEe MEePBOro poia OTHOCHTeabHO (yHxuuH f(f). Popmyna
obpauienns (2.4.6) naet pelreHue 3TOFO0 MHTErpPaibHOTO YpaBHEHHA.

W3 uuverpanvholt dopmyan Pypbe MOXHO NONYUUTp TAK Ha3H-
BaeMmble CUHYC- U KOCUHYc-npeobpa3osanus Dypee.

Tak, cuutas f(f) HeueTHo# Ha (— oo, oo), u3 (2.4.1) noayyaem °

f(x)=% S do Sf(f)COSwtCOSmxdt—i—
0 o

ajeo

oo [ee] [e ) [es]
+% S do S F(¢) sin of sin ox dt = S do sin wx S £ (£) sin of dt.
0 s 0 0

Orciona, 0603Havas
[oe]

Fg(0) = ]/% S F(t) sin of dt (2.4.7)
MORYUUM
i c
flx)= ]/ = g Fs (0) sin ox do. (24.8)
0

dopmyast (2.4.7) n (2.4.8) 06pasyoT Napy BIAUMHBIX .CUHYC-npeos-
pa3osanuil Pypoe.

Apnanoruyno, ecad f(x)—verHas (YHKUMA Ha HHTepBaie
(— oo, co), MOAYUATCA KOCUHYC-npeodpasosanus Pypove:

Fg (o) = ]/% S F(£) cos ot dt, 2.4.9)
[ .
flx)= l/% S F, (o) cos of df. (2.4.10)
0

Npumep 2.4.1. PewnTs UHTErpaibuoe ypasHeHue
@ LA 0 = -
[ g)sinzxdz=f(x), rge f(x)={ g Sin% USHST
0 N

0, xX=T.

Ilepenucas ypasHenue B BHIe

o .
f(-")=l/%s %g(z) sin zx dz
0
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B PACCMATPMBAA €ro Kak cHHyc-npeoOpa30BaHNA (yHKHHY Vmg(z), Ipy HOMOMWN
dopmyarl obpamienns HAXOAUM .

b -
® = 25“ ; T sinnz
l/_2g(2)._l/—:0—2—sin,\{smzxdx= T T

u, HAaKOHel,
(2 sinnz
= .
g 1 — 22
[ns npeobpasosanus Pypbe, a rtakke CcUHYC- W KOCUHyc-npeobpasonanni
@ypbe cocrabienbl Tabauiet, Cm, durkun u IIpynuuxos [1], Befitmen u dppeitn [1].

- Kaxpan nmapa BsauMHbIX npeoGpasosanuii JaeT pelienie XBYX B3AHMHBIX UuTe-
rpajbHbIX ypaBHeHuil,

Iipu momomu Gopmya (2.4.9) u (2.4.10) MOXKHO NOCTPOUTHL NPUMED HePEAr0abe
MOBA HMHTErpaJbHOLO ypaBHEHUA, COOCTBEHHOMY 3HAYEHUIO KOTOPOrO COOTBETCTBYET
GecKoHedHOE MHOXKECTBO JHHEHHO He3aBACUMbLIX COOCTBEHubIX (QYHKIMH,

Npumep 2.4.2, Hamumew (2.4.9) u 2.4.10) B BUZe

™ o
F(x)== V% S f (f) cos xt dt, flx)= V% S F (¢) cos xt dt.
0 0

Torxa dpynruns F (x) 4 f (x) Gyner cobcTennofl pyBKuHel HHTErpaspHOrO ypRBHEHHS

. ]
2
Flo)+f ) =]/; V17 0+ £ () cos st at,

0

cooTBeTCTBYIOUER XapaxTepucTHuecKoMy wicay A=V 2/w, OCTATONHO NOJONKHMTH
f(x)=e'px, F(x)=1/‘2p(nx2 <+ p?), p>0, 9robul moayuuTh SecKOHEUHOE MHOMXKes
cTBO coOCTBeHHBIx (DYHKIMR, NPUHALJEKAUIUX YKA3AHHOMY XapAKTEPHUCTHRECKOMY
apcay.

[Mpeo6pasoBanne Pypbve MpuMeHseTca U AAA . PelICHHUS HHTe-
rpajibHLIX YPaBHEHUH, OTAMYHBIX OT PACCMOTPEHHLIX BBHILIE,

Mpumep 2.4.3. Halltn peulende UHTerpaJbLuOro ypasHeHus
o
e =f@+ [ kix—3e(dy
- — 00
O6osuaunm npeobpazosauns $ypee dyuxuudl f(x), £ (v) o uCKoMOd ¢ (x)
coorseTcTaeHHo uepes F (4), K (u) u @ (o). Hmeen

0 o0
1 ixu
@ = —— k(x— Ny Ay dx =
w0 == [f(x)—l- [ te—new ,]e x
— —
[ee)
=F (@)~ 4 dy \ ixu
= u)«r]/2_ﬂS s Sk(x—_v)qa(y)e dx =

—00 —0C
(2o}

e -
—F () —— [ eay § ke ara

Var
— —0
© ©
bov iya inu
= )+ — e (I a k) e gn=
1+ 5= eay { kan n

—Q0 —Q
=Fu)+ V2 @ () K ).
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Orcioga
D {11) = ——[—:—(_L——-
1—VIr K ()
H, CAejOBATENBHO,
1 = F
(z1) ~ixu
(¥)=—— e du,
? Vox Sl—V?nK(u)
—Q0
Hasee,
. [a¢]
’ 1 Fim —i v —xu
P~ flx)= —— [ M~ Fe ]du=
Tvm § = VEK @
—0
[o 0]
ry .
e s
Var 1— VK ()
-—CQ
O6o3naaus
o 7
R = .ML u r(x)= ].,, R (uj e—ixudu,
1— Von K on
— o0

MOKHO 110yANTh OKOHYATEABHLIT pesyssTar B BHIE

o8]

sW=fw+ [ ris—5fEd

-0

[puseneHnsie Bbile BLUNCAEAUS HOCHAW (OPMadbHBIR XapaKTep, MOCKOJABKY
He yKasaubl CBOMACTBA, KOTOPhIMH 06.1a1ai0T Raduble GyHKUHM ¥ Kaace dydkuuil, B
KOTOpOM OTbICKUBaeTCH pelleHue,

B naHdHOoM npuMepe AOCTATOYHO NPEANOJOKHTB, 4To f(x) € L2 (— o0, ),

—. Iloayuennoe pe-
. 2n
wende npuHazaexut L2 (— 0o, co) ¥ ¢ TOUHOCTBIO 10 QYHKUMH, pasHOli nouTH BCIOAY
Hy /110, eIHHCTREHHO,

Cwm. Turumapuwr {1], Cueanon [l].

(x) € L1{~ o0, o0}, K (#) uMeeT BepXiuiOW [PaHb, MEHbIIYIO

2,42, llpeoGpasosanune Jlanaaca. B wuHTerpanpHoft dopmyne
dypbe HONOKHM
i@ (=X e—iw U-x)
cosw (L —x)= £ —Z ;

torga, npeAnoiaras gonoauntesnno, uro f(x) =0 npu x <0, 6ynem
BMCTh

[o ] [os]
fx) = 2% S evvdy S f(¢) e¥edt, x>0
—0 )

[Mycts f(x) OpuHamaexuT K Kaaccy GQyHKUHH, 117 KOTOPbIX HHTE-
[e=)

rpas S |/ (&) | e~%dt cxonuica, ecau 1 BbIOPAHO AOCTATOYHO 60AbLIUM

©
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No10XHATE TbHbIM, MMeem

[ee) o
2%; % o Miwn X S F03) oo tqg =f(x) .
o 0
[Monowxus n — io =p, do=— d-{i , O6YAeM HMeTh
n4ico 0
ﬁla' g eP¥dp Sf(t) ePldt = f (x), 2.4.11)
7 i 0
Pynxuus
_ [we)
Foy=\ rtierdt (2.4.12)
h

HOCHT HasBaume npeodpadosanus Jlanaaca ¢yuknnu f(£). Umeer
mecto dopmyaa obpaweHus (o6pamroe npeobpa3doganue Jlanaaca)

FlOr= s S 7 (p) eP<dp. (2.4.13)

i A

B nocnennelt ¢GopMylie NPHMEHAETCA. WHTErpHPOBaHHe (YHKIHU
KOMILIeKCHO mepeMeHHoll £ (p).
Mas mapst B3anmusix npeoSpasopadnft (2.4.12) n (2.4.13) cocrarieunt ofinpuvie

T36J1H[Ibl, KOoTophIe noJe3dbl UpU  peUIeliNK HEeXOTOPHIX HHTEerpaahiiblx ypHBIICIlHY«!.
Cwm. Nurtiud u Kysgewon (1], Ourkus u Tlpyauucos [1], Befitmen n Dpaetin [1].

~ Ilpeo6pasosanua Jlanmaca npUMCHAOTCA H K PELIEHWIO psiia
OPYTHX THIOB HHTErDAILHBIX YPasHEHHIL

Mpumep 2.4.4. Haltru pewende uaTerpasbHoro ypazueans BoabTeppa
x
e =f)+[r—Hewa
0

Orpauduuncd GopMatsusiM pewenned. O6o3uauum mpeobpasoranus Janaaca

dyngupit f (x), £ (x) 1 1ckoMoll ¢ () COOTBETCIREHHO Hepes f (o), k(p). o(p).
Torxa, moBTOpAA BhIUMCAeHUd npumepa 2.4.3, npuieMm. K ypaBHeHUIO

¢ (p)=F(p)+Ekip)oip),
oTKy kA
E (p)

i m f .

¢ =F +

Pewenne notyuaercd nocpexctaoM dopmvan obpamienns,
Cw. Deu (1], Durkun v Kysneuos {t}, Hatsuy u [lpyaaukos {I].
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§ 5. YpaBuenus Ppeiaroibma fNepBoro pora

2.5.1. Teopema [Mukapa. [lycts nano ypasueHue <l>pe11ronbma
nepsoro pona

b
(K (x, )¢ (s) ds = (x). (2.5.1)

Ecau AAPO €CThL MHOrOYJIEeH MO X!

K (%, 8) = @y (8) X™ -+ &5 (8) X771 F .. - @y (8) X + Gy (5),
(25.2)

10 neBad yacts (2.5.1) npumer BUA l71.’cm—|—b2,v’""‘—{—...—|—b,,,+1 u,
CIeOBaTCABHO, TAKOH We BHA JOMKHA UMEThb W paBasd uactb (2,5.1).

O7ciona caenyer, yTo ecad f (x) — IIPOU3BOAbLHAA HenpephiBHasn
Ha [, b] @yHxuus, To npu gaHHoM dAape (2.5.2) ypasuenne (2.5.1)
He UMeeT peuleHHA.

MoxkHo nokasate, yto ecad K (x, §) — HenpepsiBHOe sIPC, a
f(x) — HexoTopaa HenpepwBHaa Gynkiua, 10 B Kaacce C[a, b]
ypasHenue (2.5.1) MOWeT.He UMeTh pPelIeHHs.

Ecnmw K (x, §) — cUMMeTpHYHOE AP0, KBAAPATHYHO-CYMMHUpYe-
Moe B KBalpaTte a<<x, s=<<b, f(X) KBagpaTHYHO-CYMMHPYeMa Ha
{a, b}, To nHTerpasbHoe ypasHenue (2.5.1) UMeeT KBaAPATHYHO-CYM-
MHUpyeMOe pelileHue TOrAa W TOABKO TOrla, KOriga pajg

NN e M

CXOIUTCA.
3mech Xy, — xapakTepucTHueckue vuucaa sgpa K (x, S), fr—
kosdpdunucutbl Pypoe GyHKUHE f(x) 10 CHcTeMe COOCTBEHHLIX
GyHkuMit agpa (npeanonaraetcs fONHOTa YKa3aHHOH CHCTeMBbl c06-
CTBeHHHIX (YHKLUH). .
B atom 3akmevaerca teopema Ilukapa (1910 r.).

Cwm. Tpusanos (1}, T'ypca [1}, Tpukomn {2}.

2.5.2. MeTox nociepoBateNbHbBIX npHOGAMXKeHHA. [lycTh
K (x, §) — CHMMETPUYHOE® KBAIPATHUHO-CYMMHUDYEMOE ION0KUTENLHO
onpejeneHHOe ALPO W NYCTb YPaBHEHUE

b .
(K(x, 9)9(s)ds=F(x), f(x)€ L*[a, b]

paspeminmo. Toraa moCaeNOBAaTeabHOCTb {o, (x)}, onpenensemas
PeKyPPEHTHLIM COOTHOIUEHHEM

@n (X) =n_y () + A [f (x) — frnt (0},

rne

9 (0)€ L*[a, 0], fni(X) 5K<x Dens(s)ds,  O<A<2A,
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H \; — HaUMeHbilee XapakTepucTuyeckoe yucio aapa K (x, s); cxo-
IUTCA B CPEIHEM K DelIeHHI0 ypaBHeHH: (2.5.1).

31a Teopema npuuagaexar dpuamany [1). Cu. raxke [Tonowud u mp, [1].
2.5.3. Pemenne HEKOTOPLIX HHTErpPaluHLIX ypasHeHHil nepsoro poja.
Mpumep 2.5.1. Ypasuenue .

[os]
[ Kx—99e®ds=Fx
—

MOXKeT OblTh IpH oMOmH npeobpasosasus Pypee MPHBEIEHO K BULY

F@)=V2m @ (u) K (1),
rae F(u), @ (&), K{u) — coorseTcrsenno npeobpaszoadus QyHKnui f (x), ¢ (x), & (x).

Hwveem gaace
1 Fn
@ ()= —= 77

TR R®

u npuMedende ofparnore mpeobpasosanns Pypee raer

1 F) ~ixu
(P(x)_fi_g K(u)e du.

—C0

Pewenne JAHHOrO ypaBHEHWd CymlecTByeT U npunaitexur K L2 [— oo, oo],

ecan f(x) € L2 (— o0, o), k (x) € L1 (— o0, ), K(’I‘l; € L2 (— oo, o).
Cwm. Turamapu [1]. -
Npumep 2.5.2. B yparnenun
0 .
J & T (syds = £ (x)
—o0

SLPO ABANETCA NpousBOAAWeR PyuKuned A1 n0IMHOMOB DpMUTa Hn (s), 1. e, nmeer
MeCTO COOTHOLIENMe

—52 n
e H,(s)x

e~ X522
n!

’

s

3 n
npuem

g 2
S Hie ™ gy =2"p) vV,
—c0

JlaaHoe ypasHeHWe, ecld HOJOXHTb B HeM
fov]
p(8)= X a,H, (),
. n==0
CBOZHTCH K BUIY

0
- vV n.n
f=V= 3 a,2%",
- n=0
- n -
# xosdbdunnentht ¥V @,2" onpegeanioTcn kak KOIDQHIUEHTH CTEMEHHOrO Pa3JIo-
 xenng gynxuuu f (x), Tocnexuasn dyHxuns, TakuM 06pasoM, KOMKHA GbiTh AHAMH-
3

THYECKO,
. o nosoay s1oro npuMepa, a TakKe APYTHX, B KOTODLIX HCHOJL3YIOTCH HPOH3-

Bolfume Qyuxoun, cM. Mopc u Pembax Jlj,
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§ 6. TlpuGnmxennple METONBl PEHICHUS
HHTErpaJbHbIX YpaBHEeHHH

2.6.1. MeTton mnocnenoBaTelbHBIX NPHOIHMKEHHH pelleHHA
ypaBHeHuss dpeirosbma BTOPOTo poja. [1ycTb aHo ypaBHenue

b
cp(x)wkSK(x, $) ¢ (8) ds = £ (s). (2.6.1)

Ecan ¢ (x) — ToyHOe pemienpe ypasHeHMsa (2.6.1), a o, (x) ectb n-e
nocaefoparenbHoe npuGanmxenue (cM. mn 2.2.1 u 2.2.2), To

[¢ (X) —¢n (x) 1<DV611—%, (2.6.2)

B npe,unono;xe:—mn, YTO SAPO KYCOUHO-HENDPEPHBHOE,

SK2 (x, s)ds << C,, C, = const,

a
bb . : .
S 5 K®(x, s)dx ds = B?, (2.6.3)
aa

b

Sf (x)dx < D, D = const.

MocaegoBareabHbie NPUGANKEHHA CXOAATCA K PELICHHIO PABHOMEPHO
npu | A=< B7L

Cwm. Muxann (2]

Boaee rpy6as oueHKa MOXET GbiTb MOJNYYeHa OPH CAeAYIOLINX
NPennoioXeHUAX: AAPO HelpepuiBHO, npuuem | K (x, s) | =< M, dyHk-
uus f (x) nenpepniBHa Ha [a, b] u | f(x)| << N, roraa

by b — q))ntt
o0 — g0 = LG 26y

CxoanMocts npHGIHMEHH K PelieHHI0 pPaBHOMEpPHA.
Cm. Bepesaun u XKanxos [1].

Ecau sxpo u cBOGOAHBIN UMeH KBAaZPAaTHYHO-CYMMUDPYEMBI H
NOYTH BCIOAY MMeEIOT MecTo HepaseHcTBa (2.6.3), To coxpauserca H
onenka (2.6.2) moutn BcioAy Ha oTpeske [a, b).

0 AHanoruyHoe 3aMeyaHde MOXHO CI€1aTh ¥ OTHOCHTEIBHO OUEHKH
(2.6.4).

. CM. Tpuxomu [2], Muxaun [3].

2.6.2. Mertoa MexaHMYecKMX KBagparyp. B wuHrerpaapHom
YDaBHEHUH .
¢ () = (K (x, 5)¢(s) ds = (x) (26.5)

a
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NPeNNoNOKHM, 4TO ARPO M CBOGOAHBIY WieH HeNpephBHEL 3aMeHUM
B (2.6.5) muTerpaa KkBazpatypHoli dopmynofi Yebnimépa:
—\\'

b n
Vo (yax=4 21 § (xp) dx +p, (2.6.6)
a k=

rue

b—a , b—a b—a
Xp= 5 + P xgl), A= n

’

u xﬁe’f)—rouxn He6biméBa, p — ocraTouHslt yied. Popmyna Hebor-
méBa npuMennMa npu n=1, 2, 3, 4, 5, 6, 7, 9.

Touxy YeGouuépa tabyamposanel. Cu., nanpumep, Bepesun u: Xuixos [}
Tam e npuUBeieHb! BLIPAXEHHA AIA OCTATOYHOro uneHa Gopmyns: Yebprwéna.

Wcnoas3ys (2.6.6), samennuM ypasHenne (2.6.5) cucremoil ypas-
HeHui

¢ (x;) — MA Zl K(xiy xp)o(xp) =7 (x)+2r  (26.7)
e :

(i=1,2,...,m),

rae ;= p (x;).
Or6pacuiBas B (2.6.7) Maable BeJIMUMHB p; MOIYYaeM CHCTEMY
YpaBHEeHH

§) =24 3} K 0 F (0 =F () (=12, ). 268)
k=

Hatina u3 (2.6.8) snauennna ¢ (x;), ¢ (xy),..., ¢ (x) HpH HoMOWHM
GOpMYn HHTEPIIONHPOBAHHUA, MOXKHO YKa3aTh NPHOIHKEHHOE 3Haye-
Hue QyHrumu o (x).

B ¢ayuvae, Korja agpo ¥ cBoGORHBIY YjeH NepHOIHYHB € NepHO-
IoM b~—a, peKoMeHAYeTCA HCNOAb30BaHHe QOPMYIbl HPAMOYIOdb-
HUKOB.

Cu. Kanrtoposuy n Kpainos [1], rre comepmarcs OleHKH norpemxocTed sameru
HHTCIPAJBHOrO ypaBHeHUA cucTeMoll JuHefinbiX ypasHenu#r, Cm. Taxxe Muxaun [3].

26.3. MeTtox HauMeHbWIMX KBajpaToB H mMeToa lanépkuHa,
[Mpubmmxennoe pemennte ® (x) ypasueHus

b
¢ () — A S K (x, s)o(s) ds=Ff(x) 2.6.9)

OTHICKMBAIOT B BUOE

@ ()= 3} axen (), (26.10)
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rae g (x), 95 (X), ..., ¢, (xX) — @IMHERHO HE3aBHUCHMEIE Ha [a, b] rbym{-
nud. Kosoduuments ap HaxonaT H3 YCIOBMA

b b .
S [® (x)——)\SK(x, s) @ (s) ds —f (x)]? dx = min, (2.6.11)

Hin
b

-

{[Z ay <<.,k (x)—~7\8[((x $) op (8) ds)]——f-(x)} dx = min.

Vinterpan B sesolt uactu (2.6.11) ectb dynxuus ot ay, @, ..., Gy
IlpupaBHuBag 1yJI0 yacTHbie NPOHM3BOAHBbIE 3TOH (YHKLUHM 1O ay,
Qgy uury Qp, ONYUACM CHCTEMY YPaBHEHHH I OTHICKAHUS dy, dg, ..., dy.
B 3toM 3aK/i04aeIcs MeToi HAaNMEHbUIHX KBAaApatos,

B wMetoxe [aaépxuna xosQdHUUEHTH @p HAXORAT H3 YCAOBHH
OPTOroHaAbHOCTH

b

S[@ <x>—x§1<<x s) D (s) ds—f(x)]% (x) de =0

a

a

(k=1,2, ..., n). . (26.12)

YcnoBUR NPUMEHMMOCTH 3TUX MeTOZO0B W ux ofocHoBaHue cM. Muxaun [4].

2.6.4. ®opMyJIbl AJIA OTBHICKAHUS XaPAKTEPHCTHYECKHX YHCE.
Mertonbl, H310KEHHbIE BEIIIE, TO3BONSAIOT HAXOIWTh XapaKTePUCTU-
yeckde uydcad M coGCTBeHHbIe QYHKUMM HHTETPAIBLHOIO YpaBHEHHUSA
dpearoabMa BTOPOro poja.

Yno6HeIM ABANETCA MeETOX CrejloB; m-M caedom agpa K (x, s)
Ha3LBaeTCA YUCAO

= g (x, s) ds, (2.6.13)

rae Ky (X, §) ecTb m-e MTepUpOBaHHOE SAPO.
W3 popmyan (2.3.19) caenyer, uto

[ee)

1

7 (m=2,3,...). (2.6.14)

Ap=
k=1

Jlas noctatouno Goabuioro m HpeoSnajaloIUMM YAEHOM N0 abco-
JIOTHO{ BETHUUHE ABAAETCA I/Aiﬂ. JT0 NPHUBOIMT K TPHOAMKEHHBIM

opmyaam
Ay = 1N, Agm 4o~ 1p2mte,

1Ml =V A/ Asmose (26.15)

dopmyna (2.6.15) naer 3Havesue |A;| ¢ H3OLITKOM,

OTKYya
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Humeror mecro dopmyant

1 B, 1 ﬁl"/ 2
Ny | 2 Dam_ M lme e 1/ =2 2.6.16
NI~V Bome . =TV B 2019
rie By, = AL, — A;m.

Cwm. Buapxa [1], Muxaun [2], Tpuxomu [2].

§7 Hexotopbie HenuHeiiHbie WHTErpadbHbie YpaBHEHHUs

2.7.1. Henunetinvte ypaBHenus Bojbteppa. Pacemorpnm obujee
HeauHelfiHoe ypaBHenue Boasteppa:

X

¢ (x) =f (x) +§ F (x,s,¢(s))ds. @21.1)

[Tpeanoaoxenus:
1) nasa a06o# nape zq, 2

IF(X) Sy 21)‘—F(x1 S, z2)r<a(xy S) '21*22 ]

2)
X
§ F(x, s, f(s))ds |<n(x),
rae
x . 13 X
\ 22 (s) dx < N?, deéas(x, s) ds < A?, O<sx<h.
0 0

3nece A u N-—noctosrHbe, n(s) U a(x, §)— Qyaxuuy, Cym-
MHpPYEMbIE CO CBOMM KBaIpaToM. B 3THX TPEANONOKEHHAX METOX
noci1ef0BaTeAbHBIX HPUGANMEHN{ TPABOAUT K PeIUeHHIO YPaBHEHHUS
(2.7.1), npuyeM mocienoBaTeNnbHbIe NPUONMMEHHA CXOUATCA K pelle-
HHI0 TIOYTH BCIOAY aGCOMIOTHO ¥ PaBHOMEPHO. YKa3aHHOE DPeLleHue
€ TOUHOCTBI) 10 PYHKUNH, NIOYTH BCIOAY PaBHbIX HYJAW, CAUHCTBEHHO.

Noxasateabcteo cM, Tpuxomu (2],

2.7.2. YpaBueHus tuna Fammepun'eﬁﬂa. Kaﬂonuqecxaﬂ tdopma
oTHX ypaBHEHUH TaKoBa:

1

¢ (x) 4+ (K (x, ) S (s, ¥ (s5)) ds=0. (212

0

B npeanonowenyd, YTo BHIMONHEHE YKa3plBaeMble HHKe YCIOBHSA
1) — 3) MeTol NOCIeAOBATENbHBLIX NPUOAMMEHRI KOCTaBJsIeT pelle-
nne Ypaenenus (2.7.2). TTocnenoBatenbHble DPHOIMMKEHUS CXOLATCA
K pelleHHio MOYTH BCIORY abCOMIOTHO U paBHOMEpIIO,
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ITH yCIOBUA TAKOBHI
1) Pynkuun
1

A% (x) =§ K2 (x, s)ds

cyulecTByeT HOYTH BcroAy Ha mptepsaze (0, 1) u unterpupyema Ha
3TOM HHTepBanxe;
2) ¢yHkuua f(s, u) yAoBAeTBOpseT ycaopuio Jlunmuna

}f(sr uy) —‘f(S, ‘ui’) } <C(S) .Jul — Uy J'

1
(AT () C () de=M < 1.
0

MoxasareabcTBo cM. Tpukomu [2].

3)

MMeoT Mecto clenymoIiline TeopeMbl.

A. VYpasHenue (2.7.2) uMeeT HempepuIBHOE peIlleHHe, eCIu
K(x, 8)— KYCOYHO-HENpPEPBIBHOC, CUMMETPHYHOE, MOIOWKUTEIBHO
onpeleleHHOE M orpanuyennoe aiapo; GYHxuua f(s, u)-— Henpe-
pbiBHAs, CYMMHpYeMas €O CBOHM KBaipatoM 1o u {(ana mo6bix
GuKCHPOBaHHBIX 3HAayeHnH s M3 paccMarpusaemoro ortpeska [0, 1]),
npuyeM

u
Sf(s, v) do 2!—%119 - C, k = const,
0

C = const >0, k<<l

rae A\, ectb HamMmeHbllee coOcTBenHoe 3HaueHue anpa K (x, ).

b. Ypasnenue (2.7.2) umeer HempepsiBHOe peluenue, ecay 1)
a1po K {x, $) KyCOUHO-HENPEPHIBHO, CUMMETPHYHO H MOAOKHTEABHO
OTpeReACHHO; 2) HenpepbiBHas @yHkuus f(x, u) yIoBieTsopsaer
yCI0BHAM

14

Sf(m)do;—%uﬂ——c, O< k<),
\ |

[f (e, ) [ < Cq ||+ Cs

rie C,, Cy,-C; — NOCTOSAHHBIE YHCT.
Horasareasncrso cm, H. C. Cmupuos [l], Tpuxounu [2].

2.7.3. Bndypranus pemennii. Hennnefinoe unrerpanwuoe ypas-
HEHHE
b
9 () =M\ K (x, 8)f (5,0 (5)) ds =0

Q

MO¥eT HMeThb HeﬂpepblBHblﬁ CMEKTP XapakTEePHUCTHUECKHX yHUCen H
B TOM YHCIE Takue, UTO NpU nepexone ueped HUX KOAWYECTBO pe-
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LIeHNHl YypaBHEHHA MeHSETCs, OCTaBasACh KOHEuHbIM, Takue 3Haye-
HHA A Ha3HLIBAWTCA mouKasMu Gudyprayuu.

Mpumep 27.1. lano ypasuenne
1
<p(x)—)\j' p2(s)ds=1.
0

1
Toanaras _[q:i’ (s)ds =%, noayuns ¢ (x)==14-Af, u ucxogHoe ypamHeule CTAHO~
0

BUTCS PaBHOCH.ILIIBIM YPABHEHUIO
E== (14252
Pemnas noc/egHee ypaBHEHNe, NMOJYHINM
1—2+Vi—a 1+VT—4

fom —— u ¢ (x) = 2A

02

Orcwia caelyer, 9TO JaHHOS ypPasHCHHE MMCET BeuleCTBEHHbie PCIICHUA JHLUbL NPH
r=t1/4, Tlpm A<Cl/4 ypasaesne umcer xBa pewcuns, npu A = 1,4 oldo pcuenne
(kpariocty 2), mpu A ==0 ogHo peweure uMecT Bug ¢ (v) =1, a Bropoe GeckoucqHO,
Touxa 2 =1/4 — rouka Oudpypxaniu, rouxka A =0 - ocodad Touka ypasHeuus.

ﬂa HpHMGpC‘ quCManHBHEMOTO VpasHeHyl MOXHO 1MOKa3aTh, 4YTO B caydac ie-
JUHENHBIX YpPaBHEHUH K3 CyoleCTBOBaHMA peIICHHA OTHOPORHOTO ypaBHEHUS HE Cice
IyeT CymecTBOoRaAHAR OeCKOHEeUHOTo YHCJa pelICHUI HeOXHOPOIHOrO YPABHEHIUA,

JlokasareancTso H npumeps cM, Tpuxomn [2]. Cm. Takke Kpachoceasckuil {1],
Bariubepr [{].

§ 8. CunrynspHble HHTErpaabHble YpaBHEHHUS

2.8.1. TnaBHOe 3HaueHHe HeCOOGCTBEHHOTO MHTerpaja. [ .2ag-
HolM 3Ha4eruesm HECOOCTBEHHOro MHTErpaia 1o orpesky la, b] QyHx-
uuy f(x), He orpaHHueHHON B OKPECTHOCTH TOYKH ¢, a << ¢ << b, Ha-
3biBaeTCA Npelen (€CAH OH CYLIeCTBYET)

c—e b
im| § f)yded § flode]. (2.8.1)
e=0] 5 che
l1aBHOe 3HAUEHHE HHTErpaja HAa3bBAIOT TAKKE OCOOLLM HAH CUH-

SVASAPHLIM UHIMEZPAAOM. ll.TIﬂ 310r0 0603HaUCHHA [IPUMCHAIT CUM~-
BOJIbI

b *h b
(F(aaxe,  § fide  vop £ (x)ax

(v. p.— HauvambHple OYKBDLI CioB value principale).
Mpumep 281 llpu a<<x~<Th

4 iy S
dt . at —
St-x—hrr}) Vet § sl
a g 0 x+e
. _— b
=:in0[ln{t—xl{: E+ln[t—.v[{x+51=
=Inb_x+ lim [1ne—1ns]=]nb—x.
x—a " <o) i—a
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Ecan ¢yukums f(x) ymosiaeTBopseT Ha orpeske [, b] ycaoBHIO
Jlnnumuya

) —f (X)) [ <K|x —x" | (282)

rie K— nocroannasn, 0<<a=21, X’ ¥ X" — NPOM3BOSbHBIE TOUKH
YKa3aHHOrO WHTEpBaia, To JAas moboro x, a << x << b cywecrsyeT
b

f_(‘_t)xdt. Ecan ¢dynxuus £(¢) ynosaersopser

CHHI Y AAPHBIH mncrpan\ 7

a
nHa otpeske [0,2x] vcaormo Jlunmuna (2.8.2), To CymecTpyer CHH-

J

n
dt,

IYAspHBIN HHTErpal \ f(t)ctg d —;x
0

VHterpanbuple ypaBHeHNs, B KOTOPHIX HHTErPat MOHHMAETCA B
€MbICIE TJAABHOIO 3HAYEHHS, HA3BIBAITCS OCOOBLMU WAN CUH2Y.ApD-
HOLMIL UHMe2PAAHOLMU YPaBHEeHUSMUL.

2.8.2. MpeoGpasosanue [nab6epra — M. Pucca. Ecau f(x)
VIOBAETBOPAET Ha (— Co, 00) yciaosio JIMNminma ¢ DokasatencM
o >0, MeHbIIUM eIMHHLLI, U KBAaAPaTHYHO-HHTErpUpyceMa Ha (— oo,
o), TO HMEIOT MECTO ABOHCTBEHHbIE COOTHOMIEHHS

g(x)=—ln— S f{%dt, (2.8.3)
f(x)=__1: S tgit)x dt, (2.8.4)
— o0

B KOTOPBIX HHTErpanbl INOHUMAIOTCA B CMbICHIE TTABHOTO 3HAYEHHA,
[Tpu stoM g(x) YHOBAETBOPAET TEM XK€ YCIOBHAM, UTO H f(x).

Copmyan (2.8.3) n (2.8.4) naswawor npeobpaszosanuem I'urb-
Gepma — M. Pucca. Kawpaa u3 stux QopMya MOKET paccMarpH-
BATbCA KaK HMHTCrPAdAbHGE YPaBHEHHE TIepPBOro pola, torga BTOpas
¢dopmyna naet pelicHHE STOLO YPaBHEHHUA.

Tabauupl it ykasaunoro npeobpaszopanus I'n blepTa MOXHO HARTH B KHUHTe
Iutkpna ¥ [pyauukosa [l]. Teopus npeobpasopanufl I'masbepra (2.8.3), (2.8.4) us-
aomena B kaure Tutamapwa [i).

fpeo6pazosanue [uanbepra paccmarpuBaercsa u B HHOH dopwme,
MMCHHO, BHTErpalbHOE YpapHeHHE

2n

I

1 t—x
5 > ¢ (6) ctg—=dt = (x), (2.8.5)

rie ¢(x) u ¢ (X) yIOBIETBOPAOT YCIOBUIO JIMDHIMNA C @, MEHb-
wnMy 1, Ha orpeske (0, 2x] m npu ycnosuu

2n
§ Y (x)dx =0 (2.8.6)
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UMeeT Dellenne

2
1 t—
: o) =—5 {4 cgl 5 @8.7)
0
npuyem
2z
o () dx =0, ' (2.8.8)

ITo 3Tomy nosoay cm. Mycxeanmsuan [1].

Mocpeacrsom mpeoBpasosanus [manGepra — Pucca MoxeT 6bith
pEIICHO HHTErpambHOEe YpaBHeHHe
o]
o (¥
o (X) —h \ ——dy=Ff(x
f0 = \ 2 dy—r o),
— 0
rae f(x)€ L (— oo, o). -
Pemenne 3tToro ypaBHeHHS MMeeT BUI

¢ (0) = Ty {f( 04 S T dy}.

—oc
3xech 14222240, o (x) € L? (— oo, co).
Cw. Tpuxomn {2].

‘ 2.8.3. CuHryaspHoe HHTerpanbHoe ypaBHeHHe [uibbepra.
Tak Ha3wBAalOT YpaBHECHHE
o

as (s) + Q%; S (a) ctg % ds = f(s), (2.8.9)
§

B KOTOPOM AP0 K QYHKUHA f(S) yZOBaeTBOPAWOT ycuoBuio Jlum-
muua,

Ecmu o®4-02£0, 10 ypasuennwo (2.8.9) 9KBHBANCHTHO ypaB-
Henne Pperroabma

o
2
(a® + 5% o (s) —gE S o (d) da=F (s), (2.8.10)
0
pellleHne KOTOPOro ecthb
2n

¢ () =il ()= (ag+,,g)gf<c>ctg°§sdc+

2n
b2
t T § f(o)de.  (28.1])
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Ecan a®+4*=0, 10 ypasHenue (2.8.9) B obmem ciyyae ne-
pa3pemumo.
flpu a =0, b =1 monyyaetca ypaBHeHHe

12n
ZES (o) ctg
0

KOTOpPOE pelaeTcs MocpelICTBOM NMpuMeHeHHs npeobpaszosanus [uub-
Gepra.

[Tpouecc npuBeeHus CUHTYJIMDHOIO YpPaBHEHHSA K YPaBHEHHUIO
®penroapbMa. Ha3bIBACTCA peeyAApu3ayueli Cunzy AAPHOZO YPAGHEKIS.

Ecay npu 9T0M HCXOIHOE CHHIYIAPHOE ypaBHEHHE U NOJYueH-
Hoe Yypapheune ®penaronbMa 3KBUBATEHTHBI, TO TOBOPAT O PaBHO-
CHIBHOH perynapusanuy.

Tak MOXHO MNPOM3BECTH PaABHOCUIbHYIO PerynapH3anuio ypas-
Henus, Gonee obmero, uem (2.8.9):

2n o

w@»+f§9@wg art K590 (@) de=F(9), 2819)
0

S do=F1(s), (2.8.12)

B KOTOPOM a1pO K (S,8) M f(S) YAOBAETBOPAIT yCI0BUIO Jlumuiniia,
Peryasapusyercs, HO He BCeria, paBHOCHJbHO, YPaBHEHHe

2r 2
a©90)+ 52 Lo g™ et (ke @ do=£0s),

0 [

(2.8.14)

B KotopoM a(s), &(s), K(s,s), f(8) YNOBJIETBODAIOT YCIOBHIO
Jlumumnna. .

Cwu. Muxaun [2), Taxos (1], Mycxeanmsum [1].

2.8.4. CuHryJisipHOe HHTerpalbHOe ypaBHeHHe ¢ sgpom Kommn,
[maBHoe 3HAueHHMe HHTErpanza paccMaTPHBAETCA M JUIA HHTErpaioB
0T QYHKUHH KOMIIEKCHON IepeMeHHOH,

CuHzyAapHolM  UHMe2parbHulM  YpasHeHuem ¢ s0pom Kouwu
Ha3bIBAOT YPaBHeHHE BHIA

ww+%§cmﬂ~fw

rie L — 3aMKHYTHIfi NAM HE3AMKHYThl KOHTYD, @ B b — IOCTOSHEbE,
MuTterpas nNoHWMaeTCsa B CMBIC/He [IABHOTO 3HaueHHH,

Teoputo cM. MycXeAHBHAHU (I, Taxos (I}, npuiomesus —
Muaxann [2], Mycxeanwsuau ll],I‘axo [1]. :



IPnasa I

HEKOTOPLIE NPWJIOXKEHUS BAPUALIMOHHOTO
WCYUCJIEHWS M UMHTErPAJIbHBIX YPABHEHWIA

§ 0. Beenenue

3.0.1. Cesmepwanne raaBbl. B nactosuiefl raase uanaraporcs
CBeIeHua O HeKOTOprX HpI/I’IO)KeHHHX BAPHAUHOHHOTO HCYHCAEHHUA
¥ HUHTerpalbHbLIX VpaBHGHI/If"I

Chayana paccMaTpruBaOTCH npocreﬁume 3a11alm O reope3u-
YeCKHX, 34aTeM BapHalMOHHbIE NPUHHUUNBI ¥ HX npmomemrm K BbI-
BOJY HEKOTODHIX YypaBHeHHH MareMaTuyecKo¥ GH3MKH M, HaKoHel,
IpUBeLeHb! CBEACHUA O 3afave IHrypma—JInyBunns,

COOTBGTCTBEHHO paCCManl/lBaeMblM pasjgenaM HHXE YKadbl-
BaeTCA AWUTEPaTypa.

§ 1. 3agaun O reogesHyeCKHX

3.1.1, 3agaua O reoe3HYeCKHX B TPEXMEPHOM EBKJIHAOBOM
ﬂpOCTpaHCTBe. U3 Kypca Mare€éMaTHYeCKOro aHanu3a HM3BECTHO, 41O
BHHTOBbBIE THHHUH

. h
X=acosq, y=asinyg, . Zsﬁ?,

pacnonoxenHsie Ha uunuHgpe x® | y*=g% o6nanaor reomesn-
YecKUM CBOHCTBOM: PAacCTOSTHUE MeXAY APYMs TOYKaMH BHHTOBOM
JIHHUYM ABAAETCA KpPaTyafIUM DPacCTOAHHMEM MEXAY THMH TOYKAMH
Ha HHJAHHIpPE.

CraButca 3azaya: ZaHa MOBEPXHOCTH

o(x, ¥, 2)=0 3.1.1)

¥ Ha Hell OBe TOYKM A (X4 Vg, 25) B B (xy, ¥y, 21). Tpebyercs mpo-
BECTH Ha MOBEPXHOCTH IHHUIO, COEAUHAKIUYI0 TOUKH A u B TaK,
yro6sl Mo He#t paccroaHpe ot A 0 B 6ul10 HaUMEHbLINM,

Jro —3anaya Ha ycnoaﬂuﬁ 3KCTPEMYM (QYHKUHOHANA

S VIFyT(x) 7 T(x) dx (3.1.2)

X0
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npH yCIoBHAX ~
¢ (x, 3, 2) =0,

Y (X)) = Yo, 2 (xo) = 2,

ylxy =y, 2 (xy) =2,

Cornacio mpaBuay MHowuTedeil Jlarpamma MHHHUMH3HUDYEM QYHK-
HHOHaN

VIV TFF 7 40 (x5, 5, )l ax

X9

YTO JaeT YPaBHECHUA

0y Vit o 1.
T e (3.1.4)
0z dxVity +2° 1.
Yuursisas, uto V1 y2 4 22 dx=ds, noavunu
20 _d (dyds\ _ diyds ‘
dy Zi—S\FsZz—y/ - dstdx (3.1.5)
¥, aHaJI0IHYHO,
0o d%z ds )
02 dstdx: (3.1.6)
W3 rtownectsa :
dx\? dy\* dz\2
@) + (@& +{& =
caeuyver, 4yTo
dxdc | dydly | dedz _
s T Gdn Tasas =0 (3.1.7)

C apyroft cropoun, aupdepenuupys (3.1.1) Broap uHTEpecywuieH
HAC MHHUH, TIOAYYUM TONKIECTBO
dp dx | Opdy
oxds +dy ds+%z_i§_ )
N3 (3.1.5) — (3.1.8) caenyer, uTO
839 d*x ds
‘ d)c ds® dx*
M3 (3.1.5), (3.1.6) u (3.1.9) BuTekaer, uTo
d*x d?y dz
@ _ad_as
[T TR
dx dy 0z -~

(é.i.S)

(3.1.9)

(3.1.10)
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d’x d*y d*z
Ho sextop {FS—Q, T 7;2} KojauHeapeH r1aBHOH Hopmand, a
BEKTOD {gi g’; g}} ecTh BEKTODP HOPMaad K mosepxHoctH (3.1.1).

CnenoratenbHo, B KaXIOH TOYKE HCKOMO{ JIMHMH HanpaBieHue
raaBHOl HOpMaad COBHAAaeT € HOPMAlblo MOBEPXHOCTH.

Jlns monyyenns 3toro cBOfiCTBa MaBHYIO Podb Mrpala CTaLHO-
HapuocTh dyuxiuoHana (3.1.2) npu ykasaHHmX Bolue YCIOBHAX, a
He MHHHMalbHOCTb PACCTOAHUA MeWAY Toukamu A u B.

Bnpens 2eode3uteckusu OYLYT Ha3biBAaTBCA 3IKCTPeMand QyHK-

HAOHana Sds, rie 8— IOiAHHa IYrd.

Cwm. Axuezep [1], Jaspeurnes u Jhocrepruk (1], [2], Twnrep [1], B, U. Cwuup-
HoB [l].

3.1.2, OThickaHHe reoJe3HMYeCKHX B Clydyae, KOrja noBepx-
HOCThL 3ajlaHa MapaMeTPHYECKHMH YpaBHEHUAMH. [lycTh moBepx-
HOCTh 3aidaHa }'paBHCHHHMH

x=o0(u, v), y=1¢ (4, v), z=wo (U, v). (3.1.11)
s xBangpata 31eMeHTa AYTH HMEET MeCTo (Qopmyaa
ds? =dx*}-dy* - dz* = E du® -+ 2F du dv 4 Gdv?, (3.1.12)

_[0x)\? oy\*? oz \?
E=() + (@) + (&)
__Oxdx | dydy , 0z 02
~ou dv+0u0v+du0v

_ [0x oy 0z
a=(G) +() + 5 )
Ceope3anyeckue onpenensioTca Kak, IKCTpeMard (QYyHKUHOHANa
\VEF2Fo + Gv”* du. (3.1.14)

Mpumep 3.1.1 Mauna chepa
x=sinfcosp, y=sinbsine, 2z ==cos 0, ds? = di? -} sin? § do2,

rae

(3.1.13)

Tcone3ndeckre ONpPegcAsiOTCs KAK sKcTpemand GyHKINOHAAA

1
j ViF sinZg-¢2de,
L}
Ypanuenne Jinepa—Jlarpamka 8 KAHHOM CJAyYde eCThb

- d sin? §. ¢’ =0
. 48 ViTsinzgog®

oTKyxR sin2 g
=Cy.

VI+Fsin? §-¢72
O6wufl METErpa] HOCASIHEro ypaBHeHHS HUMEeT BUA
' Cyctg b= cos(p+4Ca)
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Bceanr €y =0, To ¢ = const 1 reogeandeckiMi OKa3bIBAOTCA BCe Mepugnanbl chepeol,
T. ¢. 60JbuIMe KPYTH, MPOXOXAUIHE YePe3 1OM0CHL
Ecan Cy #0, To odmuil nuTerpas MOXKHO 3anHcaTh B Buje
ctg § =acos o 4 Bsin o,
IMepexol1s K AEKAPTO3LIM KOOpIHHATAM 1O dopMynam

x==rcosg, y=rsing, z=rcigh (r=VxIF2),

oy qacH
z=o9x+8y,
CaerosareapHo, m B 3TOM CayRae reoXe3duccKHMU OKasblBaoTces GOJbiune KPyrd,
neayvawmmnecs B nepeccueHyH ccpepu X2 y2 4 22=1 u naocKOCTH 2 ==X .
Cum. Jiazpeutner n Jlroctepuux. [1], {2].

3.1.3. OTpICKaHHe TeoJe3HYECKHX HAa PHMaHOBbBIX MHOroo6-

pasufXx. B n-MepHOM eBKIHIOROM TPOCTPAHCTBE {Xy, Xgy ..., X}
3MCMENT ITHHBL OYTH onpenenserca Qopmyaolt
ds* =dx}+doiy ... 4 dxd. (3.1.15)
[TpocrpaHcTBO, B KOTOPOM 3JeMeHT JIHHBI onpejensercs GopMyno
n
dst = . kz lg,«,z (X1 Koy oeny Xn) dx; dig, (3.1.16)
i, =

rie KBaapaTuyHas (bopma CpaBa — NOJOXUTEIbHO olrpeneneHHasn,
&ik = &kir Gir (X1 X ..., Xp)— HCNpPEPHIBHO fu(depentupyemoie
QYHKIIMM CBOUX APryMeHTOB, Ha3bIBACTCHA PUMAHOBbLM.

JII/IHI/IH, B/I0Jb KOTOPHIX

BSds=O, (3.1.17)

HA3BIBAOTCA 2e00e3uHecK UMUL.
Ycnosue (3.1.17) moxer 6biTh 3aNMUCAaHO HHAye, €CIM reogesu-
YecKy1o napamerpnsosarb TOCPEACTBOM HapaMerpa f:

£y

dydx —
Sl/ 8ik dtl dtk dft =13 ( Vg dt=0 = (3.1.18)
é

Ek“‘l A

Vpasnenna Ditnepa—Jlarpanxa B LaHHOM CAyyae CyTh_
1 Z 1 dg,k dx; dxk g’l dx,=0' (31'19)

LY g 0%y dt dt /g 4t

Ecau B kauecTBe MapaMerpa B3fTa [ANHA AyrH, To g=1 u (3.1.19)
npUMeT BUA

Og,k dx;dxp a 2 .
Bx; ds ds 8igs ds . (3.1.20)

ik
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JTH ypaBHEHHA MOKHO upuaecm K BUIY

\! ‘“dg,\-l i R)dx; dxy
Zg,/ s Z[ ]TsTsﬁo @.1.21)
13
rae
. i k] _Ogij | 08 ' O8in 3.1.99
[J_(ﬁ;; ox;  0x;° @.1.22)

CuvBoan B ieBoit uvactn (3.1.22) wuasniBawotca cumsoaamu Kpu-
cmodigenst nepsoeo pooa.

ITpunwmep 3.1.2. Haftru reogesudeckue Ha OMAMHIpe.

Iiycre ocs Oz mnapasaeabua 06pd3‘ OWHM, a ypaBHeHus Hanpasasiomed Ha
naockoetH Oxy ¢yTh X =@ (g), y==1¢ (5). Buibpas B KadecTBe NapaMerpa MIuHy
nyru, OyaeM umerh

@2 (0) 4 &2 (o) =
KoopAuHaThl HAa MOBEPXHOCTH IHAHHAPA CyTb ¢ M 2, TOrAa
ds? = dc2 4 dz2,

T. e, gri=gsa=1, gro=gs1=0. Cumsoast Kpucrodenn pasubt nyso, ubo sce
&;p MOCTOAHHEL,
YparHeuus Ceoze3ndecKux NMeoT Buj o' =0, oTKyAa
g=As+ B,
n 2" =0, caenosaredrno,
z=A4;s —f— Bi.

Ecan A£0, 10
Z == Clc + C2
d reo1e3uuecKUe OlpeRERIOTCH ypasHeHUuAMHU
* =9, y=4(@), z2=_Cy0 +Cs.

TO — BWHTOBLIE NHHUM.
Cwm. B. H. Cwupuos [1}, JlaBpeurnes u Jlocrepuux [1], [2].

§ 2. Bapnaunounnsle npUHIHNb MEXaHHUKH

3.2.1, Npunuun Famuapbtosa—OcTporpaackoro. Ilycto nxaHa
MexaHuueckas cuctema 6e3 cBf3dell, coCTosALlas M3 7 TOUEK, MMEHO-
U(HX Maccel My, My, ..., M, KHHETHYECKAA SHEPrHA CHUCTEMbI

paBHa
n
2 dx;\® dyi>2+ dz,-)2
=7 [( + (dt <dt ]
TIpeanoNOXHUM, UTO CHCTEMa HMeeT cu/208Y10 dysxyuio U, 3aBucs-
myo or 3n-+ 1 mepeMeHHHIX Xy, Vi, 21, -y Xny Ymy Zny Ly T. €. CH-
na, JeHCTBYIOLIAasA Ha i-10 TOUKY, UMeeT IPOEKUMH Ha OCH, COOTBeT-
CTBEHHO pPaBHbIE
oU oUu ou
0x;’ oy;’ 0"
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Cuilbl HHEpLUH, NMCIOINHE MPOEKUHH
a*x; d? acy; d®z;
L
6yﬂy'~”’1 OPHIOMEHHBIMH K TOYKAM CUCTEMbI, YHHUYTOXHIH 6ol YCKO=-
PEeHNEe CHCTEMBI. .
H)’CTB JABHXKEHNEe CHCTEeMbl OnpenenscIca q)yHKL[HﬂMH
x=ux;(t), y=y:(t), z=2() (i=1,2 .., n)

M KaWIasa U3 TOUEK Monayyaer cmelleHue dxj, dy;, 9z

Benencreue npunnunma [anambepa coBMectHast paborta cua,
NPUAOKEHHBIX K TOUKAM CHCTEMBl, H CHI WHepuuH BROJbL a1060ro
BUPTYaQJbHOIO IepeMelleHHs] paBHA HYMIO:

n
o ou dx; oUu d2y;
A= [ (G —m e o (G — o ot
1=
oU d*z
+ (\0—2[ — M s > Ez,] 0.
Orciona, yuuTeIBas, 4To

dgx,-a‘. d [dx;, BL dx;
ar Y= gl v 2 \az)

, d*y; d’z
H aHATOrHuHbe QOPMYAN A =3y, W dt) ' 52;, noayuum

=1, 2 ..., n),

p .
_d N dx; dy; dz;
BU‘MT“E‘ <dt6 it ity Bz)'

—_

Ecan momowenus cucTeMbl 3alaHbl Ans MOMEHTOB £, WU ;, TO BapHa-
uun dx;, dy;, 82; obpamanTca B Hyas Npu f=¢, u £=1¢, U uHTEr-
pApoBanye NOCAeJHEro COOTHOLIEHHS Haer

£
3 S (T U)dt =0. (3.2.1)
to
Ecnn Beectn nomenyuaavryio 3tepeuw V, V=—Un dynxguwo

Jazpansica L= T — V, IMeHYEMYI0 TaK¥XKe KUHEMUHYECKUM nOMmeH-
yuaaom, 10 (3.2.1) npunuMaer BHI

¢

3 {Ldt=o0. (3.22)

ty
Mpr noayuuan npungun Famusemona—QOcmpogpadcko2o: nefcteu-
TenbHOe ABHWXEHHE CHCTeMbl BHIACIAETCA U3 BCeX JOMYCTHMbIX JBH-
weHufl Tem, YTo AefictBHe (1m0 [aMHABTOHY)

151

\ Lat (3.2.3)
to ™
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HMEeeT CTalHOHAPHOE 3HaueHHe (T. €. BapHallUA YKa3aHHOro QyHK-
HMOHAaMa paBHA HYJI0).

B toM cayuae, xorza cuaoBoit @YHKUMU HeT, NPHHUHN [ aMuiab-
T0Ha—OCTPOrpafcKoro UMeer BUJI

11
S(ar+ SA)df =0, (3.2.4)
ty

rie uepes dA o6o3nauena 3zeMeHTapHas paGoTa aKTHBHBIX CHI
{X;, ¥; Z;} Ha BUpTyanbHbIX nepeseineHuax dx; dy; dz;.

TOfl %e (opMyIUPOBKe, KOTOpaA IpHBeAeHa Bbillle, NPHH-
uun FamuabroHa—OcCTporpaickoro cnpaBegaus I cayyas, KOTAa
JIBYXEHHE CHCTeMBbl MOIYUHEHO FONOHOMHBIM CBA3SAM:

Cs (xlv Y1y &5 voey Xny Vo Zn; t)=0 (S:: 1! 21 ey m<n). (325)

Yynrbipag, uto B QopmynnpoBke npuHuMna [amuibtoHa—
OcrporpaZickoro GUIrypupyIOT GU3nNYecKkre BeaUYdHbl (KHHEeTHYeC-
Kaa M NOTeHIHalbHas 3Heprud, pabora), ero MOXKHO HPHUMEHATH
K MeXaHMYeCKHM cHcTeMaM ¢ GeCKOHeuHBIM KONMYECTBOM CTelleHeil
cBo6osl, yT0 OyleT HMAIIOCTPHPOBAHO HUXE HA PAle NPUMEDOB.

3mech xe moxameM, 4To, HCXOls M3 NpuHuuMna [aMuabTOHa—
OCTPOrpanckoro, MOXHO NMOAYUNTH YPaBHEeHHs NUHAMHKH.

HejictBuTenbHo, ecny Bhirognsiercd (3.2.2), 1o ypaBHeHus Jii-
aepa—Jlarpanxa aaa ¢yekumowana (3.2.2) cyrtb

d oL dL ,
Gor e =0 =12..,m, (3.2.6)

M aHAMOrHyHO BBHINHCLIBAIOTCA OCTANbHLIE YPaBHEHHA. B npomeﬁ-
HieM ciyyae, U3 KOTOPOro Mbl HCXOAWAH, HNojayyaeMm

oL e Ly
B__x';;. xz 21”1 i + U = m;x;, a’x-l = Yx; = Sh
e

Y, TaKHM o6pa3om, [onyvyaeM YpPaBHEHUA -NHUHAMHKH
mifi = Xi» m,-j),- =Y m;é; = Zi. (327)

Ecay ot IexapToBBIX KOOPAHHAT MepelitH ¥ 060O6LIeHHBIM KOODIH-
HataM Jlarpanxka

X=X (G oy vy Qo B)y  Yi=Yilqn Goy ey Iny B), } (3.2.8)
2 =2 (qlv Goy vovy Gpy t)y V

TO, YYHTHIBAA MHBAPUAHTHOCTb ypaBHeHu#d Diinepa—Jlarpanwxka, mo-
nyyaem, - ananoruyHo (3.2.6), ypaBHeHua J[BmxeHHMA B opme Jla-

rpaHxa oL 4o
: L

= =1, 2

g, “d@tag 0 (=L2 BOR (3.2.9)

Cwm, Axuesep {\]. Jlaspentbes u Jlioctepuux (1], [2), Teandaus u Powmun [1],
Kypaur—Tuanbept {1] .
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3.2.2. NMpuHuun HanMesbitero AeficTBHA B Popme Jlarpanka
H fAko6u. JdonycTtum, uto rosoHoMueie csasn (3.2.5) He comepxkar
BpeMeHN f{ ABHO (TFOJOHOMHHIE CKIEPOHOMHBIE CBA3H) M CHIOBAs
dynknua U Takme ABHO He CONEPKHT £, TOrJa IONLIHTETPaibHOE
Bbipaxenue GyHkuuonana (3.2.2) He colepXHT He3aBHCUMOH mepe-
MeHHOH W motoMy ypaBHewus Sfinepa—Jlarpanma ¢yHKuHoHana
(3.2.2) monyckaioT nepBblil HHTErpal

n
r+u— 2 a2 = const. (3.2.10)
i 10G;

i=1

Tak kax B oGoBuleHHbXx KoopauHatax Jlarpanwka T aBaseTcs OlHO-
POAHON KBaapaTHYHOH QopMoi

T= 30,90 (k=12 .., n)y  Gp=2ap

ik

TO HMEEeT MECTO COOTHOIUIEHHE

n
0T
Z % g = 2T (3.2.11)
) i=1
u (3.2.10) npuHHMaeT BUX
— T+ U= const (3.2.12)
Ha
T+ V=const=~a, (3.2.13)

T. €. CyMMa KHHETMYECKOH M TNOTeHUMadbHOH 3Hepruit (moanas
SHEPrUs) COXPaHAeT NOCTOAHHOE 3HaueHHe (MMEET MeCTO 3aKOH CO-
xpanenus snepruu). flpu atux o6croATeNbCTBAX, €CHH @YHKUHOHAX

SLa't HccleloBaTb B Kiaacce JMHHHH, HAa KOTOPHIX MOAHAaA auép-
[UA COXpaHsAeT CBOe 3HAaUEHHe, MMeeM

L=T+U=2T=h, (3.2.14)

u npuaumun TamuasToHa—OCTpOrpanckoro npuEuMaer QGopMy npus-
yuna waumednsdezo Oeticmsus Jlazpaunca: 188 JIBUXKeHHS paccMma-
TPUBAEMOH CHCTEMbI NPH 3aJaHHOM 3HAYCHHM IIONHOH SHeprum
uMeeT CTanMOHapHoe 3HaueHue GYyHKHMoOHax (ZAeficteue mno Jlar-

paH¥xy)
S T dt, (3.2.13)

Y S Tdt =0. (3.2.16)
Tax kak :

2T dt =V 3T VT dt = ]/Za,-kdqiqu VIU+2C,

ik
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TO NPUHUUITY HaHMeHbUIEro JEHCTBHA MOMHO NPUIaTh HOPMY
Srobu
3 S V3UFh ]/2 05 dg; dgp =0, _ (3.2.17)
ik

B KOTODOH NpM NOMOLIM 32KOHA COXPAHEHHHA SHEPIUHM HCKIIOYEHO
BpeMsI.

Ecan cyutath, yTo HMEET MeCTO 3aKOH COXPaHeHHd ' SHEPrHH,
10 U3 (3.2.16), a Takwe M3 (3.2.17) BBITEKAOT YPaBHEHNS ABHKEHUA.

Cwm. Axuesep [l], Jlappeurnes u Jloctepuux [1], [2], Kypaur—Tuanbept {l].

3.2.3. NpnHun HauMeHbilero AEHCTBHA H ero CBH3b C TEO-
pueil reofe3nueckux. [IpuHNMN HauMeHbllero MAeHcTBHA B dopme
SlkoGu, 3anucanubifi B BuIe cooTHowenus (3.2.17), Moxer GhiTh
TPAKTOBAH KaK 3alaya O Pa3bICKAHUA Teofe3UYeCKHX B PHMAHOBOM
npoctpancTee 0606uICHEBX KOODRHHAT (1, 3y +.»y Gn), B KOTOPHIX
3NMeMEHT JIMHBI AYrYU onpefensietca QyHknuer

n
ds*= QU+ h) Y, girdq;dqy (3.2.18)
i k=1

BoamoxHbie TpaeKTopuu, onpegensgeMbie MPUHUKNOM HaUMEHLIUETO
Ne#CTBHSA, COBIAZAT ¢ 3KCTPEMANAMH CIJYHK[IPIOH&JI&

g ds, (3.2.19)
T. e. ¢ reofe3auyeckumu. Tak Kak gopma
n
girdidn
i k=1

eCTb MOJOWHUTEIbHO ONpefeNeHHas KBaapaTHyeckad dopma, 10 Ins
¢ynxuuonana (3.2.17) punoaneno ycunennoe ycaosue Jlexanapa.

Ecau A — HavanbHas TOYKa reofe3vyecKod, TO CONpAmeHHas
¢ Heit Touka C (ecnu TakoBas CYIHECTBYeT) HAaXOLHMTCA OT Hee Ha
HEKOTOPOM, He PaBHOM HYMO, PacCTosHuH. [losromy BCaAkas nayra
AB paccmatpuBaeMoii reojesmueckoll, npuuaaiexamas nyre AC,
6ymer fAasath Heitcteuio no SkoGu cnaGbifi MHHHMYM, ¥ TEM CaMbiM
ONpPaBIaHO HA3BaHHE <IIPHUHIKII HAMMEHbIIEro IefCTBHAY.

BMecTe ¢ 9TUM NOKa3aHO, YTO JAS JOCTATOYHO ManblX YT reo-
ne3nyecKan ApAsfeTca Kpatyafimedl JAuHHed.

Cwm, Jlaspenrses n Jlioctepuuk [1], [2], B. U. CmupHos [l].

3.2.4, BLIBOJ ypaBHeHMs MAJbIX KoJXeGauuli crpymnl, ['nbkan marepuann-
naf JuHAA IAHHB [ ¢ SuHeflHON MJOTHOCTBIO p=p (X} 3aKpenieHa B TOUKax x=0
u x=1I1. Koaebauna cTpyupl npoucxogsat B naockoctd Oxu (puc. 3.2.1), npuuem
B H&uaJbHbIA MOMEHT BpeMeHH opMa M CKOPOCTb CTPYHBI W3BECTHLL:

u(x, t0)='p(x), uy (* t0)=qz(x).
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CrpyHa paGotaer Ha pacrskenne (uo He ma usru6), npudem pabora nedopma-
WY BeIpAaXaeTcd NpPOM3BeJeHMeM HATAKEHWs CTPyHBl Ty Ha ee ymaauneHme, Jra

pabora paBHa

1
To SVI-—{-ufc dx—l).
0

rje uaTErpan B ckoGKe BHIpaWaeT AAMHY IeOPMUPORAHHON CTPYHLI, 4 BCA CKOOKA —

VIAHHEHHE CTPYibl.

Yuurpigas, uto KoAeGaHHA — maasle, npenefperaeM B GHHOMHAABHOM Da3fNoe-

4 '

0' Vrz,)

Puc, 3.2.1,
1

2
HMA pajfuKana 1 +u’ uaesamu, co-
RepXAUNMHU 4 . B CTENCHII BbILIE BTODOH,

W noAyYaeM AaA TOTEHUHANBHOR sHep-
FUM  JedopMamun CTPYHbl BbIpAMEHUe

3

To( o .
'TS uy dx. Ecian Ba cTpyHy BO3xeHcr-
0

gyer BHemHAA cuaa F(x, f), paccuuran-
Haa HAa eXUHUIy Macchl, TO K TIOTEH-
nuanbuofl  sHeprHy  caeayeT a00aBUTH

JIeH —~ _[pFu dx, Takum 06pasoM, MNOTeHLHAJIbHAA HEPrusd CTPYHb! paBHa

0
l

% S uidx-—

0

Kunerudeckan sHeprus CTPyHEl paeHa

!
1

0

l
S pFudx,
0

-
3Sput dx.

Coraacno npuununy TamuasroHa—OCTpOrpajckoro

£l
1

0

2 2
8y S S (puf — Tyt + 26Fu) dx dt = 0.

Orcona caegyer ypaBHenue diisepa—Ocrporpaickoro

- 2] 7]
2pF+2T°E"x~25[(Put)=O

i
9
5 (puy)= T""xx + oF. (3.2.20)
T
ECIM RJAOTHOCTH p MOCTORHHA, p (¥)==po, TO moiyuaeM, obozuams —2 —a?,
: 0
0% 02
a2l .2.2
i ro ®.220)
Ecau BremHsf cuaa orcytersyer, F=0, 10 moaywaen
02u 02u
A N Rt
v Pl (3.2.22)

Ypasuenus (3.2.20) uan (3.2.21) naoT ypasHenus BLIHyxAeuusix KoaeGauuil, a ypas-

Herue (3.2.22) — cBoGOAHBIX Kosebann

CTPYHSL -
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Mbl npUXoRMM K Kpaesoft sanade:
Hafitu pewenve ypapHenns (3.2.20) wan (3.2.21) man (3.2.22) npu navaipHsIX
yCAOBUSAX

u(x, fo) = (%), uy(x, Lo) =4 (x)
M KDaeBbIX yCAOBHAX
u(0, =0, u(l, 0)=0,

Buiox ypasHeuys KojeGauusd CTpyHbl NPY YIPYLOM 3aKPEMJEHHU KOHIOB CM.
Texasdaun u Gomun {1), Tiourep [1f, B. H. Cmupuos {1], Kypanr—Iuasbept (1]

3.2.5. Buipoa ypaBnenus xoaeGanult memGpansl, [1ycTs B NOJOMEHHH PABHO-
Becs MemOpasa HAaTHHYTA B NJAOCKOCTH )
Oxy, ee IIOTHOCTD p ==p (x, ¥). OTKJIOHE-
HUe TOdeK MeMOpadbl OT IOJIOXKEHHS paB-
HOBecH 0003HAUNM Ueped u=u(x, ¥y, f)
(puc. 3.2.2). MemGpana 3sakpemaeHa
BIOJb CBOCTO KOHTYD@; B Hada.bHuM
MoMeHT { = 0 3a7aHbi 110JOXeHHe MeM-
GpaHsb!

u=q{x )
H CKOpPOCTH €€ TOYCK

ou
FTa =y (£ ).

Kurnernueckas JHEPIUA MCM()paI{bI pasna:

{[eufaxay. Puc. 3.2.2.
D

HOTGHHHafleﬂS{ 2Heprug, npoucxo:{ﬂmaﬂ OT. lxerOpMaLlHl/I paCTﬂﬁ(e}[Hﬂ, paBHﬂ
—— ! o, o
SS k(x, y) [Vl +uitug— 1] dydy= SS k(uy —,—u),) dxdy.
D D

Torennuaisuas dSHeprud, nponcxoasuas ot jclcrpyromedl Ha MemOpany BHemHER
cunvt F(x, v, £), nagpasjedHol neprneHAMKyIapHO K MI0CKOCTH OXy M paccyUTaHHON
L4 eIHHHUIY Macchl, PaBHA

— [] oFudx dy.
D

Taxum 06p830M, noTenuyalbHad sHEeprud MeM’GpEl}lbI pasHa

SS [%k(ui +”2v) “‘PFll] dx dy.
D :

Coruacio npunnuny FaMiuabTona-—OCTPOrpaicKoro UMeeM
ty
8 [ {f] [euj—k (ug+u5)+ 20 Ful dx dy} at=o.
ty D :

Orcioia noaydacM ypasHenue Dinepa—OCcTporpagckoro
.0 7] 0
PF = 57 (o) + g (Fuay) + 5 () =0
uIu

o | 9 ou 0 (. ou
pF—p o + ax (k o??) +Efy (k 57) =0, (3.2.23)
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Taxum o6pasoM, ypaprenve BhHY:KIEHHbIX KOIeOaHHA MeMOpaubl uMeeT BUI

g_;%l =% [(% (’? %) + ,%, (k %)] +F, (3.2.29)
a upu p = po, &= &g %:ﬁ,
5 =at (5 + 3—;") +F (229
Ypasnenuem csoGoxnpx wosncGamnfi membpanm Syner
g_j; =a? ((%Tu + 3}”) . (3.2.26)

Mps! npuxoaum ¥ ¥paesofi 3ajaue.
Hafit pewemie ypasuenns (3.2.24) maum (3.2.25), wau (3.2.26) npu HAYAALHBIX

YCIOBHAX
1% A uix, ¥, 0) =¢{x, ¥
onu
3 t=0—¢(x' »
T T~ xg KPAEBOM yCJAOBUM ()e.axpennenne MCM-
o - b KOHTYpa
— T =] . paHnsi BAOb KOHTYD
Vi / z u 13 =0,
F(‘T"U rae 8§ — xoutyp memGpaiul,

Cu. Feapgpana u vowua {11, Twu-
Puc, 3.2.3 tep (lI, B. M. Cwmpros (1], Kypanr—
LT Tuisbept [1].
3.2,6, BuiBoj ypaBHenus xoaeba-
HIil CcTepiKHsd, 3aNeNaHHOrO Ha KOH-
uax. ITycts crepikenn (puc. 3.2.3) umeer xaudy [, JHHEAHYIO NIOTHOCTS ¢ (X); Ha crep-
. wenb AeficTByeT cnaa F(x, f), salipaniennas NePHEHIMKYAAPHO K HEMY B nolowe-
HUH PaBHOBECHS, PacCuMTaHHas Ha eidauny Maccel. Crepesp paforaer Ha u3rud
(HO He HA pacTaKeHME),
Hanpasum oce aGcuuce no ocu crepwis U 06o3dadum deped u (X, £) OTKIOHe-
HHEe TOYKHM CTePKHA OT MO/IOKEHHT PABHOBECHA.
Hauanbusle ycaosus

u=2g (x), g‘; = (x) npu t=0,
KpaeBble ycaoBus: s
ou 24
w® f=u(l =0, o‘x!x=0“5§x=z“0'

Kuneruueckas 3Heprua CreprHs pasHa
I

1 ]
'jsput dx.
0

IorenHunaipuas IHEPrua 9jeMeHTa CTEPIKHA NPHHUMAETCE [PONOPUHOHAMBHOR
KBALPATY €r0 KPUBH3HLL
o
i “ -
3 k(x) ——'—:—ﬁ__ dx,
2\
V(+e)

. 1 2
910 Aa9 MAALIX KodcGauuft npubavskesHo pasHO 5 k(x)uy,cdx. Taxum obpasom,

¢ y4eTOM AeRCTBMH BHEIIHEH CHAbl MOTEHUUANbHAR 3HEPTHA CTEPWHA paBHa

S [-é— k(x)ub, ~ pFu] dx.
0



3.3.1] § 3. 3AJAYA IUTYPMA — JIMYBUJLIS 161

B cuay npunuuna amnabrona—OCTPOrpasckoro
tg !
& [ at [ (puf — kit + 2 Fu) dx =0.
t 0

Orciona noayuaem ypasHeune Sfinepa—OcTporpagckoro
F2 O ki y=0
PE—5F (p2y) T ox? ( ) =0

YTO XAeT ypasHeHWe BbIHYXKICHHBIX KOJebaHuf CTEPKHA

02u 1 42 02u
- iy F. 2.2
<ka 2>+ . 3.2.21)

Beam p == pos & = ky, ’?-——a‘-’, to (3.2.27) ppunumaer sui
a

0%u 04y
by tzid——4 =F. (3.2.28)

HMs (3.2.27) u (3.2.28) MCKHO mTOJAyYMTb COOTBETCTBYIOUIME ypasHeHHs cBOOOXHAIX
KO.1e6annil CTepKHA

0% 1 92 d02m\ 0% . 0%
a—ﬁ+?o—;z( ) =0 % G Feti=0.
Cwu. Troarep (1], Dascroasy 1], Kypaur—Tuanbepr [1].

TIpumMenenne npuHnuna IaMuabToHa~—~OCTPOrpascKoro K BBHIBOAY ypaBHeHUS
xonaebauull naactudel cMm. Kypaur—Tuas6epr (1], B. H. Cwmupnos [1], T'outep [1].
leabpann v Somud [l]; K BLIBOAY OCHOBHBIX ypaBHeHWH IMHAMUYECKOW Teopuu
ynpyroctd cm, B, M. CuupHoB [l]; K BbIBOXY OCHOBHBIX ypasHeHUH ruIpoAMHAMUKA
cM, Be6erep [1].

§ 3. 3apava Wrypma—Jluyeuans

3.3.1. MocraHoBKa 3ajayn. Boille npu BwiBoZe YypaBHeHHN
KonebGanuil CTPYHBI, CTEPXHsA, MeMOPaHsl YKa3blBaaucCh T€ Kpaepble
3ajlayM, KOTOPbie CBA3aHbI C PellleHHeM NMOAYyeHHHX YPaBHEHHH.

3TH 3aKau¥ DPELIAOTCS MemoOoM pa30eneHist NePeMERHby (Me-
modom Dypbe) caeyoUUM 06pasoM.

[lycts, HanpuMep, IaHO ypaBHeHHE
0*u ou 0%u .
0x2+Rax+Qu——at2, 3.3.1)

P=P(x)€Cila,b], Q=Q(x)€Cla 0}, R=R(x)€Cla, bl
Tpe6yetcss Halith pemienue u (x, £) ypasnenusa (3.3.1) £=0, a<<
< X = b, yAoBAETBOpAKOLICE KPAaeBLIM (IPAHHYHLIM) YCIOBHAM

an(a, ) +5 28D~ qup, 5422000, 339

p

rane @, B, 1, 8 — nocroaunbte, a® 4+ B2 £ 0, v* + 82 £ 0, u HavaabHBIM
yCIOBUAM

Ou (x, t)

u/(x, O)=f(x)r T =0 =g(x)r f(x),g(x)E C[a: b] .

(3.3.3)

¢



162 . 111 TIPMJAOXEHUS BAPHALIMOHHOIO WCUMCJEHHUS [3.3.2

[Toaarasn
u==®o(x) T (), (3.3.4)

HaXONST YacTHOe penleHue ypasHeHua (3.3.1).
Iloncranoska (3.3.4) B (3.3.1) npUBOIMT K COOTHOUIEHHIO
PO" 4+ RO QO T" (3.2.5)
— = 3.
W Tak Kak nesas vyacth (3.3.3) 3aBUCHT TOABKO OT X, @ NpaBas —
TOALKO OT £, To paBeHcT8o (3.3.5) BO3MOXKHO JMIUb, KOrfa OTHOLIe-
HUA NOCTOAHHbI:
P®" 4 RY’ o T .
,*ai———t(*)—,:-f=~x, A == const. (3.3.6)
@ 7
Otciona ® » T IOXKHE COOTBETCTBEHHO VAOBAETBOPATh OOGBLIKHO-
BeHHHM AUMGCPEHINANbHEIM YPaBHEHUAM

PO’ L RV 4 Q® = — A, (33.7)
T’ 4+ AT =0. (3.3.8)

Hdusa toro yrober (3.3.4) yrosanersopsano ycmosuam (3.3.2), dyHkuuA
® JomKHA YIOBAETBOPATH KPAeBHIM VCIOBHAM

a® (@) 4 80’ (a) =0, 1® (b) 430" (5) =0.  (3.3.9)

Mpl npuxonuM K KpacBoff 3agaue (3.3.7), (3.3.9) nan 0GLIKHOBEHHOrO
nupdepenninanbHOTO  yPaBHEHHUsT BTOPOrO HOPAXKA, ABIMOUEfics
yacTabiM caydaem 3afauu [Hrtypma—J/InyBunas,

Huwe 6ynyT mpuseleHb YCIOBHA, NPH KOTOPHIX MOCHEIHAA 3a-
naya MMeeT HeTPUBUaTbible (HeHyaeBwe) pemenun @, {(x); P, (x), ...
.., D, (x), cooTBETCTBYIOIINE GECKOHEYHOMY MHOMXECTBY 3HAUeHHi

napamerpa Ag, Ay ..o, Agy el .
Hanee naxozar T wua ypasuenus (3.3.8). [lpu 1, >0 srto 6yxer
Tn ()= Ancos Vi, t-+ B, sin}y Ayt (3.3.10)
OC/Ae YEro COCTABIARTCH Psll
o
> Ta () @y (x). (3.3.11)
n=0

Ecay 370T pAd PaBHOMEPHO CXOAMTCA ¥ HONMycKaeT ITOYIEHHOe
auphepeHiUpOBaHNE MO0 X W ! (ABaM/BI), TO €r0 CYMMa M fABISETCH
peienvem ypasHenus (3.3.1), ymosaetsopswoium ycaosuam (3.3.2).
[To 3anaHHbBIM HAYaldbHLIM YCIOBHAM YIaeTcsa HAATH KO3hPUIMeHTH
A, u B, n, rakum 06pa3oM, Halttu peinenvie ypasHenus (3.3.1),
ymoBaerBopsiouee ycaosuam (3.3.2) u (3.3.3).

3.3.2. 3apava lrypmMa—Jluysunas. [ano anddepenunansroe
ypaBHeHHe BTOPOrO HOPsIKa

CETPWE LW R@Iu=0, (312

N
.
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rae P (x), Q (x), R(x)€ Cla, b], A — napamerp. TpeGyercs Hafith
€ro pelleHHs, YAOBIETBOPSAIIHE KPAeBbIM YCIOBHAM

Rul) =t (0) 4 0 (0) o st 0) e (=0 5
Ry (1) = Byu (a) + Bout’ (a) + Byu (b) + B’ () =0
[Toxcranoska
p=e "% g=0d"",  r=rJI"” @319
NpUBOIUT ypaBHeHue (3.3.12) x Bumy
d du
Tr <p (x) ix > +gx)u=i(x)u (3.3.15)

W3 (3.3.14) caenyer, uto p(x)>0 u p (x)€ Cle, b). Beenem (one-
patopHoe) o603HayeHHE (cp 11).

Lu= 1 (p (x) EZ) g u, (3.3.16)

Torpa (3.3.15) mpumer BHJX
Lu=lru. (3.3.17)

Bnpenb nmannoe pudpdepeHnranbHoe YypaBHeHue OGylIeT paccMaTpu-
Bathcs B (dopme (3.3.15) nau (3.3.17)

M3 (3.3.17), (3.3.13) cmenyer, uto 3agava Ultypma—JInysuinna
BCEr1a nMeeT TpuBHalpHoe pemenue u = 0.

Te 3Hauenus A, npu KOTOPhiX 3agava LUrypma—/luyBuaas umeer
HeTPUBHAJbHLIE DCIICHUA, HA3LIBAOTCA COOCMBEHHBLMU 3HAYEHUSAMU
3TOH 3adaud, a COOTBETCTBYIOLME UM pelleHHs — COOCMBEHHBLMU
PYHKyuamu. .

Cw. [lpusanos {1], Muxaun [2], Tpukomn [l], B. H. Cmupuos [I].

3.3.3. ®opmyaa 'puna. CamoconpsixkeHHble KpaeBble 3aJauH.
[MpoBepxolt merko ybeautbcs B crnpaBemauBoctd dopmyast ['puna

(L, v) — (4, Loy =p [w'v — uv']} (3.3.18)

rie w=u(x) ¥ =0 (x)— ¢oynkuuu raacca C,[a, b]. Popmyna
I'puHa MoxeT ObITb 3amUcaHa YU Tak:

u)y v(b) u(a) vla)
(L, o) =y Lo)=p @) | /5 U,(b)]—pw) v oo
‘ (3.3.19)

Ecan w n v yposaetsopsaior kpaesbim ycaosusam (3.3.13), 1o umeior
MECTO PaBeHCTBA ’
a1 (8) + o312’ (@) -+ oyt (b) 4 oyt’ (B) =0,
Biu (@) +- B’ (@) + Byu (b) + Bsu’ (b) =0,
4,0 () + 240’ (@) + 0,0 (8) -+ 250’ (6) =0,
Byv (a) + Byo' (@) + Byv (8) + Byv' (D) =0,
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HAXM B MarpuuHo#t ¢opme,

a; u(a) v(a) "—-as — a4 ||| 2 (B) v(b)n
By ﬁs.» "(a) v —B8 —Blle®) vy
YTO HaeT
ag u(a) vFa) | u (b) v(b)’- (3.3.20)
Bi Bellu'(a) v'ia) Bs Bullu’ (b)) 0 ()
W3z (3.3.20) u (3.3.19) caenyer, uto ecau
b fo 3.3.21
p() @x 32 =p(a) 8, 8, ( )
10
(Lu, v) = (4, Lv). (3.3.22)

B cBoficte (3.3.22) mpu ykasaHHKX YCJOBMAX 3aKIIOYaeTCA TaK
Ha3bIBAEMas camMoconpsisiceHnocms onepamopa Llmypma—Jluysuras.
Ycnosue (3.3.21) BbinonHseTcss N8 KPaeBbIX YCIOBUI:
A) u(ay=u(b)=0.
B) « u(a)+a2u (@) ==0, By (b) 4 Bsu’ () =0. B stom cayuae
“3——“4—-B B =0, a1+ §i70, B4 820
B) u(b)=ula), o (b)~u’(a), p (b) =p (a) (ycaoBua nepuo-
IUYHOCTH). 3pech ay=—1, ay=1, By=-—1, §, = 1. Ha mHoxe-
c1Bax (QyHkuuit, onpegenseMmx yciosusMmu A), B), B), oneparop
Irypma~—J/luysunns ABasfe1Ca CaMOCOIPSAXEHHLIM,

Cwu, Tlpusaaos {1}, Muxauu [2], Tpukomu [1], B. M. Cmupnos [1].

3.34. ®yuxuus [puHa camoconpsiskeHHoOH KpaeBol 3ajavyn
IrtypmMa—JlnyBuans. [lycte maHa caMoconpsweHHas Kpaesas 3a-
nava

Lu=1ru, (3.3.23)
Ry (u)=0, R, (u)=0, (3.3.24)

rue omepatop L omnpejenen ¢opmynoit (3.3.16), a BeipakeHus Ry (u)
u R, (1) onpenenensl popmynamu (3.3.13). KpoMe Toro, Mb cunraem,
4yTO BhINOAHseTCA ycaoeme (3.3.21).

lMpennonoxum, yro A =0 He aBasgeTca cOOCTBEHHLIM 3HAYEHUEM
zagavd (3.3.23), (3.3.24).

Dyuryueid Tpuna 3ToH 3anayy HasbiBaeTcs QyHkuua G (x, s),
KoTOPad, Kak (QYHKUHA X, npU 106OM S, @ << s < b, uMeeT ciaenyio-
ue CBoiicTBa:

1) G(x, s) HenpepbiBHa Ra oTpe3ke [a, &).

2) B kaxmoM U3 MHTEPBANOB Q@<cX<<S§, S<<Xx==b QyHK-
uusa @ (x, s) nMeeT HeNPEPHBHYIO BTOPYIO NPOU3BOIHYIO U YIOB-
aetBopsier ypasHenmio LG =0.

3) ®ynxuna G ynosreTROpsieT KpaeBuiM ycaosuam (3.3.24).
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4) Tleppas mpoussoinas ¢yHkuMH G HMeET NPH x =S CKayoK,

aBHBI ———
P P(s)

1
G40 8—G (5—0 8)=——
( + ’ ) ( y ) p(s)’
1
G(s, s+0)—G'(s, s—0) = — —,
( ) + ) ( ) ) p(s)
Pyuxuus I'puHa TONHOCTBLIO ONpeAensieTCsA STHMH YCIOBHAMH.
Tak xak (G saBaseTcd peumleHueM ypaBHenuit LG =0, 1o, ecid
H3BecTHH IHHeHHO He3aBHUCHMble PEUIEHNA 4 M U 3TOr0 YPaBHeHHf,
uMeT Mecto QopMyan
G (x, 8)= A,u + B9, a="x<<s,
‘ G (x, 8) = Au + By, s<<x<bh,
rxe A; Ag B, B ¢yTb QyHKUHHM S, MOMIexallHe ornpeleneHHIO.

Vs ycaoBua HempepeiBHOCTH (G (X, S) W DaspbiBa ee IPOU3BOA-
HOW caenyer

Agu (S) + B2‘U (S) = Alu (S) + Bl’(} (S),
o (5) By’ (8) = At (5) - B (9) + 5.

M3 310l cucteMbl OJHO3HAYHO ONpelensiloTcA PasHoCcTH A, — A; #
By — B,. Toxacrasaas tenepn Bhipawenusa 118 G (x, s) B KpaeBbIe
YCIOBHS, MOJIYYUM CHCTEMY

ARy (1) + B R, (v) =K,

ARs (4) + B Ry (v) =K,
rie K; u K, — ¥3BeCTHbIe (QYHKLUH, BbIPaXaloulMecs yepes HafacH-

Hele BenuuuHel Ay, — A, u B, — B;.
Onpezxenurenb

— Ry(u) R (v)
Ry (1) Ry (v)

OTAMYEH OT HYJsA, TaK KaK ‘B [IPOTUBHOM CIyyae MOXHO Gpjio 6l
Haitth koHctaHTel C; U C,, He paBHbie ONHOBPEMEHHO HYNO, Ta-
KHe, uTo

CiRy (u) +CoR1(v) =0,  CiRy (u) + CeRe (v) =0,

OTKYy ]2

Ry (Cyu + Cyv) =0, Ry (Ciu - Cyv) =0.

Taxkuym obpasom, C;u +4- C,0 sBiseTca HeTPUBHAAbHOU cobGcTBeHHOM
yHKUHelt, COOTBeTCTBYIOIEH A ==0, YyTo NPOTHBOPEUYHT npellrlo.no-
WEHUIO.,

Crenosatenbno, A~ 0 u dynkuuu Ay, By, a 3atem u A, u By,
.ONIpenensiorTcs OJHO3HAUHO,
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$yuxuus  ['puna  cummerpuyHa. [leHCTBUTENBHO, [ONOXUB
G (x, s;)=u, G(x, ss)==v u yuureBas (3.3.21), Oymem mnmerp
(Lu, v) —(u, Loy =0=
=pwo—uv] [} +plu Stpleo—uv]f
=0 (8;) — 1 (S2) == G (8, 82) — G (s, 51),

T. €. (8, 83) =G (33 8y)
Ecay kpaeBble YCI0BMA He VIOBIETBOPAIOT YCJIOBHIO CaMOCO-
npmxennoctd, T0 GyHkuuA I'puHa He GygeT CHMMCETPHYHOM.

Cwu. Ilpunrasos [l] Mnxaun (2], Fpuxomn [l] B. M. Cmupnos [l].
Mpumep 33.L Ly=y", y(O)=y()=0,
h==0He IBJISIETCSI cObcTReHnEIM Snadcnrey. Umeem s NOCTpoeHUd QYHKIUY
T'puHa CHCRY WL He YCAOBUS:
LG =0, G (x, )= A(--Byx npy 0=tx<Ts,

G(x, §)=Ag+ Bax npu s==x =1,

kL3 yeaosun zenpepbBnocTH yHkunu I'pHHa npu X ==§ HUMeeM
As+ Bss = A+ Bys;

#3 yCJo3uH pa3peiea npou3soiuoll umeem By — By ==1. M3 xpaessix ycaonui:

A; =0, Ag+ By =0,
Hrtag, 43 =0, By=s—1, As=—s, Bs=s u, HakoHed,
. s—1x, 0= f
G (e, s)={( ) X x<{s
(x—1ys, s<<x=1

Mpusmep 332 Ly=y"—yv, yvO=y(1), y 0=y ().
h==0 He #BAseTCs COOCTBCHHbLIM 3HAUCHUEM,

Hs Ly =0 caenyer y =Cle + Cqe ~¥. CnegosaTebho,
6 5)={ Ae* - Bie ¥, 0=x<s,
Age® 4 Boe™¥, s<<x=<l.
Ycaosne HenpepbiBHOCTH G (X, §) npu x==s§ paer
A’ -Bie S = Agef + Bge™5.
Yeaosue paspbiBHOCTH G;C(x, §) mpy x=§ raer
AseS —Boe S — A1eS 4-Bie S =1,
Kpaesple ycaosus Rawot )
Ay By = Age - Boe 1, Ay — By == Age — Bge™ L,

Haiins seauuunnr Ay, By, g, Ba, noayunm

; XSty 5%

e e D=x<s,
=9 v .

oSTHFL 4 ¥S
2{l—e °

a{x, s)=
s<x=l
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3.3.5. Teopema I'nanGepra. Ecau S EC g, b], 10
. b !
F(x)=\G(x, )/ (s)ds

a

(3.3.25)

pMeeT HEHPEephBHYID BTODPYIO IIPOU3BOIHYIO,
(GepeHuHAILHOMY  ypaBHenuiw LF=f n
Ry (F)=0, Ry (F)=0.

O6patho, ecan @ynkuun F (x) obianaer HeNpeprBHOH BTOPOH
NpoU3BOAHOH M VIOBIETBOPAET KPACBHM YCHOpuay R (F)—EO
B, (F):O, TO CYHIECTBYET Takas HelPepPhiBHas @)’qunﬂ]l‘(x), uTO

b .
F(x)=1{G(x, s)F(s) ds,

a

}llosneTaopﬂeT aud-
KDaeBbiM  ycaoBHsM

a uMmeHHo, f=LF.

Jl0Ka3aTeabCTBO NPOBOAUTCH MOCPEACTBOM TIPOBEPKH TOrO, UTO
(3.3.25) mefiCTBHTENBHO YROBAETBOPAET YKa3aHHBIM mud(epeHnnanb-
HOMY YDaBHEHHIO W KPaeBbIM YCIOBHAM.

- Ecam B ‘dopmyne (3.3.25) noaoxuts f(x)=ir (x)u(x),
F(x)=u (x), 70 NONYUHNM MHTerpajibHOe YDaBHEHHE
b
u(x)=1{ G (x, s)r(s)u(s)ds, (3.3.26)

a

9KBHWBaNEHTHOE KpaeBoi 3amave Lu==>Xru, R, (u)=0, R,(u)=0.
Cw. Tlpusaaos [}, Muxunn {2], Tpuxomu {1], B. M. Cuupuon [I].
3.3.6. dxBuBaANEHTHOCTL camoconpsikenuofi sagauu Wryp-

Ma—JIHyBHIISE CHMMETPHYHOMY WHTErpajbHOMY YpaBHEHHIO.
Mpumersas dopmyny pusa ¢ v = G(x, s), umeeM

s b
(Lu, @)= (Lu, @) — (4, LG) =\ + {{p (1) (WG — u@T} dx=

=pu'G !Z —puG J; — pu@G |’s’=
=pu' G~ puG |}, +p(s)u(s)[G (s+0,8)—
— @ (s—0, s)]=
=p (WG — uG)|} +u(s). (3.3.27)
B CHAY CaMOCONPAKEHHOCTH KPaeBBIX YCIOBHI:
PG —uG)|)=0,
a tak Kax Lu = Aru, 10 u3 (3.3.27) caenyer, uto u yHOBﬁeTBopﬂeT

HUHTErPaJbHOMY YPaBHEHHIO

b .
u(x)=2{r(s)G(x, sju(s)ds. (3.3.28)
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Mocnennee ypaBHeHnHe uUMmeeT HecUMMeTpHUyHOe aApo. OTHAKO B CAy-
yae, Koraa r (x) >0, ypaBHeHHe

b
Vrix)u(x)=1 S G(x, )Vr{x)r(s)Vris)u(s)ds (3329)

a
fiBIsAEeTCH CHUMMETPHUYHBLIM HHTErpalbHbIM YDABHEHHEM C ALPOM

K(x,8)=G(x, ) Vr(x)r(s).

O6patno, pemenue ypaBHeHus (3.3.29) wuau (3.3.28) aBaserca pe-
nieHneM camoconpskeHHo# 3axavu Lltypma—Jlnysua as.

3.3.7. CroficTBa cOGCTBEHHBIX 3HaYeHHH H COOGCTBEHHBIX
dynxuul  camoconpsixennod sapaun rtypma — Jinysuans.
Mcxona u3 obmux cBOHCTB AndQepeHnHanbHbX YPaBHEHHH BTOPOro
NOpsiaKa U CHMMETPHYHLIX HATErPatbHBIX YPaBHCHHH, MOXHO yCTa-
HOBHUTL Caelywouiee.

1. CymecTByeT 6eCKOHEUYHOE MHOXECTBO COOCTBEHHBIX YHCeld H
BCe OHWM IeHCTBUTEIbHBI.

2. Kawaomy CoBCTBEHHOMY YHCIY COOTBETCTBYeT He 6olee IBYX
NMHENHO He3aBUCHMBIX COGCTBEHHBIX (YHKUME M BCe OHM 06DasyloT
OPTOHOPMHPOBAHHYIO CHCTEMY C BecoMm r (x):

b
$r)mn (9 un(x)dc=0,  n#m,
4
V7 (x) um (x) dx=1 (m=1,2 ..).

Upy (X) Uy (S
3. Ecau psan 2 ”—}?L) P2BHOMEPHO CXOIUTCH, TO €ro.
n
n=1

cyMMa paBHa (G (x, §).
Y xkasaHdelfi pal BCeraa CXOAMTICA B cpeianeM K G (x, s).
4. Bceaxkas ¢gynkuus Buia

b
F(x):S G (x, 8)r(s)H(s)ds

pasmaraercs B a6COMITHO M PaBHOMEPHO cXoXamuitca pag Pypse
no coOCTBEHHBIM (DYHKUHMAM

F(x)= i Friy (x) = i %"un (%),
n=1

) n=1
rpe
b b
Fa=\r(s)F()us(s)ds, Hy= S r () H (s) uy, (s) ds.

a a
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5. Ecau f(x)€C [a, b) oBaagaetr Kycoyno-raaakoit (BO3MOIKHO,
Pa3phLIBHON) NPOH3BOAHON H YNOBAETBOPAET KPA@BHIM YCIOBUSAM 3a-
Jnauu, 70 pAl Pypre N0 COGCTBEHHLIM QYHKUMAM CXOAUTCA K f (X)
a6CoMOTHO U PaBHOMEPHO.

6. Ecanm f(x)— xycouHo-rnankasa Ha [a, b] ¢ynxuus (pa3psi-
Has WIM HenpepsiBHas), T0 pax Pypoe GYHKUHH f(x) 0 cCOOCTBEH-
HbIM (QYHKUUAM CXOIHMTCA B OTKDHITOM HHTepBale a<<x <<hb H
HMeeT cBoelt cyMmoft f(x) B KamJIOH TOUKE HeNpepbiBHOCTH H 3Ha-

verpe LX+0) ;Ff(x =0
7. Cucrema coGctBeHHBIX (YHKUMH nonHa B knacce L2 (a, b). -

Cwm. Tlpuraaos [1], Muxauy [3], Tpukomu [1], B. H. Cmupnos [1], Toacton {1}

3.3.8. 3Hak coGcTBeHHBbIX 3HaueHHH. [Iyctn paccmarpuBaetcst
CaMoOCoOIpsAXeHHan 3ajgadva

B KaXIOHW TOUKE pasphiBa,

Lu=2\ru, ‘ (3.3.30)
Ry (u)=0, R,(u)=0. (3.3.31)
M3 (3.3.30) caenyer, uto
b b b
)\Sru2 dx = g Lu-udx:S leuy +quludx=
a a a
o b
=pu' |} — { pu* dx + | qu® dux. (3.3.32)
a a

Ecau X, — cobcTBeHHOe 3HauyeHUe, a U, — COOTBETCTBYWOUAN COBCT-
BeHHas Qyuruud, to n3 (3.3.32) caenyer
b b

. .1 . :

— N, =—puu, }a + Spu,f dx — S qu, dx. (3.3.33)
a aQ

Ms (3.3.33) caenyer, uto mpu r(x) >0, ¢=<<0 u pu u, IZsO BCE

hn HEHOBOMHUTEAbHBI.

Ecan we r{x) >0, ¢ (x)— npoussoibHas HenpepbiBHAA (QYHK-
uuA M opuu, [a—:_O, TO, YUHTbIBas HeNpepbBHOCTb (YHKUHH — g/r
Ha |a, b] n obo3Havasg Yyepe3 m HauMeHbllee 3HayenHe 3ToH (QYHK-
IHH, TOIYYHM

b b b b

— = S pu2dy + S —~~rq—-rufz dx = S pu,’f‘dx—}—mg ratde =m,
a a a a

OTKYHa A, <<—m. B 3toM cayyae cymectByer HauGoabluee co6-

CTBE€HHOE 3HAYCeHME H, CIACHOBATECIbHO, KOHEYHOE€ YHCIO NOAOXKH-
TeJAbHHIX COGCTBEHHBIX 3HayeHHH.

Ecnu rix)<<0 u pu,u, Z:O, TO HMeeTcA JHIIL KOHeYyHOe
YHCIO OTPUUATENbHBIX COGCTBeHHBIX 3HAYeHHH#, a nmpu r (x) <<O0,
q (x) <0, pu,u, I ZéO BCe COGCTBeHHbIe 3HAYEHHA MONOXHUTENnbHbI.

Cwm. [lpusanos [1]. B. U, Cuupuos [1}, Toacros {lj.
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3.3.9. Heopnopoanan kpaesas 3afava. [lycte gaHo mugdepen-
nyanbLHoOe ypaBHeHHe
Lu=ru+tg (3.3.34)

U CaMOCOHPHAMEHHLIE KPDAeBbLIE YCIOBHA
Ry(u)=0, R, (u)=0. (3.3.35)

Heomuoponnaa xpaesass 3amaua (3.3.34), (3.3.35) sxBhBaneHTHa He-
OIHOPOJHOMY MHTErPajbLHOMY YPaBHEHHIO
b
u(x)y=»= s‘ G (x, s)yr(syu(syds -+ f(x), (3.3.36)
a .
b
rje u (x) nenpepslBHa 1 f (x) :S G(x, s)g(s)yds. Ypasuenue (3.3.36)

a
Mo¥eT OBIThb CUMMETPH30BAHO NYTEeM YMHOXECHU#A ofenx yacreit Ha

V'r {x) (npeanoaaraetcs, 4to r (x) > 0):

b
Vru)y=>1{G, ) Vrx)r(s)Vrs)a(s)ds+Vr @) rfix.

(3.3.37)

Ypasuenue (3.3.37) ecTb CHMMETPHUHOE HEONHOPOIHOE HHTE-
rpaibHOe ypaBHeHHe.
Ha octiopanny asprepuatussl PpeironbMa MOXHO YTBEPWIaTh,
“4TO au60O 1IPH TARHOM A OJHODPOJHAS KpaeBas 3aj1aya HMMeeT JHIIbL
TPUBHAJIbHOE PeIleHHe, M B 3TOM Clyyae HEOAHOPOAHAA Kpaesas
3ajaya WMeeT pelleHNe, U MPHTOM eIWHCTBEHHOe, Npu M0G0t GyHK-
uny g; 1nbo mas 3HayeHMa A = ); OIHOPONHAA KpaeBas 3a4aya HMeeT
HeTpUBHMAAbHbIe pellieHusn (He Goiee IBYX), W TOIAa st PaspemiumMo-
CTH HEOMHOPOXHON KPaeBoil 3a1a4n Heo6X0AMMO H IOCTATOYHO, 4TOGb!
BBIIONHANNCh COOTHOILEHHA
b
§r (o) u; () g (x) dx =0

f .a

3as BCeX COOCTBEHHBIX (QYHKUHH u;, NPUHAJIEKAUUX COOCTBEHHOMY
3HAYEHUIO Aj.
Cwm, Tlpusaaos [1].

3.3.10. O606mennas ¢yukuus [puna. [ycts camoconpsmxen-
nas 3anava Wrypma—Jlnysunas

Lu=hru, (3.3.38)

Ry () =0, Ry (u)=0 (3.3.39)

uMeeT CBOUM COOGCTBeHHbIM 3Hauenwem L ==0, T. e. cucreMa
Lu=0, R, (1) =29, Ry (u) =9 (3.3.40)
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AMeer HeTpuBHaapHOoe pemende. O603HauMM 3TO pellieHHE U, (X).
B 3ToM cayuae nocrpoeHne o6n4HOll (YyHKiHH ['pHHA HEBO3MOXKHO
n cTpoutcs obobwennas ¢yukuns [puna G¥ (x, s), onpeflerseman
CAEYIOWHMH CBOHCTBaMH:

1. G* (x, s) HenpepriBHA Ha oTpe3ke [a, b] npu KaxaoM QHKCH-
POBAHHOM 3HAUeHMH §, a < s < b.

2. B xaxmoM ©3 HHTEPBAJOB G=<SX <TS§, §<<X==0 (hYHK-
unsa G* (x, s) UMeeT HeNpephiBHLIe MPOW3BOIHBIE NEPBBIX ABYX MO-
PAAKOB M YIOB/IeTBOPsieT YpaBHenHO Lu = - u, (x) U, (s).

3. G* (x, 5) yaoBuneTBOpsieT kpaeBbiM YcaoBuam (3.3.39).

4. IlpousBognas dyHkuum G* npu x =3§ HMeeT CKauoK, paB-

HbI{1 T. €.

p(s)’
Gi(s4+0,8) —G¥(s—0, s)=

2(s)
5. ®ynkuuMa G* opToroHalibHa K U, (X), T. e.
b

{ G* (x, 8) 1 (5) 1, (5) ds =0
a

YxasaHHeIMU cBOficiBamMu oGobmennana ¢ynkuus [puwa onpe-
nensteTcs eIWHCTBEHHbIM 06pasoM.

KpoMme T0ro, uMeeT MeCcTo CHMMETPHYHOCTh 0Go6uenHoll ynK-
uun [ puna.

B cayvae, koraa coOGCTBEHHOMY uHcay A ==0 COOTBETCTBYIOT
nse cobcTBeHHBIe QYHKIUHM U, (X) U 1y (X), KOTOPHIE MO¥HO CUHTATh
OPTOHOPMHPOBAHHBIMH, INOCTPOeHUe 0606ueHHol dyHkuyu [puna
Heckoapko maMenserca. Pynkuus. I'puna G* (x, s) Homkna YaoBIeT-
BOPATL YPaBHEHHIO ‘

Lo == — u, (X) 4 (8) — uy (x) 1y (5);
dynxuya Upuna G¥ (x, 8) nomxHa OblTh OPTOrOHAABHOH K &, (X) M
u (x).

Ecan u (x) HenpepniBHa, TO YTBEPWAEHHE, YTO 4 HMEET Hempe-
PHIBHYIO BTOPYI0 NpPOM3BOIAHYIO, npuueM Lu=hry, R,(u)=0,
Ry () =10, A £ 0, paBHOCHIBHO YTBEDKIEHUIO, UTO

b
u(x)=2x\ G* (x, 5)r(s)u(s)ds
a

Teopema pa3ioMeHHs uMeeT cIeAyiomylo QopMy. -

Ecnu F (xX) uMeeT BeNpepbiBHYIO BTOPYIO NPOWU3BOAHYIO, YMOB~
JeTBopsietT KpaesbM ycaosuaMm R, (#) =0, R,(u)=0 u oproro-
HaJbHAa K U4 (x), TO

[es]
Fx)y=3 Fuity ()
=1
rie *

. b
Fp=\r(x) F(x) u, (x) dx,

npuyeM DAL CXOAMTCA abCoNIOTHO M PaBHOMepHO.
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HaKOHeu, HEOQHOpOAHAA KpaeBas 3ajaya
Lu=\ru-+ g, Ry (u) =0, R (u) =0,
rae
b
§2(x)r (x) uy (x) dx =0,

a

a u(x) UMeeT HENDPEPHIBHYIO BTOPYIO [POM3BONHYIO, 3KBHBATEeHTHaA
HEOXHOPOJAHOMY MHTerpalbHOMY YPaBHEHHIO

b
u(x)=k§ G* (x, s)yr(s)u(s)ds -+ f(x),
b
rae u {x) HempephiBHA U f(X) =S G* (x, s) g(s)dx.

Cw. Tipusanos [1], Kypaur—Tuasbepr [1], B. . Cuupnos {1}.

Mpumep 333. Lu=u", u(0)=u(l), 2’ (0) =20’ (1).

A =0 sBaseTcA COOCTBEHHLIM 3HAYEHHEM, COOTBeTcTBYylOmas cobcrBeHHan GyHk-
s g = const=c.

O6obutennan dyuxuua ['pHHA JOJKHA YIOBJAETBOPATh ypaBHeHHio &'’ = —c?,
11 OTOMY HUMeeT BHUI

2
A1+le—f2—x2, 0=x<s.
as(x, §)=
c? 7/
Ag+ Byx — 5 X% s<x=1,

W3 ycnosus HenpepsiBHOCTH G* (X, S) NpU X =8 UMeeM
Aj - Bys = Az + Bss;
43 yCAOBHA paspuira npousBoxnodl G*(x, §) caeayer, uTo
By —By=1.
M3 KpaeBrix ycaosufl caegyer
c2
a ot

A=A+ By — 35

Bl == B;)_ —c2,
MNoaydenHsle COOTHOWRHUA JAKOT: =1, By=8—1/2, Bo=s-41/2, Ay — Aj==

c2
i

= — 8. YcAoBMe OPTOTOHRALHOCTH j Q*(x, Syupds =0 gaer
0

s 1
1 2 2
[ (=)o Fam {2 o) o avms
o s
‘otiyna
s2 s 1
L=—g-3 1
Y, HaKOHeI,
§—x (x—9)32 1
PR e
a*(x, s)=
x—5 (x—3s)? 1
—e - s<x=<1,
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3.3.11. dKcrpeManabHbie cBOHCTBa COGCTBEHHbIX 3HaYeHHA H
coGcTBeHHbIX QyHruui. Kak ykasbiBasoch Boillie, PeilieHHe CaMO-
conpsiskensol 3amauu I[lrypma—Jluysuans MomeT OuThb CBEAEHO
K pelleHHI0 SKBUBAJEHTHOrO e€fl CHMMeTPHYHOIO HHTErpa’sbHOTO
ypasHenns. B m 2.3.11 Guian npuBegeHbl 3KCTpeMadbHBIE CBOMCTBA
XapaKTePUCTHYECKUX yuCed ¥ COOCTBEHHBbIX (YHKUHN CHMMETPHUUHBIX
MHTerpalbHbLIX YpaBHeHu#. DTHMH Xe CcBolicrBamu oGaanaiotr cob-
CTBeHHHE 3HayeHWsA U cOGCTBeHHbIe QYHKUUH CaMOCONDSAEHHOH 3a-
nayn Ulrypma—J/luysuans.

Huxe npuBoaATca 3xcTpeMalbHble ONpeneleHUA COOCTBEHHBIX
3HaYeBMI U COOCTBEHHBIX (YHKUUN, HCHOOIb3YIOLUINE MHHAMHA3AIHMIO
HEKOTOPHX (YHKIMOHAIOB.

[lycte nana camoconpsixeHHas 3afaua Hlrypma—Jluysuaas:

Lu+hru=0, Lu=(pu') — qu, (3.3.41)
e’ () +-agu (@) =0, o o £0, } (3.3.42)
Bua’ (B) + Bsu (5) =0, #+8720, :

p=px), px)CcCla b, qgxECq b], r(€Cla b
r{x)>0.

Co6crBeHHoe 3nauenune A, sagaun (3.3.41), (3.3.42) paBHO HAMMEHD-
meMy 3HaueHHIO QYHKIHOHa1a

b b ’
(—Lu, uy=\—uLn dx=— [puw)} 4 \ (pu* + qu*) dx (3.3.43)

Ha MHOXecTBe (QYHKIUH, ABaXAb HENPEPHIBHO Iub@epeHuupyemsix
Ha orpe3ke [a, b} m YLOBIAETBODAKIIKUX KpaesbiM ycaoBuam (3.3.42),
a TaK¥e YCIOBUAM

b

S rutdx=1 (HOpMHPOBKZ), (3.3.44)
a
a
b
S ruu; dx =0 (=1, 2, ..., n—1) (oproronasbHoctb). (3.3.45)
a
ITpu stoM
Ay = (— Lu,, u,). (3.3.46)

3nech u#, obo3HauaeT COGCTBEHHYIO (QYHKLHIO, COOTBETCTBYIOMYIO
3HAYEHHUIO A,.
Cwm. B. . CuupHos (1], .
3amMeganude. B pale PYKOBOACTB B KadecTse Oneparopa npuHumaercd aubo
Ly =~ (pu’y’ 4 qu,
nubo
Lu = (pu') + qu.
Cootsercraenno Bbi0opy omeparopa L H3MeHAIOTCA npuseXenHble Bbiwe dopmyan-
POBKH,
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KypaHTy NpHHAILIERHUT MaKCUMalbHO-MHHHMAAbHOE ONpele/eHye
cOGCTBEHHBIX 3HAYEHNII, He HCROAb3YION{ee TOCAENOBATEIbHOIO OThl-

ckanusl cobctBennbix dynxuvit. Menno: nycts m (vy, ..., v,_;) €CTh
HauMeHblllee 3HayeHue (QYHKUMOHANA
—Lu, u
Lo o) (3.3.47)
(ru, u)
“Ha MHOXECTBE JBaXAbl HeNpepsiBHO mudepeHuupyeMblX (YHKUKA,
YIOBIECTROPIIOMMX KpaeBbIM ycioBHaaM (3.3. ) H yCIOBUSIM OPTOro-
HATBbHOCTH
b
\ruv;de=0 (i=1,2 .., n—1), (3.3.48)
a
rae oy (x), ..., Up_y (X) — OPOU3BONBHBIC KYCOUHO-HEIPEPLIBHBIE Ha

orpe3ke (a4, D] @GYHKUMU C HHTerpupyemnlM KBagpaTtoMm. Torna n-e
co6cTBenHOE 3HaueHue ), 3amaun (3.3.41), (3.3.42) eoBmanaer ¢ Hau-

6onLlIUM 3HAYEHUEM BECJIMUMHBL M (Uy, Vgy ... , Up_;) IPU IPOU3BO.ID-
HOM BHIGOpe (QYHKIMA (U, Vs, ..., Uy_y), TIPHUEM
Ap=m(uy, Uy ..., Up_y) (3.3.49)
Cwm. Kypaur—Tuap6epr [l], B. M. Cmupnos [l], Axuesep [l], JlaBpeHTber u
Jhocrepuux {1}, [2].

Vcxons M3 3KCTpPeMajbHOro onpencieHus coOCTBEHHBIX 3Haue-
HUil, MOXHO MOAYUHTb PAL HX CBOHCTB.
Paccmorpum 3anauy lilrypma—Jlnysumnis:

Lu+iru=0, (3.3.41)
agt' (@) — ozt (@) =0, } (3.3.42))
Biu (0) = Bo (B) =0,
oy, B B =0, alba3E0, B - B£0.

IIpn n3Menennn KoagduureHtoB p (X) M g (Xx) B OoNpeescHHYIO

CTOPOHY COGCTBEHHBIC 3HAYEHHS MEHSIOTCA B TY e CTODOHY.
) Mpy usmenennn Kosp@HUHEHTa F () B ONPelereHHYI0 CTOPOHY

COGCTBEHHbIC 3HAUYEHUA MCHAOTCA B NPOTHBOMOAOMHYO CTOPOHY.

W3 3TUX CBOHCTB BHITEKAET BO3MOMHOCTH. MONYYNTh OUEHKY [id

cOBCTBEHHBIX 3HAYEHHIL
[Mycrs mana 3amava lUrypma—J/luysnans

Lu—+4hru=0, (3.3.41)
u{a)=u(b)=0. (3.3.427)
Hapsaay c nei#t paccmorpum 3agaun
Pinaxit” — Gmaxtt + At =0,
u{a)=u(b)=0

Prin” ~ Gpint + )‘rmaxu =0,
u(a)=u(b)=0.

3nece pp..= max p(x), 1 T I
a=sx=b
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O603HayuB cOGCTBEHHBIE 3HAUEHUA MPHUBENCHHLIX BHILIE TPEX
3ajay COOTBETCTBEHHO yeped X , A4, M2, nonyuaem

2) (1)
)\n éjxn = )\”‘ .
Ho

a2
A ___pmax nw
G =

e B e

H, aHalaoruyno,
: 2
(@ om0
7\ﬂ - b s + min-

CaenosareabHo,
9

2 2,2
pmm e pma‘( e

=T A
(b__a) +qmm\ nTE mln (b }

Ortciona u -u3 teopems ltypma o paszeacHun Hyireit cieayer cy-
HeCTBOBAHKE GECYUCICHHOIO MHOWECTBA COOCTBEHHBIX 3HaYEHHIl
v ucxopHod 3axayn llrypma— Jluysuanss, a Ttakwe 710, HUTO
Ap = - 00 nmpd n— co.

3mecy u fanee paccMatpuBaetcA 3afada (3.3.41), (3.3.42). Beuu-
ynga cOOGCTBEHHBIX 3HAYEHU- 3aBHCHT OT [pefesoB HHTCrpauuH.
ITpu ymenbimensn otpeska [a, §] cobcrBenHble 3HAueHHA e YGpl-
paior. VM3 nomyuenHoff BhINIe ONEHKH CreAyeT, YTO ecan coGCTBeH-
HOe 3HaYeHHe pPACCMATPHBATh Kak (QYHKUMIO NPaBOro KoHHA MHTEp-
Bana {a, b]

h— g2 + qmd\i

ma‘<

=}, (b),
TO
2y ()~ -+oo nmpu b—a.

Ecau ace b Bospacraer, 10 A, (&) fApH 3TOM MOHOTOHHO YGHBaer,
Co6erpennan QYHKUMA dp (x), oTBeyawolWas n-My [0 BegudyiHe
cobCeTBEHOMY 3HAUENHIO A, (b), obpawaercss n-—1 pas B HYIb
BHYTPH HHTepBaaa (a, b).
IlpuBereHuas peile TCOPHA pacnpoctpaiisiercd Ha 0606LUICH-
Hywo 3amauy Hlrypsa — Jluysnnas

1 d \_ op-
?E(‘py_“ﬁf‘y'/—hy 1)

y(@)=y ) =0,

rne F(x, y, ¥')—oanopoanas byuxuus vernoll creneun 2k. llpen-
nonaraercs, uwre Fy ., >0 npu mobux y ny npu 2k=2un
Fy,y,>0 npu ¥+ y¥£0 qun 26 > 2.
B stom cavuae:
1). CyutecrByeT CYeTHAX [OCACHAOBATENALHOCTE  hy << Ay <7
.. <CRp =T ... BEIWCCTBERHBIX COOCTBCRUBIY 3HAYEHUIL.
2) Yucaa k, pactyr kax n°k
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3) Hynnm NBYX pasHbIX pellleHHH yDaBHEHHA NePEMEKaIoTCH.

4) Cofcreennan ynxkuus y,(x), oTBeyawilias n-mMy Mo BEIH-
ypHe cOGCTBEHHOMY 3HAUEHUIO A, oOpanlaerca n— 1 pas B HYIb
BHYTpH MHTepBaaa (a, b).

5) PaccrosHue MewAy IBYMS CMEKHLIMHM HYJIAMH COGCTBeHHOH
GYHKIHN ¥, (X) 3aKIIOYEHO MEXIY (q/n U Csfn, €1, €3> ¢y >0,

6) Hasosem «compAxeHHbIMH» IBa HYyid 11000r0 HETPUBHANbL-

HOTO pelleHMs YpaBHEHHA F‘,~B}F‘,,=O. JAna toro ytobn GyHk-

nuoHain
.
I =\ F(x 5 y)dx
a

6bl1 MONOXHUTERbHBIM, T. €. J (¥) >0, ¥ (x)=£0, HeobxonuMo U 10~
CTaTOYHO, 4TOOH! 3aKPHITBI cnpaBa uHTepBan (@, b] He conepwkan
3HayeHUH, CONMPIKEHHBIX K 4.

7) Oas toro utoObn JaHHOE YpaBHEHHE HMeENo POBHO B oTpu-
naTeAbHbIX COOGCTBEHHHX 3HaueHul, HeoOXOAUMO W JOCTaTOYHO,
y1o6p MHTEpBan (a, b) 3akjiouan DOBHO R 3HayeHMH, CONpPAKEH-
HBIX K 4.

8) Cpenu coGcrBeHHbIX QYHKUHA ¥, (x) ecTh GecuncaenHoe
MHOMECTBO JNHUHEHHO HE3aBUCHMBIX.

Cwm. Jlaspentbes o Jiwcreprux [1], Jirocrepuuk (1.

3.3.12, Metoa Purna. Vcions3ys sgcTpemMaibHbie onpeleleHns
cOOCTBEHHBIX 3HAaueHuil, NPHUBEIEM HECKOAbKO NPHMEPOB NpubIH-
WEHHOTO BBIYMCACHHA HUX. 3aMeTHM, YTO QUIYPUPYWOIIME B 3ITUX
ApuUMepax KBaApaTHYeCKH#d (YHKIMOHAN — IOIOKHUTEIBHO onpeje-
JeHHBI, YTO 06ecrneynBaeT NPUMEHHMOCTb Metola Purua.

flpumep 3.3.4 Hafitu npubimeHso UepBoe coOCTBEHHOe 3HAueHHe

3azauy
Y4 Ay =0,
Y(=h=yp(1)=0
Bamern, uto sxech Ly =y, rix) = L
1. 1 1
(—~Ly, == [ yrydx=—yy |l + [ y2de=| y2usx
—1 . 1 21
Tax KaK
X

yy= | yua.
=1

TO npHUMeHeHHe HepageHcrsa ByHsikoBckoro — LilBapua naer

—1

.y

X 2 X X
y2 (x)=<_[ ¥ dt) = [ y2 dzj' dt,
~1

OTKyA a "
1 !
=2 [ y2wds [ war=4 | y2wadx
=1 —1 ~1

.
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CrenoBarenHo,
I 1
S y’2dx3—‘l}— S y2dx, (— Ly, y)z% S y2dx,

—1 —1 —1

T, €. Gynxnuonan (— Ly, v) — nonoxuTebHo onperesenusii. B kagecrse npubau-
WEHHOI'O 3HAUeHHUs )\2 npumem (cp. (3.3.47)

(—Lv, )
. »

)\f%

MMonoxum ¥ ==C (1 — x2), 3TM ¢GyHKOUK YIOBJIETBOPAIOT KPACBLIM YCJIOBHAM W
yeaosuaM 1uddepennupyeMocTi.

Hmeenm
1 1
I y2dx f 4x2dx
‘ —1 —1
2 = =
)\1 i i 2,5,

J yras | —sn2ax

—1 —1

B raHHOM npuMepe TOYHOE 3HaueHHe )\; ecth (n/2)2 = 2,46740.
K pewennio sToft mlz 321244 MOXKHO MOXORTH M caexyiomum obpazom. Muau-
1

Mu3anns GyHKHHAOHANA J' y'2dx npu ycaoguax y (— )=y () =0mn I y2dx==1

—1 —1
fABJIAETCH VIBOHEPHMETPHQGCKOFI 3agadell ¥ CBOAUTCH K MHHMMH3aNUH ¢ysKIronAaMa

1
J= [ (y2—22y?)dx.
—1

BosbMes nocaenoBaTeabHocTh GYHKIAA #, = Rk (k=12 ...)n Gynen
MUHEMR3NpPOBaTh J HA pYHKOAAX

Ol‘paﬂﬂ‘lHBaﬂCb TepRbIM YJEHOM IOCACRHErO BRIDAWEHUS, MOIYyIUM

2/8 16 oJ 8 16
=i [ = — — A2 = — — = A2 ) =
J cl<3 157\), 3 201<3 15}\) »0,
W TaK KaK 10MKHO ObITh €y 7 0, TO, KaK W Bbllle, NOAydaeM

A2 =2,5,

Ecan B3ate ¥y = ciuy + Caug, TO

a8 16, 8

“‘(? ‘A>+2C‘02<15 105 )“‘”"( 315 )
ol 6 32
19_&_“<§"B“>+”2<1a 105 )

ol _ (16 3 176 32
oCe_C‘<5 105k>+02<105 315X>
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YenoBreM CyuleCTBORAHUA HEHYAeBbIX peLieHHil ¢y, €2 nocaeiHefl CUCTEMBl #BAReTCH
PaBEHCTBO HYJIO OnpcieldTens NOJYHeHHOH CHUCTeMbl, T. e.

16 32 176 32 16 32 .\?
v e e e A2V = o - T A2
(3 15 )(105 TR > (15 05 > '

A — 2802 4-63=0

oTkysa’

u

P

2f = 2,46744, 13 = 25,53256.

[loaydeHtOe 3HAYEHHE JA3 A} — BeChbMa TOUHOE, TOTAd K4K 1Af BTOPOLO coberse-
HOFO 3Hawenus (= (3m/2)2 = 22,20661) noayucno rpyboe npubanxenve,
Iipumep 3.3.5 Halitn nepsoe cobcTBennOe 3HAYEHUE Faiaun

¥y r(F ) y=0,
Y= =y{0)=0.
Imeenm
!
pixy 1, g0 rixy=1+4+x2 (—=Ly »= [ V2 d,
—1
Kak u B upumepe 3.3.4, B dopuyne
1
I yidx
(—Ly, s —1
o,y 1
{ st yrde
—1

Ay =2

noaaraem 3 == ¢ (I — x2) 0 noayuaem Xy == 2,1875,
Ecay aas oThICKanus )«1 HPUMCHHTH MeTOX PUTHA, MCHOAB3ys NOCAEROBATEHb~

HOCTD () yHKUUH 1y, = 1 —x™" k=1, 2, ...), TO, NpUHAMAH
y=ci{t —xH+ e (I —xh
W MHHUMH3UDPYR dyHKUuoNan

{

J= [ [y =2 (45232 dx,
21

noAyuMM
./8 1% 1 5888
J=c,<~.}— e >+2c1co(»g >+c°<~ M—%A)

18

5

M 8 128 6
5% 201<~3—-—1—657\)+202< —15)\> 0,

aJ 6 64 32 5888
6C2=261(_5——~)‘>+ ”'{\’7’ 3165 >=°'

Ma ycaoeud CymiecCTBOBAHMS HEHYJEBbIX pewleHafi ¢y, ¢ mnocienefl chcteMsl
HOAYHUM

Sy (om0 ety

3 105 7 365",/ . \5 4B

B2A2 — 1068 +- 2079 = 0,

uad

OTKyjia, B3dB MeHnlnii Kopenb, Hafigew A; = 2,1776.
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3.3.13. Teopun $xo6u BTOpo# BapHaMH B mpocrefimed
3ajaye BapHaUKHOHHOr0 HcuMcileHHs. Bropas Bapumanus ¢yux-
1{HOHAana

0
J={Fx 9 y)dx, y@=A4 y® =B,

HMEeT BHUI

b .

8=\ (Pr*+ Rn?) dx, 7(a)=1(b)=0,

a

raoe -
d

R= F)”,"" P':Fyy _wd; P‘.".V"

IMycte R>0, a<<x=b.

Hns toro utobul yHkuuoHan 3/ OBLT NOAOKUTEABHBIM, HE-
06X0MMMO H IOCTATOYHO, YToObl ero HauMeHblIce COGCTBEeHHOE 3Ha-
yeHHe OBIO TMONOKHTENbHBIM: Ay {§) > 0. MoxHo nokasate, 41O
B 3TOM Cayuae HMEET MeCTO HepPaBeHCTBO

b’ b
- B> d, | 1% ds + d, g wdx, d; >0, dy>0.
a a

Ypasnenne Diurepa — Jlarpanwka jgasn Qynxudonaza 8°J ecTb
ypasHenne S$lkofH B SABIAETCA YACTHBIM CHYYyaeM  YPaBHEHHS
Ulrypma — Jluyenana npu A=0. Ilycte A (g, X) — HeTPUBHAABLHOE
peitenne ypasHenun xko6u, mas kotoporo A (g, @) =0, Al (a,a)= 1.

ConpsxmeHHbBIM C @ 3HaYeHHEM HAa3BIBAIOT KOPHH YPaBHEHHsI
A (a, x) =0, oTauuHHIC OT 4.

Hast Toro uto6n Bce co6GCTBeHHbIE 3HAYEHHT GblAM  HeoTpHIla-
TeIbHBIMH, Ap(h)==0, Heo6XOMUMO U JOCTATOUHO, UYTOOBI HHTEP-
Baa (a, b) He 3axkmouan 3HaveHuil, CONPAKEHHHX C a.

Has toro uto6el Bce coGcTBEHHbIE 3HaueHuss Ap (6) Obln
MOJOMUTENbHBIME, HEOOXOMUMO U ITOCTATOUYHO, YTOOB 3AKPHIThHI
cnpaBa moayuHtepBan (@, b] He 3akiMiouaa 3HaueHui, CONpsXKeH-
HHIX C 4. '

ITocnennee yTBepkIeHHe SKBHBANEHTHO IOCTaTOYHOMY YCIOBHIO
Slkobu aan muuHMymMa QyHkluHOHaza B npocreltmeli 3anave Bapua-
[{HOHHOTO HCUMCAEHU.

Wmenno, ecan y-— crauuonapHas Touka (yHKnuoHaza J(y), 1O

b b
A =Ty +0)—J () =[P+ Ry"*] dx + { [ey1* + e®] dx =
a ’ a
=87 4 { [ - en®] dx,
B a
rae ef-fe3—0 mpr [lnll—0, [q]l= max (|q], |7])
asTx=<H
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Ecan uurepsan [a, b] He CONEPKHUT CONPAMEHHBIX C @ TOUEK,
10 33/ >0 ans moboro %3=0. B rakom cayyae xas JOCTaToyHO
Mannix || 1]l, B cHay nmpuBeleHHOrO Bhlle HEPABEHCTBA,

AJ =0,

T. €. ¥y JocTaBiseT MMHUMYM (QyHKuuonany J(¥).

CBA3b MeXly HanMuHMeM CONpPMKEHHbIX TOYeK M CYIIeCTROBAHHEM
OTpHIATedbHbIX COGCTBEHHBIX 3HayeRUH QyHKuuonaia 82 possoasier
YCTaHOBUTb HeoOXoiuMoe ychosue SKOGM 11 MHHMMYMa (YHKUH-
oHana J(y) (em. 1.1.9). Wmenno, ecam BHyrpu nurepsana (a, b)
CYNIECTBYIOT 3HAYEHUA, CONPAXEHHblE @, TO CYIeCTBYIOT OTPHLaTelb-
Hble COOCTBEHHbIE 3HAUeHHs (yHKuHoHaxa d2J, 1. e. Bropas BapHanus
MOMET MPUHAMAaTh H OTpUNaTenbHble 3HaueHHsa. B Takom chyuae
GynximoHan J(y) He HMeeT MMHUMYMa B paccMaTpusaeMoii TOuKe.

Cu. Jlaspearben u Juoctepnuk [1], Teapdaus n Pomus [1].
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